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Abstract  

Followi♪g  previous results the qua♪tizatio♪  of D-dime♪sio♪al  spherically  reduced 

Ei♪stei♪  gravity  with  mi♪imally  coupled scalar  matter is  performed.  The grav-  

itatio♪al  variables ca♪  be  treated  exactly  usi♪g Eddi♪gto♪±Fi♪kelstei♪  gauge i♪  

the path i♪tegral  leadi♪g to  a ♪o♪-local  effective actio♪  for  the matter  sector. At  

tree-level  it  is  k♪ow♪ to  ge♪erate  two  sorts of ♪o♪-local  four-poi♪t  vertices which  

lead  to  ®♪ite S-matrix eleme♪ts if  the origi♪al  spacetime has 𝐷 = 4 . Here,  the 

stability  of the ®♪ite♪ess  of this  amplitude is  i♪vestigated  for higher dime♪sio♪s. 

After  a  lo♪g computatio♪  a  ®rst result  is  reached:  For  𝐷 =  6  the diverge♪t  terms 

of the highest  tra♪sce♪de♪tality  ca♪cel.
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1.  Introduction 

Whoever makes  the universe hides  messages  in  

transcendental  numbers...  

ÐCarl  Sagan 

The lo♪g-sought  goal of ®♪di♪g  a  co♪siste♪t theory of  qua♪tum  gravity,  free 

of  problems like UV-diverge♪ces, ♪o♪-re♪ormalizability  a♪d  ♪o♪-u♪itarity  〚1〛  still  

has ♪ot bee♪  reached.  It  eve♪  remai♪s a♪  ope♪  questio♪ whether  o♪e of the two  

most  popular ca♪didates today,  ♪amely stri♪g theory  or  loop  qua♪tum gravity  will 

be  the right  o♪e to  ®ll  this  gap. Despite their stre♪gths i♪  ma♪y  poi♪ts both  of 

them  are beset with  co♪ceptual  or  tech♪ical difficulties:  I♪  stri♪g theory o♪e has to  

choose a ®xed backgrou♪d geometry  which the stri♪gs are propagati♪g o♪  bei♪g  i♪  

co♪tradictio♪ with  the assumptio♪s of ge♪eral  relativity  where  ♪o  such  preferred 

backgrou♪d should exist. Loop  qua♪tum gravity  o♪  the other  ha♪d,  although  

ma♪ifestly  backgrou♪d i♪depe♪de♪t,  still  poses problems i♪  de®♪i♪g  physical  ob- 

servables such  as  a♪  S-matrix  a♪d  moreover  obscures how  Ei♪stei♪ gravity  emerges 

i♪  a semiclassical limit.  ○♪ top of that,  both  of them  are mathematically  rather  

complex maki♪g  it  especially hard  to  obtai♪ explicit  results. 

It  is therefore  i♪teresti♪g  to  have a  simpli®ed  theory  which does allow  a♪alytic  

computatio♪s  a♪d to  use it  as a  toy  model  for  gai♪i♪g  i♪tuitio♪  about  how  a  ge♪eral 

theory  of qua♪tum gravity  might  behave.  This  simpli®catio♪ is  achieved  by taki♪g 

the Ei♪stei♪-massless-Klei♪±Gordo♪ model  (E℧KG)  which  is  a  classical  model  of 

Ei♪stei♪  gravity  i♪  D  dime♪sio♪s mi♪imally  coupled  to  a  massless scalar ®eld a♪d  

imposi♪g  spherical  symmetry.  The situatio♪ is thereby  effectively  reduced  to  two  

dime♪sio♪s a♪d  is  described  by  a  certai♪ model  of dilato♪  gravity  ♪o♪-mi♪imally  

coupled to  matter  〚2〛.  A  mi♪imally-coupled versio♪ was  successfully  qua♪tized  

i♪  a  series of  papers 〚3,  4,  5〛  usi♪g the path i♪tegral  formalism where  it  tur♪ed  

out  that the geometric sector ca♪  be i♪tegrated  exactly.  Co♪ceptually this  is  a♪  

importa♪t  poi♪t  as it  avoids a  perturbative treatme♪t  of Ei♪stei♪  gravity  which  is  

k♪ow♪  to be  ill-de®♪ed because of  its  ♪o♪-re♪ormalizability  〚6〛. Afterwards,  per-  

turbatio♪  theory  was  applied  i♪  the matter  sector  a♪d a  certai♪ S-matrix  eleme♪t 

was computed. I♪  this setti♪g it  describes  the i♪teractio♪  of i♪goi♪g  matter  ®elds 

mediated  by  gravity  where full  qua♪tum  backreactio♪  is  take♪  i♪to  accou♪t.  I♪  〚7, 

8〛  the scatteri♪g amplitude was  computed at  tree-level  i♪  the matter loops  with 

rei♪stated ♪o♪-mi♪imal coupli♪g  i♪  the  reduced model as opposed  to  the previous  
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work  a♪d the dime♪sio♪  of the origi♪al  spacetime was  restricted  to  four.  It  tur♪ed 

out  that the scatteri♪g amplitude  at  that level  of perturbatio♪  theory  co♪sists  of  

two diagrams,  each of  them bei♪g  rather  complicated a♪d  eve♪  diverge♪t.  ○♪ly i♪  

the e♪d,  whe♪  the two diagrams were  summed a ®♪ite a♪d  moreover  i♪trigui♪gly 

simple result was  fou♪d,  a situatio♪ freque♪tly e♪cou♪tered  i♪  other  gauge theories  

such  as  Ya♪g±℧ills theory. The structure of  the  problem  depe♪ds  crucially o♪  the  

chose♪  gauge a♪d  it  might  well  be that a  differe♪t gauge leads to  a much simpler 

way  of obtai♪i♪g the ®♪al  sum. Because of  its  practicality  whe♪  it  comes to  solvi♪g 

the  path  i♪tegral o♪e however  usually  chooses a♪  Eddi♪gto♪±Fi♪kelstei♪-like gauge 

for  the geometric sector as  was do♪e i♪  the above refere♪ces  a♪d likewise will be  

do♪e  i♪  this  work.  

The mai♪  goal  here is  to  i♪vestigate the  stability of the ®♪ite♪ess of this  scatter- 

i♪g amplitude  whe♪  the dime♪sio♪ of  the origi♪al  ♪o♪-reduced  spacetime is higher 

tha♪  four.  It  will tur♪ out  that there  are differe♪ces betwee♪  odd  a♪d eve♪  dime♪-  

sio♪s a♪d  for  computatio♪al  co♪ve♪ie♪ce we will restrict  to  the  eve♪  case.  Also,  as 

the le♪gth  of the expressio♪s becomes  a lot harder  to  ha♪dle the higher the dime♪-  

sio♪  gets the emphasis will be o♪  the ®rst ♪o♪-trivial  case which  is  𝐷 = 6  .  The 

structure of the thesis co♪sists of  two parts:  Chapter 2 will at  ®rst be  co♪cer♪ed  

with  the  path  i♪tegral qua♪tizatio♪  of the model  i♪  the sum  over  histories ap- 

proach  〚9〛  which  is  just a summary of  the previous results.  It  is followed  by  a  brief 

look  at  the effective geometry as predicted by the qua♪tum equatio♪s of motio♪ 

with  certai♪ bou♪dary co♪ditio♪s which tur♪s out to  be a  virtual  Schwarzschild±  

Ta♪gherli♪i black  hole 〚10〛.  Fi♪ally,  the tree-level vertex  fu♪ctio♪s for  the  matter 

®eld are extracted.  All  these co♪sideratio♪s work  without  havi♪g  to  restrict  the 

spacetime dime♪sio♪.  I♪  chapter  3  the ®♪ite♪ess  of the scatteri♪g  amplitude  for  

𝐷 = 6 is i♪vestigated  with some computatio♪al  methods adopted  from 〚7〛. At  ®rst 

everythi♪g will be writte♪  out  rather  explicitly  but  after a  certai♪ poi♪t  the use 

of Mathematica  became i♪evitable maki♪g  it  impractical  to  show a♪ythi♪g  more  

tha♪  the mai♪  results because of  the sheer size of  the expressio♪s.  The ®♪al re-  

sult  of  this thesis is  the ca♪cellatio♪  of the diverge♪t  terms  at  the highest  level  

of tra♪sce♪de♪tality  which  is  a  ®rst  step  towards  showi♪g the  full  stability of the 

scatteri♪g amplitude.  
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2.  Spherically  reduced  EMKG  

model 

Co♪sider  a spacetime ma♪ifold  ℳ i♪  𝐷 > 3 dime♪sio♪s  with  pseudo-Riema♪♪ia♪ 

metric  𝑔  ̄  ,  the usual  Levi±Civita co♪♪ectio♪  a♪d a mi♪imally  coupled massless scalar 

®eld 𝜑 .  Let  the dy♪amics of this  system be  gover♪ed by  the actio♪ 

Γ𝐸 𝑀  𝐾 𝐺[ 𝑔  ̄  ,  𝜑 ] = 

1

 

2  𝜅 

∫︁  

ℳ 

𝑑𝐷 x
√

 

𝑔  ̄  

(︁ 

�̄� + 𝜅𝑔 ̄  

𝜇𝜈 ∂𝜇 

𝜑∂𝜈 

𝜑 + 𝑓 ( 𝜑 )  

)︁ 

(2.1) 

which is  the Ei♪stei♪-massless-Klei♪±Gordo♪  (E℧KG) model. �̄� is  the Ricci scalar 

i♪  D dime♪sio♪s correspo♪di♪g to  the chose♪  co♪♪ectio♪ a♪d 𝑓 ( 𝜑  )  represe♪ts  a  

possible self-i♪teractio♪  of  the  scalar ®eld  which will be  set to  zero i♪  the followi♪g. 

The u♪its are chose♪  such  that ( 𝜅 )− 1 = 8  𝜋  𝐺 = 1  = 𝑐  a♪d we will work  i♪  east  

coast sig♪ature (  − , + , + , ..., +)  .  Assume ♪ow  that the group  𝑆  𝑂  ( 𝐷 − 1) acts o♪  

ℳ via  isometries with  the correspo♪di♪g orbits bei♪g rou♪d  𝐷 − 2  -dime♪sio♪al 

spheres.  I♪  that case the li♪e eleme♪t ca♪  be  decomposed as 

𝑑s2 = 𝑔𝛼𝛽 

𝑑x𝛼  𝑑x𝛽 + Φ2( x0 

, x1) 𝑑  Ω2 

𝑆 

𝐷 − 2 

(2.2) 

where  𝛼 ,  𝛽 = 0 , 1 a♪d 𝑑  Ω2 

𝑆  

𝐷  − 2  

is  the metric  of the rou♪d  𝑆  

𝐷 − 2.  Here, a  ♪ew ®eld Φ  

was i♪troduced which has the geometric i♪terpretatio♪  of a♪  area  radius.  The pos- 

sible solutio♪s of the matter  ®eld are ♪ow  restricted  to  the s-wave sector, mea♪i♪g 

that ♪o  depe♪de♪ce o♪  a♪gular  coordi♪ates ca♪  occur a♪d  o♪e ca♪  already  sup-  

pose that the dy♪amics of the system is described  by  a♪  effectively  two-dime♪sio♪al  

theory with the dy♪amical  variables (  𝑔  ,  Φ ,  𝜑  )  .  I♪deed,  if  o♪e performs a  spherical  

reductio♪,  i♪serti♪g (2.2) i♪to  (2.1)  a♪d  i♪tegrati♪g  out  the a♪gular  depe♪de♪cies1 

after  several li♪es o♪e arrives at  

Γ𝐸 𝑀  𝐾 𝐺[  𝑔  , 𝑋 , 𝜑 ]  = 

1

 

2  

∫︁  

ℳ2 

𝑑2 x
√

 

𝑔  

(︁ 

𝑋 

𝑅

 

2  

− 

1

 

2  

𝑈 ( 𝑋  )(  ∂ 𝑋 )2 + 𝑉 ( 𝑋 )  + 

𝑋

 

2 

( ∂  𝜑 )2 

)︁ 

(2.3) 

where  the fu♪ctio♪s 

𝑈 (  𝑋 ) = − 

𝐷 − 3

 

𝐷 − 2  

1

 

𝑋 

𝑉  (  𝑋 ) = 

𝐷 −  3

 

2( 𝐷 − 2) 

𝜆2 𝑋 

𝐷 − 4

 

𝐷 − 2 (2.4)

 

1For  an  extensive  treatment  of  this  procedure see  appendix C of  [7].  
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were  i♪troduced a♪d  the area  radius was  rede®♪ed i♪  terms of the dilaton-őeld  𝑋 

as 

Φ  =:  

𝐷 − 2

 

𝜆 

𝑋 

1

 

𝐷 − 2 .  (2.5) 

The co♪sta♪t 𝜆 has i♪verse le♪gth  dime♪sio♪  1  a♪d re♪ders  the dilato♪ dime♪sio♪- 

less. From  a  physical  perspective the area radius should be  restricted to  positive 

values which  is  i♪herited by the dilato♪.  

The matterless part  of (2.3)  is  a♪  example of a two-dime♪sio♪al dilato♪  gravity  

model  〚2〛  described  by the fu♪ctio♪s 𝑈 a♪d  𝑉  .  It  arises  o♪  ge♪eral grou♪ds  whe♪  

performi♪g  a  spherical reductio♪ of Ei♪stei♪  gravity  a♪d  together with the matter 

part is  the model  of i♪terest i♪  this  thesis.  It  should be  ♪oted, that the matter  ®eld  

was  mi♪imally  coupled  i♪  the  origi♪al  actio♪ but  is  ♪ow  ♪o♪-mi♪imally  coupled  to  

the dilato♪.  This has as a co♪seque♪ce that the matter  stress e♪ergy  te♪sor  is ♪ot 

co♪served  a♪ymore,  it  ca♪  be  show♪ i♪stead that 𝛻𝜇 𝑇𝜇𝜈 

∝ ( ∂𝜈 

𝑋 ) .  Although  this  

seems problematic  at  ®rst sight,  o♪e has  to  keep  i♪  mi♪d  that  this ♪o♪-mi♪imal  

coupli♪g o♪ly  is  a♪  artefact of the two-dime♪sio♪al descriptio♪ mea♪i♪g  that the 

true physical  i♪terpretatio♪s  have to  take place  i♪  the ♪o♪-reduced  realm  where  

the  stress e♪ergy  te♪sor  is i♪deed covaria♪tly  co♪served.  

Regardi♪g  the followi♪g path i♪tegral  qua♪tizatio♪  it  is  practical to  use the ®rst 

order formulatio♪  of dilato♪  gravity  which  promotes the co♪♪ectio♪ to  a♪  i♪depe♪-  

de♪t  dy♪amical variable.  For  this  o♪e i♪troduces  the vielbei♪  𝑒𝑎  

𝜇 

by  𝑔𝜇𝜈 

= 𝑒𝑎 

𝜇 

𝑒𝑏 

𝜈 

𝜂𝑎𝑏 

a♪d  chooses lightco♪e gauge 𝜂±∓ 

= 1 , 𝜂±± 

= 0 for  the  Lore♪tz  i♪dices. The 

co♪♪ectio♪ is  represe♪ted  by  a  te♪sor-valued two-form  

𝜔 

𝑎 

𝑏  

= 𝜖𝑎 

𝑏  

𝜔  (2.6)  

which has  to  be  a♪tisymmetric i♪  its vielbei♪-i♪dices  a♪d  therefore is  proportio♪al 

to  the Levi±Civita  te♪sor  i♪  two  dime♪sio♪s.  Ωe ca♪  ♪ow de®♪e  the gauge-  

covaria♪t  derivative 𝐷 a♪d subseque♪tly  the torsio♪ two-form  

𝑇 

𝑎 := 𝐷 ∧  𝑒𝑎 = 𝑑  ∧  𝑒𝑎 + 𝜖𝑎 

𝑏 

𝜔 ∧  𝑒𝑏  (2.7) 

together  with  the curvature two-form  

𝑅 

𝑎 

𝑏  

= 𝐷 ∧  𝜔  

𝑎 

𝑏  

= 𝜖𝑎 

𝑏  

𝑑𝜔 .  (2.8)  

It  ca♪  be  see♪  that 𝑅 

𝑎  

𝑏  

has  o♪ly  o♪e i♪depe♪de♪t  compo♪e♪t,  which after  elimi-  

♪atio♪ of the torsio♪  part of the spi♪ co♪♪ectio♪  ca♪  be  take♪  to  be dual  to  the 

Ricci  scalar  of  the correspo♪di♪g  seco♪d-order  actio♪ (2.3). This  elimi♪atio♪  is  

impleme♪ted by  i♪troduci♪g Lagra♪ge multipliers 𝑋 

± which  from  the  perspective 
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of the ®rst-order  actio♪ are i♪depe♪de♪t  dy♪amical  ®elds. It  ca♪ be show♪ 〚7, 2〛  

that 

Γ1st [ 𝑒𝑎 ,𝜔 , 𝑋 , 𝑋+ , 𝑋 

−] = (2.9a) 

1

 

2 

∫︁ 

ℳ2 

[︁ 

𝑋+ 𝐷 ∧ 𝑒− + 𝑋 

− 𝐷 ∧  𝑒+ + 𝑋 𝑑  ∧  𝜔  − V  ( 𝑋 ,  𝑋 

±) 𝑒− ∧  𝑒+ (2.9b)  

+ 𝐹 ( 𝑋  ) 𝑑𝜑 ∧  *  𝑑𝜑 

]︁  

(2.9c)  

i♪deed reproduces (2.3)  upo♪  elimi♪ati♪g the ®elds 𝑋 

± a♪d 𝜔  by  their  equatio♪s 

of motio♪.  To be  co♪siste♪t with  the literature,  the coupli♪g fu♪ctio♪ 𝐹 ( 𝑋  ) = − 

𝑋

 

2 

was i♪troduced  a♪d  the dilato♪  gravity  model  depe♪de♪ce is  ♪ow  fully  e♪coded i♪  

the pote♪tial fu♪ctio♪ 

V :=  𝑉 ( 𝑋  )  +  𝑋+ 𝑋  

−  𝑈 (  𝑋 )  . (2.10) 

Switchi♪g i♪to  a  coordi♪ate patch  o♪  the world-sheet  ma♪ifold  ℳ2 

we  ca♪  express 

the ®rst-order  actio♪  i♪  a  co♪ve♪ie♪t  way  for  starti♪g a Hamilto♪ia♪  a♪alysis.  This 

yields 

Γ1st = 

1

 

2 

∫︁ 

ℳ2 

ℒ𝑔 

+ ℒm 

𝑑2 x (2.11) 

where  

ℒ𝑔 

= 𝜖 ̃

𝜇𝜈 

[︁ 

𝑋+(  ∂𝜇 

− 𝜔𝜇) 𝑒− 

𝜈 

+ 𝑋 

−( ∂𝜇 

+ 𝜔𝜇)  𝑒+ 

𝜈 

+ 𝑋 ∂𝜇 

𝜔𝜈 

]︁ 

− | 𝑒  |V (2.12) 

ℒm 

= 

𝐹 ( 𝑋 )

 

| 𝑒 | 

(︁ 

𝜖 ̃

𝜇𝜈 𝑒+ 

𝜈 

∂𝜇 

𝜑 

)︁(︁ 

𝜖 ̃

𝜅𝜆 𝑒− 

𝜅 

∂𝜆 

𝜑 

)︁ 

(2.13) 

with  𝜖 ˜𝜇𝜈 bei♪g  the Levi±Civita  symbol2 a♪d |  𝑒  |  = 

√︀

 

| 𝑔  | = 𝑒− 

0 

𝑒+ 

1 

− 𝑒− 

1 

𝑒+ 

0 

the deter-  

mi♪a♪t  of the Zweibei♪.  

2.1.  Hamiltonian  analysis  

Before tur♪i♪g to  the path  i♪tegral  it  is  importa♪t  to  a♪alyse the dy♪amical struc- 

ture of this  system.  Ωe already  a♪ticipate that there  will  be some gauge redu♪- 

da♪cies prese♪t  as there  are still  two  diffeomorphisms a♪d o♪e local  Lore♪tz  boost 

to  be  performed with  arbitrary tra♪sformatio♪  parameters. I♪  fact,  eve♪tually  the 

o♪ly physical local  degree of freedom  left  will  be the scalar  ®eld which  goes alo♪g

 

2We  use  the convention  𝜖  ̃

01 =  1 together with  𝜖−  +  =  𝜖  ̃

−  + =  −  1 .  This  is consistent  with  the 

usual  deőnitions  𝜖𝜇𝜈 

=  

√︀

 

|  𝑔 |  𝜖  ̃𝜇𝜈 

and 𝜖𝑎𝑏  

=  𝜖  ̃𝑎𝑏 

if  𝜖𝜇𝜈  

=  −  𝑒𝑎  

𝜇  

𝑒𝑏  

𝜈  

𝜖𝑎𝑏.  
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with  the well-k♪ow♪  fact that the matterless model  of two-dime♪sio♪al  dilato♪ 

gravity  is  a  ®eld theory  of topological  type  〚11, 12〛.  These  gauge redu♪da♪cies 

have to  be  tackled  if  o♪e wa♪ts  to  perform the path i♪tegral  so that gauge equiv- 

ale♪t  ®eld  co♪®guratio♪s are ♪ot  i♪tegrated  over.  There are several ways  this ca♪ 

be  do♪e,  o♪e of them  bei♪g  the BRST formalism which  ♪eeds as a  starti♪g  poi♪t  

a  Hamilto♪ia♪  a♪alysis.  I♪  the  spirit of  〚5,  7〛  we de®♪e the ca♪o♪ical  coordi♪ates 

𝜑 a♪d  

qi  

= (  𝜔1 

, 𝑒− 

1 

,  𝑒+ 

1 

) q ̄i  

= ( 𝜔0 

,  𝑒− 

0 

,  𝑒+ 

0 

)  (2.14)  

together  with  their  co♪jugate mome♪ta  

pi  = (  𝑋 ,  𝑋+ ,  𝑋 

−) p ¯  

i  = 0  𝜋  = 

∂ ℒm

 

∂ ∂0 

𝜑 

(2.15)  

a♪d  perform the Lege♪dre tra♪sformatio♪ to  the ca♪o♪ical  Hamilto♪ia♪ de♪sity  

ℋ = 𝜋  �̇� + pi  q ̇  i  

− ℒ ,  (2.16)  

where q ̇ = ∂0 

q a♪d ℒ = ℒ𝑔 

+ ℒm. It  ca♪  be  see♪  that there  are three  primary 

co♪strai♪ts  p ¯  

i  ≈ 0  appeari♪g.  Followi♪g  〚13〛 we therefore ♪eed the co♪siste♪cy  

co♪ditio♪s3 

p ¯̇ 

i  

= {  p ¯  

i  ,  ℋ 

′  }  ≈ 0  (2.17)  

which  ca♪  be  evaluated usi♪g  the fu♪dame♪tal Poisso♪ brackets 

{ qi 

, pj 

′ } = 𝛿  

j  

i 

𝛿 ( x1 − x1 

′
)  (2.18a) 

{  q ̄i  

,  p ¯  

j  

′  }  = 𝛿  

j  

i  

𝛿  ( x1 − x1 

′
) (2.18b) 

{ 𝜑,  𝜋 

′ } = 𝛿 (  x1 − x1 

′
) (2.18c) 

a♪d  lead to  three seco♪dary co♪strai♪ts  

𝐺1 

= ∂1 

p1 + p3 q3 

− p2 q2 

(2.19a) 

𝐺2 

= ∂1 

p2 + p2 q1 

− q3 

V  + 

𝐹 (  p1)

 

4  q2 

[︁  

∂1 

𝜑 −  

𝜋

 

𝐹 ( p1) 

]︁2 

(2.19b) 

𝐺3 

= ∂1 

p3 − p3 q1 

+ q2 

V − 

𝐹 ( p1)

 

4 q2 

[︁ 

∂1 

𝜑 + 

𝜋

 

𝐹 ( p1) 

]︁2 

. (2.19c) 

A  short calculatio♪  yields that the ca♪o♪ical  Hamilto♪ia♪  de♪sity  ca♪  be expressed  

i♪  terms of these seco♪dary  co♪strai♪ts as 

ℋ = − q ̄i 

𝐺i 

(2.20)

 

3  ℋ  

′ has to  be  read as  ℋ  ( x′) .  
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which shows that ℋ va♪ishes weakly,  a  well-k♪ow♪ feature of  a  diffeomorphism 

i♪varia♪t  theory 〚13〛. Here  the algorithm stops as  we have 

{ 𝐺i  

,  ℋ  

′  } ≈  0  .  (2.21)  

Ωhe♪ computi♪g the bracket  relatio♪s betwee♪  the co♪strai♪ts o♪e ®♪ds 

{  p ¯  

i  ,  𝐺′  

j  

}  = 0  ∀  i,  j (2.22) 

{ 𝐺i 

, 𝐺′ 

j 

} = 𝐶ij  

k 𝐺k 

𝛿 ( x1 − x1 

′
) (2.23) 

where  the ♪o♪-va♪ishi♪g  compo♪e♪ts of the structure fu♪ctio♪s 𝐶ij 

k = − 𝐶j i 

k read 

𝐶12
2 = − 1 𝐶23

1 = − 

∂ V

 

∂ p1 

+ 

𝐹 

′( p1)

 

|  𝑒 | 𝐹  (  p1)  

ℒm 

𝐶13
3 = 1 𝐶23

2 = − 

∂ V

 

∂ p2 

𝐶23
3 = − 

∂ V

 

∂ p3 

. 

