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We consider a general nonsymmetric second-order linear elliptic partial differential equation in the
framework of the Lax—Milgram lemma. We formulate and analyze an adaptive finite element algorithm
with arbitrary polynomial degree that steers the adaptive meshrefinement and the inexact iterative solution
of the arising linear systems. More precisely, the iterative solver employs, as an outer loop, the so-
called Zarantonello iteration to symmetrize the system and, as an inner loop, a uniformly contractive
algebraic solver, for example, an optimally preconditioned conjugate gradient method or an optimal
geometric multigrid algorithm. We prove that the proposed inexact adaptive iteratively symmetrized finite
element method leads to full linear convergence and, for sufficiently small adaptivity parameters, to
optimal convergence rates with respect to the overall computational cost, i.e., the total computational
time. Numerical experiments underline the theory.

Keywords: adaptive finite element method; iterative solver; nonsymmetric PDEs; optimal convergence
rates; cost-optimality.

1. Introduction

The mathematical understanding of optimal adaptivity for finite element methods (AFEMs) has reached
a high level of maturity; see, e.g., Binev et al. (2004); Stevenson (2007); Cascén et al. (2008); Kreuzer
& Siebert (2011); Cascén & Nochetto (2012); Carstensen et al. (2014); Feischl et al. (2014) for some
contributions to linear partial differential equations (PDEs). While the focus is usually on optimal
convergence rates with respect to the degrees of freedom (Binev et al., 2004; Cascoén et al., 2008;
Kreuzer & Siebert, 2011; Cascén & Nochetto, 2012; Carstensen et al., 2014; Feischl et al., 2014), the
cumulative nature of adaptivity should rather ask for optimal convergence rates with respect to the overall
computational cost, i.e., the overall elapsed computational time. This, usually called optimal complexity,
has been thoroughly analyzed for adaptive wavelet methods (Cohen et al., 2001, 2003), and it has also
been addressed in the seminal work (Stevenson, 2007) on AFEM for the Poisson model problem. Recent
works (Gantner et al., 2021; Haberl et al., 2021; Heid et al., 2021) considered optimal complexity for
energy minimization problems and, in particular, for symmetric linear elliptic PDEs. In contrast to this,
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ADAPTIVE FEM WITH QUASI-OPTIMAL OVERALL COST 1561

optimal complexity for nonsymmetric linear elliptic PDEs remained an open question due to the lack
of a contractive algebraic solver that is compatible with the variational structure of the PDE. Closing
this gap is the topic of the present work. While the canonical candidate for solving the nonsymmetric
discrete systems would be GMRES, we take a different path that is motivated by up-to-date proofs of
the Lax—Milgram lemma and closely related to the Richardson iteration used in the context of optimal
adaptive wavelet methods. Some comments on the challenges presented by GMRES and related future
work are given below.
As a model problem, we consider the nonsymmetric second-order linear elliptic PDE

—divAVU*) +b - Vu* +cu* =f —divf in$2 subjectto u*=0 onas2 (1.1)

on a polyhedral Lipschitz domain £2 ¢ R? withd > 1, where A € [L>® (.Q)]fy);‘f is a symmetric diffusion
matrix, b € [L*®(£2)]¢ is a convection coefficient, c € L>(£2) is a reaction coefficient and f € L?(£2)
and f € [L*(£2)]¢ are the given data.

With b(u,v) := (AVu, Vv)o + (b - Vu+cu, v)p and F(v) 1= {f, v)o + (f, Vv) o, where (-, -) o

denotes the usual L2(£2)-scalar product, the weak formulation of (1.1) reads:
Findu* € 2 = Hé(.Q) such that b(u*,v) = F(v) forallve Z. (1.2)

To ensure the existence and uniqueness of u* € H(I)(SZ), we assume that the bilinear form b(-,-) is
continuous and elliptic on Hé (£2) so that the Lax—Milgram lemma applies.

To discretize (1.2), we employ a conforming finite element method based on a conforming simplicial
triangulation .7, of §2 and a fixed polynomial degree m € N. With

2y ={v, € H{(£2) : v,|y is a polynomial of degree < m, forall T € T}
the finite element formulation reads:
Findu} € 2, suchthat b(u},v,) =F(v,) forallv, € Z,. (1.3)
Existence and uniqueness of uj follow again from the Lax-Milgram lemma. Note that (1.3) leads to
a nonsymmetric, yet positive definite linear system of equations. To derive an optimal nonsymmetric
algebraic solver, we follow the constructive proof of the Lax—Milgram lemma and reduce the discrete
formulations (1.3) to symmetric problems by employing the so-called Zarantonello symmetrization

(sometimes referred to as Banach—Picard fixed-point iteration). To this end, we define the bilinear form
associated with the principal part of the PDE by

a(u,v) == (AVu, Vv)o forallu,v e 2. (1.4)

Note that a(-, -) is continuous and elliptic on 2" and consult Section 2 for details. For a given damping
parameter § > 0, define the Zarantonello mapping @,(8;-): Z, — Z, by

a(@y(8;1p),vy) = alug,vy) + 8 [F(vy) — bluy,v))| forallv, € Z; (1.5)
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FIG. 1. Schematic view of the AISFEM algorithm components.

see Zarantonello (1960) or Zeidler (1990, Section 25.4). The Riesz—Fischer theorem (and also the Lax—
Milgram lemma) proves existence and uniqueness of @,(8;u,) € %, i.e., the Zarantonello operator
is well-defined. In particular, uz = &(; uz) is the only fixpoint of @ (§;-) for any § > 0. Moreover,
choosing § suitably will lead to a contractive method to approximate uj in the spirit of the Banach
fixpoint theorem with respect to the a(-, -)-induced energy norm ||v|| := a(v,v) 12 At this point, it thus
remains to treat a symmetric, positive definite (SPD) linear system of equations corresponding to (1.5),
which can be solved iteratively in practice for instance by the use of either a conjugate gradient (CG)
method with an optimal preconditioner, see e.g., Chen et al. (2012), or an optimal geometric multigrid
(MG) solver, see e.g., Jinbiao & Zheng (2017); Innerberger et al. (2022).

The proposed adaptive strategy of this work, hereafter referred to as adaptive iteratively symmetrized

0
finite element method (AISFEM), begins with the initial guess ug’o = uo‘l = ug’* =0 e Zassociated

.. N k .
to a coarse mesh .%},. Finite element approximations u Z" € %, are successively computed, where £ € N,

is the mesh-refinement index of the £th adaptively refined mesh. More precisely, ulz" is obtained after
J algebraic solver steps in the kth step of the Zarantonello symmetrization approximating the unique
ulg’* = D,(6; ulz_l’[) e Z,, where ulz_l‘l € Z, denotes the final approximation of u]z_]’* when the
algebraic solver is adaptively terminated. In particular, our analysis provides stopping criteria for the
algebraic solver as well as the (perturbed) Zarantonello symmetrization. We give a schematic view of
our approach in Fig. 1; see Algorithm A in Section 3 below for the formal statement.

Overall, the adaptive strategy thus leads to a triple index set
2 = {(6, k,j) € Ng : ul,Z‘i is used by the AISFEM Algorithm A}, (1.6)

equipped with the natural lexicographic ordering |-, -, -|. This enables us to present the main contributions
of this work: first, in the spirit of Gantner ez al. (2021); Haberl ez al. (2021), we prove that the quasi-error

kyj x kj k kyj kyj .
Ay = |t = || + ||y — || + mp (wy?)  forall (¢,k,)) € 2, (1.7)
which is the sum of the overall error plus the algebraic solver error plus the residual error estimator,
is linearly convergent with respect to the ordering of 2, i.e., |¢/,k',j/| < |€,k,j| means that ulz,’] is

computed earlier than u]Z" within the (sequential) adaptive loop and |¢,k,j| — |€/,k,j| € N, is the
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overall number of discretization, symmetrization and algebraic solver steps in between. In explicit terms,
Theorem 4.1 proves the existence of constants Cj;, > 0 and 0 < g;;, < 1 as well as an index £; € N,
such that, for all (¢, k,j), (¢/,k',j) € 2 with |£,k,j| > |¢/,K,j| and £ > £, there holds that

kyj [k =10 K §) K
A = Gy ™ A (1.8)
The threshold level £, € N, arises from the lack of Galerkin orthogonality with respect to the a(:, -)-
induced energy norm leading to a more involved analysis. Secondly, as shown in Corollary 4.2, this

implies that, for any s > 0, there holds the equivalence

S
sup (#7,)° AIZ" <00 +— sup ( Z #%/) AIZ" < 0. (1.9)
(Z,k,/)eQ ((,k,])eg (Z’,k’,/’)e.,@
1€/ K |<1.k |

The interpretation of (1.9) is that the AISFEM algorithm leads to algebraic convergence rate s > 0 with
respect to the degrees of freedom (finite left-hand side) if and only if it leads to algebraic convergence
rate s with respect to the overall computational cost (finite right-hand side), i.e., with respect to the
computational time. Thirdly, extending available results from the literature (Cascén & Nochetto, 2012;
Feischl et al., 2014; Bespalov et al., 2017), Theorem 4.3 proves that, for sufficiently small adaptivity
parameters, the proposed algorithm has optimal complexity (which follows from optimal rates with
respect to the degrees of freedom and (1.9)). Finally, we admit that the proposed strategy hinges crucially
on the appropriate (sufficiently small) choice of the Zarantonello parameter 6 > 0 in (1.5) as well as on
the parameter A, > 0 in the stopping criterion for the algebraic solver in Algorithm A(i.b.II) below. If
these parameters are chosen too large, the proposed method may fail to converge. Besides this restriction,
linear convergence (1.8) is guaranteed for any choice of the other adaptivity parameters A, ., 6, C

sym? mark
(see Algorithm A below).

