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Kurzfassung

In dieser Arbeit wird zuerst ein Uberblick iiber die wichtigsten Grundlagen zu erhaltenen Ladungen
und Symmetrien, der Thermodynamik Schwarzer Locher, Konformer Feldtheorie sowie Konformer
Feldtheorie fiir verzerrte Raumzeiten als auch zur Kerr/CFT-Korrespondenz gegeben.

Anschlielend betrachten wir Erhaltungsgrofien sowie die zentrale Ladung des ultrakalten Grenzfalles
der Kerr/dS-Losung. Nach einem Uplift des metrischen Tensors in Analogie zu [15] finden wir
Randbedingungen mit Ahnlichkeiten zu jenen, welche fiir zwei-dimensionale Schwarze Locher in
[1] gefunden worden sind. Die zugehorige Algebra ist die gewarpede Wittalgebra mit endlichen,

wohldefinierten Ladungen sowie einer verschwindenden Zentralladung.
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Abstract

This thesis will first review fundamentals on conserved charges and symmetries, (black hole) ther-
modynamics, (warped) conformal field theory as well as the Kerr/CFT-correspondence. Afterwards,
we study the conserved charges and central charge of the ultracold limit of the Kerr/dS-solution.
After uplifting the metric in analogy to what was done in [15], we find boundary conditions similar
to the two-dimensional ones studied in [1]. Their algebra turns out to be the warped Witt-algebra

and we find associated finite conserved charges as well as a vanishing central charge.
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Introduction

Motivation

The universe we live in contains black holes that are solutions to Einstein’s equations

1
R, — §gWR + g =0, (0.0.1)

with a positive cosmological constant A, the metric g,,, the curvature tensor R, and its contraction
R.[18] The solution closest to the black holes found in our reality is the Kerr/dS-solution,[4]

7‘2—1-(12

o do)? (0.0.2)

ds®> =

A a . p? p? Ay .
—ZI(dt — = sin? 0dg)? + —dr? + L—adh? + =L sin® f(adt —
p2( g Sin ») + A e+ A, + 2 sin 0(a

with parameters

2

Ar:(r2+a2)(1—%)—2Mr, Ag=14a

9 cos? 6
12

(0.0.3)
2

0 =712+ a’cos® 6, @zl—l—a—

- (0.0.4)

This Kerr/dS spacetime contains a class of rotating black holes, such as the Kerr solution or the
rotating Nariai solution (0.0.12), as well as some special cases, such as black holes whose horizons
are in thermal equilibrium (lukewarm black holes) or the so-called cold black hole solutions that
additionally have degenerate horizons, see [14] and chapter 7 for more details.

The limit of (7.1.1) that has vanishing temperature at the horizon r¢,

ds? = T(0)( — di* + di* + &(0)d6%) + v(0)(dg + krdi)?, (0.0.5)

for which all three horizons (inner, outer and cosmological horizon) coincide, is therefore of great
interest. We call it an “ultracold” black hole. In the line element (0.0.5), ¢ acts as the time
coordinate, 7 as the radial coordinate and 6 and ¢ are angular coordinates. All other expressions

are functions given by
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2
2 _ .2, 2 2 Py = _Pele 0.
ps =rs+a“cosh”, T(0) (a2 +12) (0.0.6)
N r2 + a? Ag(r? + a?)? sin 62
af) = (re +a7) A ), v(0) = ( pggg : (0.0.7)
~ 2ar20
k=—-———"=. .0.
@+ 2P 005

A summary of the metric’s (0.0.5) derivation is given further down below starting out from equation
(0.0.12).

This special black hole can be studied by e.g. utilizing symmetries. They can be used to naturally
constrain our theory to a few (possibly unique) solutions. In the past, such a strategy has been
successful a number of times already using asymptotic symmetries, which constrain the phase space
and preserve the metric only in a select region, e.g. at infinity. Examples of such successes would
e.g. be the AdSs or BTZ-black holes/solutions or also the famous Kerr/CFT-correspondence, see
chapter 6 for details, which connects quantum theory and gravitational theory by finding that the
entropy obtained from the both of them matches. The latter involved a quantity called the central
charge. It is an additional term in the charge algebra up to which the charges’ algebra matches the
diffeomorphisms’ algebra appearing after introducing a macroscopic length scale, which can be done
by e.g. using certain boundary conditions.[9, 13] To be precise, given a certain diffeomorphism ¢
that is allowed by a set of boundary conditions h conserving the given metric g, one can calculate a

corresponding conserved charge [4]

Qclhg) = [ kelhig) 0.0.9)

over a surface S. Here, a quantity preserved on-shell called the surface charge [4]

1 1 1
elh. 9] = —2apu[¢” D (" Doht 4Gy DI+ 5 hD¥ Cu—h** D45 h™ (DH Gyt Do)l da Nda”
(0.0.10)

is used. The charges’ algebra can be calculated to be [9]

{Q¢> QY = Qe ) +Cirn [P, (0.0.11)

with beforementioned central charge C¢,, ¢, [®]. A more detailed explanation and derivation is given

in chapter 1.3.2.

For the reasons mentioned above, we attempt to find answers to the following questions:

o What are the asymptotic symmetries preserving the ultracold solution (0.0.5)7
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e Do finite and well-defined expressions for both conserved charges and central charge exist for
a given set of boundary conditions?

o If yes, what are those expressions and what is the corresponding algebra?

Strategy and results

At first, we start out from the rotating Nariai-metric in static coordinates

2

ds? =T(0)( — (1= r?)de* + st a(0)d6?) +7(0)(de + krdt)* (0.0.12)
—r
with
2 2 2 0.2 pare
pC = TC + a” cos 0, F(G) = m, (0013)
_ b(ri+a?) _ Ap(r? 4 a*)?sin?6
2
f— 2070 (0.0.15)

b(a? +r2)2’

This is an extremal limit (meaning that at least some horizons fall together) of the Kerr/dS-solution
for which outer and cosmological horizon coincide and we use it to rederive the ultracold solution

(0.0.5). To do that, we first reparametrize radial and time coordinates [4]

r=vb, t=1Vb (0.0.16)

as well as some functions,

k=b-k, T@)=0b-TH), a= (0.0.17)

~— O~

appearing in the metric. Afterwards, the parameter b < (r. — r_) is taken to 0, where r. denotes

the cosmological horizon and r_ the inner one.

We ensure that the equations of motions are still fulfilled by this metric for any value of the rotational

parameter a and horizon r.. Additionally, a special value for the ultracold solution’s horizon,

-3+2-v3

0.0.18
3 ’ ( )

ryc =1

20-32%)
2 = =2 which was found for the Kerr/dS-
1+%

metric by employing the extremality conditions A, |porizon= 0 and 9, A, |horizon= 0[4].

can be found by setting a to its extremal value a
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Contents 9
We then attempt utilizing the generators,[4]

(e = e(¢)0y —1e'(¢)0r, ¢ =0 (0.0.19)

in order to find expressions for the conserved charges, their algebra and central extension. After

expanding £, = —e~"?_ one finds that their Lie-bracket generates a copy of the Witt algebra

Z[Cm Cm] = (n - m)<n+m (0020)

The algebra of the corresponding conserved (quantized) charges L,, matches this algebra up to a

central extension c:

(L, Lyn] = (1 — 1) Lonin + %(n?’ — 1) 0ntm.o- (0.0.21)

This strategy has worked for finding the Nariai-limit’s as well as NHEK’s (near horizon extremal
Kerr) [19] conserved charges and central extension, which is why we use it as a first attempt. However,

the resulting central charge for the ultracold black hole diverges as O(r?). As the Nariai-metric’s

12ar
=3k do\/T(0 0.0.22
c=3[k]| / b(a? +r2) ( )

is proportional to 1/b, the divergence was expected. This is because we had arrived at the ultracold
black hole by taking the limit b — 0 for the Nariai metric(0.0.12).

central charge

As the ultracold solution (0.0.5) is a “fibered product of two-dimensional Minkowski space and the
two-sphere”[4],we take inspiration from Godet and Marteau’s paper on boundary conditions for
AdS,/Mink™1 [15] and change our strategy to uplifting the metric after a coordinate change to
Eddington-Finkelstein coordinates.

For this, we replace the flat part in (0.0.5), —di* + di?, by (P(u)r + T(u))du? — 2dudr,with two
functions dependend on the retarded time u, T'(u) and P(u). This is called the “uplift”. The metric

then reads

ds? = T(0)((P(u)r + T(u))du? — 2dudr + a(0)d6?) + v(0)(de + krdu)?. (0.0.23)

From this, we solve L¢g,, = O(6g,u) to find the diffeomorphisms

" =e(u)du, & =—(re'(u) —n'(u)0, + 0(%% 7 = —n(u)dy (0.0.24)

conserving the uplifted metric (0.0.23) asymptotically under the conditions L¢gy, = Legrr = 0 and
LeGuu = 2T (0)d¢ P(u)r + ¢ T (u), with functions e(u) and n(u) periodic in the time coordinate u and
the variation of the metric at the boundary dg,,. These conditions have also already successfully
been used for just the flat part (P(u)r + T(u))d?u — 2dudr in [3]. The so found diffeomorphisms
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are similar to the ones found for two-dimensional flat Rindler-type metrics described in [3]. The

diffeomorphism algebra is the warped Witt-algebra

Uy ln] = (M —n)lpgn,  [lm, dn] = —ndpgn, (0.0.25)
with generators l,,,d,,. The substructure is similar to the two-dimensional counterpart whose

diffeomorphisms had admitted to the BMSa-algebra [15]

[(e1,m), (52, m2)] = (2185 — e2€1, (€2m2 — €2m1)’). (0.0.26)

Furthermore, we find conserved charges

2nL (a® +rHn(u)P(u)  ar’T(u)e(u)
=— d < : : 0.2
Quc / u( prom * oma 1 2 ) (0.0.27)
After defining
Lm = QUC |’I7=07 Pm - QUC |a:0, (0028)

we find that the charge algebra coincides with the generator algebra (0.0.25) and we therefore have

a vanishing central charge.
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Chapter 1
Symmetries and conserved charges

In this section, we will give a brief overview over symmetries, conserved charges and the most
important aspects of Noether’s theorem. It states that to each continuous symmetry of the action
corresponds a conserved quantity and vice-versa. In gravitational theory, symmetries are local and
therefore an adequate formulation of Noether’s theorem will be needed that we will also introduce.
We will then see that this leads to conserved charges that will be of utmost importance in describing
a black hole’s nature and inner workings as well as its thermodynamics and also, in later sections,

to a correspondence between quantum mechanics and gravity theory.

1.1 Hamilton action principle and Noether theorem for classical field theory

The Hamilton action principle that the action is extremal, i.e. that for any well-defined action S

that depends on general coordinates ¢; with a Lagrangian L we find

88lai = [ dioLigi.di) = 0. (1.11)
Applying partial integration to (1.1.1) yields the well known Euler-Lagrange equations in 0+1
dimensions
L L
87 - ii = (1.1.2)
aqi dt 6qi

We can generalize this to a field theory in D+1 dimensions by making the transition ¢ — x*, ¢; —
O (t), Gi = 0, Pi(z"), L — L(P,0,P):

oL, oL _
o®; ' 99,%;

Here, the Lagrangian L has become a Lagrange density £ and the generalized coordinates g; have

0. (1.1.3)

become continuous scalar fields ®;.

