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Abstract

We study a discrete-time Markov process on triangular arrays of matrices of size
d > 1, driven by inverse Wishart random matrices. The components of the right edge
evolve as multiplicative random walks on positive definite matrices with one-sided
interactions and can be viewed as a d-dimensional generalisation of log-gamma poly-
mer partition functions. We establish intertwining relations to prove that, for suitable
initial configurations of the triangular process, the bottom edge has an autonomous
Markovian evolution with an explicit transition kernel. We then show that, for a special
singular initial configuration, the fixed-time law of the bottom edge is a matrix Whit-
taker measure, which we define. To achieve this, we perform a Laplace approximation
that requires solving a constrained minimisation problem for certain energy functions
of matrix arguments on directed graphs.
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1 Introduction

In the last few decades, we have witnessed a surge of research on stochastic integrable
models, often motivated by problems in mathematical physics and enriched by deep
connections with algebraic combinatorics, representation theory, symmetric functions,
and integrable systems [9, 10]. Some of the most intensively studied models are inter-
acting particle systems and stochastic growth processes in the Kardar—Parisi—Zhang
(KPZ) universality class [15, 45].

From a mathematical perspective, it is natural to consider noncommutative versions
of these models, which have very recently received some attention. In [33] a system of
interacting Brownian particles in the space of positive definite matrices was considered
and shown to have an integrable structure, related to the non-Abelian Toda chain and
Whittaker functions of matrix arguments (the latter introduced in that article). In the
discrete-time setting, [1] proved Matsumoto-Yor and Dufresne type theorems for a
random walk on positive definite matrices.

On the other hand, from the theoretical physics point of view, such matrix models
may find interesting applications in quantum stochastic dynamics, as set out in [20].
In particular, [20] introduced a matrix generalisation of the classical Kesten recursion
and studied a related quantum problem of interacting fermions in a Morse potential.
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Matrix Whittaker processes 205

Quoting the authors, their initial motivation was “to explore possible matrix (non-
commuting) generalizations of the famous directed polymer problem (which is related
to the KPZ stochastic growth equation)”.

The subject of the present article is an integrable model of random walks on positive
definite matrices with local interactions. This constitutes, on the one hand, a discrete-
time analogue of the matrix-valued interacting diffusions studied in [33] and, on the
other hand, a matrix generalisation of the log-gamma polymer model.

To motivate the contributions of this article, let us first define a discrete-time exclu-
sion process Z of N > 1 ordered particles zZl< 22 <...<2ZVonz moving to
the right. Let OV, ..., VNn) »>1 be a collection of independent random variables
supported on Zx¢. At each time 7, the particle positions are updated sequentially from
the 1-st one to the N'th one, as follows. The 1-st particle simply evolves as a random
walk on Z with time-n increment V' (n). Once the positions of the first i — 1 particles
have been updated, if the (i — 1)th particle has overtaken the ith particle, then the latter
is pushed forward to a temporary position to maintain the ordering; next, to complete
its update, the ith particle takes V¥ (1) unit jumps to the right. The particle locations
then satisfy the recursive relations

Z2my =2 -1 +V'n), (1.1)
Zi(n) = max [Z"—l(n), Zi(n— 1)] V@), 2<i<N. (12)

If one considers the initial state
Zlo=220=---=2Y0 =0, (1.3)
then the following last passage percolation formula holds:

Z[(n)zmj?x Z Vm), 1<i<N,

(m,k)em

where the maximum is over all directed lattice paths 7 in 72 (i.e., at each lattice site
(m, k), m is allowed to head either rightwards to (m + 1, k) or upwards to (m, k + 1))
that start from (1, 1) and end at (n, i). As a process of last passage percolation times, Z
can be also associated with the corner growth process with step (or ‘narrow wedge’)
initial configuration. Remarkable integrable versions of this model are those with
geometrically and exponentially distributed jumps, first studied in [24].

A positive temperature version of Z can be obtained by formally replacing the oper-
ations (max, +) with (+, x) in the relations (1.1)—(1.2). Namely, given a collection
of independent positive random variables Vim,...,vN (n))n>1, we can consider
the discrete-time Markov process Z defined by

Z'm)y=Z'"m - HVim), (1.4)
Zi(n)z[Zi_l(n)+Zi(n—1)] Vim), 2<i<N. (1.5)
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206 J. Arista et al.

Considering the initial configuration
zZ'oy=1, Z*0)=---=2z"0) =0, (1.6)

we have the closed-form expression

Zim=>" [ V). 1=i=<N, 1.7)

T (m,k)em

where the sum is over all directed lattice paths 7 in Z? from (1, 1) to (n,i). The
variables (1.7) can be regarded as partition functions of the (1 + 1)-dimensional
directed polymer, an intensively studied model of statistical mechanics. Of partic-
ular importance is the model with inverse gamma distributed weights V'’ (n), known
as the log-gamma polymer, first considered in [39]. In [16] it was shown that the laws
of log-gamma polymer partition functions are marginals of Whittaker measures; the
latter are defined in terms of GL4(R)-Whittaker functions and were introduced in that
article.

In this article, we study a noncommutative generalisation of the above Markov
process of log-gamma polymer partition functions. The ‘particles’ of this process
live in Py, the set of d x d positive definite real symmetric matrices. The random
weights V' (n) are now independent inverse Wishart matrices (a matrix generalisation
of inverse gamma random variables; see Sect. 1.2). We define Z by setting

Z'm) =2 — D2V z'(mn — HV/?, (1.8)
. ) . 12 . . . 172
Zi(n) = [zl*l(n) +Zin— 1)] Vin) [z’*l(n) +Zin— 1)] ,

2<i<N, (1.9)

where, for a € Py, a'/? denotes the unique b € P, such that b2 = a. The above
matrix products are symmetrised to ensure that, starting from any initial configuration
Z'(0) € Py, each Z! (n) still belongs to P, forall n > 1. The 1-st particle (1.8) evolves
as a (GL4-invariant) multiplicative random walk on Pg; on the other hand, the other
particles (1.9) can be viewed as analogous random walks with one-sided interactions.
From this point of view, the Markov process as a whole can be also regarded as a
noncommutative version of the exclusion process Z defined in (1.1)—(1.2). The natural
generalisation of the initial configuration (1.6) is

Z'oy=1,, Z*0)=---=27ZN0) =0y, (1.10)

where I; and 04 are the d x d identity and zero matrices, respectively. Notice that,
although all but the first particle are initially zero, the process Z starting from (1.10)
lives in Pf,v at all times n > 1.

In Sect. 3, we introduce a Markov process X=(X (n)),>0, X(n):(Xj (m)1<j<i<N>
on triangular arrays of positive definite matrices whose ‘right edge’, namely
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Fig. 1 Graphical representation of a ’triangular’ array x € Ty as in (2.1), for N = 4. Each row x!,
1 < i < N, consists of the matrices (x’i, A xl?), read from right to left. The arrows refer to the energy

function ®V (x) in (2.3), where every summand tr[abil] corresponds to an arrow pointing from a to b in
the figure

(X Lo X f’ ), equals Z. The evolution of X may be viewed as a noncommuta-
tive version of the dynamics on Gelfand-Tsetlin patterns with blocking and pushing
interactions, studied in various contexts in [7, 8, 11, 31, 43, 44]. We refer to Fig. 1
for a graphical representation of such a triangular array. Moreover, as we detail in
Remark 3.4, the ‘left edge’ of X may be regarded as a noncommutative generalisation
of the strict-weak polymer studied in [17, 34].

The first main result of this article (Theorem 3.10) states that, for certain spe-
cial (random) initial configurations X (0), the ‘bottom edge’ XV = (XV,..., X %)
of X also has an autonomous Markovian evolution. The transition kernel of X% is
explicit and has an interpretation as a Doob A-transform with Az-function given by a
Whittaker function of matrix arguments. To obtain this, we prove certain intertwining
relations between kernels associated to the process X and use the theory of Markov
functions (reviewed in Appendix B). Another consequence of these intertwinings is
that Whittaker functions are eigenfunctions of certain integral operators and possess
a Feynman—Kac type interpretation.

Next, in Sect. 4, we define matrix Whittaker measures on 732’ after proving an
integral identity of Whittaker functions of matrix arguments (Theorem 4.1), analogous
to the well-known Cauchy-Littlewood identity for Schur functions. The second main
result of this article (Theorem 4.8) states that, for a special initial state, the fixed-time
law of the bottom edge X of X is a matrix Whittaker measure on 7;(11\/ . Such an initial
state, designed to match (1.10), is singular, in the sense that the particles are at the
‘boundary’ of Pj.

Due to the singularity of the initial configuration, the proof of Theorem 4.8 will
be based on a suitable limiting procedure and a careful integral approximation via
Laplace’s method. This will require a digression on a constrained minimisation prob-
lem for certain energy functions of matrix arguments. We chose to include this analysis
in a separate section and to present it in the more general framework of directed graphs,
as it may be of independent interest; see Sect. 5. For us, the main application will be
the asymptotic formula (4.8) for Whittaker functions of matrix arguments.

From our main results we deduce (see Corollary 4.10) that, under the initial config-
uration (1.10), the particles of the process Z defined in (1.8)—(1.9) have a fixed-time
law given by the first marginal of a matrix Whittaker measure on Py . In the scalar
d = 1 case, we recover the aforementioned result of [16] for the law of the log-
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208 J. Arista et al.

gamma polymer partition functions. In Corollary 4.10, we also obtain an analogous
result concerning the fixed-time law of the ‘left edge’ of the triangular array X.

It is worth mentioning that the log-gamma polymer partition functions (1.7) were
also studied in [16] as embedded in a dynamic on triangular arrays. However,
such a dynamic was constructed via the combinatorial mechanism of the geomet-
ric Robinson—Schensted—Knuth correspondence; in particular, at each time step, the
right edge is updated using N new (independent) random variables, whereas all the
other components are updated via deterministic transformations of the current state
and the newly updated right edge. It turns out that, for d = 1, the processes con-
sidered in [16] and in the present article have an identical right edge and, under the
special initial configuration of Theorem 3.10, also a bottom edge process with the
same Markovian evolution. However, even in the d = 1 case, the two processes, as
a whole, differ. The dynamic introduced in this article is driven by random updates
with N(N + 1)/2 degrees of freedom, since each particle of the triangular array is
driven by an independent source of randomness (as well as by local interactions with
the other particles).

1.1 Organisation of the article

In Sect. 2, we define Whittaker functions of matrix arguments. In Sect. 3, we introduce
a Markov dynamic on triangular arrays of matrices and study the evolution of its
bottom edge, using the theory of Markov functions; we also obtain a Feynman—Kac
interpretation of Whittaker functions. In Sect. 4, we define matrix Whittaker measures
(through a Whittaker integral identity) and prove that they naturally arise as fixed-time
laws in the aforementioned triangular process under a singular initial configuration. To
do so, we need a Laplace approximation of Whittaker functions, which can be justified
by solving a constrained minimisation problem for certain energy functions of matrix
arguments on directed graphs: this is the content of Sect. 5. In Appendix A, we give a
proof of the Cauchy—Littlewood identity for Schur functions that resembles our proof
of the Whittaker integral identity. In Appendix B, we review the theory of Markov
functions for inhomogeneous discrete-time Markov processes. Finally, in Appendix C,
we prove a convergence lemma related to weak convergence of probability measures.

1.2 Notation and preliminary notions

Here we introduce some notation and preliminary notions that we use throughout this
work. For background and proofs, we refer to [23, 42].

1.2.1 Positive definite matrices

Let P, be the set of all d x d positive definite matrices, i.e. d x d real symmetric
matrices with positive eigenvalues. Throughout this article, for x € P;, we denote by
|x| the determinant of x and by tr[x] its trace.

The following properties hold:

e x € Pyifandonly if x~! € Py;
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Matrix Whittaker processes 209

e if x € Pyand A > 0, then Ax € Py;
e ifx,y € Py, then x + y € Py (butin general xy ¢ Py);
e x —yePyifandonlyif y~! —x~' € P,.

For x € Py, there exists a unique y € Py such that y% = x; we denote such a y by
1/2
X/,

For any y € Py, we define the (noncommutative) ‘multiplication operation’ by y
as

Ty: Pa— Pa, Tyx):=y"2xy!2 xepy. (1.11)

Such a symmetrised product will be used to construct a multiplicative random walk
on Py (see Definition 3.1 and Remark 3.2 below).
We also denote by 1; and 0,4 the d x d identity matrix and zero matrix, respectively.

1.2.2 Measure and integration on Py

Let GL4 be the group of d x d invertible real matrices. Define the measure © on Py
by

_d+l
pn(dx) = |x|~ 2 ]—[ dx; j (1.12)

I<i<j<d

where dx; ; is the Lebesgue measure on R in the variable x; ;. Such a measure is the
GL;-invariant measure on Py, in the sense that

/ fla"xa)u(dn) = / SO0)m(dx)

Pa Pa

for all a € GL, and for all suitable functions f. In other words, p is invariant under
the group action of GL; on Py

GL; xP; — Py, (a,x) — a'xa.

