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Kurzfassung

Mit der Entwicklung hybrider Supercomputer, die aus mit GPU gekoppelten Rechenein-
heiten bestehen, steigt das Potenzial fiir Parallelitéit in wissenschaftlichen Codes erheblich.
Die Programmiermodelle miissen an diese neue Computerhardware angepasst werden. Die
Abinit-Software ist ein internationales Projekt, mit dem Materialeigenschaften auf mikro-
skopischer Ebene berechnet werden koénnen. Dabei werden die Gleichungen der Quanten-
physik fiir Elektronen und eine ebene-Wellen Basis verwendet. Ein iterativer Eigenwertloser
wird verwendet, um die Schrédinger-Gleichung zu 16sen. Heutzutage ist der Loser auf mo-
dernen Supercomputern durch die Anwendung des sogenannten Rayleigh-Ritz-Verfahrens
in seiner Leistung begrenzt.

In diesem Projekt erforschen wir die Moglichkeiten eines neuen Eigenwertlosers, bekannt
als Spectrum Slicing Eigenloser, der die mit dem Rayleigh-Ritz-Verfahrens verbundene Re-
chenlast reduzieren und parallelisieren kann. Es beruht auf der Aufteilung des Eigenwert-
spektrums in slices, die jeweils von einem anderen parallelen Prozess verarbeitet werden.
In dieser Arbeit untersuchen wir diese Methode im Detail, mathematisch und mit einem
Prototyp-Code in der programmierungssprache Julia erstellt. Wir zeigen, dass der Spectrum
Slicing Loser tatséchlich grofe DFT-Berechnungen beschleunigen kann, verglichen mit den

bereits in Abinit implementierten Eigenwert-Solvern.
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Abstract

With the development of hybrid supercomputers, made of computational units coupled with
GPU accelerators, the potential for parallelism in scientific codes is increasing significantly.
The programming models have to be adapted to these new computing hardware. The
Abinit software is an international project that allows to compute material properties at
microscopic scale, using the quantum physics equations for electrons and a plane wave
basis. An iterative eigenvalue solver is used to solve the Schrédinger equation. Nowadays
on modern supercomputers, the solver is limited in performance by the application of the
so-called Rayleigh-Ritz procedure.

In this project we explore the capabilities of a new eigenvalue solver, known as Spectrum
Slicing eigensolver, which potentially reduces and parallelizes the computational load asso-
ciated with the Rayleigh-Ritz procedure. It relies on splitting the eigenvalue spectrum into
slices, each processed by a different parallel process. In this work, we examine this method
in detail, mathematically and with a prototype code built in Julia language. We show that
the Spectrum Slicing solver can indeed speed up large DFT calculations, compared with

the existing eigensolvers already implemented in Abinit.
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1. Introduction

1.1. Overview

This work was carried out during my internship at the CEA, a french public research
institution.

Created in 1945 to develop the applications resulting from the atomic sciences, the French
Atomic Energy and Alternative Energies Commission (CEA) is the instrument with which
the french public research has equipped itself to conduct research involving major strategic
and societal challenges. As part of this mission, the CEA develops new scientific knowl-
edge and transfers technological innovations to the industrial world. The historic mission
entrusted to the CEA has irrigated several fields of research directly or indirectly linked to
the atomic sciences. Atomic research remains strategic for applications in the field of new
technologies, low-carbon energies, digital technology, defense and health.

For its research needs and defense mission, the CEA co-develops supercomputers with
the french supercomputer manufacturer Atos, at the best level in the world. In particular,
the CEA operates the computers of the Trés grand centre de calcul du CEA (TGCC) for
the benefit of industry and research. The three largest supercomputers of the TGCC,
ranked in the Top500 (list of the fastest 500 supercomputers in the world), are CEA
HF with a peak performance of 30 PFlop/s, Joliot-Curie with 15 PFlop/s and Topaze
with 5 PFlop/s. These supercomputers need to be constantly updated to remain at the
cutting edge of technology. The codes that run on these supercomputers must also evolve to
remain adapted to the computer hardware and achieve the best performance improvements.
Nowadays supercomputers are transitioning, with the addition of GPU-type accelerators

in the computing units, adding many new possibilities of parallel computing.

The laboratory I was welcomed into uses these supercomputers to work on the properties
of materials at microscopic level, in particular their electronic properties. The calculation
are made from first principles approaches, meaning that they are only based on the first
principles of quantum physics, with no experimental inputs. Notably, the researchers of this
laboratory study the equations of state of a large variety of materials like metals, hydrides or

alloys to determine their phase changes, stability under specific thermodynamic conditions,
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1. Introduction

etc. A lot of these studies are made in extreme conditions of temperature or pressure. Most
of the computations are made using the Density Functional Theory (DFT) formalism with
the Abinit software in which the laboratory is one the main developer group.

The Abinit software (J[GAAT20], [Gro23]) is a package whose main program allows one to
find the total energy, charge density and electronic structure of systems made of electrons
and nuclei (molecules and periodic solids) within Density Functional Theory (DFT), using
pseudopotentials (or PAW atomic data) and a planewave basis. This is an international
collaborative project, under an open-source licence. The main program consists essentially
in solving the Schrodinger equation, expressed as an eigenvalue problem. Because we are
using a very large plane wave basis (which make the construction of a matrix unfeasible)
and because we only need the lowest eigenvalues, the algorithms used are very specific (e.g.

iterative eigensolvers) and need to be continually adapted to the supercomputers.

The aim of this work is to study a new iterative "matrix free” eigensolver, which could
be very well suited to CPU+GPU computers because of its high potential for parallelism.
As of today, there are two parallel eigensolvers implemented in Abinit, LOBPCG (Locally
Optimal Block Preconditioned Conjugate Gradient method) and ChebFi (Chebyshev Fil-
tering), which will be described below. Both algorithms use, as part of their process, the
Rayleigh-Ritz method which turns out to be the blocking factor on modern super com-
puters, as illustrated in figure because of its lack of parallelizability. As illustrated
by the Amdahl law, increasing computational resources above a certain threshold won’t
speedup the computation because of the inevitable non-scalable step that is Rayleigh-Ritz.
Observing figure we see that we are close to this threshold with the new GPU-based
computers.

In this work we study the Spectrum Slicing method that aims at reducing the time spent
in the Rayleigh-Ritz step, by parallelizing the code and applying the Rayleigh-Ritz on
a smaller subspace. We specifically study its applications in plane-wave DFT, involving
dense matrices, and estimate its potential efficiency compared to the already implemented

iterative eigensolvers.

1.2. Thesis structure

The thesis will be organised as follows.

Chapter [2]is devoted to the Density functional theory formalism. We first introduce the
physical problem that we are interested in, whose formulation is known but impossible to
solve in practice. Then we present the ground idea of Hohenberg and Kohn that support

DFT and reformulate the problem in lower dimension but with an unknown mathematical
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Figure 1.1.: Time spent in the filtering step and in the Rayleigh-Ritz step during one SCF
iteration with the Chebyshev filtering method.

expression. We present the Ansatz of Kohn and Sham allowing us to reformulate the prob-
lem as a non linear eigenvector problem, with a known expression, that can be realistically
solved. In the last two sections, we focus on the numerical resolution of the Kohn-Sham’s
equations, by presenting first their discretization in a plane wave basis and then the self-
consistent field (SCF) method used to solve the equations. This method calls for iterative

eigensolvers, that are the main topic of this work.
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1. Introduction

In chapter [3, we present iterative eigensolver algorithms on Hermitian operators. The
first section is dedicated to the Rayleigh-Ritz procedure that allow one to retrieve an
estimation of eigenvectors from a subspace estimation. It is used in all the eigensolver
algorithms involved in this study. Iterative eigensolvers are presented in two categories.
Firstly, we introduce the algorithms used to solve the problem written in the form of
an optimization problem, which are the most commonly used algorithms in Abinit today
(e.g. LOBPCG). Secondly, we present algorithms acting on a subspace with filters (e.g.
Chebyshev Filtering). These type of algorithms show better scalability. The Spectrum
Slicing method belongs to the second category.

Chapter [4] adresses the Spectrum Slicing method in detail. It is organised in three parts,
covering the three crucial points of the method: the choice of slices, the choice of filters and
the merging of results. The idea of Spectrum Slicing is to split the eigenvalue spectrum
of the operator to diagonalize in slices and look for the eigenvectors corresponding to each
slice on different process in parallel. Choosing appropriate spectrum slices is essential to
ensure fast convergence and in the case of SCF calculations, we have to take into account
that the matrix to diagonalize is changing. Building the filters needed for Spectrum Slicing
is more challenging than for Chebyshev Filtering. Here we introduce two types of filters,
polynomial filters and rational filters.Finally we present the techniques used to merge the
results from each slices. This last step is not the most challenging but is crucial to ensure
correct results and convergence in SCF calculations.

Lastly in Chapter |p| we compare the time efficiency of Spectrum Slicing with Chebyshev
filtering. As this work focuses mainly on the mathematical aspect of the method, the
comparison is made analytically using a simplified modeling presented in the first section.
Then we estimate the time complexity of the different steps needed in both methods and
measure time on actual computation to estimate the time speedup. We can compare the
estimated computation times in both method and make a projection of the system size
at which Spectrum Slicing becomes cost-effective compared to Chebyshev Filtering. We
compare it on some examples of physical systems of interest.

Finally, in the appendix, we recall some theory about Chebyshev Polynomials and Cheby-
shev series expansions , which are used all throughout this work. In a second appendix,

we provide some parts of the Julia code used to implement Spectrum Slicing method .
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2. Density functional theory

The density functional theory (DFT) is a computational modelling method used to solve
quantum systems. It has proven to be especially useful to study the electronic structure of
atomic systems, which are an example of many body systems. The theory rests on the two
theorems of Hohenberg and Kohn from 1964 [HKG64]. It is widely use today in Physics as
well as Chemistry.

In this section we will present the theory behind DFT and more precisely behind Kohn-
Sham’s DFT to get the Kohn-Sham system, expressed as a non-linear eigenvector problem

and we will present its numerical resolution using iterative eigensolvers.

2.1. The Schrodinger equation for a system of electrons

In quantum mechanic, the state of a stationary system is represented by its wave function

¥, that must be a solution to the Schrédinger equation
HY = EV. (2.1)

The operator H, acting on the wave function space, is called the Hamiltonian, its formu-
lation depends on the system considered and F is the total energy of the system (scalar).
This is an eigenvalue problem in the space of wave functions, and we usually look for the
ground state of the system which is the unique solution with smallest energy Fj.

Here we consider a collection of m steady-state electrons under the influence of an external

potential and the mutual Coulomb repulsion. The corresponding Hamiltonian is given by
H=T+V+U (2.2)

where T', V and U are respectively the kinetic energy potential, external potential energy

and Coulombic interaction operators. For this system, the wave functions depend on the



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2. Density functional theory

spin and position of each electron, that is

. (R® x {-3,3H)™ — C
(T1y.ey ) = U(z,...,T)

with x; = (r;,0;) for i = 1,...,m. The module of ¥ can be seen as the probability that
the electrons are at positions {r;}; and spins {o;};. Then, the expressions of the operators

T, U and V (in atomic units) are

1
TU(z1,...,0m) = _Zivgi\p(ggl,...,xm) (2.3)
i=1
VU (z1,...,2m) = Zv(m)lll(xl, cey Tm) (2.4)
i=1

W) =Y L w, ) (2.5)

where v(r) is the external potential. If we consider a collection of atoms with fixed positions,

v(r) is the Coulombic interaction with the nucleus, that is

=3 A (26)

R '
where M is the number of nuclei, Z;,..., Zy; are their atomic numbers and Ry,..., Ry
their positions.

Except for a some very simple cases such as the Hydrogen atom (m = 1), this system
is not possible to solve exactly, because of its very high dimension. The idea of DFT is to
get round this problem of dimension, by expressing the problem not in terms of the wave
function but in terms of the electronic density, which is only a function of the 3-dimensional
real space. This is made possible by the theorems of Hohenberg and Kohn [HK64].
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2. Density functional theory

2.2. Hohenberg and Kohn theorems

The electronic density of the state described by the wave function ¥ is defined as

p(r) = (W, 355 0(r—r)¥)

= fdal .. .damfd?’rg' ~fd3rm\i/((7", 01)y22y o, ) V((1,01), 22, ..., Tp)

+ [doy...doy, [ dPry [ Brs--- [ d3rn V(2 (r,02), 23, ..., Tm) Y (21, (1,02), T3, . . ., Tin)

+...

+fd01 . ..damfdgrl- --fdgrm,l\i'(ajl,...,(r, Om )V (1, ..., (r,0m)).

It describes the probability density of finding an electron at position r. Since electrons are

indistinguishable (these are fermions), p can be rewritten

p(r) :m/dm...dam/d3r2---/d?’rm\lf((r,al),xg,...,xm)\Il((r,al),xQ,...,xm).

At the ground state, the wave function W is uniquely determined by the Hamiltonian op-
erator, and consequently, by the external potential. Therefore the density p is a functional

of the external potential v, meaning that there is a mapping

CcR® _ Cc®)

v — p

that associate potentials to their corresponding density. This mapping is called a functional
because it is between function spaces. From here, we will denote functional with their
parameter function in brackets e.g. p[v]. The first theorem of Hohenberg and Kohn states
that the reverse is also true, i.e. the potential is a unique functional of the electronic

density.

Theorem 2.2.1 (Hohenberg and Kohn 1964). The external potential (and hence the total

energy) is a unique functional of the electron density.

The proof, that is omitted here, is made by contradiction assuming that two different
potentials can yield the same electronic density. Then, the energy functional E[p] can be

expressed as
Elp] = Flp] + Ev|p], (2.7)

where Ey[p] is the external potential energy functional and F[p] = Er[p] + Ey[p] is the
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2. Density functional theory

universal Hohenberg and Kohn functional, containing the kinetic energy and Coulombic

interaction energy, that does not depend on the external potential.

Theorem 2.2.2 (Hohenberg and Kohn 1964). For a given potential v and number of atoms

m, the functional
Bomle) = Flol+ [ voyp(r)dr (2)

reaches its unique minimum on the densities p such that [ p(r)dr =m at the ground state

density.

Proof. Let pg the ground state density associated with this potential and number of atoms

and Y the corresponding wave function. By definition, the energy of the system is
Elpo] = Evm[po] = (Yo, V¥0o) + (Yo, (T + U)Wo).

Now let p’ a different density. The density p’ is associated to a wave function ¥’ and

describe the ground state of a potential v/. The energy is
(W VW) (W (T4 VW) = [ o) (r)dr -+ Flol) = ol

since F' is universal and valid for any potential. Now from the variational principle on wave

functions, we have that E, ,,[p'] > Eym|po)- O

Thus, if the expression of F'[p] is known, our problem becomes a minimization problem on
the set of acceptable densities, which are only 3 dimensional. Unfortunately, the expression
of I' is unknown and we will need to use some approximations, known as the equations of
Kohn and Sham.

2.3. The Kohn-Sham density functional theory

In 1965, Kohn and Sham [KS65] hypothesized that there exist a system of m non interacting
electrons that has the same electronic density as the system of m interacting electrons in
the external potential v(r). This assumption is known as the Ansatz of Kohn and Sham. In
order for the two systems to have the same electronic density, we define a modified external
potential vg(r) that reproduces the effect of the interactions between electrons. This means

replacing the expression of the energy functional

Elp| = F[p| + Ev|p] = Er[p] + Eylp] + Ev|p]



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2. Density functional theory

with
Eslp] = E1,[p] + Ev,[p]

where T is the single particle kinetic energy potential. To ensure that the energy remains
the same, we need Ev, [p] = Ev[p|+Euvu|p|+(Er[p]—Er,[p]). At this point, no approximation
has been made.

Now it remains to find an expression of the modified potential V;. Kohn and Sham have
expressed it using the Hartree potential and introducing a new term called exchange and

correlation,

Vilpl = Vol + Vi lp] + Vielpl. (2.9)

The Hartree potential is defined as
1 p(r)p(?“/) ’
_ - d 2.10
v (7) 2/ [ — | ' ( )

and is an approximation of the Coulombic interaction term U. We note that the Hartree
potential includes a self-interaction term that does not exist in U. The exchange and corre-
lation term has an unknown expression that should compensate for all the approximations

made, in the kinetic energy operator and Coulomb operator, that is

Vielpl = T'lp] = Ts[p] + Ulp] — Vul[pl. (2.11)

Its expression with respect to the density is unknown. To run DFT computation, one needs
an estimation of this term, many of which exist, but won’t be developed here. This is where
Kohn-Sham’s DFT becomes an approximation.

One of the benefit of this method is that we now have to solve the Schrodinger equation
for a system of non interacting electrons, which is much simpler. Indeed, for non inter-

acting electrons, the ground state many-body wave function can be expressed as a Slater

determinant
d1(z1)  d2(x1) oo Dm(21)
. 1 | ul@2) Ga(m2) o dm(a2)
(w1, ) Tm) = \/ﬁ
where ¢1, ..., ¢nN are called the Kohn-Sham orbitals and solve the one electron Schrédinger
equation

(T4 Va6lrn) = (=574 () ) 6r0) = i)
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2. Density functional theory

for €1,...,en the m smallest electronic energies (counted with multiplicity). The use of the
Slater determinant ensure that Pauli’s exclusion principle is satisfied. The corresponding

density is
p(r) = le(r)*.
i=1

If we don’t want to compute the ground state, but a higher energy one, we can use for

instance Fermi-Dirac statistics and the density will be given by
m/
- 2
p(r) = nilgu(r)]
i=1

where 7; are the occupations factor of orbital ¢; for ¢ = 1,...,m’ with m’ > m. This
way, we have replaced one high dimensional equation with a system of m (or m’) smaller
dimensional ones.

This yields the Kohn-Sham’s equations in which we want to find the lower energy solu-
tions (¢1,€1),. .., (Pms, €mr) Of

(=3V2+V + Vilp] + Vaclp]) ¢i = € for i = 1.0/

p(r) = S0 il gi(r)]?

(2.12)

2.4. Discretization of the problem

In order to solve this problem numerically, we need to discretize it. This means that we

want to find a basis of functions fi, ..., fy from R?x {—%, %} to C in which any Kohn-Sham

orbital ¢ can be expended as a linear combination:

N
b= Zajfj.
j=1

Then ¢ is described by its coefficient vector in CV

aq

Y

10
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2. Density functional theory

The Hamiltonian applied to ¢, H, is described by the matrix vector product Ha with

(Hf1, f1) - (Hfi, fn)

]
I

(Hfn, f1) .. (Hfn, fN)

The matrix H is hermitian since the Hamiltonian operator is self-adjoint.
Thus, the Kohn-Sham equations can be rewritten in CV as the non linear eigenvector

problem
H({U)U =UA (2.13)

for U € CVX™ and A € C"™*™ a diagonal matrix with the m smallest eigenvalues of H(U)
counted with multiplicity. Here H is function from CN*™ to CV*N that associate to U
the hermitian matrix H(U) corresponding to the density obtained from the columns of U.