Now assuming a symmetry of this Lagragian, meaning that it is invariant under said symmetry
transformation up to a partial derivative, 6L = 0, K*, using the Lagragian’s variation in combination

with the Euler-Lagrange equations (1.1.3), yields the expression
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12 1 Symmetries and conserved charges

oL oL oL
= T 5® 29 5P, — =
5L 6: + 555 Ouds 8“(88“@

0D;). 1.14
We can use this to define a conserved current, called Noether current

oL

= 555 0% — Ky, (1.1.5)
w1

by substracting (1.1.4) and 6£. This Noether current also obeys the continuity equation

9T =0, (1.1.6)

making it conserved indeed [17]. Additionally, we may use it to define a Noether charge, [22]

Q:/W*mﬂ@, (1.1.7)
which we can verify to be conserved as well by applying its derivative [9]
0,0 — / ds001 = — [ 7.ds=o. (1.1.8)
b %

Examples of conserved charges in e.g. Minkowski space would be [9]
« the energy of the system P? = I5 dXT, resulting from homogenity and connected to time
translations,
e the system’s momentum P’ = J5, dET 0 connected to translations in space and
o Lorenz transformations M* = [y dS(atT" — 2¥TH0), resulting from the isotropy of

Minkowski space and boost invariance.

1.2 Noether theorem for general relativity
In general relativity, usually the Einstein-Hilbert-action

Slow) = —5- [ @Pav=glR 20 (1:2.1)

is used, where  is inverse proportional to Newton’s constant G, g, is the metric, R = R, g"" the
Ricci-scalar and A the cosmological constant. By applying the variational principle to (1.2.1), we
find

1
0S5 = /dDac\/—g[(RW — §QWR + 9w N)ogh” + g"oR, =0 (1.2.2)

and therefore the vacuum Einstein equations

1
Ry — §g,u1/R + g;WA =0 (1.2.3)
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1.2 Noether theorem for general relativity 13

after neglecting the boundary term dR,,, .
The inhomogenous Einstein equations may be found from (1.2.3) by adding matter to our the-

ory

1
R, — §gWR + g = KT . (1.2.4)

Conservation of this energy-momentum tensor 7, can be proven by taking the covariant derivative

of both sides, leading to

9, T" =0 (1.2.5)

due to metric compatibility 0*g,, = 0 and conservation of the Einstein tensor d,G*" = 0,,(R* —
39" R) =0 [18].
This conserved tensor 7}, is connected to the conserved Noether current (1.1.5) and thus to the

Noether charge by the metric’s g, Killing vectors {#

Jh = Thev, (1.2.6)

However, for a theory not using Eucledian- or Minkowski-signature as it was used in the previous
section, it is important to note that a term previously neglected (due to being equal to 1) will now

appear in the expression for the charge and we therefore arrive at

o) = [ P ey=g") = /8 AP ey =grier (1.2.7)

ox
For a Killing-vector £° = &, which describes symmetries corresponding to time-translations, this

charge will be the system’s total energy [5].

1.2.1 Generalization

If we now not only look at global symmetries, but also consider gauge symmetries and transformations
z* — z* + (*, where (¥ is some diffeomorphism, we can say that two global symmetries of the
Lagrangian are equivalent up to said gauge transformation and an additional symmetry that has a
vanishing generator on shell. In addition, any two conserved currents are to be seen as equivalent if

their only difference is a trivial current

JE— JE =g,k gt 0. (1.2.8)

Here, should the equations of motion be fulfilled, the skew (2,0) tensor k] = $ (kM — k¥1) can
be used to arrive at an alternative expression for the conserved charges when integrating over a

Cauchy-slice X

Q= /E(dD‘lﬂf)uJ” R /{,)E(dD‘%:)Wk[“”] (1.2.9)
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14 1 Symmetries and conserved charges

after assuming 0, J* ~ 8,“]~ k. However, here, we have not invoked any constraints on kl*], leaving
the charge @ arbitary and leading to a vanishing current J#* = 0 for any diffeomorphism as the
stress-energy tensor becomes trivial because J* = TH¢,, ~ 0. Despite that, constraining the skew
tensor k"l to (n — 2)-forms that uniquely vanish on shell, dk = 0, allows for the definition of a
non-arbitrary charge conserved across surfaces S, @ = [¢ k, as well as a generalization of Noether’s
theorem. In analogy to mapping (global) continuous symmetries of the action to conserved quantities
or currents, we therefore now have a bijection between gauge parameters A(z*) that cause the fields’

variations to vanish on-shell and the (n — 2)-forms & [9].

1.2.2 Noether’s second theorem and fundamental theorem of the phase space formal-

ism
Similarly to (1.1.4), for a (n — 1)-form S¢ proportional to the equations of motion, the relation

SL SL
50 8 = 5552 (1.2.10)

holds, where the Lagrangian L is an n-form and (* an infitesimal diffeomorphism. This is called

dS¢[~&

“Noether’s second theorem” and it can be proven for e.g. Einstein gravity with ® = g, by explicit

computation.

We now further define the variation § = §®° 821 + 5<I>/L g7 . to be a one form anticommuting
with the exterior derivative d = dz"0,, where 0, = &c# + <I>H 557 T (I);w 967 + .... This together

with using the total derivative of a presymplectic potential ©(6®;, ®;) = 0, 5 P! 58‘5%“ which is a

boundary term in the Lagrangian’s variation, lets us write

5L
0L = 5-0®i — d, (1.2.11)

labeling 6@ = w the presymplectic form. Note that here, the presymplectic potential © is a
(n — 1,1)-form and therefore making the presymplectic form w a (n — 1,2)-form. The form degrees
are given in the way that (spacetime form degree, covariant phase space form degree).

In a next step, we can find an expression for a conserved current by using (1.2.11) to find the
Lagrange-density’s variation along a diffeomorphism (# as well as Noether’s second theorem (1.2.10)
in order to obtain the expression d(¢*9,L) = dS¢ + d© and therefore allowing us to find

JC = C“@HE - @, dJC = dSC =~ 0. (1.2.12)

This conserved current’s derivative is locally exact due to a “fundamental property of thr covariant
phase space”[9] and we may therefore also express it as J- = S¢ + dQ¢, by virtue of which we find

that the charge now reads

Q¢ = I¢(Jg = S¢), (1.2.13)
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1.3 Surface charges and central extension 15

with the operator I, = ﬁ(a%%%. k denotes the form-degree of what I, is acting on.
This expression for the charge (1.2.13) can be further simplified to the Noether-Wald surface

charge

Qc[®] = 1.0 (1.2.14)

seeing as how neither S¢ nor (#9,L contain derivatives in the diffeomorphism ¢(# and therefore drop
out.

We can further connect the (n — 2, 1)-form k¢ to the presymplectic form

w ~ d. (1.2.15)

It can further (up to a total derivative) be expressed as

ke = —0Qc + ¢"9,0 (1.2.16)

using (1.2.14). We therefore find the theorem of the covariant phase space formalism that states that
if a unique (up to a total derivative) infitesimal surface charge k¢ exists that satisfies the relation
(1.2.15), it is given in terms of the Noether-Wald charge (1.2.14) and presymplectic potential as

given above in equation (1.2.16).

1.3 Surface charges and central extension

1.3.1 Asymptotic symmetries and asymptotic symmetry group

In general, diffeomorphisms (* preserving the metric can be found by solving the so called Killing’s

equation

ECg,ul/ = Oa (1.3.1)

where L denotes the Lie-derivative along some vector field ¢. If this equation is only satisfied in
an asymptotic region, e.g. for r — oo with r being some radial coordinate, the diffeomorphism
preserving the metric g, merely asymptotically is called an asymptotic symmetry or asymptotic
Killing-vector.

These symmetries may be constrained by a set of adequate boundary conditions that are obeyed
by some set of field configurations ¢, yielding a set of allowed diffeomorphisms {(/} that contains
vectors tangetial to ¢ and whose elements form a Lie-algebra [(,, (3] = CS,C¥.

Merely asymptotic symmetries whose associated conserved charge Q¢ is non-zero have an effect on
the actual physics of a system, all others are merely gauge transformations generating coordinate
changes. Therefore, the asymptotic symmetry group can be defined as the quotient of all allowed

diffeomorphisms over all trivial gauge transformations.
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16 1 Symmetries and conserved charges

1.3.2 Surface charges and charge algebra

We next define a charge ()¢ that is conserved if the presymplectic form vanishes on-shell w ~ 0 up

to a total derivative term and exists if the surface charge k. is integrable under the condition

5 }{ ke [62, @] — 6 ]{ ke[5,, ] = 0. (1.3.2)
S S

Along some curve -, we can then define

Q¢ = Ne[@] +Lék< (1.3.3)

using some reference charge N.

We can use the reference field ® to derive the charge algebra for two different asymptotic diffeomor-

phisms after defining the Lie-bracket for two infitesimal diffeomorphisms to be

{Qcn: Q¢ } = 0¢, Qe = ékcm [0¢, ®; @] (1.3.4)
and thus
fk:gn 5Cm(1) (I) /fk(m 5qu) (I) —l—% kIC 5%(1) (I)] (1.3.6)

Using the integrability condition to see that [ §q k¢, [d¢, @, @] = [, $g ki¢,,c,) s well as defining the

central extension C¢,, ¢, [®] = s k¢, [0, @, @] — N¢, we then obtain the charge algebra as [9]
{Q6 Qe } = / fgk[cm,cn} [0¢, ®, @] +]{gk<m [6c,®, ®] = (1.3.7)
8!
QL ca] + Cim [P (1.3.8)

It matches the diffeomorphism-algebra up to a central extension C,, ¢, that commutes with any
surface charge Q¢,, and is antisymmetric under the exchange of the diffeomorphisms (. It
additionally preserves (anti)symmetry properties and is said to be non-trivial if it “cannot be

absorbed into a normalization of the charges” and cannot be removed by a change of basis.[9]

We can also obtain an expression for the conserved charges in terms of the metric by linearizing the

theory around some background g,,, with the metric’s variation hy, = 69 = gy — g,,,,, defining

3l = / " kelag'g) (1.3.9)

the conserved charge as
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1.3 Surface charges and central extension 17

and its variation as

6cQcly, 9] = /Z keldg's o] (1.3.10)

for all asymptotic symmetries ¢ that preserve dk; = 0 on-shell. Afterwards, one can derive an
expression for the surface charge and also the conserved charges for any conformal theory, which is
a theory whose metric is invariant under conformal transformations up to a scale factor, see chapter
3 for details.