Furthermore, the measure y is preserved under the involution x > x~!.

1.2.3 Wishart distributions and gamma functions

For a > d%l, we will refer to the (d-variate) Wishart distribution with parameter o«

as the probability measure

Ix]% e~ " 4 (d) (1.13)

Cy(a)

on P4, where 'y (@) is the d-variate gamma function, i.e.
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210 J. Arista et al.

Fale) = / p(dx) [x]? e = / S x| e
Pa Pa

e (oA

k=1

The inverse of a Wishart matrix with parameter « has the distribution

x|~ e 1y (dx) (1.14)

Fg(a)

on Py. We will refer to the latter as the (d-variate) inverse Wishart distribution with
parameter «.

1.2.4 Kernels and integral operators

Let (S, S) and (T, 7) be two measurable spaces. Let mS denote the set of complex-
valued measurable functions on (S, S). For our purposes, a kernel from T to S will be
amap L: T x § — C such that, for eacht € T, L(¢; -) is a (complex) measure on
(S,S) and, foreach A € S, L(-; A) is an element of m7. The kernel L can be also,
alternatively, thought of as an integral operator

L:mS— m7, Lf(t) = / L(t;ds)f(s) forfemS,teT, (1.15
N

whenever the integral is well defined. Clearly, the composition of kernels/operators
yields another kernel/operator; such a composition is associative but, in general, not
commutative. When the complex measure L (#; -) is a probability measure forallt € T,
we will talk about Markov kernels/operators.

Throughout this article, the measurable spaces will be usually Cartesian powers
of P (which we denote by Pk, k > 1), with their Borel sigma-algebras. Moreover,
for a kernel L from Pfl to P¥ , the measure L(t; -) will be, in most cases, absolutely
continuous with respect to the reference product measure u®¢ on P4, for any € P
with a little abuse of notation, we will then also write s > L(¢; s) for the corresponding
density (a measurable function on Pg).

2 Whittaker functions

In this section we define Whittaker functions of matrix arguments following [33],
and then extend them to a further level of generality. Notice also that the kernels (2.8)
and (2.15) defined below are matrix versions of certain kernels defined in [16, Sect. 3.1]
and [35, Sect. 2] (see also references therein).
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Matrix Whittaker processes 211

2.1 Whittaker functions of matrix arguments

We define Whittaker functions of matrix arguments as integrals over ‘triangular arrays’
of d x d positive definite matrices. For N > 1, denote by ’]2’ = Py x Pf, NEEED' 73(11\]
the set of height-N triangular arrays

x=0l ) = igjsien @2.1)
where xi = (x{, .. .,xf) € P‘é will be referred to as the ith row of x, for1 <i < N.
Fork:(kl,...,AN)eCN andxe’]'y,let

0 N |xi...x?| —hi
AN (x) = [xf | 1—[ (x_i—x_H) , (2.2)
1

i=2 1

&N (x) = Ni Xl: (tr [x;':ll (x;l)*‘] fir [x;'. (xj.“)*‘]) . 2.3)

i=1 j=1

For a graphical representation of the array (2.1) and of the ‘energy function’ ®%,
see Fig. 1. For z = (z1,...,2n) € PQV, let ’Ti,v(z) C T(y be the set of all height-N
triangular arrays x with Nth row xV = z. We define the Whittaker function 1//AN (2)
with argument z € PSI and parameter A € C" as

xlfN():=/ <
o 7Y (2)

Notice that, for N = 1, the expression above reduces to W;} (@) = |z|™*. As proved
in [33], the integral (2.4) is absolutely convergent for all A € CV, so that Whittaker
functions are well defined.

For our purposes, it is convenient to rewrite Whittaker functions in terms of certain
kernels that we now introduce. For N > 1, A € CN and x € Tg], define the kernel

N—-1 i

[T111 M(dx;'.)) AN (x)ye @' 2.4)

i=1 j=1

N—-1 i
. _ _ &N .
YN ANy = A ) e O T [ ietdxh (2.5)
i=1 j=1

where, as always from now on, i : j denotes the tuple (i,i + 1,...,j — 1, j) for
i < j,sothat x"(N=D ¢ Tﬁ,v s the triangular array consisting of the first N — 1

rows of x. Notice that, for N = 1, (2.5) reduces to E/{(z; @) = |z|™" = I/f){ (2). For
zePy , let us also define the kernel

Y (2 dx) =8z dx™) 2 (Vs dxFATD) (2.6)
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212 J. Arista et al.

where § is the Dirac delta kernel on Pfiv . Then, the Whittaker function (2.4) can be
written as

v () = _/qu 2Nz dx) = /’TN 2N (z; dx). 2.7

d d

Moreover, for N > 2, b€ C,z = (z1,...,2N) € Pfiv,andy =O1,...,YN=1) €
Pyil,let

N NoL
KY(zy) = <H|Zi|_b> [Tl ey tent] 2.8)
i=l j=1

We will usually regard (2.8) as a kernel by setting Kév (z; dy) := K,ﬁv (z; y)u®WN-D
(dy). We then have, for A € CN,zePY andx e 721_1,

2 (z:dx) = (z dx™- I)K)\N 1
= K{"N(z N hz it

@Ml deM T KR 0 da Dy D)

@V T xRy (2.9)

This yields a recursive definition of Whittaker functions:

|z|—A N=1,
@ =KNKNT KRyl () N =2,

AN—1

V(@) = (2.10)

I/I(M SAN-1

2.2 A generalisation of Whittaker functions

We now introduce a generalisation of Whittaker functions of matrix arguments, which
will naturally emerge in Sect. 4.3 and, in the scalar case d = 1, corresponds to the one
considered in [35]. These generalised Whittaker functions are integrals over trape-
zoidal arrays of positive definite matrices, similarly to how the Whittaker functions of
Sect. 2.1 are defined as integrals over triangular arrays.

Letn > N > 1 and denote by

TV =Py x Pax - x PY x PY x - x PY

——
n—N times
the set of trapezoidal arrays
x=@ =01 <i<n 1<j<iAN), (2.11)
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Fig.2 Graphical representation 1

L1
. N/
of a trapezoidal array x € ’T]dv N N
asin (2.11), for N = 3 and 9 9
n = 5. The additional variable s ) L1
appears in the definition (2.13) e N\ e N
of the energy function <I>_€V’” (x), § —— xi ;pg ;1;‘13
in which every summand
trfab~ ] corresponds to an N 4 4 ~ 4 7 ~ 4
arrow pointing from a to b in the x3 ) 1
figure N / N\ /! N
5 5 5
Z3 To T
with ith row x! = (x{, el xiiAN) € P’;,AN, for 1 <i < n (herei A N denotes the

minimum between i and N). For A € C", x € Ty" and s € Py, let

N A A S I N x|\ 7
A" (x) =[x T[(ﬁ) I1 <_1—_1|) :

i=2 |xi_1 T i i=N+1 \ Y1y
(2.12)
n—1 [in(N—-1) ‘ ' iAN o
ON(x) == tr [s(xx)_l] + Z Z tr [x;ill (x})_l] + Z tr [x} (x;-“)_l]
i=1 j=1 =1
(2.13)

See Fig. 2 for a graphical representation of the array (2.11) and of the energy function
®N" For 7 € Py, let 72/’" () C T:JV" be the set of all trapezoidal arrays x with nth
row x" =z.Forn > N, A € C",s € Py and z € PV, we define

n—1iAN

V(@) 1= /7”-"() TT1T vy | A" yee"e (2.14)
d Z

i=1 j=I

Notice that, if s = 0y andn = N, 1/11\;/ (’)N = 1/5{\' corresponds to the Whittaker function
defined in (2.4). The absolute convergence of the integral in (2.14), for all A € C",
can be shown by adapting the proof of [33, Prop. 6-(i)].

Let us now give an equivalent representation of these generalised Whittaker func-
tions. The following kernel will play a central role in this work. For ¢ € C and
2,2 e PN, set

N—1

N

~ — . 71 ~—

PaN(z; 7) = (l_[ e~ UlZi+1z; ]> 1_[ ‘z,'zjl
j=1

i=1

“euleE] (2.15)

We will see P (z; Z) as a measure in either of the two arguments, defining
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214 J. Arista et al.

- - - <N ~ ~ ~
PY(z:d2) := P)(z:D)pu®¥(dZ) and P, (z:dZ) := P (Z: 2)u®N(d2).

(2.16)
We then have
SV ‘“[“Tvl] e n=N,
sy (@)= No—1 =N =N
’ /\ ‘/’(;\1’,1..., @ =Py P P)LN+1¢,()L1 ..... ayys@ n> N
(2.17)

We also record here two relations between the kernels (2.8) and (2.15), which follow
directly from the definitions:

1
KNGy =1s|74e"SW I PN (v, yve1, s 2) (2.18)

J— 71 —
KN (z; ) = lzy| "0 em Mevond pN=L(ye 20 2l (2.19)

fory = (yl,...,yN 1) € 773]_1 s € Py, andz = (z1,...,2N) € Py. Taking

,,,,,

with respect to u®<N D(dy), and using (2.10) and (2.17), we obtain the identity
Y@ = lan Yl N @) (2.20)

Remark 2.1 Let us mention that we anticipate the function W,{Y;n to be symmetric in
the parameters A1, ..., A,. This is not obvious from the definition, but it is suggested
by an integral identity of Whittaker functions of matrix arguments that will be proven
later on (see (4.1)). As argued in [33, § 7.1], this symmetry is true at least in the case
N = n = 2. Moreover, it is known for d = 1 and arbitrary n, N; see, for example,
[27], [21] and [35, pp. 369-370].

3 Markov dynamics

In this section, we define a Markov process X on triangular arrays, which can be viewed
as a system of interacting random walks on P,;. Next, we prove intertwining relations
between certain transition kernels related to this process. This implies, via the theory
of Markov functions, that, under certain random initial configurations, the bottom edge
of the triangular process X has an autonomous stochastic evolution. A consequence
of these results is that Whittaker functions of matrix arguments are eigenfunctions of
certain integral operators and, thereupon, admit a Feynman—Kac interpretation.
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3.1 Interacting Markov dynamics on triangular arrays

Let O, be the real orthogonal group in dimension d. Recall that a random matrix
Y in Py is said to be Og-invariant (or orthogonally invariant) if k" Yk has the same
distribution of Y, for every k € Oy.

Definition 3.1 Let (W(n)),>1 be a family of independent and Oy-invariant random
matrices in P;. The GLy-invariant random walk on P, with initial state r € P, and
increments (W (n)),>1 is the P4-valued process R = (R(n)),>0 such that R(0) = r
and

R(n) := Tr(_1y(W(n)) = R(n — DV2Wm)Rm — HY?,  n=1. @3.1)

Remark 3.2 The random walk R of Definition 3.1 is indeed GL ;-invariant, in the sense
that the conjugated walk (g—r R(n)g)n>0 has the same transition kernels for any choice
of g € GLy (cf. [1, § 3]). Instead of (3.1), one could consider a different process
through the alternative symmetrisation

R'(n) := Twemy(R'(n — 1)) = W) 2R/ (n — YW (n)'/%.

One can check that the resulting random walk R is Oy-invariant, but in general not
GL-invariant. In principle, one could proceed to obtain analogous results to those
presented in the present article using this alternative symmetrisation (for a similar
approach in the continuous Brownian setting, see [33, Prop. 3.5]). However, from our
point of view, the choice (3.1) is the most natural and leads to more explicit transition
kernels throughout.

It is well known that the Wishart distribution (1.13) and the inverse Wishart distri-
bution (1.14) are O -invariant. In this article, we will focus on GL;-invariant random
walks with inverse Wishart increments.

Recall from definition (2.15) that P} (z; dZ) = |zz7!|* e~ 227" 1 (d3) for a € C.

Using a straightforward change of variables, we see that, if 9i(a) > %,

/ PNz dZ) = T4(a) forany z € Py . (3.2)
Pa

Define then the renormalised kernel

—1 ~ 1 1 ~
P _(z;dZ) .= ——P,(z;d2). 33
o(2:00) 1= s P (23 ) (3.3)
It is immediate to see that the (time-homogeneous) GL ;-invariant random walk on P,
cy . . . _ ... —1
with inverse Wishart increments of parameter a > % has transition kernel P,,.

