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Kurzfassung

Da die Probleme bei der Betrachtung von degenerierten, parabolischen Systemen sehr in-
dividuell sind und es keine allgemeine Losungstheorie gibt, betrachten wir motiviert aus
der Anwendung drei verschiedene Modelle.

Das erste Modell kommt aus der Thermodynamik und beschreibt die zeitliche Evoluti-
on von Fluiden mit mehreren Komponenten. Wir erweitern die bestehende Literatur um
ein Modell, in dem die Temperatur zeit— und ortsabhéngig ist und beweisen die globa-
le Existenz schwacher Losungen unter Ausnutzung der Entropiestruktur, die wir aus der
thermodynamischen Modellierung erhalten.

Das zweite Modell kommt aus der Biologie und beschreibt die Evolution von Biofilmen. Wir
entwickeln ein Finite—Volumen Schema, fiir das wir die Existenz und, mit einer zusatzlichen
Voraussetzung, die Eindeutigkeit von diskreten Losungen zeigen. Die Hauptschwierigkeit
hierbei besteht in einem degenerierten—singuldaren Diffusionsterm und dem Beweis der obe-
ren/unteren Schranke fiir die Biomasse fiir den wir, anders als im kontinuierlichen Fall, kein
Vergleichsprinzip im Diskreten anwenden konnten. Dieses Problem umgehen wir durch die
Einfiihrung einer Entropievariablen, welche die gewtlinschten Schranken garantiert. Des
Weiteren zeigen wir, dass die diskreten Losungen bei der Verfeinerung des Gitters gegen
eine schwache Losung des Systems konvergieren.

Zuletzt betrachten wir ein weiteres Modell, welches die Evolution von Biofilmen beschreibt.
Das Modell besteht aus einer degenerierten Reaktions—Diffusionsgleichung und einer lokalen
Cahn-Hilliard—Gleichung vierter Ordnung mit degenerierter Mobilitét, singulirem Poten-
tial und nichtlinearen Quelltermen.

Wir zeigen die globale Existenz schwacher Losung mit Hilfe einer geeigneten Regularisierung
und einer Galerkin—Approximation. Da wir aufgrund der Degeneriertheit keine optimalen
Abschitzungen erhalten, um den Limes fiir die Deregularisierung durchzufithren, benotigen
wir einen Minty—Browder—Trick zur Identifikation des Quelltermes.
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Abstract

Since degenerate parabolic systems are quite peculiar, there is no general theory available
to obtain the existence of solutions. Thus, we take a closer look at three different models
which are motivated applications.

The first model comes from thermodynamics and describes the evolution of multicompo-
nent fluids. We extend the literature by proposing a model which includes nonisothermal
temperature as well as Soret/Dufour effects, and prove the global existence by using the
entropy structure of the system.

The second model is derived from biology and describes the development of biofilms. We de-
velop a finite-volume scheme for which we prove the existence of discrete solutions and, un-
der additional assumptions, the uniqueness. The main difficulty comes from the degenerate—
singular diffusion term and the proof of lower /upper bounds for the biomass fraction since
we cannot apply a comparison principle as in the continuous case. We overcome this chal-
lenge by introducing an entropy variable which guarantees these bounds. Furthermore, we
prove that discrete solutions converge towards a weak solution under mesh refinement.
The last model we discuss is obtained from biology as well and models the growth of biofilms
by considering the biomass/solvent as fluid mixture. This system consists of a degenerate
reaction—diffusion equation and a local fourth order Cahn—Hilliard equation with degener-
ate mobility, singular potential and nonlinear source terms. We prove global existence by
applying a suitable truncation and a galerkin approximation. Since we do not find optimal
estimates due to the degeneracy of the mobility, we perform a Browder—Minty trick for the
identification of the source term in the deregularization limit.
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1 Introduction

The purpose of this thesis is to establish new results in the broad area of analysis/numerical
analysis for degenerate parabolic systems. In this context, the term degenerate refers to the
diffusion coefficients/the diffusion matrix in the sense, that they are not necessarily strictly
positive/positive definite. Although the degeneracy is physically/biologically beneficial in
a wide range of contexts, it can cause potential difficulties from a mathematical point of
view.

As there is no general theory for degenerate parabolic systems, we have to combine avail-
able techniques to individually prove existence for each system. Furthermore, there is no
general maximum principle. This would be advantageous as we aspire for naturally lower
and upper bounds for the solutions due to the physical /biological context.

In the following chapters, we discuss several degenerate parabolic systems coming from a
physical or biological application and present different techniques to handle the lack of esti-
mates due to the degeneracy as well as the proof of upper/lower bounds for the weak solu-
tions or discrete solutions in the finite—volume context. The results in this thesis are based
on the publication [H.J21] (Christoph Helmer, Ansgar Jiingel), the publication [I1J723]
(Christoph Helmer, Ansgar Jiingel, Antoine Zurek) and the paper [H.J23](Christoph Helmer,
Ansgar Jiingel), which is submitted for publication.

1.1 The Maxwell-Stefan—Fourier System

Our goal is to derive and discuss a model, which describes the behavior of a multiple
component system in a nonisothermal (no constant temperature) setting, that includes the
consideration of Soret and Dufour effects. Mathematically, multicomponent systems are
described by Maxwell-Stefan systems and the interaction of the single components with
each other is called cross—diffusion. The Soret effect (also known as thermopheresis or
thermodiffusion) refers to the particle movement due to a temperature gradient [Lud56].
The Dufour effect is the reciprocal phenomena to the Soret effect and is described by a heat
flux of a chemical potential gradient [MES0]. The discussion of these systems have their
origin in the 19th century, when they were first described independently by Maxwell for
gases [Max(7] and Stefan for fluids [Ste71]. For a more detailed overview about physical
derivations and applications regarding the Maxwell-Stefan system, we refer to the well-
known work of Taylor and Krishna [T93].

While the physical description goes back to the 19th century, the mathematical existence
analysis started only hundred years later in 1998 with [GMO98].

Even more recent is the mathematical research for nonisothermal systems, which has been
discussed in publications only from 2015 onwards in [GPZ15, PP 17, HS18]. However, none
of these papers consider the inclusion of the Soret/Dufour effects.
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1 Introduction

1.1.1 The Model Equations

We consider the partial mass densities p; for ¢ = 1,...,n and the temperature 6 in a fluid
mixture. This evolution of the system is described as follows:

- 1
Opi +divJy =7, Jj == Mij(p.0)Va; — Mi(p,0)V, (1.1)
j=1
0i(p0) +divJe =0, Jo=—r(O)VO—> M;(p,0)Vg; inQ, i=1,...,n, (1.2)
J=1

where Q@ C R? is a bounded domain, p = (p1,...,pn) is the vector of mass densities,
and ¢; = log(p;/0) is the thermo-chemical potential of the i—th species. The parameter p
describes the total mass density, i.e. p =Y, p;, k(6) describes the heat conductivity and
r; denotes reaction terms for i = 1,...,n. The terms M;V(1/60) and 2?21 M;Vq; describe
the Soret and Dufour effect, respectively.

We prescribe the following boundary and initial conditions

Jiov=0, Jo-v+Aly—0)=0 onoQ, t>0,
pl(ao):p?a (pze)(70):p?90 in Qa izla“’vnv

where v is the outer normal vector of 92 and 6y > 0, A > 0 are constant.

We call the diffusion fluxes in equation (1.1) the Fick-Onsager formulation. This for-
mulation comes from the Onsager reciprocal relations [Ons31]. In the isothermal case,
it has been shown in [BD23] that the Fick—-Onsager form and the usual Maxwell-Stefan
formulation which is given by

= Ji
3tpi+diin:ri, di:_zbijpipj <Z—]>, i:17...,n
= pi Pj

where b;; = bj; > 0 for 7,5 = 1,...,n, are equivalent.

As the heat flux, i.e. the term —x(8)V0, is given by Fourier’s law, we call the whole
system the Maxwell-Stefan—Fourier system in Fick—Onsager form.

Naturally, we assume conversation of the total mass in our system which means, that
the sum over the diffusion fluxes J; as well as the sum over the reaction terms r; should
vanish. Therefore, the total mass density p is constant in time. Furthermore, we assume

ZMZ-]-:O for j=1,...,n, and ZMi:O' (1.5)
i=1 i=1
1.1.2 Mathematical Challenges

We prove two existence results; one for the nondegenerate system and the one for the de-
generate case. In the first case, we assume that the diffusion coefficients are symmetric, i.e.
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1.1 The Maxwell-Stefan—Fourier System

M;; = Mj; for all 4,5 = 1,...,n, and that the diffusion matrix M;; is positive semidefinite
in the sense, that for c¢j; > 0 holds

> Mij(p,0)ziz; > ey [lz]*  for z € R", p e R}, 0 € Ry, (1.6)
i,j=1

where I =7 — 11 ® 1 with 1 = (1,...,1) € R" is the orthogonal projection on span{1}+.
Therefore, we do not have coercivity of the diffusion operator, which would be necessary
to obtain H!'-estimates for the chemical potentials. Furthermore, the equation (1.1) has
(without additional assumptions) a singularity in p; = 0 and # = 0. Hence, we have to
ensure the positivity of the partial mass densities and the temperature, which is not trivial.

In the second case, we weaken condition (1.6), such that we allow the degeneracy in the
partial mass densities. Namely, we assume

n n
Z Mij(p, G)Zizj' > Ccp Zpi (HZ)Z2 for z € Rn, pc Rﬁ_, RS Ry. (17)

ij=1 i=1

To overcome these issues, we first use the volume filling assumption » ;" ; p; = p to
eliminate one equation. This means we only solve the equation for p;, i =1,...,n —1 and
obtain p, from the relation p, = p — Z?:_ll pi. This is advantageous, because we obtain
positive definiteness of the reduced diffusion matrix (]\4”):‘7]_:11 under the assumption (1.6).
Then, we adapt the techniques of [Jiin15] by using the entropy structure of the system. To
be more precise, we introduce the mathematical entropy and define the (relative) chemical
potential v; as well as w with v; = log p; — log p, and w = log 6. By inverting the relation
between v; and p, we find fori=1,...,n—1

o= P exp(v;)
b exp(v))

This ensures 0 < p; < p* as well as § > 0. Using an implicit Euler discretization in time,
we then solve a regularized problem in variables v; and w. Finally, we derive suitable
estimates in form of an entropy inequality and apply the Aubin-Lions compactness lemma
to perform the deregularization.

1.1.3 State of the Art

We repeat the state of the art which we have given in [HJ21] and extend it by the recent
research since the publication.

The isothermal equations were derived from the multi-species Boltzmann equations in the
diffusive approximation in [BB21,BGPS13]. The Fick—Onsager form of the Maxwell-Stefan
equations was rigorously derived in Sobolev spaces from the multi-species Boltzmann sys-
tem in [BG20]. The Maxwell-Stefan equations in the Fick—-Onsager form, coupled with the
momentum balance equation, can be identified as a rigorous second-order Chapman—FEnskog
approximation of the Euler (—Korteweg) equations for multicomponent fluids; see [H.JT19]
for the Euler-Korteweg case and [OR20] for the Euler case. The work [BGP19] is con-
cerned with the friction limit in the isothermal Euler equations using the hyperbolic for-
malism developed by Chen, Levermore, and Liu. A formal Chapman—Enskog expansion
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1 Introduction

of the stationary non-isothermal model was presented in [TA99]. Another non-isothermal
Maxwell-Stefan system was derived in [ABS520], but the energy flux is different from the
expression in (1.2).

The existence analysis of (isothermal) Maxwell-Stefan equations started with the paper
[GM98], where the existence of global-in-time weak solutions near the constant equilibrium
was proved. A proof of local-in-time classical solutions to Maxwell-Stefan systems was
given in [Bot11], and regularity and instantaneous positivity for the Maxwell-Stefan system
were shown in [HMPWI17]. In [JS13], the entropy or formal gradient-flow structure was
revealed, which allowed for the proof of global-in-time weak solutions with general initial
data. Maxwell-Stefan systems coupled with the Poisson equation for the electric potential,
were analyzed in [JL19].

Alt and Luckhaus [AL83] proved a global existence result for parabolic systems related
to the Fick—Onsager formulation. However, their result cannot be applied directly to sys-
tem (1.1) because of the lack of coerciveness. Moreover, this theory does not yield L
bounds. They are obtained from the technique of [Jiinl5], but the treatment of Soret
and Dufour terms requires some care and is not contained in that work. In [BD23] the
relation between Maxwell-Stefan and Fick—Onsager formulation was thoroughly investi-
gated in the isothermal case. All the mentioned results hold if the barycentric velocity
vanishes. For non-vanishing fluid velocities, the Maxwell-Stefan equations need to be cou-
pled with the momentum balance. The Maxwell-Stefan equations were coupled with the
incompressible Navier—Stokes equations in [C'J15], and the global existence of weak solu-
tions was shown. A similar result can be found in [DD21], where the incompressibility
condition was replaced by an artificial time derivative of the pressure and the limit of
vanishing approximation parameters was performed. Coupled Maxwell-Stefan and com-
pressible Navier—Stokes equations were analyzed in [BD21], and the local-in-time existence
analysis was performed. A global existence analysis for a general isothermal Maxwell—-
Stefan—Navier—Stokes system was performed in [DDGG20]. For the existence analysis of
coupled stationary Maxwell-Stefan and compressible Navier—Stokes—Fourier systems, we
refer to [BJPZ22, GPZ15, PP17]. In [BJPZ22], temperature gradients were included in
the partial mass fluxes, but only the stationary model was investigated. In [Dru22], a
Navier—Stokes-Fick-Onsager—Fourier system is discussed, where the results from [BD21]
are generalized to the nonisothermal case. The paper [F'HIKCN22] discusses a more general
class of nonisothermal reaction—diffusion systems including the Soret and Dufour effect and
proves the global existence of renormalised solutions.  Furthermore, the most recent pa-
per [J(G23] is based on the model, which we discuss in [[1J21], i.e. this thesis, and improves
on the modeling regarding the thermodynamics. However, the global existence of solutions
can still be proved with the same techniques and (partly) the same estimates as in this
thesis.

1.2 About Biofilms

Biofilms are accumulations of microorganisms which grow on surfaces and produce ex-
tracellular polymeric substance (EPS) ( [PMCWI11]). The EPS can be understood as a
layer of slime and varies wildly depending on the underlying microorganisms, see for in-
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1.3 A Quorum Sensing induced Biofilm Model

stance [PMCWI11] for a description of the composition for gram-negative bacteria. The
production of EPS enables a protected mode of growth for the microorganisms, which
means the Biofilm structure is more resistant against antimicrobials [Poz18].

The biofilm development can be divided into several stages (see [KKD10]). At first, free
living (planktonic) microorganisms attach to a surface and become sessile. These cells then
connect by producing EPS and thus forming a growing biofilm. Lastly, cells detach from
the biofilm due to different effects; for instance, erosion, mechanical stress ( [[<{D10]) or
quorum sensing. Quorum sensing describes the communication between cells via signal
molecules [EHKE15]. These signal-molecules, which are also called autoinducers, are able
to cause a detachment of cells in the biofilm. This can lead to a dispersion of microorgan-
isms, which can lead to the development of new biofilm colonies, see for instance [SFEIL14].
In this work, we do not consider erosion or mechanical stress, but we consider in section
1.3 rather a model, which accounts quorum sensing as cause for a detachment of cells.

As biofilms can be prevelant on almost any surface in a moist environment, they are of
major importance in nature, food industry and medicine, see for instance [FAG09, HSCS04,
SN16, Bry08].

Therefore, we want to emphasize that infections with biofilms, as for instance on catheters
by Staphyloccucus aureus bacteria, are highly problematic, since the biofilm structure gives
an improved protection of antibacterial treatment [HSCS04].

1.3 A Quorum Sensing induced Biofilm Model

We discuss a system of nonlinear partial differential equations which models the biofilm
growth including quorum sensing effects. It is an extension to the biofilm growth model
suggested in [PLO1] and describes the growth of a biofilm dependent on the nutrient,
signal molecules and the cells which got detached due to the quorum sensing effect of the
signal molecules. The model was first suggested in [FHIKE15] and then mathematically
analyzed in [ESE17]. The aim in this thesis is, to define an implicit Euler finite-volume
scheme for the model analyzed in [[ESE17] and to prove the existence of discrete solutions
which preserve the L°°~bounds of the model, as well as the convergence towards a weak
solution.

1.3.1 The Model Equations

We begin by introducing the model of [[ESIE17]. The biofilm is modeled by the biomass
fraction M (z,t). We say biomass, as M (x,t) describes technically the EPS, which includes
the microorganisms as well as other substances. The nutrient concentration is modeled by
S(z,t). The parameter A(z,t) describes the autoinducer, i.e. the signal molecule, which
induces the quorum sensing effect. Lastly, the dispersed cells are modeled by N (z,t). Then,
M, N, S, A satisfy the scaled diffusion equations

M — dy div(f(M)VM) = g1(M, S, A) inQ, t>0, (1.8)
N — dyAN = go(M, N, S, A), inQ, t>0, .

0S — dsAS = g3(M,N,S), inQ, t>0, (1.10)

5
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8tA—d4AA:g4(M,N,A), in Q, t>0, (111)
and the initial and boundary conditions

M(0) = M° N()=N° S0)=2S" A(0)=A4° inQ, (1.12)
M=MP N=0, S=1, A=0 ondQ, t>0, (1.13)

where Q € R? (d > 1) is a bounded domain and MP” € (0,1) is a constant.

Remark 1. In the literature, mostly homogeneous Dirichlet boundary conditions have been
used but for the numerical analysis, we need nonhomogeneous boundary conditions since the
introduction of the entropy variable requires M to be nonzero. However, we may MP =~
and pass the limit v — 0 to cover homogeneous conditions as well.

The source terms used in [[X5117] describe the nutrient consumption, the dead of biomass
and dispersed cells, the production of signal molecules and detachment of biomass.

S A"
gl(MasaA) - ]{71+SM_]€2M_77<1—|—A”>M’ (114)
(M,N, S, A) = —2 N —hyN 40 (2 (1.15)
g2 ) 5 My — ]{:1_{_5« 2 n 1+An 5 .
wS
M, N = — M+ N 1.16
93( ) 7S) k1+S( + )7 ( )
ga(M, N, A) = XA + [a+,81+An} (M + N). (1.17)

where ki, ks, o, 8,m, 0 >0 and n > 1.

The growth of biomass and dispersed cells in (1.14) and (1.15) respectively is controlled
by the nutrient availability and described by the monod kinetic growth term S/(k; + 5).
Furthermore, the biomass and the dispersed cells both die with rate ky. However, the last
term of the source terms g1 and go describes the detachment through quorum sensing: cells
from the biomass get detached with rate nA"/(1 + A™) and become dispersed cells. The
nutrient consumption by the biomass M and dispersed cells N is described in the source
term g3. The signal molecule/autoinducer has a decay rate of A and is produced with rate
a+ BAY/(1 4 A™).

Remark 2. (i) The original model in [FHKFE15] also contains the effect of re—attachment
of dispersed cells to the biomass. According to [['SE17], the effect of re—attachment
1s negligible, due to why it is not treated in the analysis.

1) Furthermore, as pointed out in [LSE as well, without a signal molecule produc-

i) Furth inted out in [LSE17 I, without ignal molecul d
tion/activity, i.e. o = = n = 0 we recover the originally suggested model from
[EPLO1]. Thus, the model (1.8)=(1.17) be considered as a generalization.

The diffusion term f(M) is chosen, as suggested in [PLO1] and used in [ESE17], as

Mb

m, where a > 1, b > 0. (118)

f(M) =
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1.3 A Quorum Sensing induced Biofilm Model

We can rewrite the diffusion operator in equation (1.8) as div(f(M)VM) = AF(M),
where

F(M) = /OM f(s)ds, M >0. (1.19)

Heuristically, the superdiffusion singularity prevents the biomass fraction to exceed its
maximum value 1 as the diffusion gets larger and “spreads” the biomass, while the porous—
medium degeneracy leads to finite speed of propagation. For more details regarding the
modeling, we refer to [FPLO1, EHIKELS, ESELT].

1.3.2 Mathematical Challenges

The main difficulty of the analysis is the degenerate-singular diffusion term. On the con-
tinuous level, the authors of [ESE17] proved that the choice of the initial value M° such
that [[M°|| e < 1 — p for some p € (0,1) guarantees the existence of § > 0 such that
M <'1— 0 almost everywhere in Q ( [KSE17, Lemma 3.3]). This bound is proved by the
use of a comparison principle, which we could not adapt to the discrete case. We overcome
this challenge by introducing an entropy variable W of the form

€

We=F(M)—F(MP) +¢elog Vi

(1.20)

and regularize the (discretized) system by adding higher order terms of the form e(WW¢ —
AWE), where ¢ is the parameter for the regularization. Solving the regularized problem in
W¢e and using the invertibility of (0,1) — R, M¢ +— W€, we find 0 < M*® < 1.

1.3.3 Finite—Volume Methods

We give a short introduction to finite-volume methods. To this end, we focus solely on
the discretization of the biomass equation (1.8), as it is clear that the discretization for
the other equations works analogously. We want to mention on a lighter note, that finite—
volume methods is a broad research topic and we just scratch the surface with our simplified
motivation. Thus, we refer to the finite-volume monument [FGHOO] for a detailed intro-
duction into finite—volume methods. To discretize the scheme, we first discretize with an
implicit euler method in time. Therefore, we replace the continuous time derivative by

Mk o Mk—l

atM ~ At

for k = 1,..., Ny, where Np denotes the number of time steps and At the size of the
time step. Then, the idea of the finite—volume method is, to partition the domain {2 such
that (Jgcr K = Q, where T denotes the set of control volumes and K denotes the control
volumes/cells. We integrate equation (1.8) over one control volume K and formally apply
the divergence theorem to obtain

Mk _ Mk:—l
/ - > dlwf(M’f)-uK,ads:/ g1 (M*, S* AR de, (1.21)
K Py K
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where o denotes an edge, £k denotes the set of edges of K and v , denotes the outside
normal vector of control volume/cell K on edge o. The goal is, to rewrite the equation
in terms of M}, where M} = m(K)™! [, M*(x)dz, where m(K) denotes the volume of
the cell K. For the first term of equation (1.21), this is rather obvious. Furthermore, we
replace (M*, S*, A*) in the source term by the averages over the cell K to obtain

/ g (MF*,S* AR de ~ m(K)gy (M-, Sk, Ak).
K
It remains to approximate the integral over the boundary of cell K. To this end, we

denote with £k the edges of cell K and distinguish two cases:

(i) The edge o € Ek is separating the cells K and L € T, which we denote as 0 = K | L.
In this case, we assume that the edge o is orthogonal to the straight line which
connects the middle points zx and xy, of cells K and L, respectively.

m(o)

—/d1VF(Mk) Uk ods ~ —di (F(M’g) - F(M;g)) = Flike  (1.22)

g
where m(o) denotes the length of edge o and d,, the distance between zx and zy.

(ii) The edge o € &k is an exterior edge, i.e. o C 9. In this case we approximate the
integral over o by

m(o)

- / AV E(MY) - v pds ~ —dy (F(MD) —F(M}g)) = Flikor  (123)

o

where d, denotes the distance between the middle point xx and the edge o.

The approximation in equations (1.22)—(1.23) is called Two—Point flux approximation. We
want to point out, that the orthogonality assumption for the edges o which we made in
case 1.3.3 is crucial for the consistency of the approximation, i.e. that the truncation error
on the flux is of the samer order as the maximum length of the edges of the mesh (see
[EGHOO, Example 1.2]). Summarized, we reach the following finite-volume approximation
for equation (1.8):

m(K _
it) (ak - papt) + Eg) Fireo = m(K)gi (M, Sk, A%,
OECK

1.3.4 State of the Art

Due to the importance of biofilm analysis, there are many different mathematical mod-
els for biofilm growth. We do not attempt to list all of them but rather give a rough
overview. The mathematical modeling of biofilms started in the 1980s with the work
of [RM&0] which focused on the biofilm dynamics at steady states. In [W(GE6], a one
dimensional model including a transport equation for biomass and describing the evolu-
tion of the biofilm thickness was suggested (see [WZ10] for further details and references).
The work [PvLH99] suggested a multidimensional model which implements the existence
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1.4 A Cahn—Hilliard Type system modeling Biofilm Growth

of a sharp front between the biomass and the fluid. In this model, the domain is sepa-
rated into a liquid and a solid area. The solid area is characterized by the positivity of
biomass density while the liquid area is characterized by the absence of biomass. The
flow velocity in the liquid area satisfies the incompressible Navier—Stokes equation. The
growth of the biomass is controlled by a reaction term. The equations for this model do
not contain spreading of the biomass. However, the effect of spreading itself is considered
as “redistribution in space according to discrete rules” ( [PvLIH99]). For more details,
we refer to [PvLH99, PvLHI98b, PVLHOI8a]. In [EPLO1], the authors extend [PvLH99] by
suggesting a new equation to model the biomass growth, which also considers the spatial
distribution by including a diffusion flux. For this model, the existence and uniqueness
of global weak solutions has been shown in [FZE09] for the hydrostatic case, i.e. without
coupling with the incompressible Navier-Stokes equation. The (hydrostatic) model has
been extended in several ways, for instance by adding a nutrient taxis term to the biomass
equation in [FEWZ14] or considering quorum sensing effects in [F/HIKE15]. The global ex-
istence of weak solutions has been shown in [[ESFE17]. Another approach is the modeling of
mixing effects by considering multiple biofilm species, as for instance in [RSE15]. For this
model, global existence of weak solutions has been shown in [DMZ19], while a finite-volume
scheme was developed in [D.JZ21] including numerical analysis. However, this model does
not consider an equation for the nutrient. A finite-volume method of the model of [EPLO1]
was considered in [AES18], but without containing numerical analysis. Other variants of
the above biofilm model are possible. For instance, the authors in [[H2522] considered a
PDE-ODE system which contains the equation for biomass growth from [F/PL0O1] and an
ODE for the nutrient consumption. After a spatial discretization, random cell attachment
is considered and numerically simulated for the resulting ODE.

