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Introduction

One of the most important results in convex geometry is the Brunn-Minkowski inequality.
In its multiplicative formulation, it states that

vol, ((1 = MK + AK) > vol, (K)'~*vol, (L)* (1)

for all convex bodies K,L C R"™ and A € [0,1] and the equality conditions are well-
understood. The Brunn-Minkowki inequality is closely related to other important geomet-
ric inequalities and has significant generalizations. For instance, the volume functional
vol, in (1) can be replaced by the intrinsic volumes V; for i € {0,...,n}.

In the past two decades, efforts were made to relate the Brunn-Minkowski inequality
to Minkowski valuations. These are operators ® mapping convex bodies of R™ to convex
bodies of R™ which satisfy the equation

O(KUL)+®(KNL)= oK)+ (L),

whenever K, L, and K UL are convex bodies. Minkowski valuations arise naturally in con-
vex geometry, such as the projection body operator in the context of the famous Shephard
problem. Hence, it is natural to ask whether the volume functional in (1) can be replaced
by V; o ®;, where ®; is a Minkowski valuation homogeneous of degree j € {0,...,n}.
The most recent result on this question is from 2014 and due to A. Berg, F. Schuster,
L. Parapatits, and M. Weberndorfer, and gives a positive answer for a fairly large class

MValJS.’?_(TIL) of Minkowski valuations of order j. More precisely, if 4,5 € {0,...,n} and
®; € MVal};", then
Vi(@5((1 = MK +AL)) > Vi(®;(K))'Vi(®;(L)) (2)

for all convex bodies K, L C R™ and X € [0,1].

There are, however, some relevant homogeneous Minkowski valuations that are not yet
covered by this result. Explicit examples of such Minkowski valuations are provided by
the mean section operators, which were first introduced by P. Goodey and W. Weil in
1992. For k € {0,...,n}, the k-th mean section operator M, maps a convex body to its
k-th mean section body, which is an (infinitesimal) Minkowski sum of its sections with
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k-dimensional flats. In 2014, P. Goodey and W. Weil gave an integral representation of the
support function of My (K) in terms of the (n — k 4 1)-th area measure of K that involve
the so-called Berg functions. These functions were originally introduced in the context
of Christoffel’s problem, which concerns the characterization of the first area measures of
convex bodies. Said integral representation ultimately implies that mean sections operators
are generally not of class MValJS-ng) if i > j+1. Therefore the question whether (2) holds
if i > j + 1 and we put a mean section operator for ®; remains open.

In Chapter 1 and Chapter 2, we summarize the standard theory on convex geometry
and integral geometry, which we will later use repeatedly in our arguments. In Chapter 3
we introduce mean section operators and expound P. Goodey and W. Weil’s proof for
the integral representation mentioned before. In Chapter 4, we give an exposition of the
research done on Brunn-Minkowski inequalities for Minkowski valuations including the
proof for (2). In Chapter 5, we explain why (2) is not known for mean section operators
and give a brief outlook on how this open problem could perhaps be tackled.
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Conventions and Notation

In this thesis, we mainly follow the conventions and notations of [21].
In order to avoid ambiguity on whether zero is a natural number, we exclusively use

the notations
No:=4{0,1,2,...} and Ny :=1{1,2,3,...}.

We shall work in n-dimensional real Fuclidean vector space R™ with origin o, inner
product z - y and induced norm ||-||. Furthermore, we fix the notation A+ := {x € R" |
Yy € A:xz-y =0} for subsets A C R"™.

In the entire thesis, we assume n > 2.

We denote by S C R™ the unit sphere in R™ and by B C R" the closed unit ball in R™,
that is

S:={zeR":||z]|=1} and B:={zeR":|z| <1}

For a linear subspace £ C R", we denote by S(E) the unit sphere of E.

For z € R™ and a linear subspace £ C R", we denote the orthogonal projection of x onto
E by z|E. For a linear subspace F C R", and u € S\E* we define pryu := ||u|E||~'u|E.

We denote by co(A), aff(A), and lin(A) the convex, affine, and linear hull of a sbuset
A C R"™, respectively.

Moreover, we fix the notations

n/2 n/2
wp, = As(S) = T and Fn = Ap(B) = QL,
r(3)

+2
L ("3?)
where \,, denotes the n-dimensional Lebesgue measure, Ag denotes the spherical Lebesgue
measure (which is precisely the (n—1)-dimensional Hausdorff measure on S) and I' denotes
the Gamma function. Furthermore, we define the flag coefficient as

' ( ) 7l€n
fOI‘j E {0,...,77,}.

Throughout this thesis, € € S will be an arbitrary but fixed point in S.

1ii
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When working with symmetric functions of multiple arguments, we use the notation

Kil=K .. K
5,—/
7 times
to indicate that j of the arguments that we plug in shall be K.

For a subset A C R™, we denote by 14 the indicator function of A, that is 14(z) =1
if x € Aand 14(z) =0if x € R"\ A.

When working with topological vector spaces, we will only consider Hausdorff spaces
over R and we will always consider the topology of a certain topological vector space as
fixed. If X is a topological vector space, we denote its topological dual space by X*. We
denote the canonical evaluation map by

() X xX* = R: (x,2") := 2"(z).

Later on, we will expand this notation to objects that we chose to identify with elements
of X*. If T': X — Y is a continuous linear operator between two topological vector spaces
X and Y, we denote its adjoint operator by

T*:Y* = X* 2 (2, T*y*) == (Tx, y*)

If X =Y, the linear space X can be naturally identified with a subspace of X*, and
T : X — X is self-adjoint in the sense that (T'x1,x9) = (x1, Txs) for all x1,z9 € X, then
we write T* =T

We denote by GL(n) the group of bijective linear maps, by O(n) the group of linear
isometries, by SO(n) the group of proper rotations, and by E(n) the group of rigid motions
in R™. We denote by SO(n — 1,€) the subgroup of rotations in SO(n) that leave € fixed.
We denote by G(n, k) the Grassmannian of k-dimensional linear subspaces of R™ and
by A(n,k) the affine Grassmannian of k-dimensional affine subspaces of R™. Moreover,
for E € G(n,k) and j < k, we denote by G(E,j) = G(k,j) the Grassmannian of j-
dimensional subspaces of E and for F € A(n,k) and j < k, we denote by A(E,j) the
affine Grassmannian of j-dimensional affine subspaces of E.

The spaces G(n, k) and A(n, k) will be endowed with the usual topologies. G(n, k) will
be equipped with a suitably normalized SO(n) invariant Borel measure and A(n, k) with
a suitably normalize E(n) invariant Borel measure.

Since we fix the measures on S, G(n, k), and A(n, k), and we will mostly use them in
the context of integration (and not in the context of expressing the measure of a Borel
set), we will simply use the notations

We denote the k-dimensional Hausdorff measure by H*.
The word “if” in a definition is to be understood as “if and only if”.

v



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

(]
i
r

M YOU

Chapter 1

Analytic Preliminaries

In this chapter, we give an overview of the analytic notions and results from the standard
literature that will be employed in this thesis.

1.1 Homogeneous spaces

As a reference for this section, we cite [21].
If M is a non-empty set and G is a group, a (left) group action of G on M is a function

GxM—M:(g,p)—~g-p

such that
e e-p=mpforall pe M and
e g-(h-p)=(gh)-pforall gyh € Gand pe M.

If an action of a group G on M is fixed, a mapping f : M — N, where N is a non-empty
set, is called G-invariant, if f(g-x) = f(z) for all z € M and g € G. If actions of a group
G are fixed on M and N, a mapping f : M — N is called G-equivariant or G-intertwining,
if f(g-z)=g- f(x)forallz € M and g € G.

We say that G acts transitively on M if for every p,q € M there exists some g € G
such that g-p =q.

A non-empty set M equipped with a group action of G is called a homogeneous space
for G, if G acts transitively on M. A topological space M equipped with a group action
of G is called a homogeneous space for G, if G acts transitively on M and the maps
M — M :p— g-p are continuous for all g € G.
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The Unit Sphere The unit sphere S, endowed with the usual group action of SO(n), is
a homogeneous space for SO(n). Note that the spherical Lebesgue measure \g is invariant
under the group action of SO(n), that is As(JA) = As(A) for every ¥ € SO(n) and for every
Borel set A C'S. Moreover, the measure Ag is uniquely determined by its SO(n)-invariance
and normalization.

The Grassmannian The usual group action of SO(n) on G(n, k) acts transitively on
G(n, k). Now fix some E € G(n,k) and consider the final topology on G(n, k) induced by
the map

fuk :SO(n) — G(n, k) : 9 — VE.

This topology is independent of the choice of E and makes G(n, k) a second countable
compact Hausdorff topological space. Equipped with this topology, G(n,k) becomes a
homogeneous space for SO(n).

Denote by Ago(n) the Haar measure on SO(n) with total mass 1. Then the image mea-
sure pp := fnk(Aso(n)) is @ Borel measure on G(n, k) with total mass 1 which is invariant
under the group action of SO(n). Moreover, the measure y}! is uniquely determined by its
SO(n)-invariance and normalization.

The Affine Grassmannian We proceed similarly with the affine Grassmannian A(n, k).
The usual group action of E(n) on A(n, k) acts transitively on A(n, k). Obviously, the group
E(n) of rigid motions is isomorphic to SO(n) x R" (endowed with suitable operations) and
the left group action of E(n) on A(n, k) can be described as

(SO(n) x R™) x A(n,k) = A(n, k) : (0,2), E) — OE + x.
Now fix some E € A(n, k) and consider the final topology on A(n, k) induced by the map
Gne - SO(n) x E - A(n, k) : (0,2) = 9(E + x).

This topology is independent of the choice of E and makes A(n,k) a second countable
locally compact Hausdorff topological space. Equipped with this topology, A(n, k) becomes
a homogeneous space for E(n).

The image measure v} := g, k(As0(n) ® An) of the product measure is a Borel measure
on A(n, k) that is invariant under the group action of E(n). Moreover, the measure v} is
uniquely determined by its E(n)-invariance and normalization.

1.2 Integral Formulas for the Unit Sphere

For k € {1,...,n}, E € G(n, k), and an integrable function f :S — R, we have

/Sf(u) du = /S(E) /H(Em) f)(u- ) dv du,

2
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where

H(E,u) := {v € S\E* | prpv = u}.

This integral formula is proven in [27, Lemma 2.1| using spherical coordinates. In the
special case where ug € S and F = u& € G(n,n — 1), we obtain a formula for spherical
cylinder coordinates, namely

1
/f(u) du = / / Fltuo + /T — 20) dv (1— 2)n=3/2 gt
S -1 JS(ug)
for every integrable function f :S — R. Putting f = 1 yields

/1 (1= 2) =3/ _ Wn (1.1)

1 Wn—1

1.3 Integral Formulas for the Affine Grassmannian

As references for this section, we cite [12,18,22].
The measure v}’ is normalized so that

VP({E € A(n, k) | EN B % 0}) = kin_s.

Moreover it is homogeneous of degree n — k in the sense that for a Borel subset A C
A(n,k) and X > 0, we have
VE(AA) = AR (A).

Hence, integration by substitution yields

/ f(ATIE) dE = A”‘k/ f(E) dE
A(n,k)

for all f € C(A(n,k)) and A > 0.

If j < k, then
/ / f(E) dE dF = / f(E) dE (1.2)
A(n.k) JAEj) A(n.j)

for all f € C(A(n,j)). Due to the uniqueness of the measure v}, both sides of the equation
must be equal up to some multiplicative constant. The constant can be computed from
Crofton’s intersection formula (2.10) by putting f(F) := V;(BNE).

If FF € A(n,j), then for almost all £ € A(n,k), we have ENF € A(n,k+j—n). It
holds that

/ f(ENF) dE = sl / f(E) dE (1.3)
A(n.k) B Ja@Erti—n) '

J
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for all f € C(A(n,k + j —n)). Again, we immediately obtain equality up to some mul-
tiplicative constant which can be computed from Crofton’s intersection formula (2.9) by
putting f(E) := Vij_n(BNE).

If & > 1, then for almost all (E1,...,Ey) € A(n,n — 1)*, we have E1 N ---N E}, €
A(n,n — k). It holds that

ke |y
/ / F(BLN--- N Ey) dE, - dE), = 'i’“[k;}/ F(E) dE  (1.4)
A(n,n—1) A(n,n—1) 2k [ﬂ A(n,n—k)

for all f € C(A(n,n — k)). This formula follows from (1.3) by induction on k, where (1.2)
is needed in the induction step.

1.4 Group Representations

A representation of a group G on a topological vector space X is a group homomorphism
0: G — Aut(X),

where Aut(X) denotes the group of all automorphisms of X.
A representation p of a group G on a topological vector space X induces a group action

GxX—=>X:(g,z)— o(g9)x

of G on X.

A subrepresentation of a representation ¢ of a group G on a topological vector space
X is a representation g|ly of G on a closed subspace Y of X such that (o|v)(g) = o(9)|v
for every g € G.

A representation ¢ : G — Aut(X) is called irreducible, if it only has the trivial subrep-
resentations 0 and p. Otherwise, it is called reducible.

A homomorphism between two representations o : G — Aut(X) and 7 : G — Aut(Y)
is alinear map T : X — Y such that Top(g) = m(g)oT for all g € G. If two representations
o and 7 are fixed, a homomorphism is a G-equivariant continuous linear map 7' : X — Y.

Example 1.1. Suppose that a compact Hausdorff space M is a homogeneous space for a
group G, and denote by C(M) the space of all continuous functions on M, endowed with
the maximum norm. Then

0: G — Aut(C(M)) : ((9)9)(p) := ¢(9™'p)

is a representation of G on C(M).

For instance, the usual group action of SO(n) on the unit sphere S induces a repre-
sentation of SO(n) on C(S) and L%(S). Furthermore, the maps f + 9f are isometric
automorphisms on C(S) and L2(S), respectively.
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Zonal Vectors We fix a point € € S, and denote by SO(n — 1, €) the subgroup of SO(n)
fixing €, that is

SO(n — 1,e) := {¥ € SO(n) | Ve = e}.
Clearly, SO(n—1,€) = SO(n—1). Given a representation g of SO(n) on a topological vector
space X, we call a vector € X zonal if it is invariant under the action of SO(n — 1,€).
The zonal vectors form a closed subspace of X.

1.5 Spherical Harmonics

As references for this section, we cite [15,21]. B
For a function f:S — R, we define its radial extension f:R™\{o} — R by

fla):=f <H331H$> : z € R"\{o}.

The unit sphere S C R™ is an (n — 1)-dimensional smooth manifold. For k£ € NoU {co}
and a smooth atlas {(U;, ;) : i € I} on S, we denote by CF(S) the space of all functions
f:S — R, for which fo; € C¥(U;) for all i € I. It is easy to see that this definition is
independent of the choice of the smooth atlas.

1

Since the radial projection R™"\{o} — S : z — T is a smooth map, it follows that

f € CK(S) implies f € CF*(R"1). This allows us to make the following definition:
The Beltrami operator or Laplace-Beltrami operator is defined by

Aof = (Af)]s, f e C(s),

where A denotes the usual Laplace operator on R™.
The Beltrami operator is self-adjoint in the sense that

(Dof,9) = ([ Acg)

for all f,g € C(S).

A spherical harmonic (of degree k) is the restriction of a harmonic polynomial in n
variables (of degree k) to S. We denote by H" the space of all spherical harmonics and by
H} the space of all spherical harmonic of degree k.

Due to the maximum principle, the map f +— f|s is injective on harmonic functions.
Hence the degree or order of a spherical harmonic is well-defined and H} NH} = {o}

whenever k #£ £. In particular,
n" = P Hyp

keNg
in the sense of a direct sum of vector spaces.
Moreover, due to the SO(n)-equivariance of the Laplace operator, each space H} is
SO(n) invariant. In the language of group representations, this means that each space H}
admits a subrepresentation of SO(n).
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Theorem 1.2. The dimension of the spaces Hj is given by

N(n, k) = dimH} = <n+:_1) - <"ng3>

We denote by L?(S) the Hilbert space of all square integrable Lebesgue functions on
the measure space S, endowed with the usual inner product (-,-) and induced norm ||-||2.

Theorem 1.3. The spaces H}' are pairwise orthogonal and H" is dense in L*(S). In
particular,
L*(8) = P i

keNy

in the sense of a direct sum of Hilbert spaces.
Theorem 1.4. For k € Ny, the only SO(n) invariant subspaces of H}: are {0} and H}.

In the language of group representations, that means that the representation of SO(n)
on Hj is irreducible.

A standard sequence of (n-dimensional) spherical harmonics is a union of orthogonal
bases of the spaces H}, k € Ng. Due to the previous theorem, every standard sequence of
spherical harmonics is an orthogonal basis of L2(S).

If ho, h1, . . . is a standard sequence of n-dimensional spherical harmonics and f € L2(S),
then the Fourier series of f is given by > 72 cjh;, where ¢; = (f, hj)/|[hjll2. To indicate
that this is the Fourier series of f, we write

o~ chhj,
=0

and we call Z;io cjh; a harmonic expansion of f.
From now on, we denote by
T LA(S) — HY

the orthogonal projection onto Hj.
If f € L%S) and f, = mpf, we call Y reo fr the condensed harmonic expansion of f

and we write again
o0
F~ " fe
k=0

Obviously, the condensed harmonic expansion of f can be constructed from any harmonic
expansion of f by grouping terms of the same order.
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Theorem 1.5. If hy € H}, then
Aohy = —k(n+k — 2)hg.

Furthermore, if f € C2(S) has the condensed harmonic expansion

e fs
k=0
then Ao f € C(S) has the harmonic expansion

o= kin+k—2)f.
k=0

Theorem 1.6. For everyn > 2 and k > 0, there exists exactly one polynomial P (in one
variable) such that for every orthogonal basis (hy,...,hyxk)) of H},

N(n,k)
3 hi(uhi(v) = NOE) iy, u,v €.

w
=1 n

Furthermore, deg Pj' = k and P}'(€-.) is, up to a multiplicative constant, the unique zonal
harmonic in HJ.

The polyomial P! is called the Legendre polynomial of dimension n and degree k.
Due to Theorem 1.6, for every f € C(S),

N(n,k)
() = 3 {f, hidhi(u) = ]W/Pg<u-v)f<v) dv, wes. (15

w
i=1 noJ8

A linear map T : H" — H" is called a multiplier transform if it acts as a multiple of
the identity on each space Hj!. Its eigenvalues on Hj are called multipliers and denoted
by AR[T]. Later on, we will extend this notion to continuous linear operators on certain
topological vector spaces.

Multiplier transforms often arise naturally in convex geometry, and they are very pleas-
ant to work with. For instance, in order to show that a multiplier transform 7" : H™ — H"
is injective, it suffices to show that of all of its multipliers are non-zero. A central result on
the existence of multiplier transforms is the Funk-Hecke theorem. It states that for every
F € C[—1,1], the integral transform

T:H"—H": (Th)(u) = /SF(u -v)h(v) dv

is a multiplier transform and it gives an explicit formula for the multipliers.
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Theorem 1.7 (Funk-Hecke). If F' € C[—1,1] and hy, € H}}, then

/S Flu-v)hi(v) do = a2 [Flhe(u),

where .

AR F] = wn s /_ FORO0 =) ar

1.6 Function Spaces on the Unit Sphere

For the following two sections, we give [15,19,21] as general references.

Duality If X is a topological vector space, the weak* topology on X is defined as the
initial topology on X* induced by the maps (z,) : X* - R, z € X. Endowed with the
weak* topology, X* becomes a locally convex space and its topological dual space (X*)*
can be canonically identified with X.

Whenever T : X — Y is a continuous linear operator between two topological vector
spaces and we endow their topological dual spaces X* and Y* each with the respective
weak* topology, then the adjoint operator T* : Y* — X* is again continuous.

The space L?(S) We have already introduced the Hilbert space L?(S) with the inner
product (-, ) and the induced norm ||-||2.

Theorem 1.8 (Riesz). The map
L%(S) = L*(S)* : g = (,,9)
18 an 1sometric isomorphism between Banach spaces.

The Riesz representation theorem yields a natural identification of L2(S) with its topo-
logical dual space that makes our double-use of the notation (-, -) both for the inner product
and for the canonical evaluation map consistent.

The spaces C(S) and M(S) We denote by C(S) the space of all continuous real valued
functions on S. Endowed with the maximum norm |||/, the space C(S) becomes a Banach
space. Furthermore, we denote by M(S) the space of all finite signed Borel measures on
S. Endowed with the total variation norm, M(S) also becomes a Banach space.

Theorem 1.9 (Riesz-Markov-Kakutani). The map

M(S) - C(S)" : u— /S- du

1s an isometric isomorphism of Banach spaces.
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The Riesz-Markov-Kakutani representation theorem yields a natural identification of
C(S)* with M(S) that motivates the notation

() C(S) x M(S) = R: (f,1) := /S f du.

From now on, we endow C(S) with the topology induced by the maximum norm and
we endow M(S) with the weak* topology.

It follows from (1.5) that the projection m; : C(S) — C(S) is a continuous linear
operator. Since 7 is self-adjoint in the sense that (mf,g) = (f, mg) for all f,g € C(S),
projection operator 7 extends to a continuous linear operator m : M(S) — M(S) :
(fymm) o= (e f, 1)

One can easily see that for all u € M(S),

() =8 o) dute), e,

A representation of SO(n) on C(S) is given by means of (9f)(u) := f(9 1 u) for f €
C(S). We obtain a representation of SO(n) on M(S) by defining (f,9u) := (971 f, u) for
feC(S), peM(S), and ¥ € SO(n). Clearly, Ju is the image measure J(u).

The spaces C*(S) and C~>°(S) We denote by C*(S) the space of all smooth functions
on S.

A sequence (ag)ken, of real numbers is called rapidly decreasing if sup{k™ |ay| : k €
Np} < oo for every m € Nj.

Lemma 1.10 (19, Theorem 2.45]). If f € C>(S), then the sequence (|7 f|loo)ken, S
rapidly decreasing.

