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Abstract
We study the two-dimensional Anisotropic KPZ equation
(AKPZ) formally given by

8.H = SAH + A(G,HY = 0H)) + £,

where ¢ is a space-time white noise and 4 is a strictly pos-
itive constant. While the classical two-dimensional KPZ
equation, whose nonlinearity is |VH|?> = (3, H)? + (3,H)?,
can be linearised via the Cole-Hopf transformation, this is
not the case for AKPZ. We prove that the stationary solu-
tion to AKPZ (whose invariant measure is the Gaussian
Free Field (GFF)) is superdiffusive: its diffusion coefficient
diverges for large times as \/@ up to loglog ¢ corrections,
in a Tauberian sense. Morally, this says that the correla-
tion length grows with time like t'/2 x (log t)'/4. Moreover,
we show that if the process is rescaled diffusively (¢t —»
t/e?,x — x /e, — 0), then it evolves non-trivially already
on time-scales of order approximately 1/ m < 1.
Both claims hold as soon as the coefficient 1 of the non-
linearity is non-zero. These results are in contrast with
the belief, common in the mathematics community, that
the AKPZ equation is diffusive at large scales and, under
simple diffusive scaling, converges to the two-dimensional
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Stochastic Heat Equation (2dSHE) with additive noise (i.e.,
the case 4 = 0).
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1 | INTRODUCTION

The KPZ equation is a stochastic PDE that formally is written as
d,H = vAH + (VH,QVH) + VD&, 1.1)

where H = H(t,x) depends on time ¢t > 0 and X, the spatial d-dimensional coordinate (e.g.,
x € R or T%), & is a space-time (white) noise, v, D are two positive constants, and Q isa d x d
matrix. The KPZ equation was originally derived as a description for (d + 1)-dimensional stochas-
tic growth: the Laplacian is a smoothing term that overall flattens the interface, the noise models
the microscopic local randomness, while the non-linear term encodes the slope-dependence of the
growth mechanism. Indeed, at a heuristic level, the connection between a specific (microscopic)
growth model and the KPZ equation is that Q is proportional to the Hessian D?v of the average
speed of growth v of the microscopic model, seen as a function of the average interface slope.
The SPDE (1.1) is well known to be analytically ill-posed if £ is a white noise, due to the non-
linear term, so that in order to study the large-scale properties of its solution, a standard approach
is to focus on a regularised version of it obtained by smoothing either the noise or the nonlinear-
ity (or both). In the spirit of Renormalisation Group, one would like to determine whether the
nonlinearity is relevant or not, that is, if it affects the asymptotic behaviour in a qualitative way,
in particular by changing the growth and roughness exponents with respect to those of the linear
equation obtained by setting Q = 0. Note that the latter is just the d-dimensional Stochastic Heat
Equation (SHE) with additive noise. Already in the seminal paper [25] it was predicted that, if
d > 3 and the nonlinearity is small enough (say if the norm of Q is small), then the nonlinearity
is irrelevant and the scaling limit is given by the solution of SHE (up to a finite renormalisation of
v, D). A recent series of works (see [16, 18, 21, 30, 31]) has confirmed this prediction mathematically
(with the important restriction that Q is assumed to be proportional to the identity matrix: only in
this case one can linearise (1.1) via the Cole-Hopf transform, and map it to a problem of directed
polymers in random environment). As for d = 1, [25] conjectures, and it is by now well established
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(see [1, 3,17, 32]), that the nonlinearity, no matter its strength provided it is non-zero, is relevant
and changes the growth exponent from § = 1/4 to § = 1/3. In dimension d = 2, the situation is
subtler since finer details of the equation, and in particular the structure of the matrix Q, might
affect the relevance claim. Indeed, it was predicted in [4, 45] that if det Q > 0 (Isotropic KPZ equa-
tion) then the nonlinearity is relevant and gives rise to non-trivial and model-independent growth
and roughness exponents. In view of the above-mentioned connection between Q and the Hes-
sian of v, the condition detQ > 0 corresponds to growth models with strictly convex or concave
speed of growth. In the complementary case, det Q < 0 (Anisotropic KPZ or AKPZ equation), the
physicists’ prediction, based on non-rigourous, one-loop Renormalisation Group computations
(see [4, 45]), states that the equation has the same scaling limit as the 2dSHE.

A first clear indication that the isotropic and anisotropic versions of the equation have a radi-
cally different behaviour is obtained by looking at the equation where the nonlinearity parameter
Q is scaled to zero together with ¢ (the noise regularisation parameter). In the case of the isotropic
KPZ equation with Q = 11d, 4 > 0, that is, nonlinearity A|VH |2, it was found in [13] that, taking
A =1/4/lloge|, H tends as € — 0 to the solution of the linear equation with renormalised coeffi-
cients if 4 is smaller than a precisely identified threshold 4., and the noise strength in the limiting
linear equation diverges as A — 4. In contrast, for the (stationary) AKPZ equation, the findings
of [10] imply that there is no phase transition in this scaling.

In the present work, we study the regularised AKPZ equation at stationarity with the specific
choice Q = Adiag (+1, —1) (in which case the stationary state is given by the Gaussian Free Field,
that, from now on, we will abbreviate with GFF [10]), and we do not scale A down to zero. As
remarked in [19], this choice of Q is the only one, modulo rotations, for which the stationary
state is Gaussian. Our main results state that in contrast with the stochastic heat equation the
AKPZ equation is not even asymptotically invariant under diffusive scaling. In fact, while the for-
mer is scale invariant under diffusive scaling, that is, time scaled as t/¢*> and space as x /¢, we
find that as soon as 4 > 0, the stationary and diffusively rescaled process H(t, x) “H (t/€%,x/€)
evolves non-trivially already on time-scales of order |loge|~'/2 <« 1, up to corrections polyno-
mial in log|loge|. By “evolves non-trivially” we mean for instance that, if ¢ is a test function
of zero total mass, the normalised covariance at different times of the locally averaged field

He[t1(@) £ [ p(x)HE(t, x)dx,

Cov(H*[t](¢), H*[0](¢))

VarH o)) (12)

is strictly smaller than 1 uniformly in ¢, for t ~ | loge|~'/? (see Theorem 1.2 and the subsequent
comments). Moreover, we show that the diffusion coefficient D(¢), which (once multiplied by ¢)
measures the mean square distance of spreading of correlations as a function of time, grows in
time as ~ |logt|'/? for t large as soon as A > 0 (see Theorem 1.1 for the precise formulation), thus
excluding diffusive behaviour since the linear equation instead is known to diffuse at constant
rate D(t) = 1 (which immediately follows from the representation of D(¢t) in Equation 1.6, see
also Appendix A). We emphasise that logarithmic super-diffusivity for the AKPZ equation was
not expected in the mathematical literature [7, 8], and we are not aware of predictions in this sense
even in the relevant physics literature [4, 24, 45]. Based on the “mode-coupling” heuristics we
give in Appendix B, it is reasonable to expect that, once the logarithmic corrections to the scaling
are taken into account, the large-scale behaviour of the equation is Gaussian. A first result in this
direction was recently obtained by the authors in [11]: in the case where the strength 4 of the
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nonlinearity is suitably scaled to zero, the AKPZ equation scales to the stochastic heat
equation with renormalised coefficients.

Finally, it is also interesting to look at more local quantities, such as the time-dependence of the
variance of the height increment at a single point, H(¢t,0) — H(0, 0). Since H fails to be a function,
we will study the variance of the height tested against a fixed test function of compact support.
According to the physicists’ predictions [4, 45] and to numerical simulations [24], this should grow
asymptotically like logt, as for the linear equation. In Theorem 1.5 we prove an upper bound of
this order (implying that the growth exponent 8 is zero); as we explain in Remark 1.6, this is not
in contradiction with our finding of anomalous diffusivity.

To put our result into a wider context, let us mention that 4/log ¢t-behaviour for the diffusion
coefficient has been conjectured also for a whole universality class of two-dimensional (self)-
interacting diffusions, including tracer particles in non-ideal fluids [44], self-repelling random
walks and Brownian polymers [2, 34, 35, 42] and the diffusion of a tracer particle in the curl of the
two-dimensional GFF [42]. The best rigourous result we are aware of in this context are super-
diffusivity lower and upper bounds of order loglogt and log ¢, respectively, obtained in [27] for
lattice gas models and in [42] for self-repelling polymers and for the diffusion in the curl of the
GFF. We believe that the tools developed in the present paper (and in particular Theorem 3.4) will
help to significantly improve the estimates for these models.

The crucial ingredient of the proof is a control of the variance of the time integral of the nonlin-
earity, that is obtained via an iterative argument inspired by the works [28, 46], where the authors
study the super-diffusivity of the asymmetric simple exclusion process (ASEP) in dimensions
d = 1,2. In particular, [46] proves (log t)*/? super-diffusion for 2d-ASEP. Let us emphasise that,
while the iterative method of [46] gives a logarithmic correction to diffusivity at any finite step k
of the iteration, and the limit k — oo is needed to pin down the power of the logarithm to 2/3, in
our case at step k we get only a | loglog t|¥ /k! correction and we need to take a k diverging with ¢
to get the y/logt result. This difference is not a technical limitation of our estimates but rather it
reflects a different structure of the operators involved in the two problems. The different symme-
try properties of 2d-ASEP and the AKPZ equation are also responsible for the different exponents,
2/3 versus 1/2, in the logarithmic super-diffusivity corrections; this was already pointed out in
[27, 42] in the context of lattice gases and self-repelling polymers.

To conclude this introduction, let us recall that there are several microscopic (2 + 1)-
dimensional growth models that are known to belong to the AKPZ universality class, in the sense
that their speed of growth satisfies det(D?v) < 0. These include the Gates-Westcott model [29, 36],
certain two-dimensional arrays of interlaced particle systems [9] and the domino shuffling algo-
rithm [15] just to mention a few (other growth processes like the 6-vertex dynamics of [5] and
the g-Whittaker particle system [6] should belong to this class, but an explicit computation of v
is not possible since their stationary measures are non-determinantal; see also [40] for further
references). Typical results that have been proven for such models are the scaling of stationary
fluctuations (at fixed time) to a GFF, a logarithmic upper bound on height fluctuation growth [14,
29, 41] (similar to Theorem 1.5 below) and CLTs for height fluctuations on the scale y/log¢ for
certain non-stationary, “integrable” initial conditions [9]. However, the more challenging issue
of studying the large-scale diffusivity (or super-diffusivity) properties of these models is entirely
unexplored. While logarithmic super-diffusivity effects are quite hard to be observed numerically,
the (log t)?/3 behaviour for two-dimensional asymmetric simple exclusion has been very recently
exhibited in simulations [26]. It would be extremely interesting to study the super-diffusivity phe-
nomenon we determine for the continuum AKPZ equation also for discrete growth models in the
same universality class.
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1.1 | The AKPZ equation and the main results

In order to avoid integrability issues arising in the infinite volume regime (that are anyway
addressed in [12]) we study the solution Hy of the regularised AKPZ equation on a large torus
of size N € N, which is given by

0,Hy = %AHN +AN[Hy]+ &, Hy(0) =7 (1.3)
where! Hy = Hy(t,x)fort > 0and x € T]z\,, the two-dimensional torus of side length 27N,
- 7isa GFF on 1]']2\] with covariance
EG@n@] = (070 ¥) ) foralle,p € HTI(T),

so that in particular, the O Fourier mode of ¢ and ¢ is 0,
- & is a space-time white noise on R X T]ZV independent of # with covariance

EE@EW] = (@) pom,urzy  forall g, € PR, xT2),

~ def ~
- the “nonlinearity” ' = A is defined as

NHy] S 11, ((I1,6, Hy)? — (I1,8,Hy )?), (1.4)

and, for M € N, IT,, is the operator acting in Fourier space by cutting the modes larger than M,
that is,

— def
My w(k) = wk)T g <urs (1.5)

w(k) is the k-th Fourier component of w (see below for our conventions on Fourier transforms)
and |k| denotes the Euclidean norm of k.
- A > 0is a constant that regulates the strength of the nonlinearity.

As was proven in [10] (see also Lemma 2.1 below), the periodic GFF 7 is a stationary state for the
process independently of A and of the cut-off parameter which above is set to be equal to 1. From
now on, P = PV and E = EV will respectively denote the law and expectation of the stationary
space-time process Hy, while P = PN and E = EV will be used for the law and expectation with
respect to the stationary measure (the GFF).

The goal of the present paper is to understand the large-scale properties of Hy as a space-time
process in comparison with the linear case 4 = 0, that is simply the stochastic heat equation with
additive noise.

IThe tildas on A ,7 are there because we will actually work with analogous quantities that are denoted by the same
symbols, without tildas.

2In[10], the r.h.s. of (1.5) was defined with 1 Iklo, <M instead; however, all results proven in [10] hold true with the definition
(1.5); in this respect, it is important that both norms have the symmetries of Z2. In this work we prefer to work with the
Euclidean norm because it slightly simplifies certain technical steps.
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The first observable we consider is the bulk diffusivity which can be thought of as a measure
of how the correlations of a process spread in space as a function of time. The definition we will
work with is in terms of the following Green-Kubo formula

12 e - -
Dy(t)=1+2— E|N[Hy](r,x)N[Hy](0,0)]|dxdrd L6
V() +t/O/O/TIZV[[N]<rx)[N]< )| de dr dis 16)

which has the advantage of being well-defined since our regularisation of the nonlinearity ensures
that N'[H 1 is smooth even if Hy is not, so that point-wise evaluation is allowed. Note that in
the above integral, the parameter r is integrated until s so that a direct evaluation of the integral
is not possible. The heuristics connecting the spread of the correlations of Hy to the formula
above is given in Appendix A. For now, we simply remark that (1.6) is the analog in the present
context of the definition used in [28, 38, 46] for the bulk diffusion coefficient of the asymmetric
exclusion processes on Z¢, or in [3] for the bulk diffusion coefficient of the one-dimensional KPZ
equation.

A crucial feature of the bulk diffusivity is that it provides a way to discern if a process behaves
diffusively or not. Indeed, while for the linear equation, which is diffusive, Dy is constant in
time (in case of (1.3) with 4 = 0, clearly Dy = 1), an indication of superdiffusive behaviour can be
obtained by showing that Dy diverges in time as t — oo. For technical reasons, we will work with
the Laplace transform of ¢ Dy/(t), defined for © > 0 as

Dy(u) = p / ) e HtDy(t)dt (1.7)
0

The expression above differs from the usual Laplace transform in that we weighted the exponen-
tial in such a way that t — pe™* is a probability density, which will make some expressions later
on more pleasant.

Before stating our first result on the bulk diffusivity of Hy, let us set for lightness of notation

L(x,0) :=1+ A%log(1 + x 1)

(the second argument of L is there just for coherence with the notation introduced in (3.10) below)
and note that

—

L(x,0) " 2 A?|log x|.

Theorem 1.1. Let 1 > 0 and, for N € N, Dy be defined according to (1.6) and Dy be its Laplace
transform as in (1.7). Then, for every & > 0 there exists a constant 0 < ¢, < oo such that for any
u > 0 sufficiently small

lim sup Dy (40 < ‘%“‘vL(u, 0)(log L(u, 0))"*° (18)
and
lim inf Dy () > ——/T(z, 0)(log L(k, 0)) . (1.9)
N—oo M Couik
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Let us point out that by translating [37, Lemma 1] into our setting, the upper bound (1.8)
can be turned into Dy (t) < (1 4+ 12 log(1 + £))1/27°()_ In general the same cannot be said for the
lower bound but, thanks to [20, Ch. XIIIL.5], u /000 e Mt f(t)dt ~ i(log(l/u))l/z as u — 0 implies

% fOT t f(t)dt ~ T(logT)/? as T — co. Thus, Theorem 1.1 says that, contrary to the linear stochas-
tic heat equation, the bulk diffusivity of the Anisotropic KPZ equation grows essentially as the square
root of the logarithm of time, at least in a weak Tauberian sense, thus suggesting a superdiffusive
behaviour. Note that instead for the KPZ equation in d = 1, [3] showed that the bulk diffusion
coefficient grows in time as t'/3.

