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Abstract
The present numerical study concerns the steady two-dimensional laminar
mixed convection flow of Newtonian fluid over a heated horizontal plate of finite
length at a zero angle of attack for large Peclet and small Prandtl and Richardson
numbers. The plate is located in a horizontal channel of finite height. Buoyancy
induces a uniform hydrostatic pressure jump at the trailing edge and across the
thermalwake,which is compensated by a perturbation of the outer potential flow
according to the Kutta condition. Counter-intuitively, the total lift force acting on
the plate points in the opposite direction compared to the buoyancy force. The
numerical solution obtained with the Finite Element solver FEniCS is compared
to an analytical boundary-layer solution from the literature. For small values of
the Richardson number (Ri), an excellent agreement between the numerical and
analytical solutions is observed. When Ri exceeds a certain threshold, the flow
separates near the leading edge at the lower side of the plate. For some narrow
intervals of Ri, three co-existing solutions of the governing equations are found,
which differ by the size of the separation bubble. The flow separation can be
suppressed by bending the leading edge.

1 PROBLEMDESCRIPTION

Consider a horizontal plate (red in Figure 1) of finite length 𝐿 and uniform temperature 𝑇𝑝 in an incoming flow at a
zero angle of attack with a uniform far-field velocity �⃗�∞ and temperature 𝑇∞ < 𝑇𝑝. Viscous and thermal boundary layers
develop along both the lower and the upper sides of the plate. In the absence of gravity and for large Peclet (Pe𝐿) and
Reynolds (Re𝐿) numbers, the boundary layers are at the leading order self-similar and identical to a flow around a semi-
infinite plate extending to downstream infinity, since the trailing edge does not have a significant upstream influence.
The velocity in the viscous boundary layer then follows the famous solution of Blasius [1] and for some (limiting) values
of the Prandtl number Pr = Pe𝐿∕Re𝐿, analytical solutions for the temperature across the thermal boundary layer exist as
well (see, e.g., pp. 215–219 of [2]). The present work studies numerically the effect of weak buoyancy, quantified by the
Richardson number (Ri), on the flow of small Prandtl number fluid, Pr ≪ 1, for which analytical results are available in
the literature [3–5]. The low-Prandtl-number limit is applicable to liquid metals with Pr ∼ (10−2), which are of interest
for their unique chemical and electric properties [6]. In this limit, the thermal boundary layer is inviscid, while the viscous
effects are restricted to a thin viscous sub-layer. It is expected that some of the fundamental phenomena described here
will also qualitatively apply to the flow of air with Pr = 0.7.
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F IGURE 1 Sketch of the problem. The heated plate is shown in red. The dashed line illustrates the edge of the thermal boundary layer.
The anti-clockwise curved arrows indicate the perturbation of the outer potential flow, on which the plate and the wake act as a potential
vortex sheet. 𝑝ℎ and 𝑝𝑐 are the deviation of the hydrostatic pressure from 𝑝∞ and the pressure induced by the outer flow, respectively.

The buoyancy force acts in the vertical direction, perpendicular to the horizontal plate. Since the vertical velocity van-
ishes at the impermeable plate surface, the buoyancy force in the thermal boundary layer does not directly induce vertical
acceleration, but it is compensated by a perturbation of the hydrostatic pressure (pp. 281–289 of [2]), illustrated as 𝑝ℎ in
Figure 1. As the thickness of the thermal boundary layer grows, the deviation from the far-field pressure also increases in
the streamwise direction. This leads to a horizontal pressure gradient within the thermal boundary layer. In the case of a
semi-infinite heated plate, the favorable pressure gradient at the upper side of the plate induces flow acceleration, while
the adverse pressure gradient decelerates the flow at the lower side of the plate according to the Bernoulli equation.
Although such indirect mixed convection over a semi-infinite horizontal plate has been studied in the literature (see,

e.g., pp. 288–289 of [2] for a survey), Schneider [3] realized that in the more practical case of a finite plate, the flow differs
substantially. The hydrostatic pressure jump at the trailing edge is compensated by an induced circulation in the outer
potential flow to satisfy the Kutta condition. From the point of view of the outer flow, the plate acts as a potential vortex
sheet (illustrated by the curved arrows in Figure 1). This is similar to the classical aerodynamics problem of a forced flow
around a plate at a non-zero angle of attack. The outer flow imposes an additional pressure 𝑝𝑐 (illustrated in Figure 1) onto
the boundary layer, which in the present case of a finite horizontal heated plate compensates the hydrostatic pressure jump
at the trailing edge and in the wake.
Across the wake, the hydrostatic pressure jump is constant. Thus, the wake contributes to the induced outer flow as a

