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Abstract

Hamiltonian surface charges are introduced in terms of the covariant phase space formalism,
then they are computed for Einstein gravity in three spacetime dimensions. In general this gives
a different result depending on whether one uses the second order (metric) or first order (Cartan
or Chern-Simons) formulation. This is studied explicitly for three different spacetime examples,
only in one of which the difference between formalisms becomes apparent.
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Introduction

The concept of Hamiltonian surface charges in the context of general relativity and holography
has received a lot of attention in recent years. The foundations, however, go back to 1986, when
Brown and Henneaux released their seminal paper [1] showing that the Hamiltonian charges
obtained in the covariant phase space formalism correspond to generators of asymptotic symme-
tries and that their Dirac bracket algebra is isomorphic to the Lie algebra of the corresponding
diffeomorphism generators, up to additional central charges. Finite and nonzero Hamiltonian
charges are related to symmetry transformations between distinct physical states, all obeying
some kind of boundary conditions that need to be specified. As a specific example Brown and
Henneaux considered asymptotically Anti-de Sitter spacetimes in three dimensions (AdSs3) and
found that the charges obey the centrally extended Witt algebra, also known as Virasoro algebra,
familiar from conformal field theory in two dimensions (CFT2). This precursor of the AdS/CFT
correspondence was formulated more than a decade before Maldacena’s famous paper [2].

Three is the lowest number of dimensions where Einstein gravity exists, but it is also partic-
ularly simple as there are no bulk degrees of freedom. Instead the theory features “topological”
or “surface” degrees of freedom at the (possibly asymptotic) boundary. For asymptotically AdSs
spacetimes Banados, Teitelboim and Zanelli found a black hole solution, now referred to as
BTZ black hole [3]. This provided researchers with a simplified black hole model to tackle the
information loss problem and gain insights about quantum gravity. The BTZ black hole was
later found to be a special representative of a class of asymptotically AdS3 spacetimes called
the Banados geometries [4]. They feature two state-dependent functions and as many towers of
charges. In later years more general AdSs boundary conditions were found, featuring four and
six state-dependent functions [5, 6, 7]. One can, instead of the asymptotic region, also consider
the symmetries and their associated charges at the (outer) horizon of the BTZ black hole [8,
9]. This leads to a different algebra that can be used to define and count microstates of the
BTZ black hole [10]. In all of these cases the Hamiltonian surface charges allow for a systematic
treatment of symmetries that are compatible with certain boundary conditions.

On a technical level, Einstein gravity in three spacetime dimensions can be treated in different
mathematical formalisms. The metric formalism features the metric as the only field content of
the theory (assuming no coupling to matter). In the Cartan formalism the metric is replaced
by the vielbein and spin connection. If both are treated as individual fields, there are no second
derivatives in the action, hence this formalism is also referred to as the first order formulation of
Einstein gravity. In contrast, the metric formalism is referred to as second order formalism. The
methods of the covariant phase space formalism allow to extract expressions for the Hamiltonian
surface charges in both formalisms, however the results do, in general, not agree. This was
recently given formal treatment in four spacetime dimensions [11]. The first part of the following
text is concerned with repeating the main results of the covariant phase space formalism followed
by an extensive analysis of the differences between the metric and Cartan formalism in three
spacetime dimensions. In the specific case of three spacetime dimensions there is also another
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formulation of Einstein gravity in terms of a gauge theory called Chern-Simons theory [12]. As
will be shown in the following, the Hamiltonian charges from the Chern-Simons formalism agree
with those in the Cartan formalism. Thus, the differences between the metric formalism and the
Cartan formalism are the same as between the metric formalism and the Chern-Simons formalism.
However, these differences do not always occur. To highlight this fact three different examples
will be given. For the Banados geometries and the BTZ near horizon boundary conditions there
is no difference in the Hamiltonian surface charges between formalisms. As a third example, a
general locally AdS3 metric in Gaussian null coordinates will be studied, which exhibits significant
differences in the Hamiltonian surface charges, depending on the formalism.
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Chapter 1

Conserved Hamiltonian surface charges in
3d Einstein gravity

The treatment of invariant surface charges in the covariant phase space formalism makes heavy
use of the exterior calculus of differential forms. A p-form « in d spacetime dimensions is given

either as 1
a ==y, .y, d? AL A datr (1.1)
p!

or, alternatively, as

o = HrHd-p (dpx);uﬂl---#d—p , (1.2)
where ) 1
(dpx)mmud—p - (d—p)! Hem.‘.udfpwml/p da” AL A dat (1.3)

Differential forms as abstract objects with all basis elements included are written as bold-faced
letters. The only exceptions to this rule are the dreibein, the spin connection and the coordinate
differentials.

The symbol €4, . py_v1...0 refers to the usual permutation symbol without any additional
factors of \/—g, i.e. € is a tensor density, not a tensor. Raising the indices of the permutation
symbol with some metric one picks up a factor of the inverse determinant of that metric, i.e.

et = 6V1-~~Vdgmy1 cooghitd = det(g_l)eulmﬁ«d = det(g)_lemmﬂd' (1'4)

This then leads to the identity

6#1..-#171/1...1/(171)6”1mupplmpdip — p| det(g)_lazizz:i (15)
with the antisymmetrizer 5ZifjfZZ:£. The same is true for permutation symbols with anholonomic
(“flat”) indices with the metric replaced with the Minkowski metric 745, which has determinant
—1.

In the following the key relations of the covariant phase space formalism will be sketched
before it will be applied to Einstein gravity in three different contexts, the second order (metric)
formulation, the first order (Cartan/dreibein) formulation and the Chern-Simons formulation.
An accessible, but more elaborate introduction to the covariant phase space formalism is given by
Compere and Fiorucci in [13], although they do not consider state-dependent diffeomorphisms.
This special case is picked up e.g. in [11] and the appendix of [14].
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1.1 Covariant phase space formalism

1.1.1 Presymplectic potential and form

The usual starting point for a typical field theory on a d-dimensional (pseudo-)Riemannian
spacetime manifold M is the Lagrangian. If the volume element of spacetime is included in the
definition, the Lagrangian is a top form given as

L(®) = L(®)\/—gd%x (1.6)

with some scalar function £(®). The symbol ® stands for the field content of the theory, including
the metric and any possible combination of matter fields. The action of the theory is then given

s o

and the equations of motion can be found by computing the variation of S with respect to all
fields @, which will be enumerated by an index i. This usually leads to terms where derivative
operators act on §®;. One then performs partial integration on these terms, which yields total
derivatives, i.e. surface terms. Thus,

55:/ 5L:/ (&5@%@(5@;@)). (1.8)
M M 6@1
SL

Here 537, in a slight abuse of notation, means the equations of motion (EOM). © is a d — 1-form
called the presymplectic potential. Note that it is defined by (1.8) only up to an additional
closed (and thus locally exact) form. It was assumed that the spacetime manifold M is at least
C? everywhere (and not only piecewise as in some applications), i.e. 99M = 0. This avoids any
corner contributions to the surface terms [15].
The key ingredient to the Hamiltonian surface charge is the presymplectic form w, which is
defined as
w(élé, 52(1); (p) = 61@(52@, (I)) - 52@(61(:[); @) — @([51, 52]@, (I)) (19)

The term with the commutator serves to reproduce the presymplectic form defined by Lee and
Wald, which is bilinear in the variations [14, 16]. It differs from the notion of an invariant
presymplectic form defined by Barnich and Compeére [17], which will not be discussed here.
The term “presymplectic form” in the following will always refer to the Lee-Wald presymplectic
form given by (1.9). Note that if one were to add an arbitrary exact form to the presymplectic
potential, the presymplectic form would also change by a total derivative. It is important to
keep this in mind as it will end up mattering in the following. Another ambiguity could come
from the fact that only the bulk part of the action was considered and any surface terms that
are added to preserve the variational principle were ignored. However, this is legitimate since an
additional term dM in the Lagrangian enters the presymplectic potential as an additional term
oM, which drops out in the presymplectic form.

