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Abstract. For a two-dimensional canonical system y'(f) = zJH(f)y(f) on

the half-line (0, co) whose Hamiltonian H is a.e. positive semi-definite, denote
by gu its Weyl coefficient. De Branges’ inverse spectral theorem states that the
assignment H — qp is a bijection between Hamiltonians (suitably normalised)
and Nevanlinna functions.
The main result of the paper is a criterion when the singular integral of the spectral
measure, i.e. Re gy (iy), dominates its Poisson integral Im gy (iy) for y — +oo.
Two equivalent conditions characterising this situation are provided. The first one
is analytic in nature, very simple, and explicit in terms of the primitive M of H. It
merely depends on the relative size of the off-diagonal entries of M compared with
the diagonal entries. The second condition is of geometric nature and technically
more complicated. It involves the relative size of the off-diagonal entries of H, a
measurement for oscillations of the diagonal of H, and a condition on the speed
and smoothness of the rotation of H.

1 Introduction

We investigate the spectral theory of two-dimensional canonical systems
(1.1 Y =zJH0y(®), te(a,b),

where —00 < a < b < o0, z € C is the spectral parameter, J is the symplectic
matrix J := ((1) _01 ), and H is the Hamiltonian of the system. We deal with systems
whose Hamiltonian satisfies

> H(t) e R**? and H(¢) > O a.e.;
> for all ¢ € (a, b) we have [ tr H(s) ds < oo;
> H(t) #0 a.e.
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We further assume that A is in the limit point case at the right endpoint b, i.e.,

b
(1.2) / tr H(s) ds = oo.

A central role in the theory of such equations is played by the Weyl coefficient gy
associated with H. For Sturm—Liouville equations its construction goes back to
H. Weyl [Wey10]. Let us recall the definition of gy for canonical systems. To this
end, let W(z, z) be the (transpose of) the fundamental solution of the system (1.1),
i.e., the unique 2 x 2-matrix-valued solution of the initial value problem

SW(t,2)J =z2W(t, )H(1), 1€ [a,b),
W(a,z)=1.

Note that the transposes of the rows of W are solutions of (1.1), and let us write

t t

Wi, 2) = wiit,2) wn2))
w1 (1,2) w1, 2)

If (1.2) is satisfied, then the following limit exists and is independent of ¢ in the

closed upper half-plane C* U R:

. wn(t, ¢+ wi(t, 2)
z) :=lim , ze€eC\R;
91(2) =b w1 (1, 2)¢ + wnl(t, 2) \
the function gy is called the Weyl coefficient associated with the Hamiltonian H.
It is a Nevanlinna function or identically equal to oo (when hy(¢) = O for a.e.
t € (a,b)); a Nevanlinna function' is a function that is analytic in C \ R and
satisfies qy(z) = qu(z) and Im gy (z) - Imz > O for all z. The significance of the

Weyl coefficient is that the measure x in its Herglotz integral representation

CIH(Z)=06+ﬁZ+/R< ! ! )d,u

t—z 142
is a spectral measure for the differential operator constructed from the equation
(1.1) (when g > 0, this differential operator is actually multi-valued and one can
include a point mass at infinity with mass f).

A famous theorem by L. de Branges [Bra68] says that the assignment H — gg
establishes a bijective correspondence between the set of all suitably normalised
Hamiltonians on the one hand, and the set of all Nevanlinna functions on the other
hand. In view of de Branges’ correspondence, it is a natural task to translate
properties from H to gy (i.e., direct spectral relations) and vice versa from gy

ISometimes in the literature the terminology Herglotz function is used instead.
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to H (i.e., inverse spectral relations). In the best case one can go both ways.
For illustration, let us mention two examples of such theorems. It is possible
to explicitly characterise those Hamiltonians H for which gy has an analytic
continuation to C \ [0, c0), see [Win98], or those Hamiltonians for which gy has
a meromorphic continuation to all of C, see [RW20]. The first result characterises
that the differential operator associated with (1.1) is non-negative, the second one
that it has discrete spectrum.

In the present paper we prove a direct and inverse spectral relation of a different
kind. It belongs to a family of results which relate the behaviour of H locally at the
left endpoint a with the behaviour of gz when z tends to +ico; for physical reasons
one also speaks of the high-energy behaviour of ¢gy. Recall that the behaviour
of Im gy (iy) at +o0 is related to the behaviour of the spectral measure at =00; see,
e.g., [LPW21, Section 4]. Our main result is Theorem 1.1 stated further below,
where we characterise those Hamiltonians H for which?

(1.3) Im gy (iy) < lgu(iy)l, y — +00,

i.e., those Hamiltonians for which the singular integral Re gy (z) of the spectral
measure strictly dominates the Poisson integral Im gg(z).

In our theorem, where (1.3) is listed as item (i), we give two different conditions
on H, called (ii) and (iii), which are both equivalent to (1.3). Condition (ii) is
analytic in nature, very simple, and explicit in terms of the primitive

M(t) := /ZH(S) ds

of H, which is a non-negative and non-decreasing matrix function. It says that,
locally at a, the off-diagonal entries of M(¢) should be as large as its diagonal entries.
Condition (iii) is of geometric nature and somewhat more complicated. It involves
the relative size of the off-diagonal entries of H compared with the diagonal entries,
a measurement for oscillations of the diagonal of H, and a condition on the speed
and smoothness of the “rotation” of H.

From a function-theoretic perspective, the behaviour exhibited by (1.3) is rather
peculiar. For every Nevanlinna function g one has that for (in a measure-theoretic
sense) most points on the boundary of the open upper half-plane (including +ico)
condition (1.3) fails; see [Pol03] and recall that real and imaginary parts are com-
parable on approaching almost every point of the absolutely continuous spectrum.
On the other hand, for a certain subclass of Nevanlinna functions it holds that for
(in a topological sense) many boundary points (1.3) holds, cf. [Don01, Theorem 1]

2We use the notation “f « g” for f/g — 0.
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where one uses a curve that approaches the boundary tangentially. Neither of these
statements has any implication for a single boundary point (in our case +ico).
The condition (iii) in Theorem 1.1 is a very strong restriction on H. Hence, one
message of Theorem 1.1 is that (1.3), i.e., strict dominance of the singular integral
at a specific boundary point, is a rather rare phenomenon.

Our interest in the class of Hamiltonians with (1.3) originates from the re-
cent result [LPW21, Theorem 1.1]. In this theorem we showed that, for every
Hamiltonian H, the following estimates>

(1.4) lan(iy)l < Au(y) and  Lp(y) S Imgp(iy) S Ap(y) fory > 1

hold, where Ly (y) and Ay (y) are certain functions defined explicitly in terms of the
primitive M(z), and the constants in “<” and “<” are independent of H; we recall
details in Section 2.6. The question arises whether the lower bound Ly (y) is sharp.
The equivalence of (1.3) with Theorem 1.1 (ii) says that on a qualitative level the
answer is affirmative: we have

Imgp(iy) < lgu(iy)l < Lu(iy) < Agp(iy).

Itis an open problem if there is a quantitative relation between Im gy (iy) and Lg(iy)
(assuming that Im gy (iy) << |gg(iy)| and thinking up to universal multiplicative
constants). This seems to be a rather involved question, and we expect that the
equivalence of (1.3) with Theorem 1.1 (iii) will be of help to attack it.

Let us give a brief overview of the contents of the paper. In the remainder of the
Introduction we formulate the main theorem, Theorem 1.1, and a sequence variant,
Theorem 1.4, and provide an illustrative example. In Section 2 we provide some
preliminaries and set up notation. Section 3 contains the proof of the equivalence of
(1) and (ii) in our main results. Section 4 contains preparations for the proof of the
equivalence with (iii), which is then carried out in Section 5. Finally, in Section 6
we consider the situation when the diagonal entries of H, or their primitives, are
regularly varying.

Formulation of the main theorem. We formulate our main theorem for
Hamiltonians that satisfy
>a=0,b=00;
> neither of the diagonal entries of H vanishes a.e. on some interval starting at the
left endpoint 0.

3We write “f < g”fordec > 0. f <cg,and“f < g’ forf SgAng<f.
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Both assumptions are no loss in generality, and are only imposed for simplicity.
The first one can always be achieved by a change of the independent variable
in equation (1.1), and changes of variable do not alter the Weyl coefficient; see

Section 2.2. The second condition excludes some exceptional cases where there
Im gp (iy)

is nothing to investigate: if it is not satisfied, then lim,_, ()l

= 1; we provide
more details in Sections 2.2 and 2.3.

Throughout the paper we write

hi(t) hs(2)
h3(t)  ha(2)

sometimes we write M(H, t) and m;(H, t) instead of M(¢) and m;(¢) respectively to

(1.5) H() = < ) , my(n) = /Ot hi(s)ds, j=1,2,3;

indicate the dependence on H. Moreover, 4 denotes the Lebesgue measure.

Next, we have to introduce some notation which looks a bit technical on first
sight, but actually is not. The intuition behind these quantities is discussed in
Remark 1.3 below. The functions are well defined because #3(¢)> < h;(¢)ha(¢) for
a.e.t > 0 and m(¢), my(¢) > O for all z > O; the latter follows from the assumption
that neither of the diagonal entries of H vanishes a.e. on an interval starting at 0.
Set

el i ha(0) 70,

(1.6) op(t) = Vhi (0o (1)

0 otherwise,

sgn(h3(st)) 260 .

g 3 h(st) [ ma(s)  if hs(st) 7‘0,

(17) ﬂH,s(t) = mi (s)

0 otherwise,

t t

(1.8) () = N s

my(s)  mo(s)’
where s > 0 is a parameter.