Conversely, if fi, € H}, k € Ny, is a sequence of spherical harmonics such that
(Il fxlloo)ken, is rapidly decreasing, then there is a unique function f € C°°(S) such that

mf = fx for k € Np.

If f € C*°(S) has the condensed harmonic expansion

fr> fe
k=0

we define

m
2

(A0)2 =) (k(n+k—2))% fi
k=0

m
2

for m € Ny. Due to the previous lemma, (—A;)2 maps C>(S) functions to C*(S)

functions.
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For every m € Ny, define

P C=(S) = R pu(f) = [[(=A0) % flloo-

Then p := (pm)men, is a separating family of seminorms on C*(S). We endow C>(S)
with the locally convex topology induced by this family of seminorms. This topology is
also induced by the metric d, defined by

[e.e]

do(fr9) = 2‘mm, f,g € C=(S).

m=0

In particular, C*°(S) is a metrizable topological space and a sequence (f;)icn converges to
fin C=(S) if and only if lim; o0 prm(fi — f) = 0 for all m € Np.

A topological vector space is a Fréchet space if it is complete and if its topology may
be induced by countable separating family of seminorms. The above characterization of
convergence in C*(S) shows that C*°(S) is a complete topological space. Hence C*(S) is
a Fréchet space.

Furthermore, if f € C*(S), then any harmonic expansion of f as well as the condensed
harmonic expansion of f converge to f in C*°(S). Consequently, H" is dense in C*>°(S);
in particular, the space C*(S) is separable.

Note also that A, : C*(S) — C*°(S) is a continuous linear map with respect to the
Fréchet topology.

A distribution or generalized function on S is a continuous linear functional on C*°(S).
We denote the space of distributions on S by C™°(S) := (C>°(S))* and endow it with the
weak* topology.

Since C*°(S) is separable, the space C~°°(S) is metrizable.

From the fact that 73, : C(S) — C(S) is a continuous linear operator one can easily
deduce that 73 : C*(S) — C>°(S) is also a continuous linear operator. Like we did before,
7 extends to a continuous linear operator 7 : C~°°(S) — C=°(S) : (f, mxn) = (mx.f,n).

A sequence (ag)ken, of real numbers is slowly increasing if sup{k~"" |ag| : k € Ny} < 00
for some m € Ny.

Lemma 1.11 ({19, Theorem 2.50]). If n € C™>°(S), then myn € H} for k € Ny and the
sequence (||men||oo)ken, s slowly increasing.

Conversely, if fr, € Hy, k € Ny, is a sequence of spherical harmonics such that
(1 fxlloo)ken, is slowly increasing, then there is a unique distribution n € C~°°(S) such
that mpn = hy, for k € No. Moreover, the series Y o fr converges to n in C~(S).

As a consequence of this lemma, H" is dense in C™>°(S), so C™°°(S) is separable.

Like before, a representation of SO(n) on C*(S) is given by means of (9f)(u) :=
f(¥~1u). We obtain a representation of SO(n) on C~°°(S) by defining (f,9n) := (91 f,n).
for f € C>*(S), n € C™*°(S), and ¥ € SO(n).

10
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Natural Inclusions Of all the function spaces on S introduced so far, some can be
identified with subspaces of others in a natural way. Making these natural identifications,
one obtains the following chain of inclusions:

C>(S) C C(S) C L*(S) € M(S) C C™(S). (1.6)

Moreover, all of these inclusions are to be understood as continuous maps (but not em-
beddings) between topological vector spaces.

It is obvious that the first three inclusions in (1.6) are valid and continuous. The
validity and continuity of the fourth inclusion follows from the validity and continuity of
the first one by duality.

Spaces of centered and zonal functions We say that a (generalized) function f on
S is centered if w1 f = 0. If X(S) is one of the function spaces in (1.6), we define

Xo(S) :={f € X(S) | m [ = 0}

as the space of centered X(S) functions. Since m; : X(S) — X(S) is a continuous linear
operator, X,(S) is a closed subspace of X(S) (in the respective topology of X(S)).
Similarly, we define

X(S,e) :={f eX(S) V9 eSO(n—1,e):9f = f}

as the space of all zonal X(S) functions. Since X(S) — X(S) : f +— 9Jf is a continuous
linear operator, X(S,€) is a closed subspace of X(S).

Moreover, we define
Xo(S,e) :=X,(S)NX(S,e)

as the space of all centered zonal X(S) functions. As the intersection of two closed subspaces
of X(S), this is again a closed subspace of X(S).

For instance, L2(S) = (H})* is the Hilbert space of all centered L2(S) functions on S,
the space M(S,€) is the topological vector space of all zonal signed Borel measures on S,
and C°(S,€) is the Fréchet space of all centered zonal smooth functions on S.

1.7 Zonal Functions and Functions on [—1,1]

Obviously, zonal functions on S naturally correspond to functions on the interval [—1,1].
We define the zonal lifting of a function F': [—1,1] — R as the function

F:S—=R:F(u):=F(e-u).
Obviously, the zonal lifting operator

v

. C[-1,1] - C(S,e): F— F

11
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is an isometric isomorphism of Banach spaces that extends to an isomorphism
T M[-1,1] —» M(S,e) : p s i

For F' € C[—1,1] and p € M[—1, 1], we have
1
(F.GY = wn / P - ) dufo),

We define L?[—1,1],, as the Hilbert space of all Lebesgue functions on [—1, 1] that are
square-integrable with respect to the measure (1 — ¢2)(®=3)/2dt and we denote its inner
product by [-, ], that is

1
[F,G), = /_IF(t)G(t)(l — (=32 gy

The zonal lifting operator extends to an isomorphism
S LA-1,1], 5 L3(S,e): F— F
of Hilbert spaces, and
(F,G) = wn1]F, G,

for F,G € L?[-1,1],.
The Legendre polynomials P’, k € Ny, form an orthogonal basis of L*[—1,1],, and

Wn

PP, = ——
[ k> k] wn_lN(n,k)

For p € M[—1, 1], we fix the notation

1
ol i=was [ PEOO= B2 du()

Moreover, we use the notation
oo
o~ g e Py
k=0

to indicate that ¢, = w, "N (n, k)a}[u] for all k € Ny.

12
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1.8 Spherical Convolution

For this section, we give [14, 24| as references.
The spherical convolution of a continuous function f € C(S) with a zonal signed mea-
sure pu € M(S,€) is defined as

(f % w) () = (f,9p) = (0~ f. 1) = /S f(0u) du(u), 9 € SO(n).

The spherical convolution is a continuous function, that is f * u € C(S). For every ¢ €
SO(n), we have
(9F) 11 = O(f * ).
Moreover,
1 * wlloo < ([ flloollll v,

where |||y denotes the total variation norm. This shows in particular that the convolution

operator
T,:CS) = C(S): fr=fxp

is a SO(n) intertwining continuous linear operator on C(S). This operator is also self-
adjoint in the sense that

(f*n,g)=(fg*n (1.7)

forall f,g € C(S) and r € M(S,€). Hence, T}, extends to an SO(n) intertwining continuous
linear operator

T, : M(S) = M(S) : v = v p,
(Frvxp) = (f*pv), feC(s),

Consequently, the spherical convolution of a signed measure u € M(S) and a zonal contin-
uous function f € C(S,e) C M(S,€) is given by

(1x 1)) = (0f, ) = (.9 1) = /S £~V dpa(a).

In particular, p* f € C(S) and ||p* flloo < ||l v f]lso like before. If we write f = F, we
obtain the representation

(o B)(u) = /SF(u “v)du(v),  u€es. (1.8)

With the representation formula (1.8) and an argument of density and continuity, one
can show that any two convolution operators 7T}, and T, commute. More precisely,

() xv=(pxv)*u (1.9)

13
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for all p € M(S) and p,v € M(S,e). Note also that the Dirac measure dg is the right
neutral element, that is

ok 0z =
for all p € M(S).
Moreover, if p, v € M(S,€), then
pwxv=vx*puec M(S,e).

Again, this can easily be shown for continuous functions. Consequently, dz acts as a left
neutral element on zonal measures, that is

g * L = [

for all 1 € M(S,e).
The representation formula (1.8) lets us express the orthogonal projection 7 : M(S) —

‘H}; as a convolution operator:
N(n,k)

n

Tl = o PP,
Due to (1.9), it follows that
(mp) * = T (p x 1)
for all k € Ng, p € M(S), and p € M(S,e).
This observation leads to the following addition to the Funk-Hecke theorem (for which
we will give a proof later on):

Theorem 1.12 (|23, Theorem 5.1]). If T : C(S) — C(S) is an SO(n)-equivariant bounded
linear operator, then T = . x u for some p € M(S,€), and T is a multiplier transform.

Obviously, the concept of spherical convolutions can be extended to smooth functions
and distributions. However, the definitions made above will suffice for our purposes because
almost all distributions we will be working with that will appear on the right hand side of
convolutions can also be looked at as finite signed measures.

14
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Chapter 2

(GGeometric Preliminaries

For this whole chapter, we give [21] as a general reference.

2.1 Convex Bodies

A convex body is a non-empty convex compact subset of R"”. The space of convex bodies
will be denoted by K™. For j € {0,...,n} and a j-dimensional affine subspace E = R/ of
R", we denote by KJ(E) C K" the space of convex bodies in E.

The dimension of a convex body is defined as the dimension of its affine hull aff K. An
n-dimensional convex body K € K" is also called full dimensional.

The relative interior int K C R™ of a convex body K € K" is defined as the interior of
K relative to its affine hull aff K and is always non-empty. The relative boundary bd K of
a convex body K € K™ is defined as the boundary of K relative to its affine hull aff K and
is always non-empty, except if dim K = 0.

A full dimensional convex body is strictly convez, if (1 — N\)z + Ay € int K for every
z,y € K and X € (0,1).

A face of a convex body K € K" is a subset F' C K with the property that z,y € K
and %(x +y) € F implies x,y € F. Every non-empty face of K is again a convex body.
A non-empty face of dimension dim K — 1 is referred to as a facet. An i-face is an i-
dimensional non-empty face of K. The set of all non-empty faces of K is denoted by F(K)
and the set of all i-faces of K is denoted by F;(K). Clearly, ) and K are faces of K; every
other face of K is called a proper face of K.

For K € K™ and u € R™\{o}, we define the support plane of K with outer normal
vector u as

H(K,u) :={y eR" |z -u=maxz-u}
zeK
and for z € R", we define the normal cone of K at = as

N(K,z):={ueR"\{o} |z € H(K,u)} U{o}.

15
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For a face F' of K, we define N (K, F) := N(K,z), where x € int F'.

The space K™ The space of convex bodies K™ and can be equipped with some interesting

structures.
For K, L € K™ and A > 0, define

K+L:={z+ylxeK,yeL} and MK:={\x|ze€ K}.

This defines operations on the space K", called the Minkowski operations with the former
being called Minkowski addition. Endowed with Minkowski addition, the space (K", +) be-
comes a commutative semigroup with neutral element {0} and cancellation law. Moreover,
the Minkowski operations are compatible in the sense that A(uK) = (Au)K, A(K + L) =
AK + AL and (A + p)K = AK + pK for K,L € K™ and A\, pn > 0.

We equip K" with the Hausdorff metric, which is defined as

d(K,L) := i — i — K,LeK"
(8, 2) = o {mapmao — ol mipmagle ol b, K.Zekn

and can also be expressed as
d(K,L)=min{\ >0 | K C\L,L C \K}, K, L eK"

Due to Blaschke’s selection theorem, (K™, d) is a locally compact complete metric space,
and the Minkowski operations are continuous on (K", d).

Endowed with set inclusion, (K", C) is a partially ordered set. Clearly this partial order
is closed in K™ x K™ and is respected by the Minkowski operations.

The support function h(K,-) = hg of a convex body K € K" is defined as

h(K,u) :=max{u -z |z € K}, u €S,

where we also make the convention A((),-) = 0. Its homogeneous extension of degree one
h(K,-) is a sublinear function on R", that is

WK, Az) = A(K,z) and h(K,z+y) < h(K,z)+ h(K,vy)

o~

for all z,y € R™ and A > 0. Consequently, h(K,-) is a convex function and thus continu-
ous. In particular, the support function h(K,-) is continuous. Conversely, every sublinear
function on R™ is the support function of a unique convex body. !

By means of the support function, the space ™ can be identified with a closed convex
cone of C(S). More precisely, the map

L: K" = C(S): K — h(K,-)

!The support function can naturally be defined as a function on R". However, defining the support
function as a function on S is more suitable to our purposes.

16
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is an embedding of metric spaces such that h(AK + pL,-) = A(K, ) + ph(L,-) for all
K,L e K" and A\, u > 0. Moreover, K C L if and only if h(K,u) < h(L,u) for all u € S.
For every f € C2(S), there is a convex body K € K" and some r > 0 such that
f=h(K,-) —rh(B,-). Hence, t(K™) — +(K") is dense in C(S).
Moreover, note that a group action of SO(n) on K" is given in a natural way.

Centered Convex Bodies The Steiner point of a convex body K € K" is defined as

1
s(K) = I{/Sh(K,u)u du € R".
The map
s: K" = R": K s(K)

is called the Steiner point map. Clearly, the Steiner point map is continuous and Minkowski
linear, that is S(AK + pL) = As(K) + pus(L) for all K,L € K™ and A, x > 0. Moreover,
s({z}) = {z} for all x € R™.

A convex body K € K" is called centered if s(K) = o. It is easy to see that a
convex body is centered if and only if its support function is centered. Moreover, the
centered convex bodies form a closed subspace of K™ that is also closed under the Minkowski
operations.

We also introduce the centering operator

J: K" =K' JK =K — s(K)
and the centered support function
ho(K, ) i= (I —m)h(K, ) € Co(S).
With these definitions in place,

ho(K,u) =h(JK,u) = h(K,u) — s(K) - u, u € S.

Smooth Convex Bodies A convex body is called smooth if its support function is
smooth. The space of smooth convex bodies is dense in K" and also closed under the
Minkowski operations.

Polytopes The conver hull of a subset of R™ is the intersection of all of its convex
supersets. The convex hull of a finite subset of R” is called a polytope. Equivalently,
polytopes are precisely the bounded finite intersections of closed half-spaces.

We denote the space of all non-empty polytopes by P™. The space P" is dense in K™ and
also closed under the Minkowski operations. For P € P", the sets Fi(P), k € {0,...,n},
are finite.

17
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For a polytope P € P™ and F € Fi(P), we define the external angle of P at its face I’
as

+(F,P) := %H""‘”(N(P, F)ns).
n—k

Zonoids A Minkowski sum of finitely many closed line segments is a zonotope. A limit
of zonotopes in the Hausdorff metric is a zonoid.

Theorem 2.1 (|21, Theorems 3.5.3, 3.5.4]). A convez body K € K" is a centered zonoid
if and only if there exists an even positive measure p € M(S) such that

WK, u) _/S\u-v du(v),  ues. @2.1)

In this case, the even positive measure  is uniquely determined by K.

If the support function of a zonoid K can be represented in the form (2.1) with an even
positive measure p, then p is called the generating measure of K.

2.2 Mixed Volumes

The volume of convex bodies behaves in some sense like a polynomial. More precisely,
there is unique a symmetric function V : (K")" — R, the mized volume, such that, for
m € Ny,

m
ViMEL + -4 AnKm) = Y Xy A V(K Ky
i1 yeyin=1
for all Ky,..., K, € K" and Aq,..., A\ > 0.

The mixed volume V : (K")"~! — R is continuous, non-negative, invariant under
independent translations of its arguments, monotone, Minkowski linear in each argument,
and V(K[) = V,,(K) for all K € K™. Moreover, the mixed volume is SO(n)-invariant in
the sense that

VWIKy,...,0K,) =V(Ki,...,K,)

for all Ky,...,K, € K" and ¥ € SO(n).

If convex bodies Kj,..., K, € K" are fixed, then V(Ki,...,K,) > 0 if and only if
dim(K;, + -+ K;,) > k for all k € {1,...,n} and for each choice of indices 1 < i1 <
s < <.

For fixed i € {0,...,n} and convex bodies Cjy1,...C, € K", the function

0 K" 5 R:o(K):=V(EKW Ciyq,...,Cp)

18
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has the property that (K UL)+ (K NL) = ¢(K)+ ¢(L) for all K,L € K" with
K UL e K™ Although we have excluded the empty set from the space K™, we make the
convention (@) = 0.

We fix the notations

W,_i_1(K, L) := V(K Bn==1 1)
and . )
Wi (K) := W, (K, K) = V(K BIn=iy,
The functions W,,_; : K™ — R are also called quermassintegrals. Note that W,,_;(K) > 0
if and only if dim K > i.
We define the i-th intrinsic volume as

V,(K) = <"> L w, (k) = <"> L vt gi-ily.

1) Kn—i 1) Kn—i

Then V,, is the usual volume and Vj is the Euler characteristic. Moreover, these functions
are intrinsic in the sense that their definition does not depend on the ambient space. More
precisely, for k € {0,...,n}, E € A(n,k), and i € {0,...,k}, denote by VF the i-th
intrinsic volume on the space KF(E) C K". Then VF(K) = V,;(K) for every K € KF(E).
Consequently, V;(K) is the i-dimensional volume of any i-dimensional convex body K €
K.

Example 2.2. For the intrinsic volumes of the unit ball, one has

o= ()= [

Example 2.3. For a polytope P € P", the intrinsic volumes are given by

Vi(P)= 3 A(F,PYHI(F).

FE]’—-L'(P)

2.3 Area Measures

By means of the Riesz-Markov-Kakutani representation theorem, it can be shown that
there is a unique symmetric map S : (K™)"~! — M(S), the mized area measure, such that

1
V(Ky,...,K,) = E(h(Kl,-),S(Kg,...,Kn;-)>
for all Ky,...,K, € K.

The mixed area measure S(K7,...,K,_1;-) of convex bodies Ki,...,K,_1 € K" is
always a centered positive measure. The mixed area measure S : (K")""1 — M,(S) is

19



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

continuous, Minkowski linear in each argument, and invariant under independent transla-
tions of its arguments.
The mixed area measure is SO(n) invariant in the sense that

S(’ﬁKl,. . ,’l9Kn,1;Q9A) = S(Kl,. .. ,anl;A)

for all Ky,...,K,_1 € K", Borel subsets A C S, and ¥ € SO(n).
For fixed i € {0,...,n — 1} and convex bodies Cjt1,...C,_1 € K™, the function

©: K" —= M(S): oK) :=S(KW Ciq,...,Cp1;)

has the property that (K UL)+ (K NL) = ¢(K) + ¢(L) for all K,L € K™ with
KULeKm™
For i € {0, -+ ,n — 1}, we define the area measure of K of order i as

Sz(Ka ) = S(K[’LL B[nilil]v )

The area measure S, _1(K, ) of order n—1 is also called the surface area measure, since for
an n-dimensional convex body K € K" and a Borel subset A C S, we have S,,_1 (K, A) =
H"1(7(K, A)), where 7(K,A) C bd K denotes the set of all boundary points of K at
which there exists a unit normal vector belonging to A.

By definition, we have

W, (K L) = ~(h(L, ), 5i_1 (. )

n
and )
W, —i(K) =W, _(K,K) = ﬁ<h(K’ ), Si—1 (K, ).

Example 2.4. If P € P" is an n-dimensional polytope with facets Fy,..., Fy € F,_1(P)
and corresponding outer unit normals uq, ..., u; € S, its surface area measure is given by
k
Suc1(P) = S H N EFS, (2.2)

i=1

where J,,, denotes the Dirac measure with mass concentrated in w;.

Example 2.5. The mixed area measure of smooth convex bodies has a smooth density
function. In order to describe this density function, we need to make two definitions.
If f is a C*(S) function, then its 1-homogeneous extension f is a C*(R™\{o}) function.

For every u € S, the Hessian V2 f(u) is a self-adjoint linear map on R” that maps u to o
and maps u' into itself. We define

D*f(u) = (V*J(u))],+ € End(u").
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For an (n — 1)-dimensional real vector space X, the mized discriminant of linear maps

fis-oy fno1 € End(X) is defined as

1 anfl
(n— 1)1 OA; - OAn_1

D(f17"'7fn—1) = det()\lfl +"'+An—1fn—1)-

The mixed discriminant D : End(X)"~! — R is symmetric, linear in each argument, and
uniquely determined by its property that

detOafi+ -+ Amfm) = Y. Xy Ay D(firso s fin )

i15eyin—1=1

for all m € Ny, fi,..., fm € End(X), and A1,..., A\, € R. Moreover, D(f"~1) = det f
for f € End(X).

With these definitions in place, the mixed area measure of smooth convex bodies
Kiq,...,K,—1 € K™ has a smooth density given by

D(D?*hy,,...,D*hk,_,).

Minkowski’s Existence Theorem It is a natural question to ask which spherical mea-
sures appear as surface area measures of convex bodies. A characterization is provided by
Minkowski’s existence theorem, which is stated below.

Theorem 2.6 (Minkowski). A positive measure p € M(S) is the surface area measure of
an n-dimensional convex body if and only if it is centered and if (S Nub) < u(S) for all
u € S.

As a consequence, the linear space spanned by surface area measures,
{Sn-1(K,") = Sp—1(L,") | K, L € K"}
is dense in M, (S). Consequently, if f € C(S) such that (f, S,—1(K,-)) =0 for all K € K",

then f is a linear harmonic.