We now define a discrete-time Markov process X = (X (n)),>0 on the set T(]IV of
height- N triangular arrays whose components are elements of Pj.
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Definition 3.3 Fix asequence of real parameters o« = («(n)),>1,aninteger N > 1, and
areal N-tuple 8 = (B, ..., BV) such that (n) + 8’ > (d —1)/2 for all n, i. Denote
by a(n) + B the N-tuple (e (n)+ B, ..., a(m)+pN).Forn > land1 < j <i < N,
let W; (n) be an inverse Wishart random matrix with parameter o (n) + ,Bi (the same
parameter across j); assume further that all these random matrices are independent of
each other. We define the process X = (X (n)),>0, where X (n) = (X; (M) 1<j<i<N
is a random element of T:;’ , as follows: given an initial state X (0) in ’]'élv, forn > 1 we
set recursively

T 1 o1y (W} () l=j=i
l. Tty xi -1y (W1 () 1 I=j<i=N
X'(n) = i i - ..
™ [X;_}(n —-D7'+T ;f(n—l)(Wil (n))_l] l<j=i<N

. . —1
|:Xl]_—11 (n— l)_l + TX;_I(n)+X§-(n—l)(WJl'(n))_1:| I<j<i=N

The i-tuple X .= (Xi, R Xf) will be referred to as the ith row of X.

The fact thateach X ’] (n) takes values in P4 follows by standard properties of positive
definite matrices (cf. Sect. 1.2). Notice that, adopting the convention X(")(n)_1 =
X ; 4 (n) =04 for alli > 0 and n > 0, then the last formula in (3.4) can be taken as
the definition of X; (n)foralll < j <i <N.

The dynamic on ’Zg defined by (3.4) implies that the ‘top particle’ X! evolves as a
GL;-invariant random walk in P; with inverse Wishart increments (W (1));>1.

Furthermore, the ‘right edge’ process (X 11, X 12, X {V ) equals the system
(z1,...,ZN) of random particles in P; with one-sided interactions defined in (1.8)—
(1.9), where the random weight V'’ (n) equals Wf (n).

The ‘left edge’ process (X!, X%, ceey Xx) also evolves as a system of particles
in P, with one-sided interactions, as we now explain. Set Li(n) == X l’ (n)~!" and
U'(n) == W/(n)™! forall 1 <i < N andn > 0. Then, U'(n) has the Wishart
distribution with parameter «(n) + ,Bi, and the process L = (LY, ..., LN) satisfies
the recursions

L'(n) =Ty, (U (n)), (3.5)
Liny=L""n— 1)+ Tpi_y,(U'(n), 2<i<N. (3.6)

Under the (singular) initial configuration
L'"0)=1;, L*0)=---=L"(0)=0q4, 3.7)

one can see by induction that L’ (n) = 04 foralln <i — 1 and L' (i — 1) = I, while
L' (i) reduces to a sum of independent Wishart matrices:

L'G)=U'"()+U*Q)+---+U'(), 1<i<N.
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In particular, L' (i) has the Wishart distribution with parameter Z§'=1 (a(j) + B9).

Remark 3.4 We make a few remarks about various specialisations of the process X
and related Markov dynamics:

®

(i)

(iii)

(iv)

v)

(vi)

The interacting diffusion model on positive definite matrices studied in [33]
(see also [32, § 9] for the d = 1 case) can be regarded as a continuous-time
analogue of the process X defined in (3.4).

It seems that even the d = 1 case of the dynamic (3.4) has not been explicitly
considered elsewhere. It is related, even though not identical, to the process
constructed in [16] via the geometric Robinson—Schensted—Knuth correspon-
dence; see the discussion in the introduction for further details.

Ford = 1, under the ‘step’ initial configuration, the right edge can be regarded
as a process of log-gamma polymer partition functions; see (1.6)—(1.7) and the
discussion therein.

For d = 1, under the ‘step’ initial configuration (3.7), the left edge can be
regarded as a process of strict-weak polymer partition functions in a gamma
environment, studied in [17, 34]. A strict-weak path is a lattice path 7 that,
at each lattice site (m, k), is allowed to head either horizontally to the right
to (m + 1, k) or diagonally up-right to (m 4 1, k + 1). It is easily seen that
the process L defined in (3.5)—(3.6), in the d = 1 case, takes the closed form
expression

Limy=Y T]d.. (3.8)

T ecmw

where the sum is over all strict-weak paths 7 from (0, 1) to (n, i), the product
is over all edges e in the path , and d, is a weight attached to the edge ¢ and
defined as follows: d, := 1 if e is a diagonal edge from (m, k) to (m+1, k+1);
d,:=Ukm+1) (gamma distributed with parameter a(m + 1) + Bryifeisa
horizontal edge from (m, k) to (m+-1, k). Formula (3.8) defines the strict-weak
polymer partition function.

The d = 1 case of (3.4) is a ‘positive temperature’ analogue (equivalently, a
(4, x) version) of the process defined by

X(n) == min ()cj.:ll (n — 1), max (;t;—l(n), X(n — 1)) n VVS»(n)) ,

where V\/z-(n) are non-negative random variables representing jumps to the
right (see e.g. [44]). Roughly speaking, particle /’\f‘] performs a random walk
subject to certain interactions with other particles: it is pushed by /\fj._l and
blocked by A%}

Besides [44], other works [7, 8, 11, 31, 43] studied, in various discrete and con-
tinuous settings, similar push-and-block dynamics on Gelfand-Tsetlin patterns
driven by random updates with N (N + 1)/2 degrees of freedom. In particular,
again in the case d = 1, the process X should correspond to a certain g — 1
scaling limit of the g-Whittaker processes studied in [7, 11].
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Motivated to obtain the explicit Markovian evolution of X, we now introduce the
following kernels. Fora € C,y = (y1,....yv—1) € Py 5 = G1, ..., iv-1) €
772’_1,2= (1, ....zn) € PY and 2 = (Zy, ..., Zy) € P, we set

a e_tr[(yj-‘ij)(Z;l_yj_*ll)]

04 (v.3.2:d2) = ﬁ ‘(91' +2) (Zfl - yf—ll)

j=1
=z | e (- raeEy, G9)
with the convention y,’ - yn = 0. Moreover, for A = (A, ..., Ay) € CN, we set
Y (x; dx)
| PlGdn) ifN=1,
: Hg;,lmmfl)(xl:wf])? d)"él:(N*])) QiVN(foly )”C'Nfl,xN; d)"C'N) if N > 2’
(3.10)

where x € 7—2\/ (resp., X € ’]'2’) is a height- N triangular array of d x d positive definite
matrices with ith row x! € 77’['1 (resp., ie 77’;1), according to the notation of Sect. 2.1.
One can show (an analogous computation is made in the proof of Prop. 3.6) that, if
Na) > d—1)/2,
[N Qflv(y, $,z;d2) = Ty(@)N forany y,y € 732]_1 and z € Pfjv.
pd
(3.11)

Using (3.2) and (3.11), we see that, if R(A;) > (d — 1)/2 for all i, then

N
/w ) (x; df) = [ [Ta)’ for any x € 7} . (3.12)
i=1

d

Therefore, under the above conditions on the parameters, one can renormalise these
kernels, so that they integrate to 1:

0 (3.5, 2:d2) = ! oN(y, 3, z:d3) (3.13)
a 0,3, 540 = o g 00 00§, 23 d2), :
=N - 1 N -
IT, (x;dx) ;= ———1I1; (x; dX) . (3.14)
’ Y, TaG)

The following result can be easily verified using the construction of X in Defini-
tion 3.3.

Proposition 3.5 Let X as in Definition 3.3. Then, the conditional distribution of XN (n)
given XV —1) =y, XV ') =5 and XN(n — 1) = z, is @iv(n)wlv(y, 5, 250).
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Consequently, the process X = (X (n))n>0 is a time-inhomogeneous Markov process

. . . =N
with state space T) and time-n transition kernel ()45

3.2 Intertwining relations

We will now show that the Markov dynamic on X (see Definition 3.3), when started
from an appropriate random initial state, induces an autonomous Markov dynamic on
the N'th row, or ‘bottom edge’, of X. This will be a consequence of an intertwining
relation between kernels through the theory of Markov functions, which is reviewed
in Appendix B for the reader’s convenience.

Let N > 2 and a, b € C. Recalling the definitions (2.8) and (2.15) of the kernels
K év and P‘fv , respectively, and denoting by § the Dirac delta kernel on PY, let us set

K (z:dyd?) == 8(z: d2) K} (Z: dy) (3.15)
AY (v z:dyd2) i= Py dF) O, (v, 5. 21 d3) (3.16)
forz,z € P]dv andy,y e 732/ ~!. We then have the following intertwining relation.

Proposition 3.6 Let N > 2 and a, b € C such that R(a + b) > (d — 1)/2. Then,
K)YAY, =Ta@+ )N 'PYK) (3.17)
holds as an equality between kernels from Pfjv to Pfiv_l X Pfjv .

Proof We have to prove that K)YAY, f(z) = Ta(a + )N "'PN K} f(2), for any

suitable test function f: Pfiv -1 x Pfiv — Randany z € 7;2/ . Using (3.15), we see
that this is equivalent to the identity

pr,l Ky (@ 4) /P o Bap(0: 57D/ G.2)
d ]

d

=Tala+b)""! fN P (z;d2) /PNl Ky Edp)f(3.2.  (3.18)
d

Pi

Using the definitions of K év and Aflv b WE obtain, after some rearrangements and
cancellations, that the left-hand side of (3.18) equals

®(N-1) QIN=1) 95 ®N /1~ ~ =
/7;/;’*1 " @) 7:,51;/—1 H (dy) ~/PQV w=(d2) f(, 2)

d+1
< - - b —te| v+ - Y 1 -
1517 i — Zis1 TP e [ ] ‘()’i —Zi+1)Y; 1p, (Zi+1 =Y )

T
N

5

u b
[1 <|Zj\ |Gy +2) 55"

atb eftr[(ij%zj')ijl])
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with the usual convention yy = 0. By interchanging the order of integration, we see
that the latter display equals

N—-1
[ mo @ [ @i G.o [T (5009 5 )
P Py

i=1

’

a+b etr[(j/jJij)Zjl])

ﬁ (|Z./|_b )(ﬁj +2))%;]

P

~

where J: 772 — C is defined by

J(u, v, w)

d+1
= f [/L(ds) |S _ w|a+b e—tr[s(u_]+v_1)] ‘(S _ U)) S_l
Pa

7 1p, (w_l —s_l) .

By the properties of positive definite matrices (see Sect. 1.2), we have that w ™! —s~! €

‘P4 if and only if s — w € Py; moreover, for w € Py, the latter condition is stronger
than s € P;. We then make the change of variables s’ := s — w, which preserves the
Lebesgue measure on the ‘independent’ entries of the symmetric matrix s, so that

d+1
1515 (ds) = |s'] % (s’
Therefore, we have

3, v, w)Z/ 1(ds") ‘S/|a+be—tr[(s’+w)(u—1+v—1)] .
Pa

After the further, this time p-preserving, change of variables s” := T,,-1, -1 (s"), we
obtain

a+b 1, .- ”

3(1/‘, v, w) — ‘MU (M + v)il‘ eftr[w(u +v )]/ M(ds”) }S”|a+b e—tr[s ]
Pa

‘a—&-b

— ‘uv (u+ v)*l eftr[w(u*bru*l)] Tya+b).

where the gamma function is well defined since by hypothesis RX(a +b) > (d —1)/2.
After a few cancellations, we then see that the left-hand side of (3.18) equals

F e+ byN-! / P&V D (g5 / W (d2) £ (5. %)

i i

e ~ b *tr[i' 124 1?-71+)7'Z~71} il a —a—b 7tr|:z~2fl]
T (e b e SN T (g e vba])

i=1 j=1
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It now follows from the definitions that this equals the right-hand side of (3.18), thus
concluding the proof. O

A simple inductive argument shows that the intertwining (3.17) can be extended to
an intertwining that involves the IT-kernel (3.10) and the X-kernel (2.6). From now on,
wefix N> 1,a e Candi = (A,...,Ay) € CN such that R(a + 1) > (d — 1)/2
for all i. As usual, we also use the notationa + A := (a + A1, ...,a + Ay).
Corollary 3.7 The intertwining relation

N .
o, = (]‘[ rd(a+/\,~)l—1) pNEN (3.19)
i=1
holds as an equality between kernels from Pf,v to Ty.
Proof Taking into account (2.6), it is immediate to see that (3.19) is equivalent to
/ 2V (z; dx) / Y, (x, z; d¥ d2) £ (£, 2)
7 7P

:/caH/PaN(Z;dZ) / NG dD) £, D) (3.20)
V-1

N
Pa’ d

forall z € 732] and test function f: 73/ -1 x Pfiv — R, where we set
ul : d—1
K. n) = qrd(s»’” if (&) > —— foralli.
1=
To prove (3.20), we proceed by induction. For N = 1, (3.20) amounts to the identity
Vi) f Pl (zdD) f(2) = / Pi(z: AV (D) f ()
Pa Pa
for z € Py and f: P; — R. Using (2.10) and (2.15), one can easily verify that the

latter is true, as both sides equal |z| f7’d w(d3) 7] H e ulzE ] f@.
Letnow N > 2 and A = (A1, ..., An—1). Assume by induction that