As a side remark, the control of the sub-dominant corrections in Theorem 1.1 is sharper than
the one obtained in [46] for 2d-ASEP.

A natural question to ask when analysing stochastic PDEs of the form (1.3) is what happens
when the regularisation is removed and this is closely related to the large-scale properties of Hy.
To understand this point, let us pretend for a moment that the equation is defined on the whole

def
plane instead of the torus, and note that rescaling the solution H = H « 0of (1.3) on R?, diffusively,

def
that is, Hé(t, x) = H(t/€?, x/¢) for € > 0, one obtains the equation
0,H* = éAHa + ANVE[HE] + €€ (1.10)
where the nonlinearity is now smoothed via a Fourier cut-off at ¢~L, that s,

def

NVE[HE] = 0, /¢ (T, /0, HY)? — (T, /0,HE)?),

and the rescaled noise £° is equal in distribution to the original noise &.

Since H® (and H) are merely distributions (even for ¢ > 0 fixed since the noise is not
regularised), the random variables to be considered in this context are

H O] < / POHE(t, x)dx = H(t/D)[p®], £ 20
R2

for ¢ a smooth real-valued test function [from now on, for technical simplicity, ¢ is assumed

def
to be at least C! and of compact support], and ¢©(-) = e%¢(e-). Again, we want to avoid inte-
grability issues, so we will be actually looking at the periodic version of the quantity above,
namely

HE (D[g] = Hy(t/e2)[p®)] (1.11)

in the regime when N > ¢! (morally, we are sending N — oo first and then ¢ — 0). For any
fixed time ¢ the distribution of Hy(t) (and Hy,(¢)) is the same for both 4 > 0 and 4 = 0 and is
given by the GFF 7; therefore, in order to set apart the behaviour in the two cases, we will focus
on the covariance between Hy (¢)[¢] and Hy (s)[¢], which depends only on t — s by stationarity,
or equivalently on the variance
2

v (1) = B[H (Ole] — Hy Oe]] t>0, (112)
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whose Laplace transform is

(69
VeN(w) = / e HvENde,  p>o. (1.13)
0

To motivate the next result, let us recall that the linear equation (1 = 0) in the whole plane

1
(i.e., for N = o) is invariant in law under diffusive scaling, that is, H®|;—q ' H l1=0, as is
apparent from (1.10). Equivalently, the random variable H(t)[¢]|;-0 — H(0)[®]| 1= has the same
law as H(t/e2)[0®]],20 — H0)[¢®]],—0. In fact, an explicit computation shows that for any
t>0

. eN _ oo def 1 |p(k)|? LI
1\}1—{20 Ve (t)|,1=0 =V (t)|/1=0 T 2m2 /Rz k|2 I-e = )dk

and consequently, the Laplace transform satisfies

. 1 91
lim VoV =y = _/ P gk
N-oo ® (Iu)|ﬂ,:() ¢ (Iu)|A:0 47T2 R2 ’u+ §|k|2

for any ¢ > 0. Note the following:

- if f @(x)dx # 0 (so that ¢(k) tends to a non-zero constant for k — 0) then ¢ — V(‘:,"(t)l/lz0 isa
strictly increasing function that starts from 0 and grows as logt for t — oo, or equivalently, its
Laplace transform, y — vg(u)uzo, is a strictly positive function that tends to zero as u — o
and to +o0 as u — 0;

- if instead f p(x)dx = 0 (so that ¢(k) = O(k) as k — 0, due to the smoothness of @), then t —
| 240} 10 is again a strictly increasing function that starts from 0 but this time tends to a positive
constant v, as t — oo (v, equals twice the variance of H[¢]). For the Laplace transform we then
have that V°(u)| 10 is strictly positive, uniformly bounded above and tends to zero as u — oo
and to v, for u — 0.

Itis now natural to ask if the AKPZ equation is at least asymptotically diffusively scale invariant,
that is, if scale invariance holds asymptotically when first N — oo and then ¢ — 0. Our next result
(seein particular Corollary 1.3 and the subsequent discussion) corroborates Theorem 1.1 and again
strongly indicates that this is not the case. More precisely, it suggests that, in order to stand any
chance for Hy; to converge to some limit, one should rescale time as ¢ ~ ¢/ (%] log€]'/?) (possibly
up to corrections polynomial in log | logel).

Theorem 1.2. For N € N and 1 > 0, let Hy be the solution of (1.3) started from the invariant

measure and let ¢ : R? = R be compactly supported and C*®. For every § > 0 there exists cs > 0
independent of ¢ such that the following statements hold for some constants a,, b > 0:

- defining V;’N according to (1.13),

. c
tim sup V5 () < <7 VI, 0)0g L(e®, 00 *llgl s (114)
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- ifu = u(e) € [ay, (1/c5)v/L(e, 0)(log L(e, 0))~>°], then

1¢(p)I*
|p|?

lim inf lim inf V;’N(M) > blloll?, dzefb/ dp 1.15)
e—0 N—-oo R2

(the integral is finite iff [, p(x)dx = 0).

The restriction u(e) > a, in the lower bound is purely technical; at any rate, the interest-
ing regime for our purposes (see the proof of Corollary 1.3) corresponds to u(e) diverging as
~ 4/|loge|. To appreciate the meaning of Theorem 1.2, note that, defining

— L (log|loge))**?, (L16)
oge]

|loge

oY L (loglloge)) 58, ()%
J/Toge]

V;’N(/VL) is essentially zero if u > 1/t_(e) while it is strictly positive (or exploding, if /RZ p(x)dx #
0)if u < 1/t,(¢). Using the scaling relation

[o+]
,u/ e‘“’V;’N(t/T)dt = V;’N(,ur), >0,
0

we see that the “correct” time scale to observe non-trivial correlations of the process Hy; is ~
1/(e*y/Ilogel).

This observation can be made sharper in the case ¢ has zero average. In fact, with little extra
work, we will deduce from Theorem 1.2 the following corollary.

Corollary 1.3. Let ¢ be a compactly supported, C* test function of zero mean, and let § > 0. One
has, with t (¢) defined as in (1.16),

o Cov(HS(Olel, Hy O]
Jnf lim inf Var(HS,(0)[¢]) =1 (L17)

On the other hand, there exists t =t(c) € (t_(e),t,(¢)) and a <1 independent of €,¢ such
that

. . Cov(H (D)g], Hy(0)[¢])
s T ey < a1

In other words, Hy,(t)[¢] and Hj,(0)[¢] are almost perfectly correlated for times smaller than
t_(e) but, contrary to what happens in the linear case, they decorrelate non-trivially already on a
time-scale of order t_(¢) < t(g) < t,.(¢) < 1. To see the relation with Theorem 1.2, note first that
if / ¢(x)dx = 0 then by stationarity the variance of H (O] is finite uniformly in both N and ¢
(for N — oo, it tends to (27r)‘2||cp||2_1). Note also that

Cov(H}, (Dlpl, Hy (Ole]) Ve (@

Var(HS, (0)[¢]) T 2varH 0)e])’ (119)
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Remark 1.4. The existence of the N — oo limits is shown in [12] but with a slightly different regu-
larisation (the cut-off chosen is smooth in Fourier space) so we preferred to state the above results
with liminf and limsup. Actually, as will appear from the proof, Theorem 1.2 holds in the more
general setting where ¢ — 0 and N — oo jointly, with Ne — 0.

Our last result is a bit different in spirit and our main motivation here is to establish a connec-
tion with similar statements proven for discrete growth models in the AKPZ universality class, as
for instance in [14, 29, 41]. In the discrete setting, one natural viewpoint is to look at the large-time
behaviour of the height at a single point, and in particular at the growth of its variance. Since, as
remarked above, point evaluation is not possible in the present context, we look at the locally
averaged field, that is, we test Hy against a fixed test function ¢ and obtain an upper bound on
V;’N(t) in the N — oo limit, for ¢ arbitrarily large.

Theorem 1.5. For N € N, let Hy be the solution of (1.3), started from the invariant mea-
sure. For any compactly supported test function ¢ on R? there exists ¢y > 0 such that, for every
t>0,

lim sup V™ (£) < ¢, (1 + 1?) max(logt, 1). (1.20)

N—-oo

Remark 1.6. It is well known (and it can be checked using the explicit solution) that for the linear
equation, one has

. N t—o0
1\}1—{20 Vé, ) o ™ cplogt, A=0. (1.21)

While (1.20) and (1.21) show the same large-time behaviour (at least as an upper bound), this is not
in contradiction with the fact that the relevant scaling for the process with A > 0 is different from dif-
fusive as shown in Theorems 1.1 and 1.2. Indeed, the log t behaviour is not a distinguishing feature
of the two-dimensional stochastic heat equation. For instance consider the fractional stochastic
heat equation

0.2 = ~1(-0FZ+(~0) 7 §

with Z = Z(t,x), t > 0, x € R%, 6 € (0,1), £ a space-time white noise as above and (—A)° act-
ing in Fourier space as a multiplication by |k|?°. It is easily checked that the GFF on the
whole plane is stationary for this equation and Z is scale invariant under the superdiffusive
scaling t — t/e%°, x — x/¢c. Nonetheless, an explicit computation shows that for the stationary
process

(k)| Lk W
E[z(t)[qo]—z(o)[qo]P:2—7IT2 5 |¢|§<|2| <1—e z""9>dk‘~ ¢y logt, (1.22)

as is the case for the usual stochastic heat equation where 6 = 1. Note that, in contrast, in dimen-
siond = 1, the large-time behaviour of (1.22) is power-law for large ¢, with a 6-dependent exponent

1/(26).
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Organisation of the article

The rest of this work is organised as follows. In Section 2 we turn the equation (1.3) into a reg-
ularised Burgers equation, we introduce some preliminary formalism and we recall some basic
results from [10]. Section 3 is the core of the work and the main outcome are upper and lower
bounds on the variance of the time integral of the nonlinearity. Given those bounds, Theorems 1.1
and 1.2 are proven in Section 4. The proof of Theorem 1.5 is instead based on different (simpler)
tools and it is contained in Section 4.3. Finally, in the appendix we provide a heuristic for the
Green-Kubo formula (1.6), a heuristic argument explaining our main result of y/log ¢ diffusivity,
and collect some technical results.

Notation

def
ForN > 0,let Zy =7 /N and T]z\, be the two-dimensional torus of side length 2zN.If N = 1 then

def
we simply write T2 instead of T]zv. We denote by {ek}kezﬁ, the Fourier basis defined via e, (x) =

1 ik- . . 2 . e _ 2
;el * which, for all j, k € Z,, satisfies (ey, e_j>L2(T12v) = 6y ;N
The Fourier transform of a given function ¢ € LZ(TIZV) will be represented as F(¢) or by ¢ and,
for k € Z3, is given by the formula

F(e)(k) = ¢(k) = / p(x)e_(x)dx, (1.23)
7

so that in particular

o(x) = ]% Y ¢ke(x),  forallx € T2, (1.24)
kez,

For any real valued distribution € D’ (lev) and k € 7?2, we will denote its Fourier transform
by

A0 = nie_) (1.25)

and note that n(e;) = n(e_;). Moreover, we recall that the Laplacian A on le\] has eigenfunctions
{ek}kezfv with eigenvalues {—|k|?> : k € Zf\,}, so that, for 8 > 0, we can define the operator (—A)°
by its action on the basis elements

def
(—8)e; = |k|Pey, (1.26)

fork € Z3,.

Throughout the paper, we will write a < b if there exists a constant C > 0 such thata < Cb and
a~bifa $bandb S a. We will adopt the previous notations only in case in which the hidden
constants do not depend on any quantity which is relevant for the result.

85U80| 7 SUOWIWOD AIERID 3|qedl|dde 8y} Aq peuienob afe ssjoe YO ‘88N JO'Sa|nJ 10} AriqI 8ulUO AB]IA UO (SUORIPUCD-PUR-SLLBIALI0D A8 |IM"ALR1q 1[BU|UO//SANY) SUORIPUOD PUe Swie | 8U88S *[£202/60/T] Uo Afiqiaulluo )i ‘(-ul eAnqe ) aqnopesy Aq 80Tee edo/z00T 0T/I0p/wod" 8| imARiq1jeul|uo//sdny wol papeojumod ‘TT ‘€202 ‘ZTE0L60T



THE STATIONARY AKPZ EQUATION: LOGARITHMIC SUPERDIFFUSIVITY 3055

2 | PRELIMINARIES

The aim of this section is twofold. On the one hand, we will state some basic tools from Wiener
space analysis that we will need in the rest of the paper while on the other hand we will reduce
the analysis of (1.3) to the torus of length size 1, that is, to the setting of [10], and recall some of
the results on the Anisotropic KPZ equation obtained therein.

Notice at first that an immediate scaling argument guarantees that for any N € N,

law

Hy(t,x) = hN(t/N?,x/N), t>0andx € Ty, 2.1
where h" is the solution of
,hN = %AhN +ANNBNY+ & WNO0) =7 (2.2)

in which WY = hN(x,t) fort > 0, x € T? o Tf, and all the other quantities are defined as in the
discussion after (1.3) (with the only change that all quantities are now defined on T2). Therefore,
even though all the statements in the introduction as well as the results we aim for are formulated
(and ultimately proved) for the solution Hy of (1.3), (2.1) guarantees that we can focus instead on
h"N since whatever is shown for the latter can then be translated back to Hy.

As in [10], it turns out to be convenient to work with the Stochastic Burgers equation instead

1
of AKPZ, which can be derived from (2.2) by setting u™ o (—A)2 kN so that u® solves

1 e 1
SN = LauN 4 AMY V] + (-0)3E, V() = E (-a)77 23)

N

where u = uN(t,x), t > 0, x € T2, and the nonlinearity M" is given by

MY E ayim, ((HN61<—A)‘§uN)2 - (nNaz<—A>‘§uN)2). (2.4)

Note that, since 7 is a standard GFF, 7 is a (spatial) white noise on T? whose basic properties
are recalled in the next section (for more on it see [33, Chapter 1], or [22, 23] and [10, Section 2]).

2.1 | Elements of Wiener space analysis

Let (Q, F,P) be a complete probability space and 7 be a mean-zero spatial white noise on the two-
dimensional torus T2, that is, 7, defined in Q, is a centred isonormal Gaussian process (see [33,

def
Definition 1.1.1]), on H = L(Z)(Tz), the space of square-integrable functions with 0 total mass,
whose covariance function is given by

En(em®@)] = (@, P)r2r2) (2.5)

where ¢,9 € H and (-, -);2(72) is the usual scalar product in L*(T?). For n € N, let %, be the n-

def
th homogeneous Wiener chaos, that is, the closed linear subspace of L?(5) = L?(Q) generated by
the random variables H,(n(h)), where H,, is the n-th Hermite polynomial, and 4 € H has norm
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1. By [33, Theorem 1.1.1], #,, and %, are orthogonal whenever m # n and L?(n) = ®n20 x,.
o0 L2(T?") = L2(n), which restricts to an
isomorphism I : TL? — L(n) on the Fock space T'L* := @, ., T'L;, where I'L; denotes the space
Lgym(TZ”) of functions in L?(T?") which are symmetric with respect to permutation of variables.
The restriction of I to TL2, I,,, called n-th (iterated) Wiener-Itd integral with respect to 7, is itself
an isomorphism from I'L2 to %, so that by [33, Theorem 1.1.2], for every F € L?() there exists
f = (fwnen € TL? such that

Moreover, there exists a canonical contraction I : €D

F=Y15L(f) and IFI; = nlfal} 2.6)

n>0 n>0

and we take the right hand side as the definition of the scalar product on T'L?, that is,

Fogdre = Y ez = 3 A f s 8adiarany- 2.7)

n>0 n>0

We conclude this paragraph by mentioning that we will mainly work with the Fourier repre-
sentation {#j(k)}, of 5, which is a family of complex valued, centred Gaussian random variables
such that

7(0)=0, 7(k)=n(=k) and E[RKAG)] = Vs jmo- (2.8)

2.2 | Stochastic burgers equation and its generator

The properties of equation (2.3) which will be important for us were obtained in [10, Section 3].
In order to fix the relevant notations, below we recall the Fourier representation of (2.3) and
summarise some of its features referring to [10] for the proofs.