Now obviously the initial Kohn-Sham’s equation is in infinite dimension so it cannot
be exactly discretized with a finite number of functions. But we can hope to get a good
approximation with a well chosen basis.

In a code like Abinit, the discretization is done in a plane wave basis that is particularly
suitable for periodic systems. We consider a periodic system whose unit cell is described
by the Bravais lattice vectors a1, as, as € R3. We know from Bloch’s theorem that

the Kohn-Sham’s orbital can be written
o(r,o) = ei<k”">u(r, o)

with & € R? and u that has the same periodicity as the system ( for o, 8 € R3, (a, 3)

denote their canonical inner product). Then u can be expended in Fourier series, that is
+oo

- C . 2w (jibi+jaba+j3ba,r
u(r,o) = Z Cj1,52,43€ < >

J1,J2,J3=—00

for some cj, j, j, in C and where by, bo, b3 are the reciprocal lattice vectors, defined by
<bi, aj> = 6ij for i,j = 1, 2, 3.

For G € C3, the plane wave r — ¢ is the solution of the equation %V%qﬁ = €¢ with
e = 1||G||>. The operator V2 is the kinetic operator for an electron in atomic units. Thus
_ lel?
€= "2

the plane wave defined by G corresponds to the kinetic energy Hartree.

Therefore, in Abinit, the wave functions are discretized by choosing a few vectors k € R?

11



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2. Density functional theory

called k-points and fixing a cut-off energy F.,t to expand the the Kohn-Sham’s orbitals as

P(r,o) = Z Z Ck,G€i<k+2”G’T) (2.14)

kG

with G in

{G € R3 s.t. G = n1by + noby + nsbs with ny,ng, ng € Z and HGH2 < 257:2“} .
Since each k-point should correspond to a different set of orbitals, they can each be treated
separately.

Plane waves have many benefits: they are very well suited to the study of crystals, their
completeness is systematic (the more plane waves you have, the more complete the basis is),
the expression of the potentials projected onto plane waves are simply obtained by a Fourier
transform (which is an actual benefit for the Hartree potential). But the main drawback
is that the discretized Hamiltonian is a dense matrix, which would be very expensive to
store and compute. In Abinit the matrix is never entirely computed. Only its application
to a vector is computed when needed. Therefore, any algorithm used with the discretize

H needs to be matrix-free.

2.5. Pseudopotential

Most plane-wave DFT calculations are made using pseudopotentials. This method is based
on the assumption that only valence electrons contribute significantly to the physical and
chemical properties of a given system. Therefore, core electrons are frozen in their atomic
state, calculated once with DFT calculation on a isolated atom, and expressed in a basis of
Np
significantly reduces the complexity of the system to solve. We consider that the valence

projectors. Only valence electrons are explicitly treated in the DF'T computation, which

electrons evolve in a modified potential that accounts for interactions with the nucleus and
core electrons. Since the core electron potential is difficult to write down in plane-wave
form, we replace it with a pseudopotential that has the same effect on the valence electrons.
This greatly reduces the number of projectors needed to represent the electrons.

Hence a new pseudopotential term is introduced in expression of the Hamiltonian oper-

ator with a local and non local part. Hence we can rewrite
H =T5 + Vioe + Vionloc (215)

where the external potential, Hartree potential and exchange and correlation potential, as

12
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2. Density functional theory

well as the local part of the pseudopotential, have been included in Vi,..

There are several techniques to write pseudopotentials, one of which is called PAW for
Projector Augmented-Wave. This method is featured in Abinit and changes the eigenprob-
lem HU = UA to a generalized eigenproblem HU = ABU, where B is called the overlap

operator. However, in most of this work, we will focus on standard eigenproblems.

2.6. Solving the Kohn-Sham equations with self-consistent field

iterations

The system of discretized Kohn-Sham equations to solve is
HU)U =UA (2.16)

for U € CN*™ matrix with orthonormal columns, A € C™*™ a diagonal matrix with the
m smallest eigenvalues of H(U) counted with multiplicity and where H : CNx™ — NN
associate to U the corresponding Hamiltonian matrix. Thus, it is a fix-point problem that
can be solve using self-consistent iterations (see algorithm . We start with a random
Hamiltonian matrix Hp, then compute its smallest eigenpairs. Using the eigenvectors,
we can express the corresponding density p and the corresponding Hamiltonian operator

H, = Hlp]. We iterate the same process until convergence.

Algorithm 1 Self-consistent field in DFT

H <+ RANDOMHAMILTONIAN(V)
while H not converged do

A,U < EIGENSOLVER(H )

H + HAMILTONIAN(U)
end while

The convergence of this algorithm is not guaranteed, actually it will most likely not
converged in this naive version. It requires some mixing and preconditioning, but this will
not be explored here as it is not the scope of this work.

Instead, we will focus on solving the eigenvalue problem efficiently. In Abinit, the di-
agonalization step is very expensive, especially since computing the application of the
Hamiltonian to a vector is highly resource intensive. Moreover, we only need a limited set
of eigenvalues (the smallest ones).

Therefore, to save computation time, we use iterative eigensolvers, to solve the problem
inexactly. This type of solvers also have the advantage of being matrix-free, which is

necessary. More precisely, we execute a few steps of the iterative eigensolver at each SCF

13
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2. Density functional theory

step starting from the current estimation. This way, the resolution of the eigenproblem is
done more and more accurately as we approach convergence. This way, we avoid solving
with high precision a problem with an inaccurate Hamiltonian. This modified SCF routine

is presented in algorithm 2]

Algorithm 2 Double self-consistent field in DFT

X < RANDOMVECTORS(N, m)

H <+ HAMILTONIAN(U)

while H not converged do
A, X < EIGENSOLVERSTEP(H, X)
H < HaMILTONIAN(U)

end while

14
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3. lterative Eigensolvers

In this section we will present two families of iterative algorithms to solve eigenvector
problems: vector-based algorithms, which make use of the fact that the solution to the
problem is also the solution to a constrained minimisation problem, and subspace-based
algorithms, in which the search is not directly for vectors but for the eigensubspace.

First of all, let’s define our problem. Let H be a hermitian matrix in CV*N. We
denote Aq,..., Ay, its eigenvalues, in increasing order and uq,...,uy some corresponding
eigenvectors. Since H is hermitian, u1, ..., uy can be chosen orthonormal. The objective is
to find the m smallest eigenpairs {(A1,u1), ..., (Am,um)}. We call Y = Span{u,...,un}
the the eigensubspace of sought eigenvectors.

Both types of algorithms use the Rayleigh-Ritz procedure, that will be presented next.

3.1. The Rayleigh-Ritz method

The Rayleigh-Ritz method is a numerical method to approximate eigenvalues and eigen-
vectors of a matrix or operator. Given a matrix H € CV*N and a matrix X € CNxm
with orthonormal columns, the Rayleigh-Ritz procedure is the following (also described in

algorithm :
1. Compute A = XHHX.
2. Solve the eigenproblem Ay; = p;y;.
3. Compute the Ritz vectors z; = Xvy;.
4. The Ritz pair (u;, z;) is an approximate solution to the eigenproblem of H.

This method gives approximate eigenvectors in the subspace described by the columns of

X. If the subspace is already an eigensubspace, the method is exact.

Lemma 3.1.1. If X = Span{zi,...,zy} is an eigensubspace of H, the Rayleigh-Ritz

method on H with X = (x1|...|xy) gives the exact eigenpairs of H contained in X.

Proof. Let y;, u; such that Ay; = py; with A = X7 HX. Then with z; = Xv;, we have

XXHHz = piz.

15
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3. Iterative Eigensolvers

The product X X# is the orthogonal projector on X = Span{z1,...,Zy,} which is stable

by H since it is an eigensubspace. Thus, as z; € X and Hz; € X we have,
HZZ‘ = XXHHZZ' = MUiZ;.

Conversely, if Hz; = u;z; with z; € X, their is a y; € C™ such that z; = Xy; and then,
XHHXy; = MiXHXyi = u;y; because XEx =1, (X has orthonormal columns). O

Algorithm 3 Rayleigh-Ritz
function RAYLEIGHRITZ(H, X)
X < OrTHO(X)
A+ XTHX
A Y < EIGEN(A)
U<+ XY
return \,U
end function

3.1.1. Convergence of the Rayleigh-Ritz method

We will now study the convergence of Ritz pairs obtained from the Rayleigh-Ritz method,
in the case where the subspace X spanned by the columns of X converges towards U,
following the work from [JS01]. To measure the distance between the two subspaces we

will use the sin Z(-,-) function defined bellow and we will denote ¢ = sin Z(X,U).

Definition 3.1.1. Let V and W two subspaces of CN, V the column matriz of an or-
thonormal basis of V and W the column matriz of an orthonormal basis of W+. We
define

sin Z(V,W) = [|[WL TV |s. (3.1)

Here and in the rest of this work, the norm || - ||2 denote either the euclidean norm when
applied to a vector or the operator norm associated to the euclidean norm when applied to a
matrix. In this section, we denote A, the diagonal matrix with Ay,..., A\, on its diagonal.
We also define W = X7U and W, = XJ_HU, such that U = XW + X | W . Then to

orthonormalize the columns of W, we introduce

1
2

o= (ov )

such that, with W = WQ we have WHW = WWH = 1,,.

16
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3. Iterative Eigensolvers

To study convergence, we will need to use Elsner’s theorem [EIs85], that is recalled

hereunder.

Theorem 3.1.1 (Elsner). For A and B in C"*", with respective spectra {\1, ..., \n} and
{p1, ..., pn}, we have

. 1 1
max min [\ — ;] < (|| All2 + [|Bll2)' (|4~ Bll5 - (3.2)

1<j<n 1<i<n

Convergence of Ritz Values

To begin with, we will study the convergence of Ritz values, using the following theorem

from [JSO1].

Theorem 3.1.2. Let A = X HX the matriz diagonalized in the Rayleigh-Ritz procedure.

(Cme

There is a matriz E in satisfying

1E]l2 < (3.3)

5
such that (Q~'AQ, W) is an eigenblock of A+ E.

Proof. The diagonal matrix A is such that,
HU —UA =0.

Then, with X | the matrix in CV*V whose columns form an orthonormal basis of X+, we
get

H Xt H
X H(X XJ_> U-X"UA=0
X "

which gives
AW+ XPgXx W, —wWA=0.

Then, multiplying by @ from the right we get
AW+ XPHX W, Q —WQ 'AQ =0

and we define

S=WQ 'AQ — AW

such that
1Sl = I XTHX, W, Qll2 < |IXTHX  [l2|WLQlf2-

17
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3. Iterative Eigensolvers

From the orthonormality of X and X, we have |X”HX ||y < |[H|]2. Furthermore,
e= X HU||y = Wiz and WHW = I, = W, HW, so [WHW| > 1— |[Wo|3=1-¢&>%
Thus

1512 <

< =
Now we define E = SWH it is clear that ||E|]y < e (1- 62)71/2 ||H||2 and also
(A+EYW = AW — AWWHW + WQ'AQWHW = WQ'AQ
using WHW =1,,,. ]
This allows us to deduce the following corollary.

Corollary 3.1.1. Let p1, ..., im be the eigenvalues of A = X" HX. Then there are

integers j1 ..., m such that

1

-l <4 (24 2 ) I Hz>1_< Srslirl) " (3.0

Proof. The eingenvalues of (A+ E) are then the eigenvalues of A and using Elsner’s theorem
(3.1.1)), we know that there is a permutation ji, ..., jm, of 1,...,m such that

“S\H

A = | < 41 All2 + 1A + Ell2)' = || B

The conclusion comes from [|Afls < |[H||2 and [|[E2 <& (1 —€?)" 1/2 | H 2. O

Now if we have a sequence {X),},>0 (associated to a sequence {X,},>0 of matrices

with orthogonal columns) of subspaces such that sin Z(&X,,,U) = ¢, — 0, we can write
noo

p?, ..., u the eigenvalues of A, = X, HX,, such that for all n > 0 and 1 <4 < m,

-t < ( (24 s ) H)l_; (J%HHH)’I", (35)

which implies pf' — A;.
noo

Convergence of Ritz pairs

Now we want to investigate the convergence of Ritz pairs, that we denote (u',z2]") for

i = 1,...,m, returned by the Rayleigh-Ritz procedure. From the previous section we

already now that pi' — A;. Obviously, we can’t expect z' to converge towards wu;,
noo

because eigenvectors are not unique. To get around this lack of uniqueness, we will observe

18
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3. Iterative Eigensolvers

the distances between eigensubspaces. We denote Uy, ...U; the eigensubspaces associated
to each unique eigenvalue of A and 5\1, . ,5\5 the associated eigenvalues such that for
Jj =1,...,1, the dimension of I{; is the multiplicity of 5\]-. Then for j = 1,...,l we denote
2@ = Span{z; s.t. \; = 5\J} We want to show that the distance (measured with sin Z(-, -))
between U; and Z; goes to zero.

To study this convergence, we will use the following modified version of Davis and Kahan

sin 6 theorem.

Theorem 3.1.3. Let A and B be two hermitian m xm matrices. We denote A\ = ... > A\,
and p1, ...,y their respective eigenvalues and ui,..., Uy, and vi,...,0,; SOme corre-
sponding eigenvectors. We assume A\ = ... = Ay and A\ > Apy1. Then we denote
Uy = Span{uy,...,ur}, Uy = (ug|...|ug), V1 = Span{vy,...,vx} and Vi = (v1|...|v) the
etgensubspaces and matrices corresponding to the subspace associated with the eigenvalue

A1 and py, ..., p. Then we have

k — A
S (Vla 1) Z Al )\k+1 ( )

Proof. Let z in C™ with norm 1. We denote z = Z;il a;u; its expression in the basis

{u1,...,um}. Since x has norm 1, Y- | |a;|* = 1. Then
m
2HAx = Z Ao ug
i=1
m
=D_Alail”
i=1

m
=M(Ja1?+ ...+ |al?) + Z Ailag?
i=k+1

m
Mo+ 1+ o) + A Y ol
i=k+1
m

=M= (M= M) (Y ).

i=k+1

Thus

Z uf? < —x Am.

- A
i=k+1 kt+1
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3. Iterative Eigensolvers

Now

sin Z(Vy,Uy)? = || Uo" V7|2
= sup [U"v?

vEV]

[lv]l2=1
= sup g |u; Hy)?
vEV]

lof2=17=FF1

k m
= sup Z Z Bi\uJHfUiP

ﬂl,...ﬁk i=1 i=k
= =k+1
|/31‘2 |/Bk|2 !

k m
<2 2 el

i=1 j=k+1

<z)\1—’l)z Avl
Ak+1

_Z)\l ,uz—vz H(B — A);

— Akt1

Z A1 — uz\ + \’Uz (B — A)v
— Akl

Then, for i = 1,...,k, we have from Cauchy-Schwarz that |v;7 (B — A)v;| < [Jvi|l2||(B —
A)vill2 < ||B — AH2 This concludes the proof. O

Now let j be in {1,...,m}, without loss of generality, we can assume that 5\]- is the
largest eigenvalue of A™ + E™ (A™ + E™ can be replaced with (A" + E™ — (\j +¢€)I,,) ! that
has the same eigenvectors). We denote 27, ..., 2] the eigenvectors in Z and pf ... pg

the corresponding eigenvalues, such that

— A — i [+ 1B l2

sin Z(Z;,U;)? 5

(3.7)

k=1

where § > 0 is the difference between j\j and its closest distinct eigenvalue. Since ]5\] — | =,
0 and [|E"||2 =% 0, we have
sin Z(Z;,U;) = 0. (3.8)

This means that the subspaces returned by the Rayleigh-Ritz procedure indeed converges
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3. Iterative Eigensolvers

towards the subspaces associated to each distinct eigenvalue of H in U provided that X
tends towards U.

3.2. Minimization algorithms

Let H(U) be the discretized Hamiltonian operator corresponding to U € CN*™. The

discretized Kohn-Sham’s equation can be written as the non-linear eigenvalue problem

{H(U)U =UA
(3.9)

vy =1,

for U € CVX™ and A € C™*™ a diagonal matrix with the m smallest eigenvalues of H(U).

Now we consider the constrained minimization problem

min  E(U)
yechxm (3.10)
st. UPU =1,

where E(U) is the energy defined as E(U) = tr(UYH(U)U). The Lagrangian function

associated with this optimization problem is
L(U,A) = E(U) —tr(AUPU - 1,))
and its gradient with respect to U and A is

HU)U —UA
VL(U,\) =
vy -1,

We see that if (U, A) is a solution of (3.9)), it satisfies
VL(U,A) = 0. (3.11)

Thus solutions of the minimization problem are solutions of the eigenvalue problem. Con-
versely if V' is a global minimizer of , there is a unitary matrix R € C™*™ such that
V = UR where U solves . Indeed, the matrix V#HV € C™*™ is Hermitian so there
is a unitary matrix R € C™*™ so that REVHHV R = M with M € C™*™ diagonal. The
eigenvalues pi1, ..., iy, of M are eigenvalues of H and since E(V) = p1 + ... + pim, they
must be the m smallest one (otherwise the solutions of give smaller energies). Thus

VR is a solution of the non linear eigenvalue problem. This means that the subspaces
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3. Iterative Eigensolvers

associated to the solutions of both problems are the same.

Thus, iterative minimization algorithms can be used to solve Kohn-Sham equations in
their minimization form. Since the objective function E is quite complicated, minimization
algorithms are not used directly on E. Instead, we use self-consistent iterations, that is at
each iteration, the Hamiltonian operator H(X}) is fixed so that the minimization problem
becomes quadratic :

min  tr(UY H(X,)U)
vechxm . (3.12)
st. U'U =1,
Then a few iterations of the chosen minimization technique are applied, starting from X
and yield the new estimate X1, which is then used again at the next iteration to fix the
Hamiltonian. This is repeated until convergence.
We will present here two iterative minimization algorithms that are commonly used in

DFT calculations: conjugate gradient and LOBPCG algorithm.

3.2.1. Conjugate gradient

The conjugate gradient algorithm solves quadratic programming problems

min  z Az — b (3.13)
zeCN, ||z||=1

where A € CN*V is hermitian positive definite and b is a vector RY. The idea is to
find a basis {p1,...,pn} of (CN whose elements are mutually conjugated with respect to
Aie. p; Ap] = 0;; for all 1 < 4,5 < N. Then the optimal solution z* can be written
¥ = Zf\il a;p;. We note that the optimal solution z* is such that the gradient of f : x +—
e Az — 2Hb is zero i.e. Az* —b = 0. This gives a; = p}{A If the directions p; are well
chosen, we don’t need to have a complete basis of CV to have a good approximation of x*.

