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Abstract

We consider affine optimal control problems subject to semilinear el-
liptic PDEs. The results are two-fold; first, we continue the analysis of so-
lution stability of control problems under perturbations appearing jointly
in the objective functional and the PDE. In regard to this, we prove that
a coercivity-type property, that appears in the context of optimal control
problems where the optimal control is of bang-bang structure, is sufficient
for solution stability estimates for the optimal controls. The second result
is concerned with the obtainment of error estimates for the numerical ap-
proximation for a finite element and a variational discretization scheme.
The error estimates for the optimal controls and states are obtained un-
der several conditions of different strengths, that appeared recently in the
context of solution stability. The approaches used for the proofs are moti-
vated by the structure of the assumptions and enable an improvement of
the error estimates for the finite element scheme for the optimal controls
and states under a Holder-type growth condition.

1 Introduction

To obtain error estimates for a finite element approximation scheme and to
study solution stability of PDE-constrained optimal control problems where the
Tikhonov regularization term is absent in the objective functional, one must
take into consideration additional difficulties. This is due to the fact, that in
this case, one cannot expect a coercivity-type growth of the second variation
of the objective functional with respect to the L?-distance of the controls. In
this paper, we address these difficulties by considering several coercivity-type
conditions on the joint growth of the first and second variation of the objective
functional. In regard to solution stability of optimal controls and states under
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perturbations appearing in the objective functional and the state equation si-
multaneously, the result of this paper is a continuation of the investigation in
[1, 11, 12]. In this paper, we consider a growth condition that is similar to the
one in [11], but weaker and that still allows for a Lipschitz-type estimate for
the optimal controls with respect to the perturbations. The main part of this
paper, deals with error estimates for the numerical approximation for problems
where the control appears at most in an affine way in the PDE and builds upon
the papers [7, 8, 10, 13]. In comparison to the results therein, we obtain error
estimates for the optimal controls without assuming the so-called structural as-
sumption on the adjoint state together and a second-order sufficient condition
assuming the second variation to be strict positive on a certain cone, see [6, 12]
for a discussion of various assumptions on the growth of the objective functional.
Instead, we work with the unified conditions established in [4, 11, 12]. This is
an improvement since to assume the structural assumption on the adjoint state
and a second order sufficient condition as in [7, 7] seems quite strong. Especially
since by assuming the structural assumption one can obtain already stability
results as long as the second variation is not too negative, as shown in this pa-
per. To be precise, we consider among others the condition: Given a reference
optimal control @ and a number ~ € (0, 1], there exist positive constants a and
¢ such that

_ 1+
J(u) = J(@) > clu -] ;1 (1.1)

for all feasible controls u with ||u — ul|;1(q) < @ and (u —u) € DJ.

Here, D] denotes a cone, that extends the cone of critical directions commonly
used in optimal control of PDEs and will be specified later on. See also [3],
where it was first introduced.

Conditions of type (1.1) arise naturally in the characterization of strict bang-
bang optimal controls, appearing as a consequence of sufficient second-order op-
timality conditions and the structural assumption on the adjoint state, see [10].
A slightly stronger assumption that implies (1.1) was first considered in [18] for
affine ODE optimal control problems and [11] for PDE optimal control problems.
Recently (1.1) appeared in [16, 17] in the context of Eigenvalue optimization
problems. There it was shown that for a certain type of Eigenvalue optimization
problem, condition (1.1) is implied by a growth of the second variation. To re-
late (1.1) with the classical assumptions used in affine PDE-constrained optimal
control problems we refer to Theorem 4 in Section 4. We remark that to apply
condition (1.1) for solution stability, we need that the controls corresponding to
the perturbed problems are minimizers. This is not the case under the slightly
stronger condition in [11], where it is sufficient that the controls corresponding
to the perturbed problem satisfy a first-order optimality condition.

Finally, we do not consider a sparsity-promoting term appearing in the objective
functional, but the proofs in this paper can be easily adapted to include such
a term. One can consider a semilinear elliptic non-monotone and non-coercive
state equation as in [9] without any changes of the results in the section on
solution stability. The sections on error estimates can be adapted to the case
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of a non-monotone and non-coercive state equation using the results in [5]. To
the author’s best knowledge, the assumptions considered in this paper are the
weakest so far that still allow error estimates for the numerical approximation
for problems where the control appears at most in an affine way in the objective
functional.

We shortly list the novelties in the paper. Under conditions similar to the
one introduced in [41] in the context of solution stability and conditions (1.1),
we derive error estimates for a finite element scheme in Theorem 6.5. For this,
in the proof of Theorem 6.5, we argue similar as in the first arguments in [7,
Theorem 7], but in contrast to the proof therein, we then use the approximation
property of the linearized state to conclude the proof. This allows to obtain er-
ror estimates for bang-bang optimal controls similar as in [7, Theorem 9] and
also allows to improve the error estimates for the optmial controls for v € (0, 1],
from ||y — 1|10y < ch™’ to |ty — |1y < ch?. Then, using the assumptions
of [11, 4], we prove error estimates for a variational discretization in Theorem
6.9. In regard to solution stability, we prove that condition (1.1) is sufficient
for solution stability under quite general perturbations for a distributed control
problems in Theorem 5.2. Until now, to the author’s best knowledge, it was
an open question if condition (1.1) by itself allows for these results. We believe
this approach to be feasible also for the obtainment of error estimates for the
numerical approximation for a 2-dimensional Neumann boundary control prob-
lem, but postpone this analysis to future work.

The paper is structured as follows: In the remainder of this section, we state
the main assumptions that hold throughout the paper and state some additional
remarks on the notation. In Section 2, we collect results on the involved PDEs,
and in Section 3 the optimal control problem is discussed. In Section 4, we
investigate the sufficient conditions for local optimality. Section 5 is concerned
with solution stability. In Section 6 we define the discretization schemes and
prove error estimates. Let Q@ C R™, n € {2,3}, be a bounded domain with
Lipschitz boundary.