A completely different approach to the modeling of biofilm growth was chosen in [FHX14],
where the authors models the biofilm evolution as a two—phase free boundary problem. In
this model, the fluid outside of the biomass is considered as an incompressible viscous
fluid, while within the biofilm, a mixture of two fluids is assumed. The interface between
both areas is representing the free boundary. Lastly, we mention the model of [WZ12].
In this model, the biofilm is modeled as a fluid—mixture consisting of the biomass and
solvent containing dissolved nutrient substrate. The equation for the fluid is coupled with
a reaction—diffusion equation, which describes the substrate concentration. The evolution
of the biofilm is then governed by a chemical potential coming from the extended Flory—
Huggins energy (see [ZCW0Ra,ZCW08b, WZ12]), leading to a Cahn—Hilliard Type equation.

1.4 A Cahn-Hilliard Type system modeling Biofilm Growth

We discuss a biofilm growth model motivated by [W7Z12]. As mentioned in section 1.3.4,
the biofilm is modeled as a fluid mixture, which leads to a Cahn—Hilliard type equation
for the biomass growth. The aim is to establish an existence result for this kind of biofilm
growth model.

The Cahn—Hilliard equation was developed to describe a phase separation between two
components [NCOg]. In our case, the two components are the biomass fraction v and the
solvent fraction us. Before going into more details, we introduce the model equations.
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1.4.1 The Model Equations
The (modified) version of the model in [WZ12] is given by

O — div((1 — u) Vo) = g(u,v), (1.24)
Oru — div(M (u) V) = h(u,v), (1.25)
p=—Au+f'(u) inQ, t>0, (1.26)

where Q@ € R? (d > 1) is a bounded domain. We impose no-flux boundary conditions
(1-w)Vu-v=Mu)Vp-v=Vu-v=0 09Q,t>0. (1.27)
The initial conditions are
u(0) = u’,  wv(0) =" (1.28)
The mobility is chosen as
M(u) = u(l —u), (1.29)

although more general choices are possible (see Remark 34). The function f describes the
Flory—Huggins mixing free energy

Fu) = %ulogu—k (1 — ) log(1 — ) + (1 — ), (1.30)
f(u) = % A+ %logu —log(l—u)—1—2\u (1.31)

where N > 0 is the generalized polymerization index and A > 0 describes the Flory-Huggins
mixing parameter. We define the reaction terms as

g(u,v) = —ugo(v), h(u,v) = u(l — u)hy(v), (1.32)

where gy and hg are non decreasing, continuous functions.

Equation (1.25) describes the evolution of the biomass fraction as per a degenerated
Cahn—Hilliard equation with nonlinear source term. The degeneracy comes from the de-
generate mobility M(0) = M(1) = 0. Furthermore, the equation is singular due to the
derivative of the Flory—Huggins mixing free energy (1.31). As mentioned in the introduc-
tion, the Cahn-Hilliard equation describes the phase separation between two components.
The second component is the solvent fraction, which is implicitly given by the volume filling
assumption u + ugs = 1, such that ug = 1 — u. The case u = 0 is corresponding from model
point of view to the abscence of biomass, i.e. only solvent is present. The case u = 1 on
the other hand would imply the abscence of solvent and as such the presence of purely
biomass. In [ZCW08a], this case is excluded as a modeling assumption, as it would imply
the existence of dry biomass. In the modified equations, we allow the “dry—biomass” case
in the mathematical analysis, as we can not guarantee u < 1 with the chosen mobility.
However, an appropriate choice of the mobility excludes the case u = 1 (see Remark 34).
Equation (1.24) describes the substrate concentration, which is necessary for the biomass

10
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1.4 A Cahn—Hilliard Type system modeling Biofilm Growth

growth. The substrate consumption is only possible in the solvent (as it needs to be dis-
solved) and then consumed with rate ho(v). The factor u(1 —u) in h ensures, that there is
no growth in the pure solvent /pure biomass case. This implies, that in the pure solvent case
bacterial mass can not come out of nowhere, while in the pure biomass case the substrate
can not be dissolved in the solvent to cause further growth. The function g describes the
consumption of the substrate and is chosen as in [W712]. From a modeling point of view,
this is slightly inaccurate in the case u = 1: The growth stops, the solvent is not present
and the substrate can not be dissolved in solvent. Thus, the consumption of the substrate
should also vanish. This can be easily fixed by also adding a factor 1 — « in the definition
of g or changing the mobility to ensure u < 1, see Remark 34. However, as we want to
compare our results numerically to the model of [W712], we decided to keep the function
g as defined in [WZ12], which also remains flexible in the choice whether to adjust the
mobility or the source term.

Since our model is motivated by [WZ12] but yet different, we briefly remark the differ-
ences between the two models:

(i) We neglected the velocities of biomass and solvent,

(ii) We added the solvent fraction us = 1 — w in the production rate h and the mobility
M,

(iii) We neglect the elastic energy to mathematically simplify the definition of the chemical
potential p,

(iv) We neglect the factor of the solvent fraction in the time derivative of equation (1.24).

Our analysis works as well with given velocities with bounded divergence. The addition
of the solvent fraction in the mobility and production rate seems however mathematically
necessary to achieve an existence result. To be more precise, we need a cancellation in
M (u)f"(u) to identify the weak limit and does not seem possible without the additional
factor. The negligence of the solvent fraction in the time derivative removes a degeneracy
which we were not able to treat.

1.4.2 Mathematical Challenges

As there is no general maximum principle for equations of fourth order, it is difficult to
prove the L*°~bounds 0 < u < 1 for the biomass fraction. Furthermore, due to the degen-
eracies in the mobilities of equations (1.24) and (1.25), we do not obtain an H' estimate
for the chemical potential and the substrate fraction, respectively.

As a consequence, we can not expect strong convergence for approximate solutions of the
substrate equation. We overcome these issues in the following way: First, we truncate
the mobility M (u), the Flory—Huggins mixing energy f(u) and the source terms. Further-
more, we add a higher order term of the form xAwv for the substrate equation. Following
then [G96], we use a Galerkin method and obtain uniform estimates by entropy/energy
inequalities. Using the Stampacchia method, we prove the bounds for the substrate equa-
tion, i.e. 0 < v < 1. With the help of an entropy inequality and the Lemma of Fatou we
conclude the L*°~bound for the biomass fraction, i.e. 0 < u < 1 in the deregularization

11
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limit. However, there are still some difficulties: Since we do not have H' estimates for the
chemical potential and the substrate concentration, we can only identify the limit in the
sense of L?(0,T; H'(2)"). Furthermore, due to lack of strong convergence for the substrate
in the deregularization, it proves difficult to identify the limit in the nonlinear source terms.
We overcome this by using a Minty—Browder argument.

1.4.3 State of the Art

Since we gave already a state of the art regarding biofilm models (see section 1.3.4), we
focus on the analytical aspects of Cahn—Hilliard equations in this section. To this end, we
repeat the relevant part of the state of the art which we have given in [I1J23] and extend it
by references which caught our attention only after submission as well as other interesting
results. The first existence analysis of Cahn-Hilliard equations was given in [Yin92] in one
space dimension and in [LG96] in several space dimensions. Most of the analytical results
on the Cahn—Hilliard equations do not contain reaction terms. Moreover, if reaction terms
are included in the Cahn-Hilliard model, mostly nondegenerate mobilities are chosen; see,
e.g., [AKIK11,CMZ14,GL16]. When the gradient term in the free energy is replaced by a
nonlocal spatial interaction energy, degenerate mobilities (and singular potentials) can be
treated [Fri21, IM18]. As per our knowledge, there are few papers which consider degen-
erate mobilities combined with source terms, for instance [FLR17, MR15]. However, the
setting is different than in the model which we consider, as both papers examine a nonlocal
variant the Cahn—Hilliard equation. The only work which considers degenerate mobility in
combination with source terms is [Ebe20]: However, our work is different in two important
details: In [[Xhe20, Chapter 7.3], upper bounds can not be proved and in [[Ebe20, Chapter
7.5], the source terms contain the chemical potential. Furthermore, we have a second degen-
eracy in the coupled reaction—diffusion equation which causes additional difficulties. Some
results describe a connection from nonlocal to local models. For instance, in [C1523] the
convergence to local solutions on the torus without source terms is proved. In [MRST19]
the convergence of solutions to a nonlocal Cahn-Hilliard equation with constant mobility
and without source terms to solutions of the local Cahn—Hilliard equation is proved. The
connection between nonlocal models and local models considering degeneracies and source
terms seems yet unclear.

1.5 QOutline of the Thesis

In this section, we give an overview about the structure of the thesis.

Chapter 2 is considering the Maxwell-Stefan—Fourier system in Fick-Onsager form.
e We explain the modeling of the system in section 2.3.

e We prove that the Maxwell-Stefan formulation leads to the Fick—Onsager form for a
specific choice of coefficients (Proposition 5).

e We formulate the existence theorems for the nondegenerate case (Theorem 3) and
the degenerate case (Theorem 4).

12



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1.5 Outline of the Thesis

e We give the proof for theorem 3 in section 2.4 and the proof for theorem 4 in section
2.5 respectively.

The results in this chapter are based on the research collaboration with Ansgar Jiingel
(TU Wien) and has been under the title Analysis of Mazwell-Stefan systems for heat con-
ducting fluid miztures ( [HJ21]).

In Chapter 3, we present the details about the finite—volume scheme/numerical analysis
for the quorum sensing biofilm model.

e In Section 3.1, we formulate the finite—volume scheme.

e We formulate the existence for discrete solutions (Theorem 13), the uniqueness of
discrete solutions (Theorem 14) and the convergence of discrete solutions towards
weak solutions of the (continuous) equations (Theorem 15).

e We present the proofs for the existence, uniqueness and convergence in sections 3.2,
3.3 and 3.5, respectively.

e We present some numerical experiments in section 3.6.

The results of this chapter are based on a research collaboration with Ansgar Jiingel (TU
Wien) and Antoine Zurek (UTC) published under Analysis of a finite—volume scheme for
a single-species biofilm model ( [H.J723]).

In chapter 4, we provide the existence proof for the Cahn—Hilliard Type biofilm model.

e We formulate the existence theorem for global weak solutions (Theorem 22) and
explain the key ideas.

e In sections 4.2-4.4 we provide the details for the existence proof.

e In section 4.5, we discretize the system by a BDF2 discretization in time and a finite—
volume discretization in space.

e We present some numerical experiments and compare our results to the model of
[WZ12].

The results of this chapter are based on a research collaboration with Ansgar Jiingel
(TU Wien) and are submitted for publication under the title Ezistence Analysis for a
reaction—diffusion Cahn—Hilliard—Type system with degenerate mobility and singular poten-
tial modeling biofilm growth ( [HJ23]).

Lastly, to conclude the thesis, we give a short discussion of our results and give an outlook
to further possible research directions in chapter 5.

13
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2 Analysis for the Maxwell-Stefan—Fourier
system

The results in this chapter have been published in [HJ21].

In this chapter, we provide the mathematical details for the Maxwell-Stefan Fourier
system in Fick—Onsager form. To this end, we first present the main results, namely the
existence theorem in the nondegenerate and the degenerate case in section 2.1. We present
the mathematical ideas used in the existence proof in section 2.2. In section 2.3, we explain
the derivation of the Maxwell-Stefan Fourier system in Fick—-Onsager form and prove, that
the Maxwell-Stefan formulation implies the Fick-Onsager form for a suitable choice of M;;,
M; and d;. In section 2.4 we then give the full proof for the existence in the nondegenerate
case, and in section 2.5 we describe, which steps in the proof of section 2.4 changes to
obtain the degenerate existence result.

2.1 Main Results

Before stating our main results, we impose the following assumptions: We impose the
following assumptions:

(H1) Domain: Q C R3? is a bounded domain with a Lipschitz continuous boundary.

(H2) Data: 6° € L>®(Q), infq8° > 0, 6y > 0, A > 0; p) € HY(Q) N L>®(Q) satisfies
0<p*§p?§p* in Q for some p,, p* > 0.

(H3) Diffusion coefficients: For i,j = 1,...,n, the coefficients M;;, M; € CO(R" x Ry)
satisfy (1.5) and M;;, M;/6 are bounded functions.

(H4) Heat conductivity: k € C°(Ry) and there exist ¢, C) > 0 such that for all § > 0,

ce(1+6%) < k(0) < Co(1+6%).
(H5) Reaction rates: r1,...,r, € CO(R" x Ry) N L®(R"™ x Ry) satisfies > i ; r; = 0 and
there exists ¢, > 0 such that for all g € R™ and 6 > 0,

n

> ri(llg, 0)g < —c,Tg|*.
=1

The bounds on p° in Hypothesis (H2) are needed to derive the positivity and boundedness
of the partial mass densities. In the example presented in Section 2.3, the coefficients M;;

15
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2 Analysis for the Maxwell-Stefan—Fourier system

and M;/0 depend on p;; since we prove the existence of L* solutions p;, the functions
M;; and M; are indeed bounded, as required in Hypothesis (H3). The growth condition
for the heat conductivity in Hypothesis (H4) is used to derive higher integrability of the
temperature, see (2.9), which allows us to treat the heat flux term. If A = 0, we can impose
the weaker condition x(6) > c.6%. Hypothesis (H5) is satisfied for the reaction terms used
in [DDGG20]. The bound for >°% | r;¢; gives a control on the L?(£2) norm of I1g. Together
with the estimates for V(Ilq) from (2.7), we are able to infer an H'(2) estimate for Ilg.
A more natural L?(2) bound for ¢ may be derived under the assumption that the total
initial density does not lie on a critical manifold associated to the reaction rates; we refer
to [DDGG20, Theorem 11.3] for details. Vanishing reaction rates are allowed in Theorem
4 below.

Theorem 3 (Existence). Let Hypotheses (H1)-(H5) hold, let (M;;) satisfy (1.6), and let
T > 0. Then there exists a weak solution (p,0) to (1.1)—(1.4) satisfying p; >0, 8 > 0 a.e.
mn Qp,

pi € L®(Qr) N L*(0,T; H' () N H'(0,T; H*(Q)),
v; € L*(0,T; H'(Q)), (Ilg); € L*(0,T; H(Q)), (2.2)
0 c L2(0,T; H'(Q)) n WH/15 0, 7, w216(Q)), log € L*(0,T; H'(Q)): (2.3)

where v; = log(pi/pn) and (I1q); = v; — 2?21 vj/n fori=1,...,n; it holds that

T T n—1 M, T
/ <6tp¢, ¢l>dt + / / <Z MijV’Uj - —ZVlog 9) . quzdl‘dt = / / ’l“iqbidl‘dt, (2.4)
0 0 Q j=1 0 0 Q

T T T n—1
/0 (04(p8), do)dt + /0 /Q K(0)V6 - Vodudt + /0 /Q ;Mvaj-quodxdt (2.5)

= )\/OT /69(00 — 0)podxds

for all ¢1,...,¢n € L20,T; HY()), ¢o € L¥(0,T; WH(Q)) with Vo - v = 0 on 09,
and i = 1,...,n; and the initial conditions (1.4) are satisfied in the sense of H?(Q) and
W2I6(Q) | respectively.

The weak formulation can be written in various variable sets since

n—1 n n
ZMijv'Uj = Z MijV(Hq)j = ZMiquj,
j=1

=1 i=1

n—1 n n
ZMjV@j = Zij(Hq)j = ZMjV(]j,
J=1 7=1 7=1

whenever the corresponding variables are defined. Thus, our definition of a weak solution is
compatible with (1.1)—(1.2). The proof is based on a suitable approximate scheme, uniform
bounds coming from entropy estimates, and H!(£)) estimates for the partial mass densities.

16
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2.2 Mathematical Ideas

More precisely, we use two levels of approximations. First, we replace the time derivative
by an implicit Euler discretization to overcome issues with the time regularity. Second,
we add higher-order regularizations for the thermo-chemical potentials and the logarithm
of the temperature w = logf to achieve H?(Q) regularity for these variables. Since we
are working in three space dimensions, we conclude L> () solutions, which are needed to
define properly p; = exp(w + ¢;).

A priori estimates are deduced from a discrete version of the entropy inequality (2.7).
They are derived from the weak formulation by using v; and e™*° — e™" as test func-
tions, where wg = log 6. The entropy structure is only preserved if we add additionally a
W4(Q) regularization and some lower-order regularization in w. The properties for the
heat conductivity allow us to obtain estimates for 6§ in H'(Q) and for Vlog6 in L?(9).
Property (1.6) provides gradient estimates for v and, in view of (2.8), also for p.

Condition (1.6) provides a control on the relative thermo-chemical potentials v;, but it
excludes the dilute limit, i.e. situations when the mass densities vanish. This situation is
included in [Dru21], which deals with the isothermal case. We are able to replace condition
(1.6) by a degenerate one, which allows for dilute mixtures:

n n
Z M;i(p,0)zizj > cm Zpi(ﬂz)? for z e R", pc R}, 0 € R. (2.6)
ij=1 i=1

This corresponds to “degenerate” diffusion coefficients M;;; see Section 2.3 for a motivation.
Although this hypothesis seems to complicate the problem, there are two advantages. First,
it allows us to derive a gradient bound for pg / 2, and second, it helps us to avoid the bound
from r; in Hypothesis (H5). In fact, we may assume that r; = 0.

Theorem 4 (Existence, “degenerate” case). Let condition (2.6) be satisfied. Moreover,
let Hypotheses (H1)-(H4) hold for T > 0 and additionally, (p?)"/? € H'(Q) N L®(Q),
M;;/p;j and M;/p; are bounded, r; = 0 for all i,j = 1,...,n. Then there exists a weak
solution (p,0) to (1.1)~(1.4) satisfying p; > 0, 6 > 0 a.e. in Qr, (2.1), (2.3), and the weak
formulation (2.4)—(2.5) with, respectively,

n M. n M. n—1 n—1
Z Z'J Vpj, Z —'ZVpZ- instead of Z M;jVv,, Z M;Vv;.
=1 Pi =1 Pi i=1 i=1

2.2 Mathematical Ideas

In this section, we describe the key ideas of the proofs to theorem 3 and 4. As mentioned
in the introduction, we want to use the entropy structure of the system.

We describe the main ideas for the first existence result. We use the mathematical
entropy

n
h=">pi(logp; — 1) — plog.
i=1
Introducing the relative thermo-chemical potentials v; = dh/dp; — Oh/dp, = ¢; — qn for
i = 1,...,n and interpreting h as a function of (p’,0), a formal computation (which is

17
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2 Analysis for the Maxwell-Stefan—Fourier system

made precise for an approximate scheme; see (2.20)) shows that

d

cM 1 9 2
— hip, 0)dx + = —|V + |VII d

n—1
+/ x(0)|V log 0|*dx + )\/ <90 - 1> ds < Z/ rivide. (2.7)
Q oo \ 0 — Ja

The bound for Vv comes from the positive definiteness of the reduced diffusion matrix
(MZ])?;I, see Lemma 6. Under suitable conditions on the heat conductivity and the
reaction rates, this so-called entropy inequality provides gradient estimates for v, log6, 0,
and Ilg, but not for the full vector q. Indeed, the relation v; = logp; — log p, can be

inverted yielding

0 n—1
p” exp(v;) , NS
pi Z?:l eXP(Uj) ! ’ " P ’ j=1 ra ( )

which suggests to work with the reduced vector p’ = (p1,...,pn—1). Moreover, this shows
that p; stays bounded in some interval (0, p*) and, in view of the bound for Vv, that Vp
is bounded in L?(2). Together with a bound for the (discrete) time derivative of p;, we
deduce the strong convergence of p; from the Aubin—Lions compactness lemma.

Still, there remains a difficulty. The estimate for x(6)/?Vlog in L*(Q) from (2.7)
is not sufficient to define x(#)V6O in the weak formulation. The idea is to derive better
estimates for the temperature by using 6 as a test function in the weak formulation of
(1.2). If k(0) > cx0? for some ¢, > 0 and M, /6 is assumed to be bounded, then a formal
computation, which is made precise in Lemma 7, gives

1d

- / p20%dx +c,.€/ 02|VO2dx — )\/ (B — 6)0ds (2.9)
2dt Jo Q o0

n—1 n—1
M, .
=3 /Qjewj-vedmg 62/92|V€|2d:v+05 /!ijl2d<ﬂ-
=179 “ =17

Since Vw; is bounded in L?, this yields uniform bounds for §* in L*(0,7; L'(£2)) and
L%(0,T; HY(2)). These estimates are sufficient to treat the term x(6)V@. The delicate
point is to choose the approximate scheme in such a way that estimates (2.7) and (2.9) can
be made rigorous; we refer to Section 2.4 for details.

2.3 Modeling

We consider an ideal fluid mixture consisting of n components with the same molar masses
in a fixed container Q C R3. The balance equations for the partial mass densities p; are
given by

Opi + div(piv) =1y, i=1,...,n,

where v; are the partial velocities and r; the reaction rates. Introducing the total mass
density p = > | pi, the barycentric velocity v = pt >y pivi, and the diffusion fluxes

18
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2.3 Modeling

Ji = pi(v; — v), we can reformulate the mass balances as
Opi +div(piv+ J;) =1, i=1,...,n. (2.10)

By definition, we have Y_;" ; J; = 0, which means that the total mass density satisfies
Op + div(pv) = 0. We assume that the barycentric velocity vanishes, v = 0, i.e., the
barycenter of the fluid is not moving. Consequently, the total mass density is constant in
time.
The non-isothermal dynamics of the mixture is assumed to be given by the balance
equations
Op; +div;=r;, WE+divJ.=0, i=1,...,n,

where J, is the energy flux and E the total energy. We suppose that the diffusion fluxes
are proportional to the gradients of the thermo-chemical potentials ¢; and the temperature
gradient (Soret effect) and that the energy flux is linear in the temperature gradient and
the gradients of ¢; (Dufour effect):
n 1 n
Ji=—Y_ M;;Vg; - MV, i=1...n Jo=—r(0)V- > M;Vg;.

j=1 J=1
The proportionality factor x(f) between the heat flux and the temperature gradient is the
heat (or thermal) conductivity.

The thermo-chemical potentials and the total energy are determined in a thermodynam-
ically consistent way from the free energy

W(p,0) =60 pi(logp; — 1) — pf(log 6 — 1).

=1

For simplicity, we have set the heat capacity equal to one. The physical entropy s, the
chemical potentials u;, and the total energy E are defined by the free energy according to

i=1

0
i — a;f- — O(log(pi/0)+1), i=1,....m,

E =1y +0s=pb.

We introduce the mathematical entropy h := —s and the thermo-chemical potentials ¢; =
pi/0 = log(pj/0) + 1 for j =1,...,n. These definitions lead to system (1.1)-(1.2). The
Gibbs-Duhem relation yields the pressure p = =)+ 1" | pipi = pb of an ideal gas mixture.
Note that we do not need a pressure blow-up at p = 0 to exclude vacuum or a superlinear
growth in 6 to control the temperature. Note also that, because of the nonvanishing
pressure, one may criticize the choice of vanishing barycentric velocity. In the general
case, the mass and energy balances need to be coupled with the momentum balance for
v. Such systems, but only for isothermal or stationary systems, have been analyzed in,
e.g., [BJPZ22,CJ15,DDGG20,Drul6]. The choice v = 0 is a mathematical simplification.
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2 Analysis for the Maxwell-Stefan—Fourier system

If the molar masses m; of the components are not the same, we need to modify the free
energy according to [BJP722  Remark 1.2]

n
= 925;(1%5; - 1) — ewplogh — 1),
i=1

where ¢y > 0 is the heat capacity. For simplicity, we have set m; = 1 and ¢y = 1.
We show that the Maxwell-Stefan equations
o JiJ;
Oppi +divJ; =1y, d;j = — Zbijpipj (z — J), i=1,...,n, (2.11)
= pi P
with b;; = bj; > 0 can be formulated as (1.1) for a specific choice of d;, M;;, and M;. The co-
efficients b;; may be interpreted as friction coefficients and can depend on (p, 6); see [BD21,
Section 4]. The equivalence between the Fick—Onsager and Maxwell-Stefan formulations
was thoroughly investigated in [BD23], and we adapt their proof to our nonisothermal
framework. For this, we introduce the matrix B = (B;;) satisfying B;; = Z;‘L:l, ki bijpj
and B;; = —b;;p; for j # i. It is not invertible since p € ker(B), but its group inverse B#
exists uniquely, satisfying BB# = B¥B =1 — (p/p) ® 1 and

n n
Y Bfp;=0, Y Bi=0 fori=1,....n (2.12)
j=1 =1

Furthermore, we introduce the projection P = (P;;) = I — 1 ® (p/p) on span{p}*.

