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Abstract

Studies on the nonlinear beam dynamics for future particle colliders

by Dipl.-Ing. Michael HOFER, BSc

Particle colliders serve as unique tools to study constituents of matter and under-
stand their interactions. For studying rare events, the collision energy of the particle
beam is key in determining which events can be observed, while the achievable colli-
sion rate gives the number of observable events during the operation time of the ma-
chine. Naturally, current and future collider designs have aimed for ever-increasing
collision rates to accurately study rare events with high statistical significance. Beam
losses are detrimental to the performance due to reducing the number of potential
colliding particles. Such losses may be generated by amongst others nonlinear mag-
netic fields, introduced either by errors or to counteract other beam loss mechanisms.
A good understanding of the impact of those fields and their interplay is thus critical
as means to study mitigation measures that help increase the collider performance.

In this thesis, studies on the impact of such nonlinear fields on the beam dynamics
have been conducted with focus on issues in potential future colliders. Simulations
were conducted for such a future collider design to define tolerances on the mag-
netic field errors. To benchmark these simulations, experiments in currently run-
ning machines were conducted where errors have been artificially introduced. A
theory was developed to quantify the interplay between different effects in order to
help explain observations made during the operation of the Large Hadron Collider
at CERN. Further measurements have been conducted at the IOTA accelerator at
Fermilab to quantify the impact of sextupole fields on the beam dynamics.
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Zusammenfassung

Studies on the nonlinear beam dynamics for future particle colliders

von Dipl.-Ing. Michael HOFER, BSc

Teilchenbeschleuniger sind unentbehrliche Instrumente um die Zusammensetzung
von Materie und ihre Wechselwirkungen zu studieren. Entscheidend für die Studie
von seltenen Prozessen sind vor allem die Kollisionsenergie, ausschlaggebend für
welche Vorgänge beobachtbar sind, sowie die Kollisionsrate, welche die Anzahl der
möglichen beobachtbaren Vorgänge während der Laufzeit des Beschleunigers an-
gibt. Gegenwärtig laufende und mögliche zukünftige Collider Projekte streben hö-
here Kollisionsraten an um seltenere Vorgänge mit hoher statistischer Signifikanz
zu untersuchen. Durch übermäßigen Verlust von Teilchen wird die Kollisionsra-
te verringert, wodurch die Leistungsfähigkeit eingeschränkt wird. Teilchenverluste
können unter anderem durch nichtlineare Magnetfelder verursacht werden, welche
durch Feldfehler eingeführt werden können, aber auch um andere Verlustmecha-
nismen zu unterbinden. Als solches ist ein gutes Verständnis von den Auswirkun-
gen die diese Felder haben sowie deren Wechselwirkungen wichtig um mögliche
Gegenmaßnahmen zu studieren, welche die Leistungsfähigkeit des Beschleunigers
verbessern können.

In dieser Arbeit werden Studien über den Einfluss von nichtlinearen magnetischen
Feldern auf die Strahldynamik präsentiert, mit Fokus auf Probleme in möglichen
zukünftigen Beschleunigern. Simulationen für ein Colliderdesign wurden durchge-
führt um Feldfehlertoleranzen zu definieren. Um die Glaubwürdigkeit dieser Si-
mulationen zu beurteilen, wurden Experimente in einem gegenwärtig laufenden
Beschleuniger durchgeführt, in welchen künstlich Feldfehler eingeführt wurden.
Eine Theorie wurde entwickelt um die Wechselwirkung zwischen verschiedenen
Effekten zu quantifizieren und um Beobachtungen im Large Hadron Collider am
CERN zu erklären. Weitere Messungen wurden am IOTA Beschleuniger am Fer-
milab durchgeführt um den Einfluss von Sextupolefeldern auf die Strahldynamik
festzustellen.
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Introduction

Driven by the research of the nature of the atoms and its constituents and the need
for high energy particles to probe matter, the field of particle accelerator physics
has evolved significantly since its inception in the 1930s. With each new particle
collider generation shattering records held by its predecessors, either in terms of
collision energy, size, or collision rate, major advances in particle physics became
possible, such as the discovery of the Higgs-Boson in the LHC or the top-quark in
the Tevatron. While still an essential tool for particle research, particle accelerators
also increasingly play an important role in other fields, such as cancer therapy, as a
source of synchrotron radiation for spectroscopy, or as driver for a nuclear reactor.
The wide range of applications for particle accelerators has also spawned multiple
different accelerator types with differing design principles.

One particular important design principle is based around the idea of alternating-
gradient focusing, proposed by E. Courant, M. Livingston, and H. Snyder and inde-
pendently by N. Christofilos [1]. This proposal has led to the focusing and steering
component being handled by separate magnetic elements, whereas in the constant-
gradient focusing approach used before both tasks had to be accomplished by shape
of the guiding magnetic field. The new approach enabled for stronger focusing and
hence smaller beams, in turn reducing the need for large aperture magnets, which
in the end allowed for larger synchrotrons, achieving energies previously thought
unattainable. In the developed theory of the alternating-gradient synchrotron, only
elements with a magnetic field linear in the displacement to the origin are taken into
account, in turn ideal machines consisting only of dipole and quadrupole magnets.
As such, the stability of the particle motion can easily be inferred via methods de-
rived from linear algebra.

However, in the pursuit of higher energy, higher intensity particle accelerators, the
presence of nonlinear elements such as sextupoles has become inevitable. The pres-
ence of such magnets may be by design to allow to compensate for effects that could
lead to a severe loss of particles, such as the electromagnetic interaction of the par-
ticle beam with machine elements potentially leading to collective instabilities, or
erroneously introduced via effects such as misalignments. While itself posing as a
valuable resource to correct for effects that could cause particle loss and may end
up as intensity limitation, nonlinear magnetic elements itself are also able to induce
unbounded motion of particles which then may be lost. Unlike the previous case of
the linear beam optics theory, given the initial conditions of the particle trajectory,
at present, the stability of motion in the presence of strong nonlinear fields cannot
be analytically determined. In the absence of a general solution of this problem, a
plethora of tools and methods have been developed in the past to analyse specific
scenarios and identify individual solutions.

In this thesis, studies on the single-particle transverse dynamics are presented, fo-
cusing in particular on the effects of nonlinear magnetic fields on the particle motion.
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The focus lies on assessing the issues these fields might pose for the next generation
of particle accelerator.

In Chapter 1, a brief overview of particle collider currently in operation and plans for
the next generation is given. Chapter 2 then highlights beam dynamics aspects rele-
vant for the following chapters. Studies on the impact of magnetic field errors on the
beam dynamics for one of the potential successors to the LHC, an energy upgrade
named the HE-LHC, are described in Chapter 3. Inspired by the situation faced in
the previous chapter, an experimental study has been conducted in the LHC and its
analysis and results are presented in Chapter 4. In the following Chapter 5, a theory
is developed and presented on the interplay between (non-)linear magnetic fields
and coupling between the transverse planes and benchmarked against simulations.
Further experimental studies aiming to quantify the impact of nonlinear fields on the
beam dynamics are presented in Chapter 6 for the case of an accelerator based on an
evolution of the alternating-gradient synchrotron, incorporating nonlinear fields not
as a perturbation but as main component to allow for nonlinear bounded motion.
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Chapter 1

The particle collider landscape and
its future

This chapter aims to provide a brief overview over the particle colliders either in
operation or in planning at the time of writing, of which some were studied in detail
as part of this thesis. First, an overview over the timeline and technical aspects of
the Large Hadron Collider (LHC) will be presented, followed by a description of
its planned upgrade, the HL-LHC. In the following section, the colliders studied as
part of the Future Circular Collider (FCC) study, which provide the framework in
which this thesis was written under, are discussed. In the last section, other collider
projects will be briefly introduced, to which some of the concepts and problems
treated in this thesis may also apply.

1.1 LHC and HL-LHC

The earliest idea of the LHC can be traced back all the way to the design phase of its
predecessor, the Large Electron Positron Collider (LEP), in the 1970s [2]. Here, the
design of the to date highest energy lepton collider was chosen such that eventually
the same tunnel can be reused to later on host an hadron collider, in this case for col-
liding two protons beams. Midway through the runtime of the LEP, which began in
1989 and ended in 2000 [3, 4], the LHC was approved in 1994 by the CERN Council,
not long after the competing Superconducting Super Collider (SSC) in the United
States of America was canceled [5]. First beam was injected in the LHC in 2008 [6],
and with the first collision data taking during run I commencing in 2009 [7]. With a
design center of mass energy of 14 TeV, the LHC exceeds the previous record holder,
the Tevatron, by about a factor 7 [8]. This energy reach allows to study the stan-
dard model of particle physics at an unprecedented level, which eventually allowed
the discovery of the Higgs Boson [9, 10]. These observations were reported by the
two high-luminosity experiments ATLAS [11] and CMS [12] in the LHC, which are
complemented by two further experiments, ALICE [13] and LHCb [14].

In order to extend the discovery potential of the LHC, the High Luminosity LHC (HL-
LHC) project was launched in 2010 [15]. Its aim is to increase the luminosity of the
LHC by a factor 5, relying on, amongst other factors, on the use of crab cavities and
the installation of superconducting magnets featuring an increased peak field of
around 11 T, made possible by the use of Nb3Sn instead of NbTi as superconductor.
Operation is projected to start around 2026, running for about 15 years [16], with the
center of mass collision energy of the HL-LHC remaining at 14 TeV.
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1.2 Future Circular Collider study

Following the update provided by the European Strategy Group for Particle Physics
in 2013 and its full support by the CERN Council [17, 18], the Future Circular Col-
lider study was launched in 2014 to study the design of accelerators for a post-LHC
era. Hosted by CERN, the study combines efforts from over 136 institutes and 32
companies from 34 different countries, covering a range of aspects such as accel-
erator design, hardware development, and implementation studies [19]. Circular
collider scenarios studied fall into three categories: hadron-hadron collider, lepton-
lepton collider, and lepton-hadron collider.

The two hadron collider scenarios investigated as part of the FCC study are the High
Energy LHC and FCC-hh, both aiming to achieve proton-proton collision at a center
of mass energy energy far above the 14 TeV from the LHC. The HE-LHC aims to do
so by using new dipole magnets using Nb3Sn as superconductor and with a field
strength of 16 T compared to the 8.33 T of the LHC dipoles, which should allow to
reach a collision energy of 27 TeV while reusing the LHC tunnel. The FCC-hh on
the other hand would be hosted in a new tunnel in the Geneva Basin, which has a
circumference of about 100 km and together with the 16 T dipoles would allow to
reach a center of mass energy of 100 TeV. The same 100 km may be used also to host
an electron-positron collider, referred to as the FCC-ee, with multiple operational
collision energies ranging from 90 GeV to 365 GeV envisaged to study in detail spe-
cific processes, exceeding the 209 GeV reached in the last year of LEP operation [20].
Similar to case of the LEP and LHC, the FCC integrated project aims to build the
FCC-ee first and later on install the FCC-hh in the same tunnel [21]. The last option,
the FCC-eh, is intended to work alongside the FCC-hh by colliding one of the proton
beams with an electron beam coming from an outside energy recovery linac.

The studies on the design of these four machines and associated particle physics
opportunities over a 5 year span have been compiled into four conceptual design
reports [22–25] to serve as input to the 2020 update of the European Strategy for
Particle Physics. Following the recommendation of further investigating technical
and financial feasibility of both a future hadron collider with a center of mass en-
ergy of about 100 TeV and a preceding electron-positron collider, further studies are
conducted as part of the Future Circular Collider Innovation study to serve as input
for the 2025 update of the European Strategy for Particle Physics [26].

1.3 Other collider projects

Similar particle collider studies at the forefront of the energy frontier are not only
being pushed at CERN, but also at other accelerator laboratories.

One such study, similar to the FCC-ee, focuses on the Circular Electron Positron
Collider (CEPC), a lepton collider which targets to collide at center of mass ener-
gies of up to 240 GeV [27]. Led by the Institute of High Energy Physics of the Chi-
nese Academy of Sciences, the installation of this double-ring collider is currently
planned to take place in China. Similar to the case of the FCC integrated project,
the CEPC tunnel may later on be reused to host a hadron collider, called the Su-
per Proton Proton Collider (SppC), with an initial center of mass energy of 75 TeV.
Unlike the FCC-hh with its 16 T, Nb3Sn dipoles, the preliminary dipole designs for
the SppC foresee the use of iron based high temperature superconductors, initially
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reaching a field strength of 12 T. Later upgrades may then push the field strength to
20 T to 24 T, which would allow to increase the center of mass energy to 125-150 TeV.

Due to the significant energy loss from synchrotron radiation at collision energies
above those of the FCC-ee or CEPC, accelerator studies for machines able to achieve
these higher energies focus on linear colliders. Two design studies, both part of the
Linear Collider Collaboration, have been brought forward. One of the key differ-
ences between the two machines is the use of different accelerating technologies.
The International Linear Collider (ILC) is a design for a linear electron positron col-
lider with a center of mass energy of 250 GeV [28], which could be extended up to
1 TeV [29]. Its design is based on the use of superconducting RF-cavities made out of
Nb3Sn. The Compact Linear Collider (CLIC) on the other hand is based on the use
of a two-beam acceleration scheme, with collision energies ranging from 380 GeV in
the initial operations phase up to 3 TeV in the ultimate stage [30]. In this two-beam
acceleration scheme, the main beam is accelerated in normal conducting cavities by
the power extracted from a secondary, low-energy, high-charge beam.

A similar concept to the LHeC [31] and the FCC-eh is the proposal of the EIC, a ded-
icated electron ion collider building on the already existing and running Relativistic
Heavy Ion Collider (RHIC) [32]. The design foresees collision of polarized, 15.9 GeV
electrons, delivered by an Energy Recovery Linac, with either polarized, 250 GeV
protons or heavy ions such as to fully stripped, 100 GeV/u Uranium- or Gold-ions.
Unlike the FCC-eh or LHeC, collisions in the EIC are possible in two interaction re-
gions, made possible by putting the recirculating rings in the same tunnel as the
RHIC.

Other accelerator facilities already under construction are the NICA accelerator com-
plex [33] in Dubna, Russia and the Facility for Antiproton and Ion Research [34] at
the GSI Helmholtz Centre for Heavy Ion Research in Germany. The former allows
colliding one ion beam with either an ion or proton beam or for extraction of the
ion beam to a fixed target station, whereas the latter aims to provide beams ranging
from (anti-)protons up to uranium over a wide range of energies and intensities to
various further storage rings or to target stations.

Lastly, at Fermi National Accelerator Laboratory as part of the Long Baseline Neu-
trino Experiment, studies are undertaken to high power proton beams to a fixed tar-
get station. With the currently ongoing upgrades to reach the targeted beam power
of 1.2 MW, put forward in Proton Improvement Plan-II (PIP-II) [35], further stud-
ies are undertaken using a new Rapid Cycling Synchrotron to achieve an eventual
beam power of 2.4 MW [36]. Amongst other key factors for this machine is the use
of nonlinear integrable optics [37] to ensure suppression of transverse instabilities
while keeping particle losses due to chaotic motion at a minimum, a concept which
is currently being tested at the IOTA accelerator at FNAL [38].
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Chapter 2

Theory of beam physics

In this chapter the main concepts of accelerator beam dynamics relevant for the fol-
lowing chapters is introduced. For a more extensive discussion on these topics, the
reader is referred to standard textbooks such as [39–43] as well as the proceedings of
CERN Accelerator Schools, which were also the basis for the following introduction.

2.1 Coordinate System

The motion of a single particle in a circular accelerator is most commonly described
by a co-moving Frenet-Serret coordinate system, characterized by (x, y, z). These
coordinates are defined with respect to an ideal particle traveling on a reference
orbit with a design momentum p0 and a location s along the path. The coordinate z
is tangent to the reference orbit, with x and y perpendicular to z and referring to the
transverse offset of a given particle. The location of a particle in phase space is then
fully described by these coordinates and the associated momenta px, py, and pz. An
orbit which closes upon itself is termed a closed orbit, that is, after a given number
of revolutions n which is usually n = 1, the particle arrives at the initial location s0
with the same transverse offset and momentum,

x(s0 + nC) = x(s0), (2.1)
px(s0 + nC) = px(s0), (2.2)

y(s0 + nC) = y(s0),
py(s0 + nC) = py(s0),

with C the circumference of the circular accelerator. Usually, one defines a reference
orbit, that is, the closed orbit of the machine neglecting any errors such as misalign-
ments. In most accelerator designs, the reference orbit passes through the magnetic
center of each element and is only defined by the dipole magnets with a local ra-
dius of curvature ρ(s) depending on the dipole field strength. Usually, bending only
occurs in one transverse plane, which is commonly taken to be in x.
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2.2 Guiding Force

The preference to use dipole magnets over electrostatic elements in accelerators to
guide relativistic particles (v c) can be seen by looking at the Lorentz force

F =
dp
dt

= q E + v × B , (2.3)

where E is the electrical field, v the velocity of the particle and B the magnetic field.
While magnetic fields with a strength of above 1 T have been easily achieved by
electromagnets in the past, an equivalent electric field with a strength of 3 · 108 Vm−1

is currently not achievable due to vacuum breakdowns [44], making magnetic fields
the sole option. In the absence of any transverse steering electric fields and for a
circular orbit, the Lorentz force is equal to the inertial force, which gives

Bρ =
p
q

(2.4)

where B = By is the field strength perpendicular to the bending plane, ρ then bend-
ing radius, p the particle momentum, and q the charge of the particle. The term Bρ
is also commonly called the beam rigidity. Equation 2.4 also illustrates that in syn-
chrotrons, where the bending radius is fixed, the magnetic field strength needs to
follow synchronously the particle momentum to keep the particles on the same or-
bit. In turn, the maximum particle energy a synchrotron can achieve is then defined
by its radius and the maximum field strength that can be achieved by the dipoles.

2.3 Equations of motion

To describe the motion of a particle under the influence of external forces in a general
way, the Hamilton equations

dx
dt

=
∂H
∂px

,
dy
dt

=
∂H
∂py

,
dpx

dt
= −∂H

∂x
,

dpy

dt
= −∂H

∂y
(2.5)

are used, where the system is described by Hamiltonian H, x, y being the canonical
coordinates and px,y the conjugate momenta, and t the time. Assuming that no elec-
tric fields φ are present, the Hamiltonian of a relativistic particle inside an accelerator
is then given by

H(x, px, y, py, δp, ct, s) = 1 +
x
ρ

× (2.6)

q
p0

Az(s) + (1 + δ2
p)− px − q

p0
Ax(s)

2
− py − q

p0
Ay(s)

2
,

where δp = pz−p0
p0

is the relative momentum deviation from the reference momentum
p0, Au the vector potential in the plane u ∈ {x, y, z}. Often, a hard edge model
is assumed, that is, the field strength between different strength elements jumps
abruptly. By neglecting these transition areas called fringe fields, Ax and Ay are
Ax = Ay = 0 and by further assuming pz px and pz py, the square root in the
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Hamiltonian 2.6 is then expanded, yielding

H(x, px, y, py, s) = − 1 +
x
ρ

1 + δp −
p2

x + p2
y

2(1 + δ)
+

q
p0

Az(s) . (2.7)

For a region free of magnetic field, commonly referred as drift space, Az = 0, and
the Hamiltonian for a drift space is expressed as

H(x, px, y, py, s) = (1 + δ2
p)− p2

x − p2
y ≈ p2

x + p2
y

2(1 + δ)
. (2.8)

Here, the first equality is the exact Hamiltonian for a drift space based on Eq. 2.6,
whereas the second is based on the approximate Hamiltonian from Eq. 2.7.

In a region free of currents, the vector potential Az can be written as the following
multipolar expansion

q
p0

Az(s) = −
∞

∑
n=1

1
n
[Kn(s) + i Jn(s)](x + iy)n, (2.9)

with n = 1 corresponding to a dipole. Using B = ∇× A, the magnetic field can then
be written in complex form

By(x, y, s) + iBx(x, y, s) =
∞

∑
n=1

[Kn(s) + i Jn(s)](x + iy)n−1, (2.10)

where the coefficients Kn and Jn represent the strength of the multipole component
and are defined as

Kn(s) =
1

Bρ(n − 1)!
∂n−1By

∂xn−1 (2.11)

Jn(s) =
1

Bρ(n − 1)!
∂n−1Bx

∂xn−1 .

For the case of an on-momentum particle (δp = 0) in a normal quadrupole (ρ = ∞),
the Hamiltonian from Eq. 2.7 is then (neglecting constant terms as they will not affect
the equations of motion)

H(x, px, y, py, s) =
p2

x + p2
y

2
+ K2(s)

x2 − y2

2
. (2.12)

2.4 Hill’s equation and Twiss parameters

Using the Hamiltonian for a quadrupole from Eq. 2.12 together with Hamilton’s
equations, stated before in Eqs. 2.5, whilst switching the independent variable from
t to s, one obtains the following equation

d2u
ds2 + K2(s)u = 0, u ∈ {x, y}. (2.13)
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Note that by choice of the Hamiltonian here only the focusing from quadrupole
magnets is taken into account. An additional weak focusing term (1/ρ(s)2) in the
bending plane is obtained from dipole magnets.

For a circular accelerator, the focusing K2(s) constitutes a periodic function

K2(s) = K2(s + C) (2.14)

with a period of C, which is the circumference of the accelerator. With the con-
strain 2.14, Eq. 2.13 now constitutes the well known Hill’s equation. The solution for
Hill’s equation are found to be

u(s) = 2Juβu(s) cos (ψu(s) + ψu,0) (2.15)

u (s) = −
√

2Ju

βu(s)
α(s) cos (ψu(s) + ψu,0) + sin (ψu(s) + ψu,0) ,

which describes a the pseudo-harmonic oscillation of a particle around the reference
orbit. Here, indicates a derivative with respect to s, that is δ

δs . Ju is the action of
a particle and a constant of motion, and together with the phase-offset ψu,0 make
up the initial conditions of a particle. The betatron-function βu(s) is the position
dependent oscillation amplitude and a sole property of the accelerator lattice. The
term 2Juβu(s) describes the maximum amplitude of a particle at a given position
s. The α-function is defined as αu(s) = − βu(s)

2 , which together with the β-function

and γ-function γu(s) = 1+α2
u(s)

βu(s)
make up the so-called Courant-Snyder parameters.

The phase-advance ψu(s) relates to the β-function via

ψu(s) =
s

s0

dτ

βu(s)
. (2.16)

The phase-advance over the whole accelerator ring, divided by 2π, is called the tune
Qu

Qu =
1

2π

dτ

βu(s)
, (2.17)

and gives the number of betatron oscillations per revolution.

Combining the equations from Eq. 2.15 and solving for 2Ju, one obtains

γu(s)u(s)2 + 2αu(s)u(s)u (s) + βu(s)u (s)2 = 2Ju. (2.18)

For a given location s, this equation describes an ellipse in trace space u, u , fully
determined by the parameter βu, αu, γu and the action Ju, as is illustrated in Fig. 2.1.

The position of a particle with a given action Ju on the ellipse will change turn-by-
turn depending on the tune Qu of the accelerator. Given the dependence on the op-
tics functions, the shape and orientation of the ellipse varies around the ring, while
the area remains constant.
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FIGURE 2.1: Ellipse in trace space diagram described by the Courant
Snyder parameter βu, αu, γu and the action Ju.

2.5 Transfer maps

With the Hamiltonian of an element of given length and strength, a transfer map M
can be defined, which allows to express the final coordinates as polynomial func-
tions of the initial coordinates. As example, for the coordinate q ∈ {x, px, y, py} the
propagation from point s0 to s1 as a Taylor series is

q(s1) = q(s0) + (s1 − s0)
dq
ds

+
(s1 − s0)2

2
d2q
ds2 + · · · =

∞

∑
n=0

(s1 − s0)n

n!
dnq
dsn . (2.19)

The total derivative dq
ds can then be rewritten as a function of the Hamiltonian H,

using

dq
ds

=
∂q
∂x

∂x
∂s

+
∂q

∂px

∂px

∂s
+

∂q
∂y

∂y
∂s

+
∂q

∂py

∂py

∂s
= (2.20)

∂q
∂x

∂H
∂px

− ∂q
∂px

∂H
∂x

+
∂q
∂y

∂H
∂py

− ∂q
∂py

∂H
∂y

.

The last equation may be more conveniently expressed as a Lie operator : H :, which
is defined as

: H :=
∂H
∂x

∂

∂px
− ∂H

∂px

∂

∂x
+

∂H
∂y

∂

∂py
− ∂H

∂py

∂

∂y
. (2.21)
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The Lie operator now allows to rewrite Eq. 2.19 as follows

q(s1) =
∞

∑
n=0

(s1 − s0)n

n!
dnq
dsn = e−(s1−s0):H:q(s0). (2.22)

Using the Hamiltonian for a quadrupole as defined above (see Eq. 2.12) with a length
L, one may now express the coordinates after passing through the element as


x1
px1

y1
py1


 = e−L:K2(s)

x2−y2
2 :




x0
px0

y0
py0


 =




1 0 0 0
−K2L 1 0 0

0 0 1 0
0 0 K2L 1







x0
px0

y0
py0


 (2.23)

Note that here the effect of the quadrupole of the length L was replaced by a single
kick at one location with the same integrated strength, which also allows to omit the

kinematic
p2

x+p2
y

2 of the Hamiltonian. This approximation, where the element is then
assumed to have zero length, is called thin lens approximation.

For the case of a thick quadrupole of length L and focusing in the horizontal plane
(K2 > 0), the transfer matrix M can also be obtained as general solution of Eq. 2.13
and is

M =




cos(
√

K2L) sin(
√

K2L)√
K2

0 0
−√

K2 sin(
√

K2L) cos(
√

K2L) 0 0
0 0 cosh(

√
K2L) sinh(

√
K2L)√

K2

0 0
√

K2 sinh(
√

K2L) cosh(
√

K2L)


 . (2.24)

For the case where K2 = 0, the transfer matrix M is

M =




1 L 0 0
0 1 0 0
0 0 1 L
0 0 0 1


 . (2.25)

Note that the exact representation of the transfer map as a matrix is only possible
for elements where the magnetic field is either constant or depends linearly on the
transverse position of the particle. For elements such as sextupoles with a magnetic
field described by

By(x, y, s) + iBx(x, y, s) = K3(s)(x + iy)2, (2.26)

and the associated Hamiltonian

H =
K3

3!
(x3 − 3xy2), (2.27)

such an approach is not possible anymore.

For an accelerator lattice consisting of n elements with associated transfer maps M,
the change of the initial coordinates (u, pu) over one full turn can be expressed by
the one turn map

MOTM = Mn ·Mn−1 · ... ·M2 ·M1, (2.28)
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which is a concatenation of the individual transfer maps. For the case of only taking
into account linear elements, the one-turn map MOTM then simplifies to a matrix

MOTM =
cos (2πQu) + αu sin (2πQu) βu sin (2πQu)

−γu sin (2πQu) cos (2πQu)− αu sin (2πQu)
, (2.29)

using the Courant-Snyder parameters βu, αu, and γu at a given location s.

The linear motion in an accelerator can be further simplified by introducing the
Courant-Snyder coordinates û, p̂u, which are obtained by the following transforma-
tion

û
p̂u

=

 1√
βu

0
αu√

βu
βu

 u
pu

. (2.30)

The newly obtained linear normalized phase space coordinates

û = 2Jucos(ψu) (2.31)

p̂u = − 2Jusin(ψu) u ∈ (x, y),

are defined by the action-angle coordinates Ju and ψu. In these coordinates, the one-
turn map from Eq. 2.29 becomes a simple rotation matrix in phase space

M̂OTM =
cos (2πQu) sin (2πQu)
− sin (2πQu) cos (2πQu)

. (2.32)

It follows that compared to the trace-space plot in Fig. 2.1, in the normalized coordi-
nates the phase space plot is simply a circle with a radius of

√
2Ju.

When taking into account nonlinear elements, a more general approach is used,
which is described in Sec. 5.2.

It should be noted that in the previous sections and some of the literature u =
du
ds and pu are used interchangeably. This approximation is valid for high energy
machines, where pz px, py, as will be demonstrated in the following. Using the
Hamilton of the drift space from Eq. 2.8 and Hamilton’s equation of motion with s
as the independent variable

u =
du
ds

=
∂H
∂pu

, (2.33)

one arrives at

u =
pu

(1 + δ)2 − p2
x − p2

y

≈ pu

1 + δ
. (2.34)
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One commonly refers to u, pu as the phase space, whereas u, u is called trace space.