We investigate the following optimal control problem. Given functions u,, up €
L>(Q) such that u, < up a.e in €, define the set of feasible controls by

U:={uec LN u, <u<u, foraa. ze€} (1.2)

and consider the problem

(P) min{J(u) ::/QL(Q:,y(a:),u(x))dx}, (1.3)

ueU

subject to

Ay+ f(hy)=u in Q,
{ y=0 on I (1.4)
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Denote by ,, the unique solution of the state equation that corresponds to
the control u. The objective integrands L appearing in (1.3) satisfies additional
smoothness conditions, given below in Assumption 2.

1.1 Main assumptions and notation

The following assumptions, close to those in [4, 6, 7, 10], are standing in all of
the paper.

Assumption 1 The following statements are fulfilled.
(i) The operator A: H}(Q) — H~1(Q), is given by

n

Ay = — Z Oz, (a;,j(2)0z,y),

i,j=1
where a;; € L*(Q). In Section ¢ we additionally assume that a;; €
C%1(Q). Further, the a;,; satisfy the uniform ellipticity condition
n

A >0: Mefr < Z a; ; ()& for all§ € R™ and a.a. x € Q.

ij=1

(ii) We assume that f : @ x R — R is a Carathéodory function of class C?
with respect to the second variable satisfying:

f(-,0) € L>(Q) and %(ay) >0Vy eR,

of o f

- — < <M
oL (av)| + G )| < Craa Wl < 1
Vp >0 and VM >0 3 € > 0 such that

o f o f
87y2(337y2) - Tyg(l‘,yl)

VM >0 HCﬁ]y[ >0s. t

< p ¥yl ly2| £ M with lys — 1| <,

for almost every x € Q).

Assumption 2 The function L : Q x R?2 — R is Carathéodory and of class
C? with respect to the second variable. In addition, we assume that

L(SC, Y, U) = La(xa y) + Lb(xa y)u with La('a 0)7 Lb('> 0) € Ll(Q)v

VM >0 3Cr ar > 0 such that

oL 0*L
’%(xay7u)‘ + ‘aiyg(x7y7u)’ S C’L,M V|y|, |u| S M;
Vp >0 and M >0 3e > 0 such that

0L 9L
aiyg(l",yz,u) - aiyg(‘rvylvu)

< p |yl ly2| < M with |yo — 1| <e,

for almost every x € Q.
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2 Auxillary results for the state equation

We collect properties of solutions to linear and semilinear elliptic PDEs. The
results in this section are standard, we refer to [4, 7]. Let a € L*(Q2) be
a nonnegative function. We consider the properties of solutions to the linear
equation

Ay + ay = h. (2.1)

Theorem 2.1 [/, Lemma 2.2] Let h € L"(Q) with r > n/2. Then the linear
equation (2.1) has a unique solution y, € HE(Q)NC(Q). Further there exists a
positive constant C,. independent of a and h such that

[Pl @) + [Pullo@) < Crllullr@)- (2.2)

Lemma 2.2 [/, Lemma 2.3] Assume that s € [1, 15), s’ is its conjugate, and
let « € L*™®(Q) be a nonnegative function. Then, there exists a constant Cy
independent of a such that

{ l[yn|
llon]
where yn and @, satisfy the equations (2.1) and A*pp + app = h, respectively,
and Cy is given by (2.2) withr = ¢'.

Ls(Q) § CS’”h”Ll(Q)y Vh e H*l 0 le Q )3
@) < CollhllLr @), () (), (2.3)

For the semilinear state equation, we cite the following regularity result.

Theorem 2.3 [7, Theorem 1] For every u € L"(Q) with r > n/2 there exists
a unique y, € Y := HY(Q) N C(Q) solution of (1.4). Moreover, there exists a
constant T, > 0 independent of u such that

1ull g ) + vullo@) < Trllullor@) + 1 0) |z @)-
If up, — u weakly in LP(QY), then the strong convergence
||yuk - yuHHé(Q) + Hyuk - yuHC(Q) =0

holds. If further u € L>=(Q) and {a; ;} € C*'(Q) we have y, € W27(Q) for all

r < oo and
Iyl @) < Mor (Jlullzo oy + 17C, 0o )

for a positive constant My independent of u and .

For each 7 > n/2, we define the map G, : L"(Q) — H(Q) N C(Q) by
Gr(u) = yy.
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Theorem 2.4 [/, Theorem 2.6] Let Assumption 1 hold. For every r > % the
map G, is of class C?, and the first and second derivatives at u € L"(Q)
in the directions v,v1,ve € L"(Q), denoted by z,, = GL.(w)v and zy v, v, =
Gl (u)(v1,v2), are the solutions of the equations

of B

Az + o (x,yu)z = v, (2.4)
of B 0% f

Az + 8:(] ('T7yu)z = - 0y2 ('T7yu)zu,1;1zu,1127 (25)

respectively.

Lemma 2.5 [/, Lemma 2.7] The following statements are fulfilled.

(i) Suppose that v > 5 and s € [1,-"5). Then, there exist constants K,
depending on r and M, depending on s such that for every u,u € U

19u = Y2 — Zau—allLo@) < Msllyu — yalli2 (o) (2.6)

(ii) Taking Cx = Ko+/|Q| if X = C(Q) and Cx = M if X = L*(Q), the
following inequality holds

lzuw —zawllx < Cxllyuw—vallx||za0llx Yu,u € U and Vv € LQ(Q). (2.7)

(iii) Let be X as in (it). There exists € > 0 such that for all u,u € U with
lyu — yﬂ||c(ﬁ) < ¢ the following inequalities are satisfied

1 3
Sl = vallx < lzmamallx < Sly — vallx, (238)

x Yve L*Q). (2.9)

3
Sleaollx < lauallx < Sllza,

3 The optimal control problem

The optimal control problem (1.3)-(1.2) is well posed under Assumptions 1 and
2. By the direct method of calculus of variations one can easily prove that there
exists at least one global minimizer, see [20, Theorem 5.7]. In this section, we
discuss the structure of the optimal control problem.