vortex distribution of uniform strength. This influence of the wake, which causes the main difference compared to the
classical flowaround an adiabatic plate at a non-zero angle of attack, presents a severe complication of the present problem.
As the wake extends to downstream infinity, it induces an infinite perturbation of the outer flow. A finite flow solution
requires some additional outer boundary condition. In the original analysis [3], Schneider introduces a flow straightener,
at which the vertical velocity vanishes, at a large but finite distance upstream of the plate. In the subsequent paper [4],
the plate is instead located in a channel, the height of which 𝑏 → ∞ as the buoyancy parameter Ri → 0. Müllner and
Schneider [5] generalize the analytical flow solution to a plate in a channel of an arbitrary height. Savić and Steinrück [7]
obtain a finite solution for the flow around the plate by introducing a positive angle of attack with respect to the far-field
velocity, instead of the additional outer boundary conditions. They show that the upward deflection and acceleration of
the wake by buoyancy leads to a decaying strength of the induced potential vortex distribution with the distance from the
trailing edge, at the expense of an unbounded velocity in the far wake.
The analytical solutions [3–5] for large Peclet and small Prandtl and Richardson numbers show that the effect of buoy-

ancy on the flow around a finite plate is typically opposite compared to the flow around a semi-infinite plate. In the former
case, the total lift force acting on the plate is directed opposite to the buoyancy force. This is linked to an overall accel-
eration (deceleration) of the outer flow at the lower (upper) side of the plate by the induced anti-clockwise circulation.
Furthermore, the circulation leads to nose suction as for plates at a non-zero angle of attack.
This work compares the numerical solution of the steady two-dimensional Navier–Stokes equations to the analytical

solution of Müllner and Schneider [5] using equivalent boundary conditions (Figure 1) and compatible parameters Pe𝐿 ≫
1, Pr ≪ 1, and Ri ≪ 1. The complete formulation of the problem and the numerical solution methods are provided in
Sections 2 and 3. Section 4 shows an excellent agreement between the numerical and analytical solutions for sufficiently

 16177061, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300030 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [17/10/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



BABOR 3 of 8

lowRichardsonnumber. Section 4.1 addresses flow separation near the leading edgewhen theRichardsonnumber exceeds
a certain threshold and a non-uniqueness of the flow in certain intervals of the Richardson number. Section 4.2 shows
that the separation can be avoided, for example, by bending the leading edge. The results and planned extensions of this
work are summarized in Section 5.

2 PROBLEM FORMULATION

For the purpose of the present numerical study, a thin horizontal plate of length 𝐿 and thickness 𝑑 = 10−3𝐿 is considered
with the leading and the trailing edges rounded with a constant radius of curvature. The plate is located at the mid-height
of a horizontal channel. The channel heights 𝑏 of 10 L and 20 L are considered. The distance between the channel inlet
and the leading edge of the plate is 30 L. This distance is sufficiently large such that the induced perturbation of the
potential flow can be neglected at the inlet, but sufficiently small such that the viscous boundary layers at the channel
walls remain thin relative to the channel height at the streamwise position of the plate. The channel continues to infinity in
the downstream direction. The continuation of the channel far behind the plate will be modeled with appropriate outflow
boundary condition.
The Cartesian coordinate system, sketched in Figure 1, originates at the tip of the leading edge, with 𝑥-coordinate in

the plane of the plate and 𝑦-coordinate perpendicular to the plate. Dimensionless coordinates, velocities, and deviations
from the far field pressure and temperature

(𝑋, 𝑌) =
(𝑥, 𝑦)
𝐿

, �⃗� = (𝑈,𝑉) =
(𝑢, 𝑣)
𝑢∞

, 𝑃 =
𝑝 − 𝑝∞

𝜌𝑢2
∞

, 𝜃 =
𝑇 − 𝑇∞

𝑇𝑝 − 𝑇∞
, (1)

will be employed, referred to the plate length 𝐿, the incoming velocity 𝑢∞, twice the stagnation pressure 𝜌𝑢2
∞, where 𝜌 is

the fluid density, and the temperature difference between the plate and the incoming flowΔ𝑇 = 𝑇𝑝 − 𝑇∞. The Boussinesq
approximation is utilized, that is, the flow is modeled as incompressible and the effects of buoyancy are reduced to a
bulk force term in the vertical momentum balance. The scaled steady two-dimensional flow is then governed by the
Navier–Stokes and energy equations in dimensionless form