2.6 Longitudinal Motion

Using Eq. 2.3, the change of the kinetic energy is given by

ΔEkin =
s1

s0

Fds =
s1

s0

qE · ds +
t1

t0

q v × B · v

=0

dt. (2.35)

Equation 2.35 indicates that only electric fields in the direction of motion can be used
to increase the kinetic energy of a charged particle. While electrostatic fields are used
for acceleration in the some accelerator types, in synchrotron radio frequency (RF)-
cavities are used. The longitudinal field Ez in those cavities follows

Ez(t) = Ez,0 sin (2π fRFt + φs) (2.36)

with fRF the RF frequency and φs the synchronous phase. For a particle to arrive at
the same phase at the cavity, the RF frequency needs to fulfil

fRF = h frev, h ∈ Z, (2.37)

where frev is the revolution frequency and h an integer called harmonic number.
The harmonic number h determines the number of fixed stable synchronous points
in the accelerator. Using Eq. 2.4, the revolution frequency is given by

frev =
v
C

=
qc2

E0

ρ

C
B, (2.38)

with C the circumference of the accelerator, q and E0 the charge and rest energy of
the particle. Keeping the bending radius ρ constant, the change of the momentum is
proportional to the change of the bending field B

dp
dt

= qρ
dB
dt

. (2.39)

The change over one turn is

Δp = qρT
dB
dt

=
qρC

v
dB
dt

(2.40)

which with ΔEkin = vΔp and change of energy equal to the energy gain from the
RF-cavities leads to

ΔEkin =
qρC

v
dB
dt

= qV sin φs. (2.41)

From this equation, it follows that the synchronous phase φs follows the change of
the magnetic field
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φs = arcsin
ρC
V

dB
dt

(2.42)

and in the case of no acceleration dB/dt = 0, the synchronous phase is either φs = 0
or φs = π.

To keep the synchronicity, a particle with deviation from the reference momentum p
will experience a change in orbit length and revolution period.

One defines the momentum compaction factor αc as the relative change of circum-
ference with relative momentum change

αc =
ΔC/C
Δp/p

(2.43)

and the slip factor η the relative change of revolution time T = 1
frev with relative

momentum change

η =
ΔT/T
Δp/p

. (2.44)

The change of circumference with momentum is determined by the transverse op-
tics. With the revolution time T = C/v = C/(βrelc), the relative change is given
by

dT
T

=
dC
C

− dβrel

βrel
= αc

dp
p

− 1
γ2

rel

dp
p

, (2.45)

where βrel = v/c, the Lorentz factor γrel = (1 − β2
rel)

−1/2, and dp
p = γ2

rel
dβrel
βrel

have
been used. From Eq. 2.45, it can be inferred that the slip factor η is given by

η = αc − 1
γ2

rel
. (2.46)

Two regimes can be identified, one where αc > γ−2
rel , thereby η > 0 and an increase in

momentum leading to an increase/decrease in revolution time/frequency, and the
other where αc < γ−2

rel and the opposite is the case. One defines the transition energy
as the energy where η = 0, thus γrel,t = α−1/2

c .

Defining the following variables with respect to the synchronous particle

Δφ = φ − φs, (2.47)
Δp = p − p0,
ΔE = E − E0,

Δω = ω − ωs,
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it can be shown (e.g. in [45]) that the following equation governs the longitudinal
motion of a particle

d
dt

Cs p0

hη4π2 frev,s

dφ

dt
+

qV
2π

sin φ − sin φs = 0. (2.48)

Assuming that parameters Cs, ps, frev,s, and η vary slowly in time Eq. 2.48 simplifies
to

d2φ

dt2 +
Ω2

s
cos φs

(sin φ − sin phis) = 0 (2.49)

with

Ωs =
hη frev,sqV cos φs

2πCs ps
(2.50)

the synchrotron frequency. Using sin φ − sin φs ≈ Δφ cos φs, Eq.2.49 simplifies to the
equation of a harmonic oscillator

d2φ

dt2 + Ω2
s Δφ = 0. (2.51)

The synchrotron tune Qs is given by

Qs =
Ωs

2π frev
. (2.52)

The longitudinal motion is stable if Ω2
s is positive, which leads to the following re-

quirement

η cos φs > 0. (2.53)

From this condition, it follows that below the transition energy (η > 0), for accel-
eration the synchronous phase is 0 < φs < π

2 , whereas above transition energy
π
2 < φs < π holds.

Using either the Eq. 2.49 or the approximation Eq. 2.51 describing the longitudi-
nal motion, it follows that in a limited range around the synchronous phase, the
motion is stable. For the case above transition energy (η > 0), a particle with an ini-
tially higher energy than the synchronous particle will arrive earlier at the RF-cavity,
where due to the larger voltage, the energy increase will be larger. Due to the effect
of the path lengthening dominating (η > 0 → αc >

1
γ2

t
), the orbit length of a particle

with a higher energy will be larger than that of the synchronous particle, thereby in-
creasing the revolution time. Due to the increased revolution time, the difference in
arrival time or phase between the higher momentum particle and the synchronous
particle will decrease. Conversely, a lower energy particle will arrive after the syn-
chronous particle, where the energy gain will be less. This will lead to a shorter orbit
length, with an associated shorter revolution time, which will decrease the phase
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difference between the particles. For the case below transition energy (η < 0), the
opposite is the case. Here, a particle with a larger momentum will arrive before the
synchronous particle where the energy gain will be less. By repeatedly gaining less
energy than the synchronous particle, the initial phase difference will decrease. Both
cases are illustrated in Fig. 2.2.

FIGURE 2.2: RF voltage as function of the phase for a synchronous
particle below (red) and above (blue) transition energy. The darker
shaded point shows a particle with an initially higher momentum
than the synchronous particle, whereas the lighter point represents

a particle with a lower momentum.

Another way of illustrating the longitudinal motion around the synchronous particle
is in a phase space plot, as is done in Fig. 2.3.

The phase space is separated into two different regions. Trajectories within the sepa-
ratrix are closed and particles with a momentum and phase offset with respect to the
synchronous particle within the separatrix will oscillate around this particle. Out-
side the separatrix, the motion is unstable and particles will get lost. The area within
the separatrix is also being referred to as the RF-bucket and gives the RF-acceptance
of the accelerator. The size of the RF bucket depends on the synchronous phase
and is largest at either φs = 0 below transition energy and φs = π above transition
energy.

2.7 Perturbations and resonances

A dipole where the bending angle differs to the design one by Δθ will result in a
closed orbit distortion Δu(s). This change in the orbit is described by

Δu(s) =
βu(s)βu(s0)

2 sin (πQu)
Δθ cos (πQu − |ψu(s)− ψu(s0)|), (2.54)

where s0 represents the position where the erroneous kick occurs. Notably, in the
case where the tune Qu is equal to an integer, the denominator will be zero and thus
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FIGURE 2.3: Phase space diagram of the longitudinal motion. Stable
trajectories is found within the separatrix outlined by the thick black

line. The synchronous phase is set to φs = 0 in this case.

the closed orbit distortion will diverge to infinity. Similarly, in the case of gradient
field errors in the quadrupoles, the β-function and phase, and subsequently the tune,
will be perturbed. The relative deviation of the β-function, called the β-beating, can
be expressed as

Δβu

βu
(s) =

βu(s0)

2 sin (2πQ)
ΔK2L cos (2πQu − 2|ψu(s)− ψu(s0)|), (2.55)

where ΔK2L represents the quadrupole gradient error integrated of the length L of
the magnet. The deviation of the phase can then be obtained by using Eq. 2.16 and
Eq. 2.55, which gives

Δψu(s) =
s

s0

dτ

βu(τ)

1

1 + Δβu
βu

(τ)
− 1 . (2.56)

Again, in cases where the denominator sin (2πQu) is either integer or half integer,
the β-beating will diverge and particle motion becomes unstable.

Using perturbation theory, similar equations can be found determining the evolution
of the action Jx,y in the presence of higher order magnetic fields [46]. From these, the
resonance condition

mQx + nQy + oQs = p, (m, n, o, p ∈ Z) (2.57)

arises, where Qx and Qy are the tunes in the transverse planes and Qs the syn-
chrotron tune. In Fig. 2.4, Eq. 2.57 is visualized in form of resonance lines up to
order |m| + |n| = 5 in a tune diagram together with a potential working point far
from resonances.

To note, the effect of a resonance on the particle motion is not only present when the
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FIGURE 2.4: Tune diagram with resonances up to order |m|+ |n| = 5
and with the working point of LHC at injection energy of Qx =
0.28/Qy = 0.31. Synchrobetatron resonances (o = 0) have been omit-

ted here.

resonance condition Eq. 2.57 is fulfilled, but also in the vicinity of a resonance. The
region of effect is called the stop band and the width of this stop band is dependent
on the strength of a given resonance [40].

2.7.1 Linear Coupling

In the above introduction of the Courant-Snyder parameters, Eq. 2.13 and its solu-
tion do not consider the presence of either skew quadrupole or solenoidal fields.
This has allowed to treat the two planes separately, whereas in the presence of such
elements the motion in the two planes is coupled. If these sources are taken into
account, the one turn map does not retain its block diagonal form anymore. Two
methods are available to describe the coupled motion in terms of their eigenmodes,
one developed by Edward and Tengs and another by Mais and Ripken [47]. In the
presence of coupling, the tunes Qx and Qy are also replaced by the eigentunes

Q1 = Qx − Δ
2
+

1
2

Δ2 + (C−)2 (2.58)

Q2 = Qy − Δ
2
− 1

2
Δ2 + (C−)2, (2.59)

where Δ represents the uncoupled tune split Δ = |Qx − Qy| and C− the coupling
coefficient, being the sum of each source weighted by βxβy.

It should be noted that the motion near the difference resonance Qx − Qy, excited
by skew quadrupole fields, and far from other resonances is stable and thus by itself
does not induce an particle loss [48].
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FIGURE 2.5: Illustration of the behaviour of the transverse tunes with
varying tune split in the presence of linear coupling.

2.7.2 Dispersion and Chromaticity

The solution Eqs. 2.15 takes into account particles with the reference momentum. To
treat a particle with δp = 0, Hill’s equation has to be extended as follows

d2u
ds2 +

1
ρ(s)2 − K2(s) u =

δp

ρ(s)
, u ∈ (x, y). (2.60)

The solution for the position coordinate u ∈ (x, y) to the above equation then consist
of the homogeneous solution shown in Eq. 2.15 and a special solution

u(s) = Du(s)δ, (2.61)

where Du(s) is called the dispersion function, given by

Du(s) =
βu(s)

2 sin (πQu)

s+C

s

βu(τ)

ρ(τ)
cos (ψ(τ)− ψ(s)− πQ)dτ. (2.62)

Particles with a momentum deviation not only experience a different trajectory than
on-momentum particles, but also the focusing strength of the quadrupole is affected.
Due to the different focusing of the quadrupoles, the tune of the machine is changed.
The variation of the tune with the relative momentum deviation δp is called chro-
maticity and described by

Qu(δp) = Qu + Quδp +
1
2!

Quδ2
p +

1
3!

Qu δ3
p + ...., u ∈ (x, y) (2.63)

The terms Q(n)
u = δnQu

δδn
p

are referred to as chromaticity of order n. Usually, Q is re-

ferred to as (linear) chromaticity, whereas the higher order terms Q , Q etc. are
called nonlinear chromaticity. To compensate for the momentum dependent focus-
ing of the quadrupoles, sextupoles are introduced as the feature a transverse position
dependent gradient. These are placed in dispersive regions where particle displace-
ment is proportional to their momentum deviation. It can then be shown that the
first order chromaticity of a ring is

Qu = ∓ 1
4π

βu K2(s)− K3(s)Dx ds. (2.64)
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2.7.3 Amplitude Detuning

Similar to chromaticity, the tune may also vary with the action Ju of a particle. This is
referred to as amplitude detuning and similar to the chromaticity can be expressed
as a Taylor series

Qu(Jx, Jy) = Qu +
∂Qu

∂Jx
Jx +

∂Qu

∂Jy
Jy +

1
2

∂2Qu

∂J2
x

Jx +
∂2Qu

∂Jx Jy
Jx Jy +

∂2Qu

∂J2
y

Jx + ...., u ∈ (x, y).

(2.65)

Such a behaviour is introduced by nonlinear magnetic fields, such as octupole fields.
Taking the Hamiltonian of an octupole

H =
K4

4!
(x4 − 6x2y2 + y4) (2.66)

and using

x = 2Jxβxcos(ψx) (2.67)

y = 2Jyβycos(ψy),

one obtains

H =
K4

4!
4J2

x β2
xcos4(ψx)− 24Jxβxcos2(ψx)Jyβycos2(ψy) + 4J2

y β2
ycos4(ψy) . (2.68)

The tune shift of a Hamiltonian is given by

ΔQu =
1

2π

∂ H
∂Ju

, (2.69)

where H is the Hamiltonian average over the phase space angle

H =
1

4π2

2π

0

2π

0
Hdψxdψy. (2.70)

For the aforementioned octupole, the average Hamiltonian H is then given by

H =
K4

4!
3
2

β2
x J2

x − 6βxβy Jx Jy +
3
2

β2
y J2

y . (2.71)

Following Eq. 2.69, the tune shift induced by a single octupole with an integrated
strength of K4 is then

ΔQx(Jx, Jy) =
3K4

8π
β2

x Jx − 2βxβy Jy (2.72)

ΔQy(Jx, Jy) =
3K4

8π
β2

y Jy − 2βxβy Jy ,

clearly indicating a dependence on the action in both transverse planes. Note that
for a single sextupole with a Hamiltonian

H =
K3

3!
x3 − 3xy2 , (2.73)
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no amplitude detuning is found. However, for the case where two or more sex-
tupoles are present in the accelerator, amplitude detuning is introduced via second
order effects [49].

2.7.4 Feeddown

Due to either dipole errors or due to misalignment, the closed orbit may not pass
through the magnetic center of a given element, but off axis. In this case, the beam
will not only be subject to the primary field component of the element, but also to
lower order components, which is an effect called feed-down. This can be illustrated
by for example taking a sextupole field and adding an offset Δx to the horizontal
position, illustrated as

By(x + Δx, y, s) + iBx(x + Δx, y, s) = K3(s)(x + Δx + iy)2 =

K3(s)(x + iy)2 + K3(s)Δx2 + 2K2(s)xΔx + 2iK3(s)yΔx.

Here, the term 2K3(s)xΔx corresponds to an additional quadrupole kick experienced
by the beam passing off center through the sextupole.

2.7.5 Dynamic Aperture

Through the aforementioned effects of amplitude detuning or chromaticity, it is clear
that particle bunch with a given distribution of δp, Jx, and Jy will exhibit a tune
spread, determined by the strength of the nonlinear magnetic fields. Even for a
working point Qx,0, Qy,0 far from resonances, detuning Qx(Jx, Jy, δp), Qy(Jx, Jy, δp)
will change the tune of particles with a large enough deviation from the reference
particle to fulfill the resonance condition Eq.2.57 and thereby lead to a growth of
oscillation amplitude until particles hit the physical aperture of the accelerator and
are lost. Such is illustrated in Fig. 2.6, where the tune spread of a particle bunch due
to amplitude detuning generated by octupoles is shown together with resonance
lines up to order 7.

FIGURE 2.6: Resonance diagram with resonances up to order |m| +
|n| = 7 and illustrating the tune spread of a particle bunch in the

presence of amplitude detuning.
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In this plot, some particles with a large amplitude will be close to the resonance
3Qy = p, excited by skew sextupole fields. In the presence of strong, uncompensated
skew sextupole fields, this resonance will result in the loss of these large amplitude
particles. Thus, depending on the strength of the resonance, after a certain number
of turns all particles in a bunch with a large enough action will be lost, effectively
introducing an upper limit for the attainable action.

One can then define the dynamic aperture (DA) as the boundary in phase space
above which all particles are lost due to a rapid growth of oscillation amplitude.
Conversely, the oscillation amplitude of particles within the DA remains bounded.

Depending on the strength of different resonances, the speed with which the oscil-
lation amplitude increases may vary for different particles, such that the amplitude
above which particles are lost will steadily decline with the increasing number of
turns. It is then practical to quote the DA D(N) for a given number of turns N, with
D∞ the asymptotic value for an infinite amount of turns. While for simple nonlin-
ear systems such as a Hénon-Heiles system [50], D∞ can be found analytically, in
more complex systems one usually has to resort to tracking a grid of particle for
given amount of turns to then infer D(N). Based on the evolution of D(N) for an
increasing number of turns N, models have been derived to estimate D∞ [51].

For tracking particles in an accelerator model, some basic precautions are necessary.
As described in Eq. 2.28, the accelerator ring can be modelled as a concatenation of
transfer maps. For studying systems governed by a Hamiltonian, one key property
of the map is that it is sympletic, that is, the area in phase space is conserved. In
general, a thick element with a length L cannot be described by a sympletic map. It
is thus common to split a thick element into a number of thin elements with L → 0
and separated by drift spaces. The map of a thin element, which only changes the
momentum coordinates and thus commonly referred as a kick, is sympletic. Algo-
rithms such as the TEAPOT [52] have been devised to split a thick element into N
thin elements while keeping the error that is introduced by doing so minimal.

On a practical note, in any real accelerator, the maximum oscillation amplitude of
particle is limited by the (normalized) physical aperture of the machine. As such,
for studying the DA in real accelerators, one can only measure the DA up to the
physical aperture. In tracking studies on the other hand, the physical aperture in the
model can be set to a sufficiently high value. Complementary to the loss of particle
when hitting the aperture, two other methods are implemented in the tracking code
SIXTRACK [53] used for the studies below. For each coordinate on the initial grid,
two particles separated by small distance are initialized. The distance method exam-
ines the final distance between the particles, which if exceeding a certain threshold is
considered lost, whereas the slope method examines the evolution of the distance be-
tween the particles and considers unbounded motion if the slope is outside a given
range of values [54].

2.8 Emittance and beam size

The previous sections have so far treated the motion of a single particle in an accel-
erator. However, the bunches in any accelerator usually consist of multiple particles.
For the case of the LHC and its upgrades, the number of protons in one bunch ranges
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from 5.0 · 109 [55] to 2.2 · 1011[56]. Notably, there have been instances where sin-
gle particles were stored in an accelerator, such as VEPP-3 [57], MLS [58], and more
recently in the IOTA accelerator [59].

The bunch is then an ensemble of particles with different initial conditions Ju and
ψu,0. To describe the distribution of particles, one natural measure is the average
action of the ensemble

J =
1
N

N

∑
i

Ju,i, (2.74)

which given that the action of a particle is a constant of motion, the average is con-
stant around the ring.

To describe the evolution of any distribution, one can also define the the σ-matrix as
follows

σ =
1
N ∑N

i xixi
1
N ∑N

i xixi
1
N ∑N

i xixi
1
N ∑N

i xixi
=

x2 xx
xx x

2 (2.75)

and for the normalized distribution as

σ =

 1√
β0

0
α0√

β0
β0

 σ (2.76)

using the normalization to the Courant-Snyder coordinates from Eq. 2.31.

With this definition, a beam distribution is called matched to a specific point with
optics function β0 and α0 if σ is invariant under rotation, that is x̂x̂ = 0 and x̂2

=

x̂
2

. For this case the σ-matrix is then

σ = RMS
β0 −α0
−α0 γ0

(2.77)

,

where RMS is the RMS emittance of the beam, given by

RMS = x2 x 2 − xx 2 = J . (2.78)

The RMS beamsize and divergence at a location s0 are given by

σx = x2 = β(s0) RMS (2.79)

σx = x
2

= γ(s0) RMS. (2.80)
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In case of no beam acceleration and neglecting any interaction between the parti-
cles in a bunch, the emittance remains constant during the bunch circulation. How-
ever, for the case where particles are accelerated by the RF-cavities, the emittance
decreases via a process called adiabatic damping. This follows from x = px

ps
, which

in the case of constant px decreases due to the increase in ps. For the operation of ac-
celerators with an energy ramp, it is convenient to defined the normalized emittance

n as

n = βrelγrel RMS (2.81)

with βrel = v/c and γrel = (1 − β2
rel)

−1, which is constant during the acceleration.

So far, the emittance has only been discussed in the context of a linear lattice. How-
ever, as discussed above, nonlinear magnetic fields also introduce a variation of the
phase ψu with the action Ju. Assuming a particle bunch initially on the reference
orbit receiving a strong transverse kick, the bunch will then oscillate around the ref-
erence orbit following

u(s) = (2Ju + 2Ju,kick)βu(s) cos (ψu(s) + ψu,0), (2.82)

where Ju,kick is the so called kick action. In the linear lattice, the beamsize as such is
not directly affected by only being offset. In the case with nonlinearities, the spread
in tune will lead to particles distributed across the phase space trajectory after a cer-
tain number of turns, leaving a larger emittance and thereby beamsize. This process
is called filamentation and is illustrated in Fig. 2.7.

Here, the case of a single excitation and the ensuing unpreventable emittance blow-
up is shown. It should be noted that by coherently exciting the beam, the beam
can be adiabatically brought to large amplitudes and back to the original orbit with
minimal emittance blow-up [60].

Following the discussion on resonances, in the vicinity of resonances the action of a
particle will grow rapidly, leading to a rapid emittance growth or beam loss.

For the studies presented in this thesis, other effects affecting the beam emittance
such as radiation damping or intrabeam scattering have only played a negligible
role, and will not be discussed here. A detailed description of those can be found in
e.g. [40].

2.9 Luminosity

The performance of any particle collider is usually quantified by its center of mass
energy and the achievable number of generate events. The number of events R per
unit of time for a given process with a cross section σp is given by

dR
dt

= Lσp (2.83)

where L is the instantaneous luminosity. It is a process-independent measure of the
capability of the collider to produce a certain number of collisions.
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(A) Evolution of a kicked beam in a linear lattice

(B) Evolution of a kicked beam in a lattice with amplitude dependent tune

FIGURE 2.7: Illustration of the evolution of a kicked beam (A) in the
linear case and (B) for the case of an amplitude detuning. The leftmost
plot shows the beam distribution before the excitation, and the plot
to the right the distribution after receiving a transverse kick. In the
lower plot, the change of the beam distribution is shown for a small
number of turns in the third plot, whereas the right plot shows the

filamented beam after many turns.

It can be calculated using the overlap integral [61]

L = 2N1N2 f Nb

∞

−∞
ρx,1(x)ρy,1(y)ρz,1(z − z0)ρx,2(x)ρy,2(y)ρz,2(z + z0)dxdydzdz0

(2.84)

where the subscripts 1,2 denotes the different beams, N is the number of particles in
a bunch, f the revolution frequency, Nb the number of colliding bunches. Here, it
was assumed that the particle distributions ρx,y,z are uncorrelated between the differ-
ent planes. Assuming Gaussian beams with equal bunch length, the instantaneous
luminosity is given by

L =
N1N2 f Nb

2π β∗
x,1 x,1 + β∗

x,2 x,2 β∗
y,1 y,1 + β∗

y,2 y,2

, (2.85)

where β∗
x,y the β-function at the interaction point.

In regular machines, additional complications arise, reducing the achievable lumi-
nosity. For one, in Eq. 2.85 is also assumed that the dispersion at the interaction point
is negligible. It is also assumed that the β-function is constant over the collision re-
gion. However, with the β-function in the collision region following
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βx,y(s) = β∗
x,y +

s2

β∗
x,y

, (2.86)

the beam size σx,y = βx,y x,y increases linearly with the distance and accordingly
the luminosity. Following the shape of the β-function, this effect is called hourglass
effect. Similarly, in the presence of optics errors, the minimum of the β-function is
shifted with respect to the collision point, thereby affecting the beam sizes at the col-
lision point. In the LHC, bunches travel for about 120 m in a common beam pipe
around the interaction point. To avoid unwanted collision anywhere outside the
interaction point, the orbit is adjusted such that the bunches collide with a cross-
ing angle α. Through this, the overlap between the bunches is reduced by a factor
S = 1√

1+( σz
σx tan α)2 . Lastly, any transverse separation between the bunches will also

decrease the luminosity.

In addition, for a collider project not only optimizing the instantaneous luminosity
is key, but also the so-called integrated luminosity. It is given by

Lint =
T

0
L(t)dt (2.87)

where T is the time spent in collision over the lifetime of the project. Following
Eq. 2.83,

R = Lintσp (2.88)

gives the numbers of observable events R.

From an operational point, it is thus crucial to maximise the time spent in collisions
while keeping the down time due to e.g. equipment failure low. Similar so, the
instantaneous luminosity should be maximised by keeping a well controlled linear
optics in the collision point and reducing any loss of particles.
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Chapter 3

Dynamic aperture studies for the
HE-LHC

The results presented in this chapter have been in parts published as
conference proceedings under
M. Hofer et al., “Integrated Full HE-LHC Optics and Its Performance”, in
Proc. IPAC’18, Vancouver, Canada, Apr.-May 2018, pp. 348–351.
doi:10.18429/JACoW-IPAC2018-MOPMK002 and
M. Hofer, M. Giovannozzi, J. Keintzel, R. Tomás, F. Zimmermann, and
L. van Riesen-Haupt, “Dynamic Aperture at Injection Energy for the
HE-LHC”, in Proc. IPAC’19, Melbourne, Australia, May 2019, pp.
480–483. doi:10.18429/JACoW-IPAC2019-MOPMP023

3.1 Introduction

Part of the Future Circular Collider (FCC) study is the study of two accelerator op-
tions at the energy frontier, both serving as a potential successor the Large Hadron
Collider (LHC). Following the simple equation

Bρ =
p
q

, (3.1)

the momentum p, and equivalently the energy, of a particle of given charge q can be
increased by increasing the radius ρ of a synchrotron or the magnet field strength B,
or via a combination of both.

To achieve its design collision energy of 100 TeV, the FCC-hh design features a syn-
chrotron with radius roughly a factor 3.5 larger than the LHC and intends on using
dipole magnets with a field strength about a factor 2 stronger than the LHC dipoles.
To house the accelerator ring with a circumference of 97.75 km, a new tunnel in the
Geneva basin would need to be excavated and accompanying infrastructure would
need to be built, requiring both significant financial investment and construction
time.

The premise of the High-Energy LHC (HE-LHC) on the other hand is to reuse the
tunnel built for the LEP and where the LHC currently resides and achieve an increase
in the collision energy by using stronger dipoles. The reuse of the preexisting tunnel
in turn would allow substantial savings as only minor modifications are needed in
terms of infrastructure. The increase in collision energy is then solely achieved by

doi:10.18429/JACoW-IPAC2018-MOPMK002
doi:10.18429/JACoW-IPAC2019-MOPMP023
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the increase in magnetic field strength. In the considered case, by going from a field
strength of 8.33 T to 16 T, the collision energy of the HE-LHC then tops out at about
27 TeV.

The HE-LHC is set to reuse the existing CERN injector chain, starting with LINAC4,
followed by the PSB, PS, and the SPS before injecting into the collider rings. Injec-
tion scenarios for HE-LHC include injection from the current SPS with an injection
energy of 450 GeV or the use of a newly built synchrotron hosted in the SPS tunnel
and using superconducting magnets, which could allow for an injection energy of
up to 1.3 TeV.

In general, for machines using superconducting magnets, the field quality, that is,
the strength of fields other than the main field of the main dipoles is of major con-
cern at injection energy. Effects such as persistent current effects are particularly pro-
nounced at the low field strength required at injection, which together with any con-
tribution from geometry of the coil may lead to strong nonlinear fields in the main
dipoles. These strong nonlinear fields, together with the vast number of dipoles
in a machine like the HE-LHC, may in turn lead to significant beam losses. These
losses are due to particles approaching certain resonances, resulting in a growth of
the oscillation amplitude until the particle hits the aperture and is lost. Particles
with a higher oscillation amplitude receive stronger kicks and are thus likely to be
lost sooner. To quantify the impact of the nonlinear fields, the dynamic aperture is
introduced, which is defined as the maximum oscillation amplitude up until which
all particles experienced constrained motion for a given number of turns.

The assessment of the impact of the nonlinear fields of the dipoles on the dynamic
aperture at injection energy is of particular importance in the HE-LHC. Compared
to the LHC, the field quality is expected to be worse due to the use of a different
superconductor, which due to its larger filament diameter is expected to have a
stronger persistent current contribution. Additionally, to reach the the target en-
ergy while keeping the main dipole field below 16 T, lattice designs with a larger
number of main dipoles than the LHC are investigated. Due to the larger num-
ber of dipoles, the impact of the worse field quality on the particle motion may be
larger. As such, careful assessment of the dynamic aperture is required and potential
mitigation strategies need to be investigated. These may include the efficacy of cor-
rectors in increasing the dynamic aperture as well as providing input to the magnet
design.

In the following chapter, studies on the impact of the field quality of the main dipoles
on the dynamic aperture are presented. Section 3.2 will present an introduction to
the HE-LHC lattice design and considerations for the following studies. In the fol-
lowing Section 3.3, an introduction to magnetic field errors, their origin and correc-
tion schemes is presented. Studies on the dynamic aperture in the HE-LHC are then
treated in Section 3.4. Lastly, sorting schemes for the dipoles and their impact on the
DA are presented in Section 3.5.