The Fourier representation of (2.3) is equivalent to an infinite system of (complex-valued) SDEs
given by

daN(k) = <—%|k|2aN(k) +/1M§j[uN]>dt + |k|dBy(b), k € 7%\ {0}. (2.9)
The k-th Fourier component of the nonlinearity is

MY E MY N (e = kY &Y av(ead om), (2.10)

t+m=k

def 1 ¢(€,m) def
f;m = 52 el g{m, c(t,m) = t,my — €1m, (2.11)
where ¢ = (¢1,¢,), m = (my,m,) € Z* and
def
Jom = To<it1<n,0<im|<N [¢4+mI<N (2.12)
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and all the variables in the sum (2.10) range over Z2 \ {0} (the value 0 is automatically excluded
by the definition of JV).

£ n N
In(2.9), the B, ’s are complex valued Brownian motions defined via B (t) & fot E(s,k)ds, E(k) =
&(e_y), so that (recalling that & is a space-time white noise)

By=B_, and  d(By,B) = lgis—qydt.

1
Since eventually we are interested in h" rather than in u", note that (—A)2 is an invertible

linear bijection on functions with zero mass, so that we can recover all the non-zero Fourier
components of h via

a" (k)
Ikl

AN (k) = k#0 (2.13)

On the other hand, the zero-mode AN (0) is also a function of u and of an independent Brownian
motion, since it satisfies

dAN(0) = AN + dBy(1) (2.14)
where

N = Y kY aN@yaN (m).

0
t+m=0

Proposition 3.4 of [10] guarantees that, for any N €N, the process ¢~ aV(t) =
{aN (t, K)}ez2\j0; solution to (2.9) is a strong Markov process and we denote its generator
by £N. If the initial condition is white noise, the law of the process is also translation invariant.
Let F be a cylinder function acting on the space of distributions D’(T?) and depending only
on finitely many Fourier components, that is, F is such that there exists a smooth function
f = F((x1)kez2\j0p) With all derivatives growing at most polynomially and depending only on
finitely many variables, for which F(n) = f((#(k))rez2\0})- Then, LN can be written as the sum
of £, and A", whose action on F as above is given by

(L)) E Y SIKP(=8(-)D; + D DF(v) (215)
kez?
AP ) =2 Y Im+€|KN  6(m)o()D_,,_rF(v). (2.16)
m,€Z2\{0} |

Here, for k € Z? and F as above, DF is defined as®

DeF = (3, AR keza o) @17)

3 For more on the actual definition of cylinder function, Malliavin derivative and the formula below, we address the reader
to [10, Section 2 and Lemma 2.1]
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In the following lemma and throughout the remainder of the paper, we will slightly abuse nota-
tions and use the same symbol to denote an operator acting on (a subspace of) L?(») and its Fock
space version.

Lemma 2.1. [10, Lemmas 3.1 and 3.5] For any N € N, the spatial white noise 1 on T2 defined in
(2.5) is invariant for the solution i of (2.9) and, with respect to 7, the symmetric and anti-symmetric
part of LN are given by L, and AN, respectively.

Moreover, for all n € N the operator L leaves ¥ ,, invariant, while AN can be written as the sum
of two operators Ai\f and AN which respectively map %, into ., and #,_, and are such that
—Aﬂ\r’ is the adjoint of AY.

Finally, on the Fock space T'L?, we have that Ly= —%A and, in Fourier variables, the action L,

AN and AY on ¢, € TL is given by

F(Lo@n)kr:n) = 511 Pnlhr ) (218)

F(AY @)Ky ps1) = nalky + k2|/C1,jl’k2¢n(k1 +ky, k3:p41) (2.19)

FANp ) krip) = 2n(n = DA Y, ImIKY _,¢n(€,m ks 0), (2.20)
t+m=k;

where the functions on the right hand side need to be symmetrised with respect to all permutations of
their arguments (see, e.g. (3.23)). In (2.18)~(2.20), all the variables belong to Z* \ {0} and we adopted

d d
the short-hand notations k, -, & (ky, ks, ..., k) and |k -, |? =4 ki1 + -+ + |k, %
For later purposes, let us introduce the following definition:

Definition 2.2. An operator Z on I'L? is said to be diagonal if for every n it maps I'L? into itself,
and it acts in Fourier space as a multiplier, that is there exists a sequence of symmetric functions
¢ = ({nn>1 such thatforallnand ¢ € FL,%, one has F(Z@)(ky:p) = $n(ki:n)P(ky ).

In this sense, the operator £ is diagonal while .A]i , AN are clearly not.

3 | THE VARIANCE OF THE NONLINEARITY

The present section represents the bulk of the paper and focuses on the term in (1.3) that distin-
guishes SHE and AKPZ, that is, the nonlinearity. In particular, we aim at estimating from above
and below the Laplace transform of the second moment of the time integral of NN(hN) tested
against a suitable test function, see Proposition 3.13 for the result we are after. We will then see
later in Section 4 that the nonlinearity gives the dominant contribution to the bulk diffusivity Dy
(Lemma 4.1) and to h™N (t)[¢] — ™ (0)[¢] (Proposition 4.2).

Let ¢ be a sufficiently regular test function and, for ¢ > 0, denote the time integral of the
nonlinearity against ¢ by

def ! ~ !
BT [ A Ollels = [ N @llplds 31

0 0
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where the second equality is an immediate consequence of (2.11) and (2.13) once we set

NNl S Y K, aN ()N m)g(—¢ —m). (32)

t,meZ?

In the stationary process, the random variable Bg is centred. This follows from (3.2) and from
the anti-symmetry of ng’m under ¢ = (€1,€,) — (€2,¢1), m = (m;,m,) = (m,, my). Its variance
then coincides with its second moment.

By (3.1), (2.6) and [10, Lemma 5.1], for any u > 0, the Laplace transform of the second moment
of B} satisfies

(3.3)

BY () = u / e—wE[(Bg (t))z]dt = 2 (nl, =Ny nl)

0
where £V is the generator of u™ and n} is the representation in Fock space of ANV [5](¢), that
is,

ANNnl(p) = Iz(ng) with ﬁé\,](f, m) = /ch’mgb(—f -m), ¢,meZz? (3.4)

as can be read off (3.2).

Now, in order to control Bé\,’ we need to improve our understanding of the scalar product at
the right hand side of (3.3), which in particular means that we need to invert u — £V, which is
though not feasible in view of the singularity induced by the antisymmetric part of operator £V,
that is, AYN. To overcome this difficulty we will exploit a technique first established in [28] and
explored in full strength in [46], where the authors studied the superdiffusivity of the asymmetric
simple exclusion process in dimension d = 1, 2, and which essentially consists in truncating the

. . . def
resolvent equation. To be more precise for n € N, let I, be the projection onto FLin = @Zzo FLi

def
and £ = I, £NI_,. Then, let " = (sz\z,n) j<n € I‘Lén be the solution of the truncated generator
equation
(k= LDHN" = nf (35

(which will be given explicitly below), and further write h = (u — £N)™'n. The property of
HV-" that allows one to reduce the analysis to that of the truncated resolvent equation is stated in
the following lemma, derived in [28, Lemma 2.1].

Lemma 3.1. Let u > 0. Then, for every n € N, we have that
N pN.2n+1 N _ pNy-1.N N [N,2
<TI¢,I] " >FL2 S<n§0’('u L ) n§0 >FL2 < <TI¢,I] n>1‘*L2'

Moreover, the sequence {(ny,§N2"*1)rp2}, is increasing while the sequence {(ny, HN")rp2},, is
decreasing and they both converge to (ng V2 asn = .

Notice that, thanks to Lemma 3.1, on the one hand we have reduced the problem of studying
the solution of the full generator equation (which is the same as (3.5) with £V replacing Elr\f ) to
that of its truncated version given in (3.5). On the other hand, by orthogonality

N [N, _ N wN,n
(ny.h n>FL2 = <n¢,fyz >1"L§’ foralln € N,

so that we only need to determine the component of §™" in FL%.
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Getting back to (3.5), by Lemma 2.1 £V can be decomposed in the sum of £, Aﬂf and AN,
the first of which leaves the order of the Wiener chaos component invariant, whereas the others
respectively increase and decrease it by 1. Thus, the truncated generator equation coincides with
the following hierarchical system

(u = Lo)hy" — AYD =0,
(1= L),y = AYD, — AN =0,
q... (3.6)

(k= L))" — AYB" — AN = n,

(k= Lo)y " — ANBS" =0,

where, in the last equation we exploited the fact that Aﬂ\r] is 0 on constants by Lemma 2.1. Let us
introduce the operators HN | k > 2, which are recursively defined via

Hé\’ =0,
N N N 171 N (3.7)
HY =—AN[(u—co)+H) || AY, k>3

and which satisfy the properties stated in the following lemma.

Lemma 3.2. For any k > 3, the operators H}(V in (3.7) are positive definite and such that, for all
neN HY(#,) C ¥,

Proof. We first consider the case k = 3. Since u — L is positive for every u > 0, we have

(HY9.9) 0 = (—AV = Loy AV )

2
2
>0

= (= o) A A, = - oy

while by Lemma 2.1, Hé\] (#,,) C # . For k > 3, the result can be proved inductively using the
recursive definition of H;{V . O

Now, upon solving (3.6) for h", starting from the first equation in (3.6) and using the definition
of H}{V in (3.7), we see that E)IZV " can be written as*

-1
V= (=) + 7Y — AV - £ AY) (3.8)

and consequently, for every n € N, we have
-1
-1
(nl gy = <ng, ((/,4 = Lo)+ My — AN (u—Lo) AI_V) ng> - (3.9)
rr?

Therefore, to take advantage of Lemma 3.1, it suffices to derive suitable bounds on the operators
HY and Af (u — L)1 AN and the rest of the section is indeed devoted to this purpose.

4The other components hj.v " j # 2 can also be written down explicitly in terms of )E]éV " and of the operators HY, but we
do not need their explicit expression.
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3.1 | Aniterative approach for the operators H’s

The advantage of dealing with diagonal (positive) operators, in the sense of Definition 2.2, is that
their inverse is fully explicit and easily computable. The difficulty in getting upper and lower
bounds for the operators ) is that, even though they are diagonal with respect to the chaos,
they are definitely not in Fourier space. Hence, it is a priori hard to determine any bound on
their inverse, which is though essential given that, by (3.7), for all k, Hﬁ’ is defined in terms of
the inverse of H;{V_l. Therefore, the goal of this section is to show that it is possible to recursively
estimate the H}(V ’s in terms of diagonal operators S; (see Theorem 3.4). Let us begin by giving
some preliminary definitions, necessary to rigorously introduce the S;’s.

Let k € N and A > 0. For x > 0 and z > 1, we define the functions L, LB, and UBy, (here LB
stands for lower bound and UB for upper bound) on R, X [1, o) as follows

L(x,z) © A2(z +log(1 4+ x7 1)) + 1, (3.10)
def (% log L(x’z))j def L(x,z)
LB (x,z) = g‘( — and UBy(x,z) = m (3.11)
For n € Nand any § > 0, set
2 T KAV D+ 07, fiu(n) S Koz (3.12)

where K, K, are sufficiently large absolute positive constants which will be fixed below (they will
be chosen in such a way that (3.35) and (3.53) hold). As we will need the following fact below, note
that for any n, k € N, z;. and f trivially satisfy

frn+1) = fip(m)  and  z(n+1) =z (n). (3.13)
We are now ready to introduce the operators Sj.

Definition 3.3. LetA, u > 0. Let Sé\r be the operator which is identically equal to 0 and, for k € N,
k >3and N € N, define SIJCV via

\ et Sk ol (1 = Lo, 2 (N), if k is odd,
B (3.14)
' fk(lf\f) o (= Lo, 2k (WD) = fi(N)],  if kis even,

where f, and z; are given in (3.12), N is the number operator - the operator such that, for any
g : N — R, the action of g(N') in Fock space is g(N)@, = g(n)@,, ¢, € TL2 - and L, is given as
in (2.18). At last, the Fourier multiplier

def
alkv(x,z) = or(x/N?,z)
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is such that

UBk-3(x, 2), if k is odd,

(S
or(x,z) = 2 3.15
K%, 2) LBE_l(xvl,z), if k is even. (3.15)
2

In what follows we will write LN(x,-), LB?(x,), UBI,j(x, -) for L(x/N?,-), LB(x/N2,-),
UB,(x/N?, ), respectively.

The following theorem is the main result of this section and establishes the previously
announced bounds on the operators H;{V .

Theorem 3.4. Let A > 0, 4 > 0, N € Nand {HY }n>2 be the family of operators on L*(n) recursively
defined according to (3.7). Then, forallk € N and any § > 0 there exist constants C2k+1 2k+1(5) >

landcy,  , = ¢, ,(6) < 1independent of i and N such that the following bounds hold

N N
Hypn < 2k+1 (= £0)52k+1’ (3.16)
N
Mz Z Cppn (= ~L0)Sy, 2Ue42° (3.17)
where the operators {S,, },,>> are given in Definition 3.3.° Furthermore, the constants Czk 410 Copqn CON
be chosen as ¢ = l,
2
def 1 1 def 1 1
+ Y -
Chreer = e (1 + PYEFE: ) andcy , = - (1 T > = <1 SYEFE; > (3.18)
fake2(1) /) 2kH1
so that, in particular, the sequences {02k k1 and {c5, 1 tend to two positive and finite limits as

k — oo.

Remark 3.5. To obtain a better understanding of the importance of the above result note that since
limy _, o, LBy (x, z) = limy_,, UB(x, z) = 4/L(x, z) Equations (3.16) and (3.17) essentially state that

for k sufficiently large H}{V ~ (_ng )1/ log(u — £€’ ), which is very much in the form needed to
conclude Theorems 1.1 and 1.2.

The rest of the section is devoted to the proof of the previous statement and its application
in estimating (3.3) (see Proposition 3.13). We will first make some observations and prove some
statements that will streamline the subsequent analysis.

‘We will show Theorem 3.4 inductively on k, which, modulo the initial inductive step, reduces to
prove that if (3.16) holds then so does (3.17) with Corsp 381N (3.18) and viceversa. Note that thanks

to the definition of {H tns2 in (3.7), (3.16) implies

2

-1
N N N
Hyjerr 2 =AY (# Eo(l + czk+152k+1>) Ay

3 For any two operators Z; Z, on ['L?, Z; < Z, if and only if for all ¢ € TL?, (Z,9, ®)r12 < {Z29, ®)ri2-
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while (3.17) implies

-1
N N N
1, < =AY (p= o1+ ¢h,,80,,)) AL
Here we use the fact that for any two positive operators A, B,
0<A<B ifandonlyif 0<B ' <A™ (3.19)

Now, the operators at the right hand sides above are of the form —AY ZAII for some diagonal
operator Z. Therefore, the quantity we need to bound is

(=ANZAN @, @)1 = (ZAY @, AN @)rpo

where we used that —AY = (Aﬂ\r’ )* by Lemma 2.1. Let us derive a decomposition of the latter which
will be useful in highlighting the relevant contributions to the scalar product.