Note that, for each fixed s > 0, the function t, is absolutely continuous and its
derivative

pon S s
ts(l) = ml(s)hl(st) + mz(s)hz(sl)

is positive a.e. Furthermore, t;(0) = 0 and lim,_, , t;(f) = oco; the latter follows
from the relation m(st) + mo(st) = OSt tr H(x) dx — oo as t — oo by assumption.
Thus t; is an increasing bijection from [0, co) onto itself with absolutely continuous
inverse function.

Now we are in position to state our main theorem.

1.1 Theorem. Let H be a Hamiltonian defined on the interval (0, 00) such
that (1.2) holds and neither h nor hy vanishes a.e. on some neighbourhood of the
left endpoint 0. Then the following statements are equivalent:
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(1) Relation (1.3) holds, i.e.,

Im gy (iy) _

1.9
(19) o |qniy)|

(i1) We have

det M(¢)

(1.10) =0 my(H)my(t) N

(iii)) For all T € (0,00), all y € [0, 1), and all open intervals I,J C R\ {0}
with I NJ = () and at least one of I and J being bounded, the following limit
relations hold:

. 1 _
(1.11) 11_%[/1 ((0, )N t5<saH1([O, y])))] -0,
(1.12) m{A((0, T) N (e (1))) - A0, T) N ts(pg ()] = 0.

Under a certain additional assumption, the conditions in (iii) greatly simplify.
This assumption is quite strong, and will, in many interesting cases, not be satisfied.
Still, in order to understand the nature of (1.11) and (1.12) and the proof of their
equivalence to (1.3), it is worth stating the following addition.

1.2 Addition to Theorem 1.1. Assume that, in addition to the assumptions
of Theorem 1.1, the following conditions hold:

(1.13) trH(t) =1 fora.e.t e (0, 00),
. mi() mp(r)
(1.14) llgl()nf( A ) > 0.

Then the equivalent properties (i), (i), (iii) in Theorem 1.1 are further equivalent
to the following condition.

(iv) For all y and 1, J as in Theorem 1.1 (iii) we have

1
(15)  tim [ 200,00 0710, D)) =0,
(1.16) fim [1’1((0’ nNay' 1) 1/1((0, nNra ) =0,
where
(1.17) ra(t) = sgn(hz(0) 120 if ha(1) # 0,
| e 0 otherwise.
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Note that (1.13) implies that m;(¢)+m3(¢) = t. Hence, by [LPW21, Theorem 1.1]
(see also Proposition 2.9) we have

my (1) _

=1, r—> 0
my(1)

.. 1 1
(L18) lllt’l’_l)lglf(tml(l)- tmz(t)) >0 <
< g(in| =<1, r— oo.

We come to the promised explanation of the conditions in (iii) (and (iv)).

1.3 Remark. Let us first discuss the simpler conditions (1.15) and (1.16).
The role of oy is to quantify the relative size of the off-diagonal entries of H
compared with the diagonal entries. Condition (1.15) can be written as

1
lim| A({xe(0,0):1—oy(x)>>1— VZ})} -0,
t—0 Lt
or, by rescaling, as
limA({x € (0,1): 1 —oy(x)* > 1 —y*}) = 0.
t—0

The validity of this relation for all y € [0, 1) just says that the functions
x — 1 — oy(tx)? converge to 0 in measure as t — 0. Since they are non-negative
and bounded by 1, this is also equivalent to the fact that their integrals converge
to 0. Note that

det H(x) :
mhty 1 B F0,

1 otherwise.

1 —on(x)’ =

Hence the validity of (1.15) for all y € [0, 1) is (again by rescaling) equivalent to

p L[ detH
-0t Jo hi(Oha(x)

where the integrand is understood as equal to 1 at points where its denominator
vanishes; this means that the Hamiltonian should be almost of zero determinant in
the vicinity of the left endpoint O in a measure-theoretic sense.

The role of 7y is not so obvious. It is related to what one may think of as
“rotation” of H. To see this, write H in the form

1 t t t )
(1.19) H(r) = ou(1) o | € ou (1) cos ou (1) ’
oy(t) 1 sin gy (1) sin gy (1)
where © denotes the Hadamard, i.e., entry-wise, product of the 2 x 2-matrices.
The first factor takes the relative size of the off-diagonal entries into account; the
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second factor has zero determinant and corresponds to some kind of rotation. The
factorisation in (1.19) is possible, for instance, with

Arccot /1) if () 0, ha(2) > 0,
(1.20) ou(t) = { © — Arccot \/ i () # 0, ha(1) < 0,
0 if hy(t) =0,

where Arccot is the branch with values in (0, 7). Then

(1.21) w0 = sgn (5 — pu(®)) - tan® pu (1),

Now we map ¢g(t) € [0, 7) onto the unit circle T by setting
(1.22) cu(t) = 21,

We may say—descriptively—that (7 is the rotation of H.

The statement (1.16) is equivalent to the following statement (see Section5):
there are no two separated arcs on the unit circle, such that, in the vicinity of the
left endpoint O, ¢ (#) often belongs to one arc and also often belongs to the other
arc. In other words, the Hamiltonian should rotate so slowly that, on every interval
close to 0, it looks—from a measure-theoretic viewpoint—as if its direction were
constant; see also Example 1.7

The more complicated conditions (1.11) and (1.12) are weighted and rescaled
variants of (1.15) and (1.16); see Section 2.7. The role of the function ¢ is to

ma(s)
. . . . ml(S) .
of my s is to level out the contributions of the two diagonal entries. Moreover,

take care of heavy oscillations, and the purpose of the weight in the definition
zooming into the vicinity of the left endpoint O is now achieved by sending the
rescaling parameter s to O.

Let us note that also the relation (1.11) can be rewritten in integral form, namely
as

1

s

(T detH(st7\@1) |
5’%/0 (o)t oy ¥ =0

To prove Theorem 1.1 we show the implications

(1) \

( (iii)

(i1) =

Interestingly, very different methods enter in the proofs of the various implications.
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> The implication “(i)=>(ii)” is a direct consequence of [LPW21, Theorem 1.1]
in the form of Proposition 2.9 below. We recall that this theorem is proved by
directly studying Weyl discs and estimating the power series coefficients of the
fundamental solution of the canonical system.

> The proof of “(ii))=(iii)” requires an elementary but elaborate analysis of the
connection between H and its primitive M. In particular, estimates are proved
where the constants are independent of the Hamiltonian. This is done in
Section 4; see Propositions 4.1 and 4.2.

> To show “(iii))=(1)” and “(ii)=>(i)” we use cluster sets and compactness ar-
guments for Hamiltonians endowed with the inverse limit topology of weak
L!'-topologies on finite intervals; see Section 2.1. Another necessary tool is
provided in Section 2.5, and a crucial role is taken by a weighted variant
of Y. Kasahara’s rescaling trick [Kas75], which relates the behaviour of gy
towards ico with weighted rescalings of H; see Section 2.7.

The proof of “(ii))=>(i)” was included in order to decouple the equivalences be-
tween (i) and (ii), and between (i) and (iii), respectively. This enables reading the
proof of “(i)<(ii)” without having to go into the technical details of Section 4. We
thank a referee for suggesting an argument which makes this possible.

A sequence variant of the theorem. We can also give a variant of Theo-
rem 1.1 where limits are replaced by limits inferior. It reads as follows.

1.4 Theorem. Let H be a Hamiltonian defined on the interval (0, 00) such
that (1.2) holds and neither h| nor hy vanishes a.e. on some neighbourhood of the
left endpoint 0. Then the following statements are equivalent.

R Imgp(iy) _
(1) liminfy_, lan ()l =0
(i) liminf,_y MO =

mi(Omy(r) — 7
(iii) For each T € (0, 00) there exists a sequence (S,)neN With s, — 0, such that

for all y € [0, 1), and all open intervals I, J C R\ {0} with I NJ = () and at
least one of I and J being bounded, the following limit relations hold:

ay  AmleD0 (, oi10.m))] =,

1im [4((0, T) N, (i}, (D)) - A0, T) N, (il (D] = 0.

Also in this case, the analogous addition holds.

1.5 Addition to Theorem 1.4. Assume that, in addition to the assumptions
of Theorem 1.4, relations (1.13) and (1.14) hold. Then the equivalent properties
(1), (1), (ii1) in Theorem 1.4 are further equivalent to the following condition.
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(iv) There exists a sequence (t,)nen With t, — 0, such that, for all y and 1, J as in
Theorem 1.4 (iii), we have

1
(1.24) Jlim | 720, 1,) N oz (10, 7)) =0,
(1.25) lim [tl 2000, t,) Nz (D)) - tl 200, 1) Nz ()| = 0.

The conditions (1.23) and (1.24) can be rewritten in integral form in the very
same way as before. Namely, (1.23) as

. T det H(s,t; (1))
lim 21 =0,
n—=00 Jo  (hih2)(s,ts ' (1))

and (1.24) as
lim

n—oo f,

1 [ detH(r)
dr =
/o (o))

Two examples. Let us illustrate Theorems 1.1 and 1.4 with two examples.
The first one demonstrates a standard situation; it will be revisited in a more general
form in Section 6 of the present paper, and in the forthcoming paper [LPW22]. The

second example demonstrates a more peculiar situation, where hl?zng oscillates.
1.6 Example. Leta;,a; > 0, Sy, f2 € R, set
o o ta Vi _ B+
3 5 3" P
and consider the Hamiltonian
1~ logtfr 1371 logt|
H(t) = _ll gl _1| gl , te(0,00).
>~ loget|P %271 logt|”

For this example a computation shows the following facts (this is elementary and
we skip details):
(i) Fory — oo,

ay—a Bras—Pra

1
Ap(y) <y« (logy) «+=
(i1)) We have

Lu(y) < Imgy(iy) < |qu(iy)| < Ap(y) if a1 # a2,
Lu(y) < Imgp(iy) < lgu(iy)l < Ap(y) if oy = az.