3.2 HE-LHC Lattice Design

Linked to continuous exploration of ways to increase the field strength of supercon-
ducting magnets by using different materials, the idea of using those magnets then
to increase the energy of the LHC has been around even before the LHC completed
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its construction [62]. Starting in 2010, a dedicated working group was launched at
CERN, investigating the feasibility of an energy upgrade of the LHC [63, 64]. First
designs of the HE-LHC were based on using dipole magnets with a field strength
of 20 T, which would allow to achieve a collision energy of 33 TeV. Following the
integration of the HE-LHC design study into the FCC study, which was launched
in 2014, key parameters of the HE-LHC design were adapted. Notably, the dipole
design follows the one for the FCC-hh, those using Nb3Sn as a superconductor and
with an operational field strength of 16 T. One minor difference is that in the de-
sign of the HE-LHC, the dipoles are curved, whereas in the FCC-hh design the
dipole magnets are straight. The target collision energy for the HE-LHC is then
set to 27 TeV. Further key parameters and a comparison with the FCC-hh and the
(HL-)LHC are presented in Tab. 3.1.

Parameter (HL-)LHC HE-LHC FCC-hh

Centre-of-mass energy [TeV] 14 27 100
Peak arc dipole field [T] 8.33 16 16
Circumference [km] 26.7 26.7 97.8
Straight-section length [m] 528 528 1400
Beam current [A] 0.58 (1.12) 1.12 0.5
Bunch population [1011] 1.15 (2.2) 2.2 1.0
Number of bunches per beam 2808 (2760) 2808 10400
Normalized transverse rms emittance [µm] 3.75 (2.5) 2.5 2.2
Bunch spacing [ns] 25 25 25
Number of high-luminosity IPs 2 2 2

TABLE 3.1: Comparison of key parameters between the (HL-)LHC,
HE-LHC, and FCC-hh [25].

The reuse of the existing tunnel without performing major civil engineering modi-
fications necessitates that many design aspects of the HE-LHC have to follow those
of the LHC. On one hand, the length of the straight sections and the arc sections as
well as the curvature of the latter are fixed. As such, potential arc designs for the
HE-LHC should closely follow the reference path set out by the LHC and LEP. On
the other hand, the design of the arc cells should aim to achieve the largest possi-
ble dipole filling factor in order to achieve a high beam energy while keeping the
required dipole field strength low. These two considerations however result in con-
flicting design measures. In order to not deviate from the reference path too much,
shorter arc cells are preferred, whereas longer cells with more dipoles and a higher
dipole filling factor are favoured in order to reach the targeted beam energy. Thus,
a middle ground in terms of cell length and thereby also the number of cells has
to be found to provide a sufficient dipole filling factor while not significantly de-
viating from the reference path of the previous two accelerators. To provide more
space for the dipoles, the phase advance over the cells can also be lowered, resulting
in a decrease of the required integrated quadrupole strength, which in turn allows
for shorter quadrupoles. The side effect of lowering the phase advance is that the
maximum β-function and dispersion in the arcs increase.

A further constraint is added by taking into account the injector scenario. For the
same injection energy, designs with a larger number of arc cells using also a high
phase advance are preferred, as those feature a smaller beam size. For the same
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beam pipe aperture, a smaller beam size, or equivalently a larger normalized dis-
tance between the beam and the aperture around the ring is preferred in terms of
collimation and machine protection.

However, an increased injection energy results in a smaller injected beam size for
the same optics, alleviated the concerns raised before, while requiring a potentially
costly injector upgrade.

Taking all the above mentioned constraints and considerations into account, vari-
ous lattice design options were considered [65, 66]. In these early studies, no design
could be found satisfying all the constraints and two lattice options have been cho-
sen as main options, covering separate scenarios.

In the first chosen lattice design, each arc section is comprised of 18 FODO cells,
with a phase advance of 90 degree per cell. In the following, this design will be
called 18x90 or 18 cells design. In order to achieve the targeted collision energy of
27 TeV, a higher dipole filling factor than in the LHC is required, which is the case in
this layout with each FODO cell containing 8 dipoles.

The second design under study is an LHC-like lattice with 23 FODO cells per arc sec-
tion, each cell matched to a phase advance of 90 degree in both planes. Accordingly,
this layout is referred to as 23x90 or 23 cell layout in the following. The cell layout
has been slightly modified with respect to the LHC to comply with specific con-
straints imposed by the Nb3Sn dipoles design. Compared to the other investigated
design, the dipole filling factor is lower in this design and the targeted collision en-
ergy cannot be achieved with a dipole field strength of 16 TeV.

In Tab 3.2, the arc cell parameters for both designs are presented.

Parameter 18 Cells 23 Cells

Cell length [m] 137.227 106.9
Cell Phase advance [◦] 90 90
Number of dipoles per Cell 8 6
Total number of dipoles 1280 1232
Dipole Length [m] 13.95 13.83
Quadrupole Length [m] 2.8 3.5
Sextupole Length [m] 0.5 0.836
Dipole field for 13.5 TeV [T] 15.83 16.59
Beam energy at 16 T [TeV] 13.64 13.005

TABLE 3.2: Arc cell parameters for the two studied HE-LHC lattices.

The optics for the designs as well as the arc cell layout is presented in Fig. 3.1, where
the magnet naming convention from the LHC was used [67].

For both arc designs, the beam stay clear was determined using the APERTURE mod-
ule of MAD-X [68] and the aperture parameter specified in [69] and assuming a me-
chanical tolerance of 1 mm. As the synchrotron radiation load in the HE-LHC will be
similar to the one in the FCC-hh [70], for these evaluations the beam screen design
developed for the FCC-hh [71] was used instead of the LHC beam screen design.
In Fig. 3.2, the beam stay clear for the two design is presented, together with the
minimum beam stay clear considered to be safe for the HL-LHC of 12.6 σ [69].
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FIGURE 3.1: Comparison of the cells in both lattices.

Using the beam stay clear of the HL-LHC as a reference, the target collision energy
could only be achieved using the 18x90 layout and with an injection energy above
1.3 TeV. Using the LHC-like, 23x90 layout, on other hand would allow for an injec-
tion energy of about 900 GeV. In both layouts, the beam stay clear at an injection
energy of 450 GeV is below the required level and thus seems currently not feasible.
Studies were undertaken in the LHC to see the impact of operating with tighter col-
limator gaps, in view of potentially allowing for a decreased minimum beam stay
clear [72]. However, while promising results were achieved in these studies, no con-
clusion on the feasibility of operating with a beam stay clear of 10 σ, required for the
case of the 23x90 layout at 450 GeV, has been made.

For the full lattice, LHC-like dispersion suppressor were used in both layouts [67].
New layouts for the high luminosity experimental insertions in IR1/5 and the RF-
insertion in IR4 have been implemented [73, 74]. Compared to the LHC, the insertion
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FIGURE 3.2: Comparison of the beam stay clear for both lattices.

in Point 4 features two more quadrupoles, which provide more flexibility in adjust-
ing the phase-advance over the insertion. For the remaining insertion, the layouts
used in the LHC were integrated and matched. The optics in the arcs 23, 34, 67, and
78 were adjusted to match the tunes of the ring to 0.31/0.32. A phase advance of π/2
has been kept in the arcs adjacent to the high luminosity experimental insertions to
ensure for an efficient correction of the chromaticity.

As the HE-LHC is constrained by the geometry of the existing tunnel, the offset of
these machines to the survey of the LHC has to be checked. While offsets in the
insertions are less critical as these are located in wide caverns, a spurious excursion
in the arc sections cannot be easily compensated given the fixed tunnel width. The
radial offset of both lattices with respect to the LHC is presented in Fig 3.3. As the
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FIGURE 3.3: Radial offset of the HE-LHC lattice options with respect
to the LHC

23x90 follows closely the LHC layout, with only minor changes in the arc cells due
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to change in the required inter-magnet distance, it exhibits only a minor offset with
respect to the LHC layout. The 18x90 layout on the other hand presents a peak offset
of close to 6 cm around the dispersion suppressors in each arc. However, at present,
further tunnel integration studies are required, taking into account also outer cryo-
stat width and safety margin to other elements, to determine the maximum allowed
survey offset. The offset around 10 km, present in both lattices, is explained by the
change of the layout of the insertion at Point 4, where the separation dipoles were
moved to provide more space for the RF-cavities [73].

In conclusion, two lattices are being studied in the HE-LHC, covering different sce-
narios. Assuming a maximum dipole of 16 T, the targeted collision energy of 27 TeV
can only be reached by the 18x90 layout. However, assuming presented aperture
consideration, an upgrade of the injectors would be required in order to increase
the injection energy. The 23x90 lattice can only achieve a collision energy of 26 TeV
with a maximum dipole field of 16 T, but allows for operation at a lower injection
energy than the 18x90 layout. The feasibility of operating either HE-LHC lattice at
an injection energy of 450 GeV, which would not require an upgrade of the injector,
is subject to further studies.

Note that here the designs used for the studies presented in the following sections
were described, which are available under [75]. Later studies have reexamined other
arc layouts [76, 77], but concluded that no change of the choice of the studied lattices
is required. Further optimisation of certain aspects of the lattice design such as re-
ducing the offset with respect to LEP were conducted [78]. Given that one aspect
of the presented work is to assess how the dynamic aperture changes with the field
quality of specific dipole designs, all studies should be performed using the same
optics and layouts. As such, it was decided to perform all studies with the same
lattice version as described above.

3.3 Magnetic field errors and correction systems

The design of the electromagnets used in accelerators can be roughly be divided in
two types, coil-dominated designs, and iron-dominated ones [79]. They differ in that
the magnet field in an iron-dominated design is mainly determined by the shape of
the (iron-)yoke, whereas in a coil-dominated magnets, the distribution of conductors
and as such the current distribution is of importance. As the LHC and HE-LHC
superconducting dipoles design is a coil-dominated design, in the following only
specifics of this design are discussed.

It can be shown that an ideal dipole field may be achieved by using a cylindrical
current bearing shell, where the current distribution follows J(θ) = J0 ∗ cos(θ), with
θ the angle to the horizontal axis [80]. Due to the angle dependence of the current,
such designs are called ‘cosine-theta‘ designs, with one such being schematically
depicted in Fig. 3.4.

The strength of the vertical field component inside the shell then depends next to
the current density also on the coil width. Notably, due to up/down symmetry of
the design no horizontal field component is present. However, such an ideal design
cannot be reproduced in practice and instead of a cylindrical shell, coil blocks are
used. As a result, next to the dipole field, also higher order magnetic fields are then
introduced. The specific components which are introduced can be deduced from
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FIGURE 3.4: Cylindrical shell with a cos(θ)-dependent current distri-
bution.

symmetry considerations. In case of an up/down symmetry of the design, no skew
components should be present. If additional left/right anti-symmetry is introduced,
only odd higher order multipole components such as a sextupole field or a decapole
field are introduced, which follow a J(θ) = J0 ∗ cos(3θ) and J(θ) = J0 ∗ cos(5θ)
current distribution, respectively.

Such multipole components which are inherent to the design due to symmetry prop-
erties are called ‘allowed multipoles‘. However, such allowed harmonics can be min-
imized by carefully designing the magnet. Other ‘nonallowed multipoles‘ present in
a real magnet then may stem from manufacturing tolerances, leading to a symmetry
breaking.

We note that the above described ‘cosine-theta‘ design is the baseline option for the
16 T dipoles for the FCC-hh and the HE-LHC [24]. Other designs are also being
explored but were not considered for the studies in the next sections.

To use the field quality of an accelerator magnet in further beam simulation codes,
it is then convenient to separate the magnetic field B into separate multipole coeffi-
cients, which depend on the main field of the magnet. The magnetic field B in the
transverse x-y plane is described by [81]

By + iBx =
∞

∑
n=1

(Bn + iAn)
x + iy

Rr

n−1

, (3.2)

where n corresponds to the order of the multipole, which, following the European
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convention, is n = 1 for a dipole, n = 2 for a quadrupole and so forth. Bn and
An refer to the field strength of the given multipole in units of Tesla at a reference
radius Rr. Finally, the field is then expanded relative to the main field BN in case of
a normal magnet or AN for a skew magnet as follows

By + iBx =
BN ∑∞

n+1(bn + ian)(
x+iy

Rr
)n−1, if normal magnet

AN ∑∞
n+1(bn + ian)(

x+iy
Rr

)n−1, if skew magnet.
(3.3)

The dimensionless coefficients bn and an then represent the field strength of the mag-
netic field of order n relative to the main field. For a dipole with a bending angle of
α, the integrated normalised strength of a given multipole n is then [82]

KnL =

α(n − 1)! bn
Rn−1

r
,

α(n − 1)! an
Rn−1

r
.

(3.4)

The coefficients bn and an can then be further separated into the error sources and
systematic or random errors. Field error tables for the LHC and following machines
follow the procedure laid out in [82], where each harmonic bn/an is described by
three components, defined as systematic bnS/anS, uncertainty per production line
bnU/anU , and purely random component bnR/anR. For the case of the main dipoles,
it is then further assumed that a systematic component is common to all magnets
as it is inherent to the design, whereas the uncertainty component is present in all
dipoles coming from one production line, with the nominal installation strategy be-
ing that magnets from the same production line will be installed in the same arc.
Each harmonic in the dipole is then described by

bn = bnS +
ξU

1.5
bnU + ξRbnR, (3.5)

an = anS +
ξU

1.5
anU + ξRanR, (3.6)

where ξU and ξR are random numbers drawn from a Gaussian distribution cut at
1.5 σ and 3. σ, respectively. Following the above mentioned considerations, the same
random number ξU is used for all dipoles in one arc, whereas ξR changes for each
dipole. For the HE-LHC, the same procedure as used during the design phase of the
LHC and described above is used. However, given the early state of development,
in the field quality evaluations the uncertainty component and random component
are assumed to be the same [83]. The random component is evaluated in simulation
based on the experience of the alignment tolerances of the coil blocks in LHC and
HL-LHC.

The presence of field components may disrupt the operation of an accelerator and
decrease the performance via effects such as optics distortions or excess particle
losses due to decrease of the dynamic aperture. Thus, corrections are applied for
field components deemed critical for the success of the accelerator operation.

Correction strategies of unwanted higher order fields can broadly be separated in
two categories, a local error correction or a global correction.

In the local correction approach, the unwanted higher order field component of a
magnetic element is corrected by an adjacent magnet of that order. As an example,
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to correct for field imperfection of the final focus triplets the LHC experimental in-
sertion, a combined sextupole/dodecapole corrector is installed [84]. The required
strength of the corrector is then set based on either using magnetic measurements or
from beam-based measurements [85].

Contrary to that, instead of correcting the errors where they occur, in the global
correction approach the adverse effects are corrected for. In the LHC, such a scheme
is chosen for example to correct the tunes. Here, spurious quadrupole fields are
not corrected for where they occur, but rather their impact on the tunes is corrected
by distributed trim quadrupoles. Their location and powering scheme have been
chosen such that they act only the tune and do not introduce a large increase in
β-beating.

For the correction of specific error sources, the HE-LHC follows largely the correc-
tion schemes used in the LHC [82]. In Fig. 3.5, the layout of a half-cell is illustrated,
with the corrector elements described in the following.

0 10 20 30 40 50 60
s [m]

MQ

MS

MCB

MCO
MCD

MB
MCS

MB
MCS

MCO
MCD

MB
MCS

MB
MCS

MQT

(A) One half-cell in the 18 cells layout

0 10 20 30 40 50
s [m]

MQ

MS

MCB

MCO
MCD

MB
MCS

MB
MCS

MCO
MCD

MB
MCS

MQT

(B) One half-cell in the 23 cells layout

FIGURE 3.5: Corrector layout in the HE-LHC designs. Here, MQ
refers to a main quadrupole, MQT to a tune quadrupole, MS to chro-
maticity sextupole, MCB to an orbit corrector, MB to an main dipole,
MCS to a sextupole spool piece corrector, and MCO/MCD to a nested

octupole/decapole corrector.

Both for the correction of tune and chromaticity, global correction schemes were
implemented. For the tune correction, tune quadrupoles are installed next to both
the focusing and defocusing quadrupoles in the four arc cells on both extremities.
For tune matching, the tune quadrupoles are separated into two families, depending
if the tune quadrupole is sitting next to a focusing or a defocusing quadrupole. Here
as in the following, assigning correctors to one family means that these will have the
same strength.
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The chromaticity sextupoles as well as orbit correctors are located on the other side
of the arc quadrupoles. These sextupoles are installed next to all arc quadrupoles
except for four quadrupoles, where instead skew sextupoles are installed [86]. For
adjusting the chromaticity, sextupoles were split in two families, based on if located
next to a focusing or defocusing quadrupole. We note that in the LHC, sextupoles
are split further into four families [87], though this further distinction is only used
with special types of optics [88].

For the correction of the field errors of the main dipoles, a local correction scheme is
used.

To correct the sextupole component of main dipoles, sextupole spool pieces are at-
tached to each dipole. In the LHC scheme, all sextupole spool piece correctors in
one arc are part of one family. Their strength is set such to correct for the average
sextupole component of the main dipoles in one arc. This scheme has also been
assumed as the baseline scheme for the HE-LHC.

The LHC octupole and decapole components are corrected by nested corrector coils,
attached to every second dipole. As for the sextupole spool piece correctors, all
nested correctors of the same multipole order in one arc belong to one family and
are set to correct for the average octupole and decapole components.

Other correctors such as skew quadrupoles and skew sextupoles have been imple-
mented in the HE-LHC lattices, but were not used in the studies presented in the
next two sections and will not be described here.

3.4 Assessment of the Dynamic Aperture and limiting fac-
tors

In the design phase of a hadron collider, the assessment of the dynamic aperture
(DA) in all phases of operation is critical for defining the expected performance.
Here, the performance is usually linked to the luminosity which depends amongst
other factors on the number of colliding particles. As the dynamic aperture is linked
to particles loss, given that particles outside of the DA are lost, a too low DA would
thus result in a severe decrease of colliding particles and thus of luminosity.

For machines like the LHC, different contributions play a role for the various phases
during operation. In case of the LHC, the operational cycle is roughly divided into
three phases, injection, energy ramp, and collision. At collision, the beams are fo-
cused by the quadrupoles of the triplet to achieve the smallest feasible beam size
in the interaction point and thereby increase the luminosity. Conversely, the beam
size in the final focus quadrupoles is large and thus susceptible to field errors of the
final focus quadrupoles and separation dipoles. As such, the DA at collision energy
is expected to be dominated by the field quality of these magnets, not taking into
account the effects of the beam-beam interaction.

On the other hand, DA at injection energy is dominated by the field errors in the
main dipoles, due to the number of dipoles in the machine and that beam occupies
most of the available aperture [89], which is the focus of the following studies for
the HE-LHC. Dynamic aperture studies for the HE-LHC at collision energy taking
into account the expected field quality of the final focus quadrupoles have been per-
formed and are presented elsewhere [90].
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For the tracking studies, the MAD-X [68] models of the HE-LHC lattices were used
and using the SixDesk [91–93] environment, SixTrack [53, 94, 95] tracking studies
were set up. For these studies, only single particle effects were considered, that is
no interaction between particles is assumed, which allows for full parallelization in
that each particle can be tracked in a separate process with no inter-process commu-
nication required. Note that for every tracking process, SixTrack actually tracks two
particles with a small difference in the initialization amplitude. By studying the evo-
lution of the distance of the two particles, the Lyapunov exponent can be evaluated
and allows determination on the stability of motion [96]. Particles are initialized in
radial direction in steps of 1 σ, where the nominal normalized emittance of 2.5 µm

was used. Particles were initialized using five different emittance ratios ( y/ x),
corresponding to angles in x-y space. Angles were determined using

θi =
90◦i

N + 1
= arctan( y

x
), with 1 ≥ i ≥ N, (3.7)

where N is the number of angles probed. For the study case, 60 different realizations
of the probed HE-LHC lattice were used, that is, 60 different seeds were used to
determine the random numbers used for magnet error assignment.

While for circular lepton accelerators, where particles experience strong radiation
damping, studies only require tracking for a few thousands of turns, in hadron ma-
chines where such a damping effect is weak, tracking should ideally be conducted
for the the operational cycle length. To account for losses due to the dynamic aper-
ture in the LHC at injection, where the injection of all bunches for a physics fill may
take about 90 minutes [97], tracking should be performed for about 5 · 107 turns at
injection energy. However, with current computational power, performing tracking
studies for such amount of turns is not feasible in a reasonable amount of time. For
the presented studies, particles were tracked for 105 turns, corresponding to around
11 s of machine time.

Using a similar set of parameters, it was determined that the DA results from differ-
ent computing architectures may differ by up to 0.5 σ [98]. Studies presented in [99]
show that by better sampling of the parameter space by either increasing the number
of probed angles or seeds, the found minimum DA might decrease by 1 σ. However,
given the vast number of tracking studies performed (60 seeds × 5 angles × 20 am-
plitudes = 6000 tracking jobs for one lattice and one energy), it was decided to keep
using the presented numbers in order to keep the computation load at a reasonable
level.

Full 6D tracking is performed, with the RF-parameter used as presented in Tab. 3.3.

Energy
[GeV]

18 arc cell lattice 23 arc cell lattice
Voltage [MV] Δp/p [10−4] Voltage [MV] Δp/p0 [10−4]

450 10.7 6.53 10.4 8.27

900 10.8 4.61 10.5 5.84

1300 10.8 3.84 10.6 4.86

TABLE 3.3: RF parameters for both HE-LHC lattices [25]. The Δp/p
corresponds to 75% of the bucket height.



3.4. Assessment of the Dynamic Aperture and limiting factors 41

Magnetic field errors are assigned to all main dipoles following the procedure out-
lined in the previous section. Care is taken that the sign of the even harmonics
changes between the inner and outer aperture [81]. Furthermore, harmonics b1, a1,
b2, and a2 were not used and potential misalignments of any elements were not
taken into account to exclude any linear harmonics through feed-down. This is to
ensure that the linear optics is the same for all the studied cases and avoid any po-
tential influence of β-beating or linear coupling on the DA. The spool piece correc-
tors are set following the correction scheme described above. Lastly, after applica-
tion and correction of the magnetic field errors, the fractional tunes are matched to
Qx = 0.28/Qy = 0.31 and chromaticity is matched to Qx = Qy = 0.

The results from the tracking are then processed to infer the DA using SixDB [100].
Note that particles are considered lost in SixTrack once they cross the aperture limi-
tation, set to 1 m in the x-y plane [53].

In the following, only the minimum DA from the 5 angles in x-y space and from the
60 seeds is given.

The minimum DA from tracking simulations considered acceptable for machine im-
plementation is 12 σ, as was used during the design of the LHC [101]. For the LHC,
this number was concluded on assuming a variety of modelling uncertainties and
safety margins, which in the worst case should yield an eventual DA in the machine
of 6 σ, which is also the physical aperture of the collimation system. However, ex-
periments in the past have demonstrated excellent agreement between models and
measurements [102, 103], making this target DA potentially too stringent. While cur-
rently studies are ongoing aiming to provide a realistic description of beam losses
and as such beam lifetime using tracking studies [104], these are currently still in an
exploratory phase and as such using beam lifetime as a potentially more tangible
target parameter was not considered an option. As such, the above mentioned tar-
get DA of 12 σ is kept, assuming that meeting this target will ensure sufficient beam
lifetime and that, while quite stringent, it should allow for a good classification of
which scenarios are feasible for the HE-LHC. Furthermore, it may also provide suf-
ficient margin for special operation conditions, such as if for mitigation of transverse
instabilities, running with a higher chromaticity or with strong Landau octupoles is
required, both of which likely resulting in a decrease of dynamic aperture. Given the
involved hardware and process dependent nature of the beam stability mechanism,
estimating a reasonable range of settings in the conceptual design phase of this ma-
chine to cope with all possible instability scenarios is rather complicated, which is
why only this baseline scenario with a high safety margin is studied. In case the
HE-LHC study moves forward, targeting a technical implementation, more studies
may be performed with the chosen scenario to assess in detail the requirements in
terms of long time stability.

Initial tracking studies were performed assessing the DA in both lattices and at all
injection energies without implementing any field errors. Thin lattice versions were
used together with a simplified Hamiltonian, using the small-angle approximation
to expand the accelerator Hamiltonian instead of its "exact" form [105], which was
done in an effort to reduce computation time. In this setup, the only sources of
nonlinear fields are the chromaticity sextupoles in the arcs, powered such to correct
the natural chromaticity. In Tab. 3.4, the minimum DA for both lattices and at three
different injection energies is presented.
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Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 58 σ 97 σ 123 σ
23 arc cells 42 σ 61 σ 75 σ

TABLE 3.4: Minimum DA for both HE-LHC lattices and at different
injection energies.

Notably, the 18x90 layout shows a higher dynamic aperture in all cases, which is at-
tributed to the difference in the sextupole powering. In the 18x90 layout, which has
the smaller number of chromaticity sextupoles compared to the other layout though
these being located at locations with larger β-functions and dispersion function, the
required integrated normalised strength of one focusing/defocusing sextupole is
k3L = 8.81 · 10−3 m−2/ − 1.80 · 10−2 m−2, whereas k3L = 2.33 · 10−2 m−2/ − 3.75 ·
10−2 m−2 is used in the 23x90 layout.

For the following studies, field errors were applied to all main dipoles using the
values presented in Tab. A.1. Here, no correction was applied by the spool piece
correctors, only chromaticity was matched to the aforementioned values using the
chromaticity sextupoles. The resulting DA is presented in Tab. 3.5.

Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 0 σ 0 σ 0 σ
23 arc cells 1.3 σ 1 σ 2 σ

TABLE 3.5: Minimum DA for both HE-LHC lattices and at different
injection energies using the field errors presented in Tab. A.1.

Compared to previous case, a reversed picture is presented, with 23x90 layout show-
ing a non-zero DA in all cases, whereas all particles were lost in the studies with the
18x90 layout. The decrease of the DA when going from 450 GeV to an injection en-
ergy of 900 GeV may be explained by the increase of the systematic sextupole com-
ponent from −35 · 10−4 units to −55 · 10−4 units. All cases being far away from the
target DA, these studies illustrate the necessity of the application of the spool piece
correctors to correct for the field errors in the dipoles.

In the following studies, the effect of single components and its correction are as-
sessed. Following the provided correction scheme of the LHC, sextupole, octupole,
and decapole components were included and corrected. The results are presented in
Tab. 3.6.

Here, as also in the previous presented case where no corrections were applied, the
23x90 lattice shows a higher DA in every scenario compared to the 18x90 layout.
Furthermore, in both layouts, foregoing the correction of the b3 component results
in the smallest DA in all cases. Moreover, even with only the sextupole component
in the dipoles and correction provided by the spool piece correctors, the DA in all but
one case is below the target. Similarly so, the b5-component, if uncorrected, results
in a significant decrease of the minimum DA. However, using the LHC correction
scheme for this decapole component, the minimum DA is met in both lattices at the
highest injection energy of 1.3 TeV, and also in the 23x90 layout for the case of an in-
jection energy of 900 GeV. The octupole component, and here in particular only the
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Lattice Scenario
Injection Energy [GeV]

450 900 1300

18
ar

c
ce

lls

b3 0 σ 0 σ 0.3 σ
b3 + correction 2.2 σ 4.5 σ 7.4 σ

b4 10.6 σ 15 σ 18.6 σ
b4 + correction 22 σ 32 σ 40 σ

b5 2 σ 2.9 σ 6.3 σ
b5 + correction 8 σ 11.3 σ 18.4 σ

23
ar

c
ce

lls

b3 1.5 σ 1.5 σ 2.7 σ
b3 + correction 3.3 σ 7.5 σ 12.6 σ

b4 11.2 σ 17.3 σ 20.6 σ
b4 + correction 24.2 σ 40.3 σ 48.7 σ

b5 4.1 σ 6.8 σ 11.6 σ
b5 + correction 11.8 σ 20.5 σ 32.3 σ

TABLE 3.6: Minimum DA for both HE-LHC lattices and at different
injection energies using certain field components and corresponding

correctors.

component arising from mechanical tolerances, and its correction only play a role at
the lowest considered injection energy of 450 GeV, as in all other considered scenar-
ios, the minimum DA is above the target. Including all components and correction
for the aforementioned three components reflects the behaviour seen before for only
the case of the sextupole component, as is illustrated in Tab. 3.7.

Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 1.5 σ 4.2 σ 7.6 σ
23 arc cells 2.7 σ 7.0 σ 12.1 σ

TABLE 3.7: Minimum DA for both HE-LHC lattices and at different
injection energies using all field errors presented in Tab. A.1 and cor-

rection for the b3, b4, and b5 components.