1.1.2  Noether current and Noether-Wald surface charge

Under some symmetry transformation d. with parameter € the Lagrangian stays invariant, pos-
sibly up to a surface term. Thus,

L
T 5P

5L 50" 4+ dO (6.; @) = dY. . (1.10)
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From this one can define the Noether current of the symmetry as
Jo:=00:9;0) - Y, (1.11)

It is clear from (1.10) that
4J, ~ 0, (1.12)

where the symbol ~ means the relation holds on-shell. So the on-shell Noether current must be

a closed (and locally exact) form, i.e.
J.~=dQ,. (1.13)

The (d — 2)-form Q, is called the Noether-Wald surface charge [13].

1.1.3 Conserved Hamiltonian surface charges

The variation of the conserved charge H (also called Hamiltonian surface charge) associated
with the symmetry generated by e is

;SHE:/Ew(cS@,ée(I);@). (1.14)

¥ is a spacelike hypersurface in M. The symbol § is used as it is not clear at this point whether
or not (1.14) is integrable in field space. If it turns out to be integrable, one obtains H¢ via an
integration in field space as

H (®) = [:) §H + N.(®). (1.15)

Here ® means the target field configuration at which the charge is evaluated and ® is some
reference field configuration. N,(®) is a charge associated with that reference field configuration.
Integrability means that the result of the integral is independent of the path chosen between ®
and .

As mentioned previously, there is an ambiguity in the definition of @ that allows for an
additional total derivative in ® that would also enter the presymplectic form and consequently
the surface charge. Thus, the result (1.14) implicitly contains a convention of how to resolve this
ambiguity. Also, the presymplectic form w in (1.14) is specifically the Lee-Wald presymplectic
form (1.9). To keep track of these conventions the charge defined by (1.14) is called “Iyer-Wald
surface charge” [18]. This is to distinguish it from the “Barnich-Brandt surface charge” [19],
which makes use of the invariant presymplectic form built from the equations of motion instead
of the Lagrangian. In the following the phrase “Hamiltonian surface charge” always refers to
the Iyer-Wald surfac charge. However, for Killing symmetries of Einstein gravity the Iyer-Wald
and Barnich-Brandt charges agree. Only in the case of symplectic symmetries, which will not be
considered in the following, there is a difference [13, 14].

Gauge transformations

Depending on the type of symmetry the expression (1.14) can be further simplified. For (in-
finitesimal) gauge transformations with parameter e = X it may be the case that the Lagrangian
is exactly invariant under the transformation and thus Y, = 0. If then the presymplectic po-
tential is also gauge invariant, i.e. §,@(6P;P) = 0, the variation of the surface charge is given
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§H, / 003y 0; ) — ©([3,65]0; )]

~ / d[6Qy — Qs (1.16)
b
~ f [6Q\ — Qsrl = j{ kx(0®; ),
ox o%
where the form
k) (00; ) := 0Q, — Qs (1.17)

was introduced for convenience. Note that in the last line of (1.16) the integral is over the
boundary of ¥. If the gauge parameter A is not field-dependent, then the Hamiltonian surface
charge is integrable and coincides with the Noether-Wald charge of the symmetry integrated over
03.

This simplification is only valid if the Lagrangian and presymplectic potential are exactly
invariant under the gauge transformation. With respect to the following examples this is the
case for local Lorentz transformations of the Einstein-Hilbert-Palatini action (1.34), but not for
gauge transformations of the Chern-Simons action (1.93).

Diffeomorphisms

For diffeomorphisms generated by an infinitesimal vector £ the Lagrangian transforms as
0¢L = LeL = d(i¢L) + i (dL) = d(ieL) (1.18)
and thus Y, = i¢L. Then

gﬂg:/2[59(5@;@)—5@(5@;@)—@([6,65]@;@)}

:/ [03c +0Y ¢ — d (ie®(5; B)) — ¢ (AO(5; D)) — Tse — Y]

b
_ / (03¢ 46 (iL) — d (ie®(5%; B)) — ¢ (AO(5; ) — Tse — Y]
> (1.19)
_ / (03¢ + iseL + ie0L — d (1e®(5; D)) — i (AO(5D; D)) — Jge — Ye]
b
~ /E [40Qq — d (i ©(50; ®)) — dQy]
%}{ [6Qc — ic©(0®; ®) — Qy] :7( ke (50; ®)
()3 [9)>
with
ke (60; ®) 1= 6Q; — i¢@(3®; ®) — Qs (1.20)

Again, the conserved Hamiltonian surface charge can be computed as an integral over the bound-
ary of X.
Conservation criterion

Assuming integrability the difference of the Hamiltonian surface charge evaluated at two different
surfaces 021 and 09X is

E 7221 ke(éfb;@)—[j 7{)22 kJ(S(P@)Z/dekJ(S(D;@). (L.21)
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Here S means the codimension one hypersurface that is bounded by 07 and 9¥,. As can be
seen the Hamiltonian surface charge is conserved between 031 and 0Y if there exists a surface
S such that

dk (0®; ®) = w(0D,6.P;P) ~ 0 (1.22)

everywhere on §. This is, in general, not the case, but there are two special and interesting
cases in the context of general relativity. For diffeomorphisms that obey the Killing equation
the presymplectic form will be zero identically and the associated charge will be conserved ev-
erywhere. In the case of asymptotic Killing symmetries the charge will be conserved in the
asymptotic region where the symmetry holds.

1.2 Metric formalism

Starting from the Einstein-Hilbert Lagrangian

1
L, = V=g (R—2A)d* 1.2
)= 1oV 9 (R—20)d% (1.23)
computing the variation yields
0Ly = — XL (G" + Agh)bg,, A%z + d®(3g; g) (1.24)
167G
with
V9 u d—1 A d—1
ca) — vsTe! — o goP ) (d . 1.2
©(0g:9) = 0" 017, (41 ) = G(v 3g Voogh) ('), (1.25)

One has to be precise here what these variations mean. dg*” in this context means the variation
of g,,,, with both indices raised by the metric. This is not the same as the variation of g"”, which
would have a different overall sign. The symbol dgj, means the variation of g,, with one index
raised and contracted. For a diffeomorphism &

2

9(65939) = (gaugpllvo_cggwj - ggpguyvaﬂﬁguu) (dd_lx)

167G P
- @ (gaﬂgpyva(vuﬁy + vygu) - ggpgl“jva(vuﬁu + Vyﬁu)) (ddilx)p (126)
N % (VIV,E0 + VIVPE, = 2VPViE,) (47 ) .