Christoffel’s Problem It is natural to ask for a characterization of the other area
measures S;(K,-). For the area measure of order j = 1, this is known as Christoffel’s
problem.
A central role in Christoffel’s problem plays the Helmholtz-like operator
1
O, : C*(S) —» C>(S) : O, := 71Ao + I
n —

Namely, if K € K™ is a smooth convex body then all of its area measures have a smooth
density and
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Let us therefore further investigate this operator. Since the Beltrami operator A, is
an SO(n)-equivariant continuous linear operator on C*(S), the operator [J,, is too. Since
O, is self-adjoint in the sense that (O, f,g) = (f,0,g) for all f,g € C*(S), it extends to
an SO(n)-equivariant continuous linear operator

O, : CT(S) —» C7°(S).
Clearly, [J,, is a multiplier map with its multipliers given by

O] =1 Kotk =2 (= D+k-1)

n—1 n—1

Note that A\}[,] = 1, AZ[0,] =0, and A2[0,] < 0 for & > 2. In particular, all multipliers
except for £ = 1 are non-zero, so [, is injective on centered functions and distributions.
Since the multipliers A}[,] are slowly decreasing, it follows from Lemma 1.10 that

O, : CX(S) — C°(S)

is an SO(n)-equivariant automorphism of CS°(S). Analogously to Theorem 1.12, there
exists a zonal centered distribution 1, € C;°°(S,e) such that O 1f = f * 1, for all
f € CX(S). In the context of Christoffel’s problem, this means that h,(K, ) = S1(K,-)*y,
for every smooth convex body K € K™.

These zonal distributions v, were described by C. Berg in [5]. He constructed in-
ductively a sequence g,, n > 2, of smooth functions g, : (—1,1) — R, known as Berg’s
functions, with the property that g, € L![—1,1], and that

1 > N(n,k) n—1
W o~ DU ’ PY.
wn_lg 0 +kZ:2 wp (k—1Dn+k—1)"

Consequently, 1, = w;}l In € M,(S,€) C C,°(S,e). Christoffel’s problem was solved by
C. Berg in the sense that he showed that a positive measure p € M(S) is the first area
measure of a convex body if and only if w;il 1 * gpn is the support function of a convex
body.

We also want to note that the linear span of first area measures,

{S1(K, ) = S1(L,-) [ K, L € K"}

is dense in M,(S). This follows from the fact that CS°(S) is spanned by support functions
of convex bodies and that [0, is an automorphism of C°(S).
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2.4 Valuations on Convex Bodies

A function ¢ : K" — G, where (G,+) is a commutative semigroup, is called a (G-valued)
valuation if

P(KUL)+@(KNL)=¢(K)+¢(L)

for all K, L € K™ with KU L € K™.

If (G,+) has a neutral element O¢, then ¢ : K" — G : p(K) := O¢ is called the trivial
(G-valued) valuation and we fix the convention ¢(0)) = 0¢ for all valuations ¢ : K" — G.

If X is a vector space and ¢ is an X-valued valuation, then ¢ is called homogeneous of
degree i, if (AK) = Mip(K) for all K € K™ and A > 0. Furthermore, ¢ is called even if
o(—K) = p(K) for all K € K" and odd if o(—K) = —¢(K) for all K € K".

A real valued valuation is just called a valuation and a K"-valued valuation (where K"
is endowed with Minkowski addition) is called a Minkowski valuation.

Example 2.7. For i € {0,...,n} and fixed convex bodies Cj11,...,C, € K", the map
0: K" 5 R: oK) :=V(KL Cipy,...,C)

is a continuous translation invariant valuation, homogeneous of degree 7. In particular, the
intrinsic volumes V; are examples of rigid motion invariant continuous valuations.

McMullen’s decomposition Much of the modern theory on valuations concerns trans-
lation invariant continuous valuations taking values in a topological vector space. A very
important theorem on these valuations is the following polynomiality result:

Theorem 2.8 (McMullen). If X is a topological vector space, then for every continuous
translation invariant valuation ¢ : K™ — X, there exists a unique continuous symmetric
mapping @ : (K™)"™ — X which is translation invariant and Minkowski linear in each
variable such that

PMKL+ -+ AnK) = > Ay A B(Kay, - KG) (2.3)

i1yeyin=1

for all Ki,..., K, € K" and \i,..., A\ > 0. Moreover, the mapping K — B(K1,C) is a
continuous translation invariant valuation, homogeneous of degree i, for eachi € {0,...,n}
and fized family of convez bodies C = (Ciy1,...,Cyp) € (K™)" %

A direct consequence is McMullen’s decomposition theorem, which can be stated as
follows:

Theorem 2.9 (McMullen). If X is a topological vector space, then for every continuous
translation invariant valuation ¢ : K™ — X, there exist continuous translation invariant
valuations @; : K" — X, homogeneous of degree i € {0,...,n}, such that p = o+ +¢p.
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Hence, the space X'Val of all translation invariant continuous X-valued valuations can
be written as

n
XVal = () XVal;,
=0

where X Val; denotes the space of valuations in X Val homogeneous of degree i. This direct
sum is called the McMullen decomposition of the space X'Val. We also call ¢ = po+- - -+¢y,
the McMullen decomposition of .

If (X,]|-|lx) is a normed space, then XVal can be made a normed space my means of

[l := max{[|e(K)|x | K € K", K € B}.

Moreover, if X is a Banach space, then XVal, endowed with this norm, also becomes a
Banach space.

The Steiner Formula A special case of (2.3) is Steiner’s formula for valuations:

Theorem 2.10 (Steiner’s formula). If X is a topological vector space, then for every
continuous translation invariant valuation ¢ : K" — X, there exist continuous translation
invariant valuations ) : K" — X such that

o(K +eB) = ZE"*jcp(j)(K)
=0

for all K € K™ and ¢ > 0.

Historically, Steiner’s formula for the usual volume V,, was one of the most influential
results of the early days of convex geometry.

The Spaces Val, MVal, and CVal We denote by Val the space of translation invariant
continuous real valued valuations and by Val; the space of valuations in Val homogeneous
of degree i. Furthermore, we denote by Val® and Val™ the spaces of even and odd
valuations in Val, respectively. Then due to McMullens decomposition theorem, we have

Val = () Val, = P(Val} @ Val;),
=0 =0

where Valii := Val;NVal®. We endow Val with the Banach space topology defined above.
We denote by CVal the space of translation invariant, continuous C(S) valued valua-
tions and by CVal; the space of valuations in CVal homogeneous of degree i. Then

CVal = EB CVal,.
=0
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We endow CVal with the Banach space topology defined above.

Moreover, we denote by CVal®°©™ and CValZ-SO(n) the space of SO(n)-equivariant
valuations in CVal and CVal;, respectively.

We denote by MVal the space of translation invariant, continuous Minkowski valua-
tions and by MVal; the space of valuations in M'Val homogeneous of degree 7. Note that
since K™ is not a vector space, MVal is also not a vector space and we can not apply
McMullen’s decomposition theorem on MVal.

Moreover, we denote by MVal®°(™ and MValZSO(n) the space of SO(n)-equivariant
Minkowski valuations in MVal and MVal;, respectively. The SO(n)-equivariance implies
that for every ® € MVal, there is a unique number 7(®) > 0 such that ®B = r(P)B.

We can consider MVal a subspace of CVal by means of the support function. As
mentioned before, the mapping

L: K" = C(S): K — h(K,")
is an embedding of metric spaces that respects the algebraic structure. Then
n:MVal - CVal: d—nod

is also injective and respects the algebraic structure. We endow MVal with the metric
induced by the norm on CVal and 7. Then n automatically becomes an embedding of
metric spaces. In particular, every Minkowski valuation can be considered as a valuation
in CVal. Conversely, a valuation in CVal can be considered as a Minkowski valuation if
an only if it only takes support functions as values.

For a valuation ® € CVal, ® : K — g(K,-), we define its associated real valued
valuation ¢ € Val by

p: K" = R:p(K):=g(K,e).

It is easy to see that ¢ is zonal if and only if ® is SO(n)-equivariant.
We denote the space of zonal valuations in Val by Val®, and for a zonal valuation
¢ € Val®, we define its associated C(S) valued valuation ® € CVal®©™ by

o: K" - C(S): K g(K,),
g(K,9e) == (0 1K), ¥ € SO(n).
These definitions give rise to an isometric isomorphism
Val® — CVals0(,

The notion of an associated real valued valuation is very helpful when dealing with
valuations in CVal and MVal, because it allows us to reduce questions concerning such
valuations to questions about real valued valuations, on which there exists a rich theory
that is discussed in the following paragraphs.

25



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

(]
i
r

M YOU

Characterization Theorems In this paragraph we list some important characterization
results for translation invariant continuous valuations. It is easy to see that the space Valg
is spanned by the Euler characteristic Vg. The non-trivial counterpart to this theorem for
Val,, is known as Hadwiger’s volume characterization theorem:

Theorem 2.11 (Hadwiger). The space Val,, is spanned by the volume V,,.
The following useful description of the space Val,,_; is due to P. McMullen:

Theorem 2.12 (McMullen). For every p,—1 € Val,_1, there exists a unique f € C,(S)
such that
n—1(K) = (f, Sn—1(K,-)), K eKk"

Another famous result is the following characterization of the intrinsic volumes due to
H. Hadwiger:

Theorem 2.13 (Hadwiger). If ¢ € Val is rigid motion invariant, then ¢ is a linear
combination of the intrinsic volumes.

As was shown by R. Schneider, the Steiner point map has th following important
uniqueness property:

Theorem 2.14 (Schneider). The Steiner point map s : K™ — R™ is the unique vector
valued, rigid motion equivariant, and continuous valuation.

As a consequence of this characterization theorem, we will obtain later on that all
Minkowski valuations in MVal3°() map convex bodies to centered convex bodies.

Smooth Valuations A group action of GL(n) is given on Val by means of
(Ap)(K) := p(A71K), A€ GL(n), Keckm™
We call a valuation ¢ € Val smooth if the mapping
GL(n) — Val: A — Ay

is smooth. Note that this notion makes sense because GL(n) can be considered as an open
subset of R™*™ and Val is a Banach space. We denote the space of smooth valuations by
Val*. Consider the linear map

w | Val* — C*>(GL(n);Val)
L e m (Am Ay

where C*°(GL(n); Val) denotes the space of smooth functions GL(n) — Val, endowed
with the usual Fréchet topology. The map ¢*° is well-defined and injective, so it allows us
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to identify Val*> with a linear subspace of C*°(GL(n); Val). The initial topology on Val*™
with respect to (™ is called the Gdarding topology and is finer than the trace topology of
the norm topology. Endowed with the Garding topology, Val®™ becomes a Fréchet space,
the inclusion map Val>™ C Val is continuous, and Val® is dense in Val.

We obtain the McMullen decomposition

n n
Val™ = @ Val® = GB(ValfO’Jr @ Val> ™).
i=0 i=0

Example 2.15. The intrinsic volumes are examples of smooth translation invariant valu-
ations.

Example 2.16. If K € K" is strictly convex and smooth, then
Nk : K" = R:ng(C):=V,(C+ K)
is a smooth translation invariant valuation, that is nx € Val*™.

We define the space of generalized valuations as Val~> := (Val®™)* and endow it with
the weak™® topology. Furthermore, for ¢ € {0,...,n}, we define the space of generalized
valuations of degree i as Val; > := (Val;° ;)* and endow it with the weak™ topology. This
choice of notation will become plausible after the introduction of the Alesker product.

Alesker’s Irreducibility Theorem A group action of GL(n) on Val is given by means
of
(Ap)(K) := p(A71K), A€ GL(n), KeK"

Clearly, the spaces VzallfE are closed in Val and GL(n) invariant. A deep result of Alesker,
known as Alesker’s Irreducibility Theorem, states that these subspaces are also irreducible:

Theorem 2.17. For i € {0,...,n}, the only closed GL(n) invariant subspaces of Val:
are {0} and Val.

In the language of group representations, a natural continuous representation of GL(n)
on Val is given and the spaces VallfE are irreducible subrepresentations of Val.
An analogous result holds for smooth valuations:

Theorem 2.18. Fori € {0,...,n}, the only closed GL(n) invariant subspaces of \/'al;?o’i
o0, %+
are {0} and Val "~ .

Again, in the language of group representations, this means that ValfOi are irreducible
subrepresentations of Val®.
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The Alesker Product The space Val™ can be equipped with an interesting multiplica-
tive structure, which is the content of the following theorem.

Theorem 2.19. There exists a bilinear product
Val™ x Val™ — Val™ : (¢, ¢) — ¢ -1

uniquely determained by the following two properties:
(i) The product is continuous in the Garding topology.

(ii) If K, L € K" are strictly convex and smooth, then
(s - nL)(C) = Van (((C) + K x L),

where  : R™ — R?" is defined as 1(z) := (z,1).
Endowed with this multiplicative structure, the space Val™ becomes an associative and
commutative algebra with unit given by the Euler characteristic Vo which is graded by the
degree of homogeneity, that is Val;® - Val3® C Valj} ;.

The product defined by the theorem above is called the Alesker product. This product
is somewhat non-trivial in the sense that it does not extend continuously to Val.

Due to H. Hadwiger’s classical result that Val, is spanned by the usual volume V,,, we
may define a bilinear map (-, ) by

<'7 ) : Val?o X Val;z.o—i —R: 2 %ZJ = <90,¢>Vn

for i € {0,...,n}. This map is clearly continuous. Moreover, the Alesker product has
the property that for every non-zero ¢; € Val;® there exists some ¢ € Val>? ; such that
@ - # 0. Hence, the linear map

Val® — Val, ™ = (Val;” ;)" : o = (o, )

is injective, continuous, and has dense image due to Alesker’s irreducibility theorem. By
means of this linear map, we can consider Val® as a dense linear subspace of Val; >, and

the inclusion map
Vali® C Val, >

1s continuous.

2.5 Bivaluations on convex bodies

A map ¢ : K" x K" — R is called a (real valued) bivaluation if it is a valuation in
each argument. A bivaluation ¢ is called translation biinvariant if ¢ is invariant under
independent translations of its arguments and ¢ is called O(n)-invariant if ¢(VK,JVL) =
o(K, L) for all K,L € K™ and ¢ € O(n). We say that ¢ has bidegree (i, ) if p(AK, uL) =
Ny (K, L) for all K,L € K" and A, > 0.
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Example 2.20. An important example of a bivaluation can be constructed from mixed
volumes. For i,j € {0,...,n}, i+ j <n, the map

¢: K" x K" - R:¢(K, L) := V(KU LUl plr=i=i)
defines a O(n)-invariant, translation biinvariant, and continuous bivaluation of bidegree
(i,4). 2
We denote by BVal the space of all continuous, translation biinvariant bivaluations

and we denote by BVal; ; the space of all bivaluations in BVal of bidegree (7, j).Then the
space BVal has the McMullen decomposition

n
BVal = (P BVal, ;.
i,j=0

A very important tool that we will use at two crucial points is the following symmetry
result by A. Alesker, A. Bernig, and F. Schuster, which we call the symmetry theorem on
bivaluations:

Theorem 2.21 (|3, Theorem 6.4|). If ¢ € BVal;;, j € {0,...,n}, is O(n)-invariant, then
¢(K,L) = ¢(L, K)
forall K, L € K.

Unfortunately, in general the condition of O(n)-invariance can not be replaced by
SO(n)-invariance, as was shown in [3]. However, many important bivaluations, like in the
example above, are O(n)-invariant, and for translation invariant, continuous Minkowski
valuations, SO(n)-equivariance already implies O(n)-equivariance:

Theorem 2.22 ([3, Theorem 7.1]). Every Minkowski valuation ® € MVal®°™ is O(n)-
equivariant.

In conclusion, we obtain a symmetry theorem for mixed volumes of Minkowski valua-
tions. If ®; € MVal?O(n), j€40,...,n—1}, then

Wi —j—1(K, ®;L) = Wy_j1(L, ®; K) (2.4)

forall K, L € K™.

2We have only discussed the action of SO(n) and SO(n)-invariance, but the required arguments regard-
ing O(n) work analogously.
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2.6 Inequalities for mixed volumes

In this section we state the classical geometric inequalities from the Brunn-Minkowski
theory. Recall that two convex bodies K and L are called homothetic if there is some
x € R" and A > 0 such that L = AK + .

The Brunn-Minkowski inequality states that

Vo (K + L)Y™ >V (K)Y™ 4V (L)Y" (2.5)

for all n-dimensional K, L € K" with equality if and only if K and L are homothetic. The
multiplicative Brunn-Minkowski inequality states that

Vi ((1 = NK +AL) >V, (K)' 7V, (D))

for all K, L € K™ and A € (0,1) with equality if and only if K and L are translates of each
other. An immediate consequence of the Brunn-Minkowski inequality is the Minkowsks:
inequality which states that

V(K D)™ >V, (K)" 'V, (L)

for all n-dimensional K, L € K" with equality if and only if K and L are homothetic. The
famous isoperimetric inequality follows immediately from the Minkowski inequality.

The inequalities listed above have significant generalizations. The general Brunn-
Minkowski inequality states that for ¢ € {2,...,n}, we have

V(K + D)1, 0)VF > V(K e)i 4 v(Ll, e)/r (2.6)

for all K,L € K" and C = (Cj41,...,Cy), where Citq,...,C, € K™ The multiplicative
form states that

V(1= NK + D) ¢) > vk ey vzl o)

for all K, L,C as before and for all A € (0,1).
Putting C = B"= for i € {2,...,n}, we obtain the Brunn-Minkowski inequality for
quermassintegrals, which states that

Wi (K + L)Y > W, i (K)Y +W,,_; (L)' (2.7)

for all n-dimensional K,L € K™ and A € (0,1) with equality if and only if K and L are
homothetic. The multiplicative form states that

W, (1 = A)K + AL) > W, _i(K)'*W,,_;(L)*

for all n-dimensional K, L € K™ with equality if and only if K and L are translates of each
other.

30



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

The Minkowski inequality for quermassintegrals states that for ¢ € {2,...,n},
Wi, i (K, L) > W, (K)' "W, (L) (2.8)

forall K, L € K" of dimension at least ¢ with equality if and only if K and L are homothetic.
The Alexandrov-Fenchel inequality states that

V(K,K,C)? > V(K,L,C)V(L,L,C)

forall K,L € K" and C = (Ciy1,...,Cy), where Ciyq,...,C, € K™

2.7 Crofton’s Intersection Formula

As references for this section, we cite [18,21].
As a consequence of Hadwiger’s characterization of rigid motion invariant, continuous
valuations, we obtain Crofton’s intersection formula, namely

k
| vine) e - RHIRVENS (2.9)
A(n,k) [k:—j]

for all j,k € {0,...,n} and K € K". In the special case where k = j, we obtain
/ V(K N E) dE =V, (K). (2.10)
A(n,k)

In the special case where j = 0, we obtain

/ Vo(K N E) dE = —V, 4 (K). (2.11)
A(n,k)

[+]
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Chapter 3

Mean Section Operators

In this chapter, we will introduce the mean section operator and centered mean section
operators, and ultimately derive a practical representation formula for these operators.
First, we want to give an intuition for mean section bodies. To that end, let K € K™
and consider the space A(n,k; K) of all k-flats E € A(n, k) that intersect K. Due to
its rigid motion invariance, the measure v}’ restricted to A(n,k; K) and normalized to
a probability measure, can be thought of as a uniform distribution on A(n,k; K). Let
Ey, Es, ... € A(n, k; K) be a sequence of independent uniform random k-flats, and define

KM:%«KHEQ+~A{KHEM.

Then K,, n € N, is a sequence of convex bodies that can be thought of as arithmetic
means (in the sense of Minkowski addition) of random sections of K. The mean section
body of K can be thought of as the limit of the sequence (K} ),en, . The formal definition
of mean section bodies, which was first made by P. Goodey and W. Weil in 1992, is as
follows:

Definition (|11, p. 420]). For k € {0,...,n}, we define the k-th mean section body Mj,(K)
of a convex body K € K" by

h(My(K),u) ::/ MK NE, u) dE, u € S.
A(n,k)
and we call the map .
M. - K" — K"
the k-th mean section operator

It is not immediately obvious that the mean section body is well-defined. However,
that follows from the continuity of intersections (cf. [21, Theorem 1.8.10]) and the fact
that convex bodies can be defined by means of support functions.
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In the cases where k = 0 and k = n, the k-th mean section operator M}, operates in a
very simple way. Since A(n,n) = {R"}, we have

My (K) =K.

Since A(n,0) = {{z} | z € R"}, we have

My(K) = {/K:p da:}

if dim K = n and M,(K) = {o} if dim K < n.
For our purposes it will be more convenient to work with the centered versions of these
objects.

Definition. For k& € {0,...,n}, we define the k-th centered mean section body My (K) of
a convex body K € K" by

h(Mj(K),u) := ho(Mi(K),u) = / ho(K N E,u) dE, u €S,
A(n,k)
and we call the map
Mk KM — K
the k-th centered mean section operator.

The mean section bodies and centered mean section bodies are obviously translates of
each other, namely

My(K) = My(K) + Vo1 (K)s(K)

VAl ()
for k € {0,...,n} and K € K", as was shown in [9, p. 165].

Lemma 3.1. Fork € {1,...,n}, the k-th centered mean section operator My, is a continu-
ous, translation invariant, SO(n)-equivariant Minkowski valuation homogeneous of degree

n—k+1, that is
SO(n)

M;, € MVal 2" .

Proof. The valuation property can be shown by an elementary computation, the translation
invariance is obvious, the SO(n)-equivariance follows from the rigid motion invariance of
the measure v on A(n, k), the homogeneity follows from the homogeneity of v}', and the
continuity follows from the continuity of intersections (cf. [21, Theorem 1.8.10]). O
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Example 3.2. Due to their SO(n)-equivariance, we must have My (B) = r(M})B for some
radius r(Mjy) > 0. It was shown in [13, Lemma 2.1] that

k
Mi(B) = ren il (3.1)
2 [i]
As mentioned in the beginning of this chapter, we seek a practical representation for-

mula for the centered mean section operators. As was shown by P. Goodey and W. Weil
in 2014, the support function of the k-th centered mean section body can be expressed as

h(My, ) = mp kSn—k+1(— K, -) * G, (3.2)

where g;, denotes Berg’s functions related to the Christoffel problem and m,, j is a constant
that will be computed explicitly. We will follow their proof for this formula which was given
in [13].

In Section 3.1, we will first prove a representation formula for polytopes by combining
two translational integral geometric formulas. Then, in Section 3.2, other than one might
expect, we will not directly apply an argument of density for all k£ € {1,...,n}, but only
for k = 2 to obtain a general representation formula for the operator M.