Definition 1 We say that u € U is an L™(Q)-weak local minimum of problem
(1.3)-(1.2), if there exists some positive € such that

J(u) < J(u) YuelU with ||u—1ul|prq) <e.

We say that u € U is a strict weak local minimum if the above inequalities are
strict for u # .
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Theorem 3.1 For every v > %, the functional J : L"(2) — R is of class C2.
Moreover, given u,v,vy,vy € L™(2) we have

:%®w)hwﬂ?@%ﬁﬁw

S

S

|
D\ \

' oL
pu+ du(x Yu, U )}vdm,

r0%L o0 f

J” Ul; UQ 8 a9 ( s Yu, U ) Pur—> ay (.’,E yu)i| Zu,vl Zu,vg dLE

@\

_|_

/ 8u8 (, Yu, u)} (Zuw V2 + Zuw,v1) AT

Here, p, € HY(Q) N C(Q) is the unique solution of the adjoint equation

. Of oL .
~A p+ aiy(‘rvyu)p - ay (xvyuau) m Q, (31)
p =20 on 09.

We introduce the Hamiltonian QxRxRxR > (z,y,p,u) — H(z,y,p,u) € R
in the usual way:

H(x,y,p,u) = L(x,y,u)er(uff(x,y)) (32)

The local form of the Pontryagin type necessary optimality conditions for prob-
lem (1.3)-(1.2) in the next theorem is well known (see e.g. [2, 6, 20]).

Theorem 3.2 If u is a weak local minimizer for problem (1.3)-(1.2), then there
exist unique elements §,p € Hg(2) N L>®(Q) such that

Ay + f(z,9) = u in Q,
{ ¥ =0 on 09. (3.3)
.o oH .
Ap = (@ 0.p ) inQ, (3.4)
p =0 on 9.
Q%—Z(ﬂﬂ,gj,ﬁ,ﬂ)(u—ﬁ)deO YueU. (3.5)

4 The optimality conditions

We consider conditions on the objective functional that are sufficient for local
optimality and solution stability under perturbations appearing jointly in the
objective functional and the equation.
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Assumption 3 Letu € U, v € (n/(2+n),1] and 8 € {1/2,1} be given. There
exist positive constants ¢ and o such that

J' (@) (u — @) + B (@) (u— )2 > cllu— il g, (4.1)

for all w € U with ||u — ul[ 1 (o) < a.

In this paper, we prove for the first time, that Assumption 3 for g = 1/2, is
sufficient for solution stability if the control corresponding to the perturbed
problem is a minimizer. Assumption 3 with § = 1 was considered in [11], it is
the stronger assumption, in the sense, that if u satisfies the first-order optimality
condtion, Assumption 3(8 = 1) implies Assumption 3(8 = 1/2). On the other
hand, if Assumption 3(8 = 1) is satisfied, to obtain a solution stability result,
the control corresponding to a perturbed problem needs to satisfy only the first-
order necessary optimality condition. Under Assumption 3(8 = 1/2) we need
that the controls corresponding to the pertrubed problems are minimizers. For
the achievement of error estimates for the numerical approximation, this is not
a constraint, here, we consider minimizers of the discrete problem. We state
some technical results that are needed later on

Lemma 4.1 [/, Proposition 5.3] Let u € U be given. It is equivalent:

1. There exist positive constants ¢ and o such that
1= — 19/ — —\2 _ 1+%
() (u—u) + J"(w)(u —a)” = cllu—ull i g (4.2)

for all w € U with ||u — ul[p1(q) < .

2. There exist positive constants ¢ and « such that (4.2) holds for all u € U
with |y — yall =) < a.

The next lemma is crucial for the estimations later on. It is well known for objec-
tive functionals with varying generality and was proven in several publications
for case v = 1. The proof for v < 1 follows by exactly the same arguments.

Lemma 4.2 Given v € (n/(24n),1] and u,u € U. Define ug := u+ 0(u — u)
for some 0 € [0,1]. For all € > 0 there exists § > 0 such that

_ _ _ —_—
J"(@)(u —u)? = J" (ug)(u — 0)?| < ellu— | 1

for all [[u — @l 1) <.
Further, we have the following result.
Theorem 4.3 Let u € U be given. It is equivalent:

1. The control u satisfies Assumption 3(f =1).
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2. There exist positive constants ¢ and o such that
/(= — 1/ — _ _\2 _ 1+%
J'(w)(u—u) + J"(a+0(u—a))(u—u)” = cllu—ul[ g,

for all u € U with ||u — 1|11y < a and 6 € [0,1].

8. There exist positive constants u, 8, such that
, ) S
J'()(u— ) = pllu—all i, (4.3)

Jor all w € U with ||u — @l L1(q) < B.

The direction from 1 to 3 was proven in [11, Lemma 12]. The direction from 3
to 1 follows by using Taylor’s theorem and Lemma 4.2: Define ug : @+ 6(u — @)
for some 6 € [0, 1]. By Talyor’s theorem, there exists 6 such that

J (u)(u —a) — J(a)(u—u) = J"(ug)(u — u)>.

By Lemma 4.2 we obtain:

J'(@)(u — ) + J"(u)(u — u)*

=J'(u)(u—a)+ J'(@)(u—a) — J'(u)(u—a) + J" (@) (v — i)?

