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Abstract
Identification of the available friction potential is crucial for road safety but difficult, in particular at normal driving.
This paper aims to contribute by presenting an effect-based method for slip slope change detection related to friction
potential changes at all wheel-drive vehicles applying active drive force excitation. The proposed estimation approach
relies above all on the wheel speeds and the axle/wheel drive forces of the front and rear axle. Different types of
periodic active drive force excitation that are superimposed to the drive force requested by the driver while maintaining
the desired level of speed or acceleration are investigated w.r.t. the availability of the estimates and overall effectiveness
of the estimator. Vehicle tests are performed to evaluate theoretical results and the (co-)driver’s perception of the active
drive force excitation. Results from both the simulation study and vehicle tests show that the proposed method allows
to reliably estimate slip slope changes at all-wheel drive vehicles in driving conditions with low levels of drive force
excitation.
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Introduction

Knowledge of the available tire–road friction potential is
most relevant for the human and robot driver to adjust vehicle
speed accordingly. Moreover, advanced driver assist systems
may adopt parameters accordingly to guarantee comfort and
safety. In literature, several approaches to estimate road
surface conditions and related tire–road friction potential are
proposed. In general, respective methods may be categorized
as cause-based and effect-based. Cause-based methods
utilize sensors to gain information on the ambient conditions
to extrapolate the friction potential, whereas effect-based
methods rely on observed reactions of the vehicle and
its subsystems, resulting from (changing) tire–road contact
conditions.1 While sensors applied at cause-based methods
may provide some preview, effect-based methods allow
to estimate the friction potential from the actual tire and
road pairing. Estimated tire–road friction potential may be
augmented on-board, e.g. from cloud-based services, or may
be shared with other vehicles or with the cloud.2

Effect-based methods require a sufficiently high level
and variation of excitation to allow to estimate indicators
of the actual tire–road friction potential. Hence, respective
utilization of the available friction potential – where the
tire is operated in its nonlinear regime – is needed e.g.
from brake/drive or lateral force excitation.1,3–5 However,
sufficient friction potential utilization is rarely requested by
the driver at normal driving at high-friction road surface
conditions. Moreover, at driving smoothly on country roads
or motorways, the variation of the excitation level is small.
Thus, availability of respective estimates is very limited.

To overcome the lack of excitation, e.g. active brake/drive
force excitation of the tires is proposed.6,7 Lajewski et al.6

suggested to brake a single wheel of an automobile until
it reaches the friction limit, where an expert driver has to
keep the vehicle on track. This approach is considered for
friction potential classification of public roads, similar to
friction test trailers used by road authorities.8 In contrast,
Albinsson et al.7 introduced a method based on active
drive force excitation, which is considered to be applicable
in regular driving. Rather large longitudinal driving forces
are generated at one axle by applying brake forces on the
opposite axle, while maintaining the vehicle motion desired
by the driver at low levels of acceleration, e.g. at driving on
a highway.

Appropriate optimal drive force excitation strategies are
studied by Albinsson et al.5, where the focus has been
put to the impact on friction potential estimation errors,
depending on the tire models applied in respective estimation
algorithms. It was concluded that about 60 % utilization of
the actual tire–road friction potential is required for reliable
estimation of the friction potential.

From field measurements, different tire slip slopes at
different road surface conditions have been identified by
Dieckmann9 and others10–16. Similar findings are presented
in Figure 1 for dry asphalt, asphalt and ice covered with
snow, and polished ice. Inter-layer effects between tire
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contact patch and road surface have been identified to
explain the changes of measured slip slope.1,12 Since the
level of drive/brake force excitation required to measure
these effects are rather low, higher availability of respective
estimates might be expected. However, the measured slip
slope (change) is not directly related to the maximum
friction potential.11,14 Further, slip slope is sensitive to
other parameters than road surface condition, e.g. inflation
pressure and temperature.13 Therefore, knowledge of the
actual slip slope only does not allow for reliable tire–road
friction potential estimation. Nevertheless, a sudden change
of the slip slope of the tire might be an indicator for changed
road surface conditions, and a corresponding drop indicates
a drop of the maximum friction potential.

Figure 1. Traction coefficient – slip curves from field
measurements of a winter tire (295/30R20) on dry asphalt,
asphalt and ice covered with snow, and polished ice.