. . . Im qH(iy) _ . . detM(t) _
(iii) The situation that lim,_, an(vl = 0, equivalently that lim,_,¢ mOmalt) = 0,
appears only when gp(iy) grows very slowly. In fact, if a; = a3, then

Lu(y) 1

An(y) = (ogy)'", Au() ~ (logy)?’
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1.7 Example. Let (7,),cn be a strictly decreasing sequence of positive num-
bers such that ";*1 — 0 (and hence #, — 0), set 7y := 0o and consider the partition
(0, 00) =1, UI_ where

o0 o0
L= Jltaks taue1), 1= o= 2k 120
k=1 k=0

Further, let ¢, ¢ € (0, ) \ {7} with ¢, # ¢_ and define the Hamiltonian H by
H = cos? go(.t) cos ¢Ft)2- sin p(2)
cos ¢(t) - sin ¢(¥) sin” o(1)

where

, tel,,
o(t) = {¢+ '
p_, tel_.

Clearly, (1.13) and (1.14) are satisfied, so that we can apply the Additions to
Theorems 1.2 and 1.4. Since og(r) = 1 for t > 0, the limit relation (1.15), and
hence also (1.24), holds for every y € [0, 1). Let us now check whether (1.16)
and (1.25) are satisfied. Since ¢(7) = pg(t), where pg(?) is as in (1.20), it follows
from (1.21) that

T T
my(t) = sgn(2 - go(t)) - tan? p(t) = sgn(2 — goi) - tan? pr=:cy whentrel,.

The limit relations (1.16) and (1.25) hold trivially whenever I N {c;,c_} = 0 or
JN{cy, c_} = 0. By symmetry, we only have to consider the case when ¢, € I and
c_ € J, which we assume in the following. For z > 0 we have

20,0 Nz (D) = (0, ) N 1)

)=t + 300 (et — 1), 1€ [, Tan),
Y o1 (k=1 — 121), t € [taps1, ton),
20, Ny () = (0, 1) N 1)
) 28tk — tra)s 1 € [ton, t2n—1),
t— ot + D ponet P2k — toke1), 1 € [t2ps1, T20).

Set F(1) :== 1 A((0, )N 1) - 1 A((0, 1) N 1-). Then

1 & an+1
Fl) < ) (e — 1) < -0
Iy k=n+1 Ion
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as n — oo and, similarly, F(#5,+1) — 0. This shows that (1.25) is satisfied and
hence also (i) in Theorem 1.4. On the other hand, for n € N such that tztzjl < é,
we have

1

1 1 t2n+1 1
F(Q2t,) > 217, — ta) - ty, — t = 1— -
(2t,) > ) tzn( 2 — ton) ) tzn( 20 — tonsl) 4( ) ) 4

as n — oo. This implies that (1.16) is not fulfilled and hence neither is (i) in
Theorem 1.1. To summarise, Theorems 1.1 and 1.4 show that

S
—0 and limsup M9H#®)

y—oo  |qg(iy)l y—oo  |qu(iy)|

2 Preliminaries

2.1 Convergence of Hamiltonians. We use the following notation for
Hamiltonians on a finite or infinite interval.

2.1 Definition. Let T € (0, oo].
(i) Hy is the set of all measurable functions H: (0, T) — R>*? (up to equality
a.e.) suchthat H(r) > Oand tr H(¢) > O a.e.;
(i1) HIT is the set of all H € Hy such thattr H() = 1 a.e.;
(iii) HS® is the set of all H € H that are constant and satisfy det H(r) = 0 a.e.
If T = oo, we often drop T from the notation and just write H, H' and H°® instead
of Huo, H!, and HS respectively.

We recall how H' can be topologised appropriately. This is already used in
the work of L. de Branges. An explicit formulation is given in [Rem18]; for a
more structural approach see [PW21], which we use as our main reference in the

following.
For each T < oo the set H} is a subset of L'((0, T), R?*?), and hence naturally
topologised with the || ||;-topology or the weak L'-topology. It turns out that

the latter is more suitable because the weak L!-topology on H} is compact and
metrisable; see [PW21, Lemma 2.3].

Now consider the family (H})7<(.00) With the restriction maps p7 : H}, — H
for T < T'. The set H! can be naturally viewed as the inverse limit of this
family: every function on (0, co) can be identified with the family of all its
restrictions to finite intervals. Endowed with the inverse limit topology (see, e.g.,
[Bou66, §1.4.4]), where we use the weak L!-topology on H}., the set H! becomes
a compact metrisable space; see [PW21, Lemma 2.9]. The map that assigns to a
Hamiltonian H its Weyl coefficient gy is continuous when the set of Nevanlinna
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functions is endowed with the topology of locally uniform convergence; see [PW21,
Theorem 2.12].

Throughout the remainder of the paper we often deal with limit points of
families of Hamiltonians. In general, for a net (x;);¢; in some topological space X,
we denote by LP(x;);¢; the set of its limit points, i.e.,

LP(x)ics = {x € X: 3 subnet (xij))jes- ljier}lx,-(,-) = x}.

If there is a need to specify the topology, we shall add an index. For example, if X
is a normed space, we write LP) | (x;);e; for limit points w.r.t. the norm topology,
and LP,,(x;);c; for limit points w.r.t. the weak topology.

2.2 Remark. In our context the space X is usually metrisable, and the index
set/is N, (0, 1]or[1, co), each endowed with the natural order (or the reverse order
in the case of (0, 1]). In these situations one can restrict attention to subsequences
rather than subnets:

LP(x;)ie; = {x € X: 3 subsequence (x;,)neN- lim Xi, = X}.
n o0

Note that in the cases when I = (0, 1] or I = [1, o0), then i, > O or i, —» o0
respectively.

We need the following simple fact about constant singular limit points. It is
proved using the compactness of H', continuity of the restriction maps
pr: H' — HL., and the obvious fact that

(2.1) H* = {H e H': VT > 0. pp(H) € HE}.

2.3 Lemma. Let (H,);c; be a net in H'. Then the following two equivalences
hold.
(i) LP(H;)iec; CH® <« VT >0. LP,(pr(H))ics © HF.
(i) LP(H)ies NH® #0 & VT > 0. LP,(pr(H))ier NHF #0.

Proof.

(i)“<": Assume that there exists H € LP(H,);; \H®. By 2.1) we find T > 0
such that pT(ﬁI) ¢ HP. Since pr is continuous, we have pT(ﬁI) e LP,(pr(H;))ic-
(1)“=": Assume that there exist 7' > 0 and fIT € LP,(pr(H;))iesr \ HF. Since H!
is compact and pr is continuous, we find H e LP(H;);e; such that pT(IfI) = fIT.
Clearly, H ¢ H®.

(i))“=": Assume that there exists H € LP(H,);c; N HCS. Continuity of pr yields
pr(H) € LP(H,)ic; NHE forall T > 0.
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(i)*“<": Assume that, for each T > 0, there exists fIT e LP,(pr(H))ier N HP.
Since H! is compact and pr is continuous, we find I-OIT € LP(H,);c; such that
pT(IfIT) = FIT. Again by compactness, there exists a limit point He LP(FIT)T>0,
say H = lim,,_ oo Iflt" with some sequence t,, — co0. Then H e LP(H,);es, and for
each T > 0 we have
pr(H) = im"” pr(f,) = im” pr(p,,(H,,)) = lim" 8T(th3 e HE.
t,>T t,>T e?HTCTS

For the last inclusion recall that H® is || ||;-compact as a homeomorphic image
of RU {00}, see [PW21, §2.3], and hence also weakly closed. Again referring to
(2.1) we obtain H € H®. O

We also need the Weyl coefficients for constant Hamiltonians with zero deter-
minant, which can be found by an elementary calculation; see [EKT18, Exam-
ple 2.2(1)].4

2.4 Lemma. Let H as in (1.5) be a constant Hamiltonian such that h3 = hyh,.
Then
by
ifhy #0,
gu ="
oo ifhy=0.
2.2 Reparameterisation. Reparameterisation is the equivalence relation
on the set of all Hamiltonians defined as follows.

2.5 Definition. Two Hamiltonians H and H, defined on respective intervals
[a, b) and [a4, 13), are called reparameterisations of each other if there exists a
function ¢: [a, b) — [a,b) that is strictly increasing, bijective and absolutely
continuous with absolutely continuous inverse such that

(2.2) Hx)=(Hop)x)-¢'(x), xela,b)ae.

If H and H are related as in (2.2) and y is a solution of (1.1), then y o ¢ is
a solution of (2.2) with H replaced by H. Similarly, the fundamental solutions
satisfy VT/(x, 7) = W(p(x), z) and hence

(2.3) q5(2) = qu(2).

Moreover, the following obvious transformation rules hold:

04 M=Mogp, trH(s)=twH(s)) - ¢ (s),

Eﬁ=7l'HOg0, O'ﬁ=O'HOg0.

“In [EKT18] a different sign convention is used, namely the equation y'(r) = —zJH(f)y(¢) is studied
instead of (1.1). The corresponding Weyl coefficient is gg(z) = —qu(—2).
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Based on the transformation rule for the trace, we see that every equivalence class
of Hamiltonians modulo reparameterisation contains exactly one element that is
defined on the interval (0, co) and is trace-normalised, i.e., whose trace is equal
to 1 a.e. In fact, given a Hamiltonian H defined on some interval (a, b), we
set t(r) = fat tr H(x) dx and use ¢ := t~!. This function is admissible to make a
reparameterisation, since tr H(#) > 0 a.e., and hence t~! is absolutely continuous.

Based on the transformation rule of the primitive M, we see that the quotient in
(1.10) transforms correspondingly. Let us set

det M(¢)
2.5 d(H, 1) = .
2-5) D= Omao)
If H and H are related as in (2.2), then
(2.6) d(H, s) = d(H, p(s)).

