Numerische Mathematik (2023) 153:111-140 NumenSChe
https://doi.org/10.1007/500211-022-01334-8 Mathematik

®

Check for
updates

Goal-oriented adaptive finite element methods
with optimal computational complexity

Roland Becker' - Gregor Gantner? - Michael Innerberger? - Dirk Praetorius>

Received: 6 July 2021 / Revised: 9 October 2022 / Accepted: 26 October 2022 /
Published online: 16 November 2022
© The Author(s) 2022

Abstract

We consider a linear symmetric and elliptic PDE and a linear goal functional. We
design and analyze a goal-oriented adaptive finite element method, which steers the
adaptive mesh-refinement as well as the approximate solution of the arising linear
systems by means of a contractive iterative solver like the optimally preconditioned
conjugate gradient method or geometric multigrid. We prove linear convergence of
the proposed adaptive algorithm with optimal algebraic rates. Unlike prior work, we
do not only consider rates with respect to the number of degrees of freedom but even
prove optimal complexity, i.e., optimal convergence rates with respect to the total
computational cost.
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1 Introduction

Let © C RY be a bounded Lipschitz domain, d > 2. For given f € LZ(Q) and
fe [L2 (Q)]d, we consider a linear symmetric and elliptic partial differential equation

—divAVu* +cu* = f+divf inQ, o
u*=0 onl :=0%Q,

where A(x) € Rfyxnf is symmetric and c(x) € R. As usual, we assume that A, ¢ €
L°°(R2), that A is uniformly positive definite and that the weak form (see (5) below) fits
into the setting of the Lax—Milgram lemma. Standard adaptivity aims to approximate
the unknown solution u* € H(} (£2) of (1) in the energy norm at optimal rate; see [1, 6,
7,9, 11, 19, 23] for adaptive finite element methods (AFEMs) and [5] for an overview
of available results. Instead, the quantity of interest for goal-oriented adaptivity is only
some functional value of the unknown solution u* € HOI(Q) of (1), and the present
paper aims to compute the linear goal functional

Gu*) := / (gu* — g - Vu*)dx, )
Q

for given g € L?(2) and g e [LZ(Q)]". To approximate G (u*) accurately, it is not
necessary (and might even waste computational time) to accurately approximate the
solution u* on the whole computational domain. Due to this potential decrease of
computational cost, goal-oriented adaptivity is of high relevance in practice as well as
in mathematical research; see, e.g., [3, 4, 10, 17] for some prominent contributions.

The present work formulates a goal-oriented adaptive finite element method
(GOAFEM), where the sought goal G (1*) is approximated by some computable G,
such that

|G(u*) — Gyl Z_)—OO> 0 even at optimal algebraic rate. 3)

The earlier works [2, 12, 14, 20] are essentially concerned with optimal conver-
gence rates for GOAFEM, where all arising linear FEM systems are solved exactly.
While [12, 14] particularly aim to transfer ideas from the AFEM analysis of [5, 6]
to GOAFEM for general elliptic PDEs, the seminal work [20] considers the Poisson
model problem and additionally addresses the total computational cost by formulating
realistic assumptions on a generic inexact solver (called GALSOLVE in [20, 23]).
The focus of the present work is also on the iterative (and hence inexact) solu-
tion of the arising FEM systems. However, we avoid any realistic assumptions on
the solver, but rather rely on energy contraction per solver step, which is proved to
hold for the preconditioned CG method with optimal multilevel additive Schwarz pre-
conditioner [8] or the geometric multigrid method [25]. In the proposed GOAFEM
algorithm, the termination of such a contractive iterative solver is then based on appro-
priate computable a posteriori error estimates by a similar criterion as in [20, 23]. We
discuss several implementations of such termination criteria and prove that these allow
to control the total computational cost of computing the approximate goal value Gy,
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where we already stress now that G(u*) ~ Gy = G(ug) + Ry, where uy ~ u* is a
FEM approximation of u* and Ry is a residual correction related to inexact solution
of the FEM formulation. While [20] shows algebraic convergence with optimal rates
(in the present setting of FEM on quasi-uniform meshes) with respect to the overall
computational cost for the final iterates on every level for sufficiently small adaptivity
parameters (for mesh-refinement and solver termination), our main contribution is full
linear convergence, i.e., linear convergence of the estimator product independently of
the algorithmic decision for either mesh-refinement or solver step and even for arbi-
trary adaptivity parameters. An immediate consequence is that the convergence rate
of the computed solutions with respect to the number of elements will be the same
as with respect to the overall computational cost (i.e., the cumulative computational
time). Moreover, for sufficiently small adaptivity parameters, we show convergence
with optimal rates with respect to the number of elements and, hence, with respect to
the overall computational cost. This extends the results of [20] to the present setting
of symmetric second-order linear elliptic PDEs. Finally, we stress that, unlike [20],
our GOAFEM algorithm does not require any inner loop for data approximation and
therefore does not require different (but still nested) meshes for the primal and dual
problem. Overall, the present paper thus provides further mathematical understanding
for bridging the gap between applied GOAFEM and theoretical optimality results.

Outline In Sect. 2, we present our GOAFEM algorithm (Algorithm 3) and the details
of its individual steps. This includes the details of our finite element discretization as
well as the precise assumptions for the iterative solver, the marking strategy, and the
error estimators. We then state in Sect. 3 that Algorithm 3 leads to linear convergence
for arbitrary stopping parameters (Theorem 6) and even achieves optimal rates with
respect to the total computational cost if the adaptivity parameters are sufficiently small
(Theorem 8). We emphasize that linear convergence applies to all steps of the adaptive
strategy, independently of whether the algorithm decides for one solver step or one
step of local mesh-refinement. This turns out to be the key argument for optimal rates
with respect to the total computational cost (see Corollary 7). Section 3.2 comments
on alternative termination criteria for the iterative solver. Section 4 then illustrates our
theoretical findings with numerical experiments. Finally, we give a proof of our main
Theorems 6 and 8 in Sects. 5 and 6, respectively.

Notation In the following text, we write a < b fora, b € R if there exists a constant
C > 0 (which is independent of the mesh width /) such that a < C b. If there holds
a < b < a,we abbreviate this by a >~ b. Furthermore, we denote by #A the cardinality
of a finite set A and by |w| the d-dimensional Lebesgue measure of a subset  C RY.

2 Goal-oriented adaptive finite element method
2.1 Variational formulation

Defining the symmetric bilinear form

a(u, v) ::f AVu - Vodx +[ cuvdx, (@)
Q Q
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114 R. Becker et al.

we suppose that a(-, -) is continuous and elliptic on H& (£2) and thus fits into the setting
of the Lax—Milgram lemma, i.e., there exist constants 0 < Cejj < Ccpy < 00 such that

Cell“””il(}(g) <a(u,u)and a(u, v) < Ccnt”””[-[Ol(Q)”U”HOl(Q) forallu,v € H(} (£2).
In particular, a(-, -) is a scalar product that yields an equivalent norm [|v||? := a(v, v)
on HO1 (L2). The weak formulation of (1) reads

aw*,v) = F(v) := / (fvdx —f- Vv)dx forallv € H(}(Q). 5)
Q

The Lax—Milgram lemma proves existence and uniqueness of the solution u* € HO1 ()
of (5). The same argument applies and proves that the dual problem

a(v,z*) = G(v) forallv e H} () (6)

admits a unique solution z* € H(} (£2), where the linear goal functional G €
H™(Q) := H}(Q)' is defined by (2).