An approach to estimate the slip slope in real-time is
presented by Gustafsson10,11, utilizing a linear tire model
and a Kalman filter, where longitudinal velocity for slip
calculation is derived from the angular velocity of the
non-driven wheels. While braking and for all-wheel drive
vehicles, longitudinal velocity has to be provided from
other sources, like GPS-measurements or state estimators
based on wheel speeds and acceleration.17,18 However,
since slip quantities are rather small, slip calculation –
and respective slip slope estimation – is sensitive to errors
in longitudinal velocity and tire effective rolling radius
(estimation), and with respect to measurement noise and time
delays resulting from measurement, filtering and vehicle
BUS communication.

To avoid the need for accurate knowledge of the actual tire
slip (and thus related quantities), a method to estimate the tire
slip slope based on a measured ‘average’ slip of two tires is
presented by Forssell et al.19 The measured slip quantity is
calculated form the difference of the wheel speed of one tire,
e.g. at the front axle, with respect to a second tire, typically
from the opposite axle. Slip slope parameters for both tires
can either be estimated independently or, assuming equal tire
slip stiffness on both wheels, together as one parameter. The
method is applicable as long as the drive force is not equal
for both wheels and signal to noise ratio of the tire slip is
sufficient.11

A recent review on tire–road friction potential estimation
in particular at low levels of excitation is given by

Acosta et al.20 It is concluded that current methods either
focus on high longitudinal or lateral tire forces for direct
estimation of the tire–road friction coefficient, or on the
linear longitudinal tire characteristic which needs accurate
slip measures. With focus on normal driving on country
roads and highways and in particular at all-wheel drive
vehicles, high levels of tire force utilisation occurs rarely and
longitudinal slip may not be available in a sufficient quality.
Moreover, low variation of tire slip/forces is challenging
from the numerical estimator point of view.21 Therefore,
availability of valid estimates is limited and slip slope
changes may be detected late.

In this paper, an approach to estimate longitudinal
slip slope changes as an indicator for maximum tire-
road friction potential changes is presented. This approach
makes use of active drive(/recuperation) force distribution
at all-wheel drive (electric) vehicles to allow for high
availability of estimates and relies on known wheel speeds
and drive/recuperation forces only. The estimator is based on
the differential slip between the front and rear driven tires,
similar to Forssell et al.19, taking into account that tires may
have different tire properties, in particular slip stiffness, e.g.
due to nominal load, mixed tires or tire wear. The focus is put
on rather low levels of active drive forces excitations to allow
for effective slip slope change estimation in normal driving
conditions and to avoid potential vehicle stability issues on
low friction road surfaces.

The estimation method is presented in the subsequent
section, and the impact of different drive force distributions
and levels of excitation is discussed. The effectiveness
of constant and active drive force distribution strategies
considering the level of excitation will be studied by means
of numerical simulation. Finally, results from test drives with
a prototype vehicle with active drive force distributions are
presented to validate the theoretical findings.

Estimation Method

The derivation of the estimator will be presented next, and
the impact of the drive force distribution at all-wheel drive
(electric) vehicles on the utilization of the effective slip–tire
force curve will be discussed.

System model and Kalman filter
The presented method aims to enable slip slope change
detection for all-wheel drive vehicles in normal driving
situations with constant velocities or low levels of
longitudinal acceleration. To map the tire characteristics at
these rather low levels of longitudinal force excitation and
related small, quasi-steady state wheel load transfer, a linear
approach is assumed,

µi = Csx,i sx,i − Csx,i δi i = F,R (1)

with the mean values of the traction coefficient
µi = Fx,i/Fz,i, slip sx,i, normalized slip slope
Csx,i = Csx,i/Fz,i, and slip offset δi of the front and
rear axle tires. To avoid the need for knowledge of the
longitudinal velocity of the vehicle for slip slope estimation,
similar to Gustafsson10, the vehicle’s velocity is eliminated
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from the longitudinal slip

sx,i =
ωi re,i − vx

ωi re,i
i = F,R (2)

(mean wheel speed ωi and effective rolling radius re,i of the
front (F ) and rear (R) axle, and longitudinal velocity vx of
the vehicle), resulting in two redundant equations:

sx,j =
re,j ωj − re,k ωk

re,j ωj︸ ︷︷ ︸
sx,∆,j

+
re,k ωk

re,j ωj
sx,k

j = F, k = R and j = R, k = F

(3)

sx,∆,j is a measure for relative speed difference between
front and rear axle speeds based on tire radii and measured
wheel speeds only, and is further referred to as differential
slip. After rearrangement of equation (3), this relation
becomes more obvious, since sx,∆,j can be written as a
scaled difference between the slip measures of the front and
rear axle,

sx,∆,j = sx,j −
re,k ωk

re,j ωj
sx,k

j = F, k = R or j = R, k = F
(4)