The iterative conjugate gradient algorithm consists in building the directions p; iteratively
in order to reduce f as much as possible at each step. At step ¢ > 0, we have an estimate
T; = Z;:O a;pj (wlog. o = 0) and we compute r; = b — Ax; which is the opposite of the
gradient of f at x; and thus indicate the direction of steepest descent. Then, since we want

the new direction p;+1 to to be conjugate to the already computed directions, we take

rif Ap;
pl+1 - TZ Z 71111429]

7<i

This gives some simple recurrence formula, that allow us to compute a new iteration from

the previous one only. Another benefit of this method is that it allows preconditioning.
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3. Iterative Eigensolvers

The use of the iterative conjugate gradient algorithm in DFT computation is described
in [PTAT92] and [KF96]. In the case of DFT calculations, we want to solve

min X7THX (3.14)
XeCNxm
with an orthonormality condition
XHx =1,. (3.15)

To solve this, we apply m successive conjugate gradient algorithms, with the additional

condition that an estimated z" (1 < n < m) solution to (3.14)) must also be orthogonal to

1

the already computed estimate solutions z', ..., 2" !, This is done by forcing the directions

p; in the conjugate gradient algorithm to also be orthogonal to z!, ..., 2"~ with

— i ri' Hp; S rifzt 4
pz—‘:-l_rl_;mp]_;xk}[ T
This modified algorithm is called the projected conjugate gradient algorithm. In practice,
at each SCF step, a fixed number of directions is chosen for each chosen eigenpairs, starting
with the result of the previous iteration.

This method does not directly gives the solution to the eigenproblem but a basis of the
solution subspace U. To retrieve the solution, we need to apply the Rayleigh-Ritz method

on X = (x!|...]|2™) once each vector has been updated.

3.2.2. LOBPCG

The Locally-Optimal Block Preconditioned Conjugate Gradient (LOBPCG) algorithm is
an evolution of the Conjugate Gradient algorithm developed by Knyazev in [Kny01]. This
method is implemented in Abinit as the default eigensolver and is the most commonly used.

The term ”Block” in LOBPCG means that several vectors are computed simultaneously
in blocks. That is we replace the vectors x; and p; from above with some matrices X; and
P; containing several vectors. Each vector of X; should approximate one of the sought
eigenvectors. The matrix of directions P; is computed similarly to the conjugate gradient
case and used to update X;. Then we need to apply the Rayleigh-Ritz method to compute
the next estimation X;;1. The computation in blocks allows calculations to be parallelized.

The ”Locally-Optimal” part of the name refers to the fact that the two dimensional
optimization method used to determine «;11 such that x;41 = x; + ;1041 minimizes the
residual is replaced with a 3 dimensional optimization problem on X;, X;_; and P;;;. This
speeds up the convergence.

Lastly, the LOBPCG, like the conjugate gradient method can be very efficiently precon-
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3. Iterative Eigensolvers

ditioned, which also speeds up the convergence.
Once all the blocks X!, ..., X" are updated, we need to apply the Rayleigh-Ritz method
on (X} |... |Xﬁl1) to retrieve the actual eigenvectors of H, just like in the conjugate

gradient method. This method works very well and converged fast due to preconditionning.

Its major drawback is the numerous calls to the Rayleigh-Ritz procedure.

3.3. Subspace iteration algorithms

In subspace iteration methods, we want to estimate the subspace U, rather than the vectors
U, .. ., Upy directly. To do so, we begin with a random initial subspace Xy = {z9,..., 22}

and the for £ > 0, we compute

Xep1 = f(Xk) = Span{f(z}),..., f(ah))} (3.16)

where f : CN — CV is called the filter and should be chosen to enhance the component in U
and reduce the component in ¢+ (or any other complementary subspace) of every vectors
in CN. Then, for an estimate A} of U, we can retrieve an estimate of the eigenvectors
Ui, . .., Uy, via the Rayleigh-Ritz method.

If the subspace iteration method is applied to a constant matrix, the Rayleigh-Ritz step
can be done only once when X, has converged, as illustrated in algorithm [l However, due
to numerical instabilities it might be best to use the Rayleigh-Ritz step more often to ensure
that the basis vectors of &), remain linearly independent. Even thought mathematically
the Rayleigh-Ritz step does not change the subspace, it makes a big difference numerically.
Now, when the method is used in the self-consistent field algorithm, we need an estimate
of uy,...,u, at each SCF step to update H so the Rayleigh-Ritz step must be done at

each iteration as illustrated in algorithm

Algorithm 4 Subspace iteration algorithm on a constant matrix H

X < RANDOMVECTORS(N,m)
while X not converged do
X f(X)
end while
A, X < RAYLEIGHRITZ(H, X)
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Algorithm 5 Subspace iteration algorithm in the self-consistent field

X < RANDOMVECTORS(N,m)
H + HAMILTONIAN(X)
while H not converged do
X f(X)
A, X < RAYLEIGHRITZ(H, X)
H <+ HAMILTONIAN(X)
end while

3.3.1. Filters

The filter f should be a function from C to C enhancing or maintaining the components
in U of each vector and reducing their components in 4. Also, the application of f to a
vector in CV should be easy and fast to compute.

Ideally, the range of f would be U and its kernel would be a complementary subspace of
U, so that X1 = U. For instance, the orthogonal projector p onto U is ideal. However, such
a filter can only be build with previous knowledge of . In the following, we will describe
polynomial and rational filters whose main benefit is that they only require the knowledge
of the eigenvalues Ay,..., Ay of H.

Let v be a vector in CV. It can be expressed in the orthonormal basis {ug,...,un} :

N
v = Zaiui
=1
with ag,...,ay € C. Then since, for n > 1,
H"; = anl)\iui =...=)\N"u

we have for P a polynomial in C[X],

and therefore,

The same goes for rational function. For n > 1,

1
Ai

1
U; = )\Z-u,; = )\—Huz = H"ui

s
>

<
3
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SO
1

%

anui =

Thus, for a rational function @ € C(X), Q(H)u; = Q(\;)u; and

This way, if we choose a polynomial or rational function @ that is small on [\, 41, An]
and large on [A1, Ay, the filter f = Q(H) will reduce the components of v in U+ and
enhance those in Y. More precisely, the component in u; (i = 1,...,N) of any vector will

be increased or reduced by a factor Q()\;) when the filter is applied.

The most straightforward example of polynomial filter is the power method, that is used
to compute the largest (in absolute value) eigenvalue of the matrix H, using the fact that
the eigenvalues of H" are the eigenvalues of H to the power n. When n is big, only the

largest eigenvalue dominate. Thus the eigenvector is approximated with
T, = H"xq
and the approximated eigenvalue is given by the Rayleigh quotient

H n+1 2
Ty Hxy, Zl i ’Oéz‘ noo
I = argmax |A
" zn iz, Zz A" a2 )\:)\17-~~:)\N| |

with zg = Zf\; 1 a;u;. This correspond to the subspace iteration method with simply H
as the filter and a wanted subspace of dimension 1 (meaning the Rayleigh-Ritz step is not
needed).

3.3.2. Convergence of subspace iteration algorithms
In this section, we will investigate the convergence properties of the subspace iteration

method, following the work from [Saall] and [Saal6].

To begin with, we state theorem [3.3.1] from [Saal6] that gives us the convergence rate

of the subspace iteration method when applied to a constant matrix.

Theorem 3.3.1. Let A € CN*N be an hermitian matriz, we denote v1,...,yn its eigen-

values ordered so that that |yi| > ... = |yn| and vi,...,vn some corresponding orthogonal

eigenvectors. Then we denote I =", vivi' the projector onto Span{vy, ..., v, } orthog-
26



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3. Iterative Eigensolvers

onally to Span{vy,.1,...,vn}. Let X be a subspace of CV of dimension m > 1, such that
dmIIX = m, we denote X = AX the subspace X filtered by A.
Then, for each vector v;, with 1 < 1 < m, there is a unique vector x; € X such that

Ilx; = v;. In addition, ; = %Aazi ex satisfies 1lz; = v; and

|'7m+1’
|l

Proof. Let 1 < ¢ < m. IIX has dimension m, therefore, by dimension equality, IIX =

Ran(II) so v; € IIX i.e. there is a z; in X such that v; = IIz;. We denote w; = (Iy — II)x;,

such that z; = v; + w;. Then, we define

|Zi — vill2 < |lzi — vil|2. (3.17)

- 1 1 1
T; = foi = fA(vi +w;) = v; + waz‘-

Vi Vi Vi
We have I1z; = Ilv; + %HAwi so from ITA = AIl, we get
Hfi = ;.

Now, ||; — vill2 = H%Awiﬂg and we have (Iy — II)w; = w; and ITA = AIl so Aw; =
(IN — H)A(IN — H)’U)Z Thus,

~ 1 |Ym+1]
| — vill2 < il [(In = ID AN — D) ||2][will2 = ‘n;,’ |z — vill2
1 1

because the spectrum of (Iy —II)A(Ix —1II) is {0, Vi1, ..., YN }- ]

This theorem shows that the orthogonal distance between the subspace X and v; is
multiplied by a factor p = % compared to the orthogonal distance between X and wv;.
This factor p is called the convergence rate and convergence is ensured as long as 4 < 1. In
our case, the matrix A from the theorem is the filter Q(H) for a rational (or polynomial)
function @) so the convergence rate is given by the quotient

QA

= . 3.18

Thus we want to choose a filter that maximizes the quotient between the biggest unwanted

filtered eigenvalue and the smallest wanted one.
In the case of self-consistent iterations, the matrix H is updated at each iteration with

the current estimate of the eigenvectors. Therefore, the above convergence analysis cannot

be directly applied, but needs to be modified to account for the change in H, which creates
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a change in the filter, at each iterations. This analysis was done in [Saal6] from which the

following theorem is also taken.

Theorem 3.3.2. Let A € CN*N an hermitian matriz and E € CN*N an hermitian
perturbation matriz, we denote v1,...,yN the eigenvalues of A ordered so that |y1| > ... >
|yn| and vi,...,un some corresponding orthogonal eigenvectors. We also denote I1 =
> vivi! the projector on Span{vy,...,vn} orthogonally to Span{vy,,i1,...,vn}. Let X
be a subspace of CN of dimension m > 1, such that dimIIX = m, we denote X = (A+E)X
the subspace X filtered by (A + E) and K the projector on X orthogonally to U = Ran P.

Then, for each wvector v;, for 1 < i < m, there is a unique vector x; € X such that

Ilz; = v;. In addition, there is a T; € X that satisfies 11x; = v; and

| + 11 = K)E2

(I — K)Evi||2
il

o (3.19)

|Zi — vill2 < |lzi — vill2 +

Proof. Let 1 < < 0. The proof of the existence of z; is the same as in theorem [3.3.1] Now
with #; = %(A + E)x;, we have

1 1 1

Vi Yi Vi

so we will define a correction term f = K%E:UZ so that with #; = 4; — f € X,

1
Iz, = v, —I—H(IN — K)*El‘z = v;

7

since Ran(Iny — K) = kerII. Then

- 1 1
|2 —vill2 = [[ (A + E)(z; —vi) — K—Ex|
Vi Vi

1
< mul + 1T = K)E|»
il

H(I—K)Evng

Hl‘z - UiH2 +
il

O

The bound given by this theorem on the distance between X and v; is degraded compared
to theorem [3.3.1], but we will show that if the perturbation matrix E goes to 0, convergence
remains ensured, provided that the projector (Iy — K) is bounded.

From here, we denote with upper index n the value of £, K, X and x; at iteration n
(with X" = (A + E"t1)A™). Using ||| = 1 we have

Ymi1| + (1T — K™)E™ ||
il

(L = K")E" |2

a7 — 2+

7 = will2 <

)
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which can be rewritten, for n > 1,

dn < (Oé + Bn)dnfl + Bn

[Ym1]

B = H(I_K'y% and o = Hp. From the assump-

using the notations d,, = ||z} — v;||2,
tion that E™ goes to 0 and (Iy — K™) is bounded, we have 3, ~—» 0 and since o < 1, there
is a v <1 and ng > 1 such that, for all n > ny,

a—+ B <.

Then, for n > ny,
< Bn+ Buo1y+ - 7By < Z By F + Z By~ (3.20)
k=ng k=p+1

for any ng < p < n. For € > 0, there is a py such that for all n > pg, 5, < (1 — ). This
yield, for the second term in ((3.20)),

n n
Y B F<el-) > e
k=po+1 k=p+1

Since the sequence {fk}x goes to zero, it has an upper bound f that we use to bound the

first term in ((3.20)).

1— 7p07no+1 n—po

Po Po
n—~k n—k __ n—p g noo,
DB B Y =gy T <# 0.

k=ng k=ng 1= v
Thus for big enough n, this term is smaller than e. This proves that |z} — v;]|2 goes to
ZEro.
This ensure that if the self-consistent iterations are convergent. Thus the iterative sub-
space method will also converge. And, for the speed of convergence, unless the Hamiltonian

operator converges linearly with a convergence rate smaller than hﬁfﬁ', its speed of con-
k2

vergence will dominate the convergence of the eigenvalues. This means that improving the

convergence of the iterative eigensolver above a certain threshold is not useful.

3.3.3. Chebyshev-filtered subspace iteration

Chebyshev-filtered subspace iteration [ZSTCO06] is an example of a subspace iteration
method using Chebyshev polynomials as filters. The method is implemented in Abinit
and yield very good results, with a better scalability than LOBPCG, as studied in [LT15].
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Chebyshev filtering is used to determine the smallest (or largest) eigenpairs of a Hermitian
matrix. Chebyshev polynomials of the first kind are such that cos(kf) = T} (cosf) and
cosh(k@) = Ty (cosh @). Therefore, |Ti(t)| < 1 for t € [-1,1] and |T}| grows rapidly outside
of this interval. Some Chebyshev polynomials of various degree are displayed in figure [3.1}
This makes it possible to construct filters using translated Chebyshev polynomials, where
the unwanted part of the spectrum [\, +1, An] is sent to [—1, 1] to be attenuated while the
rest of the spectrum is amplified. Thus Chebyshev filters are defined as follows

1

r
with r = (a — b) and ¢ = §(a + b) for some a,b € R such that b > Ay and a > A,,. Since
Chebyshev polynomials are monotonic outside [—1,1], we don’t necessarily need to have

Am < a < )\m—i—l-

Figure 3.1.: Chebyshev polynomials T}, of degree k = 2, 4 6 and 10.

To implement the method, we need to determine the interval [a,b] to be translated on
[—1,1], where b is an upper bound of the largest eigenvalue Ay and a is an upper bound
of the largest sought eigenvalue \,,. In the general case, the bound b can be determined
using a few iterations of the power method. However, in plane-wave based DFT, an upper
bound is readily available. The spectrum of the discretized Hamiltonian is bounded by
the input parameter F.,; which is the maximal energy of the plane waves on which the
operator is discretized. For the bound a, we can take the largest Rayleigh quotient of the
current estimate, which is the largest eigenvalue of the matrix H projected in the current
subspace estimate (of dimension m).

Algorithms[6] and [7] describes Chebyshev-filtered subspace iteration for a constant matrix

and in the self-consistent loop. The recursive definition of Chebyshev polynomials allow us
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to compute the filters efficiently.

Algorithm 6 Chebyshev filtering algorithm on a constant matrix H

X < RANDOMVECTORS(N, m)
A, X < RAYLEIGHRITZ(H, X)
b <~ UrPPERBOUND(H)
while X not converged do

a < max A
¢ by boa

Py(H)X + X

P (H)X « 1(H —cl)X

for [ =2 to k do

P(H)X = 2(HPy 1 (H)X — cP,1(H)X) — Py _o(H)X

end for

X « P(H)X

A, X < RAYLEIGHRITZ(H, X)
end while

Algorithm 7 Chebyshev filtering algorithm in the self-consistent field

X < RANDOMVECTORS(N, m)
A, X < RAYLEIGHRITZ(H, X)
H <+ HAMILTONIAN(X)
b+ Ecut
while H not converged do
a < max A
X < CHEBYSHEVFILTER(H, a, b, X)
A, X < RAYLEIGHRITZ(H, X)
H < HAMILTONIAN(X)
end while

Chebyshev polynomials are not the only type of polynomials that are small on an interval
and rapidly growing outside. For instance, monomials X* could also be good candidates,
with a simpler one-term recurrence formula. It turns out that Chebyshev polynomials have
some optimal properties that make the very good for subspace methods. This is described
in [Saall] from which the following theorem is taken.

Theorem 3.3.3. Let [a,b] be a non-empty interval in R and let v be any real scalar with

~v > b. then the minimum

min max |P(t)] (3.22)
PeR[X], P(y)=1t€[a,b]

where Ry [X]| denote the set of real polynomials of degree smaller or equal k, is reached by
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the polynomial
T (1422
Cp(X)= ————+. (3.23)
Ty (1 + 2%)
The proof of this theorem can be found in [Che82|]. In the subspace iteration method,
with a filter P(H) where P € R[X], the convergence rate of the i-th eigenpair is given by

[P
milei<n [P\

Without precise knowledge of the position of the eigenvalues, this can be approximated by

I 0
X
tE[)\m+1,)\N] P()\Z)

which is precisely minimal for the shifted Chebyshev polynomial, for a given maximal
degree. This property, together with their definition by recurrence, which makes the cal-

culation very practical, justifies the choice of Chebyshev polynomials.

This method has many benefits, the first one being that it works well with very low
degree polynomials. For instance, the default degree in Abinit is 4. In addition, it has
good scalability, in particular because the filter can be applied to the different vectors in
parallel. This has enabled a significant improvement in performances when moving from
CPU to GPU supercomputers, as illustrated in figure [3.2l Unfortunately, this evolution
also highlighted a new bottleneck that is the Rayleigh-Ritz step, for which increasing the
number of processors is of no help. A potential way to overcome this problem is the use of

Slicing methods that will be presented in the next section.
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Filtering step : 4 applications of the Hamiltonian Rayleigh-Ritz step

(a) CPU
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Filtering step : 4 applications of the Hamiltonian Rayleigh-Ritz step

(b) GPU

Figure 3.2.: Time spent in the filtering step and in the Rayleigh-Ritz step during one SCF
iteration with the Chebyshev filtering method, on CPU and GPU.
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This section is the main part of this work, in which we will present in detail the Spectrum
Slicing method, whose objective is to get around the lack of parallelizability of the Rayleigh-
Ritz step. The idea of Spectrum Slicing is to apply the Rayleigh-Ritz procedure to smaller
subspaces, in parallel. This smaller subspaces should be eigensubspaces (or approximations
of) so that the vectors obtained on each of them are directly eigenvectors of H. To obtain
such subspaces, the spectrum of H is split into ng slices [o1, 09, [02,03], ..., [On., On.+1]
chosen so that
A1, Am] C [o1,02| U ... Uon,, On,+1]-

Then, filtering methods are used to approximate the subspaces
Ui = Spanfu; [ Aj € |04, 0i41]}

that are such that Y =U; @ ... B U,,.