Remark 1 For ease of presentation, we restrict our model problem (1) to homoge-
neous Dirichlet boundary conditions. We note, however, that for mixed homogeneous
Dirichlet and inhomogeneous Neumann boundary conditions our main results hold
true with the obvious modifications. In particular, with the partition 3Q = Tp UTy
into Dirichlet boundary I'p with |I'p| > 0 and Neumann boundary I'y, the space
HO1 (2) (and its discretization) has to be replaced by H[l) () = {v e H'(Q)
v|r,, = 01in the sense of traces} and the Neumann data has to be given in L2(F N)-
Furthermore, the coefficient f must vanish in a neighborhood of Iy to go from the
strong form (1) to the weak form (5) via integration by parts.

2.2 Finite element discretization and solution

For a conforming triangulation 7y of € into compact simplices and a polynomial
degree p > 1, let

Xy = {vH € H(}(Q) : VT € Ty, vglr is a polynomial of degree < p}. (7)
To obtain conforming finite element approximations u* ~ uy € Xy and z* =~
zy € Xy, we consider the Galerkin discretizations of (5)—(6). First, we note that the
Lax—Milgram lemma yields the existence and uniqueness of exact discrete solutions
uyy, 7y € Xy, ie., there holds that

a(y,vy) = F(vg) and a(vy,zy) = G(vy) forall vy € Xp. 8)

In practice, the discrete systems (8) are rarely solved exactly (or up to machine pre-
cision). Instead, a suitable iterative solver is employed, which yields approximate
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discrete solutions u’l';,, z’}i € Xy. We suppose that this iterative solver is contractive,
i.e., for all m, n € N, it holds that

-1 -1
Ny, — upll < gew Nufy —uly Il and Nz — 2yl < gew 2y — 250 (9)

where 0 < ¢q¢r < 1 is a generic constant and, in particular, independent of X.
Assumption (9) is satisfied, e.g., for an optimally preconditioned conjugate gradient
(PCG) method (see [8]) or geometric multigrid solvers (see [25]); see also the dis-
cussion in [16]. We note that these solvers are also guaranteed to satisty the realistic
assumptions from [20, 23] (which require that any initial energy error can be improved
by a factor 0 < v < 1 at O(]log(t)|#7y) cost). However, while (9) is slightly less
general, it allows to prove full linear convergence; see Theorem 6 below.

2.3 Discrete goal quantity

To approximate G (u*), we proceed as in [17]: For any uy, zy € X, it holds that

* * 6 * *
Gu*) — Glup) = Gu* —um) La@w* —uy, )
=aW —up,z" —zg)+aW —umg, zy)

(Sz)a(u* —up, 2" —zp) + [Fzg) —a(un, zm)].

Defining the discrete quantity of interest
Guup.zn) = Guy) +[FGn) —alupy. zn)]. (10)
the goal error can be controlled by means of the Cauchy—Schwarz inequality
|Gw*) = Gy(up, zn)| < |a@* —up, 2" —zm)| < lu* —ugllllz* —zull. (11)

We note that the additional term in (10) is the residual of the discrete primal problem (8)
evaluated at an arbitrary function z € Xy and hence G(u};) = G (U}, zn).

In the following, we design an adaptive algorithm that provides a computable upper
bound to (11) which tends to zero at optimal algebraic rate with respect to the number
of elements #7 as well as with respect to the total computational cost.

2.4 Mesh refinement

Let 7p be a given conforming triangulation of €. We suppose that the mesh-
refinement is a deterministic and fixed strategy, e.g., newest vertex bisection [24].
For each conforming triangulation 7y and marked elements My C Ty, let 7 :=
refine(7y, Mpy) be the coarsest conforming triangulation, where all T € My
have been refined, i.e., My C Ty\7,. We write 7, € T(7p), if 7j, results from Ty
by finitely many steps of refinement. To abbreviate notation, let T := T(7p). We note
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116 R. Becker et al.

that the order on T is respected by the finite element spaces, i.e., 7, € T(7y) implies
that Xy C Aj,.
We further suppose that each refined element has at least two sons, i.e.,

#(Ty\Th) + #Ty < #T, forall Ty € T and all 7, € T(Ty), (12)

and that the refinement rule satisfies the mesh-closure estimate

-1
#T; —#T) < Cas y_#M; forall £ €N, (13)

j=0
where C.js > 0 depends only on 7). For newest vertex bisection, this has been proved
under an additional admissibility assumption on 7y in [1, 24] and for 2D even without
any additional assumption in [18]. Finally, we suppose that the overlay estimate holds,

i.e., for all triangulations 7y, 7, € T, there exists a common refinement 7y @ 7, €
T(7y) N T(7;) which satisfies that

#(Ty @ Tn) < #Tn +#71, — #7, (14)
which has been proved in [6, 23] for newest vertex bisection.
2.5 Estimator properties
For 7y € T and vy € Xy, let
ng(T,vyg) >0 and ¢y (T,vy) >0 forall T € Ty

be given refinement indicators. For uy € {ny, (i}, we use the usual convention that

12
pwHWH) = wH(TH, ve), where ppUp, ve) = ( > un(, UH)Z)
Tely
(15)

for all vy € Xy and all Uy C Ty.

We suppose that the estimators ng and ¢y satisfy the so-called axioms of adaptivity
(which are designed for, but not restricted to, weighted-residual error estimators)
from [5]: There exist constants Cgap, Crel, Cdrel > 0 and 0 < greqg < 1 such that for
all 7y € T(7p) and all 7, € T(7y), the following assumptions are satisfied:

(A1) Stability: For all v, € X, vy € Xy, and Uy C T, N Ty, it holds that
|7 U, vi) — 0 Un, vi) | + |ehUa, vi) = (i Un, ve) | < Csab llon — va .
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(A2) Reduction: For all vy € Xy, it holds that

M (Ti\Tr, ver) < qred N (Tg\7Tp, vy) and
Ch(Tp\TH, ve) =< qred S (Tu\Th, vh).

(A3) Reliability: The Galerkin solutions u%;, 23, € Xy to (8) satisfy that
lu* —uyll < Cretnu(uyy) and  |lz° — 251l < Crel Su(2y)-

(A4) Discrete reliability: The Galerkin solutions u};, z}; € Xy and uj, zj € Xj to (8)
satisfy that

lluy —uyll < Caret N (Tu\Tp, uyy) and Iz — 25l < Carel SH(Tu\Th, 25)-

By assumptions (A1) and (A3), we can estimate for every discrete function wy €
Xy the errors in the energy norm of the primal and the dual problem by

lu* —wyll < C [na(wh) + lluyy — wgll] and
lz* — wall < C[ta(wn) + iz — wall].
respectively, where C = max{Cre], Cre]Cstab + 1} > 0. Together with (11), we then

obtain that the goal error for approximations uy; ~ u}, and 7%, & 7}, in X is bounded
by

G — Gy, )| < C* [nu ) + Nty — will ] [cu @) + Ny — Z'ﬁ(llll]é)

In the following sections, we provide building blocks for our adaptive algorithm that
allow to control the arising estimators (by a suitable marking strategy) as well as the
arising norms in the upper bound of (16) (by an appropriate stopping criterion for the
iterative solver).