The nominal value of the slip stiffness Csx,i at different
axles may differ because of different tire type, size, wear,
inflation pressure, nominal loads etc. Assuming that these
changes progress slowly, while changes of the road surface
and therefore of the slip slope appear suddenly and at both
axles of the vehicle, the following slip stiffness ratio λ is
introduced,

λ =
Csx,R/Fz,R

Csx,F /Fz,F
=

Csx,R

Csx,F

⇒ Csx,R = λCsx,F (5)

that allows for estimation of the fast changing normalized
slip slope to indicate friction potential changes and the
slowly varying slip stiffness ratio with different dynamics.

Substituting (3) into (1) and making use of (5) yields
the (redundant) equations for the estimation approach,
formulated for the front and rear axle,

sx,∆,F =

(
µF − 1

λ

re,R ωR

re,F ωF
µR

)
︸ ︷︷ ︸

µ∆,F

1

Csx,F

+

(
δF − re,R ωR

re,F ωF
δR

)
︸ ︷︷ ︸

δF

(6a)

sx,∆,R =

(
µR − λ

re,F ωF

re,R ωR
µF

)
︸ ︷︷ ︸

µ∆,R

1

Csx,R

+

(
δR − re,F ωF

re,R ωR
δF

)
︸ ︷︷ ︸

δR

(6b)

Similar to the differential slip sx,∆,i, the first term composed
by the scaled difference of traction coefficients is denoted
the differential traction coefficient µ∆,i. The scaled slip
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Figure 2. Scaling of tire(/axle) characteristics for determination
of differential slip sx,∆,F and differential traction coefficient
µ∆,F (offset δF not considered)

offsets of the front and rear axle are merged to a generalized
offset parameter δi. The parameters to be estimated are the
normalized slip slope Csx,i, the slip stiffness ratio λ and the
generalized slip offset parameter δi. The ratio of the effective
roll radii of the front and rear tires in (6) can be estimated e.g.
at coasting, no absolute radii are needed.

Influence of drive force distribution
Considering (6), it becomes obvious that for certain
combinations of utilized traction coefficients µi the
differential traction coefficient µ∆,i may become zero,
although the traction force at the individual axles is
unequal to zero. Thus, drive force distribution may have
a significant impact on the quality and availability of slip
slope estimates. To give a brief illustrative explanation and
to identify beneficial types of excitation at utilizing the
proposed approach, the formulation w.r.t. the front axle,
(6a), is discussed. Figure 2 shows a schematic drawing of
the traction coefficient plotted over the longitudinal slip of
both the front and rear axle on the left (neglecting the slip
offset δi). Elimination of the vehicle’s velocity from the
slip definition (3) and introducing the slip stiffness ratio λ
basically scales the original traction force–slip curve of one
axle in order to coincide with the traction force–slip curve
of the opposite axle (in the ‘linear’ regime), Figure 2(right).
The slip scaling quantity can be directly read from equation
(4), and the scaling quantity of the traction coefficient from
the differential traction coefficient µ∆,F in equation (6a).
Thus, knowledge on the actual traction coefficients µi and
on the differential slip sx,∆,j between the tires at the front
and rear axle allows to estimate the normalized slip slope
Csx,j of the tires at the axle, which has been considered for
the formulation of (6) (which is the front axle F in Figure 2).

To gain some basic insight into the sensitivity of (6) on
the drive force distribution and corresponding differential
traction coefficient µ∆,i, the surface of differential traction
coefficients µ∆,F over front axle slip sx,F and front
differential slip sx,∆,F is plotted in Figure 3(a), applying
the pure longitudinal slip tire brush model22 for mixed tires
front/rear, assuming a maximum friction potential µmax = 1
and a wheel load ratio Fz,F /Fz,R = 40/60. In addition,
the projection of this surface to the sx,∆,F -µ∆,F -plane is
depicted in Figure 3(b). Solid lines of varied traction force
utilization at constant drive force distributions are plotted
ranging from front wheel drive (drive force distribution
ν = 0) to rear wheel drive (ν = 1).

Considering the front wheel drive case it becomes obvious
that for a given differential traction coefficient µ∆,F the
longitudinal slip sx,F at the front axle and the front
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(a) Differential traction coefficient µ∆,F over front axle slip sx,F and
front differential slip sx,∆,F .
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(b) Projection of (a) to the sx,∆,F -µ∆,F -plane.

