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Abstract

The existence of global weak solutions to the cross-diffusion model of Shigesada, Kawasaki, and Ter-
amoto for an arbitrary number of species is proved. The model consists of strongly coupled parabolic
equations for the population densities in a bounded domain with no-flux boundary conditions, and it de-
scribes the dynamics of the segregation of the population species. The diffusion matrix is neither symmetric
nor positive semidefinite. A new logarithmic entropy allows for an improved condition on the coefficients
of heavily nonsymmetric diffusion matrices, without imposing the detailed-balance condition that is often
assumed in the literature. Furthermore, the large-time convergence of the solutions to the constant steady
state is proved by using the relative entropy associated to the logarithmic entropy.
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1. Introduction

The Shigesada—Kawasaki—Teramoto (SKT) system was introduced in [19] to describe the dy-
namics of two competing population species. In this model, the diffusion rate of each species
depends on the gradients of the densities of both species, expressed by cross-diffusion terms.
They give rise to a repulsive effect leading to spatial segregation. The stationary model has been
extended to three species in [17], while the time-dependent system for an arbitrary number of
species was investigated in [20]. The existence of global weak solutions to the transient model
has been proved only under detailed balance or imposing bounds on the self-diffusion coefficients
[7]; see below for details. In this paper, we suggest a new condition on the self-diffusion coef-
ficients, which is significantly weaker than that one in [7] in the case of heavily nonsymmetric
diffusion matrices.

The SKT model consists of the following cross-diffusion equations for the population densi-
ties u;:

n n
Oru; =diV<ZAij(M)VMj>, Aij(M)=3ijai0+5ijzaikuk+aijui, (D
j=1 k=1
in a bounded domain Q C R? (d<3)fort >0,wherei, j=1,...,n,and §;; is the Kronecker

symbol, supplemented by the initial and no-flux boundary conditions

n
w;(0)=u? inQ, ZAij(u)Vuj~v=0 ondQ, t>0,i=1,...,n. )
j=1

The diffusion coefficients a;; are nonnegative numbers. We call a;; the self-diffusion coefficients
and a;; fori # j the cross-diffusion coefficients. The original model for n = 2 species in [19] also
contains a drift term involving the environmental potential and Lotka—Volterra reaction terms. We
have neglected these terms to simplify the presentation. Our technique is able to treat these terms;
see, e.g., [5,6].

While the global existence analysis in the two-species model is quite well understood [5,6,10],
the global existence of weak solutions to the n-species system has been proven only in the so-
called detailed-balance case (see below) [7] and in the case of large self-diffusion coefficients;
see, e.g., [8,9,16]. Another approach was suggested by Amann [1], who proved that a priori
estimates in the W7 (2) norm with p > d are sufficient for the solutions to general quasilinear
parabolic systems to exist globally in time, and he applied his result to the triangular case, where
a;jj =0 for i > j. However, WP () estimates with p > d for solutions to (1) under general
conditions seem to be out of reach.

The main difficulty in the analysis of (1)—(2) is the fact that the diffusion matrix is generally
neither symmetric nor positive semidefinite. This issue was overcome in [7] by exploiting the
entropy structure of (1). This means that there exists a so-called entropy density 4 : [0, c0) — R
such that (1) can be written in terms of the entropy variables w; = dh/du; as

n
i (w) =div(ZBij(w)ij>, i=1,...,n,

j=1
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where u; is interpreted as a function of w and B(w) = Aww)h" (u(w))~! with B(w) =
(B;j(w)) € R™" is a positive semidefinite matrix, called the mobility matrix. Here, w =
(wi,...,wy) and u = (uy, ..., u,) are vector-valued functions. For instance, we introduce the
entropy density

n
h(u) = Zmui(logui — Ddx,

i=1

where 7; > 0 fori =1, ..., n are assumed to satisfy m;a;; = wja;; foralli, j =1,...,n. These
equations constitute the detailed-balance condition for the Markov chain associated to (¢;;), and
(71, ..., my) is the corresponding invariant measure. Under this assumption, a formal computa-
tion shows that, along solutions to (1)—(2),

d - n n
o /h(u(t))dx + 4Z7tia,-0/ |V ui)*dx + 2Zma,-,» / |Vu;|*dx <0,
Q i=1 Q i=1 Q
which provides suitable gradient estimates. It was shown in [7] that the detailed-balance condi-

tion is not necessary for a global existence analysis. If self-diffusion dominates cross-diffusion
in the sense

n
daii > Y (Jag — azi)® foralli=1,....n, 3)

j=l1

then the global existence of weak solutions follows. If a;; > 0, this condition is satisfied if the
matrix (a;;) is nearly symmetric.

The goal of this paper is to prove the global existence of weak solutions without imposing
detailed balance under a condition that is weaker than (3) for (heavily) nonsymmetric matrices
(aij). The key idea of our analysis is the observation that the entropy density

h(u) =Y mi(u; —logu;) )

i=1

formally satisfies the inequality

JF#i

d n n
E/h(u(t))dx—l—Zmaio/|V10gu,~|2dx+z<8ma,-i —erjaj,->/|V\/u_,-|2dx§0.
Q i=1 Q i=1 Q

®)
(The computation is made rigorous for approximate solutions in (13) below.) Thus, we obtain a
gradient estimate for ,/u; if

n

K= r{linn <8nl~a,~,~ — Z njaj,-) >0 (6)

1=1,..., . ..
=1, j#i
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is satisfied (we allow for a;o > 0). If (a;;) is almost symmetric, condition (3) outperforms (6).
However, condition (6) is generally weaker than (3) if a;; and a; differ significantly.

We underline this statement by the following example. Let n = 3, aj3 = az| = az =1,
and ajp = ap3 = a3 = 0. Since |a;; — aji| =1 for i # j, the matrix (a;;) is nonsymmetric.
Condition (3) from [7] is equivalent to a;; > 1/2 for i = 1,2, 3, while condition (6) is equiv-
alent to ajjaxnaszz > 873 (see Lemma 15 in the Appendix). This is significantly weaker than
ajjanaz; > 81 (which follows from a;; > 1 /2) and, moreover, we only need one self-diffusion
coefficient to be sufficiently large.