2.6 Marking strategy

We suppose that the refinement indicators ngy (T, u’;'l) and ¢y (T, Zr;_]) forsomem, n €
N are used to mark a subset My C 7y of elements for refinement, which, for fixed
marking parameter 0 < 6 < 1, satisfies that

20mu W) e (%) < g (Mp, w")> a2 + tu (M, 25)* nun ). (17)

Remark2 Given0 < ¢ < 1, possible choices of marking strategies satisfying assump-
tion (17) are the following:

(a) The strategy proposed in [2] defines the weighted estimator
pr (T ulfy, 25 o= (T, wfp) e () + (W) *em (T, 2)°
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118 R. Becker et al.

and then determines a set My C 7Ty such that

O pr Wy, ) < pu(Mp, u'y, 25) (18)

which is the Dorfler marking criterion introduced in [9] and well-known in the
context of AFEM analysis; see, e.g., [5]. This strategy satlsﬁes (17) with @ = 92,
(b) The strategy proposed in [20] determines sets M H> M; 1 € 7g such that

9 @) < ne(My, u) and 9 ¢y (%) < tu(My,2%)  (19)

and then chooses My := arg min{ #/\_/11;1 , #./\_/lZH }. This strategy satisfies (17)
with 6 = 92/2. o o

(c) A more aggressive variant of @ was proposed in_[l4]: Let M';I and MZ[{ as
above. Then, choose MY¥ C My, and M3, C Mj, with #MY%, = #M3, =
min{ #M‘}, , #Mi, }. Finally, define My := MY, U M3,. Again, this strategy
satisfies (17) with 6 = 92/2.

Note that our main results of Theorem 6 and 8 below hold true for all presented
marking criteria (a)—(c). For our numerical experiments, we focus on criterion (a),
which empirically tends to achieve slightly better performance in practice.

2.7 Adaptive algorithm

Any adaptive algorithm strives to drive down the bound in (16). However, the errors
of the iterative solver, [|u}; — u'; || and ||z}, — ;]I cannot be computed in general
since the exact discrete solutions u},, z3; € Xy to (8) are unknown and will not be
computed. Thus, we note that (9) and the triangle inequality prove that

(1 = gew) lluyy —uly™ i<y — uy U< (4 + gew) Nlufy — M’Z_llll (20a)
as well as
(1 = gew) Izl — 2 Sl < iz — Z'}I_llll < (I +qew) 2y — 2 . (20b)

With Cgoal = max{Cre], CrelCstab + 1} (1 + geur/(1 — ‘thr))a (16) leads to

GW*) = Guyy, 24| < Caou [nm i) + gy — gy~ W [2a 5) + 2y — <37 0]
1)

which is a computable upper bound to the goal error if m, n > 1. Moreover, given
some Ac > 0, this motivates to stop the iterative solvers as soon as

~1 —1
gy —uly "N < Aewnu () and Nz — 2 | < Aew Su (Zp)
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to equibalance the contributions of the upper bound in (21); alternative stopping criteria
are introduced and analyzed below. Overall, we thus consider the following adaptive
algorithm.

Algorithm 3 Let u8, 28 € Xy be initial guesses. Let 0 < 6 < 1 as well as Acy > 0 be

arbitrary but fixed marking parameters. Forall ¢ = 0, 1,2, ..., perform the following

steps (1)—(vi):

(i) Employ (at least one step of) the iterative solver to compute iterates ué, couy
and Z}z’ ..., 2y together with the corresponding refinement indicators n(T, ulz)
and & (T, zlg)for all T € 71y, until

Ny — w1 < Aew ne@l) and Nzf — 27N < e (2. (22)

(ii) Define m(€) := m and n(€) := n.

(iii) If ne(y) =0 or &e(2)') =0, then define £ := € and terminate.

(iv) Otherwise, find a set My C Ty such that the marking criterion (17) is satisfied.
(v) Generate Tpy := refine(Zy, My).

(vi) Define the initial guesses ungl = uYy' and Z?H := 7}, for the iterative solver.

Remark 4 Theorem 6 below proves (linear) convergence for any choice of the marking
parameters 0 < 8 < 1 and Ao > 0, and for any of the marking strategies from
Remark 2. Theorem 8 below proves optimal convergence rates (with respect to the
number of elements and the total computational cost) if both parameters are sufficiently
small (see (32) for the precise condition) and if the set M is constructed by one of the
strategies from Remark 2, where the respective sets have quasi-minimal cardinality.

Remark 5 Note that Algorithm 3(i) requires to evaluate the error estimator after each
solver step. Clearly, it would be favorable to replace n(u}') (resp. {¢(z})) by ne (ug)
(resp. &p (z?)) in (22). Arguing as in [13, Lemma 8], this allows to prove convergence
of the adaptive strategy, but full linear convergence (Theorem 6 below) and optimal
convergence rates (Theorem 8 below) are exptected to fail.

For each adaptive level ¢, Algorithm 3 performs at least one solver step to compute
uy' as well as one solver step to compute zj;. By definition, m(¢) > 1 s the solver step,

for which the discrete solution u@m(f) is accepted (to contribute to the set of marked
elements M). Analogously, n(£) > 1 is the solver step, for which the discrete solution
Z%(Z) is accepted (to contribute to M). If the iterative solver for either the primal or
the dual problem fails to terminate for some level £ € Ny, i.e., (22) cannot be achieved
for finite m, or n, we define m(£) := 0o, or n(£) := oo, respectively, and £ := £. With
k(£) ;= max{m(£), n(£)}, we define

b = uYfor all k € N with m(£) < k < k(0),

k._ _n® . (23)
7y =1z, forallk € Nwithn(f) <k < k().

For ease of presentation, we omit the ¢-dependence of the indices for final iterates
m(£), n(€), and k() in the following, if they appear as upper indices and write, e.g.,
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120 R. Becker et al.

u% = M{m(l) and M{m—l = uém(g)_l. If Algorithm 3 does not terminate in step (iii) for

some ¢ € N, then we define £ := co. To formulate the convergence of Algorithm 3,
we define the ordered set

-1
Q= {(Z,k) € N% sl <{fand 1l <k 5/5(6)}, where |(¢, k)| := k+Zlg(j).
j=0
(24)

Note that |(€, k)| is proportional to the overall number of solver steps to compute the
estimator product 7y (ulz);'g (zl,z). Additionally, we sometimes require the notation

Qo= {(t,k)eN} : £ <Land0 <k <k()} = QU{(£,0) e N} : ¢ < ¢}.
(25)

To estimate the work necessary to compute a pair (u’g, zlg) e X; x Xy, we make the
following assumptions which are usually satisfied in practice:

e The iterates ulg and zlg are computed in parallel and each step of the solver in
Algorithm 3(i) can be done in linear complexity O#7;);

e Computation of all indicators 1y (T, u’g) and ¢ (T, z’g ) for T € T, requires O (#7y)
steps;

e The marking in Algorithm 3(iv) can be performed at linear cost O (#7;) (according
to [23] this can be done for the strategies outlined in Remark 2 with M, having
almost minimal cardinality; moreover, we refer to a recent own algorithm in [21]
with linear cost even for M, having minimal cardinality);

e We have linear cost O(#7) to generate the new mesh 7y .

Since a step (€, k) € Q of Algorithm 3 depends on the full history of preceding steps,
the total work spent to compute (ulg, z’lf) € Xy x Xy is then of order

work((,k):== Y #Ty forall (£,k) € Q. (26)
(' kheQ
[(¢/KN)I<|(€,k)]|

Finally, we note that Algorithm 3(vi) employs nested iteration to obtain the initial
guesses u? e zg 4 of the solver from the final iterates uzm, Z;lT for the mesh 7. Accord-
ing to (21), this allows for a posteriori error control for all indices (¢, k) € Qo \{(0, 0)}
beyond the initial step.