Proposition 5. Define the driving forces

i i 1 .
d; = in% — Z—GV(pG) — 2pi0V§ + qipiViogl fori=1,...,n, (2.13)

where the numbers q; € R satisfy Y ;| qipi = 0. Then (2.11) can be written as (1.1) with

n n
Mij =) BlipePij, Mi=—0) Blipwax forij=1,..,n, (2.14)
k=1 k=1

where (M;;) is symmetric and M;; and M; satisfy (1.5).

The first three terms in the driving forces (2.13) are the same as [3D23, (4.18)] and [BD 15,
(2.11)], while the last term is motivated from [TA99, (A5)]. A computation shows that
>, d; =0 which is consistent with (2.11). It is argued in [BD23] that M;; is of the form
pi(ai(p,8)é;; + p;Sii(p,0)) for some functions a; and Sj;, and in the nondegenerate case,
one may assume that a;(p, ) stays positive when p — p with p; = 0 [BD23, (6.6)]. This
formulation motivates condition (2.6).

Proof. The proof is based on the equivalence between the Fick—Onsager and Maxwell—
Stefan formulations elaborated in [BD23, Section 4] for the isothermal case. First, the
driving forces can be formulated as

Hi
0

P

d; = piV— — p;Vlog 0t qipiVlog 0,
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2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

which shows that
ijV% = Z <dj + ijIOgg —qjp;Vlog 9) = pVlog g
j=1 J=1

Consequently, another formulation is

i
d; = plvy - — Zp]V + q;ip;Vlogt = ;pZP”V 7 |y qipiVlog.

Setting R = diag(p1,...,pn) and ¢* = diag(qip1,.--,qnpn), we obtain d = RPV(u/0) +
g*Vlogf. On the other hand, by (2.11),

< Z bmp])J+ Z bijpiJ; ZB”J

J=1,j#i J=1,j#i

This shows that d = —BJ and hence J = —B#d = —B# RPV(u/0) — B#q*V log . Thus,
defining M;; and M; as in (2.14), it follows that

n 1 1
— Z Mijv?f - M;V .
7j=1
The matrix 7 = BR is symmetric and so does 77. Moreover, by [3123, (4.26)], B* =
PTRr#PT. Therefore, M = B¥RP = P"Rr#RP is symmetric. We deduce from the

properties (2.12) that

ZM”_ ZszPk<5kj >:07 ZMi:_HZ<ZBzJ%>quj:0
i—1 j=1 Ni=1

7,k=1

This finishes the proof. O

2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

The idea of the proof is to reformulate equations (1.1)—(1.2) in terms of the relative po-
tentials v;, to approximate the resulting equations by an implicit Euler scheme, and to
add some higher-order regularizations in space for the variables v; and w = log#. The
de-regularization limit is based on the compactness coming from the entropy estimates and
an estimate for the temperature.

Set wyg = loghy, € > 0, N € N, and 7 = T/N > 0. To simplify the notation, we
set v = (v,0) = (v1,...,0p-1,0) and © = (V1,...,0p— 1,0). Let (0,w) € L>®(Q;R™H)
be given, and set p;(v) = poevl/z _,e% for i =1,. — 1, pn = p° — Z?;ll pi, and
g =logp;—wfori=1,... n. We deﬁne the approxnnate scheme

1

0= 71_/9(,0@-( v) — 7i(5)) ¢de+/ <n Mij(p, €”) Vo, — Mi(p, ") —ww) Vo
jl (2.15)
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2 Analysis for the Maxwell-Stefan—Fourier system

+g/ (DQUi:D2¢i+Ui¢i)dx_/ri(HQaew)(ﬁidx?
0 0

n—1

1 _ w AY
0= - /Q(E — E)¢pdx —1—/9 (/@(G)VG + ;Mj(p, e )ij> Vodx (2.16)
— X[ (6 —O)pods + z—:/ e’ (D*w : D*¢g + |Vw|*Vw - Vy )dz
o0 Q

+ 5/ (e 4+ €e“)(w — wop)podx
Q

for test functions ¢; € H%(Q), i = 0,...,n — 1. Here, D?u is the Hessian matrix of the
function u, “” denotes the Frobenius matrix product, and E = p0, E = p°f. The lower-
order regularization e(e®° + %) (w — wp) yields an L?(9) estimate for w. Furthermore, the
higher-order regularization guarantees that v;, w € H?(Q) — L°°(Q), while the W14(Q)
regularization term for w allows us to estimate the higher-order terms when using the test
—w

function e”%0 — e

Step 1: solution of the linearized approzimate problem. In order to define the fixed-
point operator, we need to solve a linearized problem. To this end, let y* = (v*,w*) €
WH4(Q;R™) and o € [0,1] be given. We want to find the unique solution y = (v',w) €
H?(£;R™) to the linear problem

a(y,¢) = oF(¢) for all ¢ = (dy,...,¢n 1) € H* (L R"), (2.17)
where
/ Z M;;(p*,e Vv] V(;Sld:c—i—/ k(ev )ew*vw - Vodx
5,j=1 Q

1
+ 8/{2; (D2v,~ : D¢ + vlgf)z)

+ 6/ w (D w: D%¢g + \Vw*\QVw . V¢o) + 5/ (e™ + ew*)wqbodx,
Q

_ _/ Z ot — i) bed — i/Q(E —E)¢odx+)\/ (€0 — e )goda

o0

/ZM pr e eV V@dw—/ZM ¥ Voda

/ Zm Iig*, e ) gida +€/(ew° + " wooda
Q

and pf = p;(v*), p* = S pf, E* = p¥". By Hypothesis (H3) and the generalized
Poincaré inequality [Tem97, Chap. 2, Sec. 1.4], we have

a(y,y) > 8/ (ID*0]* + [v]*)dz + 5/ e (|D*w]? + w?)de = eC(||v|[72(q) + w2 (0)-
0 0
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2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

Thus, a is coercive. Moreover, a and F are continuous on H?(Q2;R"). The Lax-Milgram
lemma shows that (2.17) possesses a unique solution (v/,w) € H(Q; R™).

Step 2: solution of the approximate problem. The previous step shows that the fixed-
point operator S : WI4(Q;R") x [0,1] — WI4(Q;R"), S(y*,0) = y, where y = (v',w)
solves (2.17), is well defined. It holds that S(y,0) = 0, S is continuous, and since S
maps to H?(2;R™), which is compactly embedded into W4(Q; R"), it is also compact. It
remains to determine a uniform bound for all fixed points y of S(-,0), where o € [0, 1].
Let y be such a fixed point. Then y € H?(Q;R") solves (2.17) with (v*,w*) replaced by
y = (v',w). With the test functions ¢; = v; for i =1,...,n—1 and ¢pg = e "0 — e~ (we

need this test function since ¢y = —e~™ does not allow us to control the lower-order term),
we obtain
0= / Z (pi(v o))vidz + — /(E —E)(—e%)dz + 2 / (E — E)e™"dg
Q T JQ
n—1
/Q Z M;;Vv; - Vvjdz +/ k(e”)eVw - V(—e V)dx — 0/ Zrlvldx
,j=1
n—1 n—1
-0 /Q Z Mje "Vw - Vvjdr + O'/Q Z M;Vvj - V(—e ")dx
J=1 Jj=1
—oX [ (e"0—e")(e "0 — d:n—{—e/ Z (ID%v;)* +v7)d
o0

+e / (e +e“)(w — owp)(e” ™ — e V)dx
Q
+ 5/ (|D*w|*~D*w : Vw ® Vw + |Vw|*)dz
Q
=11+ -+ I12.

We see immediately that Iy + Ig = 0. Furthermore,

1

11+12_/<n (0 9)32)@:.

=1

The function (p,0) — h(p',0) = 37| pi(log pi — 1) — p°log 8 with p, = p° — S0 p; is
convex, since the second derivatives are given by

?h 1 1 0*h _ p* 9*h d*h 1

02 T 007 9pd0 " Opop;

7

hence we can conclude in the same way as in [J513] that the Hessian is positive definite by
Sylvester’s criterion. This shows that

n—1
' 0) = (6 0) < 3 (60— ) + (6,6~ )
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2 Analysis for the Maxwell-Stefan—Fourier system

and consequently,
L+ 1 > j/ (h(p',@) — h(ﬁ/,é))dl‘.
Q
For the estimate of I, we need the following lemma.

Lemma 6. Let the matriz (M;;) € R™*" satisfy (1.5) and (1.6). Then

n—1 n—1

M
Z Mij(zi — 2n)(25 — 2n) 2 — Z |21 — za?
i,j=1 i=1

Proof. We use (1.5) and then (1.6) to find for any z € R™ that
n
Z M”(Zz — zn)(z] — zn) = Z Mijzizj Z CM|HZ‘2. (2.18)
i,j=1 i,j=1

Therefore, we want to prove
c n
M
CM |HZ|2 > W 21 (2 — Zn)2- (2.19)
iz

To prove this, we first recall

el =Z - szJ

=1

We observe with z = %E;‘:l zj that the inequality we want to prove is equivalent to

n

n 2 n—1
Z zi—%sz —%Z(zi—zn)zzo
i=1 =1

i=1

3
n 1 n
&> (4 -222+7) - %Z (2f = 2znzi+21) 2 0
i=1 =1

@Zz Z 2Tllzn:znzi—2220

=1

=1
@";1242 (i ) + 2— Zznzl—z >0
i=1 =1

i=1

n—1
@nglzzf % Zn) >0
1
@Zz 1(24)

=1

24



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

Since x +— x? is a convex function, Jensen inequality implies
Zn—l 5 2 Zn—l 22 n—1
n—1 ==L < (p—1)&=L" 22,
-y (SE7) se-nSEE -3

we conclude that (2.19) holds.

By Lemma 6 and Hypothesis (H5),

n n—1
1
Iy = 2/9 < Z M;jVgi - Vg + Z MV - VUJ')dx

ij=1 i.j=1

> CM/ \VHq\zdm+CM/ Vo|?da,
2 Q 2n Q

n
Is = a/ Zriqidx > O'CT/ |Hq|2d:c.
Qi Q

Furthermore, we observe

I = 6/(€w0 +e“)(w — owp)(e” ™ — e V)dx

Q
= 25/ (w — owp) sinh(w — wg)dzx.
Q
Rewriting the integrand and using cosh(z) > z for all z € R, we find
1
(w — owp) sinh(w — wp) = (w — wp)(w — owp) / cosh(s(w — wy))ds
0

1
= (w? — cwow — wow + aw%)/ cosh(s(w — wop))ds
0

1 1 inh(w —
> L2y (L2~ (o 4 Dwge | SRR = 20
2 2 w — Wy

Since sinh(w — wg)/(w — wp) > 1, the lower bound of the right hand side depends on the
sign of 1/2w? — (o + 1)wow. Since o and wy are nonnegative, we find

1
§w2—(0+1)w0w<02>0<w§2(a+1)wo.

Therefore, it is sufficient to prove that the function
g: [0,4wp] x [0,1] = R

(w,0) (;w2 (o + 1)w0w> sinh(w — wy)

w — Wy
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2 Analysis for the Maxwell-Stefan—Fourier system

attains a minimum. However, g is a continuous function on a compact set and therefore has
a minimum, i.e. it exists (w0, &) such that g(w, ) < g(w, o) for all (w, o) € [0,4wg] x [0, 1].
Hence, we conclude

1
Iy > §w2 +g(w, ).
Next, we have
I5 = / r(e?)|Vw|?dz,
Q

Ig =20\ | (cosh(wg—w)—1)ds >0,
oN

€

Is = 2/ (\Dzw\Q + |D*w — Vw ®@ Vuw|? + ]Vw|4)dx.
Q

Summarizing these estimates and applying the generalized Poincaré inequality, we arrive

at the discrete entropy inequality

1
7 / (h(p',0) + e " E)dz + o <]Vv]2 + |VIIg|* + acT]HqP) dx
T JO 2 0 \n

+eC (vl + lwliie@) + lwlliaq) + /Q r(e")|Vw|*dz

<2 [ (50)+ € E)do -+ 2l unl e + Clun). (2.20)
where C'(wg) > 0 is the constant, coming from the estimate of I1;. We observe that the left-
hand side is bounded from below since —p°log + e 0 E = p°(—log @ + 0/6y) is bounded
from below. The bound for IIg implies an L?(2) bound for v since |v|? < n|IIg|?; see the
proof of Lemma, 6.

Estimate (2.20) gives a uniform bound for (v/,w) in H?(€;R") and consequently also
in W4(Q; R"), which proves the claim. We infer from the Leray-Schauder fixed-point
theorem that there exists a solution (v',w) to (2.15)—(2.16).

Step 3: temperature estimate. We need a better estimate for the temperature.

Lemma 7. Let (p,w) be a solution to (2.15)—(2.16) and set § = e*. Then there exists a
constant C > 0 independent of € and T such that

1/p°92dx+1/ m(e)\vedexgc+1/poe‘deJrc/ \Vo|?da.
T Jo 2 Jo T Ja Q

Proof. We use the test function 6 in (2.16). Observing that (E — E)§ = p"(6 — 0)6 >
(p°/2)(6? — 62) and that () > c.(1 + 6?) by Hypothesis (H4), we find that

1

_ 1 ”
/p0(92—92)dm—|—/ 5(0)|V0|2dm+c/02|V0|2d:ﬁ—)\/ (6 — 60)6dx
27 Jo 2 /o 2 Jo o9

n—1
< —Z/ Mjwj-vedx—g/ 0(D?*log : D*0 + |V1og >V log 0 - VO)dx
=/e Q
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2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

— 5/ (60 + 0)(log 6 — log 6y)0dx
Q
= i+ Jy+ s (2.21)

Since M, /0 is assumed to be bounded,

n—1
J1 < Cﬂ/ 92\V9\2dx+02/ Vv, [2dz.
2 Ja e
Furthermore,
1 2 2,2 , 1 4
Jo = —¢ — =V0-D“6V0O + |D=0| +§|V0| dx
Q

0
2
)daz <0.

The last integral J3 is bounded since —#%log# is the dominant term. The last term on
the left-hand side of (2.21) is bounded from below by —(\/2) [, #3dx, which finishes the
proof. O

5 1 1
== D201 + —|VOI* + |D?0 — >VH 2 Vo
5 [ (10762 4 gyiwort+ | - o

Remark 8. Better estimates can be derived if we assume that k() > c.(1 + 0L for
a € (1,2). Indeed, using 0 as a test function in (2.16), we find that

1/ P20 — 0)6%dx + acn/ 0>*|V0|*dx — )\/ (6o — 6)6“dx
Q Q o0

T

n—1
< —a Z/ M;0°" Vv, - Vodx — s/ (60 + 6)(log 0 — log 0y)0“dx
oo Q

—s/ 0(D*log 6 : D*0™ + |V1og 0|V log 6 - V6*)dx
Q
= Jy+ J5 + Js. (2.22)

A tedious but straightforward computation shows that Jg > 0 if a € (1,2). Furthermore,
since M;/0 is bounded,

n—1
Jy < 0‘26'“/992a|v9\2dx+02/9|wj\2dx.
j=1

The first integral on the right-hand side is controlled by the left-hand side of (2.22). This
yields a bound for 0°t1 € L>(0,T; L*(Q)) N L?(0,T; H'(Q)) C L¥3(Qr) (see Lemma 10)
and consequently 0 € L8(°‘+1)/3(QT), which is better than the result in Lemma 10. ]

Step 4: wuniform estimates. Let ((v')*,w*) be a solution to (2.15)(2.16) for given
(v)F=! =o' and w*~! = w, where k € N. We set

k
plev
0F = exp(uw®), pf =exp(w* +qf) = ——

Z?:l e’
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2 Analysis for the Maxwell-Stefan—Fourier system

fori =1,...,n—1, and E¥ = p%9*. We introduce piecewise constant functions in time.
For this, let pm(w,t) = pk(x), 07 (x,t) = 0F(x), U(T)(a:,t) = vF(z), qlm = log(pET)/H(T)),

(2 (2

and B (z,t) = EF(z) for x € Q, t € (k — 1)7,k7], k= 1,...,N. At time t = 0, we set

E )( 0) = p2(x) and 01 (z,0) = 0°(z) for z € Q. Furthermore, we introduce the shift
operator (anET))( t) = pFz) forz € Q, t € (k—1)7,k7]. Let (p/)(7) = (pgT), . ,pgj)l)
Then ((p/)(™),6() solves (see (2.15)(2.16))

Lo
0=— (p; ' — Usz )d)lda:dt (2.23)
TJo Ja
T n—1 ( ) 1
+/ / (ZMU(P(T),@( NVol™ 4 My (p™ .9<r>)v9(7)> Veidadt

Te / / (D*{™ : D?¢; + 07 ;) dwdt — / / ri(IIq™, 0 ¢;dxdt,

== / / (BT — o, ET)podudt — A / (00 — 0 podsdt (2.24)
T Jo JQ 0 Joq

T n—1
+ / / (n(f)(”)w”)+ZMj(p<T>,9<T’>Vv§-”)-wodxdt
Q =

+5/ / )(D*1og 07 : D2 + |V 1og 07>V 1og 0 - V) dxdt

+e / / (B + 0 (log 07 — log By ) podadt.
0 Q

The discrete entropy inequality (2.20) and the L® bound for p(»T)

, ~ imply the following
uniform bounds:

||pz(7-)HL°°(0,T;L°° + H9(7-)||LOO (0,T;L1(9)) < 07

107 z2(0 710 + 16(0T) /2 10g 07 2, < €,
e 2o 202 0) + /%1108 07 |20 72120 < C
e/ log 0 HL4 o,r;wia) < C,
foralli=1,...,n — 1, where C' > 0 is independent of ¢ and 7. Hypothesis (H4) yields
IV6T L2y + 1V 10g 07| 120 < C. (2.25)

Lemma 9 (Estimates for the temperature). There exists a constant C' > 0 which does not
depend on € or T such that

16| 22031110 + 11108 07| 120731110y < C- (2.26)

Proof. The entropy inequality shows that — log 87 +6(7) is uniformly bounded from above,
which shows that |log 9(7)] is uniformly bounded too and hence, log#(™) is bounded in
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2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

L>®(0,T; LY(2)). Together with the L>°(0,7; L' (Q)) bound for #(7), estimate (2.25), and
the Poincaré-Wirtinger inequality, we find that
107 2205 < CIOT N L2021 ) + IVO | 2200y < O
| IOgH(T)HL%QT) < IOgH(T)”LQ(O,T;Ll(Q)) + HVIOgH(T)HLQ(QT) <,
from which we conclude the proof. O

We proceed by proving more uniform estimates. Because of the L?(Q7) bound of V’U(T)

2

/ / Vo7 2dadt = exp( )T) dzdt
1eXP( )
exp(e”)Vel” exp(ul”) i exp(el”) vl 2
0 ) — - ™ dxdt
=1 €xp(v; ) (351 exp(v; 7))?
g/ /|Vp0]2d1:dt+2/ /\Vv|2d:cdt§0, (2.27)
0 Q 0 Q

(me) is bounded in L?(Qr) and, taking into account the L> bound for pz(-T), the fam-

ily (pgT)) is bounded in L2(0,T; H*(R2)). By Lemma 7 and Hypothesis (H4), (V(8(7))?)
is bounded in L?(Qr). Therefore, since ((8(7)?) is bounded in L'(Qr), the Poincaré-
Wirtinger inequality gives a uniform bound for ()2 in L?(0,T; H*(Q)). These bounds
yields higher integrability of (), as shown in the following lemma.

Lemma 10. There exists C > 0 independent of ¢ and T such that (7)) is bounded in
L16/3(QT).

Proof. We deduce from the bound for (6(7)? in L?(0,T; HY(Q)) c L*(0,T; L%(Q)) that
(0()) is bounded in L*(0,T; L'?(Q)). By interpolation with 1/r = a/12 + (1 — a)/2 and
ra =4,

T T
167z gy = /0 107 gyt < / A el e

< 01 o2 / 10712y dt < C.
The solution of 1/r = a/12+ (1 — «)/2 and ra =4 is @ = 3/4 and r = 16/3. O
Lemma 11. There exists C' > 0 independent of ¢ and T such that
07 = oept” iz + 7107 = 000D ravaioiayy < O (2:28)

Proof. Let ¢y € LYS(0,T;W216(Q)), ¢1,...,¢n_1 € L2(0,T;H*(Q)) and set M) =
M;(p™), 6, T‘Z(T) = 7;(pM,07) for i = 1,...,n — 1. Tt follows from (2.23)-(2.24) and
Hypotheses (H3)—(H5) that

— oo pidadt]| < CVOD | 200 VD L200)
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2 Analysis for the Maxwell-Stefan—Fourier system

n—1
+> HMZ-(T)/G(T)HLoo(QT) 1V 10g 07| L2 ) IV @l 22 (2)
=1

+ellv N 20 ez 1@z 02 () + 177 L2 1M 20
< Clol 20,1 m2(02))>

and

T
/ / (BT — 0. BT godadt

o Ja
<C+ CH@(T)”L8/3(QT)HV(Q(T))QHH(QT)”V¢0HL8(QT)

1
o

n—1
+ 3 1M 0D oo @) 10T /30620 17057 1 22 (000 [V S0l 230
j=1

+ 6o = 07| 570,757 02y | D0l L3 0,725 052
+e[107 )| 13 ap) | 10g 0| 120 7112 020y | Dol L6 (2)
+ EHH(T)HLM/S(QT)HVIOg 9(7—)Hi‘l(QT)Hvd)OHLlG(QT)
+eC(1+ 110 10g 07| 200 60l 207y < Clldoll Lisor.w215(0))-
Since |E(™ — o, B[ = p°|0) — 5,6 > p,|0(7) — 5,6(7)|, this concludes the proof. [

Step 5: limit (e,7) — 0. Estimates (2.27)—(2.28) allow us to apply the Aubin-Lions
lemma in the version of [DJ12]. Thus, there exist subsequences that are not relabeled such
that as (e,7) — 0,

pET) — pi, 0(7) — 0 strongly in L*(Qr), i=1,...,n— 1. (2.29)

The L*°(£27) bound for (pZ(T)) and the L'9/3(Q7) bound for (7)) imply the stronger con-
vergences
pET) — pi strongly in L"(Qr) for all r < oo,

0(7) — 0 strongly in L"(Qy) for all n < 16/3.
The uniform bounds also imply that, up to subsequences,
pET) — p; weakly in L2(0,T; H'(Q)),
07 — 0 weakly in L(0,T; H'(Q)),
Vol = Vo, weakly in L?(0,T; L*()),
7o — orpl”) = Bupi weakly in L2(0,T; HA(Q)'),
7O — 0,.00)) = 9,0 weakly in L'%/15(0, T; W>15(Q)"),

where i =1,...,n—1and j = 1,...,n. Moreover, as (¢,7) — 0,

elog 0" — 0, wi(T) — 0 strongly in L*(0,T; H*(Q)).
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2.4 Proof of Existence — Nondegenerate Case (Theorem 3)

At this point, v; is any limit function; we prove below that v; = log(p;/pn)-
We deduce from the linearity and boundedness of the trace operator H'(Q) < HY/2(9%)
that
0(7) —~ 0 weakly in L?(0,T; H'?(8Q)).

Using the compact embedding H'/2(9Q) < L?(99Q), this gives
07 — 0 strongly in L?(0,T; L*(99)).

The a.e. convergence of p; for i =1,...,n — 1 implies that, up to a subsequence,

n—1 n—1
ngT) =p’ — ZPZ(T) Y Zpi =:pp, a.e. in Qr.
i=1 i=1

Next, we prove that 6 and p; are positive a.e. We know already that 6(7) and pET)
are positive in Qp. It follows from the L>(0,7;L*(€)) bound for log(™) and the a.e.
pointwise convergence (") — @ that log @ is finite a.e. and therefore 6 > 0 a.e. in Qp. For
the positivity of p;, we observe first that there exists a constant C'(n) > 0 such that for all

Rlye++y2n—1 ER?
log <1+Z Zz) < C(n <1+Z|zl\>
(m _

Since p;’ = p exp( )/Z _1exp(v; )), P’ > ps, and UET) is bounded in L'(), this
implies for sufﬁmently small 5 >0 that

meas{ (z,1) : ,OET)(.%,t) <} = meas {(:U,t) : —log

n

<meas{ x,t) Z’UJ(T (x,t)| > C(1 —logd + log ps)

e c .
< ; < =1,... — 1.
< —log5/0 /Q;h;l (x,t)|dzdt < “logd’ i )

We infer from

—

meas { hmlnf{(m t): pg )($ t) < 6}} < liminf meas{(z,t) : pl( )(:U,t) <4é}

(e,7)—0 (e,7)—0
< lim sup meas{(z, t) : p,ET)(:c,t) < 6} < meas{ limsup{(z,1) : pzm(a:,t) <d}},
(e,7)—0 (e,7)—0

and the pointwise convergence ,ol(-T) — p; that in fact equality holds in the previous chain

of inequalities, which means that

meas{(z, ) pi(a,t) < 0} = lim meas{(z,1) P\, t) <6} < “osd
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2 Analysis for the Maxwell-Stefan—Fourier system

and p; > 0 a.e. in the limit 6 — 0, where i = 1,...,n — 1. We prove in a similar way for
(T) = po/(zj Lexp(v (T))) > 0 that p, > 0 a.e.