1.3.3 Conserved charges in Einstein-gravity

For the Lagrangian £ = ﬁ\/ —gR, where the only field is the metric g,,, the presymplectic

potential previously mentioned is

OH[h, g] = 1L(j;é(vth — VHBY). (1.3.11)

For h = d¢9 = L¢g, we find that

V=g
Mo Vol XTH YV 3.
OF = Jorg Vv (V¢ = Vi) (1.3.12)
and
_ _ VT Y99purvmn-2
Q¢ =10 = o~ VI (d" "), (1.3.13)

leading to the surface charge formula [9]

\/ — 1
kclh, g] = STg(de)W(g#vahW — ¢V GV 4+ ShVYCH = VM) (13.14)

The surface charge that we will need to use is called the Barnich-Brandt charge, which differs from

(1.3.14) by just an additional boundary term and for Einstein gravity reads [9]

V=9 1 1 1
kclh, g] = STC‘;](d"‘%)wj(g“vgh’”—C“V”h+§UV”h“"+ihvl’g“—ih”"vp(“—kihZV“(") (1.3.15)

or rather [19]

1 1 1
kclh, g] = —Zsamﬂ,[C’V“h—(l’vgh’“’+§UV”hW+§hV”§u—h””VU§“+§h‘”’(V“§U+VUC“)]de‘Ada:ﬁ.
(1.3.16)
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18 1 Symmetries and conserved charges

1.3.4 Charges in Topologically Massive Gravity

A big class of black holes can be described using the theory of Topologically Massive Gravity (TMG),
where higher order curvature corrections are introduced to the action in the form of an additional

Chern-Simons term, see below. The action reads [10]

1
STMG = - / Pry/=g(R+2) — —— / B/ —geM T (9,17, + 3rgTrgT) (1.3.17)

the surface charge will have a contribution from the gravitational side denoted by the Barnich-Brandt

charge (1.3.15), but also a contribution from the gravitational Chern-Simons term [10]

k%s [¢,h,g] =
1w 1 5 .
3 W Barnicn 1, 1 9] = £ QA (2M78(G™) — e29G) + (1.3.18)
1 v Ao 1 o 1
67€M p[Cph Ga-)\ + ih(CUGP + §CpR)]7
with p# = %5“””V,,Cp, the totally antisymmetric tensor é*”? and the Christoffel symbol T'.

Due to this additional term in the action (1.3.17), the vacuum Einstein-equations now obtain an

additional term and change to the third order differential equations [16]

1 1

where Cop = €'V, (Rup — ig,,gR) is the Cotton-tensor and p the mass of the graviton. All
“normal” solutions of Einstein-gravity are also solutions of these equations, but there will also be
a new set of solutions appearing that are of great interest to us, namely warped spacetimes, see

chapter 4.3 for more details.
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Chapter 2
Black Hole thermodynamics

This section will give a brief summary of the thermodynamics of black holes by presenting brief
derivations and/or proofs of the 4 laws of thermodynamics of black holes that stand in analogy to

the laws of thermodynamics from classical theory.

2.1 Zeroth law

We start by defining a special quantity called the surface gravity « as a “non-affine parameter of
the null geodesic” [18]

§V 8" = k¢, (2.1.1)

where ¢ denotes a Killing vector that is normal to the black hole horizon H, making it a Killing
horizon. After using the orthogonality of § on the horizon H on (2.1.1), we get £, V,,§,), which after

expansion and utilizing Killing’s equation, V,&, + V,§, = 0, becomes

£Vl = —260,V,1,. (2.1.2)

After multiplying this by V#¢” and using (2.1.1) as well as Killing’s equation yields an explicit

expression for the surface gravity

K2 =

5 (€90 (213

Acting on this with {#V, yields the relations

€MV = € V(7N (Vo) = —€ (V€)Y Tl i (2.1.4)

Now, we introduce the curvature tensor, the Riemann-tensor defined as [V, V,]&¥ = R, €. For

a Killing vector, there exists the Killing vector lemma

v,uvyép == pr,uaga' (215)

Using this as well as the fact that the Riemann-tensor is antisymmetric in its last two indeces from
(2.1.4) we find
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20 2 Black Hole thermodynamics

€MV K2 |3= 0. (2.1.6)

This proves that the surface gravity k is constant along orbits of the Killing vector £ generating the
horizon.

Now, imagine a (n — 2)-dimensional spacelike hypersurface S on which £# |g= 0, making the (null)
hypersurfaces that generate the Killing horizon intersect. S then denotaes a bifurcation two-sphere.
Taking a tangent vector field s* to this bifurcation two-sphere and acting on (2.1.3) with s#V, as

well as using that &* |s= 0 on S, we find

sHV k2 | 5= 0. (2.1.7)

Therefore, the surface gravity « is constant along the bifurcation sphere S.
With this we proved the zeroth law of black hole thermodynamics, namely that the surface gravity

k is constant on a bifurcate Killing horizon H.[18]

2.2 First law

The derivation of the first law works using conserved charges 6Q¢ = [¢o k¢c. Because of the
uniqueness condition dk¢; = 0 and in order to have integrability, this integral must be the same as
the one over the horizon H and therefore for a generator of H of the form ( = 9; + Q0,, with the

temporal coordinate ¢t and angular coordinate ¢, we have

[ ke= [ Ko+ Qur [ ko, =M = QubT = § kg 9,0 (22.1)

The last term consists of the two seperate terms

KA
_5?{HKC[9MV] = _5(%) (2.2.2)
and
dA
§ Kiclow) = §, Olowsdgul = § =7 on (2.23)
where
= 7‘/_9 eV _ gV el m—2
Kc[g] = 167[‘G(v 5 \Y 5 )(d -r)w/y (2.2.4)
— ;g uy _ xgH n—1
Olh. gl = 15— (Vvdg" = V'og)(d" ), (2.2.5)
and the intergation measure for (n — 2)-forms
1
Vo9 d0)u = 5 (€ — nygy)dA (2.2.6)
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2.3 Second law 21
were used. Putting all together, we finally arrive at

KR
Vs v] — A 2.2.
72 k¢ [gu Ogp ] 87rG5 ( 7)

and therefore the first law of black hole thermodynamics [11]

K

2.3 Second law

The second law states that if the null energy condition, Ra5£a£5 > 0, is satisfied for any future

directed null vector field &, a black hole’s area A will never decrease

0A > 0. (2.3.1)
This can be seen to be true using the null, twist free version of Raychaudhuri’s equation

do 1
= 70— 0aso™ — Raptd’, (2.3.2)
where d is the dimension of the spacetime. Because this law only holds if the null energy condition

is fulfilled, the inequality

do 1

R Q" 2.3.3
dx = d-1"" ( )
implying

1 1 A
ey > % + .t (2.3.4)
must hold true. Now assuming that the congruence is at first converging, i.e. that 8y is negative, with
decreasing A, § — —oo at some point in time, implying a signularity of the congruence. However,
an event horizon’s generators can never run into such a caustic if the horizon is generated by "null
geodesics without future end points'[11] and therefore # > 0, meaning that the area of a black hole

cannot decrease indeed. [11]

2.4 Summary

To summarize, we also state the laws of classical thermodynamics as an analogy to black hole

thermodynamics: [23]

Law Black hole dynamics Thermodynamics

. ) temperature T' = const. in a body that is
0 K = const on the Killing horizon H | . .
in thermal equilibrium

1 OM —QpéJ = g 50A dE = TdS+work terms
2 0A>0 65 >0
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Chapter 3
Conformal Field Theory

This section will provide a summary of the basic and most important aspects of conformal field
theories (CFT). A CFT is a theory whose metric is invariant under conformal transformations up

to a scale factor.

There are three such transformations:
 translations in time
e scaling transformations
e special conformal transformations.
We can derive the conformal version of the Killing equation by starting out with some metric g,

that is supposed to remain invariant under a conformal transformation and making the ansatz

ox'™ 9z'P
JoB i 9

with some scale factor A(z). Now we insert a finite translation 2'# = z* + ¢#(z") to find

= M) G- (3.0.1)

Ouew + Ovep = M) g - (3.0.2)

Taking the trace yields the remaining unknown scaling factor \(z) = %85 and thus the conformal
Killing equation

2
d

If we let 0, act on this and then add three different index permutations up, we arrive at

Ouev + 0pey = =(02) g (3.0.3)

2
20,0,€, = &(—g,w@p + 9pu0y + gup0y)(0g). (3.0.4)

We can use this in order to obtain the CFT’s infitesimal generators by inserting different ansaetze
for €, into it:
o after taking inspiration from Poincare-transformations, expanding and inserting €, = a, +

b’ + Cuypr”x?, where a,, is some constant associated with translations in spacetime, yields

P, = —id,. (3.0.5)
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3.1 Conformal group and representations 23

We also obtain C),,, = C,,, as a symmetric tensor in its last two indeces.
e When only using the middle term of beforementioned ansatz ¢, = b,,x” and inserting it
into the conformal Killing equation (3.0.3), we obtain by, = mu, + g, where my,, is some

antisymmetric tensor that generates Lorenz transformations

L, =i(z,0, — x,0,) (3.0.6)

and the symmetric part of b,, generates dilatations

D = —iz"0,. (3.0.7)

o Inserting €, = eupx”2” into (3.0.4) yields the tensor C,p = gupby + 9ubp — gupbu Wwith
b, = 503#. Its non-trivial part generates special conformal transformations

K, = —i(2z,2"0, — %9),). (3.0.8)

These generator’s Lie brackets provide us with the conformal algebra for d > 3

[D, P, =iP, [D,K,]=—iK, (3.0.9)
(K, P)] = 2i(9uuD — L) [Kp, L] = i(gpu Ky — gpu Kp) (3.0.10)
[Pps L) = i(gpuPo — 9o Pu) (3.0.11)

(L Lpo) = i(gup Lo + -.)- (3.0.12)

Together they make up the conformal group, which for d-dimensional Minkowski space is SO(d, 2)
and SO(d + 1,1) for d-dimentional Euclidean space. [21]

3.1 Conformal group and representations

The conformal group (3.0.12) is made up of w generators in d dimensions, which coincides

with the number of generators of the SO(d 4 2)-type algebra. We therefore redefine the generators

as

Juw = Ly (3.1.1)
T =3P K) (3.1.2)
Jop = %(Pu + K,) (3.1.3)
Jo—1 =D, (3.1.4)

yielding the Lorenz-type algebra
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24 3 Conformal Field Theory

[Jmns Ipg] = i(gmaTna + ) (3.1.5)

where gmq = diag(—1,—1,1,1....1).

Representations: Let us now consider a field ® on which we use a scaling transformation

d(Ax) = \2D(x), (3.1.6)

where the scaling dimension A is an eigenvalue of the dilatation operator. Using the Jacobian

| %—fg |= A(x)~%? and committing the field to a coordinate transformation, we obtain
ox' _a
P'(2)) =| =— |72 ®(x). 3.1.7
(@) =1 5 7% a(z) (317)
A field that transforms in this way is called a quasi-primary. [21]

3.2 Witt and Virasoro algebra

In order to obtain the famous Witt algebra, we first start out with a holomorphic transforma-

tion

d=fz)=z2+¢e(2) =2+ Z en(—2"), (3.2.1)
nez

where the last equality is just the general Laurent-expansion for an arbitary holomorphic function.

The infitesimal generators for individual Laurent-modes in 2 dimensions are

Im = —2"T10,, (3.2.2)

and their Lie algebra provides us with the Witt-algebra

[lma ln] - (n - m)ln—l—ma (323)

which is infinite dimensional.
If we now consider a central extension Z(n,m) of the algebra

[Ly, Lin) = (n —m)Lyptm + Z(n,m), (3.2.4)

we will want to check whether it is trivial. To do this, we can make use of the Jacobi identities to
obtain conditions on Z. Note that for the Virasoro algebra we are intending to derive with this,
the central extension will be non-trivial and directly proportional to a central charge ¢, which was
described in chapter 1.3.2.
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3.3 (Quasi-)Primary fields and OPEs 25
First of all, we will commit to a change of basis L, — L, + A(n),Z — Z — (n — m)A(n + m)
which helps us find Z(n,0) = Z(0,m) = Z(1,—1) = 0 as well as Z(n,m) = —Z(m,n) by choosing
A(n) = @ and A(0) = @ We can freely choose such constraints on A since it does not
change the fundamental physics. The central extension’s antisymmetric property is a result of the

antisymmetry of the commutator.