3 Main results
3.1 Linear convergence with optimal rates
Our first main result states linear convergence of the quasi-error product

Af = [ — ubll+ @ [ Nzp — 250 + ¢ @] forall (¢,k) e Qo (27)
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for every choice of the stopping parameter Aq > 0. Recall from (16) that the quasi-
error product is an upper bound for the error |G (u*) — Gg(ulg , z’lf)l. Moreover, if

k = k(0), then (20) and (22) give that A% ~ n, (52,5,

Theorem 6 Suppose (Al)—(A3). Suppose that 0 < 6 < 1 and Aey > 0. Then, Algo-
rithm 3 satisfies linear convergence in the sense of

AL < Cringl"FTIEPUAL forall (6, 1), (€, k') € QU {0, 0)} with | (¢, k)| = [(£, k).
(28)
The constants Ciin > 0 and 0 < qiin < 1 depend only on Cyap, Gred, Crel, etr, and the
(arbitrary) adaptivity parameters 0 < 0 < 1 and A¢e > 0.

Full linear convergence implies that convergence rates with respect to degrees of
freedom and with respect to total computational cost are equivalent. From this point
of view, full linear convergence indeed turns out to be the core argument for optimal
complexity.

Corollary 7 Recall the definition of the total computational cost work (€, k) from (26).

Let r > 0 and C, = sup(y xeo#7e — #1p + 1)’A]lf € [0, oo]. Then, under the
assumptions of Theorem 6, it holds that

Cr < sup (#T))" Ay < sup work(L, k)" A} < Crye Cr, (29)
(€,k)eQ (L,k)eQ

where the constant Crye > 0 depends only on r, #7, and on the constants qiiy, Clin
from Theorem 6.

Proof The first two estimates in (29) are obvious. It remains to prove the last estimate
in (29). To this end, note that it follows from the definition of C, that

BT, —#To+ 1 < (AY) 7" )" forall (¢,k) € Q.
Moreover, elementary algebra yields that
#Ty < #ToH#Ty —#71p+ 1) forall (¢',0) € Q.

For (¢, k) € Q, Theorem 6 and the geometric series thus show that

work(t.k) 2 3" #Ty <#Ty Y Ty —#To+ 1)
(' .k)eQ ' kHeQ
1€ KN <10 € K)I<ICR)]
1 N—1 1/r A1 —1
<#7,G,"" Z (A%) " <wnc)/ Clir/lr—l/r( ?) "
(' K)eQ 1 =gy,

I .KHI=1e.k)l
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With Crae := #T0)" Ciin 1/(1 — i)', this gives that
work(l, k) AY < CryeC, forall (¢, k) € Q.

This shows the final inequality in (29) and thus concludes the proof.

If 6 and )¢ are small enough, we are able to show that linear convergence from
Theorem 6 even guarantees optimal rates with respect to both the number of unknowns
#7, and the total cost work(£, k). Given N € Ny, let T(N) be the set of all 7y € T
with #7y — #7y < N. With

lu*lla, :== sup (N +1)"  min  nop(ugy,) € [0, 00] (30a)
NeRo Tonel(N) o
and
Z*lla, := sup (N +1)"  min (zx ) € [0, oo] (30b)
|| ” NEIEI)O %ple (N) COpt opt

for all r > 0, there holds the following result.

Theorem 8 Recall the definition of the total computational cost work (£, k) from (26).
Suppose the mesh properties (12)—(14) as well as the axioms (Al)—(A4). Define

1 1 - qctr

and A, = . 3D
qetr Cstab

* = 2 2
1+ Cstab Cdrel
Let both adaptivity parameters 0 < 6 < 1 and 0 < Aoy < Ay be sufficiently small
such that
V260 4 hetr/Ax\2
0 < (+—C”/) <0,. (32)
1 - )\ctr/)‘*

Let 1 < Crark < 00. Suppose that the set of marked elements M in Algorithm 3(iv)
is constructed by one of the strategies from Remark 2(a)—(c), where the sets in (18)
and (19) have up to the factor Cmarx minimal cardinality. Let s, t > 0 with ||u*|| 4, +
lz*lla, < oo. Then, there exists a constant Cop > 0 such that

sup work(€, k)T A < Cope max{||u*||a, 12", A} (33)
ke

The constant Copt depends only on Cls, Csab, Gred> Crel, Cdrels Getr> Cmarks 6, Actr, #7,
s, and t.

Remark 9 The constraint (32) is enforced by our analysis of the marking strategy from
Remark 2(a), while the marking strategies from Remark 2(b)—(c) allow to relax the
condition to 7
0 + detr/Ax\2
0< (+—°‘/) <6, (34)

1 - )‘Ctr/)"*
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3.2 Alternative termination criteria for iterative solver

The above formulations of Algorithm 3 stops the iterative solver for u' and the iterative
solver for zj; independently of each other as soon as the respective termination criteria
in (22) are satisfied. In this section, we briefly discuss two alternative termination
criteria:

Stronger termination: The current proof of linear convergence (and of the sub-
sequent proof of optimal convergence) does only exploit that u% and z% satisfy the
stopping criterion and the previous iterates do not (cf. Lemma 10(iii)). This can also
be ensured by the following modification of Algorithm 3(i):

(i) Employ the iterative solver to compute iterates u é, ceey u]g and z é, ey zlg together
with the corresponding refinement indicators ny (T, u’z) and ¢ (T, zlg) forall T €
7p, until

Nk — a5 < dew me@) and 28 — AN < e ). (35)

Note that this will lead to more solver steps, since now k = k(£) (if it exists) is the

smallest index for which the stopping criterion holds simultaneously for both u% and

Inspecting the proof of Lemma 10 below, we see that all results hold verbatim also
for this stopping criterion. Thus, we conclude linear and optimal convergence (in the
sense of Theorem 6 and Theorem 8) also in this case.

Natural termination: The following stopping criterion (which is somehow the most
natural candidate) also leads to linear convergence: Let m(£), n(¢) € N be minimal
with (22). If either of them do not exist, we set again m({) = oo, or n(f) = oo,
respectively. Define k(¢) := max{m(£), n(£)}. Then, employ the iterative solver k(¢)
times for both the primal and the dual problem, i.e., the solver provides iterates u’é
and z'g until both stopping criteria in (22) have been satisfied once (which avoids the
artificial definition (23)). For instance, if m(¢) < n(£) = k(£) < 0o, we continue to
iterate for the primal problem until u% is obtained (or never stop the iteration if n(£) =
k(€) = 00). If Acir > Ois sufficiently small such that 1 — lzi;rm Cstab (1+gctr) Aetr > 0,
then we can define

(1 + getw)Gew

(1- Clctr)(l - 1222“ Cstab (1 + Getr) Aetr

hetr < Ay i= max {1, ] }kctr < 00,

and we can guarantee the stopping condition (22) with the larger constant A, i.e.,

k k—1 k k k—1 k
lug —ug I < Age meuy) and Nzy — 2 I < Ay e(2y): (36)

see the proof below. Again, we notice that then the assumptions of Lemma 10 below
are met. Hence, we conclude linear convergence (in the sense of Theorem 6) also for
this stopping criterion. Moreover, optimal rates in the sense of Theorem 8 hold if A¢
in (32) is replaced by A.,.
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Proof of (36) Without loss of generality, let us assume that m(£) < k(£) = n(€) < oo.
First, we have that

k m k m k(&)—m(£) m
Ny — wy | < Nup — wyll + Nup —ug ) < (14 ggy Mg — ug .

