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ABSTRACT

Using bent-up bars as shear reinforcement was state of the art in reinforced concrete (RC) construction until the
1970s. Since the approach to shear reinforcement design has changed since then, the structural assessment ac-
cording of structural members to current structural codes often yield insufficient theoretical shear capacities. In
this paper, a series of twelve shear tests on members with plain and ribbed bent-up bars is presented. Despite the
beams only containing plain bars or widely spaced bent-up bars, the test results show higher shear capacity
compared to reference beams without any shear reinforcement, and the formation of pronounced localised shear
cracks. The contribution of the bent-up bars to the shear strength is evaluated by combining the constitutive laws
of various shear transfer mechanisms along an idealised shear crack. The model approach is validated by a
comparison with detailed test measurements. It is shown that the interaction of the bent-up reinforcing bars with
other shear mechanisms in a localised shear crack is highly dependent on the bond behaviour of bent-up and
longitudinal bars. The great potential of this approach for the refined assessment of existing structures with bent-
up bars is confirmed by the accuracy of its predictions.

1. Introduction

Bent-up bars have been used widely since Francois Hennebique
introduced them in 1893. Longitudinal reinforcing bars can be bent up
in areas where they are no longer needed to transfer tension forces
resulting from the bending moment. The inclined part of the reinforce-
ment then serves as shear reinforcement (Fig. 1a). Nowadays, bent-up
bars are commonly found in deck slabs of box girders (Fig. 1b) or in
punching reinforcement (Fig. 1c). According to Morsch’s [1] first design
recommendations based on early test series of beams with plain bent-up
bars [2,3], the bars were usually bent at an angle of 45° to resist the
principal tensile stresses in the area of the supports. Similar rules about
the design of bent-up bars, based on [4], were developed in the United
States. This procedure was considered state of the art for a long time, up
until Leonhardt [5] showed, by way of tests on RC beams, that stirrups
offer more advantages than bent-up bars in terms of shear crack widths.
In addition, the danger of longitudinal splitting in the areas where the
inclination of the reinforcing bars changes was considered significant,
which is why it was recommended to encircle the bars with stirrups.
Despite their structural efficiency, bent-up bars have become less com-
mon since the 1960s, because of the effort needed for the bending and
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placing of such bars. For this reason, the shear resistance and structural
behaviour of members with bent-up bars have received limited attention
by the research community. Only a few test series from the 1970s of
members with bent-up bars with bending angles between 30° and 60°
are available [6-8]. Other studies focussed on the load-bearing behav-
iour [9,10] and the application of the theory of plasticity to beams with
bent-up bars [11].

Current design codes are commonly based on truss models with fixed
[12] or variable [13] concrete strut inclination or on the compression
field theory [14,15]. The truss models assume the formation of equally
inclined concrete struts which are held together by smeared tension
struts. This means that the tension struts (the shear reinforcement) need
to be spaced reasonably closely to prevent localised shear cracking. As a
result, the spacing limits for bent-up bars are often problematic in
existing structures, which were usually designed with wider spacings.
This issue was recently addressed using a semi-empiric model [16,17]
based on experimental investigations of the shear behaviour of members
containing ribbed bent-up bars in various reinforcement layouts [18].
The model evaluates the contributions to the shear strength of concrete
and steel inside a localised crack, similar to the concept followed by
ACI318 [12] and CEP-FIP Model Code 78 [19]. The model has been
included in the Austrian code for bridge assessment [20]. The other
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Nomenclature

As Cross-section area of the reinforcement

E Young’s modulus

Diax Maximum aggregate size

F Force; point load

M Bending moment

v Shear force

Vagg Contribution of aggregate interlock to the shear strength

Vcompr  Contribution of compression chord to the shear strength

VRes Contribution of residual tensile stresses in the fracture
process zone to the shear strength

Vbow Contribution of dowel action of the longitudinal
reinforcement to the shear strength

Vexp Maximum shear strength in the experiment

Vsp Contribution of dowel action of the bent-up bar to the
shear strength

Vst Contribution of tensile force action of the bent-up bar to
the shear strength

Vsir Contribution of the stirrups to the shear strength

Vod Shear resistance according to the model

a Shear span (distance between support and point load)

b Width

c Compression zone depth; cement

d Static depth of the beam

dg Bar diameter

fe Concrete cylinder compressive strength

fet Tensile strength of the concrete

fi Tensile strength of the reinforcing bar

fy Yield strength of the reinforcing bar

h Height of the structural member

l Length

I Length contributing to shear crack opening

m Mean value

s Sliding within a crack plane

Sp Crack width perpendicular to the axis of the bent-up bar

Sbu Spacing of bent-up bars parallel to the longitudinal
reinforcement

w Crack width perpendicular to the crack plane

Wp Crack width parallel to axis of the bent-up bar

u Horizontal opening; i.e. the horizontal distance between
opposite crack faces

v Vertical opening; i.e. the vertical distance between
opposite crack faces

XA Distance of the crack origin from the support

2 Inner lever arm

2V; Sum of the contributions of the various shear transfer
actions

o Angle of the inclined portion of the bent-up bar

[} Idealised crack angle

1S Relative displacement

Sp Bond slip

€5 Reinforcement strain

Pw Shear reinforcement ratio

Pw,min Minimum shear reinforcement ratio according to structural
codes

T Bond stress

Abbreviations

ACDM  Automatic crack detection and measurement

cov Coefficient of variation

DIC Digital image correlation

LVDT Linear variable differential transformer

RC Reinforced concrete

PL Plain

RI Ribbed

SG Strain gauge

(a) (b) ]

Bent-up bar -

F, +AF,

F, kRequired /covered/ Fi=M/z+N (c)
tensile force envelope

Fig. 1. Typical applications of bent-up bars: (a) slab bridge and design prin-
ciple of bent-up bars in RC members; (b) deck slab of a box girder bridge; (c)
punching of a floor slab.

major problem in the assessment of the shear capacity is that current
codes and their models are generally only applicable to structures built
with ribbed reinforcing bars. Although plain reinforcing bars are hardly
used any more, it is important to understand their behaviour, as many
structures built with plain reinforcing bars are still in use (in East

Germany, for example, plain reinforcing bars were commonly used until
1990). The present paper aims to shed light on the shear behaviour of
bent-up bars by investigating the effect of using plain instead of ribbed
reinforcing bars in RC structures.