In the literature, the functional (4) has been identified as an entropy (i.e. a Lypunov functional)
mainly for higher-order parabolic equations via the method of systematic integration by parts
[14]. A similar functional was used to prove the convergence of solutions to the two-species
SKT model to a steady state under quite particular conditions on the coefficients a;; [15]. Up to
our knowledge, the use of (4) in the global existence analysis of cross-diffusion systems is new.

We impose the following assumptions:

(A1) Domain: 2 C R? is a bounded domain with Q2 € C2,d <3,and T > 0.

(A2) Initial datum: u® = (u9,...,ud) € L'(Q;R") satisfies u; > 0 in Q for i = 1,...,n,
Joh@®)dx < oo if d <3, and moreover [, (u))?dx < coif d =2, 3.

(A3) Coefficients: a;; > 0, ajo >0 forall 7, j =1,...,n, and there exist 71, ..., 7w, > 0 such
that (6) holds.

The boundary regularity in Assumption (A1) is needed to apply an H>(2) elliptic regularity
result for the duality method (see the proof of Lemma 6 below). The restriction to at most three
space dimensions comes from the continuous embedding H'(Q) — L°(2), which is needed to
conclude the weak convergence of (u?)3 in L2(2), where uf are some approximate solutions;
see Section 3, step 2. In view of the entropy inequality (5), we need the regularity fQ h(u®)dx
for the initial datum in Assumption (A2). In two and three space dimensions, we need more
integrability to deal with the quadratic nonlinearity. As already mentioned, Assumption (A3) is a
relaxed “self-diffusion > cross-diffusion” condition. Note that the diffusion coefficients a;o are
allowed to vanish.

Notation. A vector-valued function v : 2 — R” has the components vy, ..., v,. We denote the
entries of a matrix A € R"*" by A;;. We set Q7 = Q x (0, T) for the space-time cylinder.
Furthermore, we need the space of test functions

WrP(Q) ={pe WP (Q):Vp-v=00ndQ}, p=>2,

and we set H2(Q) = W>2(Q).
Our first main result is as follows.

Theorem 1 (Global existence). Let Assumptions (Al)—(A3) hold. Then there exists a weak solu-

tionu = (uy,...,un) to (1)—~(2) satisfying u; (t) > 0 a.e. in Q, fQ h(u(t))dx <ocoforO<t<T,
the regularity

u; € L0, T; LYY NLX(Qr),  ui € L2O0, T; H'(Q),
dui € L*3(0, T; WH()),
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u satisfies the initial conditions in the sense of WVZ'4(Q)’, and it holds for all ¢ € L*0,T;
W24 Q;R")) andi =1,...,n that

T

T
/azul,qﬁ, // i pi(u) Adidxdt, pz(u)—azoJrZalkuk, )
0

0
where (-, -) denotes the duality pairing of W3’4(Q)/ and WVZ'4(Q).

Observe that the weak formulation is weaker than the traditional one. We can change it, after
an integration by parts, to the usual weak formulation

T T
/a,ul,qs, dt = — //(p,-(u)Vu,-—i—uini(u))~V¢>,-dxdt
0 0 Q

for all ¢; € L0, T; W2°(R)), since u; Vuy = uiJurV./ui € L'(Q7). The regularity is gen-
erally lower compared to the results in [7], where u; € LZ(O, T: H'(R)) has been proven. The
reason is that the logarithmic entropy (4) can be interpreted to be of “zero order” with respect to
u;, while the Boltzmann entropy i[(u), which was used in [7], is of “order one” in u;.

Theorem 1 is shown by using the entropy method; see, e.g., [13]. Since the entropy vari-
able w; = (0h/0u;)(u) = m;j(1 — 1/u;) is not invertible for every w; € R, we regularize the
entropy density by he(u) = h(u) + eh®(u) for & > 0, where h0(u) = Yo' ui(logu; — 1). Then
h;l:R — (0, 00) is well-defined. However, this generally destroys the entropy structure in the
sense that A (u)h! )~ 'or, equivalently, 4 (1) A(u) may be not positive semidefinite. Therefore,
we also regularize A(u) by Ag(u) = A(u) + ¢A%(u), where A%(u) is a diagonal matrix with en-
tries (w; /Jri)ui2 and sufficiently large numbers u; > 0. Lemma 4 below shows that h’e’ (u)Ag(u)
is positive definite, which yields some L?($2) gradient bounds. Note that our regularization is
simpler than that one used in [7].

The estimates from the entropy inequality (5) are not sufficient to define u; p; (u) from (7)
in L'(Q7) in the three-dimensional case, since the Gagliardo-Nirenberg inequality yields u; €
L'*24(0r) only (see (19)). To obtain better regularity, we exploit the fact that the SKT model
can be written as d,u; = A(u; p; (1)), which allows us to use the duality method. Basically, we
use (—A)’1 u; as a test function, which leads to an estimate for ul2 pi(u) in L! (Q7) and, because
of a;; > 0 due to (6), an estimate for u; in L3>(Q7).

Theorem 2 (Large-time behavior). Let Assumptions (Al )—(A3) hold and suppose that d = 1 and
aijo>0foralli =1,...,n. Let u be the weak solution to (1)—(2) constructed in Theorem | and
let ii; = meas(Q) ™! [quidx fori=1,...,n. Then

M i (1) = will 1 ) = 0.
Since u; conserves the mass, i; is independent of time. The proof of this result is surprisingly
delicate in spite of our restriction to one space dimension. It is needed to guarantee the continuous
embedding H'(Q) < L% (Q); see the proof of Lemma 13. The usual idea is to show that the

relative entropy, associated to the entropy density (4), satisfies an inequality similar to (5) and
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to estimate the entropy production term (the gradient bounds) in terms of the relative entropy.
Unfortunately, we have not been able to prove this entropy inequality, since the deregularization
limit in the logarithmic term logu; is difficult and the low integrability of d,u; and u; does not
allow us to use dh(u)/du; as a test function in equation (7) to derive an entropy inequality. We
circumvent this issue by regularizing the relative entropy:

n
Houli) = Y-, [ gt + 1)~ logtus +m)dx. 10
i=1 &
The difficult part is to estimate the matrix product 4, (u + n) A; (u). We are able to show that this

matrix is positive definite up to a term of order O (4/¢), which vanishes when ¢ — 0. This shows
that in the limit ¢ — 0, for0 <s < 1,

n t
Hyu(t)|in) + CZ// |V ui + nlzdxda <H,w@)li), O0<s<t.
=15 o

The entropy production can be estimated as (see Lemma 14)

o0 o
[ Wi = Vit < [ [19iaPazd < ca.
0 0 Q

Note that the Poincaré—Wirtinger inequality would only yield the difference +/u; (t) — ,/u;. The
previous inequality implies the existence of a sequence #x — 0o as k — oo such that ||/u; () —
Jﬁ_ille(Q) — 0. We will show that this implies the convergence H,; (u(t;)|u) — 0 as k — oo,
and since the relative entropy is bounded and nonincreasing, this convergence holds for any
sequence t — oo. Finally, the Csiszar—Kullback inequality (Proposition 16 in the Appendix)
concludes the proof.