2.3 Hamiltonians starting with a vanishing diagonal entry. If a
Hamiltonian starts with an interval where a diagonal entry vanishes, then its Weyl
coefficient has a simple, and extremal, asymptotics towards +ico.

Let H be a Hamiltonian defined on some interval (a, ). Recall the following
classical facts; see, e.g., [KK68].
> Denote by (a, @) the maximal interval starting at a such that 4,(¢) = O forz € (a, @)
a.e., and assume that @ > a. Then

qu(z) = ( / hi(2) dt) 2+ GH| ) (D)

The leading order term is the term that is linear in z:

1 a
lim  guGy) =i / tr H(?) dt,

y—>+00 y

The case a = b is formally included and corresponds to gy = oco.
> Denote by (a, d) the maximal interval starting at a such that 4, () = O forz € (a, @)

a.e., and assume that d > a. Then
1
([T mp(tydey-z— !

i) @)

qu(z) = —

Again the linear term gives the leading order asymptotics:

l
lim ygu(iy)= .
y—>+00 [ H(r) dr

The case d = b is formally included and corresponds to gy = 0.
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Translated to the spectral measure, @ > a means that it should include a “point
mass at infinity”, and ¢ > a means that it has finite total mass.
In particular, the above relations show that, if & > a or d > a, then

I .
lim mCIH.(W) _
y—oo |gp(iy)l

2.4 Representation of Hamiltonians by scalar functions. We study
the representation of a Hamiltonian H by means of the functions oy and ¢y, defined
in (1.6) and (1.22) respectively, a bit more systematically. Denote by T the unit
circle in the complex plane and, for 0 < T < oo, set

L(T)={f:(0,T) > [0,1] x T: f measurable}/_,

where f ~ g means that f and g coincide almost everywhere. As usual, we suppress
explicit notation of equivalence classes. Moreover, we write a function f € .Z(T)
generically as a pair f = (g, ) with ¢: (0, T) — [0, 1]and ¢: (0,7T) — T.

The set Z(T) is contained in L' ((0, T), C?) if T is finite, and in L], ([0, 00), C?)

if T = oo. In particular, for T < oo, we may consider .Z(T) topologised with the
|l |li-topology or the weak L'-topology.

2.6 Definition. Let 0 < T < co. We define maps

2(T) HL

T
~—
by

Mo c1(0) i ; <1+ReC(t) a(t)ImC(ﬂ)

o) Ime(H) 1 —Rec(r)

and E[H](?) := (og(?), (u(t)), where oy and ¢y are given by the formulae (1.6),
(1.20), (1.22).

Let (0,¢0) € Z(T). Introducing the rotation angle ¢: (0,7) — [0, 7) by
Z(t) = 2 we can rewrite

1 o cos p(t cosp(t))
o, ¢ = () o« (1) ' o(1) ‘
o) 1 sin g(¢) sin g(¢)
From this representation we see that I is a left-inverse of =: given H € HY., the
matrices H and I'[oy, (] both have trace 1, their quotients of diagonal entries
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coincide, and the relative size and sign of their off-diagonal entries coincide. Thus
indeed
('o E)(H)=H.

Furthermore, observe the following continuity property, which holds since 2 (T)
is uniformly bounded: for each 7' < oo we find a constant C > 0 such that, for all

(O-l: Cl): (0-2: 52) € g(T)’

(2.7) ITlo1, &1l — Tloz, &1l < Cli(or, (1) — (02, 2 -
In particular, for each T < oo, the map I': Z(T) — HL is | |l;-to-]| |-
continuous.

Note that the class of constant, singular, trace-normalised Hamiltonians can be
represented as follows:
HF ={T(1,¢): ¢ €T}

where we identify the constant (1, ¢) with the constant function in .Z(T).

2.5 Nets with constant limit points. In the proof of the implication
(iii)=(i) in Theorems 1.1 and 1.4 we need the following fact about sequences
in L'-spaces which have only constant limit points. We do not know an explicit
reference to the literature, and hence give a complete proof. In the formulation we
tacitly identify C with the u-a.e. constant functions in L'(u).

2.7 Proposition. Let i be a finite positive measure on a set Q with u # 0, and
let (fy)nen be a sequence in L*°(u) with sup, .y |[fullc < 00. We consider (f;,)nen
as a sequence in L'(u). Then the following two statements are equivalent:

(2.8) v(fnk)keN subsequence of (fn)nen- Ll:’ll ||1(fnk)keN NC# 0;
(2.9) VA, B C C compact, disjoint.  lim Lt A)) - (£ (B)] = 0.

If the equivalent conditions (2.8) and (2.9) hold, then

(210) LPw(fn)neN = LPII ||1(fn)neN c C.

Proof. Letus first settle “(2.8)=(2.9)A(2.10)”, which is easy to see. Assume
that (2.8) holds, and let ny — oo. Then we find a further subsequence (fy,, )ien

such that
I
fnk(l) — 8

with some constant g. Since || ||;-convergence implies convergence in measure,
we have

(2.11) Jim p({x € Q: Iy, () — gl 2 e} =0
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for every & > 0. Now consider two compact disjoint subsets A, B of C. Then the
point g can belong to at most one of A and B. For definiteness, assume that g ¢ A.
Then the distance dist(A, g) is positive, and

£7NA) C{x e Q: [fulx) — gl > dist(A, )}

Relation (2.11) implies that
. —1 _
L

and hence also the limit in (2.9) along the subsequence (7 )en is zero. Since we
started with an arbitrary sequence (7 )ren, the limit relation (2.9) follows.

Now let f € LP,,(f,,)nen and choose a subsequence (f;, )xen With f;,, X f. Then

(]
we find a further subsequence (f;,, )ien and a constant g such that f,, - g. It

follows that f = g € LP) |, (fi)nen. We have thus shown that

LPy,(fidnen € LPy |, (fidnen N C,

and this implies (2.10).

We come to the converse implication “(2.9)=(2.8)”. Assume from now on
that (2.9) holds. Moreover, since (2.9) is inherited by subsequences, it is enough
to prove (2.8) for the sequence (f;,),en itself. Further, let us set M := sup,, .y |[f:|lco-

There exist a subsequence (7;)xey and a € R such that

1

(2.12) Jim @ /Q Ref, (x) du(x) = a.

Let ¢ > 0 be arbitrary and consider the compact, disjoint sets
A={zeC: Rez>a+eA |z <M}, Bz{zecz Rez§a+;/\|z| SM};
by assumption, (2.9) holds with these sets. Suppose that there exists a subsequence

(k(D));en such that limy_, oo 1 (f,;(}) (B)) = 0. Then

/ Ref, () dp(x) = / Re () dp(n) + / Re f,p, () dpe(x)
Q —1 ()

—1
) Q\foey B

> —Mu(f BN+ (a+ ] )@\ £ (B))
N (a+ ;)ﬂ(g), [ = oo,

which is a contradiction to (2.12). Therefore (2.9) implies that

lim z(f ' (A)) =0,
k— 00
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which is equivalent to

(2.13) lim u({x € Q: Ref,,(x) > a+¢e})=0.
k— 00

In a similar way one shows that
lim u({x € Q: Ref,,(x) <a—c¢})=0,
k— o0

which, together with (2.13), implies that Ref,, — a in measure. Since Ref,, is

. . . [l
uniformly integrable, it follows that Ref,, —S a Ina completely analogous way

I . .
one can find a subsequence such that Imf,, — b with some b € R. This proves

(2.8). O
In the context of Hamiltonians on a finite interval, Proposition 2.7 implies the
following fact.

2.8 Corollary. Let T < oo and (H,),en be a sequence in HIT, and denote by A
the Lebesgue measure on (0, T). Assume that
(i) ¥y €10, 1), limycoo (o7} ([0, 71)) =0,
(i) VA, B C T closed, disjoint, limneoo[/l(cjgnl (A)) - l((gnl(B))] =0.
Then
LP| ,(Hnen = LPy(Hy)neny € HE.

Proof. We have to show that
LPw(Hn)neN - LP|| III(Hn)neN N H%S

The condition (i) says that oy, — 1 in measure. Since |og, ()] < 1 for a.e. ¢,
op, tends to 1 also w.r.t. || |[;. Consider a subsequence (H,, )ren of (H,)nen that
converges weakly to some H € H). By (ii), we can apply Proposition 2.7 to
the sequence ((H"k)keN. This provides us with a constant ¢ € T and a further
>)leN suchthaty —~— ¢w.r.t. | |;. Recalling (2.7) we see that

subsequence (g, iy

g

15y, = (A, Ol = 1T (og,

0)

5 CH”/((I)) - r(la C)”l — 03

and hence H = I'(1,¢) and H € LP| ,(H,)pen- O

2.6 Estimates for imaginary part and modulus of the Weyl coef-
ficient. In this subsection we recall lower and upper estimates for Im gy and
|gu| on the positive imaginary axis. This result is a special instance of [LPW21,
Theorem 1.1] with g = i and ¥ = 7 there and is used, in particular, in the proof
of the implication (i)=>(ii) in Theorem 1.1; the estimates for the modulus are also
used in the proof of the implication (iii)=(i).