2. Experimental investigation
2.1. Specimens and test set-up

In this section, the main results of a test series on seven reinforced
concrete beams are presented. The details of the beams (dimensions and
reinforcement layout) are summarised in Fig. 2 and Table 1. The spec-
imens were labelled with an identifying code: the first letter corresponds
to the bar type of the bent-up bars (PL = plain, RI = ribbed), the
following number refers to the bar diameter ds in millimetres, and the
subsequent number indicates the shear reinforcement ratio of the stir-
rups in thousandths, calculated with p,, = Ay/(b-s-sina). The additional
letters indicate either the use of ribbed longitudinal reinforcing bars (R)
or that the bent-up bars were spaced more closely than in the reference
configuration (n).

The depth h and width b of the members were 550 mm and 500 mm,
respectively. The longitudinal reinforcement consisted of three bars (330
running along the entire length of the specimen and two or three addi-
tional bars, some of which were bent up. As a result, the longitudinal
reinforcement ratio p changes along the length of the member (p =
0.85-1.49 %). Short transverse bars #12/200 mm were placed under-
neath the main longitudinal reinforcement. Considering the concrete
cover (25 mm), the static depth d is approximately 500 mm. Three
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Fig. 2. Test set-up and specimen details for shear tests with bent-up bars.

Table 1

Details of reinforcement, mechanical properties of concrete and experimentally determined shear strength.

Specimen Longitudinal reinforcement Bent-up bars Stirrups pw (%) fe (MPa) fer (MPa) E. (GPa) Vixp (kN) Vixp/ Vexp,pLoo.o
1 PL00.0 3030 + 2026 (plain) — — — 38.6 3.33 33.0 252.6 —
PL26.0 3@30 (plain) 2(26@710 (plain) — 0.212 342.5 1.36
2 RI00.0 3030 + 2026 (ribbed) — — — 253.4 1.00
RI26.0 3030 (ribbed) 2026@710 (ribbed) — 0.212 445.5 1.76
3 PL20.0 3@30 (plain) 2(320@710 (plain) — 0.125 41.7 3.64 34.1 260.7 1.03
PL20.1 30¢30 (plain) 2(20@710 (plain) 1310@300 0.178 291.27 1.15
4 PL30.0 3030 (plain) 2(30@710 (plain) — 0.282 351.9 1.39
PL30.1 3030 (plain) 2(30@710 (plain) 1910@300 0.334 392.9° 1.56
5 PL26.1 30¢30 (plain) 2(026@710 (plain) 1310@300 0.264 40.9 3.38 33.7 347.6" 1.38
6 PL26.0-n 3030 (plain) 3@26@450h (plain) — 0.334 380.2" 1.51
7 PL26.0-R 3030 (ribbed) 2026@710 (plain) — 0.212 39.8 3.47 32.6 283.6 1.12
PL26.1-R 3330 (ribbed) 2026@710 (plain) 1310@300 0.264 360.0 1.43

@ Flexural failure.
Y First bent-up bar at 650 mm from support

longitudinal ribbed bars @10 were placed in the compression zone of the
beams. The reinforcement layout varied at each end of the beams,
typically consisting of two bent-up bars at a spacing of 1.42-d or three
bent-up bars at a spacing of 0.9-d. In some beams, one-legged plain
stirrups @10 were added at the ends. The total amount of shear rein-
forcement was chosen to result in a reinforcement ratio of 0.8-2.3 times
the minimum reinforcement ratio p,, i, = 0.08+/f; /fy specified in [15].
For the material properties of the beams of this test series, this formula
results in a shear reinforcement ratio of 0.17 %. In two reference beams,
the ends did not contain any shear reinforcement. The shear reinforce-
ment outside the testing areas consisted of two-legged ribbed stirrups
?»12/200 mm. The ends of all plain reinforcing bars were bent to form
hooks in order to ensure appropriate anchorage.

The test set-up is shown in Fig. 2. The members were loaded with a
point load applied at a = 3.5-d from one end of a simply supported span
of length 10-d. To prevent any damage to the second testing area, this
part of the beam was cantilevering out over the support during the first
test. The loading plates under the hydraulic jack and the support plates
had the same width by as the specimens (500 mm) but differed in length
(aq = 250 mm and ay = 130 mm, respectively). The support plates were

placed on spherical caps, which at one support were supplemented by
rollers, thus permitting rotation as well as longitudinal displacements.

2.2. Material properties

2.2.1. Reinforcement

To obtain different bond behaviours, both conventional ribbed
reinforcing bars (class B550B) and plain reinforcing bars were used.
Various classes of plain bars were used both for the shear reinforcement
(bent-up bars and stirrups) and the longitudinal reinforcement (3@30).
For the shear reinforcement, class S235JR + AR (#1.0038) was used,
which is equivalent to class St37 of past German standards for structural
concrete. To avoid premature flexural failure, alloy bars of class S460
(#1.5217) with a higher target yield point were used as the longitudinal
reinforcement. Three tension tests were conducted to determine the
mechanical properties of the bars of the various steel diameters (sample
length 1.1 m). Table 2 shows a summary of the obtained material
parameters.