For the estimated field quality of Tab. A.1, only one scenario, namely the 23x90 at
the highest considered injection energy, meets the aforementioned target DA of 12 σ.
However, this scenario is considered the most undesirable, given that the 23x90 lay-
out only allows for a collision energy of 26 TeV, while due to its smaller beam size
it is the more feasible design at lower injection energies. From these results, it is
concluded that the main driver for the reduction of the dynamic aperture is the sex-
tupole component of the dipoles and its correction is critical in improving the DA.

First studies to guide the magnet design looked into the impact of systematic sex-
tupole component compared to the random one. The uncertainty component is kept
as before, while it is assumed that the correction being on a per arc basis can cope
well with shift of all dipoles. Studies were performed only for the worst performing
scenario, being the 18x90 layout at an injection energy of 450 GeV.

From the result of the tracking studies presented in Tab. 3.8, it is apparent that a
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b3R
2 6 10

b 3
S

30 6.3 σ 3.7 σ 1.9 σ
20 7.5 σ 4.0 σ 2.3 σ
10 8.8 σ 4.0 σ 2.3 σ

TABLE 3.8: Minimum DA in the layout at an injection energy of
450 GeV, with only sextupole field components included in the

dipoles and corresponding correction.

reduction of the random sextupole component is more beneficial in terms of the DA
compared to reducing the systematic component. This may be seen as a result of
the correction strategy, which only corrects for the average sextupole component of
the dipoles, with the deviation of the individual dipoles remaining uncorrected. As
such, the reduction of the spread due to the random sextupole component allows for
a more efficient correction, in terms improving the DA. However, it has to be noted
that even for systematic and random sextupole components similar to what was
foreseen for the LHC [106], the DA in the 18x90 does not reach satisfactory levels.

Following these studies, the next version of the main dipole design features a signifi-
cantly reduced random sextupole component, akin to the random component of the
LHC main dipole during the design phase. Compared to the previous error table,
here improvements in the Nb3Sn superconductor development were included which
allow a reduction of the persistent current contribution, in turn causing the reduc-
tion almost all error components [107]. The full error table is presented in Tab. A.2.
Compared to the previous field quality table, the systematic sextupole component
is also significantly reduced, with the highest now observed at 450 GeV instead of
900 GeV observed before. In Tab. 3.9 the minimum DA for the updated field quality
table are presented, using the LHC correction scheme as explained in Sec. 3.3.

Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 5.3 σ 8.8 σ 11.3 σ
23 arc cells 8.4 σ 12.7 σ 15.3 σ

TABLE 3.9: Minimum DA for both HE-LHC lattices and at different
injection energies using all field errors presented in Tab. A.2 and cor-

rection for the b3, b4, and b5 components.

Due to the significant improvements in the field quality, an increase of the minimum
DA across all study cases is observed. Using the aforementioned 12 σ as threshold,
the 23x90 layout presents two viable options at 900 GeV and 1300 GeV, both in terms
of physical aperture as well as dynamic aperture. As with the previous table, the
18x90 layout performs worse in terms of DA compared to the other layout, with
only the scenario with the highest injection energy close to the required DA.

Further studies looked in the changes in global observables like amplitude detuning
as a way to identify specific quantities which may explain the increase in DA and
difference between the two lattice versions. Focus was put on the cases with an
injection energy of 450 GeV where the most significant increase occurred for both
lattices. First studies looked into difference of the amplitude detuning between the
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two error tables, including all field components and correcting for the b3, b4, and
b5 components. In Fig. 3.6, histograms of the amplitude detuning of 60 different
realizations of the 18x90 layout are presented, evaluated using MAD-X PTC.
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(A) Amplitude detuning for 60 different lattices us-
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ing the field quality from Tab. A.2.

FIGURE 3.6: Amplitude detuning for 60 different realizations of the
18x90 lattice at an injection energy of 450 GeV. Marked in red are the

values for the worst performing seed.

Compared the results from the previous error table illustrated in Fig. 3.6a to the re-
sults presented in Fig 3.6b for the updated error table, a significant decrease in the
amplitude of about one order of magnitude is observed for all three components.
First order amplitude detuning (δQ/δ2J) is driven by the first order contribution
from the octupole and as a second order contribution from sextupoles [108]. While
Tab. A.2 shows a systematic octupole component not present in the previous error
table, this component is an order of magnitude smaller than the random and un-
certainty component, which have remained the same between these versions. As
such, the decrease of the amplitude detuning is mainly attributed to the changes of
the sextupole components. Notably, the worst performing seed (marked with a red
line) shows a similar behaviour in both cases, in that while horizontal direct detun-
ing (δQx/δ2Jx) and cross plane detuning (δQx/δ2Jy = δQy/δ2Jx) show behaviour
similar to other seeds, the direct detuning in the vertical plane (δQy/δ2Jy) is in both
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cases at the upper end of the scale. In both cases, the minimum DA is reported for
the case where the angle is 45◦.

The same studies were performed for the 23x90 layout and are presented in Fig. 3.7.
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ing the field quality from Tab. A.2.

FIGURE 3.7: Amplitude detuning for 60 different realizations of the
23x90 lattice at an injection energy of 450 GeV. Marked in red are the

values for the worst performing seed.

Similar to the 18x90 case, a stark decrease of the amplitude detuning is observed
between the two error tables, which again is mostly attributed to the change of the
sextupole component. However, the 23x90 also shows a smaller amplitude detuning
in all three components by an order of magnitude compared to the other layout,
which partly explains the larger DA observed in this LHC-like layout. Unlike the
18x90, no distinct behaviour can be made out for the worst performing seed, where
again particle loss is reported for case where the angle is 45◦.

Another global observable investigated is the second order chromaticity, which un-
like the first order chromaticity is not directly corrected for. Where first order chro-
maticity stems from quadrupole and sextupole sources, second order chromaticity
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additionally is created by octupoles and by sextupoles as a second order contribu-
tion [108]. As 6D tracking is performed for the DA studies where particles are initial-
ized with a momentum offset as noted in Tab. 3.3, particles loss due to momentum
detuning may also contribute to a low DA. In Fig. 3.8, the second order chromatic-
ity (δ2Q/δ(Δp

p0
)2) in both planes of 60 different realizations of the 18x90 layout is

shown.
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ing the field quality from Tab. A.2.

FIGURE 3.8: Second order chromaticity for 60 different realizations of
the 18x90 lattice at an injection energy of 450 GeV. The values for the

worst performing seed are marked with a lime cross.

Similarly to what was observed for the case of the amplitude detuning, a decrease of
about a factor 2 is observed between the two error table. Additionally, a reduction in
the spread of the second order chromaticity is observed, which the results for new
field quality table also showing a narrow distribution. The second order chromatic-
ity of the worst performing seed (marked with a lime cross) is in both cases close to
highest bin, which itself is far off the maximum of the encountered absolute values,
as such indicating that the momentum detuning does not play a significant role in
the low DA for this specific seed.

In Fig. 3.9, the results of the second order chromaticity studies for the 23x90 lattice
are presented.

As before, the new field quality table results in a stark decrease of the maximum
second order chromaticity encountered, as well as the spread. Both in the case of
the 18x90 and the 23x90 layout, the results for the updated field quality table show a
strong correlation between the horizontal and the vertical second order chromaticity.
Again, the values of the worst performing seed are not found to be at the upper or
lower limit of the 60 cases, again indicating that the second order chromaticity alone
is not the deciding factor for this seed.

To further investigate the effect of the momentum offset on the minimum DA, track-
ing studies were performed using the same lattices and error tables, but with a re-
duced momentum offset to what is presented in Tab. 3.1. The results of those studies
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ing the field quality from Tab. A.2.

FIGURE 3.9: Second order chromaticity for 60 different realizations of
the 23x90 lattice at an injection energy of 450 GeV. The values for the

worst performing seed are marked with a lime cross.

are presented in Tab. 3.10.

Lattice
Error
table

Percentage of the nominal Δp/p0
25% 50% 75% 100%

18 arc cells
Tab. A.1 2.2 σ 2.0 σ 1.8 σ 1.5 σ
Tab. A.2 6.9 σ 7.0 σ 6.2 σ 5.3 σ

23 arc cells
Tab. A.1 4.5 σ 3.5 σ 3.7 σ 2.7 σ
Tab. A.2 11.1 σ 10.6 σ 9.0 σ 8.4 σ

TABLE 3.10: Minimum DA for both HE-LHC lattices at an injection
energy of 450 GeV, for different initialization of the momentum offset.

Notably, in all cases, with decreasing the momentum deviation, also the angle at
which the lowest DA is found decreases. In all cases where tracking was performed
using 25% of the nominal momentum offset, the minimum DA is found at an angle
of 15◦, compared to the 45◦ found in the nominal case.

For the same dipole design, another error table using conductor parameter deemed
more realistic is presented in Tab. A.3. This realistic conductor parameters foresee
thus resulting in a slightly increased persistent current contribution and thus an in-
crease of most error components. The most notable change is observed at 450 GeV,
where for example the systematic sextupole component almost doubles due to the
change in persistent current contribution. In Tab. 3.11, the minimum DA for the field
quality table assuming more realistic conductor parameters is presented.

Given the substantial degradation of most field components at 450 GeV, the mini-
mum DA decreases in both layouts by about 2 σ. For the other injection energy cases,
the changes in the error components are less drastic and as such the minimum DA
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Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 3.2 σ 8.4 σ 11.2 σ
23 arc cells 5.9 σ 13.1 σ 16.3 σ

TABLE 3.11: Minimum DA for both HE-LHC lattices and at differ-
ent injection energies using all field errors presented in Tab. A.3 and

correction for the b3, b4, and b5 component.

found differs only slightly to the more optimistic conductor scenario. Subsequently,
conclusions on the feasibility of the different scenarios remain as before.

Before any further studies were conducted, the dipole design and its field qual-
ity were updated to account for a new design with an increased beam-separation
of 250 mm compared to the 204 mm used in the previous design. Furthermore, an
asymmetric coil layout was used, which in turn introduces systematic field harmon-
ics previously considered non-allowed. Both changes aim to reduce the systematic
quadrupole component at top energy, as its correction significantly pushes the re-
quired main quadrupoles strength [109]. To account for the correction of this com-
ponent, the length of the quadrupole would need to be increased to provide for the
required integrated strength, in turn leading to a decrease of the available space for
dipoles in turn leading to a potential decrease of the maximum available collision en-
ergy. As such, in the updated dipole designs, the quadrupole component is reduced
from −56.6 · 10−4 to −0.025 · 10−4, significantly relaxing the quadrupole strength re-
quirements at the expense of introducing other components. Again, two error tables
are available, one assuming ideal conductor parameters (Tab. A.4) and one assuming
a less efficient correction of the persistent current contribution (Tab. A.5). Compar-
ing both tables, previously considered allowed harmonics such as b3 and b5 change
by less than 4 units, whereas harmonics such as b4 deemed non-allowed in the pre-
vious dipole design see an increase by an order of magnitude or more, yet in all but
one case staying under 1 unit.

In Tab. 3.12 and Tab. 3.13, the minimum DA for both new error tables is presented.

Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 5.2 σ 8.8 σ 12.0 σ
23 arc cells 7.9 σ 12.9 σ 16.9 σ

TABLE 3.12: Minimum DA for both HE-LHC lattices and at differ-
ent injection energies using all field errors presented in Tab. A.4 and

correction for the b3, b4, and b5 component.

As with the previous design, scenarios deemed feasible are the 23x90 at injection
energies above 900 GeV, irrespective of the conductor properties, and 18x90 lattices
at 1300 GeV for the case of optimistic conductor parameters without any changes to
correction system. Given the small changes in the harmonics b3 and b5, which were
previously shown to have a strong impact on the DA even with correction, the re-
sults in terms of DA are similar to those using the error tables for the symmetric coil
layout. In return, the introduction of systematic b6 and b8 harmonics appears to only
have a small impact on the results, suggesting that no specific correction might be
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Lattice
Injection Energy [GeV]
450 900 1300

18 arc cells 2.7 σ 7.4 σ 11.2 σ
23 arc cells 5.4 σ 12.8 σ 15.9 σ

TABLE 3.13: Minimum DA for both HE-LHC lattices and at differ-
ent injection energies using all field errors presented in Tab. A.5 and

correction for the b3, b4, and b5 component.

necessary. To conclude on the necessity of higher order correctors for certain compo-
nents further studies were performed for cases where the DA is significantly below
the target threshold. Studies here were only performed with the error table A.5
representing the realistic conductor parameters. Given that the biggest changes be-
tween the error table for realistic and for optimistic conductor parameters is a fac-
tor 2 between the systematic b3 and b5 components, two additional study cases were
included were the systematic component of one harmonic is reduced while keeping
the other at the same level.

The results for these studies and a comparison to the nominal minimum DA is pre-
sented in Tab. 3.14.

18 arc cells 23 arc cells
Injection Energy [GeV] 450 900 450

nominal minimum DA 2.7 σ 7.4 σ 5.4 σ

50% b3S 4.4 σ 8.1 σ 7.0 σ
50% b5S 2.8 σ 7.7 σ 5.4 σ

no b3 correction 0.0 σ 1.7 σ 0.8 σ
no b4 correction 2.6 σ 7.7 σ 6.4 σ
no b5 correction 1.1 σ 4.1 σ 2.0 σ

b6S = 0 2.7 σ 7.4 σ 5.5 σ
b7S = 0 2.9 σ 8.2 σ 5.5 σ
b9S = 0 2.7 σ 7.7 σ 5.3 σ

TABLE 3.14: Minimum DA for studies with individual harmonics al-
tered to evaluate its impact.

The studies with the reduced systematic b3 component (dubbed 50% b3S in Tab. 3.14)
show a drastic increase in DA, in particular at 450 GeV, coming to within 1 σ to the
results of the error table with the optimistic conductor parameters, while keeping
all other components as before. Reducing the systematic b5 component on the other
hand does not show a significant increase in the DA, in particular the results in both
lattices at 450 GeV barely change. As such, following also the previous studies com-
paring amplitude detuning for error table A.1 and A.2, the high systematic sextupole
component of 50 units appears to be the main driver of the low DA in the 450 GeV
injection energy cases.

Results corresponding to entries marked with no bn correction represent studies
where only the correctors for the n th-component were turned off to evaluate the
need for this specific corrector circuit. As already concluded from previous studies,
the local correction of the sextupole and decapole components is required as the DA
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would otherwise would be significantly decreased. On the other hand, the correc-
tion of the octupole component does not appear necessary, in particular as in two
cases the minimum DA slightly improves. These improvements are thought to stem
from a favourable change of the amplitude detuning due to the uncorrected octupole
contribution, but were not further investigated.

Lastly, studies were performed where the systematic component of the n th-harmonic
was set to 0 to emulate an ideal correction and assess its need. Harmonics b6, b7,
and b9 were selected for these studies, with b7 and b9 the next strongest components
above a decapole, and b6 being the largest component introduced by the asymmetric
coil design. In all cases, the minimum DA remains largely the same or increases only
slightly, with the largest improvement being less than 1 σ, as such indicating that
no specific correction of these components, either by a revised dipole design or by
installation of corrector magnets, is necessary.

3.5 Effect of sorting on the dynamic aperture

In the previous section, the minimum DA for different operating scenarios of the
HE-LHC were investigated, based on the field quality estimates of its main dipole.
It was found that using the correction scheme of the LHC, both studied layouts do
not meet the defined threshold DA at 450 GeV, as such excluding scenarios where
the current SPS could be used as an injector. Even with an upgrade of the SPS to
inject at an energy of 900 GeV, the 18x90 layout does not appear fit for implemen-
tation as the DA is about a factor 1.5 below the threshold. Additionally, at this in-
jection energy the layout does not meet the target beam stay clear of the HL-LHC.
Particularly for the 450 GeV scenario, one of the main drivers of the insufficient DA
appears to be the large systematic sextupole component in the dipoles. However,
for all studies presented above, the pessimistic assumption was made that during
the installation of the dipoles, no care is taken on where each unit will be installed,
in turn also not requiring any additional information on alignment or field quality
from previous measurements. On the other hand, in the LHC, where the field quality
of the main dipoles met most of the specifications and providing sufficient DA with
the above mentioned pessimistic assumptions, before the installation in the tunnel
commenced, magnet measurements were conducted to assess both field quality and
mechanical tolerances and an installation strategy was devised to optimize machine
performance [89, 110]. While sorting in this case was performed not focusing only
on optimizing DA but also to improve the mechanical acceptance of the arcs, an
increase of the DA of about 1.5 σ is seen in simulations due to these measures.

Given the precedence set by the LHC, it is thus only natural to assume similar mea-
sures will be in place during the installation of the HE-LHC. As such, studies were
conducted evaluating the potential impact of the sorting for the different HE-LHC
scenarios. In these studies, the sole focus lies on improving the minimum DA, in
particular the effect of sorting dipoles by their b3 component given that this compo-
nent has shown to have the largest impact on the DA. No other effects such as other
field components or mechanical tolerances are considered in the following sorting
algorithms. Furthermore, another simplification made in the following is that mag-
net assemblies are indistinguishable unlike to the LHC where a distinction is made
in the sorting algorithm between dipoles with and without the attached nested oc-
tupole/decapole spool piece corrector. Lastly, in the following sorting approach, it
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is assumed that all dipoles are measured and available for installation. This was not
the case for the LHC, where only a few dipoles were measured at their operating
temperature of 1.9 K. All other dipoles were measured at room temperature and es-
tablished warm-to-cold relations were used to infer the field quality at 1.9 K [111,
112]. Furthermore, magnets were delivered in batches and installed shortly after
the delivery, thus preventing optimal global sorting. The results aim to illustrate
an upper bound of what could be achieved in terms of DA, which make scenarios
not meeting the target DA despite these optimistic sorting unlikely to be feasible for
implementation.

Given the strong dependence of the DA on the random sextupole component in the
first error table A.1, first studies looked into the effect of sorting for this error table.
As the high random sextupole component, together with the powering scheme only
allowing to correct for the average sextupole component in each arc, is believed to
allow for a significant residual error which causes the low DA, the aim is to reduce
the variance of the sextupole component per arc. In the first studies, this was accom-
plished by simply ordering the dipoles according to their sextupole component, as
such reducing the variance by pairing sextupole with a similar sextupole component
in the same arc. The distribution of the sextupole components and octupole compo-
nents for one seed before and after this simple sorting is presented in Fig. 3.10a, with
the mean and variance of both components illustrated in Fig. 3.10b.
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FIGURE 3.10: Illustration of the simple sorting on the sextupole and
octupole component using one seed of the tracking studies for the

23x90 lattice.

Thanks to this simple sorting, a drastic reduction of the variance of the sextupole
component is found across all arcs. Given the simplistic nature of the sorting algo-
rithm, which does only allow for sorting on one variable, and with no correlation
between components assumed when assigning the field errors, the variance per arc
of all other components remains on a similar level.

Before looking into the DA, the positive impact of the sorting can already be seen
when comparing the amplitude detuning before and after sorting. In Fig. 3.11 and
Fig. 3.12, the reduction of the amplitude detuning due to the sorting is illustrated for
the 18x90 and 23x90 lattices, respectively.



3.5. Effect of sorting on the dynamic aperture 53

-5 0 5 10

Qx/ 2Jx [105m 1]

0

5

10

15
C

o
u
n
ts

0 10 20

Qy/ 2Jx = Qx/ 2Jy [105m 1]

0

5

10

15

C
o
u
n
ts

-10 -5 0 5

Qy/ 2Jy [105m 1]

0

5

10

15

20

C
o
u
n
ts

(A) Amplitude detuning without sorting.

-5 0 5 10

Qx/ 2Jx [105m 1]

0

5

10

C
o
u
n
ts

0 10 20

Qy/ 2Jx = Qx/ 2Jy [105m 1]

0

5

10

C
o
u
n
ts

-10 -5 0 5

Qy/ 2Jy [105m 1]

0

5

10

15

C
o
u
n
ts

(B) Amplitude detuning with sorting

FIGURE 3.11: Amplitude detuning for 60 different realizations of the
18x90 lattice at an injection energy of 450 GeV, using the field quality

from Tab. A.1.

In the presented case for 450 GeV, in both lattices a significant reduction of all three
amplitude detuning terms is observed, with the 18x90 showing a larger relative de-
crease of the standard deviation than the 23x90. This effect is predominately at-
tributed to the sorting of the sextupole component and the associated reduction of
the residual sextupole errors. In Tab. 3.15, the minimum DA results for both lattices
and at the three considered injection energies are presented.

Studies using the simple sorting approach yield an increase of up to 5 σ, with the
largest improvement at 450 GeV, where also the random sextupole component is
largest. Comparing to studies presented in Tab.3.8, the improvement for the case
of the 18x90 lattice at 450 GeV due to the sorting yields similar results to the case
of a reduced random sextupole component between 2 to 6 units, but including also
higher order components. However, using the same 12 σ threshold as in the previous
section, still only the case of the 23x90 lattice at an injection energy of 1.3 TeV can be
deemed feasible, irrespective of the use of sorting.

Additionally, this sorting approach only takes into account the sextupole component
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FIGURE 3.12: Amplitude detuning for 60 different realizations of the
23x90 lattice at an injection energy of 450 GeV, using the field quality

from Tab. A.1.

of one beam. This approach is feasible for the LHC dipoles, where a strong corre-
lation of the sextupole component between both apertures was found [110]. This
correlation is further illustrated in Tab. 3.16, where the correlation also for higher
order components is illustrated, using measurement data for the LHC dipoles.

Notably, not only a strong correlation between the sextupole components of the two
apertures is found, but the same holds also true for other allowed harmonics such as
b5, b7, and b9. Compared to other cases, also a relatively strong correlation between
different allowed harmonics between apertures is noted, such as b3 in aperture 1
and b5 in aperture 2. However, no distinct cause for the correlation between the two
apertures has been found and as such cannot be assumed to also be the case for the
HE-LHC dipoles. As such, an alternative sorting algorithm is investigated, allowing
sorting on the sextupole components in both apertures. For the given task, the K-
means clustering algorithm [114] was chosen. This algorithm, given a set of points
in an n-dimensional space, starts off by randomly distributing k points mk, where k is
the number of cluster and is specified on initialization. For the case of the HE-LHC,
k equals 8 being the number of arcs, and using only the sextupole components of
the two apertures the dimension n = 2. In the following step, the distance between
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Lattice
Injection energy [GeV]

450 GeV 900 GeV 1300 GeV

18 arc cells
without sorting 1.5 σ 4.2 σ 7.6 σ

with sorting 5.5 σ 6.6 σ 11.1 σ

23 arc cells
without sorting 2.7 σ 7.0 σ 12.1 σ

with sorting 7.7 σ 10.8 σ 13.1 σ

TABLE 3.15: Comparison of minimum DA with and without the use
of a simple sorting algorithm for both HE-LHC lattices at different

injection energies and using field quality specified in Tab. A.1.

Aperture 2
b3 b4 b5 b6 b7 b8 b9

A
pe

rt
ur

e
1

b3 0.88 -0.03 0.43 0.01 0.23 0.02 0.13
b4 -0.07 -0.31 -0.05 -0.14 0.04 -0.05 0.05
b5 0.42 -0.12 0.93 -0.04 0.27 0.18 0.58
b6 -0.15 -0.08 -0.21 -0.14 -0.30 -0.06 -0.20
b7 0.22 -0.09 0.26 0.17 0.90 0.05 0.54
b8 0.08 -0.12 0.04 -0.03 0.12 -0.01 0.09
b9 0.11 -0.19 0.58 -0.02 0.55 0.14 0.89

TABLE 3.16: Pearson product-moment correlation coefficients be-
tween the harmonics of the two apertures using the WISE seeds [113].

each data point to the points mk is evaluated, and each data point is assigned to one
cluster corresponding to a point mi which is closest to the data point. Once all data
points are assigned a cluster, the points mk are recalculated as the mean over all data
points belonging to one cluster. These two steps are repeated until convergence is
achieved or the maximum number of iterations is exceeded. While the regular K-
means algorithm creates clusters of unequal size, each arc of the HE-LHC has the
same number of dipoles and as such an adapted K-means algorithm was used, able
to provide clusters of equal size [115]. An illustration of the distribution of sextupole
components in both apertures and the results of the equal cluster-size K-means are
illustrated in Fig. 3.13.

Note that the K-means algorithm would also allow to extend the sorting to more
components, e.g. sorting on b3 and b5 in both apertures, however this has not been
tried yet. A comparison of the DA results between the simple sorting scheme and
when using the K-means sorting are presented in Tab. 3.17.

As expected, due to additional consideration of the second aperture and the thus
less efficient sorting of the sextupole component, the resulting DA falls in between
the unsorted case and using the simple sorting. Note that the results presented here
are only for the case of tracking in Beam 1 as no optics for Beam 2 is available for
these layouts. However, comparing again the variance of the sextupole and octupole
component before and after sorting, a clear reduction is observed in both beams, as
is displayed in Fig. 3.14 for one seed of the 18x90 layout and in Fig. 3.15 for the 23x90
layout.

Given this reduction of the variance of the sextupole component also in Beam 2, it is
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FIGURE 3.13: Illustration of the K-means clustering for sorting on the
sextupole component of the main dipole in both apertures.

Lattice
Injection energy [GeV]

450 GeV 900 GeV 1300 GeV

18 arc cells
without sorting 1.5 σ 4.2 σ 7.6 σ

with sorting 5.5 σ 6.6 σ 11.1 σ
K-means 3.4 σ 5.8 σ 10.6 σ

23 arc cells
without sorting 2.7 σ 7.0 σ 12.1 σ

with sorting 7.7 σ 10.8 σ 13.1 σ
K-means 5.7 σ 9.3 σ 12.7 σ

TABLE 3.17: Comparison of minimum DA for different sorting al-
gorithms for both HE-LHC lattices at different injection energies and

using field quality specified in Tab. A.1.

thus believed that DA results here are also likely to improve, under the assumption
that the DA is dominated by the effect of the sextupole component in the dipoles.
However, the exact increase of the DA in Beam 2 still should be determined once
optics for both beams are available.

Both sorting schemes have also been tried with the updated field quality table A.2,
which for one features a significantly lower random sextupole component at the
lowest injection energy. As such, the effect of the sorting is expected to show a less
drastic increase compared to the previous case. DA results for all three cases and for
the both HE-LHC lattices at the three injection energies are presented in Tab. 3.18.

As expected, all cases show only a modest increase in DA for both sorting schemes,
showing at least an improvement of 1 σ. Independent of the used sorting approach,
in no case is the improvement significant enough to change the previous conclusions
on the feasibility of the individual scenarios from the DA point of view.

For completeness, the DA results with and without the use of the K-means sorting
algorithm are presented in Tab. 3.19 for error table A.4, which assumes optimistic
conductor parameters, and in Tab. 3.20 for the error table A.5 using the realistic



3.6. Conclusions 57

60

40

20

D
ip

o
le

 b
3

[1
0

4
]

before sorting after sorting

Arc12 Arc23 Arc34 Arc45 Arc56 Arc67 Arc78 Arc81

2

0

2

D
ip

o
le

 b
4

[1
0

4
]

before sorting after sorting

(A) Effect of sorting in Beam 1.
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(B) Effect of sorting in Beam 2.

FIGURE 3.14: Effect of sorting using the K-means clustering on the
variance of the sextupole and octupole component on a per arc basis

in the 18x90 layout.
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(B) Effect of sorting in Beam 2.

FIGURE 3.15: Effect of sorting using the K-means clustering on the
variance of the sextupole and octupole component on a per arc basis

in the 23x90 layout.

conductor parameters.

Again, using the K-means sorting approach yields an increase of the DA in simula-
tions of at least 1 σ. However, while before the 18x90 satisfied the DA requirements
only in case of the optimistic conductor parameters, thanks to the improvements
using the sorting algorithm, also the more realistic case is now a viable option. Fur-
thermore, with the sorting also an injection energy of 900 GeV becomes a feasible
option for the 18x90 layout, albeit only for the more optimistic error table. However,
even with sorting, at an injection energy of 450 GeV neither lattice meets the DA
requirements nor show presently deemed sufficient beam stay clear.

3.6 Conclusions

In this chapter the motivation and considerations for one of the potential successors
to the currently highest energy particle collider, the LHC, have been presented. The
High Energy LHC (HE-LHC) aims at almost doubling the collision energy whilst
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Lattice
Injection energy [GeV]

450 GeV 900 GeV 1300 GeV

18 arc cells
without sorting 5.3 σ 8.8 σ 11.3 σ

with sorting 6.9 σ 11.5 σ 14.6 σ
K-means 6.6 σ 11.4 σ 14.7 σ

23 arc cells
without sorting 8.4 σ 12.7 σ 15.3 σ

with sorting 9.6 σ 14.2 σ 16.8 σ
K-means 9.5 σ 13.8 σ 16.8 σ

TABLE 3.18: Comparison of minimum DA with and without the use
of a simple sorting algorithm for both HE-LHC lattices at different

injection energies and using field quality specified in Tab. A.2.

