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Abstract

The existence of global nonnegative martingale solutions to cross-diffusion systems of
Shigesada—Kawasaki—Teramoto type with multiplicative noise is proven. The model
describes the stochastic segregation dynamics of an arbitrary number of population
species in a bounded domain with no-flux boundary conditions. The diffusion matrix
is generally neither symmetric nor positive semidefinite, which excludes standard
methods for evolution equations. Instead, the existence proof is based on the entropy
structure of the model, a novel regularization of the entropy variable, higher-order
moment estimates, and fractional time regularity. The regularization technique is
generic and is applied to the population system with self-diffusion in any space dimen-
sion and without self-diffusion in two space dimensions.
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1 Introduction

Shigesada, Kawasaki, and Teramoto (SKT) suggested in their seminal paper [37]
a deterministic cross-diffusion system for two competing species, which is able to
describe the segregation of the populations. A random influence of the environment
or the lack of knowledge of certain biological parameters motivate the introduction of
noise terms, leading to the stochastic system for n species with the population density
u; of the ith species:

n n
du; — div (ZA,-j(u)wj>dt => 0ij)dW;(t) inO, t>0,i=1...n(l)
j=1 j=1
with initial and no-flux boundary conditions
n
ui©) =u) inO, Y Aj@Vu;-v=0 ond0, t>0,i=1...n (2
j=1

and diffusion coefficients

n
Ajj(u) = 5ij<ai0 + Zaikuk> +ajju;, i,j=1,...,n, 3)
k=1
where O c R? (d > 1) is a bounded domain, v is the exterior unit normal vector to
20, (Wy, ..., W,) is an n-dimensional cylindrical Wiener process, and q; j > 0 for
i=1,...,n,j =0,...,n are parameters. The stochastic framework is detailed in
Sect. 2.

The deterministic analog of (1)—(3) generalizes the two-species model of [37] to an
arbitrary number of species. The deterministic model can be derived rigorously from
nonlocal population systems [19, 35], stochastic interacting particle systems [8], and
finite-state jump Markov models [2, 13]. The original system in [37] also contains a
deterministic environmental potential and Lotka—Volterra terms, which are neglected
here for simplicity.

We call a;g the diffusion coefficients, a;; the self-diffusion coefficients, and a;; for
i # j the cross-diffusion coefficients. We say that system (1)-(3) is with self-diffusion
if ajo > 0,a;; > O0foralli = 1,...,n, and without self-diffusion if a;o > 0, a;; =0
foralli=1,...,n.

The aim of this work is to prove the existence of global nonnegative martingale solu-
tions to system (1)—(3) allowing for large cross-diffusion coefficients. The existence of
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a local pathwise mild solution to (1)—(3) with n = 2 was shown in [30, Theorem 4.3]
under the assumption that the diffusion matrix is positive definite. Global martingale
solutions to a SKT model with quadratic instead of linear coefficients A;;(u) were
found in [18]. Besides detailed balance, this result needs a moderate smallness condi-
tion on the cross-diffusion coefficients. We prove the existence of global martingale
solutions to the SKT model for general coefficients satisfying detailed balance. This
result seems to be new.

There are two major difficulties in the analysis of system (1). The first difficulty is
the fact that the diffusion matrix associated to (1) is generally neither symmetric nor
positive semidefinite. In particular, standard semigroup theory is not applicable. These
issues have been overcome in [9, 10] in the deterministic case by revealing a formal
gradient-flow or entropy structure. The task is to extend this idea to the stochastic
setting.

In the deterministic case, usually an implicit Euler time discretization is used [24].
In the stochastic case, we need an explicit Euler scheme because of the stochastic Itd
integral, but this excludes entropy estimates. An alternative is the Galerkin scheme,
which reduces the infinite-dimensional stochastic system to a finite-dimensional one;
see, e.g., the proof of [32, Theorem 4.2.4]. This is possible only if energy-type (L?)
estimates are available, i.e. if u#; can be used as a test function. In the present case,
however, only entropy estimates are available with the test function log u;, which is
not an element of the Galerkin space.

In the following, we describe our strategy to overcome these difficulties. We say that
system (1) has an entropy structure if there exists a function 4 : [0, 0c0)" — [0, 00),
called an entropy density, such that the deterministic analog of (1) can be written in
terms of the entropy variables (or chemical potentials) w; = dh/du; as

n
dui(w) — div <ZB,~j(w)ij> =0, i=1...,n, )
j=1
where w = (wi,...,wy), u; is interpreted as a function of w, and B(w) =

Aw )R (u(w))~! with B = (B;}) is positive semidefinite. For the deterministic
analog of (1), it was shown in [11] that the entropy density is given by

h(uw) =Y mi(uilogu; — 1) +1), u € [0, 00)", 5)
i=1

where the numbers 7; > 0 are assumed tosatisfy 7;a;; = 7;a;; foralli, j =1,...,n.
This condition is the detailed-balance condition for the Markov chain associated to
(aij),and (71, ..., my,) is the corresponding reversible stationary measure [11]. Using
w; = m;logu; in (4) as a test function and summing over i = 1,...,n, a formal
computation shows that

d n
5/ h(u)dx+2/ Zni<2a,<0|v4ﬁu,~|2+2a,-,~|w,-|2+zaij|v /r,-uj|2>dx =0.
o O J#
(6)
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A similar expression holds in the stochastic setting; see (29). It provides L? estimates
for V./u; if ajo > 0 and for Vu; if a;; > 0. Moreover, having proved the existence
of a solution w to an approximate version of (1) leads to the positivity of u; (w) =
exp(w;/m;) (and nonnegativity after passing to the de-regularization limit).

To define the approximate scheme, our idea is to “regularize” the entropy variable
w. Indeed, instead of the algebraic mapping w — u(w), we introduce the mapping
Q.(w) = u(w) + eL*Lw, where L : D(L) — H with domain D(L) C H is a
suitable operator and L* its dual; see Sect.3 for details. The operator L is chosen
in such a way that all elements of D(L) are bounded functions, implying that u(w)
is well defined. Introducing the regularization operator R, : D(L)" — D(L) as the
inverse of Q. : D(L) — D(L)’, the approximate scheme to (1) is defined, written in
compact form, as

dv(t) = div (B(Rg(v))VRg(v))dt + U(u(Rg(v)))dW(t), t > 0. 7

The existence of a local weak solution v® to (7) with suitable initial and bound-
ary conditions is proved by applying the abstract result of [32, Theorem 4.2.4]; see
Theorem 13. The entropy inequality for w® := R, (v®) and u® := u(w?),

I3
E sup fo h@t )dx + SE  sup  [Lw" (1) 1220,

O<t<TATR O<t<T At
t
+E sup / / Vwe(s) : B(w®(s))Vw’(s)dxds < Cu°, T),
0<t<TATR JO JO

up to some stopping time tg > 0 allows us to extend the local solution to a global one
(Proposition 16).

For the de-regularization limit ¢ — 0, we need suitable uniform bounds. The
entropy inequality provides gradient bounds for u{ in the case with self-diffusion and
for (uf)l/ 2 in the case without self-diffusion. Based on these estimates, we use the
Gagliardo—Nirenberg inequality to prove uniform bounds for u{ in L4(0, T'; L(0O))
with ¢ > 2. Such an estimate is crucial to define, for instance, the product ufuj
Furthermore, we show a uniform estimate for u{ in the Sobolev—Slobodeckij space
WP (0, T; D(L)") for some o < 1/2 and p > 2 such that «p > 1. These estimates
are needed to prove the tightness of the laws of (#°) in some sub-Polish space and to
conclude strong convergence in L? thanks to the Skorokhod—Jakubowski theorem.

For the uniform estimates, we need to distinguish the cases with and without self-
diffusion. In the former case, we obtain an L2(0, T: H!(0)) estimate for uf , such
that the product u; Vu® is integrable, and we can pass to the limit in the coeffi-
cients A;; (uf). Without self-diffusion, we can only conclude that (uf) is bounded
in L2(0, T; Wh1(0)), and products like usui may be not integrable. To overcome
this issue, we use the fact that

div (Z Ajj (ME)VM§> = A(uf <a,‘0 + Zagu?)) (®)
Jj=1 j=I1
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and write (1) in a “very weak” formulation by applying the Laplace operator to the test
function. Since the bound in L2(0, T; W' 1(©)) implies a bound in L2(0, T; L*(O))
bound in two space dimensions, products like u] uj are integrable. In the determin-
j
L'(0, T; L'(©)) in any space dimension, but the limit involves an identification that
we could not extend to the martingale solution concept.

On an informal level, we may state our main result as follows. We refer to Sect. 2
for the precise formulation.

istic case, we can exploit the L? bound for V(uf uj)l/ 2 to find a bound for ufuf in

Theorem 1 (Informal statement) Let a;; > O satisfy the detailed-balance condition,
let the stochastic diffusion o;; be Lipschitz continuous on the space of Hilbert—Schmidt
operators, and let a certain interaction condition between the entropy and stochastic
diffusion hold (see Assumption (A5) below). Then there exists a global nonnegative
martingale solution to (1)—(3) in the case with self-diffusion in any space dimension
and in the case without self-diffusion in at most two space dimensions.

We discuss examples for o;; () in Sect. 7. Here, we only remark that an admissible
diffusion term is

o0
01j(u) = 8ijul Y ar(ex. Yy, i.j=1.....n, ©)
k=1

where 1/2 < a < 1, §;; is the Kronecker symbol, a; > 0 decays sufficiently fast, (ex)
is a basis of the Hilbert space U with inner product (-, -)y.

We end this section by giving a brief overview of the state of the art for the determin-
istic SKT model. First existence results for the two-species model were proven under
restrictive conditions on the parameters, for instance in one space dimension [26], for
the triangular system with ap; = 0 [33], or for small cross-diffusion parameters, since
in the latter situation the diffusion matrix becomes positive definite [17]. Amann [1]
proved that a priori estimates in the W7 (©) norm with p > d are sufficient to con-
clude the global existence of solutions to quasilinear parabolic systems, and he applied
this result to the triangular SKT system. The first global existence proof without any
restriction on the parameters a;; (except nonnegativity) was achieved in [22] in one
space dimension. This result was generalized to several space dimensions in [9, 10]
and to the whole space problem in [21]. SKT-type systems with nonlinear coefficients
Ajj(u), but still for two species, were analyzed in [15, 16]. Global existence results for
SKT-type models with an arbitrary number of species and under a detailed-balance
condition were first proved in [11] and later generalized in [31].

This paper is organized as follows. We present our notation and the main results
in Sect.2. The operators needed to define the approximative scheme are introduced
in Sect. 3. In Sect. 4, the existence of solutions to a general approximative scheme is
proved and the corresponding entropy inequality is derived. Theorems 4 and 5 are
shown in Sects. 5 and 6, respectively. Section 7 is concerned with examples for o;; (1)
satisfying our assumptions. Finally, the proofs of some auxiliary lemmas are presented
in Appendix A, and Appendix B states a tightness criterion that (slightly) extends [5,
Corollary 2.6] to the Banach space setting.
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2 Notation and main result
2.1 Notation and stochastic framework

Let © ¢ R? (d > 1) be a bounded domain. The Lebesgue and Sobolev spaces
are denoted by L”(Q) and Wkr (), respectively, where p € [1,00], k € N, and
H*(0) = Wk2(0). For notational simplicity, we generally do not distinguish between
WEP(0) and WhP(O; R"). We set Hy'(O) = {v € H™(O) : Vv -v =0 on 3O} for
m>2.Ifu= (uy,...,u,) € X is some vector-valued function in the normed space
X, we write ||u ||§( = ZLI lu; I|§(. The inner product of a Hilbert space H is denoted
by (-, )m, and (-, -)yr v is the dual product between the Banach space V and its dual
V/.If F : U — V is a Fréchet differentiable function between Banach spaces U and
V, we write DF[v] : U — V for its Fréchet derivative, for any v € U.

Given two quadratic matrices A = (A;;), B = (B;j) € R¥™", A : B =
Z?,j:l A;jB;;j is the Frobenius matrix product, |Allr = (A : A2 the Frobenius
norm of A, and tr A = Y 7, A;; the trace of A. The constants C > 0 in this paper
are generic and their values change from line to line.

Let (2, F, P) be a probability space endowed with a complete right-continuous
filtration I = (F;);>0 and let H be a Hilbert space. Then LO(Q; H) consists of all
measurable functions from 2 to H, and L%(2; H) consists of all H-valued random
variables v such that E||v[|3, = [, llv(@)]|%P(dw) < oco. Let U be a separable
Hilbert space and (ex ) xen be an orthonormal basis of U. The space of Hilbert—Schmidt
operators from U to L*(0) is defined by

o

Lo(U; L2(0)) = {F : U — L*(O) linear, continuous : » | ||Fek||iz(o) < oo},
k=1

and it is endowed with the norm || Fl 2,1y 12(0y) = (X2 [ Fexll3 (O))l/z.

Let W = (Wq, ..., W,) be an n-dimensional U -cylindrical Wiener process, taking
values in the separable Hilbert space Uy D U and adapted to the filtration F. We can
write Wj = Y 72, ex le.‘, where (W]].‘) is a sequence of independent standard one-
dimensional Brownian motions [12, Section 4.1.2]. Then W;(w) € C0([0, 00); Up)
for a.e. w [32, Section 2.5.1].