From there the idea is to express general mean sections in terms of mean sections with
planes. To that end, we will introduce so-called spherical lifting and projection operators
in Section 3.3 that will allow us to relate convex geometry in subspaces to convex geometry
in the ambient space. In Section 3.4, we will investigate how these operators interact with
Berg’s functions. Ultimately, we will derive the desired formula (3.2) by using spherical
liftings and projections as a bridge to connect mean section operators to Berg’s functions.

3.1 Mean Section Bodies of Polytopes

The objective of this section is to derive a formula for mean section bodies of polytopes
from two intersectional integral geometric formulas. First, we prove a general integral
geometric formula.

Proposition 3.3 ([10, Theorem 1]). For j € {0,...,n} and two convex bodies K,L € K",

/ Vi(KN(L+a)) do = m i( " > /A (n’nij)V((KﬂE)[i*j],(—L)[”ﬂ'*i]) dE, (3.3)

i
i=j J

with the convention that V(P ¢I") = v(C ¢lo)) = 0.
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Proof. Due to Crofton’s intersection formula (2.11) and Fubini’s theorem, we have

/nvj(Km(Ler)) dx:/n m /A(nvn_j)VO(Kﬂ(L+x)ﬁE) dE dz

_ m /A(n,n—j)/”VO((KmE) N (L +z)) dz dE.

{zeR"| (KNE)N(L+2z)#0}=(KNE)+ (-L).

Since Vq is just the Euler characteristic, we obtain

/nvj(fm (L+2)) dz = m /Am,n_j) Vo((K N E) + (—L)) dE.

Observe that

By the definition of mixed volumes,

n+j
Vo((KNE)+(-L)) = Z <z ibj)V((K N E)[i_j], (_L)[n-‘rj—i]).
i
Since dim(K N E) <n — j for £ € A(n,n — j), all terms for ¢ > n vanish. 0

Corollary 3.4. For two convex bodies K,L € K",
/ V(K A (L + 7)) dz = Vi (K)Vn(L).

Proof. From (the proof of) Proposition 3.3 and the fact that A(n,0) is naturally isomorphic
to R™, it follows that

/nVn(Kﬁ(L+x)) dx:/ Vo((K N {2}) + (L)) dx:/ 1 (@) (L) da.

n n

O

In order to prove a second translational integral geometric formula specifically for poly-
topes, we need to make some preparations. First, we want to give a description of the facial
structure of intersections of polytopes. To that end, we will make use of the following in-
tersectional description of faces of polytopes.

Lemma 3.5. If a polytope P € P" is given as a finite intersection of closed half-spaces
P=(\H;,
i€l
then its faces are precisely the empty face and the sets

Pn(\Hi JCI
ieJ
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Proof. We may assume that I # (), P is full-dimensional, and o € int P. Then, we may
also assume that H; = H,_ ,, where u; € R"\{o} fori € I.

For a subset J C I, we define

Fy:=Pn()H, ;.
€]

First, we show that Fj is a face of P. If F); # (), we define u := ﬁ > icy wi. Clearly,

P C H, . Itis also easy to see that a vector z € P satisfies z-u = 1 if and only if z-u; =1
for all ¢ € J. Hence, Fy = PN H, is a face of P.

For the other direction, let F' be a non-empty face of P. Then there is some u € R™ and
« € R such that P C H;a and ' = PN H, . Since P is full-dimensional and o € int P,
u # o and we may further assume that o = 1. It follows that u € P° = co{u; | i € I}, so
there is a non-empty subset J C I such that

w=> Nu;, Y N=1, and N\ €(0,1], i€
i€ icJ
It is now easy to see that a vector z € P satisfies « - u = 1 if and only if x - u; = 1 for all
1 € J. Hence F' = F}. O

Now we can describe the facial structure of the intersection of two polytopes. Intuitively,
one might expect that the j-faces of the intersection of two polytopes P and P’ are precisely
the intersections of the i-faces of P with the (n + j — i)-faces of P’. The following lemma
states that for almost all translates of P’ that intersect P, this is the case.

Lemma 3.6. Let P, P’ € P™ be two polytopes and let j € {0,...,n}. Then for almost all
x € R™ for which PN (P + x) # 0, the mapping

T . { Uim {(F, F') € Fi(P) X Foyji(P') | F O (F' +x) # 0}
’ (F, F")

— Fi(PN(P +x))
= FN(F +x)
1s a well-defined bijection.

Proof. For convenience, we use the notation P, := P’ + z, F., := F' + x. Note that, as a
consequence of Lemma 3.5, the faces of PN P, (if non-empty) are precisely the intersections
of faces of P with faces of P.. Our strategy is now to define a set Z C R™ with A\, (Z) =0
and then show that T, is a well-defined bijection for all z € R"\Z with P N P, # 0.

>> Define A as the set of all x € R" such that

e PNP,#0, and
e for all faces F' € F(P), F' € F(P') for which FNF], # (), it holds that int FNint F), #
(), and that dim(F + F.) = n.
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We claim that the set Z := {x € R" | PN P, # 0}\ A has Lebesgue measure zero. In
order to see this, take F' € F(P), F' € F(P') and observe that

{xreR"|FNE,#0}=F - F".
Hence, the set
{x eR"| FNE, #0,dim(F + F,) <n} Caff F + aff F’
is contained in a hyperplane and the set
{z eR" | FNE,#0,int FNint F' =0} = (F — F')\(int F — int F') = bd(F — F)

is the relative boundary of a polytope. Since Z is the finite union of such sets, it has
Lebesgue measure zero.

> Next, we show that for z € A, the mapping T, is a well-defined bijection. In order
to see the well-definedness, take i € {j,...,n}, F' € F;(P) and F' € Fpj_;(P’) such that
FNE,#0. Then int FNint F’ # () and dim(F + F) = n. This implies that

dim(FNF)) =dimF +dimF —dim(F + F)) =i+ (n+j—1i) —n=j,

and hence FNF' € F;(PNP,).

For showing surjectivity, take F' € F;(P N P,). Then there are faces F' € F(P),
F' € F(P') such that F = FNF.. Since FNF. # 0 it follows again that int F'Nint F” #
and dim(F + F') = n, implying that

dim F + dim F' = dim(F + F.,) + dim(F N F,) = n + j.

Hence, F € F;(P) and F' € Fyqj—i(P’) for some i € {j,...,n}.

For showing injectivity, take F, F € F(P) and F’, F’ € F(P') such that
FNF =FNF =FeF(PnP.).

Note that whenever K,L € K" and int K Nint L # () then int K Nint L = int(K N L).
Hence, B R

int F Nint F' = int ' Nint I = int F' # ().
In particular int ' N int /" # () and int F N int F' # (. However, this is only possible if
F=Fand F' =F'. 0l

We have already laid the basis for proving the desired integral representation formula
for mean sections of polytopes, but we need to introduce some notion of angle between
linear subspaces of R™.
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Definition. Let E, E’ be subspaces of R" such that £ + E' = R". A tilting map for
(E,E') is a linear map f € GL(n) that
(i) acts as the identity on F, and

(ii) maps B+ isometrically onto EN (E N E')*.

Lemma 3.7. Let E,E’ be subspaces of R" such that E + E' = R"™. Then there ezists a
tilting map for (E, E").

If [ is a tilting map for (E,E') and f is a tilting map for (E,E') or (E',E), then
Yo fis an isometry on R™.

Proof. Note that R™ admits the two decompositions
R'=FEaoEt=Eo[En(ENE)Y,

where the first one is even an orthogonal decomposition. Since the subspaces E+ and
E'N(ENE')"* have the same dimension, there exists a linear isometric bijection g between
them. Then f :=idg @ g is clearly a tilting map for (E, E').

If , f are both tilting maps for (E,E"), then f~! o f maps each of the subspaces E and
E* isometrically onto itself. Since these subspaces make up an orthogonal decomposition
of R™, the linear map f~!o f is an isometry on R™.

Now we consider the case where f is a tilting map for (E, E') and f is a tilting map
for (E', E). Note that we can decompose R™ further into

R"=[ENE)&[EN(ENEY ) eEr=[EnNFE|o[En(ENE)] e E*,

and these are both orthogonal decompositions. Obviously, f ~Lo f maps EN E’ isometri-
cally onto itself. Moreover, f~1 o f maps £/ N (E N E’)L~isometricaﬂy onto £+ and E'*
isometrically onto E N (£ N E')*. Hence, the map f~!o f is an isometry on R™. O

Definition. For two subspaces E, E’ of R" such that F + E' = R", we define [E, E'] :=
|det f|, where f is a tilting map for (E, E').

Due to the previous lemma, this is a consistent definition and [E, E'] = [E', E]. We can
now extend this notation to faces of polytopes. Also we introduce the notion of a common
exterior angle for pairs of faces and pairs of polytopes.

Definition. For P, P’ € P", F € F;i(P), and F' € F;(P’), such that dim(F + F’) = n, we
define [F, F'] := [E, E'|, where E € G(n,1) is parallel to aff ' and E’ € G(n, j) is parallel
to aff F'.

For P,P' € P", F € F(P), and F' € F(P’), we define the common exterior angle as

Y(F,F',P,P") :=~(FN(F +x),Pn (P +x)),

where x € R™ is chosen in such a way that int F' N int F), # (.
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Moreover, for P € P, F € F(P) and u € S, we define
Y(F, P,u) :=~(F,F', P, P'),

where an n-dimensional polytope P’ € P™ and a facet F’' € F,,_1(P’) are chosen in such a
way that u is an outer normal vector of P’ at every x € int F".

With these definitions and notations in place, we can formulate a translative integral
geometric formula for polytopes.

Proposition 3.8 (|21, Theorem 4.4.3] ). For two polytopes P,P' € P™ and j =0,...,n,
we have

/ V(PN (P +x)) do = Z > AFF P, P)F,FIN(F)Voyi(F). (34)
" i=j  FeF,(P
FG]:n-F] Z(P)

Proof. For convenience, we use the notation P, := P’ + z, F, := F' + z. Applying the
representation of the intrinsic volumes of polytopes, the previous lemma, and the definition
of the common external angle, we obtain

/ Vi(PNP)do= Y Y(F, PN POV, (F) dx
" ﬁe]—'v(PmP’) e
—Z > / (FNELPNPOV;(FNEL) da
i=j FeF;(P

Fe]:nﬂ l(P)

= Z > AR F.PP)(FF)
1=j FeF;(P)
F'eFntj—i(P)

where

[j(F,F’) ::/ Vj(FﬂFaI?) dx.

It remains to show that [;(F, ') = [F, F'|Vi(F)Vp+j—i(F"). To that end, let us fix
some i € {j,...,n}, F € F(P), and F' € F,1j—;(P’). Since I;(F, F') is invariant under
translations of ' and F’, we may assume that o € int F'Nint F”.

In the case where dim(F 4+ F') < n, theset {x e R" | FNF,#0} =F—F CE+F'
has Lebesgue measure zero and so I;(F, F') = 0 = [F, F'|V;(F)Vp4j—i(F").

If dim(F 4+ F') = n, then E + E' = R", where E := lin F' and E’ := lin E’. Let us
further define three spaces Ey := ENE', By := EN EOL, and By == E'N EOL. These
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make up an orthogonal decomposition of R™. Then, by applying a change of variables on
I;(F, F") with respect to a tilting map for (E, E’), and Fubini’s theorem, we obtain

L(F.F') = |F, F’]/ / / Vi(F O (F 4 g0 + 91 +12)) dyo dys dys.
FEs JE JEy

The inner integral can be rewritten in such a form that we can apply the translative formula
from Corollary 3.4 on (F —y;) N Eg and (F' +y1) N Ep, considered as convex bodies in the
j-dimensional Fuclidean space FEjy:

/ V,(F N (F + g0+ 1 +92)) dyo
Eo

= / Vi((F —y1) N (F' 4+ yo + y2)) dyo
Eq _—
cEo+E, cEo+FEs

- /E V3(((F — 92) 1 Eo) O (F + o + 2) 1 Eo)) dyo

= V;((F —y1) N Eo)V;((F" + y2) N Ep).

If we plug this into the iterated integral above, and apply Fubini’s theorem twice, we end

up with
LEF) = (R F] [ V(F =)0 Eo) dyn | Vo(F +10) 0 Eo) doe
E1 E2
= [, F'IVi(F)Vyij-i(F')
which completes the proof. O

By combining the two translative integral geometric formulas (3.3) and (3.4), we can
now derive a representation formula for mean section bodies of polytopes.

Theorem 3.9 (|11, Theorem 2|). For k € {1,...,n} and a polytope P € P™, there is a
vector wi(P) € R™ such that
1 1
h(My(P),u) = W Z Y(F, P, —u)[F,u" V1 (F) + wi(P) - u, u € S.
Kl Fer, 1i1(P)

Proof. Let P’ € P™ be another polytope. Then applying both translative formulas from
Proposition 3.3 and Corollary 3.4 to P and —P’ gives

Z B] <z ﬁ]> /A( .)V((Pﬂ B)li-d (phlnti=ily gp
i=j nn—j
=2 X WEFL P =POE =NV (F).

i=j  FEF(P)
F'eFnij-i(P')
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Observe that the the i-th summands of these sums have homogeneity (i,n + j — i) each,
and thus must coincide. Choosing j:=n —k and i :=n — k + 1, we obtain
n/ V(PNE,—-P,...,—P) dE
(n,k)
1
=7 Y. AEF —F,P,~P)[F,~FNVy 1 (F)Vy 1 (F)

[H]
El FeF, _ri1(P)
F'eFn_1 (P/)

_ /S [1 S AE P w)[Fut Vo (F) dSuo1 (P u).

7]
Kl FeF, _111(P)

Integrating the support function of My (P) with respect to the surface area measure of P’
applying Fubini’s theorem, and applying the formula from above then yields

/Sh(Mk( ), ) dS, 1 (P, u)
_// WP E,u) dE dS,_1(P',u)
A(n,k)

/ / (PN E,u) dSp—1(P',u) dE
A(n,k)

— / V(PAE,P,...,P) dE
A(n,k)
1
_ / 7 S A (F P =) [Fut Vo i1 (F) dSoe i (P'yu).
Skl Per, 1 (P)

Because the choice of P’ € P"™ was arbitrary and the space of surface area measures of
polytopes is dense in M, (S), the claim follows. O

It can be shown that in fact, wi(P) = o. However, this is not necessary for our further
reasoning.

3.2 Sections with Planes

From the description of mean section bodies of polytopes we can directly derive a de-
scription of 2-nd mean section bodies of general convex bodies. This is the content of the
following theorem.

Theorem 3.10 (|11, Corollary 2|). For every K € K",

h(Ms(K),u) = ! /(ﬂ—arccosu v)V1— (u-v)? dSp_1(—K,v) (3.5)

2m(n —1)
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for all u € S.

Proof. This follows immediately from Theorem 3.9 and the description of the surface area
measure of polytopes given in (2.2) by an argument of density and continuity. Note that
we do not need the information that wy(P) = o since both sides of the stated formula have
no linear component. O

3.3 Spherical Liftings and Projections

We aim to derive a formula for My(K) from the formula (3.5) for My(K), that is, to
express general mean sections in terms of mean sections with planes. In order to do so,
we need to relate convex geometry of subspaces to convex geometry of the ambient space.
The technical tools to manage this are provided by so-called weighted spherical projections
and liftings, which are the objects of investigation in this section.

Definition. For k € {1,...,n}, E € G(n,k), and u € S, we denote the (n—k)-dimensional
half-sphere induced by F and u as

H(E,u) == {v € S\E*! | prgv = u}.
Definition ([16, Section 3.3]). For k € {1,...,n}, E € G(n,k), and m > 1 — k, the

m-weighted spherical projection operator Tg ,, acts on a continuous function f € C(S) by

() () = /H o @ e wes(m),

Lemma 3.11. For k€ {1,...,n}, E € G(n,k), and m > 1 — k,
TEm : C(S) = C(S(E))
s a bounded linear operator.

Proof. Let f € C(S) and ¥ € SO(k, E+) = SO(E). Then, using that pry(Jv) = Iprgov for
all v € S\E+, we obtain

()00 = |

H(E,du)

f()(u - v)Hm=t gy = / f()(u - v)Hm=1 gy

OH(E )

= / f(ﬁv)(ﬁu . ﬁv)k—l—m—l dv = / f(ﬁv)(u . v)k—i—m—l dv
H(E,u)

H(E,u)

for u € S(E). It follows that

(76, £)(00) — ()| < [ [f00) = )] do < S sup|£(90) - )]

H(E,u) veS
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Since f is uniformly continuous on S, the right hand side tends to zero for ¥ — idgo(g)-
This shows that 7g ., f € C(S(E)).
The linearity of mg ,, is obvious. Since

Wiy o
|7 mfllesE) < sup / |f(v)] dv < zk I flees):
wes(E) JH(B)

it follows that 7f ,, is a bounded linear operator. O

Definition (|16, Section 3.3|). For k € {0,...,n}, E € G(n, k), and m > 1—k, the adjoint
operator
Thm * M(S(E)) — M(S)

of Tg m, is called the m-weighted spherical lifting operator.

Due to the previous lemma, the m-weighted spherical lifting operator is a continuous
linear operator with respect to the involved weak* topologies. In order to describe its
action on continuous functions, we need the following integration formula for the unit
sphere, which can easily be proven using spherical coordinates.

Lemma 3.12 (|27, Lemma 2.1|). For k € {1,...,n}, E € G(n,k) and an integrable
function f S — R, we have

/Sf(u) du = /S(E) /H(E’u) f)(u-v)*t dv du. (3.6)

Lemma 3.13. Let k€ {1,...,n}, E € G(n,k), and m > 1 — k.
(i) For f € C(S(FE)), we have

(Tpmf)(w) = [[ulE[™ f(prgu), u€S\ET. (3.7)

(ii) If m > 0, then
7T*E7m :C(S(E)) — C(S)

is a bounded linear operator.

Proof. For all f € C(S(F)) and g € C(S), we have
x — TE.m — L \k+m—1
(TEmfs9) = (fTEmY) /S/H(Em f(w)g(v)(u-v) dv du

= V| E|™f(prgv)g(v)(u-v)¥ " dv du = [ ||u|lE|™f(prpu)g(u) du
‘/S/H@,u)” B f(prpo)go)(ue 0 dodu= [ JulBI™ f(orpu)g(e) d

due to (3.6). This shows that (3.7) holds almost everywhere. Since ||-|E||™ f(prg -) is
well-defined and continuous on S\ E+, we obtain (3.7).
If m > 0, then [|-|E||™f(prg -) extends to a continuous function on S and (3.7) yields

7% mflles) < 1fleseE)- O

43



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

A direct consequence of (3.7) is that for a convex body K € K¥(E) C K", we have
WK, ) = mp hP(K, ),

where h¥(K,-) denotes the support function of K relative to E.

We will now use the previous lemma on spherical liftings to obtain via duality infor-
mation on spherical projections. To that end, define the following family of subspaces of
M(S).

Definition. For 1 — k < m < 0, we define

My, (S) = {u € M(s)

lul (S(BH)) =0, / [ul E™ dp] (u) < +00-}

S\E+
For m > 0, we define Mg ,,(S) := M(S).
If1-k<m<0,peMgun,(S), and f € C(S(E)), then due to (3.7), we have

\wg,mf,m\:‘ / lul E™ f (or ) dpu(w)| < [l / lulB™ ] ().
S\EL S\EL

Hence, for m > 1 — k, due to the previous lemma, the m-weighted spherical projection
operator extends to a linear operator
TEm : MEm(S) = M(S(E)),
(fimEmm)sE) = (T mf W)s, f € C(S(E)).
For m > 0, we even obtain a bounded linear operator
TEm : M(S) - M(S(E))

with respect to the involved total variation norms.

From operators that are called liftings and projections, one might intuitively expect
some associativity property in the sense that projecting onto a subspace and then projecting
from this subspace onto a smaller subspace is the same as projecting onto this smaller
subspace directly. The following lemma states that this intuitive expectation is indeed met
by spherical lifting and projection operators.

Lemma 3.14 ([16, Lemma 3.12]). Let 0 < k < k' <n, E' € G(n, k'), E € G(E', k), and
m>1—k.
(i) If p € MEm(S), then also € Mg (S).

(i) If p € Mg/ 1, (S) and g i € Mg, (S(E")), then also p € Mg, (S) and
TFg:mﬂ'E/,m,u = TE m- (3.8)
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(iii) If p € M(S(E)), then
Tt (T ) = T - (3.9)

Here and in the following, ngm : Mg (S(E")) — M(S(E)) denotes the m-weighted spher-
ical projection operator relative to E'.

Proof. We start with proving (iii). For all f € C(S(E)) and u € S\E'*, we have

(5 (T B ) (W) = [l B ™ (7 )" ) (Pr )
= [[ul B[ (prpra) [E|™ f (prp(prprw) = [l B[ f(prpu) = (75 mf)(w),

0 (3.9) holds on C(S(E)). All of the spherical liftings involved are continuous with respect
to the w*-topologies involved and C(S(FE)) is dense in M(S(E)) with respect to the w*-
topology, hence (3.9) follows.

Next, we show (ii). To that end, let p € Mg, (S) such that mps i € Mg, (S(E”)).
For an arbitrary f € C(S(F)), we can apply (3.9) to obtain

o BT mis(e) = ((TBn) "o T mtt)s(r)
= <7TE/, (WE m) frm)s
= <7TE,mf7 >S
= [IiE" o dutu).
In particular, the integral in the last line exists for all f € C(S(E)). If m < 0, this shows
that € Mg, (S). If m > 0, this is clear anyway. In both cases, we obtain
(T8 B mit)s(m) = (Thmfs 1)s = (f, TEmMt)s(B)

for all f € C(S(E)), proving (3.8).