2.2.2. Concrete
The concrete with a maximum aggregate size of 16 mm was designed

Table 2

Mechanical properties of reinforcing bars.
Type Surface Defr (mm) As (mm?) fy “ (MPa) ft (MPa) Agt (%) E, (GPa) Ty b (MPa)
?10-S235 Plain 10.12 80.5 336 402 22.7 210.0 —
?20-S235 Plain 20.03 315.3 328 464 249 204.5 1.04
?26-5235 Plain 26.10 535.1 304 457 24.6 204.9 0.76
?30-S235 Plain 30.07 710.2 294 460 27.6 201.2 0.84
?26-B550B Ribbed — 530.9 574 677 9.3 204.6 —
?30-S460 Plain 30.05 709.2 562 733 10.1 208.9 0.38

@ Offset yield point at 0.2% strain.
b RILEM test acc. to [21].
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Table 3
Composition of concrete (amounts in kg/m3).
m (kg/m>)

Sand 0/4 1013
Fine gravel 4/8 486
Coarse gravel 8/16 527
CEMI 52.5R 235
Superplasticiser 1.65
Water 160

to have a target compressive strength f. of 40 MPa. Cement class CEMI
was used and the resulting water—cement ratio w/c was 0.68. The
detailed composition of the concrete is shown in Table 3. Two beams
were cast per day, and additional samples were cast to determine the
material properties of the concrete. The material properties are listed in
Table 1. Compression tests on three cylinders (h/@ = 300/150 mm)
were used to determine the mean compressive strength f, and the
compressive modulus of elasticity E.. The uniaxial tensile strength f,; of
the concrete was obtained from a standard Brazilian test (determined on

PL20.0
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three cylinders: h/@ = 300/150 mm).

2.2.3. Bond tests

The bond behaviour between the plain reinforcing bars and the
concrete was obtained by executing pull-out tests as specified in RILEM
[21]. Three tests were conducted for each of the various diameters of
bent-up or longitudinal bars. The specimen dimensions were different
for each bar diameter (cube with a = 10-dg; sheath length = 5-d;). The
obtained values of the mean bond stress 73, are listed in Table 2.

2.3. Measurements

The applied loads were measured both by load cells at the hollow-
piston jacks and two load cells at each support. The strains within the
bent-up bars were measured by two strain gauges applied directly to two
opposite sides of the bar, at the centre of the inclined portion. The de-
formations on each beam surface were determined by digital image
correlation (DIC). One side of the beam was observed with a stereo
system containing two cameras (2352 x 1728 px resolution,

PL26.0

PL20.1

PL26.1

14 PL26.0-n 14 PL30.0 PL26.0-R v PL30.1 PL26.1-R
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D
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- 5l LY ATE
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Fig. 3. Shear force vs relative deflection for: (a) beams with ribbed and plain reinforcement; (b) beams with plain bent-up bars; (c) beams with additional stirrups;

(d) post-failure crack pattern for all specimens.
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measurement rate 1 Hz at failure), while a standard SLR camera (4928
x 3264 px, 0.2 Hz) was used on the other side. The crack widths were
determined from the measurements using automatic crack detection and
measurement (ACDM) [22,23]. The deflections were determined by
several LVDTs positioned underneath the specimens.

2.4. Test results

In Fig. 3, the measured shear force V within the testing area is plotted
against the relative deflection &, between the load introduction point
and the deformed supports. Table 1 shows a summary of the maximum
shear strength Vg,, determined from the tests and the comparison to the
unreinforced reference beams (Vgyp/VExp proo.0). All tested specimens
with bent-up bars exhibit higher shear strength than their reference
beam. The use of different bar surface types (ribbed and plain) seemed to
have no effect on the shear strength and load-deformation behaviour of
the reference members (PL00.0 and RI00.0 in Fig. 3a). In contrast, the
beam with ribbed bent-up bars (R126.0) showed a 30 % increased shear
strength compared to its counterpart with plain bars (PL26.0), very
likely due to the higher yield point of the ribbed bars. The deflection at
failure, however, was the same for both beams (Fig. 3a). The influence of
the bar diameter (PLXX.0) is clearly seen in the higher shear strengths in
the samples with greater-diameter bars (Fig. 3b). Interestingly, spec-
imen PL20.0 showed only a slight increase in shear strength (3 %)
compared to the reference beam (PL00.0). This might be because the
shear reinforcement ratio in this beam (p,, = 0.13 %) was below the
minimum reinforcement ratio (py,min = 0.15 %) required by [15]. It
should be noted that the shear strength of specimen PL30.0 is only
slightly higher (by 3 %) than that of beam PL26.0 (further discussed in
Section 4).

The investigated inclusion of a small number of stirrups (pw,stirrups =
0.053 %) (PLXX.1(-R)) has a positive effect, as it increases the shear
capacity compared to the corresponding beams without any stirrups
(PLXX.0(-R)). The specimens with ribbed longitudinal reinforcement
exhibited a shear capacity that was 76 kN (27 %) higher than that of the
reference beams, while in the specimens with smooth longitudinal bars
the increase in shear capacity was limited (1-12 %) due to a change in
failure mode (Fig. 3c). General conclusions about the influence of the
spacing of the bent-up bars are omitted, since the full shear capacity of
specimen PL26.0-n (sp;, = 0.9-d) could not be reached due to prior
yielding of the longitudinal reinforcement. Nevertheless, a higher shear
force (+11 %) was sustained compared to PL26.0 (sp, = 1.42-d).

The effect of using ribbed longitudinal reinforcement with plain
bent-up bars (PL26.X-R) is enormous, as shown by comparisons with the
specimens with smooth longitudinal reinforcement (PL26.X in Fig. 3b,
c). Specimen PL26.0-R exhibited a 17 % lower shear capacity than beam
PL26.0 and showed no early signs of failure (Fig. 3b). Even beam
PL26.1-R with its additional stirrups showed only a small increase in
shear capacity (5 %) compared to beam PL26.0.

Three different failure modes were observed. Beams without shear
reinforcement (PL00.0 and RI00.0) exhibited typical brittle diagonal
tension failure. At the maximum shear force Vgy,, the governing shear
crack showed a pronounced curved shape with only a small portion
extending into the compression chord, followed upon failure by unstable
crack propagation towards the load introduction point. In the beams
with two bent-up bars (PLXX.0(-R); RIXX.0) and in PL26.1-R the crack
shape was similar, but the crack was quite pronounced even before
failure occurred. In these beams, brittle diagonal tension failure
occurred but with a decrease in stiffness ahead of failure shown in the
load-deflection curves. It should be noted that this decrease was more
pronounced in specimens with smooth longitudinal reinforcement. In
contrast, beams with stirrups (PLXX.1) or with an additional bent-up bar
(PL26.0-n) exhibited flexural failure characterised by the yielding of the
longitudinal reinforcement.