2.2 Assumptions

We impose the following assumptions:

(A1) Domain: @ C R (d > 1) is a bounded domain with Lipschitz boundary. Let
T >0andset Qr = O x (0, T).

(A2) Initial datum: u® = (9, ..., ul) € L>®(Q; L*(O; R")) is a Fo-measurable
random variable satisfying u®(x) > 0 for a.e. x € O P-a.s.

(A3) Diffusion matrix: a;; > O fori = 1,...,n, j = 0,...,n and there exist
1, ...,y > 0 such that m;a;; = mja;; foralli, j = 1,...,n (detailed-
balance condition).
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(A4) Multiplicative noise: o = (0j;) is an n x n matrix, where o;; : L%(O;R") —
Lo(U; L2(0))is B(L*(O; R™)) ) B(L>(U; L*(0)))-measurable and F-adapted.
Furthermore, there exists C, > 0 such that for all u, v € L2(O; R"),

o) —oWllg,w: 20y = Collu —vli20),
lo W)l 2,120y < Co (1 + V]l 22(0))-

(AS5) Interaction between entropy and noise: There exists C;, > 0 such that for all

u € L*®(O x (0,T)),
2 412
(/ ﬂ(u(s))aij(u(s))ekdx> ds}
o Ju;

{‘/(; k=11i,j=1
t
_Ch(l—l—/ / h(u(s))dxds),
0o JO

t o
/Zf tr [(owe)"h" w)o (e |(s)dxds
(U (@]

< Ch(l +/t/ h(u(s))dxds),
0 JO

where £ is the entropy density defined in (5).

Remark 2 (Discussion of the assumptions)

(A1) The Lipschitz regularity of the boundary dQ is needed to apply the Sobolev and
Gagliardo—Nirenberg inequalities.

(A2) The regularity condition on u? can be weakened to u® € LP(Q; L2(O; R")) for
sufficiently large p > 2 (only depending on the space dimension); it is used to
derive the higher-order moment estimates.

(A3) The detailed-balance condition is also needed in the deterministic case to reveal
the entropy structure of the system; see [11].

(A4) The Lipschitz continuity of the stochastic diffusion o (u) is a standard condition
for stochastic PDEs; see, e.g., [36].

(AS) This is the most restrictive assumption. It compensates for the singularity of
(0h/0u;)(u) = m;logu; at u; = 0. We show in Lemma 34 that

u;dij
01j (W) (") = 1’;2+,, Zam, W
l
satisfies Assumption (AS5), where n > 0 and (ax) € £2(R). Taking into account

the gradient estimate from the entropy inequality (see 6), we can allow for more
general stochastic diffusion terms like (9); see Lemma 35.
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Remark 3 (Reaction terms) It is possible to include additional nonlinear, continuous
reaction terms f : R” — R” satisfying

/ / f,(u)—dxds < Cf(l +/ / h(u(s))dxds>

A prominent choice are the so-called Lotka-Volterra source terms

n
fitw) = (bio - Zbijuj>ui, i=1,2,
Jj=1

where b;; > 0 fori =1,...,n,j =0,1,...,n. Considering the entropy density &
given by (5), it is easy to see that this reaction term even improves the integrability of
the solution, due to bounds for terms of the form ulz log(u;),i =1,...,n.

2.3 Main results

LetT > 0,m € Nwithm > d/2+1,and D(L) = Hy (O).

Deﬁn|t|0n1 (Martmgale solutzon) A martingale solution to (1)-(3) 1s the trlple
(U W, ) such that U= (Q .7-" IP’ IE") is a stochastic basis with filtration F = (}})t>0,
W is an n- -dimensional cylindrical Wiener process, and & = (i1, . . ., ii,) is a contin-
uous D (L) -valued F- adapted process such that 7; > 0 a.e. in O x (0 T) P-as.,

i e L°(S: €010, T): D(L))) N LY L*(0. T; H'(O))), (10)
the law of u; (0) is the same as foru and forall¢p € D(L),t € (0,T7),i =1, n,

]P’—a S.,

n t
(Ui (1), ¢)pLy.pw) = (i (0), ¢)pLy.p(L) — Z/(; /(9 Ajj(u(s))Viij(s) - Vpdxds
j=1

n t -
+Z/O </0 aij(’ﬁ(s))dwj(s)>¢dx. (11)
j=1

Our main results read as follows.

Theorem 4 (Existence for the SKT model with self-diffusion) Let Assumptions (Al )-
(A5) be satisfied and let a;; > O fori = 1,...,n. Then (1)—(3) has a global nonneg-
ative martingale solution in the sense of Definition 1.

Theorem 5 (Existence for the SKT model without self-diffusion) Let Assumptions
(Al)—(AS5) be satisfied, let d < 2, and let ay; > O fori = 1,...,n. We strengthen
Assumption (A4) slightly by assuming that for all v € L>(O; R"),

llo )l 2,220y < Co (1 +II0IIT 20))
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wherey < 1ifd =2andy = 1ifd = 1. Then (1)—(3) has a global nonnegative
martingale solution in the sense of Definition 1 with the exception that (10) and (11)
are replaced by

;€ L°Q; ([0, T1; D(LY)) N LO(2; L2(0, T; W1 (O)))
and, for all ¢ € D(L) N W>>(0),

Ui (1), ) pry,p) = Ui (0), ¢)p(ry, (L)

t n
_/ / ii(s)(‘lio+Zaiji7j(s))A¢dxds
0o Jo =
n t
+Z/ (/ Jij(ﬁ'(S))dW,-(s)>¢>dx.
oJo\Jo

The weak formulation for the SKT system without self-diffusion is weaker than that
one with self-diffusion, since we have only the gradient regularity Vi; € L'(O), and
A;j (i) may be nonintegrable. However, system (1) can be written in Laplacian form
according to (8), which allows for the “very weak” formulation stated in Theorem 5.
The condition on y if d = 2 is needed to prove the fractional time regularity for the
approximative solutions.

Remark 6 (Nonnegativity of the solution) The a.s. nonnegativity of the population
densities is a consequence of the entropy structure, since the approximate densities u?
satisfy u; = u; (R¢(v®)) = exp(Re(v®)/m;) > 0 a.e. in Q7. This may be surprising
since we do not assume that the noise vanishes at zero, i.e. 0j;(u) = 0if u; = 0.
This condition is replaced by the weaker integrability condition for o;;(u) logu; in
Assumption (A5). A similar, but pointwise condition was imposed in the deterministic
case; see Hypothesis (H3) in [25, Section 4.4]. The examples in Sect. 7 satisfy o;; (1) =
0ifu; =0. O

3 Operator setup

In this section, we introduce the operators needed to define the approximate scheme.

3.1 Definition of the connection operator L

We define an operator L that “connects” two Hilbert spaces V and H satisfyingV C H.
This abstract operator allows us to define a regularization operator that “lifts” the dual
space V' to V.

Proposition 7 (Operator L) Let V and H be separable Hilbert spaces such that the
embedding V. — H is continuous and dense. Then there exists a bounded, self-adjoint,
positive operator L : D(L) — H with domain D(L) = V. Moreover, it holds for L
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and its dual operator L* : H — V' (we identify H and its dual H') that, for some
O<c<l,

cllvllv = ILMllg = llvllv, IL*@)lly < lwllg, veV, weH. (12)

We abuse slightly the notation by denoting both dual and adjoint operators by A*.
The proof is similar to [27, Theorem 1.12]. For the convenience of the reader, we
present the full proof.

Proof We first construct some auxiliary operator by means of the Riesz representation
theorem. Let w € H. The mapping V — R, v — (v, w)y, is linear and bounded.
Hence, there exists a unique element w € V such that (v, w)y = (v, w)y for all
v € V. This defines the linear operator G : H — V, G(w) := w, such that

(v, w)g = (v, G(w))y forallveV, weH.
The operator G is bounded and symmetric, since |G (w)|y = ||w|y = |lw| g and
(G(w), Vg = (G(w), GW)y = (w,G(v))y forallv,w € H. (13)

This means that G is self-adjoint as an operator on H. Choosing v = w € H in
(13) gives (G(v), v)g = |[GW)||3 = 0, i.e., G is positive. We claim that G is also
one-to-one. Indeed, let G(w) = 0 forsome w € H.Then0 = (v, G(w))y = (v, w)y
for all v € V and, by the density of the embedding V < H, for all v € H. This
implies that w = 0 and shows the claim.

The properties on G allow us to define A := G~! : D(A) — H, where D(A) =
ran(G) C V and D(A) denotes the domain of A. By definition, this operator satisfies

(v, A(w))g = (v,w)y forallv eV, we D(A).

Hence, for all v, w € D(A), we have (v, A(w))g = (v, w)y = (A(w), w)y, i.e.,
A is symmetric. Since G = G*, we have D(A*) = ran(G*) = ran(G) = D(A)
and consequently, A is self-adjoint. Moreover, A is densely defined (since V <— H
is dense). As a densely defined, self-adjoint operator, it is also closed. Finally, A is
one-to-one and positive:

ClA®lalvlly = IAOalviE = (AW@), v)r = v, v)v = [lv]} =0

for all v € D(A) and some C > 0 and consequently, [|A(v)||z = C ' |v|y.

Therefore, we can define the square root of A, A2 : D(A'/?) — H, which is
densely defined and closed. Its domain can be obtained by closing D(A) with respect
to

IA2@) g = (A2 @), A2 )7 = (A@), v) > = @, 0/ = [lully (14)

for v € D(A'/?). In particular, the graph norm || - ||z + [|A'/?(-)|| & is equivalent to
the norm in V. We claim that D(A'/?) = V. To prove this, let w € V be orthogonal
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to D(A'/?). Then (w, v)y = 0 for all v € D(A!/?) and, since D(A) C D(A'/?),
in particular for all v € D(A). It follows that 0 = (w,v)y = (w, A(v))y for
v € D(A). Since A is the inverse of G : H — V, we have ran(A) = H, and it holds
that (w, &)y = 0 for all £ € H, implying that w = 0. This shows the claim.

Finally, we define L := A2 D(L) = V — H, which is a positive and self-
adjoint operator. Estimate (14) shows that ||L(v)||g = |[v||y for v € V. We deduce
from the equivalence between the norm in V and the graph norm of L that, for some
C>0andallveV,

lvllv < CALW)Ilg + Ivllg) = CAL@)y + 1L 'L©)ll#)
< CA+IL7"DIL@) I #,

which proves the lower bound in (12). The dual operator L* : H — V' is bounded
too, since it holds for all w € H that

IL* )y = sup [(w, L)ul = sup [wlallvlv = llwla.
lvllv=1 lvlly=1

This ends the proof. O

We apply Proposition 7to V = Hy/ (O) and H = L*(0), recalling that Hy(0) =
{fve H"(O) : Vv-v=00n 90} and m > d/2 + 1. Then, by Sobolev’s embedding,
D(L) < W%°(©). Observe the following two properties that are used later:

IL*L@)lly < vllv, IL*)lly < lwllp forallveV, we H. 15)

The following lemma is used in the proof of Proposition 16 to apply Itd’s lemma.

Lemma 8 (Operator L™Y Let L=! : ran(L) — D(L) be the inverse of L and let
D(L™Y) := D(A) be the closure of D(A) with respect to |L™"(-)|| z. Then D(L)' is
isometric to D(L™Y). In particular, it holds that (L7, L Y (w) g = (v, W) p(Ly
forall v, w € D(L)".

Proof The proof is essentially contained in [27, p. 136ff] and we only sketch it. Let
F e D(L™"Y.Then |F(v)| < C||L~"(v)| 5 forall v € D(A) and, as a consequence,
|F(Lu)| < Cllullg for u = L~'(v) € D(L). The density of L~'(D(A)) in H
guarantees the unique representation F'(Lu) = (u, w)y for some w € H, and we can
represent F in the form F(v) = (L™, w)yg = (v, L~ 'w)y, where L~'w € D(L).
This shows that every element of D(L ') can be identified with an element of D(L).

Conversely, if w € D(L), we consider functionals of the type v — (v, w)gy for
v € D(A), which are bounded in ||L~'(:)| 5. These functionals can be extended by
continuity to functionals F belonging to D(L™YY. The proof in [27, p. 137] shows
that || Fllpz-1y = llwllp(r). We conclude that D(L™"Y is isometric to D(L). Since
Hilbert spaces are reflexive, D(L™Y) is isometric to D(L)'. ]

Lemma 9 (Operator u) The mapping u = (h')~' from D(L) to L*®(O) is Fréchet
differentiable and, as a mapping from D(L) to D(L)’, monotone.
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Proof Let w € D(L) — L°°(O) (here we use m > d/2). Then u(w) = (x —
u(w(x))) € L*®(0), showing that u : D(L) — L>®(0) = (L'(0)) — D(L) is
well defined. It follows from the mean-value theorem that for all w, &€ € D(L),

1
lu(w + &) — u(w) — ' W)El =0y < ClENH, /0 (1 —s)u"(w + s&)ds

L>(0)

Since u” maps bounded sets to bounded sets, the integral is bounded. Thus, u :

D(L) — L*°(0O) is Fréchet differentiable. For the monotonicity, we use the con-
vexity of & and hence the monotonicity of 4’:

(u@) —u(w),v —w)pwy,pwy = @) —u(w), v —w)r2
= (u(v) — u(w), h' @) = h'(ww))) 20 =0

for all v, w € D(L). This proves the lemma. O

3.2 Definition of the regularization operator R,

First, we define another operator, denoted by Q., that maps D(L) to D(L)’. Its inverse
is the desired regularization operator.