The paper is organized as follows. We prove the positive definiteness of A”(u)A(u) and
hY(u)A.(u) in Section 2. Theorem 1 is proved in Section 3, while Section 4 is devoted to the
proof of Theorem 2. Some auxiliary results are collected in Appendix A.

2. Positive definiteness of mobility matrices

We introduce the Hessian matrix of h(u), defined in (4), by H(u) = h”(u) with entries
H;j(u) = 5,‘jJTil/t;2 fori,j=1,...,n.

Lemma 3. It holds for any z € R" and u € (0, 0c0)" that

n

> i
wiaj; | —.
i )

n 2 n
Z 1
ZTH(M)A(M)Z > E ﬂiaiou—lz + Z E <87(,~a,-,- —
i i=l j=1, j#i '

i=1
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Proof. The elements of the matrix H (u)A(u) equal

a;
(H(M)A(u))l/ —811771 2 +(Sz/ Zntazk ) + 7 ul]
i k=1 i !

_S,Jm +5,](2n, l.J Z ;A 2) (1—81])71,%/.
uj Wi ki Ui

This gives for all z € R":
2

T _ i
H(M)A(M)Z analo 2 +227Tzauui (8)

i=1

| Eigj
£ Y mane 3 ma L

i=1 k=1, ki Ui ij=1i#) !

We use Young’s inequality to estimate the last term:

2
ZzZ] 1Z]
i J

i,j=1,i#j ! i,j=1,i#j
n
1 22
E Tid;j ZZ _4_1 E ﬂjdji;
ij=1,i#] ij=1,i#j '

The first term on the right-hand side cancels with the third term on the right-hand side of (8).
Therefore,

2 n 2
1 Z7
TH(M)A("‘)Z = E ﬂzazo 2 + E <27Tzazz 1 njaji)u_l-
= =i
which finishes the proof. O

For ¢ > 0, we define the approximate entropy density
n
he(w) = h(u) +h®(u), where h(u) = Zui(logui —1). )
i=1
We set HO(u) = (%) (u) with entries Hl.(} (u) = 8,~.,~ui_1, i,j=1,...,n,and
0 T
He(u)=H(u)+eH (u), where He;j(u)=20;j —+—
u

i Wi

We also need to approximate the diffusion matrix:
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A.(u) = A(u) +A%u), where A?j (1) = 8;j ﬂuf,
TT,

i

imposing that p; > Y ji(@ij+aji)/2. The latter condition is necessary to prove that the product
H.(u)A.(u) is also positive definite.

Lemma 4. It holds for any z € R" and u € (0, 00)" that

2T Ho(u) A, (u)z>zTH(u)A(u)z+2EZa”z —i-SZZ—u,Z
i=1

Proof. We decompose the product H,(u)A.(u) as

He ) As () = H@)A@) + e (H () A@) + Hw) A’ W) + 2 HO (u) A (w).

We compute first the terms of order ¢:

(H%)A(u)),,—a,,( +Zalk—+2a,,)+(1 8ij)aij.
l k# l

(H@)A’W))ij = 8ij i,

which yields

' (H ) A@w) + Hw)A(w)z =Y ("’0 + Zalk +2a; + u)
i=1

n n
+ Z Z ajjzizj

i=1 j=1, j#i

>Z(Za”+u,>z +Z Z aijziZj-

i=1j=1,j#i

The last term is estimated by using Young’s inequality z;z; > —(zl-2 + z?) /2:

n n 1 n n
Z Z aijZiZjZ—EZ Z (a,-jz,-2+aijZ§)

i=1j=1, j#i i=1j=1, j#i
— Y Y iy Y we
i=1 j=1, j#i ]1111;&]

which, because of the choice of u;, shows that
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n 1 n
zT(HO(M)A(u)+H(u)AO(u))ZEZZaiizinrZ(ui—E > (a,-j+a,»,->)z?

n
i=1 i=1 j=1, ji
n
2
>2 E a;;iz; .
i=1

The &2-term becomes z HO(u)A%(u)z = > (i /JT,-)uiziz. Collecting these terms, the proof
follows. 0O

3. Proof of Theorem 1

LetT>O,NGN,r:T/N>0,8>0,and8>0.Letug:(ug,l,... u? ) be a compo-

s%en
nentwise bounded sequence of functions with positive lower bounds satisfying h(ug) — hu?)
strongly in L' (2) and u? — u® strongly in L?(2) as & — 0.

Step 1: Solution of an approximated problem. We introduce the entropy variables w; =
(@he/0u;i)(u) =m;i(1—1/u;j)+¢elogu;,i =1, ..., n. Since the range of A/, is R", the transforma-
tion u : R" — (0, 00)", u(w) = (h/g)’1 (w), is well defined. Furthermore, we introduce the mo-
bility matrix B (w) = A (u(w))He (u(w))~!. By construction of ug, we can define w? = h;(ug),
and this is an element of L (£2; R™). Then u(w®) = ug. Letm=1ifd=1andm =2ifd =2, 3.
Given k € N and wf~! € L®(Q: R"), we wish to find wk € H” (€2; R") solving

1 k k—1 k k
- ™) —u@" ™)) -¢pdx+ | Vo : B.(w)Vw"dx (10)
Q Q
+5/( > D“wk-D“¢+wk.¢>dx=o
Q |la|=m
for all ¢ € H™(Q2; R"), where @ = (1, ..., 04) € Ng is a multiindex and D% equals the partial

derivative 0'* /9x{" - 9x3*.