Lastly, we show (i). The claim is trivial for m > 0. Thus, we consider some p €
Mg, (S) for m < 0. Then |u| (S(E™)) < |u| (S(EL)) = 0 due to the monotonicity of |y,
and

/ lal B d ] () = / lal B d ] () < / lulE™ dlul (u) < +oo.
S\E'+ S\E+ S\E+

Hence, 1 € Mg, (S). O

Area measures of convex bodies are non-intrinsic in the sense that for a convex body
K lying in a proper subspace £ C R" its j-tharea measures SJE (K,-) relative to E in
general does not coincide with its j-th area measures S; (K, -) relative to the ambient space.
The following lemma shows how the area measures Sf(K, -) and Sj(K,-) are related via
weighted spherical liftings.
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Lemma 3.15 ([16, Lemma 3.15]). Let k € {1,...,n}, E € G(n,k), K € KF(E), and
j€{0,....,k—1}. Then

(k;l) )

G 1)7rE SP(K, ). (3.10)

Proof. Since S;(K,-) and Sf(K, -) depend both continuously on K € K(E) with respect
to the weak™ topology and 7, ; : M(S(E)) — M(S) is continuous with respect to the
weak™ topologies involved, it suffices to prove the claim for polytopes.

In order to do so, let P € P(E) and note that

. fHk—j—l ]
SE(P,) = Mt > ‘NFE’F’P’ V,(F)
() rFip) Wh—j

Sj(Kv') =

and

NKn—j H' I nrp
SP) = ot 3 ),
3/ FeF;(P)
where N (FE; F, P) denotes the normal cone of the face F' € F;(P) relative to £. Note that
N(F,P)= N(E;F,P) + E*.
We define E' :=lin N(E; F, P) C E. Then for any F' € F;(P) and f € C(S), we have

(o (7 v p))s = / (7~ f) () dHF77H (v)

N(E;F,P)

:/ (7,5 f)(0)1y(gFp)(v) dv

/ / W) In(erp) ) (-7 dy do
S(E’") JH(E,v)

/ / W Inep) ) (v-y) 7 dy do.
S(E’") JH(E,v)
On the other hand,

n—j—1 o n—j—1
U H T ) )s = /N oy T @

- / F (o) Lyap(v) do
S(E'®EL)

:/ / F)ne,py ) (-7~ dy dv,
S(E") JH(E'GEL;E v

where H(E' @ E+; E'v) := {y € S(E' @ EL)\EL | prpy = v}. It is easy to see that
H(E' ® E+; E',v) = H(E,v) for every v € S(E'). Then the statement follows from the
linearity of 77 _ i O
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The following lemma achieves for mean section bodies what the previous one did for
area measures of convex bodies. The case where j = n — k+ 2 will be of particular interest
for us, since it directly relates the k-th mean section body to the 2-nd mean section body
relative to a subspace.

Lemma 3.16 ([13, Lemma 3.3]). If j € {0,...,n}, E € A(n,j), C € KI(E), k €
{n—7j,...,n}, then

k
h(Mi(C),u) = oo T2 (M (C), )] (w), (3.11)

(5]

where M, (C) denotes the (k + j — n)-th centered mean section body of C relative to

k+j—n
E.
Proof. Due to (1.3), we have

h(My(C),u) = / ho(C N Fyu) dF
A(n,k)

O

The following lemma entails that weighted spherical projections of linear functions are
again linear functions.

Lemma 3.17 (|13, Lemuma 2.3]). Let k € {1,...,n}, E € G(n,k), and m > 1 — k. Then
for every u € S and v € S(E), we have

)(w) = Lrtmtl oy = EEmt Blpr g - 0.

[TI'E7m (u -
Wk4+m41 Wk4m41

Proof. We fix m > 1 — k and prove the statement by a downward induction on k €
{I1-=m,...,n}.

The base case, where k = n, is trivial.

For the induction step, let k > 1 —m and F € G(n,n — k — 1). Then we can choose
E' € G(n,k) and ug € S(E') such that £ = E' Nug. By our induction hypothesis,
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[T m(u - )] (v) = cppu - v, where ¢y, := :}::7::: Then Lemma 3.14 (ii) yields

[mm (- ))(0) = [TE i (u )] (0)

= Cn k[ (- ))(0)

- / (- ) y)
H(E’;E,v)

1
= Cn,k/ (tu - ug + V1 — 2u - v)(1 — 2)ktm=3)/2 gy
—1

1
= Cn,k:/ (1 — t2)EEm=D/2 qp 4y . .
~1

k+m—2 dy

The fact that fil(l — t2)(ktm=4)/2 g4 — “2’327:”1 concludes the argument. O

We now combine the concepts of weighted spherical lifting and projection operators to
obtain a new kind of operator. Imagine taking a function f € C(S), for every k-dimensional
subspace E projecting it onto C(S(E)), lifting it back up to C(S), and then averaging all
of these lifted projections over E € G(n, k). This is essentially the idea of the following
definition:

Definition ([16]). For k € {1,...,n}, E € G(n,k), m >0, and j > 1 — k, the mean lifted
projection operator Wigj acts on a continuous function f € C(S) by

DW= [ (wpameifw dB, ues.
G(n,k)
In order to see that this a sensible definition, note that

(795 mmom,0F)(0u) = (T m7e,i f)(u)

for ¥ € SO(n). From this fact, one can easily deduce that the integrand depends contin-

uously on E € G(n, k) and the resulting function 777[2]’]. f depends continuously on u € S,
S0 777[7]?]» is a well-defined linear operator on C(S). Moreover, it is easy to see that Wr[s}j is

SO(n)-equivariant and also bounded, since 7g ; and T m are bounded. In conclusion, the
mean lifted projection operator

o) — ¢(S)

m,j

is an SO(n)-equivariant bounded linear operator. Later on, we will be particularly inter-
ested in some of its injectivity properties.

Theorem 3.18 (|23, Theorem 5.1]). If T : C(S) — C(S) is an SO(n)-equivariant bounded
linear operator, then T = . x u for some p € M(S,€) and T is a multiplier transform.
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Proof. Define pu := T*0z € M(S). Observe that the adjoint operator 7™ is also rotation
intertwining, so if ¥ € SO(n — 1,€), then

ﬁu = ’lgT*(Sg = T*ﬁég = T*(Sg = U,

since Jg is obviously zonal. Hence, 1 is zonal as well.
For every f € C(S) and ¢ € SO(n), we have

(T)(We) = (T'f, ) = (f,T"00) = (f,9T"be) = (f, ) = (f * p)(Ve),

proving T = . * p.

Since all convolution operators commute, T'm, = w1, so T maps the space H} of
spherical harmonics of degree k into itself. Because of its SO(n)-equivariance, the operator
T maps zonal functions to zonal functions. Due to Theorem 1.6, the subspace of HJ
consisting of zonal spherical harmonics of degree k is one-dimensional, hence 7" has an
eigenfunction fj, € H}. Denote by Ay the associated eigenvalue. Then the space

Vie == Hp: Nker(T — )\k) = {f € Hp ‘ Tf= )\kf}

is a non-trivial SO(n)-invariant subspace of H}!. Due to Theorem 1.4, it follows that
Vi = M}, which means precisely that T'f = A, f for all f € H]. O

Due to this theorem and our previous considerations, the mean lifted projection oper-

ator 7T7[,S]7j can be expressed as a convolution operator f +— f % V,’[s} > and it is a multiplier
transform. Consequently, it is self adjoint in the sense that <7r7[§]jf,g> = (f, 7r7[s]]9> for all

f,g € C(S). At the same time, a simple computation shows that <7r7[:]7jf,g> = (f, ﬂj[kjng>

for all f,g € C(S). Hence,
(k] _ [K]

Tm,g = Tjm:

Moreover, the mean lifted projection operator extends to an SO(n)-equivariant continuous
linear operator
(k] . . (K]
Ty @ M(S) = M(S) : = px vy, .

m?.j :
We now aim to compute this signed measure z/gfb] ; at play (which will turn out to be a

continuous function). To that end, we need two auxiliary lemmas and fix the notations
Evov :=lin(FU{v}) and u Vv :=lin{u,v} for a subspace E C R™ and vectors u,v € R™.

Lemma 3.19 (|7, Equation 28]). Let k € {1,...,n}, u €S, and h € C(G(n,k)). Then

/ h(E) dE = “’f/ / hEV ) |u-v|" dv dE. (3.12)
G(n,k) 2wn JG(ut k-1) Js(EL)
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Lemma 3.20 (|16, Lemma 3.17]). Let k € {1,...,n}, u €S, and g € C(S). Then

/ g(v) dv = =1 / / o)1 — (-0 2 gy ap. (3.13)
S Wn—k—1 JG(utlk—1) JS(EL)

Proof. For fixed t € (—1,1), we have
/ / g(tu+ 1 —t2y) dy dE = wnkl/ g(tu+ 1 —t?v) dv
G(ut,k—1) JS(ELnut) S(ut)

Wn—1

due to the uniqueness of the SO(n)-invariant Borel measure on S(u") up to a multiplicative
constant. Hence, using Fubini’s theorem and spherical cylinder coordinates, we obtain

/ / ()1 — (- 0)) 2 a4y dE
Glut k—1) Js(BL)

1
- / / / g(tu+ /1 — t2w) dy dE (1 —2)=9/2q¢
-1 JG(ut k1) JS(ELNut)
1
= C‘J""“‘l/ / g(tu+ V1 — t2v) do (1 — £2)("=D/2qy
Wn—1 —1 JS(u't)
— w”—k—l/g(v) dv
S

Wn—1

which completes the proof. O

[£] as a convolution operator
m?] p ’

Lemma 3.21 ([16, Satz 3.18|). Let k € {1,...,n}, E € G(n,k), m >0, 7 > 1—k, and
f e C(S). Then

We are now able to describe 7

k <[k
7T7[n],jM = Qnkm,j H* Agn],j’ (3.14)
where
mT—arccost
[K] (1 2\(1-k)/2 : k+m—1 _: kdj—1
Am,j(t) = (1 —1t%) /0 sin(#) sin(f + arccost)*™ 7" df
and

. YWntk4+m4j—1Wn—k—1WEk
Qn.km,j = .

W2k+m+jWnWn—1
Proof. Due to (3.13), we obtain

() () = /G BT ) B

Wi

=5 / (TEvemTEve,; ) (1) [u- o1 dv dE
2wn G(’U,J‘,k:—]_) S(EL)

Wk

]luJr (’U)<7T*E\/v,m7rEVv,jf)(u) (U : ’U)k_l dv dE.

Wn JG(ut k1) /S(Ei)
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For the integrand, we have

(TEve,mTEve,; ) () = |lul(E'V v)||m/ F@)(Prpypu-y) 71 dy
H(EVv,prgy,u)

— (u-0)" / Lo+ () F () (0 - )9 dy,
S(EL)

where vt := {y € R" | v -y > 0}. Hence Fubini’s theorem yields

w
() () = & / / F) (B u,y) dy dE,
Wn JG(ut k—1) JS(BEL)

where
IEug) = | L@ oy o) do
S(EL)

for £ € G(ut,k — 1) and y € S(E+). Due to (3.6), we obtain
I(E’ u7’y) = / / :ﬂ-u"’ﬂy"r(z)(u‘Z)k+m_1(y'z)k+j_1(w'z) dZ dw
S(uvy) JH(EL;uvy,w)

Take w € S(uV y) and w € H(E+;u V y,w). Then clearly z|(u V v) = (2 - w)w, and so
z|(u Vo)t =z~ (2 w)w. In particular, z — (z - w)w is perpendicular to u and y, which
yields

u-z=(w-z)(u-w) and y-z=(z -w)(y w).

Moreover, since z-w > 0, it follows that z € u™ Ny if and only if w € u™ Ny ™. We obtain
I(E,u,y) — / (’LL . w)k+m71(y . w)k+j1/ (w . Z)2k+m+j71 dz dw.
S(uVvy)Nutnyt H(EL;uvy,w)

The value of the inner integral is independent of w and can be computed to be

/ (w - z)2k+m+j—1 dz — Wntk+mtj—1
H(EL;uvy,w) Wak+m+j

with the help of (3.6). Thus, we end up with an integral over S(u V y) Nut Ny™, which is
just a circular arc. A parametrization of S(u V y) Nu™ Ny™ is given by

(0,7 — Z(u,y)) 20— (cos)(y — (y - uw)u) + (sinO)u,

where Z(u,y) := arccos(u-y) denotes the angle between u and y. By a change of variables,
we obtain

. T—Z(u,y) '
/ (u.w)k+m—1(y.w)k+]—1 dw = / (Sin Q)k-i-m—l Sin(&—i—é(u, y>)k+]—1 do.
S(uVy)Nutnyt 0

o1



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

In conclusion,

WEWn m—+7— k—1)/2
(rli ) = sy [ [ B = ) ay e
WnW2k+m-+j G(ut k—1) JS(EL)

ankm,j/f B[k] U U) dv

which completes the proof. O

Now that we have expressed the mean lifted projection operator explicitly as a convo-
lution operator with a continuous function, we are able to employ the Funk-Hecke theorem
for the following injectivity result:

Proposition 3.22 ([16, Satz 3.20]). Let k € {2,...,n — 1}. Then ng]l_k is injective on
C(S).

[¥]

Proof. Due to Theorem 3.18, the operator Tk is a multiplier transform, so in order
to show that it is injective, it suffices to show that all multipliers are non-zero. The
Funk-Hecke theorem provides an explicit description of the multipliers by means of the
representation of TrH . given in (3.14). Consequently, we will show injectivity by con-
structing a sequence equivalent to the multipliers, deducing a recursion formula for this
sequence, and then dealing with the initial values of this sequence.

> Note that in the special case of the previous lemma, where m =1 and j =1 — k,

T—arccos t
A1) = (1= 13)1hr2 /0 (sin0)* df = (1 - *) N2 F(e),

where T—arccos t t
Fk(t> = / (sin 9)"3 db = / (1 _ 32)(k’—1)/2 ds.
0 -1

For our purposes, it is practical to rescale the Legendre polynomials to

A2 (” A 2) pr.
J j J

In fact, these polynomials are also known as the Gegenbauer polynomials and can be

defined more broadly. For simplicity we fix the notation v := %72 The Gegenbauer
polynomials satisfy the following recursions (cf. [8, §10.9]):
(J+DCF () = (n+2j = 2)tC7(t) — (n+j — 3)CF_4 (D), (3.15)
d v - v - v
(1- tz)dth (t) = (n+7j = 2)tC7 (1) — (G + )CF11 (D). (3.16)
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Due to the Funk-Hecke theorem, as we have argued above, it suffices to show that the
numbers )
k v v n—w—
=AM, —/1Fk(t)0j (£)(1 — £2)0k=2/2 gy
are non-zero for j € Ny.
> From (3.15) we obtain

1

(G +1Dajp1 = (n+2j —2) /_1 Fi(t)C¥ ()t(1 — 1) F=D/2 gt — (n + j — 3)a;_1. (3.17)

The involved integral can be rewritten as

1
I = / Fi(t)CY ()t(1 — %) (n=k=2/2 gy
-1

i) A R a - AR a

n_

- </ cyt _2y(n-2)/2 dt+/ F(t )icj(t)(l_tz)(n_k)/g dt)

n_

by partial integration. The first term in the line above is simply

/ CY(t)(1 = )22 dt = [(1 = 12), CY (1)),

and hence vanishes whenever j ¢ {0,2}. Therefore, if j € No\{0, 2}, then

1
d ., e
W—RVQZ/;FMQﬁCA@O—ﬂﬂ M2 qt

- /1 B _tZ)dth”( )(1 — ) =h=2)/2 gy

(n+j—2) / Fy(t t2)(n_k_2)/2 dt — (j + 1)aj+1
=n+7j-2)[; - (j+1)aj,
where we applied partial integration. A quick rearrangement of this equation gives
g+l
I k4 277t

Plugging this expression for I; into (3.17) and rearranging the resulting equation yields

the recursion formula

(k+7—2)(n+j—3)
CESEDIES)

ajp1 = a1, J € No\{0, 2}.
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> Due to this recursion formula, it only remains to show that ag, a1, and as are
non-zero. From the definition of Fy, it is easy to see that

1
a :/ FL(t)(1 — £2)n=k-2/2 gy 5 .
—1

Moreover, using partial integration, we obtain

1 —9 sl
a1 = (n— 2)/ 11— )R D (1) dr =" k/ (1—£2)=D/2 g 0.
-1 - -1

The Gegenbauer polynomial C§ has the explicit representation

n(n — 2)

CY(t) = t((n—1) = (n+2)(1—1t%)).

With some partial integration, one arrives at
1 1
ag = n(n—2) n—1 / (1_t2)(n—1)/2 dt — n+2 / (1_t2)(n+1)/2 dt
6 n—k -1 n—=k + 2 -1
nn — 1)wpio

= k)= k4 2w

This shows that a; # 0 for all j € Ny, proving that ng}l_k is injective on C(S). O

We end this section with another injectivity result.
Lemma 3.23 ([13, Lemma 2.4]). Letk € {1,...,n}, j > 1—Fk, and f € C(S). If g ;f is
a linear harmonic on S(E) for every E € G(n, k), then ng;f is a linear harmonic on S.

Proof. For every E € G(n, k) and w € S(E), the Funk-Hecke theorem yields
w
[ i@y -o do =% mps f)(w).
S(E)
Applying this and Lemma 3.17, we obtain

M A\ (o) o do — .
/S(m,jf)( ) d /G(n,k’)/S( Eame i f)(v) dv dE
- / / (meif))me1(u-.)](v) dv dE
G(n,k) JS(E)

wn
= e / lulE] / (i3 f)(W)prgu - v dv A
k+2 JG(n.k) S(E)

Wh42 W
= Ot2 Tk |l E|l(7z;f)(prgu) dE
wit2 K Jamk)

_ Wiz Wi, 1]
- W2 L (Trl,jf)(u)

for all w € S. Hence, ng; f is a linear harmonic on S. O
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Note that the last two results combined show that if f € C(S) such that 7g 1% f is
a linear harmonic for all £ € G(n, k) then ngf]l_k f is a linear harmonic, and hence f is a

linear harmonic.

3.4 Berg’s Functions

Now we come to the last ingredient for our proof of a representation formula for the
mean section operators. In Section 2.3, we have already given a brief introduction into
Christoffel’s problem, which is the question how the first area measures of convex bodies
can be characterized. An important part in the solution to Christoffel’s problem are Berg’s
functions, which are defined inductively as follows:

Definition ([5, Théoréme 3.3]). Berg’s functions are the functions g, € C*(—1,1),n > 2,
defined by the following recursion:

1 1
g2(t) := —(m — arccost)\/1 — 2 — —t,
m

27
4
g3(t) :=1+tlog(l —1t) + <3 - log2> t,
n+1 , n+1 (n+ 1)wnt1
t) i= —tg, (t ——gn(t — 1.
gn+2( ) (n—1)2 gn( )+’I’L—1gn( )+ (n+2)wn+2

We summarize the most important properties of Berg’s functions in the following the-
orem, which was proved inductively by C. Berg:

Theorem 3.24 (|5, Théoréme 3.3]).
(i) If n > 2, then g, € C°(-1,1) and g, € L}[~1,1],. In particular, g, € M(S,e).
(i) If n >3, then gn(t)vV1 —t2 € L1[—1,1],.
(iii) If n > 2 then

1 = N(n,k) n—1
n ~ Py - Pl
wn_lg 0 +kz_2 wp (k=D(n+k—1)"

As a consequence of Theorem 3.24 (iii), if K € K", then
1

Wn—1

ho(K> ) - SI(K7') * Jn (3.18)

in the sense of measures and distributions, respectively. Since the measure g, has a density,
the right hand side has the density given by w, ', Js gn(u - v) dS1(K,v) as a function in
u € S. This means that for almost all u € S, this integral exists and takes the value
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ho(K,u). By developing and applying a certain procedure, known as Berg’s averaging
procedure, C. Berg was able to show that in fact the integral exists for all u € S and
depends continuously on u € S, which leads to the following result:

Theorem 3.25 ([5, Théoréme 5.1]). For all K € K",

ho(K,u) = ! /gn(u-v) dSi(K,u), u€S.

Wn—1Js
As a corollary, C. Berg was able to give the following answer to Christoffel’s problem:

Corollary 3.26 (|21, Theorem 8.3.8]). A positive measure p € M(S) is the first area
measure of a convex body if and only if p * G, is the support function of a convex body.

Now that we have discussed the definition, some properties, and the historical relevance
of Berg’s functions, it is time to relate them to the main objective of this chapter. We
have already seen in (3.5) that

Ms(K),-) = L S, K g
h’( 2( )7)_m n—l( 7')*92- (319)

In the previous section, we have seen how spherical liftings and projections relate convex
geometry in subspaces to convex geometry in the ambient space and also relate the k-th
mean section operators My to Ms. Interestingly, the characteristic property of Berg’s
functions, stated in (3.18), causes them to interact with spherical liftings and projections
exactly in such a way that everything fits together, casually speaking.

In order to be able to work with Berg’s functions, we need the following integrability
result:

Lemma 3.27 ([13]). Let k € {3,...,n} and E € G(n,n —1). Then for all u € S, we
have that gi(u-.) € Mg _pni1,—1(S) and the measure g _pik—195(u-.) € M(S(E)) has a
density that is continuous on S(E)\{prgzu}.

Proof. First, note that du(v) := |[v|E|'dv is a finite measure on S. Due to Theo-
rem 3.24 (i), the function g, is the density of a zonal finite signed measure on S. Thus,
1% Jp, 18 again a finite signed measure on S that has the density

/S gnl- - 0) [0} B do.

We choose ug € S in such a way that E = ug. Then for almost all u € S, we can make the
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computation

/S Il Bl g - v)] do

:/ / gn(u-y)| (y - v)"* dy dv
S(E) JH(E,v)
1
:/ / gt o+ V1= 2T = (- ug)prgu - v)| (1 = )72 dt dv
S(E) J-1

B /S(E)x[—l,l}

(with the convention that prpug = pry(—up) = o). Clearly all of the integrals are finite
if uw = *ug. Due to our previous considerations, this must also be the case for some
u # tug. In that case, observe that the integrand in the last line has its sole singularity
at (v,t) = (prgu,u - up) and is continuous everywhere else. It can easily be deduced that
for all (w,\) € S(F) x (—1,1), the double integral

1
/ / ‘gn(t/\-i- V1=12V1— X Nw-v)
s(E) J-1

must be finite. Since every u # +ug can be written as Aug + v'1 — A2w for some (w, \) €
S(E) x (—1,1), it follows that gp(u-.) € Mg _1(S) for all u € S. Moreover,

Al —1gn(u - ))(v) = /H ) dy

gn(tu-ug+ V1 —t2/1— (u-up)?prgu - v)‘ (1 —t3)=D/2 g (v, )

(1 —t3)=972 gt dy

s0 g, —1gn(u - .) has a density that is continuous on S(E)\{prgu}. O

Lemma 3.28 (|13, Lemma 4.2]). Let E € G(n,n —1). Then for all w € S and v €
S(E)\{prgu}, we have

(n—1)wp—1
(n — 2)wp—2

where wg,. : S — R" is a continuous function depending only on E.