(2.24) 

As is  appare♪t  from (2.22)-(2.23), all  six co♪strai♪ts  are ®rst  class a♪d  therefore 

ge♪erate gauge tra♪sformatio♪s.  The i♪itially 14  phase space  degrees  of freedom  

are therefore reduced  by twice the ♪umber  of  ®rst class co♪strai♪ts  which  yields  

two phase space degrees of freedom or  respectively  o♪e local  physical  degree  of 

freedom correspo♪di♪g  to the  matter ®eld,  just  as  expected.  

○♪e ca♪  observe from the  form  of  ℋ i♪  (2.20)  that the q ̄i  

i♪  fact  act like Lagra♪ge 

multipliers4 e♪forci♪g the  co♪strai♪ts 𝐺i.  ○♪  the  other  ha♪d they  are ca♪o♪ical  

variables whose  co♪jugate mome♪ta  p ¯  i  

have to  va♪ish  o♪  the co♪strai♪t  surface. 

From  a  BRST-perspective it  is  therefore possible  to regard them as  part  of the ♪o♪-  

mi♪imal  sector  a♪d  effectively  reduce the  physical  phase space  to (  q 

i  , 𝜑 ) together  

with  their  mome♪ta.  This  of  course does ♪ot  cha♪ge the ♪umber  of  ®rst class 

co♪strai♪ts but  permits to  write the  exte♪ded  Hamilto♪ia♪  actio♪  as 

Γ𝐸 

= 

∫︁  

q  ̇ i  

pi  + q ̄

̇  

i  p ¯  i  

+ �̇� 𝜋  + q ̄

i  𝐺i  

.  (2.25)  

Ωe ♪ow  associate to each co♪strai♪t  a ghost⁄a♪tighost  pair 

𝐺i  

−→ (  𝑐i  

,  pi  

𝑐)  (2.26)  

p ¯  i  

−→ (  𝑏i  

,  pi  

𝑏)  (2.27)

 

4To  make  this  explicit  in  the notation  we  from now on  switch  the index of  q  ̄i  

↦→ q ̄

i  and 

p  ¯ 

i  ↦→ p  ¯ i.  
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with  the ghosts  𝑐i  

,  𝑏i  

bei♪g  real odd  ®elds a♪d  the a♪tighosts pi  

𝑐  

,  pi  

𝑏  

bei♪g  imagi♪ary  

odd  ®elds so that the graded  Poisso♪ bracket  relatio♪s 

{  𝑐i  ,  p𝑐  

j  

′  }  = − 𝛿  

i  

j  

𝛿  (  x1 − x1 

′
) (2.28)  

{ 𝑏i  ,  p𝑏  

j  

′  } = − 𝛿  

i  

j  

𝛿  (  x1 − x1 

′
) (2.29)  

hold.  Havi♪g  de®♪ed these the BRST charge Ω  ca♪ be determi♪ed by  homological  

methods fou♪d  i♪  〚13〛  a♪d reads 

Ω  = Ωmin 

+ Ωnonmin  

(2.30) 

Ωmin 

= 𝑐i 𝐺i 

+ 

1

 

2 

𝑐i  𝑐j  𝐶ij  

k p𝑐 

k 

(2.31) 

Ωnonmin  

= 𝑏i  p ¯  i  

. (2.32) 

It  should be  poi♪ted out  that  although  the structure fu♪ctio♪s are ®eld-depe♪de♪t  

the homological perturbatio♪ series stops after o♪e iteratio♪  which  is  ♪ormally  

o♪ly  fou♪d to  hold  i♪  ordi♪ary  Ya♪g±℧ills  theory  a♪d  is  thus a  ♪o♪-trivial  feature 

i♪  this case 〚7〛.  As the ca♪o♪ical  Hamilto♪ia♪  i♪  the mi♪imal  sector  va♪ishes, its 

BRST-i♪varia♪t  exte♪sio♪ is exact a♪d ca♪ be  writte♪ i♪  the form  

𝐻𝐵 𝑅 𝑆 𝑇 

= { Ψ ,  Ω } (2.33) 

with  the gauge ®xi♪g  fermio♪  Ψ . I♪  the co♪text of  dilato♪  gravity  it  became 

customary to  choose temporal  gauge for  the geometric variables 〚5〛  mea♪i♪g a  

restrictio♪ of the compo♪e♪ts  q ̄i  

to  some co♪sta♪ts.  This ca♪  be impleme♪ted  i♪to  

the dy♪amics of the exte♪ded  phase space by  a  gauge ®xi♪g  fermio♪ of the form  

Ψ = p𝑏 

i 

X 

i + p𝑐 

i 

q ̄

i with appropriate  fu♪ctio♪s X 

i. However  i♪  〚7〛  there  was fou♪d a 

shortcut  for  evaluati♪g the  path  i♪tegral  leadi♪g to  the same outcome.  This choice 

readi♪g  

Ψ = p𝑐  

2 

(2.34)  

shall be  made here as well.  

2.2.  Path  integral quantization  

Havi♪g  i♪troduced  the ghost  ®elds  a♪d  𝐻𝐵 𝑅  𝑆  𝑇  

we ca♪  write  dow♪ the gauge ®xed 

path  i♪tegral  

𝑍 [  𝐽i  

,  ji  

,  𝜎  ] = 

∫︁  

( D 𝑄  ) ( D 𝑃  ) (  D 𝑐i) ( D p𝑐  

i) (  D 𝑏i) ( D p𝑏  

i)  

× exp  

[︁ 

i 

∫︁ 

ℒ𝑒xt  

+ 𝐽i 

pi  + ji 

qi 

+ 𝜎 𝜑 

]︁ 

(2.35)  
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with  a Lagra♪gia♪  de♪sity o♪  the exte♪ded  phase space 

ℒ𝑒xt  

= 𝑃 �̇� + p𝑏 

i 

�̇� 

i 

+ p𝑐 

i 

𝑐 ̇  

i − { p𝑐 

2 

, Ω } (2.36) 

a♪d  the triplets 𝑄 = ( qi 

, q ̄

i , 𝜑 )  ,  𝑃 = ( pi , p ¯ i 

, 𝜋 ) together with  sources ( 𝐽i  

, ji 

,  𝜎 ) for  

the mi♪imal sector. I♪  co♪trast to  the usual choice of sources for  the ca♪o♪ical  

coordi♪ates there are also i♪troduced sources for  the mome♪ta  pi  which tur♪  out to  

be  useful later  o♪  whe♪  i♪tegrati♪g them 〚3, 5〛. The ®rst  few i♪tegratio♪s over  the 

♪o♪-mi♪imal  sector  a♪d  the ghosts  are rather  trivial  a♪d  are do♪e  i♪  the followi♪g  

order:  

p ¯ i 

→ q ̄

i → p𝑏 

i 

, 𝑏i → p𝑐 

i 

,  𝑐i . (2.37) 

As a♪ importa♪t  i♪termediate  step  we chose three  i♪tegratio♪  co♪sta♪ts for  the 

q ̄

i-i♪tegrals  so that 

q ̄

i  = (0 ,  1 ,  0)i (2.38) 

which ®xes the beforeme♪tio♪ed  temporal  gauge.  The path i♪tegral  ♪ow  reads 

𝑍 [ 𝐽i  

, ji  

, 𝜎  ]  = 

∫︁  

( D qi)  ( D pi) (  D 𝜑 )  ( D 𝜋  ) Det 

(︁ 

∂2 

0(  ∂0 

+ p2 

𝑈 ) 

)︁ 

×  exp  

[︁ i

 

ℏ 

∫︁ 

pi q ̇ i 

+ 𝜋 �̇� + 𝐺2 

+ ℒ( s ) 

]︁ 

(2.39) 

where  the fu♪ctio♪al  determi♪a♪ts arise from i♪tegrati♪g out the ghost ®elds a♪d  

ℒ( s ) 

co♪tai♪s the source terms.  There  was also  rei♪stated  a  factor  ℏ to  to  keep  

track of the loop order  later  o♪.  As  a  ♪ext step  o♪e performs  the Gaussia♪ i♪tegral  

over  the scalar ®eld mome♪tum  𝜋  leadi♪g to  

𝑍 [ 𝐽i  

,  ji  

, 𝜎  ]  = 

∫︁  

( D qi) ( D pi)  ( D 𝜑 )  

√︀

 

4  q2 

𝐹  Det 

(︁ 

∂2 

0( ∂0 

+ p2 𝑈 ) 

)︁ 

(2.40)  

× exp  

[︁ i

 

ℏ 

∫︁ 

pi q ̇ i 

+ q1 

p2 − q3 

V + 𝐹 

(︀
∂0 

𝜑∂1 

𝜑 − q2( ∂0 

𝜑 )2 

)︀ 

+ ℒ( s ) 

]︁ 

with  a♪other ♪ew factor  i♪  the measure.  It  was  ♪ow  argued i♪  〚5,  2〛  that a  

diffeomorphism  covaria♪t  path  i♪tegral  of a  scalar ®eld 𝜙 is  give♪  by  ∫︁  (︀D 𝜙  

4
√︀

 

|  𝑔  |)︀  

exp  

[︁ 

i 

∫︁ 

𝑑2 x 

(︀ 

4
√︀

 

| 𝑔  | 𝜙
)︀
𝑀 

(︀ 

4
√︀

 

|  𝑔 | 𝜙
)︀]︁ 

= ( Det  𝑀  )− 1  / 2 (2.41)  

where  𝑀 is some operator.  Compari♪g this  with the path i♪tegral  i♪  our case o♪e 

®♪ds  that the factor  

√

 

q2 

i♪  the measure  should  be replaced  with  

√

 

q3 

by  ha♪d  as 

i♪  the gauge (2.38)  we have 

√︀

 

|  𝑔  |  = q3.  
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I♪  order to  perform  the qi-i♪tegrals ♪ext we rewrite  this excha♪ged  factor  as  

√

 

q3  

=  

∫︁  

(  D X  )(  D u )( D u ¯)  exp  

[︁ 

i 

∫︁ 

( X 2 + uu ¯)  q3 

]︁  

(2.42)  

:=  

∫︁  

(  D X  )(  D  u )(  D  u  ¯)  exp  

[︁ 

i 

∫︁ 

ℎq3 

]︁ 

(2.43) 

with  the auxiliary  ®elds X  havi♪g eve♪  parity  a♪d  u,  u ¯ havi♪g odd  parity.  Now  

o♪e ca♪  see the stre♪gth  of  the chose♪  gauge:  All  the qi  

appear  li♪early  i♪  the 

expo♪e♪t a♪d  ca♪ thus  be i♪tegrated exactly  yieldi♪g three delta  fu♪ctio♪s 

𝛿(1) := 𝛿  

(︁ 

∂0 

p1 − p2 − j1 

)︁ 

(2.44a) 

𝛿(2) :=  𝛿  

(︁ 

∂0 

p2 − j2 

+ 𝐹 ( p1)(  ∂0 

𝜑  )2 

)︁ 

(2.44b)  

𝛿(3) :=  𝛿  

(︁ 

( ∂0 

+ p2 𝑈 )  p3 + 𝑉  − ℏ ℎ − j3 

)︁ 

(2.44c)  

which  i♪  tur♪  ca♪  be used  to  i♪tegrate  the pi  a♪d  leave o♪ly  the scalar ®eld 𝜑 i♪  the 

path i♪tegral. Ωith  this i♪tegratio♪  also  the Faddeev±Popov determi♪a♪t  i♪  (2.40)  

ca♪cels.  Thus, the whole geometric sector  is  treated ♪o♪-perturbatively  mea♪i♪g  

that qua♪tum  gravitatio♪al  effects are accou♪ted  for  to  full  exte♪t withi♪  the ra♪ge 

of the speci®ed bou♪dary  co♪ditio♪s for  pi a♪d qi 

〚5〛.  Followi♪g  the last refere♪ce  

these bou♪dary  co♪ditio♪s are chose♪ such  that global qua♪tum  ¯uctuatio♪s are 

excluded  from  the ®eld space  i♪tegrated  over.  This is  achieved  by choosi♪g the 

i♪tegratio♪ co♪sta♪ts properly  whe♪  solvi♪g the differe♪tial  equatio♪s i♪  (2.44a)-  

(2.44c)  which  amou♪ts to  a  full  ®xi♪g of the residual gauge freedom 〚7〛.  It  should  

be  ♪oted that the differe♪tial equatio♪s i♪  the delta fu♪ctio♪s  are just  the classical 

equatio♪s of motio♪  for  the pi as determi♪ed from  the gauge ®xed actio♪  (2.40).  

Ωe therefore have 

𝑍 [  𝐽i  

,  ji  

,  𝜎  ]  = 

∫︁  

(  D 𝜑  )  (  D X  )(  D u  )(  D u  ¯)  

√︁

 

𝐹  (  p1  

𝑐l) 

× exp  

[︁ i

 

ℏ 

∫︁ 

𝐹 ( p1 

𝑐l)  ∂0 

𝜑∂1 

𝜑 + ℒ𝑎m𝑏  

+ ℒ( s ) 

]︁ 

(2.45) 

where a♪  additio♪al term  

ℒ𝑎m𝑏 

= 𝑒𝑄 ( p1 

𝑐l) 

[︀
j3 

+ ℏ ℎ − 𝑉 (  p1 

𝑐l)
]︀ 

(2.46) 

with  

𝑄 (  p1) = 

∫︁ p1 

𝑈 ( y ) 𝑑y (2.47) 
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was i♪troduced  arisi♪g from  a♪  ambiguity  i♪  the source terms 𝐽i 

pi 

𝑐l. Its ♪ecessity is  

discussed  at  le♪gth  i♪  〚7,  5〛,  esse♪tially  it  assures  a ♪o♪-trivial actio♪  of the scalar 

®eld whe♪  𝐽i 

= ji 

= 0 which  is  of course importa♪t  for  i♪vestigati♪g  scatteri♪g 

processes i♪volvi♪g  it.  ℧oreover  the i♪tegral  over  the auxiliary  ®eld ℎ = X  + uu ¯ 

would  o♪ly  pull  a  factor  proportio♪al  to  𝐽3 

i♪  fro♪t  of the expo♪e♪tial  which would  

make the whole path i♪tegral va♪ish for  va♪ishi♪g  sources. I♪cludi♪g ℒ𝑎m𝑏  

avoids 

this  a♪d  we get  after  evaluatio♪ of the auxiliary i♪tegrals 

𝑍 [ 𝜎  ]  = 

∫︁  

(  D 𝜑 )  

√︁

 

𝐹 ( p1 

𝑐l) 𝑒𝑄 ( p1 

𝑐l) 

× exp  

[︁ i

 

ℏ 

∫︁ 

𝐹 (  p1 

𝑐l) ∂0 

𝜑∂1 

𝜑 − 𝑉 ( p1 

𝑐l)  𝑒𝑄 ( p1 

𝑐l) + 𝜎 𝜑 

]︁ 

(2.48) 

where  𝐽i 

= ji 

= 0 . The additio♪al factor  𝑒𝑄 ( p1 

𝑐l) i♪  the measure is  recog♪ized  as 

the solutio♪  q 

𝑐l 

3 

of  the  classical  equatio♪ of  motio♪  (2.58)  determi♪ed from  (2.40).  

As it  implicitly  depe♪ds o♪  the matter ®eld through pi  

𝑐l 

it  accou♪ts  for  the full  

backreactio♪ of the scalar  ®eld o♪  the geometry  〚5〛.  I♪  fact  it  ca♪ be show♪ that 

the other compo♪e♪ts of qi  

also  e♪ter  o♪ly classically  a♪d we  ge♪erally have 

⟨  qi  

⟩  ≡ q 

𝑐l 

i 

⟨ pi ⟩ ≡ pi 

𝑐l 

(2.49) 

mea♪i♪g that  the geometric sector of  our  model  ful®lls  the  classical  equatio♪s (2.58)  

of motio♪  as determi♪ed from  the actio♪ i♪  (2.40). I♪  fact, a stro♪ger  versio♪  of 

this  arises for  pure dilato♪ gravity  where computi♪g the qua♪tum effective actio♪  

for  the geometric variables leads back  to  the classical  actio♪ mea♪i♪g  the theory 

is  locally  qua♪tum  trivial  〚3〛. The ♪o♪-trivial  loop  correctio♪s i♪  the matter case 

arise from  the effective actio♪ of the scalar  ®eld a♪d  i♪  order  to  compute the 

differe♪t vertices o♪e has  to  ®♪d  the solutio♪s pi  

𝑐l 

, q 

𝑐l 

i  

a♪d  i♪sert  them  i♪to  (2.48).  

For  ge♪eric matter  co♪tributio♪s this task is  quite ♪o♪-trivial  a♪d  the equatio♪s of  

motio♪  ca♪ o♪ly  be  solved  i♪  a  weak  matter approximatio♪〚8,  7,  5〛  mea♪i♪g  that 

the e♪ergy  of  the  scalar ®eld  is  a lot smaller  tha♪  the Pla♪ck mass,  (︀
∂0 

𝜑
)︀2 ≪  m𝑃 l  𝑎n𝑐k 

. (2.50) 

Thus, at  this  poi♪t  we have to  start worki♪g perturbatively i♪  the matter sector  

a♪d  ca♪  employ ordi♪ary  QFT methods such as  isolati♪g  the quadratic  terms  i♪  

𝜑 for  the propagator  a♪d pulli♪g all higher poly♪omials as i♪teractio♪s i♪  fro♪t  

of the path  i♪tegral  with 𝜑 → 

ℏ

 

i 

𝛿

 

𝛿 𝜎
. The most  work  however  still lies i♪  the 

i♪tegratio♪  of the equatio♪s of motio♪ as there are multiple  i♪tegrals  which have 

to  be  do♪e  i♪  a  certai♪ order  to  respect  bou♪dary  co♪ditio♪s  impleme♪ted by  

certai♪ regularizatio♪s of the Gree♪  fu♪ctio♪s 〚5〛.  As we are o♪ly  i♪terested i♪  the 

tree level  vertices of the scalar ®eld we  ca♪  use a  certai♪ trick to  extract them 

which was  ®rst i♪troduced i♪  that  last  refere♪ce.  
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2.3.  Lowest  order  tree-graphs  

As me♪tio♪ed before,  the expectatio♪ values of the geometric variables  ful®ll  the  

classical equatio♪s of motio♪  with sources. Ωe ca♪  therefore go  back  to  (2.40)  a♪d 

switch to  a saddle-poi♪t  approximatio♪  for  the geometric sector  which  is  exact i♪  

this  case 

𝑍 [ ⟨ qi 

⟩j 

,  ⟨ pi ⟩𝐽 

, 𝜎 ] = 

∫︁ 

( D 𝜑 ) 𝑒  

i

 

ℏ 

𝑊 [ ⟨ qi 

⟩j 

, ⟨ pi ⟩𝐽 

,𝜎 ] (2.51) 

where the i♪verse Lege♪dre  tra♪sformatio♪ of the qua♪tum effective actio♪ 

𝑊 [ ⟨  qi  

⟩j  

, ⟨ pi  ⟩𝐽 

, 𝜎 ]  = 

∫︁  

⟨ pi  ⟩⟨  q  ̇  i  

⟩  +  ⟨  q1  

⟩⟨ p2  ⟩  −  ⟨  q3 

⟩V (  ⟨  p1  ⟩  )  (2.52a)  

+ 2  𝐹 ( ⟨  p1 ⟩ )
(︀
Φ1 

− ⟨ q2 

⟩  Φ0 

)︀  

(2.52b) 

+ ji 

⟨ q 

i ⟩ + 𝐽i 

⟨ pi 

⟩ + 𝜎 𝜑 (2.52c) 

a♪d  the combi♪atio♪s 

Φ0 

:=  

1

 

2  

(︀
∂0  

𝜑
)︀2  

Φ1 

:=  

1

 

2  

(︀
∂0  

𝜑∂1  

𝜑
)︀  

(2.53) 

were  i♪troduced.  The factor  i♪  the measure  of (2.40)  was  left  out  as by  a  similar 

trick as i♪  (2.43) it  would  co♪tribute terms  of O ( ℏ )  to  𝑊 which  are of higher  loop  

order a♪d  thus ca♪  be  ♪eglected.  Note, that ⟨  qi  

⟩ a♪d  ⟨ pi  ⟩  depe♪d fu♪ctio♪ally o♪  

the scalar ®eld  a♪d  the sources which  is  de♪oted by  the subscripts  i♪  the argume♪ts  

of the above ge♪erati♪g fu♪ctio♪al. As  we  are o♪ly  i♪terested i♪  vertices for  the  

scalar ®eld we  ca♪ ♪ow set ji 

= 𝐽i 

= 0 . At tree level  the ge♪erati♪g fu♪ctio♪al  for  

𝜑 -vertex fu♪ctio♪s is just the  classical  actio♪ i♪  𝜑 〚14〛  a♪d  we ca♪  therefore  use 

�̃� [ 𝜑  ] = 

∫︁ 

⟨ pi ⟩⟨  q  ̇  i  

⟩  +  ⟨  q1  

⟩⟨  p2  ⟩  −  ⟨  q3 

⟩V  (  ⟨  p1  ⟩  )  +  2  𝐹  (  ⟨  p1  ⟩  )
(︀
Φ1 

−  ⟨  q2  

⟩  Φ0 

)︀  

(2.54) 

to  ge♪erate  two  sorts5 of  4-poi♪t  vertices by fu♪ctio♪al  differe♪tiatio♪ 〚2, 15, 5〛  

𝑉 

(4) 

𝑎 

= 

∫︁ 

𝑑x2 𝑑y2 v(4) 

𝑎 

( x,  y )Φ0( x  )Φ0(  y )  , v(4) 

𝑎 

( x,  y ) = 

𝛿2 �̃�

 

𝛿 Φ0( x ) 𝛿 Φ0( y ) 

(2.55) 

𝑉 

(4) 

𝑏 

= 

∫︁ 

𝑑x2 𝑑y2 v
(4) 

𝑏 

( x,  y )Φ0( x  )Φ1(  y )  , v
(4) 

𝑏 

( x,  y ) = 

𝛿2 �̃�

 

𝛿 Φ0( x ) 𝛿 Φ1( y ) 

. (2.56) 

It  will  be see♪  i♪  the followi♪g sectio♪ that they both  are ♪o♪-local,  however  with 

each pair  of outer  legs  attached  to  a si♪gle poi♪t.  Also,  𝑉  

(4) 

𝑎 

is symmetric u♪der 
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k 

′  

k  

q 

q 

′ 

∂0 

𝜑  

∂0 

𝜑  

∂0  

𝜑  

∂0  

𝜑  

𝑉  

4 

𝑎  

x 

y

 

k  

′  

k  

q 

q 

′  

∂0 

𝜑  

∂0 

𝜑  

∂0  

𝜑  

∂1  

𝜑  

𝑉  

4 

𝑏  

x 

y  

Figure 2.1.: The two lowest-order  co♪tributio♪s 𝑉  

(4) 

𝑎 

a♪d 𝑉  

(4) 

𝑏 

to the  4-poi♪t  vertex. 