Lattice
Injection energy [GeV]

450 GeV 900 GeV 1300 GeV

18 arc cells
without sorting 5.2 σ 8.8 σ 12.0 σ

K-means 5.8 σ 12.6 σ 17.4 σ

23 arc cells
without sorting 7.9 σ 12.9 σ 16.9 σ

K-means 8.7 σ 15.2 σ 21.8 σ

TABLE 3.19: Comparison of minimum DA using a simple sorting al-
gorithm and the K-means clustering algorithm for both HE-LHC lat-
tices at different injection energies and using field quality specified in

Tab. A.4.

reusing the same tunnel currently occupied by the LHC and before that by the LEP.
This ambitious goal, together with the condition of no major modifications to the
tunnel and the potential reuse of the LHC injector chain without any upgrades, put
severe constraints on the design, which is reflected in the various scenarios consid-
ered. Next to the requirements on the deviation from the survey of the LHC and
on the minimum available physical aperture at injection energy, another key quan-
tity is the dynamic aperture (DA) at injection energy, which has been the focus of
the last two sections. Herein, the minimum DA was studied in simulations for all
considered scenarios, taking into account only the field quality of the main dipoles.
Studies were performed for multiple iterations of the main dipole design and using

Lattice
Injection energy [GeV]

450 GeV 900 GeV 1300 GeV

18 arc cells
without sorting 2.7 σ 7.4 σ 11.2 σ

K-means 3.8 σ 9.0 σ 14.4 σ

23 arc cells
without sorting 5.4 σ 12.8 σ 15.9 σ

K-means 6.2 σ 13.9 σ 18.1 σ

TABLE 3.20: Comparison of minimum DA using a simple sorting al-
gorithm and the K-means clustering algorithm for both HE-LHC lat-
tices at different injection energies and using field quality specified in

Tab. A.5.
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the same threshold as used during the design of the LHC, the feasibility of all sce-
narios was evaluated in order to eventually conclude on one operational scenario to
be studied in more detail if a technical implementation is targeted. Based on these
studies, reusing the SPS without any further upgrade and injecting with an energy
of 450 GeV seems an unlikely scenario, as the dynamic aperture in all dipole de-
signs did not meet the required threshold, setting aside also issues with the physical
aperture at this injection energy. As such, all currently feasible solutions include an
energy upgrade of the SPS, with a doubling of the injection energy allowing opera-
tion with an LHC-like layout which does not achieve the targeted collision energy,
while a tripling of the injection energy would allow for use of a layout able to achieve
the full collision energy of 27 TeV. Implications and limitations of said upgrade of
the SPS have not been studied so far. In all studied scenarios, the strong expected
sextupole component of these dipoles is found to be the dominant factor. As a mit-
igation strategy, the effect of sorting on the minimum DA was studied, taking into
account also that harmonics between the two apertures of the dipole may be un-
correlated, which was not the case for the LHC. Both sorting approaches show an
increase of the minimum DA, however even without taking into account any fur-
ther constraints from e.g. mechanical tolerances, at an injection energy of 450 GeV
the minimum DA does not meet the requirements. While the main dipoles are be-
lieved to have the strongest impact on the DA at injection energy, future studies may
also look into the change of the minimum DA when including field errors of other
magnets such as the main quadrupoles, which were not available for these stud-
ies. Studied scenarios also assumed perfect knowledge of the field quality of each
dipole and ideal corrections settings. As such, the effect of a miscorrection on the
DA to evaluate the robustness of certain scenarios should be looked into.
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Chapter 4

Dynamic Aperture in the LHC in
the presence of large sextupole
errors

The hadron collider options currently investigated as part of the FCC study rely on
the use of dipoles with a field strength of 16 T or above in order to achieve the tar-
geted collision energy. From simulations of the current design of these dipoles, a
systematic sextupole component of up to factor 10 larger than in the LHC dipoles
could be present in these magnets. A similar systematic mispowering of the correc-
tor circuits as is assumed in the LHC may thus have a significantly larger impact on
the dynamic aperture and in turn potentially also on the operational performance.
In this experimental study, the dynamic aperture in the presence of large sextupole
fields in the LHC at injection energy was measured. By deliberately mispowering the
sextupole spool pieces attached to each dipole, a large systematic b3 component is
generated and the subsequent change in chromaticity is corrected by the chromatic-
ity sextupoles. Using both the aperture kicker and the AC-dipole as exciters, free
and forced dynamic aperture as well as amplitude detuning were measured. Addi-
tional linear optics measurements provide insight into the contributions to coupling
from the sextupole spool pieces.

4.1 Introduction

In the LHC as well as in other colliders using superconducting magnets, the cor-
rection of the systematic sextupole component of the main dipoles is critical both
in terms of operation and dynamic aperture. This systematic field harmonic stems
both from static contributions such as the coil geometry and persistent currents in
the conductor as well as dynamic contributions from current redistributions in the
superconducting cables leading to a change of the allowed harmonics such as the
sextupole component at static current called decay. Once the ramping of the cur-
rent starts, another dynamic change is observed, where the sextupole component
changes back to the value before the decay, an effect which is called snap-back. Due
to the large amount of dipoles, the integrated sextupole contribution would, if un-
corrected, lead to a large chromaticity. Though easily correctable with chromaticity
sextupoles and a feedforward system, the presence of this strong sextupole fields
in turn also drives multiple resonances as well as leads to the generation of higher
order chromaticity and amplitude detuning. In the LHC, a local correction provided
by sextupole spool pieces (MCS) attached to each dipole [106] together with a dipole
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sorting strategy [110] was implemented. In addition, a large effort was put into as-
sessing the field quality of the main dipoles, as well as understanding the influenc-
ing factors to the evolution of the harmonics. The results, aggregated in a magnetic
model called FiDeL (Field Description for the LHC) [116], allow to predict the re-
quired corrector settings along the LHC cycle in order to compensate field errors.

To achieve the target 16 T in the dipoles for the FCC-hh and the HE-LHC, a change
of the superconductor from the NbTi, which was used in the LHC dipoles, to Nb3Sn
is necessary. This superconductor features a larger filament size, which leads to a
different persistent current contribution [117, 118], which is a major contribution to
the field quality of the 16 T dipoles. In the case of the HE-LHC, where the option
of injecting from the current Super Proton Synchrotron (SPS) at CERN with an in-
jection energy of 450 GeV is considered, the large foreseen energy swing leads to
another increase of the persistent current contribution at low field. To reduce this
effect, measures were taken such as the reduction of the filament size from 50 µm
to 20 µm and the inclusion of artificial pinning centers to reduce the magnetization
at low fields. For the LHC dipoles, where NbTi is used, the filament size is around
7 µm [67]. The field quality tables for the 16 T dipoles, showing both the systematic
and persistent current contributions, are presented in [83].

Due to this large sextupole component of e.g. 50 units (at a reference radius of
17 mm) at 450 GeV [83] in the HE-LHC, a similar systematic setting error of the MCS
of 10 %, as was assumed for the LHC [82], would result in a drastically more chal-
lenging situation. For comparison, in the LHC a systematic b3 between 4.5 to 5.7
units (with one notable exception being arc 78 with 2.5 units) is corrected for [119].
MCS setting errors could potentially occur due to a limited magnetic measurement
accuracy, imperfect models of the dynamic contributions as well as from a rapid
change in the order of a few seconds [120] coming from the snap-back. Again, while
the first order chromaticity generated from this uncorrected sextupole component is
easily corrected, for the other effects such as amplitude detuning the identification
of the contribution in the presence of other multipoles and subsequent correction
might prove significantly more difficult. This temporary situation of a large local
b3 could represent the overall limitation for the DA during the cycle, and as such
possibly the overall collider performance.

A large systematic b3 was studied in the LHC in this experimental study. Due to
the better field quality of the LHC dipoles in comparison to what is expected for the
16 T Nb3Sn dipoles, the MCS are used to mimic a large systematic b3 in the dipoles.
The chromaticity was then corrected using the main sextupoles (MS). Following the
change in the spool piece corrector powering, the dynamic aperture was measured
and results are presented in this report.

The change of powering of the MCS also allows to study possible changes in the
linear optics and coupling due to misalignments of the sextupole spool piece correc-
tors.

4.2 Measurement procedure

The experimental study was performed at the injection energy of 450 GeV using
one pilot bunch ( with a beam intensity ≈ 5 · 109 p+) and the nominal injection
optics. The fractional tunes were set to 0.28/0.31 and chromaticity was corrected to
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Qx,y = 3 units. Upon the start of the study, collimators including the injection protec-
tion were retracted to coarse settings to provide ample aperture for AC-dipole and
aperture kicker (MKA) excitation. Before the change of powering, the initial cou-
pling was assessed, and a coupling correction was deemed not necessary ( residual
coupling equivalent to coupling knob settings [121] of C− = −2.3 · 10−3 − 1.3i · 10−3

in an ideal machine). Starting with Arc12, the current for the MCS was set to 0 arc
by arc, as illustrated in Fig. 4.1.
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FIGURE 4.1: Evolution the current from the power supplies of the
sextupole spool piece (MCS) correctors (top) and of the arc sextupole,
grouped into sextupoles close to the focusing (MSF) and defocusing
quadrupoles (MSD) (bottom). Here, only the current for the MS in
Arc81 is displayed. The MS in the other arcs were powered with the

same current.

After each sector depowering, the chromaticity was corrected using the arc sex-
tupoles. Due to issues with the beam quality traced backed to injection oscillations,
transfer line steering was carried out at this point. Additionally, linear optics mea-
surements using the AC-dipole were conducted after the depowering of all MCS.
In the following, the MCS currents were set to twice the nominal strength but with
opposite polarity. After each change in the circuit powering, the chromaticity was
corrected with the MS. Linear optics measurement were performed to assess the im-
pact of a possible misalignment of the MCS on coupling and beta-beating. These
were followed by single plane AC-dipole excitation to assess amplitude detuning
and also for potential assessment of forced dynamic aperture. Lastly, large ampli-
tude excitation with the aperture kicker (MKA) were performed to assess the free dy-
namic aperture. Before each MKA kick, the previous pilot bunch was dumped and a
new bunch was injected. The kick strength of the MKA was limited to 7 σnominal and
9.5 σnominal in the horizontal and vertical planes, respectively, where σnominal refers to
the beam size using the LHC design normalized emittance of n =3.75 µm.

4.3 Results

As the optics at the beginning of the study is the nominal injection optics, which
has already been thoroughly analysed during the LHC commissioning phase, no in-
depth optics measurements were conducted at this point. A comparison between the
beta-beating obtained from a single kick at the beginning of the experimental shift
to the beta-beating assessed during the LHC optics commissioning in April 2018 is
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presented in Fig. 4.2. As expected, no significant difference is observed. As for cou-
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FIGURE 4.2: Comparison between beta-beating measured for injec-
tion optics during the LHC optics commissioning in April 2018 and

in the beginning of the shift.

pling, a small difference in the amplitude is observed, shown in Fig. 4.3. During
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FIGURE 4.3: Comparison between difference coupling resonance
driving term measured for injection optics during the LHC optics

commissioning in April 2018 and in the beginning of the shift.

the experimental study, the fractional tunes were set to 0.28/0.31, whereas during
commissioning the injection tunes 0.275/0.295 were used. No notable difference in
the coupling structure is observed. Assuming that coupling sources have remained
the same between commissioning in April 2018 and experimental study conducted
in July 2018 and neglecting the slight change of the β-functions, this change of the
tunes leads to a change of the resonance driving term (RDT) amplitude of the differ-
ence resonance (Qx − Qy = p) between these two measurements of about a factor

1 − e2πi(QExp
x −QExp

y )

1 − e2πi(Qcommissioning
x −Qcommissioning

y )
≈ 1.5 . (4.1)

Single AC-dipole excitations were performed after some arc depowering steps to
assess the change in coupling. One example is presented in Fig. 4.4 for the case
of Arc12. A drastic increase of about a factor 2 is observed in | f1001| before any
coupling corrections were applied, highlighting the contribution of the MCS to the
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FIGURE 4.4: Change in Coupling after depowering the MCS in
Arc12.

coupling in the LHC [122]. After reaching the final MCS powering and the subse-
quent chromaticity correction with the main sextupoles linear optics measurements
were conducted, which are presented in Fig. 4.5 together with the beta-beating for
the nominal MCS powering. In the mispowered MCS configuration a significantly
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FIGURE 4.5: Comparison of beta-beating between the nominal MCS
setting and powered with twice the strength and opposite sign.

higher beta-beating than in the nominal case is observed, especially in the vertical
plane where a maximum beta-beating of 25% is obtained. The change in the linear
optics can mostly be attributed to feed-down via horizontal misalignment of the sex-
tupole spool pieces or main sextupoles. Similarly, a change in the coupling structure
between the two MCS powering cases, as presented in Fig. 4.6, can be noted. How-
ever, the overall coupling is similar between the two cases and no special correction
was considered necessary. Presented in Fig. 4.7 and Fig. 4.8, no drastic change in the
closed orbit is observed.

The amplitude detuning measurements were analysed following the same algorithm
as described in [123]. During the measurements, a tune drift was observed, for which
the measurements were corrected for. In Fig. 4.9, the horizontal and vertical tunes,
measured by the BBQ [124], during the horizontal excitations are presented, show-
ing a tune drift of roughly 10−3 over a time span of 20 minutes. The results of the
amplitude detuning measurements are presented in Fig. 4.10.

In Fig. 4.11, the spectrum at the BPM.10L1.B1 is presented during one vertical AC-
dipole excitation. In both planes, spectral lines corresponding to decapolar reso-
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FIGURE 4.6: Comparison of coupling between the nominal MCS set-
ting and powered with twice the strength and opposite sign.
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FIGURE 4.7: Comparison of closed orbit between the nominal MCS
setting and powered with twice the strength and opposite sign.

nances are found close to the natural tunes. In the horizontal plane, the 4QAC
y spec-

tral line, where QAC
y = Qy + 0.012 is the driven tune of the AC-Dipole, is found close

to the natural tune Qx. The driven tune in the horizontal plane is QAC
x = Qx − 0.01.

For the vertical case, Qy is in the vicinity of the −QAC
x + 3QAC

y spectral line. How-
ever, these do not disturb the amplitude detuning measurements as the resolution of
the frequency analysis is sufficient to distinguish between the lines. Strong decapo-
lar lines, disturbing amplitude detuning measurements have already been reported
in [123], although at a beam energy of 6.5 TeV.

During the vertical kicks, increasing losses are visible in the intensity, measured by
the fast beam current transformer (FBCT) [67] and displayed in Fig. 4.12. Such losses
were not seen in the preceding horizontal kicks, where the highest amplitude kicks
were more than a factor 2 smaller than the largest vertical excitations.

Given the kick amplitude below 6σnominal and the fully retracted collimators, these
losses during the vertical excitations with the AC-dipole are attributed to particles
crossing the boundary of stable motion, called forced dynamic aperture [126]. In a
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FIGURE 4.9: BBQ tune measurement during AC-Dipole excitations
in the horizontal plane.

simplified one dimensional model the forced dynamic aperture relates to the inten-
sity losses via

DA f orced = J f orced
z − z ln

ΔI
I

, (4.2)

where ΔI
I is the relative intensity loss, z the excitation plane, J f orced

z the action of the
excitation and z the emittance of the bunch.

The emittance in between the kicks was logged using the BSRT and beforehand a
reference measurement using the wire scanner (BWS) was performed. Horizontal
and vertical normalized emittance during the amplitude detuning measurements
are displayed in Fig. 4.13.

The emittance measured with the BWS beforehand agrees well with the BSRT mea-
surements and no correction has been applied to the BSRT measurements. For the
calculation of the forced DA, a moving average of the measured BSRT emittance
was performed using the current value and three measurements before and after the
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FIGURE 4.12: Losses in the beam intensity during AC-dipole excita-
tions.

current timestamp. Beforehand, sudden drops of emittance were removed from the
dataset, these being assumed to be false readings caused by the AC-dipole excita-
tion. Notably, the emittance in both planes increases drastically during the two last
horizontal AC-dipole excitations. This is observed in both BSRT and BWS measure-
ments. Following the vertical kicks, a decrease of the normalized emittance of about
a factor 3 in the horizontal plane and about factor 2 in the vertical plane is observed.
In Fig. 4.14, the projection of the image captured by the BSRT to the horizontal and
vertical planes is displayed, together with mean and standard deviation of the fit-
ted Gaussian profile, indicated by white lines. At around 14:04, a sudden dip of the
peak signal is observed, together with a sudden increase of the standard deviation,
more visible in the horizontal plane. In Fig. 4.15, the measured density and the fit-
ted Gaussian profile are displayed before the emittance blowup, during the vertical
AC-dipole excitations and afterwards.

From Fig. 4.15b top, the increase of the spotsize in the horizontal plane is observed
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BSRT and the BWS during the AC-dipole excitations and the beam in-
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FIGURE 4.14: Logged cross-section from BSRT.
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FIGURE 4.15: Projections of the logged BSRT signal to the horizontal
and vertical plane.

together with an overpopulation of the tails. The subsequent decrease of the hori-
zontal spotsize may stem from particles with large horizontal action being lost due
to an excitation, either through coupling with the vertical plane, due to a small ex-
citation provided by the AC-dipole also in the horizontal plane to allow for mea-
suring the crossplane amplitude detuning, as is already described in [127], or, given
the positive measured cross plane amplitude detuning and thus particles with large
horizontal action being closer to the driven vertical tune QAC

y , receiving a stronger
kick from the AC-Dipole and subsequently being lost. As the readings in vertical
plane appear to have been less distorted by this effect, no correction to the measured
emittance in the vertical plane was applied. The unwanted beam blow-up went un-
noticed during the shift and as such, no corrective measures such as reinjecting a
new pilot bunch were taken. In Fig. 4.16 the relative losses of the beam intensity
are shown. Unfortunately, the overpopulation of tails in the horizontal plane and
loss of these particle with large horizontal action spoil the measurement of the ver-
tical forced dynamic aperture. Given the significant contribution to the beam losses
from the horizontal large amplitude particles, from the given data is not possible
to extract just the beam loss of particles with large vertical amplitude and as such
no vertical forced dynamic aperture fitting the observed beam loss could be found,
showing a clear point to watch for in future forced DA measurements. Using the
last point as reference, it can however be stated that the forced dynamic aperture
is above 5.61 ± 0.35 σnominal , assuming a nominal normalized emittance of 3.75 µm.
Due to occurrence of additional resonances as well as an increase of the amplitude
detuning during forced oscillations [125], the forced DA is in general smaller than
the free dynamic aperture [126].

Following the AC-dipole kicks, the free dynamic aperture was measured using the
MKA. After each excitation, the beam was dumped and a new beam was injected.
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FIGURE 4.16: Measured losses of beam intensity during vertical
AC-dipole excitation together with expected losses following for-

mula (4.2).

The beam losses were calculated using the intensity from the FBCT before the ex-
citation and 11 s after the excitation. The kick amplitudes and the associated beam
intensity losses are shown in Fig. 4.17.

Here, significant losses can only be seen for diagonal excitations above a kick-
amplitude of 9 σnominal . For horizontal excitations no losses are observed even at
the maximum amplitude the MKA could provide during the measurement session.
Assuming an uncertainty of 1% on the losses measured with the BCT for the largest
horizontal excitation with a kick amplitude of Nσ together with [127]

DA − Nσ√
2

= erf−1 1 − 2
ΔI
I

(4.3)

would put the DA in this plane above 9.8 σnominal . Due to time constraints, no single
kick excitations in the vertical plane were conducted. Using the data obtained from
the diagonal excitations the free DA can be calculated following the same procedure
as in [102]. Two datasets of kicks were used, one using kick angles between 40◦ and
50◦ and another one between 47◦ and 63◦. The measured losses for these kicks are
presented in Fig. 4.18.

For both datasets, the free DA obtained via fitting gives results above 10 σnominal .
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FIGURE 4.17: Excitations with the MKA and corresponding intensity
losses from the FBCT.
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74 Chapter 4. Dynamic Aperture in the LHC in the presence of large sextupole errors

4.4 Comparison to simulation

Tracking studies using the tracking code SixTrack [95] were performed to provide
an estimate for the DA expected during the experimental study. The nominal in-
jection optics as used during the experiments is used in the model, with both Lan-
dau octupoles and octupole spool pieces depowered as was also the case during the
measurements. Tunes were set to 0.28/0.31 and the chromaticity was corrected to
+3 units using the MS, following the same procedure as used for the experimental
setup. For the errors in the magnets, 60 WISE [113] seeds were used, excluding lin-
ear errors such as coupling and β-beating. In the model, the sextupole spool piece
correctors and decapole spool piece corrector circuits were used to correct for the
average sextupole and decapole field errors of the dipoles in each arc. Particles were
tracked for 105 turns, equivalent to 11 s in the LHC, and using 5 angles in x-y-space.
Due to the exclusion of linear errors in the magnets as well as no misalignments,
these simulations were considered optimistic. The resulting DA from these tracking
studies with the double inverted MCS powering is compared to the case with the
MCS powered with the nominal settings in Fig. 4.19.
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FIGURE 4.19: Dynamic Aperture from tracking studies with 105

turns using the WISE model with MCS and MS powered as in the
experimental study and with nominal powering.

A clear reduction in the horizontal plane is observed of about 4 σnominal . For hor-
izontal excitations, a dynamic aperture below 6 σnominal to 8 σnominal was expected,
whereas during the measurements, no significant losses even at 7 σnominal kick am-
plitude were observed. With the estimated DA in the vertical plane being above
12 σnominal , no dedicated free DA measurements were conducted during the shift as
it would lie significantly above the maximum possible kick amplitude. For diagonal
excitations, the measured DA of ≥ 10 σnominal tends to be on the upper bound of the
tracking studies results. As such, even the simple model, expected to provide an
optimistic estimate, seems to rather underestimate the DA in the LHC. Comparing
the results from the amplitude detuning measurements to the amplitude detuning
in the models, calculated using PTC, shows a significant discrepancy in the vertical
detuning term. The comparison for all terms is presented in Fig. 4.20.
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FIGURE 4.20: Comparison between the measured amplitude detun-
ing and the amplitude detuning for the WISE seeds.

As the Landau octupoles are depowered in the model, three major sources of am-
plitude detuning detuning remain. The first contribution comes from the uncor-
rected octupole errors from the dipoles, which are already taken into account by the
WISE model. The second contribution is from feed-down of the decapole spool piece
correctors, due to misalignment or orbit excursions. From non-linear chromaticity
studies, presented in [128], it was concluded that in the LHC a systematic horizontal
misalignment of the decapole spool piece correctors (MCD) of about 0.2 mm should
be taken into account. The last potential contribution, particularly relevant for this
experiment, is the second order contribution from the sextupoles to amplitude de-
tuning. While the first two options with its measurement uncertainties are easily
implemented in the model, in the third option care has to be taken to properly ad-
just the phase advances between the sextupole sources to allow for comparing the
model amplitude detuning and measured one. In these simulations, the amplitude
detuning coming from the uncorrected dipole octupole errors and the misalignment
of the MCD were shown to be negligible compared to the contribution from the sex-
tupoles. As a simple study to evaluate the impact on the DA from the change in
amplitude detuning without adjusting phase advance between sextupoles, the Lan-
dau octupoles were used instead to match the amplitude detuning to the measured
values. The tracking results using the updated model together with the DA from
measurements are presented in Fig. 4.21.

Compared to the previous results, an increase of the dynamic aperture in the hor-
izontal plane is noted whereas in the vertical plane and for diagonal excitations a
slight decrease of the DA occurs. The measured DA is now in good agreement with
the simulations. The amplitude detuning was therefore a key ingredient for parti-
cle stability. In Fig. 4.22, the forced dynamic aperture from single particle tracking
simulations is presented using the same model as employed also for the free dy-
namic aperture studies. Contrary to those studies however, only one realization of
the magnetic errors (seed) is used. The AC-Dipole settings were set as was used
during the measurements. The driven tunes were Qac

x = Qx − 0.01 in the horizontal
and Qac

y = Qy + 0.012 in the vertical plane. The oscillation amplitude is ramped up
over 2000 turns and is kept constant for 6000 turns. The action is then obtained by
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performing a frequency analysis on the first 200 turns, captured at the beam position
monitor BPM.22L1.B1, at flattop and scaling the amplitude of the mainline with the
β-function. The obtained action is then normalized using the nominal emittance of
3.75 µm. The tracking simulation show a forced DA above 9 σnominal for a pure verti-
cal excitation. Given the aforementioned issues during the forced dynamic aperture
measurements, no conclusion on the validity of the model can be drawn. Using
Eq. 4.2 and the vertical forced DA from the simulations, no loss should have been
observed at the maximum kick amplitude of 5.4 σnominal .

4.5 Conclusions

In this experimental study, the dynamic aperture in the presence of strong local
sextupole fields was successfully assessed. The measurements of free and forced
dynamic aperture show a DA above 7 σnominal for horizontal excitations, above
10 σnominal for diagonal excitation and a forced DA above 5.6 σnominal in case of ver-
tical forced excitations. Initial tracking studies using a simple model, thought to
provide optimistic estimates, were shown to actually provide lower values than
what is measured. One key difference between the simple model and measurement
was identified to be the amplitude detuning. Once corrected for in the model, simu-
lation and measurement tend to agree better, showing that the DA in the LHC in the
presence of large uncorrected sextupole error is of no concern. In turn, the situation
for the HE-LHC or FCC-hh does not seem as severe as initially estimated. As for this
case, the amplitude detuning, in part stemming from the strong sextupolar sources,
was identified to have the largest impact on DA, a careful assessment of this could
allow to find a correction using the octupoles to allow for minimal impact on the
operational performance.
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Chapter 5

Effect of local linear coupling on
linear and nonlinear observables in
circular accelerators

The contents of this chapter have also been published under the
same title in Physical Review Accelerator and Beams, Volume 23,
Issue 9, 094001 on the 28th of September, 2020.

Operation of particle accelerators and correction of unavoidable magnet or align-
ment errors critically depend on the assessment of both global and local observables
such as tune or resonance driving terms. With most of the observables being a sum
of different error sources, careful disentangling is necessary in order to establish an
optimal correction and allow for smooth operation. In the LHC, linear coupling has
been proven to have a major impact on the beam dynamics and is taken to be one
of the main sources of uncertainty when establishing corrections. In this paper an
approach to evaluate the change of the Hamiltonian terms with linear coupling is
presented. The validity of derived equations is demonstrated on a number of ob-
servables and benchmarked against simulations.

5.1 Introduction

Beam-based corrections of linear optics and nonlinear dynamics in current and fu-
ture accelerator projects is of paramount importance to achieve their increasingly
ambitious design goals. The evaluation of different error sources such as misalign-
ment or magnetic field errors is based on measurements of either global quantities
like the tune, chromaticity, and detuning terms or on local deviation from model
values such as β-beating or resonance driving terms (RDT). In general, in the early
commissioning phase of an accelerator focus is put on linear optics and coupling
correction, both being major contributing factors in the performance of both hadron
and lepton accelerators. Correction of linear coupling is usually based on either
minimization of the global impact through reduction of the minimum possible tune
separation or based on linear coupling RDTs or both.

The global effect of linear coupling is quantified by the closest tune approach
ΔQmin, that is, the minimum achievable distance between the fractional parts of
the tunes [129]. More recently, this concept has been extended to include the effects
of octupoles which lead to an amplitude dependence of the ΔQmin [130, 131]. To
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identify sources of linear coupling, the coupling RDTs f1001 and f1010 can be inferred
from turn-by-turn data and serve as a basis for a local coupling correction. The
relation between the coupling RDTs and ΔQmin can be found in [132]. While signifi-
cant efforts have been made in recent years to improve measurement and correction
techniques for linear (and nonlinear) coupling [133], the residual coupling left af-
ter corrections still retains an important role when describing the dynamics in the
accelerator.

For example, in the LHC in late 2018, it was observed that while global coupling
was well corrected, an erroneous local coupling bump in one interaction region had
a significant impact on the beam size and thus on the luminosity [134, 135]. Mea-
surements of the β-function using the K-Modulation method did however not show
any change in the tune shift generated from modulating the quadrupole gradient.
Currently, no analytical derivation is available which may explain this insensitivity.
A change of tune is not only used during the K-Modulation method, but also to de-
termine nonlinear magnetic field errors in the triplet quadrupoles via feed down to
a quadrupole gradient when changing the orbit in the quadrupoles [85, 136].