N—1,_. N—1 s e
/’ZN_Z 25‘ (; dx) /’ZN—ZXPN—l Ha-&—i (x, y: d¥ dy)g(, y)
d d d

= Kati /PN*

d

Yy d) /TN BV Gidbg ) (B2
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for any y € Pfjv_l and any test function g: 7'5_2 X Pﬁ,v_l — R.Fix z € 739' and
f: 7121—1 X Pfiv — R (which we view as f: 72]_2 X ’P(Ijv_l X Pﬁlv — R). Choosing

¢ = [ 0N, 005 G5 D
,Pd
in (3.21) and integrating both sides with respect to the measure K ){VN (z; -), we obtain

/Kﬁv(z;dy) / zg—l(y;dx) /Hivgxl(x,y;didj/)
-2

e d )25 py !
[ @t sz rG D
Py
= Kayk / Ky (2 dy) / Py~ (y:d3) f =)
ph-1 py-1 792

/ Qﬁzv—‘,-)LN(y’ 5}’ Z,dZ)f(jE, 5]1 Z)

Pd

Using (2.9) and (3.10) for the left-hand side and (3.16) for the right-hand side, and
interchanging the integration order, we then have

/7”*2 -l =Y (z: dx dy) /7”*2 Al Y, (x, y, 2z di djd2) £ (£, 7, 2)
d *ra d *Fa X

d

— - N (. N A543

( [, = GansGs, z))
d

N—1 N/ qz N (= 45
=k, ;i ala+Ain) /N P, (z;d2) /P,’}’“ K, (z:dy)

Pa

( / L E s, z>)
= Kq PaN(Z;dZ)/ N Z dRdP) F(R,5.2),
o /py Ty

where the latter two equalities follow from (3.18) and (2.9), respectively. The identi-
fication ’]3]_2 X 772’ = ’13] ~! concludes the proof of (3.20). O

Recall now that the ¥-kernels generate Whittaker functions of matrix arguments,
in the sense of (2.7). By integrating the intertwining relation (3.19) and using (3.12),
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we immediately deduce that Whittaker functions are eigenfunctions of the integral
P-operators:

Corollary 3.8 We have

N
Py = (]_[ Ty(a+ ki)) v (3.22)

i=1

We note that this complements the interpretation of the Whittaker functions w{v ,
given in [33], as eigenfunctions of a differential operator, namely the Hamiltonian of
a quantisation in 7?2’ of the N-particle non-Abelian Toda chain.

For x € 73’ andz,Z € Pfiv, we now define

TV dy) = —— 5V (2 dx), (3.23)

vV (2)

1 l/fA (Z) N( ).

PY (z;d2) =
’ [T Tata + 1) ¥ 2)

(3.24)

It follows from (2.7) and (3.22) that the above kernels are normalised; therefore, they
are Markov kernels when the parameters a, A1, ..., Ay are real. Notice that (3.24)
may be seen as a Doob A-transform of the P-kernel (2.15). It is now immediate to
deduce a renormalised version of (3.19):

Corollary 3.9 The intertwining relation
s, ., =PY.5) (3.25)

holds as an equality between kernels from 732] to Ty

From a probabilistic point of view, (3.25) states that, for any fixed z € PN the two
following update rules are equivalent: (i) starting the process X from a (random) initial
configuration dictated by the intertwining kernel X (z; -) and letting it evolve according
to the dynamic TT; and (ii) running the dynamic P on the bottom edge (started at z)
and then updating the whole triangular array according to the intertwining kernel X.
The main result of this section is a precise account of this interpretation.

Theorem 3.10 Let X = (X (n))n>0 be the Markov process on 72’ as in Definition 3.3.
Assume that, for an arbitrary 7 € Pd , the initial state X(0) of X is distributed
according to the measure Eﬂ (z: -). Then, the Nth row XV = (XN(n)),,>0 is a time-
inhomogeneous Markov process (in its own filtration) on the state space Pd , with
initial state z and time-n transition kernel Pé\’( ), B Moreover, for any bounded mea-

surable function f: ’Z'é‘] — Randn > 0, we have
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E |:f(X(n)) ‘ xN©), ..., xNu -1, XN(n)] 5 f (XN(n)) as.
(3.26)

Proof The statement is an application of Theorem B.1, where the state spaces are
S = T['JV and T = PY, and the function ¢: T[’l" — Pﬁlv is the projection ¢(x) := xV
onto the Nth row of x, so that X (n) = ¢(X(n)). Hypothesis (i) of Theorem B.1,
i.e. the fact that Tg(z; ¢~ '{z}) = 1 for any z € PY, holds because, by definition,
the measure fﬁ (z; +) is supported on the set ’Tfiv (z) of height-N triangular arrays with
Nth row equal to z. On the other hand, by Prop. 3.5, the time-n transition kernel of X

. =N o .
is Ha(n) 48 Therefore, in this case, hypothesis (ii) of Theorem B.1 reads as the set of
intertwining relations

VY N =N
2 Hymyrp = Pomy,p2p foralln > 1.

These follow from Corollary 3.9. O

Remark 3.11 By letting N vary, it is immediate to deduce from Theorem 3.10 that
every row of X evolves as a Markov process in its own filtration, under an appropriate
(random) initial configuration on the previous rows. Therefore, the focus on the Nth
row should only be seen as a convenient choice.

3.3 Feynman-Kac interpretation

Here we provide a Feynman—Kac type interpretation of Whittaker functions based on
the eigenfunction equation (3.22). Our result should be compared to the one obtained
in [33, Prop. 9] in the continuous setting of Brownian particles.

Definition 3.12 Let A € RN with

d—1
min (A, A2 —Aq, ..., AN —AN_1) > -

Lety e 7;2\7_ We define Y = (Y (n)),=0 = (Y1(n), ..., Yn(n)),=>0 to be a process in
Py with independent components, such that each component ¥; = (¥;(n)),>0 is a
GL;-invariant random walk on P; with initial state Y; (0) = y; and inverse Wishart
increments with parameter ;.

Recalling (3.3), Y is then a time-homogeneous Markov process starting at y with
transition kernel

ON (@ d2) == P, (z1:d3)) - Py, (2w dEy) forz,z e PY .
For z, 7 € PN, define the sub-Markov kernel
ON(z:2) = VEDON(2; 7), (3.27)
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where V is the ‘killing potential’

=

—1
V(@2 =Y [z '] (3.28)

i=1

Denote by P, and [E, the probability and expectation, respectively, with respect to
the law of Y with initial state y.

Theorem 3.13 Forall y € PN e have

v () = ]_[ LCy(h; —)»)(H|yl| A) [—ZzioV(wn):Y(nH))]_

1<i<j<N
(3.29)

The main purpose of this subsection is to prove (3.29). In a nutshell, using a fairly
standard martingale argument, we will show that the expectation in (3.29) is the unique
solution to an eigenproblem; the latter is also, essentially, solved by Whittaker func-
tions.

Lemma 3.14 Fix an integer £ > 0. For any y € PY, we have

1
limsup —logV(Y(n); Y(n +4£)) <0 Py-as.
n

n—oo

Remark 3.15 In particular Lemma 3.14 with ¢ = 1 implies that the infinite series
inside the expectation in (3.29) converges Py-a.s.

Proof of Lemma 3.14 Since

N—
VY (n); Y(n+0) = Z [Yip1(n+ OY; ()],

it suffices to show that, foreach1 <i < N — 1,

1
lim sup — logtr[ Yig1(n —G—E)Yi(n)_l] <0 Py-as.

n—oQ
Let us record the following properties, which hold for any a, b € Py :
e tr[ab] < tr[a] tr[b] (submultiplicativity of the trace);
o trla] < d Amax(a);
L )‘«max(ail) = )‘«min(a)7]

Here, Amax and Api, denote the maximum and minimum eigenvalue, respectively.
Using these facts, we have, for | <i < N — 1:

d2 Amax(Yit1(n + £))

[V +0Yim) ] <[V (e + O] [Yi) '] < e ()
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Now, using for example [1, Corollary B.4], we have

1 d—1
lim —log Amax(Yig1(n)) = =¥ (A1 — —— ),

n—oon 2

!
lim —log Amin(Yi(n)) = =y (X;),
n—-oon

Py-a.s., where v is the digamma function. These are the maximum (respectively,
minimum) Lyapunov exponent of a GL;-invariant random walk with inverse Wishart
increments of parameter A, (respectively, ;). We then obtain

1 d—1
lim sup = logtr [Yi11(n + OYi(m) ™' < () — ¢ (ml — T) <0,

n—oo N

since the digamma function is strictly increasing and, by Definition 3.12, A;+1 — A; >
d—-1))/2. O

Lemma3.16 Lefu: ”Py — R be a measurable function such that

(i) @)ﬁ\v u = u (eigenfunction equation);
(ii) u is bounded (boundedness property);
(iii) u(y) — 1as V(y; y) — 0 (boundary condition).

Then, forall y € Pfiv,

u(y) = Ey[e* Yoo VY (n):Y (n+1)) ] '

Proof Consider the process Y as in Definition 3.12, with initial state y € 732’ and
transition kernel @iv . Denote by (F(k))k>o its natural filtration. It follows from the
eigenfunction equation that

Ey |:M(Y(k+ 1)) e VRV EED) ‘ ]—"(k)} = /N O (Y (k); dZ) eV T2y (z)
Pa’

= ONu(Y (k) = u(Y (k).
Therefore, the process M = (M (k))r>o defined by

u(Y (0))= u(y) k=0,

u(Y (k)) e~ Zaso VY (k) g > (3.30)

Mk) = :

is an (F(k))r>o-martingale. By the boundedness property, M is uniformly bounded
and, thus, a uniformly integrable martingale. Therefore, M converges P,-a.s. and in 1-
norm to a certain limit M (o) and, for all k > 0, we have M (k) = Ey [M (c0) | F(k)].
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By Lemma 3.14 (with £ = 0), we have limy_.» V(Y (k); Y(k)) = 0, Py-a.s. The
boundary condition then implies limy_, o u(Y (k)) = 1, Py-a.s., whence

M (00) = e~ Znzo VY (1))

We conclude that, for any y € PN,

u(y) = M(O0) = By[M(00)] = B, [ e~ TR0 V@iV 01 |

Proof of Theorem 3.13 It was proven in [33, proof of Prop. 9] that the function
N
v =y [l . yeP).
i=1

is bounded and satisfies

lim  v(y) = ]_[ Ca(hj — Ai).
V=0 l<i<j<N

By Lemma 3.16, it then remains to prove that @iv v = v. It follows from the defini-
tion (2.15) of the kernel P that

N hi
OVu(z) = <l_[ r',zl(&‘)) Py (2)
i=1 !

forz € 732’ . Using the eigenfunction equation (3.22), we see that the right-hand side
above equals v(z), as desired. O

Corollary 3.17 Under P, we have the distributional equality

3w [Yz(n + 1Y, (n)_l] 2 trlaz] (3.31)
n=0

/2

where a =y ! 2y, 12 and Z has the inverse Wishart distribution of parameter

Ay — A1,
Proof We may assume that N = 2, so that Y = (Y7, Y») starts at y = (y1, y2). Using

Theorem 3.13 and the definition of Whittaker functions, we compute the Laplace
transform of the left-hand side of (3.31) as
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Ey1.0) [e—s Yoo tr[Y2(n+DY (n)_']] [e— Y[V (DY (n)—l]]

= E(yl,syz)

s A —X\
_ Il sya|™ (dx) x|~ <|Sy1yz|> ze—u[syzrlﬂyr‘]
Ca(ha —21) Jp, x|

_ _ —(h2—A) o—trlz71]
_ / L(dg) et Py 2 1 e
Pa

Cy(h2 — A1)

for s € R, where we used the change of variables z = yl1 /21 yl1 /2. The last integral

equals Ee 4] where Z is inverse Wishart of parameter A, — A1. We conclude that
the two sides of (3.31) have the same Laplace transform and, hence, the same law. O

Remark 3.18 Up to some technical details, identity (3.31) may be also deduced from
the Dufresne type identity for a random walk on Py proved in [1]. Let (R(n)),>0 be
a GLg-invariant random walk on P; whose initial state R(0) is an inverse Wishart
matrix with parameter A, and whose increments are Beta type II matrices with
parameters A and Ay (see [1] for more details). It is then natural to expect that the
eigenvalue processes of the two processes (Y1(n)~'/2Y>(n + 1)Y; (n)’l/z)nzo and
(al/zR(n)a]/z)nzo, where a = yl_lyzyl_l/2, have the same law; this is certainly true
at least in the case d = 1. By summing the traces of these two processes over all
n > 0, [1, Theorem 4.10] would then immediately provide a proof of (3.31) that does
not rely upon the Feynman—Kac formula (3.29). See [33, Lemma 8] for an analogous
argument in the Brownian setting.

4 Fixed-time laws and matrix Whittaker measures

In this section, we first prove a Whittaker integral identity that allows us to introduce
matrix Whittaker measures. We then obtain an asymptotic formula for a Whittaker
function whose arguments go to zero or infinity in norm. Using the latter result,
we next show that, for a certain singular initial state, matrix Whittaker measures
appear naturally as the fixed-time laws of the bottom edge of the triangular process
X introduced in Sect. 3.1. Finally, under the same singular initial state, we study the
fixed-time law of the right edge and of the left edge of X.