(7B, —1gn(u-)](v) = [TE19n-1(- - 0)](w) + wp W - v, (3.20)

Proof. For a smooth convex body K € K" !(FE), the characteristic property of Berg’s
function g, yields

ho(K,u) = ! /gn(u-v) dS1(K,v)

Wn—1Js
n—2

__n=2 / gn(u-v) dlrl,_ SP(K, ) (v)

(n—1Dwp—1Js
n—2

__n-2 / [, 19n(u - )] (v) dSE(K, ).
S(E)

(n—1)wp—1
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On the other hand, applying the characteristic property of g,—1 to K as a convex body
in the space F yields

ho(K,w) = [ 1 hg (K, )] (w)
= |[ul B|lhg (K, prgu)

1

- / | Ellgn—1 (pru - v) dSE (K, v)
W2 Js(p)
1 .

- / [ 11 (. - 0)] (u) dSE (K, v).
wn—2 Js(p)

Consequently, for every u € S, there is a vector wg, € R" such that (3.20) holds for
almost all v € S. For this fixed u € S, the expressions [7p,_1gn(u - .)|(v) and [7F 1 gn—1(. -
v)](u) are both continuous at every v € S\{prgu}, which shows that (3.20) holds for all

v € S\{prpu}.
For fixed v € S(E), both [rg —1gn(u - .)](v) and [} 1gn—1(. - v)](u) are continuous at
every u € S\H(E, v), so wg,, must also depend continuously on u. O

With a clever trick, the result can be generalized to other Berg functions g.

Lemma 3.29 (|13, Lemma 4.2|). Let k € {3,...,n} and E € G(n,n —1). Then for all
u €S and v € S(E)\{prgzu}, we have

o1 1(0) = g2 g (- 0)(0) + o

where wg,. 1S — R" 1 u+— wg, 15 a continuous function.

Proof. By expanding the expressions in the statement of the previous lemma, we obtain
that, for all w € S and v € S\{pryu},

1
/ gn(tu - up + m 1— (u-up)?prgu-v)(1— t2)(n*4)/2 dt
1

= / gn(u-y)(y-v)" 3 dy
H(E,v)

= [mE,—19n(u- )] (v)
= cn[Tp19n-1(- - V)][(w) + wgy - v

= callulEllgn-1(prpu - v) + wpu - v,

where wg, € R" depends continuously on u and where ¢, := % For a fixed
u € S, observe that all expressions involved are constant along the sets pryp - v = ¢, hence

wgy = fe(u)prpu for some continuous function fr: S — R.
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Now observe that for any a € [—1,1] and § € [-1,1), we can find v € S and v €
S\{prgu} such that & = u - ug and § = pryu - v. Thus we obtain that for all a € [—1,1]
and € [-1,1),

/1 gnlat + BV1 —a2V/1 — 2)(1 — t2)"=D/2 gt = c,/1 — a2g,_1(8) + fu(@)B, (3.21)
1

where f, : [-1,1] — R is a continuous function depending only on n.
It follows that for all u € S and v € S(E)\{prgu},

TE,—ntk—19k(u - .)](v)

= / gk (u-y)(v- y)k*S dv
H(E,v)

1
= / gi(tu-ug+ V1 —123/1— (u-ug)2prgu-v)(1 — t2)F=9/2 g¢
1

=cpv/1— (u-up)?gk—1(prgu-v) + fr(u - up)pryu - v

= c[mg 1 gk—1(- - v)}(u) + wEu - v,
where wg 4, := fr(u - up)pryu. O
Proposition 3.30. Let k € {3,...,n}, j €{0,...,k—2}, and E € G(n,n— j). Then for
every f € C(S), we have
(I{Z — 1)wk,1
—Jj—Dwk—j1

7B, —nt+k—1(f * gr) = G (mEAf) * Gh—j +wirE - (3.22)

for some wy p € R™.

Proof. We fix k € {3,...,n} and prove the statement by induction on j € {0,...,k — 2}.
> j = 0: The base case is trivial, since mg ,, is just the identity map for £ = R".
> j — j 4 1: For carrying out the induction step, suppose that the statement holds for
some j € {0,...,k—3}and all E' € G(n,n—j). Then, take an arbitrary £ € G(n,n—j—1)
and f € C(S). We may choose some E’ € G(n,n — j) such that E C E’. By applying
Lemma 3.14 (ii) and the induction hypothesis, we obtain

v / v
T8, nik—1(f * Gk) = T8 k1 7B —ntk—1(f % i)
E’ v E'
= ki TE —nk—1(TE 1) % Gr—j) + T8 _pyxa(WrEr -,

— (k—Dwp—1
where Ck,j = m
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By applying Lemma 3.29 to the first summand and using the integrability properties
established in Lemma 3.27, we obtain

(78 ket (1) * Gig)] (0)

— / / () (W) gy (- ) dut (0~ )F55 dy
H(E";Ew) JS(E)

— / (1) (1) / gy y) (0 - )T dy du
S(E) H(E";E )

— / (1 F) W) 1 gy (- )] (v)
S(E")

= Ch—j /S(E')(TFE',lf)(U)[(W§:1)*gk—j—1(- -0)](u) du +wy g v
= cr—jl(mEa f) * Gr—j—1](v) + W) - v,

o (k—j—l)wk—j—l

where ¢j_; = T2 and w'; g 1= fS(E/)(WE',lf)(U)wE/,u du.
Due to Lemma 3.17, there is a vector wgﬁ € R™ such that Wg:_nJrk_l(wf’E/ c) =
W ). en, defining wy g := W’ p + W% and observing that ¢ jcp—; = cr 1
}E Then, defining wy, }E }E d ob ing that cgjcp—; J+
completes the proof. O

Now we have all tools available for proving the desired formula for mean section oper-
ators. Note that a crucial ingredient will be the symmetry result on bivaluations.

Theorem 3.31 ([13, Theorem 3.4 and 4.3|). If k € {2,...,n} and K € K", then

h(My(K),u) = mn,k/Sgk(u v) dSp—k1+1(—K,v)

for almost all u € S, where

— (
Mnpk = 20—k + 1)7T(k—1)/2 F(%

Proof. We already know from Theorem 3.10 and Theorem 3.25 that this is true in the
cases where k = 2 and k = n, so only the cases where k € {3,...,n — 1} remain.
Note that the statement means exactly that

h(My(K),-) = my Sp—k+1(—K, ) * gk

in the sense of measures and distributions, respectively. Since both sides depend contin-
uously on K, it suffices to prove this for smooth convex bodies K € K". Recall that all
area measures of a smooth convex body have smooth densities.
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Next, let £ € G(n,n —k +2) and C € K" **2(E) be arbitrary. Then

(h(Mk(K), "), Sn—k+1(C,-))s
= Cn,k<h(Mk(K)v ')7 Wz?,—n—l—k—lsf—k-‘rl(cv )>S due to (310)

= oo (TB, —nih-1h(My(K), ), SE_111(C, ))s(m)

for some constant c,, .
On the other hand,

(h(My(K), ), Sn—k+1(C,+))s

= <h(Mk(C) )y Sn—k1(K,))s due to (2.4)
k(51 h(M5 (C), ), Snkr1 (K, -))s due to (3.11)

= an< (M3 (C), ), TE1Sn—k+1(K, ))s(p)

=k (SE_ji1(—=C, ) * G2, TE 1 Sn—rr1 (K, ))s(m) due to (3.19)

= Cai{SH ki 11(Cy ) * G2, TE 1 S ki1 (K, ))s(m)

= k(T2 Sn—ki1 (=K, ) * G2, S5y 1 (Cs sy due to (1.7)

= oo (TB,—nh-1(Sn—k1 (=K, ) % Gi), S 41 (C, smy  due to (3.22)

for some constant cy, .
Since C' and E were chosen arbitrarily, it follows that for all E € G(n,n — k + 2), the
function 7g _y,4r—1f is a linear harmonic on £, where

f = h(Mk(K), ) — Cn,ksn,k+1(—K, ) * gk S C(S) (3.23)

and ¢, 1, is some constant. Now our injectivity results on mean lifted projections come into

play. Due to Lemma 3.23, the function 7r£ 512] 1

lifted projection operator 7r£ Sii] 1 is an injective multiplier transform due to Proposi-

tion 3.22, hence f is also a linear harmonic on S. Since f is also centred, f = 0.
The constant ¢, 1 in (3.23) can be effectively computed from (3.10), (3.11), and (3.22).
Alternatively, it can also be computed from (3.1). O

f is a linear harmonic on S. The mean

Finally, we want to mention that with Berg’s averaging procedure, one can prove that
the formula obtained above is true for all v € S, whenever dim K >n — k + 1.

Theorem 3.32 (|13, Theorem 4.4|). Ifk € {2,...,n} and K € K™ withdim K > n—k-+1,
then

ho(My (K ), 1) = 1,1 /S (- v) Sy re1(—K,v),  ue€S,

where my, 1, 15 as in the previous theorem.
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Chapter 4

Log-Concavity of Minkowski
Valuations

The Brunn-Minkowski inequality for intrinsic volumes states that for i € {2,...,n},
Vi(K + L)Y > V;(K)Y + V(L)Y

for all n-dimensional convex bodies K,L € K™ with equality if and only if K and L are
homothetic. It is natural to ask to what extent this is true for the composition of intrinsic
volumes with homogeneous Minkowski valuations.

uestion 1. For which i, jec{l,....ntand ®; € M Vals () does the generalized Brunn-
J ) 3 J ] g
Minkowsk: mequalzty for Minkowski valuations

V(@5 (K + L)Y = V(@5 (K)7 + Vy(@5(L) Y (4.1)
hold and what are the respective equality conditions?

The aim of this chapter is to present the research done on this question. In Section 4.1
we start off with a result from Schuster in 2006 that covers the case where j = n — 1, then
in Section 4.2 and Section 4.3, we discuss a result from L. Parapatits and F. Schuster from
2011 that covers the cases where ¢ < j + 1, and in Section 4.4 we state the most recent
result from 2014 which is due to A. Berg, L. Parapatits, F. Schuster, and M. Weberndorfer.
Note that in order to shorten some arguments, the exhibition of the research will not be
entirely chronological.

First of all, we want to discuss some trivial cases. If ®; € MValJSO(") is the trivial
Minkowski valuation, that is, if ®;K = {o} for all K € K", then equality holds in (4.1).
For the marginal cases where i =1 or j € {1,n}, the following is known:
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Lemma 4.1. Leti,j € {1,...,n} and let ®; € MVal?O(") be non-trivial. If i = 1 or
j €{1l,n}, then - - -
Vi(®;(K + L)YT > V(@ K)V 4 V(@)1 (4.2)
for all n-dimensional K, L € K.
(1) Ifi=j =1, then equality always holds in (4.2).
(ii) Ifi =1 and j > 1, then equality holds in (4.2) if and only if K and L are homothetic.
(iii) Ifi > 1 and j = n, then equality holds in (4.2) if and only if K and L are homothetic.
We will give a short proof of this theorem at the very end of the chapter. Until then,
we will focus on the non-trivial cases where i € {2,...,n} and j € {2,...,n —1}.
Before we exhibit the research done on Question 1, we want to remark that geometric

inequalities of this kind are often stated in different forms. Therefore we provide a lemma
that states in a very general way that these kind of formulations are always equivalent.

Lemma 4.2. Let ¢ : K™ — [0,00) be a continuous translation invariant function homoge-
neous of degree 1 such that ((K) > 0 for every n-dimensional K € K™. Then the following

statements are equivalent:
(a) For all n-dimensional K,L € K",

C(K + L) = ¢(K)+¢(L) (4.3)

with equality if and only if K and L are homothetic.
(b) For all n-dimensional K,L € K™ and X € (0,1),

C((L= MK +AL) = (1= N((K) + X (L) (4.4)

with equality if and only if K and L are homothetic.
(c) For all n-dimensional K,L € K™ and X € (0,1),

C((1 = VK +AL) > ((K)(D) (4.5)
with equality if and only if K and L are translates of each other.

Proof. First we show that the three inequalities (4.3), (4.4), and (4.5) are equivalent, then
we show that the respective equality conditions are equivalent.

> Clearly, the implication (4.3)= (4.4) follows from the homogeneity of (.

In order to see that (4.4)=(4.5), define f(A) := ¢((1 — A\)K + AL) and then observe
that (4.4) states that f is concave and (4.5) states that f is log-concave.
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In order to show (4.5)=-(4.3), assume that (4.5) holds for all n-dimensional K,L € K"
and A € (0,1). Then

((K+1L) :<<<(K+L >:<<C( (x) K ¢(L) L>

C(K) + (L) K) +¢(L) ) +¢(L) ¢(K) " ¢(K) + (D) (D)

C(K) ¢(L)
- C< K ><<K)+4(L> ¢ (L><(K)+c<L) _
7 \((K) ¢(L)

for all n-dimensional K, L € K™.

> Now we show that the stated equality conditions are equivalent.

Clearly, if K and L are homothetic, then equality holds in (4.3) and (4.4). Moreover,
equality holds in (4.3) for K and L if and only if equality holds in (4.4) for (1 — A)K and
AL. Hence, one equality implies the homothety of K and L if and only if the other does.
This shows that the equality conditions in (a) and (b) are equivalent.

Next, we show that the equality condition in (c) implies the equality condition in (a).
To that end, suppose that the equality condition in (c¢) is true and that equality holds
in (4.3) for K and L. Then our computation in (4.6) entails that equality holds in (4.5)
for ((K)™'K and ¢(L)~'L. Then these are translates of each other, so K and L are
homothetic.

Lastly, we show that the equality condition in (b) implies the equality condition in
(¢). Obviously, if K and L are translates of each other, then equality holds in (4.5). Now
suppose that the equality condition in (a) is true and that for all A € (0, 1), equality holds
in (4.5) for K and L. Then the concave function f(\) := (((1 — A\)K + AL) is of the form
fA) = C(K)(C(L)/¢(K))*. This is only possible if f is constant, which implies that K
and L are homothetic, that is L = aK + z for some « > 0 and x € R”. Plugging this into
(4.5) yields 1 — A4 Ao = o for all A € (0, 1), which is only possible if @ = 1. Thus K and
L are translates of each other. O

(4.6)

The following lemma provides general information about homogeneous Minkowski val-
uations in MVal®°(™ that will be used throughout this chapter.
Lemma 4.3. Let j € {0,...,n} and ®; € MVal]S.O(n).
(i) The convex body ®;K is centered for all K € K™.
(ii) There exists r(®j) > 0 such that ®;B = r(®;)B. If ®; is non-trivial, then r(®;) > 0.

(iii) We have
Wi—1(®;K) = r(®;)Wy—;(K) (4.7)

forall K € K™.
Proof. For (i), define

§: K" - R":5(K) :=s(K)—s(®,K),
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where s : K" — R” denotes the Steiner point map. Observe that s is a rigid motion
invariant and continuous vector valued valuation. Thus 5 is the Steiner point map, which
implies that s(®;K) =0 for all K € K".

For (iii), observe that K — W, _1(®;K) is a continuous and rigid motion invariant
valuation on K", homogeneous of degree j. Hence, Hadwiger’s characterization of the
intrinsic volumes entails that there is some constant ¢ € R such that W,_(®,;K) =
cW,,_;(K) for all K € K". Putting K = B shows that ¢ = r(®;).

For (ii), note that if r(®;) = 0, then (4.7) implies that W,,_1(®;K) = 0 for all K € K.
Thus dim(®;K) = 0 for all K € K", which implies that ®; is trivial. O]

4.1 Homogeneous Minkowski Valuations of Degree n — 1

A first answer to Question 1 posed at the beginning of the chapter was given by F. Schuster

in [23], which is the content of this section. The first step is to derive a representation
theorem for MValfL?(ln) from McMullen’s representation theorem for Val,,_;.
SO(n)
n—1

Theorem 4.4 (|23, Theorem 1.2|). For every ®,_; € MVal
f € Cy(S,e) such that

there exists a unique

W @p 1K, ") = Snu_1(K, ") * f, K e k" (4.8)

SO(n)

n—1

Proof. For showing existence, let ®,,_1 € MVal and let ¢,—1 € Vali_l denote its

associated zonal real valued valuation, that is
on—1(K) := h(®,-1K,e), K eK".
Due to Theorem 2.12, there exists a function f € C,(S) such that
on—1(K) = (f, Sn-1(K,-)), KeKk"
Since ¢, is zonal, we have that for all ¥ € SO(n —1,€) and K € K",
(0f, Sn1(K. ) = {f, a1 (0K, ) = 01 (0 K) = 1 (K) = (f, S (K, ).

It follows that f € Cy(S,€). Moreover, using the SO(n)-equivariance of ®,,_1, we obtain
that for all ¥ € SO(n),

h(®,_1K,0€) = h(®,_ 19 K,e) = ¢,_1 (V1K)
= (0f, Sn-1(K, ")) = (Sp-1(K, ) * f)(e),

showing (4.8).
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For showing uniqueness, suppose that we have two functions f, g € C,(S, €) that satisfy
Theorem 4.4. Then

(fs Sn—1(K, 7)) = on-1(K) = (g, Sn-1(K, )
for all K € K", which implies that f = g. O
This representation theorem motivates the following definition:
Definition. If j € {1,...,n — 1}, ®; € MVal;°", and f € C(S,e) such that
h(®;(K),-) = S;(K,-)* f, KeK",
then we call f the generating function for ®;.

Generating functions are always unique if they exist. Hence this notion makes sense.

The representation theorem above states that every ®,,_; € MValfL?(ln) has a unique

generating function.

Fix a Minkowski valuation ®,,_1 € MVali(B(ln) with generating function f € C,(S,e).
Note that for convex bodies K1, ..., K,—1 € K", the mixed area measure S(K1, ..., K,_1;-)
satisfies the conditions of Minkowski’s existence theorem, so there exists a mized convex
body [K1,...,K,—1] € K" such that

S(K1,...,Kpn-1;-) = Sp—1([K1, ..., Kp-1],-).
Hence we we may define
O (KM K (K, K1) = B 1 (K, K1)
and this map satisfies
hP(Ky,...,Kn-1),") =S(K1,...,Kp_1;") * f.
In particular, for j € {0,...,n — 1} we may define
Q;: K" = K" : h(P;K,-) :=S;(K,-) * [.

Clearly, ®; < MVal]S.O(n) and it admits the generating function f. Let us fix these
Minkowski valuations ®;, j € {0,...,n — 1}, for the remaining section.

An important feature of these Minkowski valuations is the symmetry and monotonicity
properties discussed in the following two propositions.

Proposition 4.5 (|23, Lemma 6.2]). Leti € {1,...,n} and j € {0,...,n—1}. Then
Wi (L, ®K) = Wiy j_1 (K, ;L) (4.9)
forall K, L € K™.
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Proof. Denote by f € C,(S,€) the generating function of ®; and ®;_;. Due to (1.7), we
obtain

W_i(L, &;K) = L(h(®;L), ;1 (K, ))
SJ( )*f7 i— I(Kv )>
Si—1(L, ") = f, 95(K, )
h(q)iflLa ')7Sj(K7 )>
n—j—1(K,®;1L)

for all K, L € K™ O

Il
=333
A~ o~~~

I
=

Proposition 4.6. Leti € {2,...,n}, j € {2,...,n—1} and suppose that ®; is non-trivial.
Then
forall K, L € K.

In particular, if K € K" is n-dimensional, then ®;K is at least i-dimensional.

Proof. Let K, L € K™ with K C L and define L. := L 4+ &B for € > 0. Then

h(<I>jLE,~):Sj(L—f—eB,-)*f:g(])sj CSy(L, )+ f = Z( >53 Ch(BL, ).

Since ®oL = ®oB = ®;B = r(®;)B, it follows from Lemma 4.3 (ii) that ®;L. is full-
dimensional. Due to (4.9) and the monotonicity of mixed volumes, we have for every
Cekn,

W, _i(C,®;L:) =Wp—j_1(Le, ®i—1C) > Wy j_1 (K, P,1C) = W,,—;(C, ®,K).
Thus, taking C' = ®;L. and using the general Minkowski inequality (2.8) yield
Wy i(®5Le)" > Wy i (B Le, ®;K)" > Wy i (D5L) W, (B K).

Since W,,—;(L:) > 0, we obtain W,,_;(®,;K) < W,,_;(®;L.). Due to ®; and W,,_; being
continuous, (4.10) follows by taking the limit ¢ — 0.

If K € K™ is full-dimensional, then rB + x C K for some r > 0 and z € R". Thus
(4.10) implies that W,,_;(®;K) > W,,_;(®;(rB + z)) > 0, so dim K > 1. O

Note that this proposition entails that the Minkowski valuations ®;, j € {2,...,n—1},
map n-dimensional convex bodies to n-dimensional convex bodies. It does, however, not
directly follow that this is true for all non-trivial Minkowski valuations in MVaIJS-O(n),
since the ®; were not chosen arbitrarily. In fact, the question whether this is the case is
currently an open problem.

The symmetry property (4.9) is the crucial ingredient in the proof of the following

inequality. Proposition 4.6 will be important for establishing the equality conditions.
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Theorem 4.7 ([23, Theorem 6.8]). Let i € {2,...,n}, j € {2,...,n — 1}, and suppose
that ®; is non-trivial. Then

Vi(@5(K + L))/ > Vi(@; KV 4 V3 (@5 L)1 (4.11)
for all n-dimensional K, L € K™ with equality if and only if K and L are homothetic.