By now computing the generators’ algebra again, we find the global subalgebra

(L1, Lo] = £Lx1,  [L1,L—1] = 2Ly, (3.2.5)

but no central extension. However, the Jacobi identity still has to hold, so we can use it to find
o For k=0,n+m#0: (m+n)Z(m,n) =0 and therefore m = —n and Z(n,m) = Z(n)dp4m,o-
o Fork=1: Z(n) = @(n?’ —n), which is a unique central extension of the Witt algebra to
the Virasoro algebra.
Defining Z(2) = §, we therefore find the Virasoro algebra [21]

(L, Ln] = (0 — 1) L + ~— (0 = 1) 8nsm.0- (3.2.6)

2"

3.3 (Quasi-)Primary fields and OPEs

3.3.1 Primaries and quasi-primaries

We again consider a field ¢(z,Z) under a scaling transformation z — Az:

& (2,7) = X" $(\z, X2) (3.3.1)

with the (anti-)holomorphic scaling dimensions h,h. If ¢ transforms under the local conformal
transformation z — f(z) as

Of \n,0f\n T
—) (= 3.2
5.) (55) ¢(AzA2), (3.3.2)
and this holds for all f, f, then ¢ is called a primary field. Note that while not all quasi-primary

¢ = (

fields are primaries, all primary fields are trivially quasi-primaries.
Example: For f(z) = z + ¢(z), we have (%)h =1+ hd,e(z) + O(¢?) and therefore the transforma-
tion[21]

5.0 = (hd.e + £0., + hOsE + £02) . (3.3.3)

3.3.2 Operator product expansions and Ward identity

Ward identities: The ward identities describe how the invariance of the action of a theory under a
continuous symmetry constraints the correlation functions’ forms.
Given the general form of a path integral as Z = [ Dpe™ (@) one may write correlation functions

as
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26 3 Conformal Field Theory

(O1(21)..-0n(22)) = % / Doe SO0, (z1). (3.3.4)

Now doing an infitesimal transformation ¢ = ¢+ X (z#)d¢, with some coordinate dependend function

>, the path integral changes to

/ Dele 5 = / Dpe=5(¢=[ J*0aTdw) / Dpe™ @) (1 — / J0dx) (3.3.5)

with a current J¢. Integration by parts yields the quantum mechanic analogue of the continuity

equation (and we now also have a quantum version of Noether’s theorem)

(D) = 0. (3.3.6)

Now, adding an operator transformed under the transformation done before O/, = O,, + X(z%)dO,,,
with 3 chosen so that only for z = x,,, X(x,) = 0 (meaning that support is away from the operator
insertion x,), will lead to O], = O,, after inserting * = 2. The operator’s expectation value will

then become

/ Doe 50, () ~ / Dge=S#)(1 — / TP 00 Sdz)On () (3.3.7)

We therefore find (0nJ*(x)On(xy,)) =0 Va # x,, which can be generalized to

<aaja(l')HiOi(:E¢)> =0 Vx 7A Zj. (3.3.8)

If 3 = const in a support including x = x; and 0 otherwise, again the same procedure will in the
end yield the Ward identities

n

0 (T (1) (01 (1) ---On(@n)) = 3. 8(y — ) (01 (1) .04 (21).-On (w0)). (3.3.9)

=1

OPEs: An operator product expansion or OPE describes "what is happening when two local
operators approach each other", meaning that if we insert two local operators at points close to
each other they can be approximated by a "sting" of operators at one of these two points. This is
valid within correlation functions. The OPE shows a singular behaviour as the two points approach
each other, which is also its only non-trivial part. This can be seen to be true when considering the
Ward identities (3.3.9): writing the correlation function on the left hand side out as an integral and
applying the residue formula at the singular point will yield a non-vanishing expression for that
point only.

The OPE is generally given by

01(2,%)0s(w,w) = Z Chaj(z —w,z —@)0;(y). (3.3.10)

J
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3.3 (Quasi-)Primary fields and OPEs 27

For the OPE between an operator O and the stress tensor T'(z), its singular part describes how the

operator acts under a conformal transformation and we therefore are interested in calculating it.[11]

To do so, let us start out with a 2d CFT that contains symmetries of the form z# — z# + ¢#(x) and
therefore currents j” = T),,€”. For consistency, the energy-stress tensor 7}, has to be trace-free and

fulfill the conservation equation, which can be expressed in complex coordinates as

TzE = 07 aéTzz =0= 8zTﬁ7 (3311)

from which also follows that the tensor is holomorphic 7,, = T,.(z) = T(z). Since we have
symmetries, we are also provided with an infinite set of conserved charges, one corresponding to

each appearing symmetry,

Q= /d:njo = 2%” ]{C[dzs(z)T(z) + h.c], (3.3.12)

with the conserved current jo = 7", which generates symmetry transformations of the form

50 =[Q,0] (3.3.13)

for a given operator O. Similarly we therefore find that an infitesimal transformation for the
fields

5.(m, ) = Qim ) a1, 6l @) + hec. (3.3.14)

Now reinterprating the commutator appearing here as a radial ordering instead of a time ordering of
the contour integral fc(w) R(A(z)B(w)) in order to end up with a radial quantization, see subsection
3.4 for details,

R(A(z2)B(w)) = A(2)B(w) V[z|)|w| V Bw)A(z) V]z|(w] (3.3.15)
leads to the transformation

1

d-p(w,w) = 3 fe(w) dze(z)R[T(2)¢p(w,w)] + anti. — hol.. (3.3.16)

Comparing this to the infitesimal transformation (3.3.3) leads to an example of an OPE valid for

any primary field

h O L
T W) =—— w . 3.1
R(T(2)¢(w,w)) = w)ng(w, w) + ot regularization (3.3.17)
Next, let us expand
T(z) =Y 2 ""*Ln, (3.3.18)
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28 3 Conformal Field Theory
with

1

L. —
" o

Y{dzz”'HT(z), (3.3.19)

which leads us to the mode algebra for the stress-energy tensor T}, the Virasoro algebra (3.2.6).

Let us further expand £(2) = —&,2""! to its n-th Laurent mode. This yields the charges [21]
Qo= § 32T()e(z) = —eul. (3.3.20)
n= ¢ 5 -T(2)e(2) = —enln. 3.

3.3.3 Sugawara construction

Let us define the field ¢(z,%) as a field describing a free boson with currents j(z) = id, and j = i0,.

Expanding these currents to

i(z)=> 2", (3.3.21)

n

and using their Heisenberg commutator yields an affine (Kac-Moody) algebra

[']m Jm] = kn6n+m,07 (3.3.22)

with some normalization constant k, where we demand that the vacuum condition J, | 0) = 0 is

fulfilled. The Sugawara stress tensor’s modes are bilinear in the currents J,, and given by

1
Ln =5 > Tngmpdp - (3.3.23)
p

This form is obtained by seeking an energy-momentum tensor that has the classical form ﬁ >oadJY
but with a normal ordering, meaning that all creation operators are left to the annihilation operators.

[13] These modes’ and currents’ commutator is

(L, Ji] = —mTpm. (3.3.24)

It is now also straight forward to calculate the modes’ bracket algebra (where we are skipping a few

steps)

n—m
(Lo L] = = O Intm—pdp + Y IpInsm—p) + (3.3.25)
p>0 p(0

1 n—1
o 2 (0= D)y Tngm—p] = (3.3.26)

p=0

1

(’I’L — m)Ln+m + E(n?’ — n)5n+m70, (3327)
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3.4 Radial quantization 29
which is just the Virasoro algebra (3.2.6) for ¢ = 1.

Since therefore T'(z) obeys the Virasoro algebra, the OPE [13]

c/2 2Tw 0T (w)

(z—w)4+(z—w)2 zZ—w

T(2)T(w) = (3.3.28)

is implied, since this is uniquely fixing the constant appearing in (3.3.23) to be 1/(2k), just as we
had chosen, since otherwise we would not end up with a proper energy-momentum tensor.[13] In
addition, from this we see that T'(z) is not a primary after comparison to (3.3.17), but rather a
quasi-primary, as explained below.

Since we are now equipped with an OPE between T'(w) and T'(z), we have all the tools needed to

calculate T'(w)’s transformation behaviour under a conformal transformation z — z + ¢(2):

6T_——% dze ()T (2)T(w) =

27
—1325’”(@ — 28 (W)T(w) — &(w)IT (w) (3.3.29)
for infitesimal and
iy dw c
T'(w) = (@)2[T(2) — piws 2 (3.3.30)

for finite transformations, where {w, z} is the Schwarzian derivative [11]

n "

(w2} = L:)—, - ;(%) (3.3.31)

Here, w’ denotes the derivative of w with respect to z. From T"s transformation behaviour under

the global part of conformal transformations, we also see that it is in fact a quasi-primary.

3.4 Radial quantization

Considering a 2 dimensional Euclidean cylinder with parametrization w = Z + i¢, where ¢ is

2m-periodic, and the conformal transformation

z=eL, (3.4.1)
we can now conformally map constant Z slices on the cylinder to constant | z | slices on the planar
circle, giving a correspondence between the time and radial evolution of those two respectively.
In addition, by having such a conformal map, we are enabled to understand the theory on the
plane/cylinder by understanding the theory on the cylinder/plane.

The stress tensor’s transformation behaviour under this map is given by (3.3.30) and results in
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30 3 Conformal Field Theory

Tcylinder(w) = (7 z [Tplane(z) - 2422]- (342)

Since the only scale invariant function depending on z is f(z) = 272, the ground state energy on
the plane vanishes. However, due to not being translation invariant, the ground state on the circle

has a Casimir energy

c 27 2
To)=—=(—)". 4.
( cyl) 24( I ) (3 3)
Now expanding the stress tensor on the plane as in (3.3.18) and the one on the cylinder as
Teyl = > m——oo L¥le™™% with the modes given by (3.3.19), the energy on the cylinder will be
l - c 1 —
Teyi(w) = %:Lfnanez m_ o= %:Lfﬁ e (3.4.4)
leading to
l l C
L = Ly — YR (3.4.5)
Since time translations are given by translations of Z, the system’s energy is
2m
H= / d6T,y — / d(T(w) + T@)) = L + T, (3.4.6)
0
and analogously, the angular momentum is given by
J =i(LY — T, (3.4.7)
On the plane the vacuum groundstates will be trivial and on the cylinder they are
c —vac c
Lrac — _ _— L = 4.
0 24’ 0 24 (3 8)

From that the vacuum ground state energy and angular momentum can be easily obtained by

insertion.[11]
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Chapter 4
Warped conformal field theory

This section very closely follows [10] and summarizes its most important and basic aspects.

In order to define a Warped Conformal Field Theory/WCFET, consider the symmetry structure
of a 2 dimensional Lorentzian type of theory that is invariant under global SL(2,R)r x U(1)L
transformations. In the "nontrivial minimal case" [10] of this, we talk about a WCFT. In general,
warping corresponds to a deformation that results reduces the isometry group of the deformed

metric to SL(2, R)r x U(1)r, and changes its asymptotics.