Fig. 3d shows the relevant post-failure crack patterns. The results
show a clear dependency of the crack spacing on the bar type used.
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Fig. 4. Evaluation of shear transfer mechanisms on a free body: (a) concrete
compression chord (Veempr); (b) residual tensile stresses at the crack tip (Vges);
(c) aggregate interlock (Vag); (d) tensile force (Vsr) and (e) dowel action (Vgp)
of the bent-up bar; (f) dowel action of the longitudinal bars (Vpoy,).

Beams with ribbed longitudinal bars exhibited a denser crack pattern
(RIXX.0; PL26.X-R). In contrast, the beams with plain longitudinal bars
(PLXX.X), showed fewer but more pronounced cracks and wider crack
spacings. Only the reference member with plain bars (PL0.00) showed
small crack spacings, very likely due to the short bars placed in the
transverse direction acting as crack initiators. However, the crack
widths were small and remained more or less constant during the entire
test procedure. No correlation between the investigated influencing
parameters (bar type, bar diameter, spacing) and the location and gen-
eral shape of the governing shear crack was found. This is highly
important for the resulting crack kinematics and hence for the activation
of the various shear transfer mechanisms, as discussed in the next sec-
tion. Details of other measurement results (crack widths, bent-up bar
activation) are given in the following sections.

3. Modelling the shear behaviour of bent-up bars inside a
localised crack

3.1. Introduction

The shear behaviour of bent-up bars in beams exhibiting localised
cracking is essentially defined by the interaction of various shear
transfer mechanisms [24] (e.g. in Fig. 4a—f: concrete compression strut
Vcompr, residual tensile stresses at crack tip Vg, aggregate interlock Vag,
tensile force Vsr and dowel action Vgp of the bent-up bar and dowel
action of the longitudinal bars Vp,y,). Since the characteristics of the
individual shear transfer mechanisms essentially depend on the crack
pattern, the crack shape and the associated kinematics of the crack, the
formulation of a consistent model with a physical background is also
very complex. In recent years, digital image correlation has allowed the
shear crack kinematics as well as the strain state to be continuously
recorded in high resolution [25-27]. This permits the evaluation of in-
dividual mechanisms using constitutive models of the mechanisms from
the literature [18,27,28,29,30,31].

Based on these novel types of analyses, new models for prestressed
concrete beams [32] and structures without shear reinforcement [33]
have been developed, although different mechanisms are relevant in
different structural elements. For example, aggregate interlock is
essential for RC structures without shear reinforcement [26,27,29,31],
while it plays a negligible role in prestressed concrete structures [32].
These evaluations further show that a redistribution between the above
described mechanisms takes place for slender members without or with
a low amount of shear reinforcement: aggregate interlock only becomes
significant in the final stages of experiments [27,34,36] with crack
propagation in the compression zone providing necessary sliding in
steep crack parts for activation. The role of stress transfer and crack
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Fig. 5. (a) Kinematics and displacements of the crack planes according to a bilinear idealised crack; (b) crack with w and (c) crack sliding s.

propagation at the region of the uncracked compression zone for the
shear failure process was recently analysed by Classen [36], also
addressing the interaction of shear transfer mechanisms. While in [36] a
mechanical consistent description for shear failures is given based on a
bi-axial stress state in the compression zone, it is also stated that the
contribution assigned to the compression zone by previous models (e.g.
the semi-empirical approach of [33,34]) are not contradicted by the
approach. Cavagnis [33,34] proposed a mechanical model for the shear
resistance of RC concrete members without shear reinforcement based
on the evaluation of constitutive laws for various shear transfer mech-
anisms. Similar approaches were followed by other researchers [35,36].
The shear crack geometry is idealised to consist of a quasi-vertical part
and a quasi-horizontal branch. The general approach has also been
illustrated in [34] for beams with a low amount of shear reinforcement,
since failure can also be defined as occurring at the opening of a pro-
nounced flexural shear crack. A similar approach was recently proposed
by Tung et al. [37] for RC beams with a small amount of shear rein-
forcement. They also addressed the link of crack propagation with the
cause of failure.

In the present study, it is shown that the shape of the governing
cracks in beams with widely spaced bent-up bars (plain or ribbed) is
similar to that in beams not containing any shear reinforcement. This
had previously been shown in [18] for beams with ribbed bars. For this
reason, the modelling approach of [33,34] is extended to structural
members containing bent-up bars.

3.2. Shear crack shape

The following model assumptions have been taken from [34]. The
model assumes a critical shear crack, the geometry of which is idealised
to consist of a quasi-vertical segment (A-B) and a quasi-horizontal
portion (B-F) (see Fig. 5).

The inclination of the quasi-vertical part is dependent on the
moment-to-shear ratio calculated as

b (1114/3
Pap = Z 1 JFT 1

where oy = My / (V-d) is the shear slenderness ratio.

The end point B is defined as the location where the crack reaches the
compression zone height ¢ (Fig. 5a). To account for the crack charac-
teristics of members with bent-up bars, a geometry for the portion B-F is
proposed that differs from that used in [34]. In accordance with the
observations made in the presented tests and in those reported in [18],
the quasi-horizontal part has a fixed length Ir = d and is inclined by Bgr
= /20 from point B onwards. The original model for members without
shear reinforcement suggests lr = d/6 and fgr = 7/8. It should be noted
that the chosen geometry represents the shear crack shape experienced
in specimen PL20.0 (Fig. 3) which represents a lower boundary for crack
propagation within the compression zone for the introduced test series
since all other beams are designed with higher shear reinforcement ra-
tios (Table 1). The derivation of a more general approach based on
mechanical parameters (e.g. p,, as proposed for members with stirrups in
[34]) would be desirable, but the resulting kinematics at Vyqy are highly

influenced by the exact position at which the bent-up portion is crossed
by the crack (e.g. crossing in the steep or flat part or crossing a second
bent-up bar; see Section 4).