20 M. LANGER, R. PRUCKNER AND H. WORACEK

2.9 Proposition. Let H be a Hamiltonian defined on the interval (0, 00) such
that (1.2) holds and neither hy nor hy vanishes a.e. on some neighbourhood of the
left endpoint O, and let m; be as in (1.5) and d(H, t) as in (2.5). For r > 0, let
{(r) € (0, 00) be the unique number that satisfies

. 1
(2.14) (mymy) (i(r)) = &2
With
_ [mu(i(r) — .
(2.15) Ap(r) = \/ o)’ Ly(r) = Ap(r)d(H, {(r))

the inequalities

L) < Imau(in) < Au(n)

1 .
AR < lgu(in] < 484u(),

4

hold for all r > 0.
Note that the mapping ¢ — (mymy)(¢) is a strictly increasing bijection
from (0, co) onto itself, and therefore #(r) is uniquely defined via (2.14). The
mapping r —> #(r) is a strictly decreasing bijection from (0, co) onto itself. It is

the inverse of the function
1

0= g Jamm)

2.7 A weighted rescaling transformation. In order to study the be-
haviour of gy towards ico, we use a weighted rescaling transformation on the
set of Hamiltonians. This is a variant of Y. Kasahara’s rescaling trick invented
in [Kas75] for Krein strings, and also used in slightly different forms in [KW10,
EKT18, PW21, LPW22]. The main idea of the rescaling is to zoom into a neigh-
bourhood of the left endpoint O when s in the following definition tends to 0.

2.10 Definition. Let g;,g> : (0,00) — (0, 00) be continuous such that
g1(s), g2(s) = oo as s — 0. Further, let T € (0, 0o] and set g3(s) := \/g1(s)g2(s).
For every s > 0 define the map </ : Hy — H.:, by

sgi($)hi(st)  sgz(s)hz(st) ’ te(O,lT).
sg3(s)hz(st) sga(s)hy(st) s

In the following we shall use two special choices of g, g», namely

(H)(1) = <

1
(2.16) Situation 1: gq(s) =
m

1(S)’ g2(s) =

1
my(s)

or

1
(2.17) Situation 2: g(s) = g2(s) = and H satisfies (1.13) and (1.14);
s
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in both cases g, g» satisfy the assumptions in Definition 2.10. The functions in
(2.16) are used in the proof of Theorems 1.1 and 1.4; the functions in (2.17) are
used in the proof of the additions of these theorems.

In the following lemma we collect how the quantities defined in (1.6)—(1.8),
(1.17) and (2.5) are transformed.

2.11 Lemma. Let gy, g» be as in Definition 2.10 and H € H. Then

018 MAH. D = /'( ) d = <g1<s>m1(sr> g3(S)m3(Sf)>’
0

g3(s)ms(st)  ga(s)mo(st)

219)  oun(d) = on(st),  Tout) = ifg; wu(st),  d(AH, 1) = d(H, 50).
If, in addition, (1.2) holds, then
(2.20) Qo (2) = gzﬁgqﬂ(g_«s)z).

Proof. Relations (2.18) and the first two equalities in (2.19) follow easily from
the definitions. Further, (2.18) implies the third equality in (2.19). Finally, (2.20)
follows from [EKT18, Lemma 2.7]. ]

If the functions gy, g» are as in (2.16), the relation (2.20) yields

1
(221) 4ot (g) = gy 110

In the following lemma we prove an a priori estimate for the modulus of the Weyl
coefficient of @/;H at a particular point, which is used in the proof of Theorems 1.1
and 1.4. This property follows from the choice of g;, g> in (2.16) in the general
case or from the assumption (1.14) in the additions to the main theorems.

2.12Lemma. Let H € Hsuchthat (1.2) holds, let g1, g2, g3 be as in Definition
2.10, and assume that (2.16) or (2.17) is satisfied. Then
i

8)‘x1, s € (0,1].

an
Proof. If g;, g, are as in (2.16), the assertion is clear from (2.21) and Propo-
sition 2.9.
Assume that (2.17) holds. Set x, := () where i(r) is the unique number that
satisfies (2.14) for /;H instead of H. Then

g1(s)m(sx,)ga(s)ma(sxy) = 1.
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This is equivalent to (7m,m,)(sx,) = s>. The latter relation implies that sx; — 0 as
s — 0. Assumptions (1.13) and (1.14) yield m;(¢) < ¢, i =1, 2 and hence

AW,(I) = \/’”1(”5) =1, se(0,1].

8 mo(sxs)

We obtain from Proposition 2.9 that

‘q,%H(i)‘ xAW,(l) =1, se(,1].

8 8 g

In the proof of Theorems 1.1 and 1.4 in Section 5 we also need the trace of
the primitive of the rescaled Hamiltonian. Let g;, g, be as in Definition 2.10 and
H e H. For s > 0 set

(222) (= /0 tr(ZsH)(x) dx = g1(s)m(s7) + g2(s)ma(st), 1 € (0, 00).

Since 7/(¢) = sg1(s)h1(st)+sg2(s)ha(st) > Oa.e., the function 7 is strictly increasing.
If, in addition, H is in the limit point case at oo, then z; is a bijection from (0, co)
onto itself. Note that for the choice (2.16) we have 7, = {;.

3 Proof of “(i)=(ii)”’ in Theorems 1.1 and 1.4

We use the following fact which also plays a role later.

3.1 Lemma. Let H,, s > 0, be the trace-normalised reparameterisation
of @ H, i.e., the Hamiltonian that satisfies

(3.1) (H)(t) = Hy(75(1)) - 75(1),

where ty(t) is defined in (2.22). Moreover, let T € (0, 00). Then

(3.2) limd(H,/)=0 < limd(H,, T)=0,
t—0 s—0
(3.3) liminfd(H,t)=0 < liminfd(H;, T)=0.
t—0 s—0

Proof. Let T € (0, co) be arbitrary. By (2.6), (2.19) and (2.22) we have
(3.4) d(H,, T) = d(H, ©; (T)) = d(H, st; ' (T)).
Set

(3.5) u(s) == st; '(T).
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The explicit form of z4(¢) and the continuity of g; and g, show that the function
(s,1) — 14(¢) is continuous from (0, c0)? to (0, co). Moreover, for every s > 0,
the mapping ¢t — 174(#) is a homeomorphism from (0, co) onto itself. By the
implicit function theorem as in, e.g., [Kum80], the function s — r;l(T), and with
it also s — u(s), is continuous. Moreover, we have

(3.6) 7= 0,(") = g1 () + galsym (o)

forall s. Since g;(s) — oo as s — 0 by assumption (see Definition 2.10), it follows
that lim,_, o u(s) = 0. The assertions now follow from (3.4). ]

Proof of ‘(i)<(i)” in Theorems 1.1 and 1.4. Let H be as in the
formulation of the theorems.
® The implications “(i)=>(ii)” in Theorems 1.1 and 1.4 are a direct consequence
of [LPW21, Theorem 1.1] in the form of Proposition 2.9 since this result implies

Imgu(ir) wlu(r) 1

lgu(in| = 44Au() ~ 281671

forevery r > 0. It remains to recall that 7, defined via (2.14), is a strictly decreasing
bijection from (0, co) onto itself.

@ In this step we show that

S
3.7) im ) 0 o LP(A)e0 C H,
r=c0 |gu(ir)|
A
(3.8) timinf ) _0 o LP(A)en N ES #0.

r>co |qp(ir)|
Let r, — oo. Then we have the equivalences
Im gy (iry)
m . =
n—co |qp(iry)|

The first one holds because of (2.21) and Lemma 2.12, and the second by the
maximum principle and compactness of H. Remembering that 7 is a decreasing
bijection we obtain (3.7) and (3.8).

, i
< Jlim Im qafm,,ﬂ(g) =0 o LPMUjq,)nen C© H®

® To prove the implication “(ii)=(i)” in Theorem 1.1, assume that
limd(H,t) =0.
t—0

By Lemma 3.1 we have lim;_,gd(H,;, T) = O for all T > 0. Since trH; = 1 a.e.,
it follows that also lim,_,odet M(T) = O for all T > O where M; is the primitive
of Hy.
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LetH € LP(e%H);sec0.17, and denote its primitive by M. Then detM(T) = O for
all 7. This means that the whole interval (0, 0o) is indivisible for A, i.e., H € H®.
Now (3.7) yields the required assertion.

@ For “(ii))=(1)” in Theorem 1.4 assume that liminf,_,od(H, ) = 0. Then for
each T > 0 we have liminf,_,od(H,, T) = 0 and, arguing as above, obtain a
limit point Hy € LP(e/H)c(0,1; for which the interval (0, T) is indivisible. Let
¢r € [0, 7) be the type of this indivisible interval. Choose a sequence (7},),en such
that (¢7, )nen converges, say, ¢r, — ¢. Then (Hr,),en converges to the Hamiltonian
for which (0, co) is indivisible of type ¢. Since LP(#/H )sc(0,1; is closed, we can
refer to (3.8) to finish the proof. ]

4 Bounds for the off-diagonal entries and the rotation

In this section we show that the relative size, oy(f), of the off-diagonal entries
of a Hamiltonian and its rotation, ¢y (#), can be estimated from above by d(H, t);
recall that the latter is defined in (2.5). These estimates are used in the proof of the
implication (ii)=(iii) in Theorems 1.1 and 1.4.

We start with an estimate for the off-diagonal entry. As usual, A denotes the
Lebesgue measure.

4.1 Proposition. Let H € H', and assume that neither hy nor h, vanishes a.e.
on some neighbourhood of the left endpoint 0. For each y € (0, 1) we have

4.1) vt > 0. 1&((0, HNay'([0, y]) < | _1 yzd(H’ 7).