The Noether current for a diffeomorphism is
Jf = 6(659;9) — ’L'ng

= 16WG I (V, Ve + V,VHET —2VHV,£7) ('), — ﬁgﬂ( 20) (a7 'z),

— o o _ _ d—1
- 167rG’ 9 (V, V" 4 2V, VHET — V,VHET — 4R — 2A)) (4% 'z)

Wﬁ

g (1.27)

)

YL (Vo VoEh + 2R 167 = Vo ViET — §4(R - 24)) (¢ a),

VI (v, voet - v, Ve (a7 1a)

Q

m

Q
o
o
S

10
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with the Noether-Wald charge

vV o d—2 _ NV d—2
Q=<7 NV Igoer (a e V_Igre (d ), (1.28)
From this (keeping in mind the aforementioned sign convention for dg#")
1
0Qe = ——— [&ﬁ—gv“g” + V=g d(VHEN)] (ah %),
1 _
e [ V=99"0gpc V' + /=g d(g""V ,€" )] (a%z), (1.29)
Vg |1
= "% [ Gpo0gPoVHEY — 6TV €Y + gMPoTY 5,67 + g“PVpch”} (dd*%)w
and since 1
guparvgpftf = gupigllk (Vcrégp)\ + vp(sgo-)\ - V)x(sgop) EU
1
=5 (V09" + g5 V69" = g5 V" 3g™) €7 (1.30)
= %ﬁavgégw — & Vg
the variation of the Noether-Wald charge is
_ V4 1 XTI ¢V o v Ve ouo WS¢V d—2
Finally, the form k{ can be computed as
ki =0Q; —ic®(dg:9) — Q¢
= VI (L8 0V VG — €V, 0g 4 €T 5 ) (4%)
8rG c P pv
(1.32)

The superscript g stresses that kg was obtained in the metric formalism. The (variation of the)
Hamiltonian surface charge can then be found by integrating

$He ~ f{ K{. (1.33)
s
Also note that this result is valid in an arbitrary number of spacetime dimensions. This will not
be true for the following sections, which are restricted to 3d Einstein gravity.
1.3 Cartan formalism

In the first order formulation of Einstein gravity the Einstein-Hilbert action is replaced by the
Einstein-Hilbert-Palatini action, which in three spacetime dimensions is given as

A
SEup = / L.= %/ [eabCR“b Aef — geabce“ Ael Aell. (1.34)
The 1-form e® = e}, da*" is called triad or dreibein'. Its components fulfill

Guv = ezeynab (1.35)

1 As “drei” means “three” in German, this nomenclature is, just like “triad”, specific to the number of spacetime
dimensions. The general term that does not specify the number of dimensions is “vielbein”.

11
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and taking the determinant of this expression establishes the relation

V=g = o det(e), (1.36)

where o is the sign of det(e) and depends on the relative orientation of the triad. While det(e)
is a continuous function of spacetime, its sign will be either positive or negative everywhere.
If at some point det(e) would change sign, the triad would degenerate at that point, which
is unphysical. Hence, ¢ introduces a global sign that is needed to relate back to the metric
formulation.

The Riemann curvature 2-form R* = dw?® +w® . Aw® is given in terms of the spin connection.
It is not to be confused with the presymplectic form, although both use the letter omega. This
action is equivalent to the Einstein-Hilbert action from before. Introducing the dualized spin
connection w® := %eabcwbc yields the Lagrangian

1 A
L.= % {dwa Ae® + ieabcwb AwCAet — Eeabce“ Aeb A ec} , (1.37)

that has to be varied with respect to the dreibein and dualized spin connection independently,
yielding

1 A
oL, = % {<dwa + §€abcwb A w® — §eabceb A ec) A de?
(1.38)
+ (dea + €aqpew’ A ec) A dw® +d (dwy A ea)} )
The EOM . A
dw, + ieabcwb A wC — §€abc€b Nef =0, (1.39)
deg + €qpew® A e =0 (1.40)

consist of the familiar Einstein equations, now in Cartan notation, and of the torsion constraint,
that sets the torsion to zero. This was an implicit assumption in the second order formalism.
The presymplectic potential is

O(5d; d) = #5% Ae. (1.41)

The letter ® now stands for the dreibein and the spin connection, which are the independent
fields of the theory.

A diffeomorphism £ acts on the 1-form wj; as

dewy, = Lew); = £ 0wy, + 0,87 wy, (1.42)

12
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and analogously on ej;. The Noether current associated with this diffeomorphism is then
J& = @(55(13; (D) - i&Le

{{ 8Hwal,e + 0,&" wape o — &M auwa,,e — &M 8,,wape — "0 wape;,

871'G
—16 Sﬂwbwcea _ 76/16 o.)b Cod _ 16 guwbwcea
2abc n=vEp abcl/pp, 2abc W Cu
A
Jr*Eabcﬁuezel;e; dz” A dz”
’ (1.43)
o 1 1
~ e { L& Wape, — EHOpwapey — 2€abc§ w wyep — §eabc§“wpw dz” A da”
~ 87CrTG [0y (§"wap€)) — E'wapdy €l + €apewiiwy, E“] dz” A dx?
o
~ 87TG 1/(6 wa,u,e )dZC A dz”
~ de )
SO .
Qe = g lewa)e™ (1.44)

The form kg can then be worked out as
4 - a - a - a N a N a N a
e [(i5ewa)e® + (igdwqg)e® + (igwq)de® — (igdwqg)e® + dwq (ice®) — (isewa)e’] (1.45)
S:G [(iewq)0e® + dwq (1ee®)] .
In the Cartan formulation of GR there is an additional symmetry that is not present in the

second order formulation, the symmetry under local Lorentz transformations. The generator of
such a transformation is an infinitesimal? antisymmetric matrix A,;. The dreibein transforms as

b
(5)\63 = )\“be#, (146)
while the Minkowski metric is of course invariant under local Lorentz transformations, i.e.
OaNap = 0. (1.47)
The spin connection transforms as

W = (6% 4 A%) A(65 — X%) + (0% + A% )wa (88 — X%) + O(N?) (148
= w — dA% 4+ A%wC — WA + O(N2), '

SO
Owy = —dA% + AW’ — w A%, (149)

2Considering only infinitesimal Lorentz transformations is, strictly speaking, a restriction to the component
connected with the unit element instead of the full Lorentz group O(1,2).

13
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If the torsion constraint is fulfilled, the Einstein-Hilbert-Palatini Lagrangian is exactly invariant
under local Lorentz transformations und thus the corresponding Noether current is given by

J)\ = @(5)@; (I))
o
= —— 0wy N e?
81G AWa 7A€
a b b, d b \d
= Weabc(—d)\c—i—)\ dw® — w’ g\ C) Ae?
o
— ac_d)\bc_2b)\dc/\a
167TG6 b ( W ) € (1 50)
= =7 eape (A(e"AP) — APC de® 4 22Tl A ) '
167G
= _%Eabc (d(ea)\bc) —Abede® — Nbewly A ed)
o
N———c, cd a/\bc
167rG6 be d(e )
~dQ, .
Here it was used that
2€abc)\dcwbd ANe? = —EabcAbcwad A ed, (151)
which can be seen by explicitly performing the summation. Then
2€abe AWl g N e =2 ()\13w21 Ael + X3y Ae? + 232w A e (1.52)

SA203, A el — AWy A e — A3lW2g A 63)
is the same as
—Eape\CWwhy A e
_ ()\ngld Ae 4+ M2y A et 4 A208, A el
A2l net — ABw?g Aet — AWy Aed) (1.53)
=-2 ()\230./12 Ae? + ABwlg e + 2031w Ael
AW A e? + M2 Al + AWy Ae?) .