We claim that the existence of a weak solution w* follows from [12, Lemma 5]. The construc-
tion of &, ensures that Hypothesis H1 of [12] is satisfied. Lemma 4 shows that Hypothesis H2
holds as well. Also Hypothesis H3 is fulfilled since (1) does not contain any source terms. We
deduce from [12, Lemma 5] that there exists a weak solution wk e H™ (2; R™) to (10), satisfying
the discrete entropy inequality

/hs(u(wk))dx+r/Vwk:Bg(wk)Vwkdx (11)
Q Q
+5z/( > |D°‘wk|2+|wk|2)dxS/hg(u(wk1))dx.
@ lol=m Q

We derive some estimates for w* and u* := u(wk). According to Lemma 4, the second term
in (11) can be estimated as follows:

268



X. Chen, A. Jiingel and L. Wang Journal of Differential Equations 360 (2023) 260-286

/Vwk:Bg(wk)Vwkdx:/Vuk:Hs(uk)Ag(uk)Vukdx (12)
Q Q
n
zizl/{xW(u?)”ﬂZ+2s(l,=r?’i.g’na,-i)|wl’f|2}dx,
=lqQ

recalling definition (6) of «. Therefore, since a;; > 0 by Assumption (A3), summing (11) over
k=1,...,],

Jj n
/hs(uf)dx+cfZZ/(W(u?)‘/zF+e|w{f|2)dx (13)
k i:lg

Q =1

j
+5r2/< > |D°‘wk|2+Iwklz)dxg/hs(ug)dxfC,
k=1¢,

loe|=m Q

where C > 0 denotes here and in the following a constant which is independent of §, ¢, and
with values changing from line to line.

To derive bounds in H'(2), we apply the Poincaré—Wirtinger inequality for which we need a
uniform estimate for ulj . We take the test function ¢ = (;1, ..., 8i») in (10) and sum the resulting
equation over k =1, ..., j. Then, taking into account (13),

J
OS/u{dx:/u?dx—b‘tZ/wfdx (14)

Q Q k=1g
s J
< /u?dx + Et 2:/((11;§<)2 + Ddx < C(uo, T, Q).
Q k=1g
We infer that
luFll 1@y < Cle. D), Volwkllpm@) < C(D). (15)

Step 2: Limit § — 0. Let w® := w* and u? := u*. Before we pass to the limit § — 0, we derive
a very weak formulation for u°. It holds that

(B:w®)Vuw?); = (A @®)Vul); = e(A°W®)Vul); + V(ul pi (u?))

& Wi
=2V @Wl)? + vl pi (ud)).
3 T

Therefore, in view of (10), (u®, w?) solves for all ¢ € HE(Q; R™),

%/(u‘s —uk Y gdx — 21/ (g’;—fw?ﬁ + u?pi(u‘s)) Adudx (16)
Q =g
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+5/( > D“wS-D“¢+w5.¢>dx=o.

Q |la|=m

In view of the uniform bounds (15) and using the compact embedding H'(Q) — L*(Q) (if
d < 3), there exist subsequences of (%) and (w?), which are not relabeled, such that, as § — 0,

ub — u strongly in L*(Q), sw’ — 0 strongly in H"(Q).

It follows from the linearity of p; that uf pi(®) — u;pi(u) strongly in L?(§2). Moreover, up to
a subsequence, u® — u ae. in Q and, because of the continuous embedding H 1 (Q) — L6(§2)
for d <3, u?)? — u} weakly in L2(2). Thus, passing to the limit § — 0 in (16), we find that,
for all ¢ € H2(Q; R™),

%/(uk . ¢dx—2/(——(uk>3+u pi(u )>A¢ldx (17
Q

i=1g

where we have set u* := u.

Step 3: Bounds uniform in (¢, T). We introduce piecewise in time constant functions and
formulate some bounds uniform in (8 7). Let u™(x, 1) = u(x) for x e, te((k—1Drt,kt].
At time r = 0, we set u(™(-,0) = u . Furthermore, let u(?) = (u . u,(f)). We define the
backward shift operator (ofu(f))(x, t) =uk 1) forxeQ,re ((k — 1)r, kt]. In view of (17),
u™ solves

l//(u“) —ou') - pdxdt (18)

T
:Z//C ™) +uf” p; (u<f>))A¢ dxdt
0 Q

i=1
for piecewise constant functions ¢ : (0, 7) — HUZ(Q; R™). By a density argument, this equation
also holds for all ¢ € L2(0, T; H2(2; R™)) [18, Prop. 1.36].
We conclude from the summarized discrete entropy inequality (13), the L' () estimate (14),

and the Poincaré—Wirtinger inequality the following (e, 7)-independent bounds.

Lemma 5. There exists a constant C > 0, which is independent of € and t, such that for all
i=1,...,n,

”uET)HLOO(O‘T;Ll(Q)) + ”(MET))I/ZHLz(O,T;Hl(Q)) + \/E||”§T)”L2(O,T;H](Q)) =C.

The Gagliardo—Nirenberg inequality for p=142/d and 6 =d /(2 4 d) gives

2p6 2p(1—6
11 0y = / a2, o dt < € / 1™ 21 @™ IR Ve (19)
0
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T
(r) ) p(1-6) (1)y1/22
E C“(ul ||L°°(0,T;L1(Q)/ ||(ul ) / ”HI(Q)dt S Cv
0

since 2pf = 2. As we need at least a uniform estimate for ul@ in L**"(Q7) for n > 0 to pass
to the limit in (18), the above L?(Qr) bound is not sufficient except for d = 1. We need an
additional estimate, which is provided by the following lemma.