4.1 WCFT algebra and transformations

We start out by defining the right moving energy momentum tensor

Te = —;T/dx_C(x_)T(m_) (4.1.1)

that generates infitesimal coordinate transformations in = and the right moving Kac-Moody

current

P, = —% /dac*)((m*)P(x*) (4.1.2)

that generates gauge transformations in 2%, where 2% denotes left /right moving coordinates. We

further demand the ground state’s invariance under the global symmetries.

n

Applying the coordinate change = = €®, with test functions ¢, = (z7)", as well as defining

L, =iT¢,,, and P, = P, leads to the commuator algebra

[Ln, Lin] = (n —m)Lytm + %(n3 — n)0ntm (4.1.3)
[P, Pp] = gn5n+m (4.1.4)
[Ly, P] = —mPryin- (4.1.5)

Defining 6.4, = 0; + 07, from the WCFT algebra one can guess that T and P’s infitesimal

transformations are
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32 4 Warped conformal field theory

5.T(x") = —e(a7)_T(a~) — 20-(z")T(z~) — %aig (4.1.6)
0, T(z7) =—0-vy(z")P(z") (4.1.7)
0:P(x™) = —e(x™)0_P(z™) — 0—e(z™ )P(z7). (4.1.8)

The finite transformations are then

- = f(w") T =wt +gw), (4.1.9)

and are denoted by arbitary functions f(w™) and g(w™). They will reduce to two quantities used here,
g(w™) = —dw™ and y(w™) = —dw™, and in general the currents’ (4.1.2) and stress-energy tensor’s
(4.1.1) finite transformation behaviour can be uniquely fixed by demanding the finite coordinate
transformations’(4.1.9) reduction to the infitesimal version (4.1.8). In both transformation laws,
there will be an anomaly k appearing due to the mixing of both generators. The energy-momentum

tensor transforms as

') = () ) - 5

and the current as

(zt')? (4.1.10)

/ ko
Plw”) =27 (P@7)+ St ). (4.1.11)
where we denoted partial derivatives of w* along z~ and % along w™ with a ’ respectively.

4.1.1 Map to the cylinder

We can now, analogously to an ordinary CF'T, construct a map from the plane to the cylinder where

we map z~ — ¢ by adding a tilt a and choosing

fw)=f@)=¢? wh=t g )=g(9) =200 (4.1.12)

We will see that this change of coordinates will lead to additional anomalous terms as opposed to

the usual transformation of partial derivatives.

Now, just as we did for an ordinary CF'T, we can again define modes on the cylinder,

1 )
Py=—o / dpP*(¢)e'™? (4.1.13)
and
1 .
Ly=—o / doT®(p)e™?, (4.1.14)
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4.2 Representations and vacuum energies 33

that are connected to the modes used in the WCFT algebra (4.1.5) by

P = P, + kad,, LY=L, +2aP, + (ka? — i)an (4.1.15)
and where
P =iz” P(x™) — ka, (4.1.16)
1 c
T = ——=T(x7) + — + 2iaz” P(z7) — ka*. 4.1.1
e (x)+24+ iax” P(z7) — ka ( 7)

The above expression is obtained by using the finite transformations (4.1.9) with the functions as
defined in (4.1.12). One then obtains (4.1.15) by inserting the mode expansion for energy momentum

tensor and the right-moving Kac-Moody current.

This additionally yields an expression for the generators’ finite transformation behaviours

1

P(¢') = 3 (P(¢) — k) (4.1.18)
and
T'(¢') = (3) (T(6) + 29P(6) — k), (4.1.19)

after changing the size as well as tilt parameter, which leads to the coordinate change ¢ = %, and
t =t +23¢', and then inserting for the coordinates x¥ and the transformation rules (4.1.11) and

(4.1.10). We then also find expressions for the conserved charges
1
Qo = Qo, T k7, Qo = 1(Qo, +27Q0, + k). (4.1.20)

4.2 Representations and vacuum energies

Now, in order to obtain unitary representations of the algebra (4.1.5), we will also demand hermicity
in compatibility to unitarity. For hermicity, we demand L_,, = LI and P_, = PI. In order to also
obtain unitarity, we first require that the primary states obey P, | p,h) =0, L, | p,h) =0 for all
n > 0 and define the ground states as

Py |p,h)=p|ph), Lo|ph)=h]|p,h), (4.2.1)

where the states’ positivity puts constraints on the constants used: ¢,k > 0,h > 0. These constraints

can be further specified by defining the modes

1
L, =1L, — - > i PuymPom s, (4.2.2)
m
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34 4 Warped conformal field theory

as it was similarly done for an ordinary CF'T in section 3.3.3, and then calculating their norm to

give

p2
h> el (4.2.3)

This achieves unitarity in compatibility with hermicity. Furthermore, note that the modes (4.2.2)

obey the Virasoro algebra

c—1
Ly, Ly,] = (n—m)L;_,, + ?n(n —1)(n 4+ 1)0ptm- (4.2.4)
We can further use (4.2.2) for n = 0 with Lo := —5; or also the norms of the descendants of P,, and
L, to find the constraint
P} ¢
Lo> -2 — — 4.2.
R DY) (4.25)

necessary for unitarity. Using this in combination with P} = k%*a?, which we can obtain from

(4.1.15) for n = 0 and by setting Py = 0, we find the vacuum states

c
24’

which also holds true in non-unitary theories, see [10] for details.

Pooc,vac = ka, Lgﬂ}ac — ko (4.2.6)

4.3 Thermodynamics of warped black holes in TMG

WCFTs also play a role in the theory of TMGs: Among the solutions of the TMG-Einstein equations
(1.3.19) are also warped spacetimes with local SL(2, R) x U(1) symmetries, like Warped AdS, to
which spacelike stretched black holes with v > 1 count. Globally, they are different from the global
spacelike WAdS-metric

5 ! [— cosh? odr? + do? + s
ve+3
as the isometries are broken to U(1) x U(1) by an identification, but locally they look like a spacelike
stretched version of global WAdS. The metric for these warped black holes is

ds® =

3 (du + sinh od7)?], (4.3.1)

2

d?r
W24+ 3)(r—ry)(r—r-)

2[3(”2 — )+ 2+ 3)(ry + 1) — vy Jror_ (V2 + 3)]d20, (4.3.3)

where 7 and r_ are the outer and inner Killing horizon respectively, v is a parameter of the

d*s = d*t +

— (2vr = \Jryr_(v2 + 3) ) dtd + (4.3.2)

action (1.3.17) and the rest are coordinates. In the extremal case, ry = r_ = 0, this becomes an

identification of
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4.3 Thermodynamics of warped black holes in TMG 35

d2r
s = d*t + 55—
5 + r2(v2 + 3)

which is Poincare spacelike WAdS, covering a patch of global WAdS.

— 2urdtde + %(y2 — 1)rid®¢, (4.3.4)

In order to be able to derive the thermodynamics of this warped black hole, we will first need to find
out what partition function is the right one to consider. We can use the coordinate identifications

(t,¢) ~ (t+1iB, ¢+ iBQ), with the inverse Hawking temperature 3 = —2%(1 + %) and angular

potential 5 = ﬁ and parameters.

V2 +3 1

TL = o (7‘+ +r_ — ; 7‘+7‘7(V2 + 3)) (435)
2 +3

Tr = S (ry—r_) (4.3.6)

We can use them to make a coordinate change to Poincare WAdS (4.3.4) near the boundary

1

I _ —21Tro 1 /72 4.3.
10) 27rTR€ +0(1/r%) (4.3.7)
2
t'=t+ EM¢ +O(1/r) (4.3.8)
in a compact form. With this coordinate change, the generators’ transformation behaviour takes
the form
P'(¢) = —27Tr¢' P(¢') — ka (4.3.9)
and
T'(¢) = (20Tre)2T(¢') — AnTrad' P(¢') — ka® — %wQT}%, (4.3.10)
when choosing a = % The zero modes then are
Py=M=ka, Ly=-L= %T?Té + ka?. (4.3.11)

These are the black hole’s mass and angular momentum respectively that can also be calculated as
described in chapter 1.3.4 using the boundary conditions with associated asymptotic symmetries
as proposed in [8]. In the primed plane, the thermal identification is (¥, ¢’) ~ (¢ 4+ ifo, ¢'), with
fo=—2

If we now also introduce an exponential map for the coordinate ¢ similar to that of ¢,

t— ﬁezﬂTL(ﬁtM’), (4.3.12)
ey
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36 4 Warped conformal field theory

we arrive at a Minkowski vacuum in the primed plane. In order to get rid of the conserved charge

contained within the coordinate transformation, we define the new deformed BTZ-coordinates

k
= t —t 4.3.1
R=0¢, tL= Y + ¢, (4.3.13)
and therefore the infitesimal charges
2M 2M
0Qo, = Té./\/l, 0Qp, = —0L — —(5./\/1 (4.3.14)
The partition function would be given by
Z = Tr(e Pr@r=Arlr) (4.3.15)

as the charges just simply correspond to the conserved quantities mass and angular momentum
that we usually see in it, and integrated the charges read

Py

rg
QL= 7 Qr= Lo — % (4.3.16)

We have therefore found a partition function that fits our black hole, where the inverse temperatures
Br,r are given by the parameters 77, g we had introduced earlier.

As we have already used coordinates that can be defined on a deformed BTZ black hole (4.3.13), we

will use the opportunity to make a coordinate change to the deformed BTZ metric

1
ds? = ds%hpy + 48(u2 — 1)¢,6 daldxy, (4.3.17)
with the AdSs BTZ black hole metric with AdS-radius l, = \/317
dz’l”b

— 8Jprzdtyddy + ridd? (4.3.18)

d52BTZ = (8MBTZ — F)thb +
—8Mprz + lz +

16J]23TZ
b
and the Killing vector responsible for the deformation £ = m(lbatb + 0y,)-

The needed coordinate change is

¢
tR=¢>=¢b—l—b tL—¢b+l— (4.3.19)
b b

1
ré = 3M(2r — - ror_(v2 +3)) + 4l Jprz (4.3.20)

and the conserved charges of the BTZ black hole and the warped black hole parameters are related

by the expressions
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4.4 WCFT and the BMSs-algebra 37

M= é\/S(MBTZ - JEZTZ) (4.3.21)
b

Mprz 14302 Jpry

L=- v v(?+3) I

(4.3.22)

To find the ground state, we try using deformed global AdS instead of (4.3.13), which can be
achieved by inserting Mprz = —%, Jprz = 0 and yields
vac Z vac C 1
—_° _pfvec — _ — _ _— 4.3.23
M 6 24 36k (4.3.23)
This matches with the form of the ground state defined in equation (4.2.6). Note that this is the
ground state indeed as the deformed BTZ metric (4.3.17) minimizes () and is smooth for our

chosen values of parameters. One then finds the Wald-like entropy,

C

6

MQ

(—L——

2T
S = —ka./\/l + 27 ), (4.3.24)

see [11], which matches the entropy found in [11] by conventional means.[10] It can also be derived
by the means of a WCF'T using the Warped Cardy formula we will discuss in the next chapter, see
5.2.14.