Proof. First we prove the inequality, then we treat the equality cases.

> Define C' := ®;(K + L) and denote by ®;_; the Minkowski valuation in MValZ.Sol(n)
with the same generating function as ®;. The general Brunn-Minkowski inequality (2.6)
in combination with (4.9) yields

W, (C)T = Wi,y (C, @5 (K + L))"V
=W, (K + L,&;_,C)"
> Wy jo1 (K, @1 O)Y + Wy (L, ®;1C) I
= W,i(C, @ K) 7 4+ W, _i(C, )17,
Due to the general Minkowski inequality (2.8), we have
Wi, (C, @ K)" > Wi, (C) W, (2, K), (4.12)
Wi (C, ®;L)" > Wy (C) W, (P, L). (4.13)
By combining these two inequalities with the inequality above, we obtain
W, (C)YT > W, (C) YW, (@, K)YT + W,,_(C) YW, (®,L)Y.
Due to the previous proposition, W, _;(C') > 0, hence
Woi (O 2 Wiy (@) 4 Wiy @5 L)Y

Putting C' = ®;(K + L) and W,,_; = kp—; (")‘lvi yields the desired inequality.

>> Suppose now that equality holds in (14.11). Then equality must also hold in (4.12)
and (4.13). Due to the previous proposition, ®;(K + L), ®;K, and ®;L all have dimension
at least ¢. Thus the equality condition of (2.8) in combination with Lemma 4.3 (ii) entails
that there exist A, 4 > 0 such that

K =\0;(K+L) and ®;L=pud;(K+L). (4.14)

Plugging (4.14) into (4.11) gives
/\1/j + /~L1/j =1

and plugging (4.14) into (4.7) gives
W, j(K) = AW, _;(K +L) and W,_;(L) = pW,_;j(K + L).
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Combining the two equations above yields
W, (K + L)Y7 = (Y7 4y, (K + L)Y
= Wn_j(K)l/j + Wn_j(L)l/j,
so the equality condition for (2.7) implies that K and L are homothetic. O

In the special case, where j = n — 1, we obtain:

Corollary 4.8 ([23, Theorem 6.8]). Let i € {2,...,n} and let &,_; € MVal'ot") pe
non-trivial. Then

Vi(®, 1 (K + L)V > vy(®,_ K)V =D 4 vy (@, L)1
or all n-dimensional K, L € with equality if and only 4 an are homothetic.
for all n-d LK, L eK" with lity of and only of K and L h h

Note that for j € {2,...,n — 2} we can not derive such a corollary from Theorem 4.7
since the representation theorem at the beginning of this section only treats the case where
j =n —1, and the Minkowski valuations ®; € MVal]SO(n), j€42,...,n— 2}, were not
chosen arbitrarily.

4.2 The Steiner Formula for Minkowski Valuations

We have seen in the previous section that for every &, 1 € MValig(ln), we can derive

Minkowski valuations ®; € MValjs-O(n), j €40,...,n— 1}, such that

n—1
n—1
¢, 1(K +¢eB) = 25”7173 (n ; ><I>jK
=0

for all K € K™ and € > 0. Thus, Minkowski valuations in MValfL(z(ln) satisfy some kind
of Steiner formula. In some sense, the fact that the Minkowski valuations ®; were derived
from ®,,_; in this way brought about the symmetry property (4.9), which in turn was the
key to Theorem 4.7. This observation motivates the general Steiner formula for Minkowski
valuations, which was proved by L. Parapatits and F. Schuster in 2011 and will be discussed
in this section.

In fact, we have even obtained a polynomiality result similar to Theorem 2.8 for valua-
tions ®,,_1 € MValTSl?(ln) , which is much stronger than Steiner’s formula. Hence, one could
ask whether such a polynomiality theorem can be proven for every ® € MVal, or equiv-
alently, whether a McMullen decomposition theorem can be proven for every ® € MVal.
In general, this is not the case, as was shown by T. Wannerer and L. Parapatits.

However, from the McMullen decomposition of CVal and the characterizations of Vq
and V,,, we obtain the following decomposition theorem for Minkowski valuations:
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Lemma 4.9. For every ® € MVal, there exist convezr bodies Lo, L, € K", and for every
je{l,...,n—1}, a valuation in CVal;, denoted by K — g;(K,-), such that

h(®K, ) = h(Lo, ) + Y g;(K,") + Va(K)A(Ly, "), K e K" (4.15)

Proof. The proof will be carried out in three steps: finding g;(K,-), j € {0, ...,n}, showing
that go(K,-) and g,(K,-) are support functions, and finding Lo and L,,.

> For the first step, consider ® : K + h(®K,-), the valuation in CVal associated with
®. Via the McMullen decomposition of ®, we obtain for every j € {0,...,n} a valuation
in CValj, denoted by K — g;(k,-), such that

hPK, ) =go(K, )+ Zg] )+ gn(K, ), K e K"

> It only remains to take care of go(K, -) and g, (K, -). To that end, extend all g;(kK,-)
to 1-homogeneous functions on R™. Next, fix some x,y € R" and define a valuation
¢ € Val by

o(K) :=h(®PK,z+y) — h(®PK,z) — h(PK,y), K eK".

Then ¢ is always non-negative and the j-homogeneous component in its McMullen decom-
position is given by

0 (K) = g;(K,z +y) — g;(K,z) — g;(K,y), K ek (4.16)
For K € K™ and A > 0, we have

0 < p(AK) = ZAJ% ) 4+ Apon(K).

Taking the limit A — 0 shows that ¢ (K) > 0; dividing by A" and taking the limit A — +oc0
shows that ¢, (K) > 0. Due to (4.16), it follows that go(X,-) and g¢,(kK,-) are support
functions.

> Lastly, we need to find Ly and L,. To that end, fix u € S and define

wU(K) = gO(Kv u)7 ¢n(K) = gn(K, U), KeKk".

Then g € Valy and ¢, € Val,. Since Valy and Val,, are spanned by Vo and V,,
respectively, there are functions hg, b, : S — R such that

go(K,u) = ho(u) and  gn(K,u) = Vp(K)hy(u).
From the fact that go(K,-), gn(K,-) are support functions follows that hg, h, are the

support functions of some convex bodies Lg, L, € K". This completes the proof. O
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Hadwiger’s volume characterization theorem entails that for every valuation ¢; € Val,,
j €40,...,n}, and every subspace E € G(n, j), the restricted valuation ¢;|p : K/(E) — R
is a multiple of the intrinsic volume V;. This observation gives rise to the following map:

Definition ([17]). Let j € {1,...,n — 1}. The Klain map
Kl; : Val;r — C(G(n, 7))
is defined by
¢le = (Kljp)(E)Vj, p € Valf, E € G(n,j).
We call Klj¢ : G(n,j) — R the Klain function of ¢.

Theorem 4.10 (|21, Theorem 6.4.11]). For j € {1,...,n — 1}, the Klain map Kl; is
injective.

This means that every valuation ¢ € Valj, je{l,...,n—1}, is determined by its Klain

function Kljp. Thus, it is natural to ask how a valuation ¢ € Valj can be reconstructed
by its Klain function. The following theorem gives such a description for zonoids:

Theorem 4.11 (|21, Theorem 6.4.12]). Let ¢; € Val;, j € {1,...,n—1}. If Z€ K" is a
zonoid with generating measure p € M(S), then

03(2) = j, /S /S (Klj) (tin{un, ..., ug Do, ... ] dpa(r) - - dp(uz),

where [uy,...,u;| denotes the j-dimensional volume of the parallelepiped spanned by the
vectors uy, ..., u;.

As a consequence, we are able to prove a McMullen decomposition like theorem for
Minkowski valuations for zonoids.

Theorem 4.12 (|20, Theorem 4.2|). For every ® € MVal and zonoid Z € K™, there exist
convex bodies ®o(Z),...,P,(Z) € K™ such that

PAZ) =) N;(2), A> 0.
j=0

Proof. The strategy will be to define a suitable valuation, show that its homogeneous
components are non-negative for zonoids, and then deduce the statement from that.

> Let & € MVal and K € K". Then, by Lemma 4.9, there exist convex bodies
Ly, L, € K™ and continuous functions g;(kK,-) € C(S), j € {1,...,n — 1}, such that

n—1
WOK,-) = h(Lo,-) + > Mgi(K,-) + X"V (K)h(Ln,-), A > 0.
j=1
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Extend the g;(K,-) to 1-homogeneous functions on R", and for fixed z,y € R", define a
valuation ¢ € Val by

o(K) = h(®PK,z+y) — h(®PK,z) — h(PK,y), K eK".

Then ¢ is always non-negative and for j € {0,...,n}, the j-homogeneous component in
its McMullen decomposition is given by

i (K) = gj(K,z +y) — gj(K,z) — g;(K,y), KeK", (4.17)

where go(K, ) := h(Lg,-) and gn(K,-) := Vo (K)h(Ly,-). In particular, @9 and ¢, are
non-negative.

> In order to show that the components ¢;, j € {1,...,n — 1}, are also non-negative,
we will make use of the Klain map. To that end, take j € {1,...,n —1} and E € G(n, j).
Then, ABN E € KI(E) for A > 0. For every i > j, choose some E' € G(n,i) such that
E C E' and note that due to Hadwiger’s volume characterization theorem, ;| g is a scalar
multiple of V;. Consequently, ¢;(AB N E) =0 for all i > j, so we obtain

j—1
0<@(ABNE)=> Xgi(BNE)+XNgj(BnE), A > 0.
=0

Dividing by A and taking the limit A — +o00 shows that ¢;(BNE) > 0. Denote by gpj[ the

even and odd part of ¢;, respectively. Since BN E is centrally symmetric, ¢~ (BN E) =0
and thus

(KL ) (E)kj = (Kl )(E)Vj(BNE) = ¢ (BNE) = ;(BNE) > 0.

This argument shows that Kljgp;-|r is a non-negative function. Hence, Theorem 4.11 entails
that @j(Z) > 0 for all zonoids Z € K". Since all zonoids are point symmetric, it follows
that ¢; (Z) = 0 and thus ¢;(Z) > 0.

> Due to (4.17), it follows that whenever Z € K" is a zonoid, g;(Z,-) is a support
function for j € {0,...,n}. Hence, there exist convex bodies ®;(Z), j € {0,...,n}, such
that g;(Z,-) = h(®;(Z),-) which completes the proof. O

As a consequence, we obtain the Steiner formula for Minkowski valuations:

Theorem 4.13 ([20, Theorem 2|). For every ® € MVal, there are unique ®U) € MVal,
j €{0,...,n}, such that

(K +eB) =Y " 7oU)(K), KeKk" £>0. (4.18)
§=0
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Proof. Let K € K™ be fixed and define

oK L KM o K K (L) = d(K + L), Lekm
Observe that ®% € MVal. By Theorem 4.12, there exist convex bodies <I>]K(B), j €
{0,...,n}, such that

n
O(K +eB) =9"(eB) = > oK (B), e>0.
§=0

Define ®U) by , ,
oW - K" — K" 00 (k) = oK (B).

Then clearly (4.18) is satisfied and it remains only to show that @ULE MVal. To that
end, consider the valuation in CVal associated with ®, denoted by ¢ : K — h(®K,-).

From applyi@he Steiner formula to @ and the uniqueness of its derived valuations 60)
follows that ®0) = ) € CVal, and thus ®) € MVal. 0
4.3 A Derivation Operator on Minkowski Valuations

The Steiner formula for valuations in Val gives rise to a derivation operator:

Definition. We define the derivation operator

A : Val — Val,
d
(Ap)(K) = pr o(K +tB).
t=0

Note that A is linear and A(Val;) C Val,;_; for j € {1,...,n}.
Now that we also have a Steiner formula for Minkowski valuations in M'Val available,
we can analogously define such a derivation operator on MVal:

Definition. We define the derivation operator

A : MVal — MVal,

h((AD)(K), u) := % ~ h(®(K +tB), u), ueS.

Note that A(MVal;) € MVal;_; for j € {1,...,n}.
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Observe that the derivation operator on MVal corresponds to the derivation operator
on Val by means of the associated real valued valuation of Minkowski valuation. That is
to say, the diagram

MVal; —— MVal,
Val; —2— Val;

commutes, where the downward arrows represent the map assigning to a Minkowski valu-
ation its associated real valued valuation.

This derivation operator on MVal will allow us to generalize the symmetry property
(4.9). Recall that (4.9) was a consequence of the self-adjointness of convolution operators.
Now that we do not have this tool available, we need to base our argument on a stronger
tool, which will be provided by the symmetry theorem for bivaluations. In order to use
this tool, we need to define some operators on the space BVal.

Definition. We define derivation operators A1, A2 : BVal — BVal by

(M1@)(K, L) == % . ¢(K +tB,L), (A2¢)(K, L) := % . ¢(K, L+ tB).

We define an operator 7' : BVal — BVal by
(T¢)(K, L) := o(L, K).

Note that for i,j € {0,...,n}, we have A;(BVal;;) € BVal,_;; if ¢ > 0 and
Az(BVal; ;) € BVal;;_; if j > 0. Moreover, T is an isometric automorphism on the
Banach space BVal, acting as an isomorphism between BVal;; and BVal;; for i,j €
{0,...,n}. These operators interact expectantly, which is expressed in the following lemma:

Lemma 4.14 ([20, Corollary 6.3]). For all k € No, we have TAY = A5T.
Proof. By the definition of Ay, T, and Ao,

(MO)K L) = G| 6K +B,1) = G| (To)(L K +tB) = (ATo)(L, ).

showing that A; = TAT. From this equality and the fact that 7" is an involution, we
deduce that
TAY = T(TA,T)* = TTAST = AST

for all £ € Np. O

Using the symmetry theorem for bivaluations, we are now able to prove a symmetry
property of Minkowski valuations that generalizes (4.9).
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Proposition 4.15 (|20, Corollary 6.4]). Let i € {1,...,n}, j € {2,...,n — 1}, and
®; € MVall®™. Ifi < j+1, then

Wi (5, 2,) = W, (2 (4 ) (4.19)
forall K, L € K™.
Proof. Define ¢ € BVal; ; by
O(K, L) = Wy_j_1 (K, ®,L), K,Lek"
Due to (2.4) , T¢ = ¢, so the previous lemma yields

(AT9)(K, L) = (A59)(L, K)

for all k € Np. Let us now compute both sides of this equation. By induction on k& €
{0,...,7}, we obtain

J!
(A]fﬁb)(K» L)= mwn—j+k—1(K7 (I)jL)
and
(A5)(L, K) = Wa—j-1(L, (A*®;)(K)).
Hence,
an]Jrkfl(Kv (IDJL) - Twn—]—l(lﬁ ( (I'])(K))
Putting k = j — i+ 1 yields (4.19). O

Proposition 4.16. Let i € {2,...,n}, j € {2,...,n — 1} and let ; € MVal?O(") be
non-trivial. If i < j+ 1, then

foroll K, L € K™.

In particular, if K € K" is n-dimensional, then ®;K is at least i-dimensional.

This proposition can be proven similarly as Proposition 4.6, by using the Steiner formula
for Minkowski valuations and (4.19) in place of (4.9).

The symmetry and monotonicity properties above again provide a Brunn-Minkowski
inequality for Minkowski valuations.
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Theorem 4.17 (|20, Theorem 7.1]). Let ¢ € {2,...,n}, j € {2,...,n — 1}, and let
®; ¢ MValjso(n) be non-trivial. If i < j+ 1, then

Vi(®; (K + L)Y > Vi(@; KV 4 V(1)1 (121)
for all n-dimensional K, L € K™ with equality if and only if K and L are homothetic.

This theorem can be proven analogously as Corollary 4.8, with (4.19) in place of (4.9)
and Proposition 4.16 in place of Proposition 4.6.

4.4 Smooth Minkowski Valuations

Observe that the two results regarding Question 1, that we have discussed so far, Theo-
rem 4.7 and Theorem 4.17, were obtained in a similar way: Derive Minkowski valuations
of lesser degrees from other Minkowski valuations, proof a symmetry and monotonicity
theorem, and then obtain a generalized Brunn-Minkowski inequality. Hence, in order to
achieve further generalizations of the past results, it seems natural to ask for a process
that reverses the action of the derivation operator in some way. It turns out that we can
achieve that by imposing a condition of smoothness on the Minkowski valuations involved.

Recall that for a Minkowski valuation ® € MVal, its associated real valued valuation
@ € Val is defined as

p: K" = R:p(K):=h(PK,e)

and note that if & € MValSO(”)7 then it is uniquely determined by its associated real
valued valuation.

Definition. A Minkowski valuation & € MVal is smooth if its associated real valued
valuation is smooth.

We denote by MVal™ the space of smooth Minkowski valuations in MVal is and define
MValj® := MVal; N MVal™.

Moreover, we denote by MVal®C():> and MVaIJSAO(n)’OO the spaces of SO(n)-equivariant
Minkowski valuations in MVal™ and MValj®, respectively.

A recent result by F. Schuster and T. Wannerer characterizes zonal, translation invari-
ant, smooth valuations.

Theorem 4.18 (|22, Proposition 3.6, Theorem 5.1|). For every ¢ € Val?o’é, je{l,....,n—
1}, there is a unique f € CX(S,€) such that

@(K>:<fasj(K7)>7 KeK".

An immediate consequence is a representation theorem for smooth Minkowski valua-
tions, which can be derived from the theorem above in the same way that Theorem 4.4
was derived from Theorem 2.12.
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Theorem 4.19 (|22, Theorem 4.2|). For every ®; € MValjs-O(n)’oo, jedl,...,n—1},
there exists a unique f € CX(S,€), such that

h(‘I’jK, ) = Sj(K, ) * f, K e K"

Now that we have this representation theorem at hand, it is natural to ask how the
derivation operator A acts on generating functions. It turns out that its action on gener-
ating functions has a very nice description which also entails injectivity.

Lemma 4.20. Let j € {2,...,n—1}. If ®; € MValJSO(n),oo has the generating function
f € Cu(S,€), then AD; € MVal30 ()

) and its generating function is given by jf.
In particular, A : MVal

SO(n),00 _, MVal??fn)’oo 15 injective.

J

Proof. For every u € S, we have

d .
t=0
as can easily be seen by expanding the term S;(K +¢B,-). O
Consequently, the diagram
MVal; o> A Mvali o

| |

2 (s) ——— C(S)

commutes, where the downward arrows represent the map assigning to a smooth homoge-
neous Minkowski valuation its generating function.
We define some further subspaces of MValSO).

Definition. For ¢ € {1,...,n} and j € {0,...,n}, we define

so@m) ._ | MVal;”"), i<j+1,
MVal; )" = 7 SO(n)
7 ATITYMVal ™), Q> g+ 1,
and
SO(m)ee _ | MVal;o", i<+l
Mvalji—l T i 1] SO(n),c0 . .
’ A7I= (MVal, 7)), 0>+ 1.
Note that MVal3ot) € MVall®™ and MVal}{™ ¢ Mval®">. Moreover,

the operator

AT MVaLS ) 5 MVal O
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is well-defined.

For the purpose of the injectivity result on A, we restricted ourselves to smooth
Minkowski valuations. In order to generalize the results to non-smooth Minkowksi val-
uations, it is natural to make an argument of density and continuity. The density result
required for that is provided by the following theorem:

Theorem 4.21 (|22, Corollary 5.4|). Let i € {1,...,n} and j € {0,...,n}. Then

MVal "> s dense in MVal;"" and MVal3)""> is dense in MVal’; .

Using the way A acts on generating functions and the self-adjointness of convolution

SO(n),00

operators, we can give a short proof of a symmetry property for MValjﬂ.f1

Proposition 4.22 (|20, Corollary 6.4]). Let i € {1,...,n}, j € {1,...,n — 1}, and
SO(n),

®; € MVal;;"|"™. Then

W, (K, ®;L) = “;ﬁ”wn_j_lw (M1, (K)) (1.22)

forall K, L € K™,
Proof. Due to (1.7) and Lemma 4.20, we have

W,—i(L, ®;K) = 5 (h(®;L), Si—1(K, "))
— L(S(L, ) * £, 8 1(K, )
= H(Sia(L) = £.S(K.))
= 5P BT R (K), ), 85(K, )
= (5EW, o (K, (A7) (K)).

7!

O
SO(n)
Jii—1 -

SO(n
j,i—(l) b

Moreover, we obtain a monotonicity result for Minkowski valuations in MVal

Proposition 4.23. Let i € {2,...,n}, j € {2,...,n — 1} and let &; € MVal
non-trivial. Then

€

forall K, L € K™.
In particular, if K € K" is n-dimensional, then ®;K is at least i-dimensional.

The proof is analogous to the proof of Proposition 4.6, where the previous proposition
plays the role of Proposition 4.5. The smoothness condition on ®; can be dropped by an
argument of density and continuity employing Theorem 4.21.

Combining the symmetry and monotonicity results stated above, we obtain the most
recent result regarding Question 1.
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Theorem 4.24 ([4, Theorem 6.5]). Let i € {2,...,n}, j € {2,...,n — 1}, and let ®; €

MValJS-?_(TlL) be non-trivial. Then

V(@ (K + L)V > V;(9;K)Y7 + V(@ L)"4. (4.24)
for all n-dimensional K, L € K™ with equality if and only if K and L are homothetic.

The proof is analogous to the proof of (4.11), with (4.22) in place of (4.9) and Propo-
sition 4.23 in place of Proposition 4.6. Like before, the smoothness condition on ®; can be
dropped by an argument of density and continuity employing Theorem 4.21.

By virtue of Lemma 4.2, we can formulate a concavity and a multiplicative log-concavity
version of this theorem. The multiplicative version stated below is (almost) how this result
was originally formulated in [4].

Theorem 4.25. Let i € {2,...,n}, j € {2,...,n — 1}, and let ®; € MValjs-y(Z-)_(?) be
non-trivial. Then
Vi(@;((1 = N K + ML)V > (1 = MVi(0;K) Y9 AV, (@, L)V (4.25)

for all n-dimensional K,L € K™ and X\ € (0,1) with equality if and only if K and L are
homothelic.
SO(n) 4

Theorem 4.26. Let i € {2,....,n}, j € {2,...,n — 1}, and let ®; € MVal;

non-trivial. Then

e

Vi(@;((1 = MK + AL)) > Vi(®;K) V(@ L), (4.26)

for all n-dimensional K,L € K™ and X € (0,1) with equality if and only if K and L are
translates of each other.