Lemma 6. There exists a constant C > 0, which is independent of € and t, such that
I3 0py + €4 N4y <€ i=1, 0

Proof. We use the duality method. For this, let w{‘ el{y e HUZ(Q) : fQ Ydx = 0} be the unique
solution to

—AyF =uk —][uj.‘dx inQ, Vyf.v=0 ondg, (20)
Q

where fufdx = meas(§2) ! fQ ufdx. This problem is well-posed since uf‘ € L2(Q) and 9Q €
C?. We use w{‘ as a test function in the weak formulation (20):

/|V1/fl-k|2dx:/ufwikdx—][uf-‘dx/lpikdxz/ufwikdx
Q Q

Q Q Q

k k k k
< llui 2@ 15 2@ < Cllug 2@ IV T2

where we applied the Poincaré—Wirtinger inequality in the last step. Thus, ||V1pik||Lz(Q) <
Cllu¥1l ;2 () and, by the Poincaré inequality again, [ [|;2.q) < Clluf [l ;2(q)- Hence,

k k
1V @) < Cllug 2

Now, taking ¢; = l/fl.k and ¢; =0 for j # i as a test function in the weak formulation of (17)
and using equation (20) for uf‘ and the property fQ 1//l.kdx =0,

1 1 1
- /(Awi" — AYFhykdx = = /(u{? —utNykdx — = ][(uf - uf_l)dx/lpikdx
T T T
Q Q Q Q

= / (fﬂ(ubuuﬁpi(uk))wfdx
Q

3 T
& Wi & Wi
= —/ —&(u{.‘)3 + uf-‘pi(uk) ufdx —i—][ufdx/ —&(uff + uf»‘pi(uk) dx.
3 T 3 TT;
Q Q Q
Summing this identity over k =1, ..., N and observing that
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1 _ 1 _
—;/(M{‘—Aw,-" ‘)wfdx=;/<|vw{‘|2—vw!‘ Lvyhdx
Q Q
1 _
> 2—/<|w,~k|2— VyE Py,
T
Q
we obtain

T
: / (VYN P — VO Pydx < — / / (g%w,‘”)‘*+<u§”>2p,~(u<”>)dxdt @1
Q 0 Q !

T
+/ ][ s / EEL DY 0 i) ) dcdt.
37‘[,‘ ! g
0 Q

As ul(f) is bounded in L>°(0, T: L1(Q)) by Lemma 5, we can estimate the last term on the right-
hand side by

T
/(fu}”dX>/(8Ml (r))3+u§r)Pi(u(’)))dXd’
0 Q

/(s Mz (f))3+u§’)p,~(u(f)))dxdl-
Q

| /\

u®)

O\ﬂ

We deduce from Young’s inequality ab < (8a)?/p + (b/8)?/q fora,b>0and 1/p+1/q =1
for suitable § > O that

SMl( (7:)

4
C ’
= )+ C

Wi
Cu 3w’ <
COOm ™) = 2@V + Copi(u).

The first terms on the right-hand sides can be absorbed by the first term on the right-hand side of
(21), leading to

T
1 i 1
— / (V1P = VY P)dx < - / / CE O @2 ) )dx
2 6 T 2
Q 0 Q

T

+ / / (C1 + Capi (W™))dx.
0 Q
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(T

Since p; (u(f)) depends linearly on u; ) and this function is uniformly bounded in L*°(0, T';

L'(Q)), we conclude that

T
1 & Wi 1
5 / VN Pdx + / / (8;:<u§”)4+§<u§”)2p,~(u<”>>dx
Q 0 Q

1
= / IV Pdx + C3u®) < Cllug ;17 ) + C3°) < Cu®).
Q

Taking into account the inequality (ulm)2 pi™) > aj; (ulm)3, this finishes the proof. O

Lemma 7. There exists a constant C > 0, which is independent of € and t, such that

”Ml(r) ||L3/2(0,T;W1'3/2(Q)) S C
Proof. This estimate follows directly from Lemmas 5-6 and Holder’s inequality:
IV 320 0py = 202V @2 5200,
1/2
<2uV 115 V@) 220, < C.

L3(Q7)

as well as the bound for ul@ in L3(Q7) and also in L3/2(Q7). O

The improved integrability of u(*) provides a uniform bound for the discrete time derivative.

Lemma 8. There exists a constant C > 0, which is independent of € and t, such that

T Nu® — o C.

‘L’u(t) ||L4/3(0,T;WU2’4(Q)’) =
Proof. Lemma 6 shows that

i pi @) sy <€ el @™V sy = el 134, < '*C.

Let¢ € L*(0, T; WV2’4(Q; R™)). Then, using (18), we can estimate as follows:

T

//(u(r) —ou'™) - pdxdt
0 Q

n
& Wi
53 22 1@ s 18 o) < CA+ e IBllLso, 1w
i=1 "

1
T

n
<Y 1 pi ) a0 1A 1 30
i=1

This finishes the proof. O
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Step 4: Limit (¢, 7) — 0. Lemmas 7 and 8 allow us to apply the lemma of Aubin-Lions in the
version of [11], yielding the existence of a subsequence of (™), which is not relabeled, such
that, as (¢, 7) — 0,

u® >y strongly in L3/2(QT) and a.e.in Qr.

It follows from Lemmas 5 and 8 that

@2 ~u!? weakly in L2(0, T; H'(Q)),

i

' w® —ou) —~ 8u  weakly in LY3(0, T; W2(Q)).

(7)

The a.e. convergence of (™)) implies that u; "’ pi @) = uip;i(u) a.e.in Q7. Since ul@p,- ™)

is bounded in L3/%(Q7), we infer that

u” pi (™) — u;pi(u) strongly in L**(Qr).

Furthermore, taking into account Lemma 6, as ¢ — 0,
()43 _Jlyag 174 (D) 3 /4 _ o
el @) ancgp =€ (el 2 gopy)” = Ce/* 0.

Thus, performing the limit (¢, 7) — 0 in (18) shows that u solves (7). As u; € w43, T;
W24(Q)) = CO([0, T]; W2*()'), the initial condition is satisfied in the sense of W2*(Q)’.

Remark 9 (One-dimensional case). The additional regularity from the duality method is not
needed in the one-dimensional case. In that case, the proof simplifies. First, we may choose
6 = €. Second, the Gagliardo—Nirenberg inequality (19) shows that u,m is uniformly bounded
in L3(QT). Furthermore, by estimate (12), \/Eul@ is uniformly bounded in L0, T; HY(Q)).
Hence, using the Gagliardo—Nirenberg inequality with 6 = 1/2 and the uniform bounds in
Lemma 5,

T
4(1-6
el 24(qp) < &€ / 131 g ™ vy
0

T

(1))2 (r) )2
0

This shows that £!/%u I(T) is uniformly bounded in L*(Q7), and we obtain the same estimates as
in Lemma 6, which allow us to conclude. O
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4. Large-time behavior

In this section, we prove Theorem 2. First, we show an entropy inequality which gives time-
uniform estimates.