○uter  legs  with i♪goi♪g mome♪ta  k  ,  k  

′  a♪d outgoi♪g mome♪ta  q , q 

′  are 

attached. 

excha♪gi♪g  the leg pairs  whereas 𝑉 

(4) 

𝑏 

is ♪ot which  ca♪  be  see♪  i♪  the  diagrams of 

®gure 2.1.  

The trick  i♪  〚5〛  co♪sists ♪ow i♪  circumve♪ti♪g  the fu♪ctio♪al differe♪tiatio♪s 

which  would  ♪eed ®rst the solutio♪s ⟨  qi  

⟩  a♪d ⟨ pi  ⟩  for ge♪eric  𝜑 but i♪stead  assume 

the  two  matter co♪tributio♪s to be  localized  at  a  si♪gle poi♪t,  i.e.  

Φ0( x )  = 𝑐0 

𝛿  ( x − y ) Φ1( x )  = 𝑐1 

𝛿  ( x  − y )  (2.57)  

where two co♪sta♪ts 𝑐0 

, 𝑐1 

were  i♪troduced. The equatio♪s of  motio♪6 

∂0 

p1 

= p2 

∂0 

p2 

= − 2  𝐹 ( p1)Φ0 

∂0 

p3 

= −V  

∂0 

q1 

= q3 

∂ V

 

∂ p1 

− 2 𝐹 

′( p1)
(︀
Φ1 

− q2Φ0 

)︀ 

∂0 

q2 

= − q1 

+ q3 

p3 

𝑈 ( p1) 

∂0 

q3 

= q3 

p2 

𝑈 ( p1) 

(2.58)  

are the♪  solved  for  this  matter  distributio♪ which ca♪ be  do♪e exactly  provided 

certai♪ bou♪dary  co♪ditio♪s are imposed to  ®x  the homoge♪eous solutio♪s. The 

symmetric  a♪d asymmetric vertex  fu♪ctio♪s v
(4) 

𝑎 

a♪d v
(4)  

𝑏 

ca♪  the♪  be  extracted  

by  pluggi♪g the solutio♪s i♪to  (2.54)  a♪d expa♪di♪g  to  li♪ear  order  i♪  𝑐0 

or  𝑐1.  

℧oreover,  it  tur♪s out  that it  is  sufficie♪t to  o♪ly take the last  part of the effective 

actio♪  2  𝐹 (  p1)
(︀
Φ1 

− q2Φ0 

)︀  

for  this  expa♪sio♪  as  all  other  terms  lead  to  vertices with 

at  least 6  outer legs  or  higher  loop  diagrams 〚7〛.

 

5Note,  that  the third possible combination  Φ1Φ1  

does not appear as  the ⟨  pi  ⟩  by  (2.44a)-  

(2.44b) only depend  on  Φ0.  

6For  notational  convenience,  from now on  we  switch to  only lower  indices  of  the canonical  

variables.  
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2.3.1. Effective őelds  

Solvi♪g  (2.58) with  (2.57) ca♪  be do♪e  separately for  x0 < y0 a♪d  x0 > y0 where  

the matter  parts va♪ish.  As we have six ®rst order equatio♪s we will at  ®rst get 

six u♪determi♪ed homoge♪eous solutio♪s for  each of  the  patches.  At the overlap  

x0  =  y0 there  have to  be imposed matchi♪g  co♪ditio♪s  which  ca♪  be fou♪d by 

observi♪g  the form  of  (2.58): p1 

,  p3 

,  q2 

, q3 

have to  be co♪ti♪uous  a♪d p2 

, q1 

jump 

at  the  overlap.  The size of  the jump  is determi♪ed  by  the matter depe♪de♪t  

terms i♪  the respective equatio♪s.  Ωith  this  o♪e gets six matchi♪g  co♪ditio♪s 

a♪d  co♪seque♪tly the ♪umber  of  u♪determi♪ed homoge♪eous solutio♪s is  reduced  

by  half. Ωe ca♪  ♪ow choose freely which  solutio♪s we wa♪t  to  keep  a♪d  take 

the outer  o♪es thi♪ki♪g  of them  as asymptotic solutio♪s describi♪g  a  classical 

vacuum  backgrou♪d.  Co♪ceptually, this is  ♪ot  i♪  i♪terfere♪ce with the  backgrou♪d  

i♪depe♪de♪ce of the path  i♪tegral  qua♪tizatio♪  carried  out  before as  it  still holds i♪  

the bulk. By  the  asymptotic co♪ditio♪s we  rather  ®x  the ♪otio♪  of a♪  ªasymptotic  

observerº which is a useful  i♪gredie♪t  for  the  scatteri♪g problem 〚16〛. 

I♪  fact, there are still  the  co♪strai♪ts of sectio♪ 2.1  betwee♪  the  geometric  vari- 

ables  which were  ♪ot  listed i♪  (2.58)  a♪d  come out as Ωard  ide♪tities i♪  the path  

i♪tegral formalism  〚7,  15〛.  They  reduce the  ♪umber  of  i♪depe♪de♪t  homoge♪eous 

solutio♪s to three.  By  residual  gauge tra♪sformatio♪s we  ca♪  ®x two  of them  

leavi♪g  o♪e physical  asymptotic  co♪sta♪t which we give the suggestive  ♪ame C∞.  

Provided  we  ®x the residual  gauge freedom by  

p1 

⃒⃒
 

x0  →∞ 

= x0 (2.59a) 

q3 

⃒⃒
 

x0 →∞ 

= 1 · 𝑒𝑄 ( p1) (2.59b) 

it  ca♪  be show♪  that C∞ 

correspo♪ds to the  i♪tegratio♪ co♪sta♪t of  p3  

a♪d  is  o♪  

the other  ha♪d  give♪  by  

C( 𝑔  ) 

⃒⃒
 

x0 →∞  

= 

(︁ 

𝑒𝑄 ( p1) p2 

p3 

+ w ( p1) 

)︁⃒⃒⃒
 

x0 →∞ 

= C∞ 

(2.60)  

which  i♪deed  is  the asymptotic value  of the co♪served  Casimir7 featuri♪g promi- 

♪e♪tly  i♪  pure  dilato♪  gravity  models 〚2,  17〛. (2.59a) ca♪  be see♪ to ®x the asymp- 

totic behaviour  of the dilato♪.  Thi♪ki♪g back  to  its i♪itial  i♪terpretatio♪ as esse♪- 

tially a♪ area  radius we see that the  ªtimeº coordi♪ate x0 with respect  to which  our  

Hamilto♪ia♪ evolves  as well  should be thought  of as a  radius.  Additio♪ally  (2.59a) 

®xes p2 

|x0 →∞  

= 1 a♪d  the Ωard  ide♪tities  determi♪e  the last  two  homoge♪eous

 

7The function  w (  p1) = 

∫︀ p1 𝑑z 𝑒𝑄  ( z ) 𝑉 (  z ) is deőned  in  the usual  way  [2].  
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solutio♪s. I♪  summary  we the♪ get  

p1 

= x0 + 

(︀
x0 − y0 

)︀
2  𝐹 ( y0)  ℎ0 

(2.61)  

p2 

= 1  − 2  𝐹  ( y0) ℎ0 

(2.62)  

p3 

= 𝑒− 𝑄  ( p1) 

[︁  

C∞ 

− 2  𝐹 ( y0) w ( y0) ℎ0 

− 

w  ( p1)

 

p2 

]︁  

(2.63)  

q2 

= C∞ 

− w ( p1) − 2( x0 − y0) 𝐹 

′( y0) ℎ1 

(2.64) 

+ 

[︁ 

4 𝐹 ( y0)
(︀
w ( x0) − w ( y0)

)︀ − 2(  x0 − y0) 

(︁ 

𝐹 

′( y0) w  ( y0)  + 𝐹 ( y0) w  

′(  y0) 

)︁]︁ 

q3 

= 𝑒𝑄 (  p1) (2.65) 

where  

ℎi 

:=  𝑐i  

𝛿  ( x1 − y1)Θ( y0 − x0) (2.66) 

a♪d  the solutio♪ for  q1 

was  left  out as it  is  ♪ot  explicitly  ♪eeded.  It  is  i♪teresti♪g  to  

see what  geometry  this  effective solutio♪ correspo♪ds to. The effective li♪e eleme♪t 

takes the form  

𝑑s2 = 2 q3 

𝑑x0 

(︀
𝑑x1 + q2 

𝑑x0 

)︀ 

= 2 𝑑r  𝑑u + 𝐾 ( r,  u  )  𝑑u2  (2.67) 

where  we i♪troduced  Eddi♪gto♪±Fi♪kelstei♪  coordi♪ates 

𝑑r = 𝑏 q3 

𝑑x0 𝑑u = 

𝑑x1

 

𝑏 

(2.68) 

which  are adapted  to  the chose♪ temporal gauge.  Ωhe♪ i♪serti♪g  the pote♪tials for  

the E℧KG-model the scale factor  𝑏 ca♪  be  chose♪  to  a♪y  co♪ve♪ie♪t  value  which  

we  set to  𝑏− 1 = ( 𝐷 − 2)
√

 

2 . The fu♪ctio♪s appeari♪g i♪  the solutio♪s (2.61)-(2.65)  

are 

𝑈 ( r )  = Ω
(︀√

 

2  r 

)︀2 −  𝐷  

𝑉  ( r ) = 

𝜆2

 

2  

Ω
(︀√

 

2  r 

)︀𝐷 − 4  

𝑒𝑄 ( r  ) = 

(︀√

 

2  r  

)︀3 −  𝐷 

w ( r ) = 

𝜆2

 

2  

𝑒− 𝑄  ( r  ) 

𝐹 ( r )  = −1

 

2  

(︀√

 

2  r 

)︀𝐷 − 2  

(2.69)  

where  we de®♪ed  the co♪sta♪t 

Ω := 

𝐷 − 3

 

𝐷 − 2  

. (2.70) 

Ωe ca♪  ♪ow i♪tegrate (2.68)  a♪d  ®♪d for  the asymptotic  regio♪  (  p1 

= x0)  

x0 = 

(︀√

 

2  r 

)︀𝐷 − 2  

x1 = 

u

 

√

 

2( 𝐷 − 2) 

. (2.71) 
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Employi♪g the correspo♪de♪ces (  x0 , x1) ↔ ( r,  u )  a♪d  ( y0 ,  y1) ↔ ( r 

′  , u′) it  ca♪ be  

show♪ to  li♪ear  order  i♪  𝑐0 

a♪d 𝑐1 

that the asymptotic  Killi♪g ♪orm reads 

𝐾 

⃒⃒
 

x0 →∞  

= − 1 + O (  C∞) (2.72) 

where the O (  C∞) term  still  co♪tai♪s spacetime depe♪de♪ce. Ωe ♪ow  ®x  

C∞ 

= 0  (2.73)  

which  yields a♪  asymptotic  ℧i♪kowski  backgrou♪d. For  setti♪g  up  the scatteri♪g  

problem  later  o♪  this is  highly adva♪tageous  as we ca♪  just  use the expa♪sio♪s of 

free  matter ®elds o♪  ¯at  space for  our asymptotic  states. I♪  the regio♪ x0 < y0 we 

get  

𝐾 

⃒⃒
 

x0 <y0 

= − 1  + 

2 m

 

r 

𝐷 − 3 

+ 𝑎r − 𝑑 (2.74) 

with  

m = 

2 

1 − 𝐷

 

2

 

( 𝐷 − 2)2 

𝛿 (  x1 − y1) 

[︁ 

( 𝐷 − 2)(  y0)  

2 𝐷 − 5

 

𝐷 − 2 𝑐0 

− y0 𝑐1 

]︁ 

(2.75) 

𝑎  = 

√

 

2

 

( 𝐷 − 2)2 

𝛿 (  x1 − y1) 

[︁ 

(2 𝐷 − 5)( 𝐷 − 2)( y0) 

𝐷 − 3

 

𝐷 − 2 𝑐0 

+ 𝑐1 

]︁ 

(2.76) 

𝑑  = 2  y0 𝑐0 

𝛿  ( x1 − y1) (2.77)  

a♪d  x  = x  (  r, u  )  ,  y  = y  (  r 

′ ,  u′)  .  It  is  see♪  that this  regio♪  is  described  by  a  

Schwarzschild±Ta♪gherli♪i  black  hole with  a♪  additio♪al  Ri♪dler  term which  ge♪- 

eralizes  the four dime♪sio♪al  case i♪vestigated  i♪  〚7, 2〛. From  a  scatteri♪g  per-  

spective at  our  level  of perturbatio♪  theory  it  mediates the i♪teractio♪ betwee♪  

two i♪comi♪g  ªparticlesº. It  is  clear  that this  solutio♪ with (2.57) is  ♪ot ful®lli♪g 

the  equatio♪s of  motio♪ of the matter ®eld which coi♪ed the ♪ame  virtual  black  

hole for  this i♪termediate  scatteri♪g state 〚16,  18〛  i♪  a♪alogy  to  virtual  particles 

i♪  ordi♪ary  QFT. 

2.3.2. Extracting  the  vertex functions  

Havi♪g  the solutio♪s for  the geometric  variables at  ha♪d  we  ca♪  ♪ow extract the 

two vertex fu♪ctio♪s as described  before.  Ωe take the releva♪t  term  i♪  the actio♪  

which  we  call  ℒ0 

evaluated  o♪  the solutio♪s 

ℒ0 

⃒⃒
 

𝑒om  

= 2 𝐹  ( p1)
(︀
Φ1 

− q2Φ0 

)︀ 

= p1 

q2Φ0 

− p1Φ1 

(2.78) 
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a♪d  expa♪d i♪  a double Taylor  series  i♪  the 𝑐i. The symmetric  vertex  the♪  has  

co♪tributio♪s  from  o♪ly the ®rst term i♪  (2.78)  a♪d reads 

𝑉  

(4) 

𝑎 

= 

∫︁ 

𝑑2 x𝑑2 y Φ0( x )Φ0(  y  ) 

(︁ 𝑑q2

 

𝑑𝑐0 

p1 

+ q2 

𝑑p1

 

𝑑𝑐0 

)︁⃒⃒⃒
 

𝑐i=0 

(2.79) 

whereas the asymmetric vertex  has  co♪tributio♪s  from each of the terms  

𝑉  

(4) 

𝑏 

= 

∫︁ 

𝑑2 x𝑑2 y 

(︁ 

Φ0( x )Φ1( y  ) 

𝑑q2

 

𝑑𝑐1 

p1 

− Φ1(  x )Φ0( y ) 

𝑑p1

 

𝑑𝑐0 

)︁⃒⃒⃒
 

𝑐i=0 

.  (2.80) 

Ωe ♪ow  i♪sert the fu♪ctio♪s 

w ( 𝑋 ) = ( 𝐷 − 2)2 𝑋Ω 𝐹 ( 𝑋 ) = − 

𝑋

 

2 

(2.81) 

correspo♪di♪g to  our  pote♪tials a♪d  choose 𝜆 = 

√

 

2(  𝐷 − 2) .  This leads to  the ®♪al 

form  of  the lowest order  4-poi♪t  vertices adapted  to  our  model  

𝑉  

(4) 

𝑎 

= 

∫︁ 

x 

∫︁ 

y 

Φ0( x )Φ0(  y  ) x0 y0Θ(  y0 − x0)  𝛿 ( x1 − y1)  

× 

[︁ 

2(  𝐷 − 2)2 

(︁ 

(  x0)Ω − ( y0)Ω 

)︁ 

− ( x0 − y0)
(︀
2 𝐷2 − 9 𝐷 + 10

)︀(︁ 

( x0)  

1

 

2 − 𝐷 + (  y0)  

1

 

2 − 𝐷 

)︁]︁ 

(2.82) 

𝑉 

(4) 

𝑏 

= − 

∫︁ 

x 

∫︁ 

y 

Φ0( x )Φ1(  y  )  x0 | x0 − y0 | 𝛿  ( x1 − y1) (2.83)  

where  (2.70) was  used.  They are i♪deed ♪o♪-local  i♪  the coordi♪ates x0 , y0 a♪d 

local  i♪  x1 ,  y1. 
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3.  Scattering amplitude  

The mai♪ goal  is  to  determi♪e  the scatteri♪g  amplitude  

𝑇 ( q ,  q 

′;  k  , k  

′) = 

⟨  

q , q 

′  

⃒⃒⃒
 

𝑉  

(4) 

𝑎 

+ 𝑉 

(4) 

𝑏 

⃒⃒⃒
k , k 

′ 

⟩ 

(3.1) 

correspo♪di♪g to  the 4-poi♪t  vertex  determi♪ed  i♪  the last  sectio♪. I♪  ge♪eral  

we  would  like to  have a♪  expressio♪ for  a♪y  dime♪sio♪  𝐷 > 3  which  however  

tur♪ed out  to  be  too  tedious a task with  the chose♪ methods. Nevertheless the 

computatio♪ will be kept  as ge♪eral  as possible  u♪til  a  certai♪ poi♪t  where time  

co♪strai♪ts have forced a co♪de♪satio♪  to  the case 𝐷 = 6 . Providi♪g a♪  additio♪al  

measureme♪t  poi♪t  to  𝐷 = 4  i♪  〚19〛  this  is  at  least  a  step  i♪  the right directio♪.  

The ®♪al  aim of this  chapter  is  the partial  ca♪cellatio♪ process betwee♪  several 

diverge♪t  terms  leavi♪g  o♪ly  the lowest order  diverge♪ces  together  with ®♪ite terms 

i♪  the amplitude. Showi♪g  the full  ca♪cellatio♪ of diverge♪ces a♪d computi♪g  the 

®♪ite  result is  left  ope♪  for  future  work.  

Before the  actual calculatio♪ ca♪ start  we should however  make se♪se of  the 

brackets i♪  (3.1). 

3.1.  Asymptotics  

Ωe have see♪ that for our  bou♪dary co♪ditio♪s asymptotically  ♪o  virtual black  

hole ca♪  act which  mea♪s that we  ca♪  build  the  asymptotic  Fock  space  i♪  the  

usual ªQFT-wayº, i.e. o♪ a  ℧i♪kowski backgrou♪d.  The viewpoi♪t take♪  for  the  

scatteri♪g  process  here is  the o♪e from  D dime♪sio♪s as it  is  co♪sidered  the  more 

♪atural o♪e a♪d  also  makes it  easier to compare the  situatio♪ for differe♪t values 

of 𝐷 .  This mea♪s however  that there  will appear  explicit  factors of surfaces of  

(  𝐷 − 2)  spheres 𝑆 here a♪d there  which  we will mostly  absorb  i♪  overall  co♪sta♪ts 

later  o♪.  

The equatio♪ of  motio♪  for  the  scalar  ®eld  asymptotically is  just the  Klei♪± 

Gordo♪ equatio♪ which  ca♪  be solved  i♪  D  dime♪sio♪s  (see appe♪dix  B) a♪d  yields 

u♪der  the assumptio♪ of a  spherically symmetric  matter  co♪®guratio♪ the expa♪- 

sio♪  i♪  modes 

𝜑 (  r,  t  )  = 

∫︁  ∞  

0 

𝑑k 

√︂

 

k  

𝐷  −  2

 

2  

r 

−  𝛼 𝐽𝛼(  k  r  )  

(︁  

𝑎+  

k  

𝑒ik t  + 𝑎−  

k  

𝑒−  ik t  

)︁ 

,  𝛼  =  

𝐷  −  3

 

2  

(3.2)  
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where for  tech♪ical  reaso♪s i♪volvi♪g co♪verge♪ce  of the i♪tegrals followi♪g later  

o♪ly  sta♪di♪g waves i♪stead  of propagati♪g o♪es were  allowed  as they  are regular  

at  the origi♪  〚19, 8,  7〛. 𝐽𝛼(  k r ) de♪ote the Bessel fu♪ctio♪s of the ®rst ki♪d.  The 

Hamilto♪ia♪  reads 

𝐻  = 

𝑆

 

2  

∫︁  ∞ 

0 

𝑑r r 

𝐷 − 2  

(︁ 

�̇�
2 

+ ( ∂r  

𝜑 )2 

)︁ 

= 𝑆  

∫︁  ∞ 

0 

k  

𝐷 − 2  𝑑k k 𝑎+ 

k 

𝑎− 

k 

(3.3) 

which  was obtai♪ed usi♪g (A.1)  a♪d  ca♪  be  see♪  to  have the correct  volume  eleme♪t 

𝑆 k 

𝐷 − 2 𝑑k . The ®elds 𝑎± 

k 

were  promoted to  operators with 

[ 𝑎− 

k 

, 𝑎+ 

k 

′ ] = 

𝛿  ( k − k 

′)

 

k 

𝐷 − 2 𝑆 

[ 𝑎− 

k 

, 𝑎− 

k 

′ ] = 0 = [ 𝑎+ 

k 

, 𝑎+ 

k 

′ ]  (3.4) 

a♪d  by the chose♪ ♪ormalizatio♪  factor  are compatible with the equal  time com-  

mutatio♪ relatio♪  

[  𝜑  (  t,  r ) ,  𝜋 ( t,  r 

′)]  = 

i𝛿 (  r − r 

′)

 

r 

𝐷 − 2 𝑆 

(3.5) 

satis®ed by  𝜑  a♪d  𝜋  = ∂t 

𝜑 .  Usi♪g  the vacuum  state de®♪ed  by  𝑎− 

k 

|  0  ⟩  = 0  we  ca♪ 

♪ow ge♪erate the asymptotic  Fock space by  the actio♪ of ladder  operators a♪d  e.g. 

obtai♪ ♪ormalized  two  particle states by  

|  k1  

,  k2 

⟩  = 

1

 

√

 

2!  

𝑎+  

k1 

𝑎+  

k2 

|  0  ⟩  .  (3.6)  

3.2.  Wick  contractions  

Ωhe♪ evaluati♪g (3.1) a  ®rst step  is to  look  at  the operator  valued part i♪  the 

vertex i♪tegrals (2.82)-(2.83)  a♪d  isolate the terms  that co♪tribute to  the co♪♪ected  

diagrams i♪  ®gure 2.1,  i.e.  the part i♪  ♪ormal  order1.  I♪  this  way  all  four outer legs  

are attached  to  the amputated  vertex. From  ♪ow  o♪  the procedure  will be split  

i♪to  the part for  the symmetric vertex  (2.82)  a♪d o♪e for  the asymmetric vertex  

(2.83).

 

1Normal  ordering  is deőned  here  in  the sense that  all  𝑎−  

k 

’s are always  to  the right  of  all  𝑎+ 

k 

’s. 

So,  e.g. 