Figure 3. Differential traction coefficient µ∆,F , trajectories of
constant drive force distributions, and trajectory of constant
effective traction force Fx,sum.

differential slip sx,∆,j are equal, thus µ∆,F corresponds to
the actual traction force coefficient µF . When moving the
traction force distribution from the front to the rear while
the effective traction force of both axles Fx,sum (and thus
longitudinal acceleration of the vehicle) remains unchanged,
sx,F , sx,∆,F , and µ∆,F decrease accordingly, blue dots and
lines in Figure 3. It turns out that at a particular drive force
distribution, changes in the effective traction force, do not
affect the resulting differential traction coefficients µ∆,F . For
the front and rear tire characteristics considered in Figure 3,
this is the case for drive force distributions close to ν = 0.6,
indicating equal traction force utilization at the front and rear
axle, which may be beneficial from a safety perspective. In
particular in this condition, the estimation of the normalized
slip slope Csx,j of the tires is not effective.

Active excitation
To increase the availability of estimations of the normalized
slip slope Csx,i and related maximum tire–road friction
potential changes at very low and constant levels of drive
force excitation21, and to allow for effective estimation in
conditions of unfavorable drive force distributions, an active
longitudinal tire force excitation is proposed.

The nominal tire forces (and respective tire slip values)
correspond to the acceleration demanded by the human/robot
driver and the pre-set drive force distribution between the
front and the rear axle. The active force excitation is
superimposed to the nominal value of each axle, where the
sum of the nominal drive forces of both axles Fx,sum is
kept constant, maintaining the current speed or acceleration
demands,

Fx,F = (1− ν)Fx,sum + Fx,exc(t)

Fx,R = νFx,sum − Fx,exc(t)

with pre-set drive force distribution ν and time-dependent
excitation force Fx,exc. Superimposed excitations may be
transient or periodic. Transient excitation trajectories may
be of interest at changing the overall drive force distribution
of the vehicle e.g. based on the drive force requested by
the driver/driving robot. Since we like to focus at rather
small (overall) drive force levels e.g. at slightly accelerating
or running at constant velocity, subsequently, reasonable
periodic excitations will be introduced and discussed. The
periodic excitation with cycle time τ may be represented by
a periodic triangular function,

Fx,exc(t) = Aexc ftri(t) (7)

and

ftri(t) =(2 ·
(
1− (

2

τ
t− 1

2
) mod 2

)
· sign

(
1− (

2

τ
t− 1

2
) mod 2

)
− 1)

(8)

with additional excitation force Aexc, Figure 4(a) in the box
top left. A sinusoidal function may also be considered for
investigation,

Fx,exc(t) = Aexc sin

(
2π

τ
t

)
(9)

with the same level of maximum force excitation as in (7). A
corresponding time history of Fx,exc is plotted in Figure 4(b)
in the box top left. Periodic ramps, consisting of six segments
of length τ/6,

Fx,exc(t) = Aexc min (max (1.5 · ftri(t),−1) , 1) (10)

are depicted in the time history of in Figure 4(c) in the box
top left. Finally, alternating step excitation,

Fx,exc(t) = Aexc · sign
(
(
2

τ
t) mod 2− 1

)
(11)

are considered and plotted in Figure 4(d) in the box top left.
Accumulated data points from active force excitation

(over one cycle) are plotted in Figure 4 to gain some
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understanding of their potential effectiveness and to identify
potential drawbacks. Nominal values of the differential
traction coefficient µ∆,F , the front axle slip sx,F and the
front differential slip ss,∆,F are plotted in magenta color,
which result from a vehicle with drive force distribution
ν = 0.6 accelerating at 1 m/s2 on dry asphalt surface.
Considering Figure 3(a), it becomes obvious that active
excitation forces are essential at the considered drive force
distribution (that may be desired from a vehicle handling and
stability point of view) to estimate the normalized slip slope
Csx,i based on (12).

Obviously, large levels of excitation forces and corre-
sponding differential slips sx,∆,i are beneficial to efficiently
estimate the normalized slip slope Csx,i, see also Figure 3.
However, traction coefficient utilization has to be limited to
avoid critical conditions while running on (yet unknown)
low friction potential road surfaces. Moreover, periods of
keeping a constant velocity (or acceleration), e.g. driving on
highways, may lead to packed data points and may reduce
estimation quality.21 Periodic excitations may help to prevent
such conditions.