Lemma 10 (Entropy inequality I). It holds for all t > O that

n t
/h(u(t))dx+CZ//|v¢u_i|2dx5/h(u0)dx.
Q

Q =y @
Proof. We find from (13) that

n

t
/ he @™ (1)dx +C Y / / IV @)V Pdx < / he (™ (0))dx,
Q

Q i=10 Q

where ¢ € ((j — 1)t, jt]. Recalling that h,(u) = h(u) + ¢h®(u) and h°(u) > —n (see (9)), it
follows that

n t
/h(u<f>(t))dx+CZ//|V(u§”)1/2|2dx < /hg(ug)dx+C8. (22)

Q =1y @ Q

Because of the a.e. convergence of ™), we have h(u™ (1)) — h(u(r)) in Q fora.e. t € (0, T),
such that Fatou’s lemma implies that

/ h(u(t))dx flimi(r)lf / hu@ (1))dx

Q Q

for a.e. r > 0. Then, using the weak lower semicontinuity of the L%(Q7) norm, we infer from
(22) in the limit (g, T) — 0 the conclusion. O

The following lemma is a consequence of Lemma 10. Both Lemma 10 and 11 are valid in
several space dimensions.

Lemma 11. There exists a constant C > 0, only depending on u®, such that

i |l oo 0,00: L1 (2)) F 1108 Ui || Lo (0,00: 21 (2)) + 1V VUil £2(0,00: 12(02)) = C-

Proof. The elementary inequalities z — logz > |logz| and z — logz > z/2 for z > 0, together
with Lemma 10, imply that

1 2
[Hoguill Lo (0,00;L1(2)) = ;/h(uo)dx, lluti ll oo (0,00: L1 (22)) = ;/h(uo)dx.
1 1
Q Q

The bound on V,/u; is a consequence of Lemma 10. O
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It is essential to use the entropy at time s = 0 in Lemma 10 because it is unclear how to pass
to limit (7, &) — O in the entropy at time s > 0, as u; (s) may vanish on a set of zero measure.
We overcome this issue by using the test function

1
<7t,~<1 - ) + elog(ui-‘ + n))
u; +n i=l,...n

.....

for n > 0 in (10). This means that we need to estimate the matrix He(u +n)Ag (1), where u +n =
(u1 +n,...,un +n), similarly as we estimated H;(u)A,(u) in Lemma 4. This is done in the
following lemma.

Lemma 12. There exists no > 0 such that for all 0 < n < no, u € (0, 00)", and z € R", it holds
that

2 n Z2 n 2
K Zi 1€ E i —n ZCZE <

ZHM+)7A MZE C +” ¢ _ :
8( ) 8() 4121:ul+n ll_ lui i_ll

where C1 > 0 depends on (a;j), (n;) and C > 0 depends on (w;/m;).

Proof. We decompose the matrix A, (u) = A(u) + SAO(M) as follows:
Ae(u) = Ag.p(u) —nA',  where A, (u) := A(u) + nA' + A% + n) — e A% (u),

n
Alj = 5ij<zaik +aij>, A ) =8 Qui +n).
k=1

Note that we have written the matrix A%u) as A%w) = A%®u + n) — AZ(u) and that we have
added and subtracted the matrix nA'. We wish to estimate

He(u+mAsu) = (H@w+n) +eHu+m)((Aw) +nA") + A% + 1) — e A% () (23)
—n(Hw+n+eHw+m)A' =K' +...+K°,
where
K'=H@u+n)(A®@) +nAY),
K?=e¢Hu+n)(A@w) +nA") + eHu + n)A°u + n),
K3=eHu+ A’ + 1),

K*=—n(H@+n) +eHu+n)Al,
K> =—e(H@u+n +eHu+n)A* ).

In the following, let z € R” be fixed.
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Step 1: Estimate oszKlz. Since H;j(u +n) = &;jm;i(u; + r;)_2 and
n
Aij @) +nA}; =8ijaio + 8 Y aix (u + 1) + aij (ui + 1))
k=1

n
= §;jaio + 0ij Zaik(uk +n) +8ijaij (i +n) +ai; (1 — &;j)u;,
k=1

we obtain

n
Tia;0 U +n A
Kl=8j——— +8; ) ma + 8 — (1 = 8j) —L
=00 Gy 2 O 2Tk g s o o s

and

n n
Tidio uk +
TKlz=Y 22y Tidii P+ § Tidik g +n”)2 2
. l:l l

We estimate the last term by Young’s inequality:

n n
Tiaiiu; Tia;i
P K L A
i +m? i+
ij=1,i#] ij=1i#j
n n
uj+n o 1 Tidij o
>— Yz — = — 75
- Z ”j( i+ m2 4Z uj+n’
i,j=1,i#j i,j=1,i#]
n n
uj+n 1 Tiaij
- Y me gty D
L= (u; +mn) 4 “~  ui+n
i,j=1,i#j i,j=1,i#j

24

The first term on the right-hand side cancels with the third term on the right-hand side of (24).

Therefore,

n Z2

T -1 ;a0 i
72 K'z> + - 8mia;; — Tidj
;(uz+n)2’ Z( i 2 ”')uiJrn

=1 j#i

n 2

;a0 K <
Z i+ 4§ui+n’

where « is defined in (6).
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Step 2: Estimate of 7 K?z. It follows from

s*‘K,?j:a +5,,Za,k +3,]a,]

ij ij i

that

n

_ aio
ZT(g IKZ)Z=Z<M.;_H Z alk +2all +Ml>z + Z(l _Slj)
i

i=1 k=1, k#i i,j=1

ziZj.
+n

Using Young’s inequality z;z; > —(zl.2 + z?) /2 and taking into account our choice of y; in Sec-
tion 2, we find that

n n n
Zulz n Z(l—&j) aijuj ZzZ] ZMZ‘Z%_%Z Z aij(z%+23)

i,j=1 i=1 i=1 j=1, j#i
=3 (w3 X @ran)zo
i=1 Jj=1, j#i

This shows that

n
TK?2>2¢ ZaiiZiZ > 0.
i=1

Step 3: Computation of K3, K*, and K. The definitions of the matrices yield

n
T 3 2 Hi 2
7' K’z=¢ E_ —m(ui—i-n)zizo,

n n
4 TT; & 2
Z=-n E E aik +a‘-)( + >z-
i=1 <k=1 l YN @i+m? ui+n)