Linear coupling is also assumed to be the single biggest source of uncertainty when
trying to model the nonlinear behaviour in the LHC. In [137], it was shown how
nonlinear observables like detuning with amplitude are affected by linear coupling.
This effect has been qualitatively demonstrated in [138] in simulations, where the
impact of linear coupling on amplitude detuning is highlighted and how it may
affect coherent instabilities in the LHC. Measurements of amplitude detuning are
also used to establish corrections of nonlinear field errors in the triplet quadrupoles
in the LHC [139]. Suboptimal correction of such may prove detrimental to beam
lifetime and overall performance of the collider. To establish better corrections, the
ability to determine the contribution of the local coupling to the measured amplitude
detuning thus may prove quite helpful.

It was further shown in [137] that also measured RDTs change with linear coupling.
In [140] it is shown how a skew sextupole resonance can be driven in the absence of
any skew sextupole sources and away from the resonant condition due to interplay
between the sextupoles and linear coupling. However, it is not apparent in this
case how coupling would affect for example sextupole RDTs in the absence of skew
sextupoles.

The studies presented in this chapter aim to quantify the effect that local linear cou-
pling has on these global and local observables. Section 5.2 gives a brief introduction
into the Normal form formalism, concluding with a description of the particle mo-
tion under the influence of local coupling, as was already presented in [141]. In sec-
tion 5.3, the coupled eigenvalues then allow to express the effect on global and local
observables under the influence of local coupling. This is then used in section 5.3.1
to show the impact on the change of tune during K-Modulation. The change of am-
plitude detuning generated by a single octupole in the presence of local coupling is
treated in section 5.3.3. Section 5.3.4 then showcases the impact of local coupling on
the RDT generated by a given multipole using as example sextupole RDTs.



5.2. Normal form and resonance driving term formalism 81

5.2 Normal form and resonance driving term formalism

In circular accelerators, the one-turn motion of a single particle with the 4D coordi-
nates X = (x, px, y, py) is described by

Xs+C = MsXs, (5.1)

where Ms is the (sympletic) map of the accelerator lattice. For the sake of brevity, the
dependence of the coordinates and following quantities on the longitudinal position
s is omitted in the following. For a lattice consisting of W multipole elements the
one-turn map is

M = MW+1e:HW,nW : MW ...e:H2,n2 : M2e:H1,n1 : M1, (5.2)

where Mw is the linear transfer map of a given element w. Hw,n is the Hamiltonian
for a magnetic multipole as given by

Hw,n =
1
n!

(Kw,n + iKS
w,n)(xw + iyw)

n , (5.3)

with e:Hw,n : being the corresponding Lie-operator and Kw,n and KS
w,n being the in-

tegrated magnetic strength of a normal and skew multipole, respectively. Here n
denotes the order of the multipole of the element w with n = 2 corresponding to a
quadrupole. The transverse coordinates at the element w are indicated with xw and
yw.

In the following, the resonance basis

h = (hx,+, hx,−, hy,+, hy,−) (5.4)

is used with the definition

hq,± = q̂ ± i p̂q = 2Jqe±iψq , q ∈ {x, y}, (5.5)

where q̂ and p̂q are the normalised Courant-Snyder coordinates, defined as

q̂
p̂q

=

 1√
βq

0
αq√

βq
βq

 q
pq

, (5.6)

and Jq and ψq the action and angle coordinates, respectively. The subscript w for
the coordinates, introduced in Eq. (5.3), has been omitted here and in the follow-
ing as the information on the element in question is implicitly specified via the s-
dependence of the β-functions.

Following the derivations in [49], the map M from Eq. (5.2) can be rewritten as

M = e:H̃1,n1 :e:H̃2,n2 :...e:H̃W,nW :R, (5.7)
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where R is a rotation matrix. The Hamiltonian H̃w,n of a given element w of order n
expressed in the resonance basis h is defined by

H̃w,n =
n=j+k+l+m

∑
jklm

hw,jklmei[(j−k)Δφw,x+(l−m)Δφw,y]hj
x,+hk

x,−hl
y,+hm

y,−, (5.8)

where Δφw,x and Δφw,y are the phase advances from the element w to an observa-
tion point in the horizontal and vertical plane, respectively. The coefficient hw,jklm is
expressed by

hw,jklm =
(il+m[Kw,n + iKS

w,n])

j!k!l!m!2n (βw,x)
j+k

2 (βw,y)
l+m

2 . (5.9)

Using the Baker-Campbell-Hausdorff formula

eAeB = eA+B+ 1
2 [A,B]+..., (5.10)

Eq. (5.7) can be expressed as

e:H̃1,n1 :e:H̃2,n2 :...e:H̃W,nW :e∑W
w H̃w,nw+

1
2 ∑W

w ∑w−1
v [H̃w,nw ,H̃v,nv ]+..., (5.11)

where · · · indicates terms of order 3 and higher. In the normal form approach, the
basis h is then transformed into the new basis ζ following [142]

ζ = e−:F:h, (5.12)

using a polynomial generating function

F = ∑
jklm

f jklmζ
j
x,+ζk

x,−ζ l
y,+ζm

y,−, (5.13)

where ζq,± = 2Iqe±iφq and f jklm denotes the resonance driving term.

It can be shown that the RDT f jklm in first order is

f jklm =
∑w hw,jklmei[(j−k)Δφw,x+(l−m)Δφw,y]

1 − e2πi[(j−k)Qx+(l−m)Qy]
, (5.14)

where hw,jklm from Eq. (5.9) is used, which is obtained when approximating Eq. (5.11)
as

e:H̃1,n1 :e:H̃2,n2 :...e:H̃W,nW : ≈ e∑W
w H̃w,nw . (5.15)

The expansion to second order can be found in [49, 140].

5.2.1 Particle motion under the influence of coupling

Following Eq. (5.12), the transformation between normal form coordinates and
Courant-Snyder coordinates reads

hq,± = q̂ ± i p̂q = 2Jqe±iψq = (5.16)

e:F:ζq,± ≈ ζq,± + [F, ζq,±] +
1
2!
[F, [F, ζq,±]] + ... .
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In [141], it was shown that for the case of taking into account only linear perturba-
tions such as either β-beating or linear coupling, a closed form of this transformation
exists. In the case of linear coupling, the generating function F reads

F = f1001ζx,+ζy,− + f1010ζx,+ζy,+ + f ∗1001ζx,−ζy,+ + f ∗1010ζx,−ζy,−, (5.17)

where the RDT f1001 drives the difference resonance (Qx − Qy) = p and f1010 cor-
responds to the sum resonance (Qx + Qy) = p. Notably, this generating function
only accounts for the geometric distortion due to coupling resonances and not for
any change due to terms like f2000 which are excited by second and higher order
interplay between skew quadrupoles. Using Eq. (5.16) together with the generating
function F from Eq. (5.17) and

[ζu
q,+, ζq,−] = −2iuζu−1

q,+ , (5.18)

it is shown in [141] that the components of the resonance basis h can be expressed as

hx,− = ζx,− cosh 2P − i
sinh 2P

P ( f1001ζy,− + f1010ζy,+)

hx,+ = ζx,+ cosh 2P + i
sinh 2P

P ( f ∗1010ζy,− + f ∗1001ζy,+)

hy,− = ζy,− cosh 2P − i
sinh 2P

P ( f ∗1001ζx,− + f1010ζx,+)

hy,+ = ζy,+ cosh 2P + i
sinh 2P

P ( f ∗1010ζx,− + f1001ζx,+)

(5.19)

where 2P = |2 f1010|2 − |2 f1001|2. The particle coordinate q is given by

q =
βq

2
(hq,+ + hq,−). (5.20)

Using Eq. (5.19) and Eq. (5.20) the particles coordinates now read

x =
βx

2
ζx,+C + ζx,−C + iζy,+ F̂∗

yx − iζy,− F̂yx , (5.21)

y =
βy

2
ζy,+C + ζy,−C + iζx,+ F̂∗

xy − iζx,− F̂xy ,

where the superscript ∗ denotes the complex conjugate and

C = cosh 2P , (5.22)

F̂yx =
sinh 2P

P ( f ∗1001 − f ∗1010), (5.23)

F̂xy =
sinh 2P

P ( f1001 − f ∗1010) (5.24)

have been introduced. Equations (5.23) and (5.24) represent the combined coupling
RDTs presented in [140] scaled by a factor sinh 2P

P . In case of | f1001| = | f1010|, C and
sinh 2P

P reduce to 1 and 2, respectively. It should be noted that in the following sec-
tion for the benchmarking of the derivations, the coupling RDTs f1001 and f1010 have
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been evaluated by expressing them as functions of the coupling matrix, as is shown
in [143]. This way, all orders of the coupling RDTs are also taken into account and
due to the closed form of the transformation (5.16), by using the generating function
from Eq. (5.17), also the transformation is accurate to arbitrary order.

5.3 Change of observables due to coupling

In [49], contributions to tune and amplitude detuning up to second order have been
derived. Similarly so, in [140], resonance driving term coefficients up to second
order are presented. In both cases, it is apparent that the first order contributions
from e.g. octupole to amplitude detuning is not modified in the presence of coupling
and changes stem from other contributions such as skew octupoles in conjunction
with coupling. Yet simulation work presented in [138] clearly shows that amplitude
detuning generated by octupoles is affected in the presence of local coupling, also in
the absence of other skew elements.

These findings indicate that the observed effect could stem from third order contri-
butions or higher. As higher order expansion become more and more cumbersome,
here an alternative approach is presented, which is specifically applicable to lin-
ear coupling. Using the coupled coordinates from Eq. (5.21), the Hamiltonian from
Eq. (5.3) can be expanded leading to

H̃c
w,n = 1

n!
1
2 Kw,n + iKS

w,n × (5.25)

ζx,+

√
βx

2 C −
√

βy

2 F̂∗
xy + ζx,−

βx

2
C +

βy

2
F̂xy

+iζy,+

√
βy

2 C +

√
βx

2 F̂∗
yx + iζy,−

βy

2
C − βx

2
F̂yx

n

+ Kw,n − iKS
w,n ×

ζx,−
√

βx

2 C −
√

βy

2 F̂xy + ζx,+
βx

2
C +

βy

2
F̂∗

xy

−iζy,−
√

βy

2 C +

√
βx

2 F̂yx − iζy,+
βy

2
C − βx

2
F̂∗

yx

n

,

where (z) = z+z∗
2 and ζ∗q,± = ζq,∓ has been used. Here the superscript c has been

introduced as to distinguish from the Hamiltonian using the uncoupled basis. Fol-
lowing the multinomial theorem

(x1 + x2 + ... + xm)
n = ∑

k1+k2+...km=n

n!
k1!k2!...km!

m

∏
t=1

xkt
t (5.26)
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the Hamiltonian is rewritten as

H̃c
w,n =

n=j+k+l+m

∑
jklm

(5.27)

il+m(Kw,n + iKS
w,n)

j!k!l!m!2n+1 ζ
j
x,+ζk

x,−ζ l
y,+ζm

y,− ×

( βxC − βy F̂∗
xy)

j( βxC + βy F̂xy)
k( βyC + βx F̂∗

yx)
l( βyC − βx F̂yx)

m +

(−i)l+m(Kw,n − iKS
w,n)

j!k!l!m!2n+1 ζ
j
x,+ζk

x,−ζ l
y,+ζm

y,− ×

( βxC + βy F̂∗
xy)

j( βxC − βy F̂xy)
k( βyC − βx F̂∗

yx)
l( βyC + βx F̂yx)

m .

It follows that the coefficient hc
w,jklm from Eq. (5.9) in the presence of coupling can

then be rewritten as

hc
w,jklm =

il+m[Kw,n + iKS
w,n]

j!k!l!m!2n+1 × (5.28)

( βxC − βy F̂∗
xy)

j( βxC + βy F̂xy)
k( βyC + βx F̂∗

yx)
l( βyC − βx F̂yx)

m

+
(−i)l+m[Kw,n − iKS

w,n]

j!k!l!m!2n+1 ×

( βxC + βy F̂∗
xy)

j( βxC − βy F̂xy)
k( βyC − βx F̂∗

yx)
l( βyC + βx F̂yx)

m

and similar so to obtain f c
jklm following Eq. (5.14). In the following, only the first

order in strength of the natural source will be used in the evaluation of the Hamil-
tonian, however, a higher-order expansion analogously to [140] is possible as well.
It should also be mentioned that by including a dispersion term Dqδp in the coupled
coordinates from Eq. (5.21), also the behavior of the off-momentum Hamiltonian can
be studied.

5.3.1 Impact of local coupling on K-Modulation

As a first application of the previous derivation, the impact of local coupling on
the tune change from a change in quadrupole is examined. This change of tune
is for example used during K-Modulation to determine the average β-function in
quadrupoles, but has also been used in the LHC to determine nonlinear field errors
in the triplet quadrupoles by changing the orbit and observing the tune change due
to feed down. In general, the tune shift for a given Hamiltonian H̃ is

ΔQq =
1

2π

∂ H̃
∂Jq

(5.29)

where H̃ is the Hamiltonian average over the phase variables. As such, only phase-
independent terms in the Hamiltonian will contribute. In the case of a horizontal
(vertical) tune change for a quadrupole, this term corresponds to h1100 (h0011).
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Taking the Hamilton from Eq. (5.27) for the case of a thin quadrupole (n = 2) to-
gether with Eq. (5.29), the tune shift in the presence of local coupling is then

ΔQc
x =

ΔK2

4π
βxC2 − βy|F̂xy|2 , (5.30)

ΔQc
y = −ΔK2

4π
βyC2 − βx|F̂yx|2 ,

where the subscript w has been omitted as here the case for only one element is
examined. From this equation, it is apparent that any local coupling will tend to
result in a decrease of the induced tune change.

We note that in the case of no local coupling ( f1001 = f1010 = 0), these formulas
reduce to the case of a thin quadrupole excitation

ΔQapprox
x,y = ±ΔK2βx,y

4π
, (5.31)

which is an approximation of

ΔQexact
x,y = −Qx,y (5.32)

+
1

2π
arccos cos (2πQx,y)∓ βx,yΔK2

2
sin (2πQx,y) ,

the approximation being valid in case of a small excitation ΔK2 and sufficiently far
from the integer and half-integer resonance [43]. To overcome these limitations, the
first part of Eq. (5.30) can be replaced by Eq. (5.32) yielding

ΔQc
x = ΔQexact

x C2 − ΔK2

4π
βy|F̂xy|2

ΔQc
y = ΔQexact

y C2 +
ΔK2

4π
βx|F̂yx|2. (5.33)

We note that both Eq. (5.30) and (5.33) still only include the first-order contribution
of ΔK2 to tune shift, which is only exact in case of a thin quadrupole. In [144], a
derivation is presented including the second-order contribution in ΔK2 in case of a
thick quadrupole.

To check the validity of the derived formulas and impact of higher-order contribu-
tions, MAD-X simulations were conducted using the LHC lattice. To mitigate in-
terference from effects such as changes in the β-function through thick elements, a
lattice composed of thin (zero length) elements was used.

For the conducted studies the inner triplet of the experimental insertion in LHC
Point 1 was used. The location was chosen as in the LHC the β-function at the
interaction point (β∗) is usually inferred from K-Modulation, a method which allows
to calculate the average β-function in a quadrupole by measuring the tune change
ΔQ under a modulation of the quadrupole gradient ΔK2.

A change of this ΔQ due to local linear coupling at the location of the quadruple
may thus affect the accuracy with which β∗ can be reconstructed.

It is also here where due to the large β-function, an erroneous rotation of a triplet
quadrupole around the longitudinal axis may give rise to a considerable skew
quadrupole component. A closed coupling bump is created by using the skew



5.3. Change of observables due to coupling 87

quadrupole correctors located between the second and third quadrupole of the final
focus triplet left and right of the interaction point (IP), as illustrated in Fig. 5.1.
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FIGURE 5.1: Illustration of a LHC interaction region. The optics
presented here corresponds to β∗=25 cm and the strength of the
skew quadrupole correctors (shown in green) was set to KS

2 L =

6.7 · 10−5 m−2.

Due to the phase difference between the left and right skew quadrupole corrector be-
ing close to 180◦, and if powered with opposite strength, the perturbation of the first
skew quadrupole is canceled by the second one and ΔQmin is marginally affected.
After application of the skew quadrupole correctors, the tunes were rematched to
the original values of Qx = 0.28 and Qy = 0.31 to compensate for the small second-
order contribution of the correctors to tune. In this configuration however, the two
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coupling terms cannot be controlled independently and | f1010| = | f1001|.
The gradient of one slice of the first quadrupole right of the interaction point was
changed to induce a tune change in the uncoupled case of ≈ 0.01 in the plane with
the larger β-function. The sign of the gradient change was chosen such that the tunes
drift apart to mitigate any interference of a possible closest tune approach. A com-
parison between both formulas to results from MAD-X simulations is presented in
Fig. 5.2. We note that Eq. (5.30) presents an offset even in case of no coupling. This
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FIGURE 5.2: Comparison of tune change from quadrupole modula-
tion with coupling to MAD-X simulations.

offset is attributed to the use of the approximation Eq. (5.31) in Eq. (5.30). Equa-
tion (5.33), which does not rely on this approximation, does not present this offset
anymore and shows good agreement for the probed levels of coupling. In Fig. 5.3
the reduction in percent is presented for different ratios of βx

βy
. Notably, for an am-

plitude of | f1010| around 0.15, the change of tune is below 0.1% in both planes with
respect to the uncoupled case.

5.3.2 Effect on beam size

In late 2018, it was observed that a strong local coupling in the interaction point 2
in the LHC, introduced by an erroneous swap of two corrector settings, lead to a
reduction of the luminosity of about a factor 2 [134, 135]. In the previous section,
it was shown that even for a sizable local coupling, no significant change in ΔQ is
observed. As such, K-Modulation measurements are only weakly affected by the
presence of local coupling, which has also been demonstrated in a dedicated experi-
ment in the LHC [145]. On the other hand, tracking studies presented in [146] show
a drastic increase of the beam size at the IP if the local coupling bump is introduced,
able to explain most of observed luminosity loss.

In the following, it will be shown how for the same setup as used for the tune change
a significant increase in beam size can be calculated. The derivations presented here
follow those in [147]. Assuming a centered Gaussian beam distribution, the second
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order moment reads

x2 = σ2
x = (5.34)

1
4π2 x y

∞

0

∞

0

2π

0

2π

0
x2e−

Jx
x −

Jy
y dJxdJydψxdψy

where x,y is the uncoupled RMS emittance in the horizontal and vertical plane, re-
spectively. Using Eq. (5.21) one then obtains

σc
x = x2 = βx xC2 + βx y|F̂yx|2

1
2
. (5.35)

Note that here the emittance exchange effect on the RMS emittances, described
in [141] using the RDT formalism, is not taken into account. In a similar fashion, the
beam size in the vertical plane reads

σc
y = y2 = βy yC2 + βy x|F̂xy|2

1
2
. (5.36)

Local coupling will not only result in an increase of beamsize but can also introduce
a tilt angle in the x-y-plane, as shown in [148]. The tilt angle ψ relates to the elements
of the sigma matrix via

tan(2ψ) =
2 xy

x2 − y2 (5.37)
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where

xy = βxβyC x F̂xy + y F̂yx (5.38)

is used.

A comparison of the increase in beam size in the IP predicted by the formula with
the MAD-X tracking simulations, using the setup described in the previous section,
is presented in Fig. 5.4. For this tracking studies 10000 particles were tracked for 256
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FIGURE 5.4: Increase of beam size in IP1 as a function of the absolute
value of the coupling RDT.

turns using MAD-X. Notably, for | f1010| in a range where a tune change of below
0.1 % is observed, the beam size at the IP can increase by almost 20 % for equal
emittances in both planes.

Observing Fig. 5.1, one can see that due to the jump of the f1010 coupling RDT and
in the following also F̂xy and F̂yx at the IP, the local coupling leads to a large effect on
the beam size at this position. On the other hand, F̂xy and F̂yx at the position of the
innermost quadrupoles are significantly lower, thus explaining the small impact on
the K-Modulation measurements.

Based on these formulas, the beam size inferred from optics measurements can be
corrected to accurately represent the real beam size if local coupling is evaluated
by other means. This could for example be used to correct the inferred emittance
based on beam size measurements provided by instruments such as synchrotron
light monitors.
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5.3.3 Impact on amplitude detuning generated by octupoles

A second global observable of particular importance in the LHC is the detuning with
amplitude generated by octupoles due to its role in damping coherent instabilities.
Previous studies presented in [138] have already shown how linear coupling may
lead to a loss of Landau damping. However, no analytical relation between local
coupling and the decrease in amplitude detuning has been established.

Similar to the derivation of the change of tune presented in the previous section, we
derive here equations to describe the impact of coupling on the amplitude detun-
ing generated by octupoles. The amplitude detuning for a given Hamiltonian H̃ is
calculated by

∂Qq

∂Ju
=

1
2π

∂2 H̃
∂Jq∂Ju

. (5.39)

Using the previous equation together with the Hamiltonian from Eq. (5.27) for the
case of a thin octupole, the direct and cross-plane amplitude detuning terms in the
presence of linear coupling read

∂Qc
x

∂Jx
=

K4

16π
β2

xC4 + β2
y|F̂xy|4 − 2βxβyC2 |F̂xy|2 + 2( F̂xy)

2 , (5.40)

∂Qc
y

∂Jy
=

K4

16π
β2

yC4 + β2
x|F̂yx|4 − 2βxβyC2 |F̂yx|2 + 2( F̂yx)

2 , (5.41)

∂Qc
x

∂Jy
=

∂Qc
y

∂Jx
=

K4

8π
β2

xC2|F̂yx|2 + β2
yC2|F̂xy|2 − βxβy C4 − 4C2 F̂yx F̂xy + |F̂yx|2|F̂xy|2 ,

(5.42)

where again the subscript w has been omitted. Unlike the previous case for the tune
change, here no general tendency leading to a reduction is observed, with the change
being rather dependent on the ratio of the β-functions. However, for a case like the
LHC where the Landau octupoles are positioned next to main quadrupoles in the arc
and, as such, the β-function in one plane is significantly larger than that in the other
plane, the direct amplitude detuning term in the focusing plane of the quadrupole
as well as the crossterm detuning will decrease.

To benchmark the derived formulas, again studies using a thin LHC lattice as testbed
were conducted using MAD-X-PTC. Similar to studies presented in [138], 4 skew
quadrupoles were installed in the dispersion suppressor left and right of arc 12 in
the LHC to create a closed coupling bump. This is illustrated in Fig. 5.5. One oc-
tupole next to a defocusing quadrupole was then powered to three quarter of its
maximum gradient of 6.3 · 104 T/m3 and the amplitude detuning with and without
the coupling bump was determined. In both cases, all other nonlinear elements have
been turned off to avoid contributions from other sources. Tunes were rematched to
the original values of Qx = 0.28 and Qy = 0.31 after application of the coupling
bump using quadrupoles located outside of the bump. The results are presented
in Tab. 5.1. To show that this effect is caused by the local coupling, the amplitude
detuning generated by another octupole in the neighbouring arc 23 is presented in
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Tab. 5.2.

The small change in amplitude detuning between the case of no coupling bump and
with a coupling bump in arc 12 in Tab. 5.2 is explained by the second order effect of
the skew quadrupoles on the optics. Here, the β-function at the octupole in arc 23
changes by 0.15 % and −0.09 % in the horizontal and vertical plane, respectively. As
for the case of amplitude detuning generated by the octupole in the coupling bump,
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no Coupling Bump with Coupling Bump
Formula PTC Formula PTC

dQx/dJx 2.16 · 102 2.16 · 102 1.98 · 102 1.95 · 102

dQy/dJy 6.17 · 103 6.17 · 103 6.05 · 103 6.05 · 103

dQx/dJy −2.31 · 103 −2.31 · 103 −2.19 · 102 −2.20 · 102

TABLE 5.1: Amplitude detuning from single octupole in arc 12.
no Coupling Bump with Coupling Bump

Formula PTC Formula PTC
dQx/dJx 2.16 · 102 2.16 · 102 2.11 · 102 2.11 · 102

dQy/dJy 6.17 · 103 6.17 · 103 6.20 · 103 6.20 · 103

dQx/dJy −2.31 · 103 −2.31 · 103 −2.29 · 103 −2.29 · 103

TABLE 5.2: Amplitude detuning from single octupole in arc 23.

a difference between the derived formulas and MAD-X-PTC is observed, in particu-
lar in the cross term (dQx/dJy) and in the direct term of the horizontal plane, which
is also the plane where the β-function is smaller. Using instead an octupole closer
to a focusing quadrupole (βx βy), the deviation in the horizontal amplitude de-
tuning is reduced while it increases for the detuning with amplitude in the vertical
plane. In Tab. 5.3, a comparison between the analytical derivations and MAD-X-
PTC is presented again for amplitude detuning of an octupole close to a defocusing
quadrupole but with the amplitude of coupling bump being a factor 5 larger com-
pared to the case presented in Fig. 5.5. Here the relative error between formulas and

no Coupling Bump with Coupling Bump
Formula PTC Formula PTC

dQx/dJx 2.16 · 102 2.16 · 102 −4.07 · 101 −6.95 · 101

dQy/dJy 6.17 · 103 6.17 · 103 3.54 · 103 3.73 · 103

dQx/dJy −2.31 · 103 −2.31 · 103 5.26 · 101 −2.19 · 102

TABLE 5.3: Amplitude detuning from single octupole in arc 12 with
increased levels of local coupling.

MAD-X-PTC is larger for all terms compared to the previous case with again both the
cross term and the direct detuning in the horizontal plane showing a larger relative
deviation compared to the vertical detuning with amplitude. Notably, for the same
level of local coupling, the relative difference between the derived formulas and the
results from MAD-X-PTC is not affected by the strength of octupole. Furthermore,
the relative deviation only changes slightly for working points with a smaller tune
separation, suggesting that the influence of a possible (amplitude-dependent) clos-
est tune approach is negligible. Due to these aforementioned considerations, the
derived formulas represent well the change of amplitude detuning in the presence
of local linear coupling to leading order and deviation may arise from additional
terms proportional to the level of the local coupling which are not accounted for in
the presented derivation.

5.3.4 Impact on local RDTs

In [137], it was not only shown that coupling affects global quantities such as ampli-
tude detuning but also a shift of the amplitude of measured skew sextupole RDTs is
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observed. As derived in [140] this shift could be partially explained by taking into
account second order contributions from coupling in conjunction with normal sex-
tupoles. However, from these derivations it is not apparent if the skew sextupole
RDT would change in the absence of normal sextupoles.

Using the Hamiltonian for a normal sextupole as an example, in the following it is
shown how the generated RDTs are affected under local coupling in the absence of
other skew multipoles. The coefficients from Eq. (5.28) in the presence of local linear
coupling for the sextupole RDTs f3000 and f2100 read

hc
w,3000 =

Kw,3

48
β

3
2
xC3 + βxβyC|F̂xy|2 (5.43)

and

hc
w,2100 =

Kw,3

8
β

3
2
xC3 − βxβyC|F̂xy|2 . (5.44)

In the uncoupled case, both terms stem from the x3 term in the sextupole Hamilto-
nian

H3 =
K3

3!
(x3 − 3xy2) (5.45)

whereas in the coupled case an additional contribution from the xy2 term is ob-
served.

To benchmark the derived formulas, the same setup was used as in the study for the
amplitude detuning. Two sextupoles with a phase difference of 2π in both planes
were powered to 3/4 of their maximum gradient to create a closed sextupole RDT
bump. In Fig. 5.6 and Fig. 5.7, a comparison between MAD-X-PTC and the analytical
formula for the case with and without coupling is presented.

As also in the case of the amplitude detuning, in general a good agreement between
the derived formulas and MAD-X-PTC is observed. The difference, which is more
pronounced for the RDT f2100, is again thought to stem from additional terms in the
strength of local coupling.

5.4 Conclusions

Equations relating the impact of local coupling on global and local observables have
been presented. While these effects are though to come from third and higher order
contributions, here instead of performing the higher order expansion an alternative
approach is presented, using the coupled coordinates. To illustrate the impact of
local linear coupling, the reduction of the amplitude detuning generated by one oc-
tupole has been shown for the LHC case as well as the change of resonance driving
terms generated by sextupoles. Comparison between the derived analytical formu-
las and tracking studies show good agreement in the range of interest, with the ob-
served deviations from the tracking code results appearing to stem from additional
terms which are not taken into account in the presented approach. Given the impact
on e.g. beam size and subsequently possible luminosity decrease, these formulas
allow to establish an upper bound for tolerable local coupling in an accelerator.
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Chapter 6

Optics measurements in IOTA

Nonlinear integrable optics is a recently proposed accelerator lattice design ap-
proach which allows to generate an amplitude dependent tune shift which is needed
in high brightness accelerators to mitigate fast coherent instabilities. Whereas usu-
ally octupoles are used to achieve this task, this concept allows doing so without
exciting any resonances, in turn preventing any particle loss. The concept is based
around a special magnet design, together with specific constraints on the optics
of the accelerator. To study such a system, the Integrable Optics Test Accelerator
(IOTA) was recently constructed and commissioned at Fermilab. For the assess-
ment of the performance of this concept, good knowledge of the optics and the
(non-)linear dynamics without the special magnet is of key importance. As such,
measurements were conducted in the IOTA ring, using the captured turn-by-turn
data by the beam position monitors after excitation to infer quantities such as am-
plitude detuning and resonance driving terms. In this note, first results of these
measurements are presented.