Outline

The remainder of the work is organized as follows. Section 2 focuses on the setting and underlying
assumptions. In Section 3, we present the AISFEM algorithm in full detail and highlight some of its
properties. The main results of this work are presented in Section 4, the proofs of which are given in
Section 5. Numerical experiments in Section 6 underline the theoretical results, before the short Section 7
concludes our results and outlines future work.

2. Preliminaries

In this section, we state all prerequisites to formulate the AISFEM algorithm (Algorithm A in Section 3
below). In particular, we collect the contraction properties of the Zarantonello symmetrization, the
algebraic solver, the mesh-refinement strategy and the required properties of the a posteriori error
estimator.

2.1 Abstract formulation of the model problem

According to the Rellich compactness theorem (Kufner er al., 1977, Theorem 5.8.2), (Zu, v) :=
(b-Vu+cu, v), defines a compact linear operator ¢ : & — & ' where we recall that
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2 = H1(£) is the dual space of 2~ = Hé(.Q). With this notation, the weak formulation (1.2)
takes the more abstract form

b(*,v) = a(u*,v) + (A u*, v)=F(v) forallve 2. Q.1)
Since b(-, -) is continuous and elliptic on 2, i.e., there exists ¢, > 0 such that
oo lul?y < bu,u) forallue 2, 2.2)

a simple compactness argument proves that also the principal part a(-,-) is elliptic, i.e., there exists
a(, > 0 such that

af lul’y, < aGuu) forallue 27 (2.3)

see, e.g., Bespalov et al. (2017, Remark 3). In particular, a(-, -) is a scalar product on 2" and the a(-, -)-
induced energy norm IviIZ = a(v,v) is an equivalent norm on 2, i.e., V[l = |v] 4 forallv e Z .
Consequently, b(-,-) is also elliptic and continuous with respect to || - ||, i.e., there exist (in practice
unknown) constants 0 < o < L < 00 such that

o flull® < b(u,uy and b, v)| <L llull VIl forallu,ve 2. 2.4

While this setting already guarantees the Céa-type quasi-optimality of Galerkin solutions uy € 2, C 2
to (1.3), i.e.,

ll* — ] < Cegy min [l —vel| with Cog, =L @3
vzeﬂ

we recall from Bespalov et al. (2017, Theorem 20) that adaptivity improves the constant Cg, in the
Céa-type estimate (2.5): if 2, € 2, and ||u* — u}|| — 0as € — oo, then (2.5) holds with a constant
1<C/<L/aand C, — l as{ — oo.

REMARK 2.1. The contractive Zarantonello symmetrization and hence the results of this work hold in
an abstract framework beyond that of the introduction in Section 1. More precisely, the analysis allows
for an abstract separable Hilbert space 2 over K € {R,C} with norm |- - and a weak formulation
(2.1), where a(-,-) is a Hermitian and continuous sesquilinear form on 2" and .#: 2" — 2" is a
compact linear operator such that b(-,-) is elliptic and continuous on 2. Provided that a contractive
algebraic solver is used (see Section 2.5), the analysis thus also applies to other boundary conditions
(e.g., mixed Dirichlet-Neumann—Robin instead of homogeneous Dirichlet boundary conditions used in
the introduction).

2.2 Mesh refinement

From now on, let .7, be a given conforming triangulation of 2 C R4 with d > 1, which is admissible
in the sense of Stevenson (2008) for d > 3. For mesh refinement, we employ newest vertex bisection
(NVB); see Aurada et al. (2015) for d = 1, Stevenson (2008) for d > 1 and Karkulik ez al. (2013)
for d = 2 with nonadmissible .%,. For each triangulation .7;; and marked elements .#y; < J,
let 9, := refine(Jy, #y) be the coarsest triangulation where all 7 € .#} have been refined,
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ie., My S Ty\T,. We write 7}, € T(Ty) if J}, results from F}; by finitely many steps of refinement
and, for N € N, we write .7, € Ty (Fy) if F, € T(Fy) and #9, — #7; < N. To abbreviate notation,
let T := T(.7,). Throughout, each triangulation .7; € T is associated with a finite-dimensional finite
element space 2 C 2, and we assume that .7, € T(.7;) implies nestedness 2 € 2, C 2.

Within the setting of AFEM, we will work with a hierarchy {.7,}, en, generated by NVB refinements
from the initial mesh .7,.

2.3 A posteriori error estimator and axioms of adaptivity

For 7; € T, let

ng(T5): Zy —> Ry forall T € Iy (2.6)

be the local contributions of some computable error estimator. We define

1/2
. — . 2
Ny (s vy) = Z Ny (Tsvy) forall Zy € Iy and vy € Zy.
Te Uy
To abbreviate notation, let ny(vy) = ny(Jy;vy). Furthermore, we suppose that 1, satisfies the

following axioms of adaptivity from Carstensen et al. (2014) with constants C,y, C,op, Cyrep > 0 and

0 < ¢q < 1 only depending on the dimension d, the polynomial degree m and y-shape regularity
of J:

(A1) stability: For all 7; € T and .7}, € T(J), allv, € &£, and all vy € Z}; and every % <
Iy N G, it holds that

00 (s vi) — (U vip) | < Cgpy IV, — v lls

(A2) reduction: For all .7; € T and 9}, € T(J), and all v; € £, it holds that

(T \ Tisv) < drea (T \ T V)
(A3) reliability: For all .7; € T, the exact solutions u* € 2" of (1.2) and uj; € 2} of (1.3) satisfy
that
et = gl < Crar iz ()

(A4) discrete reliability: For all ; € T and 9, € T(J), the corresponding exact discrete
solutions satisfy that

”|u;l - ”71”‘ = Cdrel N (9[{\%,14;_1)

We note that these axioms (A1)-(A4) are satisfied for the standard residual error estimators; see
Section 6 below for the model problem (1.1) from the introduction.
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2.4 Contractive Zarantonello symmetrization

It is well known (Zeidler, 1990, Section 25.4) that the Zarantonello mapping @ (3; ) introduced in (1.5)
is a contraction for sufficiently small § > 0, i.e., for 0 < § < 2a/L? and all uy, wy € 2, there holds

P (8 up) — D (8 wipll < ql8] llug — wyll with g[8] := 1 — Qe — 8L%) < 1. 2.7)

Theoretically, §* := «/L* minimizes the expression in (2.7) resulting in g[8*] = 1 — o?/L?; see, e.g.,
Heid & Wihler (2020).

2.5 Contractive algebraic solver

We assume that we have at hand an iterative algebraic solver with iteration step ¥, : 27 x 2y — 2.
This means, given a linear and continuous functional G € 2" and an approximation wy € % of the
unique solution wy, € 2 to

a(wi,vy) = Glvy) forallvy € 2y, (2.8)

the algebraic solver returns an improved ¥ (G;wy) € Z in the sense that there exists a constant
0 < gy < 1, which is independent of G and 2, such that

I = 0 Gorl] = g s = vl @9)

To simplify notation when the right-hand side G is complicated or lengthy (as for the Zarantonello
iteration (1.5)), we shall write ¥ (w};; ) instead of ¥}, (G; -), even though w}, is unknown and will never
be computed.

In the framework of AFEM, possible examples for such contractive solvers include optimally
preconditioned conjugate gradient methods or optimal geometric multigrid methods, see, e.g., Chen
et al. (2012) or Jinbiao & Zheng (2017), respectively, for approaches focused on lowest-order discretiza-
tions and Innerberger et al. (2022) for an optimal multigrid method, which is also robust with respect to
the polynomial degree.

3. Completely adaptive algorithm

In the following, we formulate an inexact AISFEM in the spirit of Haberl er al. (2021). For ease of
presentation, we make the following conventions: Algorithm A defines certain terminal indices £, k[£],
Jjl, k], indicated by underlining. We shall omit the arguments of k and j if these are clear from the context,
e.g., we simply write B

kj kyjle.k] kyj kL€l jle.kL41]
u, ==u, and U, ‘=u, , etc.

A similar convention will be used for triple indices, e.g., (¢, k, ]_') = (L, k, ]_'[E, k]), etc.

REMARK 3.1. To give an interpretation of the stopping criteria in Step (i.b.II) and Step (i.d.) of Algorithm

kj—1
Uy

A, we note the following: since the algebraic solver is contractive (2.9), the term |||u]g’ - ||| provides
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Algorithm A: adaptive iteratively symmetrized finite element method (AISFEM)

. . . 0j .
Input: initial triangulation .7, initial guess ug,o = uo’l := 0, marking parameters 0 < 6 < 1 and
Cinark = 1, solver parameters Ay, Ay, > 0 and damping parameter § > 0.

Loop: For £ =0,1,2,..., repeat the following steps (i)—(iv):
(i) Forallk=1,2,3,..., repeat the following steps (a)—(d):

k=1, k—1
(a) Define ulg’o =u, - and for purely theoretical reasons, ”z =P, u, ‘l).

(b) Forallj=1,2,3,... repeat the following steps (I)—(II):

kox le

(I) Compute iy’ := W, (uk™; ) and 0, (T; i’ for all T € 7.

k—1,j
||| = )‘alg [)‘iym nﬁ( ) + |Hu uy *l|||]

(c) Upon termination of the j-loop, define j[¢, k] :=j.

. . . ki _ =1
(II) Terminate j-loop if |||u€‘/ ‘1

(d) Terminate k-loop if i, — 1, ]| < Ay m (117)-

(i) Upon termination of the k-loop, define k[£] := k.
. I o ki o
(iii) Determlne //lg C 7, of up to the constant C,,, minimal cardinality, satisfying 6 n,(u,”)" <

nl(%l’ Mf ) .