Then, using the fact that u,zm satisfies the stopping criterion in (22) and stability (A1),
we get that

D Getrhetr
I — gew

A
< qetr m( (ug)JrCsmb(l +q§(rz) m(l)

20) gy 122 e (A
|||uz—u%ms1 q N — I < 1“ T oneufh) <
— Yctr

(ne@) + Coanllcg = u)

m
W = )-

T 1 —ger

For Actr < (1 — getr)/[Cstabgetr (1 + qckt(f)_m(z) )] we can absorb the last term to obtain

qctr (1 _ Cstabctr k(0)—m(L)

. ! k
g — wll < T ) harne).
— Yetr

— {etr

Finally, we observe that

ek — < (0 qe) g — w1 < (1 + Gl ™ g — -
Combining the last two estimates we obtain that

k(O)—m(t)
ek — ' < O+ de)der "
4 14 —

Dt 10 (1)
k(¢ 7 ctr e/
1= gan) (1 = 725 Coan (1 + g™ herr)

Hence, (36) follows with qcktr(f)—m(f) < gctr and |||z§ — Zf_llll < Actr Q(Z%) <

ctr &e (Zg) O
4 Numerical examples

In this section, we consider two numerical examples which solve the equation

—Au*=f inQ,
*=0 onlp, 37
Vu*-n=¢ only,

where ¢ € L?(I"y) and n is the element-wise outwards facing unit normal vector. We
refer the reader to Remark 1 for a comment on the applicability of our results to this
model problem. We further suppose that the goal functional is a slight variant of the
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one proposed in [20], i.e.,

G(v) = —/ Vuv-gdx forve Hh(RQ), (38)

w

with a subset o € €2 and a fixed direction g(x) = g¢ € R2. Moreover, for error
estimation, we employ standard residual error estimators, which in our case, for all
(€, k) e Qandall T € 7y, read

ne(T,up)” = hpl|Aug + 17200y +hrlTVug - 11756700,

+hrlIVig -n =@l rar,

Go(T, 29)* = W lldiv (V2 + )72y + A ITVZE + &) - n1l 2700y

where h7 = |T|'/? is the local mesh-width and [[-] denotes the jump across interior
edges. It is well-known [5, 14] that 1, and ¢, satisfy the assumptions (A1)—(A4).
The examples are chosen to showcase the performance of the proposed GOAFEM
algorithm for different types of singularities.

Throughout this section, we solve (37) as well as the corresponding dual problem
numerically using Algorithm 3, where we make the following choices:

e We solve the problems on the lowest order finite element space, i.e., with polyno-
mial degree p = 1.

e As initial values, we use ug = zg =0.

e To solve the arising linear systems, we use a preconditioned conjugate gradient
(PCG) method with an optimal additive Schwarz preconditioner. We refer to [8,
22] for details and, in particular, the proof that this iterative solver satisfies (9).

e We use the marking criterion from Remark 2(a) and choose M, such that it has
minimal cardinality.

e Unless mentioned otherwise, we use © = 0.5 and A¢y = 107°.

4.1 Singularity in goal functional only

In our first example, the primal problem is (37) with f = 2x(1 — x1) + 2x2(1 — x2)
on the unit square 2 = (0, 1)2, and I'p = 92 (and thus, 'y = ¢J). For this problem,
the exact solution reads

u*(x) = x1x2(1 — xp) (1 — x2).

The goal functional is (38) with @ = Tj := {x € Q : x; +x > 3/2} and
go = (=1, 0). The exact goal value can be computed analytically to be

N ou*
Gu™) = 3 dx = 11/960.
T, 0X1

The initial mesh 7 as well as a visualization of the set 77 can be seen in Fig. 1.
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Fig.1 Left: Initial mesh 7. The shaded area is the set T’ from Section (4.1). Right: Mesh after 14 iterations
of Algorithm 3 with #7714 = 4157

Fig.2 Comparison between T T
iterative solvers for the problem 10-1F
from Sect. 4.1. A conjugate
gradient method without
preconditioner (CG) leads to
optimal rates with respect to #7,
for the final iterates where

k = k(£), but not with respect to
work(Z, k) for every (£, k) € Q.
Our choice of the iterative solver
(ML) achieves optimal rates
with respect to both measures e e (ub)Co(E) over #T:

10—3 .

1077

estimator product

10~ —— —— Ek over work([,k) 7

1091 |G(u*) — Ge(uy, 2§)| over work(£, k) |

1 1 1 1 1 1
10! 10® 10° 107 10° 10"
performance measure

For this setting, we compare our iterative solver to a conjugate gradient method
without preconditioner in Fig. 2, where we plot the computable upper bound from (21),

2y = [neCup) + Ny — wy " W][2e@) + llzg — 2 '] forall (£, k) € Q,

over work(¥, k) for all iterates (£, k) € Q and the estimator product for the final
iterates 1y (u%){g (z%) over #7;. We stress that, for (¢, k) € Q, the computable upper
bound E’tf and the quasi-error product A]E from (27) are related by A]z < E’E <
A]z ~1 50 that linear convergence (28) with optimal rates (33) of A'g also yields linear
convergence with optimal rates of Elz‘ Since in our experiments Acy = 1072 is small,
it is plausible to assume that the final estimates on every level approximate the exact

solutions sufficiently well in the sense of estimator products, i.e., 1y (M%)Q (Z%) ~
ne(uy)se(zy) (cf. Lemma 13 below) for which [14] proves optimal convergence rates

with respect to #7;. Indeed, we see optimal rates for 7, (u%) e (zﬁ?) with respect to #7
for both solvers in Fig. 2. However, the non-preconditioned CG method fails to satisfy
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— & —|G(u") - Goluf, )] la(uf, ) — F(zf)] — |G (u*) = G(uf)]

LI B 1 11 1 A AL L B 110 111 11 A SRR

Aetr = 1 e Actr = 10_2,

10—2 -

10—10

Actr = 10_4,,

error estimates

10—10 - . -

T NRTTTI IR R TTT A WU TTTT) B R TT| M AW R UTTT M SR 1T M LA WA TTTT MR | sl vl vkl ottt B R RS T RSAEEEAAS ]
102 10% 10* 10° 10 107 10% 10° 10% 10%® 10* 10° 10° 107 10% 10°
work (¢, k)

Fig. 3 Comparison between Elz , discrete goal Gy (u’lf , zlg ), primal residual evaluated at the dual solution
zlg, and direct evaluation of goal functional G(u’lf ) for every iterate (¢, k) € Q and different values of
reer € {1, 10_2, 10_4, 10_6}. The primal residual evaluated at the dual solution z]lf is the difference
between goal and discrete goal; see (10)

uniform contraction (9) and thus Theorem 8 cannot be applied. In fact, Fig. 2 shows
that this method fails to drive down Elz with optimal rates with respect to work (¢, k)
(cf. (26)), as opposed to the optimally preconditioned CG method.

Furthermore, we plot in Fig. 3 different error measures over work(¥, k) for every
iterate (£, k) € Q. This shows that the corrector term

a(uf, z§) — F(z}) (39)

(which is the residual of u]lf evaluated at the dual solution z’e‘) in the definition of the
discrete goal functional (10) is indeed necessary. We see that throughout the iteration,
the goal value G(u’lf) highly oscillates and, for large values of Ay, even shows a
different rate than the E’g over work({, k). In general, we thus cannot expect the
quantity E’g to bound the uncorrected goal-error |G (u*) — G(ulg)|.