4.1 Matrix Whittaker measures

Whittaker functions of matrix arguments satisfy a remarkable integral identity:

Theorem4.1 Letn > N > 1. Let A = (A1, ..., Ay) € C"and 0 = (01,...,0N) €
CN such that R(hg + 0i) > 45 forall1 <€ <n, 1 <i < N. Lets € Py. Then,

n N
/ N @Y @vd @) = IsI” Ziit e T[] Tatre + 0. @.D)

Pa e=1i=1
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The case N = n of (4.1) was noted in [33, Prop. 10]; however, the identity did not
play a key role in that article, and the details of the proof were not provided therein.
Below we provide a proof of the general case n > N that involves the generalised
Whittaker functions introduced in Sect. 2.2.

In the scalar d = 1 setting, (4.1) goes back to [35, Corollary 3.5]. For d = 1 and
N = n, itis equivalent to an identity that was originally found in the number theoretic
literature [12, 40].

Theorem 4.1 can be also seen as an analogue, in the context of Whittaker functions,
of the celebrated Cauchy-Littlewood identity for Schur functions. In the literature
on symmetric functions, the latter is usually proved using either the determinantal
structure of Schur functions (see [29, I-(4.3)]) or the Robinson—Schensted—Knuth cor-
respondence, a combinatorial bijection (see [41, Theorem 7.12.1]). None of these
tools is available, so far, in our context. To prove (4.1), we will rather proceed induc-
tively, using the recursive definition of Whittaker functions and the eigenfunction
equation (3.22). For the reader’s convenience, we also include in Appendix A a proof
of the classical Cauchy—Littlewood identity that similarly relies on an eigenfunction
equation for Schur functions (which can be seen as a version of the so-called Pieri
rule).

Proof of Theorem 4.1 We will prove (4.1) by induction on 7. For a fixed integern > 1,
let S(n) be the statement that (4.1) holds for all N such thatn > N > 1 and for any
choice of A and p satisfying the assumptions of the theorem.

Forn = N =1 we have

[ narpliouio = [ e e e
Py ’ Pa

A= o — —tr[z~! A —
= Is|™ Q'f p(@2) 27 H1Fe0 T — |57 Dy (0 4 o),
Pa

where we have used the definitions of Whittaker functions and gamma functions and
the p-preserving change of variables z = T,-1(z). This proves the base case S(1).

Suppose now by induction that S(n — 1) holds for some fixed n > 2. To prove
that S(n) holds, let us first prove that (4.1) is valid for all N such thatn > N > 1.1t
follows from (2.17), Fubini’s theorem, (2.16) and (3.22), that

[ pet @i oul© = [ e, eu©

d d
- / V@l e riu)e

Pa

,,,,,

N
=[Irsta+en [ ut@ul™ . 0u@.
i=1 d

Since n — 1 > N, using the assumption S(n — 1) in the latter integral we obtain (4.1).
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To conclude S(n), we are left to prove the case N = n. Using (2.17), (2.10), Fubini’s
theorem, (2.18), (3.22), and (2.20), we have

®n d n,n n
/P” w=md) Y, ()Y, (2)

d

- /V @ @ye b (k7 yrt @l

d

= |s| ™ /77 DAyt VPOt a1 9)

d

n
= |s| (H rd<xn+g,~>) /77 B G 1 PN 601 /4 G PR M P
d

,,,,,
i=1

n
= |s| Ao (1'[ T + Qi)) /pnfl p® DAyl v o),
d

i=1

Recall that we have already proved (4.1) for all N such thatn > N > 1. Applying
this, for N = n — 1, to the latter integral, we conclude that (4.1) holds also for N = n.
O

Definition4.2 Forn > N > 1.Let A = (A,...,A,) e R"and 0 = (01,...,0N) €
RY such that A+ 0i > % foralll <€ <n,1 <i < N.We call matrix Whittaker

measure with parameters A and o the measure on Pfiv that is absolutely continuous
with respect to u®" (dz) with density

N

- 1
Wl (@) = (]—[ I m) Y@yl @) forzeP), @2

l=1i=1

where I; is the d x d identity matrix. According to the usual convention, we also

denote by W){Y én (dz) the measure itself.

By Theorem 4.1, (4.2) defines a probability distribution on 73(’1\' . This extends the
definition of matrix Whittaker measures given in [33, § 7.4], which corresponds to the
casen = N:

N

NN, \ _ 1 —tlzy'l N N
Wy M2 = Kl;[l foatan |© AL/ EIR 4.3)

4.2 Asymptotics of Whittaker functions
For any real k > 0, let

rik) = k¥, forl <j<i (4.4)
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and let ri (k) := (r{ &), ..., rl.i (k)). Our ultimate goal is to obtain the k — oo leading
order approximation of the Whittaker function 1/1/{\' N (k)).

We rely on some results (Theorem 5.13 and Prop. 5.14) that we will prove, in
a more general setting, in Sect. 5. With this purpose in mind, we use the graphical
representations of the set of height-N triangular arrays ’Z'élv and of the energy function
@V, both involved in the definition of the Whittaker function (2.4) (see Fig. 1). Given
N > 2, we set

Vi={G,j)eZ*: 1<j<i<N}

and consider the finite graph G = (V, E), where E consists of all (directed) edges
G, j)=>G+1,j))and G+ 1,j+1) > (i, j), for 1 §j§i§N—l.Then,Tilv
may be identified as the set PX of arrays x = (x,)yev, where each x,, € Py. Let also

F:={N,j):1=j=<N}.

We may thus identify z € Pfiv with z € PV, so that the set ’]2‘7 (z) of all height-N
triangular arrays whose Nth row equals z coincides with the set 73[‘1/ (z), according to
the notation (5.4). Furthermore, the energy function (2.3) can be equivalently rewritten
as

oN(x) = Z tr [x} (xf)_l] = Z trlxyx, '] for all x € PL‘;.
@i,)),(k,O)eV: v,weV:
@i,))—>(k,0) v>w

All the results of Sect. 5 hold for the above ‘triangular graph’ structure, since:

e G = (V, E) is an acyclic finite directed graph;
e I is a proper subset of V containing the only source (N, N) and sink (N, 1) of G;
e the energy function ® is of the form (5.9).

We first prove a property of the critical points of ®¥ that, in the scalar d = 1
setting, was observed in [32].

Lemma4.3 Letz € Pﬁlv. Let x be any critical point of ®V onTy(z). Foralll <i <N,
let p; == |x’1 .- le | be the determinant of the product of the ith row of x. Then,

pr=Ypr=-=NVYpn_1= ¥pn= Vlz1-znl. (4.5)
Proof The critical point equations of the energy function ®" are

@h T e T = @l e foralll <j <i<N,
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with the convention xf_l = ()c(’.)_l)’1 = 0 forall 1l <i < N (these correspond
to (5.15) in the case of the triangular graph G). Taking determinants of both sides, we
obtain

|x< =T - foralll < j <i<N.
[y RN

Taking the product over j in the latter, many terms cancel out, yielding

i+1

i . i—1 ) )
[TR = TTR TR
j=1 j=1 j=1

By definition of py, ..., py, the latter can be written as

P} = pic1pit1 forall1 <j<i<N, (4.6)
with the convention pg := 1. Finally, it is straightforward to see that equations (4.6)
are equivalent to (4.5). O

Let now
V=g, ... 1) =" (1) e PY.
— ———
N times

As the components of / év are scalar matrices, Theorem 5.13 implies:

Corollary 4.4 The function ®N on Ty([ év ) has a unique global minimiser, at which
the Hessian is positive definite. Moreover, each component m’J of the minimiser m =

(ml/)lsjsifj\l is a positive scalar matrix.

Throughout this subsection, m will always denote the above minimiser.

Corollary 4.5 We have m| = I; and

Im}--mi| =1 foralli=1,...,N. 4.7)
Proof Since m € Yy(lév), we have mﬁv = I; forall j = 1,...,N, hence
|miv .- m% | = 1. On the other hand, as a minimiser, m is a critical point of N

on ’]'2] (I év ), hence (4.7) follows from Lemma 4.3. Furthermore, since m} is a multiple

of 1; with determinant 1, we have m{ = 1. ]

Theorem 4.6 For any A € CV, we have
N(N—-Dd(d+1)

N (N gy e L 2 ’ —k@N (m)
Yy (r (k) D] < p ) e , (4.8)
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where |H(m)| > 0 is the Hessian determinant of ®~ at m.

The case d = 1, N = 2 of this asymptotic result is classical; the case d = 1 and
general N can be found in [32, eq. 20]. Finally, the case d > 1, N = 2 may be inferred
from the Laplace approximation of Bessel functions of matrix arguments studied in
[14] (see also [22, Appendix B] and [33, Section 2.6]).

An important feature of (4.8) is that the leading order asymptotics does not depend
on the parameter A. This was already remarked in [13] in the special case d = 1 and
N = 3, for which the full asymptotic expansion was obtained.

Proof of Theorem 4.6 By (2.4), we have

N—-1 i

( [TT1 M(dxj)) AN (x)e @@

i=1 j=1

vV N k) = f
T (N (k)

Recalling (4.4), let us change variables by setting

Bo=rilo T =T forl<j<i<N. (4.9)

One can then easily verify, using also the invariance property of the measure p, that

( ]_[ H,u(dx ))AA () e ke ® (4.10)

i=1 j=1

oV o () :/
Y

Applying Prop. 5.14 with g := Aiv , we obtain

N(N—-1)d(d+1)

k—o0 A (m) 2n 8 —k®N (m)
G ) Wi oo (1‘[| )(k> e :

since the number of vertices of G that do not belong to I' is N(N — 1)/2. The claim
then follows from Corollary 4.5 (which, in particular, implies that Aiv m)y=1). 0O

Recall now the definition (2.6) of the »-kernel.

Corollary 4.7 Let f: 'IS’ — R be a bounded and continuous function and let

fex) = f(0rh00xi<j<i<n)  fork >0andx € T) . (4.11)

Assume that fx ]H—OO> Jfoo uniformly on any compact subsets of ’]2"(1 év ). Then, for
any A, 0 € RV,

i f N (k)

kingow = foo(m). 4.12)

@ Springer



234 J. Arista et al.

Proof As the leading order asymptotics of the Whittaker function w){v (™ (k)) does
not depend on A by Theorem 4.6, we have

Y N k)
m 4+-——— =1
k=00 YN (rN (k)

Therefore, it suffices to prove (4.12) for o = A.
Note that, using (4.10) and the fact that A € RY, the measure u,iv defined by

N-1

1 N " .
e O (M Twe)

i=1 j=1

up (d3) =

is a probability measure on Tfiv(l év ). By definition of $;, we then have

S0 f 0N (k) / (N‘l " ,-)wa)e—@”(x)
AT S S dxty ) ="~
¥V @) llljl” WD)y T

T (N (k)

= / y (d%) fi (%),

ay

where in the integral we performed the change of variables (4.9). Since f is bounded
and continuous, the functions { fi }x~0 are uniformly bounded and continuous; more-
over, by assumption, they converge as k — 00 to fy uniformly on any compact
subsets of ’ZZV(I é\' ). Therefore, by Lemma C.1, it is now enough to show that u,iv
converges weakly as k — oo to the Dirac measure §,,, i.e. that

lim 1y (dx)g(x) = g(m)
k— 00 7'[1;/(115\/) k

for every bounded and continuous function g : 73’ (I (;V ) — R. This claim, in turn,
follows readily from Prop. 5.14, since, without loss of generality, one can assume

g(m) #0. mi

4.3 Fixed-time law of the ‘bottom edge’ process

Let us now go back to the Markov process X on 'Z'flv from Definition 3.3. Recall that,
under the hypotheses of Theorem 3.10, the Nth row X" of the process X has an

autonomous Markov evolution with time-# transition kernel P ;V(n)’ 8 (cf. (3.24)). The

transition kernel of XV from time 0 to time 7 is then given by the composition

uNr .= pY

N N
B a)pPa@.p Paw).p- (4.13)
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Thus, if the initial state of XV is XV (0) = z, then the law of XV (n) is U wp (&)
Letnow A = (A1, ..., Ay) € CN such that ¢ (£) + RN(X;) > Tl foralll <4 <n
and 1 < i < N. Iterating the eigenfunction equation (3.22) n times, we obtain the
. . . . N.,n,
following eigenfunction equation for U, B

Nm Cala(0) + 1) \ v
— 4.14
Vi vy (HH Fa(@(0) + B! )) vy 1

Consider now the initial state XV (0) = rV (k) (cf. (4.4)), which becomes singular

in the limit as kK — oo. We will show that the measure U, N, aN (k) ) converges, as
k — o0, to the matrix Whittaker measure with parameters (ax(1),...,a(n)) and B.
An intuition about this fact is provided by (4.14). It follows from Theorem 4.6 that
the ratio of Whittaker functions on the right-hand side of (4.14), evaluated at r (k),
converges to 1 as k — oo. It is then easy to see that, if the convergence to matrix
Whittaker measures holds as claimed above, then (4.14) reduces to the Whittaker
integral identity proved in Sect. 4.1.
Theorem4.8 Let n > N. As k — oo, the distribution UN "(rN(k); -) converges
in total variation distance (and, hence, weakly) to the matrzx Whlttaker measure with
parameters («(1), ..., a(n)) and B (which we denote by W «p ! for simplicity). Namely,
we have

lim sup U;V;g”(rN k); A) — Nﬂ"(A) =0, (4.15)
k—o00 A ’

where the supremum is taken over all measurable sets A C 772’ .