Proof. Throughout the proof we fix y € (0, 1) and # > 0 and often suppress ¢
notationally. To shorten notation, we set [, := (0, t)ﬁa,‘,l([o, y]) and I; = (0, H\1,.
Further, set

& = [ iu(s)ds]z, & = Uhl(sms]z,
I I,

= UI in(s)ds]z, m = UI hz<s>ds]2,
_[<& —[m
= (2)- 0= ()

and let || || and ( , ) be the Euclidian norm and the inner product in R2. Since
neither A; nor A, vanishes a.e. on (0, 7) by assumption, we have & # 0, 1 # 0, and

define the vectors
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_ cos 0, _ cos 6,
&= &l (sin61> , n=|nll <sin02>

with 6y, 6, € [0, Z]. Moreover, we set 6 := max{6;, 6>}.
The relation I, = {s € (0, 1): |h3(s)| < yv/h1(s)hy(s)} implies that

we can write

ms(0)] < /1 ()] ds + / Ih3(s)] ds

1,

< / Vhi(s)hy(s) ds + / yV/hi(s)ha(s) ds
I L

< &m+yénp = (AL, )

with A = ((1) (y)). For the diagonal terms in M(¢) we have
mo= [ m©ds+ [ b ds=& +3 = eI,
L 1

and, similarly, m,(¢) = |||, which leads to
1)? AE, ) ]? AE|% ||An]?
mOf  LALNE LA iy
mi(@Omy(®) ~ [E]1 [Inl &N Il
The latter quotients can be rewritten as follows:
IAEN? _ & +9%E
€l &l
and analogously, [|An|1?/|In]I*> = 1 — (1 — y?) sin” 6,, which yields

=cos’ @, +y?sin’ 6, =1 — (1 — y?)sin’ 6,

my(0? min{1 — (1 — y*)sin* 6y, 1 — (1 — y) sin” 6}
(4.2) my(my(1) ~ ’

=1—-( - yz) sin” 6.
Since H is trace-normalised, we have

§§+'l§=/h1(s)ds+/lhz(S)dS=/1(1y), &I+ InIl* =1,

L,

which implies that
AT, _ NENPsin® ) + [l sin” 6, _

(4.3) < sin® 4.
t IEN% + ImlI?
Combining (4.2) and (4.3) we obtain
I713(l)2 2 2 2 j~(Iy)
dH,t)=1-— > - 0>(1-
(H, 1) ml(t)m2(t)_( y7)sin® 0 > (1 —y7) ;o

which proves (4.1). ]
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Now we come to an estimate for the rotation of H.

4.2 Proposition. LetH € H!, and assume that neither hy nor h, vanishes a.e.
on some neighbourhood of the left endpoint 0. For each pair of closed, disjoint
subsets A, B C T there exists a constant c(A, B) > 0, which is independent of H,
such that

Vi 0. A0, 00 G A) - A0 G BY < c(A, B) - dCH, 0.

Heading towards the proof of this proposition, we present two lemmata. The
first one is an easy observation, which shows how information about the Hamil-
tonian H on an interval I C (0, co) can be used to estimate d(H, t). In these two
lemmata we use the following notation, which extends the notation of the primitive
to functions that may vanish on sets of positive measure: for a Hamiltonian H,
I C (0,00)and ¢ > 0, set

M(H1,, 1) = mi(Hy, 1) ma(H, 1) :=/ H(s) ds.
m3(H1;, 1) my(H1;, 1) 1N(0,)

4.3 Lemma. Let H € H! and I C (0, o0). Fort > 0, we have

detM(H1,,t
d(H, t) > € (2 Is )
t
Proof. The fact that H is positive semi-definite gives M(H, 1) > M(H1,,¢t) > 0,
and in turn
detM(H,t) > det M(H1;,t) > 0.
Together with m;(H, t) < t, which is a consequence of tr H = 1 a.e., we obtain
detM(H, t) det M(H1,, t) 1
d(H, 1) = > > _detM(H1,,1).
= sl oymaH, ) = g, omait, 1y = 2 SM TR0 0
The second lemma contains the crucial estimates. For a, f € R with a < f we
denote the corresponding arc on T by

Ala, B == {exp(it): a <1< B}.

4.4 Lemma. The following estimates hold.

(1) Let ¢g, o satisfy 0 < ¢pg < o < & and set
Yo

I = Cﬁl (A[—¢0: ¢0]), %o
I == ¢ (Alwo, 27 — wol). —¢o
2 — wo
Then, for all H and t > 0, we have

a0 = sin” (" ¢°) - 11(11 M0, 1) - 11(12 (0, 1),
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(ii) Let a, p € (0, ] and set
I, =7 (A0, T — a)), T—a
L = (7 (Alx, 2m — B)).

Then, for all H and t > 0, we have

B

d(H, 1) > sin® (3) sin’ ( 0

) a0 @O0 a0 0,0

The same holds for

B
I =7 Alr + a, 27]),
L = ¢ (ALB, 7). 7 +a 0
(iii) Let a, p € (0, ] satisfy o + f < w and set
B
I 2=[EI(A[ﬁ,TL'—OC]), T—a
L = 5 (Alx, 27)). g 0

Then, for all H and t > 0, we have

min{a,ﬁ})

d(H. 1) > sinz( N

a0 .m- AN,

The same holds for
I := (7 Alx + a, 27 — B]), . 0
L = 7' (A[O, 7). T
27 — f

Proof.

® We start with a general calculation. Let K, K, C [0, 7] be disjoint and set
K = K| UK;. We can use the inequality |h3| < v/h1h, and the Cauchy—Schwarz
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inequality in the last step to obtain
detM(H1g, 1)
= my(H1g, my(Hlg, 1) — m3(H1g, 1)

=< hl(x)dx+/ hi(x) dx>< hz(x)dx+/ hz(x)dx)
K K> K, K

2
—< h3(x)dx+/ h3(x)dx>
K[ KZ

2

[ mwas /K ) de — ( /K Ve dx)

2

@4 " / I dx [ oG de— < / Vi ha(x) dx)
K> K> K>

/ hl(x)dx/ hz(x)dx+/K hl(x)dx/ ho(x) dx

—2 [ hi(x)dx [ hs3(x)dx
K K>

/hl(x)dx hz(x)dx+/ hi(x)dx [ ha(x)dx

K> K;

-2 hs3(x) dx h3 (x) dx.
K

Using once more |h3| < v/h1h, and the Cauchy—Schwarz inequality we arrive at a
complete square:

detM(H1g, 1)

E/Kl hl(x)dx/K hz(x)dx+/K hl(x)dx/K ha(x) dx

—2[/ hl(x)dx/ hy(x)dx | hi(x)dx hz(x) dx]
K K K>

172
= |:( hl(x)dx hz(x)dx) —( hl(x)dx/ hz(x) dx) ] .
K, K> K> K

@ Leta, B € R witha < Band setJ := 7' (Ala, B]). Then

4.5)

xelJ & gk eAla,pl

a
(4.6) & dnel. goH(x)—mre{z,'g}
a B _ 2 i
= Elgoe[z,z] hi(x) =cos” @, hy(x) =sin” ¢.

For the rest of the proof set K; := I; N (0,¢) fori = 1,2, and K := K} UK,. We
consider the three cases in (i), (ii), (iii) separately.
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® Let us first consider the situation in item (i). It follows from (4.6) that
2 (%o .2 (o
hi(x) > cos ( ) ), hr(x) < sin ( ) ), x € Ki,
hi(x) < cosz( U;o)’ ho(x) > sinz( U;o)’ x € K>.
This, together with Lemma 4.3 and (4.5), implies
d(H, 1)

%

1
o detM(H1g, 1)

tlz [\/cosz((po)i(l( ) sin? (Wo)i(l(z) — \/cosz(lgo)/l(l(z) sin (¢O)i(K )r

os() sn(0) = con(10)sn( )] 2K

o Wo— o\ AKD) AK?)
= sin ( 5 ) . .
which is the asserted statement in (i).

%

b

@ Next, we consider the situation in item (ii). Here /3 is non-negative on /; and
non-positive on I, or vice versa. Thus, Lemma 4.3 and inequality (4.4) yield

1
d(H, 1) detM(H]lK, 1)

I \

“4.7)

| \

|: h](x) dx hz(x) dx + h](x) dx l’lz(x) dx:| .
K K> K
By (4.6) we have the estimates /;(x) > cos’((7 &+ a)/2) = sinz(a/Z) for x € K,
and h,(x) > sinz(ﬁ/Z) for x € K5, and hence
.o .o B\ AK) AKR)

d(H,t) > sin (2)s1n (2) ; ;e
® Finally, we consider the situation in item (iii). Again /3 is non-negative on /; and
non-positive on /I, or vice versa, and therefore we obtain (4.7). Further, for x € [,
we have the estimates 1 (x) > cos’((7 £ a)/2) = sinz(a/Z) and hy(x) > sinz(ﬁ/Z)
by (4.6). With Lemma 4.3 we obtain

d(H,t) > sinz(g) . /1(:2(1) . hz(X)dx+sin2('§) . /1(:2(1) . hi(x) dx
> min{sin? (%), sin2<§)} - “t’f‘) /Kz(h1(x) + () dx
i (min{za,ﬁ}) , z(fo | wt@_ .
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Proof of Prop 4.2. Let d denote the intrinsic metric on T which assigns to
a pair of points the length of the shortest arc connecting them.
@ As a first step we settle the case when A, B C T are two closed, disjoint arcs
with lengths strictly less than 7. Set 0 := d(A, B), fix t > 0, and set

1 1
vy = ti(gg%A) N(0,1), vp:= ti(g*;l(B) N (0, 1)).

Based on Lemma 4.4 we are going to show that

4.8) dH, 1) > VAVB.

sin*(9/4)
A

To this end, we distinguish four cases.

> Assume that one of A and B is contained in A[Q, x], the other one is contained
in A[z,2z], and either d(A,1) < d(B,1) and d(B,—1) < d(A,—1),
or d(B, 1) < d(A, 1) and d(A, —1) < d(B, —1). Then Lemma 4.4 (ii) with the
choice a = f = 0/2 yields

(4.9) d(H, 1) > sin*(6/4) - vavg,

which is even stronger than (4.8).