Now,
o

RN T

and thus the variation of the Hamiltonian charge corresponding to local Lorentz transformations
is obtained by integrating the form

€apee N\ (1.54)

e o a C
A=0Qy— Qs = *meabcfs6 Abe, (1.55)

1.4 Difference in presymplectic potentials and dressing form

Naively computing Hamiltonian surface charges for the same spacetime in the first and second
order formalism will not necessarily lead to the same results. This is already clear at the level of
the presymplectic potentials, which don’t have to agree between the two formulations. Although
they come from equivalent actions that lead to equivalent equations of motion, they can still
differ by an additional exact form. If they differ by such an exact form (and it will turn out that
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they do), this also makes a difference in the Hamiltonian surface charges and needs to be taken

into account when comparing results form both formalisms.
To compare the two presymplectic potentials, first note that

o o A o
Whep = €boOpey + ebc,FMec = epo V ey

and thus
@e = dea Net = 16 G(swbc,ueaueabc dz* A da”
- 16(77rG (deb0 Vuel + eroVyded + evadlyner) eave™™ e det(g) (d%z),,
The last term is
det(g det(g
%ﬂé) baé]-—‘o)\e eaueabceul/a (d2x)a — 0166 é)M‘U}\gme ey ekgabce,uyoc (de)a
det(g) det
B %szw”me%“ (d*2),,
det(g) det(e
= 7DD 1 e, e (i),
0det(€) cui rpero /42
= Torq Oord 0T (@),
V9
= Gg “‘61“ ( )
= ®g.

(1.56)

(1.57)

(1.58)

The first two terms in the second line of (1.57) then must be a total derivative. Using the identity

ebe Vyuoel = elV,, (gpe0el)
=e)V, (dec, — €26 (eﬁeda))
=e)V,, (decp — egéezeda — egeﬁéedg)
=—epV, (ef.efchedU)
= —V,elder, —ehelV, (ez(kda)
the first two terms of (1.57) are

Jdet(g) abe prva
~ are Cavehel Vi (cpdeas) e (d*z)
o det(g) det(e)
N 167G
det(g)\/ —9 o vpo d
:ngﬂg ’YGUﬂ—YG © V“ (ep(sedo-) (d21')a

=Y J _ggp[ﬂg‘ﬂ”vu (egéedg) (dQI‘)a

e}

€, 7€'V, (ezdedg) (de)a

831G
:T\ﬁv# (ed[ﬂga]aéedg> (d2m)a
vV —9 «
=— %VH <5ed["ed]) (de)a
_ vV~ dlp o] 2
=—0, e 56 ey (d )
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vV —9 a
=—d Téed[”ed] (dz),,

T
=—da
with q
W a t
= ol 56 [“ed] (dx)w = %g)éed”eg‘eaw dz”
= lﬁﬂGéed“edeaeMeyeabc dz” (1.61)
_ ap b ¢
7167rG€abC§e €,e
called the “dressing form” [11]. So indeed
0, =0, +do. (1.62)

This means that, in general, the presymplectic forms of the second and first order formulation
will not agree. The difference, however, is quantified by the form « that is easily computed in the
Cartan formalism and its exterior derivative can be added to the old “bare” presymplectic po-
tential. Any results derived from this new “dressed” presymplectic potential will then reproduce
the results form the metric formalism.

Due to the inclusion of the dressing form the presymplectic form gains an additional contri-
bution

w® (5P, 5.D; D)

5 da(5.®; ®) — 5. dau(6D; ) — dex([6, 5.)D; D)

[d (5(5€eauezecn — de (d(ée‘”‘eZeC)) —d ([6,6c]e aueM ¢)] . (1.63)

g
6(1 C
167G

Note that while the variation § in field space is assumed to commute with the exterior derivative
d, this is not necessarily the case for the symmetry transformation .. This will now be studied
for gauge transformations and diffeomorphisms.

1.4.1 Gauge transformations

In the case of local Lorentz transformations (1.63) yields

« g a _du b _c ap b c a _du b _c
w§ = meabc [d (6()\ aee e )) — O (d(&e Fee )) —d ((5)\ aeee )]
o a dp b c ap b c
= meabc [d ()\ ad(e Feye )) — O (d(&e Fee ))]
_ g a du b c apn b c
= o Cate [d(A"qd(e el e )) —d (6x(de tele ) (1.64)
+d\%y (5ed“ez Aef +dAy ea“ed Ae+dN\y 56‘”‘62 A ed}
o a _dps, b c a _dp b apyb ap bye _d
= meabc [d ()\ € “56“6 + A% ”euée — e\ de e —de “eﬂ)\ d€ )
+dA\% 5ed“ez Aef +dAy 56‘”‘ez Aef 4+ dXy 5€aH€Z A ed}
Note that the last line is
——€ape AN g A [6ed”e ¢4 5ec”eﬁeb + (5eb“ezed] ) (1.65)

16G

The expression inside the brackets is invariant under cyclic permutations of b, ¢ and d. The €,
prefactor makes it also antisymmetric in b and ¢. This means that the bracket is proportional

16
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to €. Together with €. this gives —2d9, but since A%y is antisymmetric the whole expression
(1.65) is zero.
Now using
dps b d b
etde;, = e, g""oe,,

= egéeb” — 65(5(6;6““)62

1.66
=edset — edjer — 6ed“ez (1.66)
= —6ed"ez
in (1.64) gives
w§ = ﬁ%bc d [)\“béec — A% ((56‘”‘6260 + 5eC“eﬁeb + 5eb“eZed)] . (1.67)

The last three terms are, again, invariant under cyclic permutations of b, ¢ and d. The same
argument as above then leads to them being zero and the first term is the only contribution left.
This establishes

o
ki = meabc
This neatly cancels (1.55), so that in the Cartan formalism k§ + k$ = 0. This should come at
no surprise as it is equivalent to saying that the local Lorentz transformations have no charges
in the metric formalism, which makes sense as the symmetry is not present there. It is, however,
a nice consistency check. The more interesting symmetry that is present in both formalisms is
that of diffeomorphisms.

\gec, (1.68)

1.4.2 Diffeomorphisms

Note that since d¢d = digd + z'gd2 = died = d2i§ + digd = dd¢ the variation ¢ commutes with d.
This means that for a diffeomorphism (1.63) yields

wg = ﬁeabcd [ﬁge““é(eZeﬁ) — 66““£§(626i)] dx” (1.69)
and thus -
¢ = T6.C Cabe [ﬁgea“d(eZeﬁ) — 56““£5(6Zef,)] dz” . (1.70)

By adding kfg-" to kg the result for the Hamiltonian charges from the metric formulation can be
recovered, i.e.

FHY = 7{92 k{ = éz (k¢ + k¢ (1.71)

Note, however, that in general
kg # kg + k¢, (1.72)
but rather only
k! =k¢ + k¢ +df (1.73)

with some arbitrary scalar function f, which does not change (1.71).