In short we want to apply some subspace iteration method to determine each subspace
U; with 1 < 7 < ng and then reconstruct &. The eigensubspace are chosen based on the
spectrum since we know how to build polynomial or rational filters from it. Each U/; can
be treated individually and the Rayleigh-Ritz step only needs to be applied in smaller
dimension. Ideally, we would have to execute ngs Rayleigh-Ritz procedures in dimension
nﬂs in parallel. Since the time complexity of Rayleigh-Ritz is cubic, this can yield to some
substantial gain. However we will see that this gain in the Rayleigh-Ritz step also come
with some loss in other steps. The question is whether the loss is compensated or not.

The Spectrum Slicing method is described in algorithm [§] and in [0] when integrated in
the self-consistent loop. Both algorithms calls some functions named SLICES, FILTER and
MERGE. These three functions correspond to the points that need to be worked on to make

the slicing method work and that will be developed in the next tree sections.
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Algorithm 8 Spectrum slicing eigensolver

¥ <+ SLICES(H)
for (oi,ai+1,mi) € X do
fi + FILTER(H, 04, 0i4+1)
X; < RANDOMVECTORS(N, m;)
while X; not converged do
Xi + fi(Xy)
A;, X; < RAYLEIGHRITZ(X;)
end while
end for
A, X + MERGE(Xq,..., X0, A1, Ayy)

Algorithm 9 Self-consistent field iterations using Spectrum Slicing

X < RANDOMVECTORS(N, m)
H < HAMILTONIAN(X)
while H not converged do
Y+ SLICES(H)
for s; € ¥ do
X; <= SELECTVECTORS(X, s;)
fi < FILTER(H, s;)
Xi « fi(Xy)
i, X; < RAYLEIGHRITZ(Xj)
end for
A, X < MERGE(X1,...,Xn,)
H <+ HAMILTONIAN(X)
end while

4.1. Determining the slices

To begin with, we will tackle in this section the challenges regarding the choice of the slices.

For Spectrum Slicing to work well, the slices must be chosen such that :
e They cover entirely the part of the spectrum [A1, \;,,] that we are interested in.

e The dimensions of the subspaces associated with each of the slices are close, so that

the computational load is distributed evenly.

e The distance between two eigenvalues in different slices is large, to have good con-

vergence rates (see section [3.3.2)).

e The widths of the slices are as large and homogeneous as possible, as it is more
difficult to filter a thin slice (see section [4.2)).
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4.1.1. Estimating the Density of states

In order to chose some appropriate slices, that satisfy the requirements above, one need an
estimation of what the matrix eigenvalue spectrum looks like. Therefore, we will present

here some method to approximate the Density of States (DOS).

Definition 4.1.1 (Density of states). The density of states of a matriz A € CN*N with

spectrum A1, ..., AN is defined as
1
B) = 1 08— y) (4.1)

where 6 is the Dirac distribution.

Two common methods to estimate the DOS of a matrix are the Kernel Polynomial
method (KPM) and the Lanczos method, that will be described next. Here we consider
an hermitian matrix A with eigenvalues A1,..., Ay and some corresponding orthonormal

eigenvectors uy, ..., UN.

Kernel Polynomial Method

The idea of this method, described in [XLS18] and [LSY16] is to expand the Dirac d-function

in Chebyshev series (see appendix|A.2]). Chebyshev series expansions give approximation of

function in [—1, 1], so we assume, without loss of generality, that the eigenvalues A1, ..., Ay
of A are in [—1,1].
We define

N
1) =V1—12¢(t) =1 —tQ;T;(S(t—)\

that will be expanded in Chebyshev series instead of ¢ for convenience. Then

t)=> mTk(t)
k=0

with the expansion coefficients

2—5k0

Yo 2= 0ko al
=20 [ L =20 LY

The sum E;\le Ty(A;) is the trace of the matrix T} (A), which can be approximated (theorem

3.1 in [LSY16]) using a large number of vectors v!, ... v™e whose component are obtained
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from a normal distribution with zero mean and unit deviation and then normalized, with

1 Nvec H
Ti(A) ~ > I T(AW = G

7/lVG}C =1

The computation of the v! HTk(A)vl can be done using the induction definition of Chebyshev
polynomials, so that if the Chebyshev series expansion is truncated to M, a total of M X nyec
matrix vector multiplications are needed, that can be fully parellelized with nye. process.

The approximate DOS is then given by

oum(t) = Cka (4.2)

v k 0
Lanczos Method

The Lanczos method is an iterative algorithm for determining the eigenvalues of a square

matrix, which can therefore be used to estimate the DOS of a matrix. The method

works by building iteratively an orthonormal basis {vi,ve,...,var} of the Krylov sub-
space Span{vy, Avy, ..., AM =1y} in a way that the matrix Ty = Vi AVyy, from the
Rayleigh-Ritz procedure (with Vj; the matrix with columns vy,...,vyr), is tridiagonal,
that is
ar B
P az P2
Tre = B2
Bm-1
Bu-1  am

where the coefficients ; and «; are computed by induction (see [GVLI13]). The tridiagonal
matrix Ths can then be relatively easily diagonalized. The application of this method to
compute the DOS is described in [XLS18] and [LSY16] also.

The Lanczos algorithm works so that the columns of Vj; can be expressed as v, =
pr—1(A)vy, for 0 < k < M where p; € Ci[X], form a set of orthogonal polynomials with

respect to the weighted spectral distribution

N
¢U1 Z|VJ| 5t— )
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where the coefficients 71, ..., yn are such that v; = Ejvzl vu;. Indeed, for 1 < ki, by < M,

T / D (D5 (£) 60, (D)t

‘ /pkl ka (t — A )dt

| "2pk1 ()‘j)pkz ()‘J)

Q.MZ “MZ

'Mz I,

= < 7]pk1 U], Z’}/jpkg

1

= (pry (A)v1, iy (A)Ul>2
= <vk1 y Uks >2

= 6k1,k2

The polynomials pj, are generated with a 3 term recursion

1

3 (Xpr(X) — arpr(X) = Brpr—1(X)) -
1

pry1(X) =

The Gaussian quadrature rule with this type of orthogonal polynomials was studied in

[GWG69] and yield the following approximation, for any function f,

M M
/Rf(t)fﬁm (t)dt ~ ;wkf(ak) = /Rf(t) ;wk(s(t — O)dt

where (0, yx), k = 1,..., M, are the eigenpairs of Ty and wy = (10.. 0)yg is the first

coordinate of yi. So we will take the approximation
gb@l Z wké t— 9k

It remains to choose v so that |y1]?,...,|yn|? are close to % This is done again by
choosing nye. random vectors whose components are obtained from a normal distribution

with zero mean and unit deviation and then normalized. This yields to the Lanczos DOS

approximation
Nvec M
G =30 23 ula(e - 6} 43)
=1 V¢ k=1

This method also require M X nyec matrix vector products, that can be computed in parallel
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with nyec processes.

Some DOS estimations obtained with both methods are displayed in figure In this
few examples, we have observed better results with the Lanczos method, which is supported
by the order of convergence of the two methods given in [XLS18] that are linear for KPM
and quadratic for Lanczos. Morevover the KPM approximation is bad at both ends of the
spectrum, and that is where we need a good approximation of the DOS. Therefore, in our
algorithmic applications, we have always chosen the Lanczos approximation.

When applying the slicing method to constant matrices, we compute an estimated DOS
at the very beginning and then choose some slice accordingly. However, when slicing is used
in DFT, the matrix to diagonalize changes at each iteration, meaning that the estimated
density of state might not remain correct all through the iterations and might need to be
recomputed. When this happen, there is a third method that can be used which is simply

to use the results of the previous iteration to compute the DOS.

4.1.2. Different strategies for choosing slices based on an estimated DOS

Once an estimation of density of states ¢ is known, it remains to use it to choose the slices.
This can be done in various ways. The tree strategies that will be presented here where

described in :

The first and most straightforward strategy would be to minimize the computational
load discrepancy, by choosing some slices [o1,09], ..., [0n,, On.+1] so that f;i”l o(t)dt is a
constant for all ¢ = 1,...,ns. That is, we begin by estimating a lower bound A, of A1,
with the power method for instance. Then we set 01 = Anin and use numerical integration
to find o9 such that f;f g?)(t)dt = nms and repeat the process until we have ng slices. This is
described in algorithm

Algorithm 10 Uniform weight strategy for choosing slices

Amin <~ LOWERBOUND(H)
01 < Amin
fori=1...n5 do
t < o;
while f;l o(1)dT < o do
t—t+ At
end while
Oit1 < 1
end for
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Figure 4.1.: Density of state estimation, computed with the Lanczos and kernel polynomial
methods, for different values of M and nyec., with Gaussian blurring, for a
Hamiltonian H corresponding to a gold crystal.

The main drawback of this method is that the bounds of the slices o; can be chosen very

close to the eigenvalues, which is very bad regarding the convergence.

A second possible strategy is to find the minima of the estimated DOS to place there the
bounds of the slices. More precisely, we first estimate a lower bound Ay, of A (e.g. with
the power method) and then find the last upper bound b that is such that | ;)min Qz(t)dt =m.
Then, we search for the local minima my,mgs, ..., my of gg that are between Apin and b. With
Mo = Amin and myy1 = op,+1, we now have [ + 2 slices. In case [ + 2 > n, i.e. we have to
many slices, we compute the estimated number of eigenvalues (with multiplicity) in each
slices with frtz_i“ o(t)dt and merge the two neighboring slices with the smallest combined
number of eigenvalues, up until we are left with n; slices. In case [+2 < ng, we have chosen

in our application to use only [ + 2 slices, because splitting a slice in two would likely lead
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4. Slicing methods

to having a slice boundary close to an eigenvalue. The strategy is described in algorithm

i}

Algorithm 11 Minima strategy for choosing slices

Amin < LOWERBOUND(H)

t <+ /\min

while [{ (r)dr <m do
t+—t+ At

end while

b+t

mi,...,my < MINIMA(®, [Amin, D))

mo <— >\min

mypq <= b

while [ + 2 > ng do
i = ARGMIN(i = [2 G(t)dt, [0,1 — 1])

l+1—-1

MUt Ty e ey ML] = M2, -y 42 > [m;, mi+1] and [m;i1, m; o] merged
end while
Ol 0142 < MO, - .o, M4

This strategy is the best regarding the convergence rate as it yields well separated slices.
The load balancing might be bad for this choice of slices, but we note that the strategy for
merging slices in case we find to many minima is chosen to minimize load discrepancies. Also
we might not have the amount of slices we wanted if not enough minima have been found.
When using the Lanczos DOS estimation, one needs to use some Gaussian blurring. By
playing with the width of the Gaussian, we can have more or less minima in the estimated
DOS and thus improve load balancing and avoid cases where we don’t have enough slices.
However, if the Hamiltonian operator has many clustered eigenvalues, there is not much

that can be done.

The last strategy requires to have some estimate of the eigenvectors, for instance from
the previous iteration and consists in using a clustering algorithm (here the k-means) to
compute clusters of eigenvalues that minimize the sum of distances in each of them and
then choose the slice boundaries accordingly. This method will always give the wanted
number of slices while avoiding placing close eigenvalues in two different slices. However
the load balancing might be quite bad and if the spectrum don’t have enough "natural”

clusters, it could still have to put close eigenvalues in different clusters.

Figure displays the slices obtained with these 3 different strategies for a density of

states corresponding to the Hamiltonian of a gold crystal. We note that with the uniform
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4. Slicing methods

method and the k-means method, a slice boundary is placed very close to the second peak
which is quite bad regarding convergence. Also with the minima strategy we have only
been able to create 3 slices and not 5 like in the two other methods. Still its seems to be

the best strategy as the eigenvalues are split into 3 dense clusters.

Uniform slices Minima,
> >
= —— Exact DOS h= Exact DOS
£ 0.06 Estimated DOS @ 0.06 Estimated DOS
5] B omy = 70, m,, = 100 [} Moy = 24, M = 31
© T mgy = 70, my, = 24 = T my = 97, my, = 93
= 0 T e, = 70, myy = 132 = o T e = 230, Mo, — 233
= B ey = 70, my, = 49 e
8 0.02 My = 70, m = 61 8 0.02
2, 2,
@ 0.00 @ 0.00 ] 1
4 -3 -2 -1 0 1 2 4 -3 -2 -1 0 1 2
Spectrum Spectrum
k-means
>
h~ Exact DOS
é’ 0.06 Estimated DOS
£ o, - 31
=50, m
= 0.04 =43, m
= =144, m
S 002 me, = 82, m
=)
n

0.00 "
-4 -3 -2 -1 0 1 2

Spectrum

Figure 4.2.: Slices obtained using the three strategies presented in section for the
density of states obtained with a gold crystal, where the estimated DOS is
obtained from the Lanczos method with M = ny.. = 50 for the uniform and
minima strategies and with a Gaussian noise added to the eigenvalues for the
k-means strategy.

4.1.3. Slices evolution

So far we have presented the DOS estimation and its use for choosing some slices. Now in
this section we will tackle the filling of the slices and their evolution. Indeed, for the Spec-
trum Slicing method to work properly, we need the dimension of the estimated subspace
of each slices to be greater or equal to the dimension of the actual eigensubspace corre-
sponding to the slice. Otherwise, we might miss some eigenvalues and in the case of SCF
iterations, this will completely ruin the convergence. Furthermore, in the self consistent
field, the matrix H to diagonalize evolves. Therefore, we might need to adjust the slices as
H changes.

In my implementation of the slicing method, the slices are determined as follow :

At the very first iteration, the DOS is estimated with the Lanczos method and then the
slices are determined accordingly using one of the method above (section . In every
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4. Slicing methods

slice, we have an estimated number mest of eigenvectors given by the DOS and we search
for Megt + Nextra vectors, where nexira is @ chosen parameter.

Then, for each slice [0j,0j41], we check if it is full. To do so, we check if one of the
computed pair (u;, x;) is an estimation of an eigenpair of H that is outside of the slice. For
this check, we use lemma

Lemma 4.1.1. Let H € CN*N g hermitian matriz and x € CN of norm 1. We denote
«HHg

p = .5 € R the Rayleigh quotient of x and r = ||Hx — px||o its residue. Then, there is

an eigenvalue of H in [ — 7, u+ 7).

Proof. As H is hermitian, we can write

H=U"AU (4.4)

RNXN

with U a unitary matrix and A € a diagonal matrix. Then,

r=|Hz — pxl:
= |UH AUz — pUHU 2|5

4.5
— U (A — ul) Ul 45)
< ||A — pd = in |[\A—
A — pln|l2 éﬁ%ﬂ I
S0 A = argminye gy [A — pf is in [p — 7, p+ 7] O

Thus, we check if [p; — 74, s + 73] N[0, 0j41] = 0 where r; = || Hx; — p124]|2 is the residual
of the estimated eigenpair (u;,x;). If at least one estimated eigenpair is outside of the
slice, we know that it is full. If the slice isn’t full, we add some new random vectors at the
next iteration. Precisely, we add [p x m;| new vectors, where m; is the current number of
vectors in the slice and p > 0 is a chosen parameter.

In case the slicing method is applied to a constant matrix, this is enough to ensure that
we will not miss any eigenpair.

In case the method is used in the self-consistent field, we also want to update the slices
when the Hamiltonian matrix H changes. This is done as follows: Whenever we detect
that a slice is not full, we increase a counter k,, and after several iterations, governed by
a parameter Nyupdate (see algorithm , the slices are updated. To update the slices, we
use the current estimate of the eigenvalues, that gives us an approximation of the DOS,
on which we apply one of the method above (section to determine new slices. Then
we need to allocate the estimated eigenvectors to their new slices. This correspond to
the function SUBSPACEUPDATE in algorithm [I2] which is not detailed. The vectors are

allocated to their slice using their Rayleigh quotient and in each slice we also add nextra
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4. Slicing methods

vectors that should belong to the neighboring slices. These vectors are duplicated and
should therefore be removed at one point but they are very useful to improve convergence
and ensure that each slice is full.

This update is necessary to maintain load balancing between slices and ensure that the
slices are well chosen all through the iterations. The update step isn’t done at each step
to avoid instabilities and to let time to each new eigenvector to converge in its slice before

the slice is updated.

Algorithm 12 Slices evolution in the self-consistent loop

H <+ RANDOMHAMILTONIAN(N)

ai,...,0n,4+1 < SLICESINIT(H)
X1,...,Xn, < SUBSPACESINIT(H)
kup <0

while H not converged do

for j =1 to ns do
i, X; < EIGENSOLVERSLICE(H, X, (aj,a;+1))
mj < MISSINGVECT(H, M, Xj, (aj, aj+1))
kup <= Eup +m1 + ... 4 my,

end for

ty X < MERGE(p1, ..y fing; X1y ooy Xny)

H <+ HAMILTONIAN(X)

if kup = nypdate then

ai,...,0n,+1 < SLICESUPDATE(H, X)
X1,...,Xn, < SUBSPACESUPDATE(H, X)
kup <=0
else
X1,...,Xp, < SUBSPACESADD(X1, ..., Xy, ,M1,..., My, D) > Adding new

vectors in the slices that aren’t full
kup <= 2 X kyp
end if
end while

4.2. Filters

Filtering is an essential part of the Spectrum Slicing method, and requires an important
work to be able to filter a slice effectively and qualitatively. Indeed, filtering a slice, inside
the spectrum, is much harder than filtering some of the extreme eigenvalues. For instance,
using plain Chebyshev polynomials will not work here.

In this section, we describe different types of filters that have been used in the literature,

separated in two categories, the polynomial filters and the rational filters.
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4. Slicing methods

Let [a,b] with a,b € R be the slice we want to filter.

4.2.1. Polynomial filters

To create a polynomial filter, we need a polynomial approximation of the characteristic
function X[, of the slice. Up to translation, we will assume here that our spectrum is
contained in [—1,1].