(
�⃗� ⋅ ∇⃗

)
�⃗� = −∇⃗𝑃 +

Pr
Pe𝐿

∇⃗ ⋅
(
∇⃗�⃗� + ∇⃗�⃗�T

)
+

√
𝜋

4

√
Pe𝐿 Ri 𝜃 𝑒𝑦, (2)

∇⃗ ⋅ �⃗� = 0, (3)

�⃗� ⋅ ∇⃗𝜃 =
1

Pe𝐿
Δ𝜃, (4)

together with boundary conditions. The governing parameters are the Prandtl number Pr = 𝜈∕𝜅, the Peclet number based
on the plate length Pe𝐿 = 𝑢∞𝐿∕𝜅, and the Richardson number Ri = 4𝑔𝛽Δ𝑇

√
𝜅𝐿∕

√
𝜋𝑢5

∞, where 𝜈, 𝜅, 𝑔, and 𝛽 are the
kinematic viscosity, heat diffusivity, acceleration of gravity and thermal expansion coefficient, respectively. In this work,
the values of Pr = 0.02 and Pe𝐿 = 400 are fixed and the effect of Ri on the flow is studied.
At the plate surface, no-slip, no-penetration and uniform temperature are prescribed

�⃗� = 0, 𝜃 = 1 at 𝑌 =

⎧⎪⎪⎨⎪⎪⎩

±

√
(𝐷∕2)

2
− (𝑋 − 𝐷∕2)

2 for 0 ≤ 𝑋 < 𝐷∕2

± 𝐷∕2 for 𝐷∕2 ≤ 𝑋 ≤ 1 − 𝐷∕2

±

√
(𝐷∕2)

2
− (𝑋 − 1 + 𝐷∕2)

2 for 1 − 𝐷∕2 < 𝑋 ≤ 1

, (5)

where 𝐷 = 𝑑∕𝐿 = 10−3 is the dimensionless plate thickness. The no-slip, no-penetration channel walls are adiabatic

�⃗� = 0,
𝜕𝜃
𝜕𝑌

= 0 at 𝑌 = ±
𝐵
2
, (6)

 16177061, 2023, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300030 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [17/10/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4 of 8

F IGURE 2 Section of the adaptively refined mesh for 𝐵 = 10. The plate is indicated by the red line. The inflow and outflow sections of
the channel are trimmed.

where 𝐵 = 𝑏∕𝐿 is the dimensionless channel height. The far-field velocity and temperature are prescribed at the inlet of
the channel

�⃗� = 𝑒𝑥, 𝜃 = 0 at 𝑋 = −30. (7)

At the distance of 30 plate lengths behind the plate trailing edge, the continuation of the channel is approximated with
the homogeneous Neumann condition for temperature, free slip, and hydrostatic pressure (depending on temperature)
acting in the normal direction 𝑛 = 𝑒𝑥 to an artificial vertical outflow boundary

[
Pr
Pe𝐿

(
∇⃗�⃗� + ∇⃗�⃗�T

)
− 𝑃𝐈

]
⋅ 𝑛 =

√
𝜋

4

√
Pe𝐿 Ri 𝑛

𝑌

∫
−𝐵∕2

𝜃(�̄�)d�̄�,

𝑛 ⋅ ∇⃗𝜃 = 0

⎫⎪⎪⎬⎪⎪⎭
at 𝑋 = 31. (8)

It was confirmed by numerical experimentation that the distance is sufficient such that the flow around the plate is
independent of the position of the outflow boundary.