Lemma 3.6. Let Z be a diagonal operator on TL? with Fourier multiplier ¢ = (¢,),en. Then, for
every ¢ € TL2, the following decomposition holds

(ZAYp, Aoy =(ZAYp, 4 ¢>D1ag+Z<ZA ?. AL @),
i=1

where the first summand will be referred to as the “diagonal part” and is given by

2
<ZA 2 +§0>Dlag - Vl'l’l2/12 Z |k1| |(P(k1 n)|2 Z §n+1(£ m, k2 n)(ICN ) (3-20)

Kyn t+m=k,

while the other two terms will be referred to as the “off-diagonal part of type 1 and 2” and are
respectively given by
def
(ZAY @, AY@)osr, = nlcops, (n) A2

X Y Sl )l + kol |l + k3|/C1,jl’k3

kl:n+1

X P(ky + Ky, ks, Ky py1)P(ky + k3, ko kg i), (3.21)

def
<Z~A+¢’ ]-'Y(p>0ff2 = n!COffZ(n)lz

X Z Snsi(krpr)ler + oK Thes + kgl

kl:n+l

X @(ky + Koy k3, kay ks 1)@k + kg, ki, koy ks 1) (3.22)

where, for i =1, 2, copr,(n) is an explicit positive constant only depending on n and such that
Cotr, (M) = O(n'*h),

85U80| 7 SUOWIWOD AIERID 3|qedl|dde 8y} Aq peuienob afe ssjoe YO ‘88N JO'Sa|nJ 10} AriqI 8ulUO AB]IA UO (SUORIPUCD-PUR-SLLBIALI0D A8 |IM"ALR1q 1[BU|UO//SANY) SUORIPUOD PUe Swie | 8U88S *[£202/60/T] Uo Afiqiaulluo )i ‘(-ul eAnqe ) aqnopesy Aq 80Tee edo/z00T 0T/I0p/wod" 8| imARiq1jeul|uo//sdny wol papeojumod ‘TT ‘€202 ‘ZTE0L60T



3064 | CANNIZZARO ET AL.

Proof. As stated in Lemma 2.1, the right hand side of (2.19) still needs to be symmetrised, so that,
to be precise, we have

F(AY o) (ky 2 1)

ni

RECTEY se; lkegr) + ko) 1O gty ks P50 T+ Ks2), K3y scnm)
n+l

24

=11 PRSI s, P+ K ke )
i<j
= 23 A Kri) (323)
l<]

where S, is the set of permutations of {1, ..., n + 1}. Then, by the definition of (-, '>1“L3, in (2.7),

(zAY o, i]@miﬂ =nl— T 1 Z Cnt1(Kiing1) Z H(A Pndig jo (K1:nt1)
ky:n+1 Ljel¢=1

wherei = (i, i), j = (j1,j2) € {1,...,n + 1} and I istheset{(i, j) : i; < j; and i, < j,}. We now
split I into the disjoint union of I,,,, m = 0,1,2, containing those (i, j) € I such that |{i;, j;} N
{i5, j»}| = m. By using basic combinatorics (see also [46, Section 4.1]), it is not hard to see that

1 1 —D(n—
= ("37) mi=2("] )o-1, and g = SEDED (0

Then,

<ZA+ ®, 11\-]¢>FL31+1

4/1

Z H(A ¢n)lf Jf(kl n+1)

m=0ky:p41 Lj€lm

which, by relabelling the variables and using (3.24) to derive the value of the prefactor of (3.20) and
of the constants cofr, and cfr, , gives the decomposition we were after - the diagonal term (3.20)
is the summand corresponding to m = 2, the off-diagonal term of the first type (3.21) that with
m = 1 and the off-diagonal of the second type (3.22) that with m = 0. O

The following lemma provides a condition under which we can easily deduce operator bounds
for the diagonal term.

Lemma 3.7. Let Z, and Z, be diagonal operators on TL? with Fourier multipliers ¢' = (¢1),, i =
1,2. If for every k; .,, € Z*"

2
> (k) G Cm k) < G, (3.25)

t+m=k;
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where the sum is over €, m € Z2, then forevery ¢ € I‘L,Z,
(Z1AY @, A @) piag < 42%((—L0)Z29, P)rp2- (3.26)
Ifinstead (3.25) holds with the opposite inequality, then so does (3.26).
Proof. By (3.20), we have
(Z1AY 0, AT 9)piag

def
= ntn22? Y kPl Y, $h L m k)Y Y

Kin t+m=k,

<ntn2A? Y 1k 1220k |8k )|
kl:n

1 A
- nmzkz HI TP Pk
1:n

where the first inequality is a consequence of (3.25), while in the second equality we simply sym-
metrised the arguments. Then, (3.26) is an immediate consequence of the definition of the scalar
product on TL2 (see (2.7)). O

In view of the results above, we are ready to state and prove the three lemmas which represent
the core of the proof of Theorem 3.4. In the first two we respectively show a lower and an upper
bound for the diagonal term, while in the last we focus on the off-diagonal terms.

Lemma3.8. LetA,u > 0,n, k € Nandc > 1. Then, forany ¢ € I‘L,z1

<(M — o (1+ c5§(+1))_lAfcp,Af¢>

j (LS 0 0) (327)

Diag

1

>
1
1+
”C< Fakr2®

Ly

&SN . "
where the operator S, , is defined as

N M 1
2H2 T foria(N)

4w AC ia ./\/
lang(f‘ - £0’22k+2(N))<1 - Diag > _ Sa2a(W)

VZak42(1) 2

and the constant Cp;,g > 0 depends just on the constant K of Lemmas C.5 and C.7.

] (3.28)

def
Proof. Thanks to Lemma 3.7 applied to the operator Z; = (u—Lo(1+ cS;’{ +1))‘1, it is sufficient
to focus on

N 2
KLy,

t4m=i, H+ (€, m, ky.,)(1 + Cf2k+2UB£J_1(,U + (¢, m, ky. ), Zok42))
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where we recall the definition of %Y .~ in (3.15), and we set

2k+1
(¢, m, ky.,) = HEP +mP + o), €mk . Ky € 2. (3.29)

We omitted the dependence on n of f,,,, and z,,, since n will be fixed throughout, and
used (3.13) to justify the subscript of ., and z,,,, (note that Z; is applied to Af @ which is in
the n + 1-th chaos). Since ¢, f,;,, and UB_; are all bigger than 1, the previous is lower bounded
by

N 2

1 x, )

— > " . (3.30)

Cfokan (1 + 7 ) t+m=k; H T I, m, kz:n)UBk_l(,u + (¢, m, ky. ), Zok42)
2k+2
Now, upon choosing FN(x, z) = UBg_l(x, z) and introducing the short-hand notation

def > 1 2

ay = u/N”+ -lki:n /NI (3.31)

Lemmas C.5and C.7 imply that there exists a constant K > 0such that the sum in (3.30) is bounded
from below by

2
1
/ <1C5N,_xN> . KLBk—l (051\1 v m522k+2>
x —
r2 (1x]2 + an)(X + [x]2 + an)UB_1 (Ix]2 + an, Zok42) A Zop42(n)
(3.32)
N 2 1
S / (ICxN,—xN) d KLBk (O(N v E’Z”‘”)
— x -
r2 (1x]2 + an)(X + [x]2 + an)UBy_1 (Ix]2 + ay, Za42) AV Zap2(1)

where we used the definition of UBj_; and LBy,_; in (3.11), the monotonicity of the latter in k and
that zy,,,(n) > z5,4(1). To control the first term above, notice that, in polar coordinates, that is,
setting x = r(cos 6, sin 8), the Fourier coefficient of the non-linearity (2.11) reads

1
ICZ;:]N,—xN =" cos(20)1r¢(1/n.1] (3.33)

so that the integral in (3.32) factorises and we get
2

(ICZJZ]N,—XN)

/Rz (IxI? + an)(@ + |x]? + an)UBy_1 (1X]? + an, Zak42)

~ /2” cos(20)\’ /1 rdr
/o 2r % (2 + o)A + 12 + an)UBy_1(r2 + an, Zok42)

B 1 /1+0(N de
87 J L 1oy (o + DUBy_1(¢, Zok12)
N2

dx

_ 1
Ve

1
[LBk (F + an, Z2k+2) - LBk(l + aN,Z2k+2)] (334)
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where in the last step we exploited (C.4). Notice now that, by using the same identity,

1
LBy (m + OCN,sz+2)
1

1 22 [t de
=LB (— Vay,z ) 5 /
kv N> <2k+2 2 %VOW 9(9 + 1)UBk_1(€, sz+2)

1
1 22 [N TN LBy (e, Zopsn)de

LBk (—\/OCN,ZZk 2)——/
Nz i 2 %mN o(e + DL(e, Zo+2)

1

1 A2 [t de
(v 12 [F
Nz ’ 2 %va,\, oL(¢, Zok+2)

\%

1
2 —+ay
1 A N2 d
ZLBk <—2 VaN,Z2k+2> 1-— /1 _9
N 22342 J Lygy €
N2
Lboay - —Va
2 Stay- 5 Vay
1 A 2 2
> LBy <—2 V“N,sz+2> 1- s T s
N 2Z5k42 —Vvay

1 A2
2 (2 vz (10 2
N2 VZa42(1)

where in the first step we exploited the definition of UBy, in (3.11), in the second the fact that
LB_1(¢, z) is decreasing in ¢ and increasing in k by Lemma C.2 and in the last that the frac-
tion involving oy is bounded above by 2 and z,;, (n) is increasing in n and greater or equal to 1.

Moreover,
LBy (1 + an, Zaks2) < LBr(1, 23142) < 4/ L(1, 242)

= @iz + 108D +12 1 Fors (339)

which in turn is a consequence of the fact that LB, is decreasing in the first variable (see
Lemma C.2), (C.2) and a choice of a sufficiently large K, in (3.12).
As a consequence, (3.34) is lower bounded by

1 1 Saks2
ey [LBk <m \ OfN,sz+2> i

so that, in conclusion, there exists a Cp;,g S0 that (3.30) is lower bounded by

1 1

4027ce (1 + 1 ) f2k+2(n)
far2(1)

1 47 AChjiag fars2(n)
x [LBk <F \Y ocN,zzk+2(n)> <1 - m) - 2 ] ’
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where we additionally used that n — f,,,,(n) is increasing to replace for2(n) by fora(1).
Applying Lemma 3.7 is sufficient to conclude the proof. [

Lemma 3.9. LetA,u > 0, n, k € Nand ¢ < 1. Then, forany ¢ € FLE,

((u=Lo(Q+c 2k+2)) 1-/4].}\.]@11’ +§0n>D1ag

1 4/17TCDiag )
< |14 ——= K(-L)S) 0. 0)r2. (3.36)
”c< VZa2D) s
f
Proof. Applying Lemma 3.7 to the operator Z; < (u—Lo(1+ ¢S5, +2)) 1. we see that we can
focus on
),
— (3.37)
f4m=k, » [LB, ((u +T(€,m, ky.,)) V1, Z3k43) — fakss])

where, as in the proof of Lemma 3.8, we recalled the definition of sz , in (3.15), defined I" as
in (3.29), omitted the dependence on n of f,,,, and z,;,, since n will be fixed throughout, and
used (3.13). Note that by assumption 1 — ¢ > 0 so that the sum above can be upper bounded by

N 2
f2k+3 (’C

(3.38)
t+m=k, 4+ I(¢, m, kz:n)LBk (;u + (¢, m, ky.n), Zok43)

where we removed the V at the denominator of (3.37) as, by the definition of IC?’ 1 10 (2.11) and of
J]gm in (2.12), both ¢ and m are such that |¢|, [m| > 1 thus ensuring u + I['(¢, m, k,.,,) > 1. Now,

upon choosing FN(x,z) = LB],:’(x, z) and defining o according to (3.31), Lemmas C.5 and C.7,
imply that the sum in (3.38) is bounded from above by

2

N
/ (ICxN N dx 4+ C UBy(ay, Z43) (3.39)
D' - .
r2 (112 + an)(1 + [x]? + an)LBi(|x|? + an, Zak43) e A/ Zp43(1)

where we used the definition of LB, and UBj in (3.11) and again that z,,3(n) > z5;,3(1). To
control the integral, we proceed as in the proof of Lemma 3.8 — we pass to polar coordinates and
use (3.33), so that we obtain

/ (]CQTN xN)2

2 (1x]2 + an)(@ + x| + an)LBi(|x]? + “N,sz+3)

_ /Zﬂ cos(20) >2d6 /1 rdr
A 2 % (r2 + an)(d + 72 + ay)LBr(r2 + ay, Zak43)
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B 1 14+an de
8 %“'“N 9(9 + 1)LBk(9’ 22k+3)

1
ey [UBk <m +ay, sz+3> — UBk(1 + a, Zak+3)

< oz OBk(ans Zakss)

where in the second to last step we exploited (C.5) and in the last the monotonicity of UB as stated
in Lemma C.2.
Summarising what done so far, we have showed that (3.38) is bounded above by

1 447
—| 1+ CDiag—)f2k+3(n)UBk(‘xN’ Zoj3(n))
arrme < V Zok+2(1)

so that (3.36) follows at once by Lemma 3.7 and the definition of S, 5 in (3.14). O
Lemma 3.10. Form € N, m > 2, let ¢, be a constant such that if m is odd then c,,, > 1, while if m

is even c,, < 1. Then, there exists a constant Cys > 1 independent of u, A, k and N such that for all
meN, m> 2, andany ¢ € TL2

Y (= Lo + st aNp Alp) o | < PCoie (<L) S M 000) | (340)
i=1,2 Ly

where Sﬁf{f is the operator defined by

Noff df  N?
S = mamﬂ(ﬂ — Lo, Zm1(N) (3.41)
and ¢, 2 ¢ frnia (N if mis odd, while €, 2 ¢,/ frnsa (N°) if m is even. Ifm = 2, (3.51) still holds
but with SZ’OH replaced by N

+1

Proof. We begin with the off-diagonal term of the first type, which, by (3.21) and (2.11), is

Corry () 22 ) U i) oo L . o
n! Oin.z Z |111||]22| |‘111||le @(]1+]2,]3,k3;n)§0(]1+]3,]2,k3;n)

J1:3:k3:0
(3.42)

N N
lj1 + Ja2llj1 +]3|J11 ]z\ﬂh i

X
t4 (s k)@ + Enloh(u + T3, k3:0), Zmar) — Q)

where a,, is 0 if m is odd and f,,; otherwise, and, as in the proof of Lemmas 3.8 and 3.9, o} is as
in (3.15), we adopted the same convention for I as in (3.29), omitted the dependence on n of z,,, |
since n will be fixed throughout, and used (3.13). In the rest of the proof we will omit the subscript
of z since it will not change.

In order to control the absolute value of the previous, we first bound the factors
c(j1, j2)/UJillj2Ds ¢Gis j3)/Uj1llj3]) by 1 in absolute value, neglect 1 — ¢,,a,, > 0 inside the
parenthesis in the denominator (recall that for m even c,, < 1) and denote the product of the
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3070 | CANNIZZARO ET AL.

indicators by J]lj\i . Furthermore, define ®(¢;.,) < P(C1:n) H?:l |£;], so that the sum in (3.42)
can be upper bounded by

[Py + joo 3, K3 )P + J3s J2s ks:n)|~ﬂlj\f:3
B sl G+ Gl s ks )oN (i + T3, ks 2) TT1 s Tl

N

< Z |D(j1 + Jjos j3s ks:n)l? I
_j1:3’k3:n H:l:3 k; |2 |j2||j3|(,u+C’mI‘(j1;3,k3;n))0%(/x+I‘(jl;3,k3;n),z))
N
= ) 180kr )Pl 21Ky | : ——— . _
k§1 ! j1+§=k1 2|k + EnT(1:25 ka:n)om (i + T(r:2, K2:n)), 2))

where in the first passage we estimated the product of the ®,,’s by half the sum of their squares
and in the second we renamed the variables (j; = k,). Let us point out that in case m = 2, in all
the inequalities above there is no o) in the denominator.