T oy . .
As pg ) converges a.e. to an a.e. positive limit, we have

()

vzm = log p,

— log p,(f) — log p; — log p, a.e. in Q.

(1) ()

Thus v; = log p; — log py,. Furthermore, g; * = log p;"’ — log 0" — log pi; —log 6 =: ¢; and

O 1 :
(Hq(T))i — M _Z ZU( ) v — — vj =:U; a.e. in Q7.
n 4 n 4

This shows that v; = ¢; — gn, and U; = (¢ — qn) — >_i—1(¢j — gn)/n = (Ilg);. The a.e.
convergence of (IIq{”)) and the boundedness of r; by Hypothesis (H5) lead to

ri(IgM,0)) — r4(Ilq,0) strongly in L"(Q7), n < oo.

By assumption, M;;(p(™,0)) and M;(p(™,6())/0(") are bounded. Then the strong
convergences imply that these sequences are convergmg in LI(Qp) for ¢ < oo, and the
limits can be identified. Thus,

Mij(p™,07)) — Mij(p,0) strongly in L9(Qr),
M;(p™,6)/6) — M;(p,6)/6 strongly in LI(Qr) for all ¢ < cc.

This shows that

1 1
Q(T)M ( - )70(T))0(T) - 7Mj(pa 0)9 = Mj<p7 0)

M;(p (M) 7)) = ;

strongly in L"(Q) for n < 16/3. Moreover, taking into account (2.26), we have

(™) g(T) A
Mj(p(T),Q(T))VQ(lT) — _JWJ(‘OH(T)’H)Vlogg(T) N ]\/f](ep,@)nge

weakly in L"7(Qr) for < 8/3. Finally, by the weak convergence of (Vo(™) in L?(Qr),

Mij(p(T), 9(7))ij(-7) — M;;(p,0)Vv; weakly in L7(Qr), n < 2,

M;(p™, 00Vl — M;(p,6)Vu; weakly in L"(Qr), 1 < 16/11,
1

1
Mj(p<f>,a<7>)vﬁ — =55 M;(p,0)V0 weakly in L"(Qr), 1 <8/7

These convergences allow us to perform the limit (¢,7) — 0. Finally, we can show
as in [Junl5, p. 1980f] that the linear interpolant ﬁy) of p(T) and the piecewise constant
function pgT) converge to the same limit, which leads to p! = [)f)( 0) — pi(0) weakly in
H?(Q)'. Thus, the initial datum p;(0) = p? is satisfied in the sense of H?(f2)". Similarly,
(p0)(0) = p°6° in the sense of W216(Q)'. This finishes the proof.
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2.5 Proof of Existence — Degenerate Case (Theorem 4)

2.5 Proof of Existence — Degenerate Case (Theorem 4)

The proof of Theorem 4 is very similar to that one from Section 2.4, therefore we present
only the changes in the proof. Steps 1-3 are the same as in the previous section. Only the
estimate of I is different:

/ Z M;;Vv; - ijda:—/ Z MijVq; - Vgide > © / szyv Iq);|*dz.
Q.

i,0=1 Qz] 1

This gives a uniform estimate for [, p,ET) |V (I1g(7));|2dz. We claim that it yields a bound for

V(p,gﬂ-))l/2 in L2(QT) Indeed, we insert the deﬁnitions q(T) log(pET)/H(T)) and (IIq("); =

qZ(T)—E] 1(13 /n*logp(T) Py 1(logpj ))/n to find that

va g™ Zp ‘wogp Zwogp ‘

Z Vlog p(T)
7=1

:Zpy)WlogpgT” Vp ZVlong —i——
=1 j=1

>4Z|V 1/22 4|V(p0)1/2\2.

This shows the claim.

In contrast to Step 4 in Section 2.4, we do not have a uniform bound for UZ( ™ in L2 (0,T;
H'(Q)) but a bound for (p\”)/2. We deduce from the L bound for p{” a bound for
pl(.T) in L2(0,T; H*()), using VpET) = (pET))l/QV(pET))l/Z. This bound changes the proof
of estimate (2.28) for the time translates. In fact, we just have to replace the estimations

(),

involving ij

W7V dwdt|dedt = S MV 10g o7 - Vi |drat
=1 =1
Z M(T)/pg'T)HL‘X’(QT)HVIOE'T)|’L2(QT)||v¢i||L2(QT)7

o\ - Vo |dadt = ST MV log 7 - Vo |dadt

< Z 1M 1657 1o (02 19057 1 200 19 0l 220
j=1

This yields (2.28).
The L?(0,T; H'(R)) estimate for pZ(T) and (2.28) allow us to apply the Aubin-Lions
lemma in the version of [DJ12] yielding, up to a subsequence, the strong convergence
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2 Analysis for the Maxwell-Stefan—Fourier system

( ) pi in L2(Qr) as (g,7) — 0 and, because of the boundedness of p( ). in L"(Qr) for
any r < o0.
It remains to perform the limit (g,7) — 0 in the terms involving v,

3" My(p7, 6NV ST My(p™ 0V, e (D) 40D,

j i=1
The last term is easy to treat: The bound for \/Evj(-T) in L2(0,7; H*(2)) and the strong
convergence of (") imply that 50(7)(D20§T) + U§T)) — 0 strongly in L?*(Qr). Since M;;/ p(T)
is bounded by assumption, we have M;;(p(™), 9(7))/,05.7) — M;;(p,0)/pj strongly in L™ (Q7)

for r < co. Hence, using (1.5) and the weak convergence of (Vpg-T)) in L2(Qr),

"—1 " M (p™ o) " M. 0

(T T) (r) _ ij (", ) () ij (p,0) )
§' M;i(p™), 07V _§' eV 4§' — 7
j=1 j=1 pj j=1 J

weakly in L"(Qp) for n < 2. Since (Mij/pg.T))Vpg-T) is bounded in L?(Qr), this convergence
also holds in L?(Qr). The limit in the second term Y7, M;(p(™, H(T))VUET) is performed

in an analogous way, leading to

= M;(p™),0() T = M;(p,0
UIPORTE S IRN S SRS
i=1 Pi i=1 v

weakly in L?(Q7). This finishes the proof.
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3 Analysis of a Finite—Volume Scheme for a
Quorum Sensing induced Biofilm Model

The results in this chapter are a modified version of the publication [H.JZ23].

In this chapter, we provide the discretization and numerical analysis for the quorum sens-
ing induced biofilm model. To this end, we first introduce notation and impose assumptions
in section 3.1.1. Afterwards, we provide the finite—volume discretization in section 3.1.2
before presenting the main results of this chapter in section 3.1.3. Having presented the
main results, we present the proofs for the existence of discrete solutions in section 3.2,
the uniqueness in section 3.3 and the convergence in section 3.5. Finally, we present some
numerical simulations in section 3.6, where we show the order of convergence in one dimen-
sion and simulations in two dimensions, showing a hollowing effect which was also observed
in [ESELT].

While the results in [HJ7Z23] consider the model of [EPLO1], in this thesis we give a
modified version of the paper where we perform the computations for the more general
model of [EHKELS, ESEL7].

3.1 Numerical scheme and main results

3.1.1 Notation and assumptions

Before we are able to introduce the Finite—Volume Scheme, we need some notation. The
following part, which introduces the standard notation for two—point approximation finite—
volume methods, can also be found similarly in [D.J721] and is repeated here for the con-
venience of the reader.

Let © C R? be an open, bounded, polygonal domain. We consider only two-dimensional
domains, but the generalization to higher space dimensions is straightforward. An admis-
sible mesh of Q is given by a family 7 of open polygonal control volumes (or cells), a
family € of edges, and a family P of points (xx ) xeT associated to the control volumes and
satisfying Definition 9.1 in [NGHOO]. This definition implies that the straight line Txzr
between two centers of neighboring cells is orthogonal to the edge 0 = K|L between two
cells. The condition is satisfied, for instance, by triangular meshes whose triangles have
angles smaller than 7/2 [EGHO0, Example 9.1] or by Voronoi meshes [EGHO0, Example
9.2].

The family of edges £ is assumed to consist of interior edges &yt satisfying o C ) and
boundary edges o € Eqoxy fulfilling o C 9. For a given control volume K € T, we denote
by £k the set of edges of K. This set splits into Ex = e,k U Eext,ix- For any o € £, there
exists at least one cell K, € T such that o € Ex. When o is an interior cell, 0 = K|L, K,
can be either K or L.
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

The admissibility of the mesh and the fact that Q2 is two-dimensional imply that

> > mo)d(ak,o) <2 m(K) =2m(Q), (3.1)

KeT oelk KeT

where d is the Euclidean distance in R2, m(c) denotes the one-dimensional Lebesgue mea-
sure of an edge, and m(K), m(Q2) denote the two-dimensional Lebesgue measure of a cell,
the domain, respectively. Let o € £ be an edge. We define the distance

P d(zg,xp) if o = K|L € &nt i,
77\ d(zk,0) if 0 € Eext i

and introduce the transmissibility coefficient by

_ m(o)

- 3.2
=0 (3.2)

We assume that the mesh satisfies the following regularity assumption: There exists £ > 0
such that for all K € 7 and o € &,

d(zx,0) > &do. (3.3)

The size of the mesh is denoted by Az = maxye7 diam(K).

Let T > 0 be the end time, N7 € N the number of time steps, At = T//Nr the time
step size, and set tp = kAt for k = 0,..., Np. We denote by D an admissible space-time
discretization of Qp = Q x (0,7, composed of an admissible mesh 7 and the values
(At, Np). The size of D is defined by x := max{Ax, At}.

As it is usual for the finite-volume method, we introduce functions that are piecewise
constant in space and time. The finite-volume scheme yields a vector vy = (Vi )xeT € R#T
of approximate values of a piecewise constant function v such that v = ) rvKlk,
where 1 is the characteristic function of K. We write vpq = (v, ve) for the vector that
contains the approximate values in the control volumes and on the boundary edges, where
ve := (Vg )oet., € R#Ext. For such a vector, we use the notation

VI, ifO'ZK|LE¢€intK,
_ ’ A4
VKo { Vo ifoe gext,K (3 )
for K € T and o € £k and introduce the discrete gradient
D,v :=|Dgv|, where Dg,v =vg, — vk. (3.5)
The discrete H!(£2) seminorm and the discrete H'(2) norm are defined by
1/2 "
vl12m = (Z%(Dav)2> s ol = (1ol om + 10T o) (3.6)
oe&
where || - |lopm denotes the LP(€2) norm

1/p
[vllopat = ( > m(K)|vap> for 1 < p < 0.
KeT
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3.1 Numerical scheme and main results

Then, for a given family of vectors v* = (v&, v%) for k = 1,..., Ny and a given nonnegative

constant v such that vfj =P for all 0 € E, we define the piecewise constant in space
and time function v by

)= vilx(z) forzeQ te byt k=1,...,Np. (3.7)
KeT

For the definition of an approximate gradient for such functions, we need to introduce a
dual mesh. Let K € T and 0 € k. The cell Tk, of the dual mesh is defined as follows:

o If 0 = K|L € &ny i, then Tk, is that cell (“diamond”) whose vertices are given by
Tx, rr, and the end points of the edge o.

o If 0 € Ecxt i, then T, is that cell (“half-diamond”) whose vertices are given by zx
and the end points of the edge o.

An example of a construction of a dual mesh can be found in [CHLP03]. For an illustration,
we refer to [GHHK20]. The cells Tk, define, up to a negligible set, a partition of Q. The
definition of the dual mesh implies the following property. As the straight line between two
neighboring centers of cells Txzr, is orthogonal to the edge 0 = K|L, it follows that

m(o)d(zx,zr) =2m(Tk,,) forall o = K|L € &Eing k- (3.8)

The approximate gradient of a piecewise constant function v in Q7 is given by

VD’U(Z‘,t) = m(a) )DK,UUkVK,J for x € TK,Ua le (tkflatk]mk = 17 e '7NT7

m(TK,U

where the discrete operator D , is given in (3.5) and vk, is the unit vector that is normal
to o and that points outward of K.

3.1.2 Numerical scheme

We are now in the position to formulate the finite-volume discretization of (1.8)—(1.13).
Let D be an admissible discretization of 7. The initial conditions are discretized by the
averages

L O(z)dx 0:71 O(z)dz

m(K)/KM( )dx, Ny m(K)/KN( )dx, (3.9)
. O(z)dx 0:71 O(z)dx

K)/KS( Ydx, Ay m(K)/KA( )dx. (3.10)

for K € 7. On the Dirichlet boundary, we set M* = MP NF =0, S¥ =1 and AX =0 for
o € Eoxt at time 1.

Let M[k{, NE. S}“{ and AI}{ be some approximations of the mean values of M (-, t), N (-, tx),
S(-,tx) and A(-,t), respectively, in the cell K. Then the elements Mf(, le(, Sf( and A];(
are solutions to

m(K)

- Mie = M)+ Y Fliwe = m(E)gn (Mg, Sk, AR), (3.11)

oefi
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

m(K)
T(NII? - Nf{ ' Z FNKO' = )gQ(MKvNKvsKaAk ) (3.12)
oEEK
m(K)
At (SK Sf{ ! Z ]:SKU: )93(MK7NK7‘SK> (313)
o€k
m
P — Al - S o =m0k, VK A, (3.14)
o€l
the numerical fluxes are defined as
Frrke = —TediDroF(MY),  Fl o = —TodsDg,o N, (3.15)
Féro=—TodsDr oS, Fh o =—TodsDg - AF, (3.16)

where K € T, 0 € €k, k € {1,...,Nr}, and we recall definitions (1.14)—(1.17) for g;,
i=1,...,4, (1.19) for F, and (3.2) for 7,.

For the convenience of the reader, we recall the discrete integration-by-parts formula for
piecewise constant functions v = (v, vg) :

Y Y Frevk ==Y FroDrov+ Y Frove, (3.17)

KeT oeli ek 0E€Eext

where Fi , is a numerical flux like in (3.15)—(3.16).

3.1.3 Main results and Key lIdeas
We impose the following hypotheses:

(H1) Domain: 2 C R? is a bounded polygonal domain.

(H2) Discretization: D is an admissible discretization of Qp := Q x (0,7 satisfying the
regularity condition (3.3) and At < 1/2.

(H3) Initial data: S, M? € L2(Q) satisfy 0 < S° < 1and 0 < M? < 1in Q. N° A% € [
satisfy 0 < N° and 0 < A° < A, where A4, > 0 is a constant such that

1+ 2(| Nl oo () + Tn) exp(2T)
\ :

Amax > (Oé + 6)

(H4) Dirichlet datum: MP € (0,1) is a constant.

(H5) Parameters: d; > 0 for ¢ = 1,2,3,4, k1,ke > 0, o, 8,m, 0 > 0, n > 1, a > 1, and
b> 0.

Remark 12 (Discussion of the hypotheses). Conditions M° < 1 and MP < 1 allow for
the proof of Mf( < 1lforall K € T and k = 1,..., Ny, thus avoiding quenching of the
solution, i.e. the occurrence of regions with M Ik( = 1. We assume that MP is positive to
be able to introduce an entropy variable. This condition can be relaxed by introducing
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3.1 Numerical scheme and main results

an approximation procedure. The assumption that the boundary biomass is constant is
imposed for simplicity. It can be generalized to piecewise constant or time-dependent
boundary data, for instance. Moreover, mixed Dirichlet—Neumann boundary conditions
or mixed Dirichlet—Robin boundary conditions for the biomass could be imposed as well;
see [SI217, Section 3]. In principle, space-dependent boundary data MP can be treated
with an entropy method for finite-volume schemes as in [CCHGJ19]. The delicate point is
here the definition of the entropy variable W7, which requires a piecewise approximation
of the Dirichlet data. We may assume that the diffusion coefficients dy,...,ds depend on
the spatial variable. In this case, they have to be assumed to be strictly positive. The
condition @ > 1 corresponds to “very fast diffusion”. In numerical simulations, usually the
values @ = b = 4 are chosen [FPL0O1, Table 1]. O

Our first main result concerns the existence of solutions to the numerical scheme. We
introduce the function

Z(M) := /OM F(s)ds — F(MP)(M — MP), M €][0,1). (3.18)

Theorem 13 (Existence of discrete solutions). Assume that Hypotheses (H1)-(H5) hold.
Then, for every k = 1,...,Np, there exists a solution (M*, N* Sk A*) to scheme (3.9)-
(3.16) satisfying

0<ME <1, 0<NF<Npae, 0<SE <1, 0<AY <Apue foralKeT,
(3.19)
where Npqaz > 0 depends only on N°, T and n and Apaz > 0 depends only on o, 3, X and
Ninaz- Furthermore there exist positive constants Cv and Co independent of Ax and At
such that

1Z(M*) 0,0 + ALCLF(MF)|13 o0 < 11Z(MF 1) J0,1,010 + AtCo. (3.20)

Moreover, if M° > mg in Q and Mp > mg for some mg > 0 then any discrete solution
(M*, Nk Sk AF) to scheme (3.9)~(3.16) fulfilling bounds (3.19) satisfies

n

A
Mp: > mgexp <— <k2 + nHZ‘ff) tk> forall K €T, k=1,...,Np. (3.21)

max

The existence result is proved by a fixed-point argument based on a topological degree
result. The main difficulty is to approximate the equations in such a way that the singular
point M =1 is avoided. This can be done, as in [EZ09], by introducing a cut-off approxi-
mation f.(M) of f(M). Then, by the comparison principle, it is possible to show the bound
Me <1—0(¢e) for the approximate biomass M¢, where §(¢) € (0,1). Since the comparison
principle cannot be easily extended to the discrete case, we have chosen another approach.

We first formulate a regularized problem for each time step by introducing the entropy
variable W% := ZL(Mj3,), where Z. is the sum of Z(M§,.) and ¢ times the Boltzmann entropy
(see (3.26)), and by adding higher-order terms of Wj.. We then solve the regularized
problem for Wj. and obtain the biomass fraction by inverting the relation W§. = ZL(M%).
Then 0 < Mj, < 1 by definition and we can derive a uniform estimate similar to (3.20).
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

The uniform bound for F(M*¢) allows us to perform the deregularization limit and to infer
that the a.e. limit function Mg = lim._,o M}, satisfies My < 1 for all K € T. The positive
lower bound for M* comes from the fact that the source term gy (ME, S, A%) is bounded
from below by the linear term —koM Ik(, and it is proved by a Stampacchia truncation
method.

Theorem 14 (Uniqueness of discrete solutions). Assume that Hypotheses (H1)-(H5) hold
and that there exists a constant mg > 0 such that Mo(a:) > myg for x € Q and MP > my.
Then there exists v* > 0, depending on the data, the mesh, and mg, such that for all
0 < At < ~v*, there exists a unique solution to scheme (3.9)—(3.16).

The proof of the theorem is based on a discrete version of the dual method. On the
continuous level, the idea is to choose test functions ¢ and ¢ solving —A¢ = My — Mo,
—Af = N1—Ny, —Ap) = S1—55 and —A( = Ay — Ay with homogeneous Dirichlet boundary
data, where (M, N1, S1, A1) and (Ma, Na, Sa, Ag) are two solutions to (1.8)—(1.13) with the
same initial data, and to exploit the monotonicity of the nonlinearity F'(M). On the discrete
level, we replace the diffusion equations for ¢, 0, ¢ and { by the corresponding finite-volume
schemes and estimate similarly as in the continuous case. The restriction on the time step
size is due to L?(f2) estimates coming from the source terms.

We also prove that our scheme converges to the continuous model, up to a subsequence.
For this result, we introduce a family (D,,)men of admissible space-time discretizations of
Qr indexed by the size x,,, = max{Ax,,, At} of the mesh, satisfying x,, — 0 as m — oc.
We denote by M,, the corresponding meshes of ), by At,, the corresponding time step
sizes and we set V" 1= VPm []722].

Theorem 15 (Convergence of the scheme). Assume that the Hypotheses (H1)-(H5) hold.
Let (Dp)men be a family of admissible meshes satisfying (3.3) uniformly and let

(M, Nony Sy Am)men be a corresponding sequence of finite-volume solutions to scheme
(3.9)(3.16) constructed in Theorem 13. Then there exist (M, N, S, A) € L>(Q7;R?), satis-
fying F(M)—F(MP), N, S—1, A € L?>(0,T; H}()), and a subsequence of (M, N, Sy Am)
(not relabeled) such that, as m — oo,

M, - M, Np,—N, S,—S8 A,—A ae inQp,

V™F(M,,) -~ VF(M), V™N,, —~VN, V™S, —~VS, V™A, —~VA weakly in L*(Qr).

Moreover, the limit (M, N, S, A) is a weak solution to (1.8)—(1.13), i.e., for all Y1, 12, 13,
Yy € C5e(2 % [0,7)),

T T
— — 0 .
/0 /Q MOy dadt /Q MO(2)h1 (2, 0)d + dy /0 /Q VE(M) - Vindedt  (3.22)
T
:/ /91(M757A>¢1d$dt7
0 Q
T T
—/0 /QNatl/Jgdxdt—/QNO(x)zbg(:L‘,O)dI—}-dQ/O /QVN~V¢2d:Cdt (3.23)

T
= / / QQ(M, N, S, A)¢2d$dt,
0 Q
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3.2 Existence of solutions

T T
— —_— 0 .
/0 /(258tlj}3dazdt /QS (m)¢3(x,0)d$+d3/0 /QVS Vipsdxdt (3.24)

_ / ! / 93(M, N, S)wsdadt,

/ / Adybaddt — / A (@ )(z, 0)dz + da / / VA - Vipudrdt (3.25)
- / / 1(M, N, Aybydadt,
0 9]

The convergence proof is based on the uniform estimates derived for the proof of The-
orem 13 and a discrete compensated compactness technique [ACN17] needed to iden-
tify the nonlinear limits. For the limit m — oo, we use the techniques of [CHLP03].
If uniqueness for the limiting model holds in the class of weak solutions, the whole se-
quence (M, Ny, Sy, Am) converges. Uniqueness in a smaller class of functions is proved
[ESE17, Lemma 3.6], but we have been unable to show the required regularity of the limit
(M, N, S, A) from our approximate system, since the time discretization is not compatible
with the technique of [ESE17].

3.2 Existence of solutions

For the proof of Theorem 13, we proceed by induction. By Hypothesis (H3), 0 < M?( <1,
0 < NY < Npaa, 0< 8% <1,0 < A% < Apax holds for K € T Let (MF~1, NF=1 gk=1 AR
satisfy
k—1

0 <My <1,

0 <N < Ninga

0<Sit<i,

0 <AM < A,

for all K € T and some k € {1,..., Np}. We use the function Z; : [0,1) — R, defined by

Z.(M) = /OM F(s)ds — F(MP)(M — MP) + ¢ <M log % +MP - M), (3.26)

where ¢ > 0 and F(M) is given in (1.19).
Step 1: Definition of a fixed-point problem. We formulate the problem in terms of the
entropy variable and we add a regularization term. Let R > 0 and set

Kr:={(W,N,S,A)

s INflogm < R, [[Sllo2m < R, [[Aflogm < R,
W,=0, N, =0,5, =1, A, =0 for o € Eext},

where A = #T +#Eex. We define the fixed-point mapping @ : Kr — R* by Q(W, N, S, A) =
(We, N¢, S5, A%), where (W€, N, S, A%) solves for all K € T,

a<m(K)Wf( -y TUDK70W5> (3.27)

celk
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

B _th()(MK - My ) - eZg Fm ko +m(K) g (Mr, [Sk]+, [Ak]+),
“ff)Wf« - N+ ; Frxo =m(K)ga(My, [Nkls, [Skl+: [Ax]s),  (3.28)
RSk = S+ 3 Fssio = m)gs(Mrc Sl Vi) (3.20)
th{)( AR+ EZS FNko = m(K)gs(Mr, [Nk]+, [Ar]+). (3.30)

the fluxes are as in (3.15)—(3.16), [z]+ := max{0, z}, and we impose the Dirichlet boundary
conditions W =0, N =0, S5 =1, A =0 for 0 € Eext. The value M is a function of
Wi, implicitly defined by

Wi = ZL(Mk) :F(MK)—F(MD)stlog%, KeT. (3.31)
The map (0,1) — R, Mg — W is invertible because the function Z! is increasing. This
shows that M is well defined and Mg € (0,1) for K € T. The e-regularization is needed
to obtain a bound for W¢ in the discrete H'(2) norm. The existence of a unique solution
(We,N=, 5%, A%) to (3.27)—(3.30) is a consequence of [EGHOO, Lemma 9.2].
We claim that @ is continuous. To show this, we first multiply (3.27) by W}, sum over
K € T, and use the discrete integration-by-parts formula (3.17):

W lfop=e>_ (m(K)(W;{)2 -y TC,DKJ(WE)W;() = Ji+Jo+J3, where
KeT o€k

h=-3 mK) e MEYWE,

KeT At
Jy = — Z Z Fur,o Wi,
KeT o€l
[Sk]+ Ak )
J3 = K)| ———— — ko — MgWs-.
3 KZeTm( )<k1+[SK]+ 2T Ay )R

By the Cauchy—Schwarz inequality and the bound 0 < Mg < 1, we find that

2
[l = 5 m()"2[W* o205

| 2| < ( > m(lK) > 1 Fuke

1/2
) 1 llo20n,
KeT oceli

1
gl < (g + k) @) 2 o

Because of the assumption ||[W|12m < R, the flux |Fa k| is bounded from above by
a constant depending on R. This implies that |Jo| < C(R)||W¢||p2,m, where C(R) > 0
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3.2 Existence of solutions

is some constant. (Here and in the following, we denote by C, C; > 0 generic constants
whose value change from line to line.) This shows that e||W¢[[; 2,04 < C(R) for (another)
constant C'(R) > 0. Using similar arguments, we obtain the existence of C(R) > 0 such
that | N*[lo.2.0 < C(R), 5% o2t < C(R), 1 4%[lo2.0 < C(R).