3 NUMERICALMETHODS

The numerical solution is computed with the Finite Element solver FEniCS. To that end, the computational domain is
discretized into an unstructured triangularmesh. The leading and trailing edges are discretized into 50 line segments each.
An initial coarse mesh is generated with the FEniCS module mshr, setting the global resolution parameter to 𝑁 = 200.
The minimum number of elements along each side of the plate is set to 100. Afterward, the mesh is refined with the Goal-
Oriented Adaptive Mesh Refinement algorithm. The total force acting on the plate is employed as the refinement goal,
with the relative tolerance of 10−4. A section of the final mesh is shown in Figure 2. It is strongly refined at the channel
walls, around the plate, and in the wake.
The governing equations (2–4) are discretized with the continuous Galerkin method. Namely, the Navier–Stokes sub-

system (2, 3) is discretized with the 3rd order Taylor–Hood elements, where the velocity and pressure are approximated
with 3rd and 2nd order elementwise polynomials, respectively. Temperature is discretized with the same polynomial basis
as velocity. The resulting non-linear system of equations is solved with the Newton method.
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F IGURE 3 Streamlines (black) and isotherms (blue and green) near the plate (red) for Ri = 0.05 and 𝐵 = 20.

For simplicity, the integral relationship (8) between pressure and temperature at the outflow boundary was enforced
iteratively with an additional outer loop. The computation is started with the standard zero-stress outflow condition[

Pr
Pe𝐿

(
∇⃗�⃗� + ∇⃗�⃗�T

)
− 𝑃𝐈

]
⋅ 𝑛 = 0⃗ at 𝑋 = 31, (9)

to obtain the initial temperature profile along the outflowboundary. The outflowpressure profile is then prescribed accord-
ing to (8), and a new solution is computed. The iterations are repeated until the outflow profiles converge to the relative
tolerance of 10−5.

4 RESULTS

The flow near the plate for 𝐵 = 20 and Ri = 0.05 is visualized by streamlines in Figure 3. The induced counter-clockwise
circulation in the outer flow manifests itself by a downward velocity component upstream of the plate. A very small
separation bubble is visible near the leading edge at the lower side of the plate. As the streamlines are vertically compressed
(stretched) below (above) the plate, the velocity is higher (lower) relative to the inlet velocity. Qualitatively, the effect of
buoyancy on the flow is opposite as compared to the case of a semi-infinite plate, for which the velocity above the plate
would be higher than below the plate.
The difference between the flows around a finite and semi-infinite plate is also clearly illustrated by the pressure dis-

tribution acting on the plate surface. For simplicity, only the (dimensionless deviation from the far-field) pressure along
the upper side of the plate is shown in Figure 4. On the lower side, the relative pressure is similar but with an opposite
sign. It can be decomposed into a hydrostatic component 𝑃ℎ (obtained by vertical integration of the buoyancy force) and
a component 𝑃𝑐 imposed by the outer flow. Only the hydrostatic component (red in Figure 4) is present for a semi-infinite
plate. The hydrostatic component leads to an upward lift force. For a finite plate, in contrast, the pressure from the outer
flow is larger and has an opposite sign than the perturbation of the hydrostatic pressure. Thus, the net pressure (black in
Figure 4) at the plate surface leads to a downward lift force. The imposed pressure diverges at the leading edge as 1∕

√
𝑋,

as predicted by the theory [3–5].
The numerical isothermswithin the thermal boundary layer (Figure 3) are visually indistinguishable from the analytical

isotherms according to [5] (not shown). The numerical and analytical [5] net pressure (solid and dashed black curves in
Figure 4) agree very well, except in the vicinity of the leading edge. The slight difference between the numerical and
analytical solutions is attributed to the weak flow separation, which is not considered in the analysis.

4.1 Flow separation and non-uniqueness

A smaller channel height 𝐵 = 10 is considered in this sub-section, and the Richardson number is gradually increased.
As Ri increases beyond 0.05, the separation bubble at the lower side of the plate appreciably grows in size. In the range
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F IGURE 4 Distribution of the dimensionless relative pressure along the upper side of the plate. The hydrostatic component 𝑃ℎ is shown
in red, while the black curves show the net pressure. The solid and dashed curves show the numerical result and the analytical solution of [5],
respectively.

F IGURE 5 Co-existing numerical solutions for 𝐵 = 10 and Ri = 0.083, corresponding to the states (A), (B) and (C) indicated by dots in
Figure 6.