Concerning the inner sum, by (C.1), =(ja* + [k1:x[2) < TGir:2.ka:n) < 201 joI? + lky - [?), and,
since o, is monotonically decreasing in the first variable, we have

N
Z Ji:2
L L2l + EnT (120 ko n)om (i + T(jr 2, k2:0)), 2))
1 1 1 1

N N2|j Cm () + .
ottt N V2N (g 4 22 jo /NP + [y /NN N + ey, 2))

<1f e
TN Jo py 4+ 02 + ki /N 120 (262 + day, 2)

(3.43)

where the last bound follows by Riemann sum approximation and the use of polar coordinates.
Now, if m = 2, modulo constants, (3.43) is bounded above by

1/1 d 1.1 __ 1
NJo g2 tan = Nyfay = ik,

For m > 2, notice that, if uy < |k;.,/N|?, then the denominator in the integral can be trivially
bounded from below by

¢ ¢
i+ @+ i /NIIOw 2 =@ + Ik /N0

> ¢,,(20% + day)o, (3.44)
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where we omitted the arguments of g, since they do not change. Thus, modulo constants, (3.43)
can be bounded from above by

de
CmN 0 (292 + 4aN)Um(292 + day, Z)

1 « de
" N Jy (% +4an)on(e® + day, z)

1 1 1 1 1 1

<
N \fay Um(S“N’Z) m \/1ky:nl? ol (8 (/x+ %Ikl;nlz),z)

(3.45)

where we applied Lemma C.4, which holds since o, satisfies its assumptions.

Ifinstead uy > ay, then we split the integral in (3.43) according to ¢ > \/,u_N and ¢ < 4/uy.In
the former case, we first bound the denominator as in (3.44) and then extend the integral to the
interval [0,1] so that we can exploit (3.45). For the latter, we exploit the monotonicity of g, which
ensures that

@ty + 56 + ki /NI, 2) 2 0 (821, 2). (3.46)
Hence,
1 /\/W de
NJoo uy+ 202 + 1y /N PO @ty + 502 + krn/NIP)), 2)

<1 1 °° de J1 1 1
~ enN O'm(&xN’Z) 0 92 + Ikl:n/le = Cn V |k1:n|2 O'm(SOCN,Z)

where in the first passage we neglected u, and extended the integral to the positive real line. Over-
all, we have shown that there exists a constant C > 0 such that, for any m > 2, (3.42) is bounded
above by

(= Lo+ enSI AN, AN @Yoy, |

Cott, (M) 22 K
<2 2 It Pk P !

4m? M Viki:nl? o <8 (,u+%|k1:n|2>,z)

. A’n
<nlC Y 1p(ky: )Pl |2

ki &no N( (u+—|k1 n|2> )

and the n at the numerator follows by cf, (n) = O(n?) (see Lemma 3.6) and by replacing |k, | by
|k1 n |2~

(3.47)
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For the off-diagonal term of second type, we proceed similarly. Adopting the same notations as
in (3.42), (3.22) equals

n! copg, (n) A2 c(ji» J2) c(3s Ja)
-2 = ————0(j1 + j2» j3:4- ka:p)
4772 Z L2l 1islljal PILT J2r J3ia- Kaim

J1:aka:n

N
|]1 +]2||J3 +J4|J]jl J2 J3 »Ja

: — . (3.48)
u+ 1-‘(.]1:4’ k4:n)(1 + Cm[am(:u + 1-‘(\]1:4’ k4:n)s Z) - am])

X P(j1:2,J3 + Jjaska:n)

By retracing the same steps as in the proof of the bound on the off-diagonal term of the first type,
we see that the sum above is upper bounded by

N

w
|p(k. )|2|k1|2|k2||k3| — . ' J1:J2 .
I;! n j1+§:k1 |]1||J2|('u+Cmr(‘]1:2’k2:n)o-1}’>lr(“+F(Jl:z,kz;n),Z))
N
<2 ) 1@ky: )P Ky |1y s | : — juia .
kz n h+§=k1 |2l (bt + EnT iz Kaen)om (ke + T2, K22, 2))

where we used that, since j; + j, = k;, the modulus of at least one of the two must be bigger
than |k;|/2. Hence, we can proceed as in (3.43) so that, again, modulo constants, the previous is
bounded above by

k11K ksl 1
= 2 16kl
mklzn T VT o (3 (kok Sl 2)
1 2 1
Emn%w(kl SIRISP (s (e S 2) (3.49)

Hence, it follows that there exists a constant C > 0 such that

(AN(u = Lo + &, SINTAY @, 0) ot

nlcopp, (M) A2 ¢ 1
S — L 2 pCkr:) Pl
< <,L£+—|k1 n|2) )
A’n?
<nlC Y 1@lkr:) Ikl —— . (3.50)
ki:n Cm m(S(ﬂ‘i‘Elkl:nIz):Z)
and, again, the n* comes from c,¢(, (n) = O(n*) (see Lemma 3.6).
By (3.47) and (3.50), we obtained
D[ = 201+ e Sh T AN, A P
i=1,2
R 2 A2n?
<nlC Y 19Ukl lky:nl’ —— . (3:51)
o e (8 (1 2Heral?) s Zmia ()
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for some constant C > 0 independent of m, N, u. Now, to conclude the proof it suffices to control
the fraction inside the sum. If m is even by (3.15), we have

A%n? B A2n?

. 1 -
Cn OB+ 31K ), Znin () 6 LBY | (8 (st 2lkial?) VL 2 ()
2

n?A? 1
= UBE 1(8 <#+5|k1:n|2>\/1’zm+1(’1))

~ 1
EnlN B+ S 1K1 )V L2 a (1) 2

n—ZUB ( + 2k 2z (n))
— szm+1(n) m_ l"{ 2 1:nl >4m+1
n? 1 5
= mamﬂ <# + Elkl:n| ,Zm+1(n)>,

while il m is odd
A%n?

Cmm < (/" + _Ikl nl? )’Zm+1(n))
A’n?

EnUB), (8 (1+31K1al2) 2 ()

2

A2n?
<
< - > N ;
CnUBps (8 ,u+5|k1:n| V1,2z,.1(n)
2
n?a2 1
= 1 LB, (8 ((s+ 2lkial?) V1) 2 ()
Em LN <8<<ﬂ+5|k1:n|2>V1),Zm+1(”)> 2
1
nzLBIL <<li + 5|k1:n|2) \ 1,Zm+1(n)>
S 2
émzm+1(n)
=n—20 </x+l|k. 1%,z (n))
c“mzm+1(n) m+1 5 1:nl »4m+1

where, in both cases, we exploited the definition of UBY ,LBN ,LN in (3.11), (3.10) and their
monotonicity properties in Lemma C.2. O

We have now all the ingredients we need for the proof of Theorem 3.4.

Proof of Theorem 3.4. As mentioned above, the proof goes by induction. Since by definition (3.7)
HN =0= SN (3.17) clearly holds for k = 0 with an arbitrary c; that we can pick to be equal to
- Now we show that if (3 16) holds for 2k + 1, then (3.17) holds for 2k + 2 with Corqp Asin (3.18).

Usmg the definition of H, , in (3.7), the inductive hypothesis (3.16) and (3.19), we have

2k

-1
N N N
Hysn 2 —A% (l" Lo (1 + czk+152k+1>> Ay
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Let ¢ = (¢,,)nen- Thanks to the decomposition of Lemma 3.6, we see that for all n € N we have

-1
<H2k+2¢n’ qon)FLz > <<lu [“0 (1 + Czk+15é\]]<+1 ) > A{\quon’ Ai]¢n>I‘Lﬁ+1

> <<,,¢ Lo(1+ ¢ 1SN, ) AN en AYRn)ning

= Y [ = 2o + 5 SN DAY o AN | (B52)
i=1,2

We are now in a position to apply Lemma 3.8 for the diagonal term and Lemma (3.10) to the
off-diagonal, which together give the lower bound for (3.52)

1

1 GN.off
1 )<( ﬂo)[ Dk — ACotmeyy <1+m> zk+z]%¢n>m2

et 1+
2k+1 < farr2(1)

N,of f

where Szk ., and S are respectively defined in (3.28) and (3.41). It remains to look at the

difference of the operators in brackets, which is

1
GN N,off
Silear = HCofi T <1 + f2k+z(1)> Saer2

f2k z(N) [ 2k+2(’u — Lo, Zop42(N))
+

RCopr (14 —— ) A2
«|1 - 477/1CDiag _ off Sar2(1) forks2(N)

V Zak42(1) Zo42(N) B 2

We now choose K in (3.12) big enough so that

2 1 2
47 ACring + g (1 i Sor2(D) ) Corr N
V Z2k42(1) Zor2(N)
_1 2
47T/1CDiag i (1 + f2k+2(1)) COffN
K22 v 1)(2k + 330 Ki(@2 VDN + 2k +2)7+20

4nCpiag _3_5 27C
< Dlagk 2 6+ T off p—1-26 1 . (3.53)

= ,_Kl Kl ~ 2k1+8

where we recalled that the operator N takes values in N, so that in particular it is positive. Since

the right hand side of (3.53) is smaller than 1/2, by defining the constant ¢}, _ , according to (3.18)
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it is immediate to see that (3.52) is lower bounded by

1
met (1 ! ) <(_£0)f2k+2(N)

C +
2k+1 far42(1)

N
ang(:“ - £0,22k+2(N))<1 - > - f2k+§( )]¢n’§0n>rL2

2k1+6

_ 1
2Chin <(—£o)m [012\;{”(# — Lo, Zojey2(N)) = f2k+2(f‘f)] Pn> §0n>

rL2

= C2_k+2 <(_[’0)52k+2g0n5 ¢n>FL3l )

which is what we wanted to show.

We now assume (3.17) and prove that (3.16) holds for 2k + 3. Exploiting (3.19), the above and
the decomposition in diagonal and off diagonal parts in Lemma 3.6, for ¢ = (¢,,),en € TL? and
any n € N, we have

-1
<Hg<+3(p”’¢’n>mﬁ < <<“ £0<1 +C2k+252k+2)) A$¢H’A1¥¢n>

2
1—‘Ln+1

< (k=14 e5,5%,) Aot
Diag

# 2 [{ =201+ ¢, 8K, IAqun,Afiqon)off | (3.54)
i=1,2 i

for which Lemmas 3.9 and 3.10 provide an upper bound of the form

1 4/17TCDiag N off
= (=Lo) l(l +———— | Shss F ACott Gy, S5y | P P :
TCok+2 < V2421 rr

Note that, by (3.41) and (3.14), we have

gNoft _ 1 N2 SN
2k+3 2k+3
+ 2k+2 sz+2(-/\/) +

which, together with the equation above, implies that (3.54) is upper bounded by

1 A CDiag A2 CoffN
— (_£0)<1 + + Szk 3¢na Pn
TCok+2 < VZora)  Zakr2(N) * 2

< c;k+3 <(_£0)52k+3§0na §0n>1"L%

where in the last step we exploited both (3.53) and the definition of czk ,in (3.18), and the proof
is completed. O
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3.2 | The operator —AY(u— L£,)'AY

We now come to the other operator we need to estimate in order to control (3.9), namely —Af (u—
L£,) LAY In view of (3.19) we need an upper bound on this operator (as lower bound we will
simply use that —Af (u— Ly) LAY is positive). Note, however, that we only need to analyse its
action on elements of the second Wiener chaos. This is because, in (3.9), né\f belongs to the second
chaos, and £ and H}) (and also —AY (u — £,)71.AN) leave the order of the chaos unchanged. We
have the following lemma.

Lemma 3.11. There exists a constant ¢ > 0 such that for any ¢ € FL% and any functionG : R, —
[1, c0),

_<A{{\.j (lu - £O)_1AIE¢’ ¢>[‘L§ < C/12<(—[:0)S+_§0, §0>I‘L§7 (355)
where the operator ST~ acts in Fourier space on ¢ € I‘Lg as
1 5
F(ST o), m) = 3 (¢ + m)G(u + SUEE +mP)@(E, m),

where

N
k|2 I
poA SIKI2 cfmik SAER + ImIDG( + (€12 + Im[2)

g(k) ] (3.56)

Proof. Notice that, by Lemma 2.1,

(= Lo) " Ay, ATg))p 2

2

42° 1 c(k,—t )

T e 1, < |mlﬁﬂﬁm¢(t’,m)> . (3.57)
L u+ z|k|2 +m=k

We begin by analysing the inner sum and we treat differently the small and the large values of ¢.
For lightness of notation, we write

li
¥ i >

¢+m=k ¢+m=k

‘We consider first the case |¢| < 2|k|. Note that |m| = |€ — k| < 3|k, hence

/ /

ck,-?t) . R
> m Do m| <am Y tgcem (3.59)
¢+m=k | Il I ¢+m=k
|[€]1<2]k| [€]1<2]k|
1 1

To continue, we multiply and divide by (%(lfl2 + |m|2))5G(/,t + %(Ifl2 + |m|2))5 and apply the
Cauchy-Schwarz inequality. This readily gives the desired contribution.
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Next we consider the case |¢| > 2|k|. Since ¢ is symmetric, so is ®(¢, m) |€||m|go(€ m),
hence, the summand in the inner sum at the right hand side of (3.57) can be rewritten as

1 c(k,—?t) 1 [(ctk,—t) c(k,t —k)>
— O, k-¢) = —< + O, k-17).
€+§‘=k [kl |£]? f;‘:k 2[k| |€]2 |k —¢]?

[€1>2]k] [€1>2]k]|

A direct computation using the definition of c(k, ¢) shows that the summand equals

k) [£] 1 1
) ek €)+mc(k €)<|k_€|2 W) ok — ).

Since |€| > 2|k, 3|€]/2 > |k — ¢| > |¢|/2. Therefore,

!/

c(k, k) Z 5
pt.k=0)|<lkl Y 1g(t.k=0) (3.59)
|2|k| t+m |k f' ' C+m=k,|¢|>2|k|
|€|>2|k|

that can be estimated as (3.58). To estimate the second summand above we note that, since
le(k,€)| < |k||€], we have

11 1612 — 1k —€1] _ [kPl2¢ k|

e Ol = E1161| =5 = 17| S g < gy S W™
Thus,
1 < 1 d
m“;:kc(k,f)(m |f|2><1>(€k 2 <|k|€+§:k|¢(€,k—€)|, (3.60)
1€1>2|k| |€]>2]k|
which once again can be bounded as (3.58). Hence, the result follows. O

In view of Theorem 3.4 and the definition of the operators {Sglj( +1Jk in (3.14), a special role will

be played by the case in which the function G is chosen to depend on k € N and is of the form

G(x) Z UBY (%, 2311 (2)).

d
Lemma 3.12. In the setting of Lemma 3.11, choose G as G(x) X UB],j_l(x, Zok41(2)). Then, there
exists a constant ¢y > 0 independent of u, k and N for which

log(u/1j1%) 1+uy

112 UBY |8t 2sen @) P
g(])<COJ—X ko e
22 |J| 1+:“N

LBy (8, 25141(2)), if |jI* < p
(3.61)

LBY( ( + 511) 221 2D, if i1 >
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Proof. Note that with our choice of G it is enough to estimate

N
J]t’,m

cimei (612 + ImRUBL (1 + 51612+ 1m12), 2501 ()

Thanks to (C.1), and by an immediate extension of Lemma C.7, the previous is upper bounded
by

1 1
N2 1 24+ |j/N|2 ! 24+ |j/N|2
UNsie/NI<t (16/NIP+ J/NIDUB1 (4 ( uy + SUE/NI? + 1] /N12), 231041 (2)

< /1 ode
~ . 1 .
0 (@2 +1i/NP)UBLy (4 (i +3 62+ Li/NID) ) 2201(2) )

1 de
<
/N2 €UBk—1(4(un + €, Z2x11(2))

where in the last line we enlarged the integration interval by using that | j/N| < 1, which holds for
all values of j appearing above, because by definition J]?” o is zeroif |j| = |€ + m| > N. We now
distinguish two cases, depending on the relation between w and |j|2. If | j|*> < u, then we split the
integral as

MN 1 ng
+ =L +1,.
/|j/N|2 /yN oUBy_1(4(un + 9), Z2k11(2)) e

For I; we exploit the fact that UB is decreasing, so that

I < 1 ode  log(u/1il?)
1= — = .
UBj_1 (8N Zok+1(2)) Jijynp € UBY (8, 2o41(2))

For the other integral we have

L < / 1 do
27 Joy My + UB_ 1 (4(ky + ©), Zok41(2))

4(1+un) de
S 1+ un) /
N Suy (0% + @)UBy_1(¢, 2211(2))

<1tun

S —5 LB (84,2001 (2),
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where we used (C.4). If instead |j/N|? > uy, then, proceeding as in the bound for I, we get

1
/ .
1j/NI? eUBy_;1(4(un + 9), Zok41(2))

< / ' de
S Yy + @)UB (4(un + ©), Z2k41(2))

<1tun

1,.
LBy (4 + 51717, 22141 (2)),

and the statement follows. O

. . N
3.3 | Estimating B, (u)
Based on the results obtained above, we are ready to formulate and prove the main result of this
section. In the next proposition, we provide both an upper and a lower bound on the Laplace
transform of the second moment of Bg (t) given in (3.1). We will adopt the same notations and

conventions introduced at the beginning of Section 3.1.