6.1 Introduction

In order to push the performance of current and potential future accelerator projects,
the assessment of nonlinear beam dynamics has become a mainstay in the design
and commissioning in these machines. In synchrotrons, nonlinear magnetic ele-
ments may have a detrimental impact on the machine performance due to for ex-
ample excitation of strong resonances and reduction of dynamic aperture. As such,
care is taken already in the design phase of many machines to evaluate the impact of
higher order multipoles to define feasible correction strategies [149]. Once a machine
is set up and running, it is equally important to check the validity of the prior mod-
els through dedicated measurements to ensure thorough understanding of involved
dynamics in the accelerator and as solid starting point for machine tuning. A vari-
ety of measurement techniques are available to identify specific error sources, which
can be conducted either via beam-based methods such as assessing feed-down ef-
fects via closed orbit modifications [85, 136] or based on turn-by-turn data [142],
which was the method of choice for the studies presented in this note.

By performing spectral analysis on the turn-by-turn motion of a transversally ex-
cited particle bunch, not only the main spectral lines (corresponding to the tunes)
may be observed but also higher order lines. These spectral lines, associated with
specific resonances, allow to determine the distortion of the phase-space compared
to the ideal linear case due to those resonances via the resonance driving term (RDT)
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formalism. The evolution of amplitude of specific RDTs around the accelerator ring
also allows to determine location and strength of nonlinear magnets [150].

The study of the nonlinear dynamics and assessment of nonlinear magnetic fields
is of particular interest in accelerators based on the concept of nonlinear integrable
optics [37]. Here, by using a magnet with a particular magnetic field shape, particles
experience specific nonlinear effects such as amplitude detuning while in the ideal
case no resonances are excited, in turn preventing any particle loss. The feasibility of
this concept is currently being tested at the Integrable Optics Test Accelerator (IOTA)
at Fermilab [38].

The presented concept to allow for nonlinear integrable optics imposes strict con-
straints on the accelerator characteristics, such as equal tunes in both planes Qx =
Qy, layout, and in particular also on dynamics outside of the section where the NL-
magnet is located. Specifically, a linear transfer map is assumed between the ends
of this straight section in the original derivations, which due to the presence of chro-
maticity sextupoles or potential field errors is not the case in the IOTA accelerator.
Given these specific constraints on the optics and the general goal of the demonstra-
tion of nonlinear integrable optics, an assessment of sources of nonlinear magnetic
fields is thus important for this feasibility study, further potentially allowing for a
clear attribution of the sources of particle loss.

The aim of this chapter is to present a first look into the nonlinear dynamics of the
IOTA accelerator, generated by elements other than the dedicated nonlinear chan-
nels. In Sec. 6.2, a brief introduction to the concept of nonlinear integrable optics is
presented, aiming to motivate why the knowledge and control of nonlinear magnets
is critical here. An overview over the IOTA accelerator is then presented in the fol-
lowing Sec 6.3. Here, focus will be put on hardware and operational aspects relevant
for the conducted experiments and results, which will be presented in Sec 6.4.

6.2 Nonlinear integrable optics

In modern synchrotrons, the use of nonlinear magnets has become a necessity in
order to achieve the ever increasing performance goals while itself also possibly
posing a limiting factor. One such example would be the necessity to use octupole
magnets in the LHC to suppress collective instabilities via Landau damping due to
an amplitude-dependant tune-spread while these also excite resonances which may
lead to particle loss. As such, a trade-off has to be found between the stabilizing
effect of the generated amplitude detuning and the excitation of resonances with an
associated negative impact on the dynamic aperture (DA), which is the maximum
amplitude up to which bounded motion of the particles for a given time span occurs.

To overcome the problem of the particle loss associated with nonlinear magnetic
fields and associated resonances, in [37] a novel approach is discussed to find a
nonlinear system with integrable motion which is feasible to be implemented in a
particle accelerator. A fully integrable system is characterized by regular bounded
motion of particles independent of their initial conditions or, conversely, a system
with same number of conserved quantities as degrees of freedom, which for a 4D
system requires two invariants. An accelerator can be described by a Hamiltonian
as

H =
p2

x
2

+
p2

y

2
+ K(s)

x2

2
+

y2

2
+ V(x, y, s) , (6.1)
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where K(s) represents the linear focusing component and V(x, y, s) an s−dependent
nonlinear potential. In order to find a system with two invariants of motion which
can be can be achieved with magnets, the system is moved from an s-dependent
system to a system dependent on the phase ψ, which is then expressed in normalized
coordinates

zN =
z

βz(s)
, pN = p βz(s)− βz(s)

2 βz(s)
, z ∈ {x, y} . (6.2)

The Hamiltonian then takes the following form

HN =
p2

xN
+ p2

yN

2
+

x2
N + y2

N
2

+ U(xN , yN) , (6.3)

with the specific potential

U(xN , yN) = β(ψ)V xN β(ψ), yN β(ψ), s(ψ) (6.4)

to be found which may yield a second invariant next to the time-independent Hamil-
ton from Eq. (6.3) itself. In [37], families of solution for different coordinate system
are presented, most notably for elliptic coordinates

ξ =
(x + c)2 + y2 + (x − c)2 + y2

2c
, (6.5)

η =
(x + c)2 + y2 − (x − c)2 + y2

2c
, (6.6)

where a potential of the form

U(xn, yn) =
f (ξ) + g(η)

ξ2 − η2 (6.7)

with f and g defined as

f (ξ) = ξ ξ2 − 1 d + t cosh−1(ξ) , (6.8)

g(η) = η 1 − η2 b + t cos−1(η) , (6.9)

which allow for the realization using magnetic fields given that this potential also
satisfies the Laplace Equation. The form of the Hamilton of Eq. (6.1) with the axial
symmetric focusing imposes some constraint on the lattice design. One potential
solution is displayed in Fig. 6.1, where the lattice is split into two parts, a drift-space
of length L with equal β-functions in both planes and where the special nonlinear
potential is installed and a so called T-insert, being a linear transfer-map.

In turn, also the choice of the working point of the accelerator is limited to Qx = Qy.
Implementing such a system in an accelerator would allow for the generation of
a tune spread whilst not exciting any resonances, in turn avoiding any particle loss
and thus overcoming potential performance limitations due to coherent instabilities.
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FIGURE 6.1: Schematic illustration of a lattice required to provide
nonlinear integrable motion as described in [37].

However, effects such as chromaticity may lead to a violation of the imposed con-
straints, in turn restricting any beneficial effects to particles within a limited mo-
mentum deviation range. In [151], it was shown that a chromaticity correction using
sextupoles can restore integrability for off-momentum particles. This however vio-
lates the aforementioned constraint of the linear transfer-map outside of the nonlin-
ear channel and in turn resonances will be excited. Similarly so, nonlinear magnetic
field imperfections may add to this.

Furthermore, as presented in [152], it can be shown that the first term of the multi-
pole expansion of the potential in Eq. (6.7) for a given set of parameters b and d rep-
resents a quadrupole. As such, the powering of the NL-magnet will entail a change
of the tunes, as illustrated in Fig. 6.2. As such, the choice of the working point, or
conversely the strength t of the NL-magnet, may be limited due to the two sextupole
resonances in the vicinity of the tune curve. Similarly so, even for working points
sufficiently far away from those resonances, due to the significant amplitude detun-
ing created by the NL-magnet, these resonances might be approached by particles
and may lead to a subsequent particle loss. Depending on the number of allowed
particle losses, the impact of these resonances could thus be a limiting factor for the
created tune spread.

Due to the aforementioned arguments, the identification of nonlinear elements in
an accelerator lattice built around the concept of nonlinear integrable optics, char-
acterisation of critical resonances and possible optimization of any powering or cor-
rection scheme to reduce the resonance strength may thus assist in restoring near-
integrability of the nonlinear motion and reducing particle loss.

6.3 The IOTA accelerator

One of the first accelerators built around the concept of nonlinear integrable optics
is the Integrable Optics Test Accelerator (IOTA) at Fermilab. Housed at Fermilab
Accelerator Science and Technology (FAST) facility, the storage ring with a circum-
ference of 40 m, together with the already established superconducting FAST linac
and the proton injector currently in development, allows not only for studies on non-
linear integrable optics but also, amongst others, demonstration of optical stochastic
cooling and experiments with electron lenses. A comprehensive overview over the
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ent strengths t of the NL-magnet and resonances up to fifth order.
Marked in red are normal sextupole resonances. The working point
of the bare lattice with the NL-magnet depowered was assumed to be

Qx,y = 5.30.

facility can be found in [38]. In the following, only a brief overview of the character-
istics of the IOTA storage ring, relevant to the studies presented in the next section,
is presented. In Fig. 6.3, the layout of the accelerator is presented.

It consists of 8 straight sections, separated by dipoles with a bending angle of either
30◦ or 60◦. The straight sections on the top left and top right house the so called oc-
tupole string, consisting of 17 individually powered octupoles, and the special non-
linear magnet, implementing a potential as described in Eq. (6.7), respectively. The
beam is injected in the center straight on the top, which is also where the horizontal
and vertical kicker [153] are located, used to bring the injected beam on the closed
orbit or excite the particle bunch transversally. During Run II, in total 4 sextupoles
were used to correct chromaticity in the ring, 2 in each of the short straight sections,
located in between the 60◦ dipoles. The sextupoles in the same straight section are
separated by a phase advance of 0.06 · 2π [rad] in the horizontal and 0.25 · 2π [rad]
in the vertical plane, while the phase advance between the sextupoles further away
from the injection straight is 0.99 · 2π [rad] and 0.36 · 2π [rad] for the horizontal and
the vertical plane, respectively. For acquiring turn-by-turn data after a beam exci-
tation, 21 beam position monitors are installed in the IOTA ring, with at least two
BPMs per straight section.

In Fig. 6.4, the baseline optics for the nonlinear integrable optics studies in the IOTA
ring is presented, with a working point of Qx,y = 5.3.



102 Chapter 6. Optics measurements in IOTA

FIGURE 6.3: Layout of the IOTA ring.

The sections marked in light grey and light green illustrate the location of the NL-
magnet and the octupole string, respectively, with both fulfilling the constraint illus-
trated in Fig. 6.1, of equal β-functions in both planes. The phase-advance over each
insertion is matched to µx,y = 0.3. The phase advance between the right hand side
of the grey marked section to the left hand side of the same section is matched to an
integer phase-advance. The same holds true for the section containing the octupole
string, marked in green.

6.4 Experimental setup and measurements

Various methods exist for the assessment and localisation of nonlinear magnetic
fields in an accelerator. For the studies presented in this note, a beam-based ap-
proach is chosen, in particular looking into the turn-by-turn motion of a transver-
sally excited particle bunch. The spectral content of transverse beam position evolu-
tion after the excitation, recorded around the ring by the 21 Beam Position Monitors
(BPM), provides insights into the linear optics and the characterisation of the non-
linear motion via (combined-) resonance driving terms (RDT) [154]. By combining
the data from different locations around the ring, the location of strong sources may
be inferred.

The turn-by-turn measurements were conducted during 3 non-consecutive shifts,
where both the NL-magnet and the octupole channel were turned off to allow for
bare lattice measurements. Where not specifically mentioned otherwise, the sex-
tupoles were split in two families, pairing both the sextupoles closer to the injection
point and those further away, and chromaticity was corrected to Qx = Qy = 0.
Notably, the natural chromaticity of the accelerator does not match the model val-
ues, the working assumption being an additional sextupole component from the 60◦
dipoles. Both measures aim to reduce decoherence to allow for a sufficient number
of turns. In Fig. 6.5, a typical example of turn-by-turn motion recorded by one BPM
is illustrated. Here, the number of usable turns before the signal is damped down is
about 900 turns. As the synchrotron radiation damping time is relatively long (> 107

turns) [38], the damping mainly stems from the decoherence, and here in particular
from decoherence due to amplitude detuning, as chromaticity is matched to 0 [155].

Data was taken using either the baseline optics with a working point of Qx =
Qy = 5.3 or with working points with larger tune separation, namely using
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FIGURE 6.4: Baseline optics for the nonlinear integrable optics stud-
ies, starting from the injection point.

Qx = 5.28/Qy = 5.31 and Qx = 5.32/Qy = 5.29. The tunes were changed us-
ing the knobs as presented in Tab. 6.1.

The working point change is achieved by mostly adjusting the β-function in the
injection straight, as is displayed in Fig. 6.6, with the maximum change of the β-
function below 10%.

Working points other than the nominal one were chosen for measurements of (C-
)RDTs as to distinguish between certain lines more easily. An example is displayed
in Fig. 6.7.

Here, for the case of the nominal working point, for example, the sextupole lines
H(−2, 0) and H(0,−2) overlap and the octupole line H(−1, 2) lies in the shadow of
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FIGURE 6.5: Turn-by-turn motion after one excitation recorded by
the IBPMB2L.
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Magnet ΔK/ΔQx ΔK/ΔQy
[10−3/m2] [10−3/m2]

QA1R −2.56 7.62
QA2R 16.84 −2.54
QA3R 4.36 11.61
QA4R −23.34 −3.40
QB1R −0.17 −32.40
QB2R 11.83 8.80
QB3R −0.64 −1.30
QB4R −2.87 −6.11
QB5R 4.25 9.01
QB6R −6.11 −12.95

TABLE 6.1: Knobs used to change horizontal and vertical tune. Note
that due to symmetric optics, the same change is applied in the

quadrupoles on the left hand side.

the main tune line, making the reconstruction rather difficult or next to impossible,
which is not the case for the separated working point. However, the change in work-
ing point also entails a change of the amplitude of the (C-)RDTs and subsequently
the amplitude of the spectral lines is changed between these two cases. Thus, the
derived resonance strength is not representative for the case of the nominal optics.
Still, the measurements allow to benchmark the nonlinear model and infer location
and strength of nonlinear magnetic fields.

The presented measurements were analysed using the python 3.7 based OMC3
software suite [156], and crosschecked with its predecessor [157], implemented in
python 2.7. The turn-by-turn data was cleaned before spectral composition, using
a variety of cut-based methods, e.g. removing BPMs where the oscillation exceeds
a given threshold, and removing noise by performing a singular value decomposi-
tion, retaining only a number of modes with the largest singular values [158]. The
number of modes was chosen based on the analysis, with the (C-)RDT analysis using
a significantly higher number compared to the linear optics one to be able to show
local phenomena [159].

6.4.1 Linear Optics

As demonstrated in [160], good control of the linear optics is among the key issues,
critical to achieving a large tune spread while keeping particle losses minimal. Simi-
larly so, good knowledge of the linear optics is also critical as a precursor to evaluat-
ing nonlinear observables. For the commissioning of the linear optics, a LOCO algo-
rithm is regularly used [161], with good results achieved in the previous run [162].
Complementary to the LOCO based approach, as a first step before analysing higher
order modes in the spectral components of the motion, the linear optics is inferred
from the captured turn-by-turn data. Two methods were used to infer the linear op-
tics, one based on the measured phase advance between BPMs and one based on the
amplitude of the oscillation.

For the phase advanced based approach, the N-BPM method [163, 164] is employed,
using combinations of 7 surrounding BPMs to the one probed. This approach uses
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FIGURE 6.6: Change of the optics when moving from the nominal
optics to a working point of Qx = 5.28, Qy = 5.31.

measured and model phase advances between BPMs together with the model β-
functions at the BPMs to determine the β-function at a certain BPM. In Fig. 6.8, the
difference between model and measured phases between consecutive BPMs is pre-
sented.

The phase advance in the nonlinear channel on the left hand side of the plot is well
controlled, approaching the desired 10−3 level. In the octupole channel on the right
side of the plot on the other hand, a larger phase difference is noted. It has to be
noted that this measurements were conducted with a non-nominal optics at a work-
ing point of Qx = 5.28, Qy = 5.31 and without any prior corrections applied, as such
not being able to accurately reflect the levels reached in operation.

Using the the measured phase difference as input and the aforementioned N-BPM
algorithm, the β-functions were determined and are displayed in Fig. 6.9.

Although no optics correction were performed after the application of the tune knob,
the presented results show a peak β-beating below 12 % around the IOTA ring, above
the target accuracy for the experiments with the NL-magnet, but well with the pa-
rameters for experiments with the octupole channel [162]. Notably, the results in
the horizontal plane are worse, likely due to reduced number of usable turns in this
plane and thus reduced phase accuracy.

The other approach for determining the optics functions around the ring, using the
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(A) Working point Qx = Qy = 5.30

(B) Working point Qx = 5.28, Qy = 5.31

FIGURE 6.7: Comparison between spectra for the nominal working
point (Qx = Qy = 5.30) and a working point with a larger tune sepa-

ration.

oscillation amplitude of the betatron motion, dubbed β from amplitude [165], criti-
cally depends on the calibration of the individual BPMs and on the accuracy of the
kick action determination. The kick action is determined using

2Jx,y =
∑BPMs(0.5Ax,y)2/C2

x,yβx,y

NBPMs
, (6.10)

where Ax,y is the peak-to-peak amplitude of the oscillation at the given BPM, βx,y
the beta-function from the model at the respective BPM, NBPMs the number of the
BPMs, and Cx,y represents the, a priori unknown, calibration factor of the given BPM.
The underlying assumptions for the use of this formula are that the effect of linear
coupling on the action, as well as that the phase space distortion from higher order
resonances are negligible, and that by averaging over all BPMs, first order effects
from optics errors are canceled and the remaining higher order having no significant
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FIGURE 6.8: Difference between measured and model phase ad-
vance. The phase difference at given BPM represents the difference

with respect to the next BPM.

impact. The β-function at a given BPM is then inferred via

βx,y =
A2

x,y

C2
x,y2Jx,y

. (6.11)

The calibration factor may be inferred later by comparing to trusted optics measure-
ments from LOCO. However, given the exploratory nature of the presented mea-
surements, the determination of the calibration factors and validation was deemed
outside of the scope of this work. In Fig. 6.10, the results using the β from amplitude
method are displayed.

For the presented measurements, the BPM IMBPMA1C has been excluded, as across all
measurements it has shown a significantly lower β-function, which is attributed to
this BPM featuring an alternate design with a wider aperture [38] and its position
readout not adapted to the different geometry compared to the other BPMs. Com-
pared to the previously presented β from phase result, the β from amplitude mea-
surements show a higher β-beating, with a peak deviation of about 15 % compared
to the 12 % found before. As mentioned before, this could partly be attributed to the
calibration issues in BPMs. Additionally, the action calculation may be improved by
using measured β-function from LOCO measurements. However, in both measure-
ments a significant beating is found close to the octupole string and in the injection
straight, where also the optics was changed to achieve the change in tunes. Similar
results have also been obtained for data sets from later measurements shift using the
same working point.
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FIGURE 6.9: Measured β-beating using the analytical N-BPM
method.

Notably, in both analyses, multiple data sets show erratic behaviour, not present in
the kick immediately before and after this data set. No immediate explanation for
these transients has been been found and data sets with large deviations in the optics
have been dropped.

While not definite results and with potential for further improvements, studies and
cross-checks with LOCO, the results indicate that, as expected, the linear optics is
sufficiently well controlled for the following studies and no special precaution were
deemed necessary for the following analysis. However, the target β-beating below
1% is not yet observed using turn-by-turn based methods for measuring the linear
optics.

6.4.2 Amplitude detuning

The nonlinear integrable optics concept is based on generating a tune spread via de-
tuning with amplitude, which allows mitigation of coherent instabilities. As such, to
determine the amplitude detuning from the nonlinear inserts, it is also of particular
interest to determine the detuning of the bare accelerator with both nonlinear inserts
turned off. Given that detuning from the nonlinear inserts and from other sources of
the accelerator is to first order independent, the impact of the lattice sources could
then be used together with the measured detuning with the nonlinear inserts to al-
low for comparison with theoretical estimates. In Tab. 6.2, the expected amplitude
detuning from the model is shown for the case where the sextupoles are used in their
nominal configuration and for the case of a sextupole component in all 60◦ dipoles of
k3L = 4.55 m−2, compared to k3L = −40 m−2 and k3L = 55 m−2 of the chromaticity
sextupole when powered in their nominal correction scheme. The sextupole compo-
nent in the dipoles has been implemented such that it matches with the measured
chromaticity in the IOTA ring when the chromaticity sextupoles are turned off.
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FIGURE 6.10: Measured β-beating using the β from amplitude
method.

Sources chromaticity
sextupoles

chromaticity sextupoles +
dipole b3 errors

NL-magnet
with t=0.29

dQx/d2Jx 150 19 575
dQx/d2Jy 294 209 -2207
dQy/d2Jy 100 100 2126

TABLE 6.2: Amplitude detuning in the IOTA ring for different
sources.

Additionally, for comparison, the amplitude detuning for an ideal lattice without
sextupoles and the nonlinear insert powered to t = 0.29 is presented here too. No-
tably, the effect of the b3 errors is most pronounced in the direct horizontal detuning,
showing a decrease of almost a factor 10 from the unperturbed case. Similarly so,
based on the model, the powering of the chromaticity sextupole generates up to 20%
of the amplitude detuning generated by the NL-magnet, in particular for the direct
term in the horizontal plane, and to a lesser extent in the cross-plane detuning. In
simulations, the amplitude detuning generated by the chromaticity sextupoles de-
creases the horizontal direct term by 25% when changing to a working point with
split tunes such as Qx = 5.28, Qy = 5.31, with the other terms changing by less than
5%.

For the measurements of the detuning in the bare lattice, the beam was excited in
both planes. The strength in one plane is stepwise increased while the kick strength
in the opposite plane remains the same throughout the measurement. This was done
as to provide enough excitation in the non-ramped plane to determine the tune in
this plane, such that the cross-plane detuning may also be determined. Given the
small and constant excitation strength in the cross-plane, any change of the tune here
is then fully attributed to the excitation of the plane where the excitation strength
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is ramped up. In turn, a potential contribution due to linear coupling is hereby
neglected in this approach.

As noted in the previous section, the kick action 2J is then inferred for plane where
the kick strength has been gradually ramped up. Again, in order not to distort the
action calculation, for the analysed data sets, the turn-by-turn data of IBPMA1C has
been dropped.

Measurements were conducted using an optics with a working point of Qx = 5.28,
Qy = 5.31. Sextupoles were set such that the chromaticity is matched to 0. The
measured amplitude detuning is presented in Fig. 6.11.

0.0 2.5 5.0 7.5 10.0 12.5
0.278

0.280

0.282

0.284

Q
x

dQX/dJX = 411.88 ± 74.64

0 5 10 15 20

0.272

0.274

0.276

0.278

0.280
dQX/dJY = 241.27 ± 38.21

0.0 2.5 5.0 7.5 10.0 12.5
2JX [ m] 

0.307

0.308

0.309

0.310

0.311

Q
y

dQY/dJX = 309.97 ± 7.96

0 5 10 15 20
2JY [ m] 

0.310

0.312

0.314

0.316

0.318
dQY/dJY = 302.97 ± 8.99

FIGURE 6.11: Measured amplitude detuning using an optics with a
working point of Qx = 5.28, Qy = 5.31. A linear fit over the pre-
sented data is displayed in red, together with the amplitude detuning

obtained from the fit.

It has to be noted that only a smaller number of kicks was available at this work-
ing point, in particular for the horizontal kicks. Furthermore, no online continuous
tune measurements system is present, such that data could not be corrected for any
possible tune drift. Notably, the measured detuning does not agree with the previ-
ously presented expected detuning from the two models. The summary of the mea-
surement and a comparison to the model values for the working point Qx = 5.28,
Qy = 5.31 is given in Tab. 6.3.

Although measurements with horizontal kicks are sparse, the horizontal detuning
is about a factor 4 larger than what is expected and is about the size as the direct
horizontal detuning from the NL-magnet at t = 0.29. Furthermore, the cross term
detuning in both cases shows an opposite sign of what is expected from the model
and approximately the same order of magnitude, hinting at possible extra sources
of detuning in the bare lattice. While inconsistent with behaviour expected if sex-
tupoles are the main contributors to the detuning, the measured detuning is more
consistent with an octupole as main source. From these measurements however,
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Sources chromaticity
sextupoles

chromaticity sextupoles +
dipole b3 errors

Measurement

dQx/d2Jx 112 10 412 ± 75
dQx/d2Jy 287 202 -241 ± 38
dQy/d2Jx 287 202 -310 ± 8
dQy/d2Jy 95 96 303 ± 9

TABLE 6.3: Measured amplitude detuning in the IOTA ring together
with a comparison to the detuning expected from the model.

the number and strength of octupole sources cannot be concluded. One potential
candidate could be hysteresis effects in the octupole string. It should be noted that
before these measurements were conducted, the center octupole was degaussed and
another one was disconnected due to issues with the powering.

Further amplitude detuning analysis was performed for data obtained from a later
shift, using an optics with the same working point of Qx = 5.28, Qy = 5.31. As
this data was primarily taken for (C-)RDT analysis, kick amplitudes were not op-
timized for amplitude detuning analysis and the kick strength in the non-ramped
plane was unnecessarily high. Due to this, a non negligible contribution from the
kick action of the off plane may arise, potentially spoiling the measurement accu-
racy. Additionally, a non-nominal sextupole configuration was used, with only two
sextupole from the same straight section used to correct for chromaticity. In Fig. 6.12,
the results of the amplitude detuning analysis are shown, with a comparison to the
expected model detuning presented in Tab. 6.4.
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FIGURE 6.12: Measured amplitude detuning using an optics with a
working point of Qx = 5.28, Qy = 5.31 and using only sextupoles
from the left hand straight section for chromaticity correction. A lin-
ear fit over the presented data is displayed in red, together with the

amplitude detuning obtained from the fit.



112 Chapter 6. Optics measurements in IOTA

Sources chromaticity
sextupoles

chromaticity sextupoles +
dipole b3 errors

Measurement

dQx/d2Jx 150 45 121 ± 26
dQx/d2Jy 302 209 244 ± 11
dQy/d2Jx 302 209 210 ± 22
dQy/d2Jy 225 199 59 ± 10

TABLE 6.4: Measured amplitude detuning at a working point of Qx =
5.28, Qy = 5.31 and using only sextupoles from the left hand straight
section for chromaticity correction, together with a comparison to the

detuning expected from the model.

Compared to the previous analysis, a better agreement with the model values is ob-
served in this case. In particular, no opposite sign in the cross detuning is found,
thus it is assumed that sextupole are the main contributor to the detuning in this
scenario and no strong spurious octupole source appears to be present during that
shift. These results also add to the previous suspicion that the previously observed
strong octupole contribution might be linked to the intervention performed before
the measurements. While this measurements only provide a snapshot over a short
time span, based on these results, no persistent strong spurious octupole source ap-
pears present and, bar any hardware issues, amplitude detuning seems mostly by
the chromaticity sextupoles.

6.4.3 (Combined-) Resonance Driving terms

As motivated in Sec. 6.2, good knowledge of the nonlinear elements outside of
the nonlinear channel is of great importance for assessing the performance of NL-
magnet. Using a nonlinear model, validated by the measurements, allows for more
realistic simulation to estimate the performance. In the following, also potential
correction strategies may be tried in simulation and, provided a viable solution is
found, then be implemented in the accelerator.

For assessing the validity of the IOTA model, as a first measure the so-called com-
bined resonance driving terms [154] were assessed. In this method, the spectral line
amplitude for certain resonances is used to infer a linear combination of two reso-
nance driving terms. As such, the strength of individual RDTs cannot be inferred
from the measurements. Furthermore, this method relies on the use of dual plane
BPMs, which is the case in IOTA.

The C-RDT are measured by determining the kick action and amplitude of a specific
spectral line at each BPM. The C-RDT is then obtained by performing a linear fit for
various measurements with different kick action and line amplitudes using the rela-
tions for the individual C-RDT as presented in [154] and as is illustrated in Fig. 6.13.
It has to be noted that for the analysis here, spectral lines were normalised with the
main line of the respective plane to account for first order calibration errors. As such,
during the fitting process, an additional contribution from the kick action has to be
taken into account.