0.0754 < Ri < 0.0838, we find three co-existing solutions of the governing equations (2–8). These solutions, marked as
(A), (B), and (C), are shown in Figure 5 for Ri = 0.083. They differ by the length of the separation bubble, which reaches
up to the trailing edge in Figure 5(C). The continuous evolution of the flow between these states upon the variation of Ri
is resolved with the Pseudo Arc-Length Continuation method from the Library of Continuation Algorithms (LOCA) [8].
The total heat supply 𝑄 of the plate, quantified by the Nusselt number

Nu =
𝑄

𝑘Δ𝑇
, (10)

where 𝑘 is the heat conductivity of the fluid, ismonitored as a function of theRichardsonnumber. The resulting bifurcation
diagram (Figure 6) shows a classical bistability of the states (A) and (C) with two turning points at (Ri, Nu) = (0.0838, 38)
and (0.0754, 35.1). The solution (B) can be expected to be a separatrix between the basins of attraction of (A) and (C), as
indicated by arrows in Figure 5. This results in a hysteresis of the flow upon a variation of the Richardson number. When
Ri continuously increases from small values beyond 0.0838, the flow jumps from state (A) to (C), that is, the separation
bubble attaches to the trailing edge. Afterward, if Ri decreases again, the separation bubble remains attached to the trailing
edge until Ri drops below 0.0754. Then, the flow jumps back to the solution (A). It must be pointed out that the attracting
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0.08 0.1 0.12 0.14
Ri

31
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37
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Nu

(A)

(B)

(C)

F IGURE 6 Dependence of the Nusselt number on the Richardson number for 𝐵 = 10 obtained with the Pseudo Arc-Length
Continuation method. The full and dashed parts of the blue curve indicate the expected attracting and repelling flow states. The dots indicate
the solutions shown in Figure 5, and the arrows indicate the expected attraction of the states (A) and (C).

F IGURE 7 Flow around a flat plate (A) and around a plate with a bent leading edge with a tip angle 𝛼 = 18◦ (B) for 𝐵 = 10 and
Ri = 0.143. The contour levels of the stream function in (A) are distributed as a geometric series.

states (A) and (C) might still be unstable to oscillating perturbation. For Ri beyond 0.0838, the numerical solution (C)
becomes unique until another bistability range 0.138 < Ri < 0.146 is reached.

4.2 Separation control

Figure 7(A) shows the streamlines of the flow near the plate for 𝐵 = 10 and Ri = 0.143 corresponding to the upper part
of the bifurcation curve in Figure 6. Two counter-rotating recirculation zones extend downstream beyond the trailing
edge. One possibility to suppress the separation is to bend the leading edge. Thus, we bend the leading section of the
plate of dimensionless length 𝐿𝑏 = 0.1with a constant radius of curvature and search for an optimal angle 𝛼 between the
leading edge and the horizontal plane 𝑌 = const.. With the tip angle 𝛼 = 18◦, the flow separation is completely avoided
(Figure 7(B)). For larger Ri, a larger length 𝐿𝑏 of the bent section would be needed to avoid the separation.
It should be pointed out that the rounded leading edgewith a constant radius of curvature is not optimal. It iswell known

in the field of aerodynamics that an elliptical leading edge is more suitable for maintaining an attached flow. Our results
for different parameters Pr = 1, Pe𝐿 = 20000, 𝐵 = 10 and Ri = 0.05 indicate that in the case of a flat plate (Figure 8(A)),
the flow separation can be suppressed by stretching the leading edge by a factor of 3 in the 𝑋-direction (Figure 8(B)).

5 SUMMARY AND CONCLUSIONS

In this work, we find an excellent agreement between the numerically computed laminar flow around a finite heated
plate in a channel and the corresponding analytical solution of [5] for large Pe𝐿 = 400, small Pr = 0.02 and sufficiently
lowRi = 0.05. The hydrostatic pressure jump at the trailing edge and in thewake induces circulation in the outer potential
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F IGURE 8 Flow near the cylindrical (A) and elliptical (B) leading edge with an aspect ratio of 3 (B) for a flat plate and Pr = 1,
Pe𝐿 = 20000, 𝐵 = 10 and Ri = 0.05.

flow, leading to a lift force in the opposite direction compared to the buoyancy force. The flow tends to separate near the
leading edge at the lower side of the plate. The size of the separation bubble is sensitive to the Richardson number. It grows
significantly when Ri increases beyond 0.05, and thus, the numerical solution departs from the analytical one. In some
intervals of the Richardson number, we findmultiple (presumably bistable) steady two-dimensional flow states that differ
by the length of the separation bubble. The flow separation can be postponed to higher values of Ri either by bending the
leading edge or employing an elliptical rather than a cylindrical leading edge. The stability of the steady two-dimensional
solution(s) presented here to time-dependent or three-dimensional perturbations remains an open question and is to be
investigated as a planned extension of this work.
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