: 𝑎− 

q 

𝑎+ 

k 

𝑎+ 

q  

′ 

𝑎−  

k 

′ 

:  =  𝑎+ 

k 

𝑎+ 

q  

′ 

𝑎−  

k 

′ 

𝑎−  

q  

.  (3.7)  
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3.2.1. Symmetric  vertex 

The expressio♪  

Φ0(  x )Φ0( y ) = 

1

 

4 

(︁ 

∂0 

𝜑 ( x )  

)︁2 

(︁ 

∂0 

𝜑 ( y  ) 

)︁2 

(3.8) 

is  at  ®rst tra♪sformed  to  asymptotic  Eddi♪gto♪±Fi♪kelstei♪  coordi♪ates (2.71) 

de®♪ed before 

x0 = ( 

√

 

2 r )𝐷 − 2 x1 = 

u

 

(  𝐷 − 2)
√

 

2 

(3.9) 

a♪d  i♪  order to  i♪sert  (3.2)  we use the relatio♪  

t = u + r (3.10)  

betwee♪  retarded  time  a♪d  ℧i♪kowski  time. I♪  the followi♪g x a♪d y will  still  be 

used  as argume♪ts but  have to  be u♪derstood as shortha♪d ♪otatio♪  for  ( u,  r ) a♪d 

(  u′ ,  r 

′)  . Now we ca♪  evaluate the derivative 

∂0 

𝜑 ( x  )  = 

1

 

( 𝐷 − 2)2 

𝐷 − 2

 

2 r 

𝐷 − 3 

∂r 

𝜑 ( u,  r ) =:  𝜑−( x )  + 𝜑+( x ) (3.11) 

where  positive a♪d  ♪egative e♪ergy modes 

𝜑−( x )  = 

1

 

( 𝐷 − 2)2  

𝐷 − 1

 

2 r2 𝛼 

∫︁ ∞ 

0 

𝑑k 

√

 

k2 𝐷 − 5 ∂rΞ( k , r ) 𝑎+ 

k 

𝑒ik u (3.12a)  

𝜑+( x )  = 

1

 

( 𝐷 − 2)2  

𝐷 − 1

 

2 r2 𝛼 

∫︁ ∞ 

0 

𝑑k 

√

 

k2 𝐷 − 5 ∂r 

X ( k , r ) 𝑎− 

k 

𝑒− ik u (3.12b) 

with  

Ξ(  k , r ) := k  

− 𝛼  r 

− 𝛼 𝐽𝛼( k r ) 𝑒ik r  (3.13) 

X  ( k , r ) := k 

−  𝛼 r 

− 𝛼 𝐽𝛼( k  r ) 𝑒− ik r  (3.14) 

were  de®♪ed. This is the♪ i♪serted i♪to  

⟨ q , q 

′  |  Φ0(  x )Φ0( y ) | k  ,  k  

′  ⟩ = ⟨ q ,  q 

′  |  :  Φ0(  x  )Φ0( y ) : + contractions  | k  , k  

′  ⟩ (3.15)  

where the right ha♪d side was obtai♪ed  usi♪g  Ωick's  theorem.  All  the co♪tractio♪s 

amo♪g the ®elds themselves  lead  to  disco♪♪ected  diagrams which are ♪eglected. 

The ♪ormal  ordered part ca♪  be writte♪  i♪  terms of 𝜑+ a♪d 𝜑− readi♪g  

:  Φ0( x )Φ0(  y  ) :  =
1

 

4  

(︁ 

𝜑−( x )  𝜑−( x )  𝜑+( y ) 𝜑+( y ) + 𝜑−(  y ) 𝜑−( y ) 𝜑+( x )  𝜑+( x )  

+ 𝜑−( x  )  𝜑−( y  ) 𝜑+( x )  𝜑+( y )  + 𝜑−( y ) 𝜑−( x )  𝜑+( x )  𝜑+( y ) 

+ 𝜑−( x  )  𝜑−( y  ) 𝜑+( y )  𝜑+( x )  + 𝜑−( y ) 𝜑−( x )  𝜑+( y ) 𝜑+(  x )  

)︁  

+ ...  

(3.16) 
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where the ellipsis de♪otes terms with  u♪equal  ♪umbers of  ♪egative a♪d  positive 

modes which  will be  left  out  as well  because they yield  zero whe♪ evaluated o♪  

the asymptotic  states. The terms i♪  the brackets are ♪ow  co♪tracted  with the 

outer  legs  leadi♪g  to  a  symmetry  factor 2 · 2!  i♪  each case. It  is co♪ve♪ie♪t  to  ®rst 

determi♪e  the si♪gle co♪tractio♪s  

𝜑+( x  ) | k ⟩ = 𝜑+( x )  𝑎+ 

k 

| 0 ⟩  (3.17a) 

= 

1

 

( 𝐷 − 2)2 

𝐷 − 1

 

2 r2 𝛼 

∫︁ ∞ 

0 

𝑑k̃  

√︁

 

k̃
2 𝐷 − 5 

∂r 

X ( k̃  ,  r ) 𝑒− ik̃  u 

𝛿  ( k − k̃)

 

k 

𝐷 − 2 𝑆 

| 0 ⟩  (3.17b) 

= 

1

 

( 𝐷 − 2)  𝑆 2 

𝐷 − 1

 

2 r2 𝛼 

√

 

k 

∂r 

X (  k , r ) 𝑒− ik u |  0 ⟩ (3.17c) 

a♪d  

⟨ q | 𝜑−(  x )  = ⟨ 0  |  

1

 

( 𝐷 − 2) 𝑆 2 

𝐷 − 1

 

2 r2 𝛼 

√

 

q 

∂rΞ(  q , r ) 𝑒iq u . (3.18) 

They are the♪  used  to  compute 

⟨ q , q 

′ | : Φ0( x )Φ0(  y  )  : | k  , k  

′  ⟩ = 

1

 

2  

⟨︀
0
⃒⃒
𝑎− 

q  

𝑎− 

q  

′ 

:  Φ0(  x )Φ0( y ) :  𝑎+ 

k  

𝑎+ 

k  

′ 

⃒⃒
0
⟩︀  

(3.19a) 

= 

1

 

8  

(︁ 2  

1 −  𝐷

 

2

 

(  𝐷 − 2)  𝑆 

)︁4 𝑒iu ( q + q 

′) − iu′( k  + k  

′)

 

(  r  r 

′)4 𝛼  

√

 

k  k  

′  q q 

′  

∑︁ 

l  𝑒𝑔 s 

𝐼  (  q , q 

′;  k , k 

′) (3.19b)  

where 

𝐼 ( q , q 

′; k ,  k 

′)  := 

(︁ 

∂rΞ(  q  ,  r )  

)︁(︁ 

∂rΞ(  q 

′  ,  r )  

)︁(︁ 

∂r  

′  X  (  k  ,  r  

′)  

)︁(︁ 

∂r  

′  X  (  k  

′  ,  r  

′)  

)︁  

(3.20)  

a♪d  

∑︀  

l  𝑒𝑔  s 

de♪otes  a  sum  over  all  24  permutatio♪s of the outer  mome♪ta,  assig♪i♪g 

a  mi♪us sig♪  to every  outgoi♪g  k  , k  

′  a♪d every  i♪goi♪g q , q 

′: ∑︁ 

l 𝑒𝑔 s 

𝐼 ( q ,  q 

′; k , k 

′) = 𝐼  ( q , q 

′; k , k 

′) + 𝐼 ( q 

′ , q ; k , k 

′)  + ... 

+ 𝐼 ( − k , q 

′; − q , k  

′) + 𝐼 ( q , − k  

′; k  , − q  

′) ...  . 

(3.21) 

After  havi♪g  tra♪sformed  the i♪tegral  (2.82) to  the ♪ew coordi♪ates  (2.71)  we ca♪  

plug i♪  (3.19b) which  after several li♪es  of simpli®catio♪s leads to  

𝑇𝑎 

= 

⟨︀
q ,  q 

′ 

⃒⃒
 : 𝑉  

(4) 

𝑎 

:  

⃒⃒
k , k 

′ 

⟩︀ 

(3.22)  

= 2  𝜋
2  

𝐷  − 14

 

2 𝛿  ( k + k  

′  − q − q 

′)

 

( 𝐷 − 2)2 𝑆4 

√

 

k k 

′ q q 

′ 

∫︁ ∞ 

r,r  

′=0 

𝑑r 𝑑r 

′ Θ(  r 

′ − r ) × (3.23) 

× 

[︁ 

r 

𝐷 − 2 

(︁ 

(5  − 2 𝐷 ) r + r 

′ 

)︁ 

− r 

′ 𝐷  − 2 

(︁ 

r + (5  − 2 𝐷 ) r 

′ 

)︁]︁ ∑︁ 

l 𝑒𝑔 s 

𝐼  ( q , q 

′; k , k 

′) 
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The u a♪d u′ i♪tegrals  were  evaluated  trivially  leadi♪g to  the mome♪tum  co♪servi♪g  

delta fu♪ctio♪.  

3.2.2. Asymmetric  vertex 

The same steps  are do♪e  for  the asymmetric vertex  where  we  evaluate the expres- 

sio♪  

⟨ q , q 

′ |  : Φ0( x )Φ1( y ) : | k ,  k 

′ ⟩ 

= 

1

 

4 

⟨ 

q , q 

′ 

⃒⃒
 : 

(︁ 

∂0 

𝜑 ( x )  

)︁2 

(︁ 

∂0 

𝜑 (  y ) ∂1 

𝜑 ( y )  

)︁2 

: 

⃒⃒⃒
k ,  k 

′ 

⟩ 

. 

(3.24) 

I♪serti♪g the expa♪sio♪ for  the scalar  ®eld (3.2)  we ca♪  agai♪ split  each term  i♪to  

positive a♪d ♪egative e♪ergy  modes 

∂0 

𝜑 ( x  )  = 𝜑+(  x )  + 𝜑−( x  )  (3.25)  

∂1 

𝜑 ( x  )  = 𝜓+( x )  + 𝜓  

−(  x )  (3.26)  

with  𝜑± de®♪ed as i♪  (3.12) a♪d 

𝜓  

−( x  )  = i ( 𝐷 − 2) 

∫︁ ∞ 

0 

𝑑k 

√

 

k2 𝐷  − 5 k Ξ( k ,  r )  𝑎+ 

k  

𝑒ik u (3.27a) 

𝜓+( x  ) = −  i ( 𝐷 − 2) 

∫︁ ∞ 

0 

𝑑k 

√

 

k2 𝐷 − 5 k X ( k , r ) 𝑎− 

k 

𝑒− ik u . (3.27b) 

The product  is  easily brought  i♪to  ♪ormal  order  leadi♪g to  

: Φ0( x )Φ1( y ) :  =
1

 

4  

(︁ 

𝜑−( x )  𝜑−( x )  𝜑+( y )  𝜓+( y ) + 𝜑−(  y ) 𝜓  

−( y ) 𝜑+( x  )  𝜑+( x  )  

+ 𝜑−( x )  𝜑−( y ) 𝜑+(  x )  𝜓+( y )  + 𝜑−( x )  𝜓  

−( y ) 𝜑+( x  )  𝜑+( y ) 

+ 𝜑−( x )  𝜓 

−( y  ) 𝜑+( x )  𝜑+( y )  + 𝜑−( x )  𝜑−( y ) 𝜑+( x )  𝜓+( y  ) 

)︁ 

+ ...  

(3.28) 

where like before the ellipsis de♪otes irreleva♪t  terms.  Ωith  the si♪gle co♪tractio♪s 

(3.17)-(3.18) a♪d  

𝜓+( x )  | k  ⟩ = − 

i ( 𝐷 − 2) k

 

𝑆 

√

 

k 

X ( k , r ) 𝑒− ik u |  0 ⟩ (3.29a)  

⟨  q | 𝜓  

−( x )  = ⟨ 0  | 

i ( 𝐷 − 2)  q

 

𝑆 

√

 

q 

Ξ( q , r )  𝑒iq  u (3.29b) 

23



 

we ca♪  evaluate (3.24) yieldi♪g  

⟨ q , q 

′  | : Φ0( x )Φ1( y ) : | k , k 

′ ⟩ = 

1

 

2 

⟨︀
0
⃒⃒
𝑎− 

q  

𝑎− 

q  

′ 

:  Φ0( x  )Φ1(  y )  : 𝑎+ 

k  

𝑎+ 

k  

′ 

⃒⃒
0
⟩︀  

(3.30)  

= 

i (2 − 𝐷 )

 

8 𝑆 

(︁ 2 

1 − 𝐷

 

2

 

(  𝐷 − 2)  𝑆 

)︁3 𝑒iu ( q + q 

′) − iu′( k + k 

′)

 

r4 𝛼 r 

′2 𝛼 

√

 

k k 

′ q q 

′ 

∑︁ 

l 𝑒𝑔  s 

𝐼( q , q 

′; k , k 

′) . (3.31) 

Here  the altered  de®♪itio♪ 

𝐼( q ,  q 

′; k  ,  k  

′) :=  

(︁  

∂r  

Ξ(  q  ,  r )  

)︁(︁ 

∂rΞ(  q 

′  ,  r  )  

)︁(︁ 

k  X  (  k  ,  r 

′)  

)︁(︁ 

∂r  

′  X  (  k  

′  ,  r  

′)  

)︁  

(3.32)  

was  i♪troduced  whereas the  leg sum  is de®♪ed like i♪  the symmetric case. I♪serti♪g 

i♪to  (2.83)  after tra♪sformi♪g  the i♪tegrals  to  the ♪ew coordi♪ates (2.71)  we  get 

𝑇𝑏  

= 

⟨︀
q , q 

′  

⃒⃒
 :  𝑉  

(4) 

𝑏 

: 

⃒⃒
k , k 

′ 

⟩︀ 

(3.33)  

= 2  𝜋  i
2  

𝐷  − 12

 

2 𝛿  ( k + k  

′  − q − q 

′)

 

(  𝐷 − 2)  𝑆4 

√

 

k k 

′ q q 

′ 

∫︁ ∞ 

r,r  

′=0 

𝑑r 𝑑r 

′ 

⃒⃒
r 

′ 

𝐷 − 2 − r 

𝐷 − 2 

⃒⃒
 r 

∑︁ 

l 𝑒𝑔 s 

𝐼(  q , q 

′;  k , k 

′) 

a♪d  the u,  u′ i♪tegrals were  agai♪  evaluated  trivially.  

3.3.  Integration  over  radial coordinates  for  𝐷  = 6  

The followi♪g  i♪tegratio♪s  over  r  a♪d  r 

′  are highly ♪o♪-trivial  a♪d  were  eve♪tually 

o♪ly  ma♪ageable  for  the special  case 𝐷 = 6 . Some  of the tech♪iques  used here ca♪  

also  be  fou♪d i♪  〚7, 8〛.  

3.3.1. Preparation  

i)  Both  of  the  amplitudes 𝑇𝑎 

a♪d  𝑇𝑏  

co♪tai♪ a leg sum  i♪  the radial i♪tegrals 

summi♪g products 𝐼  , 𝐼  of differe♪tiated higher  order  Bessel  fu♪ctio♪s.  A♪ 

importa♪t  simpli®catio♪ is achieved  by  ♪oti♪g  that 

∂rΞ(  k  , r )  = ∂r  

(︀
k  

− 𝛼  r 

− 𝛼  𝐽𝛼( k r ) 𝑒ik r 

)︀ 

(3.34)  

= 

k

 

r 

∂kΞ(  k  , r ) (3.35)  

a♪d likewise 

∂r  

X  ( q ,  r ) = 

q

 

r 

∂q  

X  ( q ,  r )  . (3.36)  
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It  is therefore possible  to  write  

𝐼  ( q , q 

′; k , k 

′) = 

q q 

′ k k 

′

 

r2 r 

′2 

∂q 

∂q 

′ ∂k 

∂k 

′ Ξ(  q , r )Ξ( q 

′  , r ) X ( k ,  r 

′) X (  k  

′  ,  r 

′) (3.37)  

𝐼( q , q 

′; k  ,  k  

′) = 

q q 

′  k  k  

′

 

r2 r 

′  

∂q  

∂q  

′ ∂k  

′ Ξ(  q , r )Ξ(  q 

′  , r ) X ( k ,  r 

′)  X (  k 

′  ,  r 

′) (3.38)  

allowi♪g  to  pull all the  mome♪tum  derivatives together  with  the leg sums  

out  of the i♪tegrals.  

ii)  I♪  ge♪eral  the i♪tegrals behave differe♪tly for  eve♪  a♪d  odd  dime♪sio♪s  which  

has  to  do  with  the fact  that the Bessel  fu♪ctio♪s  𝐽𝛼( k r ) ca♪ o♪ly  be  expressed  

i♪  terms of eleme♪tary  fu♪ctio♪s  if  

𝛼 = n + 

1

 

2  

n ∈  ℕ* ,  (3.39)  

i.e.  if  𝐷 = 2  𝛼  + 3  is  eve♪. I♪  that case it  is  possible to  employ the corre- 

spo♪de♪ce (A.3)  betwee♪ 𝐽𝛼( k r ) a♪d the spherical Bessel fu♪ctio♪  jn( k r )  of 

order n which i♪  tur♪  is  related to  the zeroth order spherical  Bessel  fu♪ctio♪ 

j0( k r ) = 

sin( k r )

 

k r 

(3.40) 

by the Rayleigh-formula  (A.4).  This yields for  the upper  restrictio♪ of  𝛼  

𝐽n + 1

 

2
(  k r ) = ( − 1)n 

√︂

 

2  k  r

 

𝜋  

(︁ k

 

r 

)︁n  

(︁1

 

k  

𝑑

 

𝑑k 

)︁n 

j0( k r )  (3.41) 

a♪d  will  be  used  i♪  the followi♪g.  As  already me♪tio♪ed  we  will further  

restrict  to  n = 1 from  ♪ow o♪ which is the simplest  ª♪o♪-trivialº case apart  

from  〚7〛.  The case of  odd  dime♪sio♪s  shall be  put aside  for  ♪ow as it  is  u♪clear 

how  to  ha♪dle  the appeari♪g expressio♪s whe♪  it  comes  to  performi♪g  the 

i♪tegrals.  It  might  be  a  possible topic for  future research.  Evaluati♪g (3.23) 
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a♪d (3.33)  for  𝐷 = 6 gives  

𝑇𝑎  

=  2  𝜋  

𝛿  (  k +  k  

′  −  q  − q  

′)

 

(4 𝑆 )4 

√

 

k k 

′ q q 

′ 

∫︁ ∞ 

r,  r  

′=0 

𝑑r 𝑑r 

′Θ(  r 

′ − r )(  r 

′ − r ) ×  (3.42) 

× 

[︁ 

7 r4 + 6 r3 r 

′  + 6 r2 r 

′2 

+ 6 r r 

′3 

+ 7 r 

′4 

]︁ ∑︁ 

l 𝑒𝑔  s 

𝐼 ( q , q 

′; k , k 

′) 

= 2 𝜋  

𝛿 ( k + k 

′ − q − q 

′)

 

2 (4  𝑆 )4  

√

 

k  k  

′ q q 

′  

∫︁  ∞  

r,  r  

′=0 

𝑑r 𝑑r 

′  

⃒⃒
r 

′  − r 

⃒⃒× (3.43)  

× 

[︁  

7  r4 + 6  r3 r 

′  + 6  r2 r 

′2 

+ 6  r r 

′3 

+ 7  r 

′4 

]︁  ∑︁ 

l  𝑒𝑔 s 

𝐼 (  q ,  q 

′;  k  , k  

′) 

𝑇𝑏  

= 2  𝜋  i
16  𝛿 ( k + k 

′ − q − q 

′)

 

2(4 𝑆 )4 

√

 

k k 

′ q q 

′ 

∫︁ ∞ 

r,r  

′=0 

𝑑r 𝑑r 

′  

⃒⃒
r 

′4 − r4 

⃒⃒
 

∑︁ 

l  𝑒𝑔 s 

𝐼(  q , q 

′;  k  , k  

′) (3.44)  

where we used the r ↔  r 

′  symmetry of  𝑇𝑎  

to  co♪vert  the step  fu♪ctio♪ i♪to  

a♪  absolute value.  

iii)  All  step  fu♪ctio♪s i♪cluded  i♪  the absolute  values  will be  rewritte♪  as  i♪tegrals  

by  Fourier tra♪sformatio♪  (A.30). Ωe have ⃒⃒
r  

′  −  r  

⃒⃒
 = lim  

𝜖  →  0  

1

 

2  𝜋  i  

∫︁  ∞  

−∞ 

[︁  𝑑𝜏

 

𝜏  +  i𝜖 

+ 

𝑑𝜏

 

𝜏 −  i𝜖 

]︁(︁  ∂𝜏

 

i 

)︁ 

𝑒i𝜏  (  r  

′  −  r  )  (3.45) ⃒⃒
r 

′4 −  r4 

⃒⃒
 = lim  

𝜖  →  0  

1

 

2  𝜋  i  

∫︁  ∞  

−∞ 

[︁  𝑑𝜏

 

𝜏  +  i𝜖 

+ 

𝑑𝜏

 

𝜏 −  i𝜖 

]︁ 

𝑒i𝜏 ( r 

′ −  r )  (  r 

′4 −  r4)  (3.46) 

where i♪  the ®rst li♪e we additio♪ally  ge♪erate  the term (  r 

′ − r ) by a  differe♪-  

tiatio♪  with respect  to  𝜏 . I♪  order  to  shorte♪ the ♪otatio♪ we  will abbreviate 

the i♪tegral measure  for  the 𝜏 i♪tegrals  by  

[  𝑑𝜏 ] := lim  

𝜖 → 0 

[︁  𝑑𝜏

 

𝜏  −  i𝜖 

+  

𝑑𝜏

 

𝜏  + i𝜖 

]︁  

. (3.47) 

iv)  The qua♪tities k  , k  

′  , q ,  q 

′  , 𝐸x  

,  𝐸y 

will be treated  as i♪depe♪de♪t  variables from  

♪ow o♪  which  allows to  differe♪tiate  after  the e♪ergies without affecti♪g  the 

mome♪ta.  This makes it  possible to  ge♪erate the poly♪omial  expressio♪s i♪  

(3.43)-(3.44)  by  

(7 r4  +  6  r3 r 

′ +  6  r2  r 

′2  

+  6  r r 

′3  

+  7  r  

′4)  = 𝐷𝐸x  

𝐸y  

𝑒i𝐸x  

r  𝑒−  i𝐸y 

r  

′  

⃒⃒⃒
 

𝐸x  

,𝐸y=0 

(3.48) 

( r4 − r 

′  4) = �̃� 

𝐸x  

𝐸y  

𝑒i𝐸x 

r 𝑒− i𝐸y 

r 

′ 

⃒⃒⃒
 

𝐸x 

,𝐸y=0  

(3.49) 
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where the e♪ergy differe♪tial  operators 

𝐷𝐸x  

𝐸y  

:=  

(︁  

7  

∂4

 

∂  𝐸4
x 

−  6  

∂3

 

∂  𝐸3
x  

∂

 

∂  𝐸y  

+  6  

∂2

 

∂  𝐸2
x 

∂2

 

∂  𝐸2
y 

−  6  

∂

 

∂  𝐸x  

∂3

 

∂  𝐸3
y  

+  7  

∂4

 

∂  𝐸4
y  

)︁  

(3.50) 

�̃� 

𝐸x  

𝐸y  

:=  

(︁  ∂4

 

∂  𝐸4
x  

−  

∂4

 

∂  𝐸4
y  

)︁  

(3.51) 

were  de®♪ed. I♪  the followi♪g  parts  the  evaluatio♪ 𝐸x 

= 0 = 𝐸y 

after  the 

actio♪  of these  operators  is  implicitly  u♪derstood  a♪d will ♪ot be  writte♪ 

out.  

3.3.2. Symmetric  vertex 

After  applyi♪g  the tools above as well  as the de®♪itio♪s for the fu♪ctio♪s  Ξ  ,  X  i♪  

(3.13)-(3.14)  o♪e arrives at  the expressio♪  

𝑇𝑎 

= 𝑐𝐷𝐸x 

𝐸y 

∑︁ 

l 𝑒𝑔 s 

q2 q 

′2 

k2 k 

′2 

∂q 

∂q 

′ ∂k 

∂k 

′ 

1

 

q q 

′ k k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏 ] ∂𝜏 

(︀
𝐼1 

· 𝐼2 

)︀  

(3.52)  

where  we abbreviated the prefactor  as 

𝑐 = −2 𝛿  ( k + k 

′  − q − q 

′)

 

𝜋2(4  𝑆 )4( k k  

′  q q 

′) 

3

 

2 

.  (3.53)  

The radial i♪tegrals  were  pulled  i♪to  the last  term  a♪d  were  split  i♪to  a  product  of 

𝐼1 

= lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r r 

− 6 

(︁ 𝑑

 

𝑑q  

j0(  q r )  

)︁(︁ 𝑑

 

𝑑q  

′ 

j0(  q  

′  r  )  

)︁  

𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  )  r  (3.54) 

𝐼2 

= lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r 

′  r  

′  

− 6 

(︁ 𝑑

 

𝑑k 

j0(  k r  

′)  

)︁(︁ 𝑑

 

𝑑k 

′  

j0(  k  

′  r  

′)  

)︁  

𝑒− i  ( k  +  k  

′+  𝐸y 

−  𝜏  −  i𝜀  ) r 

′  

(3.55) 

with  a regulator2 𝜀  . I♪  a♪alogy to  〚7,  8〛  we ♪ow  de®♪e  the operators  

𝐷q  q  

′ :=  q2  q  

′  2 ∂q  

∂q  

′  

1

 

q q 

′ 

=  q  q  

′  ∂q  

∂q  

′  −  q  ∂q  

−  q 

′ ∂q  

′  + 1  (3.56) 

𝐷k  k  

′ :=  k2  k  

′  2 ∂k  

∂k  

′  

1

 

k  k  

′ 

=  k  k  

′  ∂k  

∂k  

′  −  k  ∂k  

−  k  

′  ∂k  

′  +  1  (3.57) 

which have the useful  property  (A.6).  The i♪tegrals  𝐼1 

, 𝐼2 

are of rather similar  

form,  so the followi♪g steps will be  esse♪tially  the same for  both  of them.  They 

shall be show♪ explicitly for  𝐼1.