_l+d _ _ _

> gl =l 1oy — [ @) = 07 = " (wa) — 7]
Select o« < min{d, 5}, such that 4 > e. Then defining ¢ := p — ¢ the claim
follows for controls u € U with ||u — u| 110y < @. The case 2 to 1 is trivial and
the argument from 1 to 2 follows again by using Taylor’s theorem and Lemma
4.2.  The reformulation of Assumption 3(8 = 1) to (4.3) is useful to provide

short proofs for the error estimates for the variational discretization later on. It
appeared first in [14] in the context of ODE optimal control.

Theorem 4.4 Assumptions 3 (with = 1) together with (3.5) and Assumption
3 (B =1/2) both imply strict weak local optimality.

The claim for Assumption 3 with 5 = 1 was proven in [l 1]. We provide alter-
native proof. We prove the statement for § = 1/2. But this follows easily by
Taylor’s theorem and Lemma 4.2

I = I@ = (@)= 1)+ 57" o) (a = 0 = ellu—

for all w € U with ||u — ul[z1() < a. This proves the claim for g = 1/2. If
u satisfies (3.5), then Assumption 3 with 8 = 1 implies Assumption 3 with

g =1/2.
Theorem 4.5 Let w € U be given. It is equivalent:
1. Assumption 3(8 =1/2) holds.
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2. There exist positive constants ¢ and o such that
/(= = 1 1 (— ~ —\2 _ 12
J(u)(u—u)—kij (w+0(u—u))(u—u) ZC”U—UHU(}Z)

for all w € U with ||u — || f1(q) and 0 € [0,1].

3. There exists a positive constants ¢ and o such that

_ _ 1+
J(u) — J(u) > ¢|lu— u||L1(}2 (4.4)

)7
for all w e U with ||u— 1| < a.

The proof follows by the same arguments as in Theorem 4.3. To further relate
the cases 8 € {1/2,1} of Assumption 3 we state the following.

Theorem 4.6 Let Assumption 3(f = 1/2) be satisfied. Let there exist p such
that ¢ > pu and

J0) > —plu—al| Ty 45
@ > —plu — 1} ) (4.5)

for all w € U with ||u — ul[p1(q) < . Then Assumption 3(8 = 1) is satisfied
with constant ¢ :=y — /2.

We consider the set

{v € L*(Q)|v>0a.e. on [t =wu,] and v < 0 a.e. on [u = ub]} (4.6)
and define for some 7 > 0
H
D] = {v € LQ(Q)"U satisfies (4.6) and v(x) = 0 if aa—u(x)‘ > T},

= {v c LQ(Q)‘U satisfies (4.6) and J'(@)(v) < T||zﬂ,,u\|L1(Q)},
Cr = DINGE.

Here, H denotes the Hamiltonian (3.2) corresponding to the reference control 4.

If the control does not appear explicitly in the objective functional, %—Z is given

by the adjoint p corresponding to . Assumption 3 can be considered as acting
only on the cone DJ. For a prove see [11, Proposition 6.2] or [4, Coroallary 14].
Assumption 3 is equivalent to the assumption: Let @ € U be given. There exist
positive constants ¢ and «, such that

T(@) (= ) + BT (@)w — 1) = e — a1 (47

for all u € U with (u —u) € D} and ||u — |1 () < o
Further, we have the following theorem that relates Assumption 3 to the
assumptions made in [7, Theorem 9]. Let 88Lyb = 0 and let u satisfy the following

conditions: There exist positive constants ¢, k and o with k& < ¢ such that

1

J'(u)(u—1u) > cllu— €L||1LT(”Q) for all u e U (4.8)
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and

1

J"(u)(u —u) > —klu— ﬁ||;r(”m for all (v —u) € CF with [lu — @ p1(q) < o

Then Assumption 3(8 = 1) holds for some appropriate constants. By Propo-
sition 3 it is sufficient to prove the statement for the Assumption 3 on the cone
DZ. Thus we only need to consider the case (u — @) ¢ GZ. But by definition of
(u—u) ¢ GZ, J'(u)(u—u) > 7| zau—allL1 (). We estimate for some constant d
independent of u

J" (@) (u— 0)?| < dllzau—alle@llzau—alL )
By the assumption of the theorem, it also holds
T (@) — ) > cllu— a1 -
Thus combining the estimates we obtain for ||u — i1 (o) sufficiently small
J'(w)(u—a) + J" () (u — a)?
> 2 @)~ 1)+ (57 — sl a el ooy

_ 142 1 _1+E
> ¢/2llu —all s + (57 — dllzau-alle@)lzau-all@ = ¢/2lu—all i

Remark 4.7 If the of the Hamiltonian satisfies C'(Q) regularity, a sufficient
condition is given in [15].

5 Solution stability

We consider stability under perturbations appearing in the objective functional
and the PDE simultaneously. This was also considered for instance in [4, 11,

] for different conditions. In this section we additionally assume the second
derivatives of L and f to be Lipschitz with respect to the y variable. We fix a
positive constant M and define the set of feasible perturbations

[ = {¢i= (€,m7) € QXL Q)X L= (@) ¢l 2oy +Inll iz ol o < M.

The perturbed problem is given by

min { J (u) = /Q L, gy 0) + pu+ (5.1)

subject to (1.2) and

{ Y =0 on 0N). (5.2)
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The existence of a globally optimal solution to (5.1)-(5.2) is guaranteed by
the assumptions on the optimal control problem and the direct method in the
calculus of variations. We define

= Tg&i{“yuHLoo(Qy [Pull oo (02) }- (5.3)

We need the next technical lemma, for a proof we refer to [4, Theorem 4.1].