Lemma 10 (Operator Q,) Let ¢ > 0 and define Q. : D(L) — D(L) by Q.(w) =
u(w) + eL*Lw, where w € D(L). Then Q. is Fréchet differentiable, strongly mono-
tone, coercive, and invertible. Its Fréchet derivative DQ [w](§) = u'(w)é + eL*LE&
for w, & € D(L) is continuous, strongly monotone, coercive, and invertible.

Proof The mapping Q, is well defined since w € D(L) — L°(0O) implies that
u(w) € L*(O) and hence, |[u(w) || py < C||u(w)||L|(o) is finite. We show that Q.
is strongly monotone. For this, let v, w € D(L) and compute

(Qe(v) — Qc(w), v — W) p(Ly,D(L)
= (u) —u(w),v—w)y +&(L*L(v — w), v — w) pLy,p(L)

> e(L*L(v —w), v — w)pwy.pw) = €L — w3 = eclv — w||2D(L)
(16)

where we used the monotonicity of w +— u(w) and the lower bound in (12). The
coercivity of O, is a consequence of the strong monotonicity:

(Qe(), V) pLy L) = (Qe(v) — Qe (0),v —0)pry,pr) + (Qc(0), V) pLy,D(L)

> scl|vl|p ) + @), Vg = eclvlh, — Clu©)] vl

for v € D(L). Based on these properties, the invertibility of Q. now follows from
Browder’s theorem [20, Theorem 6.1.21].
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Next, we show the properties for DQ.. The operator DQ.[w] : D(L) — D(L)" is
well defined for all w € D(L), since

lu' g I py < Cllw'WEl 20y = Cllu' W)l L2(0) 1€ I 0)
= Cld' 2o 1€y

forall £ € D(L) — L°°(0O). The strong monotonicity of DQ.[w] for w € D(L)
follows from the positive semidefiniteness of u’(w) = (h”)~ ' (u(w)) and the lower
bound in (12):

(DO:wl€) —DOJwln), & —n)pwy,piL)
=@ W& —n,E—nu+eL*LE—n),E—npwy.pw
> e|LE — )y = ecllE —nlp,

for&,n € D(L). The choice n = 0 yields immediately the coercivity of DQ.[w]. The
invertibility of DQ.[w] follows again from Browder’s theorem. O

Lemma 10 shows that the inverse of Q. exists. We set R, := Q;l : D(L) —
D(L), which is the desired regularization operator. It has the following properties.

Lemma 11 (Operator R;) The operator R, : D(L) — D(L) is Fréchet differentiable
and strictly monotone. In particular, it is Lipschitz continuous with Lipschitz constant
C /e, where C > 0 does not depend on €. The Fréchet derivative is also Lipschitz
continuous with the same constant and satisfies

DRe[v] = DQ:[R-()) ™" = (' (R (v)) +eL*L)~" forv e D(LY,

and it is Lipschitz continuous with constant C/e, satisfying |DR[vI(E)pw) <
e 'Cllg I pewy for v, & € D(LY.

Proof We show first the Lipschitz continuity of R.. Let vi, v € D(L)’. Then there
exist wy, wy € D(L) such that vi = Q.(w1), v2 = Q.(w>). Hence, using (12) and
(16),

IR (v1) — Re() 151y = llwi — wallhy < CIL(wi — wo)ll
<& 'C(Q:(w1) — Qc(w2), w1 — w2) p(Ly.D(L)
<& 'CIIQe(w1) — Qe (W)l py lwr — w2l pr)

=&~ 'Cllvr — vallpry IR (V1) — Re () |l pery,s

proving that R, is Lipschitz continuous with Lipschitz constant C/e. The Fréchet
differentiability is a consequence of the inverse function theorem and DR.[v] =
(DQ:[R:(v)])~! forv e D(L)'.
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We verify the strict monotonicity of R,. Let v, w € D(L)" with v # w. Because
of the strong monotonicity of Q., we have

(v—w, Re(v) — Rg(U)))D(L)’,D(L) = (Q:(R:(v)) — Qs (Re(w)), R (v)
— Re(w))pLy,D(L)
> e | Re(v) — Rs(w)llzD(L) >0,

and the right-hand side vanishes only if v = w, since R, is one-to-one.
Next, we show that DR.[v] is Lipschitz continuous. Let w;, wo € D(L). By
Lemma 10, DQ,[w] is strongly monotone. Thus, for any w € D(L),

ecllwy — wallp ) < (DQe[wl(wy) — DQ[wl(wa), w1 — w2) p(Ly.p(L)

< IDQc[wl(w1) — DQ[wl(w2) I pry llwi — wallpwy-

Let vy = DQ.[w](wy) and v) = DO [w](w;). We infer that

IDQ:[w) ™ (v1) — DQ:[w) ™ (W)lIpr) = lwi — wallpry
< e~ 'CIDQe[w](w1) — DO [wl(w2) I pry = &~ 'Cllvi — vallpary,

showing the Lipschitz continuity of (DQ,[w])~! and DR.[v] = (DQ.[R.(v)])~".
Finally, choosing w = R.[v] and v, = 0, [DR.[v](v))lIpz) < e 'Cllvilipy. O

4 Existence of approximate solutions
In the previous section, we have introduced the regularization operator R, : D(L)" —

D(L). The entropy variable w is replaced by the regularized variable R, (v) for v €
D(L)'. Setting v = u(R,(v)) + e L*L R (v), we consider the regularized problem

dv = div (B(Rg(v))VRg(v))dt + a(u(Rg(v)))dW(t) inO, te[0, T A1), (17)
v0)=u" InO, VR:(v)-v=0 ondO, t >0, (18)

recalling that B(w) = Au(w))h” (u(w))~! for w € R".

We clarify the notion of solution to problem (17)—(18). Let T > 0, let T be an
F-adapted stopping time, and let v be a continuous, D(L)’-valued, F-adapted process.
We call (v, t) a local strong solution to (17) if

v(w, -, ) € L2([0, T A t(w)); D(L))NC([0, T A t(w)); D(L)')
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fora.e.w e Qandforallt € [0, T A7),

t

t
o) = v + [ div (BRWEITR@EN)s + [ o (u(Rews))aW ).
0 0

(19)
VR:(v) -v=0 ondO P-as. (20)

It can be verified that R, is strongly measurable and, if v is progressively measurable,
also progressively measurable. Furthermore, if w is progressively measurable then so
does u(w), and if v € CY([0, T]; D(L)), we have R.(v) € C°([0, T]; D(L)) and
u(Rs(v)) € L*®(Qr). Finally, if v € Lo LP(0, T; D(L))) for 1 < p < oo,
then div(B(u(R:(v)))VR:(v)) € LO(; LP(0, T; D(L)"))). Therefore, the integrals
in (19) are well defined. The local strong solution is called a global strong solution
if P(t = oo) = 1. Given ¢t > 0 and a process v € L2(Q; C°([0, t]: D(L))), we
introduce the stopping time

g :=1inf{s € [0, 1] : [lv(s)pLy > R} for R > 0.

The stopping time g is P-a.s. positive. Indeed, by Chebychev’s inequality, it holds
for § > O that

1
P(tg > 6) > IP>( sup v A tR)lipLy < R) >1- EE sup flv(t A TR)”%)(L)"
O<t<$ 0<t<§

Then, inserting (19) and using the properties of the operators introduced in Sect. 3, we
can show that P(tg > §) > 1 — C(§), where C(§) — 0 as § — 0, which proves the
claim.

We impose the following general assumptions.

(H1) Entropy density: Let D C R” be a domain and let & € C?(D; [0, 00)) be such
that i’ : D — R" and h”(u) € R"*" for u € D are invertible and there exists
C > Osuchthat Ju| < C(1 + h(u)) forallu € D.

(H2) Initial datum: u° = (u?, e ug) e L®(Q: L2(O; R™)) is Fo-measurable sat-
isfying u®(x) € D fora.e. x € O P-as.

(H3) Diffusion matrix: A = (A;;) € C 1(5; R™*™) grows at most linearly and the
matrix h” (1) A(u) is positive semidefinite for all u € D.

Remark 12 (Discussion of the assumptions) Hypothesis (H1) and the positive semidef-
initeness condition of 2" (1) A (u) in (H3) are necessary for the entropy structure of the
general cross-diffusion system. The entropy density (5) with D = (0, co0)”" satisfies
Hypothesis (H1), and the diffusion matrix (3) fulfills (H3). The differentiability of A is
needed to apply [32, Prop. 4.1.4] (stating that the assumptions of the abstract existence
Theorem 4.2.2 are satisfied) and can be weakened to continuity, weak monotonicity,
and coercivity conditions. The growth condition for A is technical; it guarantees that
the integral formulation associated to (1) is well defined. Hypothesis (H2) guarantees
that /1 (u°) is well defined. O
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We consider general approximate stochastic cross-diffusion systems, since the exis-
tence result for (17) may be useful also for other stochastic cross-diffusion systems.

Theorem 13 (Existence of approximate solutions) Let Assumptions (Al)—(A2), (A4)-
(AS5), (HI)-(H3) be satisfied and let ¢ > 0, R > 0. Then problem (17)—(18) has a
unique local solution (v®, TR).

Proof We want to apply Theorem 4.2.4 and Proposition 4.1.4 of [32]. To this
end, we need to verify that the operator M : D(L) — D(L), M(v) :=
div(B(R:(v))VR:(v)), is Fréchet differentiable and has at most linear growth,
DM[v] — cI is negative semidefinite for all v € D(L) and some ¢ > 0, and o
is Lipschitz continuous.

By the regularity of the matrix A and the entropy density %, the operator D(L) —
D(L) ,w > div(B(w)Vw), is Fréchet differentiable. Then the Fréchet differentiabil-
ity of R (see Lemma 11) and the chain rule imply that the operator M is also Fréchet
differentiable with derivative

DM [v](§) = div (DB[R: (v)](DR:[v](§)) VR (v)) + div (B(R:(v)) VDR [v](£)).
where v,& € D(L)". We claim that this derivative is locally bounded, i.e. if [[v|| p(y <
K then |[DM[v](&)lIpry < C(K)&lpry. For this, we deduce from the Lipschitz

continuity of R, (Lemma 11) and the property u(R.(v)) € L*(O) for v € D(L)
that

| B(R: (W)l Loy + IDB[R:(W]llLo@) < C(A + [|R:(W)lIp(r))
< CET+vlipwy),

where DB[ R (v)] is interpreted as a matrix. Recalling from Lemma 11 that

IDR:[vIE) Ip) < C@)lElpy forall§ € D(LY,
we obtain for ||v||py < K and & € D(L)":
IDM[]I(E)lIpry < C|DB[R:()I(DR:[v](§))V R, (v)
+ B(Re (1)) VDR[| 1 09,
< C|IDB[R:(V)IDR:[vIEN L) VR (W) L1(0)
+ ClB(R: ()l 0) IVDR:[vIE) I 10y
< C|DB[R: ()]l L) IDR:[vIE) I D)l R (W) D(L)

+ CIIB(R: (W)l L@y IDR:[vI(E) D)
<CEU+1vipw) by < Cle, K)&lpwy-

This proves the claim. Thus, if ||v]py < K, there exists ¢ > 0 such that
(£, DM[v](E) — c&)pry <0 for& € D(L)'.
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Moreover, by Lemma 11 again,

M) pry < CIB(R:()VRW)I 110y < CIVR:W)l 10
< CIIR:(W)Ipwy <& 'CU + vllpry)-

It follows from Assumption (A4) and Lemma 9 that for v, v € D(L)’ with |[v]| py <
K and ||| pLy = K,

llo (u(Re(v))) — o (R (W)l o w:p(Ly) = Cllo(u(Re(v)))
— o (u(Re (6)))||£2(U;L2((9))
< C(K)[|u(R: () — u(R- () 1200,
= C(K)[R:(v) = R: (W) pry = C(e, K)|lv = vlipy,

where C(K) also depends on the L () norms of u’'(R.(v)) and u’ (R, (D)).

These estimates show that the assumptions of [32, Theorem 4.2.4] are satisfied in
the ball {v € D(L)" : |[vlpy < K}. An inspection of the proof of that theorem,
which is based on the Galerkin method and It6’s lemma, shows that local bounds are
sufficient to conclude the existence of a local solution v up to the stopping time tg.
The boundary conditions follow from R.(v) € D(L) = Hy; (O) and the definition of
the space Hy (O). O

For the entropy estimate we need two technical lemmas whose proofs are deferred
to Appendix A.