. 0,0 04 Ox . ki
(iv) Generate 7, := refine(J,, .#,) and define u, | :=u, | == u,’| = u,".

Output: discrete approximations u]é’/ and corresponding error estimators 1, (u [I)'

.o . k
a posteriori error control on the algebraic error |Hulz — ue‘l

|

,i.e.,

Tl AR |

™
— dy g

Moreover, for sufficiently small A,, > 0, also the perturbed Zarantonello symmetrization is a
contraction; see Lemma 5.1 below With the same reasoning as for the algebraic solver, the term

k—1 ]
H|“e - ”e J||| |” e/ - ”e

H|ue ”e ||| With this understanding and the 1nterpretat10n that the error estimator 1, (u [’ ) controls the

discretization error ||u* — u}||| (which is indeed true for ut ) =, *), the heuristics behind the stopping
criteria is as follows: We stop the algebraic solver in Algorithm A(i.b.II) provided that the algebraic
error ||| ulz - ”[] ||| is of the level of the discretization error plus the symmetrization error. Moreover, we
stop the (perturbed) Zarantonello symmetrization in Algorithm A(i.d.) provided that the symmetrization

error |[|u} — ”e ||| is of the level of the discretization error. Up to the factors 2, and Ay, this ensures

that all three error sources of ||}u —u, ’}H are equibalanced.
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1568 M. BRUNNER ET AL.
For the analysis of Algorithm A, we recall that the set 2 from (1.6) is given by
2 := {(t,k,j) € N} : ul? is used in Algorithm A}

Together with this set, we define

L:=sup{l e Ny: (£,0,0) € 2} € N, U {oo}, (3.1a)
k[£] :=sup{k e Ny : (£,k,0) € 2} € NyU {oo}, whenever (¢£,0,0) € 2, (3.1b)
]_'[Z,k] :=sup{j e Ny: ({,k,j) € 2} e NyU{oo}, whenever ({,k,0) € 2. (3.1¢)

Note that these definitions are consistent with that of Algorithm A, but also cover the cases that the
£-loop, the k-loop or the j-loop in the algorithm do not terminate, respectively. We note that formally
#2 = oo and hence either £ = oo or k[£] = oo or j[£, k[£]] = oo, where the latter case is excluded by
Lemma 3.2. )

On 2, we define an ordering by

W Kj) < kj = ulzi’j/ is computed earlier in Algorithm A than ulz’i.
Furthermore, we introduce the total step counter |-, -, -|, defined for all (¢, k,j) € 2, by
[0, k,j| :=#{(t/,K,j)e 2: ( K,j) < kj)}e N,. 3.2)

Our first observation is that the algebraic solver in the innermost loop of Algorithm A always
terminates.

LEMMA 3.2. Independently of the adaptivity parameters 6, Ay ., and 4., the j-loop of Algorithm A
always terminates, i.e.,]_'[ﬁ, k] < oo forall (¢,k,0) € 2.

Proof. Let (£,k,0) € 2. We argue by contradiction and assume that the stopping criterion in Algorithm
A(1.b.II) always fails and hence j[{,k] = oco. By assumption (2.9), the algebraic solver is contractive

k—1,j
and hence convergent with limit ul,;’* = D,(85u, ’l). Moreover, by failure of the stopping criterion in
Algorithm A(i.b.IT), we thus obtain that

. . k—1.j . . ;
ne(wy?) + iy —wg )| S Nl — || == 0.

k—1

| = 0. Consequently, ug_ ! is a fixpoint of @,(8; -), cf. Algorithm A(i.a), and

-1y . . . o k=1, .
hence u, ~ = uj by uniqueness of the fixpoint. In particular, the initial guess ulg’o =u, = ulg’* is

already the exact solution of the linear Zarantonello system and hence the algebraic solver guarantees

This yields [|uf* —u, |

that ulg‘j = ulz’* for all j € N. Consequently, the stopping criterion in Algorithm A(i.b.II) will be satisfied
for j = 1. This contradicts our assumption, and hence we conclude that j[£, k] < co. 0

REMARK 3.3. For the mathematical tractability, we formulated Algorithm A in a way that #2 = oo.
Any practical implementation will aim to provide a sufficiently accurate approximation ulz‘/ in finite
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time. More precisely, Algorithm A will then be terminated after Algorithm A(i.b.IT) if

kj—1
—u |

y
(i) + i = g + [l == (33)

. . . — . k. .
where 7 > 0 is a user-specified tolerance. For T = 0, finite termination yields that u,” = u* with

kox kj kj—1 kj k=14 .
ng(ug ) = 0. To see this, note that (3.3) implies uz =u, =u, anduj = Ug =, - by uniqueness

of the fixpoint of the contractive solver and the contractlve Zarantonello symmetrization, respectively.

k
Finally, the first summand in (3.3) states 7, (”e) = ng(u1Z -) = 0 and hence ”eJ = ”e = u* by reliability
(A3) of the estimator. B

ReMARK 3.4. Up to the algebraic stopping criterion in Algorithm A(i.b.II), the AISFEM algorithm
coincides with the adaptive algorithm from Haberl er al. (2021), where the (perturbed) Zarantonello
iteration is employed for an adaptive iteratively linearized finite element method for the solution of an
energy minimization problem with strongly monotone nonlinearity. However, the present analysis is
much more refined than that of Haberl ez al. (2021):

(1) To guarantee full linear convergence, Haberl ef al. (2021, Theorem 4) requires 6 sufficiently small,
Agym sufficiently small with respect to 6 and A, sufficiently small with respect to Ay, In contrast, we
require A, to be sufficiently small with respect to 0 < g,, < 1 and 0 < g, < 1 to preserve the
contraction of the perturbed Zarantonello iteration (see Lemma 5.1 below in comparison to Haberl ef al.,
2021, Lemma 6), while 6 and A, can be arbitrary.

(ii) Despite the linear model problem, our analytical setting is more involved: the compact perturba-
tion in (2.1) prevents the use of energy arguments that guarantee a Pythagorean-type identity in terms
of the energy error (see, e.g., Haberl er al., 2021; Heid et al., 2021). Instead, we first need to show plain
convergence of Algorithm A (see Proposition 5.3) to deduce a quasi-Pythagorean estimate in Lemma
5.4, which then allows proving linear convergence (Theorem 4.1). As a consequence (and beyond the
results of Haberl er al., 2021), this finally yields that, for arbitrary 6 and Asym, the convergence rates
with respect to the number of the degrees of freedom and with respect to the overall computational work
coincide (Corollary 4.2).

The following proposition provides a computable upper bound for the energy error |||u - ulz’/

Since Algorithm A follows the structure of Haberl er al. (2021, Algorithm 1), the proof can be obtained
analogously to Haberl et al. (2021, Proposition 2) and is thus omitted here.

PropoSITION 3.5. (reliable error control) Suppose that the estimator satisfies (A1) and (A3). Then, for
all (¢,k,j) € 2, it holds that

ne (i) + luig” ”e O+ e = M| if 1 < k < ke and 1 < < jle. K,
i (u];) + |||u/ —u| if 1 <k <k[¢]and j = j[£, k],
lwr —ug|l = Ca ks . -
Mg (u,") if k = k[¢] and j = j[¢.K],
Ne— 1(% ) if £ >0and k =0.
(3.4)

The constant Cy,; > 0 depends only on Cej, Cyiaps Galgs Aatgs Gsym a0 Ay
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4. Main results

In the following, we formulate the main results of the present work. We refer to Section 5 for the proofs
and Section 6 for numerical experiments, which underline these theoretical results. First, recall from
(2.7) that a sufficiently small parameter § > 0 ensures contraction of the Zarantonello mapping and
hence

g = "] < gl — | forall €. 1,0) € 2 .0

with 0 < g, < 1. The following theorem states full linear convergence of the quasi-error.

THEOREM 4.1. (full linear convergence of AISFEM) Suppose that § > 0 is sufficiently small and that
the estimator satisfies (A1)—(A3). Choose A}; . > 0 depending only on Gaig from (2.9) and Dsym from
(4.1) such that

qalg *
qSym +2 1—qalg )\'alg

_ Galg *
1 2 1—qaig )\'alg

0 <Gy = < L 4.2)

Then, for arbitrary 0 < 6 < 1 and Ay, > 0, but sufficiently small A,,, satisfying 0 < A,, < A7,
Algorithm A guarantees full linear convergence: there exist constants Cy;, > 0 and 0 < gy;, < 1 as well
as an index £, € N, with £, < £ such that the quasi-error

A8 =l =)+ [ = ]+ ) fora ek < 2 @3)

satisfies that, for all (¢, k, /), (¢, k',j") € 2 with |€,k,j| > |¢/,k,j| and £’ > £,

kij

Ay = Cing

k|-l K j K Jj
[€.kjl—] J AE/J . (44)

lin

The constants Cy;, and gy, as well as the index £, depend only on Cgp, Crels Greds dsym> Gatgs 05 A
)‘alg and Ccéa = L/Ot

sym®

While the proof of Theorem 4.1 is postponed to Section 5.5, we shall immediately prove the
following important consequence of Theorem 4.1: Algorithm A guarantees that rates with respect to
the number of degrees of freedom coincide with rates with respect to the overall computational cost.