(1+68;)22 L (48
=— — — ¢ ajj——————,
nzjzl TR ijz—l Yowit

i 2u; +n 2Mi+77> ’
== i +¢€ Z;
an(’(uiJrn)z ui+n )"
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Step 4: End of the proof. We insert the estimates for K, ..., K? into (23):

< H (u—+mnAe (u+77)z>Zn,<alo—n2a,j(l+5”)>

2
= o (+n)

2 n

2 Hi o

—E: —82: > ai(1+8) +2u | —— —2me* Yy "=z
i +’7 n < ij( ij) Ml)’/li‘f‘ﬂ n i i

i=1 N j=I

Choosing
1
O<n<ny:= nlnn a,()(Za”(l—l—ﬁ,])) ,

i=1,...,
j=l1

the first term on the left-hand side is nonnegative, and we obtain
2" He(u+mAs(w)z > —Z——n 12——77820224,

where C; = 2max;—
proof. O

,,,,, n(Z’}:laij + w;) and Cr = 2max;=1, . ,(u;/m;). This finishes the

,,,,,

Lemma 13 (Entropy inequality II). Let d = 1 and let 0 < n < ng (see Lemma 12). Then there
exists C > 0 independent of n such that for 0 <s <t,

n t
/h(u(t)+n)dx+CZ//|V«/ui F 1)’dxdo §/h(u(s)~|—r])dx.
Q =15 Q

Proof. We use v¥ = (v’l‘, e vﬁ) with

oh 1
k 3 k
v; = Bui( +n)—m( uk+n>+elog(ui+n)

i
as a test function in the weak formulation of the approximate equations (10):

1
— /(uk — uk_l) v¥dx +/Vvk : Bg(wk)Vwkdx
T

Q

+8/< Z Dawk-Davk—l—wk-vk)dx:O.
Q

loe|=1
Note that we have chosen § = ¢; see Remark 9. The convexity of &, implies that
@ —u o = (@ ) = @) B ) = he @ ) — heuF T .
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Furthermore, by the definition of vk,

k k_ k k_f T € i £ k2
ZD“w - D" =Vuw" - Vv _<(u’.‘)2+_k)< 3 + )IVuiI > 0.
1

=1 ui N Wi +m? w4

Note that u > 0, so quotients of the type m;/ (uk)2 are well-defined. It follows from Vvk =
H, (u + n)Vu and Lemma 12 that

Vot B, (w*)Vuwk = vk : Hg(uk + AWVt
V(b +n)? L Vub?

Z ——— —neC —ne*Cy |V“|
P TR T )

Summarizing, this gives

n
/hs(uk +mdx + Ty Vs +m)'?Pdx < /hg(uk*‘ + n)dx
Q i=1

—51/ kdx~|—nsrC1Z/| +ne TCzZWM 2.

Q i=1

We sum this inequality from k= j, ..., £ for j < £:

/h (u +n)dx+/czz /|V(u + )2 2dx (25)

Q i=1k=j
¢
f/hg(uj_l+n)dx—821/wkovkdx
Q k=j @
| n ¢
+778C122 / dx+n82C222t/|Vu 12dx.
i=1k=j i=lk=j o

We know from Lemma 5 that

N

N
DTl @) P g e DTl g =€
k=0

k=0
Since |Vuf.‘|2/(uf-‘ +n)= 4uf.‘ |V(uf.‘)1/2|2/(uf.‘ +n) < 4|V(uf)1/2|, the last two terms on the right-
hand side of (25) are bounded from above by neC. Thus, it remains to estimate the first term on

the right-hand side of (25). We write
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~

—8Zr/wk~vkdx=11+12, where
k=j

Q

14

1
I Z=—SZZT/JT,'<1— Mk+n>wfdx,
1

N

i=lk=j §
n ¢
L:=—¢’ Z Z T /log(ufC +mwkdx.
i=lk=j §&
Since estimate (13) shows that
n N
ey Y Tlwiliig <C (26)

i=1 k=1
we obtain

n l 1
h<ey r/m<1+—)|wf‘ldXSC(n,T)x/5-
£ ! n

i=lk=j o

To estimate I, we first compute

/|1og(u{?+n)|dx§/|1og(u§‘+n)—1ogn|dx+/|1ogn|dx
Q Q Q

/ do
k
:/""/9 ;
u; +n
0

Q
By Lemma 5, ||uf-‘ I 21(g) is bounded uniformly in & (and (&, 7)). We conclude from (26) and the
continuous embedding H 1(Q) < L>®() in one space dimension that

1
dx + |log n| meas() < Enuf 1) + |log n| meas(£2).

n ¢
L<e™ Y Y lloguf +mlipolwf L=
i=1k=j

n N

2 k k2 3/2

<e CEkZ‘R‘i‘.’.‘,N I og(u} +n)||LI(Q>ﬁ];TIIw,- 1 < Cn, T)e>.
1= =

Summarizing these estimates, we infer from (25), using the notation from Section 3, that

n t
/hg(u<f)(t)+n)dx+KZ//|V(ul§r)+n)1/2|2dxdg (27)
Q

i=17 Q
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< /hg(u(t)(s — 1)+ n)dx +neC 4+ C(n, T)v/e(1 +¢),
Q
where s € ((j — )7, jt],t € (€ — 1)7, £7]. Since

Vu (7)
2(u(f))1/2

(@
Vu,
|V<u§”+n>1/2|=‘ R
2u;” +mV

= V™)),

it follows from estimate (13) that ) 7_, ||V(u(r) +m)!/? ”L2
()

< C. We have already proved
(r)

Qr) —
that, up to a subsequence, u; * — u; strongly in L3/2(QT) as (&, 7) — 0. We infer that V (u;

M2 —~ V@ +n)'/? weakly in L2(Q7). Therefore, ul@(t) — u;(t) strongly in L32(Q) for
ae.te€(0,T) and

/ log(u!” (1) + n)dx — / log(u; (1) + n)dx.
Q

Q

By the weak lower semicontinuity of the norm,
t t
// \VVui +n2dxdo < gnglgg/ V@™ + )2 2dx.
s Q N

The limit (t, &) — 0in (27) concludes the proof. O

Next, we introduce for 0 < 1 < ng the relative entropy

Hy(ulu) = / (hGu+n) —hG@+mn) =@+ n) - (+n) — @+ n))dx

_Z /<u1+7] Mi+'7_1>dx'
up+n ui+’7

Because of mass conservation, we have fQ((u,- +n)/(; +n) — )dx =0, implying that

Hotuliy =3 / (log(@: + 1) — log(u; +1))dx (8)

i=1

In view of Lemma 13, we can formulate the relative entropy inequality as

H (u(t)|u)+CZ//|V«/ul |2dx<7-l (us)lu), O0<s<t. 29)

leQ
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We claim that the relative entropy decays to zero as t — 0o. To prove this, we need some prepa-
ration.