It should be stressed once more what this means. The Hamiltonian charges associated with
the same diffeomorphisms of the exact same spacetime will, in general, not agree in the first
and second order formulation of Einstein gravity. This is due to the additional symmetry of
local Lorentz transformations that is only present in the Cartan formulation. However, there is
a systematic way of compensating the difference in Hamiltonian charges. First, one can quantify
the difference in the presymplectic potentials, which leads to the concept of the dressing form.
From the dressing form the difference in the Hamiltonian charges can be calculated.

17
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1.4.3 Kosmann derivative

For a spacetime isometry
§§glw = L&g#y = 0 (1.74)

the metric is invariant under d¢. For the same isometry in the Cartan formulation, the dreibein
need not be invariant as long as the metric is invariant. Since

OxGuv = 6 (€fhebnas) = Oxelelnas + ehoresna, + efheloana, = 0, (1.75)
where ¢, denotes a local Lorentz transformation
oxel = X%ep,  Oanjap =0 (1.76)

with the antisymmetric generator A%, the triad is allowed to transform with a gauge transfor-
mation in addition to the diffeomorphism £. This freedom can be used to solve a particular issue
with the generic Lie derivative. Note that the expression

deey = Leey, (1.77)
is, in general, not gauge covariant. This is solved by formulating a gauge covariant Lie derivative
L¢ = L¢ + dj.w, that contains an additional gauge transformation with gauge parameter i¢w®;.
Replacing L¢ — L¢ in (1.77) yields

Leej, = Leey, + igwabez =&"0ve), + e 0,8 + f”wabyez (1.78)
and under an arbitrary infinitesimal gauge transformation
SxLeel, = €70, \"pep, + X587 ey, + A b€l 08" — £V, A vel, + €N e,
— W A%l + & w A cef,
=\ (5 dve,, +eb8H§ +&%Whoe )
= )\abLfe e

(1.79)

So, to recap, if L¢ is a spacetime isometry, it will still be an isometry if an arbitrary gauge
transformation is added to it. Thus, the ordinary Lie derivative £ can be replaced by the gauge
covariant Lie derivative L¢. But since this is a spacetime isometry it is still a transformation
that leaves the metric invariant and as such can be written solely as a gauge transformation, i.e.

Lfez = ,C;;:@Z + igw“bez = )\(g)“bez (180)
and . _ '
Lew®y,, = Lewyy, — 0, (tew®p) + (Tew®e)why, — wep (1ewSs) (181)
= _8M)‘<$)ab + )‘(g)acwcbu - wacu)‘(g)cb-
Both conditions are fulfilled by [11]
&)y = e, §"0vey, + epey 0,8 +iew™s. (1.82)

A gauge transformation with the gauge parameter of (1.82) reproduces the isometry generated
by &. This can now be used to define the Kosmann derivative [11] acting on the dreibein as

K6t = Leet — oyl (1.83)

18
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which, if £ is a Killing vector (i.e. an isometry), fulfills

ket =0 (1.84)

by construction. One can split the Kosmann derivative in a diffeomorphism L£; and a Lorentz
transformation with parameter

Ay = dewy — ME)"p = —€,§"0e), — eyey 0,88 (1.85)

Its total Hamiltonian charge in the Cartan formulation then reproduces the charge of the diffeo-
morphism £ in the metric formulation. This can be seen by first computing

O°%(§;P;P) = (- dXe A e + 20w A e®)

o
T e
167G abe (1 86)
T ape (A (AP A €°) + A0 de? + 2Abde® A ') '
167G " '
Writing all the index summations of the last term explicitly (using the antisymmetry of w® and
%) gives
2 (5\2161 AP+ ABe3 Aw?s + X322 Awly — ABe® Awls — N3lel Aw? — M2 A w32) . (1.87)
Doing the same for —\*e? A w?, yields
-2 (;\126d Awdy+ A23ed A why+ Aled A de)
=2 (5\2161 Aw3l = A2 Awdy + X322 Awly (1.88)
—ABe3 A wlg + ABe3 A w23 —Xlel A w21) .
So, B
26abc)\bd€a AwSy = —eabCAbced Awy = eabc)\bcwad AN ed. (189)

This can be used in (1.86) to obtain

O°(§5P; D) = €abe (d (Xbaec) + A de® 4+ APw?y A ed)

_9
167G (1.90)

~ L yba ¢
~ 167TG6ade ()\ & ) .
And since o o
. — ap b e ap b _c
a(0:P; P) 1671'G6ab0656 e,e 71671_(;6,11,06 deepe
_ o a v b v b c
= —mﬁabce H (6 &,eu + 8/1'6 ey) e (191)
_ o Yba c
N 167TG6abC)\ ¢
it holds that
O°(8;@; @) = dau(0cD; D) . (1.92)

This means that one can compute the Hamiltonian charge of the Kosmann derivative, a combina-
tion of diffeomorphism and gauge transformation, within the Cartan formulation and reproduce
the result for the same diffemorphism in the metric formulation.
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1.5 Chern-Simons formalism

Einstein gravity in three spacetime dimensions with negative cosmological constant can be de-
scribed by the difference of two Chern-Simons (CS) actions, each of the form

Scs[A] = % /M <A/\dA+ ;A/\A/\A> (1.93)

with the Killing form (), the gauge connection form A = A%, = A, dz# = Ajt, dz" with gauge
generators t, and k = 1/(4G). The Killing form introduces a metric

Rab ‘= <ta7tb> (194)

on the Lie algebra. It is symmetric since the Killing form is invariant under cyclic permutations.
This also means that

1 1 1 1
<tatbtc> = 5 <taa [tbvtc]> = §’£adfdbc = §’£bdfdca = §’£cdfdab (195)
with the structure constants f%,. of the Lie algebra. The CS action can then be written as
k 1
Scsl[A] = yy /M (AZ&VAZ + SAZA,ﬁAszcd> Kapdat Adx” Adz? . (1.96)

The action that recovers the Cartan formulation of Einstein gravity in three spacetime dimensions
consists of the difference of two CS actions and is given as

ok

2 2
Sadss = —/ ATAAAT + AT AATAAT A" AdAT —ZA T AA AAT ). (197)
47 M 3 3
Varying the Lagrangian with respect to AT and A~

0Laas, = % (2(dAT + AT AAT)AGAT —d (AT ASAT)

2(dA” A" AAT)AGA” +d (AT AGAT)) e
yields the equations of motion (EOM)
Ff.=dAT+ AT AAT =0, (1.99)
or, in components,
Fit = (0,A4F — 0, A0 + ALAS f*.) = 0. (1.100)

These EOM are equivalent to the Einstein equations on 3-dimensional anti-de Sitter space (AdS3)
for the metric given the identifications

A* = (W el /0], dat (1.101)

with the s0(2, 1) algebra elements J,. Since

14
(Jas o) = 5lab (1.102)
the metric is then recovered by
14 _ _
Guv = §<(AZ_A#) (A7 —4))). (1.103)
20
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1.5.1 Gauge transformations and diffeomorphisms

Since the CS gauge connections AT are one-forms in their spacetime content, they transform
under a diffeomorphism £ in the usual sense

S AT = (€70, A% + 0,6V AF) dat. (1.104)

On the other hand one can act on the gauge connections with an (infinitesimal) gauge transfor-
mation with parameters A* to obtain

VAT = dAE + [AF ) \E]. (1.105)
A particularly interesting case is \* = Afff“. Then
AT = 0, A€ da” + AO,€" da + EMAT, AY] da”
= (0, AE" + AL 08" + 1O, AL — E1O, AL + E1AT, AY]) da”
=0 Ay da¥ + ¢ F;, da”
~ JcA*,

(1.106)

that is, gauge transformations with infinitesimal parameter \* = Aff" are on-shell equivalent
to diffeomorphisms of the CS form.
The Chern-Simons action is not exactly invariant under infinitesimal gauge transformations,

but rather )
S\Lags, = dYa ~ T d (dA" A AT —dA~ A A7), (1.107)
7

Note that this expression was already simplified using the equations of motion.