Square filters

This first type of filter was presented in [SCS12] and consist in using the Chebyshev series

expansion of the characteristic function x[,y. That is, for ¢ € [—1,1],

Xiag)(B) = Y _Ti(t) (4.6)
1=0

with 9 _ 51’0 1 1 9 _ 5i0 arccos a
3= 2 [ OOzt = 220 [ cosuiyar
ie.
1 (arccosa — arccosb) ifi=0
Vi = o s (4.7)
%sm(z arccos a)Z—'sm(z arccos b) ifi>0.

Then, the polynomial filters of degree k > 0 are the truncated series with a damping

coefficient, that is

k
Pt =" i, (4.8)
=0

Here, df is the damping parameter that reduces oscillations (see appendix . We will

consider two types of damping: Jackson damping and Sigma damping i.e. df = ok =

K3
sinc b, with 0y = 75 and also df = 1 when we don’t want any damping. A few examples

of Square filters are displayed in figure

Dirac filters

The idea behind this type of filter is that we don’t actually need our polynomial to be flat
on [a, b], but only to be steep in a and b. Therefore, instead of approximating X[a,b]> O1€ can
only build bell-shaped filters. This can be done by using the Chebyshev series expansion of

the Dirac J-distribution centered in some «y € [a, b], denoted ¢.,, as described in the papers

[LXVF15) and [LXESTI).
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Without damping Jackson damping o-damping
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Figure 4.3.: Square filters of degree k = 10, 50 and 100, for the slice [0.4,0.6] with a spec-
trum contained in [—1, 1], with no damping, Jackson damping and o-damping.

Even though ¢, is not a function but a distribution, the integral

1 .
1 Ti(v) cos(i arccos )
O~ () T5(t dt = =
K&V()A)v1—ﬁ 1— 42 1— 42
can still be computed, which allows us to define the sum
k
Pl =" mdfTy (4.9)
i=0
with
3 if k=0
py = (4.10)

cos(iarccosvy) else

the Chebyshev expansion coefficients of §, where the constant factors have been dropped
and df, i = 0,...,k some damping coefficients. The width of P, depends of the degree
k at which the Chebyshev series is truncated. The higher k, the ”closer” P is to 4, and
therefore the thinner, as illustrated in figure [.4]

Thus, the degree k is adjusted according to the width of the slice. For a given parameter

7 €]0, 1], k is chosen to be the smallest integer such that

P (b)

< 7 and
P (70)

<T

’ Py (a)
P ()

with v = ‘ITH’. Once k is fixed, we use a numerical optimization method to find v such
that P(a) = P/ (b), so that the filter is well positioned and that there is no risk for a
filtered eigenvalue outside of [a, b] to be larger than one inside. The algorithm [13|describes
this routine to determine k and .

The major benefit of this method is that the degree k is determined by the width of the
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4. Slicing methods

Algorithm 13

function PARAMDIRAC(a, b, T)

0 45
:. P0(a) P)0(b) ‘
while ‘PIZO o) < 71 and B0 00) <7 do
k< k+1
end while

7 + FINDZERO(y — P°(b) — P}°(a), [a,b])
return k,y
end function

slice and not increased unnecessarily.

Without damping Jackson damping o-damping
1.00 1.00
—d(z — 0.5) —d(z — 0.5)
0.75 =k =10 0.75 =k =10
—~ — —k = 50 — —k = 50
= 050 =k =100 =050 f|—Fk = 100
s e .
025 f 025 v
0.00 kb T 1 1 0.00 [ . Z W ot
—-1.0 —-0.5 0.0 0.5 1.0 —-1.0 —-0.5 0.0 0.5 1.0

t t t

Figure 4.4.: Dirac filters of degree k = 10, 50 and 100, for the slice [0.4, 0.6] with a spectrum
contained in [—1, 1], with no damping, Jackson damping and o-damping.

With polynomial filters, the degree k is the number of times we have to apply the
Hamiltonian operator to each vector. It is a costly operation, therefore we would like
to do it as little as possible, meaning we want to maintain small degree. On figure
we see that the thinner the slice, the higher the degree needs to be. In figure [£.4 we
have displayed Dirac filters with a degree up to 100 and the corresponding slice width is
something we can expect to have with the Slicing method. This is the major drawback
of the Spectrum Slicing method compared to Chebyshev filtering, where the polynomial

degree usually remains under 10.

4.2.2. Rational filters

Now we will present a few rational filters that can be used to filter a slice interior to the
spectrum. This filters can be very close to the characteristic function x(, 4 (e.g. FEAST
[Pol09]) with a very low degree in the numerator and denominator. This makes them very
good when the inverted matrix H~! or its application to a vector is easily accessible, as it

is the case with sparse matrices. In DFT, one has sparse discretized Hamiltonian when it
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4. Slicing methods

is discretized in real space, due to the local nature of the operators. In this case rational
filters are highly suitable. However, in plane wave based DFT, the matrix H is dense and
iterative method would be needed to compute the application of its inverse to a vector.

This offsets the benefits given by lower degrees.

Shift-inverted filters

The first and most straightforward type of rational filter we will present here are Shift-

Inverted filters. This filters are simple inversion i.e.

Qt) = (4.11)

with ¢ = “T‘H’ the center of the slice. Then the quotient ’g(&] ))

)\i—C
Aj—c

than one when ); is in the slice [a,b] and \; is outside of it. Thus the convergence rate

is always smaller

will be smaller than one and convergence is ensured. This type of filters have been known
and used for a long time, associated with the Lanczos method (see [KR91]). They are also
studied in the more recent article [WYBY20]. Figure [4.5| represents a Shift-Inverted filter.

50
40
=30
320
10
0 .
1.0 —0.5 0.0 0.5 1.0
t

Figure 4.5.: Shift-inverted filter centered in 0,5.

FEAST

The method FEAST was first presented in [Pol09] and then in [PTPI4]. The idea is to

approximate the contour integral

1 1

)= —
)= om LT

dz, t¢C

“T‘"b with radius r = b_T“. From Cauchy’s integral

where C is a circle centered in ¢ =
theorem, we know that m(¢) = 1 when C circles ¢ and 7(¢) = 0 else. Therefore, for
t € R, m(t) = X[ay)(t) is exactly the function we want to approximate. This integral is

approximated using a quadrature rule with the parametrization ¢(¢) = ¢+ re'z (140 for
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—1 < ¢ < 3. This gives

1 b riZerz0H¢ riZeis(3-0)
= 2 _ 2° d¢
210 J_q e+ retz(H0) ¢ etz (30 _ ¢
ro [l iz (140 e—i5 (14¢) ;
4 /1 (s B (e B

Then, we can use the Gauss-Legendre quadrature rule on [—1, 1] which gives

i3 (14+G) —i5 (1+G)
- e ) (4.12)

r
my(t) = 1 ;wi <reig(1+g) te—t re (G Lot
where (w;, (i), g are the weighs and nodes given by the Gauss-Legendre quadrature rule
with ¢ points (for some ¢ > 1).

Some filters obtained with this method are displayed in figure We see that this
filters are very good for relatively small ¢. Also the ¢ terms of the sum can be computed in
parallel, which is why the FEAST method is said to have 3 levels of parallelization that are
the slices, the vectors in each slice and the quadrature points in each vector. This method
is used since 2013 as Intel-MKL’s principal HPC eigensolver which illustrate its practical
relevance.

Now as said above, when applied to dense matrices, we need to solve a linear system in
order to apply the filter to a vector. In practice, this would be done inexactly with iterative

solvers. The impact of this inexact inversion of the matrix was studied in [GP1S].

10.0}
= 50¢ —e= 10
251 z
0.0k L
0.00 0.25 0.50 0.75 1.00

t

Figure 4.6.: FEAST filters with ¢ = 3, 5 and 10 quadrature points, for the slice [0.4, 0.6].
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Least Square filter

The last type of rational filters we present here are called Least Square rational filters
and where introduced in [XS16]. They are based on two observations: firstly it is not
necessary that the filter is flat inside [a, b] but only steep at its boundary and small on the
rest of the spectrum. Seconddly some shifted linear systems (H — ol)y = x are easier to
solve than other. For instance, the closer o is to the real axis, the more iterations will be
needed to solve the system with iterative methods. This is a downside of FEAST where the
nodes obtained from the Gauss-Legendre quadrature tend to accumulate near the real axis.
Therefore, in Least Square filters, we want to choose some poles o1, ...,0, in C that are
advantageous for iterative linear solvers and then determine some coefficients ay, ..., a; so

that

Q(t) = Z t— o Z 047,901 (413)

is a good filter (here we have denoted ¢;(t) = ~L-). In this section, we assume our slice to
be centered in 0 with radius » and the spectrum to be in [—1,1].
Now to measure the quality of a filter, we introduce the scalar product (-, -),, defined by

(f.9)w = J7° F(t)g(t)w(t)dt with

0 if|t>1
w(t)=9 B iflt|<r
1 else
where 0 < 8 < 1 is small. Then, we want to find the coefficients a1, ..., a; that minimize
HQ - X[fr,r]Hw-

By using the weight function w, we can reduce the importance of the shape of our filter
between —r and r while ensuring that it remains small on the rest of the spectrum. The

optimization problem is equivalent to

min a’Ga — nfla — ally
aeCr

where G = ((¢i, ¥j)w)1<; j<, 15 @ positive definite hermitian matrix in CP*7, n is a vector

in CP with 0 = ((x(—rs]> 1) - - - (X[=rs]> p)) and o = (a1...ap)T is the vector of sought
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4. Slicing methods

coefficients. The optimal solution of this convex quadratic minimization problem is
a=2G"1p (4.14)

which can be computed numerically.
Some example of least square filters are displayed in figure [£.71 We note that these filters
are of good quality, with only 3 or 5 poles. Moreover, their quality improves when the poles

are chosen closer to the real axis.

1.2r
1.0k —3 poles
L =5 poles

—~0.8
8 0.6F —5 poles

04k —5 poles

0.2F

0.0k = L =

0.00 0.25 0.50 0.75 1.00

t

Figure 4.7.: Least-square filters obtained with 4 different sets of poles, for the slice [0.4, 0.6].

4.3. Merging results between slices

Now that we know how to choose some slices and some filters to apply the filtering method,
we want to know how to put together the results obtained independently on each slices. If
we had an ideal algorithm giving us exactly the eigenpairs whose eigenvalues are in a given
slice, the entire set of sought eigenpairs would simply be the reunions of the ones found in
each slice. However, our algorithm is not perfect and taking the reunion of all computed
eigenpairs would give us a lot of duplicates. For instance, as described in section [4.1.3] we
need to compute more vectors than their are in a slice, to ensure that it is full and we are

not missing any. Therefore, we need a routine to identify duplicates between slices.

In most cases, using the residual r = ||Hx — pz|| of the eigenpair (u,x) is enough to
determine whether it is inside the slice [a, b] in which it was computed or not. Indeed, using
lemma we know that the eigenvalue A of H approximated by p is in [p — 7, pu + 7).
Thus, if [ — 7,1+ 7] N [a,b] = 0 we know that the eigenpair can be discarded because it
does not belong to the slice [a,b] on the contrary, if [u — r, u + 7] C [a,b] the eigenpair is
kept. Now in the last case where [ — 7, u + 7] is neither outside [a, b] nor inside, a doubt
remains. This can happen for eigenpairs that are not yet well converged or very close to a

slice boundary.
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4. Slicing methods

In case where the residual is not sufficient to make a decision, we will use the method
described in [SCS12] that compares principle angles between neighboring slices to identify
duplicates. Let [a,b] and [b, c] be two neighboring slices, (u1,x1),. .., (p, x;) the estimated
eigenpairs computed on slice [a,b] such that, for i = 1...1, [u; — 3, + 73] N [a,b] # 0
and [u; — i, i + 1) N [bye] # O with r = ||Hx; — pizi|| and y1,...,Yym, the estimated
eigenvectors computed on [a, b] without the ones discarded from their residual. We want
to identify the vectors in xq,...,x; that have duplicates in y,...,ym,. However, since
eigenvectors are not unique, it can not be done by directly comparing the vectors one by
one, rather, we will check whether the two associated subspaces are orthogonal or not. We
denote @ = (z1]...|x;) and R = (y1|...|ym,). Let

QUR=UxVH

be the singular value decomposition of Q”R. The diagonal of ¥ is the cosines of the

principal angles between the two subspaces associated to Q and R ([BGT3]) i.e.

cos 01

cos 0,

with n = max(l,ms) and 6,...,0, the principal angles. Then, the number k of singular

values of ¥ close to one is the number of duplicate vectors and it remains to find to which

column of ) they correspond. We denote ny, ..., n; the indices of the singular values close
to one, then for j =1,...,k, the n;-th column Uy, of U gives the coefficients of the linear
combination of z1,...,2; whose angle with an element of Span{yi,...,ym,} is 0,,. Since

we might have duplicate eigenvalues, we cannot simply examine the columns of U for their
maximum element because this could give us the same vector for different columns, as we
cannot expect each angle to be primarily associated with only one vector. Therefore, we
define, for i = 1...1,

the maximal contribution of the vector x; in the angles 6;,,...,60;,. Then, the duplicates
vectors are the ones that contribute the most, that is x;,,...,z;, when m;; > m;, > ... >

mg,.

When H is a constant matrix, we have to merge the results obtained in different slices

only once, when the algorithm has converged on every slice (see algorithm . Therefore,
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4. Slicing methods

we can expect our estimated eigenpairs to have small residual and if our slices where well
chosen, the residual check should be enough to merge the slices. In DFT however, we have
to recalculate the matrix H at each step and to do so, we need to merge the vectors obtained
from each slice at each step (see algorithm E[) When the slices are not yet well converged,
we might need to compare principal angles. This is a crucial step because having duplicate

eigenpairs will prevent the Hamiltonian operator from converging.
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5. Comparison of time efficiency in the
Slicing method and Chebyshev filtering
method

In this section we will study the time complexity of Spectrum Slicing and compare it to
that of Chebyshev filtering. The objective is to determine if and when the Slicing method
becomes profitable compared to Chebychev filtering. As explained above, Slicing is designed
to speed up the Rayleigh-Ritz stage. However, this involves more complex and therefore
more costly filters. We therefore want to know if the gain on the Rayleigh-Ritz compensates

for the loss on the filtering step.

5.1. Study of Chebyshev filtering and Spectrum Slicing on a

simplified model

To compare the two methods, we want to choose the degree of the polynomials correspond-
ing to the same rate of convergence in both methods. The next two sections will explicit
the relation between the degree of the polynomials and the convergence rate for Chebyshev
filtering and Spectrum slicing.

In order to study this dependence, we consider a model system where we want to compute
the m smallest eigenvalues of a N x N hermitian matrix H whose eigenvalues A1,..., Ay

(sorted in increasing order) are evenly distributed in the interval [—1,1] (i.e. A, = —1+3=2

for 1 <7< N). We denote uq,...,uy some corresponding orthonormal eigenvectors and

U = Span{uy, ..., uy} the eigensubspace corresponding to the m smallest eigenvalues.

5.1.1. Chebyshev filtering

In the Chebyshev-filtered Subspace iteration method, the polynomials

PU(X) = Ty (X ‘C) (5.1)

r
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

are used to filter U, with ¢ = 1(Apy1 + An) = m/(N — 1) and r = (An11 — A1) =
1 —m/(N — 1) assuming distributed eigenvalues in [—1, 1]. The convergence properties of
the subspace iteration method was presented in section |3.3.2 Here the convergence rate
of the method as a whole corresponds to the rate of convergence of the eigenvalue that
converges the slowest, that is A,,. Hence the convergence rate of Chebyshev filtering is
given by

Ty, (—1)

To(-1 - 2m0) |

_ ‘Pk()\m—l—l)
Pk(/\m)

Using lemma|A.1.3and [A.1.4] we have T} (—1) = (—1)*=1k? so for large N we can approx-

imate T}, around —1 with a series expansion,

Ty(—1 - (Nil)r) (~DF — ()R 4 0 (;) = (-1 (1 + ?5:) +0 (;)

which gives

2

5.1.2. Spectrum slicing

For Spectrum Slicing, we will consider §-Dirac filters with o-damping, that is

k
Pl(X) =) mioixTi(X) (5.3)
i=0
where
1 ifi=0
i = icos(iarccosy) and o1 = o for i,k > 0. (5.4)
Smﬁ%l) else
k+1

We will call ng the number of slices which we will consider to be evenly distributed on

[A1, Am] such that each slice contains about mg = nﬂs eigenvalues.

We first consider a slice centered around 0 and containing mg eigenvalues. The last

eigenvalue in the slice is around @& = < and the first one outside is around @& + 2.
N Nns N TN

Then an approximate convergence rate p is given by

55



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

which can be approximated via the series expansion

P+ ) = PO + P 5+ 0 (32

Then
PY(12) + PY (%) 2 4 O (1) PY'(ms) 1 02 1
= _]_ —_— = == - —
b PO(m) * o >N+O<N2> p’fN”(NZ)
where ,
o PY(m)
T TR

is positive.

We will compute pg numerically For a given slice of half-width [,, the degree is chosen as
explalned in section [4.2.1] that is such that P{(ls) = 7P0(0) for a given 7 in ]0,1[. Figure
1| shows the value lS for which P?(ls) = 7P2(0), with respect to k, for different values
of 7. We observe that for high degrees, I evolves as % We write [s ~ 9. In our model
with evenly distributed eigenvalues, this means that the degree needed to filter (circa) mg
eigenvalues, in a slice centered around 0, can be approximated with

b arN _ ozTNnS‘ (5.5)

Mg m

The degree varies linearly with the number of slices and inversely with the ratio % of sought

eigenpairs.

Figure 5.1.: Values of [5 such that PY(l;) = 7PP(0) with respect to the degree k, for different
values of 7.

Figureshows the value of p) = ]P,?/(ls)/P,?(ls)] where [, is such that P2 (l;) = 7PP(0).

It seems that pi has a quasi-linear dependence to the degree k. Hence we write pr =~ 5,k.
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

Then the convergence rate p can be estimated with

2 1 2ng 1
250 =112k
—1=0.2
200 | = =0.57k
1= (0.5
o150 = =(.29k
B —7=10.8
100
50
0t 1 1 1 1 1
0 50 100 150 200 250
k

Figure 5.2.: Value of p) with respect to the degree k for different 7.

The hypothesis that the slice is centered in 0 is actually disadvantageous since this is
where the 0-Dirac filters are the widest (see figure . Therefore, we have computed
the width of the P for various v and found that it sill evolves as %, only the prefactor
a; changes. The same goes for the values of p] = |P)'(y —15)/P{ (v — )| with I5 such
that P (y — Is) = 7P/ (v). Figure shows the values of a; and (3, with respect to 7.
Based on these graphs, we will consider that the convergence rate, that depends on «,f;,
does not depend on the position of our slices for a given 7. However the factor a, for
the degree depends on . In our model, the center of the slices that is the closest to 0,
i.e. the one for which we will need the higher polynomial degree, can be estimated by
v = min(2m/N —1,0). Therefore we add an upper index m/N to the prefactors o and /5 to
express their dependency to the proportion of sought eigenpairs. This way, the estimated

polynomial degree needed to filter m eigenvalues with ng slices can be rewritten as
N
N

The values aT/ N and B N are computed numerically to be used in the rest of the calcu-

lations.