Proposition 3.13. Let 1 > 0 and, for N € N, let h" be the solution of (2.2) and ¢ € L*(T?) be a test
function. Let Bé\,] be defined as in (3.3).

(UB) For every & > 0 there exists a constant cs > 0 (depending also on 1) such that for all N € N
and u >0

1
By (1) <& p [LN (1,0)] 2 (log LN (, o)) ||qo|| T2 (3.62)
where LN (u, 0) is defined according to (3.10) (see also Definition 3.3);

(LB) There exists a constant C such that forall N € N,k e Nand 0 < u < N2,

1 lp(DI?
Bg(/«l) > cu Z $J
Mo + |J|
iP<p Gy far1(2) + — LELBY (44, Z341(2))

x|LBY (w431 v 1,z2k+2<z)) ~ 2 @) (363)

Proof. We use (3.3) and we focus on the scalar product at its right hand side. Throughout the proof,
in order to lighten the notation we omit the subscript “I'L?” in all scalar products appearing below.

Let us begin with (UB). By Lemma 3.1 together with the fact that —A%Y (u — £,)71AY is a
positive operator, for any k € N we have

=Ny <, (u— Lo+ 1Y — AV (u— L£o)71AN)nl))

2k+2

S(n ,(u— £0+H2k+2 ng)

< (ngl, (= Lo +c5 ,SH N7 g, (3.64)
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where in the last passage we applied Theorem 3.4. Recalling the definition of ng in(3.2)and (3.4),

and observing that the operator (u — Ly(1 + 02k+25£\17c +2))_1 is diagonal in Fourier space, the right
hand side equals

222 ) 19()I2x
JEZ?
N \2
(o

) o T m) (1 4+ 252 LB (o T ), Z2112(2) = S22 )

X

where we adopted the same convention as in (3.29) for I' and used that, by the definition of X~ and
JN, |€],|m| > 1, to remove the V1 that appears in the definition of Sé\f{ 4+, Note that the inner sum
(for fixed j) is precisely of the form (3.37), except that |k,.,| is set to zero. Therefore, proceeding
as in the proof of Lemma 3.9, we obtain

<ng7 (:u - EN)_ln](/\J]>

Fors2(2) 447 Cpy;, o .
= 2?11'{:_2 1+ — Z ()I"UBy </“‘ + %|J|2,sz+3(2))
2k+2 VZoge12(1)

jez?
s
N
< S a2 (QUBY (1 Zogers@DIIN 1)
k2+35

S ———1LVw.0)llel?, (3.65)
LBy (1, 0) L2

where the second inequality holds in view of (3.53) and the monotonicity of UBY in the first vari-
able, while the last by the definition of UBY, the monotonicity of LB" in its second argument, the
definition of LV and f,y3, Zok43 in (3.11) and in (3.12), respectively, and the fact that, in view of
Theorem 3.4 the sequence {c;k +1}k converges to a finite constant depending on &, so that the con-
stant hidden in < is an absolute positive constant depending only on &, 1 but on neither k nor N.

At this point, it remains to optimise over k in order to obtain the smallest possible upper bound.

By Stirling’s formula

9 9

LBy (14,0) (é log LN (u, 0))k

< ek5+35 exp [k log <ﬁ§(0)>] . (366)
#7

We choose then k = k(u/N?) as

k(u/N?) < B log LN (u, o)J = BlogL(,u/Nz,O)J . (3.67)

With this choice of k and (3.66), we obtain

9
k>t -1 5+38
m < [N, 0)] 2 (logLN (1, 0)) (3.68)
k s

from which, plugging (3.68) into (3.65) and recalling (3.3), (3.62) follows (with & replaced by 39).
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We now turn to (LB). Arguing as in (3.64), for any k € N we have

Y (=N ndy > (), (u— Lo+ HY - AV (- AN 0. (3.69)

2k+1

For HN , We use the upper bound provided by Theorem 3.4 while for AN (u— L)1 AN we use
Lemma 3 11 with the choice

def
G(x) = UB}_, (X, 2341 (2)).

Hence, (3.69) is bounded below by

222 ) 16O Y,
J

L e+ T )+ F()UBY (4 + T(, m), 23111 (2))

N 2
KLy )

LY BOP K7 (470
SR 5L u+ T, mUB (1 + T(€,m), 2341 (2))

def
where we introduced F (j) = i1 f2k41(2) +¢A%g(j) 2 1fork € Nand j € 7, in which cis the
constant that appears in (3.55) and g is defined in (3.56). Also in this case, the inner sum in (3.70)
has the same structure as in (3.30), so that, proceeding as in the proof of Lemma 3.8, we obtain

),
i w+ D(E,mUBY_ (i + T(€, m), 2541 (2))
1 ( 47TACDiag

Al VZope41(1)

2 ﬁ [LBQI (1 +pt %|J|2,22k+1(2)) - f2k+1(2)] (3.71)

) [LBQ] (1 +u+ %|j|2,22k+1(2)) - f2k+1(2)]

where we further exploited that by our choice of z,,; in (3.12) with K; large, the quantity the
constant in the rounded brackets in the second line is bigger than 1/2 (see (3.53)).

Restricting to |j|? < u and plugging the expression for F(j) back in, we see that, for all k € N
(modulo constants independent of u, k and N) (3.70) is lower bounded by

PN
Z ko f qua((JZ))| +22g()) [LBJ;G tHt %ljlz’zzkﬂ(z)) —f2k+1(2)]~ (3.72)
ljl2<u “2k+17 2k+1

We are left to deal with the denominator in the sum in (3.72) for which we need Lemma 3.12. Since
|jI? < u < N2 (in particular uy < 1) for any k € N we have

|J|2< log(u/1j1?)
K\ UBY_, (8%, Zy141(2)) jvE

g() s LBk (SM,sz+1(2))>

< P
12

s
12

2 (LB (81, 22641 (2)) + LBY (84, 22611 (2)) )

LBk (4, Z3p41(2))
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where, in the passage from the first to the second line we exploited the definition of UB],;]_1 and of
LN, while in the last the monotonicity of LB, with respect to its first argument and the fact that
for all k, LBj,_; < LB,. Recalling (3.3), we deduce (3.63). O

4 | PROOF OF THE MAIN RESULTS

This section is devoted to the proofs of the main theorems. We begin with the bulk diffusivity,
since, as we will see, the bounds we aim at follow directly from Proposition 3.13.

4.1 | The bulk diffusivity: Proof of Theorem 1.1

At first we provide an equivalent formulation of the bulk diffusivity Dy defined in (1.6), which
shows that Dy represents the average speed at which the mass of the solution Hy spreads in time.

Lemmad4.1. For N € N, let Dy, be the bulk diffusivity defined in (1.6). Then, forallN € Nandt > 0,
the following equality holds

tDy(t) =t + N2E[By (t/N*)?] 4.0)
where BN was defined in (3.1) and e, = % is the O-th Fourier basis element.
T

Proof. Notice at first, that in view of the scaling relation (2.1) and the definition of NV in (3.2), it
is immediate to see that forany N € Nand ¢t > 0

t/N? s
tDN(t) =t + 2/12N2/ / / E[NN[uN](r, )N N[uN](0, x)]] dxdrds. (4.2)
0 0o Jr2

Now, the process uN with white noise initial condition is translation invariant in law, which
implies that, for every r > 0, the spatial integral in the second summand on the right hand equals

1
42

= E [NV [uN ()](e) NN [uN (0)](eo))]

/ / E [NN [uN] (r, )AN™N [uN] (0, x + y)| dxdy
T2 J12

where the last passage can be obtained by integrating first in x and then in y. To conclude it is
sufficient to note that for any t > 0

t S t 2
/ / E[AN [ ()](eo) N [ (0)](eo)]|drds = LE / NN () (eo)ds ) |
0 0 2 0 D

The advantage of (4.1) is that the bulk diffusivity Dy is expressed in terms of an observable of
the form (3.1) so that the results in the previous section are directly applicable. We are now ready
to prove Theorem 1.1.
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Proof of Theorem 1.1. Thanks to (4.1) and (3.3), it is immediate to show that for every N € N

0

Therefore, it remains to bound the second summand, for which we exploit Proposition 3.13. We
begin with the upper bound. Notice that (3.62) gives

1
N2B}j(uN?) < = [LV(uN?,0)] * (log LV (uN?, 0)""*

= S{1L(3, 001 (log LG )"

from which (1.8) follows.
For the lower bound instead, (3.63) implies that for all k € N, u > 0 we have

o : 1 LB ,Z 2 1
lim inf NZBIE\(]J(MNZ) > o JI:(M 2k42(2) -
N K c2k+1f2k+1(2) c2k+1

, (4.3)

and we are left to optimise over k. But we have already done so in the proof of Proposition 3.13(UB).
Upon choosing k = k(u) as in (3.67), by (3.68), we have

LBy (i, Z3k42(2))

> [L(, 0)]3 (log L(1, 0)) "~ 4.4
& Trn@ [L(u,0)]2 (log L(u, 0)) (4.4)

and, since the right hand side diverges as ¢ — 0, at the price of an absolute constant, we can

reabsorb the —1 /c'z*k 41 in(4.3), so that the proof is complete. O

4.2 | The diffusive scaling: Proof of Theorem 1.2 and Corollary 1.3

In order to prove Theorem 1.2, we first consider the weak formulation of AKPZ on the torus of
side length 1 and separately analyse each of the three summands appearing on the right hand side
of (2.2). More precisely, let ¢ be a smooth test function on T? and N fixed, then, for all t > 0, KV
satisfies

1 t t
WOl - O] = 3 [ W elaels+BY0+ [ t@lel @3)
2 0 0
AN@) NG

where Bg (1), the integral in time of the nonlinearity, was defined in (3.1). We recall that Bg is
a centred random variable, and the same can be easily verified for AN, Cg . Now, Bg , Or more
precisely the Laplace transform of its second moment, has been thoroughly studied in the previous
section. In the following proposition, we derive suitable bounds on the second moments of Ag
and Cé;’ and on their Laplace transforms. To that end we define

AV = / eMEAN(D?dt and CN(w) = u / eHECY (1 di (4.6)
0 0

for u > 0.
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Proposition 4.2. Let N € N, h"Y be the solution of (2.2) and ¢ € L*(T?) be a test function. Let Ag ()
and Cg (t) be defined according to (4.5). Then, there exists a constant ¢ > 0 independent of N and ¢
such that for every t, u > 0 we have

AN <ctllpllyysy  and AN < gl 7
1
ECY (1 = tllgl iy and () = lIglZ: (48)

Proof. The result on the Laplace transform is an immediate consequence of that on Ag and Cg .
The first identity in (4.8) is straightforward and follows from an explicit computation that uses
the correlation structure of the white noise . To estimate Agf (t) we make use of [10, Lemma 4.3,
Equation (4.11)], which states that for any T > 0

1/2
t 2
[Elsup] / uN<s)[A¢]ds|] ST gl (4.9)
0

t<T

where

leli2, = D (1 + [kIP)Igd.

kez?

Here, we recall that u" is the solution to the stochastic Burgers equation (2.3) so that, upon noting

t
AY0 =3 [ el-ar ol (410)
0
the result follows at once. ]
The previous statement was the missing ingredient needed in the proof of Theorem 1.2.

Proof of Theorem 1.2. Notice at first that, given any test function ¢, by the definition of Hy [¢]
in (1.11) and the equality in law (2.1), it follows that

-1
V() =V @N)

where, for any a > 0, go(a) is given as in the introduction, that is, qo(a)(-) = a’¢(a-). In view of the
decomposition (4.5), we have

VI EN ) $ AN (N2 + B (N2 + O, (N2

ga(eN ¢(€N) ¢(5N)
so that, since [|p™?||2, an =W e’lel?, (r2» the bound (1.14) follows immediately from Proposi-

tions 4.2 and 3.13(UB).
We now turn to the lower bounds. To that end note that for any u > 0, we have

2
. el 2z el s g2
vga;;1(52N2#) > B (2N%u) — LAIECS) LRy (4.11)

N AIN2) —
HEN) B¢(ew>(5 N2p)
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where we exploited once more the decomposition (4.5), the Cauchy-Schwarz inequality to control
the cross products as well as Proposition 4.2, to bound the occurrences of Aé\f and Cg . Now, by
Proposition 3.13(LB), for any integer k € N, we have

li]{}q_)igf Bg&z\r) (€?N?u)

o(NO( 1)[2
2 [1-= 1 lim % e .(i)l > (4.12)
C2k+1Yk N_>°o (NE) |j|2S(NE)2M Iu/Yk + |J| /(NE)
where
LBy (4€%u, 2
Y, def 1 (4e“ 1, 2o 41(2)) 413)

C;k+1f2k+1(2)

and we used the fact that LBy, is continuous and decreasing in its first argument. Since (XN\@( Jj)=

@(p) for p o Jj/(Ne¢), the limit in (4.12) reduces to

1¢(p)I? / 1e(p)I*
AP _ g — 2P g (414)
pe(ZZ/N£)2 u/Yi + |pl? re PP LlY L+ IpP?

IpI*<u

lim ——
N (Ne)2

Now we proceed similarly to the proof of the lower bound in Theorem 1.1. Namely, we fix k(¢*u)
as in (3.67) and we note that, since we are assuming u < ¢!, k(¢?u) diverges as ¢ — 0. Moreover,
arguing once more as in the proof of Proposition 3.13(UB) we see that also Y2, diverges since

Yz 2 VL2, 0)(log L(e?, 0)) > 7°. (4.15)
In particular, the negative term in (4.12) can be neglected. Also, since we are assuming u <
1
(log(1/¢))2 (loglog(1/¢))~~%, the ratio u/Y} tends to zero as ¢ — 0. Altogether, we get

lim inf lim inf BY__ (e2N?%u) > Tpp< Mdp. (4.16)
e—0 N-oo qo(EN) ~ R2 Ipl*=u |p|2

If p has non-zero average then the integral is infinite. If instead the (smooth) function ¢ has zero
average, the integral is finite: in this case, assuming that u is sufficiently large (larger than some
constant a,,), the integral is arbitrarily close to ||q0||31. In either case, (1.15) is proven. O

Proof of Corollary 1.3. Throughout the proof we fix § > 0 as in the formulation of Corollary 1.3.
We start with (1.19) so that

_ Cov(H{ el HyOlgD) V5@

< VaE Ole) . 2Varis O] (@17)

and we recall that the denominator is uniformly positive and finite: since the stationary measure
is the GFF on the plane and —/[RZ p(x)dx =0,

(k)12
Jim Var(H;, )lg]) = # /[R 2 |¢|§<|3| dk < oo, (4.18)
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To prove (1.17) we need to show that pr’N(t) is uniformly small for ¢ < ¢t_(¢). Recall the def-
inition (1.12) of V5™ (1), together with HS,(t)[g] = hV(t/(Ne)*)[¢)]. One has then (with the
notations of (4.5))

V;;N (t) S EAyen (t/(eN)?)? + EByen(t/(eN)*)? + ECyem (t/(eN)?).