COROLLARY 4.2. Let s > 0. Under the assumptions of Theorem 4.1, the output of Algorithm A
guarantees that

)
) . C.
M(s) .= sup (#7))° Alz" < sup ( E #%/) Alz*’ < %M(s). 4.5)
(Ckje2 CkDE2 N\ (i o (1— g
2N =t Py
[k | <1Ek

>4y
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This yields the equivalence

N
sup #T) AV <00 = sup ( Z #%) Ay < oo, (4.6)
(kje2 kD2 \ i g
€K |<It.k,l

Proof. The lower bound in (4.5) is obvious. To prove the upper bound, without loss of generality, we
may assume that M(s) < oo. By definition of M(s), it follows that

#Tp < M) [AET 1T for (€K, ) € 2 with € = ¢, @.7)
For |4, k,j| > |¢/,k',j'| and £’ > £,,, full linear convergence (4.4) can be rewritten as
Ki7—1 1sp 1/sq1ekd— 1€ K G| 1 s kj1—1
[AZ’J] o = Cli{ls qlif]l Ak [Aed] ", (4.8)
The geometric series yields that

1

@7 | W iv—1/s 48 s Al ki—1/s
Z #7, < M(@s)'"* Z (4" ] R ORE Cli{ls /s (4] "
X j)e2 WK jHe2 ~ Qin
1€/ K ' 1<1€k | 1€/ <18k
Z/ZZQ Z/ZZO

Rearranging this estimate, we see that

s
kj 1
( > #%) Ay < M(s) Cyy ———— ot
WK je2 (1= 4jin)
SIS
>4y

Taking the supremum over all (€, k,j) € 2 with £ > ¢, we prove the second estimate in (4.5). Moreover,
O\ k,j)e 28> Ly} ={,kj) e 2:L <Ly isfinite,

i.e., the sets over which we compute the suprema in (4.5)—(4.6) differ only by finitely many index triples.
This and (4.5) thus prove the equivalence in (4.6). (I

To present our second main result, we first introduce the notion of approximation classes. For 7 € T
and s > 0, define

1 a7y = 13;50((1\/ +1)° ,%plglﬂri,rvl(y) [l — wgp | + nopt(ugpt)])’ (4.9)

with 7, denoting the estimator on the optimal triangulation Z)pt € Ty(7). When (4.9) is finite, this
means that a decrease of the error plus estimator with rate s is possible along optimal meshes obtained
by refining 7.
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THEOREM 4.3. (optimal computational complexity) Suppose that § > 0 is sufficiently small and that the
estimator satisfies (A1)-(A4). Consider A3, > 0 and 0 < gy, < 1 as in Theorem 4.1. Let 0 < A, <
alg' Define )‘sym =- qsym)/(qsym stab) Let0 <6 < 6" :=(1+ Cslab rzel)_1 < 1l and choose

0 < Agym < Ay sufficiently small such that

012 1ot \
0<0,.4 = YRR <o (4.10)
1 - sym/)‘sym
Then, Algorithm A guarantees, for all s > 0, that
s k .
Copt 1y = sup ( > #%) Ay, (4.11a)
EkDe2 Ny e
1€/ K 1 <18k
N
kj N 0,0
sup ( > #%) Ay < Cypy max {Ju s 73> Aey 1, (4.11b)
CEDEL X (k0 j)e2
(2% 1y .
[k ' 1<]€ k|
U=ty

where £, € Nis the index from Theorem 4.1. The constant ¢, > 0 depends only on Ceg, = L/a, Cyyys

Crel’ C child and S5 C pt >0 depends Only on Cstab’ Crel’ Cmark’ CCea - L/ o, rel’ Cmesh’ Clin’ Qin> #‘7@0’
Gred> Msym> Dsym> 0 and s. In particular, this proves the equivalence
N
|l 7 <00 <  sup ( > #%) V< oo, 4.12)
CkNEL N (o jhe2
(NS ]

which yields optimal complexity of Algorithm A.

The proof is postponed to Section 5.6.

5. Proofs
5.1 Contraction of perturbed Zarantonello symmetrization

Recall that, for § < 245, the Zarantonello mapping is a contraction (2.7). However, Algorlthm A

kj
does not compute ”e = D,(5; ”e ) exactly, but relies on an approximation u,~ ~ e *. The next
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lemma states that, for a sufficiently small stopping parameter A,;, > 0 in Algorithm A, the Zarantonello
symmetrization remains a contraction under this perturbation. Its proof essentially follows along the
lines of Haberl ez al. (2021, Lemma 6). However, the present work considers a stopping criterion of the
algebraic solver in Algorithm A(i.b.II), which allows to choose 4, independently of Ay,

LeEmmA 5.1. Let A;lg > 0and 0 < g, < I asin Theorem 4.1. Then, for all stopping parameters
0< Aa]g < A;lg and Asym > 0, it holds that

g = 20| = Gy 15 — ¢ 2| for all (€,k,0) € 2 with 1 < k < K(e]. 5.1)

Proof. By using the triangle inequality and the contraction (4.1) of the unperturbed Zarantonello
iteration, we obtain that

“4.1) k=1, kyj
= 4sym |||”/é Uy l||| + |||”]lf* - ”il”|~ (5.2)

y
[ e

It remains to treat the algebraic error term and to show that it is sufficiently contractive. We use the
contraction (2.9) of the algebraic solver, i.e.,

kj kj—1
flg™ = s < g g™ —

: (5.3)

the met algebraic stopping criterion of Algorithm A(i.b.Il), and the not met stopping criterion of
Algorithm A(i.d.), to obtain that

5%) q k 1, (.bID) q kyj
s = ] = alg |H = Mg T — _a‘;’l Dragm e (%) + [l = 1)1
alg

qalg k— 1J

qal .k
<2y T — ||| L = 20 = — Ll = el o+ ;= 1)
alg

alg 7 1 —

Combining the last estimate with (5.2) and rearranging the terms lead us to

qsym 2)‘alg 1‘1610 k 1 _ k—1,
Jlag — ] < mrT S =y = Gl =y
alg T=qaig —qalg
This concludes the proof. O

An important consequence of the contraction (5.1) of the perturbed Zarantonello iteration is that
k[£] = oo implies that the exact solution is already discrete u* = uj € 2.

LEMMA 5.2. Suppose that the estimator satisfies stability (A1) and reliability (A3), and that the perturbed
Zarantonello iteration is contractive (5.1). Then, £ < oo implies that k[£] = oo as well as u* = uj with

ng(uy) = 0.
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Proof. Since ]_'[ﬁ, k] < oo by virtue of Lemma 3.2, it follows for £ < oo that k[£] = co and hence

g (u f)<r ||| —uz O|| forallk e N.

sym

. . L s kj .
Since the perturbed Zarantonello iteration is convergent with limit uz (and thus (ug ken, 18 @ Cauchy
sequence), we infer that

kg k—o0
1y (u}) < un (’/‘z ) + Cpap |||”£ 7}” — 0.
This proves un (uy) = 0, whence with reliability (A3), we conclude uj = u*. O

5.2 Plain convergence

For general second-order linear elliptic PDEs, a plain convergence result (for the exact Galerkin
solutions) is required to ensure that there holds a quasi-Pythagorean estimate; see Lemma 5.4 below.

ProposiTION 5.3. (plain convergence) Suppose that the perturbed Zarantonello iteration is contractive
(5.1) and that the estimator satisfies (A1)—(A3). Then, it follows that

k—k

fla =l + = "]+ me () =5 0 for £ < oo, 54
. .

=l + flut = ]+ me () =5 0 for£= o0

Proof. Case 1 (£ < 00). According to Lemma 5.2, it follows that k[£] = oo and u* = uj, thus leading
us to a

k—k
Jlar = gl + ot = ] = fluz = ] == o,

where convergence follows from contraction (5.1). Estimator convergence follows from the not met
stopping criterion in Algorithm A(i.d.), yielding that

ki Koy k—k
7713( ) < )‘sym |||M ||| 0.
This concludes the first case.
Case 2 (£ = 00). The proof for the remaining case is split into four steps.
Step 1. We introduce the discrete limit space 2, := closure(UZiO 3&}) The Lax—Milgram lemma
guarantees the existence and uniqueness of u5, € 2, such that

b (uhveo) = Fvy) forallvg, € 2.

00
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Since u; € Z, S 2, is a Galerkin approximation of u},, the Céa lemma (2.5) holds with u* being
replaced by u7,, and the definition of 2 proves that

25 —
lluge =il "= Cosa min [Jus = v ]| == . (5:5)
V[G%

Step 2. Note that k[£] > 1 for all £ € Ny, i.e., at least one step of the perturbed Zarantonello iteration is

. . . . 04 kj .
performed. With contraction (5.1) and nested iteration u, 11 = Uy, we obtain that

(5.D k
g = wghll = @m s = e = T i —

_ kyj _
< Goym [l = "+ Gy ks = ]l

With the definitions a, := |u} —ufim and by = Gy, H|“7z+1 —u < 1, the last estimate

is of the form

0=ap,) <Gyna,+b, forall¢ €Ny with lim b, 2y, (5.6)

Elementary calculus (see, e.g., Carstensen et al., 2014, Lemma 4.7) then proves that

R s (5:7)
Therefore, (5.5) and (5.7) yield convergence
kj =
lluze = eI < Mt = gl + g = ] <= (5:8)

Step 3. With stability (A1), reduction (A2) and the Dorfler marking in Algorithm A(iii), we see that

ki

k i N
Mt (1 7)2 =41 (T N 7@;”@4) + ﬂe+1(=7e+1\9e;uzi)2
(Al)

k kj
= 1 (yul n %9“ed)2 + ”e+1(9€+1\<7l;“2‘!)2

(A2) k2 k)2
= 1y ('743+1 N T z’) + Greq Ne («%\%H?”[)

= (")~ (
>

2

Tred ’75(%\%“’”11 )

- q2)
<0y () = (1= ) e (i) < [1= (1 = @g) O] me (). (5.9)
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With stability (A1), the Young inequality proves, for arbitrary ¢ > 0, that

kj (A1) kj
W+1(“Zil)2 = (1+8)W+1(“z) + 1+ HCh |||”e+1 ”ﬂ”z

(5.9) _ kj
< (+ot—(1- Grea) 0] ’713(”2 ) + (46 HCy ”|“e+1 ”eﬂ”z'

Since (1 — qred) 6 < 1, we can choose & > 0 sufficiently small such that O<g:=0+9[l-01-

qred)é] < 1. By defining a, := r;e(u[ ) and b, := (1 + e Cstab ||| Up g — Uy 2, which tends to zero
as £ — oo by (5.8), the last estimate takes the form of equation (5.6). Therefore, elementary calculus
proves convergence

k,[)2 {—00

a, = n,(u, 0. (5.10)

Step 4. With the triangle inequality, reliability (A3) and stability (A1), it holds that
kyj

k * *
ot = )+ = e+ me i) =2 [ = | + Nz = ")+ me

(A3) k
= 2o (1) + [l — ] + e ()

(A1) l—>oo

= (2 Crel + 1) nﬁ(uﬂ ) + (1 +2C rel stab) |Hu£ - u(i H’

)

where we used (5.10) and (5.7) in the last step. This concludes the proof. O

5.3 Quasi-Pythagorean estimate

While symmetric PDEs satisfy a Pythagorean identity in the energy norm (with ¢ = 0 and £, = 0
in (5.11)), the situation is more involved for nonsymmetric PDEs. The following result generalizes
Bespalov et al. (2017, Lemma 18) by considering general v, € 2, and by additionally proving the
lower bound. Although the proof follows essentially that of Bespalov et al. (2017), we include it for the
sake of completeness.