Lemma 14 Let w € D(L), a = (a;j) € LY(O; R™™), and b = (bij) € D(L)""
satisfying DR.[w](a) = b. Then

/ a : bdx 5/ trla” u' (w) " 'aldx.
O (@)

Lemma 15 Let v° € LP(Q; L'(O)) for some p > 1 satisfies Efo hr(%dx < C.
Then

&
/O h(u(Re (0°))dx + ZILR ()20 < /O h(0”)dx.

We turn to the entropy estimate.

Proposition 16 (Entropy inequality) Let (v¢, tr) be a local solution to (17)—(18) and
set vR(1) = v¥(w, t A TR(w)) for w € Q, t € (0, Tr(w)). Then there exists a constant
C(uo, T) > 0, depending on u® and T but not on & and R, such that

&
E sup /Oh(u‘s(t))dx—i—zE sup | Lw (D320,

0<t<T ATR O0<t<TATR

t
+E sup / f Vw?(s) : B(w®(s))Vw(s)dxds < Cu®, T),
0o JO

O0<t<TATR
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where u® := u(R, (v®)) and w® := R, (v®).

Proof The result follows from It6’s lemma using a regularized entropy. More precisely,
we want to apply the [td lemma in the version of [29, Theorem 3.1]. To this end, we
verify the assumptions of that theorem. Basically, we need a twice differentiable func-
tion H on a Hilbert space H, whose derivatives satisfy some local growth conditions
on H and V, where V is another Hilbert space such that the embedding V — H is
dense and continuous. We choose V = H = D(L)’ and the regularized entropy

H(w) := /O h(R: )X + SILR W)}z o) veDL). @D

Recall that R, (v) = h'(u(R:(v))) for v € D(L)’, since u = u(w) is the inverse of
h'. Then, in view of the regularity assumptions for # and Lemma 11, H is Fréchet
differentiable with derivative

DH[v](§) =/O(h/(u(Ra(v)))u’(Rs(v))DRa[v](S)+8LDR8[U](€)-LRg(v))dx

= <(u/(R8(v)) + 8L*L)DR8[U](§)7 RE(U))D(L),,D(L)
= (DQ&‘[RS (U)]DRS[v](é)’ R€ (U)>D(L)/,D(L) = <‘i:3 RS(U)>D(L)/,D(L)9

where v, & € D(L)’. In other words, DH[v] can be identified with R, (v) € D(L). In
a similar way, we can prove that DH[v] is Fréchet differentiable with

D*H[v1(€, n) = (£, DR[vI(M)) pry.pz) forv, & ne D(L).

We have, thanks to the Lipschitz continuity of R, and DR, [v] (see Lemma 11) for all
v, & € D(L) with ||v] py < K for some K > 0,

IDH[IE)| < R by Il by < C@A + vlpay)lIE by
<C( K)l&lpwy-
ID*H[]E, &)| < IDRIE) I pw) €l by < CE@NEND,-

Finally, for any n € D(L)’, we need an estimate for the mapping D(L) — R,
v — DH[v](n). We have identified DH[v] with R.(v) € D(L), but we need an
identification in D(L)’. As in Lemma 8, the operator L can be constructed in such
a way that the Riesz representative in D(L) of a functional acting on D (L)’ can be
expressed via the application of L*L to an element of D(L). Indeed, for F € D(L)
and £ € D(L)’, we infer from Lemma 8 that

(&, F)py.pwy = (L', LF)pwy.pay = ((LL=hHr e, LF)p20)
= (L', L7'L*LF) 20y = (L*LF . £) p(vy -
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Hence, we can associate DH[v] with L* LR, (v) € D(L)’. Then, by the first estimate
in (15) and the Lipschitz continuity of Rq,

IL*LR; (W) Iy < CIR:(W)lIpr) < ClIR:(v) — Re(0)lIpcry + ClIR:(0)|I p(r)
< C@)(1+ [vlpwy) forallve D(LY,

giving the desired estimate for DH[v] in D(L)’. Thus, the assumptions of the Ito
lemma, as stated in [29], are satisfied.

To simplify the notation, we set u® := u(Ry(v®)) and w® := R, (v®) in the
following. By Itd’s lemma, using DH[vE] = W (u®), D*H[vR] = DR, (v¥), we have

t
HR @) =H(v(0))+/o (div (B VA @ (s)), w* () py pryds

L
—i—ZZ/O /O3—ui(us(s))oij(MS(s))ekdxdW]’f(s)

k=1i,j=1

e (1
+ EZ/(; /ODRE[UR(S)](J(M"?(S))ek) : (U(ME(S))ek)dde. (22)
k=1

Lemma 15 shows that the first term on the right-hand side can be estimated from above
by fO h(u®)dx. Using w® = R, (v®) = h’(u®) and integrating by parts, the second
term on the right-hand side can be written as
t
. & ! & &€
/0 (div (B(w®) VA (u®(s))), w (s))D(L),’D(L)ds
t
= —/ / Vwe(s) : B(w®)Vw®(s)dxds < 0.
0 JO
The boundary integral vanishes because of the choice of the space D(L) = Hy (O).
The last inequality follows from Assumption (A3), which implies that B(w®) =
Au(w®)h" (u(w?))~! is positive semidefinite.. We reformulate the last term in (22)
by applying Lemma 14 with a = o (u®)ey and b = DR [v](o (u®)ey):
/ DRg[UR](O'(MS)ek) : (a(ue)ek)dx
@

5/ tr [(oue)Tu' (w®) " o (u)ey ]dx.
O
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Taking the supremum in (22) over (0, Tr), where Tg < T A 1, and the expectation
yields

E sup /Oh(u (t))dx+2E sup || Lw® ||L2((’))

O<t<Tg O<t<Tg

t
+E sup / / Vwé(s) : B(w®)Vwé(s)dxds —IE/ h(u®)dx

()<t<TR

<E sup / / ()03 (Derdxd W)

0<l‘<TRk 1i,j=1

+ EE sup / / tr (o(u (s)ew) u' (wf (s))_ ou® (s))ek]dxds

0<t<TRk 1
=11 + L. (23)

We apply the Burkholder—Davis—Gundy inequality [32, Theorem 6.1.2] to I; and use

Assumption (AS5):
9 2 412
I <CE su {/ (/ —(uf(s))o;; (ub(s))e dx) ds}
1= P ij k
o<i<1x Lo (=52, \Jo dui

<CE sup (1+/ / h(us(s))dxds).
0<t<Tg 0o JO

Also the remaining integral /> can be bounded from above by Assumption (A5):

t
I, < CE sup (1 +/ / h(ug(s))dxds).
0<t<Tg 0o JO

Therefore, (23) becomes

E sup /Oh(u (t))dx+2IE sup ||Lw® ||L2(0)

O<t<Tg O<t<Tg

t
+E sup / / Vwé(s) : B(w®)Vw®(s)dxds —IE/ h(u®)dx
(@] o

0<t<Tg JO

t
<CE sup <1+/ / h(us(s))dxds>
0<t<Tg 0o JO

T,
< C+C]E/ R/ sup h(u®(s))dxdz. (24)
0 O

O<s<t
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We apply Gronwall’s lemma to the function F () = supy_,_, ](9 h(u®(s))dx to find
that

E sup fh(uf(r))deC(uo,T).
(@]

O<t<Tp
Using this bound in (24) then finishes the proof. O
The entropy inequality allows us to extend the local solution to a global one.

Proposition 17 Let (v°, tg) be a local solution to (19)—(20), constructed in Theo-
rem 13. Then v® can be extended to a global solution to (19)—(20).

Proof With the notation u® = u(R.(v®)) and w® = R.(v®), we observe that v¥ =
0:(R:(v%)) = u(R;(v®)) + eL*LR,(v®) = u® + eL*Lw*®. Thus, we have for T <
T A TR,

E sup vV ®lpwry <E sup |[ullpiy +€E sup [L*Lw®(®)|pwy

0<t<Tp O0<t<Tg O0<t<Tg

<CE sup [u®ll 1oy +eE sup [L*Lw*(@®)lpey-
O<t<Tg O<t<Tg

We know from Hypothesis (H1) that [u®| < C(1 + h(u®)). Therefore, taking into
account the entropy inequality and the second inequality in (15),

E sup [v(®)llpwy < CE sup [[hu® @)1 0

O0<t<Tg O<t<Tp
+eC sup Lw* (@)l 20 < CW®, T).
O<t<Tp
This allows us to perform the limit R — oo and to conclude that we have indeed a
solution v® in (0, T') for any 7 > 0. O

5 Proof of Theorem 4

We prove the global existence of martingale solutions to the SKT model with self-
diffusion.

5.1 Uniform estimates
Let v® be a global solution to (19)—(20) and set u® = u(R.(v®)). We assume that

A(u) is given by (3) and that a;; > O fori = 1, ..., n. We start with some uniform
estimates, which are a consequence of the entropy inequality in Proposition 16.
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Lemma 18 (Uniform estimates) There exists a constant C(u®, T) > 0 such that for
alle >0andi,j=1,...,nwithi # j,

Enu‘?lmo(o“l(o» <cw’, 1), (29
Ell @) 20,7 110y +a /Eluf 20,7110y < CW®, ),
l 2
PRIV 2 20 10200 < CGO.T).  (26)

1/2

Moreover, we have the estimate
EILR: )7 0.7:12(0y) + ENV 10,7 p01yy < CW’, T). 27)
Proof Let v® be a global solution to (19)—(20). We observe that R,(v®) =

K (u(R:(v®))) = h'(u®) implies that VR, (v®) = h”u®)Vu®. It is shown in [11,
Lemma 4] that for all z € R" and u € (0, 00)",

1 n
ZTH (u)Au)z > Zn, (6101— + 2a;;7; ) + 3 ma,,( [—zi+ [— zj) .
i=1 ij=Li#]

Using B(R,(v®)) = A®)h"” (u®)~" and the previous inequality with z = Vu®, we
find that

VR:(v%) : B(R:(v)))VR:(v) = Vi : h" ) (AR )~ ") ) Vus
= Vu® W' u)AW®)Vut
> Zm (4a0i |V @) 2 1 + 24| VU P) +2 ) " miagj |V ufus) 2P,
i=l i#]
(28)

Therefore, the entropy inequality in Proposition 16 becomes

E sup /h(u (#))dx + E sup —||LR(v (t))||
0<t<T JO 0<t<T2 L20)

T n
+E/ / Zm (4aoi |V @))% + 24| Vu®|*)dxds
0 O .

+2E/ /Zn,a,J|V(usu8)1/2|2dxds<C(u T).

i#]j
(29)

This is the stochastic analog of the entropy inequality (6). By Hypothesis (H1), we
have |u| < C(1 + h(u)) and consequently,

E sup [lu(®)ll 1) < CE sup / h@W®(t))dx + C < C@®, 1),
O

0<t<T 0<t<T
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which proves (25). Estimate (26) then follows from the Poincaré—Wirtinger inequality.
It remains to show estimate (27). We deduce from the second inequality in (15) that

v (D) Ipy = 1Qs(Re (v O Iy = llu(Re (v (1)) + eL*LR(v* () pcry
< Clu(Re(* (ON L1y + eIL* LR (v () pery
< Cllu* Ol 1oy + eCILR: v ()l 12(0)-

This shows that

E sup v lpwy < CE sup [[u®ll 1) +eCE sup [[LR:(v* ()]l 20
T O<t<T 0

O<t< <t<T

<cw®, 1),

ending the proof. O
We also need higher-order moment estimates.

Lemma 19 (Higher-order moments I) Let p > 2. There exists a constant C(p, u®, T),
which is independent of ¢, such that

P 0
E”M ”LOO(O,T;LI(O)) S C(p1 u-, T)’ (30)
2 2
al BN 120 oo + A BN 20 710y < Cou®, T, GBD)

al*B|IV @uiut)' 2 <C(p,u®,T). (32)

p
L2(0,T:L*(O))

Moreover, we have

p p
E(s sup ||LR€<v8(r>>||iz(@)> +E( sup ||v8(r>||D(Ly> < C(p,u’, T)(33)
O0<t<T 0<r<T

Proof Proceeding as in the proof of Proposition 16 and taking into account identity
(22) and inequality (28), we obtain

T n
H(vs(t))+/ /Zm(4a,-0|V(u8)l/2|2+2a,~,~|Vu£|2)dxds
0 O~
i=1

T
+2E/ / ZmaiﬂV(ufuj-)l/dexds
0 JOij

o n t
< HW*(0)) + Z Z /0 /(;ni log uf(s)a,-j(ug(s))ekdxde]-‘(s)

k=1i,j=1

& t
+%Z /0 fo tr [(o @ (s)er) h" (u® ()0 (u® (s))ex Jdxds,
k=1
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recalling Definition 21 of H(v®). We raise this inequality to the pth power, take the
expectation, apply the Burkholder—Davis—Gundy inequality (for the second term on
the right-hand side), and use Assumption (A5) to find that

0<t<T 0<t<T

T n P
+CE</ / Znia50|V(uf(s))l/2|2dxds)
0 JO 5
T n 4
+CE(/ f ZniaiiWuf(sﬂzdxds)
0 JOS
T 14
+CE</ / ZmaijW(ufu; 1/2|2dxds)
0 JO iz

T °© n 2 p/2
< C(p,u’) +CE</ >3 (/ 1ogu§(s)a,-,-(u8(s))ekdx) ds)
0 (@)

k=1i,j=I

P
]E< sup /(;h(ug(t))dx—ka sup ||LRg(v5(t))||iz(O))

T °° P
+CE</ Z/Otr [(a(us(s))ek)Th”(us(s))(a(ug(s))ek)]dxds)
0 =1

T P
<C(p,u® —|—CE</ / h(uf(s))dxds) ) (34)
0 (@]

2

LX(O)
taking into account the fact that the entropy dominates the L'(() norm, thanks to
Hypothesis (H1), and applying the Poincaré—Wirtinger inequality, we obtain estimates

(30)—(32). Going back to (34), we infer that

We neglect the expression e|| L R, (vé(2))|| and apply Gronwall’s lemma. Then,

p T p
E(s sup ||LRg<v6(z))||iz(O)) < C(p.u®) +C(p. T)E /O ( fo h(ug(s))dx) ds

O<t<T
<C(p,u’, 7).