1.5.2  Conserved surface charges

As can be seen from (1.98), the presymplectic potential for 3d Einstein gravity in the CS formu-
lation is

k
O(FA* AF) = fZ—<A+/\6A+ — A" AGAT). (1.108)
T
It can now be used to find the Hamiltonian surface charges for gauge transformations and dif-
feomorphisms in the Chern-Simons formulation of 3d Einstein gravity.
Gauge transformations

To find the charges associated with gauge transformations with parameters A* for the plus and
minus sectors one has to keep in mind that these gauge transformations do not leave the La-
grangian invariant, but introduce a surface term dY ). Furthermore, the presymplectic potential
is not invariant under gauge transformations and thus the simplification (1.16) is not necessarily
correct. Instead one may compute

W(0A* AT AT) = §O(5H AT AT) — 5,0(5AT; AT) — O([6,5,1]AT; AT)
_ ok (GAT NGNAT — AT ANGLAT)
2m
= —g—k (GAT A dAT +6AT A [AT AT
™

— AT AN —SAT A[ATNT])
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= ;—k (A(SA* AXT) — §dAT AT —20AT A ATAY
m

—d(6AT AN ) +0dAT A +20AT AATAT) (1.109)

_ ok (dOAT AXT) —6dAT AT — (AT AATAT

27
—dBATAN) +IdAT AT +I(AT AAT)AT)
= ;—k (d(SATANT) = 6FTAT —d(6A” AXNT) +6F A7)
Y
ok
~ — AT T _5A” .
27Td<6 AXT —GAT A7)
Then
FHS :y{ kS (1.110)
)
with "
(o) — N —
kS = o (SATAT —6A™N7). (1.111)

Diffeomorphisms
The Noether current associated with an infinitesimal diffeomorphism ¢ is given as
Je = O[5 A A% — i LAY
= Z—]; (AT 0AT + A 0c A
_en (3AFL B, A% + 241 AFAY — 340 0,A7 — 24 A;A;]) > da” A da”
ok

= <7Aj§“8uAlf - Ajapﬁ”AZ + A 810, A, + AL 0,8 A,
— & (ALOLAY + AT O,AY + ATO, AT +2AT AT AT) (1.112)
+ M (A 0,A, + A, 0,A, + A0, A, +2A, A AT)) da” Ada?
ok _ _ o v
= (=0, (A ALY — ¢ ATFS 40, (A ¢ AL) + EHALF, ) da” A da?
ok
~ o d
~dQg .

(ATEHAL —ATEAL)

Thus .
o _ _
Q. = o (ATErAT — ATEPA (). (1.113)
Then s -
k 6(;)5 —1e®[0AT; AT — Qég
ok _ _
= <6A+§“A; + AﬂSg“A;r + A+§“6A:[ — 0A §“AN

— ATOEHAL — ATEHSA, + PATSAT — ¢HSATAT (1.114)
— — — —_ + — —
— EPALSAT +EMOAL AT — ATSEHAT + ATSERAL)

Pax]
I

ok + _ —
= (e AOAT — €A 5A7).
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Note in particular that this agrees with the result (1.111) for the gauge parameters A* = f“Alf,
which is consistent with (1.106).
Also,

ok A
kg™ = o (" ATOAT — " ALOAT)

= st (4578AT — armaA)

T

ol a a a o “ a
= Tog € (W + el /00w +3€" /) — (W — ) (0" = be” /1))
- 87?G€H (wa,u(sea + ez&ua)

— K.

(1.115)

The Hamiltonian charge for a diffeomorphism in the Chern-Simons formulation will be the same
as in the Cartan formulation. The implications are the same as already discussed for the metric
and Cartan formulation. Computing Hamiltonian charges in the Chern-Simons formulation will
not necessarily reproduce the results from the metric formulation unless one actively compensates
that difference. This is accomplished by translating the form k? into CS variables. First, note
that P
a _
B2
This can be inserted into (1.70) to obtain kg in terms of the gauge connections. Since all that
matters is its on-shell value, all Lie derivatives can be replaced with gauge transformations.

This concludes the general discussion of Hamiltonian surface charges in 3d Einstein gravity.
The following section is devoted to specific examples that highlight the differences in charges
between different formalisms that sometimes, but not always appear.

e (Afe— A (1.116)

"
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Chapter 2

Examples of boundary conditions and
charges

The analysis of the previous chapter will now be applied to certain boundary conditions for 3d
Einstein gravity with negative cosmological constant.

2.1 Bafados geometries
Consider the Banados geometries [4] with metric
ds? = dp? + L1 (M) (dzt)? + L7 (7)) (a7 )2 + (2 + L7 (7))L (@ )e 2/ dz™ dat (21)

(L* (xT) are some state-dependent functions of the lightcone-coordinates x%) and the asymptotic
Killing vector

== L () ) 0,
+ (e ; R ) + 0 )0, (22)
( 1 72,)/15(2 +u( +)+O(e4p/l)> o

with arbitrary functions e*(2%). The asymptotic Killing vector preserves the asymptotic struc-

ture of the metric at p — co. The corresponding Hamiltonian surface charge is given by

file =~ 40 (FISLE) — @ T)3L)) (2.3)

where the angular coordinate ¢ = (z+ +27)/(2¢) runs from 0 to 2r. The charge is integrable if
the functions ¢*(2%) are not state-dependent.
The same calculation can be performed in the Cartan formalism with the triad

€p = Jg, (2.4&)
1 1
e+ =3 (ep/é - £+(x+)e*p/£) J1 — 3 (ep/e + £+(x+)e*p/£) Ja, (2.4b)
1 1
— (el — £ (z)e P/t — — (erlt —(x7)e P/t
e =3 ( L7 (x7)e )Jl 5 (e + L (z7)e )JQ. (2.4¢)
24
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The gauge connection forms are then given as

==
o
A brief calculation shows that a — 0 as p — oo . Therefore, in the case of the Banados

geometries, the presymplectic potentials agree in the asymptotic region and the results for the
Hamiltonian charges of the metric and Cartan formalism agree.