3.3. The relationship between the load and the width of the shear crack

The shear crack kinematics (w, s) at each point along a shear crack
(A-B-F) can be defined by the rotation y of this crack around a centre of
rotation which is defined to be crack tip F. This results in a horizontal
opening of the crack to a width uy = y-d at the height of the longitu-
dinal reinforcement. Assuming that the width of the governing shear
crack is proportional to the strains in the longitudinal reinforcement
[38,34], a relationship between the crack width us and the acting
bending moment My in each section can be written as [34]:

o Mp lB
T A¢E;d—c/3

Up (2)

where c is the compression zones depth; d is the static depth; I is the
tributary length of all crack contributing to the governing shear crack; A
and E; is the cross-section and Young’s modulus of the longitudinal
reinforcement, respectively.

Eq. (2) has been derived for members with ribbed bars, assuming a
tributary length of Iz = d—c [34]. Based on the results of the presented
test series, a modified tributary length of Ip piain = 1.6-(d—) for members
with plain bent-up bars is proposed. In simply supported beams sub-
jected to point loads, Mr can be expressed as Mr = V-af, where ar is the
horizontal distance between point F and the support (see Fig. 5a). As a
result, the crack width uy is directly related to the acting shear force V,
allowing a relationship between the load and the critical shear crack
opening V(uu) to be formulated. The shear resistance can then be eval-
uated by equating this function with the shear resistance function.

3.4. Shear transfer mechanisms

With the kinematics defined at a certain crack location x4, various
constitutive models for shear transfer mechanisms that consider crack
kinematics as input parameters can be utilised. The sum of these indi-
vidual contributions (V;) yields the shear resistance of the beam at the
moment that the governing crack has opened to a given crack width
(ua). The shear resistance function can thus be written as Vy;,q = ZVi(ua).
Furthermore, the contribution of the compression chord has to be added,
which was be estimated with an empirically derived formula [33]. It
should be noted that the proposed approach is valid only for regions in
which no direct struts are acting (e.g. not at region nearby point loads
and bearings). Further, localised cracking does not occur if the shear
crack opening is controlled by a high amount of ribbed shear rein-
forcement (p,, > 0.3 %). Therefore, the approach is valid only for low
amount of shear reinforcement or if localised cracking is fostered due to
the low bond characteristics of the plain bent-up bars (Fig. 3d). For the
evaluation conducted in this study, the same constitutive laws
[33,39,40,41,42] as those proposed in [34] were taken to calculate the
contributions of the shear transfer actions attributed to the concrete (see
Fig. 4a—c,f; equations given in Table 4). The contribution of the concrete
compression strut (Vcompr) is determined by a semi-empirical approach
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Table 4
Calculations of the contributions of the different shear transfer mechanisms.
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Shear-transfer action

Literature

Parameters

Residual tensile strength contribution Vg

1 ua-lp \
Ve =fa'b.cosﬂ”'l“'(1 T1+ cf(d/;‘mpfi) )
with w, = Gp/foe-(1 +¢1)/c1 and Gp = 0.073:f218

Aggregate interlock Vagg

-4/3 10.8-+¢25, 0.8+C25,
Vage . c3~sA/ Lo — oo
= sinfup
Veb

1.8+4¢55, 0.8+¢25,
_ Uy Co 2 (Igely )T
(c2-54 +0.8) (E @)

C4-§Z‘/3 l%+cz§,\ _ Z%Jrcﬁ,\
—cosfiap Un 2 3+ca5a (b >2+c:§A
(c2-sa +2) (EF@)
1 up-l3\ @ 1 uglp\° fet
+oosfiap {13 (1 1+c (dpwc) b1 1+c \dpw, \/ﬁ

Dowel action of the longitudinal reinforcement Vpoy,
Vpow = kpfeen:(b/n — ds)-2-ds

Contribution of the compression zone Veompr
VCum.pr _ kc'hf
Ve TF
Tension action of bent-up bars Vsr
Vsr =Y. Vsri = Y. ds-/4-05-sing;
and Eq. (3) for oy

<1

Dowel action of bent-up bars Vsp
Vsp =3 Vepi =Y. Vij-cosq;
and Eq. (4) for Vg,

Tensile softening behavior [39];
Fracture energy Gr [15]

Two-phase aggregate interlock model [40] with
modified kinematics according to [41]

Approach of [42]

Approach of [33,34]

Tension chord model [43] for o5; and 7 ; according to
[43]; if not available from material tests

Dowel action Vf; according to [15] based on [44]

¢;... constant (=0.31)

Irz... length where w < w,

W,... maximum crack width for stress
transfer

fe... compressive strength of concrete
fet... tensile strength of concrete

Ca, C3, C4... constants

5a =sa/dag

sa... crack sliding at point A

dge... parameter to account for roughness
fe... compressive strength of concrete
fet... tensile strength of concrete

kp... strength reduction factor for strained
bars

n... number of bars

d;... bar diameter

fet... tensile strength of concrete

k... constant (=0.5)

d;... bar diameter

a;...bent-up bars angle

Tp,1... mean bond stress prior to yielding
Tp,1... mean bond after yielding

E; ... Young’s modulus of reinforcement
fy-.. yield strength of reinforcement

d;... bar diameter

a;...bent-up bars angle

fe... compressive strength of concrete
fy-.. yield strength of reinforcement
Smax.-- the slip at Vg may (between 0.1-dp
and 0.2-dp)

K2max < 1.6 is the interaction coefficient for
flexural resistance at Smax

Os Os/Es
f 8»\; ( & Es Ty
Jt f ¥ P
Sy <~ T
- Tibbed
Ey o Ly b2
\\plain
wy w, w =f
idealised ! ! 8y, (o5) 3
(b) (c)

Fig. 6. Contribution of the bent-up bar under tension [43]: (a) stress state and bond behaviour of an embedded reinforcing bar; (b) stress vs crack opening behaviour

of a reinforcing bar; (c) assumed rigid-plastic bond behaviour.

of Cavagnis [33,34], the residual tensile stresses at crack tip (Vg,s) are
calculated based on the tension softening-law of Reinhardt et al [39]
(with the fracture energy acc. to fib Model Code [15]), the equations for
aggregate interlock (Vag,) are based on the two-phase model of Wal-
raven [40] with modified kinematics for contact zone evaluation [41]
and the dowel action of the longitudinal bars (Vp,y,) by the approach of
Fernandez-Ruiz et al. [42]a

The contributions of the aforementioned mechanisms are supple-
mented by the contribution of the bent-up bars by tension action and
dowel action (see Fig. 4e,f and Fig. 6). The contribution of tension action
is calculated using the tension-chord model developed by Marti et al.