Combining the previous estimates and arguing as in the proof of Lemma 18, we have

P p
E( sup IIUS(I)IID(L)/) =E< sup ”ug(t)+5L*LR8(UE(I))||D(L)’)
0<t<T O<t<T

p
5C]E< sup ||“g(t)||L1((9)>
T

O<t<

p/2
+ CIE<82 sup ||LR8(vf(r>)||iz(O))
0<t<T
<C(p,u’, 7).
This ends the proof. O
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Using the Gagliardo—Nirenberg inequality, we can derive further estimates. We
recall that Q7 = O x (0, T).

Lemma 20 (Higher-order moments I) Let p > 2. There exists a constant C(p, u®, T)
> 0, which is independent of ¢, such that

E”M ||L2+2/d(Q = < C(p, ’4 ,T), (35)

]E”Lt ||L2+4/d(0 T; LZ(O)) C(pv I/t s T) (36)

Proof We apply the Gagliardo—Nirenberg inequality:

T p/s T (1-9); p/s
\y
E(/ ||uf||SL,(O)dt> < CIE([ [ 1oyl 8||L1(O)dt)
0 0

(1—8) T ) p/s
e —0)s &
S CE(”“, “LOC(O,T;LI(O)) ‘/(‘) ”u, ”Hl(O)dt)

C(E”usllz(l_e)[’ )1/2(]E|| 8||4P/S )1/2

i1L0,T;L1(O)) “illL20,1:11(0)) =G

wherer > land 6 € (0, 1] arerelated by 1/r =1—-6(d+2)/(2d) ands =2/6 > 2.
The right-hand side is bounded in view of estimates (30) and (31). Estimate (35)
follows after choosing r = s, implying that r = 2 + 2/d, and (36) follows from the
choice s = 2 4+ 4/d, implying that r = 2. O

Next, we show some bounds for the fractional time derivative of u®. This result is
used to establish the tightness of the laws of (#°) in a sub-Polish space. Alternatively,
the tightness property can be proved by verifying the Aldous condition; see, e.g., [18].
We recall the definition of the Sobolev—Slobodeckij spaces. Let X be a vector space and
let p>1,a € (0, 1). Then W*?(0, T; X) is the set of all functions v € L?(0, T; X)
for which

P _ P P
Ivllyero,7:x) = 1V12r0.7:x) T [Vlwer o, 7:x)
T vt — vk
:/0 ||v||th+/ / |t—s|1+01Pthd < o0.

With this norm, W%? (0, T'; X) becomes a Banach space. We need the following
technical lemma, which is proved in Appendix A.

Lemma21 Letg € L'(0,T) and § < 2,8 # 1. Then

T T Vs
/ / |t —s|—5f g(r)drdrds < oo. (37)
0 0 SAL

We obtain the following uniform bounds for u#® and v® in Sobolev—Slobodeckij
spaces.
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Lemma 22 (Fractional time regularity) Let « < 1/2. There exists a constant
Cw®, T) > 0 such that, for p == 2d +4)/d > 2,

<cw®, 1),
<cw®, 1. (38)

enp
E|u ||Wu,1’(0,T;D(L)’)

p P
SPE”L*LRS (Ug)nwa,p((),T;D(L)/) + E||U8 ”W“vP(O,T;D(L)’)

Since p > 2, we can choose o < 1/2 such that «p > 1. Then the continuous
embedding W%?(0, T) — C%#([0, T]) for B = a — 1/p > 0 implies that

0
]E”uE”gOvﬁ([O,T];D(L)’) S C(u ’ T) (39)

Proof First, we derive the W% 7 estimate for v® and then we conclude the estimate for
u® from the definition v¥ = u® + ¢ L* L R, (v®) and Lemma 20. Equation (17) reads in
terms of u® as

n n
dvé = div (ZA,-j(ug)Vu?)dt +Y oij@)dW;, i=1,....n.

j=1 j=1

We know from (33) that E||v® ||ioo(0’r; D(LY) is bounded. Thus, to prove the bound for

the second term in (38), it remains to estimate the following seminorm:

T T (1) = vf ()l ry
&P _ i i Wb
]E|Ui |W‘7’p(0,T;D(L)’ = ]E‘/(\) /0 |t — s|1+ap drds
T ,pT tVs n )4
< E/ f It — s|~1-op [ div ) Aj(u (r) V' (r)dr drds
0 0 SAL j=1 D(LY
T rT tvs N 14
+E/ / |t —s|717oP / > 01 (M)dW;(r) drds
0o Jo 2 D(L)
=:J; + J>.
We need some preparations before we can estimate J;. We observe that
n n
H ZAij(us)VMj = (aio+22aijuj~>Vuf -l-ZaijMfVM;
i—1 LY(O) i=1 i LY (O)

< ClIIVui 1oy + Clutll 20) VU |l 120y
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It follows from the embedding L'(O) < D(L) that

T T tVs n p
S < Ef / [t — s|_1_“p<f divz A,-j(ug(r))Vui-(r) dr) drds
o Jo SAE =1 D(L)
T T tVs n P
< CIE/ / It —s|1°‘P(/ > AW () Vil (r) dr> dtds
o Jo sne i L1(©O)

T T tVvs l 14
< CE/ / [t — s|_l_°‘p(f ||Vu8(r)||Lz(O)dr) drds
0 0 SAL

T T tvs »
+CE / / It—sllap< / ||u8(r)||L2((9)||Vu€(r)||L2(O)dr) drds
0 0 SNt

=:Ji + Jia.

We use Holder’s inequality and fix p = (2d + 4)/d to obtain

T T tVs p/2
Ji < C]E/ / [t —s|~17oP)¢ —s|”/2</ Vu® (”)”Lz((g) ) drds.
0 0 SAL

In view of estimate (31) and (37), the right-hand side is finite if | + ap — p/2 < 2
or, equivalently, « < (d + 1)/(d + 2), and this holds true since « < 1/2. Applying
Holder’s inequality again, we have

| Vs p/2 tVvs ) p/2
Jip < C]E/ / — 5|7 _Ofp(/ [|lu® (r)”LZ(O) ) </ Hvug(r)”Lz(O)dr) drds
SAL
1— /(d+2) ! (2d+4)/d pafRdD
_ apy, _ o p/d+
E/ / jt = 5|71t — 5] (f, (RG] r)
p/2
( IVu® (r)lle(O) ) drds
v Qd+4)/d 4 1'?
{ ( slflfotl)+l’/(d+2)(/ ” 8( )”L2(0>/ )dlds) }
SAL
172

Because of estimates (31), (36), and (37), the right-hand side of is finite if | +ap —
p/(d +2) < 2, which is equivalent to o < 1/2.

To estimate J», we use the embedding L*(O) = D(L), the Burkholder—Davis—
Gundy inequality, the linear growth of o from Assumption (A4), and the Holder
inequality:
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p
deds

tvs 1
j=1 LX(O)
tvs o0 n /2
< C/ / 1= aPE(/ ZZ||0ij(u8(r))ek||iz(0)dr) drds
s

A k=1 j=1

< C/ / —l—ap+(p— 2)/2/ EZ + |luf (”)HLZ(O))drdtds.
SNt

By (36) and (37), the right-hand side is finite if | +ap — (p — 2)/2 < 2, which is
equivalenttoa < (3d+2)/(2d +4), and this is valid due to the condition« < 1/2. We
conclude that (v®) is bounded in L?(Q2; W*P(0, T; D(L)")) with p = 2d + 4)/d.

Next, we derive the uniform bounds for u®. By definition of v® and the W%?
seminorm,

e\p _ & * ey P
Blulyaro,r:pwyy = EIV" = 6L LR (V) e 0,7: p(1y)

T T e (1) — v )5 .y
<CE / / DY 4tds
0 0

|t_s|l+ocp

T T gP||[L*LR, (v (1)) — L*LRs(Ue(S))HD(L)/
+ CE/ / drds.

It — S|1+a )4
It follows from (15) and the Lipschitz continuity of R, (Lemma 11) that

IL*LRe( (1)) — L* LR ()l pizy < IR0 (1)) = Re0 (5Dl 20,
< e 'Cve (1) — v () pery-

Then we find that

T T 05 () = v ).y
er D(L)
Elu |W‘W(O,T;D(L)’) = CE/(‘) /; |t — s|1t+ep drds

= CE|v®|wer©,7:D(LY)>

which finishes the proof. O

5.2 Tightness of the laws of (u®)

We show that the laws of (1) are tight in a certain sub-Polish space. For this, we
introduce the following spaces:

e CO([0, T1; D(L)') is the space of continuous functions u : [0, T] — D(L)" with
the topology T induced by the norm [[ul|co(0, 7). p(z)) = SUPo<r <7 U@l D(LY3
° sz (0, T; H'(0)) is the space L?(0, T; H'(O)) with the weak topology T».
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We define the space
Zr = C°([0, T]; D(L)) N L2,0, T; H' (0)),

endowed with the topology T that is the maximum of the topologies T and T». The
space ZT is a sub-Polish space, since C 0([O T]; D(L)") is separable and metrizable
and

T
fn ) =f W), vm () g1oydt, u € Ly (0, T; H'(O)), m €N,
0

where (Uy)n is a dense subset of L2(0, T; H'(©)), is a countable family (f;,) of
point-separating functionals acting on L2(0, T; HY(©)). In the following, we choose
a number s* > 1 such that

2d
s*<d 3 ifd>3, s*<oo ifd=2, s*<oo ifd=1. (40)

Then the embedding H'(0) — L (0) is compact.
Lemma 23 The set of laws of (uf) is tight in
Zr =Zr NL*0,T; L° (0))

with the topology T that is the maximum of T and the topology induced by the L*(0, T’
L5 (O)) norm, where s* is given by (40).

Proof We apply Chebyshev’s inequality for the first moment and use estimate (39)
withf =a —1/p > 0,forany n > 0and § > 0,

SUPP( sup  lu® () —u®()llpry > TI)

>0 s,t€[0,T],
[t—s|<é
< lE £ _ €
< sup sup  flu® (@) —u®()llpy
e>0 17 s5,t€[0,T],
t—s]<8
i luf @) = uf $)llpay ) _ 8°
< —supIE( sup < — supIE||u lco.60.71: DL
N ¢>0 s5,t€[0,T], |t —s|P £>0 ( @
t—s]<5
§P
S JR—
n

This means that for all & > 0 and all n > 0, there exists § > 0 such that

sup IP’( sup lu® () —u® () py > 77) =0,
e>0 5,1€[0,T], |t—s]|<é
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which is equivalent to the Aldous condition [5, Section 2.2]. Applying [38, Lemma
5, Theorem 3] with the spaces X = H'(©) and B = D(L)’, we conclude that (u*)
is precompact in C°([0, T']; D(L)’). Then, proceeding as in the proof of the basic
criterion for tightness [34, Chapter II, Section 2.1], we see that the set of laws of (u%)
is tight in C°([0, T']; D(L)').

Next, by Chebyshev’s inequality again and estimate (26), for all K > 0,

1 ) c
POl 20,001 > K) = 5B 120 7010y = 370

This implies that for any § > 0, there exists K > 0 such that P(|[u® || 20,7, 51 (0)) <

K) < 1 — 4. Since closed balls with respect to the norm of L0, T; H'(0)) are

weakly compact, we infer that the set of laws of (1f) is tight in sz(O, T: H'(0)).
The tightness in L0, T: L (0)) follows from Lemma 37 in Appendix B with

p=qg=2andr=244/d. O

Lemma 24 The set of laws of (/eL*L R (v®)) is tight in
Yr :=L2(0,T; D(L))N L,(0, T; D(L))

with the associated topology Ty.