Proof We will prove that

lim M®N(dz)‘ugb”(r1v(k) 2 - W@ =0. (4.16)
d

k—o00 JpN

This statement is stronger than (4.15), as the supremum in (4.15) is clearly bounded
from above by the integral in (4.16).

Let us fix N and prove (4.16) by induction on n > N. Before proving the base
case, let us verify the (simpler) induction step. Assume that (4.16) holds for a certain
n > N. Using (4.2), (3.24), (2.16) and (2.17), we obtain

n+1 N
(WNﬁnPa(n+l) B (@) = (H 1_[ Fd(a(ﬂ) + pi )) ( 0‘("+1)wollv(1nn) Id)(z)wﬂ @)

n+l N
(1_[ 1_[ I‘d(oz(ﬁ) + Bi )) V’ﬁ{lﬂil) Id(z)wﬁ (2) = o]tv,an(Z)
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forz € P).Onthe other hand, by (4.13) we have UN = Ulivﬁ" Pa(n—H) 5 Applying

Fubini’s theorem and recalling that P% a(nt1).p isa Markov kernel, we then obtain

[

d

=/ w®N (dz)

7

<[
"

The latter expression vanishes as k — oo by the induction hypothesis, thus proving

the induction step.
It remains to prove the base case, i.e. (4.16) for n = N. Recall that the measures
a ﬂ (rN (k); -), for any k > 0, and WN N have the same finite total mass, since
they are all probability distributions, and are absolutely continuous with respect to
®N . By Scheffé’s theorem (see e.g. [4, Theorem 16.12]), it then suffices to show the
convergence of the densities:

Nn—H(rN(k) Z) Nn—H(Z))

/ ®N(dz)( Uy ™ (k); 2) — aﬁ(z)) Pl G2
d

U7 V@D = WG [ @Y, pE )
d

=1 forallz

kll)rrgo U(fXBN(rN(k) 7) = ﬁ N(2) for u®N -almost every z € P .
4.17)

Fixz € Pfiv once for all. Using (4.13), we write

Uﬁ,’gN(rN(k);z)=/P PYy) 5V (K): dz )/ Ny pEide?)

N—2. N-1,
../,];N Pa(N—l),ﬂ(Z ,dZ )PO((N) ﬂ(Z 72)

d

Define now

N-—1 N Zl 1|a(1) [ Py i)il]
N,O0. _Ny._ QRN ? 2541z z (2
Jy' (27527) = / ||M (dz") || ,'a(z) JHIN jo
PNN=D) i,j=l1

=1

(4.18)

for 20, zV € PN, with the usual conventions Z§v+1 :==0foralli =0,..., N. Using
the definition (3.24) of the P-kernels, we then have
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z2:11 zgzrc?; zg:wg z?zwi’
N N SN SN
d=dd  d=sd  d=dz 7 a=y
NN N N
d=d3 A=l o HB=v  A=4
NSNS N SN
3_ 1 3_ 3 3_ .3 3_ 3
24 = I 23 = Y3 22 = Y2 21=M0
NN SN SN
4 4 4 4 4 4 4 4
24 = Yy 23 = Y3 22 = Y2 21 =MU

Fig. 3 Graphical representation of the set of variables z ,0<i<Nandl < j < N (here N = 4)
appearing in (4.18). Each arrow @ — b corresponds to the term e —ulab™'1; in the integral. Relabelling the
z’j asin (4.21)—(4.22) yields two triangular arrays x (coloured in red) and y (coloured in blue) (colour figure

online)

oo = [ T1 LGP
g (r 32) = r 32) -
«p o rd(a(@ + B )y N k)
(4.19)
Comparing (4.19) with (4.3), we are reduced to show that
Jév(rN(k); 7) —tr|zy N QN N
im =————=¢ N4 for -almost every z € P .
koo YNV (k) Van @ a R
(4.20)
Let us relabel the variables in the integral (4.18) by setting
Zg.:x;‘f:l.f for0<i<N—landi4+1<j<N, 4.21)
2 =y forl<i<Nandl<;<i. (4.22)

This relabelling yields two triangular arrays x, y € 72". See Fig. 3 for a graphical
representation of the variables zj. and the corresponding arrays x and y. Recalling the

definition (2.6) of the ¥-kernel, we have
Jg N s 2) = Z5 . N )
where @(1 : N) := (—a(N), ..., —a(l)) and the function f: 72’ — Ris defined by
£ .:/ 1—[ l_[ % (lﬁ[etr[xf’iﬂ(yf)l]) AV () e @V )
' p T (2) i=1 j= 1M yj i=1 “(tt .
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H 7tr[xy7i+l()’f)’l] . . .

ere, each term e corresponds, graphically, to a bold arrow in Fig. 3.
We now wish to apply Corollary 4.7. Notice first that f is a continuous function

of x; moreover, it is bounded below by 0 and above by 1//01(\21: N)(z) (cf. (2.4)). The

associated functions f; defined in (4.11) are

' _—(N=i) | x N—i+1 — !
fe) = /TN ( H“(dyf ) (He - t[ o ]) a(l: N)(Y)e_d’N(” .
(2)

i=1 j=1

By dominated convergence and by the definition (2.4) of Whittaker function, we have
the pointwise convergence

—tr|x)zy!
klgrolo fi(x)=e ‘ [ N ] Wﬂl:N)(Z) =! foo(x).

Notice that { fx}x=0 is a collection of continuous functions, increasing with k, that
converges pointwise to a continuous limit; hence, by Dini’s theorem (see e.g. [38,
Theorem 7.13]), the convergence is uniform on compacts. Then, the assumptions of
Corollary 4.7 are satisfied and we have

NN R Shaan FNE)
m o N Ny am N Ny = el
koo g (rV(k))  k—oo g (rY (k)
where m is the unique global minimiser of ®" on 73’ (I (ﬁv ) (cf. Corollary 4.4). Since
m{ = I by Corollary 4.5, we have

Foolm) = e_tr[zpl} Yo @) -

This yields the desired limit (4.20). m]

4.4 Fixed-time laws of the ‘right edge’ and ‘left edge’ processes

Throughout this subsection, it will be convenient to work with the space of d x d
positive semidefinite matrices, i.e. d x d real symmetric matrices with nonnegative
eigenvalues; such a space is the closure of P; under the standard Euclidean topology,
and we thus denote it by P,.

It is clear from the definition given in Sect. 3.1 that the ‘right edge’ X; =
(X 1, Lo X {V ) of X is a Markov process in its own filtration. Furthermore, as men-
tioned before, X| equals the system Z = (Zl, ., ZN ) of random particles in Py
with one-sided interactions defined in (1.8)—(1.9), where the random weight V' (n)
equals Wf (n), an inverse Wishart random matrix with parameter a(n) 4 . If the

initial state Z(0) of this process is in 739' (respectively, 7_92]), then clearly Z evolves as

a process in Pfjv (respectively, 7_92]).
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Analogously, the ‘left edge’ of X is a Markov process in its own filtration. Its
‘inverse’ L = (L', ..., LV) := (x)H 71, ..., (X))~ is givenby (3.5)~(3.6), where
Uin) = (Wl.i (n))’l is a Wishart random matrix with parameter «(n) + ,Bi. If the
initial state L (0) of this process is in Pflv (respectively, fflv), then clearly L evolves as

. N . =N
aprocess in P, (respectively, P, ).

As the next lemma shows, the singular initial state of the bottom edge of X consid-
ered in Sect. 4.3 induces (through Theorem 3.10) the initial state (1.10) on the right
edge X1, which resembles the step or ‘narrow wedge’ initial configuration in systems
of interacting particles/random walks. A similar statement holds for the left edge.

Lemma 4.9 Let X(0) be distributed according to fﬁ (N (k); ). Then, on the space
7_32’, both (X1(0), ..., XN (0)) and (X} (O) ', ..., (XN(0)~!) converge in law, as
k — oo, to (14,04, ...,04).

Proof We prove the claim about (X } ©0),..., X {V (0)), as the proof of the claim about
((X% oy, ..., (X% ONHis completely analogous.

=N . .
Letg: P; — Rbe abounded and continuous test function. We need to prove that

klirgoE[g(Xl(O))] =8a,0q,...,04) . (4.23)

Let f: 7)) — R, f(x) := g(x1) = g(x},...,x]¥) forallx € 7). By definition (3.23)
of fﬁ, we then have

Sp £V (k)

Ele(X =E[f(X =3 N = .
[g(X1(0))] [f(X(O0)] g f a7 (k) lﬁév(l’N(k))

We now wish to apply Corollary 4.7. Since g is bounded and continuous, f also is.
The associated functions fi defined in (4.11) are

x? xN
fk(x):=g<xll,71,...,klv—ll>, xe’]’ﬁ,v.
These functions converge as k — 00 to fo(x) = g(xll, 04, ..., 04) uniformly on
compacts, since g is continuous on 7_?2/. Therefore, by Corollary 4.7, E[g(X1(0))]
converges as k — 00 to g(m%, 04, ..., 04), where m is the minimiser of ®V on
’Zj,v(ldN). By Corollary 4.5 we have m} = 14, and the claim (4.23) follows. O

As a consequence of Theorem 4.8 and Lemma 4.9, we obtain:

Corollary 4.10 As above, let Z = z',....Z¥ and L = (L', ..., L") be the right
edge process and the (inverse) left edge process, respectively, with initial states Z (0) =
L) =(;3,0q4,...,04) € 7_3(]1\] Then, forn > N, ZN (n) and L" (n) are distributed as
the first marginal and the Nth marginal, respectively, of the matrix Whittaker measure
with parameters (a(1), ..., a(n)) and B.
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Proof Again, we only prove the claim about the right edge, as the proof of the claim
about the left edge is completely analogous.

Let the process X be as in Definition 3.3, with initial state X (0) distributed accord-
ing to fﬂ (rN (k); ). Tt is clear from the definition that X {V (n) can be written as a
continuous, deterministic function of the right edge initial state X{(0) and of the col-
lection of random matrices (Wl1 @, ..., WIN (£))1<¢<n- Therefore, by Lemma 4.9 and
the continuous mapping theorem [5, Theorem 2.7], X {V (n) convergesinlawask — oo
to ZN (n).

On the other hand, by Theorem 4.8, forn > N, X {V (n) converges in law as k — oo
to the first marginal of a matrix Whittaker measure with parameters («(1), ..., a(n))
and S. m|

Remark 4.11 The following generalisation of Corollary 4.10 is immediate: under the
same hypotheses, for every 1 < i < N and n > i, Z'(n) is distributed as the

first marginal of the matrix Whittaker measure with parameters («(1), ..., «(n)) and
B Lo, B"). This is due to the fact that, by definition, for any fixed i > 1, the process
(Z1, ..., Z;) hasboth an initial configuration (I, Og, . . ., 04) and a Markov evolution

that do not depend on the choice of N > i. Analogously, for every 1 <i < N and
n > i, L'(n) is distributed as the ith marginal of the same matrix Whittaker measure.

5 Minimisation of energy functions and Laplace approximations

In this section, we study minimisation problems for certain energy functions of matrix
arguments on directed graphs. As a consequence, we obtain Laplace approximations
for integrals of exponentials of these energy functions. For our purposes, the most
important application of such results consists in certain asymptotics of Whittaker
functions of matrix arguments; see Sect. 4.2. However, the results of this section may
be of independent interest. For instance, the general framework we work with may be
applied to obtain analogous asymptotics for orthogonal Whittaker functions, which
also appeared in the study of stochastic systems—see [2, 6].

5.1 Energy functions on directed graphs

Let us recall some terminology of graph theory that will be useful throughout this
section. A finite directed graph G = (V, E) is a pair consisting of a nonempty finite
set V of vertices and a set E C {(v,w) € V2: v # w} of edges. Note that edges
connecting a vertex to itself are not allowed, nor are multiple edges. The direction of
an edge (v, w) connecting v to w is given by the ordering of the pair. For the sake of
notational convenience, we also write v — w when (v, w) € E, and v / w when
(v, w) ¢ E. A vertex v is called a sink if it has no outcoming edges (i.e. if v 4 w for
all w € V) and a source if it has no incoming edges (i.e. if w /4 v forall w € V). For
any v, w € Vand 0 <! < oo, we call path of length / in G from v to w any sequence
(vo, v1,...,v) suchthat vg = v, vy = w,and v;_; — v; forall 1 <i <I. A cycleis
any path (vg, v1, ..., v7) such that vy = v; and any other two vertices are distinct. We
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say that G is acyclic if it has no cycles. From now on, throughout the whole section,
G = (V, E) will always be an acyclic finite directed graph.