 

2In principle  the two  integrals  have  to  be  regulated independently  with  two  parameters,  say  

𝜀 and 𝜀 ̃  .  It  however  turned out that  it  does not matter  in  which  order  they  are taken to  zero  

which  justiőes taking  the same symbol  for both of  them. 
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At  ®rst the mome♪tum  derivatives are pulled out  leadi♪g to  

𝐼1 

= ∂q  

∂q  

′ lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r  r 

−  6 j0(  q r )  j0(  q 

′ r  )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  ) r 

−  i
(︀
∂q  

+  ∂q  

′  

)︀
lim  

𝜀  → 0 

∫︁  ∞ 

0  

𝑑r  r 

−  5 j0(  q r )  j0(  q 

′ r  )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  ) r 

−  lim  

𝜀  → 0 

∫︁  ∞ 

0  

𝑑r  r 

−  4 j0(  q r )  j0(  q 

′ r  )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  ) r (3.58)  

where the  seco♪d  a♪d  third li♪e result  from usi♪g  the i♪verse product  rule. Ωith  

j0(  q r ) = 

𝑒iq r − 𝑒− iq r

 

2 iq r 

(3.59) 

we ca♪  further rewrite 

j0( q r ) j0( q 

′ r )  𝑒i ( q  + q 

′ − 𝜏 + i𝜀  ) r 

= 

1

 

4 q q 

′ r2 

(︁ 

− 𝑒i  (2 q +2 q 

′+ 𝐸x 

− 𝜏 + i𝜀  ) r + 𝑒i (2 q + 𝐸x 

− 𝜏 + i𝜀  ) r 

+ 𝑒i (2 q 

′+ 𝐸x 

− 𝜏  + i𝜀  ) r − 𝑒i  ( 𝐸x 

− 𝜏 + i𝜀  ) r  

)︁ 

= 

1

 

4  q q 

′  r2 

∑︁ 

q  q  

′ 

𝑒i  ( 𝑄  −  𝜏 − i𝜀  ) r  (3.60)  

where we de®♪ed  the sig♪ sum  ∑︁ 

q q 

′ 

𝑓 (  ± q ,  ± q 

′ , x ) := − 𝑓 (+ q , + q 

′  , x  ) + 𝑓 (+ q , − q 

′ , x  ) 

+ 𝑓 ( −  q , + q 

′  , x  ) − 𝑓 ( −  q , − q 

′  , x  ) 

(3.61) 

a♪d  

𝑄  :=  q +  q  

′  ±  q ±  q 

′  +  𝐸x 

.  (3.62) 

I♪sertio♪ i♪to  (3.58)  yields 

𝐼1 

= ∂q  

∂q  

′ 

1

 

4  q q 

′  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

∫︁  ∞  

0  

𝑑r r  

−  8  𝑒i  (  𝑄  − 𝜏 +  i𝜀 )  r  

−  i
(︀
∂q  

+  ∂q  

′  

)︀  1

 

4  q  q  

′  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

∫︁  ∞  

0  

𝑑r r  

−  7  𝑒i  (  𝑄  − 𝜏 +  i𝜀 )  r  

−  

1

 

4  q  q  

′  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

∫︁  ∞  

0  

𝑑r r  

−  6  𝑒i  (  𝑄  − 𝜏 +  i𝜀 )  r  (3.63) 
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a♪d  it  ca♪  be see♪ that the i♪tegrals are of the form  (A.24). They are all evaluated  

i♪  the same way  usi♪g  that formula  with the si♪gular  limit  (A.25) a♪d  each o♪e 

yields a  diverge♪t  as well  as a  ®♪ite part i♪  the limit  𝛿  →  0  .  Thus, i♪  total we get  

𝐼1 

= 𝐼  

∘ 

1 

+ 𝐼 

∞ 

1 

. (3.64)  

Taki♪g a  closer look  at  the diverge♪t  part 

𝐼 

∞ 

1 

= lim  

𝛿,𝜀  →  0  

i

 

4  𝛿  

[︁  

−  

1

 

7!  

∂q  

∂q  

′  

1

 

q q  

′  

∑︁ 

q  q  

′ 

(  𝑄  −  𝜏  +  i𝜀 )7 

+ 

1

 

6!  

(︀
∂q  

+ ∂q  

′  

)︀  1

 

q q 

′  

∑︁ 

q  q  

′ 

( 𝑄  − 𝜏 + i𝜀 )6 

− 

1

 

5!  

1

 

q q 

′  

∑︁ 

q  q  

′ 

( 𝑄  − 𝜏 + i𝜀 )5 

]︁  

(3.65) 

we  ca♪  evaluate the sig♪  sums together  with  the differe♪tiatio♪s i♪  Mathematica  

a♪d  ®♪d  

𝐼  

∞ 

1 

= lim  

𝛿,  𝜀  →  0 

iq q 

′

 

9 𝛿 

(  q + q 

′ − 𝜏 + i𝜀 ) . (3.66) 

It  ca♪  be readily see♪  that this  is  elimi♪ated  by the differe♪tial  operator  𝐷q  q  

′ with 

property  (A.6).  Ωe therefore o♪ly  ♪eed  to  co♪ce♪trate o♪  the ®♪ite  part.  I♪  several 

li♪es it  ca♪  be  show♪ to  be of the form  

𝐼  

∘ 

1 

= 

i

 

4 

[︁ 1

 

7!  

∂q q 

′ 

1

 

q q 

′ 

lim  

𝜀 → 0 

∑︁ 

q q  

′ 

( 𝑄  − 𝜏 + i𝜀 )7 ln( 𝑄  − 𝜏 + i𝜀 ) 

− 

1

 

6!  

(︀
∂q  

+ ∂q  

′ 

)︀  1

 

q  q  

′  

lim  

𝜀  → 0 

∑︁ 

q  q  

′  

(  𝑄  −  𝜏  +  i𝜀 )6 ln( 𝑄  − 𝜏 + i𝜀 ) 

+ 

1

 

5!  

1

 

q  q  

′  

lim  

𝜀  → 0 

∑︁ 

q  q  

′  

(  𝑄  −  𝜏  +  i𝜀 )5 ln( 𝑄  − 𝜏 + i𝜀 ) 

]︁  

(3.67) 

which simpli®es  by  setti♪g the terms i𝜀 i♪  the poly♪omial  expressio♪s to  zero as  

they will o♪ly  lead  to  terms va♪ishi♪g  i♪  the limit  𝜀  →  0  after  the followi♪g 𝜏 - 

i♪tegratio♪.  It  is however  importa♪t  to  keep  them  i♪  the logarithms as they  will 

provide a  prescriptio♪  for  circli♪g the logarithmic cuts i♪  the complex 𝜏 -pla♪e. 

○♪e last time  we i♪troduce  ♪ew operators  co♪sisti♪g of  the  prefactors  i♪  (3.67)  

𝐿𝑄 

7 

:= 

1

 

7!  

∂q  q  

′  

1

 

q q 

′ 

𝐿𝑄  

6  

:=  

1

 

6!
(  ∂q  

+  ∂q  

′)  

1

 

q  q  

′  

𝐿𝑄  

5  

:=  

1

 

5!  

1

 

q q 

′  

(3.68) 
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givi♪g us the ®♪al  expressio♪ 

𝐼 

∘ 

1 

= 

i

 

4 

[︁ 

𝐿𝑄 

7 

lim  

𝜀  → 0  

∑︁ 

q  q  

′ 

( 𝑄 − 𝜏 )7 ln( 𝑄 − 𝜏 + i𝜀 )  

− 𝐿𝑄 

6 

lim  

𝜀  → 0  

∑︁ 

q  q  

′ 

( 𝑄  − 𝜏 )6 ln( 𝑄 − 𝜏 + i𝜀 )  

+ 𝐿𝑄 

5 

lim  

𝜀  → 0  

∑︁ 

q  q  

′ 

( 𝑄  − 𝜏 )5 ln( 𝑄 − 𝜏 + i𝜀 )  

]︁ 

. (3.69) 

The i♪tegral  𝐼2 

is  do♪e a♪alogously  leadi♪g to  

𝐼 

∘ 

2 

= 

i

 

4  

[︁  

− 𝐿𝐾 

7 

lim  

𝜀  →  0  

∑︁ 

k  k  

′ 

(  𝐾 −  𝜏  )7 ln(  𝐾 −  𝜏 −  i𝜀 ) 

+ 𝐿𝐾 

6 

lim  

𝜀  → 0 

∑︁ 

k  k  

′ 

( 𝐾 − 𝜏 )6 ln( 𝐾 − 𝜏 − i𝜀 ) 

− 𝐿𝐾 

5 

lim  

𝜀  → 0 

∑︁ 

k  k  

′ 

( 𝐾 − 𝜏 )5 ln( 𝐾 − 𝜏 − i𝜀 ) 

]︁ 

(3.70) 

where 

𝐾 :=  k + k  

′  ± k  ± k  

′  + 𝐸y 

. (3.71) 

As opposed to  𝐼1 

there is  o♪e ♪o♪-trivial i♪termediate step  to  be me♪tio♪ed:  After  

applyi♪g  (A.24)  we at  ®rst get  logarithms  of the form  ln( − 𝐾 + 𝜏 + i𝜀 ) .  I♪ the ®♪al  

result (3.70) a mi♪us sig♪ was  pulled out  leadi♪g to  

ln(  −  𝐾 + 𝜏 +  i𝜀 )  =  ln(  𝐾 −  𝜏  −  i𝜀 )  +  i𝜋 (3.72) 

with  a♪  additio♪al  term  o♪  the RHS.  Doi♪g  this for  each i♪tegral  we get  a  purely  

poly♪omial co♪tributio♪ similar  to  the diverge♪t  part 𝐼 

∞ 

2 

which  just like (3.66)  

va♪ishes u♪der  the actio♪  of 𝐷k  k  

′ .  This justi®es leavi♪g  out  the terms i𝜋 . 

3.3.3. Asymmetric vertex  

The starti♪g poi♪t  is  expressio♪  (3.33) a♪d  agai♪  all the tools of sectio♪ 3.3.1 are 

applied.  Goi♪g  directly  to  the case 𝐷 = 6 we get  

𝑇𝑏  

= 16 𝑐 �̃� 

𝐸x 

𝐸y 

∑︁ 

l 𝑒𝑔  s 

q2 q 

′2 

k2 k 

′2 

∂q 

∂q 

′ ∂k 

′ 

1

 

q q 

′ k k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏  ] 

(︀
𝐽1 

·  𝐽2 

)︀  

(3.73) 
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with  

𝐽1 

= lim  

𝜀  → 0  

∫︁  ∞ 

0 

𝑑r r  

−  5  

(︁  𝑑

 

𝑑q 

j0(  q  r  )  

)︁(︁ 𝑑

 

𝑑q 

′  

j0(  q  

′  r )  

)︁ 

𝑒i  ( q +  q  

′+  𝐸x  

−  𝜏  +  i𝜀 ) r  (3.74) 

𝐽2 

= lim  

𝜀  →  0  

∫︁  ∞  

0 

𝑑r  

′  r 

′ 

−  5  

(︁  𝑑

 

𝑑k 

j0(  k  r  

′)  

)︁(︁ 𝑑

 

𝑑k 

′ 

j0(  k 

′  r  

′)  

)︁ 

𝑒−  i  (  k  +  k 

′+  𝐸y  

−  𝜏  − i𝜀  )  r  

′ 

.  (3.75) 

Ωe ca♪ agai♪  de®♪e mome♪tum operators  

𝐷q  q  

′ :=  q2 q 

′  2 ∂q  

∂q  

′  

1

 

q q 

′  

= q  q  

′  ∂q  

∂q  

′ −  q ∂q  

−  q  

′  ∂q  

′ +  1  (3.76) 

�̃� 

k  k  

′ :=  k2 k  

′  2 ∂k  

′  

1

 

k  k  

′ 

=  k  

(︀
k  

′  ∂k  

′  −  1
)︀ 

(3.77) 

a♪d  agai♪  pull  the remai♪i♪g  derivatives out  of the i♪tegral.  Looki♪g  at  the case 

𝐽1 

more explicitly we get  

𝐽1 

= ∂q  

∂q  

′ lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r r 

− 5 j0(  q  r  )  j0(  q  

′  r )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  )  r  

−  i
(︀
∂q  

+  ∂q  

′ 

)︀
lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r  r 

− 4 j0(  q  r  )  j0(  q  

′  r )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  )  r  

−  lim  

𝜀  →  0  

∫︁  ∞  

0  

𝑑r  r 

− 3 j0(  q  r  )  j0(  q  

′  r )  𝑒i  (  q  +  q  

′+  𝐸x  

−  𝜏  +  i𝜀  )  r  (3.78) 

where agai♪ the de®♪itio♪ of the sig♪  sum  (3.61)  was used to  rewrite  the  spherical  

Bessel  fu♪ctio♪s like i♪  (3.60).  This leaves  us with  

𝐽1 

= ∂q 

∂q 

′ 

1

 

4 q q 

′ 

lim  

𝜀  → 0  

∑︁ 

q  q  

′ 

∫︁  ∞ 

0 

𝑑r  r 

−  7  𝑒i  ( 𝑄 − 𝜏  +  i𝜀  ) r  

−  i
(︀
∂q  

+  ∂q  

′  

)︀  1

 

4  q  q  

′  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

∫︁  ∞  

0  

𝑑r  r 

−  6  𝑒i  ( 𝑄 − 𝜏  +  i𝜀  ) r  

−  

1

 

4  q  q  

′  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

∫︁  ∞  

0  

𝑑r  r 

−  5  𝑒i  ( 𝑄 − 𝜏  +  i𝜀  ) r  (3.79) 

which is  evaluated  with (A.24). There  is agai♪  a diverge♪t  a♪d  a  ®♪ite  part 

𝐽1 

= 𝐽 

∘ 

1 

+ 𝐽 

∞ 

1 

(3.80)  
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with  the diverge♪t  part readi♪g  

𝐽 

∞ 

1 

= lim  

𝛿,𝜀  →  0  

1

 

4  𝛿  

[︁ 

−  

1

 

6!  

∂q  

∂q  

′  

1

 

q q 

′ 

∑︁ 

q  q  

′  

(  𝑄  −  𝜏 +  i𝜀 )6 

+  

1

 

5!  

(︀
∂q  

+  ∂q  

′  

)︀  1

 

q q 

′ 

∑︁ 

q  q  

′  

(  𝑄  −  𝜏 +  i𝜀 )5 

−  

1

 

4!  

1

 

q q 

′ 

∑︁ 

q  q  

′  

(  𝑄  −  𝜏 +  i𝜀 )4 

]︁ 

(3.81) 

a♪d  evaluati♪g  to  

𝐽 

∞ 

1 

= lim  

𝛿,𝜀  →  0  

q q  

′

 

9  𝛿  

.  (3.82) 

This is  ca♪celled  by  𝐷q  q  

′ re♪deri♪g the i♪tegral  𝐽1 

®♪ite. Note,  that the mai♪  

differe♪ce  to  the symmetric  vertex  lies i♪  the powers i♪  r i♪  the i♪tegrals (3.74)- 

(3.75). The fact  that they are o♪e order  lower  tha♪  i♪  the symmetric  case leads to  

the diverge♪t  parts  𝐽 

∞ 

1 

,  𝐽 

∞ 

2 

bei♪g  bili♪ear i♪  the mome♪ta.  Therefore eve♪  though 

the ♪ew differe♪tial  operator  i♪  (3.77)  is  o♪ly  of ®rst  order,  the i♪tegral  𝐽2 

is  also  

®♪ite as �̃� 

k  k  

′ ma♪ages  to  kill  the diverge♪t  terms.  

Ωe focus o♪  the  ®♪ite parts  𝐽 

∘ 

1 

,  𝐽 

∘ 

2 

a♪d ®♪d  

𝐽 

∘ 

1 

= 

1

 

4  

[︁  

𝑀  

𝑄 

6 

lim  

𝜀  →  0  

∑︁  

q  q  

′  

(  𝑄 −  𝜏 )6 ln(  𝑄  −  𝜏 +  i𝜀 )  

−  𝑀 

𝑄  

5  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

(  𝑄 −  𝜏 )5 ln(  𝑄  −  𝜏 +  i𝜀 )  

+ 𝑀 

𝑄  

4  

lim  

𝜀  →  0  

∑︁ 

q  q  

′  

(  𝑄 −  𝜏 )4 ln(  𝑄  −  𝜏 +  i𝜀 )  

]︁ 

(3.83) 

𝐽  

∘  

2  

=  

1

 

4  

[︁  

𝑀  

𝐾 

6 

lim  

𝜀  → 0 

∑︁  

k  k  

′  

(  𝐾  −  𝜏  )6 ln( 𝐾 − 𝜏 − i𝜀 ) 

− 𝑀 

𝐾 

5 

lim  

𝜀  → 0 

∑︁ 

k  k 

′ 

( 𝐾 − 𝜏 )5 ln( 𝐾 − 𝜏 − i𝜀 ) 

+ 𝑀 

𝐾 

4 

lim  

𝜀  → 0 

∑︁ 

k  k 

′ 

( 𝐾 − 𝜏 )4 ln( 𝐾 − 𝜏 − i𝜀 ) 

]︁  

(3.84) 

where we left  out  all  terms  i𝜀 i♪  the poly♪omial  expressio♪s  a♪d i♪troduced  the 

operators  

𝑀  

𝑄  

6 

:=  

1

 

6!  

∂q  q  

′  

1

 

q q 

′ 

𝑀 

𝑄  

5  

:=  

1

 

5!
(  ∂q  

+ ∂q  

′)  

1

 

q  q  

′  

𝑀  

𝑄  

4  

:=  

1

 

4!  

1

 

q q  

′  

(3.85) 

with  a♪alogous versio♪s for  𝐾 . 

32



 

3.4.  Integration over  𝜏  for  𝐷  = 6  

I♪  the last sectio♪ we have ma♪aged  to  reduce  the radial  i♪tegrals  to  sig♪  sums  

with  certai♪ differe♪tial  operators i♪  fro♪t  of them  maki♪g  the o♪ly  remai♪i♪g  

i♪tegratio♪  the o♪e over  𝜏 . At this  poi♪t  the two  amplitudes read 

𝑇𝑎  

= 𝑐  𝐷𝐸x  

𝐸y  

∑︁ 

l  𝑒𝑔 s 

𝐷q  q  

′ 𝐷k  k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏 ] ∂𝜏 

(︀
𝐼 

∘ 

1 

· 𝐼 

∘ 

2 

)︀  

(3.86)  

𝑇𝑏  

= 16  𝑐 �̃� 

𝐸x 

𝐸y 

∑︁ 

l 𝑒𝑔 s 

𝐷q q 

′ �̃� 

k k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏  ]  

(︀
𝐽 

∘ 

1 

· 𝐽 

∘ 

2 

)︀  

(3.87) 

where  the de®♪itio♪s  (3.50) a♪d (3.51)  were  used.  As  the ge♪erators  𝐸x  

, 𝐸y 

have 

bee♪  li♪early absorbed  i♪to  𝑄  a♪d 𝐾 (cf.  (3.62),(3.71)) we ca♪ equally  write these 

operators as 

𝐷𝐸x 

𝐸y 

:=  7  ∂4 

𝑄  

− 6  ∂3 

𝑄  

∂𝐾 

+ 6  ∂2 

𝑄  

∂2 

𝐾 

− 6  ∂𝑄  

∂3 

𝐾 

+ 7  ∂4 

𝐾 

(3.88) 

�̃� 

𝐸x 

𝐸y 

:=  ∂4 

𝑄 

− ∂4 

𝐾 

(3.89) 

a♪d  set 𝐸x 

= 0 = 𝐸y. Note however,  that this is  o♪ly  true if  they  are evaluated  

before the sig♪  sums  as  otherwise the rede®♪itio♪s  (3.88)-(3.89) would  be  si♪gular 

for  terms i♪volvi♪g  𝑄  = 0  or  𝐾 = 0  .  Ωe therefore pull  the e♪ergy  differe♪tials 

i♪to  the 𝜏 i♪tegral a♪d evaluate them ♪ext. 

At  this poi♪t  it  becomes  quite importa♪t  to  o♪ly  focus o♪  terms  that still  lead  to  

♪o♪-zero  results after evaluati♪g all these sums  a♪  differe♪tiatio♪s. All  other  terms 

will be  referred to  as ªharmlessº a♪d are dropped  before the sums are evaluated. 

This helps to  reduce the size of  the  expressio♪s quite  a lot.  Still,  most  of the 

followi♪g part of the calculatio♪  was  do♪e  with Mathematica  as there are ma♪y  

remai♪i♪g  terms to  be  take♪  i♪to  accou♪t.  Before tackli♪g  the i♪tegratio♪ we  

i♪vestigate  which  terms cou♪t  as harmless.  

3.4.1. Harmlessness  

For  the symmetric  vertex we  get  terms of the form  

𝐷q q 

′ 𝐿𝑄 

i 

∑︁ 

q q 

′ 

𝑓 ( 𝑄,  x ) , i = 5 ,  6 , 7 (3.90)  
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a♪d  vice versa  for  𝐾 . Depe♪di♪g  o♪  the operator  𝐿𝑄 

i  

the followi♪g relatio♪s  are 

fou♪d to  hold 

𝐷q q 

′ 𝐿𝑄 

5 

∑︁ 

q q 

′ 

𝑄3 𝑓 ( x )  = 0 (3.91)  

𝐷q  q  

′ 𝐿𝑄 

5 

∑︁ 

q  q  

′ 

(︀
𝑄𝑓 ( x ) + 𝑔 (  x )

)︀ 

= 0 (3.92) 

𝐷q q 

′ 𝐿𝑄 

6 

∑︁ 

q q 

′ 

𝑄4 𝑓 ( x )  = 0  (3.93)  

𝐷q  q  

′ 𝐿𝑄 

6 

∑︁ 

q  q  

′ 

(︀
𝑄2 ℎ (  x )  + 𝑄𝑓  (  x ) + 𝑔 ( x  )

)︀ 

= 0 (3.94) 

𝐷q  q  

′ 𝐿𝑄 

7 

∑︁ 

q  q  

′ 

𝑄5 𝑓 ( x )  = 0  (3.95)  

𝐷q  q  

′ 𝐿𝑄 

7 

∑︁ 

q  q  

′ 

(︀
𝑄3 l ( x  )  + 𝑄2 ℎ (  x )  + 𝑄𝑓 ( x )  + 𝑔 ( x )

)︀ 

= 0 (3.96) 

with  some arbitrary fu♪ctio♪s l , ℎ,  𝑓 , 𝑔 which do  ♪ot depe♪d o♪  𝑄  .  The same 

relatio♪s  hold  for  the case with 𝐾 . Thus, all those special  poly♪omial  combi♪atio♪s 

are dropped  whe♪  they appear i♪  the followi♪g computatio♪s.  

For  the asymmetric vertex  the 𝑄  -depe♪de♪t  sig♪  sum  a♪d operators esse♪tially  

ful®ll the same relatio♪s  as  i♪  the  symmetric  case with 𝐿𝑄 

i 

excha♪ged by  𝑀  

𝑄  

i  −  1.  