LEMMA 5.4. (quasi-Pythagorean estimate) Suppose that the estimator satisfies the axioms (A1)—(A3).
Suppose that the exact Galerkin approximations satisfy convergence |H u* —uj ||| — 0 along the sequence
of nested spaces 2, C Z,, as £ — £. Then, for all 0 < & < 1, there exists an index £, € N, with
£y < £ such that, forall £, < £ < ¢,

1
1+¢

forallv, € 2;. (5.11)

* <l =+ g = vell?

“1-—¢

Proof. The proof is split into four steps.

Step 1. If £ < oo, Lemma 5.2 proves that u* = uj. We choose £, = £ and obtain that (5.11)
holds with equality and & = 0, since £ = £ and hence u* = uj. Consequently, (5.11) holds also for all
0 < & < 1. Therefore, it only remains to prove (5.11) for £ = oo
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Step 2. Let £ € N and v, € Z,. The weak formulation (2.1) yields that

P+ el = 2Re [Fo0 = (0 )

(5.12)

2 2 2
I = vell” = N[l + llvell” = 2Rea (. v)

Analogously, from the discrete counterpart (1.3) of formulation (2.1) and the linearity of %", we obtain
that

g = vell® = Mt I + llvell® — 2Rea (7. v,)

(13) 1 .
= Nt + lIvell® — 2 Re [Fp) — (#7u, v,)]
= ”sz + v H|2 —2Re[F(v)) — (A", vo) + (A (" —u}) . v,)] (5.13)
as well as
Fap) 2 a(upu) + (s, ut) = ||+ (s ). (5.14)

Forv, = uz, we see that

N (5.12) 1« * * x
flur =zl =7 Pt + ek )* = 2Re [F () = (0, )]

L P P + 2Rl () ). 6.15)
Summing (5.13) and (5.15), we obtain that

= + N = well? = [ 1P + llvell? = 2B [P0 — (0, ve) = (5 (0 = ). = )]

(5.12) N * X\ x
= [l = v+ 2Re (A (u* = uf) up = vy).
(5.16)

Step 3. We recall from Bespalov ef al. (2017, Lemma 17) that plain convergence (5.4) of Proposition
5.3 yields that

I/t* B uz if * # *
_—_— u u,

eg = 1 [lur — | ‘
0 otherwise

defines a weakly convergent sequence in 2~ with e, — 0 as £ — oo. We recall that compact operators

turn weak convergence into norm convergence. With the operator norm ||@||" := sup [¢(W)|/ IVl of
ve 2°\{0}

¢ € 2, it thus follows that

/ £—>00

[ @t =), wp = ve)| < 1 el — il Nt = vell - and [l e || —= 0.
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Given ¢ > 0, this provides an index £, € N such that |||J/ ep |||/ < e forall £ > £, and hence

2 [Re (" (u* —uj) s uy = ve)| = 26 [|ur — ] [l = vell

(5.17)
< e [l = I + oz - vI].

Step 4. Rearranging the identity (5.16) and estimating the compact perturbation via (5.17), we obtain
that

. 5.16 * * * * *\
et = vl O fla =t + g = vel|* = 2Re (# (u* — u3), u; — vi)
G.17) * * *
<" (o [[lur = P + g —vell?].

This proves the lower estimate in (5.11), and the upper estimate is proved analogously. g

5.4 Auxiliary contraction estimates

The following lemma extends (Gantner ef al., 2021, Lemma 10) to the present setting with a quasi-
Pythagorean estimate.

LEMMA 5.5. (combined discretization-symmetrization error) Suppose that the perturbed Zarantonello
iteration satisfies contraction (5.1) and that the estimator satisfies (A1)—(A3). Then, forall 0 < 0 < 1
and Ay, > 0, there exists an index £, € Ny with £, < £ and scalars v > 0 and 0 < gy, < 1 such that

) . 12
A= [l =P +vne ()] forall @k € 2 (5.18)
satisfies

A < gy, A% for all (£,k+ 1,0) € 2 with £ > £, and k + 1 < k[¢], (5.19a)

k—1

AV | < i AY for all (¢ + 1,0,0) € 2 with £ > ¢, (5.19b)

Proof. Let0 < ¢ < 1 as well as v,w > 0 be free parameters to be fixed below. The proof consists of
seven steps.

Step 1. Lemma 5.4 provides an index £, = £, (&) such that for all £; < £ < £ the quasi-Pythagorean
estimate (5.11) holds true. For (¢,k 4+ 1,0) € 2 with £, < £, we get that

k+1,j k+1,j
(AF) =l =y I+ vl )

G k+1j

A1) k j
e et =P+ Qe |us =y P v () (5.20)
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. . . 04 kj
Analogously, for (¢ 4 1,0,0) € 2 with £ > £, nested iteration Up | =Uy shows that

kj kj
(A051)" = [l = s + v e ()

(5.11) . .
< e flu — P+ e fJup — s P + vy (y)) (5.21)

Step 2. Define C; := 6C2, and C, := 6C%,C>

< Ciap- Then, stability (A1) and reliability (A3) prove that,
forallv, € Z,,

(A1)
7 —quI < 3Comy (”z)z < 6Chn,(v)? +6Chy Chyp g — wl!lz

= Cynpvp)? + Gy [lug = v (5.22)

Step 3. This step concerns estimator reduction via mesh refinement and thus applies only to the case
(£ +1,0,0) € 2. Stability (A1) and reduction (A2) in combination with the Dorfler marking criterion
in Algorithm A(iii) as in Step 3 of the proof of Proposition 5.3 show that

kj\2 (5.9)

Y kyj kj .
e (") < [1 = (1 — grea) 0] me 1)2 =iqy ’7@(“[!)2 with0 < gy < 1. (5.23)

Step 4. For (¢,k + 1,0) € 2, contraction (5.1) of the perturbed Zarantonello iteration proves that

k+1 k+1 kj _ kj
™ = a1 = W = ™+ D = ] = 0+ G i = 7]

Define C; 1= A w1 4+g sy m) Using this with the not met stopping criterion in Algorithm A(i.d.) for
,k+1,0) € Q W1th k+ 1 < k[£] shows that

k1

k+1,j\2 kg2
l) < bigt “z‘lm < G ||u; - ”e ||| (5.24)

U (”E sym |||”

Analogously, for (¢ + 1,0,0) € 2 it holds that

- k71 j
Y i

Wkl
llag? = a0 = M = " + Mo =i = 1 gl = e

Define C; := C3,(1 + Gyypy)*. Stability (A1) and the Young inequality in the form (a + b)* < (1 +
w)a® + (1 + o Hb?* fora,b € R and w > 0 show that

kj.o (AD) —1j k=1
W(”ed)z = (1+w)’7£( ) +(1+07")Cly |||” — Uy J|||2

P (5.25)

<o)y ) +0+o)Cllu -
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1580 M. BRUNNER ET AL.

Step 5. For (¢,k +1,0) € 2 with £ > £, and k 4+ 1 < k[£], we have

(5.20) . .
(A2 T2 (1= 20) [Jut = ut]]” + 36 [l — P+ (o) g =y L+ v ()
G k+l,['

5.22) k+1,j *
< =20 =P ey D+ e+ O [up — Y

(5.1)
< =20 [l =P+ @42 O (g

(524) kj
< (=20 [l = up[|* + [0+ e COCs + (A o1+ O Taym] [l = "

N2 (4o + O B g —

Provided that
(W +eCNCs+ (1 +&(1 + Cy)) Gogm = Gaym + vC3 +£[C,C3 + (1 4+ Cy) Goy] < 1 — 26,

the quasi-Pythagorean estimate (5.11) proves that

1

511 1 —2¢ —
1—c¢

* * * k ]
(451 < 1 = 20) [[lu = 3P+ s — )] 2

2 (452,

kg2
flwr = || < ¢

1—¢

This proves (5.19a) up to the choice of the parameters ¢, and v.
Step 6. For (£ +1,0,0) € 2 with £ > £, we have that

(5.21)

kj kj
(4%,1)° (=26 [l =" + 3¢ [l ="+ (1t e g — v e (")

(5.22) 1 L
< =20 |lur =] ey )+ e Cot (Lt &) By Jlut iy

kj
+ Ve (ug 7)2

) P

.23) k—1j
< (=29 [Jut —up])* + e €y, l‘1)2 +eCo+ L+ &) Gy [} — 1y *
y
+ v e (")

(5.25) —1j
< =20 |lu =P+ [ G (4 &) Py + Coggv (@ + D] g — g P

- k=1j\2
+leCv + g0+ o) v (g, 7).
Provided that
eCv '+l +w)<1-2¢

and

£Cy+ (14 &)Ghm + Cogpv(1 + 07" = G +vCyqy (1 + 07 ) +6(C, + Goy) < 1 — 2,
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ADAPTIVE FEM WITH QUASI-OPTIMAL OVERALL COST 1581

the quasi-Pythagorean estimate (5.11) shows that

k—1j k—1,j
A TR

k-1, 1-2 -
[+ = 20w ) = = (47)”

(40,)* = (1= 20) [ =g | + [l -

511 1 —2¢
<
- 1—¢

k=1,
flu =g

This proves (5.19b) up to the choice of the parameters w, v and ¢ in the following step.
Step 7. A suitable choice of the parameters w, v and ¢ can be obtained as follows:

 first, we choose w such that (1 + w)g, < 1;
* second, we choose v such that qum +vC; < 1and Z]fym +vg,Ci(1+ 07 < 1;
» finally, we choose ¢ > 0 sufficiently small so that all constraints in Step 5 and Step 6 are satisfied.