[43], employing a simplified, stepped and rigid bond law [43] (Fig. 6¢)
and a bilinear stress—strain relationship for steel (Fig. 6a). For any given
crack width, it is possible to obtain the stress state o in the reinforcing
bar:

3 7o
Wy = 2~5-<1 +Z—> / o)
s b,i\Os
0

where d; and E; are the diameter and the Young’s modulus of the
bent-up bar, respectively. The bond-slip 6 can be determined by inte-
grating steel strains €; along the bar. For an ordinary reinforcing bar, the

dS
and 6 = —

1 3
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Fig. 7. Contribution of the bent-up bar as shear dowel [44]: (a) stress state of the surrounding concrete; (b) dowel force vs slip behaviour of an embedded bar; dowel

activation in interaction with normal stress for (c) ribbed and (d) plain reinforcing
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Fig. 8. Kinematics s, and wj for specimens that failed in shear: (a) development of the ratio s,/w;, during testing; (b) relationship between wj and s.

mean bond stress is calculated with 7, = 7,; = 0.6-f2/3 prior to yielding
and after onset of yielding withz,, = 0.3:f%/°. The crack width in the
direction of the bent-up bar can be calculated with w, =
Up-sin@ +Vp-cosa = y(dp-sina + lp-cosa) where u, = y-dy, v» = y-l, and a
is the bent-up bars angle (for dp and [, see Fig. 5b).

Along with the opening of this crack, a certain sliding perpendicular
to the bar axis s, = y-(dp-cosa — ly-sina) occurs and causes dowel forces
to be activated. To evaluate the contribution of dowel action, the shear
dowel model of the fib Model Code 2010 [15] which was proposed by
Randl [44] is taken (Fig. 7a + b). The same approach was used in
[18,45] to evaluate the contribution of inclined shear reinforcement.

sp 0.5
Smax) .
= koma A ()" )

where smay is the sliding at Vimax (between 0.1-ds and 0.2.-d;) and
Komax < 1.6 is the interaction coefficient for flexural resistance at spax.
The interaction coefficient depends on the roughness conditions in the
crack planes and lies within the range of 1.5 (very smooth) to 0.9 (very
rough).

The dowel force Vr is directly related to the offset of the bar axis: (sp/
smax)o'5 in Eq. (4) (Fig. 7b). The factor (1-(05/fy)2)°'5 in Eq. (4) accounts
for reduced dowel force in bars under tension. The possible activation of

VF(Sh) = VF.max'(

the dowel (V¢ / Vg max) in beams with ribbed or plain bars is analysed in
Fig. 7c and 7d, respectively. The normal stress is estimated with Eq. (3).
Accounting for the proposed crack shape, the crack sliding s is in the
range of the crack width (s ~ w) in the portion A-B (Fig. 5b + ¢) which
results in sp/wp = 0.5-1.0 with respect to the direction of a 45° inclined
bent-up bar. The given range is supported by DIC measurements at
specimens which failed in shear (Fig. 8a + b). The kinematics (sp, wp) in
Fig. 8 were determined at the crossing of the crack with the bent-up bar,
while the kinematics of the governing shear cracks of specimens without
shear reinforcement (PL00.0 and RI00.0) were determined at d/2 and
were added for comparison reasons.

The results show that the contribution of the shear dowel is rather
limited, since relatively strong sliding is necessary for full activation and
the resulting normal stress o; significantly lowers the contribution of the
dowel. Assuming crack opening characteristics in the range s,/wp = 1, a
maximum of 10 % and 25 % activation of the shear dowel could occur
for a ribbed and plain reinforcing bar with the same yielding point,
respectively. These values can only be achieved as soon as half of the
yielding stress has been reached. For example, the use of a 26 mm bar
(o5 = 0.5ef, = 250 MPa) results in a tension force of 133 kN but a
maximum dowel force of only 0.25eVpn. = 24 kN (133/24 = 5.5). In
order to estimate their contributions to the shear strength of beams, both
actions are multiplied by trigonometric functions: Vsr = ds-7/4-05;-sina;
and Vsp = Vp-cosa;. As can be seen, the tension force is always more
relevant for the shear capacity since both actions (tension and dowel
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Table 5
Comparison of the experimental results (shear strength, crack width and activation of the bent-up bar) and the model predictions.
Model predictions Experimental results Comparison
Specimen Xxa (mm) us (mm) Vsr (kN) Vitoa (KN) ua,prc (mm) Vsr,se (KN) Vixp (KN) Ua,prc/Ua Vst,sa/ Vst Vexp/ Viod
PL00.0 606 0.356 — 219.1 0.34 — 252.6 0.96 — 1.15
PL26.0 700 1.352 89.4 333.2 1.92 106.9 342.5 1.42 1.20 1.03
46.9 a4
RI00.0 655 0.271 — 253.3 0.335 — 253.4 1.24 — 1.00
RI26.0 440 0.908 197.8 426.9 0.91 215.2 445.5 1.00 1.09 1.04
PL20.0 830 1.09 46 284 1.19 49.5 260.7 1.09 1.08 0.92
PL30.0 855 1.071 68 331.6 1.71 87.4 351.9 1.60 1.29 1.06
PL26.0-R 470 0.753 60.8 346.1 0.66 “ 283.6 0.88 — 0.82
PL26.1-R 440 0.826 62.7 388.4 0.91 “ 360 1.10 — 0.93
m 1.16 1.161 0.994
Ccov 0.211 0.085 0.104

2 No measurements available.

action) contribute equally to the shear strength of beams with bent-up
bars inclined at o« = 45° (Fig. 4d-e).