Lemma 5.1 Given £ € L*(Q), u €U and v € L?(2), it holds

95 = vullL2) < Colléllrzq),

Hzﬁv — Zuwl

Lo < CO3|€ L2 vl o)-

Theorem 5.2 Let u satisfy Assumption 3 for some v € (n/(n+ 2),1]. There
exist positive constants ¢ and o such that

1@ = allLr ) < e(léllz2e) + Inllc2@) + ol s @)
for any minimizer (§¢,p¢,u¢) of (5.1)-(5.2) with ||u¢ — |11 (0) < a.

Denote by 35 the solution to 5.2 corresponding to the perturbation ¢ and data
u and define

Ie(w) = [ Loy de,
Q
Let 4¢ be a minimizer of the perturbed problem with perturbation ¢ = (£,7,7)

and denote by ¢ the corresponding state and p¢ the corresponding adjoint state.
We notice that ygc = §< if ¢ is as in (. In this case, it holds

Jg(ﬁg) +/ pﬂ,c + nygC dz < Je(u) +/ pu+ leg da.
Q Q
Therefore,

Je(u¢) — Je(u) < O @) + (Y5 — yh) dao
< (Ipllze (@) + CallnllLzy)lla — @l L1 -

We estimate the term on the left side, define ug := u + 0(u — @) for some
0 € [0,1] and denote by y,, and p,p the corresponding state and adjoint state.

Teli) — Je(u) = JL() (i — )+ 3. (g (5 — )
= {Jé(ﬂ)(ﬂc —a) — J'(a)(a - a)} + E(Jg’(ue)(aC — @)% — J"(up)(a¢ — w)?)

+ [J’(a)(raC — )+ %J“(ue)(ﬂc - a)ﬂ =L+ 1L+
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We estimate the terms Iy, I, and I3. By Theorem 4.5 there exist positive

constants ¢ and « such that I3 > c||u—a||1LJf(lé7 for all u € U with ||u—u| 1) <

a. By assumption, this is satisfied by @¢. We continue with the term I;:
L] < 7@ @ - @) - J' @)@ - o)
oL _
’/ ayu7 éac,ﬂ - %($ayﬁvu)zﬁ,a<—a d$‘
. 0L N
—I—‘/ (2,95, 1) —%(x,yﬁ,u)}(uc—u)dx’ =J1 + Jo.
The term Jp is estimated using the mean value theorem and Lemma 5.1
oL

|J1] < ’/ (z yu, 8y (x,yﬁ,ﬂ)}zgyﬁc dx’

+‘/§‘287y(mvyﬁaa)|:zﬁ7ﬂc_a_zﬁﬁ :|d$‘
< CL,MC2||€HL2(Q)||Z§,u<,ﬂ||L2(Q) + ||¢M||L2(Q)||Z§,a<,a — zgac—allL2(9)

< Co(Cromr + Co2Cr o |lm || 22 @))€l L2 3¢ — @l 1oy

The term J; is estimated by using again the mean value theorem and Lemma
5.1

oL . 0L _

< C2CL,MH§HL2(Q)||@< — 1)

_C = )
[ e oS

To estimate Iy we write
0%L %L
I :/ {3 5 (z, yug, ug) — F(Lyus,ue)} (zis ac_a)2 dz
0% f
+A [pueain(l'?yug) puga 2 yu9 ] ua,u< u
0%L
+/ |:(C) 2('1‘ yu@’u0)+p“9a 2 J? Yue ]|: ue,uC u ZZe,ﬂC—ﬁ} da
OL _
+2/Q|:%(xayggau)_7$yuaau9:|zea ﬁ U)dl‘
oL o °
+ 2/Q a(x,yuwug) Zie,a@a — Zug,EC—ﬂ] (uC —u)dz = Z:Kz

For the first term, we find by Theorem 2.1, Lemma 2.2 and Lemma 5.1

K1 < Lipg, 0y CaCocllup| e o €l 2o 13 = all7 (g
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The estimate for the second and third terms follows by Theorem 2.1, Lemma
2.2, Lemma 5.1 and (5.3)

K2 < Ca (CpniCo + Ling 1) lell 2o 1€ = @31 0,
[Ka] < 2(Crns + CCrar ) €20 1€ = il 0.
For the fourth and fifth terms using the same arguments, we find
|Ka| < CoowCLONEN 2o l1a€ — all 1 e,
| K5| < 2CC3 |Jup| oo () | Lo (o ()| oo () €]l L2 (0 1T — @l| L1 () -

Summarizing, we conclude the existence of a positive constant ¢ such that
L] < clléll 2o llus = |-

Further, it holds I3 — [I1] — |I2| < ([|pll (o) + €]l z2 ()]l — @[l £1()- By the
estimates on terms I, I> and I3 we conclude the existence of a positive constant
¢ with

_ _ 1+ o
la® — UHp(}g) < clllpllpes (o) + 1€l 2@)llu — UCHLl(Q)v

for all ||u¢ — ul| (o) < o

6 Discrete model and error estimates

We come to the main part of this manuscript. The goal is to prove error
estimates for the numerical approximation under mainly Assumptions 3 for
~v € (n/(n+ 2),1]. Additionally, we consider assumptions introduced in [4]. In
a remark at the end of the next subsection, we address assumptions that allow
us to admit v € (0, 1].

6.0.1 The finite element scheme

The finite element scheme we consider, is close to the one in [7], we also refer to
[1] for an overview of the finite elements method. In this section, we consider
to be convex and let {7,}4~0 be a quasi-uniform family of triangulations of Q.
Denote Q, = Urer, T and assume that every boundary node of €2, is a point of
I'. Further, suppose that there exists a constant Cr > 0 independent of A such
that the distance dr satisfies dr(x) < Crh? for every x € ', = 0€,. Then we
can infer that the existence of a constant C > 0 independent of h such that

0\ | < Coh?, (6.1)
where |- | denotes the Lebesgue measure. We define the finite-dimensional space

Vi ={2,€C(Q) : zpr € PU(T)VT €7, and z, =0 on Q\ Q,},
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where P;(T) denotes the polynomials in T' of degree at most i.
For u € L%(Q), the associated discrete state is the unique element yy,(u) € Y},
that solves

a(yn, zn) + fzyyn)zp dedt = / uzpdr Vzi, € Ya, (6.2)
Qp Qp

where

a(y, z) = Z /Qaijaziyaijzdx Vy,z € HY(Q).

i,j=1
The proof of the existence and uniqueness of a solution for (6.2) is standard.