5.2. Comparison of polynomial degrees needed in both methods

Now that we know how the polynomial degree and the convergence rate are related in the
two methods, we will compare the degree needed to have the same convergence rate p with

the Spectrum Slicing method and Chebyshev filtering method.
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

1.00 |
=N
—=0.3

0.75F|—~v=0.6

0.50

0.25F J

0.00 | ! & v) fu"u"‘“'i’,

—1.0 —0.5 0.0 0.5 1.0

Figure 5.3.: Dirac filters of degree 50 on [—1, 1], with o-damping, centered in different ~.

—7=0.8 20 | -7 = 0.8 4 —7— 0.8
3+ —7= 0.5 ’ 7= 0.5 —7= 0.5
- —7 =102 w15 f —7=0.2 N 3T —7 = 0.2
s | o -
2 1.0 —/ S 2t
1 \ 05 F i 1
| N I I — [p—p——
0.0 0.2 04 0.6 0.8 0.0 0.2 0.4 0.6 0.8 0.0 0.2 04 0.6 0.8
Y Y Y

Figure 5.4.: Factors a.r, 5; and product a3, with respect to the position of the slice 7.

For a given degree k. of the Chebyshev filter, the convergence rate will be u = 1 —
2k.2/(N(1 —m/N)) and, for the Spectrum Slicing method to have the same convergence
rate, we will need d-Dirac filters of degree

ke

T i) o)

Then since the width of the slices is determined by the degree (up to 7) this also determines
the number of slices
m ks m k.2

N /N = N arBr(1— m/N)’ (5.9)

Nng =

Thus, the degree and number of slices in the slicing method are both multiples of k2.

We want the number of slices to be high and the degree to be small. The quotient of the
two is ng/ks = (m/N) x 1/aT/N which grows with m/N (see ﬁgure so Spectrum Slicing
will work best for a high proportion of sought eigenpairs. Figure [5.6]shows the evolution of
ks and k. with respect to the number of slices (the convergence rate and therefore ks and

k. is determined by the width of the slices), for a few proportions of sought eigenpairs, this
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

illustrate again that wanting only a small proportion of eigenpairs is penalizing and that

the difference in degree between slicing and Chebyshev filtering is very significant.

0.00 0.25

0.50
m/N

0.75 1.00

Figure 5.5.: Quotient ns/ks for 7 = 0,5 with respect to m/N the proportion of sought

eigenpairs.
m/N = 0.01
2250 t|—Fk,
$ —*s
5 1500
= 70
0
0 10 20 30 40 50
nS
m/N=0.3
— k.
o 225 (e
& 150
a
75
0

0 10 20 30 40 50
N

m/N =01

—k,
—k

s

—k,

Figure 5.6.: Degree ks required in the Spectrum Slicing method (7 = 0,5) with respect to
the number of slices ns and degree k. required in Chebyshev filtering method
for the same convergence rate, for different proportions of sought eigenpairs

m/N.
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

5.3. Time complexity of the different steps involved in the

subspace iteration method

We want to compare the Chebyshev filtering and Spectrum Slicing techniques. On the
one hand, Chebyshev filtering only requires a low degree filter, so few applications of the
Hamiltonian operator H, but then performs the Rayleigh-Ritz step in a m dimensional
space. On the other hand, the slicing method needs higher degree filters but then apply
the Rayleigh-Ritz step in smaller dimension. To be able to compare the two methods, we
need to estimate the time required for an application of the Hamiltonian to a vector and

for the Rayleigh-Ritz method. This is what we will focus on in this section.

For our analysis, we will use some time analysis that have been made on a GPU based
supercomputer with the Chebyshev filtering method, presented in table Several DFT
calculations where made on 3 test cases named Ti255-A, Ti255-B and Ga203-A. Ti255-A
and Ti255-B are titanium crystals and Ga203-A is a gallium (III) oxide. For each of these
calculations, the total time spent in the application of the Hamiltonian H, the application
of B~! and the Rayleigh-Ritz procedure where measured and correspond to the columns
T, T g’_tl and T} respectively. These calculations are made in the PAW formalism (see
section [2.5)) so the eigenvalue problem to solve is actually a generalized eigenvalue problem
HX = BXA, where B is called the overlap matrix. It can be rewritten B~'HX = XA.
This is where the need of applying a matrix B~! comes from. The table also contains
some parameters related to the computed physical systems. IV is the number of plane wave
used to discretized the Hamiltonian (hence the size of the matrix H), Ny is the number of
atoms considered, NN, is the number of projectors used to write the pseudopotentials, m is
the number of sought bands (i.e. eigenpairs), k. is the degree of the Chebyshev polynomial
used and ngiep is the number of self-consistent steps. Finally, by, stands for "band per
processor” and is the number of eigenpairs that where handled by each processor.

Using these data, we fill the table in which Ty and T-1 are the average time needed
for one application of H and B! to one vector and TRy is the average time needed for
one Rayleigh-Ritz step. Ty and Tz-1 are obtained by dividing the total time by k., ngstep
and by, and Trr by dividing the total time with the number of steps only since it does not
depend on the number of processor used.

Table will be used to give some computation time estimation of the application of H
and B~! and the Rayleigh-Ritz step, depending on N, N, and m. This computation times
are related to the material used and the implementation but since we are mostly interested

in the relation between them it is sufficient.
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

bpp N Naw Ny mo ke nsep | Tt (5) Tty (8) Tik (5)
Ti255-A | 256 | 17092 255 4590 2048 4 17 4,002 7,944 6,31
Ti255-A | 128 | 17092 255 4590 2048 4 17 2,2 4,608 5,938
Ti255-B | 512 | 34590 255 4590 4096 4 22 20,132 21,527 35,325
Ti255-B | 256 | 34590 255 4590 4096 4 22 10,386 11,201 32,693
Ga203-A | 720 | 77396 1960 8640 8640 4 4 59,881 196,31 55,684
Ga203-A | 360 | 77396 1960 8640 8640 4 4 32,852 96,91 50,055

Table 5.1.: Total execution time of the application of the Hamiltonian, the application of
B! and the Rayleigh-Ritz method, measured on a GPU based computer for
DFT simulations of different physical systems with their size parameters (N,
Nat, Np and m), the degree k. of the Chebyshev polynomial used, the number

of SCF steps ngtep and the number band per processor byp,.

N Nat Ny m | Ty (ms) Tp-1 (ms) Trgr (s)
Ti255-A | 17092 255 4590 2048 | 0,2299 0,4563 0,3711
Ti255-A | 17092 255 4590 2048 | 0,2528 0,5294 0,3493
Ti255-B | 34590 255 4590 4096 | 0,4468 0,4778 1,606
Ti255-B | 34590 255 4590 4096 | 0,4610 0,4972 1,486
Ga203-A | 77396 1960 8640 8640 5,198 17,04 13,92
Ga203-A | 77396 1960 8640 8640 | 5,703 16,82 12,51

Table 5.2.: Average execution time of one application of the Hamiltonian, one application
of B~! and one execution of the Rayleigh-Ritz method, measured on a GPU
based computer for DFT simulation of different physical systems with their size

parameters (N, Ny, N, and m), computed from table

5.3.1. Application of the Hamiltonian to a vector

To analyse the time complexity of the application of the Hamiltonian operator, we follow
the work of .

When using pseudopotentials the Hamiltonian operator can be expressed as

H = Ts + ‘/loc + Vnonloc-

(5.10)

The kinetic energy operator is a diagonal matrix in the plane wave basis, so its application is

in O(N). The local potential operator is a multiplication in real space so its application to a
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

vector can be computed using the inverse and direct Fourier transform of the vector. Using
FFT, its application is in O(N log(/N)). Finally, the non-local potential operator depends
on the atomic data and can be expressed as Vioonioe = PDy P where P is a N x N, matrix
containing the projectors used to model the core electrons and Dy € CNe*Ne is block
diagonal. Thus the application of Vionloc is in O(NN, + Np2).

Figure [5.7] shows the time spent for one application of the Hamiltonian with respect to
N N, for the data of table we observe that the computation time seems to grow linearly
with respect to NN, hence we will ignore the O(N log N + N,?) term and estimate

Ty(N,N,) ~ ANN, (5.11)

with A =3 x 10712 s.

0.003

0.002

Calculation time (s

e

=3

S

=
T

0.000 [ { 1 1 I I

0 5.00x10° 1.00x10° 1.50x 10 2.00x10°
Nx N,

Figure 5.7.: Measured calculating time for one application of the Hamiltonian operator to
a vector on GPU calculators with respect to the product NIV,,.

5.3.2. Inversion of the overlap matrix

The overlap matrix B appears when using the PAW formalism for pseudopotentials. The

operator to diagonalize is then B~'H and B has the form
B=1+PDgPH¥ (5.12)

where P is the same N x N, projector matrix as above and Dp € CNe*Np ig block diagonal.
Then B can be inverted using the Woodbury formula [Woo50] that yields

B~ ' =1+ PDp '+ PIP)"IPH, (5.13)
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

Thus we now only need to inverse an Nj, x N, matrix. This inversion can be done in O(N?)
as explained in [LT15] and corroborated by our data. We then use table to estimate
the time prefactor. This gives

Tg-1(N,) = CON,? (5.14)

with C' =3 x 107! s (see figure .

15

o

0
T

0.01

Calculation time (s)

0.00 £ § | 1 I I

0 2.50x10° 5.00x10° 7.50%x10° 1.00x 10
Np X Np

Figure 5.8.: Measured calculating time for one application of the inverted overlap matrix
to a vector on GPU calculators with respect to the number of projector N,.

5.3.3. Rayleigh-Ritz method

For a matrix H € CV*Y and a matrix X € CV*™ with orthonormal columns, the Rayleigh-

Ritz method consist of 3 steps :
1. Compute the m x m matrix A = X7 HX
2. Solve the eigenvalue problem AY = YA
3. Compute the Ritz vectors Z = XY

to which we sometimes add the orthonormalization step of the matrix X. Here the most
time consuming step is the diagonalization of the matrix A, since matrix products are
accelerated by parallelization. We have to use an iterative algorithm, which scale in the
general hermitian case in O(m?3). We estimate the timing scaling factor using table
Figure shows the time spent in the Rayleigh-Ritz step as a function of the subspace

dimension. From it, we estimate that the time per Rayleigh-Ritz step is

Trr(m) =~ Bm? (5.15)
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

with B=2x 10~ s,

20

—_
ot

=
(=)

Calculation time (s)

O 1 1 1 1
0 2.50% 10 5.00x 10" 7.50x 10" 1.00x10'2
m3

Figure 5.9.: Measured calculating time for one execution of the Rayleigh-Ritz method on
GPU calculators with respect to the subspace dimension m.

5.4. Comparison of calculation times

Now that we know the time complexity of the Rayleigh-Ritz step and the Hamiltonian
application, we can write an approximation of the time needed for one Chebyshev iteration

and one Spectrum Slicing iteration:

Tcnevri = (ANN, + CN}) ke + Bm?® (5.16)
and ,
Tslicing = (ANN, + CN}) ks + B (;”) : (5.17)
m/N

For a fixed 7, the degree kg used for slicing polynomial is given by ks = N/maz ' "ns.

Thus, we can compute the optimal number of slices,

3B 1/4
noPt = ~ m (5.18)
(ANN, + CN2) NoJ/

that minimizes T5jicing. This optimum only accounts for one iteration and does not consider
the convergence rate . However, since in DFT, the convergence rate is mostly governed
by the variations of the Hamiltonian operator, this optimum probably makes sense. This

N
noP* also fixes the degree kP = N /may / nSPt,
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

5.4.1. Computation time with respect to the number of atoms in the system

In order to reduce the number of parameters, we will express N, N, and m as a function

of the number N, of atoms in the system, which will be our main scaling parameter.

N is the dimension of the matrix H that we want to diagonalize. In DFT, the dimension

of H is the number of plane waves in the basis Bg, which is defined as

2Ecut

BG’ = {G € RS s.t. G = Tllbl +n2b2 +7”L3b3 with ni,ng2,n3g € Z and HGH2 < A2
s

(5.19)
where (b1, by, b3) are the reciprocal lattice vectors defined by (a;, bj) = d0; ; for i, j =1, 2, 3
with a1, a9, ag the Bravais lattice vectors, that define the unit cell in real space. In Abinit,
a1, as and ag are some parameters chosen by the user, depending on the geometry of the

system studied. In the case where a1, as and az form an orthogonal set, we simply have

1 1 1
bl = 5 a1 b2 = 75 a2 and b3 = ——5as.
lag|* laz]]? las]?

The number of basis vectors N can be approximated by the volume of the ellipsoid

2F,
s

which is the same as

332 y2 22 < 2Eacut }

z,y,z) € R? s.t. + + <
{( ) a2 " Tl T Tal? S a2

if a1, as and ag form an orthogonal set. This gives

4 < V2E

N~ -7
2T

3
! ) laal ozl

where ||ai]|||az||||as|| is the volume of the unit cell, which we write with VN, where Vi
is the volume of one atom, such that

N — 4 ( \% 2-Ecut
— 3" 2

3

3
) VatNat = ¢NNag (5'20)

with

4 (V2B )\’
CN = -T0 Vat
3 2T
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

a constant that depend on the physical system, it can vary very widely, from a few dozen
to a few thousand. With V,; = 100 Bohr® and E., = 15 Ha, we have cy = 277.

N, is the number of projectors in the system which is equal to
Np = 1mn Nag (5.21)

where npy;, is the number of core electrons per atoms (depending one the type of atoms).

Each core electron is modeled with one projector. Usually, njy,, varies between 1 and 40.

At zero temperature, the number of sought eigenpairs m is the number of occupied bands
and also depends on the number of atoms. When using pseudopotentials, m is the total

number of valence electrons so we can write
m = Ny Nat (5.22)

with n, the number of valence electron per atoms, that depends on the atom considered
and is usually smaller than nyy,,. For Titanium, nj,, = 18 and n, = 4.

In DFT calculations, we sometimes need to compute more eigenpairs, for example when
the temperature is not 0, or in some other specific applications where ”excited” eigenstates
are needed for some post-processing. Therefore, we will keep the proportion of sought

eigenpairs m/N as a parameter.

Now we can express the total time needed for one step of Spectrum Slicing or one step
of Chebyshev filtering with respect to the number of atoms N,;. Here, we keep m/N as a

parameter. This gives

TChebFi = (ANNp + CNp2) k?c + Bm3 (5 23)

= at2 (ACanmn + Cnlmn2) ke + Nat3B(CN%)3

and

3
TSlicing = (ANNp + CNI?) ks + B (%)
, (5.24)

- at2 (ACanmn + Cnlmng) ks + Nath (CNNAnS>
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

Now if we focus on Spectrum Slicing with its optimal number of slices, we can express nPt

and k2P in terms of Ny, this gives

1/4
noPt — N t1/4 3BCN3 / m
s : Acnnimn + Cnlmn2 N

and

1/4
JoPt — N, 1/4qm/N < 3B ) / |

ACanmn + Cnlmn2

Then

3/4 1
TS e = Nat @Y (Acynin + Cry?) ™ BV (31/ 4qm/N 4 op2 433/4> . (5.25)

Thus Tgﬁ;ng scales as Ny 31/4 while Tonenr; scales as Na®, thus there is always a number
of atoms at which Spectrum Slicing becomes more efficient than Chebyshev filtering, for a
well chosen number of slices.
. opt . .
Figure shows Tchebri and TSliCing with respect to the number of atoms, for different
parameters. We have displayed two curves for Chebyshev filtering, one with a fix degree
k. = 6 and the other with a degree k. = \/kgpt T/N(l —m/N), that gives the same

convergence rate as the optimal Spectrum Slicing. In the domain where Spectrum Slicing

becomes profitable, the computation time for Chebyshev filtering is mainly due to the
Rayleigh-Ritz procedure, so the degree chosen is not so important. While some Ecyt, Vag,
Nimn values are better suited to Spectrum Slicing than others, it is the proportion of sought
eigenvalues m/N that makes the biggest difference. At zero temperature, m/N is usually
closer to 0.01. This is unfavorable for Spectrum Slicing, that will only become better
than Chebyshev filtering for a large, but realistic, number of atoms. However for larger
proportion of sought eigenpairs, Spectrum Slicing is readily better the Chebyshev filtering.

Figure also illustrate the importance of searching for a high proportion of eigenpairs,
by showing the minimal number of atoms to have Spectrum Slicing more efficient that
Chebyshev filtering with respect to m/N. The reason for that is that a small m/N most
likely yield to thin slices that are more difficult to filter.

5.4.2. Comparison on physical systems

In this section, we will review some particular physical systems of interest, to see if the
Spectrum Slicing method can yield better computation times than Chebyshev filtering in
this specific cases.

Table gives the size parameters of the studied systems. UO2 is a Crystal of uranium
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method
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Figure 5.10.: Estimated calculation time with respect to the number of atoms for Spectrum
Slicing, Chebyshev filtering with the same convergence rate as Spectrum Slic-
ing and Chebyshev filtering with a degree 6.

dioxide with 54 atoms, it is relatively small and easy to compute with Chebyshev filtering.
Aul07 is gold in the face-centered cubic crystal structure with 107 atoms ; it is also relatively
small. Ti255-A and Ti255-B are titanium crystals (in hexagonal close-packed structure).
In case B, E.y is increased and we compute more eigenstates (m), which will lead to more
precise results at high temperature. This two cases are already expensive to compute.
Finally, Ga203-A and Ga203-B are gallium (III) oxides. In case B, the number of atoms
in the unit cell is increased, which drastically increases the number of plane waves N needed
to discretize the Hamiltonian. The number m of eigenpairs to compute which scales with
the number of atoms is also increased significantly. This two cases are very expensive to
run and Ga203-B could not yet be computed.