3.5. Solution procedure and application to beams with bent-up bars

The shear capacity needs to be obtained iteratively for every possible
location of crack origin x4 with the lowest shear capacity exhibited
defining the shear strength of the member. The iterative procedure for
calculation of the shear capacity [34] contains the following steps:

(1) Choose a location of the shear crack x4.

(2) Calculate the angle pap as a function of ay = Ms/(V4-d) according
to Eq. (1) (refer to Fig. 5).

(3) Assume an initial crack opening uy;.

(4) Calculate, as a function of the shape of the crack and its kine-
matics, the residual tensile strength force (Vg,s), the aggregate interlock
force (Vag), the dowel action (Vpy), the contribution of the compres-
sion zone (Vcompr) and the tensile force (Vsr) and dowel action (Vsp) of
the bent-up bar with the equations given in Table 4 and the shear ca-
pacity as the sum of these contributions (Vyoq = ZVi(ua))

(5) Calculate the crack opening uy4 as a function of the acting bending
moment at the section corresponding to the tip of the crack (Mp) ac-
cording to Eq. (2), where M is proportional to the shear force (V).

(6) Iterate the crack opening uy; at step 3 and repeat from step 3 to 6,
until uy is equal to uy; which gives a critical shear crack width. The
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Fig. 10. Contribution of the shear transfer mechanisms, intersection of the load-deformation relationship with the failure criterion and comparison with the
experimental results, and crack kinematics and horizontal opening u of the cracks contributing to the opening of the governing shear crack in a region of length I for

specimen (a) PL00.0 and (b) RI00.0.
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Fig. 11. Contribution of the shear transfer mechanisms, intersection of the load—deformation relationship with the failure criterion and comparison with the
experimental results, and crack kinematics and horizontal opening u of the cracks contributing to the opening of the governing shear crack in a region of length I for

specimen (a) PL26.0 and (b) RI26.0.

reaching of this width marks the state were unstable crack propagation
leads to the subsequent collapse of the member and is in accordance to
the assumptions of the critical shear crack theory [38]. The evaluation of
the proposed approach is shown for all specimens in Fig. 9.

The model shows that the higher activation of the shear reinforce-
ment (tension and dowel action of bent-up bars or stirrups) decreases the
relative contributions of the shear transfer actions attributed to the
concrete (aggregate interlock and residual tensile stresses in the fracture
process zone). It was shown in [33] that for members without shear
reinforcement, the governing location of x4 could be adequately
described with a fixed location of x4 = a/2 since the calculated shear
strength is approximately the same around this point (see also Fig. 9a +
c). However, for members with bent-up bars, the calculated shear
strength is strongly influenced by the reinforcement layout, which is
why every location x4 should be checked (Fig. 9b,d-1). For the investi-
gated reinforcement layout, a region of higher shear capacity is calcu-
lated around x4 = 600 mm due to the crossing of several bent-up bars
and a region with a lower shear strength closer to the support. Therefore,
the crack position may become relevant as can be illustrated by the
comparison of tests with different bar surface types for the longitudinal
reinforcement. Specimen PL26.0-R with ribbed longitudinal reinforce-
ment and plain bent-up bars exhibited a lower shear capacity as their
counterpart with plain longitudinal reinforcement (PL26.0). While no
flexural cracking in regions close to the support was observed in beams
with plain longitudinal reinforcement (Fig. 9a,b,e—j), the governing
cracks originated closer to the supports in beams with ribbed longitu-
dinal reinforcement (Fig. 9¢,d,k,l).

11

4. Discussion by comparison model to test results

In this section, the proposed modelling approach is evaluated for all
tested specimens that exhibited shear failure. The origin of the evaluated
crack (x4) was chosen according to the observed crack pattern (Fig. 3d).
The model predictions for the identified crack kinematics (us, pic), strain
gauge measurements (Vsr,sg = &5,569Es®Aesina) and shear strength Vg,
are also compared. It should be noted that the geometry of the bent-up
bars is modelled without the curved top and bottom ends of the inclined
part. As a result, (3) and (4) would provide incorrect contributions if the
bent-up bars crossed at the very tip of the crack due to the incorrect
inclination o;. Furthermore, the resulting contributions in this region are
rather low due to the small kinematics. For the sake of simplicity, the
contributions of the bent-up bars are only considered if crossed within lp
= d—c (Fig. 5a). The results are listed in Table 5.

The approach yields accurate results in predicting the shear strength
(VExp/Viog: m = 0.994; COV = 0.104) and the contribution of the bent-
up bar (Vsr,s6/Vsr: m = 1.161; COV = 0.085) at the same time. Overall,
there is more scatter in the comparison of the model approach with the
crack kinematics (ua, prc/ua: m = 1.160; COV = 0.211). With respect to
the crack shape (Figs. 10-13), the quasi-horizontal portion (B-F) ap-
pears to be longer when larger amounts of shear reinforcement are
crossed (PL26.0, RI26.0, PL30.0, PL26.1-R). The experimental and
analytical crack shape and resulting kinematics agree well in the spec-
imens without shear reinforcement (XX0.00), PL20.0 and PL26.0-R.

As for the effect of the type of longitudinal reinforcement (RI00.0 or
PL00.0), no differences in the test results were observed (Vgyp, ua, pic)-
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Fig. 12. Contribution of the shear transfer mechanisms, intersection of the load—deformation relationship with the failure criterion and comparison with the
experimental results, and crack kinematics and horizontal opening u of the cracks contributing to the opening of the governing shear crack in a region of length I for

specimen (a) PL26.0-R and (b) PL26.1-R.

Nevertheless, a different tributary length Iz was used for the two spec-
imens to account for the different bond behaviour, resulting in a
different inclination in the load-shear crack width curve (Fig. 10a and
b). In specimen RI00.0, the prediction of Vg, matches the test result
while the crack width uy pyc is overestimated. Just the opposite is true
for specimen PL00.0, where the crack width u4 pic matches the obser-
vations while the shear strength is underestimated.