This concludes the proof with qﬁn = 11:255 < 1. O

5.5 Proof of Theorem 1

The proof is split into five steps. Recall the definitions

S e

ky .k kyi (5.18) 271/2
4, — "l + g™ = g+ me () and Af U= [IH — "I+ v e () ] :

Step 1. In the first step, we prove that
AY < lub* — Y| forall (6,k.j) € 2 with 1 < k < k[€]and | <j < j[€.K]. (5.26)

Together with reliability (A3) and stability (A1), the definition of Alz’i shows that

g =l = a4 e ()
< Mot = gl g = I+ W™ = ]+ me ()
(A3)
< Coame () + [l — || + o™ = o] + e ()
(AD)

= (1+ ) g (1) + (1 + CoanCre) g — || + g™ = .
The contraction of the (unperturbed) Zarantonello iteration (4.1) proves that

“n 4q
—ull s =

,1-
i = 2”1 = Ml = gl =+ o™ e B Carnd|

~ 4sym

k—1
< Mol =l + D = g™
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1582 M. BRUNNER ET AL.
Furthermore, the contraction of the algebraic solver (5.3) proves that

(5.3) gy
ol el Lt

k’_
o Ern

Combining the last three estimates with the not met stopping criterion of the algebraic solver in
Algorithm A(i.bII) for 1 <j < ]_'[K,k], we conclude that

li

A8 m ) k=l 5

Finally, the triangle inequality and the contraction (2.9) imply (5.26).
Step 2. Next, we show that

kyj P
A S AY forall (k) € 2, (5.27)

which is trivial for j = ]_'[K, k]. To deal with j = ]_'[Z, k] — 1, note that the definition of AIZ‘i shows that

e s R el S
< Mt = W M = 2 = ).
Stability (A1) and the algebraic solver contraction (5.3) lead us to
2 g = g+ me gy 2 @+ G i = a4 e ()

(5.3) L kil kj—1
= @2+ Cstab)(1 + qalg) |||MIE - MK‘[ ||| + nﬁ( )
Combining the last two estimates verifies (5.27) forj = J_'[E, k] —1,1.e.,
kj—1 kj—1
A ot = e = ) = A (5.28)

We prove the remaining case j < j[¢,k] — 1 by (5.26) from Step 1 and the algebraic solver contraction
(5.3),ie.,

kj (528) k,} 1( ||| k,/ 2||| (5~<3) (le.k1=2)—j |||

e — qalg “§J||| = A?j

This concludes the proof of (5.27).
Step 3. In this step, we prove that

0.j k-( 27)
A=A = A7 and Af < AY < AR <A forall (k) € 2withk = 1. (5.29)
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. 0,% 04
Together with u,”™ = u,

1583

. 04
= u(g’o, the definition of Ag and Ag’o proves that A0~ Ag’o =A, as well as

i
A’g <A Z’l for all (¢, k, J_') € 2, where the hidden constants depend only on v. Together with (5.27) from

Step 2, it thus only remains to prove AIZ’O < A’g_l fork > 1.

To this end, let (¢, k, J_') € 2 with k > 1. From contraction (4.1) of the unperturbed Zarantonello

k0 k=1,

symmetrization and nested iteration i/, = u, °, we get that
A = Ylar =y | =y )
M O gl — ),
The Céa lemma (2.5) proves that
g =y < Mt = il Wt =g 0 M =

Combining the last two estimates, we arrive at

AR < [l = ) = AR

This concludes the proof of (5.29).
Step 4. In this step, we prove that

JIEK]

J| . ki :

Z AT <A+ AY forall (4,k,)) € 2.
j=i

According to the right-hand side of (5.30), it remains to consider the sum forj/ =j +1,...

With (5.26) and contraction (5.3) of the algebraic solver, we get that

jlek1— jlek— jlek1-2

, (5.26) _ (5 3) v
Z:A“ S §:m¢t-’lm (7 > dug
J=i

J=j+l1 J=j+1

With the geometric series and |||uif* — ulg"m < Alz‘/, this concludes the proof of (5.30).
Step 5. For (¢, k,j) € 2 with £ > ¢, the preceding steps show that

JIEk] JIE K]
kj'
> = > A+ > >4y
(e’,k’J/)e,z i=j+1 @ K0e2 j=0
K §)> (k) 0 K 0)>(£,k,0)
(530) 1 gj i Py , 1627 .
J J J k.0 ki
Slatva]s 3 [atear] Sare S
' K,0e2 ' K 0e2

(5.30)
JLe K = 1.
Ak’,O

(€' K ,0)>(€,k,0) (€' K 0)>(€,k,0)

20z dunr |z uo Jasn yayjolqig usip NL AQ 201861 2/09S L /€ /¥ /o101 e /eulew/wod dnooiwapede//:sdiy wolj papeojumoq



1584 M. BRUNNER ET AL.

With the linear convergence (5.19) of A’g from Lemma 5.5 and the geometric series, we thus see that

k[£] £ k[ k[f £ k[e-
> ZA”+ZZA°<ZA"+Z ZA
' K,0e2 =k+1 =0+1k= =l+1 K=
(€' K 0)>(L,k,0)
(5.19) (27 (529 g 62D

S As+AY, S Ay S oA S oAy
Altogether, this proves that

Z A’lf;/ < Ak” for all (¢,k,j) € 2.

(UK j)e2
WK J)> (k)

According to basic calculus (see, e.g., Carstensen et al., 2014, Lemma 4.9), this is equivalent to the
claimed linear convergence (4.4) with respect to the lexicographic ordering on 2.

5.6  Proof of Theorem 2

Thanks to Corollary 4.2, it is sufficient to show that

Ny
I g,z S sup (#Fp)' A7, (5.31a)
(Lk)eD
0,0
(gi‘ﬁég(#y’s ki< max{uu (73, A } (5.31b)
=L

We split the proof into six steps.

Step 1. We first show (5.31a) for the case £ = oco. Algorithm A ensures that #.7, — oo as £ — oo.
We recall that in NVB refinement an element is split into at least two, but at most C ;4 child elements.
In particular, for all £ > 0, we have that

#7411 = Cania #7- (5:32)

For any given N € N, we can argue similarly as in the proof of Carstensen et al. (2014, Proposition 4.15).
Choose the maximal index £’ € N, such that #.7, — #.7) < N. The maximality of £’ leads us to

(5.32)
N+ 1 < #Z/+1 - #% + 1 < #%/4_1 < Cchild #%/ (533)

Since 7, € Ty(7,), we have that

i [l =l + m )] = =+ e ) (534
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ADAPTIVE FEM WITH QUASI-OPTIMAL OVERALL COST 1585

and stability (A1) and the Céa lemma (2.5) show, for (¢/,k',j) € 2, that

(A1) )y h
) <t =yl 4 np (") + Co 1y = i

|

o =

+ 0y (MIZ:J/) + Cytap |||M* - ulz:‘/

=+ Cstab) |||u* - ”2’

(2.5) N ' /oy
= (CCéa (1 + Cstab) + Cstab) |||u - ”’cffd ”| + Ny (u’g’J )
< (Coga (1+ Cya) + ) AL (5.35)
A combination of the previous estimates leads us to
K . * * * (5:34) s * * *
1) in = il i) | =T (1) [ =+ )]
(5

g &3 s K s ki
[+ ()] S @Tp) a7 = sw (#7)) 4,7

33)
< Chu#7) [llw* = up,
(Lhkje2

Finally, taking the supremum over all N yields the sought result

i
a7 S sup (#7,)" A7
(Lkje2

Step 2. We proceed to show (5.31a) for the case £ < co. Recall from Lemma 5.2 that n ¢ (uj) = O0and
u; = u*. Without loss of generality, we may assume £ > 0, since otherwise [u*|y (5, = 0. Combined
with reliability (A3), this yields that

“9)
1 gz =

p (0740 [l il ]

su
NeNy Topt€Tn (%)
(A§3) (1+Cyyp) sup (N+1°  min _ no(ugy) ) (5.36)
0<N<#Z—#T Ton€Tn(F)

We argue as in Step 1 above: let 0 < N < #.9, — #.7,. Choose the maximal index 0 < ¢’ < £ with
#7, — #7, < N. Arguing along the lines of (5.33)—(5.35), we see that

. kj
sup N+1)Y  min g, (u < sup (#7)" A}
gg(( i (i) )€ s (874

Combining this with (5.36), we conclude the lower bound (5.31a) also in this case.
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1586 M. BRUNNER ET AL.