Lemma 14. Let g € L*(0, 00; L1 (RQ)) with g > 0 and V /g € L*(0, 00; L*(R)) be such that
g = fQ g(x, t)dx is independent of t > 0 (i.e., g conserves the mass). Then there exists a con-
stant C > 0 independent of g such that for t > 0,

IVg®) — V&l 2 < CIVYED 12 (-

Proof. The proof is similar to that one in [4, Lemma 7] but some arguments are different. We
argue by contradiction. Assume that there exists a sequence (#,),cN such that

nlIVy/g )2 < IV8(t) = V&l 2 forallneN. (30)

This implies that ||v/g(t,) — \/§||Lz(9) > (0 and we can define

v = Vet) — Vg
"IV — VRl )

neN.,

It follows from (30) that

V0] Vgl 120 _ 1
L2(Q) = — )
O T et — Vel n

such that Vv,, — 0 strongly in L2(2) as n — oo. By definition, |[vn [l ;2(q) = 1 foralln € N, ie.,
(vyp) is bounded in H(Q). Taking into account the compact embedding H L(Q) < L2(Q), there
exists a subsequence, which is not relabeled, such that v,, — v strongly in L2(Q) and v, =~ v
weakly in H'(Q) as n — oo. We deduce from Vv, — 0 strongly in L*($2) that v is a constant
and, because of [|vnll2(q) = 1, we have v # 0.

Now, we show that ||/g(t,) — /2|l 12() —> 0 asn — oo. Otherwise, by contradiction, there
exists a subsequence of (g(f,)),eN (not relabeled) and ¢ > 0 such that ||/g(1,) — /2l 120y = ¢
for every n € N. Because of

Vg(tn)_\/g

= — v strongly in L2(Q) and a.e. in Q, (€10
IVe) — V&l 2@

Egorov’s theorem [2, Theorem 4.29] shows that, for any ¢ > 0, there exists 2 C €2 such that
meas(2 \ ;) < ¢ and

V8(ty) — \/E
Vg ) — V&l 2@

— v strongly in L™(£2,).

Since v is a nonzero constant, there exist ¢ > 0 and N, € N such that for all n > N,
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Vet 2\/§~|—%v a.e.in Qg if v > 0,
Vgt </ai — %(—v) ace. in Qg if v < 0.

Thus, there exist K|, K> > 0 independent of ¢ such that in 2, g(¢,) > g + K if v > 0 and
g(t,) < g — K7 if v < 0. As the integral is absolutely continuous and ¢ > 0 is arbitrary, this
contradicts the constraint f g(#,)dx = g. We infer that

vV g(t) — \/EIILz(Q) —0 asn— o0

and consequently,

72_%:67@ =Vg(tn) +v/2 > 2z strongly in L*().

Then the previous result and convergence (31) imply that

g(ty) — 8 _ g(ty) — 8 Vg(tn)_\/E _)2@1)
Vg () — \/§”L2(Q) Vet) = Ve IVe) — \/EHLZ(Q)

strongly in L' (). However, this gives

g(tn) - g / =
d 2 d 0,
Vet —VEle ) Vaudx#

which violates the conservation of mass and ends the proof. O
The previous lemma and the entropy inequality in Lemma 10 imply that

o0 o0
/ IVui () = V|32 qydt < € / 1V Vui(0)172q)dt < Cu®).
0

0

Consequently, there exists a sequence (#;) C [0, co) satisfying #x — 0o as k — oo such that
lim [|v/u; (%) — Vil 2q) = 0.
k— o0
This shows that
kll)ngo i () — will 1) < kll)ﬂgo lvui () +vuill 2oV ui () — Vil 2@
< C@®) lim [IVu;i (1) = Vil () = 0.
k— 00
In particular, we obtain, for any fixed n > 0,
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lim / log(u; (1) + n)dx = / log(@; + n)dx,
—00
Q Q

and in view of definition (28) of the relative entropy, this implies that
lim H, (u(t)|u) =0.
k— 00

Since t — H, (u(t)|u) is bounded and nonincreasing by (29), the convergence holds for all se-
quences t — 00:

,Elgoﬂn(u(t)lﬁ) =0.
Finally, by the Csiszar—Kullback inequality (see Proposition 16 in the appendix),
i (ui (6) = il 1 @) < Clls + 1l 2y Jim Hy(u(@)|@)'? =0
for all 0 < n < ng, which ends the proof.
Data availability

Data sharing not applicable to this article as no datasets were generated or analyzed during
the current study.

Appendix A. Auxiliary results

Lemma 15.Let n =3, a3 = ax1 = azp = 1, and ajp = a3 = az1 = 0. Then there exist
w1, w2, w3 > 0 satisfying k > 0 (see (6)) if and only if ayjaxpazz > 873,

Proof. The condition « > 0 is equivalent to 87 1a| > w2, 8m2a2; > w3, and 873a33 > 1. Multi-

plying these inequalities immediately gives 83a|ja2a33 > 1. On the other hand, if this inequality
is satisfied, we set

1 1 1 1
=1, =—(8 — ), =—(8 — ).
Ty 153 2( an + 82a22a33> 73 2( man + 8a33>

Then 8m1aj; > m; is equivalent to 83a11axa3s > 1, and both 8max > 73 and 8m3ass >
are equivalent to 82mraxass > 1, which, by definition of 7>, is equivalent to 83aranaszz > 1
again. 0O

The following result is proved in [3, Section 4.3, page 71, example (c)].

Proposition 16 (Csiszdr—Kullback inequality). Let @ C R? be a domain and u € L' (2). We set
U= fQ udx and H(ulu) = fQ (log(u + n) —log(u + n))dx. Then

lu — @il L1y < V8l L2 H(ulit) /2.
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