Next, let (Wp, N¢, Sp, Ag)een C Kgr be a sequence satistying (Wy, Ny, Sp, Ag) — (W, N, S, A)
as  — oo. The previous uniform estimates for (W;, N7, S7, A7) := Q(Wy, Ny, S¢, Ag) show
that (W7, N;, S7, A7) is bounded uniformly in £ € N. Therefore, there exists a subsequence
which is not relabeled such that (W7, N;,S7, A7) — (W¢,N¢, 5%, A%) as £ — oo. Taking
the limit £ — oo in (3.27)—(3.30), we see that (W¢, 5%, N¢, A%) = Q(W, S, N, A). We deduce
from the uniqueness of the limit that the whole sequence converges, which means that @
is continuous.

Step 2: Brouwer topological degree. We wish to show that ) admits a fixed point. To
this end, we use a topological degree argument [Dei85, Chap. 1] and prove that deg(l —
Q,Kgr,0) = 1, where deg is the Brouwer topological degree. By the properties of the
Brouwer topological degree, deg(I—@Q, Kg, 0) # 0 implies the existence of (W€, N¢, 5%, A%) €
Kgr such that (I — Q)(W¢, N¢, 5% A%) = 0. Furthermore, by definition of deg, we have
deg(I,Kgr,0) = 1, since 0 € Kr. We deduce from the invariance by homotopy that
deg(I—pQ, Kr, 0) is invariant in p, if any solution (S, W<, p) € Kgx[0, 1] to the fixed-point
equation (W&, N¢ 5S¢ A%) = pQ(W*=, N, S, A%) satisfies (IW¢, N¢, 5%, A%, p) ¢ OKRr x [0, 1].
Therefore, it is sufficient to prove that any solution to the fixed-point equation satisfies
(We, N, 8%, A%, p) € OKR x [0,1] for sufficiently large values of R > 0.

Let (W€, N¢, S, A%, p) be a fixed point of @) and assume that p # 0, the case p = 0 being
clear. Then (W¢, N¢, 5%, A%) solves

5<m(K)Wf< - > TC,DK,UWE> (3.32)

o€k
m(K _
= " 0t M) < 0 Y P + om) o (M S5 [450)
o€e€k
m(K _
) (Vi oV 40 Y Fhie = pm(K)oa (M INFL [SEL [45]0) (3.39)
oefk
m(K _
) Sk~ oK) 40 Y P = pm(K)as(M. [NRL. (5512, (3.34)
oefk
K
B A7 - oAl 0 Y Pk = pm(K)ga (M7 [V [4],) (3.35)
o€k

for K € T with the boundary conditions W; =0, NS =0, S5 =1, A° =0 for 0 € £k, the
fluxes are given by (3.15)—(3.16) with (M, N, S, A) replaced by (M, N¢, 5%, A%), and Mj,
is the unique solution to (3.31) with Wi replaced by W,.

Step 3: A priori estimates. We establish some a priori estimates for the fixed points
(We,N#,85¢%, A%) of @, which are uniform in R. Definition (3.31) immediately gives the
bound 0 < My < 1 for all K € T. Recall that limy; ~ F(M) = +oc.
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

Lemma 16 (Pointwise bounds for (N¢, 5S¢, A%)). There exists Npyqz > 0 and Apaz > 0
such that

0 <N < Npaz for KeT,
0<S% <1 for K €T,
0 <A% < Az for KeT.

Proof. We start with the lower bounds. To this end, we first multiply (3.33) by At[N]_,
where [z]_ := min{0, z}, and sum over K € 7. Using discrete integration by parts, we
obtain

> m(E)[Ng)2 + pdoAt Y 7D o N°Die 5[N]

KeT o€l
=p Y m(E)N ' [Ng]- + pAt Y m(K)go( Mg, [N+, [Si+, [A% ) [NR]-
KeT KeT

Using the induction hypothesis, we have N Ik{l > 0 which gives the nonpositivity of the
first term on the right hand side. Furthermore, using [Nj|+[Nj]- = 0 we obtain

MG VRl S5 AL )INEL- = i s MR VR <0

The monotonicity of z — [z]_ implies

pdaAtY " 7,D i o NDg o[N°] - > 0.
el

Collecting all estimates, we conclude

IINEI=16,2,04 < 0

and thus Nj, > 0 for all K € 7. The same argument shows S% > 0 and A7 > 0 for all
KeT.
We want to prove the upper bound for Nj..

Let Ko € T with Nj, = max{Ng, | K € T}. Then, it is easy to see

P Y Fikeo=—P Y TodaDryoNk,

O'GSKO UGgKO

= —p Z Tod2 (NIE(OJ - NIE(()) > 0.

UEEKO

Furthermore, we can estimate the right hand side of the equation (3.33) using

Sk
_PE ) <1
<k1+5§< 2>_
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3.2 Existence of solutions

and 0 < p < 1. Inserting this in equation (3.33), we find

At Bo= Ay

N+ m(Ko)Ni, + m(Ko)n.
Now, dividing by m(Kj) and multiplying with A¢ we obtain
k— k—
Ni, < Nt + AtNg, + Aty < N+ AtNg, + Atn,

where le(:l = max{N' | K € T}.
Since N T, s the solution at time step k, we can iterate the estimate:

N V< N2+ AN+ A,
N2 < N3+ AN 2 + A,

Ni,_, < Ni, +AtNg, |+ At (3.36)

where Nﬁ;j = max{NIk{_j | KeT}for j=1,...,k. We infer

k
Ni, < Nfe + > AtNg, , + (k= 1)Atn, (3.37)
/=1

Using At < 1/2, we subtract the term at step k in the inequality (3.37), to arrive at

k—1
N§, <2 (N%k +) AtNg, 4 (k- 1)Atn> .
/=1

Applying Gronwall’s inequality and using (k — 1)At < kAt < T, we find
Niy < 2(NS, +T) exp(2T) < 2(IN%) (0 + T) exp(2T) = Nynge.

To verify the upper bound for S°, we multiply (3.34) by At[S}% — 1], sum over K € T,
and use discrete integration by parts:

Y m(E)((Sk —1) = (pSi ' = 1) Sk — U4 + pdi ALY Dieo(S° — 1)Dio[S° — 1]
KeT ocef

= pAt Y m(K)gs(Mg, Ni, S5) S5 — 14 <0, (3.38)
KeT

since we have always g3(Mj, Nj., S5 ) < 0. It follows from the induction hypothesis and
p <1 that pSf(_l <1, and the first term on the left-hand side can be estimated according
to

S m(K) (S5 — 1) — (0S5 = 1) (85 — 15 = 3 m(K) (S5 — 112

KeT KeT
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

We deduce from the monotonicity of z — [z]+ that the second term on the left-hand side of
(3.38) is nonnegative as well. Hence, Y~ ;oo m(K)[S5 — 1]2 < 0 and consequently S5 <1
forall K € T.

Last but not least, we verify the upper bound for A. To this end, we choose A4z > 0
sufficiently large, such that

)\Amaz - [OL + ﬁ] (1 + Nma:p) Z 0

We prove A%, < Apqq for all K € T. To this end, we multiply equation (3.35) by At[Aj —
Apaz]+ and sum over K € T, which gives

> m(K) (Ax — pAS) [A% — Amaals — Atp Y- " FigolAi — Amarls (3:39)
KeT KeT o€l

= Atp Y m(K)gs(Mg, Ni, A%)[Af, — Amas]+
KeT
(3.40)

As before, the second term on the left—hand side is nonnegative and

> m(K) (A = pAKT) (A% = Amaals = Y- m(E)[A% — Amaal?
KeT KeT

It remains to prove the nonpositivity of the right hand side of equation (3.39). If A0 >
A%, the right-hand side vanishes. If A,,,, < A%, then

AAS = [a+ B](1 + Nimaz) > Mpaz — [@ + B](1 + Nypaz) > 0
by definition of A,,q;. In particular, this implies
—A% + [+ B](1 + Nimaz) < 0.

We conclude

A€ n
gs(M, N, A5) = M + o+ 5— 2" are 1 v

(1+ (A%)"
< *)‘A?( + [a + ﬁ](l + Nmax)
<0,
and thus
”[AE - Amaﬂc]+||g,2,/vl < Ov
which implies AS, < A4, for all K € T. O

Lemma 17 (Estimate for F(M})). Let € € (0,1]. Then there exist constants Cy, Cy > 0,
depending on Q and MP, such that

AW o a1 + PIIZ(MF) 0,10 + pALC|F (MF) — F(MP)|[7 5 04 (3.41)
< AtCh + (| Z:(M* Y oa,m-
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3.2 Existence of solutions

Proof. We multiply (3.32) by AtW},, sum over K, and use discrete integration by parts
with WS = 0:

eAL|WE||To g+ Ja+ J5 = Jg, where (3.42)
Jo=p Y m(K)(Mj - My YW,
KeT
Js = pAtdl Z TUDK,JF(ME)DK,UWE’
oe&
J6 = pAt Z m(K)gl(M[a(a S;(v A?()Wa
KeT

By the convexity of Z., (M3, — My 1) ZL(M5,) > Z.(M§,) — Z-(M}") such that

M€
Jizp ) m(K>{Z(Mf<) +E(Mf<log i MY - M;) = Za(Mf(_l)}
KeT

> pl| Z(M5o) loam — Pl Ze (Mg ) o,

where we have used the facts that Z(M§,) is nonnegative and the function = — z log(z/M?)+
MP — z attains its minimum on (0, 1) in M. The definition of W3- and the monotonicity
of the functions F' and log imply that

J5 = pAtdy Y m(K)([Dgo(F(M®) = F(MP))]* + eDg o F(M*)Dg 5 log M®)  (3.43)
KeT
> pAtdy|F(M?) — F(MP)[ 5 v > pAtdi C(&)||F(M®) = F(MP)|[§ o045

where the last step follows from the discrete Poincaré inequality [BCCHE 15, Theorem 3.2].
Recall that by definition of W, we have MS = MP since We = 0. Finally, by the Young
inequality and taking into account the bounds S <1 and Mj, < 1, we find that

)

) 1 At 1
< —pAt k F(M?) — F(MP)|} —|——+k Q
< oty kot ) IFOE) = FOI) R a4 5 (e + Fa ) mic)

Mi,

MD

log

Jo < pAt( + ko + n) Y m(K) <|F(Mf<) — F(MP)| + eM5

1
kr+1 KeT

where § > 0, and the constant C' > 0 may depend on  and M P but is uniform in ¢ € (0, 1].
Inserting the estimates for Jy, J5, and Jg into (3.42) yields

5 k?l +1
+ ol Z(M) o101 < pll Zo(M* 1) [lo,0.00 + ALC(6).

) 1
AW g+ 95 (6CO) — 5 (i + e ) JIF ) = FOIP)R 0
Then, choosing § > 0 sufficiently small shows the conclusion. O
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

Step 4: Concluding the existence of a fixed point. We deduce from the estimates of
Lemmas 16-17 that

(12 (M* o + AC)2, [Nlogm < Niaw m(2)? - (3.44)

W21 < F
15% 0,20 < m(Q)Y2, | A% o2 < Amas m(Q)H2, (3.45)

Thus, choosing

R = max {Amax m(Q)1/27 Nma:p m(Q)l/Q, m(Q)l/Q’ (HZ€(Mk_1) HO,LM +At0)1/2}+17

1
Vet
we see that (W¢, N 5% A%) ¢ OKg. This implies the invariance in p, and since we have
deg(I — pQ,Kgr,0) =1 for p =0, we infer that deg(I — @, Kr,0) = 1. We conclude that @
admits a fixed point, i.e. a solution (W<, N¢, 5%, A%) to (3.32)(3.35).

Step 5: Limit ¢ — 0. Thanks to Lemmas 16-17 and the bound 0 < Mj < 1, there
exist subsequences, which are not relabeled, such that My — M Ik(, Ny — N f(, S% — S}“{,
A5, — AR and eWE — 0 as e — 0 (taking into account (3.44)), where 0 < MF < 1,
0< NIk{ < Npaz, 0 < S}“{ <land 0 < A’}{ < Appae for all K € T. Passing to the limit
e — 0in (3.41) and taking into account the lower semicontinuity of F' (extended for M =1
by setting F'(1) = 00), we find that

AtCy||[F(MY) = F(MP)II3 g1 < 1Z(M* ) Jo1,0m + ALC < o0,

Thus, F (Mlk() is finite, which implies that M f( < 1 for any K € T. We can perform
the limit ¢ — 0 in (3.32)(3.35) to deduce the existence of a solution (M*, N*¥ S¥ AF) to
scheme (3.9)—(3.16).

Step 6: Positive lower bound for M*. Again, we proceed by induction. Let M? > my in
Q and MP > mgy. Then M?( > myg for all K € T. Set

mF = mg (1 + CAL)™*

where C' = C(ka,n, Amaz) = (k2 + n1+m‘“‘ ) Note that

mF —mP = me (1 + CAH) ™" —mo (14 C'At)f(kfl)
= (mg — mo(1 + CAL)) (1 + CAL)~*
= —CAtm".

The induction hypothesis reads as MIk{I > mF! for K € 7. We multiply (3.11) by
At[MF — mF]_, sum over K € T, and use discrete integration by parts:

Z m(K) (M} — MEY (M —m*_ = J; + Js,  where
KeT
Jr = =AY 7Dk o F(MF) D o[ M — m]_,

oef
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3.3 Uniqueness of solutions

Jg = At Y m(K)gi(M*, 8%, AF)[MF — mP]_.
KeT

Taking into account that M f{l — mF~1 > 0, we estimate the left-hand side according to

> mK) (Mg — My H)[Mj —m*]-

KeT
= > m(K)(Mg —m*) — (Mt —m" 1)) M — m"]-
KeT
+ > m(K)(mF —m* ) [M —m"]
KeT
> m(K) M —m"2 — CAtmF >~ m(K)[My; —m*].
KeT KeT

Since I and z + [z — mF]_ are monotone, we have J; < 0. Furthermore,

Js = At > m(K) (Sﬁk —ky — n(Alf?):> ME[ME —mP]_
= ky + Sk 1+ (Ak)n

jﬁ%am k k k
< - (k2 +77H%> At Z m(K) My [Mye —m"]-
KeT
<

}g%ax k k k
<k2+771_|_An> AthG;rm(K)m [MF —m")_.

The terms involving ks + 7(Amaz)"/(1 4+ (Amaez)™) cancel and we end up with

> m(K)[My —m*]? <o.
KeT

It follows that [ME —m*]_ = 0 and hence M¥ > m* > mgexp(—CkA®).

3.3 Uniqueness of solutions

We proceed by induction. Let k € {1,..., Nz}, let (M, NF, Sk, A¥) and (M}, N¥, Sk Ak)
be two solutions to scheme (3.9)~(3.16), and assume that MF~1 = ME=1 NE-1 = NF—L
Sffl = 5’571, Alffl = Agfl. The functions M — MY, NF — Nk SF — Sk and A} — AL are

solutions, respectively, to

W) b~ M) —di S Do (FOME) — F(ME) = m(K)G.

At o€

m(K
Q(N{iK — Nyg)—dy Y 7eDko(Nf = N§) = m(K)Hp,

At o€l

m(K

) (St — ki) — dy S 7D o(F — 85) = m(E)
oefi

(3.46)

(3.47)

(3.48)
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

m(K
U (b~ A5 —di 3 Do (4) - Af) =m(E)Lk (3.49)

o€EK

for K € T, where

k S{CK k k (AIfK)n k
Gk I +’51,KM1’K ko My re — UW LK
N lﬁg%MZkK + koM + n% Sk
HY = lﬁi{cngNﬁK — kN1 k + nm i
- lﬁ?@KNf’K + kaNo i — U% 5}0
b= - Ottt M) + (a9
L= -2l + |+ 5% (Mf g + N )
+ Ao — |a+ 5% (MéCK + Néﬂ,K)'

Now, let the vectors (@5, ¢k), (05, 0%), (w5, ¢F) and (¢&, ¢%) be the unique solutions to

— Z 7Dk od” = m(K)(MF g — M5 ),
€€k
k_ k k
— Z ToDK 00" = m(K)(Ny g — Ny i)
o€EK

- Z TaDK,awk = m(K)(SfK - Sé,K)?
oceli

— Y oD ¢ = m(K)(Af g — A5 )
ocelk

for K € T, where we impose the boundary conditions ¢f = 0% = % = ¢k = 0 for 0 € Eoys.
The existence and uniqueness of these solutions is a direct consequence of [EGHOO, Lemma
9.2]. We multiply (3.46) by ¢¥- and sum over K € T:

1
— > m(K)(Mf e — M5 g)dhe =L + I, where (3.50)
At ) )
KeT
Li=di Y Y moDro(F(M{g) = F(M5))d, Io= ) m(K)Gdk.
KeT oe€yk KeT
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3.3 Uniqueness of solutions

Inserting the equation for ¢ and using discrete integration by parts gives

S m(E) Mg = M5 )dhe == > Y 1oDro (00 =) 7o(Dr ) = 6" o1

KeT KeT o€k el

Concerning the sum I;, we use the equation for ¢* again, apply discrete integration by
parts twice, and take into account the positive lower bound for Mf from Theorem 13:

=di S (F(Mfg) — F(M§ ) 3" 76D 00"

KeT A%
=—d Z m(K)(F(M{ ) — F(Mj ) (M je — My )
KeT
< —dic Z () (M e — My )7,
KeT

where ¢y > 0 depends on the minimum of M} or M.
To estimate I, we first rewrite G’I“(. We obtain

Gk Stk — ks (Mk — M} ) 1M (Sk — gk )
ki + SF LK (kv + ST o) (k1 + S5 ) LE — 2K

Tk o \Mix = My ) + My i Tk a Mok
1+ (Alf )" 1+ (Alf,K) I+ (AIQCK)
SY i ki M3 g
= —2 k| (MF — M) SE o — Sk
(’ﬁ + 5k 2) (ko= i) + G5 3 7 55 (e~ S8
(Ak (o £y (A’f,K)” — (A5 )" 5

% o My — My - Mg K
1+ (Alf )" (1+ (A’f,K) )1+ (ASK) )

_ 75& ke (Mk — M} ) My g (S’“ — sk )
kit St i VT T S g (g N TR
(Alf,K)n (MF o — ME ) M§K = O(AIfK) (Ag,K)n_l_f
14 (A g)m b o (14 (AF )™ (1 + (A5 1))

(A} i — A5 )

Finally, because of the bounds 0 < M I]“{ <1,0< S}“( <land0< A’}{ < Aae from The-
orem 13, the Young inequality and the discrete Poincaré inequality [BCCHE 15, Theorem
3.2],

1 An
I < kol ¢*[f o pq + Y m(K) K + 112? > ’MfK — My

KeT Pt 1 maz
1
]? ‘Sl,K - SS,K‘ + A, A gKH ‘ﬁblf(‘
35 Anmaz ? k k2 30 k k12
— My — M. — |57 — S
<3 (T ) Nt = M5 o+ gyt - SE o
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

36 1
PP AR DAY — A3 52,0 + 516" 15.2.04

36 (1 An 2 36
< 22 max MkakQ 7Sk*5k2
< 3 (G i) Wt Ml gt — SR

max

35222n1 k k k
+ P A V1A - AR e + 5 Mm

where ¢ > 0 is arbitrary. Collecting these estimates, we infer from (3.50) that

1 C 3
(8~ 3¢ 16" Ba + Sencalnet - paf13

30 1 Ay ? k k2 1 k k2
<3 (g o) 1M = M+ 30t - SHan

max
P VA - A5 ]
The same computation gives for equation (3.47)
(2 3¢ )10 B aa-+ 3V = N5 1B 0

30 1 2 k k2 2 A?nam 2 k k12
< T \mr1 [NT = N3 [lg 20 + 1 T+ An 1My = M3 5,2,
2

N
maz | Gk _ GEI2 4 pPn? A2 4 A’5||8,2,M]-

Arguing similarly for equation (3.48), we arrive to

1
<At _ ) |pF|2 amt d3||51 55”(2),2,/\/1

30 2
e (1 = D80B + IE = D 00)
Last but not least, we notice similarly as before that
(AT )" k k k k
L; < + ﬂm ((Ml,K - M2,K> + (N1,K - NZ,K))
(= o(Alf K)* (AIS,K)H_I_Z

+ (AlfK)n> (1 + (ASK)TL>

Therefore we can repeat the estimates as before to obtain

2
+15 (14 N lISF = S513
1

+ (M§K + N;K) ( —A (Alf,K - ASK)

1 C 3
(8 3¢ )1 Rae + el At — 5130
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3.4 Uniform estimates

30 Anma:r: ? k k12 k k12
< T le + 571 T An (”Ml = M3 52,0 + INT + Ny ||0,2,M>
max

_ 2
+ (1 + Nmax)Q (nAZza; + )‘) ||‘4]1C - AIQCH(%,Q,M

We set

k k k k k k k k k
RY := [|[My — My ||(2),2,M + [Ny — Ny ||3,2,/vt + [|ST — 55 ||(2),2,M + [|A7 — A3

2
0,2,M
and
~ 1 Az 21 22 42(n—1) .U2 2
C := max + 7?7””Amam 7?(1+Nmax) )
1

ki+1 1+ An 2

mazxr
Azwx ? 2 n—1 2
<a + 5%) y (1 + Nmax) (nAmax + A) }

max

Then an addition of the previous inequalities yields
1 C
(55) (9ol

Choosing 0 < C/min{cody, dy, ds,ds} and At < C/(8¢), both terms are nonnegative, and
we infer that gb’;( =0k = 111’1% = Cf’( = 0 and consequently

3 . ~
Lt o p I R o) 5 (mm{codl, da, d3,d4}—50> RF <.

k k  _ ark E _ ok kE Ak E_
Migk —Myg=Nig—Nopg=5k—Sx=AT g — A3k =0

forall K € T.

3.4 Uniform estimates

We establish some estimates for the solution (M* N* S*¥ A¥) constructed in Theorem 13
that are uniform with respect to Ax and At . The first bounds follow from the results of
Section 3.2.

Lemma 18 (Uniform estimates I). There ezists a constant Cs > 0 independent of Az and
At such that

0< Mg <1, 0<NE<Npaw, 0<Sk<1, 0<Af<Apes forKeT,
Nt

D AL(IFME)F g0+ N 200 + 15" 1T 2,00 + 1451 2,04) < Cs.

k=1

Proof. The L* bounds follow directly from Theorem 13, while the discrete gradient bound
for F'(M¥) is a consequence of Lemma 17. It remains to show the discrete gradient bound
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

for N*, S* and A*. We multiply (3.12) by AtN¥, sum over K € T, and use discrete
integration by parts:

> m(E) (N = NN = =Atda|NF[ 5 0 + At Y m(K)ga (M, Nfz, St Af)Nie,
KeT KeT
(3.51)

where we have used that the boundary terms vanish since N, = 0. The left hand side is
bounded from below by

S m(K)(N — NiONE > 537 m(R) (VE)? - (V).
KeT KeT

while the second term on the right hand side of equation (3.51) is bounded from above.
More precisely, the L>®~bounds for (MF., N¥ Sk Ak imply

KriVKryPK>» K K kl‘i‘sf{ K K 1+<A]I€{)n K
n
2
< P max{1, NJ ..} + nﬁ o

We conclude

SN oopq + AN R 5 00 < L IVF B 500
An
+ m(Q)At (k‘l 1 max{1, N2,.} + U%Nmam> ,

and summation over k= 1,..., Ny gives

1 Ak 1

§HNNT o +do Z AN 5 0 < §|’No”a2,M

k=1 h
+m(Q)T (kl 1 max{1, N2} + U%Nmax) .