Lemma 6.1 [7, Lemma 3] There exists a constant ¢ > 0, which depends on the
data of the problem but is independent of the discretization parameter h, such
that for every u € U

lyn (1) — yullL2@) < ch?, (6.3)

[y (1) = yullLoe (@) < ch?|logh[*. (6.4)
The set of feasible controls for the discrete problem is given by
Uy = {uh S LOO(Qh) CURT € PO(T) VT € Th}.

By II;, we denote the linear projection onto Uy, in the L?(€,) by
1
(Mpu) - = —/ udx, VT € 7p.
T Jr

By up — u weak® in L°°(2) we mean, as in [7], the following

/ um;dx—)/uvdx Ve L'(Q).
Q, Q

Lemma 6.2 [7, Lemma 4] Given 1 < p < oo there exists a positive constant
K, that depends on p and § but is independent of h such that

= Tullw -0y < Kphllullzogo) ¥ u € LP(9).

We define
Jn(u) ::/ L(z,yp(u),u) dz.
Qp

The discrete problem is given by

in J, , 6.5
Juin Jy (un) (6.5)
where U}, := U, NU. This set is compact and nonempty and the existence of a
global solution of (6.5) follows from the continuity of Jj, in Uy,. For u € L*(Q),
the discrete adjoint state pp,(u) € Y}, is the unique solution of
oL

0
a(zn,pn) + —f(x,yh(u))phzh dz = —(z,yn(u))zpde Yz, €Y. (6.6)
Qn dy Qn dy
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One can calculate that

T (u)(v) = / pn(u)v da.

Qp
A local solution of (6.5) satisfies the variational inequality
Iy, () (un — up) >0 Yup € Uy.

We consider the next two assumptions on the optimal control problem that
were first introduced in [4]. They present a weakening of Assumption 3 and are
applicable to obtain state stability for possibly non-bang-bang optimal controls.

Assumption 4 Let w € U and f € {1/2,1} be given. There exist positive
constants ¢ and o with

J'(@)(u — @) + BJ" (@) (u — 0)* > c|zau-ali2 (g
for all w € U with ||u — ul[ 1 (o) < a.

Assumption 5 Let w € U and § € {1/2,1} be given. There exist positive
constants ¢ and o with

J'(@)(u— ) + BJ" () (u — @)* > | zau—allL2)llu — @l L1 @

for all w € U with ||u — ul|p1(q) < .

6.1 Discretization with piecewise constant controls

We prove that under Assumption 3, the estimates in Theorem 6.5 hold true.

Additionally, it is possible to derive error estimates under Assumptions 4 and
5.

Lemma 6.3 Consider u € U satisfying the first order optimality condition and
define & := pg + Ly(x,yz). Assume that ¢ is Lipschitz on Q, then

J'(w) (M — ) < Lip,hlja — pal o).

We argue as in [7, Lemma 7].  The next lemma is crucial to obtain error
estimates for the numerical approximation without assuming the structural as-
sumption.

Lemma 6.4 We assume that pg + Ly(2,yz), corresponding to the reference so-
lution u, is Lipschitz continuous on Q and we select 5 = 1/2 in the assumptions
referenced below.

1. Let u € U satisfy Assumption 3. Then there exists a positive constant c
independent of h, such that for h sufficiently small

lu — Hhﬂ”Ll(Qh) < ch. (6.7)
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2. Ifu € U satisfies Assumption 5, there exists a positive constant ¢ indepen-
dent of h such that for h sufficiently small

lya — ym,allLz@) < ch. (6.8)

8. Finally, if u € U satisfies Assumption 4, there exists a positive constant ¢
independent of h such that for h sufficiently small

|L2(Q) < Ch% (69)

lya — ym,a

The assumption in Lemma 6.3, that pgz + Ly(x, yz) is Lipschitz, is not a big
constraint. By the assumptions in this section, the adjoint state is already
Lipschitz. We begin proving (6.7). Let u € U satisfy Assumption 3, then there
exist positive constants ¢ and « such that for h with |[IIyu — | p1(q,) < a

J'(w) (M —u) + BJ" (@) (Mt — w)* > c|[ Tyt — al|71 g, )-

We remark that there exists ho such that condition |[IIyu — ul|11(q,) < o is
satisfied for all h < ho. This follows since ||IIyu — @||z2(q,) — 0. By Lemma
6.3, we obtain

J/(d)(Hhﬂ —u) = /(pa + Lb<$,ya))(ﬂhﬂ — ’ﬁ) dx < LithHhﬂ — ’[L”Ll(g).
Q

The right-hand side is further estimated employing the Peter-Paul inequality
for some € < ¢, where ¢ is the constant appearing in condition (3)

(Liph)?  €lllat — a7 q)
+ .
2e 2

Given n < p, using [7, Lemma 1, Lemma 4], the second variation is estimated
by

Liph”Hh’EL - aHLl(Q) < (610)

2L o2 f
1" (= ~ _ \2 < o o
J"(w)(pa —u)? < H—agy(,yu) pu—82y(,yu) .

< C’p(C_’Cf’M + CL,M)”Hhﬂ — ﬂHIQ/I/fl,p < Cng(éCf,M + CL,M)hQ.