Lemma 5.1 Forall v € V, there exists a path in G from v to a sink; moreover, there
exists a path in G from a source to v.

Proof We will prove the existence of the first path only, as the existence of the second
path follows from a similar argument. We construct the path algorithmically. Set
vo :=v.Foralli =0,1,2,..., we proceed as follows: if v; is a sink, then we stop
the algorithm; otherwise, we pick v;11 to be any vertex such that v; — v;1. If the
algorithm never terminates, then there exist two distinct indices 7, j with v; = v},
since G is finite; this implies that G has a cycle, against the hypotheses. Therefore, the
procedure must stop in a finite number / of steps, thus yielding a path (vo, vy, ..., v;)
from vy = v to a sink v;. O

For any integer d > 1, let Sym,, Diag,, and Scal,; be the sets of d x d real
symmetric matrices, real diagonal matrices, and real scalar matrices (i.e. multiples of
the d x d identity matrix 1), respectively. We will write Symg for the set of arrays
x = (xy)vev, Where each x,, € Sym,. We will use the notations Diag[‘l/ and Scalzl/ in
a similar way.

Let us define the ‘energy functions’

04 Symg — R, 0a(x) = Z trfe® e ], 5.1

v,weV:
v—>w

Xa: Symj — R, Xax) = Y e, (5.2)

v,weV:
v w

where e“ denotes the usual exponential of the matrix a. The Golden-Thompson
inequality (see e.g. [3]) states that tr[e? el ] > tr[e“+b ] if @ and b are symmetric
matrices. It follows that

0a(x) > xa(x) for all x € Sym) . (5.3)

However, the two energy functions are identical only ford = 1.

Notice that, by Lemma 5.1, G has at least one sink and one source, possibly coin-
ciding. Throughout, we also assume that there exists at least one vertex of G that is
neither a source nor a sink. We can thus fix a subset I' C V that contains all the sinks
and sources and such that I'¢, the complement of I' in V, is nonempty. For any set S
and any fixed array z = (z)ver € ST, let

SY(2):=f{x = (xp)vev € 8V 1 x, =z, forallv € T'}. (5.4)

Our first result concerns the asymptotic behaviour of the energy functions on
Symg (z). Let ||-]| denote any norm on Symg.
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Proposition5.2 Letz € Symg. Forx € Sym;/ (2), we have pg(x) — oo and xq(x) —
oo as ||x|| = oo.

Proof By inequality (5.3), it suffices to prove the claim for x4. As all norms on a
finite-dimensional space are equivalent, we may arbitrarily take

Il ==Y o(x) for x € Sym)/ , (5.5)

veV

where p(a) denotes the spectral radius of a symmetric matrix a (i.e. the largest absolute
value of its eigenvalues). As the spectral radius is a norm on Symy, it can be easily
verified that (5.5) defines a norm on Sme. We will show that, for any sequence
(X("))nzl - Sym){(z) such that [|x™| — oo asn — 00, we have x;(x™) — oo
as n — oo. For the sake of notational simplicity, we will drop the superscript of x
and leave the dependence on n implicit.

By contradiction, assume that there exists a positive constant C such that, along a
subsequence, xg4(x) < C. Since ||x|| — oo, there exists w € I'® such that, along a
further subsequence, o(x,,) — oo. This implies that, passing to a final subsequence,
either Amax(Xy) —> 00 Or Apax(—Xxy) — 00, where Amax(a) denotes the maximum
eigenvalue of a symmetric matrix a. As w € I'S, it is neither a source nor a sink. By
Lemma 5.1, there exists a path (v, vy, ..., v;) of length/ > 1 in G from vy = w to
asink v; € I'. Since G has no cycles, we have v; # v; forall i # j; therefore, all
directed edges v;i—1 — v; (1 <i < d) are distinct. We thus have

1 1 1
C > xa(x) > Ztr[exvi_l_xui] = Zekmaxuvi_l_xu") > Z)"max(in—l - xvi) s
i=1 i=1 i=1

(5.6)

where we used the bounds trfe”] > Amax(e”) = e*mx®) for y Sym, and e* > «
for a € R. Recall now that, for any a, b € Sym,,

Amax(@ + b) < Amax (@) + Amax (D) . (5.7
By iterating (5.7) several times and using (5.6), we obtain
!
Amax (Xy) < Z)\max(xv,-,l - xvi) + )&max(xvl) <C+ )umax(xw) .
i=1

By considering a path (ug, uy, ..., u,) of length m > 1 from a source ug € I' to
u, = w (which again exists by Lemma 5.1) and using similar bounds, we also have

Amax (—Xxy) < )Lmax(_xu()) +C.
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Since either Amax (X)) — 00 Or Amax (—Xy,) — 00, it follows that either Amax (xy,) —
00 O Amax(—Xy,) — oo. This contradicts the fact that x,, = z,, and x,, = z,, are
both fixed for all x € Sym;/ (z), since v, ug € I'. O

Remark 5.3 Above we have assumed that G = (V, E) is acyclic and that I" is a subset
of V containing all the sinks and sources of G. We stress that both hypotheses are
necessary for Prop. 5.2 to hold. As a counterexample, let G be the cycle graph with n
vertices and let I' = @. If a € Sym, and x = (x,)ev is the array with x,, = a for all
v, then

@a(x) = xa(x) = tr[lg] + -+ te[ly] = dn

n times

is constant in a; however, for the norm |-|| defined in (5.5), if o(a) — oo, then
x| = oo.

5.2 Minima of energy functions

We now study the minima of the functions (5.1)—(5.2) on the set Sym(\; (z), where
z € Symg . In words, we wish to minimise the energy functions subject to the constraint
that some of the entries of the input array (precisely, those indexed by the vertices of
the subset I') are fixed.

We start with the simplest case d = 1, in which Sym; = Diag; = Scal; = R and
the two energy functions coincide:

¢1:X1:RV—>R, ¢1(x):Xl(x): Zexv—xw.

v—=>w

We denote by 9, the partial derivative of a function on RY with respect to the variable
Xy.
Lemma5.4 Let z € RY. The Hessian matrix of ¢ on RY (2) is positive definite every-

where. In particular, ¢y is strictly convex on RY (z).

Proof On RV (z) the variables indexed by I are fixed to the assigned values z, hence
we can consider ¢; and its Hessian as functions of (x,)yerec. For v, w € I'¢, we have

Y ouev (ex”’x" Tyy ™ Il”_w) ifv=w,

0y0 =
vOwP1 {_exv—xw 1 Xo=Xy ], ifv£w.

vow — €

Thus, the quadratic form of the Hessian of ¢1 on RY (2), as a function of & = (ay)yere,
is

Z Oy Oy 0y Oy 1 = Z 053 Z (exv—xu Tyosy + e ]]-u—>v)

v,wel© vel®© ueV

+ 2 E oyl (_ exv*xw ]lU—HU _ exw*xv ]lw—>v) .

v,wel*c
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Setting o, := 0 for all v € T', it is easy to see that the latter expression equals

Z e (ag + aﬁj - 2avaw) = Z e T (o — ay)? > 0.

v,weV: v,wevV:

v—=>w v—=>w
Therefore, the Hessian is positive semidefinite everywhere. To prove that it is in fact
positive definite, we will show that, if the quadratic form of the Hessian vanishes at
o, then o = 0. If the above expression vanishes, then o, = o, for all v, w € V such
that v = w. Let v € I'°. By Lemma 5.1, there exists a path from v to a sink s € T'.
The value «,, is then the same for all the vertices w along such a path. We then have
ay = oy = 0,since s € T'. As v € ' was arbitrary, it follows that @ = (ay)yerc = 0.
O

Proposition 5.5 The function ¢1 = x1 has a unique (global) minimiser on Rv(z).

Proof By Lemma 5.4, ¢ is a strictly convex function over the convex set RY (z);
therefore, it has at most one minimiser. It remains to show the existence of a minimiser.
Since ¢ is a continuous function, it admits at least one minimiser on every closed ball
B, :={x e RV (2): |Ix|| <r}. By Prop. 5.2, for r large enough, the minimiser on B,
is also a (global) minimiser on RY (2). O

The case d > 1 is much more challenging, and we are able to deal with it only
under rather strong assumptions on the fixed array z. Nonetheless, this is sufficient for
our ultimate purposes.

We will be using the fact that the relation between the eigenvalues and the diagonal
entries of a symmetric matrix is completely characterised by the majorisation relation.
Let us briefly explain this statement, referring to [23, § 4.3] for proofs and details. For
any o = (o1,...,0q) € R?, let us denote by a¥ = (ali, ce ai) its nonincreasing

rearrangement, i.e. the permutation of the coordinates of « such that ozli > 012¢ > >

Dlj. Givena, 8 € Rd, we say that o majorises B, and write o > B, if

k k d d
Yot =Ygt forl<k<d—1 and D =Y pi. (58
i=1 i=1 i=1 i=1

Theorem 5.6 ([23, Theorem 4.3.45]) Let x € Sym. Let . = (A1, ... Aq) be the vector
of the (real) eigenvalues of x, taken in any order. Let §; := x(i,i) for 1 <i <d, so
that 6 = (81, ..., 084) is the vector of the diagonal entries of x. Then we have A > 4,
and the equality ¥ = 8V holds if and only if x is a diagonal matrix.

We now briefly introduce the concept of Schur convexity and state the criterion that
is useful for our purposes, referring e.g. to [30, Ch. 1.3] for more details. A function
H:RY — Ris called Schur-convex if H(a) > H(B) for all o, B € R? such that
a > B. In particular, for all «, 8 such that at = ﬂi, we have @ > B > «, hence
H (o) = H(p); in other words, every Schur-convex function is a symmetric function.
Additionally, H is called strictly Schur-convex if H(a) > H(B) for all o, B € R4
such that @ > B and ot # V.
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Theorem 5.7 ([30,Ch.1.3,§ C]) Leth: R — R and
d
H:RY > R, H(al,...,ad)=Zh(oz,-).
i=l1

If h is convex, then H is Schur-convex. If h is strictly convex, then H is strictly Schur-
convex.

As a consequence of the results just stated, we obtain:

Proposition 5.8 Suppose that x € Sym, and y € Diag, have the same diagonal
entries. Then tr[e*] > tr[e”], and the equality holds if and only if x = y.

Proof Let . = (A1, ..., Aq) be the vector of the eigenvalues of x, taken in any order.
Let § = (81, ...,84) be the vector of (common) diagonal entries of x and y, i.e.
8 = x(i,i) = y(i,i)forall 1 <i < d. Since y is diagonal, notice that the §;’s
are also its eigenvalues. Therefore, the claimed inequality tr[e®] > tr[e”] reads as
H(A) > H(5), where

d
H:R! > R, H(e)=Ha.....aq) ==y e .
i=1

The function H is strictly Schur-convex by Theorem 5.7, since the exponential function
is strictly convex. Since A > § by Theorem 5.6, we then have H(X) > H($), as
required. Moreover, assume that H(A) = H(5). Then, by strict Schur-convexity of
H, we have AV = 8§V, Again by Theorem 5.6, we conclude that x is diagonal, which
in turn implies x = y. O

From the latter proposition we deduce the existence and uniqueness of a minimiser
of x4 on Sym;/ (2), under the assumption that all the ‘fixed’ entries z are diagonal
matrices.

Theorem 5.9 Let 7 = (2y)ver € Diagg and set z(i, i) == (zy(i, ))ver € R for all
1 < i < d. Then, the function x4 admits a unique minimiser on Symt‘i/ (z). Such a
minimiser is of the formm = (my)yey € Diag)i/ (2), wherem(i,i) := (my(i,1))yey €
RY denotes the unique minimiser of x1 on RY (z(i, i)) for all i.

Proof The claim will immediately follow from the two following facts:

(i) for any x € Sym(‘; (z), there exists y € Diagg (z) such that xqz(x) > xqa(»),
with equality if and only if x = y;

(ii) there exists m € Diag:l/ (z) (as in the statement of the theorem) such that
Xd(x) = xq(m) for any x € Diagg (z), with equality if and only if x = m.