Thanks to Proposition 4.2 and ||¢@N)||2 2 (TZ) =(N £)2||go||i2 @2y the terms involving A and C are

upper bounded by a constant times t||¢||? which is uniformly smalline — 0ift <t_(¢) <« 1.

12(R2)
As for the term involving B, recall the definition of Bg (u) in (3.3). With the same argument as
in the proof of [37, Lemma 1] one can show that there exists a universal positive constant C such

that, for t > 0 and letting w, < /t,
E[BY (1)’] < CBY (uy).

Thanks to (3.62) and recalling that LV (x, z) = L(x/N?, z), we deduce that for any &’ > 0 there
exists a constant cgs > 0 such that

[ (EN)(t)Z] < C5/[ V L(Ez/t 0 (log L(Ez/t 0))5+6’ ”¢”L2(R2)
Choosing 8’ < &, the claim then follows from the fact that
lim t_(e)\/L(e2/t_(€),0)(log L(e?/t_(g),0))>+%" = 0.
£—

Finally, let us prove (1.18). We choose ¢ = u(e) that satisfies 1/¢, () < u <« 1/t_(¢) as€ — 0. By
definition,

;"

=y T e v wde e v O kT v od

Since V;;N is uniformly bounded and ut, (¢) > 1, the third integral is negligible. The first integral
is also negligible, as follows recalling (4.17) and (1.17). On the other hand, from (1.15), we have that
liminf, liminf V;’N(,u) > b||go||il. Since the function ¢t — pe™* has integral 1, we deduce that

liminfliminf sup  VEN(t) > bllel%,.
=0 N=® el (o, @) '

The conclusion now follows recalling (4.17) and (4.18). O

4.3 | Large time behaviour: Proof of Theorem 1.5

In order to prove Theorem 1.5, we need a refined version of the bound obtained in [10, Lemma
4.3] on observables of the form in (3.1).
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Lemma 4.3. Let ¢ be a test function and, for N € N, let Bg be defined according to (3.1). Then, for
all t > 0 the following bound holds

N 2 2 2 2 —1
B OF <2 3 1600 0 (s ) @19)

Proof. The proof of (4.19) is extremely close to that of [10, Lemma 4.3] so we will adopt the same
notations and conventions therein and we will limit ourselves to sketch the main steps, addressing
the reader to the above mentioned reference for more details. Let GV be the solution of the Poisson
equation £, (n)[e] = ANN(n)[¢], which is explicitly given by

N

Nmlel =2 ),

T O =),
t.mez

L 1212+

where we recall ICN was defined in (2.11). Then, defining €V as in [10, eq. (4.4)], a simple
Gaussian computatlon shows that

N 2
E[eN(GN = 812 LA—f— 2
[EN SN LoD f > e Pt
(,mez
The last sum can be bounded as follows
€, ”
m m
——————|@(—C —m)|* S |@(k)I? —
f’mZG‘ZZ €)% + |m|? |k|Z;‘N “%‘:k €)% + |m|?
N 1
S D 16k Z 52 s Y P Y s
|k|<N p it 171 [KI<N N2|€|>|k|/2v1| |
[€1=]|m]|
dg 1
< Y Igaor / < |¢<k>|210g<—>
|;€|Z§:N 13le|>k/N|/2vN-2 lel |k|z<:N |k/N|?v N—2

where we exploited the symmetry of the summand and the fact that if £ + m = k and |€| > |m|,
then necessarily |¢| > |k|/2. The conclusion follows by [10, Lemma 4.1]. O

We are now ready to prove Theorem 1.5.

Proofof Theorem 1.5. Let ¢ be a smooth test function on R?and g : R? — [0, 1] be positive, smooth
and such that /RZ g(y)dy = 1. For n € N define g,(y) o g(y/n) so that /RZ g2,(y)dy = n?, and
z,bn(y) (qa * g,)(¥). Throughout the proof, we will denote by c,, a positive constant that may

change from line to line and that will depend on ¢ and possibly g.
Notice at first that

Hy(O[¥n] = / g WMHNO[e(- = 1] = HyOlelidy + Hy(Olp]n?

R2
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which implies
Hy(0lg] - Hy(O)[¢] = % (Hy O[] = HyO)[,] = ™) +v(0))  (4.20)
where
o) = /R GONHNOlp( — )] — HyOleDdy,
Thanks to the scaling (2.1), it is immediate to see that
HyOa] = Hy©O[$,] = k¥ /N[BT - iV )]

where z,bﬁ, is given as in the introduction, that is, z,b(N)( )= N 24,(N-), so that we can focus on
the right hand side. Applying the decomposition (4.5), we write
V@ /ND1 = Y O] =

(t/N*>)+ BN (t/N*)+C (N)(t /N?). (4.21)

(N) (N )

By Proposition 4.2 and the fact that ||1,b(N) 122y = = N2||9,|I? 2R the variances of AN and CV
(which are centred) can be bounded by

E[A N)(t/Nz)]z < t”lpn”LZ(RZ) E[C N)(t/Nz) < t”lpn”LZ(RZ)

and, using the fact that ||}, || w2 < ¢c,n?, we conclude
1 t
o (1«:[141551A,>(t/N2)]2 % E[C%N)(t/Nz)F) < o3 (4.22)

Concerning BY, we exploit Lemma 4.3, which gives

1 . 1
2 2 2 Z

A 1
S lzt/ [$,(p)I? log (m)“lplﬂdp
< /12tn2||go||c2,o/ 18(p)|* log <| |>1]|p|<ndp < cyA*tn?logn (4.23)

where we used that §b,,(k) = ¢(k)g, (k) = n®¢(k)g(kn). Getting back to (4.20), it remains to control
E[v"™(1)]? = E[v™(0)]?, the equality being due to the stationarity of Hy. Note that

E[o™(0)]? = / £.0)8:0")

XE[(HN(O)[¢(- = )] = Hy O DHN (O)e(- — y)] — Hy(O)lpDldydy’.  (4.24)
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Thus, using the Cauchy-Schwarz inequality, that Hy is distributed according to a GFF and that
g, integrates to n?, it is not hard to see that

lim sup E[v™(0)]? < con*(logn v 1). (4.25)

N—-oo

We are now ready to put the bounds (4.22) (4.23) and (4.25) together and, suitably applying the
Cauchy-Schwarz inequality to the various terms in (4.20), deduce

. 1N t , lognv1
ll]I\I]l_)S:;.pvqo () <c ﬁ-hl tT +lognvi
Therefore, choosing n = [\/E] concludes the proof. O
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APPENDIX A: THE BULK DIFFUSIVITY AND THE GREEN-KUBO FORMULA: A
HEURISTIC

In this section we want to provide a heuristic justification for the choice of the definition of the
bulk diffusivity given in (1.6). We consider the Stochastic Burgers equation (obtained by (1.3) by

formally setting Uy o (-A)Y2H ~) on the full space (N = oo) with cut-off 1 and initial condition
given by a regularised spatial white noise that is independent of &, that is,

1 (S
3,U = %AU +FAMUUT + (=A)2T1E,  U(0) = 5% = T, (A1)

where a € (1, o) and M isdefined asin (2.4). Compared to (2.3), in (A.1) also the space-time white
noise ¢ is smoothened out. The main properties of the solution U remain unaltered, and, with
the same techniques adopted in [10], it can be shown that the unique solution U exists globally
in time and is a space-time translation invariant strong Markov process with invariant measure
n®. The advantage of (A.1) is that U is smooth so that space-time point evaluation is allowed
and well-posed.

The bulk diffusivity serves as a way to measure the spread of the correlations of U and it is
classically defined (see for instance [3] for the definition in the context of the 1d KPZ equation) as

def 1
D@ = = / |x[28(t, x)dx, (A.2)
2t RrR2
where, for t > 0 and x € R?, S denotes the two-point correlation function

S(t, x) € B[U, x)U(0,0)]. (A3)

See for instance [38, Ch. I1.2.2] for the analogous definition for interacting particle systems (we
put the prefactor 1/2 simply to ensure that the diffusion coefficient of the linear equation is 1
and, with respect to the interacting particle system references, we omit a prefactor related to the
so-called “compressibility”). We now want to formally manipulate the expression on the right
hand side of (A.2) in order to connect it to (1.6). Note that if A = 0, S(¢, -) is explicit and it can be
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easily shown to integrate to 1 and to decay at co exponentially fast. For the purpose of this section,
we will assume that S(t, x) decays fast (say, faster than 1/|x|?) for |x| — oo also for ¢t > 0. Using
integration by parts and that M![U] = (=A)!/2N'1[U], one then sees that S(t, -) also integrates to
1. Now, upon integrating (A.1) in time and plugging it into the definition of S we see that

t t
S(t, %) = S0, x) + % /0 AS(s, x)ds + A /0 E[M[U](s, x)u(0,0)]ds,

where the term containing the noise drops out because the initial condition is independent of £.
Since / S(t,x)dx = 1 and |S(t, -)| decays sufficiently fast, a simple integration by parts gives

t
l/ /|x|2AS(s,x)dxds=t.
4o

1

For the term containing the nonlinearity instead, recall that (—A)EJ\[ U] = M'[U]. Then,
integrating once more by parts, we get

% / Ix2E[M[U](s, x)U(0, 0)]dx

1
= -3 [ o) IxPBIN U6, XXU(0.0) - UGs.0)ldn

1
= -3 [ COPIPEN [ (OB, 065, ) ~ D0 )Tl

where the first passage is a consequence of the fact that U(s) is distributed according to n<, the
latter is Gaussian and N'! is quadratic, while for the second we further exploited the space-time
translation invariance of U and denoted by Ena the expectation with respect to the process U
starting from 7® and running backward in time, that is, U(r,-) = U(s —r, -). We point out that
U has the same properties as U and solves (A.1) but with —2 replacing 1. Therefore, arguing as
above, we write

E[N[n?](0)Eya[U(s, x) = U(0, x)]]

= / E[N[n?1(0)E,[ATU(r, x) — AMU](r, x)]1dr
0

1
so that, integrating against %(—A)Z |x|2, we see that the summand containing the Laplacian
vanishes while the other becomes

11,0 » 11717
2/1/0 /[E[N [(7?1(O)E, o [N[U](r, x)]]dxdr

_ 1[40 L AL1[.a
—22 /0 / ELN [571(0)e"E A [7°](e)dxdr
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with £ the generator of the time reversed process. In conclusion, D]g?l)lk can be rewritten as

D@(r) = 211 / x[2S(0, x)dx + 1

/12 t N ) iy .
2T /0 /0 / E[LN[7?1(0)e"“ N [n?](x)]dxdrds. (A4)

If we let a - o0, n® converges to a spatial white noise so that the first term vanishes and (A.4)
reduces to

D(t):1+2/172 /0 /0 / E[N1[H](0,0)N[H](r, x)]dxdrds (A.5)

where we used the relation between N'! and N 1 see (3.1). Now, in case 1 = 0, we recover the
well-known result concerning the bulk diffusivity of the linear stochastic heat equation, which is
constant in time. On the other hand, for 4 > 0, taking N — oo, the bulk diffusivity Dy (t) defined
in (1.6) formally converges to D(t) given as in (A.5).

APPENDIX B: MODE-COUPLING AND +/logt SUPERDIFFUSIVITY

The ansatz and the calculations in this section are inspired by [43] and Appendix C.2 of [39]. As
in the previous appendix we will work with the solution U (and its Fourier transform U) of (A.1)
on the full space and non-regularised noise, that is, a = oo, and we start from a white noise initial
condition 77 = 7. Let S be the Fourier transform of the two-point correlation function S in (A.3),

which by translation invariance is given by $(t, k) = (2;2 E[U(t, k)U(0, —k)]. Formally $ solves

8,8(1,K) + 3 KI’S(t,K) = == B[00, ~k)MLU(1)]

(2m)?

A

= W[E[ﬁ(—k)e”./\/l}{(n)]. (B.1)

The generator £ of the Markov process U can be written as the sum of £ and .4, whose definition
can be read off (2.18)-(2.20) (the variables now take values in R? instead of Z? and the sum is
replaced by an integral) and whose properties are analogous to those in Lemma 2.1. The semigroup
associated to L satisfies

t
eLt = eLot +/ eLolt=5) g oL ds.
0

Moreover,
ElA(—k)e o' M}(] = 0

which follows since e“o! corresponds to taking expectation with respect to the Ornstein-
Uhlenbeck process and M}{ is quadratic. Getting back to (B.1), since the adjoint of A is —A, the
term on the right hand side equals

4
(2m)?

t 1, s
/ e_Elkl (t )[E[(Aﬁ)(—k)eﬁsM}((U)] ds.
0
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Using that A7(—k) = /1M1_k(77), and the Fourier representation (2.10) of the non-linearity (with
sums replaced by integrals) we see that the above equals

2o ZIKEG=) !
(zﬁ)4| | / /df/dflcfk Kb e

X E[U(s, €)U(s, k — €)U(0,¢)U(0,—k — ¢")] ds. (B.2)

Now, the “mode-coupling approximation” (see, e.g. [39]) consists in doing a Gaussian approx-
imation of the average of the product of four U variables, which allows to apply Wick’s rule.
By translation invariance E[U(s, £)U(0,m)] = 0 unless ¢ = —m. Note also that the Wick con-
traction E[U(s, €)U(s, k — ¢)]E[U(0, ¢")U(0, —k — ¢")] can be ignored because it vanishes unless
k = 0, in which case however (B.2) is multiplied by |k|?> = 0. Therefore, summing up the above
computations and considerations we see that

(at - §|k|2>é(t,k>

2

~

! —llklz(t—s) . .
e 2 dé’(lC )2S(s, €)S(s, k — ¢)ds. (B.3)
k=t

‘We now make the ansatz

|k|2t clk|?t(logt)®

$(t,k) = $(0,0)e (B.4)

for small k and large ¢, corresponding to a diffusion coefficient of order (logt)?. Our goal is to

determine § such that the left and right hand sides above coincide. According to (B.4), in the
regime considered, the left hand side of (B.3) equals

(5t + %|k|2>§(t, k) ~ —c|k|*(log t)°S(0, 0). (B.5)

Regarding the right hand side instead, we approximate e_EI P by one and k — ¢ by —¢ so that

fork -» 0and t — o, it gives
! S
—|k|222 / ds / df(lcg el s(logs)” » —|k|222(log £)'9, (B.6)
0

where we used the explicit form of IC?’ _pasin (3.33). Equating (B.5) and (B.6) yields that § = %
as desired.

APPENDIX C: SOME TECHNICAL RESULTS
In this section we will state and prove some technical bounds that are needed in Section 3.1.

Lemma C.1. Forany ¢,m € Z? and k,.,, € (Z*)" such that ¢ + m = k, we have

1
ZUEE + k) S HEP + ImlP + Jpin 2 < 4UE 1P + [ky:nl). (C1)
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Proof. The proof is an application of the triangular inequality, we omit the details. O

In the following lemma, which is used in Lemmas 3.8 and 3.9 we analyse the functions L, LB,,
and UB introduced in (3.10) and (3.11), respectively.

Lemma C.2. For k € N, let L, LB, and UBy, be the functions on R, X [1, o0) defined in (3.10)
and (3.11). Then, L, LBy, and UBy, are monotonically decreasing in the first variable and increas-
ing in the second. For any x > 0 and z > 1, we have that LB (x, z), UB,(x, z) > 1 and the following
inequalities hold

1 < LBy(x,2z) < VL(x, 2), (C.2)
1V AVz < VL(x,z) < UB(x,2) < L(x, z). (C.3)

Moreover, for any 0 < a < b, we have

b
dx
A2 / = 2[LBy.1(a, z) — LB, 1(b, 2) (C.4)
. (x2 + x)UBk(x,z) [ k+1 k+1 ]
and
b
22 / dx < 2[UBy(a, z) — UB;(b, 2)]. (C.5)
o (X2 4+ x)LBy(x,z)
Finally, one has
10, (xF(x,2))| = |F(x,z) + x3,F(x,z)| < (1 + A*)F(x, z) for every x >0, (C.6)

when F is either LBy, or UB.