: lza,m,a—all72(q)

Now, the first claim follows by absorbing the second term of (6.10). The proofs
of the second and third claims follow by the same arguments from the estimate
J'()Mpu — ) + J" () (Ipu — a)?

< (Lipsh + ngi(-, ya) —pugj;(wyu)

ey T = e ) [T~ .

Theorem 6.5 Let u be a local solution of (P). Consider the constant o corre-
sponding to the Assumptions 3, 4 or 5. Consider discrete controls uy, € Uy, that
satisfy ||un — Iyt p1(q,) < o and

ch? > Jy(up) — Jp (I, @). (6.11)

for some positive constant c. We recall that y is the solution of (1.4) and y(up)
denotes the solution of (6.6) for uy,.
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1. Let Ly, = 0 in the objective functional and let u satisfy Assumption 4.
Then, there exists a positive constant c¢ independent of h such that

Iy(@n) — 9l L2y < eVh. (6.12)

2. Let Ly, = 0 in the objective functional and let u satisfy Assumption 5.
Then, there exists a positive constant c independent of h such that

ly(tun) — yll2q) < ch. (6.13)

3. Let aa—Lyb = 0 in the objective functional and let u satisfy Assumption 3(5 =
1/2). Then, there exists a positive constant ¢ independent of h such that

lan — allLr @,y + ly(@n) = yll2@) < ch”. (6.14)
If %—LJ # 0 we obtain the estimate

(A+min{l/r1/v})y

ltun — ull L1, + ly(@n) — yllL2) < ch v+ : (6.15)

It is clear that the condition (6.11) is satisfied if the controls @y, are minimizers
of the corresponding discrete problems. We notice that for a discrete control
up, that satisfies the assumptions of the theorem, we have for some positive
constant ¢

J(@n) = I(@) = [J@n) = Ja(@n)]| + [ Juin) = I ()| + [Jn(1) = (1)
+pmmydwﬂ=h+b+h+hgmHT

We give a short argument why this is true. For the second term, it follows from
the fact that I, > —ch? by (6.11). For the term I3 we use the estimates in
Lemma 6.1 and (6.1), to obtain

I3:/L(:E,ynhﬂ,ﬂhﬁ)dx—/ L(z,y(Ipu), yu) de
Q Qp

- / L(z, ym, o, Tyit) da + / L(z, ymn, 0 Tnit) — L (2, y(ITya), TTya) da
Q\Qp, Qp

> —h2<“%(9ﬁaye)‘

oLy B B
oy I ” L ) 7H oo .
L2@) + H dy (7, yo ) IIpu L3 + Cal|L(z, yo, Hpu)| L (Q)>

For the first term, similar arguments guarantee the estimate
D= [ s, an)dot [ L)) - Ly, o) do
Q\Q

Qp
> —hQ(H 8;; (z, ye)‘

oLy
Oy V7 U CallL s Yu 7_ oo )
L2(Q) + H ay (x yﬂ)uh‘ LQ(Q;L) + Q” (x Y h Uh)HL (Q)
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The last term can be estimated using Lemma 6.4 and the fact that by Lemma
6.2, lym,a — ¥ll2() < cllllpu — ul|w-12 < Kahllul|2(q). To shorten notation,
we denote by L, , and L, the derivatives of L, and L, by y. By Taylor’s
theorem

J(I, (@) — J (@) = /Q L,y () T () — L (2, i, @) da
- / La,y(xayG)(thﬂ - yﬂ) dz

+ [ Loy (2, y0)(ym,a — ya)lpudz + / Ly(2, ya)(Ipu — u) do

Q

La,y(xvyﬂ)(yﬂhﬂ — yg) do + /Q Lb,y(ffaya)(ynhﬁ — yg)udr

Lo ya) Ty — @) da + / (L (2, 46) — Loy (&, ya)) (yines — ) da

_|_

S~ T~ 5— 55

+ | (Lvy(x,y9) — Ly y(2,9a)) (yn,a — ya)puds

+ /Q Ly(z,yaz)Mpu — u) dz + /Q Ly (2, ya)(ym,a — Ya)(Tpu — u) da.
Thus,
J(p(w) = J ()

= / (Lay(w,ya) + Loy (2, ya)U) za,1m,a—a dz + / Ly(z,ya)(Ipu — u) do
Q Q

+ /Q(Lmy(x, va) + Ly (2, ya)pt) (Ym0 — Ya — Za,m,a—a) AT
" /Q Ly (2, 50) — Loy (20,95t — vis)

+ /Q (Lo (@, 99) — Ly (2, y2)) ity — o) TTna da
+ / Lb,y(xa l/a)(ynha - ya)(Hhﬂ — ﬂ) dx = Zli'
& =1

We provide the estimates for (6.14) under Assumption 3. Integration by parts,
Lemma 6.3 and Lemma 6.4 guarantee the existence of a positive constant ¢ with

|+ I = /(Pﬂ + Ly(z, ya)) (It — @) d < ch'7.
Q

The term I3 can be estimated using (2.6) and (6.7)
13| < [¥mllp2@lym.a — vall 7z < ch?.

For the terms Iy and I, we use (6.7) and the local Lipschitz property of L, ,
and Ly, to infer the existence of a constant ¢ such that |L|, |I5] < c||ym,a —
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yﬁ||%2(ﬂ) < ch®. Finally, for some number r > n/2, we estimate |Is| < |1l u —

ﬁHlLf(lé)T < ch'*Y/7. If the term I is absent we obtain the better estimate

(6.14), if not (6.15) holds. To continue the proof of (6.14), we conclude from
the estimates of the terms I;, and by Theorem 4.5 the existence of a positive
constant k such that

1
KR > (@n) — J (@) = el — all 1 g, (6.16)
where in (6.16), the constant ¢ is from Theorem 4.4. Now, this is equivalent to
(c/k)TThT > |y — 1| 1 ().
The proofs for the claims (6.12) and (6.13) follow by similar arguments.