Superimposing similar levels of active excitation to
the drive force demanded by the human/robot driver, an
equal distribution of data points is present at periodic
triangular excitation functions, Figure 4(a). This persistent
excitation may be beneficial from an estimator point of view.
Moreover, this continuous pattern may be easily realized in
vehicle application. Sinusoidal excitation results in slightly
accumulated data points in levels of higher differential
slips, Figure 4(b), that might be in favor for fast detection
of slip slope changes. Since it is smooth, it might be in
favour considering the driver’s subjective perception of the
excitation. Accumulated data points resulting from periodic
ramps, Figure 4(c), may result in similar figures as for
sinusoidal excitations. However, in contrast to the latter,
periods of high levels of excitations may be modified more
easily. The alternating steps, Figure 4(d), are considered to
be most effective w.r.t. fast detection since the sudden change
to the full excitation amplitude immediately generates large
differential slip. Therefore the potential estimation errors
also gets large immediately, enabling the CUSUM change
detection,23 to reach its threshold quickly.

Considering nominal values of Fx,sum (and thus nominal
slip sx,F , magenta dots in Figure 4) close to zero, e.g. driving
at constant and rather low velocity, sufficient (periodic)
excitation levels may result in (small) negative drive forces
Fx,i that can be realized by recuperation.

Parameter estimation
Since the system (6) is nonlinear in the parameters Csx,i and
λ, e.g. an extended Kalman filter24 is set up. Depending on
the formulation of (6), the slip stiffness ratio λ appears in the
nominator or denominator of the scaling term of µ∆,i. Thus,
in the Kalman filter output equation λ or 1/λ, respectively,
is substituted by β,

yk = hk(xk, vk)

=

(
µi,k − βi

re,j ωj,k

re,i ωi,k
µj,k

)
1

Csx,i,k

+ δi,k + vk

i = F,R, j = R,F,

(12)

βF =
1

λ
and βR = λ (13)

with measurement noise vk. Therefore, the parameter vector
to be estimated reads

xk =

 1
Csxi k

βi,k

δi k

 i = F,R, j = R,F, (14)

and the model equation of the estimator becomes

xk = fk(xk−1, wk−1) = xk−1 + wk−1 (15)

with process noise wk−1. The parametrization of an extended
Kalman filter with constant covariance of the measurement
noise R and covariance of the process noise Q is a
compromise between ‘stable’ estimation output and fast
response to changes. To combine these requirements, a
CUSUM change detection algorithm is used, where the
prediction error ϵk = yk − hk(xk, 0) is accumulated for
positive and negative values23,

νk,cusum = ϵk (16)

g
k
= g

k−1
+

[
νk,cusum
−νk,cusum

]
− ζ (17)

As gk,n (n ∈ 1, 2) reaches a selected threshold, the error
covariance matrix P is reset to allow for a fast adaption of
Csx and δ.

If the currently estimated normalized differential slip
slope Csx,i is higher than the actual slip slope, positive
differential slip results in a positive prediction error ϵ, and
negative differential slip results in a negative prediction error,
Figure 5(a). To overcome this shortcoming, ϵ is multiplied
with the sign of the differential slip, Figure 5(a),

νk,cusum = sgn(sx,∆,i,k) ϵk (18)

A comparison of gk,i between the use of (16) and (18) in (17)
is reported in Figure 5(b). It is obvious that with the modified
prediction error for both, positive and negative differential
slip, gk,2 increases as desired. This is not the case applying
the original formulation.

Simulation results
To evaluate the impact of the active excitations (7)-(11)
on the availability and responsiveness of the estimated
normalized slip slope Csx,F , these excitations are applied
to a basic half-car vehicle model and the Kalman filter
presented above. The half-car vehicle model includes vehicle
translational motion (19), and the front and rear axle (wheel)
dynamics, (20) and (21), x = [vx, ωF , ωR]

T,

ẋ1 =
1

m

(
Fx,F + Fx,R − CD x2

1

)
(19)

ẋ2 =
1

IF
(MF (t)− rl,FFx,F − rD,FFz,F ) (20)

ẋ3 =
1

IR
(MR(t)− rl,RFx,R − rD,RFz,R) (21)

with the vehicle mass m, wheel inertia for the front and
rear axle Ii, drag coefficient CD = 0.5Acd ρ, the loaded
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(a) Triangular. (b) Sinusoidal.

(c) Ramps. (d) Steps.