Tables and show the estimated computation times of one diagonalization step
with Chebyshev filtering and Spectrum Slicing, for different values of k., the degree of the
polynomial in the Chebyshev filtering method, and the corresponding slicing parameters
(chosen to match the convergence rate given by k. with Chebyshev filters). The empty cells

in the table correspond to cases where it is impossible to filter the part of the spectrum we
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

107
100 F —— B, = 15Ha, V,, = 100Bohr’, n, = 20
3
E - 108 b ——FE., =20Ha, V 200B0:l;u' R ——
Z 107 i ——FE,,=5Ha V , =50Bohr, n, =20
= X
6
Q 10
-+~
=
w 1001
S
4L
5 10‘
"g 10° |
Z 10
10t
1 1 1 1

0.0 0.1 0.2 0.3
m/N

Figure 5.11.: Estimated minimal number of atoms to have the optimal Spectrum Slicing
become more profitable than Chebyshev filtering, with respect to the pro-
portion of sought eigenpairs m/N, for different size parameters Ecyut, Vo and

Nimn-
Physical systems || Ny N, Nmn m N m/N | Ecut | Vat
U02 54 1224 | 22,7 | 256 13543 | 0,0189 | 15 | 90,3
Aul07 107 | 1926 18 640 33804 | 0,0189 | 15 114
Ti255-A 255 | 4590 18 2048 17092 | 0,120 ) 126
Ti255-B 255 | 4590 18 4096 | 34590 | 0,118 8 126
Ga203-A 1960 | 23520 | 12 8640 | 77396 | 0,112 ) 73,9
Ga203-B 4160 | 49920 12 18432 | 164270 | 0,112 ) 74

Table 5.3.: Size parameters of some physical systems.

-1
are looking for using polynomials of degree k, = k> ( ;n/N(l — m/N)) (for 7 =0,5).

We observe that for the two smallest systems UO2 and Aul07, the Spectrum Slicing
method is never cost-effective compared with the Chebyshev filtering method. Indeed,
since m is quite small, the computation time is dominated by the filtering step and not by
the Rayleigh-Ritz step (see table. For the other systems, the Spectrum Slicing method
becomes profitable for k. = 8 and k. = 16 i.e. for a number of slices between 5 and 20
approximately. When the number of slices is increased to around 80, the time saved in the
Rayleigh-Ritz step no longer compensate for the very high degree filter. This shows that
the number of slices must be chosen wisely. We see that the bigger the system is, the bigger

is the time difference between the two methods. For Ga203-B, with k. = 8, we can expect
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

the computation time to be reduced by a factor 14, which would make its execution time

similar to Ga203-A with Chebyshev filtering, thus making it possible to run.

k.=4 k.=28

Physical systems | Tchebri (8) | TSlicing (5) | ks | 7s || Tcnebri (8) | Tslicing (5) | ks | ms
U02 0,000714 - - - 0,00109 - - -
Aul07 0,00647 - - - 0,00770 - -

Ti255-A 0,175 0,19 21 | 1 0,179 0,0742 84 | b5
Ti255-B 1,38 1,40 21 | 1 1,38 0,103 83| 5
Ga203-A 12,0 13,4 21 | 1 13,0 1,89 81| 5
Ga203-B 126 127 21 | 1 126 9,05 8L | b5

Table 5.4.: Estimated computation time for one eigensolver step, for a degree k. = 4 and
k. = 8 in the Chebyshev method and the corresponding parameters in the slicing
method (7 =0,5).

k. =16 k. =32
Physical systems | Tchebri (S) | TSlicing () | ks | ns || Tonebri (8) | Tsticing (5) | ks | ns
U02 0,00185 0,0164 173 | 3 0,00337 0,0654 691 | 14
Aul07 0,0101 0,0532 173 | 3 0,0150 0,212 691 | 14
Ti255-A 0,186 0,289 333 | 21 0,200 1,16 1332 | 87
Ti255-B 1,39 0,367 331 | 21 1,41 1,46 1323 | 86
Ga203-A 13,3 7,08 321 | 20 13,6 28,3 1282 | 80
Ga203-B 127 32,0 322 | 20 128 128 1286 | 81

Table 5.5.: Estimated computation time for one eigensolver step, for a degree k. = 16 and
k. = 32 in the Chebyshev method and the corresponding parameters in the
slicing method (7 =0, 5).

All of this time estimations have been made considering a perfect (and infinite) paral-
lelization, with every slice computed in parallel and each application of the filters to the
vectors done in parallel on all the vectors, in each slice. If the parallelization is not per-
fect, the time spent on filtering is multiplied, penalising the Spectrum Slicing method more
than the Chebyshev method. Table shows the details of the computation time on both

methods. We see that for example in the Ga203-B case, if each processor has more than
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5. Comparison of time efficiency in the Slicing method and Chebyshev filtering method

15 eigenvectors to filter (thus filtering them sequentially), Spectrum Slicing is no longer
profitable. However the number of process needed to make the computations with full

parallelization is achievable with GPUs.

Chebyshev filtering Slicing methode

Physical systems || Tiot () | Thitering (8) | TRR (5) | Ttot (5) | Thitering (5) | TRR (5)
U02 0,179 0,000757 | 0,000336 - - -
Aul07 1,38 0,00245 0,00524 - - -
Ti255-A 0,179 0,00694 0,172 0,0742 0,0729 0,00137
Ti255-B 1,38 0,00887 1,374 0,103 0,0920 0,011
Ga203-A 13,0 0,176 12,9 1,89 1,79 0,1031
Ga203-B 126 0,795 125 9,05 8,05 1,00

Table 5.6.: Estimated computation time for a diagonalization step, for a degree k. = 8 in
the Chebyshev method and the corresponding parameters in the slicing method
(1 =0,5) with details of the time spent on filtering and Rayleigh-Ritz.

In this section we have shown the Spectrum Slicing method can be more time effective
than Chebyshev filtering in some specific cases, namely for very large systems or smaller
systems with a large proportion of sought eigenpairs. Spectrum Slicing is well suited, for
instance, for high-temperature calculations.

However, all these estimates have been made with a number of simplifications, the most
important of which is likely that of homogeneously distributed eigenvalues. Also, in actual
computation, we would compute more eigenpairs than needed in Chebyshev filtering and
in each slice when using the Spectrum Slicing method, to improve convergence. Thus the
next step would be to compare these estimates with reality by implementing the Spectrum
Slicing method in Abinit. This will allow us to test the relevance of our approximations.
In addition, we could then also observe the effects of communications between processors,

which have not been considered at all here.
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6. Conclusion

This Master’s thesis reviewed the Spectrum Slicing method and its application for DFT
calculations in plane waves. The study of this specific eigensolver was motivated by the
observation of the calculation time allocated to the Rayleigh-Ritz step in DFT calculations,
in particular the evolution of this time during the transition from purely CPU calculators
to CPU+GPU calculators. We have found that, while the other computational steps are
reduced by the addition of GPUs in the two iterative solvers implemented in Abinit, namely
LOBPCG and ChebkFi, this is not the case for the Rayleigh-Ritz step. So, if the computation
time of this step was not to be taken into account until now, this is no longer the case. We
need an iterative solver which reduces and/or parallelizes the calculation time related to
the Rayleigh-Ritz. This is the whole point of the Spectrum Slicing method.

In this study, we were particularly interested in applying this method to dense matrices.
This adds complexity because it becomes very difficult to invert the matrices and even to
store them. Moreover, using this solver within the DFT framework adds certain stability

and optimization challenges, as the matrix to be diagonalized is no longer constant.

The first step in this work was a bibliographical study of iterative eigensolvers, in par-
ticular ”Subspace iteration” type of methods, of which Spectrum Slicing belongs. This
allowed me to take the subject in hand. A large part of this work is therefore a study and
description of the variety of existing strategies for Slicing methods. The first sections of
this work report on this bibliographical study.

A second important part of the work was the implementation of a prototype in Julia
to test and experiment with the method. This highlighted a number of difficulties, in
particular the importance of choosing the right slices and correctly merging the results
obtained on each processor, especially in DFT calculations. We were also able to verify
that plane-wave DFT calculations converge with the Spectrum Slicing eigenvalue solver.

Finally, the last but not least aim of this work was to assess the usefulness and applica-
bility of this method. This was done in the last section. Indeed, while Spectrum Slicing
reduces the computational load of Rayleigh-Ritz, the other steps are extended. With our
naive modeling, we were able to estimate that Spectrum Slicing will be more efficient than

Chebyshev filtering (considered here as a reference) in certain cases. For Spectrum Slicing
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6. Conclusion

to be of interest, the problem must be of large size, so that the Rayleigh-Ritz computation
time has a significant weight in the Chebyshev method, and the proportion of eigenstates
sought must be large enough not to penalize the filtering too much. This corresponds to

specific applications, like high temperatures calculation for instance.

The implementation of this iterative eigensolver in Abinit was not part of this work. It
should be the next step as it will allow us to test Spectrum Slicing on larger systems and also
to compare our complexity model with reality. We have made a number of simplifications to
estimate computation times with Chebyshev Filtering and Spectrum Slicing. In particular,
we have assumed an homogeneous distribution of eigenvalues, which is never the case for
real materials and the distribution has a large influence on the choice of slices and therefore
on the convergence rate and on filtering complexity. Regarding the time complexity of the
paralellization, we have also not taken into account the communications between processors.
These increase computation time.

In most of this work, we were interested in solving standard eigenproblems. However, in
PAW formalism for instance, we need to solve generalized eigenvalue problems. These can
always be rewritten as standard problems by inverting the overlap matrix, but some filters
(e.g. rational filters) can be directly adapted to generalized eigenvalue problems. The effect
of adding an overlap matrix needs to be studied since the PAW formalism is widely used
in Abinit.
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A. Chebyshev polynomials

In this appendix, we will study Chebyshev polynomials, that are use full to build the
eigensolvers used in this work.
A.1. Chebyshev polynomials of the first and second kind

Definition A.1.1. Chebyshev polynomials of the first kind are defined by the following

recurrence relation

To(X) =1
T (X)=X (A1)
Vn = 1, Tn+1(X) = QXTn(X) — Tn_l(X).

Lemma A.1.1. For 6 in R, Chebyshev polynomials of the first kind are such that, for
n =0,
cos(nf) = Ty, (cos ) (A.2)

and
cosh(nf) = T),(cosh 0). (A.3)

Proof. This is proven by induction. Let # € R, we have cos0 = 1 = Ty(cosf), cos =
Ti(cos @), cosh0 = 1 = Ty(cosh @) and cosh @ = T (cosh#). Then we assume that cosnf =

T, (cos0) and cos(n —2)0 = T,,_2(cos 0), then, then using the usual trigonometry formulae,

cos(n + 1)0 = cosnb cos @ — sinnf sin f
= cosnf cos @ — [cos((n — 1)0) sin O + sin((n — 1)) cos ) sin @
= cosnf — cos((n — 1)0)(1 — cos? #) + sin((n — 1)) sin § cos 0
= cosnf cos 0 + cosO[sin((n — 1)0) sin @ — cos((n — 1)#) cos#)] — cos((n — 1)0)
= 2cosnb cos — cos((n — 1)0)
= Ty (cosf)cost — T,,—1(cosh)

= Tp+1(cos @)
(A.4)
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A. Chebyshev polynomials

and similarly, we assume that coshnf = T),(cosh ) and cosh(n — 2)0 = T,,_2(cosh §), then

using the usual hyperbolic trigonometry formulae,

cosh(n + 1)0 = cosh nf cosh 6 4 sinh nf sinh 4
= coshnf cosh @ + [sinh((n — 1)) cosh @ + sinh @ cosh((n — 1)0)] sinh 6
= cosh nf + cosh [sinh((n — 10) sinh 6 + cosh 6 cosh((n — 1)#)] — cosh((n — 1)0)
= 2 cosh(nf) cosh(#) — cosh((n — 1)8)
= T+1(cosh0)
(A.5)

which concludes the proof. O

Definition A.1.2. Chebyshev polynomials of the second kind are defined by the following

recurrence relation

Up(X) =1
Up(X) = 2X (A.6)
V> 1, Upr(X) = 2XUn(X) — Up_1(X).

Lemma A.1.2. For 0 in ]0,2x[, Chebyshev polynomials of the second kind are such that,
forn >0,

sin(n + 1)0
; _ sm{n+ Do A.
U (cos @) e~ (A.7)
Proof. This is proven by induction. Let 6 in R, we have
Uo(cos ) = 1 = S0 (A.8)
0 - sinf )
and 0 sin 0 in 26
Ui(cosf) = 2cos = pCO87SIMY _ B (A.9)

sin 6 sinf
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A. Chebyshev polynomials

Then for n in N we have

sin(n + 1)6 = cosnf sin 6 + cos 6 sin nf
= sin # cos # cos(n — 1)8 + sin fsin O sin(n — 1)0 + cos O sin nb
= sinf cos 0 cos(n — 1)0 + (1 — cos® §) sin(n — 1) + cos O sin nd
= cos @ (sin 0 cos(n — 1)0 + cos @ sin(n — 1)0 + sinnh) —sin(n — 1) (A.10)
= 2cosfsinnfh — sin(n — 1)6
= sin @ (2 cos OU,,(cos 0) — U,,_1(cos b))

= sin QU,,11(cos ).
Hence the induction is proven. O
Lemma A.1.3. Forn>1 andt € R, T)(t) = nUp_1(t).

Proof. Let € R and n > 0, T),(cos ) = cos(nf) so

% cosnf) = —nsinnh = —T (cos ) sin 0 (A.11)
thus,
y _ msinnf
T, (cosf) = e n—1(cos ). (A.12)

The equality is proved on [—1, 1] and by d’Alembert-Gauss theorem, the equality is proved
on R. 0

Lemma A.1.4. Forn >0,
Un(l) =n+1 (A.13)

Un(—1)=(-1)"(n+1) (A.14)

Proof. We have Up(1) =1, Uj(—1) =2 and for n > 0
Unt2(1) =2U,+1(1) = Up(1) =2(n+2) — (n+1) =n+3.
Then in —1 we have Up(—1) =1, Uj(—1) = —2 and for n > 0

Uni2(1) = 2Up11(1) = Up(1) = 2(=1)" (0 +2) — (=1)"(n + 1) = (=1)" *(n + 3).
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A. Chebyshev polynomials

A.2. Chebyshev series expansion

To study Chebyshev series expansion, we mostly used the book [Riv20)].

A.2.1. Orthogonality of Chebyshev Polynomials

The weight function associated with Chebyshev polynomials of the first kind is

[-1,1] — R*
w: . (A.15)

1
t — —

Using this weight function, we define the following scalar product.

Definition A.2.1 (Chebyshev scalar product). For f, g real functions defined on [—1,1],

(F g = / (bl (A-16)

Theorem A.2.1. Chebyshev polynomial of the first kind form an orthogonal system with
respect to the Chebyshev scalar product (-, -, ).

Proof. Let m,n € N,

1 1 ™
(T, Ti) :/_1 Tn(x)Tm(x)mdaz:/o cos(nf) cos(mb)do (A.17)

with the substitution z = cos#. Then using cosacosb = % (cos(a+b) + cos(a — b)), we have
1 ™
(T, Tin) = 3 / cos((n +m)@) + cos((n —m)0)do (A.18)
0

If n # m this gives

(T, T = [Sm((" m)f) ] + Fm((” - m)e)] =0 (A.19)
n+m 0 n—m 0
otherwise if n = m > 1,
(T, T) = 1/ 1do =" (A.20)
2 Jo 2
and -
<T0,T0> = 2/ 2d0 =7 (AQl)
0
O
7
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A. Chebyshev polynomials

Furthermore, since Chebyshev polynomials form a basis of the vector space R[X], we
have from the Weierstrass approximation theorem, that Chebyshev polynomials form a

complete orthogonal system on [—1,1].

A.2.2. Formal Chebyshev series expansion

Since Chebyshev polynomials form a complete orthogonal system on [—1, 1], we can define
Chebyshev polynomial series expansion as generalized Fourier series. Let f a function

defined on [—1, 1], its Chebyshev series expansion is defined as the formal sum

f=Y anT (A.22)
=0
where (T
ai(f) = ﬁ (A.23)

A.2.3. Relation between Chebyshev series expansion and Fourier series
expansion

Let f:[-1,1] — R a function, We define

R — R
g: (A.24)

0 +—  f(cosh).

Thus, g is a function with period 27 and its real Fourier series expansion is

1 . : o
40 + Zl a; cos 16 + b; sin 16 (A.25)
with, for ¢ > 0,
1 ™
a; = / g(0) cosifdb (A.26)
™ —T
and
1 1
b; = / g(0)sinifdd =0 (A.27)
T J-1

since g is even. So the Fourier series reduces to the cosine expansion

1 - ,
540 + Zz; a; cosif. (A.28)
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A. Chebyshev polynomials

Then, using the substitution § = arccost and the fact that g is even, we have

2 (! dt
[ om0 ()

a; =2 X — arccost) cos(i arccost

/1 a
T J V1—t?

This means that the Chebyshev series expansion of f is the same as the Fourier cosine series
expansion of g. Thus, we will be able to apply known convergence properties of Fourier

series to Chebyshev series.

A.2.4. Convergence of Chebyshev series expansion

Theorem A.2.2 (Jordan-Dirichlet). If f is a periodic function of bounded variation on

each period, its Fourier series converges at each point t to

. flt+e)+ f(t—e¢)
lim 5 . (A.30)

In particular, this means that we have convergence for all piecewise C' functions, as for

instance x[, ) for two real a < b.

A.2.5. Damping

Expansion of discontinuous functions in Fourier series lead to oscillations near the disconti-
nuity. This is known as the Gibbs phenomenon. These unwanted oscillations are present in
Chebyshev series expansions and can be attenuated using well chosen damping coefficients,

that is by replacing

k
> ol (A.31)
=0
with
k
> dieiT; (A.32)
=0

for some smoothing coefficients df. Here, we will present two choices of damping coefficient

that are Jackson damping and o-damping.
Jackson damping Jackson damping is presented in [Jac30] and [Riv&1].

o-damping o-damping is presented in [Lan88| and defined as follows :

dd=ok=1 (A.33)
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A. Chebyshev polynomials

and for j =1,...,k,

. 9

(A.34)

This will attenuate the higher frequency coefficient, thus reducing the oscillations. More

precisely, the sine cardinal function sinc is the Fourier transform of a characteristic func-
k

tion which means that that the sum Zf:o c;ioy costf is the truncated Fourier series of g

convoluted with the function ﬁ X[-0,,,0,]» Of integral 7, which can be seen as smoothing of

g.
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B. Code

This appendix contains some of the code functions written in Julia language used to test
and study the Spectrum Slicing method. The code is not given in its entirety. However, it
is a good illustration of the points covered in this work. For the DFT, we used the DFTK

package [HLC21], which allows you to set a custom eigensolver as parameter.