As for the effect of the type of bent-up reinforcement (RI26.0 and
PL26.0), the model approach correctly estimates the shear capacity Ve,
in both cases, even though different tributary lengths and bond behav-
iours of the bent-up bar types were assumed. It should be noted that in
specimen PL26.0, two bent-up bars crossed the governing shear crack.
Due to its weaker bond properties, the bar in beam PL26.0 did not yield
in the experiment (VST,SG / VST,y,@26-SZ35 =106.9 / 114.1 = 0.94), even
though the crack kinematics were more pronounced (us,pic and Fig. 11).
This was also predicted by the model (Vsr = 89.4 kN). In specimen
RI26.0, on the other hand, yielding of the bent-up bar was confirmed by
measurements, while the predicted contribution to the shear strength
was lower than the measured value (Vsr / Vsry,026-85508 = 197.8 /
215.5 = 0.92). The crack kinematics are underestimated in both cases:
longer sections B-F are predicted, resulting in different centres of rota-
tion. It should be noted, that the contribution of dowel action of the
bent-up bar may be lower than calculated, if pronounced transverse
cracking along the bent-up bar occurs (e.g. P126.0 and RI126.0 in Fig. 11).

Specimen PL26.0-R with hybrid longitudinal reinforcement was
analysed with a tributary length proposed for ribbed bars (I = d-c),
since only ribbed reinforcement was located at the observed crack

12

origin. The model correctly predicts us at Vg, to be smaller than in
PL26.0 and RI.26.0. The shear capacity is overestimated by the model
(VExp/Vmod = 0.82), which can be due to the flatter crack shape, as this is
likely to result in a smaller contribution of aggregate interlock to the
shear strength. To account for the observed crack shape, a second
analysis assuming Ir = 0.6ed and fag = 48° was conducted but only
yields a slightly better prediction, since the contribution of a second
bent-up bar is considered (Vgyxp/Vmoq = 283.6 / 331.6 = 0.86). The
presence of additional stirrups is analysed for specimen PL26.1-R,
which is the only specimen with stirrups that failed in shear. The stirrups
were modelled assuming that they yielded and contributed to the shear
strength within the horizontal length of the idealised crack A-B-F. As a
result, the total contribution of the stirrups to the shear strength Vg =
63.0 kN agrees with the difference between the beams observed in the
tests (+76.4 kKN compared to PL26.0-R). While the shear capacity was
predicted quite accurately, the assumed kinematics were too small
(Fig. 12).

As far as the amount of shear reinforcement is concerned (P120.0,
PL26.0 and PL30.0), the model approach accurately predicts the shear
capacity Vgyy. Furthermore, the model provides an explanation for the
slightly smaller shear capacity of PL26.0 compared to PL30.0, since in
PL26.0 two bars cross the governing crack (Fig. 11a), while in PL30.0
only one bar crosses the crack (Fig. 13b). The observed crack kinematics
as well as the contribution of the bent-up bar of specimen PL20.0 are
reproduced perfectly by the model, while those of PL30.0 are under-
estimated (Table 5). It is important to note that the bent-up bars of
specimens PL20.0 and PL30.0 were not utilised until the yield point
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Fig. 13. Contribution of the shear transfer mechanisms, intersection of the load-deformation relationship with the failure criterion and comparison with the
experimental results, and crack kinematics and horizontal opening u of the cracks contributing to the opening of the governing shear crack in a region of length I for
specimen (a) PL20.0; (b) PL30.0; (c) influence of the shear reinforcement ratio on the shear capacity.

(utilisation rate based on strain gauge measurements: Vsr,sG / Vsr,y,020-
5235 = 49.5/72.9 = 0.68; Vsr,56 / Vsr,y,030-5235 = 87.4 / 146.9 = 0.60),
which was also calculated by the model (see Table 5). Overall, the shear
reinforcement ratio shows an almost linear positive correlation with the
shear capacity (Fig. 13c).

5. Summary and conclusions

This paper presents the experimental investigations and mechanical
modelling of the shear strength of members with ribbed and plain bent-
up bars that exhibit localised cracking. By extending a model for failures
in shear of members without shear reinforcement with constitutive laws
from the literature to estimate the contributions to the shear strength of
bent-up bars, it was possible to validate relevant test results. Based on
the findings of this analysis the following conclusions are drawn:

e Plain bent-up bars contribute to the shear capacity despite their
weaker bond properties, as shown by the higher shear capacities of
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beams with this type of reinforcement compared to their reference
beams without any shear reinforcement. An almost linear increase in
capacity with increasing shear reinforcement ratio was observed.

The bond qualities of the longitudinal reinforcement and the
resulting effect on the cracking patterns can influence the shear ca-
pacity of beams with bent-up bars, as shown by a comparison of a
beam with ribbed longitudinal reinforcement and plain bent-up bars
to a beam with plain reinforcing bars only, which exhibited a higher
shear capacity. The crack patterns showed pronounced shear
cracking in beams with plain longitudinal reinforcing bars, with
generally fewer flexural cracks in the testing area compared to beams
with ribbed longitudinal reinforcement. Consequently, the origin of
the governing cracks moved closer to the supports in beams with
ribbed longitudinal reinforcement in which a lower shear capacity
was attributed to a governing crack according to the proposed
modelling approach. Similar effects on the origin of the governing
crack caused by the surface type of the longitudinal reinforcement
was observed for beams designed without bent-up bars. However,
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the shear capacity of the tested members without shear reinforce-
ment was not influenced in the present test series, as the shear ca-
pacity according to the modelling approach is approximately the
same at both positions.

The presented mechanical modelling approach based on the evalu-
ation of various shear transfer mechanisms in an idealised shear
crack adequately describes the structural behaviour of beams with
localised shear cracking, predicting the shear capacity, the crack
kinematics and the utilisation of the bent-up bars. The model shows
that the activation of the shear reinforcement (tension and dowel
action) decreases the relative contributions of the shear transfer ac-
tions attributed to the concrete (aggregate interlock and residual
tensile stresses in the fracture process zone).

The contribution of a bent-up bar to shear capacity can be described
by kinematics in a shear crack. In the tested members with plain
bent-up bars, the reinforcing bars were not utilised until the yield
point. This was also confirmed by the results of the recalculation of
the introduced modelling approach. An evaluation based on the ki-
nematics shows that tension action generally contributes more to the
shear capacity than dowel action.
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