Figure 4. Active force excitation accumulated over one period with cycle time τ : differential traction coefficient µ∆,F , front axle slip
sx,F and front differential slip sx,∆,F .

wheel radii rl,i and the rolling resistance coefficient rD,i.
Longitudinal tire forces are calculated applying the pure
longitudinal brush tire model22. Since driving at constant
velocity and at almost constant, low levels of acceleration
is considered only, and cycle times of above introduced
periodic active drive force excitation are rather long,
transient tire behavior and dynamic wheel load transfer are
not taken into account in the simulation model. Hence, wheel
loads Fz,i are assumed to be (quasi) statically dependent on
the longitudinal acceleration, (22) and (23),

Fz,F = Fz,F0 −∆Fz(ẋ1) (22)
Fz,R = Fz,R0 +∆Fz(ẋ1) (23)

where

∆Fz =
mh

lF + lR
ẋ1 (24)

with the height over ground of the center of mass h and its
distance to the front and rear axle li.

Time histories of the evolution of the estimated
normalized slip slope Csx,F without active excitation
and for several types of active excitation are plotted in
Figure 6, where equal estimator parameters (covariance

of the measurement noise R, covariance of the process
noise Q, and parameters of CUSUM change detection)
are selected. These parameters where chosen applying a
heuristic approach based on simulation and measurement
data, to guarantee for both fast change detection and robust
estimates to avoid misdetections. Vehicle, tire and estimator
parameters are given in Table 1.

In Figure 6, it is assumed that the initial normalized slip
slope Csx,F corresponds to dry asphalt, where the actual
slip slope refers to snowy surface conditions. The cycle time
of one period of active excitation is selected τ = 8 s and
applied at t = 0 s, the force amplitude Aexc is set to 250N.
Two maneuvers are considered: accelerating the vehicle from
standstill with almost constant acceleration of 1 m/s2 (solid
lines), corresponding to the nominal conditions depicted in
magenta in Figure 4, and operating the vehicle at the constant
velocity vx = 28m/s (100 kph) (dashed lines).

Obviously, for the given vehicle, tire and drive train
configuration with constant drive force distribution ν = 0.6,
and the level of tire forces from accelerating or driving
at constant velocity, the estimator does almost not respond
to changes in the normalized slip slope Csx,F (Figure 6,
grey line), in contrast to superimposing periodic excitation
forces. In the acceleration case, solid lines in Figure 6, it
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Table 1. Vehicle, tire and estimator parameters

Vehicle model parameters
vehicle mass m 2600 kg
distance CG - front axle lF 1.74 m
distance CG - rear axle lR 1.16 m
height CG over ground h 0.425 m
roll. res. coeff. front rD,F 0.0068 -
roll. res. coeff. rear rD,R 0.0069 -
drive force distribution ν 0.6 -
drag coefficient CD 0.371478 kg/m
tire model parameters
slip slope F Csx,F (= 2cpx,Fa

2 · 2/Fz,F ) 30 / 10 -
slip slope R Csx,R (= 2cpx,Ra

2 · 2/Fz,R) 30 / 10 -
max. friction coefficient µmax 1 / 0.4 -
Estimator parameters
meas. noise covariance R 1 -
process noise covariance Q diag[1e−5, 1e−5,1e−10] -
CUSUM drift parameter ζpos, ζneg 2e−4 -
CUSUM threshold thp thn 0.2 -
estimator cycle time T0 0.02 s

sx,Δ,i

μΔ,i

measurement
prediction

ε(μ > 0) > 0Δ,i

ε(μ < 0) < 0Δ,i

sgn(s ) ε(μ < 0) > 0x,Δ,i Δ,i

(a)

(b)

Figure 5. (a) Calculation of νk,cusum from prediction error ϵk
and differential slip sx,∆,k, and (b) time history of gk applying
(16) and (18)

becomes obvious that from periodic triangular, sinusoidal
and periodic ramp excitation, the estimator initially responds
similar and clearly slower to changes of the normalized slip
slope Csx,F than to the periodic step excitation. The rapid
response to the latter may be mainly attributed to the early
triggering of the CUSUM change detection, accumulating
the scaled estimation error of the Kalman filter and adapting
respective parameters. Before CUSUM is triggered, very low

Figure 6. Time history of estimated normalized slip slope
Csx,F for different excitation functions and acceleration levels;
Fx,sum = 2600N (corresponding to ax = 1m/s2) and 290N
(corresponding to ax = 0m/s2); Aexc = 250N (corresponding to
a traction coefficient of µi = 0.15 and 0.04, respectively);
τ = 8 s.

adaption of the Kalman filter may be noticed from t = 0 s to
approx. 1.5 s, resulting from its rather slow and robust design
in nominal conditions. This behavior also highlights the
significance of the tuning of the change detection parameters.
Regarding the periodic triangular, step and sinusoidal active
excitation it becomes obvious that for the selected nominal
drive force distribution ν = 0.6 (see Figure 3) at t = 4 s,
8 s and 12 s no progress in the estimation of the normalized
slip slope Csx,F is made. Since this is not the case for the
periodic step excitation, the actual value of the normalized
slip slope Csx,F = 10 is approached earlier.