Proof We apply the Chebyshev inequality and use the inequality || L* LR, (v®) || p(zy <
CIILR: (v*)|l12(0) and estimate (27):

e C
P(VEIL* LR 20, 7:01y) > K) = 5 BIL* LR 20 1 piay) < 73

for any K > 0. Since closed balls in L?(0, T; D(L)) are weakly compact, the set of
laws of (\/eL*LR.(v®)) is tight in Li(O, T; D(L)"). The second claim follows from
an analogous argument. O

5.3 Convergence of (u®)

Let P(X) be the space of probability measures on X. We consider the space Z7 x
Yr x C°([0, T1; Up), equipped with the probability measure 1 := & x ué, x Wiy
where

wy, () =P’ €-) € P(Zr),
s =P(/eL*LR:(v°) € -) € P(Y7),
Wiy () =PB(W € ) € P(C°(0, T1; Up)),
recalling the choice (40) of s*. The set of measures (u®) is tight, since the set
of laws of (#®) and (/eL*LR.(v®)) are tight in (Z7,T) and (Y7, Ty), respec-

tively. Moreover, (i47,) consists of one element only and is consequently weakly
compact in CY([0, T1: Up). By Prokhorov’s theorem, (uiv) is tight. Hence, Z7 X
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Yr x CO([O TT; Up) satisfies the assumptions of the Skorokhod—Jakubowski theorem
[6, Theorem C.1]. We infer that there exists a subsequence of (u®, /eL*LR,(v®)),
which is not relabeled, a probability space (€2, F,P) and, on this space, (Z1 X%
Yr x CY([0, T1; Up))-valued random variables (if, i, W) and (u®, w ,WS) such
that (¢, ¢, W¢) has the same law as (uf, JEL*LR,(v®), W) on B(Zr x Y7 X
C%([0, T1; Up)) and, as & — 0,

@, @, W) — @, w, W) in Zr x Yr x C°([0, T1; Uy) P-as.
By the definition of Z7 and Y7, this convergence means ﬁ—a.s.,

u° — o strongly in C°([0, T1; D(L)"),
=% weakly in L2(0, T; H'(0)),
¢ — u strongly in L?(0, T; LS (0)),
WE—~@W weakly in L2(0, T; D(L)"),
w—w weakly*in L*(0, T; D(L)"),
W — W strongly in C°([0, T]; Up).

We derive some regularity properties for the limit . We note that i is a Zp-Borel
random variable, since B(Z7 x Y7 x C°([0, T1; Up)) is a subset of B(Z7) x B(Y1) x
B(CO([0, TT; Up)). We deduce from estimates (25) and (26) and the fact that u® and
1 have the same law that

Sup]E”u ||L2(0 T; HI(O)) + SUPEHM ||LOO(0 T:D(L)) < Q.
e>0

We infer the existence of a further subsequence of (%) (not relabeled) that
is weakly converging in LP(Q L2(O T:H' (O))) and weakly* converging in
L/’(.Q CY(0, T]: D(L))) as ¢ — 0. Because % — ¥ in Zy P-a.s., we conclude
that the limit function satisfies

B ? < 0.

L20.7:H\©O) T E”””LOO(O T:D(L))
Let F and F¢ be the filtrations generated by (i, i, W) and (%€, ¢, W), respectively.
By following the arguments of the proof of [7, Proposition B4], we can verify that
these new random variables induce actually stochastic processes. The progressive
measurability of ¢ is a consequence of [4, Appendix B]. Set W;’k ) = (WE@®), er)u.
We claim that W;k (t) for k € N are independent, standard .7?, -Wiener processes. The
adaptedness is a direct consequence of the definition; the independence of W;k (1)

and the independence of the increments VT/‘?”‘(I) — Wg’k(s) with respect to .ﬁ are
inherited from (W (), ex)y . Passing to the limit ¢ — 0 in the characteristic function,
by using dominated convergence, we find that W (¢) are F;-martingales with the correct
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marginal distributions. We deduce from Lévy’s characterization theorem that W (@) is
indeed a cylindrical Wiener process.

By definition, u{ = u; (R:(v®)) = exp(R¢(v®)) is positive in Q7 a.s. We claim that
also u; is nonnegative in O a.s.

Lemma 25 (Nonnegativity) It holds that i; > O a.e. in Qr P-a.s. foralli=1,...,n
Proof Leti € {1, ...,n}. Sinceu;j > 0in Qr a.s., we have E|[(u}) ™ [ 20, 7. 12(0)) =
0, where z= = min{0, z}. The function uf is Zr-Borel measurable and so does its

negative part. Therefore, using the equivalence of the laws of u; and u? in Z7 and
writing 44; and 7z7 for the laws of u; and u?, respectively, we obtain

BN Iron = [, I ligndf0)
L%(Qr)
= [ 7o () = Elu iz = O
L*(Qr)
This shows that u7 > 0 a.e. in Qr P-a.s. The convergence (up to a subsequence)

u¢ — Wae.in QT P-a.s. then implies that ; > 0 in QTIP’as O

The following lemma is needed to verify that (i, W) is a martingale solution to

(DH-@).

Lemma 26 It holds for all t € [0,T], i = 1,...,n, and all $; € LZ(O) and all
¢ € D(L) that

~ T ~c ~
i B [ @0 = 700,01) 2 0y =0 @)
lim E(i7} (0) — #;(0), $2) p 1.y pry = O (42)
gf%)E‘/(; (\/Ewl (t)’ ¢2>D(L)/,D(L)dt = Ov (43)
lim B(VET; (0). ¢2) pity.ow) = 0. (44)
T t
m%JE/ Z/ / (Aij (@ () ViE (s) — Aij (i(5))Viij(s5)) - Vpodxds|dr = 0,
&> 0 : 0 JO
(45)
T t ~ - ~ - 2
giix%)]E/O ;/0 (o1, @ AW (5) — 03 @(5)) AT (5), ¢1)L2(O) di =0
(40)

Proof The proof is a combination of the uniform bounds and Vitali’s convergence
theorem. Convergences (41) and (42) have been shown in the proof of [18, Lemma

@ Springer



Stoch PDE: Anal Comp

16], and (43) is a direct consequence of (38) and

- T p
E(/o (\/wa(t)a‘ﬁZ)D(L)’,D(L)dt)
~ T p
< e"/zE( /O ||wf(t)||D<Ly||¢>z||D<L)dr) <ell2C.

Convergence (44) follows from w?{ —w; weakly* in L>°(0, T'; D(L)'). We establish
45):

(A GIF () VI (s) — Aij (@(5)) VT (5)) - Vepodixds
T
< fo 1447 () — Agj @) 120y IVTE )| 20, | V2 L (0)ds

T
+ ‘ / /O Aij W)V (U (s) —u(s)) - Vodxds| =: I{ + I5.
0

By the L1psch1tz continuity of A and the uniform bound for Vu®, we have I{ — 0
as & — 0 P-as. At this point, we use the embedding D(L) < wl O"((’)) Also
the second integral 5 converges to zero, since A;; (u)V(l)z € L2(0 T; LZ(O)) and
Vi, —Viij weakly in L2(0, T; L2(O)). This shows that P-a.s.,

T T
lim / / A,-j(ﬁs(s))Vﬁ? (s) - Vgpodxds = / / Ajj(u(s)Vij(s) - Vodxds.
e=0Jo Jo o Jo

A straightforward estimation and bound (31) lead to

p

‘ f / Aij @ () VI (5) - Vepodixds

< V200 B ( f

Hence, Vitali’s convergence theorem gives (45).

It remains to prove (46). By Assumption (A4), P-a.s.,

u(s)

ij

p
ds) <C,

LYO)

T
/o llogj G (5)) = 01 GV, 7. 1201y 85 < Colld® = @l 20,7:22(0)) = O-
This convergence and We — W in cO([0, T1; Uy) imply that [14, Lemma 2.1]
T - T - -
/ 0 @)dWE — / o;; @AW in L?(0, T; L*(0)) P-ass.
0 0
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By Assumption (A4) again,

p

- T
E(/O ||O’ij (ﬁg(s)) — 0jj (FIZ(S))HZLZ(U;L%O))ds)

~ - p

We infer from Vitali’s convergence theorem that
T
SIER)E/(; ”Ul/( “(s)) — Ul/(u(s))||£ w; L2((9))d5 =0.

The estimate

E‘(f 0; (U* (s))dW; (5) —/ Gij(ﬁ(s))de(S),%)
0 0 L2(0)

T
< Clil720)E /O (llos G* DI 7. 1209y + 1937 GEDIZ 7. 1201y

T
< Cli¢y lle(O){l +E( fo (I 1720, + ||ii<s)||iz(o))ds)} <C

for all ¢; € L?(©) and the dominated convergence theorem yield (46). O

To show that the limit is indeed a solution, we define, forr € [0, T],i =1, ..., n,
and ¢ € D(L),

A§ @, T, WE, 9)(1) = (i;(0), ¢) + Ve(iT(0), ¢)

—Z/ / Aij (i (5)) VI (5) - Vpdxds
oo Jo
n t

+ 1 G (s)dWE (), ) :
;(/Oojus '/S¢L2(O)

- n t
NCE A RCESCIURTES Y M REVIC N AR
j=1

n t

+ / 4 ()W m) .
;(()o]us (s o)

The following corollary is a consequence of the previous lemma.
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Corollary 27 It holds for any ¢, € L*(O) and ¢» € D(L) that

. e ~ .
slff}) ” W, ¢V 20) — Wi, 91 12(0) HLl(ﬁx((),T)) =0,

lim [|A] @, Vei®, W, ¢2) = Ai (@, 0. W. 62)ll 116507 = O-

Since v® is a strong solution to (17), it satisfies for a.e. t € [0, T] P-as., i =
1,...,n,and ¢ € D(L),

i (1), P)2(0) = Aj (U, eL*LR:(v%), W, $) (1)
and in particular,
T
/ E|(v] (1), ¢) 120y — Af(®, eL* LR, (v°), W, ¢)(r)|dr = 0.
0

We deduce from the equivalence of the laws of (u®, eL*LR.(v®), W) and
(@®, /ew®, W) that

T _ ~
/0 BI (7 1) + VT 8) 1200 — AL, VT, W7, 8)(1)]dr = 0.

By Corollary 27, we can pass to the limit ¢ — 0 to obtain

T ~ ~
fo B[ (1), ) 1200y — Ai(@, 0, W, §)(1)]dr = 0.

This identity holds foralli = 1,...,n and all ¢ € D(L). This shows that
@i (1), §) 120y — Ai @, 0, W, 9)(1)| =0 forae.re[0,7] Pas,i=1,...,n.

We infer from the definition of A; that

n t
@0, ) 120y = @O0, D20y — 3 /O /O A3 @)V (s) - Vodxds
=

n t _
—}-Z </0 aij(ﬁ(s))de(S)» ¢>
Jj=1

L2(O)

fora.e.t € [0,T] and all ¢ € D(L). Set U = (Q,F,P,F). Then (U, W, %) is a
martingale solution to (1)—(3).

6 Proof of Theorem 5

We turn to the existence proof of the SKT model without self-diffusion.

@ Springer



Stoch PDE: Anal Comp

6.1 Uniform estimates

Let v® be a global solution to (19)—(20) and set u® = u (R, (v®)). We assume that A (u)
is given by (3) and that a;o > 0, a;; = O fori = 1, ..., n. The uniform estimates
of Lemmas 18 and 19 are still valid. Since a;; = 0, we obtain an H!(®) bound for
(uf)l/ 2 instead of uf, which yields weaker bounds than those in Lemma 20.

Lemma28 Let p > 2 and set p1 := (d + 2)/(d + 1). Then there exists a constant
C(p,u, T) > 0, which is independent of ¢, such that

Euf 11720 w10y < Cpu’. T), @7
Elluf 1] 1120009,, < Cp.u®, T), (48)
ENuf 1] a0, 1200y < C (P, T, (49)
Ellu |7 < C(p,u’,T). (50)

LP1(0,T;W'P1(O)) —

Proof The identity Vu{ = 2(uf)!/>V (uf)!/? and the Hélder inequality show that

T p/2
Rl HLzmmo»—CE(/o 1)) 20y 1V @D 21720 >

p/2
SCE<|qu||Loo(o,T;L1<O)>/ ||V(”8)1/2”L2(O) )

)P EIV @))%

C(Ellus)? )2,

Lo°(0,T; L' (O)) L2(0,T;L2(O))

Because of (30) and (31), the right-hand side is bounded. Using (30) again, we infer
that (47) holds. Estimate (48) is obtained from the Gagliardo—Nirenberg inequality
similarly as in the proof of Lemma 20:

T p/s
2(1-6 1/2
E( /0 ||(u§>1/2||2,(0>> < CEIWH 1% 0 b r20n)

1/2,4p/s 12
x (EING) 150 rmoy) | = C

wheres =2/60 >2and 1/r =1/2—-6/d =1/2—-2/(ds). Choosing r = (2d +4)/d
gives s = r, and r = 4 leads to s = 8/d; this proves estimates (48) and (49). Finally,
(50) follows from Holder’s inequality:

lué o1 cory = 211 @) Y2V @2 o1 )
< 2012 Learaa o IV @D 207

1/2 1/2
= 2||”f||L/1+z/d(QT)||(”f) / lz20,7;: 11 (©))

and taking the expectation and using (48) and (31) ends the proof. O

The following lemma is needed to derive the fractional time estimate.
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Lemma29 Let p > 2 and set pp := (2d + 2)/(2d + 1). Then it holds for any
i,j=1,....,nwithi # j:

p 0
NS 17 1y 0 1m0y < C (P 1 T (51)

Proof The Holder inequality and (30) immediately yield

Ell (ufu’)'/?|| C.

p
L0O.T:LYO) =
and we conclude from the Poincaré—Wirtinger inequality, estimate (32), and the pre-

vious estimate that

Ellufus)' 2| C. (52)

p
L20.T:H'(O)) =

By the Gagliardo—Nirenberg inequality, with 6 = d/(d + 1),

T
1/22@d+1/d
/() ”(”f”‘i)/ ||L2(d+l)/d(o)dt

T
20(d+1)/d 2(1-0)(d+1)/d
scﬁ|wwwﬂmkwaWWHm@} Mar

L>®(0,T;L1(0))

2/d 3
LOO(O,T;LI (O)) ” (ui

T
2(1-6)(d+1)/d
< Cl@fu) I o 1 Anwwwﬂﬁwmr

_ e e\1/2 eN1/2
= Cll(uju;) 7| u;)

2
I20.7:110))°

Taking the expectation and applying the Holder inequality, we infer that
Bl ) 1 s g,y < C- (53)

Finally, the identity V (u? u?) = 2(uf uj)l/ ZV(uf uj)l/ 2 and Holder’s inequality lead

to
’ o 4 1722 1722
e & 2 e & e &
A|Wmmphm@msc[;Mww>uwwwwmwww>umww

! 1/2,2d+1)/d =/ T - /2
=< C(/(; ||(Mfu§-) / ||L2(d+l)/d(0)dl> </(; IIV(ufuj.) / ||L2(O)dt> .