Slices

1 function maxDO0SClusteringSlices(lambda, ns, lmin, lmax; n=1000)

2 # Returns at most ns slices, according to lambda

3 nv = length(lambda)

4 phi = DOS(lambda)

5 blast = min(maximum(lambda), lmax) # It doesn’t matter if the max is

underestimated

6 T = range(lmin, blast; length=n)

7 phi_T = [phi(t) for t in T]

8 mins = findLocalMinima (phi_T)

9 mins = [1; mins] # adding lmin index

10 push!(mins, n) # adding blast index

11 1 = length(mins) - 1

12 ms = [ integral(mins[i], mins[i+1], T, phi_T)*nv for i in 1:1]
13 s = [1

14 for i in 1:1

5 push! (S, (T[mins[i]], T[mins[i+1]], ms([i]))
16 end

17 while 1 > ns

18 ms_merged = [ms[i] + ms[i+1] for i in 1:1-1]
19 i_min = argmin(ms_merged)

20 s_new = (S[i_min][1], S[i_min+1][2], ms_merged[i_min])
21 S[i_min] = s_new

22 ms[i_min] = ms_merged[i_min]

23 deleteat ! (S, i_min+1)

24 deleteat!(ms, i_min+1)

5 1 -=1

26 end

7

28 return S

81



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

29 end

30

31

32

33

34

39

40

41

42

60
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62
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64
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B. Code

function slicesUpdate(H, X0, ns, lmin, lmax, XOs_old;

return_info=false,
slicesDist=maxD0SClusteringSlices,
n_extra=1,
random=0,
args...

)

# Slices chosen depending on the previous slices with slicesDist

lambda = RayleighQuotients(H, X0) # Liste of Rayleigh quotients

S = slicesDist(lambda, ns, lmin, lmax; args...)
blast = last(S) [2]
ns = length(S)

# New XOs allocation
X0s_old_concat = XOs_old[1]
for i in 2:mns
X0s_old_concat = [XOs_old_concat XOs_old[i]]
end
lambdas_old_concat = RayleighQuotients(H, X0s_old_concat)
I_sup = findall(lambda -> lambda .> blast, lambdas_old_concat) #
eigenvalues indexes (lambdas_old_concat) higher than the new slices
X = XO
# We add to X and lambda the eigenvectors/values calculated in previous
iterations greater than blast
# These vectors correspond to lambda_m+1, lambda_m+2 ... we don’t need
to calculate them, but they are useful for convergence.

if !isnothing (I_sup)

ress_old_concat = Residuals(H, lambdas_old_concat, XOs_old_concat)

res = Residuals(H, lambda, XO0)

lambda_sup, X_sup, = removeDuplicate(blast, lambda, X0, res,
lambdas_old_concat [I_sup], XOs_old_concat[:, I_supl, ress_old_concatl[

I_supl, []; right=true)
X = [X0 X_supl]
lambda = vcat(lambda, lambda_sup)

end
p = sortperm(lambda)
X = X[:, pl

lambda = lambdal[p]

n = size(X, 2)
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B. Code

N = size(X, 1)

# Construction of new subspaces XOs

X0s_new = []

for i in 1:mns
(a, b, m) = S[il]
il = findfirst(lambda -> lambda .>= a, lambda)
i2 = findlast(lambda -> lambda .<= b, lambda)
X0i = X[:, 11:i2]

# We add (n_extra) vectors to make the slice "overflow".

# New random vectors

Xnew_rand = rand(ComplexF64, (N, n_extra))

# Already calculated vectors that are the closest
d = [ min(abs(a-lambdal[i]), abs(lambdal[i]l-b)) for
dist_slice = [ ( i1l <= i <= i2 ? Inf : d[i] ) for
p = partialsortperm(dist_slice, l:n_extra)
Xnew_old = X[:, pl

# Mixing the two

Xnew = random * Xnew_rand + (l-random) * Xnew_old

X0i = [X0i Xnew]

push! (XOs_new, XO0i)

end

if return_info

return S, XOs_new, "Slices update"
else

return S, XOs_new
end

end

Filters

function scalarChebyDirac(t, k, gamma; damping=sigma,
# entre -1 et 1
T = Chebyshev(t, k)
Tg = Chebyshev(gamma, k)
rho = 1/2xdamping (0,k)*T[1]
rhog = 1/2+xdamping(0,k)*Tg[1]
for j in 2:k+1
mu = cos((j-1)*acos(gamma))
rho += mu*damping(j-1,k)*T[j]
rhog += mu*damping(j-1,k)*Tgl[j]
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11 end
12 return rho/rhog
13 end

15 function degChebyDirac(a_, b_; tau=0.5, maxDeg=200, damping=sigma)
16 gamma = (a_+b_)/2

17 Ta = Chebyshev(a_, maxDeg)

18 Tb = Chebyshev(b_, maxDeg)

19 Tg = Chebyshev (gamma, maxDeg)

20 rhoa = 1/2xTal[1]
21 rhob = 1/2xTb[1]
22 rhog = 1/2xTgl[1]
23 k=1

24 while ( abs(rhoa/rhog) > tau && abs(rhob/rhog) > tau && k < maxDeg)
25 k += 1

26 mu = cos((k-1)*acos (gamma))

27 rhoa += mux*Tal[k]

28 rhob += mux*Tb [k]

29 rhog += muxTg[k]

30 end

31 k = max(k, 5) # degree at least 5

32 f = x -> scalarChebyDirac(b_, k, x; damping)-scalarChebyDirac(a_, k, x;
damping)

33 delta = 0 #(b_-a_)*1le-5 # to avoid calculating f to close to -1

34 if f(max(a_, delta-1))*f(min(b_, 1-delta)) < O

35 gamma = find_zero(f, (max(a_, delta-1), min(b_, 1-delta)))

36 else

37 @warn "Filter not centered : some eigenvalues could be missed"

38 end

39 return k, gamma

40 end

42 function ChebyDirac(H, a, b, lmin, lmax; damping=one, tau=0.8, maxDeg=200,

deg=0, gam=0, count_matvec=false)

43 ¢ = (lmin+1lmax) /2
44 r = (lmax-1min) /2
45 a_ = (a-c)/r
46 b_ = (b-¢c)/r

47 if deg > O

48 if gam == 0

19 gam = (a_+b_)/2

50 end

51 else

52 deg, gam = degChebyDirac(a_, b_; tau=tau, maxDeg=maxDeg, damping)
53 end
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function filterH(V; count_matvec=false)
THV = [V, 1/r*x(H*V-c*V)]
FHV = 1/2xdamping(0, deg)*THV[1]
FHV += gam*damping (1, deg)*THV[2]

Tg
fg
for i = 3:deg+l

Chebyshev (gam, deg)
1/2%g(0,deg)*Tg[1] + gam*damping(1l, deg)*Tgl[2]

mu = cos((i-1)*acos(gam))

THV = push!(THV, (2/r*(H*THV[i-1]-c*THV[i-1]1)-THV[i-2]))
FHV += muxdamping(i-1, deg)*THV[i]

fg += muxdamping(i-1, deg)*Tglil

end

if count_matvec

return FHV./fg, deg

else

return FHV./fg

end

end

return filterH

end

Spectrum slicing eigensolver

function subspaceProj(filterH, Q; count_matvec=false)

m = size(Q, 2)

if count_matvec
fQ, n_matvec =
V = qr(£fQ).QL[:,

filterH(Q; count_matvec)

1:m] # Orthonormalisation

return V, n_matvec

else
fQ = filterH(Q;
V = qr(£Q).Ql[:,
return V

end

end

count_matvec)

1:m] # Orthonormalisation

function eigenSolverSlice(H, X0, a, b, lmin, 1lmax;

filter=ChebyDirac,

argf=Dict (),
maxiter=100,
miniter=1,
tol=1e-10,

# Dictionnary containing the keyword arguments of filter
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B. Code

to=DFTK.timer
)
N, nv = size(X0)

@debug " Entering eigenSolverSlice"

# Filtrage

filterH = filter(H, a, b, 1lmin, lmax;

# First filtering

n_matvec = 0

argf...)

@timeit to "Filtering" X, n = subspaceProj(filterH, XO;

n_matvec += n

count_matvec=true)

deg = n

O@timeit to "Rayleigh-Ritz" lambda, X, res, n = RayleighRitz (X, H;
count_matvec=true)

n_matvec += n

res_hist = zeros(maxiter+1, nv)

max_res = maximum(res)

n_ite =1

@debug " First iteration done"

while (max_res > tol && n_ite < maxiter) || n_ite < miniter

# Projection

@timeit to "Filtering" X, n = subspaceProj(filterH, X;

X s

)
n_matvec += n
# Rayleigh-Ritz
@timeit to "Rayleigh-Ritz" lambda,
count_matvec=true)
n_matvec += n
res_hist[n_ite, :] = res
n_ite += 1
max_res = maximum(res)

end

(; lambda, X, res, res_hist, n_matvec,
max_res<tol), deg)

end

function slicingEigenSolver (H, XO;
ns=1,
filter=ChebyDirac, # Filtre
argf=Dict (),
n_extra=0,

slices=maxD0SClusteringSlices,

86
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random=0,
n_iterations=nothing,
n_update=16,
p=0.1,
save_logs=true,
exact_eigenvalues=false,
to=DFTK. timer,
solving_data=nothing, # Must be specified : used to
#know the current kpoint and SCF step
# store information about the previous
iteration that will be needed
# store the solving history
maxiter=100,
miniter=1,
tol=1e-10,
prec=I,

n_conv_check=nothing

N, nv = size(X0)

if !isnothing(n_iterations) # constant number of iterations per SCF step

maxiter = miniter = n_iterations
end
n_matvec = 0 # warning : matvec count not done correctly in all the code
Imin, lmax, n = spectrumBounds(H; count_matvec=true)

n_matvec += n

i_kpt = solving_datal:n_slicing][] % solving_datal[:nkpt] + 1 # Index of
the current kpoint

i_ite = div(solving_datal:n_slicing][], solving_datal:nkpt]) +1 # Index of
the SCF iteration on this kpoint

# Slices
info_slices = ""
if i_ite == 1 # Slices initialization
@timeit to "slicesInit" S, X0s, info_slices, n = slicesInit(H, X0, ns,

Ilmin, 1lmax; slicesDist=slices, return_info=true, n_extra, count_matvec=
true)
n_matvec += n

elseif (solving_datal[:update_slices])[i_kpt] > n_update # Slices update
X0s_old = last((solving_datal[:Xs_history]) [i_kpt])
@timeit to "slicesUpdate" S, XOs, info_slices = slicesUpdate(H, X0, ns,
1lmin, 1lmax, XOs_old; random, slicesDist=slices, n_extra, return_info=

true)
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100 (solving_data[:update_slices]) [i_kpt] = 0

101 else # Slices fixes

102 S_old = last((solving_datal[:S_historyl]) [i_kpt])

103 X0s_old = last((solving_datal[:Xs_historyl]) [i_kpt])

104 missing_vectors = (solving_datal[:missing_vect]) [i_kpt]

105 @timeit to "slicesConst" S, X0Os, info_slices = slicesConst(S_old,

X0s_old, missing_vectors; p, return_info=true)

106 (solving_data[:update_slices]) [i_kpt] *= 2
107 lmin = S[1][1]

108 Ilmax = max(lmax, last(S) [2])

109 end

110

111 ns = length(S) # We might have less slice than wanted (if there is less
than ns clusters of eigenvalues)

112 converged = true

113 iterations = 0

114 lambdas = []

115 Xs = []

116 ress = []
117 residual_history = []
118 missing_vect = [ true for j in 1:mns ]

119 degree = []

120 info_remove = ["" for i in 1:mns]

121

122 result_slices = []

123

124 # Solving the eigenvalue problem on each slice
125 n_matvec_max = 0

126 for i in 1:mns

127 (a, b, m) = S[i]

128 X0i = X0s[il]

129

130 @timeit to "eigenSolverSlice" eSlice = eigenSolverSlice(H, X0i, a, b,

lmin, lmax;

131 filter,

132 argf ,

133 maxiter,

134 miniter,

135 tol,

136 to

137 )

138

139 lambda, X, res, res_hist = eSlice.lambda, eSlice.X, eSlice.res, eSlice.
res_hist

140
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141 push! (lambdas, copy(lambda))
142 push! (Xs, copy (X))
143 push!(ress, copy(res))

144 push! (degree, eSlice.deg)

146 # Removing vectors that are outside the slice

147 if i < mns

148 Q@timeit to "removelOutside" lambda, X, res, list, info, removed =
removeOutside2(a, b, lambda, X, res, [res_hist]; return_info=true) #
removing eigenpairs that are for sure outside the slice

149 res_hist = list[]

150 info_remove [i] *= " "xinfo

151 else

152 # last slice : we don’t remove vectors that are to big because

153 # they will be removed at the end with remove_extra

154 Qtimeit to "removeOutsideInf" lambda, X, res, list, info, outside =

removeOutsideInf (a, b, lambda, X, res, [res_hist]; return_info=true) #

removing eigenpairs that are for sure below the slice

155 res_hist = list/[]

156 info_remove[i] *= " "xinfo

157 removed = outside # Outside vectors exist (maybe not removed)

158 end

159

160 missing_vect[i] &= !(removed) # The slice is full if we have removed

some vectors

161
162 push! (result_slices, (lambda, X, res, res_hist))
163

164 if n_matvec_max < eSlice.n_matvec

165 n_matvec_max = eSlice.n_matvec

166 end

167 converged &= eSlice.converged

168 iterations = max(iterations, eSlice.iterations)
169 end

170 n_matvec += n_matvec_max

171

172 # Initializing merged results

173 @debug " Merging results"

174 lambda = []

175 X = Array{Float64}(undef, (N, 0))

176 residual_norms = []

177 residual_history = Array{Float64}(undef, (maxiter+1, 0))
178 S_ind = []

180 # Comparing neighboring slices to remove duplicates
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for i in 1:ns
(a, b, m) = s[il

# Remove duplicate between slices
lambda_, X_, res_, res_hist_ = result_slices[il]

if i > 1 # removing duplicates with the left slice

lambdal, X1, resl, res_histl = result_slices[i-1]
@timeit to "removeDuplicate" lambda_, X_, res_, list, info, removed =
removeDuplicate2(a, lambdal, X1, resl, lambda_, X_, res_, [res_hist_];

return_info=true, right=true)

res_hist_ = list/[]
info_remove[i] #*= "\n Duplicates with slice $(i-1) : "*info
missing_vect[i] &= !(removed)

end

if i < ns # removing duplicates with the right slice

lambdar, Xr, resr, res_histr = result_slices[i+1]
@timeit to "removeDuplicate" lambda_, X_, res_, list, info, removed =
removeDuplicate2 (b, lambda_, X_, res_, lambdar, Xr, resr, [res_hist_];

return_info=true)

res_hist_ = list[]
info_remove[i] *= "\n Duplicates with slice $(i+1) : "*info
missing_vect[i] &= !(removed)
end
result_slices[i] = lambda_, X_, res_, res_hist_
lambda = vcat(lambda, lambda_)
X = [X Xx_]
residual _norms = vcat(residual_norms, res_)
residual_history = [residual_history res_hist_]
S_ind = vcat(S_ind, [i for k in 1:length(lambda_)])

end

# Removing extra eigenpairs to keep only nv of them
if length(lambda)<nv # To many vectors removed
missing_vect[ns] = true
end
Q@timeit to "removeExtra" lambda, X, list, info_extra, removed =
removeExtra (H, lambda, X, nv, [residual_norms, residual_history, S_ind];
return_info=true)

residual_norms, residual_history, S_ind = list

# Sorting the eigenvalues

@timeit to "Sorting eigenvalues" p = sortperm(real (lambda))
lambda = real(lambdalp])
X = X[:, pl
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220 ortho = norm(X’*X - I) # Measure of the orthonormality of X
221 residual_norms = residual_norms[p]
222 residual_history = residual_history[p]

223 S_ind = S_ind[p]

225 converged |= !isnothing(n_iterations)

227 # Writing logs

228 if save_logs

229 # removed for this document

230 end

231

232 # Updating solving_data

233 solving_datal[:n_slicing][] += 1

234 push! ((solving_data[:lambda_history]) [i_kpt], lambda)

235 push! ((solving_datal[:X_historyl]) [i_kpt]l, X)

236 push! ((solving_datal[:residual_history]) [i_kpt], residual_norms)
237 push! ((solving_datal[:H_history]) [i_kpt], H)

238 push!((solving_datal[:S_historyl]l) [i_kpt], S)

239 push! ((solving_datal[:S_ind_history]) [i_kpt], S_ind)

240 push! ((solving_datal[:lambdas_history]) [i_kpt], lambdas)

241 push! ((solving_datal[:Xs_history]l) [i_kpt], Xs)

242 push! ((solving_datal[:residuals_history]) [i_kpt], ress)

243 push! ((solving_datal[:degree_history]) [i_kpt], degree)

244 (solving_datal[:missing_vect]) [i_kpt] = missing_vect

245 (solving_datal[:update_slices]) [i_kpt] += sum(missing_vect)

246 if (solving_datal[:update_slices]) [i_kpt] > O # Les slices not converged

yet
247 (solving_datal[:n_conv_slices]) [i_kpt] = i_ite
248 end
249 (; lambda, X, residual_norms, n_matvec, iterations, converged,

residual_history)

250 end

252 function call_slicingEigenSolveur (;

253 ns=1,

254 filter=ChebyDirac, # Filter

255 argf=Dict (), # Keyword arguments for the filter
256 n_extra=0,

257 slices=maxD0SClusteringSlices,

258 random=0,

259 n_iterations=1,

260 n_update=16,
261 p=0.1,
262 save_logs=true,
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263 exact_eigenvalues=false,

264 to=DFTK.timer,

265 solving_data=init_solving_data_slicing(1l) # must be specified
266 )

267 function f(H, X0; kwargs...) # kwargs... for DFTK’s arguments
268 @timeit to "slicingEigenSolver" return slicingEigenSolver (H, XO;
269 ns,

270 filter,

271 argf ,

272 n_extra,

273 slices,

274 random ,

275 n_iterations,

276 save_logs,

277 exact_eigenvalues,

278 n_update,

279 P,

280 to,

281 solving_data,

282 kwargs ...

283 )

284 end

285 return f£f

286 end

This custom solver can then be used through the Julia package DFTK as done in the

following example.

1 slicing_param_default = Dict(

2 :ns => 3,

3 :filter=>ChebyDirac,

4 argf=>Dict (:tau=>0.5, :damping=>sigma),
5 :n_extra => 10,

6 :random => 0.,

7 :n_iterations => 1,

8 :n_update => 16,

9 :p => 0.1,

10 :slices => maxD0SClusteringSlices

)

12

13 solving_data = init_solving_data_slicing(slicing_param_default[:ns], 1)

14

15 scfres_slicing = self_consistent_field(basis;

16 tol=1e-6,

17 maxiter=20,

18 eigensolver=call_slicingEigenSolveur (;
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solving_data,

19

slicing_param.

20

21

22
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