Remark 6.6 In the proof of Theorem 6.5, Assumption 3 is used to guarantee
the existence of positive constants ¢ and o such that

_ _ _ _ 142
J(@n) = J(@) > el|an — il 11 g

for all ||up — ul|p1(o) < a. This growth can be obtained under the stronger as-
sumptions of Theorem 4 for ally € (0,1]. Thus, the constraint v € (n/(2+n), 1]
can be weakened to v € (0, 1] for the cost of considering stronger conditions.

For a numerical example supporting the theoretical error estimate achieved in
this paper, especially for the case v < 1, we refer to [7].

6.2 Variational discretization

We prove that Assumption 3 with 8 = 1 is sufficient for approximation error
estimates for a variational discretization. We refer to the [15] for the idea and
introduction of variational discretization. Additionally, we consider Assump-
tions 4 and 5 for § = 1. Although we consider weaker conditions in this paper,
the estimates under the estimates given in Theorem 6.9 below agree with the
estimates in [7, Remark 7] for the variational discretization. For these assump-
tions, we can formulate an analog to Theorem 4.3. For a proof we refer to [4,
Lemma 4.5, Lemma 5.4].

Theorem 6.7 We have the following equivalence.
1. Assumption 4 with 8 =1 holds for u € U.
2. There exist positive constants ¢ and o such that
I (w)(u—1u) > el zau—alzq)
for all w € U with ||u — ul[11(q) < .

Further, it is equivalent
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1. Assumption 5 for B =1 holds for u € U.
2. There exist positive constants ¢ and « such that
J'(w)(u =) > cllzgu-al 2 lld — ull o) (6.17)
Jor all w € U with ||u — ul| 1 (o) < a.

Theorem 6.8 [7, Theorem 9] Let uy, denote a solution to (6.5). We denote
by yu, and pg, the solution to the continuous state equation and to the corre-
sponding adjoint equation with respect to up. By p(up) we denote the discrete
adjoint equation corresponding to up and pf—jh denotes the solution to the follow-
ing equation
{ Ap+ 8L gp = %(y(an)  in Q,
D =0 onT.

Then there the following estimates hold
D, — P, 1y < ch? (6.18)
Ip(an) = P4, | =) < ch?|log h*. (6.19)
We come to the error estimates for the variational discretization.

Theorem 6.9 Let up be a sequence of solutions to the first-order optimality
condition of the discrete problems such that ||u, — || 1(q,) < «. Here, o is the
constant appearing in Theorem 4.3 or Theorem 6.7 depending on the selected
growth assumption.

1. Let Assumptions 4 be satisfied by u € U. There exists a positive constant

¢ such that
ly(un) — yll2() + llp(an) — pllL2o) < ch. (6.20)
2. Let Assumptions 5 be satisfied by u € U. There exists a positive constant
¢ such that
ly(@n) = Gl 2@ + [p(@n) = bll2(e) < c(h|loghl)*. (6.21)

3. Let Assumptions 3 be satisfied by u € U for some v € (n/(2+n),1]. There
exists a positive constant ¢ such that

l[an — all 1) + ly(an) — gllL2) + lp(tn) — pli2) < c(h|logh|)*.
(6.22)

We consider (6.22). Since uy, satisfies the first-order necessary optimality con-
dition of the discrete problem, it holds

0> Jy(un)(un — a) = J'(un)(an — ) + Jy (un) (an —w) — J' (@n)(an — u),
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and by Theorem 4.3, (4.3)
_ _ 1+ PN _ PN _
cllun —ullp1 gy < J () (@n — ) = Jy () (@n — w).
We use that u, = u on Q\ Qp by definition and write

i) i = @) = ) = ) = [ (pCn) + Lo (@)@ — )

—/Q (Pan + Lo(x,ya, ) (up — u)de = 1.

To estimate the term I, we follow similar reasoning as in [7], using (6.4) (6.18),
(6.19) and also using the local Lipschitz property of L, with respect to y, to
infer

I < Crom(||p(un) = pa, Lo (o) + [ly(n) = ya, L= @) llun =l
< Crm(llp(tn) — P2, (@) + IPh, — Pan Lo @) |En — @l )
+ Crmlly(un) = ya, L= (o) lun — ullLr (o)
< CCp . (h? 4 2h2|log h|?) || — ull L),
for some positive constant C'. Altogether, we obtain
||ﬂh — ﬂHLl(Q) < CCL7M<h2 + 2h2| log h|2)’y. (6.23)

Applying the estimates (6.3), (6.18) and (6.19) the claim (6.22) holds for the
controls. For the states we use (6.4) to find

ly(un) = vallr2@) < lly(@n) = vallz2@) + v, — vallz2 @)
< ch® + ||an — @l o)
and the estimate follows from (6.23). For Assumption 5, by (6.17) of Theorem
6.7
cllan =l @llya, — yallr@) < J'(@n)(@n — @) — Jp(@n) (@ — @)

Estimating as before, we obtain the existence of a positive constant ¢ that
satisfies
lya, = yallz2) < c(h® + h?|log h|?).

By again (6.3), (6.18) and (6.19) the claim (6.21) holds. Finally, consider As-
sumption 4. To estimate the term I, we use (6.18)-(6.19) to find
I <||p(an) = pa,llL2@)llun — tllL2(q)

< (|lp(tn) — P2, lIL2@) + Pk, = Panll2@)lan — @l 2) < 2¢h®|lua — up|l L (),

for some positive constant ¢. Taking the root, this leads to the estimate ||ygz, —
Yall2() < ch, and by (6.3), (6.18) and the claim (6.20) holds.
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