For the discrete goal, the corrector term compensates the oscillations of the goal
functional, such that their sum decreases with the same rate as Elg , as predicted by (21).
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Fig.4 Left: Initial mesh 7. The shaded area is the set 7, from Section (4.2) and the Dirichlet boundary at
the re-entrant corner is marked in red. Right: Mesh after 13 iterations of Algorithm 3 with #7713 = 4534

Smaller values of A imply that on every level £ the approximate solutions ulz, z’,é‘ are

computed more accurately, such that the corrector term becomes smaller and the effect
on the rate of the goal value becomes negligible.

4.2 Geometrical singularity

Our second example is the classical example of a geometric singularity on the so-
called Z-shape Q = (—1, 1)2\ conv{(—1, —1), (0, 0), (—1, 0)}, where I'p is only the
re-entrant corner (cf. Fig. 4). The primal problem is (37) with f = 0and ¢ = Vu* -n,
where the exact solution in polar coordinates r(x) and ¢(x) of x € R2 is prescribed
as

w*(x) = r()* 7 sin(2(x) + ).

The goal functional is (38) with w = 7> := (0.5, 0.5)2 N Q and 8o =(—1,—1) and
can be computed directly via numerical integration to be

our our
G(u*):/ ( L )dx~0.8296224715781o.
7, VX 0x2

In Fig. 4, the initial triangulation 7; as well as the mesh after several iterations of
Algorithm 3 can be seen. The adaptive algorithm resolves the singularity at the re-
entrant corner, as well as critical points of the goal functional, which are at the corners
of T».

Figure 5 shows the rate of the estimator product 7, (u%) Ce (z%) of the final iterates
over #7; as well as the rate of EIZ‘ over work(Z, k) forall (¢, k) € Q.
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Fig.5 Rates of the estimator T T
product for final iterates over 10~ 7
#7y and E]lf as well as goal error
over work({, k) for all -
(€. k)eQ g 1073 .
3
S
—
a
5 1075 | 8
=
<
E ,
g 10-7 F —— —— =} over work(f, k) -
—m —e— ne(ug)Ce(zy) over #Te
1079 | |G(u*) — G/(ulz7 z§)| over work(¢, k) |

| | | | | |
10! 103 10° 107 109 10
performance measure

5 Proof of Theorem 6

The following core lemma extends one of the key observations of [16] to the present
setting, where we stress that the nonlinear product structure of A’g leads to technical
challenges which go much beyond [16].

Lemma 10 Suppose (Al)—(A3). Then, there exist constants [, Cqux > 0, and 0 <
Gaux < 1, and some scalar sequence (Ry)¢en, C R such that the quasi-error product

A = [lluf — wfll + pene@) [ Nzf = 250+ wee@) ] forall (€, k) € Qo

satisfies the following statements (1)—(v):

() Ak < A] forall0 < j <k <k().

(i) AF < Can Ay ifK() < 00,

(iil) AF < qaux ASTY forall 0 < k < k(o).

(V) A, < qux Ay +Re forall0 <t <t

(V) Y42, R2 < Canx(Ay D2 forallo <€ <g—1.

The constants (i, Caux, and qaux depend only on Cguap, Gred, Crel, and gei as well as
on the (arbitrary) adaptivity parameters 0 < 0 < 1 and ,¢r > 0.

For the following proofs, we define

k. k .

ay = lluy — ufll, xp = luyy — ugll,
k. k .

By = llzp =zl vi = lzpp — 2l

such that the quasi-error product reads Ak = [af + une (u]lf)] [ﬁéf + 1&g (z’é)] with a
free parameter i > 0 which will be fixed below.
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Proof of Lemma 10(i) Recall from (23) that u’g = ugm for all m(¢) < k < k(£). Thus,
we have that

af +unel) = aft + uneuy) forallm(0) <k < k(0).

For 0 < k < m(£), on the other hand, the solution ulg is obtained by one step of
the iterative solver. From stability (A1) and solver contraction (9), we have for all
0<j<k<m()that

(A1) ; :
af + puneub) <o + p[nel) + Coapllub — ulll]
(Ol ki . .
< (ge’ + 1Cstab(1 4+ gee )] + e (uy)
= (Clctr + zﬂcstab)aé + une (ué)

If w is chosen small enough such that gy + 2 Cyap < 1, together with the trivial case
J = k, the last two equations show that

of + punef) <o) +pneu]) forall0 < j <k < k(0).
The same argument shows that
BE+ g < B + (@), forall0 < j <k < k(o). (40)

Multiplication of the last two estimates shows the assertion. O

Proof of Lemma 10(ii) Recall that for the index k(£) there holds (22). From the triangle
inequality, we thus get for the primal estimator that

k—1 k—1 k k k—1,322) & k
oy = up—uy N < Mup — w4+ Nluy —uy I < oy + Aew ne(uy).

Furthermore, stability (A1) leads to
k—1.(AD kook-1,22 k
ne(uy ) <ne@uy) + Cop lluy —uy I < (14 Aetr Cotab) e (1a).
Combining the last two estimates, we see that
k—1 k—1 - k k
ap  +uney ) = (14 e (Coap + 1) [oy + pwme(uy) |-

Together with the analogous estimate for ,Bffl + e (szl), we conclude the proof
. 12
with Caux = (1 + Aetr (Cstab + 1 1)) . O
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Proof ofLemma 10(iii) Without loss of generality, suppose that k(¢) = m(¢) and thus
|||”e — uz ||| > Aewr Nt (ug) Then, this yields that

ng(ue) < Actr |||“£ — u,Z ||| < Actr (1 + getr) oz/Z 1 forall0 < k < k(£).
With contraction of the solver (9), this leads to
af + pne(up) < qmrag " g (14 gew) ag ~! forall 0 < k < k().

From (40) for u small enough, we see that ,Béf + ,U,Q(zlg) < ,3571 + M{g(zlgfl).
Together with the previous estimate, this shows that

AF < (ger + gt (1 + gan)) A (41)
Up to the choice of p, this concludes the proof. O
Proof of Lemma 10(iv) First, we note that ng(u%)g (z%) # 0, according to Algo-

rithm 3(iii) and the assumption that ¢ < £. From reduction of the solver (9) and
nested iteration, we get that

0 k @—1 k—1
oy = Nuj = ugll < Mujyq — upll + gew llug — Il =x} + gewey s

k—1

(42)
k
Birr = sy — zgll < lzbyy — 251+ gere 2} — = ¥+ ger By

and thus

k—1
Ol(+1ﬂg+1 = qm Ol@ .3( + CIctr(aZ yZ + ,35 x/g) + xz y( (43)

For the estimator terms, we have with stability (A1) and reduction (A2) that

k k k
e U9 1)* = 0o u)* = nesr Ter N Doy ) + 0ot (Tor \ Te, up)?
k k
< 0e(Tos1 N To, u)? + g ne(To \ Togr, uy)?
k k
= ne(y)? — (1 — g2g) ne(Te \ Togr, up)*.