4.4 WCFT and the BMS,-algebra

WCEFT can be connected to a special algebra first introduced by Afshar et al. in [2], which will be
briefly summarized here and be of further importance in section 7.3.

For a metric of the general form

ds* = 2V (u,r)du® — 2dudr, (4.4.1)

in Eddington-Finkelstein coordinates the asymptotic Killing-vectors preserving this metric are

€ =e(u)dy — (€' (u)r — n(u))o,, (4.4.2)

where n(u) and e(u) are arbitary functions dependend on the retarded time u. They preserve the
conditions that L¢gur = Legrr = 0 [1], where for e.g. Rindler-type black holes one may also use the
condition that additionally L¢guy = 6¢P(u)r 4+ 0¢T'(u), where P(u) and T'(u) are conserved charges

contained within V'(u,r)[3]. They form the infinite-dimensional BMSs-algebra with commutators

2]

[(e1,m), (€2,m2)] = (€165 — €9¢], (e1m2 — 2m1)’). (4.4.3)

When expanding into Laurent-modes ¢ = —u"t!, 7 = 0, one obtains the Witt-algebra
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38 4 Warped conformal field theory

[lm, ln) = (n = m)lngm, (4.4.4)

with 1, = &n [p=0 and for ¢ = 0,n = u™ 1, the commutator vanishes and we therefore call

Xm = &m |e=0 a spin-0 supertranslation. Also, the mixed commutator of these two cases reads

2]

Additionally, this algebra corresponds to finite coordinate transformations

o =Flw), = (lu)/(r + G W), (4.4.6)

with arbitary periodic functions G(u).[15]

The conserved currents P(u) and T'(u) then transform as

6P =eP' +e'P+e", 6T =eT"+2'T+nP—1. (4.4.7)

By defining modes L, = (—ie™,0), J,, = (0, —ie™), one obtains the BMSs-algebra that can be
centrally extended to [1]

Loy Lon] = (1 — 1) Lo + én?’amm,o (4.4.8)
Loy T = — (10 + 1) T + A1t — i) (4.4.9)
[jn, Jm] =0. (4.4.10)

For a WCF'T with coordinates ¢ and ¢, after applying a coordinate change

t—=>t+G(p), ¢— F(p), (4.4.11)

one finds the same transformation behaviour as well as the same mode-algebra as just described.[15]
Furthermore, one can use the metric (4.4.2) in its most general form with V (u,r) = —§+P(U)T+T(u)
to uplift metrics that contain a flat part but replacing said part with (4.4.2). When taking the flat
limit, this reduces to V(u,r) = P(u)r + T'(u) [1].

In the case of a higher dimensional metric that is to be uplifted, one will have to additionally

transform e.g. the azimuthal angle ¢ to [15]

¢ — ¢ — G(u), (4.4.12)

which will also result in an additional Killing-vector €% = G(u)d,. When taking the retarded time

u to be periodic u ~ u + 2w L, with some length scale L, one is able to obtain the mode algebra as
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the algebra (4.4.10) after expanding the functions n(u) and ¢(u) in Fourier-modes similar to L,, and

Jp instead.[3]

Yaylolqig usipn NL 1e wud ul ajgejiene si sisayl SIyl Jo uoisian [euibuo panoidde ay g
Jregbnuian yayiolqlg uaiph NL Jap ue 1si uagrewo|diq 1asalp uoisiaAjeulbliO aonipab ausiqoidde aig
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Chapter 5
Cardy formula

For this short section, we will start out by deriving the Cardy formula for the ordinary CFTs
described in chapter 3 and afterwards derive the Warped Cardy formula for the theories described

in the previous section 4.

5.1 Cardy formula for an ordinary CFT
For an ordinary CFT, we start by using a partition function

Z(q,9) = Trug"q", (5.1.1)

where ¢ = ?™". Here, 7 = %(0 + i) is a modular parameter, meaning that it is a parameter that
can be used in order to specify the (complex) structure on our space. [20]

Using

H=Lo+ Lo (5.1.2)
J = Lo — Lo, (5.1.3)

we can express the generators Ly, Ly in terms of the vacuum charges H and J. Therefore, the

partition function becomes

Z =Tryexp(i0J — BH). (5.1.4)

Now, assuming the theory is defined on a cylinder, we define a torus by identifying the thermal

correlators’ periodicity on the spatial and thermal circle as

(t, ) ~ (t, ¢+ 27m) ~ (t+iB, )+ 0) (5.1.5)

will lead to

Z(1,7) = Tryexp(—2nJ) = Z(5,0). (5.1.6)

After making the coordinate transformation 2% = ¢ + it, we find the relation
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5.1 Cardy formula for an ordinary CFT 41

(t,¢) = (@ a7)~ (0 +0+i(t+8),0+0—i(t+ ) = (¢F + 277,27 + 277). (5.1.7)

As we are in an ordinary CFT, we can use its symmetries to independently rescale the coordinates
x* — 2'F = XNzt Therefore, (5.1.7) becomes

(2,2 7))~ (@ 4 2mAT 2T 42007 ~ (2 4 20t 2T+ 2mmA ). (5.1.8)
We can use this relation to exchange the spatial and thermal cycles by identifying 8 = —2r7iBAE
from (5.1.7) as well as imposing t > 0, ﬂ/ > 0, leading to the simplest choice of TAT = —1 and
therefore
’ / ’ 2 ’ 27
+ =\ ~ + _ =7 =7
(7,2 7) (:v , X - ) (5.1.9)
as well as
1 1
Z(n,7)=2Z(—--,—=). 5.1.10
(rn7)=2(-_.-2) (5.1.10)
The latter equality is called the S-transformation of the theory’s partition function.
Plugging 7" = —% = —275&1_;?) and B = 94273_252 into the partition function (5.1.4), after some

simplification we find the entropy

872
92 + BQ

where we have applied the limit 5 — 0 as we wish to calculate it for the vacuum state.

5(8,0) = — (HyacB + iJvach), (5.1.11)

If we now perform a Legendre-transformation to S(H,.J) and simplify again, we find the Cardy-

S(Lo, Lo) = 27r(\/?+ \/?) (5.1.12)

5.1.1 Entropy and central charge for a BTZ-Black Hole

formula for an ordinary CFT

We will briefly show an example of the application of the Cardy formula on a black hole referred to
as BTZ-black hole with metric

dr?
(8GM — 1y 4+ 1851

2
ds? = (8GM — L )dt* + + 8GJdtdd + r2d¢?, (5.1.13)

12

where [ is the AdS-radius and J and M are the black holes’ angular momentum and mass given
by
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42 5 Cardy formula

L2 + 1?2
M=Qp = L= 5.1.14
—L,+L_
= =T = 1.1
J=Qo, = — 2 (5.1.15)
where L4 are constants. The black hole has horizons at the values
ri = \[2GIIM + J) +/2G10M — J) (5.1.16)
and its Bekenstein-Hawking entropy is given by
A wry
== '+ 1.1
5 4G 2G (5.1.17)
The central charge obtained using Brown-Hennaux boundary conditions is
l
Cy =cCc_ = ;—G (5.1.18)

By using this on the expression for the black hole’s outer horizon r, (5.1.16), we find the en-

tropy

S = 22—2(\/G1L3 +/GILy), (5.1.19)

with L5 = Qoy = lM2iJ. We then also see that the Cardy-formula exactly reproduces the

Bekenstein-Hawking entropy after insertion of (5.1.18). [11]

5.2 Cardy formula for a warped Conformal Field Theory

In order to derive the warped Cardy formula, we start out by looking at a WCFT with coordinates
(t, ) and thermal correlators periodic under a complex shift with (¢t+i/3, ¢ +60) as well as symmetries
© = f(¢), t — t— g(¢p). The shift 6 is related to the shift used in section 4.3 by 6 = 5.
We therefore have two conserved charges, namely the energy Py = Q[0;] and angular momentum
Lo = Q[0y4]. Putting this theory on a circle with ¢ ~ ¢ + 27 and finite temperature as well as

angular potential will result in the partition function

Z(83,0) = Tr(e”Pro+ioLoy, (5.2.1)

In order to exchange the thermal and angular cycle just as we did for an ordinary CF'T in the

previous section, we choose the ansatz

o =Xp t =t—2v0, (5.2.2)

which leads to the identifications
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5.2 Cardy formula for a warped Conformal Field Theory 43

(', ¢') = (t = 27, Ap) ~ (t' +iB — 290, + \0). (5.2.3)

As we are looking at the full circle, we set § = 2m, resulting in (¢, ¢') ~ (¢ — 47y, ¢’ + 2w )\), which
can be used to identify —4nwy =i — 270, 2v0 = if, leading to

ZB 27
After insertion we find
8 27 273 2
() ~ (f —dmog, ¢ +2m ) = (= 5=/ + ): (5.2.5)
(t + i ,<b +6) (5.2.6)
and therefore the warped modular transformation
, 27 . 4An?
g = —?,8, 9 = 5 (5.2.7)
Using (4.1.18) we then find
472 0'if’ kB?
e s / / =

and, after simplifying the middle term, the partition function

2 2;
2(8,0) = Tr(exp[~BP; +i0Lj)) :Tr<exp[—¥]30 iaiaz 47;7;%0]). (5.2.9)

For small § we can replace (Lo, Py) — (Lg*‘, Pj*°), leading to the entropy [19]

23 812
—— PYyec — 7Lvac 5.2.10
0 0 9 ( )

Now using 6 = i and applying a Legendre transformation from (P, Lo) to (P§*¢, L§*), [12]

S =

OlnZz 2mif3 kB2

L = — = — P’l)[lc —_— 7L’UCLC = 211
0= "0 g0 T g (5:2.11)
b (8miPY™ + k) + 4—2LW (5.2.12)

~ 102 i P, 02 , 2.

OlnZzZ 2« kB .
Py = — = __pvac__ 4 2.1
V=TT T a0 Tt (5:2.13)
we find the Cardy-formula for a WCFT
4iP Pvac P2 Pva02

§=——2 "4 47r\/—(L0 —0)(Lgee - =L —) (5.2.14)
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44 5 Cardy formula
after expressing S and 6 in terms of Py, Lo, L{*, Py*¢, which are given by (4.2.6). Plugging in for
Lg¢ and Pg*c from (4.2.6), we find that the Cardy-formula becomes

. c PO2
S = —4riaPy + 2 6(LO - ?), (5.2.15)

where ¢ > 1,k > 0 and L is assumed to be bounded from below. In the case of a unitary theory
where Py is hermitian, the first term in (5.2.15) vanishes because ko — 0 and therefore, the entropy
has no negative contributions. However, if the theory is not unitary, (5.2.15) is not an entropy as it

does have a negative contribution.
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Chapter 6
Kerr/CFT correspondence

This chapter serves as a small introduction to the Kerr/CFT correspondence, which finds a

correspondence between gravity and quantum theory.