○♪ly the 𝐾 -depe♪de♪t part  differs because there  �̃� 

k k 

′ features  i♪stead  of 𝐷k  k  

′ .  

The followi♪g relatio♪s hold:  

�̃� 

k  k  

′ 𝑀  

𝐾 

4 

∑︁ 

k  k  

′ 

(︀
𝐾 𝑓 ( x )  + 𝑔  ( x )

)︀  

= 0  (3.97)  

�̃� 

k  k  

′ 𝑀  

𝐾 

5 

∑︁ 

k  k  

′ 

(︀
𝐾2 ℎ (  x  )  + 𝐾 𝑓 (  x )  + 𝑔  (  x )

)︀  

= 0  (3.98)  

�̃� 

k  k  

′ 𝑀  

𝐾 

6 

∑︁ 

k  k  

′ 

(︀
𝐾3 l ( x )  + 𝐾2 ℎ (  x )  + 𝐾 𝑓 ( x )  + 𝑔  ( x )

)︀  

= 0  .  (3.99)  

Therefore,  i♪  the computatio♪  of the asymmetric  amplitude  all  these terms are 

dropped  as soo♪  as  they  appear.  

3.4.2. Symmetric  vertex  

Starti♪g  from  (3.86)  with 𝐷𝐸x 

𝐸y 

pulled i♪  

𝑇𝑎 

= 𝑐 

∑︁ 

l 𝑒𝑔  s 

𝐷q q 

′ 𝐷k k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏 ]  ∂𝜏 

𝐷𝐸x  

𝐸y  

(︀
𝐼 

∘ 

1 

𝐼 

∘ 

2 

)︀  

(3.100) 
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we  take the results (3.69)-(3.70)  a♪d  rewrite ∫︁ 

𝜏 

[ 𝑑𝜏 ] ∂𝜏 

𝐷𝐸x  

𝐸y  

(︀
𝐼 

∘ 

1 

𝐼  

∘ 

2 

)︀  

= 

1

 

16 

lim  

𝜀,𝜖 → 0 

7∑︁ 

i,j =5 

𝐿𝑄 

i 

𝐿𝐾 

j 

∑︁ 

q q 

′ 

∑︁ 

k k 

′ 

𝐴ij 

(3.101)  

where  

𝐴ij  

:=  ( −  1)i  + j 

∫︁  ∞ 

−∞ 

(︁ 𝑑𝜏

 

𝜏  −  i𝜖 

+ 

𝑑𝜏

 

𝜏  + i𝜖 

)︁ 

∂𝜏 

𝐷𝐸x  

𝐸y  

× 

× ( 𝑄  − 𝜏 )i( 𝐾 − 𝜏 )j  ln( 𝑄  − 𝜏 + i𝜀 ) ln(  𝐾 −  𝜏  −  i𝜀 )  .  

(3.102) 

These 9 i♪tegrals  each are diverge♪t  as they  sta♪d which ca♪  easily be  see♪ by  

looki♪g at  the i♪tegra♪ds:  After  evaluati♪g the derivatives there are still  poly♪o- 

mial  a♪d  logarithmic terms i♪  𝜏 left  which  do ♪ot  die off at  i♪®♪ity. However  it  

tur♪s out  that whe♪  they are summed i♪  the e♪d all  diverge♪ces  ca♪cel leavi♪g 

a  ®♪ite result.  To make this  more plausible the value  of the i♪tegra♪d i♪  (3.100)  

which  already  co♪tai♪s the full  sum  was  evaluated  i♪  a large 𝜏 expa♪sio♪  yieldi♪g  

lim  

𝜏  →∞  

∂𝜏  

𝐷𝐸x  

𝐸y  

(︀
𝐼  

∘  

1  

𝐼  

∘  

2  

)︀  

=  

k  k  

′  +  q  q  

′

 

63 𝜏  

+  O 

(︁  1

 

𝜏 2 

)︁  

(3.103)  

which  i♪deed dies off3 for  𝜏 → ∞ . Thus, i♪®♪ities  appeari♪g because of large values 

of 𝜏 i♪  the si♪gle i♪tegrals  𝐴ij  

are more a♪  artefact  of our  strategy of  i♪tegratio♪  

tha♪  physical  diverge♪ces  i♪  the amplitude.  To ha♪dle them  we  will i♪troduce a  

cutoff 𝑅 for  each i♪tegral  a♪d see i♪  the e♪d that all cutoff depe♪de♪t  terms are 

either  harmless  or  ca♪cel  for  𝑅 → ∞ .  As the i♪tegrals are quite similar  i♪  their 

form  we o♪ly  show the evaluatio♪ for  o♪e of them a♪d will  jump to  the ®♪al  results 

for  the rest.  Throughout  the way  it  is  co♪sta♪tly made use of harmless♪ess  i♪  order  

to  drop terms.  

For  the i♪tegral  𝐴55 

o♪e ®♪ds after evaluati♪g ∂𝜏 

𝐷𝐸x 

𝐸y 

𝐴55 

= − 5!  lim  

𝑅  →∞  

∫︁  𝑅 

−  𝑅  

(︁ 𝑑𝜏

 

𝜏  −  i𝜖 

+ 

𝑑𝜏

 

𝜏  +  i𝜖 

)︁ 

× 

× 

[︁ 

( 𝑄  − 𝜏 )(  𝐾 − 𝜏 )4 ln( 𝑄 − 𝜏 + i𝜀 )  + ( 𝑄 − 𝜏 )4( 𝐾 − 𝜏 ) ln(  𝐾 −  𝜏 −  i𝜀 ) 

+ 

{︁  

7(  𝐾 − 𝜏 )5 + 5(  𝑄 − 𝜏 )4( 𝐾 − 𝜏 ) + 5(  𝑄 − 𝜏 )(  𝐾 − 𝜏 )4 + 7( 𝑄 − 𝜏 )5 

}︁  

× 

× ln( 𝑄  − 𝜏 + i𝜀 ) ln(  𝐾 −  𝜏  −  i𝜀 )  

]︁ 

(3.104)

 

3In  fact,  the O  (  𝜏 

−  1) term  could still  lead  to  logarithmic divergences but  note  that  it  only 

depends linearly  on  the momenta  and is thus harmless.  
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where there are terms with si♪gle logarithms  a♪d bilogarithmic o♪es.  If we co♪ti♪ue  

𝜏 a♪alytically we see that there are poles at  𝜏 = ± i𝜖 a♪d  bra♪ch  poi♪ts of the 

complex logarithms  at  𝜏 = 𝑄  + i𝜀 a♪d 𝜏 = 𝐾 − i𝜀 .  The i♪tegral  is  split i♪to  three 

parts, two  si♪gle logarithmic o♪es 

𝐴𝑄 

55 

= − 5!  lim  

𝑅 →∞  

∫︁  𝑅 

−  𝑅  

(︁ 𝑑𝜏

 

𝜏  −  i𝜖 

+ 

𝑑𝜏

 

𝜏  +  i𝜖 

)︁ 

( 𝑄  − 𝜏 )(  𝐾 − 𝜏 )4 ln( 𝑄 − 𝜏 + i𝜀 ) (3.105) 

𝐴𝐾 

55 

= − 5!  lim  

𝑅 →∞  

∫︁  𝑅 

−  𝑅  

(︁ 𝑑𝜏

 

𝜏  −  i𝜖 

+ 

𝑑𝜏

 

𝜏  +  i𝜖  

)︁ 

(  𝑄  −  𝜏  )4(  𝐾 −  𝜏 ) ln(  𝐾 −  𝜏 −  i𝜀 ) (3.106)  

a♪d  a  bilogarithmic  o♪e 

𝐴𝑏il 

55 

= − 5!  lim  

𝑅 →∞ 

∫︁  𝑅  

− 𝑅 

(︁ 𝑑𝜏

 

𝜏 −  i𝜖 

+ 

𝑑𝜏

 

𝜏 +  i𝜖 

)︁ 

ln(  𝑄  −  𝜏  +  i𝜀 ) ln(  𝐾 −  𝜏  −  i𝜀 )  ×  (3.107) 

× 

{︁ 

7(  𝐾 − 𝜏 )5 + 5( 𝑄 − 𝜏 )4( 𝐾 − 𝜏 ) + 5(  𝑄 − 𝜏 )(  𝐾 − 𝜏 )4 + 7(  𝑄 − 𝜏 )5 

}︁  

. 

Also, i♪  additio♪  to  the harmless  terms i♪  (3.91)-(3.92)  we drop  terms  

·  of O (  𝜀 ) ,  

·  of O (  𝑅 

− 1)  ,  

·  of O (  𝜖 ) 

as they  do  ♪ot  yield ♪o♪-zero  results i♪  the give♪  limits. The three co♪tributio♪s  

𝐴𝑄 

55, 𝐴𝐾 

55 

a♪d 𝐴𝑏il 

55 

are ♪ow evaluated with the followi♪g procedure: Split  each o♪e 

i♪to  its two co♪stitue♪ts correspo♪di♪g to  a  part with the pole  at  𝜏 = + i𝜖 a♪d 

a  part with the pole  at  𝜏 = − i𝜖 .  Ωhe♪ever  there is  a  logarithmic bra♪ch  cut 

i♪  the half space compleme♪tary  to  the o♪e with the pole  we use o♪e of the two  

co♪tours depicted  i♪  ®gures 3.1 a♪d 3.2 depe♪di♪g  o♪  which  half  space  it  is. This 

allows us to  kill  that logarithm  a♪d  reduce the i♪tegral  to  a  co♪tributio♪ alo♪g the 

bra♪ch  cut.  The argume♪t  arou♪d  (3.103) justi®es ♪eglecti♪g  all  auxiliary  paths  

at  i♪®♪ity.  ℧ore explicitly,  the co♪tour i♪  ®gure  3.1  gives us4 ∫︁  𝑅  

− 𝑅 

= − 

∫︁  𝐾 

𝑅  

{ 𝜏 = 𝑒0 𝜋 i  | 𝜏 |} − 

∫︁  𝑅  

𝐾 

{ 𝜏 = 𝑒2 𝜋 i  | 𝜏 |} 

= 

∫︁  𝑅  

𝐾 

(︁ 

{ 𝜏 = 𝑒0 𝜋 i  | 𝜏 |} − { 𝜏 = 𝑒2 𝜋 i  |  𝜏 |} 

)︁ 

(3.108) 

which  kills the 𝐾 -logarithm by  

ln(  𝐾 −  𝑒0 𝜋  i  |  𝜏  |  )  −  ln(  𝐾 −  𝑒2  𝜋  i  |  𝜏  |  )  = −  2  𝜋  i  .  (3.109) 
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Re 𝜏

 

Im  𝜏

 

i𝜖

 

𝑄 + i𝜀

 

𝐾 − i𝜀

 

𝑅

 

Figure 3.1.: I♪tegratio♪ co♪tour  for  circli♪g  the 𝐾 -bra♪ch  cut. 

I♪  the same way we ca♪  work  through the case i♪  ®gure  3.2 a♪d  ®♪d ∫︁  𝑅  

− 𝑅  

= − 

∫︁  𝑄  

𝑅  

{  𝜏 = 𝑒2 𝜋 i  | 𝜏  |} − 

∫︁  𝑅  

𝑄  

{  𝜏 = 𝑒0 𝜋 i  | 𝜏  |} 

= 

∫︁  𝑅  

𝑄  

(︁ 

{  𝜏 = 𝑒2 𝜋 i  |  𝜏 |}  − {  𝜏 = 𝑒0 𝜋 i  | 𝜏  |} 

)︁ 

(3.110) 

killi♪g  the 𝑄  -logarithm by  

ln(  𝑄  −  𝑒2  𝜋  i  |  𝜏  |  )  −  ln(  𝑄  −  𝑒0  𝜋 i  |  𝜏 |  )  =  2  𝜋  i .  (3.111)  

The remai♪i♪g i♪tegrals,  which are the o♪es  with a si♪gle logarithm i♪  the same 

half  space  as  the  pole  are i♪tegrated over  the real axis i♪  a  sta♪dard ma♪♪er.

 

4The i𝜀 -contributions  in  the 𝐾  -logarithms were  here  neglected  for  a  moment as  for  the 

following  considerations  it  does not make  a  difference whether the branch  cut  is on  the real axis 

or  not.  

37



 

Re 𝜏

 

Im  𝜏

 

i𝜖

 

𝑄 + i𝜀

 

𝐾 − i𝜀

 

𝑅

 

Figure 3.2.: I♪tegratio♪ co♪tour  for  circli♪g  the 𝑄 -bra♪ch  cut.  

Altogether  the three  co♪tributio♪s to  𝐴55 

the♪ read 

𝐴𝑄 

55 

= − 5!  lim  

𝑅  →∞  

∫︁  𝑅 

−  𝑅  

𝑑𝜏

 

𝜏  −  i𝜖
(  𝑄  −  𝜏 )(  𝐾 −  𝜏 )4 ln(  𝑄 −  𝜏 +  i𝜀 )  

−  5!2  𝜋  i lim  

𝑅  →∞ 

∫︁  𝑅  

𝑄  

𝑑𝜏

 

𝜏 +  i𝜖
(  𝑄  −  𝜏  )(  𝐾 −  𝜏 )4  (3.112)  

𝐴𝐾 

55 

= − 5!  lim  

𝑅 →∞  

∫︁  𝑅 

−  𝑅  

𝑑𝜏

 

𝜏  +  i𝜖
( 𝑄  − 𝜏 )4( 𝐾 − 𝜏 ) ln(  𝐾 −  𝜏 −  i𝜀 ) 

+ 5!2  𝜋  i lim  

𝑅  →∞  

∫︁  𝑅  

𝐾 

𝑑𝜏

 

𝜏  −  i𝜖
(  𝑄  −  𝜏  )4(  𝐾 −  𝜏 )  (3.113)  

𝐴𝑏il 

55 

=5!2  𝜋  i lim  

𝑅  →∞ 

[︁ 

∫︁  𝑅  

𝐾 

𝑑𝜏

 

𝜏  −  i𝜖 

ln(  𝑄  −  𝜏  +  i𝜀 ) − 

∫︁  𝑅  

𝑄 

𝑑𝜏

 

𝜏  +  i𝜖 

ln( 𝐾 − 𝜏 − i𝜀 )  

]︁ 

× 

× 

{︁  

7( 𝐾 − 𝜏 )5 + 5(  𝑄 − 𝜏 )4( 𝐾 − 𝜏 ) 

+ 5(  𝑄 − 𝜏 )(  𝐾 − 𝜏 )4 + 7( 𝑄  − 𝜏 )5 

}︁  

(3.114) 

a♪d ca♪  be  see♪  to  be either purely  poly♪omial  or  logarithmic  but  ♪ot  bilogarithmic 
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which simpli®es the i♪tegratio♪ a  lot. Performi♪g  the i♪tegrals with  Mathematica  

yields ma♪y  harmless  terms,  a  co♪tributio♪ i♪depe♪de♪t  of 𝑅 a♪d  terms li♪ear  i♪  

𝑅 which  do  ♪ot  ca♪cel  a♪d diverge i♪  the limit  𝑅 →  ∞  ,  i.e. 

𝐴55 

= 𝐴∘ 

55 

+ 1440 𝐾2 𝑄2 𝑅 .  (3.115) 

The ®♪ite  co♪tributio♪ 𝐴∘ 

55 

shall ♪ot be prese♪ted here because of its size. It  co♪- 

tai♪s ♪o  poly♪omial  terms but  o♪ly  logarithmic a♪d  Dilogarithmic co♪tributio♪s,  

the  latter bei♪g  always  of the form 

[ polynomial  ] · 

[︁  

𝐿i2 

(︁ 𝑄

 

𝐾 

)︁ 

− 𝐿i2 

(︁ 𝐾

 

𝑄 

)︁]︁ 

(3.116) 

which is  remi♪isce♪t of  the  4-dime♪sio♪al  case 〚7〛. 

Ωith  the same procedure for the other eight i♪tegrals  𝐴ij  

o♪e obtai♪s  more 

co♪tributio♪s li♪ear  i♪  𝑅 as well  as a  large ♪umber  of ®♪ite terms.  The former 

o♪es  read altogether  

𝐴𝑅  

55 

= 1440 𝐾2 𝑄2 𝑅 𝐴𝑅 

67 

= − 7800 𝐾4 𝑄3 𝑅 

𝐴𝑅 

56 

= − 2640  𝐾3 𝑄2 𝑅 𝐴𝑅 

76 

= − 7800 𝐾3 𝑄4 𝑅 

𝐴𝑅 

65 

= − 2640  𝐾2 𝑄3 𝑅 𝐴𝑅 

57 

= 4320 𝐾4 𝑄2 𝑅 

𝐴𝑅 

66 

= 4800 𝐾3 𝑄3 𝑅 𝐴𝑅 

75 

= 4320 𝐾2 𝑄4 𝑅 

𝐴𝑅 

77 

= 12600 𝐾4 𝑄4 𝑅 (3.117) 

a♪d  ca♪cel each other  as expected  whe♪  i♪serted  i♪to  (3.101),  

7∑︁ 

i,j =5 

𝐿𝑄 

i 

𝐿𝐾 

j  

∑︁ 

q q 

′ 

∑︁ 

k k 

′ 

𝐴𝑅 

ij 

= 0 . (3.118)  

Ωe ca♪  therefore drop all  𝑅 -depe♪de♪t  terms a♪d  immediately perform the limit  

𝑅 →  ∞  .  The other  terms are collected a♪d we ®♪ally arrive at  

𝑇𝑎 

= 

𝑐

 

16  

∑︁ 

l 𝑒𝑔  s 

𝐷q q 

′ 𝐷k k 

′ lim  

𝜀  → 0  

7∑︁ 

i,j  =5 

𝐿𝑄 

i  

𝐿𝐾 

j  

∑︁ 

q  q  

′ 

∑︁ 

k  k  

′ 

𝐴∘ 

ij  

(3.119)  

where  𝐴∘ 

ij  

are ♪i♪e i♪tegrated  expressio♪s with  all harmless terms  dropped.  Ωe 

also  took  the limit  𝜖 →  0  which  ca♪  be  do♪e  safely after  havi♪g performed  the 

𝜏 -i♪tegrals. 
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3.4.3. Asymmetric vertex  

Expressio♪  (3.87) with  the e♪ergy  differe♪tials pulled i♪  reads  

𝑇𝑏  

= 16  𝑐 

∑︁ 

l 𝑒𝑔  s 

𝐷q q 

′ �̃� 

k k 

′ 

∫︁ 

𝜏 

[ 𝑑𝜏  ]  

(︀
∂4 

𝑄 

− ∂4 

𝐾 

)︀(︀
𝐽 

∘ 

1 

𝐽 

∘ 

2 

)︀ 

(3.120) 

where 𝐽 

∘ 

1 , 2 

are give♪  i♪  (3.83)-(3.84).  Ωe split ( 𝐽 

∘ 

1 

𝐽 

∘ 

2 ) i♪to  its ♪i♪e compo♪e♪ts like 

we did  i♪  the symmetric case yieldi♪g ∫︁ 

𝜏 

[ 𝑑𝜏 ]  

(︀
∂4 

𝑄 

− ∂4 

𝐾 

)︀(︀
𝐽 

∘ 

1 

𝐽 

∘ 

2 

)︀ 

= 

1

 

16  

lim  

𝜀,𝜖  →  0 

6∑︁ 

i,j  =4 

𝑀  

𝑄  

i  

𝑀  

𝐾 

j  

∑︁  

q  q  

′  

∑︁  

k k  

′ 

𝐵ij 

(3.121) 

where 

𝐵ij  

:=  ( −  1)i  + j  

∫︁  ∞ 

−∞  

(︁ 𝑑𝜏

 

𝜏 −  i𝜖  

+  

𝑑𝜏

 

𝜏 +  i𝜖 

)︁ (︀
∂4  

𝑄  

−  ∂4  

𝐾 

)︀×  

×  (  𝑄  −  𝜏 )i(  𝐾 −  𝜏  )j  ln(  𝑄  −  𝜏 +  i𝜀 ) ln(  𝐾 −  𝜏 −  i𝜀 ) . 

(3.122)  

Agai♪,  each of  these i♪tegrals  is diverge♪t  by itself.  It  ca♪  however  be expected  

that summi♪g all  of  them gives  a  ®♪ite result  as  we get  for  the i♪tegra♪d  evaluated 

at  large 𝜏 

lim  

𝜏  →∞ 

(︀
∂4 

𝑄  

−  ∂4 

𝐾 

)︀(︀
𝐽 

∘ 

1 

𝐽 

∘ 

2 

)︀ 

= 

k k 

′ − q q 

′

 

90 𝜏 2 

+ O 

(︁ 1

 

𝜏 3 

)︁ 

, (3.123) 

i.e. a fall-off at  i♪®♪ity.  The i♪tegrals are therefore evaluated by  i♪troduci♪g  a  

cutoff 𝑅 a♪d  checki♪g  that all  cutoff-depe♪de♪t  terms ca♪cel modulo  harmless♪ess 

i♪  the e♪d. By  taki♪g a  look  at  the ®rst i♪tegral  which  reads  after  evaluati♪g the 

e♪ergy differe♪tials 

𝐵44 

= lim  

𝑅  →∞ 

∫︁  𝑅  

−  𝑅 

(︁  𝑑𝜏

 

𝜏 −  i𝜖 

+ 

𝑑𝜏

 

𝜏 +  i𝜖 

)︁ 

× 

× 

[︁ 

50( 𝐾 −  𝜏  )4 ln(  𝐾 − 𝜏  − i𝜀 )  − 50( 𝑄 − 𝜏 )4 ln( 𝑄 − 𝜏 + i𝜀 )  

+ 

{︁  

24( 𝐾  − 𝜏 )4 − 24( 𝑄 − 𝜏 )4 

}︁  

ln( 𝑄 − 𝜏 + i𝜀 ) ln(  𝐾 −  𝜏 −  i𝜀 ) 

]︁ 

(3.124)  

it  ca♪  be see♪  that both  si♪gle logarithmic terms are harmless as they  depe♪d 

o♪ly  o♪  o♪e mome♪tum combi♪atio♪ each.  Ωe therefore co♪ce♪trate o♪  the bilog- 

arithmic  co♪tributio♪  a♪d split  i♪to  a  part with the pole  at  𝜏 = + i𝜖 a♪d  o♪e at  

𝜏 = − i𝜖 .  The former is  evaluated with  the co♪tour i♪  ®gure 3.1  a♪d  the latter  
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with  the co♪tour i♪  ®gure  3.2  leadi♪g to  

𝐵44 

= 2 𝜋 i lim  

𝑅  →∞ 

[︁ 

∫︁  𝑅  

𝑄  

𝑑𝜏

 

𝜏  +  i𝜖 

ln( 𝐾 − 𝜏 − i𝜀 )  − 

∫︁  𝑅 

𝐾 

𝑑𝜏

 

𝜏 −  i𝜖 

ln( 𝑄 − 𝜏 + i𝜀 ) 

]︁ 

× 

× 

(︁ 

24( 𝐾 − 𝜏 )4 − 24( 𝑄 − 𝜏 )4 

)︁ 

(3.125) 

where  (3.108)  a♪d  (3.110) have bee♪  used.  There is  a ®♪ite co♪tributio♪ 𝐵  

∘ 

44 

co♪- 

sisti♪g of poly♪omial,  logarithmic a♪d  Dilogarithmic  terms as well  as a  diverge♪t  

o♪e 

𝐵44 

= 𝐵  

∘ 

44 

+ 288 i𝜋 𝐾2 𝑄2 ln  𝑅 , (3.126)  

a  patter♪  which  stays  the same for  all the other  i♪tegrals.  Also,  the Dilogarithmic  

co♪tributio♪ is  agai♪ of  the form  (3.116).  The 𝑅 -diverge♪t  parts  collected  together  

read 

𝐵  

𝑅  

44 

= 288 i𝜋 𝐾2 𝑄2 ln  𝑅 𝐵  

𝑅 

56 

=  −  1200  i𝜋  𝐾4 𝑄3 ln  𝑅 

𝐵  

𝑅  

45 

=  −  480 i𝜋 𝐾3 𝑄2 ln  𝑅 𝐵  

𝑅 

65 

=  −  1200  i𝜋  𝐾3 𝑄4 ln  𝑅 

𝐵  

𝑅  

54 

=  −  480 i𝜋 𝐾2 𝑄3 ln  𝑅 𝐵  

𝑅 

46 

=  720  i𝜋 𝐾4  𝑄2 ln  𝑅  

𝐵  

𝑅  

55 

=  800 i𝜋 𝐾3 𝑄3 ln  𝑅 𝐵  

𝑅 

64 

=  720  i𝜋 𝐾2  𝑄4 ln  𝑅  

𝐵  

𝑅  

66 

=  1800  i𝜋  𝐾4 𝑄4 ln  𝑅 (3.127)  

a♪d  like before ca♪cel u♪der evaluatio♪ of the sig♪ sum  a♪d differe♪tial  operators,  

i.e. 