Step 3. We prove (5.31b) for [lu*| 5 Tiy) < 0% since the result becomes trivial if ||u*| A Thy) = O
First, we show that for all £ > £, with (¢’ 4 1,0,0) € 2, there exists Z,, C 7, such that

1 0j /s 2 2
#2117 (AE,’H) and  Opanne (3) < np (B i) (5.37)

Since 0 < Opane = O + Agm/Mym)? (1 = Agym/Mym) ™ < 6%, and because there holds (A4),

(Carstensen et al., 2014, Lemma 4.14) ensures, for all €’ > £,,, the existence of aset Z,, <, satisfying

#%y S W1 i) )" and  Opane (13)° < np (Zpoul)” (5.38)

Stability of the estimator (A1), the contraction of the perturbed Zarantonello symmetrization (4.2) and
the stopping criterion in Algorithm A(i.d.) show that

kjy (Al kj
Ny (”Zl) = Ny (”2’) + Cstab ”|u2’ - M;'

“2 q kj—1 oA ki
< N uy) + Coap %Hlu ”e;l Il'= ne () + )Lsym ny (u))-
ym sym
Since Agy, /Afym < 1 by assumption, we thus obtain that
i
(1= Agm/ Ay e (4) =m0 (1) (539)

which leads us to

(5.38)
* 1 1
w2, < W1 ()

Moreover, thanks to nested iteration, Step 3 of the proof of Theorem 4.1, Step 3 of the proof of Lemma 5.5
and reliability (3.4) of Proposition 3.5, there holds that

0j (529 kj\2\1/2
e;l+1 = £’+1 = (lHu _“e’H +”’7£’+1(“eg)2)

(e

By summarizing the last two estimates, we obtain (5.37).
Step 4. For (¢’ 4+ 1,0,0) € 2 with ¢/ > £, we show that

(5 23) 1/2 (3.4) y
(”z;, ) ) S Ny (“Z;l )- (5.40)

#My < Coan # %y, (5.41)
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ADAPTIVE FEM WITH QUASI-OPTIMAL OVERALL COST 1587

with the constant C,,,, > 1 from Algorithm A. Recall the definition 6,4, = (6'/% + Asym/ )Lsym)2 (1-

hegym/ Mym) 2 With A0 = (1 = Gy)/ (Gsym Cga)- This shows that

sym

. q k—1y q kj
g — )] = T ll? - W= =2y ()
qsym sym
A ki A ki
= ;;b iym W’( J)=C;;b Qrilﬁk 1- *m -6 ’le'(”;l ) (5.42)
)‘sym )‘sym

Now, we can estimate

A Ky (539 (5.38)
erilﬁk(l - );ym)nz’ (“Z/ ) = em/arknl’ (“e’) = Ny (%K””e/)

(A1) K
= o (Bl )+ Co Nl — )

(5.42) k’ 1/2 )\. EJ/
< r](,(%’p,ue, ) + |:6’m/ark(1 - m) — 91/2i| Ny (ue,’).

sym

Rearranging the terms, we obtain that %, from Step 3 satisfies the Dorfler marking criterion of
Algorithm A(iii) with the same parameter 6, i.e., there holds

o (") <o (%) (5.43)

Hence, quasi-minimality of the set of marked elements .#,, implies (5.41).
Step 5. Consider the case (£, k,j) € 2 with £ > £,. Full linear convergence from Theorem 4.1 yields
that

i\ ED i s 1787 18kl —1€ K | kjy—1/s
Z (Azfd) S () Z (‘111{1) S (a7) (5:44)
K je2 WK j)e2
[€ K | <[k [€/ K | <[ €.k
5/250 Z/Zl()

Recall that NVB refinement satisfies the mesh-closure estimate, i.e., there holds that

-1
#Ty —#Ty < Copean D_ #My  forall £ >0, (5.45)
=0
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1588 M. BRUNNER ET AL.

where C,., > 1 depends only on .%,. Thus, for (¢, k,j) € 2 with £ > £, we have by the mesh-closure
estimate (5.45), optimality of Dorfler marking (5.41) and full linear convergence (5.44) that

£—1 -1
(5. 45) (GR 41)
y #'7[ = mesh z #‘%f’ meshcmark Z #'%Z/
=ty U=ty
(5.37) 1/s
l/v
< A (Tey) Z ( e/+1)
=ty
7 st 71/A‘ (5~44) ; 71/3‘
1 k 1 k
SWiliz, > (a) T s wenls, (aF)
WK je2
1€k 71 <1€ k.l
U=ty

Rearranging the terms and noting that #.7, — #.7, + 1 < 2 (#.7, — #.7} ), we obtain that
#T, —#T, + 1’4y < [z, for €> ¢
Trivially, full linear convergence proves that
#T, — 4Ty, + 1’ A = A7 < AY for €=,
We recall from Bespalov et al. (2017, Lemma 22) that for all .7; € T and all .9}, € T(J), it holds that

BT, —#Ty + | <#T, < 4T, #T, —#Ty + 1). (5.46)

Overall, we have thus shown that

. (5.46)
k
GBI A S 4T~ 47 + DAY S max [l 0 A0

for all (¢,k,j) € 2 with £ > £,. This concludes the proof of the upper bound in (5.31b) and hence that
of (4.11).
Step 6. We prove the equivalence in (4.12) by combining the steps above. Recall that

D\((Lkj) € 2: € >0y} ={(lk.j) € 2: £ <Ly} is finite

and that |u*| ATy < 00 is equivalent to fu*]  ( Ty < OO Thus, the claim follows immediately by the
equivalence in (4.11). This concludes the proof.

6. Numerical experiments

We consider the model problem (1.1) from the introduction. The MATLAB implementation of
the following experiments is embedded into the open source software package MooAFEM from
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FiG. 2. Optimality of AISFEM for the dlﬁuvmn—convectmn—reacnon problem on the L-shaped domain from Section 6.1.

Convergence history plot of the error estimator 77((ue -) over the computational costs (left) and the elapsed computational time
(right) for different polynomial degrees m.

Innerberger & Praetorius (2023). In the following, Algorithm A employs the optimal local Ap-robust
multigrid method from Innerberger et al. (2022) as algebraic solver and the standard residual error
estimator n,. Given T € 7, and v, € 2, the local contribution of 7, reads

N(T5vy)* i= I |=divA Vvg = f) +b - Vvy + vy = Ty + b ITA Vvg =) -0l 700

It is well known (see, e.g., Carstensen et al., 2014, Section 6.1) that n, satisfies the axioms (A1)-(A4)
from Section 2.3.

6.1 Diffusion—convection—reaction on L-shaped domain

In this subsection, we consider the problem (1.1) on the L-shaped domain 2 = (-1, 1)? \ ([0, 1] x
[—1, 0]) C R? with coefficients A (x) = Id, b(x) = x and ¢(x) = 1, and right-hand side f(x) = 1, i.e.,

—Au*(x) +x-Vur(x) +u*(x) =1 forxe £ subjectto u*(x) =0 forx e 3f2.

Optimality of AISFEM. We first display the optimality of Algorithm A with respect to the computa-
tional cost stated in Theorem 4.3 using the equivalence #.7, >~ dim Z,. Numerically, we test with the
parameters Ay, = Ay, = 0.1,8 = 0.5 and & = 0.5 and, unless stated explicitly, the stopping criterion
dim Z, > 107. Note that both the total error and the algebraic error are unknown in all practical purposes.
Therefore we cannot study the decay of the quasi-error, but rather consider the equivalent error estimator

ul (u P ) see (5.40). Figure 2 shows that the proposed algorithm achieves optimal rates —m /2 for several
polynomial degrees m both with respect to the computational costs and the elapsed computational time
after a short preasymptotic phase.

Optimality of the iteratively-symmetrized solver. Optimality of AISFEM is possible when the inherent
symmetrization and algebraic procedures are treated efficiently. In Fig. 3, we present the time required for
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F1G. 3. Optimality of the combined iterative solver for the diffusion—convection—reaction problem on the L-shaped domain from
Section 6.1. Cumulative time for the direct solve and AISFEM over the computational costs.

our iteratively symmetrized solver compared to the MATLAB built-in direct solver (backslash) of the linear
system related to (1.3). We note that the displayed timings are comparing the direct solve time itself with
the remaining time (including the setup of the Zarantonello system, computation of the error estimator
and mesh refinement). Hence, the presented numbers favor the built-in direct solver over the MATLAB-
implemented multigrid code. Nevertheless, the combination of the Zarantonello symmetrization with
the optimal local multigrid solver from Innerberger et al. (2022) appears to be of comparable speed to
the built-in direct solver with the observation that as the dimension of the linear system increases, the
backslash performance begins to degrade. Moreover, Fig. 4 shows that the iteration numbers of the solver
remain uniformly bounded in the levels for various choices of the parameters Ay, and 6. Note that when
A¢ym decreases, a higher accuracy of the Zarantonello symmetrization is required. Therefore, the iteration
numbers are expected to increase with smaller Ay, as seen in Fig. 4 (left). Moreover, the iteration
numbers are also expected to increase as 6 becomes larger. This is due to the aggressive refinement
leading to hierarchies of low numbers of levels, but with considerable increase in the dimension of the
linear systems. This may lead to the conclusion that 6 should be chosen very small in order to have less
iterations per level, but studying the cumulative solver steps in Fig. 4 (right) shows that this is not the
best strategy.