Due to the different Dirichlet—boundary condition for S, we multiply equation (3.13)
by At(S% — 1). Then we proceed as before, i.e. we sum over K € T and use discrete
integration by parts:

D m(K)(Sk - SE Sk —1) = —Atds Y 7,Dk o (S*)Dg o (S* — 1) (3.52)

KeT oe€
+ ALY m(K)gs(Mp, Nz, Si)(Sk — 1)
KeT
k 2 #quM}k{ k k
< —Atd3 Y 75D o(S* = 1)) + At > m(K)—EE(MF + NF).
oe€ , KeT k1 + SK
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3.4 Uniform estimates

Note that the boundary terms vanish since S, — 1 = 0. The left-hand side is bounded from
below by

S m(E)((5h 1)~ Sk - D)8k~ 1) 2 3 3 mlR)((Sk — 1) - (5K - 1)?).
KeT KeT

Using again the upper bounds for M%, N Ik( and S}“(, the last term on the right-hand side of
(3.52) is bounded by At m(Q)u(1 4+ Nyaz)/(k1 4+ 1). Therefore, it follows from (3.52) that

1 1+ N,
B} Z K)(SE—=1)*+Atd3|SE—1[{o0 < 5 D m(K)(SZ_1—1)2+Atm(Q)M‘
ti 2 ki +1
<7 KeT
Summing this inequality from k& = 1,..., Np, we find that
Nr
1 #(1 + Ninac)
st > AtlSk — 1 500 < 5IS° — 10+ Tan(e) 25T mes)
k=1

Since |S% — 1121 = |S%|1.2.m, this yields the desired estimate. The gradient bound for
Alf( is proved similarly to the gradient bound of N I’% O

We also need an estimate for the time translates of the solution. For this, let ¢ € C5°(Qr)
be given and define ¢F = (gb’fr, Pk) € R (recall that A = #T + #E) for k=1,...,Nr by

= In(ll()/Kgb(x’tk)dl" ¢l;: = rn(la)/d)(s’tk)ds

where K € T and 0 € Egxt.

Lemma 19 (Uniform estimates II). For any ¢ € C§°(Sdr), there exist constants Cy, Cs,
Cg, C7 > 0, only depending on the data and the mesh, such that

Nt
Z Z m(K) (Mg — My )¢ < Cal| Vol poo g

k= 1Ke7’
Z > m( — NEYk < CslI V8l e,
k= 1KeT
K)(Sk — Si ek < Col| Vol Lo
k= 1K€7’
K) (A} — Ai Nl < C7|| Vol oo (o)
k=1 KeT

Proof. We only prove the first estimate, since all other estimates are shown similarly. We
multiply (3.11) by Atqﬁ’;(, sum over K € T and k =1,..., Ny, and use discrete integration
by parts. Then

Z > m( — M7 ) = I3+ Iy, where (3.53)

k=1 KeT
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

Nt
I3 = _dl Z At Z TUDK,UF(Mk)DK,U¢k7
k=1 o€l
%fi 3 Sk (Af)" k ok
I = At m(K)(—kg—n>MK¢K.
k=1  KeT k1 + Sk L+ (A"

It follows from the Cauchy—Schwarz inequality, Lemma 18, the mean-value theorem, and
the mesh regularity (3.3) that

|I3|< d@(%m Y mio)d, (Dlgz¢k>2>1/2

k=1 KeT o€k

1/2
< diC||Vel L QT)(ZAt Z Z da)

k=1 KeT o€k

1/2
< diCE 2V QT>(ZN IPILIR)

k=1 KeT oelk
= i CV/2m(Q)TE | Vo (0.

where we used (3.1) in the last step. Next, using similar arguments and the discrete
Poincaré inequality [BCCHE15, Theorem 3.2],

1 A%am aa k|2 2
[14] < m—i—’@—i—nT VT m() ZAt||¢ 16,2,

max k=1
A Nt i 1/2
< _Pmaz ) T (Q)CET 9
- <k1+1+k2+” A%ag) T'm(Q2)C¢ <ZAt\¢ ’ )
1 1/2
g<k1+1+k2+n1+A%x>mnv¢anQT (ZNZ S m >
KeT o€k
< O [ — 4k +—maz g
>~ PRLD] ]i' _|_1 2 771+A?nam Loo(QT),
Inserting these estimates into (3.53) shows the first statement of the lemma. ]

3.5 Convergence of the scheme

The compactness follows from the uniform estimates proved in the previous section and
the discrete compensated compactness result obtained in [ACNM17, Theorem 3.9].

Lemma 20 (Compactness). Let (M, Ny, Sy Am)men be a sequence of solutions to scheme
(3.9)(3.16) constructed in Theorem 13. Then there exists (M, N, S, A) € L>(Q7; R?) sat-
isfying F(M),N, S, A € L?(0,T; H'(Q)) such that, up to a subsequence, as m — 0o,

My, - M, Nj,—N, S,—S A,—A a.e inQp,
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3.5 Convergence of the scheme

F(My,) — F(M) strongly in L"(Qr) for 1 <r <2,
V"F(My,) = VF(M), V™N,, — VN, weakly in L*(Q)
V"Sy = VS, V™A, = VA weakly in L*(Qr).

Proof. The a.e. convergence for M,, is a consequence of [ACM17, Theorem 3.9]. Indeed,
the estimates in Lemmas 18-19 correspond to conditions (a)—(c) in [ACNI17, Prop. 3.8],
while assumptions (A¢l), (Axl)—(Ax3) of [ACMIT7] are satisfied for our implicit Euler
finite-volume scheme. In particular, the function F: [0,1) — R with F(0) = 0 and
limps ~ F(M) = 400 is a single-valued maximal monotone graph. Consequently, its in-
verse F'~! is a single-valued maximal monotone graph as well. This allows us to ap-
ply [ACM17, Theorem 3.9] so that there exists a subsequence, which is not relabeled, such
that M,, - M and F(M,,) - F(M) ae. in Qr. In view of Lemma 18, the sequence
(F(M,,)) is bounded in L?(Qr). A simple computation shows that (F(M,,)")men is uni-
formly integrable for 1 < r < 2. The a.e. convergence F(M,,) — F(M) implies the
convergence in measure, and thanks to the Vitali’s convergence theorem, we conclude that
F(M,y,) = F(M) strongly in L"(Qr) for all 1 <r < 2.

As a consequence of the gradient estimate in Lemma 17, there exists a subsequence of
(VME(M,,)) (not relabeled) such that V™ F (M,,) — ¥ weakly in L*(Qr) as m — oco. The
limit ¥ can be identified with F'(M) by following the arguments in the proof of [CHLP03,
Lemma 4.4]. Indeed, the idea is to prove that for all ¢ € C5°(Qr;R?),

T
Ay = / / V"F (M) - dzdt + / / F(M,,) div ¢dzdt — 0
0 Q

as m — oo. This is done by reformulatlng the two 1ntegrals:

/vaF( qbd:c—— >y DKUF(M ) ¢(s,1) - v o di,

T
KeTo'Egmt K KJ TK?‘"

/QF(Mm) div pda = % >y DK,UF(Mm)/gb(s,t)-uK,ods.

KeT Uegint’}(
Because of the property (see [CHLP03, Lemma 4.4])

1

T o(t,s) v odr —
(s S, OO

) VEods| < XmH(ZSHcl(ﬁ)

and the uniform estimates for F'(M,,) from Lemma 18, it follows that

YHES) SIS Dl SR (LAt
KGTUEgth

1 o(t,s) v dx—l/qﬁ(st)'y ds

n(Tico) Jre, T mlo) Je T

< XmCH¢H01(§) —0 asm — oo.

This implies that ¥ = VF(M). Finally, similar arguments as above show the convergence
results for N,,, V" N,,, S, V™S, and A,,, V"A,,. O
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

Lemma 21 (Convergence of the traces). Let (M, Ny, Sy Am)men be a sequence of
solutions to scheme (3.9)—(3.16) constructed in Theorem 13. Then the limit function
(M, N, S, A) obtained in Lemma 20 satisfies

F(M)—-F(MP), N, S—1,A € L*0,T; H(Q)).

Proof. The proof for N, S and A is a direct consequence of [BCH13, Prop. 4.9]. For F(M),
we follow the proof of [BCHI3, Prop. 4.11]. We choose a fixed m € N and introduce

a definition of the trace of M,y,, denoted by My, such that M, (z,t) = MY if (z,t) €
0 X (tg—1,tx] with o € Ext k. Following [BCIH13], we wish to prove that

/ U P - FOD)dedt 0 asm s o0 (3.54)
o2

for all 1 € C5°(92 x (0,T)), from which the claim F(M) = F(MP) a.e. on 90 x (0,T)
follows. Indeed, as M,, = MP on 99 x (0,T), we have by the Cauchy-Schwarz inequality,

/OT/aQ|F(Mm) )| dzdt = ZAt > ) wm(o)|F(MP) - F(My)|

KGT UEEext K

(ZN YooY PP - <M}z>\2)1/2

KeT O'egext K

(Tan Y 3 wien)”

KeT a'egext K

Hence, thanks to Lemma 18 and the fact that d, = d(zx,0) < diam(K) < x,, for every
0 € Eoxt, K, it follows that

T —
/ / |F(M,,) — F(M,y,)|dzdt < C(T m(0Q)xm)? =0 as m — oo,
oN

which proves the claim.

Now, as €2 is assumed to be a polygonal domain, 02 consists of a finite number of faces
denoted by (I';)1<i<y. Similarly to [BCHI3, EGHMO02], we define for 6 > 0 the subset €; 5
of €2 such that every x € €, 5 satisfies d(z,I";) < 6 and d(z,I';) < d(x,I';) for all j #i. We
also define the subset w; 5 C €; s as the largest cylinder of width ¢ generated by I';. Let 1;
be the unit vector that is normal to I';, i.e., more precisely, we introduce the set

w,-75::{:c—hl/¢€Qi:x€Fi, 0 < h<dand [:c,x—hyi]Cﬁi,g} forall1 <¢< 1.

Finally, we also introduce the subset I'; 5 := dw; s N I';, which fulfills m(I'; \ I'; 5) < C6 for
some constant C' > 0 only depending on 2.

Leti € {1,...,1} be fixed and let ¢» € C§°(I"; x (0,7")). Then there exists 6* = ¢*(¢)) > 0
such that for every § € (0,6%), we have supp(¢)) C I'; 5 x (0,T). We write

T —~—
/ / (F(M,,) — F(M))sdxdt = By 5+ Bams + Bss, where

o8
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3.5 Convergence of the scheme

T 1 4
Bims = /0 5 /1“i5/0 t)) — F(Mp(z — hv;, t)))¢(z, t)dhdadt,
T 1 é
Ba s :/0 5/1‘“5/0 — hy;,t)) — F(M(:c—hl/i,t)))lb(x,t)dhda:dt,

T
- /0 - /F ) /0 (F(M(z — hvi, £)) — F(M))o(a, t)dhdzdt.

We apply the Cauchy—Schwarz inequality to the first term and then use [BCH13, Lemma 4.8]
and Lemma 18 to find that

T 5 1/2
| Byms| < < / 1 / / (F(Mm(x,t))—F(Mm(x—hyi,t)))thd:cdt>
1/2
</ / P(,t) dfﬂdt) < VO + Xl F (M) 12,019 L2 (1 % 0,7)) -

Taking into account that Lemma 20 implies that F'(M,,) — F(M) strongly in L"(Q2p) for
1 <r < 2, we infer that the second term B ,, s converges to zero as m — oo. This shows
that

lim
m—0o0

(M))q/;d:cdt' < CV§ + |Bsy|.

Since F(M) € L?(0,T; H1 )) the function F'(M) has a trace in L2(92 x (0,T)) so that
Bss — 0 as 6 — 0. Hence, performing the limit § — 0, we conclude that (3.54) holds,
finishing the proof. O

It remains to verify that the limit function (M, N, S, A) obtained in Lemma 20 is a weak
solution to (1.10)—(1.18). We follow the ideas of [CHLP03] and prove that M solves (3.22),
as the proof of (3.24) is analogous. Let ¢ € C§°(Q2 x [0,T")) and let x,, = max{Axz,,, At,,}
be sufﬁciently small such that supp(¢) C {z € Q: d(z,0Q) > xm} % (0,7). The aim is to
prove that F{j + Fo5 + F35 — 0 as m — oo, where

T
F{g:_/ /Mmat¢d:cdt—/Mm(:c,O)aﬁ(x,O)dw,
Q
R =, / / V" F(My,) - Vdadt,

0 Q

The convergence results from Lemma 20 allow us to perform the limit m — oo in these
integrals, leading to

T
Fit + Fop + Fgp — —/ / MOy pdadt —/ MO°(z)¢(x,0)dx
0 Q Q

+dy /0 ! /Q VE(M) - Védadi — /0 ' /Q (M, S, A)pdad.
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

Now we set ¢% = é(zk,ty), multiply (3.11) by Atd)’;{_l, and sum over K € T and
k=1,...,Np:

F" + F2m + F3" =0, where (3.55)
Z > m( — Mokt
k= 1Ke7’
_ —dlzmm S Y D, PO
KeTo'Egth
k=1 KeT

We claim that Fj§ — FJ" — 0 as m — oo for j = 1,2,3. Then (3.55) implies that
Fiy + F55 + F35 — 0 for m — oo, finishing the proof.
For the first limit, we argue as in [CHLP03, Theorem 5.2]:

Fig = - ZZ K¢K ¢ ) Zm(K)MTOn,KQS?(

k=1 KeT KeT
:—ZZ/ /M KOi(zK .t dxdt—Z/ 0 kd(zK,0)dx.
k=1KeT /t—1 KeT

This shows that |F{j — FJ"| < C||¢||Cg(m)xm — 0 as m — o0.
Next, we use discrete integration by parts to rewrite F3":

Nt
F'=diy Atw Y > 7Dk F(M"Dg 6"
k=1 KeT o€,k

By the definition of the discrete gradient, we can also rewrite F3j:
Fr —dlzz 3" Do F(MF) T m(o) /tk Vo - v gdadt
%0 (TK ) th—1 /TK & 7
k=1 KeT 0€&€int K )
Hence, using [CHLP03, Theorem 5.1] and the Cauchy—Schwarz inequality, we find that

| Py — |<d122 >~ m(0)D,F(M")

k=1 KETU’Egmt K

b 1 1
/ < Vé - vk odr — DK,ggzs’f—ldx) dt’
te_y \1( d

mTKo‘) Tk,o o

< dlz > Y m(o)DeF(MF) - C Aty xm

k=1 KeT 0€&int, Kk

X

60



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.6 Numerical experiments

N 1/2 , Nt 1/2
< Cxmdy At Y m(o)d, Aty |F(M*)3,
2,M

k=1 el k=1
N 1/2
< Cxmd €742 ( > Aty > m(o)d(ak, a)> :
k=1 oce€

where we used the mesh regularity (3.3) in the last step. Taking into account the estimate
for F(M,,) from Lemma 17 and the property (3.1), we infer that — F" — 0.
Finally, using the regularity of ¢, we obtain

tr 1
Fm— | < g1 (ME, sk Ak / ( ’H—/ qux)dt'
’ 30 3‘ ;KZET ‘ K~YK )’ b K rn(K) K
1 1
< 4 oy e maz_ ) / ( "f—l—/ d)dx)dt'
<k1+1 1+Agmax ;KZE’:T th_1 K m(K) K

1 A%ax
< <k1 ke ”1+An) m(Q) TV L (0109 Xm — 0.

max

This finishes the proof.

3.6 Numerical experiments

We present in this section some numerical experiments for the biofilm model (3.9)-(3.16)
in one and two space dimensions.

3.6.1 Implementation of the scheme

The finite-volume scheme (3.9)—(3.16) is implemented in MATLAB. As we used the same
method to implement the scheme as [JZ21], we repeat the description of the implementation
and the adaptive time step procedure for the convenience of the reader:

Since the numerical scheme is implicit in time, we have to solve a nonlinear system of
equations at each time step. In the one-dimensional case, we use Newton’s method.
Starting from (M*=1, Nk=1 Gk=1 AF=1) we apply a Newton method with precision ¢ =
10719 to approximate the solution to the scheme at time step k. In the two-dimensional
case, we use a Newton method complemented by an adaptive time-stepping strategy to
approximate the solution of the scheme at time t;. More precisely, starting again from
(Mk_l, NF-1 gk=1 Ak_l), we launch a Newton method. If the method does not converge
with precision e = 10~ after at most 50 steps, we multiply the time step by a factor 0.2
and restart the Newton method. At the beginning of each time step, we increase the value
of the previous time step size by multiplying it by 1.1. Moreover, we impose the condition
1078 < At < 1072 with an initial time step size equal to 107°. Our adaptive time-step
strategy aims to improve the numerical performance of our scheme in terms of number
of time steps, CPU time, etc. However, this strategy is not mandatory and, as in our
one-dimensional test case, we can always implement our scheme with a constant time step
with a reasonable size.
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

3.6.2 Test case 1: Rate of convergence in space

We illustrate the order of convergence in space and at final time 7" = 1073 for the biofilm
model in one space dimension with Q = (0,1).

Parameter ds ds dy kq ko o 15} A n v

Value 4.1667 | 4.1667 | 3.234 | 0.4 | 0.067 | 30.7 | 10a | 0.02218 | 0.6 | 793.65 | 2.5

Table 3.1: Parameters used in the numerical simulations

Considering remark 1, we assume only homogeneous Dirichlet boundary data for the
biomass in our numerics, i.e. MP = 0. For d;, we choose d; = 4.1667. Except for d;,
these values are the same as those considered in [ESEL7]. Indeed, in [ESEL7] the value of
dy is set to 4.2 - 1078, However, with this rather small value of do, we have to compute
the solution of (3.9)—(3.16) for a large final time to obtain a relevant approximation of the
order of convergence in space at 1. Here, the idea was to speed up the dynamics of M to
reduce the computational time. We take a = 2 and b = 1 such that,

1

— T

F(z) =log(1 —x) + 1 -1,

x

Fl'(z) = m

Finally, we impose the initial data N°(z) = sin(nz), S°(x) = 1 — 0.2 sin(nz), A°(z) =
sin(7x) and

M°(z) = 0.2g(x — 0.38) + 0.9 g(z — 0.62),
where g(z) = max{1 — 9222 0}.

Since exact solutions to the biofilm model are not explicitly known, we compute a refer-
ence solution (Myef, Nyef, Sref, Aref) on a uniform mesh composed of 5120 cells and with
At = (1/2560)? ~ 1.53 - 10~7. We use this rather small value of At because the Euler dis-
cretization in time exhibits a first-order convergence rate, while we expect a second-order
convergence rate in space for scheme (3.9)-(3.16), due to the two-point flux approximation
scheme used in this work [DJ721]. We compute approximate solutions on uniform meshes
made of 40, 80, 160, 320, 640, 1280 and 2560 cells, respectively. In Figure 3.1, we present
the L'(Q) norm of the difference between the approximate solutions and the average of
the reference solution (Myet, Nyet, Sref, Are) at the final time T = 1073. We observe a
convergence of order 2 (approximately) for M, N, S and A, respectively, in the L' norm.

In the L? norm, we observe a convergence of order ~ 1.7 for M and a second order
convergence for N, S and A.
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3.6 Numerical experiments

——|M — Mees| 2oy
k[N = Niegllzao

IS = Srerllre |3
—— || A = Aresll oy
———— Order 2

102

—— | M — Mees| 120y
k[N = Nierllrzo

IS = Srerll2e |3
|| A = Aresll 2oy
———— Order 2

Figure 3.1: Test case 1:

102

L' and L2 norm of the error between the reference solution and
the solutions computed on coarser grids at final time 7' = 1073.
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3 Analysis of a Finite—Volume Scheme for a Quorum Sensing induced Biofilm Model

3.6.3 Test case 2: Microbial floc |

We consider the domain 2 = (0,1) x (0, 1) and the microbial floc which we have considered
in [[J723]. Therefore, we choose a = b = 4 such that

1822 — 30z + 13 13
F = — 4log(l —x) — —
(x) 317 +z + 4log(l — x) 3

and the initial data N°(x,y) =0, S°(x,y) =1, A°(x,y) = 0 and

M°(z,y) = 0.3p(z — 0.4,y — 0.5) + 0.9p(z — 0.6,y — 0.5),
where p(z,y) = max{1 — 8%z% — 8252 0}.

As in test case 1 we take the values from table 3.1, i.e. the values from [ESF17]. However,
in the 2D test cases we also choose d; as in [[1S1217], such that d; = 4.2 - 1078,

In Figures 3.2-3.5, we illustrate the behavior M,N,S and A along time for a mesh of
Q = (0,1)? composed of 896 triangles. We observe, as in [[EP1L01, 52109, 5S117], that after
a transient time, the two colonies merge. Due to the high concentration of biomass after this
stage, we observe an expansion of the biomass due to the porous-medium type degeneracy.
Then, at T" = 10 we can see in figure 3.5, that the biofilm produced a comparatively large
amount of the quorum sensing signal molecule A. As described in [ESE17], the quorum
sensing signal molecule can switch the biofilm development and put the biofilm growth to
a hold. At the same time, the overall number of dispersed cells IV is continuously growing
due to the increase of signal molecules. As time progresses, we can see that the interplay
between the held growth of biofilm and the deteachment of cells causes a hollowing effect
similarly to the observations in [ESE17]. Furthermore, we can see in figure 3.2 at time
T = 15, that the growth now takes place only in areas, where the concentration of the
signal molecule (see figure 3.5) is low. At the final time which we consider, namely 7' = 25
we observe in figures 3.3 and 3.5, that the signal molecule as well as the concentration of
dispersed cells decreased. Thus, the biomass started to grow again in its new boundaries.
Due to the hollowing effect, the growth in the former “center” of the biomass is still put to
a hold.
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3.6 Numerical experiments

3.6.4 Test case 3: Microbial floc |l

As mentioned before, we take the values of table 3.1 and d; = 4.2-107% as in [ESE17]. As
in the second test case, we take a = b = 4 and N%(z,y) = 0, S(z,y) = 1, A%(z,y) = 0.
However, as the initial data for the biomass, we consider similarly to [\SE17, 4.1 Microbial
floc] a microbial floc which is M = 0.1 in a small circular region of the domain. More
precisly, we choose

MO y) — {0.1, if \/(x.— 1/2)% + (y — 1/2)2 < 1/16,
0, otherwise.

Note,that in [FSE17] the circular floc takes 0.03% of the domain [0,1] x [0,1]. This is
not the case for us, since by definition of the initial data MY, we occupy approximately
0.012% of the domain. We still expect to observe a similar behavior as in [ESE17]. As
in case 2, we consider a mesh consisting of 896 triangles. The biomass stays (apart from
growth) for 7= 5 and 7' = 10. At T" = 15 however, we can already observe that the
signal molecule concentration has increased significantly (Figure 3.9) and the detachment
of cells has started in the center of the biomass effect (Figure 3.6). Unlike in [ESE17], the
biomass does not increase in the inside of the hollowing effect at time 1" = 25, which is
probably caused by the different choice of the initial data. Due to the different initial data,
the maximum of the signal molecule seems to be reached only at a later time. In this way,
unlike in [ESE17], we observe at 7' = 25 only a growth at the edges of the biomass region,
but not yet at the void in the center.
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4 Existence Analysis for a Cahn-Hilliard-Type
System Modeling Biofilm Growth

The results of this chapter have been submitted for publication under [H.J23].

In this chapter, we provide the mathematical details for the model (1.24)—(1.28). To this
end, we first introduce the main results and briefly describe the key ideas in section 4.1.
Then, we introduce a truncated and regularized version of equations (1.24)—(1.28) in section
4.2.1 and prove the existence by using a galerkin approximation in section 4.2.2. In section
4.3, we provide uniform estimates in form of an energy and an entropy inequality which
are necessary in order to perform the deregularization limit. In section 4.4, we conclude
the existence proof by performing the limit. Finally, we present numerical experiments in
section 4.5 where we also compare the numerics of the modified system (1.24)—(1.28) to the
non—modified (yet simplified) system of [WZ12].

4.1 Main Result and Key ldeas

We impose the following assumptions:

(A1) Domain: Q C R? (d > 1) is a bounded domain with Lipschitz continuous boundary.
Set QT = x (O,T).

(A2) Initial data: u® € HY(Q) satisfies 0 < u, < u® < u* in Q for some u,, u* > 0 and
00 € L2() satisfying 0 < v” <1 in Q.

(A3) Source terms: gy € C°([0,1]) is nondecreasing and satisfies go(0) = 0, and hg €
C1([0,1]) is nondecreasing.

Our main result is the global existence of bounded weak solutions.