While driving at constant velocity, the response of the
estimator to the individual types of active excitation is similar
to the accelerating case. However, in general, changes of
the normalized slip slope Csx,F are detected about 0.5 s
later, and the initial drop of Csx,F is considerably reduced
compared to the acceleration case. While the initial drop
for sinusoidal, periodic ramp and step excitation may be
sufficient to indicate possible changes in the road surface
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Figure 7. Different acceleration levels and friction potentials:
Traction coefficients µi, differential traction coefficient µ∆,F and
differential slip sx,∆,F ; periodic triangular excitation function;
Aexc = 250N; τ = 8 s.

and thus friction potential changes, for the periodic triangular
excitation, a fast detection is unlikely. This is in particular
interesting, since the tires are operated in their ‘linear’
regime at both ax = 1m/s2 and ax = 0m/s2.

A related time history of the actual traction coefficients µi,
the differential traction coefficient µ∆,F , and the differential
slip sx,∆,i is plotted in Figure 7, exemplarily for the
periodic triangular excitation. The vehicle is accelerated
from standstill with ax = 1m/s2 until t = 38 s, where the
velocity is kept constant at vx = 36m/s, Figure 7(top).
Grey background color represents dry road conditions, while
white background color represents snowy road conditions.
At t = 0 s, nominal traction coefficients µi correspond to
the nominal values depicted in Figure 4. Active excitation is
applied after five seconds at a minimum speed of vx = 5m/s.
While the mean level of the actual traction coefficients µi

drops at stopping accelerating the vehicle, Figure 7(center),
the differential traction coefficient µ∆,F , resulting from
the active excitation, is (almost) not affected. However,
at approaching the low friction surface at t = 21 s, the
differential slip sx,∆,F increases, Figure 7(bottom), resulting
from the drop of the normalized slip slope Csx,F , until the
vehicle re-enters dry road conditions at t = 54 s. A shift
of the differential slip sx,∆,F may be noticed at stopping
accelerating the vehicle, due to the shift of some wheel load
from the rear to the front. Since this shift results in late
triggering of the CUSUM change detection, less effective
detection of changes in the normalized slip slope may be
expected, highlighting again the impact of the tuning of the
CUSUM change detection.

Since the friction potential is (considered to be) unknown,
freedom on the selection of the active excitation force Aexc is
very limited (in practical application) to avoid critical driving
conditions introduced from excessive friction potential
utilization, in particular on low friction surfaces. However,
Aexc may be adapted to the actual driving conditions,
considering the actual (requested) traction coefficient. In

Figure 8. Time history of estimated normalised slip slope
Csx,F for different cycle times τ ; periodic triangular excitation
function; Fx,sum = 2600N (corresponding to ax = 1m/s2);
Aexc = 250N.

the case of driving at constant velocity in Figure 6,
the excitation level may be increased at straight driving
to Aexc = 1000N, corresponding to a maximum traction
coefficient µi ≈ 0.1. In this case, the response to changes in
the normalized slip slope is increased significantly, similar
to accelerating at 1 m/s2, however, partial recuperation is
needed. In addition, adjusting the CUSUM change detection
parameters continuously to the level of active excitation may
also increase the efficiency while guaranteeing for robustness
of the algorithm.

The significant impact of the cycle time τ of the periodic
active excitation on the evolution of the estimated normalized
slip slope Csx,F becomes obvious from Figure 8. The
vehicle is accelerated at ax = 1m/s2; except from the cycle
time, other parameters correspond to parameters applied for
Figure 6. The figure shows a comparison for different cycle
times τ from 64 s to 2 s for the periodic triangular active
excitation. With decreasing cycle times, the time until a
change in the normalized slip slope is detected, decreases,
and reaches the minimum for τ ≈ 8 s. For shorter cycle
times, the detection time increases, since the excitation is not
sufficient to trigger the CUSUM change detection algorithm.

In practical application, certain constraints limit reason-
able types of active excitation, excitation force levels, and
frequencies. Besides safe operation, as mentioned above,
feasible technical realization and in particular the human
(co-) driver’s perception of the excitation shall be mentioned.