On the one hand, with C; := Cgpap (1 + greq), this implies that

K (AD k—1
e (g 1) < ne(uy) < nz(ug )+Csmb|||u@ —u[ ||| E mz(ug SENe a, . (44)

On the other hand, with0 < gy :==1— (1 — qrzed)é? < 1, we get that

0 2
Tle+1(u£+1) <qo+(1— qrzed)l: ne(ZTe \ To41, u[) ] (45)
ne(uy)? mz(ug)2
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Using (45), the corresponding estimate for the dual estimator, and the Young inequality,
we obtain that

o1 ) y) Cer1(2Py ) . (1—qy) [29 ne(Ze \ Tet, u%)2 Ce(Te \ Teq1, z%)z]

<qp - - .
ney) (&) 2 ne () Ce(Zp)?

The marking criterion (17), which is applicable due to £ < £, estimates the term in

brackets by zero. Thus stability (A1) leads to

Ner1 U0y o1 G0 0) < qo me W ze(2h)

(A1) k k—1 k—1 k k—1
< g0 [neGus ") + Cuaplly —uy "W][ges ") + Caanllzs — 25 H]

(20) _ _ 1 ke 1ok 1ok
<goneGy D@ ) +aeCrlnetuy DB + ool e+ Crag g
(46)
For the mixed terms in A? 41> We have with (42) and (44) that
k=191« k-1
WH(WH)/ng [W ('4( ) +Ci oy ][}’z + Gewr /32 ]
= qctr 7][(”271),3571 + nz(M%l)YZ +C 0‘[ )’( + Cigewr 0[(3 ﬁe .
47)

Analogously, we see that

k—1, k—1 k—1, % k—1 k—1 jk—1
Cor1 (@ DAl < qer Se(zy Dy +&(@ Dxp+CiBy xp+Cigar, By . (48)

Combining (43) and (46)—(48), we get that

0 0 0 0 0 0 0
A(Z+l = a£+1:3£+1 +u [77(+1(14@+1),35+1 + §€+1(Zg+1)055+1]
+ 1 ne+1(u2+1)§z+1(22+1)

|
<qctra(i IBZ +thr(a€ yZ+IBZ xl)+x2y2

—1 k—1
+ 1 [gew neGly DB ey Yy + Cral T i 4 Ciger ey B
k—1, k—1 k—1, % k—
+ i [qew Ce(zy ey + 8oz Dx; +Ci By x4+C1qcuag B
k—1 k—1 k—1
+ 12 [qo mels e + qoCr(neus B + to s Hay )

C2 k— 1ﬂ£ ]

Rearranging the terms, we obtain that

k—1 k—1
AV < (g2 +21qeaCr + 12CH) o By
k—1 k—1 k—1, k-1
+ w (qerr + 1goCr) [neCuy B, + ez Doy | (49)
k—1 k—1
+ 1% go ne(uy e(zy ) + R,
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where the remainder term is defined as
k=1, k=1, k=1« k=1 & * %
Ry = neCuy, Dyp+¢e(zy xp]+@er+0CD[ey yi+B; xp]+xiy;. (50)

Up to the choice of , this concludes the proof. O

Proof of Lemma 10 (choosing ) For Lemma 10(i), we choose p small enough such
that geyr + 24 Cstap < 1. From (41) and (49) in the proofs of Lemma 10(iii)—(iv), we
see that we additionally require

LIctr“‘/L)\c_trl(l“’CIctr) <1, qutr+2MQCtrC1+M2C12 <1, and ger+pngeCr < 1.

(5D
Choosing p small enough, we satisfy all estimates. We define g,ux < 1 asthe maximum
of all terms in (51) and gp. O

Proof of Lemma 10(v) First, we note that from stability (A1) it follows that
neGy ) S med) +op ' and e < Al forall0< j <k (52)

Furthermore, Galerkin orthogonality and reliability (A3) imply that, for alln € N with
¢ +n <,

U+n U+n (A3)
2 2 2 2 2
E )" = E N7 — 2ol = Nzpyppr — 2007 2" =257 S Cer(zp)”. (53)

L=t L=t

With (52) and (53) for n = 1, we can bound the remainder term from (50) by
< * * * * k_l * k_l *
Re Sne(uyp)yy + Se(zpx, +ay vy, + B, x;-

Next, let us recall from [5, Lemma 3.6] the quasi-monotonicity of the estimator, which
follows from (A1)—(A3) and the Céa lemma, i.e., for all £’ < £ < £,

ne(uy) < ne(uy) + Couan Nluy — upll < ne ) + Cowp ™ —upll < ne(uy). (54)

For n¢(u})ye, we get by summation forall0 < j < k(¢')andalln € Nwith ¢'+n < £
that

& 2 2(54) 2@/4—" 2(53) 2 2(52) J\2
D@ N Sne @) Y N S ne W) e (@) S (M)
=t =t
Analogously, we see that
' +n '+n )
DD Sney)® aswellas Y (@) () S (A (55)

=t =0
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We proceed with oef_l y; . From (42) and the Young inequality with § > 0, we see for
0 <? << ¢that

i1 42) _ k-1
(@ ) <@)? < A+ H D>+ g1 +8) (%

For § small enough such that g, := gc(1 +68) < 1 and all for 0 < £ < ¢/ < £, the
geometric series proves that

—1 o0
. (59)
k—1 — * k—1 * k—1
(@ P =U4+8NHY @D+ Y @ S ne@p) + (@ )

j=t j=0
and thus
& k—1.2 2 2 k—1\2 & 2(53) 2 k=1\2 2
D@D < e @) + @y 7)Y D7 S [ne i) + (@ ) e ()
= =
k—1
Sy O

Analogously, we see that Zg:e’? (ﬁffl)z(xg)z < (A%f 1)2. Combining all estimates
with

* * k—1 * k—1
R} S ne))* )% + L@ () + (ap D2Oo0* + (B A3,
we conclude the proof. O

With the foregoing auxiliary result, we are in the position to prove linear conver-
gence.

Proof of Theorem 6 Let (¢, k) € Q. We recall the quasi-error products

Af = [lluf — wfll +ne@ [ NzF — 250 + ¢ @D ],
Af = [llup — ufll + pne@d) ][Nz — 260 + 1 &e@D) ]

from Theorem 6 and Lemma 10, respectively. Note that
A< AR < 2AF it =1, Af< AN <A ifp <1,
which yields the equivalence
min{1, u?} AY < A% < max{1, u} AL (56)

We first show linear convergence of A]lf. By Lemma 10(i), we can absorb the term

A%, < A%,_ ! for all ¢'. Paying attention to the possible case k = k(¥), this allows us
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to estimate

k()—1 L k)-1
2 @S @et+ ) b+ 3 ) (ab*
(' kheQ =l+1 K=

(G S1EI[(NY]]

Lemma 10(iii) shows uniform reduction of the quasi-error on every level. This yields
that

k(€) k-1
> A @Y e+ Z (%)’ Z Ga
' kHeQ k'=k =(+1

[
L
SADP+ Y )
0=t+1

To estimate the sum over all levels, we use that, for the refinement step, Lemma 10(iv)
shows contraction up to a remainder term. The Young inequality with § > 0 and
Lemma 10(i) then prove that

(A0)? < @21+ A 2+ a+sHR2,
<@ A+ (AY D*+A+8HYRS | forall0 <€ <&

Choosing 6 small enough such that g := qfux(l + 8) < 1, we obtain from repeatedly
applying the previous estimates that

-1
(A9 =" Ay ++5H 3TV RY foral0 << <t
n=¢(

Using this estimate and a change of summation indices, the geometric series and
Lemma 10(v) uniformly bound the sum over all levels by

4 -1
— k—1 _1)—
z @ Y o @l g R
=41 U=E+1 n=¢

<@+ ZRZqu<(Ak h? +2R2<<A" ‘

Combining the estimates above, we obtain that

/ k—1
Yo AP S @b+ Z (AD)* S (AD” + (A, )
ke ={+1
[k =1(€, k)|
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In the case k < k(£), Lemma 10(i) proves that

Y. AP =c@p’
' ,kheQ
(€K"Y =1, k)]

In the case k = k(£), this follows with Lemma 10(ii). In either case, the constant
C > 0 depends only on Caux and gaux from Lemma 10. Basic calculus then provides
the existence of C|; == (14+C)/2 > 1and 0 < gjin := (1 = C~")~1/2 < 1 such that

AR < € glCRIIERT AR for all (¢, k), (¢, k') € Q with (¢, K) > (£, k);

n

see [5, Lemma 4.9]. Finally, the claim of Theorem 6 follows from (56) with Cy;, =
max{u 2, u?} Clin- O

6 Proof of Theorem 8 (optimal rates)

We recall the following comparison lemma from [12]. While [12] is concerned with
point errors in boundary element computations, we stress that the proof of [12,
Lemma 14] works on a completely abstract level and thus is applicable here as well.