> Assume that one of A and B is contained in A[O, 7], the other one is
contained in A[z, 27], and either d(A, 1) < d(B, 1) and d(A, —1) < d(B, —1),
or d(B,1) < d(A, 1) and d(B, —1) < d(A, —1). Then Lemma 4.4 (iii) with the
choice a = f = 0/2 yields d(H, t) > sin2(5/4)vAvB, which implies (4.9).

> Assume that both A and B are contained A[O, 7], or both are contained in
Alr, 2x]. Then Lemma 4.4 (i) yields d(H, t) > sin2(5/2)vAvB, which implies 4.9.
> Assume that neither of the above three cases takes place, and set

A :=ANA[0, 7], Ay:=ANA[x,2x],
B, := BNA[0, 7], B:=BnNA[x,?2x].

Then A; and B; are contained in A[O, 7] or A[x, 2x], and satisfy c?(Ai, B;) > o.
Moreover, since the lengths of A and B are strictly less than 7, the sets A; and B;
are again closed arcs. The already settled cases can be applied to A; and B;, which
yields

d(H, 1) > sin*(6/4) -vavp, i,je{l,2};

cf. (4.9). There is at least one choice of i,j € {1,2} such that vs, > vs/2
and vp > vp/2. Using this choice we obtain (4.3).

@ The general case, namely when A and B are arbitrary closed, disjoint subsets
of T, is deduced by appropriately covering A and B with arcs.
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Set 6 := d(A, B) and consider the open cover of T consisting of all open arcs
with length d/3. Since A is compact, there exist finitely many of these arcs whose
union covers A, say Ay, ..., Ay. In addition, we may assume that AN A; # () for all
ie{l,...,N}. Inthe same way we obtain arcs By, ..., Byr whose union covers B
and such that each of them intersects B.

We have d (Ai, Bk) > ¢0/3 for all i and k by construction, and (4.8) tells us that

. 4
sin“(d/12)
d(H,t) > 4 V4 Vg, -
For each ¢ > O there is at least one choice of i € {1,...,N}andk € {1,...,N’'}

such that v A, = VA /N and Vg > Vg /N’. Using this choice we arrive at

4
sin“(d/12)
d(H,t .
(H, 1) ANN' AVB
Note that the constants J, N, N’ only depend on A and B, but not on H or ¢. U

S Proof of equivalence with (iii) in Theorems 1.1 and 1.4

We have now collected all necessary tools to carry out the proof of equivalence with
condition (iii) in our main theorems. Our plan to proceed is to first work with a mod-
ified variant of (iii), namely “(iii’)” stated below, and prove that “(ii))= (iii’ )=({)"".
After that we show “(iii’)<>(iii)”, which is elementary.

In the following we consider the weighted rescalings <% H of H from Defini-
tion 2.10. For most part of the proof, g; and g, are arbitrary functions that satisfy
the assumptions in Definition 2.10. Only at the very end of the proof of (iii")<(iii)
we choose g1, g> as in (2.16) for the proof of Theorems 1.1 and 1.4, and we
use g1, g2 as in 2.17 for the additions to these theorems. Again let Hy, s > 0, be
the trace-normalised reparameterisation of 2/;H, cf. Lemma 3.1. Moreover, recall
that A denotes the Lebesgue measure.

The modified variant of (iii) reads as follows.

> In Theorem 1.1:

(iii") Forall T € (0, c0), all y € [0, 1) and all closed, disjoint sets A, B C T, the
following limit relations hold:

(5.1) lim 2((0, T) N o, (0, y1) =0,

(5.2) Hm(A((0, 7) N &7 (A) - 20, T) N & (B)] = 0.
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> In Theorem 1.4:

(iii") For each T € (0, co) there exists a sequence (s,,),en With s, — 0 such that,
for all y € [0, 1) and all closed, disjoint sets A, B C T, the following limit
relations hold:

(5.3) lim A((0,7) N oy, (10, 71)) =0,
(5.4) Jim [A((0, T) N ¢, (4)) - A0, T) N ¢, (B))] = 0.

Note that the statement of (iii") depends on the choice of the functions g;, g> in
Definition 2.10 because the family (H,),-( depends on g; and g».

The implication “(ii)=(iii’)” is a consequence of Propositions 4.1 and 4.2.

Proof of (ii)= (iii’) in Theorems 1.1 and 1.4. Let us first consider the sit-
uation in Theorem 1.1. Assume that lim,_,o d(H, t) = 0. Then lim,_,o d(H,, T) =0
by (3.2). Hence, Propositions 4.1 and 4.2 applied to H, yield (iii).

Now let us consider the situation in Theorems 1.4. Assume that

liminfd(H, t) = 0.
t—0

By (3.3) there exist s, > 0 with s, — 0 such that lim,_, ., d(H,,, T) = 0. We can
apply Propositions 4.1 and 4.2 to Hy, to obtain (iii’). d

The implication “(iii’)=(i)” is a consequence of Corollary 2.8.
Proof of (iii")=(i) in Theorems 1.1 and 1.4. By (2.3) and (2.20) we

have
(s)
(5.5) 41,2 = 4o (@ = 52 qugs(9)2).
g2(s)
It follows from Lemma 2.12 that
i i
(5.6) ‘qyx(g)‘—‘qmy(g)‘ =1, se(O,1].

Thus the constant Hamiltonians I'(0, 1) and I'(0, —1), where I is defined in Defini-
tion 2.6, cannot be limit points of (Hj)se(0,17 Since gr,1)(z) = 0o and gr,-1)(z) = 0
by Lemma 2.4. Relations (5.5) and (5.6) imply that

Imqu(83()}) _ Iman, ()
an(& DI 1an (P

If T € (0,00) and s,, € (0, 1] with 5, — 0 are such that (5.3) and (5.4) hold for all
y € [0, 1) and all closed, disjoint sets A, B C T, then

(5.7) xIqu\,(é), se(0,1].

(58) LPw(pT(Hs,,))neN g H(7:§

by Corollary 2.8; recall that pr : H' — HL is the restriction map
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> First assume that (iii") in the sequence variant for Theorem 1.4 holds. Then, for
each T € (0, c0), we can choose a sequence (s,),cn that satisfies (5.3) and (5.4)
for all y € [0, 1) and all closed, disjoint sets A, B C T, and hence (5.8). Lemma
2.3 (ii) implies that LP(Hj)sc0.1) N H® # (. Since I'(0, £1) ¢ LP(H,)sc0.1], We
find ¢ € T \ {£1} and some sequence s, — O such that lim,,_,, H;, = I'(1, ). By
the continuity of the mapping H — gy and Lemma 2.4 this implies that

Am gy, (;) = qw,o(é) = 1£mRCeC eR,

and hence lim,,_, o, Imgg, (i/8) = 0. By the assumptions in Definition 2.10, g3 is
continuous, and g3(s) — oo as s — 0. With r, := g3(s,)/8 it follows from (5.7)

that .
lim Im gy (iry,) _

n—oo |qy(iry)|

which shows (i) in Theorem 1.4.

> Assume that (iii’) in the continuous variant for Theorem 1.1 holds. We start with
an arbitrary sequence r,, — 00. Since g3(s) —» oo as s — 0 and g3 is continuous,
we find s, > O for large enough n such that s, — 0 and r,, = g3(s,,)/8. By (5.1)
and (5.2) the relations (5.3) and (5.4) hold for every T € (0, c0), every y € [0, 1)
and all closed, disjoint A, B C T for the sequence (s;),en. Thus (5.8) holds for all
T € (0, 00), and Lemma 2.3 (i) gives LP(Hj, ),y C H®. Using that H! is compact
and that I'(0, &=1) cannot occur as a limit point, we find a subsequence (Hsnk Jkeny and
¢ € T\ {Z£1}, such that limg_, Hsnk = I'(1, ¢) and hence lim;_, qu,, (i/8) e R
as above. Now relation (5.7) implies that

Iqu(irnk) _
k=00 |qu(iry)|

Since the sequence (7,),ey With r,, — oo was arbitrary, the desired relation (1.9)
follows.

This finishes the proof of (iii’)=(i). ]
Showing that (iii) and (iii") are equivalent is elementary.

Proof of (iii)<=(iii’) and of (iv)<(iii’) under the assumption of (1.13),
(1.14). We prove the asserted equivalences for the continuous variant in Theo-
rem 1.1. The proof for the sequence variant in Theorem 1.4 is—word by word—the
same. We proceed in several steps. In the first two steps we show that (iii’) is
equivalent to (iii””) stated below. In the last step we prove that (iii”’) is equivalent
to (iii) and—under the additional assumptions (1.13), (1.14)—also equivalent to

(iv).
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@ We show that (iii’) is equivalent to an analogous condition, say (iii”), where the
limit relation (5.2) is required to hold for all open arcs V, W C T\ R with VAW = ()
and lengths at most 7, instead of all closed disjoint sets A, B C T.

The implication (iii")= (iii”) is of course trivial. To show the converse, assume
we know (5.1) and (5.2) for arcs as above. Let A, B C T be closed and disjoint.
Then we can choose open arcs Vi, ..., V, and Wy, ..., W, of lengths at most 7
such that

n
cJvi. BcJw;,
i=1 j
n

UvinlJw; =0, RﬂA:RﬂOVi, RmB:RmLmJWj.
i j i=1 j=1

5.9

If an arc V; intersects R, we can split it into the two arcs V; N C* and V; N C~, and
the singleton V; N R; here C* and C~ are the open upper and lower half-planes
respectively. Hence, we may assume that our arcs V;, W; do not intersect the real
axis on the cost of adding the set { 1, —1} to the covering, i.e., we can write

(5.10) Ac{L-1ulJvi, Bc{lL-13ulJw
i=1 Jj=1
instead of (5.9).