Proof. The two chains of inequalities in (C.2) and (C.3) are a direct consequence of the
respective definitions and Taylor’s approximation. A computation of the partial derivative
with respect to the second variable yields the desired monotonicity. Furthermore, we have
that

0,L(x,z) = _x2/1j. 7 0, LBi(x,z) = —g% (C.7)
and
LBy (x,z) — lLBk_l(x, z)
S UB(x, 2) = —4*— +x)(L2Bk(x,z))2
, (5 log L(x,2)
- T 2(x2 + x/;LBk(x, z) 1+ LBkIE!x,z) ’ €8
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which are all strictly negative for any x > 0 and z > 1. The above computation of the partial
derivatives moreover reveals that

b a
dx
A? /a T DUB.GD) =2 /b 0,LBy1(x,z)dx = 2[LBy,(a, z) — LBy, (b, 2)],

which is (C.4). For (C.5), notice that

b a b
dx yE LBj_(x,2)
A2 = 0, UBy(x, z)d — d
/a (x2 4+ x)LBy(x, 2) /b xUBy(x, 2)dx + 2 J, (x2+ x)LBy(x,z)? x

a 12 b 1
< [ 08,UB(x,z)dx + = dx,
< /b x k(x Z) X 2 é (x2 + x)LBk(x, Z) X

where the last inequality follows from the fact that all the terms are positive and for all x we have
LB._1(x,z) < LBi(x, z). Bringing the last term to the left hand side gives the required estimate.
Finally, (C.6) follows immediately from (C.7)-(C.8), recalling that L(x, z) > 1. O

Remark C.3. For notational convenience, the next three lemmas are formulated for a generic
function F satisfying Assumption 1 below. In practice, we will always apply the results when F(-, z)
isoftheform a + bUB(-,z) or a + bLB,(:, z), for some positive constants a, b, possibly depending
on k and on z. In this case, the validity of the assumption follows from the definition of UB,,, LB
and from Lemma C.2 above.

Assumption 1. F = F(x,z) is a function on R, X [1, o) monotonically decreasing in the first
variable and such that for all (x,z) € R, X [1, ), F(x,z) > 1. We assume further that the
function G = G(x, z) given by

L(x, z)
F(x,z)’

G(x,z) = (C.9)

where L is defined as in (3.10), is also monotonically decreasing in the first variable and satisfies
G(x,z) > 1for all (x,z) € R, X[1, c0). Finally, we assume that (C.6) holds.

Lemma C.4. Under Assumption I, there exists K > 0 (independent of F) such that

1

/0 (e? + a)F(¢? + a, z) = ﬁ%’ (C.10)

foralla >0, >0andz > 1.

Proof. We write the integral on the left hand side of (C.10) as the sum of I;(«, z) and I,(«, z),
where

Va de ® do
L(a,2) = /0 (@2 + 0)F(¢? + a,z)’ fo(e,z) = /\/E (e + )F(¢? + at,2)’
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For I;, we use monotonicity of F w.r.t. its first argument to write

1 Va 1

I ’ < - Y = —-—
1(@,2) < FQa,z) @ /aF(2a,z)

Using (C.9), and the fact that L is decreasing w.r.t. its first argument, I, can be written as

) G(¢*+a,z) ) de
= et qo < ¢
Lz =] Va (@ +a)L(e>+a.2) de < G2at,2) ] Ve 21(2¢2,2)

and it remains to prove that

(C1)

/ °° de < K
Va 92L(26%.2) T \/al(2a,z)
Ifx > 1, recalling z > 1, we simply bound
L(2¢%,z) = 1+ 2%(z + log(1 + 1/(2¢%)) = L(2a, z)

and the desired estimate immediately follows. If instead o < 1, we split the integral as

d allt d d
I — ) a, +1 a, = _— [ —

For I; we simply use L(2¢?,z) > L(2 \/E, z) 2 L(2a, z) and then it is upper bounded as the r.h.s.
of (C.11). For I, instead, we use L(2¢2, z) > L(oo, z) so that
1 1

I4(C(a Z) 5 5
a4 A+ 222) T \Ja(1 + 22(z + log(1 + 1/(2a)))

as desired. Putting everything together, (C.10) follows. [l

Lemma C.5. Under Assumption 1, define I'(€,m, k,.,) as in (3.29),

def 1 def
a=aluky.,) =pu+ Elkltnlz’ and ay = a/N? (C12)

and FN(-,z) := F(-/N?,z), GN(-,z) := G(-/N?,z). Then, there exists a positive constant K
(depending only on ) such that
N 2
2 x;,.)
t+m=k; M+ r(fa m, kZ:n)FN(lu + r(f’ m, k2:n)’z)

1
ey ) Gz
- d < .(C13
> (112 +a)(1 + [€/N2 + a2)FN (2 + @, 2) Az

Remark C.6. Actually, the right hand side of (C.13) could be replaced by a constant depending only
on z. However, it is convenient to have the bound in this form since in the iteration, the terms giv-
ing the main contribution will be upper or lower bounded by a quantity like GV (u + %|k1 1%, 2)
in which case (C.13) (with z being taken suitably large) will be regarded as an error term.
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Proof. We proceed in three steps, starting from the first sum in (C.13):
(1) first, we replace the denominator by
[+ (¢, m, ky: )IFN (u + T(€, m, k3. ), 2),
(2) then, we replace the denominator by
(I€1> +)A + 1€ /N> + a3 )FN(|€* + a, 2);
(3) finally, we replace lcg’ n With ]C?{ _¢
and it will turn out that each step produces an error term of the same form as the one at the right
hand side of (C.13).

Step 1. Since |]C§] m| <1, it is enough to bound

1
K+ T, m, k. )FN(u + I(€, m, ks ), 2)

t+m=k;

1
 uAH T, m, ke DIFN (U + T(6, m, k), 2) | (C14)

Using that |FN —1|/FN < 1, the sum is upper bounded by

1
# 6’+mz=k1 [,Ll + F(f, m, kZZn)FN(lu + F(f’ m, kZZl’l)’ Z)](,L{ + F(f’ m, kZZl’l)).
We split Z% into Q; ={¢ : u+TI(¢,ky — €, ky.,) < aV 1}, for a defined as in (C.12), and Q, =
Z*\ Q. In the first case FN(u+ I'(¢,k, — €,k;.,,),z) > F¥(a v 1,z) and thus we obtain the
upper bound

H 1
FR@VL2) iy [ 4 T )| G+ T e )
e, (F(av1,z))
2 2
M 1 1
= )3 2
- FN(O( \% 1,Z) u 1 2 1 2
z (—* Ll 7 Liep
(F(avl’z)+2|5| ) (u+121%)
1
u \VFN(@aV1,z) 1 GN((#+5|k1:n|2)V1,Z)

= < (C.lS)

<
~ FN(av1,z) M VEN@V1,z) A\/;

where we used the relation between F and G, the assumption G > 1 and the bound L(x, z) > 12z
For ¢ € Q,, note that

LN+ T(¢.m. ko). 2) 222

FN(#+F(€am’k )7Z)= = .
T O A TE M) D) T eVt Lk v 1L 2)
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We can proceed as in (C.15) but with the right hand side above in place of F. Hence, also the sum
over ), is upper bounded by

GN((u + 31k V 1,2)

(C.ae6)
1z
and consequently so is (C.14).

Step 2. At first, we bound |ICN | by the indicator function of |¢| < N. The quantity we have to
control takes the form (we write for lightness of notation I instead of I'(¢, m, k., ) and A instead
of A(?, ky:p))

1 1
t’+m K (/x+F)FN(/¢+Fz) (J€12 + O)FN(|€|2 + a, z)
|£|<N
N 1 _ 1
€12+ )FN(€12+a,z)  ([€12+ )T+ |€/N|2+ an)FN(|€|? + a,z)
< @D+ dD, (C.17)

def
where, setting H(x) = xFN(x,z),

n= Y H(|¢|* +a) —H(u +7T)
B (u+D)(€12 4+ a)FN(u+T,2)FEN(|]2 + a,z) |

t+m=k;
[€]1<N

1 1

wm=L y __1L

N2 b4k, FN([¢|1? + a,z)
IZ1<N

Recalling assumption (C.6) and that F(-, z) is decreasing, for any a,b € R we have
|H(a) — H(b)| < (1 +2*)FN(a Ab,z)|a — b

which we apply in the sum, with a = |£|?> + «, b = u + I, so that |a — b| < |£||k;|. Also, with the
same choice of a, b, by (C.1), a V b < 4a, so that by the monotonicity of FN . one has

FN(aAb,z) < 1 < 1
FN(a,z)FN(b,z) ~ FN(aVv b,z) ~ FN(4a,z)’

In conclusion, invoking (C.1) once more, (I) can be upper bounded as

14
O Sl X oy e PG  20.2)

de
< |k:/N .
S lka/ '/0 (@ + 4 F (@ + 4y, 2)
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Using Lemma C.4, the latter expression is bounded by

N 1 2
|k1/N]| 1 < GV ((u+ 5|k1:n| )V1,z)
VanF(8ay, z) T FN@(av1),z) ~ A2z :

which gives the correct bound on (I). As for (II), the monotonicity of F and G, (C.9) and (C.3) give

1 1 1 1 GN(av1,z)
N2 (R +az) ~ N2 2 NP +a)vLla) ~ 2z
N t+m=k % ¢+m=k; a >

[CI<N [€|<N

Therefore, the bound on (C.17) is concluded.
Step 3. We need to upper bound

N N2 N \2
[COM I COIE
oo (€2 +)A + /N2 + ay)FN(IE]2 + o, 2)

[CONEICORPE

< .
e (CP+ OFN(IEP + ,2)

(C.18)

We split Z2 into Q; ={¢ : |k; — €| < %|k1|} and its complement Q,. In 4, it is immediate to

see that one has %lkll <|el £ §|k1 |; bounding the term inside the absolute value in (C.18) by a
constant, we are left with

1
Z (€12 + OFN(|¢|2 + a,z)

1 3
PLSTASIZRS IO}

In the relevant region of summation one has |¢|? + a < 6(a V 1), so that, since FV is decreasing
in the first argument, we can upper bound the sum as

GN((u + 3 k1:) V1,2)

1y L
FN(6(av1),z) , . e)? A2z
Sl l<IE1<S K

In Q,, instead, we use the definition (2.11) of £V and we note that
c(C,k; —€)? —c(t,€)? = c(t, ky)e(t, k; —26).
Hence,

5(5,5)2 |ky - (ky = 20)] lc(€, ky)e(t, ky —£))
€] |ky — €] [C121ky — €2

< kil 1ky — 22| [kl < [kl <1+ [kl >S [ky |
lky =€ |ky =€ |k =€ ™ |ky =2 |k, — €| |k, — €|

(K]Zkl—f )2 - (K?i_f)z S

85U80| 7 SUOWIWOD AIERID 3|qedl|dde 8y} Aq peuienob afe ssjoe YO ‘88N JO'Sa|nJ 10} AriqI 8ulUO AB]IA UO (SUORIPUCD-PUR-SLLBIALI0D A8 |IM"ALR1q 1[BU|UO//SANY) SUORIPUOD PUe Swie | 8U88S *[£202/60/T] Uo Afiqiaulluo )i ‘(-ul eAnqe ) aqnopesy Aq 80Tee edo/z00T 0T/I0p/wod" 8| imARiq1jeul|uo//sdny wol papeojumod ‘TT ‘€202 ‘ZTE0L60T



THE STATIONARY AKPZ EQUATION: LOGARITHMIC SUPERDIFFUSIVITY 3101

where the last inequality follows from the definition of Q, (note that the denominator cannot
vanish therein). Also, one has |¢|> + a > a so that

. ) GN (e + 51120 |?) v 1,2)
< < 2 .
FN(¢12+a,z) ~ FN((|€|12+a)V1,z) ~ zA2

Hence, the sum at the right hand side of (C.18) restricted to Q, is bounded from above by

1
GV ((+ 5lkial?) V1.2 ) I . )
22z & T =T 1EP + e — €2
N ((p+5lkal?) v1,2)
2
<
~ A%z

where the restriction k; # ¢ comes from the definition of Q, and the last bound is easily obtained
e . . 1
by splitting into the region where |¢| is larger or smaller than Elkl B
Putting together the bounds obtained in Steps 1, 2 and 3, we have bounded the left hand side of
(C.13) (modulo absolute constants) by

N ((m+ 2l ) viz) G ((k+3lkial?) viz)
+2 .
Wz A2z
Hence, since z > 1, there clearly exists a constant K (depending only on 1) for which the statement
holds and the proof is completed. O

We conclude this appendix by showing that the bounds on the Riemann-sums performed in
the proofs of Lemmas 3.8, 3.9 and 3.10 are uniform in the scale parameter N € N.

Lemma C.7. Let F satisfy Assumption 1 and define o and a according to (C.12). Then, there exists
a constant K (depending only on A) such that

(<))

; (€12 +a)Q + [€/N|2 + an)FN(|C|2 + a, z)

2

B /R (I1x]2 + an)(A + [x]2 + an)F(|x|? + ay, 2)

N ((m+ 3lhaal?) v1.2)

<K
- A2z

(C19)

Proof. A first observation is that, letting £ = xN, the summand is exactly 1/N? times the inte-
grand. The claim is then a Riemann sum approximation statement but some care has to be taken,
on the one hand because the integrand is singular at the origin, and on the other because we want
the constant K not to depend on F.
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Since, by definition (2.11) KV contains an indicator function (2.12) which forces ¢ # 0 in the
sum and 1/N < |x| < 1 in the integral, we can assume these two conditions to be in place, and
therefore the difference in (C.19) equals

Y[ InEmne/m - wneid
Q

1<ie)<N J QY

<

Z| -

Z / dx sup |V{I;(x)(x))]|
1<||<N Qf

xEQg

=% Z sup |V(I;(0)I(x))]

1<|¢]<N x€Q)

<5 X swp IVRGILEI+ o Y, sup Ih@IVE@I (€20)

1<|¢|<N x€Q} 1<|£|<N x€Q}

where Q?’ is the square of side-length 1/N centred at ¢, while I; and I, are the functions defined
as

1 c(x, —x)? L) def 1
4m2 |xP(xP + o)A+ xP+ay) 27 F(xP2+ay,2)

def
Li(x) =

We will separately bound the suprema appearing in the sums above. For the first, it is not hard to
see that since

1 1 GN(av1,z)
I = < s C.21
2(%) F(Ix]2+ay,z) ~ F(Ix]2+ay)V1/N2,2) = A2z €2
which is independent of ¢, we have
GN(av1,z) 1
sup |V ()||L(x)] S P P
erg Z erglxqul +ay)
GN 1 3
G lviy N (C.22)

~ A2z [E1(E12 + )
For the other instead, note that

|x|1F'(1x]* + oy, 2)]| < (Ix]* + ap)IF'(|x]* + an, 2))
1

VLI S : = <
FOxIP +an.2)" (x4 an)2 F(x P2 + ay, 2)°

N
< 1 < 1 GY(av1l,z)

1 - 1
(x> +an)2F(Ix|> + ay,2)  (1x]* + ay)>

Az
where we exploited assumption (C.6) when passing from the first to the second line, and (C.21) in

the last step. Hence,

GN(av1,z) N3
A2z [E1(E12 +a)

sup [L(X)[IVIx(x)] S

xEQg

(C.23)
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We now plug the bounds (C.22) and (C.23) into (C.20), which, consequently, is upper bounded by

GN(av1,z) Z 1 <GN(cxvl,z)

A2z (<IN E1(0¢E12 +a) ~ A2z

so that the statement follows at once. O
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