6.1 Central Charge for extremal Kerr
We start out with the Kerr-metric

sin? 6

A . R R . 2
ds? = —ﬁ(dt — asin® 0dg)* + (7 + a?)de — adi)® + %dfn? + pdo?, (6.1.1)

where A =72 —2Mr +a?, p? =% + a®cos? f. The metric corresponding to the region near the

extreme horizon 7 = M can from this be obtained by defining the near-horizon coordinates

Y AM N
‘ _ —3_ b 1.2
o’ YT 0= o (6.12)

and another change to global coordinates (r, T, ¢)

cosT + rsinT
= (cosTV1+r2+r)" t=ysinTV1+1r2, =p+In 6.1.3
y=( ) Y v=e 1+sinTv1+7r2 (6.1.3)

yields the global Near Horizon Extremal Kerr (NHEK)-metric

dr?
1+r2

ds? = 2J0(— (1+r%)dr? + + d0? + W2 (dip + rdr)?) (6.1.4)

that covers the whole of the NHEK geometry. It contains the angular momentum J = M? as well

14cos? 6 __ 2sinf
2 ) v =

: 2 _
as the functions Q* = Treos?d"

In order to obtain the boundary charges, we next choose the boundary conditions

2 1 1
ol e
1 1 1
T2

L

3

<
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46 6 Kerr/CFT correspondence
with h,, = g — g. The asymptotic symmetry group’s bracket algebra can be obtained by variation

of the charges and then reads

1 .
{Qc Qe b5 = Quenal + 5oz | KenlL,8:1 (6.1.6)

The diffeomorphisms allowed by the boundary conditions (6.1.5) obey the algebra

z[Cma Cn] = (m - n)Cerna (6.1.7)

the first term is

With the integral in (6.1.6) resulting in —i(m? + 2m)dm4nJ and defining

3J
L,=Q¢, + ?5,“ (6.1.9)

we see that the left term in (6.1.6) becomes Q¢,,.,,, = Lmin — %5m+n and therefore find

3
Ly Ln] = [Qins @eal + 5 ([Q¢n O] + [0m, Qca]) = (6.1.10)
(n —m)Lpsn + (m> —m) T8 1n. (6.1.11)
This is the Virasoro algebra (3.2.6) with the central charge
cp = 12J. (6.1.12)

6.2 Temperature and entropy

Expanding the quantum field ® in eigenmodes of the asymptotic energy w and angular momentum

m results in

o = Zu),’rn,ld)wmle_iwi—"_mu%fl("", 9) (621)

When changing the coordinates to t = 2’\—]\2 and ¢ = g%— ﬁ, we find that the expansion’s (6.2.1)

Boltzmann-weighing factor can be expressed in these coordinates as

__am
YT IMr

_wzStgm - + gr M 2T (M
e T m e T AmMre i (2Mriw—am) (6.2.2)
: _ 2Mw—m _ . _ 2mArg 2mamAry
after defining np = t,np = m. Since a o oM T =M gets left over as well as

8= %, we find the right- and left-moving temperatures
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6.2 Temperature and entropy 47

1 1
T = ——, ThH:=— 6.2.3
V=, Taim g (623)

. 1
lim7y -0, 15— —, (624)

extr 2T

because M? — J and r, = M + VM? — a2 —>M+\/M2—A‘f[—22 :M+\/M2—%;1 — M,a —
M.
From the Cardy-formula we know that the entropy is given by

2 w2 12J

= Ty = .22 —9 2.
S BCLL 3 o 7TJ7 (6 5)

which is the same as the Bekenstein-Hawking entropy [19]

__area  8mryM 9
S = TR — 2rM* =27 J. (6.2.6)

We therefore see that the entropy resulting from gravitational theory (6.2.6) matches the one

obtained when using quantum theory (6.2.5), therefore establishing a correspondence between the

two.
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Chapter 7

Kerr/dS solution

In this section, we will first very briefly review a few important aspects about the Kerr/dS solution,
including its thermodynamics, and then have a short look at the special case of Nariai, where the
cosmological horizon coincides with the outer horizon, r. = ry. [4] Afterwards, we will study the

ultracold solution of Kerr/dS, for which all three horizons coincide.

7.1 Basic aspects

The Kerr-dS metric is [4]

A, 2 2 2 A 2 2
d*s = —?<dt - %Sin2 9d¢) + %d% + g—gd% + 729 sin® 0(adt — : ga de)® (7.1.1)
with parameters
2 2
0
A= +ad)(1- ) —2Mr, Ay =1+a*2 (7.1.2)
2
P’ =r’>+a*cos’f, © = 1+% (7.1.3)

and coordinates (¢,7,0,¢). The horizons can be calculated from the zeros of the Killing norm A,,
which gives the equation 74 —72(12 — a?) +2M1?*r —?a® = 0. The radius’ extrema can be found when

holding a = amaer = %\/ 6v/3 4 9 fixed, which yields new equations for the extremal radius

3
2y +mF /m? +87"Hm—2%1 = 0. (7.1.4)

From this, now fixing the dS radius [ = l,4, = %(2\/§ + 3)3/2, one finds the extremal radius

Tmax =

+ M, (7.1.5)

for which all three horizons coincide r4 = r— = r. = rpq[14], as it is the case for the ultracold

solution [4] we will tackle later.
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7.1 Basic aspects 49

However, using the original equation r* — r2(12 — a?) + 2M1?r — [?a®> = 0 and taking | — oo will

yield the usual Kerr event horizon

rig =M+ M? —a?, (7.1.6)

and taking a — 0 instead will result in an equation that yields the Schwarzschild-event horizon rg
and the cosmological horizon r.

3

7~ +2M =0, (7.1.7)

On the other hand, for large parameters a, one obtains pure dS.

By introducing the mass parameter my = 3[%, we can also differentiate between a number of classes
of black holes:

e my > M > 0 will result in a black hole in dS spacetime,

o coinciding parameter my and M will result in the Nariai-solution with coinciding event and

cosmological horizon and

« a naked singularity is described when M > my. [14]
Furthermore, for g; = 0, one finds two ergoregions, namely one associated with each of the two
largest roots of A, = 0, the cosmological horizon r¢ and the outer horizon rp. On the horizons,
the stationary Killing field ¢* = (1,0,0,0) corresponding to the time coordinate ¢ is spacelike since
git > 0 at that location. Therefore, for some points away from the horizons, (* must be null, and,
because there is a region between the outer and cosmological horizons where (* is timelike, there

must be two ergospheres. [6]

7.1.1 Thermodynamics

The horizon’s angular velocity can be calculated to be

gty a
O — _ y 7.1.8
H gd)d) ”I‘ Te rg+a2 ( )

For symmetries, we have the stationary (* Killing vector we have already used to discuss the metric’s
ergoregions and an axial Killing vector ¥* = (0,0,0, 1) [14], where the first one is associated with

the conserved charge corresponding to the mass [4]

M
M=Qo =5 (7.1.9)

and the latter to the second conserved quantity, the angular momentum

aM

s (7.1.10)

J:Q8¢:_
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50 7 Kerr/dS solution

The expressions for the parameters a and M appearing in them can be obtained from the black

hole’s horizons using the extremality conditions A, |porizon= 0, 0rAr |horizon= 0 that yield a system

of equations that can be solved to find [4]

2 re 22
ri(1 — 3% (1l — 75
a2:(3(7r2l2), M:%. (7.1.11)
1+ % 1+ %

The two Killing vectors combined give a Killing vector that is normal to the horizon r., x* =
CH 4+ QpyH and can be used to calculated the surface gravity [14]
1 5 1 dA

K=1]/—=

Q(V“XV) T 202+ a2)0 dr Ir=re -

(7.1.12)

The Bekenstein-Hawking entropy can be easily calculated from the black hole horizon’s area
A= 4%# to give [4]

r2 +a?

S =7-¢ 7.1.13
nred (7.1.13)

This satisfies the first law of black hole thermodynamics (2.2.8) with
oM =TS + QgdJ, (7.1.14)

with the inverse Hawking temperature [14]
1 2m 2m(r? 4+ a?) (12 + a?
Ty K | 2r3 + re(a? —12) + MI? |

7.2 Nariai limit

3M+/9M?—8a2(1-93) '
, the conserved charges remain unchanged, but

In the Nariai limit r, = ry = 20-)
oz

for non-rotating Nariai a — 0, the Hawking temperature will approach [14]

rg’—Ml2

Tyg=-S
H= " om2E

(7.2.1)

but is otherwise obtained by using the usual relation Ty = 5=. [18]

In this limit, the chemical potential associated to the angular momentum, the left moving temperature
Ty, defined as

1 08

— 7.2.2
T, 8J’ ( )
after inserting the expressions (7.1.11), can be found to be [4]
2 4
7, = e+ a) (O +35 = 1) (7.2.3)

drar.0O 1+ };23
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7.2 Nariai limit 51
7.2.1 Rotating Nariai

The rotating Nariai metric can now be obtained by first defining a non-extremality parameter
T= %, which can be taken to be small since r. = r for this class of solutions. [4] Because of
its coinciding horizons, the Nariai black hole is also in a state of thermal equilibrium since the two

horizons have the same temperature [14], which, with the help of 7, can be approximated to
Ty~ —. (7.2.4)
re(re—r—_)(8re+r_)

12(a?+r7)
Q. = Qg - 0, we can now define the near horizon coordinates

Introducing a parameter b = together with the cosmological angular velocity

A

e — T A

v ¢=0-0d (7.2.5)

Inserting these into the metric (7.1.1) and then taking the limits (X, 7) — 0 with fixed T,¢,7, ¢ lets

us arrive at the rotating Nariai metric

t=0b\, 1=

d2r

2s=T — L — 2 2, 2.

d?s =T(0) (r(r — 7)d* ot a(0)d*0) +4(0)(de + krdt) (7.2.6)
The new functions used for simplification are

p2=r24a’cosb?, T(h) = ﬂ (7.2.7)

c c ) b(a2 +r2)7 L.

b(r? + a?) Ag(r? + a?)? sin 62

) =—~—<< 7 0) = < 2.

a) = 00) e (728)
2 2

f— 2070 (7.2.9)

bla?+ 27
An additional coordinate change
T 2
7“—)5(7“+1), t——t, ¢—op—kt (7.2.10)
T

will lead to dt>2 — (r +1)(Z(r + 1) — 7)=dt*(r? — 1) (and analoguely for the other coordinates) and
therefore the rotating Nariai metric in static coordinates with isometry group U(1)xSL(2, R)[4]

2

ds? = r(a)( — (1 —rHat® + lcﬁ“ 5+ a(e)d92) +~(0)(d¢ + krdt)?. (7.2.11)

The corresponding generators are



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

52 7 Kerr/dS solution

KO = 875)
Koy = 9,

rsinht ksinht
Kl = ﬁ&t + COSht\/ 1-— 7“267n — ﬁ(%,

—  rcosht . kcosht
K, = 751 — Oy +sinhtv1 — r20, — 7,@&1) (7'2'12)

7.2.2 Boundary conditions, asymptotic symmetries and charges

The boundary conditions chosen are analogous to the ones used for NHEK in chapter 6 and are

2 1 1
e =
1 1 1
hyw ~ O T (7.2.13)
=
1
39

<

with the additional condition )5, = 0 to ensure finite charges. These allow for the left-moving

diffeomorphisms

G =e(9)0y — ' (9)0r, ¢ =0y (7.2.14)

that generate a copy of the Witt algebra

after expanding €, = —e~""?. Using these, the conserved charges
Qc(Leng:9) = / k¢nl£¢n 9, 9] (7.2.16)

can again be found using the Barnich-Brandt surface charge (1.3.15) and the algebra of asymptotic

symmetries is again given by (6.1.6). The Lie derivatives of the metric (7.2.11) are