The bounds (52)-(53) yield, after taking the expectation and applying Holder’s
inequality again, the conclusion (51). O

We show now that the fractional time derivative of u® is uniformly bounded.
Lemma 30 (Fractional time regularity) Let d < 2. Then there exist0 <o < 1, p > 1,

and B > 0 such that ap > 1 and

enp &P
]E”M ”Wa’p(o,T;D(L)’) + ]E”I/t ”CO’/S([O,T];D(L)’) S C (54)
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Proof We proceed similarly as in the proof of Lemma 22. First, we estimate the
diffusion part, setting

gt) = /
0

Then, using D(L) € W*°(0O) (which holds due to the assumption m > d/2 + 1),

T T
IE/ / |t —s|~1ep
0 0
aioVuf + Y aijV(ufu’)

T T Vs
< C/ / |t —sl‘l“”’</
0 0 SAL i

T
lg(1) — g(s)|? p
< CIE/ / s jTrap 4148 = CEIIuro.r:m):

a,OVu +ZaUV(u u )
J#

dr.
L'(0)

drds
D(LY

p
dr) drds
L'(0)

tvVs
/ d1vZA, W (1) V' (r)dr
SAT

The embedding W17 (0, T; R) — W%P(0, T; R) and estimates (51) and (50) show
thatforl < p<p1=Wd+2)/(d+1),

1mmn@m”QﬂR)SCEmmmmuorm==CEnam@“QﬂRy+CEwmﬁaapR

§CE/OT
—l—CIE//

Next, we consider the stochastic part, using the Burkholder—Davis—Gundy inequality,
Holder’s inequality, and the sublinear growth condition in the statement of the theorem:
drds

tvs 1
// It —s| ! “P/ Zcrl](u (r)dw; (r)
12(0)
T pT tvs N p/2
§C]E/ / |t—s|_1_°‘p</ Z||J,~‘,~(u8(r))||2£2(U,L2(O))dr> drds
0 Jo SNt = ’

rrr tvs 1
< C/ / _ g lmeptp/2- I]E/ Z o W DI, 7. 120y, drdids
o Jo

tvs 1
<cf / P 1114:/ Z(l—{—”u (NI72, )drdrds < C.

aioVul (1) + Y aijV(uius )(;)
J#i

dt
LY(O)

drdr < C.
LY(O)

aioVul (r) + Za,JV(ufuj)(r)
J#

The last step follows from estimate (49) (assumingthat 1 < yp < 4/d)and Lemma?2l,
since | + ap — p/2+ 1 < 2if and only if « < 1/2. We conclude that the second
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term of the right-hand side of

t

t
v (1) = v8(0) +/ div(A@®(s))Vu®(s))ds +/ o (uf(s)dW (s)
0 0

is uniformly bounded in E| - |ye.r(0,7. p(zy) fora < land p < (d+2)/(d + 1), while
the third term is uniformly bounded in that norm fore < 1/2 and p < 4/(yd). Inboth
cases, we can choose « such that o p > 1. At this point, we need the condition y < 1
if d = 2. (The result holds for any space dimension if y < 2/d.) Taking into account
(33), (v®) is bounded in W*?(0, T'; D(L)"). The embedding W*?(0, T; D(L)") —
Cc%8([0, T]; D(L)) for B = a — 1/p > 0 implies that (v*) is bounded in the latter
space.
We turn to the estimate of u® in the W% 7 (0, T; D(L)") norm:

&P &P * ey1P
Ellu ||Wa.p(0,T;D(L)/) = C(E”U ||W0t.p((),T;D(L)/) + eE|L"LRe (v )||Wa.p(0,T;D(L)/))~

It remains to consider the last term. In view of estimate (15) and the Lipschitz continuity
of R, with Lipschitz constant C /e, we obtain

p
E"?L*LRS(UE)|W“vp(O,T;D(L)’)

T /T
= EP]E/ / [t —s|""7P | L* LR, (v° (1)) — L*LRE(vs(s))||’Z)(L),dtds
o Jo
T T
<erCB [ [ s IR 0) — R ) s
0o Jo
T T . C
< epCE/O /0 It —s|” *“Pg—pnus(r) — vg(s)||Z(L)/dtds
_ p
= CE”U€“W0¢,/J(0,T;D(L)/) <C.
Moreover, by (15) and the Lipschitz continuity of R, again,

leL* LR )] po.7:pyy < E7CIRDN 0.7 D1

< ePClI 1Y, 0.y < C-
where we used estimate (33). This finishes the proof. m]
6.2 Tightness of the laws of (u®)
The tightness is shown in a different sub-Polish space than in Sect.5.2:
Zr :=C°(0, T1; D(LY) N LY O, T; WH1(0)),

endowed with the topology T that is the maximum of the topology of C°([0, T'1; D(L)")
and the weak topology of L% (0, T; W-°1(0)), recalling that p;=(d +2)/(d +1)>1.
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Lemma 31 The family of laws of (u®) is tight in
Zr :=Zr N L*0, T; L*(0))

with the topology that is the maximum of T and the topology induced by the
L%(0, T; L*(©)) norm.

Proof The tightness in L%*(0,T; L9(O)) for g < d/(d — 1) = 2 is a consequence
of the compact embedding W) < L1(O) as well as estimates (47) and (54).
In fact, we can extend this result up to ¢ = 2 because of the uniform bound of
uf log uf in L®(0, T: LY (©)), which originates from the entropy estimate. Indeed,
we just apply [3, Prop. 1], using additionally (26) with a;o > 0. Then the tightness in
L2(0, T; L*(0)) follows from Lemma 37. Finally, the tightness in fT is shown as in
the proof of Lemma 23 in Appendix B. O

In three space dimensions, we do not obtain tightness in L?(0, T; L*(©)) but in the
larger space L*/3(0, T; L*>(O)). This follows similarly as in the proof of Lemma 23
taking into account the compact embedding W!-*1(0) < L?*(O), which holds as
long as d < 3, as well as estimates (50) and (54). Unfortunately, this result seems
to be not sufficient to identify the limit of the product 'sz Therefore, we restrict
ourselves to the two-dimensional case.

The following result is shown exactly as in Lemma 24.

Lemma 32 The family of laws of (\/eL* LR (v®)) is tightin Y1 = sz 0, T; D(L))N
LS.(0,T; D(L)).

Arguing as in Sect.5.3, the Skorokhod—Jakubowski theorem implies the exis-
tence of a subsequence, a probability space (Q F, ]P’) and, on this space, (Zr x
Yr x CO([O T] Up))-valued random variables (u*, w® W"?) and (u, w, W) such
that (¢, w® Wg) has the same law as (u°, JeL* LRg(v"?) W) on B(Z7 x Y7 X
CY([0, T1; Up)) and, as ¢ — 0 and P-a. S.,

e, w Wg) — (U, w, W) in Zy x Yr x CO([O T1; Uy).
This convergence means that ﬁ’-a.s.,

#° — W strongly in C°([0, T1; D(L)),
Vu®—Vu weaklyin L”'(Q7),

u® — u strongly in L*(07),

W°—w weakly in L>(0, T; D(L)"),

¢~ weakly* in L®(0, T; D(L)"),
We > W strongly in ([0, T1; Up).

The remainder of the proof is very similar to that one of Sect.5.3, using slightly
weaker convergence results. The most difficult part is the convergence of the nonlinear
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term V (u? Ej.), since the previous convergences do not allow us to perform the limit
u; v 3 because of p; < 2. The idea is to consider the “very weak” formulation by
performmg the limit in @ A instead of V(u{uf) - V¢ for suitable test functions

¢. Indeed, let ¢ € L>®(0, T, C§°(0)). Since @ — i strongly in L?(0, T; L*(O))
P-a.s., we have

T T
/ / V@) - Vodxdr = / / T Agdrds — — f / %@ Agdxdr.
0 O 0 O

It follows from the equivalence of the laws that

2
(/ /~€~5A¢dxdt> <C,

and we conclude from Vitali’s theorem that

— 0 ase — 0.

(8T — W) (1) Apdxds

By density, this convergence holds for all test functions ¢ € L>®(0, T; W>>°(0))
such that V¢ - v = 0 on dO. This ends the proof of Theorem 5.

Remark 33 (Three space dimensions) The three-dimensional case is delicate since u?
lies in a space larger than LZ(QT) We may exploit the regularity (51) for V(u ue) but
this leads only to the existence of random variables 7 ’71 and 7;; withi, j =1,...,n

and i # j on the space X7 = L,?(0, T; L (©)) such that 7 77” and ufu y ¢ have the
same law on B(X7) and, as ¢ — O,

ﬁigj—\ﬁij weakly in X7.

Similar arguments as before lead to the limit

‘/ f V(ﬂ,, 7ij)(1) - Vo (r)dxdr| — 0,

but we cannot easily identify 7;; with ;1. o

7 Discussion of the noise terms

We present some examples of admissible terms o (u). Recall that (ex)ren is an
orthonormal basis of U.

Lemma 34 The stochastic diffusion

u;
01 (1) = 8ijs (u; )Zae(ez, W SW) = i
=1 L+,
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satisfies Assumption (AS) for n > 0 and (ag) € £*(R).

Proof With the entropy density 4 given by (5), we compute (3h/du;)(u) = w; logu;
and (82 h/ou;ou;)(u) = (m;/u;)8;;. Therefore, by Jensen’s inequality and the ele-
mentary inequalities |u; logu;| < C(1+ ul.H”) forany n > Oand |u| < C(1+h(u)),

T % n 9 2 4172
Ji ::{ A Z Z <[O E(u)aij(u)ekdx) ds}
. 1
/:
0 T on 2 4172
_ 5 u; logu;
(S (o)
T 1+ul+n 2 4172
S (e
Z 0 (91+ul/2+'7
I+n 2 1/2
1+ u;
SAE S
Z 1_|_u1/2+n
1/2 T
<C Z/ f(l—l—u,-)dxds} §C(1+/ /h(u)dxds).
- Jo Jo 0 Jo

The second condition in Assumption (AS5) becomes

T 00
J :=/ Zf tr [(o (Wer) h" ()0 (u)ey |dxds
0o ;,_J0O

_ de Z/ / nl1b72+'7) dxds < C(O, T).

o1+

Thus, Assumption (AS) is satisfied. O

The proof shows that J; can be estimated if s(up)? log(u ;)2 is bounded from above
by C(1+4h(u)). This s the case if s (u;) behaves like uf‘ witho < 1/2. Furthermore, J,
can be estimated if s (u; )z/ui isbounded, whichis possibleif s (u;) = u} withor > 1/2.
Thus, to both satisfy the growth restriction and avoid the singularity at u; = 0, we
have chosen o;; as in Lemma 34. This example is rather artificial. To include more
general choices, we generalize our approach. In fact, it is sufficient to estimate the
integrals in inequality (23) in such a way that the entropy inequality of Proposition 16
holds. The idea is to exploit the gradient bound for u; for the estimatation of J; and
Ja.

Consider a trace-class, positive, and symmetric operator Q on L?(©) and the space
U = 0Y*(L*(0)), equipped with the norm ||Q1/2(-)||L2(0). We will work in the
following with an U-cylindrical Wiener process W <. This setting is equivalent to a
spatially colored noise on L2(O) in the form of a Q-Wiener process (with O # Id).
The latter viewpoint provides, in our opinion, a more intuitive insight. In particular, the
operator Q is constructed from the eigenfunctions and eigenvalues described below.
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Let (x)ken be a basis of L2(0), consisting of the normalized eigenfunctions of
the Laplacian subject to Neumann boundary conditions with eigenvalues A; > 0, and
set ap = (1 4+ Ar)~” for some p > 0 such that Z,fil a,3||nk||ioc(0) < o00. Since
M < CKk*4 [28, Corollary 2] and ||nkllz) < Ck@=1/2 [23, Theorem 1], we
may choose p > (d/2)?. Considering a sequence of independent Brownian motions
(Wk, el W,f)keN, we assume the noise to be of the form W€ = (WQ, e, W,,Q),
where

o
Wl =Y aeWr@). j=1.....n1>0,
k=1

and (ex)ken = (arni)ken is a basis of U = Q1/2(L%(0)).