Besides the types of excitation, the parameters of the
estimator have a considerable influence on the change
detection behavior. In practical application they have to
be selected not only with respect to the detection and
adaption time, but also taking the actual noise and expected
variation of input signals from disturbances into account.
These quantities may vary considerably depending on the
actual vehicle (properties) and the implemented sensors.
An exemplary comparison of the estimated slip slope with
four different process noise covariance matrix entries Q(1,1)

(different colors) and three different CUSUM thresholds
(line style) is shown in Figure 9. Large entries in the process
covariance matrix (dark cyan line) allow fast adaption rates
that can be used for detection of rapid changes, but cause the
filter to be sensitive to disturbances, which are not considered
in this simulation study. In this case the filter adapts to
the new levels of slip slope before the CUSUM threshold
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Figure 9. Time history of estimated normalised slip slope
Csx,F for different Kalman filter and change detection
parameters Q(1,1) and thp,n; periodic triangular excitation
function; Fx,sum = 2600N (corresponding to ax = 1m/s2);
Aexc = 250N.

is reached. With smaller Q(1,1) entries, the adaption rates
decrease and the change detection is beneficial to increase
detection and adaption time.

Experimental results

To assess the effectiveness of the proposed approach and the
subjective perception of the active excitation, the amplitude
Aexc and the cycle time τ was varied at test drives utilizing an
electric all-wheel drive car with one motor on each axle. For
straight forward implementation to the modified drive force
distribution controller, the sinusoidal active excitation (9)
was applied. Main parameters of the test vehicle are similar
to parameters given in Table 1. Measurements on low friction
surfaces were performed on closed tracks on an frozen lake
with rough ice covered with a thin snow layer. High friction
surface maneuvers were recorded on the same day, with the
same car and tires, on public roads near the test track on dry
asphalt.

In Figure 10, measurements on dry asphalt (gray)
and snow surface (white) with nominal drive force
distribution ν = 0.5, and with excitation amplitude Aexc =
0.2Fx,sum and cycle time τ = 8 s are combined and
reported. A sequence of four acceleration (and deceleration)
maneuvers (ax ≈ 2m/s2) up to vx = 22m/s is conducted,
Figure 10(top), where the estimator is activated during
acceleration only. The nominal drive force distribution
was set until t = 65 s, followed by activated drive force
excitation. It is obvious that the differential traction
coefficient µ∆,F is considerably increased with active drive
force excitation, Figure 10(center top), while the overall level
of traction coefficient utilization (µi) remains similar to the
nominal case. Hence, the changed differential slip sx,∆,F

results in successful and rather fast detection of changes
of the normalized slip slope Csx,F due to both increasing
and decreasing friction potential, Figure 10(center bottom,
bottom), which is not the case with nominal drive force
distribution.

From a subjective perception point of view, at driving on
a straight, the skilled (co-)driver reported that cycle times
below 4 s have been audible only, while changed vehicle
behavior has not been perceived.

Figure 10. Field tests – acceleration (and deceleration)
maneuvers on dry asphalt and snow surface with fixed force
distribution ν ≈ 0.5 and an active sinusoidal force excitation:
longitudinal velocity vx and acceleration ax, traction coefficients
µi and differential traction coefficient µ∆,F , differential traction
coefficient µ∆,F and differential slip sx,∆,F , estimated
normalized slip slope Csx,F ; Aexc = 0.2Fx,sum (≈ 500N);
τ = 8 s.

Conclusions
The proposed method allows to estimate slip slope (changes)
with the knowledge of the wheel speed and tire radii ratio
between front and rear tires – that may be estimated during
constant drive or coasting maneuvers –, vertical tire loads
and drive forces only. The method is further applicable
to all-wheel drive vehicles with mixed tires. In particular,
active drive force excitation may improve availability of the
estimates considerably. Different periodic excitation shape
functions have been investigated w.r.t. the need for persistent
excitation and responsiveness of the estimator, but also
considering drive force excitation levels and cycle times,
bearing in mind both vehicle safety and passengers comfort.

Vehicle tests with a passenger car showed that even
very small superimposed drive force amplitudes (additional
traction force coefficient utilization smaller than 0.05) allows
for sufficient change of the differential slip and traction
coefficient, leading to very high availability and sensitivity
of the estimates. Moreover, tests have shown that effective
drive force amplitudes and cycle times are not recognized by
the (co-)driver at straight ahead driving.
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