Legun = —2ie”™mr? (T(0) + k- 1(0)) (7.2.17)
2z’e‘im¢mf(0) 72

Legor = =2y ((1 ot 1) (7.2.18)
e_im‘meTF(Q)

Leggr = o) (7.2.19)

Leges = 2ie_im¢m’y(9). (7.2.20)

Using (6.1.9) to obtain the modes L, after calculating the charges’ algebra and comparing to the

Virasoro algebra (3.2.6) will result in the central charge
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7.2 Nariai limit 53

12ar
c_3yky/ d0,/T(0) et (7.2.21)

After using the cardy formula and plugging in for the parameters b, a(7.1.11) and T7,(7.2.3), we
see that the entropy is the same as the Bekenstein-Hawking entropy we had calculated before in
equation (7.1.13).[4]
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54 7 Kerr/dS solution
7.3 Ultracold solution

This section concerns itself solely with the ultracold solution, an extremal limit of the Kerr/dS-metric,
for which r; = r_ = r.. Note that for this solution, the left moving temperature (7.2.3) will vanish.
Additionally, it belongs to the class of so called “cold” solutions, whose horizons have the same
temperature and additionally, some of them coincide, as was also the case with the Nariai limit
discussed in the last section 7.2. [7]
We can obtain from the Nariai metric in static coordinates (7.2.11) by rescaling the coordinates
in order to avoid difficulties with the parameter b now vanishing: r = T“\/B,t = #/b. The new
coordinates can then be expressed as

P = ﬁ P= \%A%. (7.3.1)

Therefore, some of the functions (7.2.9) will also be rescaled:

- 2ar20© =
k=b-k=——7F-=, T(0)=0b-T(0). 7.3.2
S T0)=b T (7:32)
The first term in (7.2.11) will then be @( — (1 —#2b)d?tb + 1‘1_2;31) + a(@)dQH), giving us
.«
a=5 (7.3.3)

as well as, when disregarding terms of O(b) and after inserting for the other parts of (7.2.11), the

ultracold solution’s metric [4]
ds? = T(0)( — di* + di* + &(0)d0%) + 7(0)(dg + krdF)*. (7.3.4)

7.3.1 Thermodynamics

From the metric (7.3.4) we can again calculate the Bekenstein-Hawking entropy

(r2 +a*)m
S=°—— 7.3.5
= (735)
The horizon’s angular velocity is

Qc = —2k7 |, (7.3.6)

and with the Killing vector £ = é((‘% — 2,1;:7:8@, the surface gravity can be calculated to be

1 - -

K= 6(k + 7dk) |re. - (7.3.7)

The Hawking temperature will vanish at the special value of the horizon (7.3.8), as described in the

following subsection 7.3.2.
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7.3 Ultracold solution 55
7.3.2 Equations of motions

The ultracold solution (7.3.4) fulfills Einstein’s equations of motion with a positive cosmological
constant A = 3/12. We should mention that since we took the limit b — 0, for a fixed to what was

given in (7.1.11), this is only true for

—3+2-V3
—

This is a saddle point of the Killing-metric, which therefore makes it a horizon. This also results in

ro =1 (7.3.8)

the surface gravity (7.3.7) becoming

k= —k. (7.3.9)

However, changing a also changes the value of r¢, so the metric (7.3.4) does in fact solve Einstein’s

equations for any value of r¢.

7.3.3 Central charge from the Witt generators

Since they have worked in determining the boundary charges for NHEK 6.2.6 and Nariai 7.2 before,

we attempt using the generators (7.2.14). One obtains the Lie-derivatives

=2

Legn = —2ie” ™ mr?~(0)k (7.3.10)
Legr = —2ie” ™ mI(0) (7.3.11)
Leggr = —e~Pm?rl(6) (7.3.12)
Legos = 2ie” ™ my(6). (7.3.13)

The central charge obtained from utilizing the variation of the conserved charges (1.3.8) and
extracting the anomolous term would then turn out to be
12ar?

c= a2—|-7%r +0O(1)r) (7.3.14)

and therefore diverge at the boundary, suggesting that we need a different set of boundary conditions.
Finding this set will be the topic in the next subsection 7.3.4.

7.3.4 New boundary conditions from uplifting the metric

7.3.4.1 Uplifting the metric

In order to be able to find adequate new boundary conditions for the metric (7.3.4) in the hope of

getting a finite central extension, we use a similar approach to the one Godet and Marteau used for
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560 7 Kerr/dS solution
the NHEK geometry in [15]. The basic procedure was described in setion 4.4. We are therefore

looking for diffeomorphisms corresponding to a coordinate change of the form [15]

w—s F(u), - F/tu)(r +EW), ¢ é-GClu) (7.3.15)

where G(u) is some periodic function dependend on the retarded time v and F'(u) is a reparametriza-
tion of the circle.

As a first step, we do a coordinate change to Eddington-Finkelstein coordinates u = t — r, after
which the metric (7.3.4) reads

ds? = T(0)(du? — 2dudr + o(0)d6?) + ~(0)(dp + krdu)?. (7.3.16)

Now we replace the flat part du? — 2dudr with 2<P(u)r + T(u))du2 — 2dudr [2] to receive the

uplifted ultracold metric

ds* =T(0) (2 (P(u)r + T(u))du?® — 2dudr + a(@)d@z) + v(0)(d¢ + krdu)?. (7.3.17)
From (7.3.17), we can now calculate the diffeomorphisms conserving this metric by solving the
asymptotic Killing equation L¢g,, = O(dg,,) under the conditions Legur = Legrr = 0 and Leguy =
20 (0)3¢ P(u)r + 6¢T(u), with the charges’ variations given as in (4.4.7). From the ur-component,
one obtains 9,§"* = —0,£" and the u¢ and uu-components together give £" = —(argu¢)_1(8u§¢ +
Ou€™) — (0rGun) " H(2Guu0u™ + 26Oy Gun + 20uE™) + (01 Guu) " (2F(~9)5§P(U)r +0¢T'(u)). We therefore
find

€ — (W), € = —(re'(u) — 7/ (u))Dy + 0(%)7 € — —p(u)ds (7.3.18)

with some functions e(u) and n(u). Since we found diffeomorphisms (7.3.18) corresponding to a
WCFT-algebra, we can take u to be periodic[3, 15]

u~u+2rL, (7.3.19)

with some length scale L. This can be understood in terms of a WCFT, where the (boundary) time
coordinate w is exchanged with the azimuthal angle ¢, see section 4.4. We can therefore also take
the functions e(u) and n(u) to be periodic in u. Expanding either of these two functions in Fourier
modes will lead to the same result as expanding in Laurent modes and taking v to be complex
instead. [3] As we can see, these diffeomorphisms share similarities with (4.4.2) and (7.3.15). After

defining a set of generators

Im=¢§ |£(u):—e—i”“,77(u):01 Pm =& la(u)zo,n(u):—e—i’wa (7320)

we find that their bracket-algebra is

[lm, ln] = (m - n)lm+n7 [lmapn] = —NPm-+n, [pmpm] =0. (7'3'21)
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7.3 Ultracold solution 57
Therefore, for € = 0, one finds that a spin-0 supertranslation, for = 0 one finds the Witt-algebra.

We also see that our algebra admits to the warped Witt-algebra.

Furthermore, the diffeomorphisms (7.3.18) also show similarities to the ones preserving the quasi-
Rindler boundary conditions found in [3], that is dual to a warped CFT[3], namely (4.4.2) with the
additional Killing-vector as described in section 4.4. The difference is that the algebra one obtains
in two dimensions turns out to be the BMSs-algebra instead. It is however interesting to note that

we do obtain a similar substructure in four dimensions.

The metric’s Lie-derivatives are given by

Leguu = —2e(w)mriky(0) + 2ie(u)m(1 — r)(T(0)P(u) + 12227(9)7“) + 2ie(u)m
(r2l~62’y(0) + 20(0) (rP(u) + T(u))) — 20(0)(—e(w)m?r + 1" (u)) — 20(0)(rP(u) + T(u)) (7.3.22)

and

Legus = e(u)y(0) (im + kr(1 —im) + l%m) (7.3.23)
(7.3.24)

7.3.4.2 Conserved charges and central charge

We find finite charges

2rL a® +r2nw)Pw)  ar?T(uw)e(u
Que = _/0 du<( * Zgl(r JP( )+ 27‘:(1; fﬁg) (7.3.25)

by integration over a constant r, ¢ surface. The functions P(u) and T'(u) used for the uplift (7.3.17)
can now also be understood as the conserved currents of this spacetime.[15].
The central charge can now be calculated by comparing the charge algebra of the charges (7.3.25)

with the generator algebra (7.3.21) and finding possible anomalous terms. For that, we define

Ly, = QUC |77:07 Py, = QUC’ |5:0 (7.3.26)

in analogy to the generators (7.3.20).The charge algebra then exactly coincides with the generator
algebra (7.3.21) and therefore the central charge vanishes.
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Conclusion and Outlook

In conclusion, starting from the Nariai metric in static coordinates (7.2.11), we rederive the ultracold
limit (7.3.4) of the Kerr/dS-metric by taking the parameter b appearing in (7.2.11) to 0, after
reparametrization of time and radial coordinates and associated functions. This is the extremal
limit in which all three horizons of the Kerr/dS-solution coincide and we check that the equations
of motions are fulfilled for any a and horizon r¢.

Using the value (7.1.11) found for the parameter a for the Kerr/dS-solution yields a special value

for the single ultracold horizon

_ 2.
roe =1 3+3\/§ ~ 0.39. (7.3.27)

Furthermore, implementing the boundary conditions (7.2.14) used for the Nariai-case to obtain the
central charge, leads to a divergence of the central extension quadratic in the radial coordinate
r. This is why we changed our strategy to uplifting the metric after a coordinate change to
Eddington-Finkelstein coordinates, as was done by Godet and Marteau for the NHEK geometry
in [15], and calculate appropriate boundary conditions and associated charges from there. We
find the diffeomorphisms (7.3.18) that are similar to the ones found for the flat two dimensional
counterpart in [3], with an additional periodic term in the radial component and an additional

angular component. Their algebra turns out to be the warped Witt-algebra

[lma ln] = (m - n)lm—I—na [lmypn] = —NPm+n, [pnapm] =0 (7328)

with a similar substructure as was found in two dimensions albeit not the same overall structure.

Using these boundary conditions, we find finite, non-trivial, well defined charges

2rL a?+r)n(w)Pu)  ar’T(uwe(u
o= [ a0 i) o

containing the finite conserved currents T'(u) and P(u) that were used for uplifting the metric as
well as periodic functions appearing in the generators, £(u) and n(u). We also find that charge and
generator algebra exactly match, meaning that the central charge vanishes and the charges therefore
admit to a centerless WCFT-algebra.

The next step would have been to see whether it would be possible to find a matching type of

Cardy formula, which would be complicated since usually that would require a non-vanishing central
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charge. If it is possible, however, it would be interesting to see whether that generates a matching

7.3 Ultracold solution
entropy to (7.3.5).

Yaylolqig usipn NL 1e wud ul ajgejiene si sisayl SIyl Jo uoisian [euibuo panoidde ay g
Jregbnuian yayiolqlg uaiph NL Jap ue 1si uagrewo|diq 1asalp uoisiaAjeulbliO aonipab ausiqoidde aig

qny a8pajmous| JNoA
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