Lemma 35 Forthe SKT model with self-diffusion, let o;j(u) = §;juf for1/2 < a < 1,
i,j = 1,...,n, interpreted as a map from L*(O) to Lo(HP(O); L*(0)), where
B > p. Then the entropy inequality (29) holds, i.e., 0;; is admissible for Theorem 4.

Proof We can write inequality (23) for0 < T < Ty as

E sup fh(u (1))dx + E sup ||[Lw® (t)||
0<t<T JO 2 0<t<T L20)

t
+E sup f / ng(s):B(wE)sz(s)dxds—IE/ h(®)dx
(@)

0<t<T
2 4172
</ i loguf(s)aij(ug(s))ekdx> ds}
(@]

<E sup {/
O0<t<T 0

k=1i,j=1
1
+ —E sup / /(a”(u )ek—cr,,(u Yerdxds
2 0<t<T k=1 i=1
=:J3+ Ja, (55)

recalling that w® = R.(v®) and u® = wu(w?®). We simplify J3 and J4, using the
definition ey = agn:

00 2 412
J3=E sup {Za,%/ (/ ui () loguf(s)nkdx> ds}
0<t<T U ;25
00 ;on 1/2
< CE sup {Za / n,%dx/ Z/ (uf () loguf(s))zdxds}
0<t<T ) 0 5 (@]

n
< C Y El@)* logufll 20,720y
i=1

t
J4_Za,%IE sup Zn,/ /o(“f)za(btf)*]n,%dxds

O<t<T
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o0 n
<CY atlmliee Y BIH)™ iorioy
k=1 i=1

n
<CY EI@)™ Mior o)

i=1

The last inequality follows from our assumption on (ax). By (28), we can estimate the
integrand of the third integral on the left-hand side of (55) according to

n
V' : Bw)Vuw® =2 mai|Vut|’.

i=1

Hence, because of |u| < C(1 + h(u)), we can formulate (55) as

€ 2 2
E ()il;lgT ”h(ug(t)) ”L] (O) + EE()iltlET ”ng(t) ”LZ(O) + CE” VMS(S) ”LZ(O,T;LZ(O))

n n
=C+C Z]E”(“f)a logu; 20, 7:12(0y) + C Z]E”(”}?)hfl lL10.7:L10))-
im1 im1

It is sufficient to continue with the case « = 1, since the proof for « < 1 follows from
the case o = 1. Then, using |u®| < C(1 + h(u®)),

EllR@) N Looo,7:010y) + Elu® | oo o,7: 110y
+ EILw 17 e o 7120y + EIVE 17200 7120

n
< C+C ) Eluf loguf |l 20,7:120 + CEI I 10,7501 0 X (56)

i=1
Now, we use the following lemma which is proved in Appendix A.

Lemma36 Lerd > 2andletv € L*(0, T; H'(O)) satisfyvlogv € L>(0, T; L'(O)).
Then for any § > 0, there exists C(8) > 0 such that

lvlogvllz20,7:12(0))
2
< 8(llvlogvlizio.7:1) + IVl Lo.7: 10y + “VUHLZ(()‘T;LZ(O)))
+ COIvllLro,7:010)-
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It follows from (56) that, for any § > 0,

Ellh@) N oo o,7:01 0 + Ellu® oo o,7:110))
+EILw® oo 7120y F BIVE 17200 71200y

n
< C+ COE[« 10,710y +C ZE””}9 loguf |l 10,7:L1(0))

i=1

2
+ 8C(]E||M€ ||L°°(0,T;L1(O)) + ]E”VME ”LZ(O,T;LZ(O)))'

For sufficiently small § > 0, the last terms on the right-hand side can be absorbed by
the corresponding terms on the left-hand side, leading to

Ellh@) N Lo, 7;210)) + Elu®llLo0,7:L10))
2 2
+ S]E”ng ||L°°(O,T;L2((9)) + ]E”VMS ”LZ(O,T;LZ((')))

T
S C + C/ ||u8||L°°(0,t;Ll(O))dt fOr all T > 0
0

Gronwall’s lemma ends the proof. O

In the case without self-diffusion, we have an H'(©) estimate for (uf)l/ 2 only,
and it can be seen that stochastic diffusion terms of the type §;juf for « > 1/2 are
not admissible. However, we may choose o;; (u)e;y = 6;ju? (1 + (uf)ﬂ)’laknk for
1/2<a<land B > «a/2.
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Appendix A. Proofs of some lemmas
A.1.Proof of Lemma 14

The operator equation DR, [w](a) = b canbe writtenasa = DQ.[w](b) = u'(w)b+
eL*Lb. Hence,

/ a:bdx = / u' (w)b : bdx + 8/ Lb : Lbdx. (57)
@] @ (@]

The matrix u'(w) = (A”)~"(u(w)) is symmetric and positive semidefinite (since 4 is
convex). Thus, the square root operator 4/u’(w) exists and is symmetric. This shows
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that

W' (w)b 1 b= u'(w)u' (Wb :b=tr [(\/u/(w)\/u/(w)b)Tb]
=tr [(\/u’(w)b)T(\/u’(w)b)] = ||\/u’(w)b”i.

Furthermore, by the Cauchy—Schwarz inequality tr[AT B] < tr[AT A]tr[BT B] and
the property tr[AB] = tr[ BA] for matrices A and B,

a:b=tfa Vaw) Vi wp)
(Vo) Virip] e (o Vi) ) o iy 1

< S (V) V] + 5w [(Vrt) ) (a” V) )]
SN[+ 3 (o V) ) (Vi) )]

2

= —||\/u (w) bHF —tr[a u (w)fla].

Inserting these relations into (57) leads to

/||\/u/(w)b||12pdx+8/ Lb:Lbdx:/ a : bdx
(@] O

@]

< 1/ ||\/u’(w)b||%dx+l/ trla” u' (w) " 'aldx (58)
2 Jo 2 Jo

IA

|>—‘v-1

and consequently,

[ ||\/u/(w)b||%dx§/ trfa”u’ (w) " 'aldx.
O O

Together with (58) we obtain the statement.

A.2 Proof of Lemma 15
It follows from the convexity of & that
h(®) = h(u(R: (")) + (v° — u(Re(0°))) - B (R (v%))).

Since R, and Q. are inverse to each other, we can replace v by Qg(Rg(vo)) =
u(R: (%)) + eL* LR, (v°):

h(°) = h(u(R,(v*))) + (u(Re (")) + eL* LR, (v°)
— u(Re ")), 1 @(Re W) iy iy
= h(u(R:(v"))) + e(L*LR-(v°), R-(¥*)) p(y (1)
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We find after an integration that
/ h(v%)dx > / h(u(Re(v%)))dx + & / LR:(v") - LR.(")dx,
O O @
which yields the statement.

A.3 Proof of Lemma 21

We show that

T T tvs
1 :=/ / |t —s|_8/ g(r)drdtds < oo.
0 0 SAt

A change of the integration domain and an integration by parts lead to

T T t
1 =2/ / (t —s)8</ g(r)dr)dtds
= 1-5] f (t—s)!° (t)dtds—{——/ (T — )\~ 5/ g(r)drds,

(59)
observing that lim;_, (t —s)' % f : g(r)dr =0for 1 —§ > —1, since the integrability

of g implies that lim,_, ;(r — s)~ ! f; g(r)dr = g(s) for a.e. s. The result follows as
the integrals on the right-hand side of (59) are finite.

A.4 Proof of Lemma 36

We use the interpolation inequality with 1/2 = 61 4+ (1 — 0;)/(2p) and some 1 <
p <d/(d—2)(and p > 1ifd = 2) as well as the Young inequality with § > O:

T 1/2
6
lvlogvllz2,7: 120y < (/{; ||U10gU||L1(@)||U10gv||L2p( ”dt)
1/2
<(c©)? log |2, dr 4 & log v[|?5, oy, d
<(co? | v o8 vl 0t 9" v 0g Vl122p 0
< C(6)||UIOgU”LZ(O’T:LI(O)) + SHU10gv|lL2(0,T;L21’(O))' (60)

The first term on the right-hand side is estimated in a similar way as before, where
n > 0:

IA

”U log U||L2(0,T;L1(O)) ”U log v”LOO(O T:L1(0)) ||U log U”LI(O T:L1(0))

nllv 10g U”LOO(O,T;L](O)) + Cmllv lOg U||L1(0,T;L1(O))'
(61)

IA
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For the second term on the right-hand side of (60), we introduce the function g(v) =
max{2, vlogv} for v > 0. Then g € Cl([O, 00)). (The function v +— vlogwv is not
C! at v = 0, therefore we need to truncate.) We use the Sobolev inequality:
lvlogvllz20, 7,020 0)) = I8 200,7:120(0)) = CIIEWII 20,7, w190y
= C(||g(v)||L2(0,T;Lq((9)) + IIVg(v)IILz(O’T;Lq(@))),

where ¢ = 2dp/(d +2p). The condition p < d/(d — 2) guarantees that g < 2, while
d > 2 yields ¢ > 1; thus g € (1, 2). Applying the Gagliardo—Nirenberg inequality,
combined with the Poincaré—Wirtinger inequality, with6, = d(g—1)/(d(g—1)+¢q) <
1, and then the Young inequality, we find that

o 1-6
lg@)lize©) = CIVEW) 40 lleWIl 1) + 8 Lio)

< IVeW)llzeo) + Clig@ 110
< IV L) + C(1+ llvlogvll i)

This yields

lvlogvllz20, 7,200y = €+ CIVEW 1200, 7;19(0y) + CllvIogvllr20,7:11(0))-
(62)

The last term is estimated as in (61). We consider the norm of Vg(v) = L{y10gv>2)(1+
log v) V. For this, we observe that 1, 1og y>2)logv < C(1 +v¥) forsome 0 < y <
(2 — q)/(2q) and use the Holder inequality:

IVe) ey < 11+ v") Ve < (1+ ||UV||L2q/<2—q>(o))||VU||L2((9)
2— 2
< C(L+ 0I5 & ) IVoll2 o),

since the property 2yq/(2 — q) < 1 gives v?79/?=9 < C(1 + v) for v > 0.
Consequently, by Young’s inequality,

2—
IVe@ ey = C(1L+ WIS + 1YV ).
and an integration over time gives

2—-q) 2

”Vg(v)”[,z((),T;LQ(O)) =< C(l + ”v”Loo(qO’/](!;Ll(O)) + ”Vv”LZ(O,T;LZ(O)))
2

< C(1+ vl i1 0 + ”VUHLZ(O,T;LZ(O)))’

where we used (2 — q)/q < 1. Thus, (62) becomes

2
||U log v”Lz(O,T;LzP(O)) < C + C||vv||L2(O,T;L2(O)) + C||U||L°°(O,T;Ll(o))
+ Cllvlogvliz20,7:110))-
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It remains to insert (61) and the previous estimate into (60) to conclude that
”U IOg v ||L2(0,T;L2(O)) < nC((S) ”U IOg v ||LOC(O’T;L1(O))

+C@, mllvlogvllio7:11(0)
2
+ ‘SC(”VUHH((),T;LZ(O)) + vl .7:210p)-

Choosing first § > 0 and then 1 > 0 sufficiently small finishes the proof.

Appendix B. Tightness criterion

Lemma 37 (Tightness criterion) Let O C R? (d > 1) be a bounded domain with
Lipschitz boundary and let T > 0, p,q,r > 1, ¢ € (0,1) ifr > pand a €
(1/r —1/p, 1) ifr < p. Let s > 1 be such that the embedding W4 (0) — L*(O)
is compact, and let Y be a Banach space such that the embedding L°(O) — Y is
continuous. Furthermore, let (uy,),cN be a sequence of functions such that there exists
C > 0 such that for alln € N,

Ellunllzro,7:wra0y) + Elunllwero.7:v)) < C.

Then the laws of (uy,) are tight in L?(0, T; L*(O)) ifg < d and in L?(0, T; C°(O))
ifq > d. If p = oo, the space LP(0, T -) is replaced by C°([0, T1; -).

Proof By Theorem 3 and Lemma 5 of [38], the set
Bg = {uy € LP(0, T; W (O) N W™ (0, T; Y) :
lunll Lo 7:wra@y < R and |lugllwero,7:v) < R}

is relatively compact in L”(0, T; L*(O)). We deduce from Chebyshev’s inequality
that

P(BICQ) = P(”un||LI’((),T;W1JI(O)) > R) + P(llun lwer0.1:v) > R)

1 C
= E(E”un Iro.7:wia@y + Elunllwer,1:v)) < z

The definition of tightness finishes the proof. O
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