Parameter study of AISFEM. We now investigate which parameters yield the best contraction in the
iterativelysymmetrized step A(ii)—(iii). Since the parameters depend on the contraction factors g,;, from
(2.9) and Dsym from (4.1), we study a setting where the exact discrete solution uj to (1.3) and the exact

Zarantonello solution u’z’* to (1.5) are computed. Then, we compute Qaig l,k,j) for (¢,k,j) € 2 and
define the level-wise contraction factors g,;,(¢) as the maximum over all g,;, (¢, k,j) for fixed £ € N

and analogously for ggy,,. From now on, we fix the polynomial degree m = 2 and the parameters
Mg = 1072 for the numerical experiments. We investigate the behavior of the combined solver for
various choices of Ay, € {1071,1072,1073,107%} and 6 € {0.1,0.2,...,0.8,0.9}. Figure 6 shows

upper bounds Ay, < Ay = (1 = geyn) (1 = gy,) /(4 qyy) (see the implicit definition of A}, in (4.2))
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FiG. 4. Uniform bound on the iteration numbers for the diffusion—convection—reaction problem on the L-shaped domain from
Section 6.1 and the strong convection problem on the Z-shaped domain from Section 6.2. Number of total solver steps |¢, k,j| —
[£,0,0| on the level ¢ for various selections of the symmetrization stopping parameter Asym with fixed & = 0.5 (left) and the
cumulative solver steps for different marking parameter 6 with fixed Asym = 0.1 (right).

TABLE 1|  Optimal selection of parameter with respect to the computational costs for the experiment from
. . . . kj oo . Lo
Section 6.1. For the comparison, we consider ZW’(’J’ISI&&[I dim %y x n,(u,”) with stopping criterion

y
un (uz’l) < 1073 for various choices of A, and 0 with the optimal choice highlighted in color

sym
Asym/G 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

107! 533 470 402 424 497 608 801 971 1513
1072 3084 1878 1566 1482 1524 1624 1869 2485 4266
1073 6543 4490 3478 2831 2894 3371 3826 4729 6956
1074 10791 6621 5211 4381 4475 4777 5979 7398 10901

and Fig. 5 displays contraction factors g, ~ 1/2 and g, ~ 1/2, independently of the choice of
6 and Ay, Note that g, being close to g,,,, means that the perturbed, i.e., iteratively symmetrized,
Zarantonello step is of comparable performance to the unperturbed Zarantonello iteration. Moreover,
Table 1 shows that the optimal combination of the parameters with respect to the computational costs is
6 = 0.3 and Aym = 10~!. Furthermore, it appears that the choice of 6 has a stronger impact on the costs
than the selection of A,

6.2 Strong convection on Z-shaped domain

In this subsection, we consider the problem (1.1) on the Z-shaped domain £ = (—1,1)% \
conv{(0,0),(—=1,0),(—1,—-1} C R2 with coefficients A(x) = Id and b(x) = (5,5) ", and right-hand
side f(x) = 1, i.e.,

—A )+ (5,5 - Vurx) =1 forxe 2 and uw*(x)=0 forxe df.
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FIG. 5. Uniform contraction of the iterative solver for the diffusion—convection—reaction problem on the L-shaped domain from
Section 6.1. Experimental contraction factors ga1g, gsym and Tsym for various choices of the symmetrization stopping parameter
Asym Wwith fixed 6 = 0.5 (left) and different marking parameter 6 with fixed Asym = 0.1 (right).
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FiG. 6. Computed upper bounds for A} o

102 10° 10* 10> 10° 107 10% 10°
Z\{”,k’,j’ls\f,&,ﬂdimX"

< I;lg for various choices of the symmetrization stopping parameter Asym Wwith fixed

6 = 0.5 (left) and different marking parameter 6 with fixed Agym = 0.1 (right), where we emphasize the double scaling of the

*

y-axis for Aa]g

1esp. Gsym in both figures.

Figure 7 shows that even for a strong convection combined with a strong singularity at the origin,
the adaptive algorithm recovers the optimal convergence rates —m/2 for several polynomial degrees m
both with respect to the cumulative costs and computational time. In Fig. 4, we see that the number of
solver steps per level £ behaves similarly to the diffusion—convection—reaction problem on the L-shape
from Section 6.1 with an increase due to the stronger singularity. Furthermore, Fig. 8 displays upper
bounds on A, < A3, < X;g and the contraction factor g,y,, ~ 1/2 (after an initial phase of reduced
contraction) for the perturbed Zarantonello system in (4.2).

7. Conclusion and future work

In this work, we have developed and analyzed an adaptive finite element method for nonsymmetric
second-order linear elliptic PDEs (1.1). From a conceptual point of view, the crucial assumption is that
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F1G. 7. Optimality of AISFEM for the strong convection problem on the Z-shaped domain from Section 6.2. Convergence history

k
plot of the error estimator 7, (u?l) over the computational cost (left) and the elapsed computational time (right).
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Fi1G. 8. Uniform contraction of the combined solver for the strong convection problem on the Z-shaped domain from Section 6.2.

Contraction factor gy, and computed upper bound for )‘21 e < Aalg for various symmetrization stopping parameter Agsym with

fixed & = 0.5 (left) and different marking parameter 6 with fixed Asym = 0.1 (right), where we emphasize the double scaling of
the y-axis for )‘;lg resp. gsym in both figures.

the weak formulation takes the form
b(u*,v) :=a(u*,v) + (%u*, v) =F@W) forallve %, (7.1)

where F € £ is a linear and continuous functional, a(-,-) is a symmetric, continuous and elliptic
bilinear form on Z°, and 7 : 2" — 2" is a compact operator such that the bilinear form b(-, -) is still
elliptic on Z". Let || - || denote the a(-, -)-induced energy norm. For the discrete formulation

b (uj,v,) = F(v,) forallv, € Z,, (7.2)
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we require an (abstract) inexact iterative solver whose iteration map is given by @ ,(F;-): 2, — 2,
contracting the error in the energy norm, i.e.,

|||”e — ule qsym |||u€ H| with ukH = (F; ﬁlz) forall k € N, (7.3)

where the contraction constant 0 < g,,, < 1 is independent of ﬁ? € Z,. Under such assumptions and
with the usual residual a posteriori error estimator n,(-) (satisfying the abstract assumptions (A1)—-(A4))
on nested conforming discrete spaces 2, C 2, ;| C £, the present work proves that the analysis from
Gantner et al. (2021) can be generalized from symmetric PDEs (with 2" = 0) to the general formulation
(7.1): Restricting Algorithm A to the outer £-loop (for mesh refinement) and the inner k-loop (for the
solver associated to 55), we obtain a simplified index set

2 = {(E, k) € N% : ﬁlg is computed by the simplified algorithm} 7.4)

together with the canonical step counter |[£,k|] € N, on 2 defined analogously to (3.2). Then,
Lemma 5.2 (lucky nontermination of the solver), Proposition 5.3 (plain convergence), Lemma 5.4
(quasi-Pythagorean estimate) and Lemma 5.5 (contraction of weighted discretization and solver error)

hold verbatim (and the proof of Lemma 5.4 indeed relies on the compactness of %) if we replace ulz‘[ in
the given proofs by E’lf in the current solver setting. Therefore, we obtain full linear convergence in the
spirit of Theorem 4.1: for arbitrary adaptivity parameters 0 < 6 < 1 and Ay, > 0, there exist constants
Cin > 0and 0 < g;;, < 1 as well as an index £, € N such that

CK=IEKI AR for all (¢, k), (€, k) € 2 with [€,K| < [€,k| and £ > €, (7.5)

—k
Ay = G Gyip

where iy 0= ‘Hu —uy ”| +n, (u'g) denotes the correspondlng qua51 error. In particular, also Corollary 4.2

holds verbatim with 2 replaced by 2 and AR ./ replaced by Ak ¢» 1.€., convergence rates with respect to the
number of degrees of freedom coincide with rates with respect to the overall computational cost. Finally,
it is easy to check that also Theorem 4.3 holds verbatim and proves that, for sufficiently small adaptivity
parameters 0 < 6 < 1 and 0 < A <« 1 in the sense of (4.10), it holds that

sym
|l gy ) <00 = Sup( > #%) A < o0, (7.6)
2 Xy ineD
1€/ K |<]€ k|

which yields optimal complexity of the simplified algorithm.
In the current analysis, the combined Zarantonello symmetrlzatlon with a contractive SPD algebraic

solver is used as one solver module to guarantee (7.3) for u ”z = ”e (see Lemma 5.1), leading to all
results being formulated over the triple index set 2 C N3 (see Section 3—4).

We note that another choice for solving the arising nonsymmetric FEM systems would be precon-
ditioned GMRES (see, e.g., Saad & Schultz, 1986; Saad, 2003), where an optimal preconditioner for
the symmetric part would be employed. Then, it is well-known from the field-of-value analysis (see,
e.g., Starke, 1997) that the algebraic solver would satisfy a generalized contraction for the algebraic
residual (in a discrete vector norm). However, the link between the algebraic residual and the functional
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setting appears to be open. Moreover, the a posteriori error control of the algebraic error for such a
GMRES solver is still to be developed.

While these questions are left for future work, we already note some results that can be achieved
along the arguments of Gantner ez al. (2021): if the solver 55 (F;-) provides iterates (ﬁ’g) keNy> satisfying
only the generalized contraction

|”“Z - ﬁ]ﬂ” = 6sym ‘_Iécym |””2 - ﬁgm forall k € N (7.7)
together with the a posteriori error control

g = || < Coym |k — || forallk e N, (7.8)

where Z‘Sym, C;ym > 0and 0 < gy, < 1 are given constants independently of ﬁ? € Z,, then full linear
convergence (7.5) can be proved for all 0 < 6 < 1 under the additional assumption that A, has to
be sufficiently small. However, the proof of full linear convergence (7.5) for arbitrary 0 < 6 < 1 and
arbitrary A¢ ., > 0 is open, while optimal complexity (7.6) for sufficiently small 0 < & < I and A, in

the sense of (4.10) remains valid (even with the same proof).
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