+ dz* /0 + —p/t
A Js dp+ = (ep (1 F Jo) — LEeP/E (], + JQ)) . (2.5)

2.2 Near horizon symmetry algebra

One can formulate boundary conditions for BTZ geometries at the horizon instead of the asymp-
totic region [8, 9]. In the metric formalism and Gaussian normal coordinates such boundary
conditions are given by

ds® =dr* — ((a** — ?) cosh?(r/0) — a*0?) dt* +2 (v cosh?(r/0) + awl? sinhQ(T/E)) dtde¢
+ (v cosh?(r/€) — w?(? sinh? (r/0)) d¢”.
(2.6)
The symbols a, 2, w,~ represent functions of ¢ and ¢ and the equations of motion demand that
Opy = 0482 and Oyw = —0ya. The Killing vector that preserves the general form of this metric is
given as
I 4 I" N =y
T +¢CT T T T
The n* are arbitrary functions of ¢ while J* and ¢* are just reparametrizations of the functions
v, w,a in the metric related via

3 (2.7)

JE=y " tw (2.8)

and
(F=—axQ . (2.9)

Only the functions J* are allowed to vary while the chemical potentials (* are considered to
be fixed.

This allows to rewrite the metric (2.6) in terms of the functions J* and ¢(*. It is then
straightforward to compute its variation (only allowing J* to vary). The Hamiltonian surface
charge is

4 _ _
$He= 1o § 4o (3T (4.0) + 07 (95T~ (1,9)). (2.10)
].6G7T r=0
The integral is performed over r = 0, which corresponds to the horizon of the spacetime (2.6),

but the radial coordinate actually drops out in (2.10).
In the Chern-Simons formalism the triad

e = \/62(12 sinh?(r/¢) — cosh?(r/€)Q2.J;, (2.11a)

. (2.11b)
24 sinh?2 h2 0 inh(2 Q

e — Lasinh®(r/¢)w + cosh(r/)y I sinh(2r/¢)(ay + w?) Jo, (2.11c)

Va2 sinh®(r/0) — cosh®(r/0)Q2 (/4202 sin®(r/) — dcosh? (/)22
reproduces the metric (2.6) via (1.35). The Hamiltonian charge calculated in the Cartan formal-

ism reproduces again the result from the metric formalism. Again, there is no need to compute
the dressing form and worry about different results in different formalisms.
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2.3 3d spacetime in Gaussian null coordinates

In this section a general 3d spacetime in Gaussian null coordinates will be discussed in detail.
Consider the gauge choice
9rr = Gro = 0, Gur = 77(”7 ¢) (212)

Here v takes the role of an advanced time coordinate, r can be seen as radial and ¢ as angular
spatial coordinates. The same gauge was used to expand the metric near a null hypersurface,
which is additionally defined by ¢""|,._, = 0. This led to three towers of charges [20]. In the
following, however, the requirement for » = 0 to be a null hypersurface will be dropped. The
most general line element compatible with this gauge choice can be written as

ds? = —V(v,r,¢) dv? 4 2n(v, ) dv dr + h(v,r,¢) (d¢ + U(v,r, $) dv)? . (2.13)
The equations of motion
Euw = Ry — %QWR - %29#» =0 (2.14)
constrain the functions V, h and U. &,, fixes
h=Q2—|—rh1+r2h—%. (2.15)
402

Q and h; appear as integration constants and are functions of v and ¢. In order to guarantee a
negative determinant of the metric, the function h; most be positive everywhere. &4 gives

_ 4f0Q2 + T‘fl (Thl + 492) — T2h18¢’l7

U 2.16
(Thl + 292)2 ( )
with the integration constants fy and fi, which are again functions of v and ¢. Ey¢ fixes
1
V=— o (r*Fohf + r3Fih? + r*hin? /62 + 4f302 + drFoh, Q2
1
+ 4r?Fihy Q2 + 4r?han® Q2 /2 + AR Q* + 4r L QY + 4002 Q /02 (2.17)

+ r2f12 (rh1 + 392) + 27’2f1928¢n —r3hy (8¢n)2 —r20? (8¢7))2
+ 2rfy (fl (Thl + 492) — ’I“h16¢’l7))

with integration constants Fy and F} as functions of v and ¢. Then &, allows to express Fj in
terms of the other integration constants and 7

R (— P20 + 4203 /02 + Q (94m)° — 2f110Q2

1
T 2h0

(2.18)
+ 20 (0052 + Q (91 = 9 — Duhn) + M) ).
The solution is then parametrized by the six functions n, Fy, fo, f1,  and h; of v and ¢. The
last two equations constrain, but do not fully determine these functions, for example one can
find expressions for 0, Fy and 0, f1.
Taylor expanding the metric around r = 0 yields

—Fo(v,¢) —1F1(v,6) + O(r?) n(v,¢) folv, ) +rfi(v,¢) + O(r?)
Juv = 77(’1)7¢) 0 0 . (219)
fo(U,¢)+Tf1(’U,¢) —|—O(T2) 0 Q(U’¢)2+Th1(v7¢)+0(r2)

26



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

All the O(r?) contributions are exactly of second order in r. There are no higher order contri-
butions. The function F (v, ¢) is not arbitrary, but given by (2.18).
To find the diffeomorphisms that preserve the form of (2.19) the Ansatz

§=8"(v,1,0)0y + & (v,7,0)0, + (0,7, 6)y (2:20)
can be inserted into the Killing equation
E&g;w = 559,”. (2.21)

The equation L¢g,, = 0 gives
& w,r ) =T (2.22)

with some arbitrary function T'(v, ¢). In a similar fashion L¢g,¢ fixes

2rnd,T
¢ = — 7‘1)
S s To e (2.23)

with the integration constant Y (v,¢). In the equation Le¢g,, = 0¢n(v,¢) the right hand side
must not be r-dependent. Integration then yields

1
~ n(rhy +29Q2)
+ 120, f1n + 1705 Tndgn — 2r0, Ty — 2rTI,nQ* + 2rdenQy® — 2rY 9ynQ?) .

& (rh1 (nK —r (8,Tn + Ty + YOun) + réen) + 20Q°K + 2rd,T fon

(2.24)

This expression contains a v- and ¢-dependent integration constant that includes the arbitrary
function K (v, ). Furthermore, d¢n(v, ¢) can be chosen at will. It is convenient to choose

JondsT

+Y0yn + 2n0,T + T0,n (2.25)

with the new arbitrary function W (v, ¢). In total, the Killing vector

& =T
- 1
& = o o (i (K = (WO o0, T = °0,T)) (2.26)
+ Q% (2KQ* + 7 (—2WQ? + 1 f10,T + 20°0,T + r0,Tyn) ) ) '
2rn0yT
¢ _y 7o
¢ Y rhy + 202

is parametrized by four arbitrary functions T'(v, @), Y (v, ), K(v,$) and W (v, ¢). Since in the
following the surface charges will be computed at the » = 0 hypersurface and they only contain
single derivatives of the Killing vector, it is only relevant up to linear order and a Taylor expansion
yields

=T,

€ =K+ (0,7 —W)r+0(r?), (2.27)

=Y - n?;;Tr +0O(r?).