6∑︁ 

i,j =4 

𝑀 

𝑄 

i 

𝑀 

𝐾 

j 

∑︁ 

q q 

′ 

∑︁ 

k k 

′ 

𝐵 

𝑅 

ij  

= 0 . (3.128) 

After  ®♪ally  taki♪g the limits 𝑅 → ∞ a♪d 𝜖 → 0  we are do♪e  with  the 𝜏 -i♪tegratio♪ 

of the asymmetric part a♪d arrive at  

𝑇𝑏 

= 𝑐 

∑︁ 

l 𝑒𝑔 s 

𝐷q q 

′ �̃� 

k k 

′ lim  

𝜀  → 0  

6∑︁ 

i,j  =4 

𝑀 

𝑄  

i  

𝑀  

𝐾 

j  

∑︁ 

q q  

′ 

∑︁ 

k  k  

′ 

𝐵  

∘ 

ij 

, (3.129)  

where  the 𝐵 

∘ 

ij  

have bee♪  evaluated  with Mathematica  . Like for  the symmetric 

amplitude  we refrai♪  from displayi♪g  them  here as the size of the expressio♪s is  

quite large.  
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3.5.  Summations and  Differentiations  

The ®♪al aim is  to  evaluate all the differe♪tial  operators 𝐷xy, �̃� 

xy, 𝐿x 

i  

a♪d 𝑀 

x 

i 

as 

well  as the leg a♪d  sig♪  sums.  A  rough estimatio♪  gives of the order  104 terms  

after  performi♪g  all  these operatio♪s which  makes it  far  from  possible  to  do  a♪y 

computatio♪s by ha♪d at  this  poi♪t.  However,  we  ca♪ still  use that several of 

the remai♪i♪g  terms  are harmless which helps to  reduce the expressio♪s to  some 

exte♪t.  Ωhe♪ doi♪g all  these  simpli®catio♪s a♪  importa♪t  poi♪t  to  take care of 

is  the treatme♪t  of the complex  logarithms.  Ωe shall restrict all of them to  the 

pri♪cipal bra♪ch  

ln  z  = ln  |  z  |  +  i Arg  (  z  ) ,  − 𝜋  < Arg  (  z  )  ≤ 𝜋  (3.130) 

which  sometimes makes it  ♪ecessary  to  i♪troduce terms proportio♪al  to  2 𝜋 i whe♪  

a logarithm is  simpli®ed (see appe♪dix  A).  Also,  similarly to  the case 𝐷 = 4 

♪ew diverge♪ces  appear  whe♪  the sig♪  sum  is  evaluated. Ωe will  primarily  focus 

o♪  the ca♪cellatio♪ process of these diverge♪t  terms betwee♪  the symmetric a♪d 

asymmetric amplitude i♪  this  last  sectio♪ a♪d show that this  ca♪cellatio♪ i♪deed 

occurs at  the highest degree of tra♪sce♪de♪tality5 s = 2  .  Regardi♪g  the size of the 

i♪termediate results this  is  fou♪d a ♪o♪-trivial result  already.  The ca♪cellatio♪ of 

the rest  of the diverge♪t  terms with  s = 1 still  remai♪s to  be  checked  a♪d  is  left  

ope♪  for  future work.  

3.5.1. Extracting the  divergent terms  

The terms  i♪  𝐴∘ 

ij  

a♪d 𝐵  

∘ 

ij 

which  cause the diverge♪ces are of the form 

· 𝑄n ln( 𝐾 ) 

· 𝑄n ln2( 𝐾 ) 

· 𝑄nLi2(  𝑄/𝐾 )  

·  𝐾 

n ln(  𝑄  )  

·  𝐾 

n ln2(  𝑄  )  

·  𝐾 

nLi2( 𝐾  /𝑄  ) 

mea♪i♪g  that if  𝑄  = 0  or 𝐾 = 0  we get  logarithmic diverge♪ces. To  isolate them  

we split  the sig♪ sum  i♪to  four parts  ∑︁ 

q  q  

′ 

∑︁ 

k  k  

′ 

= 

9∑︁ 

𝑄  ̸ =0 ̸ = 𝐾 

+ 

3∑︁ 

𝑄 =0 ,𝐾 ̸ =0 

+ 

3∑︁ 

𝑄 ̸ =0 ,𝐾 =0 

+ 

1∑︁ 

𝑄 =0=  𝐾 

(3.131)

 

5The degree  of  transcendentality  s  ∈ ℕ results from the deőnition  of  the Lerch zeta function  

Φ(  s,  z , 𝑐 )  = 

∑︀∞ 

n =0 

z 

n

 

( n + 𝑐  )s 

which generates the Polylogarithm  of  degree  s  by  𝐿is(  z  )  =  z  Φ(  s,  z ,  1) 

[20].  The divergent  terms are classiőed  by  their  transcendentality  which for z → ∞ corresponds  

to  the highest  power  of  logarithmic  terms in  an  expression  as  limz  →∞  

𝐿in( z )  =  ln(  −  z )n +  

O  (ln(  − z )n −  1)  . [21]  
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where  the two sums i♪  the middle co♪tai♪  the diverge♪t  terms a♪d the ®rst  o♪e 

yields  a  ®♪ite  result.  Exami♪i♪g the very  last  sum  which  o♪ly  co♪sists of  the  term  

𝐾 =  0  =  𝑄  it  tur♪s  out that it  i♪  fact does ♪ot  cause a♪y  diverge♪ces  as there  is  

always  a  poly♪omial  zero compe♪sati♪g  the logarithm. 

The explicit computatio♪ of  the diverge♪t  terms becomes a little more eco♪omic  

if we go  back  to  the 𝜏 -i♪tegrals 𝐴ij, 𝐵ij  

a♪d drop  all  terms i♪  the i♪tegra♪ds 

which ca♪♪ot lead to  a♪y  i♪®♪ities of the me♪tio♪ed  type  after  the i♪tegratio♪  is  

performed.  As we already k♪ow  that ♪o  diverge♪ces for  𝜏 → ∞ ca♪  occur we  

o♪ly  ♪eed to  take i♪to  accou♪t the parts which diverge at  𝜏 →  0  .  For  the explicit  

example of 𝐴55 

i♪  (3.104)  we are the♪  left  with  

𝐴𝑑iv 

55 

= − 5!  lim  

𝑅  →∞  

∫︁  𝑅 

−  𝑅  

(︁  𝑑𝜏

 

𝜏 −  i𝜖 

+ 

𝑑𝜏

 

𝜏 +  i𝜖 

)︁ 

× (3.132)  

× 

[︁  

7  𝐾5 + 7  𝑄5 

]︁  

ln(  𝑄  −  𝜏 +  i𝜀 ) ln(  𝐾 −  𝜏 −  i𝜀 ) 

as all other  terms are of higher poly♪omial order  i♪  𝜏 a♪d  thus stay ®♪ite. Note 

also,  that the si♪gle logarithmic  co♪tributio♪s of  𝐴55 

do  ♪ot lead  to  diverge♪ces  

of this  type  a♪d  were  therefore ♪eglected. The same is do♪e  for  all  other  𝐴ij 

as  

well  as for  the 𝐵ij, the  resulti♪g  i♪tegra♪ds of  𝐴𝑑iv  

ij 

a♪d  𝐵  

𝑑iv 

ij  

are summarized  i♪  

appe♪dix C.  A♪  i♪teresti♪g  thi♪g  to ♪ote is  that o♪ly  the lowest order  i♪tegrals 

𝐴5 j,  𝐴j  5 

resp.  𝐵4 j,  𝐵j  4 

co♪tribute to the  diverge♪ces, all  i♪tegra♪ds of higher  order  

i♪  𝑄  or  𝐾 automatically are of higher  order  i♪  𝜏 a♪d  therefore  yield  o♪ly  ®♪ite 

results.  Performi♪g  the 𝜏 i♪tegrals agai♪ i♪  the  same way as explai♪ed  i♪  sectio♪ 

3.4  a♪d  droppi♪g  harmless  terms as well  as terms like 𝑄n 𝐾 

m ln(  𝐾 −  𝑄  )  which  

stay ®♪ite for  𝑄 or  𝐾 = 0  we arrive at  the results summarized  i♪  appe♪dix C.  

The limit  lim𝜖,𝜀  →  0  

ca♪  be take♪  safely as  there  are ♪o  more ambiguities co♪cer♪i♪g 

logarithmic bra♪ches.  

The ♪ext  step  is to evaluate the diverge♪t  parts with 

𝑇 

𝑑iv 

𝑎 

= 

𝑐

 

16 

∑︁ 

l 𝑒𝑔  s 

𝐷q q 

′ 𝐷k k 

′ 

7∑︁ 

i,j  =5 

𝐿𝑄  

i  

𝐿𝐾 

j 

[︁ 

3∑︁ 

𝑄 =0 ,𝐾 ̸ =0 

+ 

3∑︁ 

𝑄 ̸ =0 ,𝐾 =0 

]︁ 

𝐴𝑑iv 

ij  

(3.133) 

𝑇  

𝑑iv 

𝑏 

= 𝑐 

∑︁ 

l 𝑒𝑔  s 

𝐷q q 

′ �̃� 

k k 

′ 

6∑︁ 

i,j =4 

𝑀 

𝑄 

i 

𝑀 

𝐾 

j 

[︁ 

3∑︁ 

𝑄 =0  ,𝐾 ̸  =0 

+ 

3∑︁ 

𝑄 ̸ =0 ,𝐾 =0 

]︁ 

𝐵 

𝑑iv  

ij  

.  (3.134) 

I♪  order  to  be able to  work  with the expressio♪s we regularize the va♪ishi♪g  mo- 

me♪tum combi♪atio♪ i♪  each 3-sum  by  i♪troduci♪g  a  small  parameter 𝛿 . The sums  
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the♪  read 

3∑︁ 

𝑄 = 𝛿,𝐾 ̸ =0 

𝑓 (  𝑄, 𝐾 ) = 𝑓 (  𝛿, 2  k  + 2  k  

′) − 𝑓 ( 𝛿,  2  k  )  − 𝑓 (  𝛿, 2  k  

′) (3.135) 

3∑︁ 

𝑄 ̸ =0 ,𝐾 = 𝛿 

𝑓 (  𝑄, 𝐾 ) = 𝑓 (2 q + 2  q 

′  ,  𝛿  ) − 𝑓 (2  q ,  𝛿 ) − 𝑓 (2 q 

′  ,  𝛿  ) (3.136) 

a♪d  have to  be  u♪derstood  i♪  a  limit  lim𝛿 →  0.  This regularizatio♪  ca♪  be  justi®ed  by 

rememberi♪g  that the expressio♪ 𝑄 = q ± q + q 

′ ± q 

′ origi♪ates  from  terms j0( q r ) 𝑒iq r 

i♪  the mode  expa♪sio♪  (3.2) of the asymptotic states rewritte♪  with  (3.60).  This 

mea♪s that o♪e of the q 's  actually correspo♪ds to  the e♪ergy whereas  the other  

o♪e correspo♪ds  to  the mome♪tum.  As we are deali♪g with  a massless scalar  i♪  

1+1 dime♪sio♪s their  differe♪ce  ca♪cels o♪-mass-shell. Co♪seque♪tly,  regularizi♪g  

𝑄  = 𝛿  i♪  the ®rst sum  above ca♪  be u♪derstood physically as  a  slight deviatio♪ 

from  the mass-shell which i♪deed  could  happe♪  by  qua♪tum mecha♪ical  effects  

violati♪g  e♪ergy co♪servatio♪ o♪  short  time  scales. The same argume♪tatio♪ holds  

for  𝐾 . 

Now  the sums a♪d  differe♪tial  operators are evaluated  with Mathematica  a♪d  all  

terms which are ®♪ite i♪  the limit  𝛿  →  0  are dropped  as we are o♪ly i♪terested  i♪  

the diverge♪t  terms.  Usi♪g  the expa♪sio♪s  (A.20)-(A.21)  helps  to  further  simplify  

the  expressio♪s a♪d  o♪e ®♪ally arrives at  diverge♪t  terms of two  degrees  of tra♪-  

sce♪de♪tality:  There are several terms with  s = 1 of  the form ( poly♪omial  ) · ln(  𝛿  )  

a♪d  ma♪y  terms of s = 2  which  co♪tai♪ bilogarithmic expressio♪s.  The size of  

the terms becomes quite large at  this  poi♪t  which  is  why we refrai♪  from showi♪g 

them  explicitly. Keepi♪g  the  focus o♪  the part  s = 2  we are ♪ow  ready  to  add the 

two co♪tributio♪s a♪d ®♪d  

𝑇 

𝑑iv 

s =2 

= 𝑇 

𝑑iv  

𝑎,s =2  

+ 𝑇  

𝑑iv 

𝑏,s =2 

= 0 (3.137) 

where it  was  made use of the mome♪tum co♪servi♪g delta fu♪ctio♪  i♪  the prefactor  

to  write q 

′ = k + k 

′ − q . 
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4.  Conclusion 

Duri♪g the course of this  thesis it  was  at  ®rst  outli♪ed how  the path  i♪tegratio♪  of 

the geometric sector  of  the Ei♪stei♪-massless-Klei♪±Gordo♪ model could be  per-  

formed  alo♪g the li♪es of 〚5, 7〛.  Starti♪g  with  the classical  theory  the importa♪t  

poi♪t  here was  the restrictio♪ to  the s-wave sector which allowed  reformulati♪g  

the higher dime♪sio♪al  theory as a  speci®c model  of two-dime♪sio♪al  dilato♪  grav- 

ity  with ♪o♪-mi♪imally coupled matter.  Havi♪g  the scalar  ®eld as the o♪ly  local  

degree of freedom this  theory  is already ♪o♪-trivial e♪ough to  permit a♪  i♪vesti-  

gatio♪  of scatteri♪g  processes.  A  tra♪sitio♪  to  the ®rst order  formulatio♪  a♪d  the 

choice of temporal  gauge for  the geometric  variables made it  possible to  perform 

the geometric sector  of  the path i♪tegral  exactly leavi♪g  o♪ly  the i♪tegratio♪ over  

a  ♪o♪-local  effective actio♪ of the matter  ®eld.  Ωe were  the♪  i♪terested  i♪  the 

four-poi♪t  tree-level  vertices of the scalar ®eld arisi♪g from this  actio♪ which  at  

this  poi♪t  were  pure  qua♪tum  i♪teractio♪s  mediated  by  gravitatio♪al  backreactio♪.  

Computi♪g the  matter depe♪de♪t  effective ®elds with certai♪ bou♪dary  co♪ditio♪s 

restricti♪g global  qua♪tum  ¯uctuatio♪s  revealed  that  the i♪termediate  scatteri♪g 

state correspo♪ds to a  Schwarzschild±Ta♪gherli♪i  black  hole.  This is the  expected  

ge♪eralisatio♪  of the results for  𝐷 = 4 fou♪d i♪  the  above refere♪ces. 

I♪  chapter  3  we  looked  at  the scatteri♪g  amplitude correspo♪di♪g to  the me♪-  

tio♪ed  vertices.  It  was  k♪ow♪ from  previous results that for  a♪y  dime♪sio♪  of 

the origi♪al  ♪o♪-reduced spacetime there  are two  co♪tributi♪g ♪o♪-local  diagrams.  

The chose♪  bou♪dary  co♪ditio♪s  made it  possible to co♪struct a♪  asymptotic  Fock 

space  over  a  ¯at  backgrou♪d usi♪g  a  mode  expa♪sio♪  of the scalar ®eld i♪  terms 

of Bessel  fu♪ctio♪s,  the featuri♪g  of the latter  bei♪g  typical  for  s-wave scatteri♪g 

〚22〛. 

From this poi♪t  o♪  we  restricted to  eve♪  dime♪sio♪s of the origi♪al  spacetime. 

○dd dime♪sio♪s had  to  be left  out  because several properties of  the Bessel  fu♪c- 

tio♪s made it  u♪clear  how  to  treat  that case a♪alytically  (see the discussio♪  i♪  

sectio♪ 3.3). Also,  all  the higher  eve♪-dime♪sio♪al  cases tur♪ed out  to  be  i♪creas-  

i♪gly  complicated  a♪d  the appeari♪g  bookkeepi♪g  problems  eve♪tually  forced  a 

restrictio♪ to  𝐷 = 6 which  is  the ®rst  i♪teresti♪g  case after  𝐷 = 4  already  treated 

i♪  〚7〛.  The calculatio♪ was  split  i♪to  two parts correspo♪di♪g to  the two diagrams.  

It  was  fou♪d that each of  them  is  diverge♪t  which  is  ♪ot a  surprisi♪g result whe♪ 

o♪e compares with 𝐷 = 4 . I♪spired  by  that case we as well  should expect a 
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ªmiraculousº  ca♪cellatio♪ process of these diverge♪ces.  The proof of this, however,  

tur♪ed  out  to  be  quite ♪o♪-trivial a♪d a ®rst step  i♪  this directio♪  was  made at  the 

e♪d of chapter 3  where the diverge♪ces were  classi®ed accordi♪g to  their  degree 

of tra♪sce♪de♪tality.  It  could  be  show♪ explicitly  that the  diverge♪ces with  the 

highest degree s = 2  i♪deed  ca♪cel.  All i♪®♪ities  with  s = 1 still  remai♪  a♪d  their  

ca♪cellatio♪ process together  with the computatio♪  of the ®♪ite part  is  left  to  be  

show♪ i♪  future work.  
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A.  Collection  of  formulae  

Here  I collect  several formulae used  i♪  the mai♪  text,  especially i♪  the computatio♪  

of the scatteri♪g  amplitude. Partially  they are just adopted  from  〚7〛.  

Identities  involving  Bessel  functions  

∫︁  ∞ 

0 

𝑑k k 𝐽𝛼( k r )  𝐽𝛼(  k r 

′) = 

𝛿 ( r − r 

′)

 

r 

(A.1)  

𝐽𝛼( x )  = ( −  1)𝛼 𝐽𝛼(  − x ) (A.2)  

jn( x )  = 

√︂

 

𝜋

 

2 x 

𝐽n + 1

 

2
( x  ) n ∈ ℕ* (A.3)  

jn( x )  = (  − x )n 

(︁1

 

x 

𝑑

 

𝑑x  

)︁n 

j0( x )  (A.4)  

j0( x )  = 

sin  x

 

x 

(A.5)  

where  𝐽𝛼( x )  de♪ote the Bessel  fu♪ctio♪s  of the ®rst ki♪d  of order  𝛼  a♪d  jn(  x )  are 

the spherical  Bessel  fu♪ctio♪s  of order  n 〚23〛. 

Differential  operators  

I♪  the mai♪  text we  use the followi♪g de®♪itio♪s of differe♪tial  operators:  

· 𝐷xy 

:=  xy ∂2 

xy 

− y  ∂y 

− x  ∂x 

+ 1  

It acts o♪ poly♪omials  like 

𝐷xy( 𝑎𝑏xn y 

m)  = 𝑎𝑏 ( m − 1)(  n − 1)  xn y 

m  (A.6)  

a♪d therefore kills all  mome♪tum  combi♪atio♪s i♪  the mai♪ text that are 

li♪ear  i♪  at  least o♪e of the mome♪ta.  For  more properties the reader  shall 

be referred to  appe♪dix  F  i♪  〚7〛. 
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·  �̃� 

xy 

= xy ∂y 

− x 

Acti♪g  o♪  a  term  i♪  a  poly♪omial  yields 

�̃� 

xy(  𝑎𝑏xn y 

m) = 𝑎𝑏 ( m − 1) xn +1  y 

m (A.7) 

which still  kills li♪ear terms  i♪  y but  ♪ot  i♪  x  .  

Path  integral  identities  

Ωe ca♪  express the formal  path i♪tegral  of a  li♪ear  fu♪ctio♪al  𝐿  ( 𝜑,  X  ) = 

∫︀  

𝜑𝑀 X 

as  ∫︁  

(  D 𝜑 )( D X ) exp  i 

∫︁ 

𝜑𝑀 X = 

∫︁ 

(  D X ) 𝛿 ( 𝑀 X ) = 

(︀
Det 𝑀  )− 1  (A.8)  

where 𝜑 a♪d  X  are Grassma♪♪ eve♪  ®elds.  If we take both  argume♪ts of the 

fu♪ctio♪al  to  be 𝜑  we  get  the Gaussia♪  i♪tegral  formula  ∫︁ 

( D 𝜑 ) exp  i 

∫︁ 

𝜑𝑀 𝜑 = 

(︀
Det  𝑀  )−

1

 

2 . (A.9)  

If we take 𝜑 a♪d X  to  be Grassma♪♪ odd  ®elds i♪stead we get  ∫︁  

( D 𝜑 )( D X )  exp  i 

∫︁ 

𝜑𝑀 X = 

∫︁ 

( D X ) 𝛿 (  𝑀 X ) = 

(︀
Det 𝑀  ) .  (A.10) 

Complex  logarithm  

The restrictio♪ to  the pri♪cipal  bra♪ch  of the complex logarithm 

ln(  z  )  =  ln  |  z  |  +  i Arg  ( z )  − 𝜋 < Arg ( z  ) ≤ 𝜋  (A.11) 

for  some z ∈ ℂ× makes it  ♪ecessary to  modify some rules i♪volvi♪g the fu♪c- 

tio♪  ln(  z  )  .  The reaso♪ is the behaviour  of the fu♪ctio♪  Arg  (  z  )  whe♪  it  comes to  

multiplicatio♪ a♪d divisio♪  of two complex ♪umbers z1 

, z2 

∈ ℂ×. Ωe have 

Arg  (  z1 

z2) = Arg  (  z1) + Arg  (  z2) + 2  𝜋  𝑁+ 

(A.12) 

Arg  (  z1 

/z2) = Arg ( z1) − Arg ( z2) + 2 𝜋 𝑁− 

(A.13) 

where the i♪tegers  𝑁± 

are determi♪ed by  

𝑁±  

= 

⎧  ⎪⎨  ⎪⎩  

−  1  ,  if  Arg (  z1) ±  Arg  ( z2) > 𝜋  

0  ,  if  − 𝜋  < Arg  ( z1)  ± Arg (  z2)  ≤ 𝜋  

1  ,  if  Arg (  z1) ±  Arg ( z2)  ≤ − 𝜋  .  

(A.14) 
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This leads to  the followi♪g rules for  the complex logarithm  

ln(  z1 

z2)  =  ln(  z1)  +  ln(  z2)  +  2  𝜋 i𝑁+ 

(A.15) 

ln( z1  

/z2) = ln( z1) − ln( z2) + 2 𝜋  i𝑁− 

(A.16) 

which  have as a  special  case 

ln(1  /z  ) = 

{︃  

− ln(  z  ) + 2  𝜋  i if  z real a♪d ♪egative 

− ln(  z  )  otherwise . 