Theorem 22 (Global existence). Let Assumptions (A1)-(A8) hold. Then there exists a
weak solution (u,v) to (1.24)—(1.28) with the constitutive relations (1.29)—(1.32), satisfying
0<u<1,0<v<1inQp,

u € L*(0,T; H*(Q)) N C°([0, T); H (),
(1 —u)Vu, du, v e L*(0,T; H(Q)),

and the weak formulation for all ¢1, ¢o € L*(0,T; H*(Q)),

T T T
/0 (Orv, b1 dt + /0 (1 — )V, Vo1 )dt = /0 /Q o(u, v)drdudt,
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

T T T
/0 (Do, o)t + /0 (J, Vo) dt — /0 /Q B, v)odadt,

where (-,-) is the dual product between HY(Q) and HY(Q) and J = —V(M(u)Au) +
M'(w)Vu + M(u) f"(w)Vu as well as (1 — u)Vv = V((1 — u)v) + vVu are understood
in the sense of L*(0,T; H'(2)).

The proof of Theorem 22 is based on a suitable approximation scheme, truncating the
nonlinearities and using a Galerkin method similarly as in [[LG96]. Uniform estimates are
obtained from the energy and entropy equalities, proved in Lemma 28 for the sequence of
approximate solutions,

d
dt Jo

d 1" . /
(ﬁ/Q@(u)d:L“qL/Q((Au)2+f (u)|Vu|2)dx—/Qh(u,v)<I) (u)dx, (4.2)

(590 + 70 )ao+ [ ariwupds = [ ntu,vyude, (4.1)

where @ is defined by ®”(u) = 1/M(u) and ®(1/2) = ®'(1/2) = 0. This function can be
interpreted as the thermodynamic entropy of the system, since a computation shows that,
with M (u) given by (1.29),

®(u) =ulogu+ (1 —u)log(l —u)+1log2>0 for0<u<l.

Since f”(u)|Vu|? > —2A|Vu|? for 0 < u < 1, the corresponding integral in (4.2) can be
bounded by Gronwall’s lemma and the energy bound (4.1).

The difficulty is to estimate the right-hand sides of (4.1)—(4.2). The term h(u,v) contains
the factor u(1 —u) which cancels the singularity from ®(u), such that [, h(u,v)®’(u)dz is
bounded. For the other integral, we include the definition of i and integrate by parts:

/ h(u,v)pdx = / (1 = 2u)|Vul? + u(l — w)hy(v)Vo - Vu + h(u,v) f' (u))dz.
Q Q

The last term is bounded since h(u,v) cancels the singularity of the potential f/(u). The
first term can be treated by Gronwall’s lemma since w is bounded. For the second term,
we use Young'’s inequality:

/ u(l — u)hy(v)Vo - Vudz < C/ |Vul|?dz + C/(l — u)|Vo|*dz,
Q Q Q

where we use the property 0 < v < 1. The last integral can be absorbed by the energy
bound for v:

1d
2dt Jq
There is another difficulty: Because of the degeneracy in the equation for v, we do not
obtain an estimate for Vv (see (4.3)) and therefore we cannot expect strong convergence
for (a subsequence of) the approximate solutions (vs) with ¢ > 0 being an approximation
parameter, but only weak® convergence in L*°(€Q7). Surprisingly, the weak convergence
of (vs) is enough to pass to the limit § — 0 in (1 — us)Vug, since this expression can be

v2dx + / (1 —u)|Vo|’dz = / g(u,v)vdx < C. (4.3)
Q Q
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4.2 Existence for the approximate system

written as V((1 — ug)vs) + vsVug, which converges weakly in the sense of distributions,
since (Vus) converges strongly (up to a subsequence). However, the weak convergence is
not sufficient to perform the limit in the reaction rates. The idea is to use the duality of
HY(Q) and H'(Q) as well as a Minty-Browder trick. Indeed, since hg is nondecreasing, we
have for y € C§°(Qr),

T
0< /0 /Qu(;(l —us)(vs — y)(ho(vs) — h(y))dzdt
T
- /0 (05 — g, us(1 — u5) (ho(vs) — ho(y)))dt.

(Observe that we need to truncate the factor ug(1 — ug), since we cannot expect that 0 <
us < 1; see Section 4.2.1.) By the Aubin-Lions lemma, vs — v strongly in L2(0, T; H*(2)")
and us — u strongly in L2(0,T; H'(Q)). Hence, a computation shows that the limit § — 0
in the previous inequality leads to

T
0 [ ol = i~ )

where hj is the weak L?(Qr)-limit of (ho(vs)). A Minty-Browder argument, made precise
in Lemma 33, shows that hy = ho(v), implying that h(us,vs) — h(u,v) weakly in L?(Q7).

4.2 Existence for the approximate system

4.2.1 Truncated regularized system

We truncate the functions M (u), f(u), and the source terms. Let § > 0 and set [u]4 =
max{0,u} and [u]} = min{l, max{0,u}} for u € R. We introduce for u € R
M (6) if u <6,
Ms(u) = ¢ M(u) ifo <u<1-—9,
M@1—-96) ifu>1-06.
Then Ms(u) > M(u) for v € R. Furthermore, we set
Dy (u) = [1 —ul}.
We approximate the singular part fi(u) = N~ tulogu+ (1 —u)log(1 —u) of the free energy
by setting
frow) = filw) ifd<u<1-4,
Fus(w) = 11(6) + F1(0)(u— 6) + BAIG) (u— 6 ifu<s,
Fuo(w) = fi(1—8)+ fi(1 = 8)(u—(1—8) + L/ = &)u— (1= ) ifu>1—6

This means that
1 () if u<é,
flsw) =S il (u) if§<u<l1-4, (4.4)
"1—6)  ifu>1-4
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

The regular part fo(u) = Au(l —u) (0 < u < 1) of the free energy is extended to R such
that | fa(u)| < C for u € R. Furthermore, we set f5 = f15+ f2, and this function is defined
for all u € R. We also need to truncate the source terms:
g (1, 0) = ~[ullgo (L), Py (e, 0) = [l [1 = ul o (o],
Finally, let k > 0. We wish to find a solution to the truncated and regularized system
0w — div(D4(u) Vo) — kAv = g4 (u, v), (4.5)
Opu — div(Ms(u)Vp) = hy(u,v), (4.6)
p=—Au+ f5(u) inQ, t>0, (4.7)

subject to the initial conditions (1.28) and the Neumann boundary conditions

Vvo-v=Vp-v=Vu-v=0 ondQ, t>0. (4.8)

4.2.2 Galerkin approximation

To solve (4.5)—(4.8) with initial condition (1.28), we use the Galerkin method (as in [LG906]).
Let (¢¢)ren be the orthonormal eigenfunctions of the Laplace operator with homogeneous
Neumann boundary conditions. We can assume that A\; = 0 and ¢; = const. Let L € N.
We wish to find solutions

L L L
v, ) =Y Aut)ee(x), up(z,t) = Bit)de(z), prlx,t) =Y Ci(t)¢e(x)
(=1 (=1 /=1
to the finite-dimensional system
/ Ovrgpdr = — / (Dy(ur) + k)Vur, - Vodz —l—/ g+ (ur,vr,)pdz, (4.9)
Q Q Q
/(%uubdm = —/ Ms(ur,)Vpr, - V¢dm+/ hy(ur,vr)edz, (4.10)
Q Q Q
/ prodr = / Vuy, - Vodz —I—/ f5(ur)edz (4.11)
Q Q Q

for all ¢ € span(¢y,...,¢r), with the initial conditions

L L
vr(0) = > (0%, ¢) oy dedz,  ur(0) = (4, ¢p)r2() deda.

=1 =1
This gives an initial-value problem for a system of ordinary differential equations for

(Al, Ce ,AL) and (Bl,. . .,BL):

OA = — / (lurll + &)V, - Voedz + / g+ (ur,vr)gedz,
0 Q

0B, = [ Mun) Vs Voudo + [ holur,op)onds,
Q Q
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4.2 Existence for the approximate system

Cg—/VuL-nggdx—i—/fé(uL)qﬁgdx fort=1,...,L,
Q Q

with the initial conditions A,(0) = (v°, be)r2(0) and Be(0) = (U/O,QSZ)LQ(Q). As the right-
hand side of this system is continuous in (Ay,...,Ar) and (By,..., Br), the Peano theorem
ensures the existence of a local solution. To extend this solution globally, we prove some a
priori estimates.

Lemma 23 (Energy estimate for the Galerkin approximation). There exists a constant
C(9) > 0 independent of L such that for all t € (0,T),

SV (00 / fotun @)+ 500) [ 190
< SIVus ) + [ folun(©)do+C(6),
and because of Assumption (A2), the right-hand side can be bounded independently of L.
Proof. We choose ¢ = pur, in (4.10) and ¢ = dyuy, in (4.11):
/QatULHLd«’U: —/QMé(uL)’vNLde+/Qh+(uL7UL)NLd$
< M) [ Vs Pda + Clic oo

/,uL(?tuLdm—/VuL-V(?tuLdsc—i-/fg(uL)atude
Q Q Q

= c;i(;/Q|VuL2dac-i-/szS(UL)dﬂC>a

since |h4 (ur,vr)| < C because of our truncations. Here and in the following, C' > 0 denotes
a generic constant with values changing from line to line. Equating both expressions and
integrating over (0,t) gives

3 | IVl + [ foten©)ie < 5 [ [Fun@Pdot [ ftus)is @12

t t
o) [ [ VunPduds +C [ uslseyds
0 JQ 0

The choice ¢; = const. in (4.11) shows that

/ prdx
Q

Set g = Q7! fQ urdz. By the Poincaré-Wirtinger inequality, the previous estimate
provides a bound for the L?(2) norm of iz

< /Q Fy(ur)lde < C(6).

leclz) < e — Bellz) + BLll2@) < CelViLl 2@y + C(0).
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

Applying Young’s inequality, we have

t t 1 t
[ st < €@) [ lliaods < 5M@) [ 1Vnleyds + CG.2.7).

Inserting this estimate into (4.12) finishes the proof. O

Lemma 24 (Estimates for uy, and pr). There exists C(§) > 0 independent of L such that

lurll oo 0,1 (02)) + Ll 220,71 (0)) < C(6).

Proof. The proof of Lemma 23 shows that (Vurz) and (pz) are bounded in L?(Q7) and
that (Vuy,) is bounded in L°°(0,T; L*(2)). We choose ¢ = const. in (4.10):

d

— [ updxr = / hy(up,vp)de < C(Q).

Consequently, fQ ur(t)dz is uniformly bounded, at least on finite time intervals. This
allows us to apply the Poincaré-Wirtinger inequality to deduce an L?(Q2) bound for up(t)
uniformly in time. O

We also need a priori estimates for the substrate concentration.

Lemma 25 (Estimates for vy ). There exists C(v°) > 0 only depending on the initial datum
o0 such that

ozl oo o2y + 1D+ (up) 2 VLl 2, + 672 V0 || 1200 < C(°).
Proof. We choose the test function ¢ = vy in (4.9) and take into account that go(0) = 0:

1d
s [Lobde s [ (Diun) + 0l VosPdo =~ [ fusligo(foult yosds <0,
An integration over (0,7 yields the result. O

The uniform estimates for uz, in L>(0,T; H'(2)) and vy, in L>(0,T; L*(2)) show that
the coefficients (Ay) and (By) are bounded in (0,7"). Thus, we infer the global existence
of solutions to the Galerkin system (4.9)—(4.11). To pass to the limit L — oo, we need an
estimate for the time derivatives.

Lemma 26 (Estimates for the time derivatives). There exist C1(6) > 0 depending on §
and Co > 0 independent of § such that

|0l 20,11 0)) < C1(6), 0Ll 20,1501 () < Coa-

Proof. Let v € L?(0,T; H'(Q)) and let 151 be the projection of ¢ on span(éy,...,¢r).
We infer from (4.9) and the bounds of Lemma 25 that

T T
‘/ /atvmbdxdt' = / /8tvLHL1/dedt‘
0 Q 0 Q
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4.3 Uniform estimates

T
§/0 1Dy (ur) 2| oo o 1D+ (ur) 2 VoL || 20y I VILL || 2 () dt

t
+/0 g+ (ur, vi)ll 2 MLl L2 dt < CallYll 20,01 ()

Furthermore, using Ms(uz) < Cps and the bounds of Lemma 24,

T T
‘/ /Gtuy,bdxdt’ = / /atuLHLwd:Udt’
0 JQ o Jo

T
< Cy /0 19022 IV 0] 2

T
+/o A+ (ur, vi)ll 2 MLl L2 dt < CrOY| 20,1851 (0)-

This concludes the proof. ]

The estimates of Lemmas 24-26 allow us to apply the Aubin—Lions lemma [Sim&7, Corol-
lary 4] to find subsequences (not relabeled) such that, as L — oo,

ur, — u, vy —v strongly in L2(QT),
up —u, vp—wv, pp—p weaklyin L*(0,T; H'(Q)),
duy, — O, Oy, — O weakly in L2(0,T; H(Q)).

Since Ms, Dy, f5, g+, and hy are bounded functions, we have

Ms(ur) = Ms(u),  Di(ur) = Di(u),  fi(ur) = f5(w),
hy(ug,vr) = hy(u,v), gy (ur,vr) = gy (u,v)  strongly in L?(Qr).

Thus, we can perform the limit L — oo in the Galerkin system (4.9)—(4.11), which yields
the existence of a solution (u, v, 1) to

t t t

/0<8tu,¢1>ds:/0 /QM(g(u)V,u-quldmler/O /Qth(u,v)qbldxds, (4.13)
t t t

/0(8tv,¢2>ds: —/0 /Q(DJF(U)—i—K)Vv-Vd)dedsﬂ—/o /Qng(u,v)(;Sgdasds, (4.14)

/Ot /Q“‘b?’dxds = /Ot /QV“‘V%ddeJr /0 t /Q f3(u)psdwds (4.15)

for all ¢; € L2(0,T; H'(2)), i = 1,2,3, and all 0 < ¢ < T, recalling that (-,-) is the dual
product between H'(Q2) and H(Q).

4.3 Uniform estimates

We need some estimates uniform in § and x as well as lower and upper bounds to remove
the truncation.
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

Lemma 27 (Uniform estimates for v). There exists C(v°) > 0 only depending on v° such
that
0]| Lo 0,7:22(02)) + 1D+ ()2 V0| 1200y + 62V 0 L2 (0y) < C(@0).

Furthermore, it holds that 0 < v(t) <1 in Q for 0 <t <T.

Because of the lower and upper bounds for v, we can remove the truncation in g (u,v) =
)} go(v) and by (u,v) = [ul[1 — ] ho(v).

Proof. We start with the lower and upper bounds for v. We use the test function [v]_ =
min{0, v} in (4.14) and use the assumption v(0) > 0 in Q:

/Q[v(t)]g_dl‘jL/ot/Q(DJr(u)+/€)|V[U]|2d:1:ds:/0t/ﬂg+(u,v)[v]d:vds:O,

since go(0) = 0 implies that g4 (u,v)[v]- = —[u]} go(0)[v]— = 0. This implies that v(t) > 0
in Q, t > 0. The property v(t) < 1is proved in a similar way using the test function [v—1];
and the fact that g4 (u,v)[v — 1)1 = —[u]}go(1)[v — 1]4 < 0. The remaining estimates can
be shown as in Lemma 25. Ul

Next, we show some uniform estimates for u. For this, we introduce the entropy density

wo s drds
Bs(u) = /1 i /1 e 20 (4.16)

Lemma 28 (Energy and entropy estimates). There exists C(T) > 0 independent of 6 and
k such that for all t > 0 and all sufficiently small 6 > 0,

T
sup /Q<;|Vu(t)|2d$+f(s(u(t))>da:+/0 /QM5(U)|VM|2d93dS§C(T), (4.17)

0<t<T

T
2
sup /g2®6(u(t))dx+/() /Q(Au) dzds < C(T). (4.18)

0<t<T

Since f5 is bounded from below (by construction), the energy inequality provides uniform
bounds for u.

Proof. We first prove the energy inequality and then the entropy inequality.

Step 1: Energy inequality. We know from Section 4.2.2 that v € L>(0,T; H*(R)) and
p € L*0,T; HY(Q)). Then we infer from the boundedness of f} that Au = f{(u) — p €
L2(0,T; L?(2)). By elliptic regularity theory, v € L%(0,T; H?(f))). Moreover, VAu =
f{(w)Vu — Vu € L*(Qr), which implies that uw € L?(0,T; H3(Q2)) (this regularity is not
uniform in (8, k)). Consequently, Au € L?(0,T; H*(2)) and

t
0= [ @+ Bu— fiu)ds
0

= t —1 u 2 u 2 S — u — u S
= [ i =5 [ (VuOF = Fu@P)ds — [ (au(e) - fi(u0))is
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4.3 Uniform estimates

On the other hand, we use ¢ = pu € L2(0,T; H'(£2)) as a test function in (4.13):

¢ t t
/(&gu,u)ds—i—/ /M(;(u)|Vu]2dxds:/ /h+(u,v)ud:c.
0 0Jo 0 Jo

This shows that, using the definition of p,
1 2 ! 2 1 02
— [ |Vu(®)|"de+ [ fs(u(t))dz + Ms(w)|Vp|*dzds = = [ |Vu’|“dx (4.19)
2 Ja Q 0o Ja 2 Ja
t t
—|—/ fs(u®)dx —i—/ / Vhi(u,v) - Vudzds —i—/ / hy (u,v) f5(uw)dzds.
Q 0 Jo 0 Jo

It remains to estimate the last two integrals. For the last but one integral, we insert the
definition of A (u,v) and apply Young’s inequality:

t
/ /Vth(Ua v) - Vudzds
0 JO
t
— /0 /Q 1{0<u<1}((1 — 2u)ho(v)lvu‘2 +u(l —u)hy(v)Vo - Vu)dxds
t t
< C/ / \Vu|2d:vds + C’/ / Liocucty (1 — U)‘VU‘deds
0 JO o Ja

t
<C/ /\vu|2dxds+c,
0 JQ

where the last step follows from Lemma 27, and C' > 0 denotes here and in the following
a constant independent of § and k.

For the last integral in (4.19), we observe that the function s + —s(1 — s)(N!logs —
log(1—s)+ N~!—1) is bounded in [0, 1]. We insert the definition of f(u) and distinguish
three cases. First, let u < §. Then

B (0, 0) F () = [+ 11—l (f06) + F1(0) (= 8) + A(L — 20))
1 1
= [u]+[1 —u]+ (N logd —log(1 —9) + N 1)

#lullt = (=) (5 + ) + M1 = (1 - 20
<501 - 5)(\ log(1 — 5)| + zlv> (1 —4) <G,
using [u]4[1 —ul4 <6(1 —6) and u— 6 < 0. Second, let § <u < 1—4§. We have
by (u,0) fi(u) = u(l —u) (le log 1 — log(1 — u) + % - 1> + (1 —u)(1—2u) < C,

since z — zlog z is bounded in [0, 1]. Finally, let u > 1 —§ (and § < 1/2). We obtain

e (0, 0) () = [l [1 — uu(;, log(1 — 8)  logd + - - 1)
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

#lullt = (=) (g + 3 ) Al — (- 20

1 1 1
< 5(1— - - - - 4= <C.
<o(1 5)<\log5|—|— N> +(1=9)5(1 25)(]\7(1—6) + 5) +A<C
This proves that, for 0 <t < T,
¢
/ /h+(u,v)f(§(u)dxds <CQ,T).
0 Jo

Therefore, we infer from (4.19) that

/!Vu )| da:+/ fs(u dx+/ /M5 )|V u|2dads
—/ |Vu0|2dx—|—/ f(g(uo)daz—l—C'/ /|Vu2d:£ds—|—C.
2 Ja 0 0 Ja

Since wu” is strictly positive and bounded away from one, there exists o > 0 such that
fs(u®) = f(u®) for 0 < § < §. An application of Gronwall’s lemma shows (4.17).

Step 2: Entropy inequality. Because of the truncation, we have V®(u) = Vu/Ms(u) €
L*(Qr), where @4 is defined in (4.16). Thus, we can use ¢ = ®%(u) as a test function in
(4.13):

0

/Q By (u(t))dz — /Q By (u(0))dz = /0 Oy, B () ds (4.20)
/ /M(; VWi - VO (u )d:cds+/ /m , v) B (u)dzds
/ /V —Au+ f5(u Vud:r:ds+/ / +[1 = u]4ho(v) P (u)dzds.

The first integral on the right-hand side can be written as

_/OtAV(—Aqufg(u))-wdzds: —/Ot/Q(Au)deds—/Ot/Qf(g’(u)|Vu|2dxds.

Because of f}s(u) >0 by (4.4) and f3'(u) > —C, we obtain

t t t
—/ /V(—Au+fg(u)).vudxds < —/ /(Au)deds—i—C/ / |Vu|?dzds.
0 JQ 0 JQ 0 JQ

We claim that the integrand of the last integral in (4.20) is bounded, i.e. [u]+[1 —u]+ P5(u)
is bounded uniformly in w € [0,1] and § € (0,1/2). Indeed, if § < u < 1 —J, we can

compute
“ ds
u(l —u /
( ) 1/2 s(1—s)

= u(l—u)loglu
—u

[u] 4 [1 = u] 1 Df(u)| =
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4.4 The limit (§,k) — 0

If 0 < u < 4, we find that

[u] +[1 = u] 4 @5(u)| =

u(l—u)</1j2 s(ldi s) +/5u6(1di5)>'
5 —u

+u(l — u)m

)
=u(l—u)l

u(l — u)log
The first term is uniformly bounded since |ulogd| < [dlogd| < 1 and |(1—wu)log(1—0)| < 1.
This holds also true for the second term because of u(1 —u) < §(1 — d). The final case
1—0 <u < 1is treated in a similar way:

o [ [ )

1-6 u—(1—90)
+u(1_u)76(1—5)

(] [ = ul 4 @5 (u)] =

=u(l —u)log

The first term is uniformly bounded since |(1—wu)logd| < |[0logd| < 1 and |ulog(1—4)| <1,
and the second term is bounded too. We conclude from (4.20) that

/Q<I>5(u(t))dx+/ot/Q(Au)2dxds§ /g)(bg(uo)dx—i—(?/ot/QWu\deds,

and the energy bound (4.17) leads to (4.18). O

Finally, we derive a bound for the time derivatives of v and v.

Lemma 29 (Bounds for the time derivatives). There exists C > 0 independent of 6 and
such that

|0vull 207,110y + 10kl 20,7581 (0)) < C

Proof. The proof is similar to that one of Lemma 26; we just have to estimate the re-

action terms. Since 0 < v < 1, we have the pointwise bounds g4 (u,v) = —[u]}go(v) <
maxo<y<1 go(v) and hy(u,v) = [u]4+[1 — u|+ho(v) < maxo<y<i ho(v). Consequently, | g+ (u,
V)| 22(p) and ||+ (u,v) | 12(q,) are uniformly bounded, concluding the proof. O

4.4 The limit (5,r) — 0

Set k = § and let (ug,vs, u5) be a weak solution to (4.13)—(4.15). Lemmas 27-29 give the
following uniform bounds:
0<wv; <1 inQyp,
1D (us) >V sl L2y + 0 l|vsl 2o, () + 10003l 20 1301 00y < C
sl oo 0,111 () + sl 20,1 m2(0)) + 10kus| L2075 (@)) < Cs
||M6(U6)1/2VM5HL2(QT) <C.
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

The Aubin-Lions lemma [Sim&7, Corollary 4] implies the existence of a subsequence, which
is not relabeled, such that, as § — 0,

us — u strongly in L%(0,T; H'(Q)) and C°([0, T]; L*(2)).
We also have the weak convergences

vs = v weakly® in L>(0,T; L*°(Q)),

Opus — Opu, Ows — Oy weakly in L*(0,T; H(Q)'),

Dy (us)Vus — I, Mg(u(;)l/QVu(; — J weakly in LQ(QT),

where I,J € L?(Q7), and it holds that §Vvs — 0 strongly in L?(Q7). Before we identify
the limits I and J, we show that the limit « is bounded from below and above.

Lemma 30 (L bounds for u). It holds that 0 < u <1 in Qrp.

Proof. We proceed as in the proofs of [F(96, Lemma 2] or [PP21, Theorem 5]. Let v > 0
and introduce the set Vo5 = {(z,t) € Qr : us(x,t) > 1+ a}. Integrating ®f(us(x,t)) =
1/Ms(1 —6) =1/(6(1 = 9)) for (x,t) € V5 twice gives

us(@t) s drds (us — 1/2)2
Ds(ug(x,t —/ = for (x,t) € V5.
o(us(z, ) 1/2 172 Ms(r) 26(1—-9) (@) 0

The entropy estimate (4.18) shows that

2|V, us — 2
26(|1V—’i5) S/V (265(11_/3‘1(%” = /V O5(ug)d(z, t) < C(T).

Then we deduce from the a.e. pointwise limit us(z,t) — w(z,t) as 6 — 0 amd Fatou’s
lemma that

. . 20(1 )
> = < — _
Hu(z,t) > 1+ ol %HI(]) Va5l %IH(IJ 5= 6(1—0)=0,

implying that u(z,t) <1+ « a.e. in Qp for all « > 0. Therefore, u(z,t) <1 in Q.