We conclude this chapter by giving the proof for the trivial cases regarding Question 1.

Proof of Lemma 4.1. 1If j = 1, then Theorem 4.19 in combination with Theorem 4.21 entail
that every &, € MVal?O(n) is Minkowski linear, that is

(131()\K + ML) = )\CI)lK + M(I)lL

for all K,L € K™ and A\, u > 0. Consequently, if ¢ = j = 1, then equality always holds
in (42). If i > 1 and j = 1, then (4.2) reduces to the Brunn-Minkowski inequality for
intrinsic volumes.

If i =1 and j > 1, then (4.2) also reduces to the Brunn-Minkowski inequality for
intrinsic volumes due to (4.7).

If 7 = n, then Hadwiger’s volume characterization theorem entails that ®,, € MValEO(n)
can be represented as ®, K = ¢,V,,(K)B for some constant ¢, > 0. Consequently, (4.2)
reduces to the classical Brunn-Minkowski inequality. O
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Chapter 5

Log-Concavity of Mean Section
Operators

As was discussed in the previous chapter, a satisfactory answer to Question 1 is provided by
Theorem 4.24 in the cases where i € {1,...,n}, j € {2,...,n — 1}, and ®; € MVal]S-’?_(q).
However, in general

MVal > ¢ MVal’°",
so Theorem 4.24 does not cover all non-trivial cases. For ¢ = n, an explicit example of a
Minkowski valuation beyond the covered cases is provided by the centered mean section
operators. That is, if j € {2,...,n — 2}, then

M, —j41 € MVal;?\MVal ")

This follows from Theorem 4.4 and the fact that for £ > 3, Berg’s function g does not
extend to a C[—1, 1] function.

In this chapter we will present some of the most recent research on this topic in Sec-
tion 5.1 and then give a brief outlook on a possible strategy for tackling the open cases in
Section 5.2

5.1 An Integration Operator on Minkowski Valuations
We have already seen that the derivation operator A is injective on MVal?O(n)’Oo for
j €{2,...,n— 1}. This fact helped us to obtain a general Brunn-Minkowsi inequality for

Minkowski valuations in MVaIJS’?E?) that can be looked at as derivatives of a sufficiently
high order, since these are (up to a topological closure) precisely the Minkowski valuations
on which we can apply the inverse of the derivative operator sufficiently often.

Therefore, it is natural to look for an integration operator on MValS0) which, when

applied to a homogeneous Minkowski valuation, increases its degree of homogeneity, and
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which allows for a symmetry formula dual to Proposition 4.22. Like we did with the
derivation operator A, we first consider an operator on Val.

Definition ([1,2]). We define the integration operator
£:Val — Val,

o= [}] [ ewnmyaz

It is not hard to see that £ is well-defined. If ¢ € Val, then obviously £y is a
valuation. The translation invariance follows from the translation invariance of the measure
vy on A(n,n — 1) and the continuity follows from the continuity of intersections (cf. |21,
Theorem 1.8.10]). Moreover, due to the homogeneity of 1)}, we have £(Val;) C Val;; for
j€{0,...,n—1}

On smooth valuations, the action of £ can be described by means of the Alesker product:

Theorem 5.1 (|6, Theorem 3|). £ acts on Val™ by
£:Val™ — Val™ : Lo =V, - . (5.1)

Historically, the original definition of £ was given by (5.1) and then it was proved by
A. Bernig that this equals the integral representation. However, we prefer defining £ via
the integral formula for the benefit of having the operator defined on the whole space Val
to begin with.

In the same way that we lifted A from a derivation operator on Val to a derivation
operator on MVal, we can deal with £.

Definition. We define the integration operator

£: MVal - MVal,

h((L£®)(K), u) := m /A(n,n—l) h(®(K N E),u) dE.

Again, it is not hard to see that this operator is well defined, and that £(MVal;) C
MVale for j € {0, e, — 1}
Moreover, by definition the diagram

MVal; —— MVal,,,

| |

Valj % Valj+1

commutes, where the downward arrows represent the map assigning to a Minkowski valu-
ation its associated real valued valuation.
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Like we did with the derivation operator A in Section 4.4, we seek to describe the action
of the integration operator £ on generating functions of smooth Minkowski valuations. It
turns out that this is much more involved than it was for A and interestingly, Berg’s
functions come up.

Theorem 5.2 ([4, Theorem 4.4]). Let j € {2,...,n—1}. If k # 1, then

) a2y (52 T (55 1 (M)
aklgil = - 4 r <n+k5j+1) P (kL)

and af[g;] = 0.

Note that in particular, af[g;] > 0 and a}[g;] < 0 for all k£ > 2. Hence the multipliers
ailg;l, k # 1, are non-zero and they are slowly decreasing, so as an immediate consequence
of the Funk-Hecke theorem and Lemma 1.11, we obtain:

Theorem 5.3 ([4, Theorem 4.3]). For j € {2,...,n}, the convolution operator
051 CES) = CF(S): f = fxg;

is an automorphism of the Fréchel space C°(S).

This allows us to make the following generalization of the operator [,,:
Definition. For j € {2,...,n}, we define

0 : C2(8) » CX(8)

as the inverse operator of . x g;.

Next, we take a look at the action of £ on centered mean section operators.

Example 5.4 (|25, Chapter 6]). For ® € MVal and j € {1,...,n}, we have

) J
h(L1®)(K),u) = m /A( 1).--/A( , WK NE N NE;),u) dE, - dE;

27 |
due to (1.4). Putting ® = J: K — K — s(K), we obtain

[ wetnmm o

, Jlkj [n
] J — .
LI = 5 |:J:|Mn—]

Consequently, [ ]
2k "
Ji] i

£Mn7j+1 =
Kj—1 [j—l

(5.2)
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A crucial tool for describing the action of £ on generating functions will be the following
theorem:

Theorem 5.5 ([22, Theorem 5.1]). The map
Ej: CF(S) = Vali® : (E; f)(K) := (f, 5;(K, )

is an SO(n)-equivariant embedding of Fréchet spaces, and extends by conlinuity in the
weak* topologies to an SO(n)-equivariant embedding

Ej:C;(S) — Val; >,

Theorem 5.6 (25, Theorem 6.3]). Let j € {1,...,n —2}. If ®; € MVal,;"""™ has the

generating function f € C,(S,€), then £&; € M Va0

) and its generating function is
given by gy jUn—j11f * Gn—j, where

2j’€j [?] Mnpn—j
n

Kj-1 [jfl] Mnpn—j+1

dn,j ‘=

with my, . as in Theorem 3.31.

SO(n),

In particular, £ : MValj RN MValso(n)voo

41 1S 1njective.

Proof. Denote by Valjo-o’sloh the image of ;. Then Valjo-o’E - Val;o’Sp][1 due to Theorem 4.19.

In [22], a description of the image of E; in the language of representation theory was given,
[P Joi’iph. Hence, we may define

that implies that £ maps the space Va " into the space Val

T; = E]__i}l oLoE;:Cr(S) = C(S).

Then the diagram

MVaIJS.O(”)’OO — £ MVal3ome

j+1
o0,sph £ 00,sph
Va7 ——=—— Val 37"
EjT%’ Ej+11\g
T;
Cr () ———— CX(S)

commutes, where the downward arrows represent the map assigning to a smooth homoge-
neous Minkowski valuation its generating function. Hence it suffices to show that

Tif = qniUn—j1f * Gn—j (5.3)
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for all f € CX(S).

Denote by T] the operator defined by the right hand side in (5.3). Due to the properties
of £, the operator T} is an SO(n)-equivariant continuous linear operator on C°(S), as is
the operator T] Consequently, both Tj and T] are multiplier transforms and both T} and
T; extend to SO(n)-equivariant continuous linear operators on C,>°(S).

Therefore, it suffices to prove Tji = Tﬂ/) for a single distribution ¢ € C_°(S) with
condensed harmonic expansion ¢ ~ "2 - hy, where all non-linear harmonics do not vanish.

Two such distributions are given by
¢ = mn7n_j+1§n_j+1 € C;m(S) and n:= mnm_]‘gn_j c C;OO(S)

Due to Theorem 3.31, these two distributions ¢ and 7 generate (up to a reflection at
the origin) the mean section operators M,,_;;1 and M,,_;, respectively. Thus, (5.2) and
Theorem 5.5 imply that

. n
2jk; [J]
’%j—l[jﬁl]

Clearly, the linear operator FJ_J:I o £o Ej is continuous on its domain with respect to the
topology of C;°°(S) and coincides with Tj on C3°(S), hence by density and continuity we

have .
bl
Kj—1 [jﬁl] 7

(Bl 0LoE))yp =

Ti(mnn—js1dn—j+1) =

On the other hand,

Ti(Mnn—jr19n—j+1) = njMnn—j+10n—j+10n—j+1 * Gn—j
= Qn,jmn,n—j+15€ * gn—j

= Qn,jMn,n—j+19n—j-
O

Like we did in Section 4.4, we will use this description of the action of £ on generating
functions in order to establish a symmetry property analogous to Proposition 4.22. To
that end, let us fix some notations.

Definition. For j € {1,...,n — 2}, we define
Tj: C(S) = C2(S) : T f := qnjTn—jr1 f * Gn—j-
Forie{2,...,n—1} and j € {1,...,n — 2} with i > j + 1, we define
T CX(S) = CX(S) : Ty f :=Ti—oTi—1--- T f = Gnyij0n—j1.f * Gn—it2,

where Qn,ij = Qn;i—2qn,i—1 """ Qqnj-

84



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

(]
i
r

M YOU

Note that T; and 7;; are SO(n)-equivariant automorphisms of the space C°(S) that
extend to SO(n)-equivariant automorphisms of the space C_>°(S). Moreover, they are
multiplier transforms.

With these notations in place, the diagram

MVaIJS.O(")’OO — £, MVal3omee

j+1
[
CX(S) ———— CX(5)

commutes, where the downward arrows represent the map assigning to a smooth homoge-
neous Minkowski valuation its generating function.

Since the operator £ is much more complicated than A (regarding its action on gen-
erating functions), the W,,_;_;-term in Proposition 4.22 must now be replaced by a more
complicated object that somehow cancels out the operator £. This consideration motivates
the following definition:

Definition. For i € {2,...,n— 1} and j € {1,...,n — 2} with ¢ > j + 1, we define the
Val| *°-valued valuation

Vi Kr— Vall_oo L — ’ym(L, '),
Vij (L, ) = E1 (wnl,l (T, ;' S5(L, -)) * fin) :

Observe that ; ; is a continuous, translation invariant Val; **-valued valuation of order
j and that v;;(L,-) is a generalized valuation of order 1 for every L € K". Due to
Theorem 5.5, we can evaluate +; ;(L, ) on a smooth convex body C' € K™ in the following

way:
’Yi,j(Lv C) = <51(C, ')a wnl_l (Tz‘leSj(La )) * §n>
f— 1 . )k a _1 - .
= (g0l 1) GnsT;j Si(L; ) 54)
= <h(C7 ')7 Tz,_] Sj(Lv )>

= <Tz,_jlh(c) ), Sj(Lv )

With these definitions and notations in place, the desired syminetry result can be
obtained within a few lines:

Proposition 5.7 ([4, Theorem 3|). Let i € {1,...,n}, j € {2,...,n — 2}, and ®; €
MVal ;"> [fi > j+ 1, then

W, (K, ®;L) = i ; (L, (£77710;)(K))

forall K, L € K™.
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Proof. Since £77771®; is a smooth Minkowski valuation, (£7771®,)(K) is a smooth convex
body. Hence, due to (5.4), the self-adjointness of T; ;, and (1.7), we obtain

Yig (L, (€777105) (K)) = (T, (€771 95)(K), ), S5 (L, )

:< Iy
= (T, (Sica (K, ) Ty f), (L, )
= (Si—1(K, ) * f,S;(L,-))

= (S;(L, ") * f, Si—1(K"))

= (h(®;L,-), Si-1(K,"))

=W,_i(K,®,L),
where in the third equality we used the fact that T; ;, Tijjl, and convolution operators are
multiplier transforms in order to get 7; ; and T[]l to cancel each other out. O

As a corollary of Proposition 4.22 and Proposition 5.7, we obtain:

Corollary 5.8. Leti € {1,....n}, j €{2,...,n—1}, and ®; € MVal'o""*_ Ifi > j+1,

i—1
then ’
i—j—1 (i —1)! j—i+1
i (L, (87777 @5)(K)) = Twn—j—l(La (A7) (K))
forall K, L € K™,

5.2 A Brief Outlook on Future Research

Now we come back to Question 1. Note that if we were able to adapt the proof of The-
orem 4.7 to our situation based on the proposition above, then the result would cover all
of the missing cases. In order to do so, we would need a Brunn-Minkowski type inequality
on ;. This prompts the following question:

Question 2. For which i € {1,...,n} and j € {2,...,n—2} with ¢ > j+ 1 is it true that
Vi (K + L, C)T > ~; (K, C)Y + 4 5(L, C)3 (5.5)
for all smooth convex bodies K, L,C € K" 7

Note that for fixed 7 and j, an positive answer to Question 2 implies an positive answer
to Question 1. In order to outline how (5.5) could be shown, we introduce a mixed valuation
associated with ~; ;.

Definition. For i € {2,...,n—1} and j € {1,...,n — 2} with i > j + 1, we define
Vig o (K" = Val™,
Tog (K- Komai) o= B ( (T S (K K ) *f}n) :

Wn
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Clearly, 5, ; is a continuous, Val; **-valued valuation of order 1 in each of its arguments,
invariant under independent translations of its arguments, and

(KU By = o (K-
for all K € K.
Now suppose that the Alexandrov-Fenchel type inequality
¥ (K,L,Cs,...,Ch_1;C)°
>7%; (K, K,Cs,...,Co1;0)7,; ;(L, L,Cs,...,Cp1;C)

holds for all smooth convex bodies K, L,Cs,...,C,_1,C € K™. Then (5.5) could be easily
deduced from (5.6) in a similar way the general Brunn-Minkowski inequality can be derived
from the Alexandrov-Fenchel inequality (cf. 21, Theorem 7.4.5]). Thus, let us take a closer
look at (5.6). Observe that for smooth convex bodies K, L,Cs,...,Cp_1,C € K™, we have

¥ij (K, L,Cs,...,Cpo1;C)
= (T; ' he, S(K, L, Cs, ..., Cp1;-))

= qnij/SDanhc % Gn—j11D(D*hgc, D*hy, D*hey . .., D*he, ) d)s.

Now fix Cs,...,C,_1,C € K™ and define

(5.6)

B(f,g) = /S Onisohe * Gn_ys1D(D2f, D24, D’hes, ... D*he, ) drg

for f,g € C?(S). Then B(-,-) is a symmetric bilinear form on C?(S), and clearly (5.6) is
equivalent to the reverse Cauchy-Schwarz inequality

B(f.9)° = B(f, /)B(g,9)

for f,g € C2(S). The reverse Cauchy-Schwarz inequality inequality in turn can be re-
formulated as a spectral property. In this way, the original problem of proving a general
Brunn-Minkowski inequality for Minkowski valuations can be reduced to proving a general
Brunn-Minkowski inequality for «; ; which can then be reduced to a question of spectral
theory.

The procedure we have described here is known as the Bochner method. Most recently,
the Bochner method got refined by Y. Shenfeld and R. van Handel in [26], in order to give
an elegant and concise proof of the classical Alexandrov-Fenchel inequality. The bilinear
form for which they proved a reverse Cauchy-Schwarz inequality is given by

Oé(f,g) = /ShCD(D2f>D297D2h03 "'7D2hCn71) d)\S

Due to the operators [,, ;42 and . g, ;41 involved in the definition of 3, it seems like the
situation described here is significantly more complex than that for « and that adapting
Y. Shenfeld and R. van Handel’s argument to /3 is highly non-trivial.

87



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

1]

2]

3]

4]

[5]

6]

7]

8]

19]

[10]

Semyon Alesker. Hard Lefschetz theorem for valuations and related questions of in-
tegral geometry. In Geometric aspects of functional analysis, volume 1850 of Lecture
Notes in Math., pages 9-20. Springer, Berlin, 2004.

Semyon Alesker. A Fourier-type transform on translation-invariant valuations on
convex sets. Israel J. Math., 181:189-294, 2011.

Semyon Alesker, Andreas Bernig, and Franz E. Schuster. Harmonic analysis of trans-
lation invariant valuations. Geom. Funct. Anal., 21(4):751-773, 2011.

Astrid Berg, Lukas Parapatits, Franz E. Schuster, and Manuel Weberndorfer. Log-
concavity properties of Minkowski valuations. Trans. Amer. Math. Soc., 370(7):5245—
5277, 2018. With an appendix by Semyon Alesker.

Christian Berg. Corps convexes et potentiels sphériques. Mat.-Fys. Medd. Danske
Vid. Selsk., 37(6):64 pp. (1969), 1969.

Andreas Bernig. Valuations with Crofton formula and Finsler geometry. Adv. Math.,
210(2):733-753, 2007.

Shiing-shen Chern. On the kinematic formula in integral geometry. J. Math. Mech.,
16:101-118, 1966.

Arthur Erdélyi, Wilhelm Magnus, Fritz Oberhettinger, and Francesco G. Tricomi.
Higher transcendental functions. Vol. II. Robert E. Krieger Publishing Co., Inc.,
Melbourne, Fla., 1981. Based on notes left by Harry Bateman, Reprint of the 1953
original.

Paul Goodey. Radon transforms of projection functions. Math. Proc. Cambridge
Philos. Soc., 123(1):159-168, 1998.

Paul Goodey and Wolfgang Weil. Translative integral formulae for convex bodies.
Aequationes Math., 34(1):64-77, 1987.

88



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Paul Goodey and Wolfgang Weil. The determination of convex bodies from the mean
of random sections. Math. Proc. Cambridge Philos. Soc., 112(2):419-430, 1992.

Paul Goodey and Wolfgang Weil. Local properties of intertwining operators on the
sphere. Adv. Math., 227(3):1144-1164, 2011.

Paul Goodey and Wolfgang Weil. Sums of sections, surface area measures, and the
general Minkowski problem. J. Differential Geom., 97(3):477-514, 2014.

Eric Grinberg and Gaoyong Zhang. Convolutions, transforms, and convex bodies.
Proc. London Math. Soc. (3), 78(1):77-115, 1999.

Helmut Groemer. Geometric applications of Fourier series and spherical harmonics,
volume 61 of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 1996.

Markus Kiderlen. Schnittmittelungen und dquivariante Endomorphismen konvezer
Kérper. PhD thesis, University of Karlsruhe, 1999.

Daniel A. Klain. FEven valuations on convex bodies. Trans. Amer. Math. Soc.,
352(1):71-93, 2000.

Daniel A. Klain and Gian-Carlo Rota. Introduction to geometric probability. Lezioni
Lincee. |Lincei Lectures|. Cambridge University Press, Cambridge, 1997.

Mitsuo Morimoto. Analytic functionals on the sphere, volume 178 of Translations of
Mathematical Monographs. American Mathematical Society, Providence, RI, 1998.

Lukas Parapatits and Franz E. Schuster. The Steiner formula for Minkowski valua-
tions. Adv. Math., 230(3):978-994, 2012.

Rolf Schneider. Convex bodies: the Brunn-Minkowsk: theory, volume 151 of Encyclo-
pedia of Mathematics and its Applications. Cambridge University Press, Cambridge,
expanded edition, 2014.

Franz Schuster and Thomas Wannerer. Minkowski valuations and generalized valua-
tions. J. Eur. Math. Soc. (JEMS), 20(8):1851-1884, 2018.

Franz E. Schuster. Volume inequalities and additive maps of convex bodies. Mathe-
matika, 53(2):211-234 (2007), 2006.

Franz E. Schuster. Crofton measures and Minkowski valuations. Duke Math. J.,
154(1):1-30, 2010.

Franz E. Schuster and Thomas Wannerer. Even Minkowski valuations. Amer. J.
Math., 137(6):1651-1683, 2015.

89



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfigbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

blio
nowledge

3
i
r ki

M You

[26] Yair Shenfeld and Ramon van Handel. Mixed volumes and the Bochner method. Proc.
Amer. Math. Soc., 147(12):5385-5402, 2019.

[27] Wolfgang Weil. Zonoide und verwandte Klassen konvexer Koérper. Monatsh. Math.,
94(1):73-84, 1982.

90



	Contents
	Introduction
	Conventions and Notation
	1 Analytic Preliminaries
	1.1 Homogeneous spaces
	1.2 Integral Formulas for the Unit Sphere
	1.3 Integral Formulas for the Affine Grassmannian
	1.4 Group Representations
	1.5 Spherical Harmonics
	1.6 Function Spaces on the Unit Sphere
	1.7 Zonal Functions and Functions on [-1,1]
	1.8 Spherical Convolution

	2 Geometric Preliminaries
	2.1 Convex Bodies
	2.2 Mixed Volumes
	2.3 Area Measures
	2.4 Valuations on Convex Bodies
	2.5 Bivaluations on convex bodies
	2.6 Inequalities for mixed volumes
	2.7 Crofton's Intersection Formula

	3 Mean Section Operators
	3.1 Mean Section Bodies of Polytopes
	3.2 Sections with Planes
	3.3 Spherical Liftings and Projections
	3.4 Berg's Functions

	4 Log-Concavity of Minkowski Valuations
	4.1 Homogeneous Minkowski Valuations of Degree n-1 
	4.2 The Steiner Formula for Minkowski Valuations
	4.3 A Derivation Operator on Minkowski Valuations
	4.4 Smooth Minkowski Valuations

	5 Log-Concavity of Mean Section Operators
	5.1 An Integration Operator on Minkowski Valuations
	5.2 A Brief Outlook on Future Research