The transformation behavior of all state-dependent functions is given by comparing the leading
and subleading order in a Taylor expansion of (2.21). Then the commutator algebra of the
Killing vector can be computed making use of the adjusted bracket [21]

[61752]adj. bracket - [61352] - 55152 + 85251' (228)

27



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

The first term is the usual commutator of vector fields, equivalent to the Lie derivative, whereas )
requires the components of the following vector to be viewed as functions of the state-dependent
functions, which are then transformed under the subscript vector. This gives the Killing vector
algebra

[E(K1, T1, Wi, Y1), E(K2, To, Wa, Ya) i brackes = §(B12, Ti2, Wiz, Yi2) (2.29)

with
K12 = }/16¢K2 =+ TlavKQ + KQ (Wl — 8UT1) — (1 < 2),
T2 = Y1041 +T10,T> — (1  2),
f1K28¢T1 + 778¢K28¢T1 + K28¢T18¢17

Wio = Y10, Wo +T10,Wso 4+ 05,150,Y1 +
12 10p W2 1 2 b2 1 02 (2.30)

foh K10415
04

Yo = Y18¢Y2 +T10,Ys +

_(1<_>2%
77K28T
%—(162).

Here — (1 +» 2) refers to repeating all the previous terms with opposite sign and exchanging the
labels 1 and 2.
Under the Killing vector (2.26) the state-dependent functions transform as

(5§F0 = 2F06UT + TayFo - 277(9UK — 2f08vY + Y6¢F0
K(04n)* — f2K — 2K7783577 +4Kn*Q02% /02

I (2.31)
2K778¢7)8¢Q 2KnQ2 5 Sy o 5 h
hiQ o |72\ Q v\ )|’
defo = [1K + 10K — FodsT + 9 (foY) + 0, (foT) + 2%, (2.33)
5e0 = M STy vy 4 10,9, (2.34)

20 T a
Sefr = 2010, + h10,Y + 05(Y f1) — ndsW — fiW + Ty f1 — 05T
(ff = 2004 f1 — (9¢n)? + 20050 + 2nphy — 4> Q? /£?)

+ 3¢T

ha (2.35)
L 20621 = Opm) _ 1 3 nfo) | L K hi(fir = 9¢n) — 2fond3T
hi§2 Q 202 ’
2
Sehy = 2912{ +2£10,T — 200, (”%’ ) + hy (205Y — W) + YOyhy + 0,(Thy). (2.36)

The variation of the Hamiltonian surface charge as computed in the metric formalism is given
by!
1
H! = —— do (WéQ+YdY +T KjB 2.37
FH 167TG£:0¢( - +T§A+ K§B) (2.37)

n computing \/—g it was assumed that the product n is positive. Otherwise, the Hamiltonian surface charge
receives an overall negative sign.
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where

_ fol /19
- 2.38
The expressions §.A and §B are no total variational derivatives and are defined as
 (F1 4 0um) 092 \/Foh1 Ji Jo
JA._f O ———— )|V Foy— o) fo+6 |0y ) 77 n
5, (2.39)
_25( >f+ a¢( )
\/7
h,l h1577
= — ] - . 2.4
jBi=9 < Q ) 2nQ2 (240)

Hence, the Hamiltonian surface charge is, for state-independent W, Y, T and K, not integrable.
In general, integrability can be achieved by an invertible redefinition (“change of basis”) of these
functions and the addition of a “corner term” to the presymplectic potential [22, 23], i.e. a shift

® O +dec. (2.41)

To compute the charge in the Cartan formulation the triad

2 _ 2 2 _ 2
> —V —n J1+hLI V+n o,

= 2.42
v 2n 2n ( 2)
e, =J + Jo, (2.42b)
hi hitd
ey = 7J1 + —Jg +VhJs (2.42¢)
can be used. It leads to the Hamiltonian surface charge
1 Q@w
Hf = —— do (Y6 T K 2.4
=g |0 (o (1= e () e
with
5C = fos <8¢n> 5 <F0h1 —g;fOfl) 25 (0,) + 20m0,82 4 F1052 L 2f15f(;+9h15F0_ (2.44)
n n n

Note that the function W does not appear in (2.43). Assuming state-independent Y, 7" and K,
the term containing K is now integrable. The coefficient of T is different, but still not integrable.
The main point, however, is that the charges in the two formalisms do not agree. This is due to
a nonzero dressing form leading to

@ 1 Kh1 677 Tfo(SQ(%, 2T5f08¢ Tf0577(9¢
k Q— —
¢ = 161G (W‘S w2 Q0 o5
. Y §Q0,m — YInQ20, — Y ono,Q + T6Q0,n — Tdn&,Q) '
. )
One can now check that
k?)y — (ki)g — (k&)g = — 2.4
(2)o — (K)o — () = 1or0 (Tt + 2ot - LAY, (2.40)
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which vanishes when integrated over ¢ given that the functions in (2.46) are 2m-periodic in ¢.
Since ¢ is an angular coordinate with identification ¢ ~ ¢ + 27 any single-valued function of ¢
must be periodic. In all previous sections it was assumed that functions of ¢ are single-valued, but
this assumption could also be dropped. For example, one could allow a quasi-periodic function

T(v,¢) = > Tn(v)e™ + Ty(v)o (2.47)
nez
for which
T(v,¢+2m) = T(v,$) + 21 Ty(v) (2.48)

As a consequence, the integral of (2.46) over ¢ from 0 to 27 would not necessarily vanish.

To conclude, the general 3d spacetime in Gaussian null coordinates serves as an example
where the Hamilonian surface charge differs between the metric and first order Cartan (and
therefore Chern-Simons) formalism. By introducing the form k? the difference between kg and
kg can be compensated, but only up to an additional exact term. Allowing only single-valued
functions, this term (of which in the previous example only the ¢-component is of relevance)
then vanishes upon integration.
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Conclusion and outlook

A careful treatment of the Hamiltonian surface charge in 3d Einstein gravity using the covariant
phase space formalism shows that there are, in general, differences depending on whether the
charges are computed in second order metric or first order Cartan formalism. A calculation in
the Chern-Simons formalism recovers the results from the first order Cartan formalism. The
difference can be attributed to an additional symmetry that is present in the Cartan formulation
of Einstein gravity, the symmetry under local Lorentz transformations. To resolve the difference
in surface charges one can make use of the ambiguity in the presymplectic potential. Since the
latter is only defined up to a closed and thus locally exact form, one can add a specific corner
term, which has been called the dressing form, to the presymplectic potential. This procedure is
well supported in the covariant phase space formalism as there is no a priori prescription how to
resolve the ambiguity surrounding the presymplectic potential. The addition of corner terms to
the presymplectic potential is also intimately related to the renormalization of charges and the
integrability problem [22].

However, as the examples from chapter 2 highlight, ignoring the ambiguity regarding the
presymplectic potential and strictly following the Iyer-Wald prescription can lead to contradicting
results for the Hamiltonian surface charges, but this is not always the case. In the example of the
Banados geometries and the near horizon boundary conditions presented in chapter 2 there is no
difference in the Hamiltonian surface charge between metric and first order Cartan formalism,
even without adding a corner term. This is not the case, however, for the general 3d spacetime in
Gaussian null coordinates, where different results for the (variation of the) Hamiltonian surface
charge were found in the metric and first order Cartan formalism. Only by explicitly computing
the contribution from the dressing form the contradiction can be resolved. It remains an open
question why the first two examples exhibit vanishing dressing form while the third example does
not.

There is another interesting question surrounding the results of section 2.3. Assuming the
problem of integrability can be solved, there will be a Hamiltonian surface charge parametrized
by four arbitrary functions. This is two less than what is maximally possible [7], but the only
restriction on the spacetime of section 2.3 is the gauge choice. It appears that the gauge choice
alone removes two towers of charges. Exactly why and how this happens could be a topic of
further research.
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