For any Hamiltonian we have (,;1({ 1,—1}) C a,‘,l({ 0}) by the definition of oy.
Hence, (5.1) guarantees that lim,_,o A((0, T) N (,}SI({ 1, —1})) = 0. We know that,
forallie {1,...,n}andje {1,...,m},

m{A((0, T) N &g, (V) - A0, T) N &g (W)l = 0
and we obtain from (5.10) that also

Hm{A((0, 7) N ¢z (A)) - 20, T) N & (B =

@ We make a transformation to pass from the unit circle to the real line. Consider

the function
0,00) > TNC*

o -
1+x +l\/1 l+x

This is a differentiable homeomorphism from (0, co) onto TNC*, and open intervals
in (0, co) correspond to open arcs in T N C*. Moreover, for an interval I C (0, co)
we have

infl=0 & 1leg,(I) and supl=00 & —1 € ¢.().
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For any z € T N C* the relation

1 —Rez

Re¢+( 1+Rez

):Rez

holds and hence also
1— RCZ) _

¢+< 1+Rez

Let 7 € (0, 00) and assume that Im () > 0. Then ¢y(2) € (0, 7), and by (1.21)
we have 7y(¢) = tan® oy (). Since u(t) € TN C*, we have

—Re 5H<r>) (1 — cos(2pp (1))

Cu() = ¢+( 1 +Re () 1 +cos(py())

) = pu(tan® g (1)) = pu(zu(0).
Thus, for every open arc V C T N C*,

V) =@ (V).

For the lower half-plane we proceed analogously. Consider the function

é (—00,0) > TNC™
- 1—|x x
1+||x|| \/1 —( 1+|| l
which is a differentiable homeomorphism from (—oo, 0) onto T N C~ such that

open intervals in (0, co) correspond to open arcs in TN C™, and that, for an interval
I C (—00,0), we have

sup/=0 & 1legp_(I) and infl=—-00 & —1€¢_(I).
As above one shows that, foranarc V C TN C™,

(V) =2t @z (V).

Now we combine the mappings ¢, and ¢_; let ¢: R\ {0} — T \ R be defined
by ¢l0.00) = ¢+ and @P|(—c0,0) = #—. The above considerations show that (iii’) is
equivalent to the following condition (iii”’).

(iii””) Forall T € (0, c0), all y € [0, 1) and all open intervals I, J C R \ {0} with
INJ = () and at least one of them bounded the following limit relations
hold:

(5.11) lim A((0, 7) N o5 ([0, 7]) =0,
(5.12) lim[2((0, 7) N zg (1) - A(0, T) Nz ()] = 0
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® It follows from (2.4), (2.22) and (2.19) that

(5.13) ou,() = 0o u(ty (D) = oulsty (1)),

(5.14) 2.0 = o (071 (1)) = §2(5)

215) Tu(sto ().

> To show (iii)<(iii”’), let us choose g1, g> as in (2.16). Then z4(¢) = t,(¢) for all
t € (0, 00), and (5.14) can be simplified to 7y () = nH,S(tS_l(t)). This and (5.13)
show that the following equivalences hold:

1
xeapl(0.9) o xet( ou'(0.D),

xeng' () ©  xet(mp, ).
This settles the equivalence (iii)<(iii"”).
> Finally, assume that (1.13) and (1.14) in the addition to Theorem 1.1 hold. Let
us choose g1, g2 as in (2.17). Then 7,(t) = | (m(st) + my(st)) = 1 by (1.13) and
hence oy, (t) = ou(st). For fixed 7, s € (0, 0o) and y € [0, 1) we have

(0, T) N o5 (10, YD) = A({x € (0, T) : sx € o' ([0, y])})
1
B / Lozt o,yp (s%) dx = / Loziq0.m(<) d<
©,7T) S J(,sT)
1 _
= A©.sT)N o ([0, 7])).
Hence, for fixed y € [0, 1), the following equivalences hold:
1
VT € (0,00), (5.11)is true & VT € (0, 00), lim| A((0,sT) N7 ([0, y1)]=0
5= S
oorl _
& lim| A0, 1N 7' (10, y)]=0.
t—0oLt

In a similar way one shows that (5.12) is true for every T € (0, co) if and only if
(1.16) holds. This establishes the equivalence of (iii”’) and (iv) and finishes the
proof of Theorems 1.1 and 1.4 and their additions. (]

6 Hamiltonians with regularly varying diagonal

As a class of examples we consider Hamiltonians whose primitive M has regularly
varying diagonal entries. Recall that a function f: (0, co) — (0, c0) is called
regularly varying with index p at 0 if

vis 0. 1im? "D = p.

0 f(s)
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see, e.g., [BGT89, §1.4.2]. Typical examples of regularly varying functions are
f@) =t - |logt|” - (log|logt|)?”> with p, f1, f» € R, where higher iterates of
logarithms can be added. In the theorem below we show that a Hamiltonian with
regularly varying diagonal primitives is well behaved in the sense that d(H, 1) 2 1
unless its diagonal entries are of the same size on the power scale, i.e., their
indices coincide. This is closely related to our forthcoming paper [LPW22],
where we investigate Hamiltonians whose Weyl coefficients have regularly varying
asymptotics towards +ico.

6.1 Theorem. Let H be a Hamiltonian defined on the interval (0, c0) and
assume that neither hy nor hy vanishes a.e. on some neighbourhood of the left
endpoint 0. Assume that my and my are regularly varying at O with positive
indices py and p, respectively. Then

2
liminf d(H, 1) > 1— (| VP )
=0 2(p1+p2)

Proof. Let («7,H)-( be the family of rescaled Hamiltonians as in Definition
2.10 with gy, g> from (2.16), and let (H,),-¢ be the corresponding trace-normalised
family as in (3.1).

@ In the first step of the proof we show that every accumulation point of (H;)s~0,
for s — 0, is of a special form. It follows from (2.18) that

_ m(st)

(6.1) {/;(%H)(X) dX] = ie{l,2},

mi(s)’
where [C];; denotes the ith entry on the diagonal of a matrix C, and hence

my(st)  mo(st)

() = 7,(1) = /0 tr(H)(x) dx = mi(s)  mo(s)

where t; and 7, are defined in (1.8) and (2.22) respectively. Set t(¢) = ' + >
for ¢t € (0, o). The assumptions about m; and m; and the Uniform Convergence
Theorem for regularly varying functions (see, e.g., [BGT89, Theorem 1.5.2]) imply
that limy_, ¢ t;(#) = t(¢) locally uniformly for ¢ € (0, co). The functions t, and t are
continuous and increasing bijections from (0, co) onto itself, and it follows that
also limy_,o t71(T) = t71(T) for all T € (0, c0).

Let s, — 0O be a sequence such that the limit H = lim,,_, o Hj, exists, and
let H be the reparameterisation defined by H := (Hot)-t. Using (6.1) we find,
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forT € (0,00) and i € {1, 2}, that

T D) T _
{ / H() dt} { / H()t' (1) dt} = { / H(x) dx}
0 ii 0 ii 0 i

T (1)
lim { / H; (x) dx} = lim [ / (s, H)(t) dt}
0 ii 0

n—oo n—o0

. my (st (7))
= lim
n—o0  my(sy,)

=D,

again by the Uniform Convergence Theorem. Hence H is of the form

A p1—1 =
6.2) A = (” ! _1>
;%2 pthZ

where the off-diagonal entries are unknown.

@ For Hamiltonians H of the form (6.2) an estimate for d(ﬁ , 1) holds. With fzj
being the entries of H we have

|il3(t)| < \/ill(l‘)l,:Lz(t) =./p1p2 té(ﬂl"'/?z)—l

and hence t
lma(1)] < / lh3(x) dx| < | VPP $h142),
0 >(p1+ p2)
from which we find that, for all # > O,
=~ 2
(6.3) dH, 1) > 1— (1\//)1/)2 ) '
,(p1+p2)

® We make a limiting argument to complete the proof. Let (¢,)52, be a sequence
of positive numbers with ¢, — 0. Fix T > 0 and let again u(s) be the function
in (3.5). For large enough n, choose s, — 0 such that u(s,) = t,, and extract a
subsequence (s, )ken such that the limit H:= limy_, o Hy, ,, exists. Using (2.19),

Sn(k)
(2.6) and (6.3) we obtain
H, t; (T))

Sn(k)

d(H, t,)) = d(H, u(s,x))) = d(

Sn(k)

k— PN PPz \2
= d(H,,,, T) =3 d(H,T) > 1 — (1 % ) .
,(p1+p2)
Since the (z,) was arbitrary, the claim follows. ]

As a consequence, if p; # p, in Theorem 6.1, then (ii) in Theorem 1.4 is not
satisfied and hence neither is (i) (under the assumption that (1.2) holds), i.e., one
has liminf,_, I'I‘;ZZ;’)yl ) > 0. If, on the other hand, the diagonal entries themselves
(and not just their primitives) are regularly varying with the same index, then the

situation is different.
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6.2 Proposition. Assume that h|(t), hy(t) > 0 a.e., that hy, hy are regularly
varying with the same index o > —1, and set h3(t) := \/hi(D)hy(t), t € (0, c0).

Then lim,_,o d(H, t) = 0 and hence lim,_, IEZZ;?') =0

Proof. The off-diagonal entry A3 is also regularly varying with index a. It
follows from Karamata’s Theorem (e.g. [BGT89, Theorem 1.5.10] transformed
from the asymptotics at co to the asymptotics at O by a change of variable) that
mi(t) = ! tht)(1 +o(1))ast — 0 fori=1,2,3. Hence

I+a

my(Oma(t) = m3(1)* _ i @Oha()(1 +o(1)) — h3(1)*(1 + o(1))

dH, 1) =
(H.7) my(1)my(1) hi(D)h())(1 + o(1))
_ hi(D)ha(t)o(1)
h1(Dha()(1 + o(1))
as t — 0. The last statement follows from Theorem 1.1. O
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