A similar argument proves that u > 0 in Q. Indeed, let W, 5 = {(z,t) : us(z,t) < —a}
for a > 0. It follows from ®f(us(x,t)) = 1/6(1 — 0) for (z,t) € W, 5 that ®s5(us(z,t)) <
(1/2 — us(z,t))%/(26(1 — 6)). Hence,

a? o — ug)?

a,d

and proceeding as before gives [{u(z,t) < —a}| = 0 in the limit 6 — 0 for all & > 0 and
therefore © > 0 in Q7. L]

We continue by identifying I. We conclude from [1—us]t vs = (1—u)v and v5Vus — vVu
weakly in L?(Qr) that

D (us)Vvs = V([1 — us)}vs) + V51 {0cus<13 Vs = V((1 —u)v) +vVu = (1 —u)Vo

weakly in L?(0,T; H'(Q2)"). This shows that I = (1 — u)Vo in L*(0,T; H(Q)").
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4.4 The limit (§,k) — 0

Lemma 31 (Identification of J). It holds that J = —V (M (u)Au)+V M (u) Au+M (u)V f'(u)
in the sense of L*(0,T; H'(Q2)").

Proof. We proceed as in [EG96, Section 3]. It holds for ¢ € C§°(€2r) that
T T
/ /M(g(u(g)v,ug - Vodxdt = / / M(;(U5)V( — Aug + f(g(ug)) - Vodxdt
0 Jo 0 JO
T T
= / / Ms(us)AusApdxdt + / / M5 (us)AusVug - Vodzdt
0 Jo 0 Jo
T
+ / / M(;(u(s)fé/(u(;)Vu(; -Vodxdt =: J1 + Jo + J3.
0 Q

First, we consider J;. We observe that Ms — M uniformly, since by the mean-value
theorem,

|Ms(z) — M(z)| < sup |M(§) — M(2)|+ sup |[M(1-0)— M(z)
0<z<d 1-d<z<1

< M'(&)0 + M'(n5)d — 0,

where &5 € (2,0) and ns € (1 — 6, 2). This implies that M;s(us) — M(u) a.e. in Q7 and,
as Ms is uniformly bounded, also strongly in L?(Qr). Together with the convergence
Aus — Au weakly in L?(Q27), we find that

T
J1 —>/ /M(u)Aqubdmdt.
0 Q

For the integral Ja, we claim that M}(us)Vus — M’'(u)Vu strongly in L*(Q7). This
limit is not trivial since Mj is discontinuous at ¢ and 1 — 6. We consider the integrals

T T
/ / | M (us)Vus — M’ (u)Vul>dzdt = / / | M (us)Vus — M’ (v)Vul>dzdt
0 JQ 0 J{0<u<1}
T T
+ / / | M} (ug)Vus — M’ (u) Vu|>dzdt + / / | M (ug)Vus — M’ (u) Vu|>dadt.
0 J{u=0} 0 J{u=1}

On the set {0 < u < 1}, we know that Ms(us) — M’'(u) a.e. in Qr and, because of
the strong convergence of (Vus), also Mj(us)Vus — M'(u)Vu a.e. in Qp (possibly for a
subsequence). Moreover, |M}(us)Vus|? is uniformly bounded on {0 < u < 1}. Therefore,
by dominated convergence,

T
/ / | M (ug)Vus — M’ (u)Vu|>dzdt — 0.
0 {0<u<1}

It follows from Vu =0 on {u = 0} U {u = 1} and the uniform bound for Mj that

T T
/ / | M (ug)Vus — M’ (v)Vul*dxdt = / / | M (us) Vus|*dzdt
0 J{u=0} 0 J{u=0}
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

T T
< 0/ / |Vu5]2dxdt—>/ / \Vu|>dzdt = 0.
0 J{u=0} 0 J{u=0}

The limit in the remaining integral over {4 = 1} vanishes in the same way. This shows
that

T
Jo —>/ /M’(u)AuVu-Vqﬁda;dt.
0 Q

Finally, for the limit in Js, we observe that Ms(2)f5(z) = Ms(2)(f15(2) + f5(2)) is
uniformly bounded, since the singularities as 6 — 0 in f/ o are canceled by the factor
M;5(z). Thus, it remains to show that Ms(us) f§ (us) — M(u )f”( ) in Qp \ N, where N is

a set of measure zero. To this end, we distinguish several cases.

Let (z,t) € Qp \ N and 0 < u(z,t) < 1. For given € > 0, there exists 0 < § < ¢ such
that 0 < e < us(z,t) <1 —¢e < 1—4. At this point, we have Ms(us(x,t)) f§ (us(x,t)) =
M (ugs(z,t)) f" (ug(x,t)) = M(u(x,t))f"(u(x,t)). Next, if u(z,t) = 1, we choose § > 0 such
that us(z,t) > 1 — 4. Then

Ms(us(x,t)) f35 (us(z, 1)) = M(8)(f1(8) + f2(us))
=N+ (1—6)+0(1—6) falus) — 1 = (Mf")(1).

On the other hand, if us(z,t) <1 — ¢ and us(x,t) — 1,
My (us(w, 1)) f5 (us(,t) = M(us(x, ) f" (us(x, 1))
= N1 —us(z,t)) + us(z,t) + us(1 — U5)f(”U5) — 1= (Mf")(1).

The case u(x,t) = 0 is treated in a similar way. We conclude that Mjs(us)f§ (us) —
M (u) f"(u) strongly in L?(27). Then, in view of the strong convergence of (Vus),

T
J3—>/0 /QM(u)f (u)Vu - Vodzdt.

Summarizing, we have shown that

/ / Ms(us)Vus - Vodxdt %/ / w)AuAp + M'(u) AuVu - Ve
+ M (u) f"(uw)Vu - Vo) dadt,
and the right-hand side can be identified as the weak formulation of J. O

Remark 32. Choosing the mobility such that ®(0) = ®(1) = oo, one can show that
{u = 0} U{u = 1} has measure zero, which means that 0 < u < 1 holds a.e. in Qr,
and we can write J = M(u)V(—Au + f'(u)) in the sense of distributions. The claim that
{u = 0} U{u = 1} has measure zero can be proved as in [FG96, Corollary]. It follows
from the entropy bound [, ®5(us(t))dz < C(T) and the fact that liminfs_,o ®s(us) = P(u)
if 0 <u<1 andliminfs o ®s(us) = oo else.

It remains to pass to the limit 6 — 0 in the reaction terms. Since (vs) is only converging
weakly, this limit is not trivial. The idea is to use the Minty—Browder trick, which is
possible since (us) converges strongly in L2(0,7T; H(£2)).
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4.4 The limit (§,k) — 0

Lemma 33. It holds that g, (us,vs) — g(u,v) and h (us,vs) — h(u,v) weakly in L?(Qr)
as 0 — 0.

Proof. We only show the limit in hy(us,vs) as the proof in g4 (us,vs) is similar. We
know that (dyvs) is bounded in L2(0,7T; H'(2)') and (vs) is bounded in L?(27). Since
the embedding L%(Q) — H'(Q)" is compact, we infer from the Aubin-Lions lemma that,
up to a subsequence, vs — v strongly in L%(0,T; H*(Q2)"). Moreover, ([1 — u(s]i/Qva) is
bounded in L?(Qr). Furthermore, we know that (us) is bounded in L>(0,T; H'(2)) and
L2(0,T; H*(Q2)), and us — u strongly in L2(0,T; H'(Q)).

Let y € C§°(Qr). It follows from the monotonicity of hg that

T
0< /0 /Q sl 1 — 5] (v — ) (ho(vs) — ho(y))dads (4.21)
T
= [ Gas = e 1 = ke hofes) — hofw))e,

recalling that (-,-) is the dual product between H'(Q2)" and H'(f2). This formulation is
possible if [us]. [1—us]1ho(vs) € L*(0,T; HY(R2)). To verify this statement, we observe that
Vus € L*(0,T; H'(Q)) implies that (1 — 2us)1gcys<13Vus € L*(0,T; L*(Q)). Moreover,

[us]+[1 — u(;]i_/Q € L>*(Qr) and [1 — U5]i/2Vv5 € L%(Qr). This shows that

V ([us)+[1 = usl+ho(vs)) = [us)+[1 — us)+Tg(vs) Vs 4 o (vs) (1 — 2us) Lo cus<1} Vs

is a function in L?(Qr), so that [us][1 — us]Lho(vs) € L?(0,T; HY(RQ)).

Let hy be the weak™ limit of (ho(vs)) in L*°(0,T; L>°(2)) and hg be the weak limit of
([us)+[1 — ug)+ho(vs)) in L?(Qr). We claim that hy = u(l — u)hi. Indeed, since (us)
converges strongly in L2(0,T; H'(2)), [us]+[1 —us]+ho(vs) — u(l —u)hy weakly in L?(Q7)
(here, we use 0 < u < 1 in Qp); see Lemma 30), and we deduce from the uniqueness of the
limit that u(1 — u)hy = ho.

We can now pass to the limit 6 — 0 in (4.21) to find that

T T
0< /0 (v—y,u(l —u)(hi — ho(y))dt = /0 /Qu(l —u)(h1 — ho(y)) (v — y)dzdt.

By density, this inequality holds for all y € L?(Qr). Let w € L?(27) and choose y = v —nuw
for n € R. Then

T
0< 77/0 /Qu(l —u)(hy — ho(v — nw))wdzxdt.

Choosing 1 > 0 and performing the limit n — 0 yields fOT Jo u(L=u)(hy—ho(v))wdadt > 0.
On the other hand, if n < 0 and n — 0, we have fOT Jou(l —u)(h1 — ho(v))wdzdt < 0.
Since w is arbitrary, u(1 —u)h; = u(1l — u)ho(v). Thus,

ho (g, v5) = [ug)+[1 = ug] 4 ho(vs) = u(l = u)ho(v) weakly in L*(Qr).

This ends the proof. O
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

Remark 34 (Generalizations). It is possible to generalize the relations (1.29) and (1.32) for
the mobility and the reaction rates. For instance, we may choose M (u) = u™ (1 —u)™ Mo (u)
form >1 and 0 < m, < M(u) <m* foru € [0,1], where m* > m, > 0; see [GI0]. In
fact, we just need M(0) = M(1) = 0 and M (u)f"(u) € C°([0,1]); see [PP21]. The latter
condition is needed to identify the weak limit J. The reaction terms may be generalized to
g(u,v) = go(v)g1(u) and h(u,v) = ho(v)hi(u), for instance, where we assume that g; is
bounded in [0,1]; go grows at most linearly; hy satisfies hi(u)f'(u) < C for all u[0,1] to
cancel the singularities of f'; and |hy(u)] < C(1 —u) for u € [0,1] to estimate in Step 1 of
the proof of Lemma 28 the integral

/hl(u)hg(v)Vv-Vudx</ |Vu]2dac+0/(1—u)|Vv|2dx.
Q Q Q

Clearly, also the free energy f(u) may be generalized if the factors in the diffusion and
reaction terms are adapted in such a way that the singularities from f'(u) are canceled.

4.5 Numerical experiments

4.5.1 Scaling of the equations
The biofilm model with physical units reads as follows:
O — div(D(1 — u)Vv) = —R.uv,

Ryv
K,+v’

Ou — div(M'u(l —uw)Vu) = u(l —u)
p=—-T1Au+Taf (u),

and f'(u) is given by (1.31), observing that the parameters N and A and the volume fraction
u are dimensionless. Here, D > 0 is the diffusivity, M’ > 0 the mobility constant, R. > 0
the consumption rate, R, > 0 the production rate, I'y > 0 the parameter of the distortional
energy, and I'y > 0 the parameter of the mixing free energy.

Choosing the characteristic length xg, the characteristic time tg, the characteristic con-
centration vy, and the characteristic chemical potential pg, the scaled equations read as
follows:

dpv — div(Do(1 — u)Vv) = —R%uw, (4.22)
. Rgv

Oyu — div(Mou(l — u)Vpu) = u(l — u)K v (4.23)

p=—T9Au +T%f (u), (4.24)

where the dimensionless parameters are

Dto M’to 0
Dy= =2, My=—2 RV—Rito, R)= Ry,
o T
K r r
K=="" 19=—-L  19=-2
Vo Moy Ho
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4.5 Numerical experiments

The model of [WZ12] (without elastic energy contributions) reads as

(1 —u)v) — div(Do(1 — u)Vv) = —u ~RCU ,
K+wv
Opu — div(Mp(1 —u)Vu) = uﬂ
K, +v’
p=—-T1Au+Tof (u).
Symbol | Parameter Value Unit
D Diffusivity 10710 | m?s!
M' | Mobility 2.5-107% | s
R, Consumption rate 1072 g1
R, Production rate 1072 kgm 357!
K, Half-saturation constant 10~ kgm™3
I Distortional energy 4-107% | m*s2
Ty Mixing free energy 4-107% | m?s72
N Polymerization parameter 103
A Flory-Huggins parameter 0.55
0 Characteristic length 104 m
to Characteristic time 102 S
o Characteristic concentration 1073 kgm™3
kT | Thermal energy at T'= 300K 4-107%" | kgm?s~2
K Half-saturation constant for model of [WZ12] | 5-107*

Table 4.1: Parameters used in the numerical simulations.

The characteristic chemical potential pg is determined by the thermal energy and the
characteristic concentration and length (see Table 4.1) as ug = kgT'/(voxd) = 4-1075 m2s~2.
The values of the physical parameters in Table 4.1 differ from those in [WZ12] but are of a
similar order. With our values, the scaled parameters are of order one (except K and I‘(l)):

Do=R)=R)=1, K=10"", My=10"° T{=10"" TI9=1

4.5.2 Numerical discretization

As in [ZCWO08Db], we approximate equations (4.22)—(4.24) in the one-dimensional domain
Q = (0,1) by a BDF2 (second-order Backward Differentiation Formula) discretization in
time. The spatial discretization is performed by finite volumes. The scheme is explicit for
the mobility and potential, using the second-order approximation @* := 2u*~ — 4*~2, but
implicit in the reactions and semi-implicit in the diffusion. Let At > 0 be the time step size,
Az > 0 the space grid size, and z; = 1Az, 211/ = (i£1/2)Ax. We introduce finite-volume
cells K; = (z;_1/2,%i41/2) for i = 1,..., N;. Then the values uf, vF, and p¥ approximate
u(x;, KAL), v(x;, kAt), and p(x;, kAt) respectively for i = 1,..., N, k = 1,..., Np. Our
scheme reads for k£ > 2 as follows:

Ax _ _
@(31’? — 4o o) + gf+1/2 - g@k—1/2 = —AzRufvf,
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

AT ok k=1 k=2 k k k Lo ROuE
oag U — A )+ Filyys = Filyn = Azu (1 - ui)K + vk’
H?ﬂ/z - Hffl/Q + Axf'(af) = Azpk,
where the numerical fluxes are given by
k k
k) k) 'U.+1 — V-
Gliyjo = —Do(1 - qu/z)#?
k k k k
k k k i1 — My & Ui — U
Fivrjg = =Moo (1= vy p) == Hipp=—— 7 —

and uf 1 = $(uf, +uF). The approximation (u}, v}, 1}) at the first time step is computed
from the implicit Euler method.
In the same way, we discretized a simplified version of [W712] which reads in its dimen-

sionless form for k£ > 2 as

Az, & k=1, . k-2 k k . ROuF
m@wi —dw; w7 + Giv1a — Gil1je = — Ay, K:_Zv,
Az k-1, . k-2y , Tk =k p By
@(3% —4du T )+ Fl e — Filage :AxuiKi:;f’
Hiyrjo = Hirpp + D f' (@) = Aapf,
where we abbreviated w? = (1 — u¥)v¥, G and H are as above, F = —MoufH/Q(MfH -

pk)/ Az, and ES =1, Rg = 1 are scaled rates. We use the Newton method to solve the
resulting system of nonlinear equations. For the first three test cases, we used a mesh of
128 cells and the time step size At = 1073,

4.5.3 Numerical results
Test case 1:

We consider the initial conditions
1
ud(z) = 3 sin(2rx)? +2-107%,  (z) = 0.75.

The numerical solutions v and v are presented in Figure 4.1. The substrate concentration
converges uniformly to zero as t — oo because of the consumption term, while the volume
fraction of the biomass is increasing in time. The increase becomes slower and stops after
some time since the production term is proportional to the substrate concentration which
almost vanishes for large times and hence the production term vanishes too. In our model,
both the biomass fraction and the substrate concentration change at a slower rate compared
to the model of [W712], which is caused by the additional factor 1 — u in the source term.
Accordingly, the convergence to the steady state is smaller in our model than in the model
of [WZ12]. Note that, without the additional factor 1 — u, an initial value u® smaller but
close to one may lead to a volume fraction exceeding its maximal value and consequently
break down the numerical scheme.
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4.5 Numerical experiments

Figure 4.1: Biomass fraction u (top) and substrate concentration v (bottom) in test case 1
for our system (left) and the system of [WZ12] (right).

Test case 2:

We consider the initial conditions

0.2 0 <2<02,
ud(z) = { ' BU=Ts v0(z) = 0.1.

1-1072, if0.2<xz<1,

In both models, the volume fraction of biomass growths rather fast until the substrate
concentration vanishes; see Figure 4.2. Due to the additional factor 1 — u in our mobility,
we can observe a slower diffusion in areas of larger volume fraction compared to [WZ12].
In areas of low volume fractions, we observe a larger growth than for [W712], which can
be explained by the larger nutrient consumption compared to our model, causing a lack of
nutrient supply for further growth.
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4 Existence Analysis for a Cahn-Hilliard-Type System Modeling Biofilm Growth

Figure 4.2: Biomass u in test case 2 for our system (left) and the system of [WZ12] (right).

Test case 3:

We choose the initial conditions
uw(z) = —(z—1/2)2 +1/3, %) =0.3. (4.25)

As in the previous test cases, we observe in Figure 4.3 a faster growth of biomass volume
fraction in the model of [WZ12]. Moreover, the growth process dominates before the
diffusion process flattens the maximal volume fraction towards the steady state. Due to
the absence of the factor 1 — u, this effect is stronger than in the model of [WZ12].

0.8
0.7
06
=05
=
S 04
03
0.2

Figure 4.3: Biomass u in test case 3 for our system (left) and the system of [WZ12] (right).
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4.5 Numerical experiments

Test case 4:

We analyze the order of convergence in space with the initial conditions (4.25). Since there
does not exist an explicit solution, we compute a reference solution (U, vyef) at time 7' = 1
on a mesh with 2048 cells with time step size At = 1075, The approximate solutions 1)
are determined on meshes of 27 cells for j = 4,...,10. We choose a rather small value for
T to compute the order of convergence in space before a steady state is reached. Figure
4.4 (left) illustrates the discrete L? norm of the difference uper — u) for j =4,...,10. As
expected, we observe a second-order convergence in space.

1072 107 ——
= ””' - ur'ﬂfHL”(!l) —— ||lu — ’mej"[}
% —— v = wresllzzo L llo = veesll 2
il Order 2 KN Order 2
1074 % T x
0 il 10710 Gl 8
* k. w S X,
10 : e,
Sk B 5 .
*
-8 ' -15
10 10
10" 102 10° 1072 1072 1074 10°° 10°°

Figure 4.4: Convergence in space (left) and convergence in time (right) at time 7" = 1.

Test case 5:

We analyze the order of convergence in time by using as before the initial conditions (4.25)
and by choosing L = 128 cells in space. We compute a reference solution (uref, Uref) at
time 7' = 1 with time step size At = 1/(2'4L) ~ 5-10~7. The approximate solutions u/)
are determined with time step sizes At = 1/(2%/L) for j = 1,...,6. Figure 4.4 (right)
illustrates the discrete L2 norm of the difference uyer — u?) for j=1,...,6. We observe a
convergence in time of order 1.73 for u and 2 for v, respectively.
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5 Discussion and Outlook

We briefly give a discussion of our results and an outlook over possible extensions and open
problems connected to this thesis.

5.1 The Maxwell-Stefan—Fourier System

We have proved the global existence of weak solutions for the Maxwell-Stefan Fourier
system by adapting the techniques of [Jiinl5]. As pointed out in [JG23], the modeling
in our model was inaccurate from a thermodynamical point of view: First and foremost,
to be consistent with the Onsager reciprocity principle, the Onsager Matrix should be
symmetric. This is considered for the coefficients of the mobility matrix (M;;)i j=1,...n.
but not for the terms describing the Soret/Dufour effects. Furthermore, considering a
vanishing barycentric velocity, the pressure needs to be considered to be consistent with
thermodynamics. Then, as shown in [J(523], the Onsager matrix is positive definite on the
space L = {y € R": y - \/p}, while we assumed positive definiteness on L = {y e R": y -
v/1}. However, from a mathematical point of view, these are only minor shortcomings, as
the improved thermodynamical modeling heavily relies on the same estimates as in chapter
2.

Of course, there is room for further research. For instance, the question of existence in
case of nonvanishing barycentric velocity is open. Furthermore, the equivalence between
the Maxwell-Stefan and the Fick—Onsager formulation remains open in the nonisothermal
setting. In Proposition 5, we showed based on [BD23] that the Maxwell-Stefan formulation
leads to the Fick—Onsager formulation for a specific choice of coefficients, but we were not
able to establish equivalence. Another question which remains open is the longterm behav-
ior of the system. From a practical point of view, numerical analysis for the (improved)
model, including simulations and comparisons to experiments would be interesting.

5.2 The Quorum Sensing Biofilm Model

We showed the existence, uniqueness and convergence of discrete solutions for the quo-
rum sensing biofilm model of [EHIKE15]. The discrete solutions preserve the upper bound
for the biomass fraction and the solvent, and furthermore guarantees upper bounds for
the autoinducer molecule and the dispersed cells. According to our numerical simulations
however, the upper bounds for autoinducer molecules and signal cells overestimate the ac-
tual concentration. Hence, it might be possible to improve the upper bounds significantly.
Another question worth investigating regards the regularity of the limit. We have proved
convergence towards a weak solution (M, N, S, A), yet according to [KSE17], the unique-
ness only holds for a smaller class of functions and we can not conclude the convergence of
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5 Discussion and Outlook

the whole sequence. Therefore, a proof of the required regularity for the limit (M, N, S, A)
would be interesting. As the numerical results showed, we find for the biomass fraction
an order of convergence in space of ~ 1.7 in the L?> Norm, instead of an expected second
order convergence. This might be caused by the degenerate—singular diffusion term, but
it would be interesting to analytically prove which order of convergence should actually
be obtained. Since biofilms are highly complex, more effects could be taken into account.
For instance an extension of the model which includes treatment of the biofilm with bio-
cide could be considered and the numerical analysis could be adapted. Besides, the initial
biofilm growth model of [EPLO1] is coupled to an incompressible Navier—Stokes equation.
This coupling is neglected in the existence analysis [FZF09], as well as in the numeri-
cal analysis/simulations. In the existence analysis, this coupling complicates the problem
tremendously, as the Navier—Stokes equation is assumed to hold in the bulk liquid region,
ie. Q:={x e Q| M(t,x) = 0}. Consequently, the sharp biomass front operates as free
boundary for the incompressible Navier—Stokes equation. It is yet unclear how to prove the
existence of solutions in this case. From a modeling point of view, it would be interesting to
compare the biofilm growth model of [FPL0O1] with the growth model discussed in chapter
4.

5.3 Cahn—Hilliard Type Biofilm Growth Model

We discussed a biofilm growth model motivated by [W712] and proved the global existence
of weak solutions for a modified version of this model by truncating the equations and using
a Galerkin approximation.

From a model point of view however, this can only be seen as a first step towards an exis-
tence analysis for the binary fluid biofilm models, as the modifications which we described
in section 1.4.1 went quite far from the original model. This raises plenty of questions for
further research. The model of [WZ12] used the mobility M (u) = u. From an analytical
point of view however, it does not seem possible to treat mobilities which do not cancel
the singularities in M (u)f”(u). This is caused by the degeneracy of the mobility, which
requires additional truncations/regularizations in the analysis and the lack of estimates to
identify the limit in the deregularization.

Another step back towards the original model of [W712] would be, to find a way to treat
the additional factor (1 —w) in the time derivative of the substrate equation. However, new
techniques might be needed as this adds another degeneracy to the equation. The addition
of elastic effects, is another possible step towards the original model [WZ12]. Having said
that, it complicates the analysis to a great deal as it adds an additional coupling to an
Smoluchowski equation (see [WZ12, Equation (16)]) and it yet remains unclear how to
prove the global existence.

Apart from the connection to biofilm models, another interesting question is the relation
between local and nonlocal Cahn—Hilliard equations. As described in section 1.4.3, some
papers investigated the connections between local and nonlocal Cahn-Hilliard equations.
This poses the question, whether we could obtain the solution of the model (1.24)—(1.29)
as a limit of a nonlocal counterpart.

As the existence analysis for the model of [W712] appears to be highly nontrivial without
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5.3 Cahn—Hilliard Type Biofilm Growth Model

modifications and tremendous simplifications, this also raises the question whether we can
find a potentially more complex yet solvable (from an analytical point of view) nonlocal
biofilm growth model.
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