Lemma 11 ([12, Lemma 14]) The overlay estimate (14) and the axioms (Al)—(A2)
and (A4) yield the existence of a constant C1 > 0 such that, given 0 < k < 1, each
mesh Ty € T admits some refinement I;, € T(Ty) such that for all s,t > 0, it holds
that

M) en(z)? < 1P W) cn (@)%, (57a)

— * * 1 * * 1/(s
BT, — #Ty < 2(Cre M lag12%0a,) 7 (na @) . (57b)

The constant Cy depends only on Cgb, Gred, and Cgrel. O

Note that (57a) immediately implies that
M (un)® < kg upp)® or Ca(@p)? < wen (@’ (58)

We will employ this lemma in combination with the so-called optimality of Dorfler
marking from [5].

Lemma 12 ([5, Proposition 4.12]) Under (Al) and (A4), for all 0 < ®" < 1/(1 +

Csztangrel), there exists 0 < kg < 1 such that for all Ty € T and all T, € T(Ty),

(58) with k = kg implies that
O nui)? < nu(Ty \ Tn,uly)? or O'tu(@)* <tuTu\Th, 3% (59)

The constant kg depends only on Cygp, Carel, and ©'. U
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The next lemma is already implicitly found in [15]. It shows that, if Acy > O
is sufficiently small, then Dorfler marking for the exact discrete solution implicitly
implies Dorfler marking for the approximate discrete solution. This will turn out to be
the key observation to prove optimal convergence rates. We include the proof for the
convenience of the reader.

Lemma 13 Suppose (Al)—(A3). Let 0 < © < 1 and 0 < Ay < Ay = (1 —

qetr)/(Gewr Cstap)- Define ®' := (*/1»"):)‘“/'1)\’) Then, as soon as the iterative solver
terminates (22), there hold the following statements (1)—(iv) for all 0 < £ < £ and all
Uy €Ty

(i) (1 = dew/2) ne@y) < me@) < (1 + Aew/2e) ne(Uy).

(i) ©ney)? < neUy, uy)?  provided that ©' 1, (up2 < neUe, u))>
(i) (1 = Aew/Ae) Ce(2p) < Ce(@)) < (1 + hew/As) Se(2))
(iv) © & (zy) < &eUe, zy)  provided that ©' ¢p(z5)? < Co(Uy, 7))

Proof Tt holds that

neU, up) (A1) <ne@y, uy) + Cstap llug — uy 1120) <neUe, )

qctr m m—1
+ Cstab ——— T ey —uy

qcir

qetr

(22) <neUy. uy) + Coap ——— ] Aewr ne(uy) = neUy, ug) + — ﬂz(ug ).

qctr

The same argument proves that

neUo, uy) <nz(Ue,ug)+ ne(
For Uy, = 7y, the latter two estimates lead to

(1 = dew/M) ne(uy) < me(ul) < (14 hew/A) ne(uy).

This concludes the proof of (i). To see (ii), we use the assumption

(1 = her/2) VO e (uf) < Ve ne@ul) < neUe, ul) < neUe, uy'

l

Noting that /O = (1 — Aetr/Ax) VO — Aetr/Ax, this concludes the proof of (ii). The
remaining claims (iii)—(iv) follow verbatim. O

Proof of Theorem 8 By Corollary 7, it is sufficient to prove that

Copr = sup (#Tp —#To+1)" " A < max{||u*lla, 12114, A}
.k)eQ

We prove this inequality in two steps.
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Step 1: In this step, we bound the number of marked elements # M, for arbitrary
0 < /¢ < £.Let® > 0 and corresponding ®’ from Lemma 13 such that

(60)

®/_<“/6+)Lctr/)¥*>2< 1
1 - )&ctr/)\* 1 + C2 Cc%rel '

stab

Let 7y € T(7y) be the corresponding mesh as in Lemma 11. With Lemma 12, this
yields that

O ne(up)? < ne(To \ Tnwy, up)* or O'&u(Zh)* < Lo (T \ Theys 7))
Lemma 13 with Uy = Ty \ Tp(ey shows that
One (up)? < e (Tp \ Tny. up)? or Oy (25)? < & (To \ Tnwy. 2p). (61)

We consider the marking strategies from Remark 2 separately.
For strategy (a), we have with ® := 26 and assumption (32) that (60) is satisfied.
Hence, (61) implies that there holds (17), i.e.,

200 W) E (25)? < 0o (T \ Tngerys w2 2e @) + ne ) * S (T \ Tneerys 250).

By assumption of Theorem 8, M, is essentially minimal with (17). We infer that

(12)
#My < Coark#(To \ Tney) S #Tnwy — #1p0. (62)

For the strategies (b)—(c), we set ® = 6 and note that assumption (32) (as well as
the weaker assumption (34)) imply (60), and hence (61). Again, by assumption of
Theorem 8, My is chosen essentially minimal (with an additional factor two for the
strategy (c)) such that (61) holds. For all three strategies, we therefore conclude that

(57b) |
* (s+t —1/(s+t
My S#Ty —#T0 S (lu*lla, 128 00a,) Y (ot go ) S

Lem.13
* 1/(s+t
< (et laliz la) O (ne @i e (25))

—1/(s+1)

Recall that (20) and (22) give that 5 (s, )& (25,) =~ A%, This finally shows that

1/(s+1) ko \—
#My S (lu*lla, 2% 1 a,) /(s )(AZ) 1/(s+1)
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Step 2: Let (¢, k) € Q. First, we consider £ > 0 and thus #7; > #7. The closure
estimate and Step 1 prove that

+ _
#T —#To+ 1 = #T —#T) S 9 # My S (I a2 08,) ”Z(A AR
=0 =0
1/(s+1) '\ —1/(s
< (el Nz e ) o ke,
(' ,k"eQ
[ SIE((NS]

Linear convergence of Theorem 6, further shows that

1/(s+ 1 —
1 —1(p
E (q; /(S""’))W k)|—I(¢ k)\

('k)eQ
(G SIEI[(N]]
s Cl/(s+t) (54)
s+t i +t
< (Il a2t lla,) O s T Ay T,
lin

Rearranging this estimate, we see that
#T, — #7y + 1)S+’A’lf S lu*llallz*la, forall (£, k) € Q with £ > 0.
It remains to consider £ = 0. By Theorem 6, we have that
#T —#To + DT AN = Af < AJ forall (¢, k) € Q with € = 0.

This concludes the proof. O
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