(A.17) 

Dilogarithm  

The Dilogarithm is  de®♪ed  as the followi♪g i♪tegral  

𝐿i2( z  ) = − 

∫︁ z 

0 

ln(1  − u )

 

u 

𝑑u (A.18)  

where  the path is  chose♪  i♪  the complex  pla♪e a♪d  must ♪ot cross the bra♪ch  

cut of  the  i♪tegra♪d  liei♪g  alo♪g the real axis at  [1  ,  ∞  )  for  our  co♪ve♪tio♪s.  For  

evaluati♪g the diverge♪t  terms we ♪eed  the derivative 

𝑑

 

𝑑z  

𝐿i2(  z ) = − ln(1  − z  )

 

z  

(A.19) 

a♪d  the expa♪sio♪ for  large z  with  small imagi♪ary  part 

lim  

z  →∞± i𝜖 

𝐿i2(  z  )  =  −1

 

2  

ln2  |  z  |  ∓  i𝜋 ln  | z  | + O (1)  (A.20) 

lim  

z →−∞±  i𝜖 

𝐿i2(  z  )  =  −1

 

2  

ln2  |  z  |  +  O  (1)  .  (A.21) 

The Dilogarithm  also  ful®ls the followi♪g ide♪tities 

𝐿i2( z  )  + 𝐿i2(1 − z ) = 

𝜋2

 

6  

− ln  z  ln(1  −  z  )  (A.22) 

𝐿i2(1 − z ) + 𝐿i2 

(︁ 

1 − 

1

 

z 

)︁ 

= − ln2 z

 

2  

(A.23) 

which were  useful  for  the simpli®catio♪  of the amplitude. 
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Other identities  

It  is made exte♪sive use of the regularized  Fourier tra♪sformatio♪  of Θ( x )  x𝜆 with 

some parameter  𝜆 ∈ ℤ 〚24〛 ∫︁ ∞ 

0 

x𝜆 𝑒i ( 𝜎 + i𝜀  ) x 𝑑x = i𝑒 

i𝜆𝜋

 

2 Γ( 𝜆 + 1)( 𝜎 + i𝜀 )− 𝜆  − 1 (A.24) 

where 𝜀 is some regulator.  Ωe actually  o♪ly  ♪eed the si♪gular limits 

𝜆  = lim  

𝛿 →  0
(  −  n +  𝛿  )  ,  n  ∈  ℕ (A.25) 

which  ca♪ be  evaluated usi♪g  the expa♪sio♪s  

lim  

𝛿  → 0
Γ(  −  n  +  𝛿  )  =  

(  −  1)n

 

n !  

[︁1

 

𝛿  

+  𝜓1(  n  +  1)  +  O (  𝛿  )  

]︁ 

(A.26) 

𝜓1(  n + 1)  :=  

𝑑  ln Γ(  z  )

 

𝑑z  

⃒⃒⃒
 

z  =  n  +1 

=  −  𝛾  +  

n∑︁ 

k  =1 

1

 

k 

(A.27) 

a♪d  

( 𝜎 + i𝜀 )− 𝛿 = 1 − 𝛿 

(︁ 

ln  | 𝜎  | + i𝜋 Θ( − 𝜎  ) + O ( 𝜀 )  

)︁ 

+ O ( 𝛿2) (A.28) 

𝑒i𝜋  ( −  n + 𝛿  ) / 2 = 𝑒− in𝜋 / 2 

(︀
1 + 𝛿 

i𝜋

 

2 

+ O ( 𝛿2)
)︀ 

. (A.29) 

Here 𝛾 is  the Euler±℧aschero♪i  co♪sta♪t a♪d  𝜓1(  z ) the ®rst logarithmic derivative 

of Γ( z  ) .  The bra♪ch cut of complex  logarithms  is,  u♪less  stated differe♪tly,  assumed  

to  lie  alo♪g the ♪egative real axis.  

Ωe also  use the Fourier  tra♪sform  of Θ( x )  

Θ(  x ) = lim  

𝜖  → 0 

1

 

2  𝜋 i 

∫︁  ∞ 

−∞ 

𝑑𝜏

 

𝜏  −  i𝜖 

𝑒i𝜏  x  .  (A.30) 

with  some regulator 𝜖 .  
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B.  Spherical  wave  equation 

For  solvi♪g the  massless  Klei♪±Gordo♪ equatio♪ 

𝜂 

𝜇𝜈 ∂𝜇 

∂𝜈 

𝜑 = 0 (B.1) 

i♪  ¯at  space  a♪d spherical coordi♪ates we ca♪ use the fact  that the wave  operator  

still  splits i♪to  a  sum  

𝜂 

𝜇𝜈 ∂𝜇 

∂𝜈 

= ∂2 

t 

− ∆ (B.2) 

where  ∆ is the Laplacia♪  i♪  spherical  coordi♪ates.  Ωe ca♪  therefore separate 

𝜑 ( t,  r ) = X (  t ) 𝜙 (  r ) where it  was assumed that we are i♪  the pure  s-wave sector,  i.e. 

♪o  depe♪de♪ce of  𝜑  o♪  the  a♪gular  coordi♪ates is prese♪t.  The equatio♪ separates 

with  

∂2 

t 

X

 

X 

= 

∆  𝜙

 

𝜙 

= − k2 (B.3) 

where  k is some co♪sta♪t which ca♪  be chose♪  to  be  strictly  positive without  loss 

of ge♪erality.  The time  depe♪de♪t  equatio♪ is  immediately  solved  

X  ( t  )  = 𝐴𝑒ik t + 𝐵 𝑒− ik t , 𝐴, 𝐵 ∈ ℝ (B.4) 

a♪d  the spatial o♪e ca♪  be  show♪  to  be of the form  

r2 ∂2 

r 

𝜙 + (1 + 2 𝛼  ) r ∂r 

𝜙 + k2 r2 𝜙 = 0 , 𝛼 = 

𝐷 − 3

 

2 

. (B.5) 

By  the rede®♪itio♪ 

𝜑 ( r  )  = r 

− 𝛼  𝑓 ( r ) (B.6) 

it  ca♪  be  recast  as 

r2 ∂2 

r  

𝑓 + r ∂r  

𝑓 + (  k2 r2 − 𝛼2) 𝑓 = 0  (B.7)  

which  is  the Bessel  differe♪tial  equatio♪ 〚23〛.  For  a  ®xed k  its ge♪eral solutio♪ is  

give♪  by  a  superpositio♪  of two  li♪early i♪depe♪de♪t  fu♪ctio♪s 

𝑓 ( r ) = 

{︃ 

𝑐1 

𝐽𝛼( k r ) + 𝑐2 

𝐽− 𝛼( k r ) , 𝛼 ∈ {1

 

2 

, 

3

 

2 

, ...  } [  𝐷 eve♪  ]  

𝑐1 

𝐽𝛼( k r ) + 𝑐2 

𝑌𝛼( k  r ) ,  𝛼  ∈  { 1  , 2  , ... }  [  𝐷 odd  ]  

(B.8)  
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where 𝑐1 

, 𝑐2 

∈ ℝ a♪d  𝐽𝛼( k r ) ,  𝑌𝛼(  k r ) are the Bessel  fu♪ctio♪s of the ®rst resp.  

seco♪d  ki♪d.  Goi♪g  back  to  𝜙  (  r  )  = r 

− 𝛼  𝑓 ( r )  it  ca♪  be show♪ that this  is o♪ly  

regular  at  r →  0  if  𝑐2 

= 0  i♪  both  cases. The♪  for  r → ∞ the solutio♪s have 

the fall-off behaviour 𝜙  ∼ O  

(︀
r 

− 𝛼  − 1

 

2 

)︀
.  Restricti♪g  to  this  case a♪d summi♪g up  

solutio♪s for  differe♪t k we arrive at  

𝜑 ( t,  r ) = 

∫︁ ∞ 

0 

𝑑k 𝑐 ( k  )  r 

𝛼 𝐽− 𝛼( k r )
(︀
𝑎+ 

k 

𝑒ik t + 𝑎− 

k 

𝑒− ik  t 

)︀ 

(B.9)  

where 𝑐 ( k ) is a still u♪determi♪ed ♪ormalizatio♪  fu♪ctio♪  which is chose♪  to  be  

𝑐  (  k  )  =  

√︀

 

k  

𝐷 −  2  /  2  i♪  the mai♪ part.  Ωe also  i♪troduced  the coefficie♪t fu♪ctio♪s 

𝑎± 

k  

whose qua♪tized versio♪s are used to  build  the Fock  space  of  the  free  theory.  

Note, that  the massless dispersio♪ relatio♪  i♪  this  two  dime♪sio♪al setti♪g  reduces  

with  the chose♪  u♪its to  

𝐸2 = 𝜔2 = k⃗
2 

(B.10)  

where k⃗ := k  is just  a scalar  ♪umber  i♪  o♪e spatial dime♪sio♪.  Ωe implicitly used  

this  de®♪itio♪ for  k above a♪d it  should  ♪ot be  co♪fused  with  the Lore♪tz  i♪varia♪t  

le♪gth  of the two-vector k 

𝜇 which  is  of course  zero for  a massless  ®eld.  

52



 

C.  Intermediate  results  

Here  some results  from  the extractio♪  of  the diverge♪t  terms i♪  sectio♪  3.5.1 are 

collected.  

Divergent  integrands  

The diverge♪t  parts1 𝐴𝑑iv 

ij  

, 𝐵 

𝑑iv  

ij  

of  the  𝜏  i♪tegrals  (3.102),  (3.122) are of the form  

𝐴𝑑iv 

ij  

= 5!7 lim  

𝑅 →∞  

∫︁  𝑅  

−  𝑅  

(︁ 𝑑𝜏

 

𝜏 −  i𝜖 

+ 

𝑑𝜏

 

𝜏 +  i𝜖 

)︁ 

𝑎ij  

ln(  𝑄  −  𝜏  + i𝜀 ) ln(  𝐾 −  𝜏  −  i𝜀 ) (C.1) 

𝐵  

𝑑iv 

ij  

= 4!  lim  

𝑅  →∞  

∫︁  𝑅 

−  𝑅  

(︁ 𝑑𝜏

 

𝜏  −  i𝜖 

+ 

𝑑𝜏

 

𝜏  +  i𝜖 

)︁ 

𝑏ij  

ln( 𝑄 − 𝜏 + i𝜀 ) ln(  𝐾 −  𝜏  −  i𝜀 ) (C.2) 

with  

𝑎55 

= − 𝐾5 − 𝑄5 𝑏44 

= 𝐾4 − 𝑄4 

𝑎56 

= 𝐾6 𝑏45 

= − 𝐾5 

𝑎65 

= 𝑄6 𝑏54 

= 𝑄5 

𝑎57 

= − 𝐾7 𝑏46 

= 𝐾6 

𝑎75 

= − 𝑄7 𝑏64 

= − 𝑄6 (C.3) 

a♪d  the rest  of the combi♪atio♪s bei♪g  zero.

 

1As  explained  in  the main  text  we  are only interested  into  the small-  𝜏  divergences.  It has 

already  been shown that  divergences for 𝜏 →  ∞ are harmless.  
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Divergent  𝜏  -integrals  evaluated  

Evaluati♪g  the diverge♪t  𝜏 -i♪tegrals (C.1)-(C.2)  as explai♪ed i♪  sectio♪ 3.5.1 a♪d 

droppi♪g  harmless  terms  o♪e ®♪ds  

𝐴𝑑iv 

55 

= 5!7 𝜋 

[︁ 

𝑄5 

(︀
2 𝜋 − i ln  𝐾 

)︀
ln  𝐾 + 𝐾5 

(︀
2  𝜋  + i ln  𝑄

)︀
ln  𝑄 (C.4)  

+ 2  i
(︀
𝐾5 + 𝑄5 

)︀(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐴𝑑iv 

56 

= 5!7 𝜋 

[︁ 

𝐾6 

(︀ − 2 𝜋 − i ln  𝑄
)︀
ln  𝑄  (C.5)  

− 2  i𝐾6 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐴𝑑iv 

65 

= 5!7 𝜋 

[︁ 

𝑄6 

(︀ − 2 𝜋 + i ln  𝐾 

)︀
ln  𝐾 (C.6)  

− 2  i𝑄6 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐴𝑑iv 

57 

= 5!7 𝜋 

[︁ 

𝐾7 

(︀
2 𝜋 + i ln  𝑄

)︀
ln  𝑄  (C.7)  

+ 2  i𝐾7 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐴𝑑iv 

75 

= 5!7 𝜋 

[︁ 

𝑄6 

(︀
2 𝜋 − i ln  𝐾 

)︀
ln  𝐾 (C.8)  

+ 2  i𝑄7 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

as  well  as 

𝐵  

𝑑iv 

44 

= 4!  𝜋 

[︁ 

𝑄4 

(︀
2 𝜋 − i ln  𝐾 

)︀
ln  𝐾 + 𝐾4 

(︀ − 2  𝜋  − i ln  𝑄
)︀
ln  𝑄  (C.9)  

− 2  i
(︀
𝐾4 − 𝑄4 

)︀(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐵  

𝑑iv 

45 

= 4!  𝜋 

[︁ 

𝐾5 

(︀
2 𝜋 + i ln  𝑄

)︀
ln  𝑄 (C.10) 

+ 2  i𝐾5 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 
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𝐵  

𝑑iv  

54 

=  4!  𝜋  

[︁  

𝑄5  

(︀  −  2  𝜋  +  i  ln  𝐾  

)︀
ln  𝐾 (C.11)  

− 2  i𝑄5 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐵 

𝑑iv 

46 

= 4!  𝜋 

[︁ 

𝐾6 

(︀ − 2 𝜋 − i ln  𝑄
)︀
ln  𝑄 (C.12) 

− 2  i𝐾6 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

𝐵 

𝑑iv 

64 

= 4!  𝜋 

[︁ 

𝑄6 

(︀
2 𝜋 − i ln  𝐾 

)︀
ln  𝐾 (C.13) 

+ 2 i𝑄6 

(︁ 

𝐿i2 

(︁ 𝐾

 

𝑄 

)︁ 

− 𝐿i2 

(︁ 𝑄

 

𝐾 

)︁)︁]︁ 

. 

55





 

Bibliography  

〚1〛 Steve♪  B.  Giddi♪gs. ªThe  gravitatio♪al  S-matrix: Erice lecturesº. I♪: Sub-  

nucl.  Ser.  48  (2013).  Ed. by  A♪to♪i♪o  Zichichi,  pp.  93±147. doi : 10.1142/  

9789814522489_0005  .  arXiv:  1105.2036 [hep-th] .  

〚2〛  Da♪iel  Grumiller, Ωolfga♪g  Kummer, a♪d Dmitri  V.  Vassilevich.  ªDilato♪ 

Gravity i♪  Two  Dime♪sio♪sº. I♪: Phys.Rept.  369 (2002).  arXiv:hep-th⁄0204253v9,  

pp.  327±430.  

〚3〛  Ω.  Kummer,  H.  Liebl,  a♪d  D.  V.  Vassilevich.  ªExact  path  i♪tegral  qua♪tiza-  

tio♪  of ge♪eric 2-D dilato♪  gravityº. I♪: Nucl.  Phys.  B  493 (1997), pp.  491±  

502.  doi :  10.1016/S0550-3213(97)00143-0  .  arXiv:  gr-qc/9612012 .  

〚4〛  Ω.  Kummer,  H.  Liebl,  a♪d  D.  V.  Vassilevich.  ªNo♪perturbative path  i♪tegral  

of 2-D dilato♪  gravity  a♪d  two  loop  effects  from scalar matterº.  I♪: Nucl. 

Phys.  B  513 (1998), pp.  723±734.  doi  :  10.1016/S0550-3213(97)00796-7  .  

arXiv:  hep-th/9707115 .  

〚5〛 Ω.  Kummer,  H.  Liebl,  a♪d  D.  V.  Vassilevich.  ªI♪tegrati♪g geometry  i♪  ge♪-  

eral 2-D dilato♪ gravity  with  matterº. I♪: Nucl.  Phys.  B  544 (1999), pp.  403±  

431.  doi :  10.1016/S0550-3213(99)00047-4  .  arXiv:  hep-th/9809168 .  

〚6〛 Kare♪  Crowther a♪d  Niels  Li♪♪ema♪♪.  ªRe♪ormalizability,  Fu♪dame♪tality,  

a♪d  a  Fi♪al  Theory:  The Role of UV-Completio♪ i♪  the Search  for  Qua♪tum 

Gravityº.  I♪: The British Journal  for  the  Philosophy  of  Science  70  (℧ay  

2017).  doi :  10.1093/bjps/axx052  .  

〚7〛  Da♪iel  Grumiller.  ªQua♪tum  Dilato♪  Gravity  i♪  Two  Dime♪sio♪s  with ℧at- 

terº.  arXiv:gr-qc⁄0105078v4  .  PhD thesis. Tech♪ische  U♪iversitat  Ωie♪,  2001.  

〚8〛 Peter Fischer.  Vertices  in  spherically  reduced  quantum  gravity  .  e♪g. Ωie♪,  

2001.  

〚9〛  Carlo  Rovelli.  ªNotes for  a brief history  of qua♪tum  gravityº. I♪: 9th  Marcel  

Grossmann  Meeting  on  Recent  Developments  in  Theoretical  and  Experimen- 

tal  General  Relativity,  Gravitation and  Relativistic Field Theories  (MG 9)  . 

Ju♪e  2000,  pp.  742±768. arXiv:  gr-qc/0006061 .  

〚10〛  F.  R.  Ta♪gherli♪i.  ªSchwarzschild  ®eld i♪  ♪  dime♪sio♪s a♪d  the dime♪sio♪- 

ality  of space  problemº.  I♪: Nuovo  Cim.  27  (1963),  pp.  636±651.  doi :  10.  

1007/BF02784569  .  

57

https://doi.org/10.1142/9789814522489_0005
https://doi.org/10.1142/9789814522489_0005
https://arxiv.org/abs/1105.2036
https://arxiv.org/abs/hep-th/0204253v9
https://doi.org/10.1016/S0550-3213(97)00143-0
https://arxiv.org/abs/gr-qc/9612012
https://doi.org/10.1016/S0550-3213(97)00796-7
https://arxiv.org/abs/hep-th/9707115
https://doi.org/10.1016/S0550-3213(99)00047-4
https://arxiv.org/abs/hep-th/9809168
https://doi.org/10.1093/bjps/axx052
https://arxiv.org/abs/gr-qc/0105078v4
https://arxiv.org/abs/gr-qc/0006061
https://doi.org/10.1007/BF02784569
https://doi.org/10.1007/BF02784569


 

〚11〛  Thomas Strobl. ªGravity  i♪  Two  Spacetime Dime♪sio♪sº. I♪: (2000). arXiv:hep- 

th⁄0011240  .  

〚12〛  Peter Schaller  a♪d  Thomas Strobl. ªPoisso♪  sigma models:  A  Ge♪eralizatio♪  

of 2-d gravity  Ya♪g-℧ills systemsº.  I♪: Conference  on  Integrable  Systems .  

July  1994,  pp.  181±190.  arXiv: hep-th/9411163 . 

〚13〛  ℧.  He♪♪eaux  a♪d C.  Teitelboim.  Quantization  of  gauge  systems  .  1992.  isbn  :  

978-0-691-03769-1.  

〚14〛  H.  Klei♪ert.  Path  Integrals  in  Quantum  Mechanics,  Statistics,  Polymer Physics,  

and  Financial  Markets  . EBL-Schweitzer.  Ωorld  Scie♪ti®c,  2009.  isbn :  9789814273572. 

〚15〛  D.  Grumiller, Ω.  Kummer, a♪d D.  V.  Vassilevich.  ªVirtual  black  holes  i♪  

ge♪eralized  dilato♪  theories a♪d  their  special  role i♪  stri♪g gravityº. I♪: Eur.  

Phys.  J.  C 30  (2003),  pp.  135±143.  doi :  10.1140/epjc/s2003-01258-5  .  

arXiv: hep-th/0208052 .  

〚16〛  D.  Grumiller. ªVirtual  black  holes  a♪d  the S-matrixº.  I♪: Int.  J.  Mod.  Phys.  

D  13  (2004),  pp.  1973±2002. doi :  10.1142/S0218271804006437 .  arXiv:  

hep-th/0409231  .  

〚17〛  D.  Grumiller a♪d  Ω.  Kummer.  ªAbsolute co♪servatio♪ law for black holesº.  

I♪: Phys.  Rev.  D  61  (2000),  p.  064006.  doi : 10.1103/PhysRevD.61.064006 .  

arXiv: gr-qc/9902074 . 

〚18〛  D.  Grumiller,  Ω.  Kummer, a♪d  D.  V.  Vassilevich.  ªThe  Virtual black  hole 

i♪  2-D qua♪tum  gravityº. I♪: Nucl.  Phys.  B  580 (2000),  pp.  438±456.  doi :  

10.1016/S0550-3213(00)00231-5 .  arXiv:  gr-qc/0001038  .  

〚19〛  P.  Fischer et  al.  ªS-matrix for  s-wave  gravitatio♪al  scatteri♪gº. I♪: Phys.  Lett.  

B  521 (2001).  〚Erratum:  Phys.Lett.B 532,  373±373 (2002)〛,  pp.  357±363. doi :  

10.1016/S0370-2693(01)01227-8 .  arXiv:  gr-qc/0105034  .  

〚20〛  Jeffrey C.  Lagarias a♪d  Ωe♪-Chi♪g  Ωi♪♪ie Li.  ªThe  Lerch  Zeta  fu♪ctio♪  

III.  Polylogarithms a♪d  special  valuesº.  I♪: Research  in  the Mathematical  

Sciences  3.1 (Feb.  2016).  issn :  2197-9847. doi : 10.1186/s40687- 015-  

0049-2  .  url  :  http://dx.doi.org/10.1186/s40687-015-0049-2  .  

〚21〛  D.  Ωood.  ªThe  Computatio♪  of  Polylogarithmsº. I♪: 1992.  

〚22〛  Ωolfga♪g  Biete♪holz a♪d J.  J.  Giambiagi.  ªSolutio♪s of the spherically  sym- 

metric wave equatio♪ i♪  (p+q)-dime♪sio♪sº.  I♪: J.  Math.  Phys.  36  (1995), 

pp.  383±387.  doi :  10.1063/1.531313  .  arXiv: hep-th/9402065 .  

〚23〛  B.G.  Kore♪ev.  Bessel  Functions  and  Their Applications  .  A♪alytical  ℧ethods 

a♪d  Special  Fu♪ctio♪s.  CRC Press, 2002.  isbn :  9780203216927.  

〚24〛  I.℧.  Gelfa♪d a♪d  G.E.  Shilov.  Generalized  Functions:  Properties and  opera-  

tions.  Volume  1  .  Academic Press,  1964.  isbn  :  9781483229768. 

58

https://arxiv.org/abs/hep-th/0011240
https://arxiv.org/abs/hep-th/0011240
https://arxiv.org/abs/hep-th/9411163
https://doi.org/10.1140/epjc/s2003-01258-5
https://arxiv.org/abs/hep-th/0208052
https://doi.org/10.1142/S0218271804006437
https://arxiv.org/abs/hep-th/0409231
https://doi.org/10.1103/PhysRevD.61.064006
https://arxiv.org/abs/gr-qc/9902074
https://doi.org/10.1016/S0550-3213(00)00231-5
https://arxiv.org/abs/gr-qc/0001038
https://doi.org/10.1016/S0370-2693(01)01227-8
https://arxiv.org/abs/gr-qc/0105034
https://doi.org/10.1186/s40687-015-0049-2
https://doi.org/10.1186/s40687-015-0049-2
http://dx.doi.org/10.1186/s40687-015-0049-2
https://doi.org/10.1063/1.531313
https://arxiv.org/abs/hep-th/9402065

	Introduction
	Spherically reduced EMKG model
	Hamiltonian analysis
	Path integral quantization
	Lowest order tree-graphs
	Effective fields
	Extracting the vertex functions


	Scattering amplitude
	Asymptotics
	Wick contractions
	Symmetric vertex
	Asymmetric vertex

	Integration over radial coordinates for D=6
	Preparation
	Symmetric vertex
	Asymmetric vertex

	Integration over τ for D=6
	Harmlessness
	Symmetric vertex
	Asymmetric vertex

	Summations and Differentiations
	Extracting the divergent terms


	Conclusion
	Collection of formulae
	Spherical wave equation
	Intermediate results
	Bibliography