Note that in the following, a different notation compared to the original paper [154]
will be adapted, namely, C-RDT will be addressed by their corresponding line. As
example, the C-RDT FNS3 will be addressed by H(−2, 0), corresponding to the line
−2Qx in the horizontal spectrum.
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FIGURE 6.13: Amplitude of the V(1,-1) line for different kicks at 2
BPMs. Overlayed a linear fit to obtain the CRDT at the given BPMs.

First C-RDT measurements were performed at a working point of Qx = 5.28, Qy =
5.31 and using a nominal sextupole configuration. C-RDTs were only investigated
for lines which were clearly above the noise level in all BPMs, which limit the analy-
sis to coupling, sextupoles, skew sextupoles, and octupole C-RDTs. In Fig. 6.14, the
measured coupling C-RDTs are presented. A notable excursion is observed in the in-
jection straight for the C-RDT H(0, 1). Following the derivations presented in [147,
166], this indicates a strong influence of the horizontal motion on the vertical one
here. This may be of concern as both the horizontal and vertical kicker are located
here.
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FIGURE 6.14: Measured coupling C-RDTs at a working point of Qx =
5.28, Qy = 5.31 and using a nominal sextupole configuration.

In Fig. 6.15, the amplitude of the sextupole C-RDTs are presented.

Here, the C-RDT corresponding to the line H(−2, 0) is not presented, as the line
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FIGURE 6.15: Measured sextupole C-RDTs at a working point of
Qx = 5.28, Qy = 5.31 and using a nominal sextupole configuration,

together with a comparison to the expected model values.

was not observed in the spectra. Additionally, the model sextupole C-RDTs, evalu-
ated using MAD-X PTC, are included for the case of the nominal chromaticity cor-
rection and when including a sextupole component in the 60◦ dipoles. Notably, a
discrepancy between the model amplitude and measured amplitude is observed in
all cases. However, it has to be noted that the different decoherence factor for the
spectral lines [150] have not been applied yet to the data. However, a good qualita-
tive agreement in the longitudinal evolution of the C-RDTs is observed. Given the
small expected change from a potential sextupole component in the dipoles and the
discrepancy in the amplitude, no conclusion on the presence of such errors can be
made at the moment.

One skew sextupole line was consistently observed in all BPMs and for different
kicks and the corresponding C-RDT is presented in Fig. 6.16.

Notably, given that by design no skew sextupole sources are present in the IOTA-
ring, the presence of such line can be explained either by sextupole tilts, by an inter-
play between linear coupling and the regular sextupole sources, or any combination
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FIGURE 6.16: Measured skew sextupole C-RDT at a working point of
Qx = 5.28, Qy = 5.31 and using a nominal sextupole configuration.

of those two effects. Similar to the sextupole lines, no decoherence factors were ap-
plied so far and thus the data cannot be used yet to determine the origin.

Lastly, in Fig. 6.17, the C-RDT corresponding to the line H(−1, 2), observed in all
BPMs is presented.
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FIGURE 6.17: Measured octupole C-RDT at a working point of
Qx = 5.28, Qy = 5.31 and using a nominal sextupole configuration,

together with a comparison to the expected model values.

As octupole lines may also arise from, amongst others, a second order contribution
from normal sextupoles, model values have been included here. Again, due to the
lack of the decoherence correction, no comparison on the amplitude between model
and measurement can be made. However, a difference in the evolution of the C-
RDT amplitude is observed, unlike in the previous case for the sextupoles. Further
investigation may thus investigate if a spurious octupole source may explain this
difference. Notably, this data was taken during a different shift than the amplitude
detuning data, as such hinting at a potential consistent octupole source.
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In a further shift, studies were performed using a different sextupole powering
scheme to potentially better identify any sextupole component in the 60◦ dipoles.
In particular, the sextupoles in the straight section on the right hand side of IOTA-
ring, as illustrated in Fig. 6.3, were turned off and the chromaticity in the ring was
corrected using the remaining two sextupoles. Measurements were conducted at a
working point of Qx = 5.28, Qy = 5.31, to compare to the measurements conducted
in a previous shift, and at working point of Qx = 5.32, Qy = 5.29 and Qx = 5.325,
Qy = 5.29. These different working points were chosen due to their proximity to
3Qx resonance and thus increased C-RDTs linked to this resonance.

In Fig. 6.18-6.21, C-RDTs for coupling, sextupole, skew sextupole, and octupole
sources are presented.
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FIGURE 6.18: Measured coupling C-RDTs at a working point of Qx =
5.28, Qy = 5.31 and using only sextupoles in the left hand straight

section for chromaticity correction.

For the coupling C-RDT H(0, 1), a similar excursion in the injection straight is ob-
served as in the previous dataset, although gathered on different days and shifts.
Similar so, a bump in the C-RDT V(1, 0) is observed around IBPMC2R.

For the sextupole C-RDTs, similar conclusions as for the previous results hold. While
again a good quantitative agreement in the evolution is observed, for a compari-
son between the model values and the measurements, the difference due to deco-
herence factors needs to be taken into account. The C-RDT corresponding to the
skew sextupole line V(0,−2) does show some consistent behaviour between the
two shifts, bar the excursion observed at IBPMB2L for the nominal sextupole configu-
ration. Given the similar behaviour of the coupling C-RDTs between the two shifts,
no further conclusion on the origin can be made. For the octupole C-RDT, while the
amplitude of the C-RDT remains the same between the measurements, the evolu-
tion of the C-RDT is different between the two measurements. Given that hardware
interventions on the octupole string took place in between the measurements shifts,
future studies using the data corrected for the decoherence may thus look into po-
tential effects of these interventions on the origin of the octupole line and linking it
to specific measures taken.
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FIGURE 6.19: Measured sextupole C-RDTs at a working point of
Qx = 5.28, Qy = 5.31 and using only sextupoles in the left hand
straight section for chromaticity correction, together with a compari-

son to the expected model values.

Lastly, C-RDTs for measurements at the working point of Qx = 5.32, Qy = 5.29 are
presented in Figs. 6.22-6.24. Results have been compared to the results at Qx = 5.325,
Qy = 5.29, with no particular difference observed.

Notably, a slight change in the structure pf the coupling C-RDTs is observed between
the measurements for the working point of Qx = 5.28, Qy = 5.31 and at Qx = 5.32,
Qy = 5.29. In particular, the change of the C-RDTs in the CR-straight section is no-
ticeable, which could stem from a tilt of the quadrupoles used to achieve the tune
change. In both cases a tune split of ΔQ = 0.03 is used, and thus no significant
change of the C-RDT amplitude is expected nor observed. Additionally, in this data
sets no skew sextupole line is observed, which may be partly explained by Qy fur-
ther away from the 3Qy resonance. For sextupole C-RDTs, a similar good qualitative
agreement is observed between model and measurement as for the previous mea-
surements. Although taken back to back, a change in the octupole C-RDT H(−1, 2) is
observed for the measurements at Qx = 5.28, Qy = 5.31 and at Qx = 5.32, Qy = 5.29,
where in both cases only the sextupoles in the left hand straight section were pow-
ered. This change might then be explained by the change of the optics due to the
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FIGURE 6.20: Measured skew sextupole C-RDT at a working point
of Qx = 5.28, Qy = 5.31 and using only sextupoles in the left hand

straight section for chromaticity correction.
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FIGURE 6.21: Measured octupole C-RDT at a working point of Qx =
5.28, Qy = 5.31 and using only sextupoles in the left hand straight
section for chromaticity correction, together with a comparison to the

expected model values.

tune knob, under assumption that the strength of any potential spurious octupole
source has not changed between these measurements.

No analysis of resonance driving terms has been performed up until this point, as
similarly to the C-RDT analysis, data has to be corrected for the decoherence first.
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FIGURE 6.22: Measured coupling C-RDTs at a working point of Qx =
5.32, Qy = 5.29 and using only sextupoles in the left hand straight

section for chromaticity correction.

6.5 Conclusions

Assessment of nonlinear magnetic fields, present either by design or by erroneous
introduction, is one key task during the design and operation for many accelerators
due to their potential performance limiting effects. One accelerator concept where
this may be off particular importance is the recently proposed nonlinear integrable
optics. It is based on introducing a nonlinear magnet with a particular potential
which together with a special accelerator layout allows to generate an amplitude de-
pendent tune shift, while not exciting any resonances. Other nonlinear fields in the
accelerator may violate the required conditions and careful assessment is required to
account for particle losses due to such sources. In this note, first studies on nonlin-
earities outside of the specific nonlinear channel have been presented for the case of
the IOTA accelerator at Fermilab, one of the first machines built around the concept
of nonlinear integrable optics. Using turn-by-turn data from the beam position mon-
itors, acquired after an excitation with the kicker magnets, first a look in the linear
optics is presented. Linear optics is in general well controlled in the IOTA accelera-
tor, with a peak β-beating under 10 %. Following studies have looked into the ampli-
tude detuning from the bare lattice without either the NL-magnet nor the octupole
channel turned on. While initial measurements show discrepancies with the values
expected from simulations, attributed to a spurious octupole source, measurements
from a later shift show better agreement with the model values. The discrepancy
is assumed to stem from hardware modification conducted before the first measure-
ments, and no persistent spurious octupole source appears present in the IOTA-ring.
Lastly, measurements of the combined resonance driving terms (C-RDT) have been
presented for different working points and sextupole configurations. Good qualita-
tive agreement for the sextupole C-RDTs has been observed between the model and
measurements for the different configurations. Further studies are looking into the
role of the decoherence of the specific spectral lines to account for the difference in
amplitude between the model and measurements, to allow for a better comparison
between those and in view of a potential use to assess the location and strength of
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FIGURE 6.23: Measured sextupole C-RDTs at a working point of
Qx = 5.32, Qy = 5.29 and using only sextupoles in the left hand
straight section for chromaticity correction, together with a compari-

son to the expected model values.

the nonlinear magnetic fields.
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FIGURE 6.24: Measured octupole C-RDT at a working point of Qx =
5.32, Qy = 5.29 and using only sextupoles in the left hand straight
section for chromaticity correction, together with a comparison to the

expected model values.
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Summary and outlook

Nonlinear magnetic fields have been shown in the past to have a profound impact on
the operations of particle accelerators and are expected to do so even more in future
machines which aim to achieve higher energies with more intense beams. Given
their potential to both prevent mechanisms that would reduce the beam intensity
but also itself potentially being the cause of significant beam loss has made them a
rich field of study, with each new accelerator adding another facet.

In this thesis, the impact of nonlinear magnetic fields on the beam dynamics is stud-
ied under various circumstances, specifically investigating situations relevant to the
operation of future accelerators. Using a number of observables, derived from ei-
ther simulations or experiments, the main effects are quantified and give insights
into ways of overcoming potential issues.

In Chapter 3, the dynamic aperture in the HE-LHC at injection energy has been stud-
ied. Multiple operation scenarios have been considered, taking into account the field
quality of the main dipole magnets for the different cases. Based on early results,
the main limitations have been identified and served as input into the following
magnet design iterations. Viable scenarios in terms of dynamic aperture have been
identified and allowed to define the requirements under which the HE-LHC may
be built. While giving a solid first look at the feasibility of the considered scenar-
ios, further studies should evaluate the dynamic aperture including also the field
quality of other magnetic elements such as the main quadrupoles, which was not
available for these studies, and also taking into account adverse effects resulting in
a miscorrection to define additional tolerances.

Following the assessment of the previous Chapter that the sextupole component in
the main dipoles is the key component, an experimental study was proposed and
its results are presented in Chapter 4. The aim of the experiment was to assess the
dynamic aperture in the presence of a strong, uncorrected sextupole component of
the dipoles. Such a situation is expected to occur in a machine such as the HE-
LHC in case of setting errors of the corrector circuits or dynamic changes of the
sextupole component of the dipoles. The experiment was conducted in the LHC,
being the natural predecessor to the HE-LHC, and the sextupole correctors were
set such to emulate a situation expected in the HE-LHC. While initial simulations
using a simplified model showed a significant decrease of the dynamic aperture,
the measured dynamic aperture was found to be significantly higher. The main
discrepancy between the model and the situation in the LHC was identified to be the
amplitude detuning stemming from the second order effect of the sextupoles. With
the amplitude detuning in the model adjusted to the measured values, the dynamic
aperture between simulation and measurement agrees well. In turn, the case for
the HE-LHC does not appear as dire as initially estimated, with adjustments of the
amplitude detuning using octupole magnets potentially allowing to minimize the
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decrease of the dynamic aperture due to miscorrection of the main dipole sextupole
component.

To quantify the nonlinear content of a machine, either in experiments or in simula-
tions, and to establish corrections, global and local observables such as amplitude
detuning or resonance driving terms may be used. One common source of uncer-
tainty of these is the coupling between the two transverse planes, elicit by either
skew quadrupole or solenoid fields. In Chapter 5, a formalism is presented to eval-
uate the impact of coupling on these observables. The derived formulas have been
benchmarked against simulations and have shown good agreement and allow to es-
timate the impact of coupling on measured values. In addition, given the impact
on the beam size in the interaction point of the experiments in the LHC and subse-
quently the luminosity, tolerances on the local coupling can be established.

Many accelerators are built around the principle of linear optics and nonlinear mag-
netic elements are added on top, intended to be small perturbations, yet provide
effects beneficial to the beam stability whilst also being a potential major source
of beam loss. Chapter 6 presents studies in an accelerator based around a differ-
ent concept, where one special nonlinear element is integrated such that no reso-
nances are excited, thus preventing any beam loss, while still retaining the intended
beneficial effects. This concept relies on the absence of other nonlinear magnetic
elements such as sextupoles to allow for the best performance possible. Measure-
ments of the impact on the beam dynamics from nonlinear magnetic fields other
than the special nonlinear magnet are presented for the case of the first accelerator
built around this concept, the IOTA accelerator at Fermilab. In general, no signifi-
cant difference between the measurements and quantities derived from the model is
found. While good qualitative agreement is observed, further studies are needed to
eliminate known sources of uncertainty such as decoherence to allow for an accurate
localization of additional sources.

In conclusion, the studies and results presented in this thesis represent significant
improvements in the understanding of the impact of nonlinear magnetic fields in
synchrotrons and may serve as vital input for design studies of potential future ac-
celerators.
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Appendix A

Field quality of the main dipoles in
the HE-LHC

Field quality tables as used for the tracking studies presented in Ch. 3.
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Systematic Uncertainty Random
Injection
Energy [GeV] 450 900 1300 450 900 1300 450 900 1300

b2 -2.230 -2.230 -2.230 0.922 0.922 0.922 0.922 0.922 0.922
b3 -35.000 -55.000 -40.000 10.000 4.000 3.000 10.000 4.000 3.000
b4 0.000 0.000 0.000 0.449 0.449 0.449 0.449 0.449 0.449
b5 8.000 8.000 4.000 1.500 1.500 0.800 1.500 1.500 0.800
b6 0.000 0.000 0.000 0.176 0.176 0.176 0.176 0.176 0.176
b7 0.200 0.600 1.100 0.211 0.211 0.211 0.211 0.211 0.211
b8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
b9 3.800 4.200 2.900 0.500 0.500 0.200 0.500 0.500 0.200
b10 0.000 0.000 0.000 0.027 0.027 0.027 0.027 0.027 0.027
b11 0.750 0.860 1.000 0.028 0.028 0.028 0.028 0.028 0.028
b12 0.000 0.000 0.000 0.009 0.009 0.009 0.009 0.009 0.009
b13 0.000 0.000 0.000 0.011 0.011 0.011 0.011 0.011 0.011
b14 0.000 0.000 0.000 0.003 0.003 0.003 0.003 0.003 0.003
b15 0.000 0.000 0.000 0.004 0.004 0.004 0.004 0.004 0.004
a2 0.000 0.000 0.000 1.040 1.040 1.040 1.040 1.040 1.040
a3 0.000 0.000 0.000 0.678 0.678 0.678 0.678 0.678 0.678
a4 0.000 0.000 0.000 0.450 0.450 0.450 0.450 0.450 0.450
a5 0.000 0.000 0.000 0.317 0.317 0.317 0.317 0.317 0.317
a6 0.000 0.000 0.000 0.205 0.205 0.205 0.205 0.205 0.205
a7 0.000 0.000 0.000 0.116 0.116 0.116 0.116 0.116 0.116
a8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
a9 0.000 0.000 0.000 0.041 0.041 0.041 0.041 0.041 0.041
a10 0.000 0.000 0.000 0.025 0.025 0.025 0.025 0.025 0.025
a11 0.000 0.000 0.000 0.016 0.016 0.016 0.016 0.016 0.016
a12 0.000 0.000 0.000 0.000 0.000 0.000 0.009 0.009 0.009
a13 0.000 0.000 0.000 0.000 0.000 0.000 0.005 0.005 0.005
a14 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.003 0.003
a15 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.002 0.002

TABLE A.1: Normal and skew coefficients for MB dipoles for dif-
ferent injection energies in the HE-LHC. Harmonics correspond to
the dipole design from 24.01.2018 and at a reference radius of Rr =

16.7 mm.
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Systematic Uncertainty Random
Injection
Energy [GeV] 450 900 1300 450 900 1300 450 900 1300

b2 -2.200 -2.200 -2.200 0.922 0.922 0.922 0.922 0.922 0.922
b3 -26.761 -16.433 -13.211 1.351 1.351 1.351 1.351 1.351 1.351
b4 -0.081 -0.081 -0.081 0.449 0.449 0.449 0.449 0.449 0.449
b5 3.732 1.417 0.703 0.541 0.541 0.541 0.541 0.541 0.541
b6 -0.001 -0.001 -0.001 0.176 0.176 0.176 0.176 0.176 0.176
b7 1.142 1.409 1.493 0.211 0.211 0.211 0.211 0.211 0.211
b8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
b9 2.798 2.042 1.804 0.092 0.092 0.092 0.092 0.092 0.092
b10 0.000 0.000 0.000 0.027 0.027 0.027 0.027 0.027 0.027
b11 0.997 0.999 1.000 0.028 0.028 0.028 0.028 0.028 0.028
b12 0.000 0.000 0.000 0.009 0.009 0.009 0.009 0.009 0.009
b13 0.000 0.000 0.000 0.011 0.011 0.011 0.011 0.011 0.011
b14 0.000 0.000 0.000 0.003 0.003 0.003 0.003 0.003 0.003
b15 0.000 0.000 0.000 0.004 0.004 0.004 0.004 0.004 0.004
a2 0.000 0.000 0.000 1.040 1.040 1.040 1.040 1.040 1.040
a3 0.000 0.000 0.000 0.678 0.678 0.678 0.678 0.678 0.678
a4 0.000 0.000 0.000 0.450 0.450 0.450 0.450 0.450 0.450
a5 0.000 0.000 0.000 0.317 0.317 0.317 0.317 0.317 0.317
a6 0.000 0.000 0.000 0.205 0.205 0.205 0.205 0.205 0.205
a7 0.000 0.000 0.000 0.116 0.116 0.116 0.116 0.116 0.116
a8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
a9 0.000 0.000 0.000 0.041 0.041 0.041 0.041 0.041 0.041
a10 0.000 0.000 0.000 0.025 0.025 0.025 0.025 0.025 0.025
a11 0.000 0.000 0.000 0.016 0.016 0.016 0.016 0.016 0.016
a12 0.000 0.000 0.000 0.000 0.000 0.000 0.009 0.009 0.009
a13 0.000 0.000 0.000 0.000 0.000 0.000 0.005 0.005 0.005
a14 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.003 0.003
a15 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.002 0.002

TABLE A.2: Normal and skew coefficients for MB dipoles for dif-
ferent injection energies in the HE-LHC. Harmonics correspond to
the dipole design from 12.06.2018 and at a reference radius of Rr =

16.7 mm. All values are presented in units of 10−4.
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Systematic Uncertainty Random
Injection
Energy [GeV] 450 900 1300 450 900 1300 450 900 1300

b2 -2.200 -2.200 -2.200 0.922 0.922 0.922 0.922 0.922 0.922
b3 -50.549 -27.643 -19.653 1.351 1.351 1.351 1.351 1.351 1.351
b4 -0.081 -0.081 -0.081 0.449 0.449 0.449 0.449 0.449 0.449
b5 10.429 3.784 1.982 0.541 0.541 0.541 0.541 0.541 0.541
b6 -0.001 -0.001 -0.001 0.176 0.176 0.176 0.176 0.176 0.176
b7 0.294 1.150 1.352 0.211 0.211 0.211 0.211 0.211 0.211
b8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
b9 4.834 2.821 2.238 0.092 0.092 0.092 0.092 0.092 0.092
b10 0.000 0.000 0.000 0.027 0.027 0.027 0.027 0.027 0.027
b11 0.976 1.003 1.002 0.028 0.028 0.028 0.028 0.028 0.028
b12 0.000 0.000 0.000 0.009 0.009 0.009 0.009 0.009 0.009
b13 -0.192 -0.192 -0.192 0.011 0.011 0.011 0.011 0.011 0.011
b14 0.000 0.000 0.000 0.003 0.003 0.003 0.003 0.003 0.003
b15 0.011 0.011 0.011 0.004 0.004 0.004 0.004 0.004 0.004
a2 0.000 0.000 0.000 1.040 1.040 1.040 1.040 1.040 1.040
a3 0.000 0.000 0.000 0.678 0.678 0.678 0.678 0.678 0.678
a4 0.000 0.000 0.000 0.450 0.450 0.450 0.450 0.450 0.450
a5 0.000 0.000 0.000 0.317 0.317 0.317 0.317 0.317 0.317
a6 0.000 0.000 0.000 0.205 0.205 0.205 0.205 0.205 0.205
a7 0.000 0.000 0.000 0.116 0.116 0.116 0.116 0.116 0.116
a8 0.000 0.000 0.000 0.071 0.071 0.071 0.071 0.071 0.071
a9 0.000 0.000 0.000 0.041 0.041 0.041 0.041 0.041 0.041
a10 0.000 0.000 0.000 0.025 0.025 0.025 0.025 0.025 0.025
a11 0.000 0.000 0.000 0.016 0.016 0.016 0.016 0.016 0.016
a12 0.000 0.000 0.000 0.000 0.000 0.000 0.009 0.009 0.009
a13 0.000 0.000 0.000 0.000 0.000 0.000 0.005 0.005 0.005
a14 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.003 0.003
a15 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.002 0.002

TABLE A.3: Normal and skew coefficients for MB dipoles for dif-
ferent injection energies in the HE-LHC. Harmonics correspond to
the dipole design from 12.09.2018 and at a reference radius of Rr =

16.7 mm. All values are presented in units of 10−4.
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Systematic Uncertainty Random
Injection
Energy [GeV] 450 900 1300 450 900 1300 450 900 1300

b2 5.466 4.511 4.233 0.929 0.929 0.929 0.929 0.929 0.929
b3 -23.928 -12.756 -9.246 0.668 0.668 0.668 0.668 0.668 0.668
b4 0.804 0.878 0.904 0.467 0.467 0.467 0.467 0.467 0.467
b5 5.049 2.561 1.799 0.283 0.283 0.283 0.283 0.283 0.283
b6 0.657 0.494 0.444 0.187 0.187 0.187 0.187 0.187 0.187
b7 -1.303 -0.536 -0.299 0.109 0.109 0.109 0.109 0.109 0.109
b8 0.458 0.400 0.381 0.072 0.072 0.072 0.072 0.072 0.072
b9 2.009 1.241 0.999 0.047 0.047 0.047 0.047 0.047 0.047
b10 0.217 0.167 0.152 0.028 0.028 0.028 0.028 0.028 0.028
b11 1.042 1.030 1.030 0.015 0.015 0.015 0.015 0.015 0.015
b12 0.081 0.081 0.081 0.010 0.010 0.010 0.010 0.010 0.010
b13 -0.227 -0.227 -0.227 0.005 0.005 0.005 0.005 0.005 0.005
b14 0.026 0.026 0.026 0.003 0.003 0.003 0.003 0.003 0.003
b15 -0.020 -0.020 -0.020 0.002 0.002 0.002 0.002 0.002 0.002
a2 0.000 0.000 0.000 1.103 1.103 1.103 1.103 1.103 1.103
a3 0.000 0.000 0.000 0.754 0.754 0.754 0.754 0.754 0.754
a4 0.000 0.000 0.000 0.473 0.473 0.473 0.473 0.473 0.473
a5 0.000 0.000 0.000 0.329 0.329 0.329 0.329 0.329 0.329
a6 0.000 0.000 0.000 0.205 0.205 0.205 0.205 0.205 0.205
a7 0.000 0.000 0.000 0.114 0.114 0.114 0.114 0.114 0.114
a8 0.000 0.000 0.000 0.069 0.069 0.069 0.069 0.069 0.069
a9 0.000 0.000 0.000 0.038 0.038 0.038 0.038 0.038 0.038
a10 0.000 0.000 0.000 0.023 0.023 0.023 0.023 0.023 0.023
a11 0.000 0.000 0.000 0.015 0.015 0.015 0.015 0.015 0.015
a12 0.000 0.000 0.000 0.008 0.008 0.008 0.008 0.008 0.008
a13 0.000 0.000 0.000 0.005 0.005 0.005 0.005 0.005 0.005
a14 0.000 0.000 0.000 0.003 0.003 0.003 0.003 0.003 0.003
a15 0.000 0.000 0.000 0.002 0.002 0.002 0.002 0.002 0.002

TABLE A.4: Normal and skew coefficients for MB dipoles for differ-
ent injection energies in the HE-LHC. Harmonics correspond to the
dipole design from 28.09.2018, assuming a full artificial pinning ef-
ficiency, and at a reference radius of Rr = 16.7 mm. All values are

presented in units of 10−4.
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Systematic Uncertainty Random
Injection
Energy [GeV] 450 900 1300 450 900 1300 450 900 1300

b2 7.828 5.607 4.785 0.929 0.929 0.929 0.929 0.929 0.929
b3 -50.764 -24.856 -16.197 0.668 0.668 0.668 0.668 0.668 0.668
b4 0.638 0.797 0.850 0.467 0.467 0.467 0.467 0.467 0.467
b5 12.263 5.109 3.187 0.283 0.283 0.283 0.283 0.283 0.283
b6 1.077 0.669 0.541 0.187 0.187 0.187 0.187 0.187 0.187
b7 -3.501 -1.312 -0.728 0.109 0.109 0.109 0.109 0.109 0.109
b8 0.612 0.461 0.416 0.072 0.072 0.072 0.072 0.072 0.072
b9 4.142 2.036 1.440 0.047 0.047 0.047 0.047 0.047 0.047
b10 0.357 0.220 0.180 0.028 0.028 0.028 0.028 0.028 0.028
b11 1.052 1.048 1.038 0.015 0.015 0.015 0.015 0.015 0.015
b12 0.081 0.081 0.081 0.010 0.010 0.010 0.010 0.010 0.010
b13 -0.227 -0.227 -0.227 0.005 0.005 0.005 0.005 0.005 0.005
b14 0.026 0.026 0.026 0.003 0.003 0.003 0.003 0.003 0.003
b15 -0.020 -0.020 -0.020 0.002 0.002 0.002 0.002 0.002 0.002
a2 0.000 0.000 0.000 1.103 1.103 1.103 1.103 1.103 1.103
a3 0.000 0.000 0.000 0.754 0.754 0.754 0.754 0.754 0.754
a4 0.000 0.000 0.000 0.473 0.473 0.473 0.473 0.473 0.473
a5 0.000 0.000 0.000 0.329 0.329 0.329 0.329 0.329 0.329
a6 0.000 0.000 0.000 0.205 0.205 0.205 0.205 0.205 0.205
a7 0.000 0.000 0.000 0.114 0.114 0.114 0.114 0.114 0.114
a8 0.000 0.000 0.000 0.069 0.069 0.069 0.069 0.069 0.069
a9 0.000 0.000 0.000 0.038 0.038 0.038 0.038 0.038 0.038
a10 0.000 0.000 0.000 0.023 0.023 0.023 0.023 0.023 0.023
a11 0.000 0.000 0.000 0.015 0.015 0.015 0.015 0.015 0.015
a12 0.000 0.000 0.000 0.008 0.008 0.008 0.008 0.008 0.008
a13 0.000 0.000 0.000 0.005 0.005 0.005 0.005 0.005 0.005
a14 0.000 0.000 0.000 0.003 0.003 0.003 0.003 0.003 0.003
a15 0.000 0.000 0.000 0.002 0.002 0.002 0.002 0.002 0.002

TABLE A.5: Normal and skew coefficients for MB dipoles for differ-
ent injection energies in the HE-LHC. Harmonics correspond to the
dipole design from 28.09.2018, assuming a half artificial pinning ef-
ficiency, and at a reference radius of Rr = 16.7 mm. All values are

presented in units of 10−4.
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