Proof of (i). Fix any x € Symg(z). Define y = (yy)pey so that, for all v € V,
vy 1s the diagonal matrix with the same diagonal entries as x, i.e. y,(i,1) = x,(i, 1)
for 1 < i < d. Since each z, (for v € I') is diagonal by hypothesis, we have
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y € Diagg (z). For any v, w € V, the matrices x, — x,, € Sym, and y, — y,, € Diag,
have the same diagonal entries, hence tr[e®™ ~**] > tr[e’»~Y»] by Prop. 5.8; summing
over v — w, we obtain that x;(x) > xg(y). Assume now that x4(x) = x4(y).
Then, tr[e® ] = tr[e”~>»] whenever v — w. Again by Prop. 5.8, we then have
Xy — Yy = Xy — Yy forall v — w. For any v € V, by Lemma 5.1 there exists a path

(vo, v1, ..., v7) in G from vy = v to a sink v;. Since all sinks are in " by assumption
(see Sect. 5.1) and both x and y are in Sym[‘{ (2), we have x,, = zy; = yy,. Therefore,
Xy — Yy = Xy, — Yoy =+ = Xy, — Yy, = 0; in particular, x, = y,. Asv € V is

arbitrary, we conclude that x = y.
Proof of (ii). For x € Diag) (z), set x(i, i) := (xy(i,i))yev € R". As each x, is
diagonal, we have

d d
CCEDILCETED 3 IELLEES s
i=1

v—=>w vV=>w =1

By Prop. 5.5, for all i, x; has a unique minimiser m (i, i) on RY (z(i, i)). Therefore,
we have

d d
Xa() =Y (i, 1) = Y x1(mi, i) = xa(m),

i=l i=1
and the inequality is strict whenever x # m. O

In the case where the ‘fixed’ entries z are scalar matrices, the inequality (5.3)
immediately implies the existence and uniqueness of a minimiser of ¢ .

Corollary 5.10 Let z = (zy)ver € Scall, so that z, = ¢yI; for all v € T and for
a certain { = (&y)vey € RY. Then, the function ¢g admits a unique minimiser on
Symc‘;(z). Such a minimiser is of the form m = (my)yey = (Uplg)vey € Scal}{(z),
where it = (ly)yey € RY is the unique minimiser of ¢1 on RY ().

Proof Since Scalg - Diagg, it follows from Theorem 5.9 that y; has a unique
minimiser m on Sym“{ (z), which is of the form specified above. Since the scalar
matrices m, and m,, commute for any v, w € V, we have e"ve v = " Muw,
hence ¢ (m) = xq4(m). By (5.3), we then have

@a(X) > xa(x) > xa(m) = pa(m) forall x € Sym) (z),

where the second inequality is strict if x 7% m. It follows that m is also the unique
minimiser of ¢g on Sym:l/ (2). O

5.3 Energy functions in logarithmic variables
It is a well-known fact that the functions
a

Symy, — Py, ar>e and Pg — Sym,, ar>loga,
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namely the matrix exponential and the matrix logarithm, are both bijections on the
stated domains and inverse to each other. From now on, for any set S, we will use the
following compact notations: logx := (logxy)yes € Symj for x = (xy)pes € PdS,
and e* := (e™)yes € 733 for x = (xy)pes € Symg.

Let us consider the analogue of ¢, ‘in logarithmic variables’, that is the energy
function ®4(x) := ¢4(logx) for x € PX. More explicitly, recalling (5.1), we define

[OFN ’P[‘i/ — R, DOy(x) = Z tr[xvxl;I] for all x = (xy)pey € 77[‘,/.

v,wevV:
v—>w

(5.9)

Take now z = (zy)yer such that each z, is a positive multiple of 1, or equivalently
logz € Scalg. By Corollary 5.10, &, has a unique minimiser m on PL‘J/ (z), where
logm is the unique minimiser of ¢; on Sym(‘l/ (log z). This implies that, on PX (2),
the Hessian of ®; at m is positive semidefinite. We now aim to prove the stronger
statement that the Hessian of @, at m is positive definite.

Asin the previous subsections, we first work withd = 1. Recall that, by Lemma 5.4,
@1 is strictly convex on RY (log z), for z € 731;. The analogous statement does not hold
for ®; on PY (z); however, the following is still true:

Lemma5.11 For z € Plf, the Hessian of ®1 on PY (z) is positive definite at any
critical point.

Proof We prove the claim by simply expressing the derivatives of @ in terms of the
derivatives of ;. For v € ', the first partial derivative of ®; w.r.t. x, is

1
3, (x) = x—avgol(logx) for any x € P} (z) . (5.10)
v

Therefore, for v, w € ',

1 .
- [aﬁw . BU(pl] (logx) ifv=uw,
v

=

0y 0y @1 ()C) =

0y 0y @1 (log x) ifv#Aw.

Xy Xy

Assume now that x is a critical point of ®; on ”PY (z), i.e. that both sides of (5.10)
vanish for all v € I'¢. Then, we have

0y 0y @1 (x) = 9,01 (log x) forall v, w e I'“.

Xy Xy

As the Hessian of ¢ on RY (log z) is positive definite everywhere by Lemma 5.4, it
follows that the Hessian of ®; on PY (z) is positive definite at x. O
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To compute the Hessian in the general case d > 1, we will use the following
basic formulas (see e.g. [36]) that hold for any a,b € Py, 1 <i < j < d, and
1<k=<t<d:

a(ail)(k,g)__ 1 N -1 . 1 =1 .

T R v [a &, a=' @, j) +a 'k, ja (z,z)], (5.11)
" ba Yk, 0)

da(i, j)

=k, D)@ ba™ (L, )+ (@ 'ba~ Dk, Da~ (€, ) +[i < ] <15
- 1483, j) 5-12)
—17 _ 1,

8a(i,j)tr[ab ]_—1+8(i,j)b @i, Jj), (5.13)
9 —17_ 2 —1 1]
i = e [b ab ](z,]), (5.14)

where 8(i, j) is 1if i = j and 0 otherwise. In (5.12), denotes the preceding
expression with the indices i and j swapped. Notice that (5.12) and (5.14) can be
deduced from (5.11).

Let Scall}' be the set of positive definite scalar matrices, i.e. positive multiples of
1.

Lemma5.12 Letz € (Scalzlr)r. Then, the Hessian of ®4 on ’P)i/ (z) is positive definite
at any critical point x such that x € (Scal;l")v (2).

Proof We will prove that, under the stated assumptions, the Hessian of ®; (ford > 1)
can be expressed in terms of the Hessian of ®1; the claim will then follow from
Lemma 5.11.
For ease of notation, givenany v € Vand 1 <i < j < d, we will denote by d,;; ;
the partial derivative of a function of x € 7)(\1/ with respect to the real variable x, (i, j).
It follows from the definition (5.9) and from the formulas (5.13)—(5.14) that

2
9. D — —1(; ) — [ -1 —1:| i
vii,j Pa(x) T 56.) w; Xy @, ) MEX‘/: X, xuxy |, ))
v w u—v

forve ' and 1 <i < j < d. The critical point equations of ®; on 736‘1/ (z) are then

xu_l< Z xu>xv_l = Z x! forallv e I'°. (5.15)

ueV: weV:
Uu—>v v—>w
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We will now compute the second derivatives at any critical point x = (xy)yey €
PV (z). Using (5.12) and (5.15), we have

. — 2 1 —1,. -1 -1 .
8v;k,eav;t,./@d()‘) = 148G, ) 1+8k € (xv (i, k)[xv < Z xu)-xy :|(], £)

uev:
u—v

+ |:xv_l( 3 xu)xv_l:|(i, 0xGL o) +>

ueV:
u—v

_ 2 1 L L
148G, ) 1468k, 0) <x” NI N

ueV:
v—>u

+ Y x Gl o +)

ueV:
v—>u

forv el 1 <i < j<d andl <k < £ < d. Recall now that the acyclic
structure of the underlying graph guarantees that, if v — w, then w 4 v. Therefore,
forv,w € ' suchthatv - w,1 <i <j <d,and 1 <k < ¢ <d, we have

2 1
14683, j) 1+, £)

sk, eBusi,j Pa () = [t 05 G0 + x5 0 03 Gk |

On the other hand, the second derivative w.r.t. x, (i, j) and x,, (k, £) vanishes for all
v, w € ['“such that v A w and w 4 v.

According to the hypotheses of the theorem, we further assume from now on that
there exists { = ({y)vey € Plf such that z, = ¢,I; for all v € T', and there exists
& =(&)vey € PY such that x, = &,1; for all v € V. Using the identity

3, k)8, O) + 83, 08, k)
L+ 68k, £)

=68((, ), (k,0) forl<i<j=<d, 1<k=t=d,

we see that the second derivatives at x factorise as

aw;k,fav;i,jq)d(x) = f((l’ .])3 (k9 E)) gg(U, w) bl Wlth

26((i, j), (k, £
£ k. 0) = %f”))

Here, g¢ (v, w) is an explicit function of &, v and w; we stress that it is the same

function for all d > 1. It follows from (5.15) that, since x = (§,15)yey is a critical
point of ®; on 77[‘1/ (2), & is a critical point of ®; on PY (¢). Therefore, the matrix

ge (v, w) = 3,0y P1(§)
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(with ‘row index’ v and ‘column index’ w), which is the Hessian matrix of ® on P}/ )
at &, is positive definite by Lemma 5.11. On the other hand, the matrix f((i, j), (k, £))
(with ‘row index’ (i, j) and ‘column index’ (k, £)) is clearly positive definite as a
diagonal matrix with positive diagonal entries. Therefore, the Hessian of ®,; on 730‘,/ (2)
at x is positive definite, as it can be written as a Kronecker product of two positive
definite matrices. O

As any minimiser is a critical point, the main result of this section follows imme-
diately from Corollary 5.10 and Lemma 5.12.

Theorem 5.13 Let 7 € (Scalj)r. Then, the function ®4 on Pg(z) has a unique
(global) minimiser m, at which the Hessian is positive definite. Moreover, we have
m e (Scal})v(z).

5.4 Laplace approximation

We will now use Theorem 5.13 to study the asymptotic behaviour of integrals of
exponentials of @4, via Laplace’s approximation method. Recall the definition (1.12)
of the measure © on Py.

Proposition 5.14 Let 7 € (Scalj)F and let m be the unique global minimiser of ®4
on PX (z) (see Theorem 5.13). Let g: PL‘; (z) = C be a continuous function in a
neighbourhood of m, with g(m) # 0, and such that

/ H n(dxy) | 1g(x) e %P < oo for some k > 0.
PV (2)

vel'c

Then

a

/P - (]"[ u(dxv)) gx) e kP
1 %) \yere

k—oo g(m) _dsn 2 e —k®g(m)
= B I im.! = e . (5.16)
v vel'c

where |H(m)| > 0 is the Hessian determinant of ®4 at m and |1"C| is the number of
vertices in I'°.

We start by stating the Laplace approximation integral formula in the multivariate
context, which can be found e.g. in [19].

Theorem 5.15 ([19, Theorem 4.14]) Let A be an open subset of the p-dimensional
space RP. Leth: A — Cand 0: A — R be functions such that

(i) [y 1h(x)|e™*e™ dx < oo for some k > 0.
(ii) o has a global minimiser xo € A such that, for every ¢ > 0,

inf{o(x) —o(xp): x € A, |x —xgo| =€} >0. (5.17)
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(iii) h is continuous in a neighbourhood of xo and h(xy) #~ O.
(iv) o is twice continuously differentiable on A and its Hessian matrix H(xo) at xo
is positive definite (in particular, its determinant |H(x¢)| is positive).

Then,
h(xo) (27\7
_ k—o00 X0 T —ko(xo)
h(x)e ke g "= —(—) g koo (5.18)
fA VIHo)] \ k

Proof of Prop. 5.14 We will apply Theorem 5.15 with

_ dd+D)
AZPX(Z)’ h(x):g(x)l_[|xv| 2, o=y, Xo=m.

vel'c

The set 7321/ (z) can be clearly viewed as an open subset of R”, where p = }Fc|d d+
1)/2 is the number of ‘free’ real variables in A and d is the dimension of each matrix
in the array. The extra product in the definition of % is the density of the measure
[ Tyerc #(dx,) with respect to the Lebesgue measure on PX (2).

Hypothesis (ii) of Theorem 5.15 is satisfied due to Theorem 5.13 and Prop. 5.2.
Hypotheses (i) and (iii) are matched by the assumptions of Prop. 5.14. Finally, hypoth-
esis (iv) also holds because of Theorem 5.13. The asymptotic formula (5.16) then
follows from (5.18). O
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Appendix A: A proof of the Cauchy-Littlewood identity

In this appendix we include a proof of the classical Cauchy-Littlewood identity for
Schur functions that is based on a version of the Pieri rule. The proof of the Whittaker
integral identity (4.1) is based, mutatis mutandis, on the same line of reasoning.

For any two integer partitions & = (1 > o > ---)and A = (A > Ay > --+),
we write @ < Aif A; > w; > Ajqq foralli > 1. The sizeof Lis |A| ;= A1+ A2 +...,
while its length is the smallest i > 0 such that ;11 = 0. We will adopt the following
recursive definition of Schur polynomials: for a partition A of length < n, we set
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2]

i (x Xp) = i =1 (A1)
B e Al ZM<Ax,‘1)‘| Il w(X1, o xe—p) ifn > 1. ’
For the sake of convenience, we also set sy (x1, ..., x,) := 0if the length of A exceeds

n. This definition is easily seen to be equivalent to the classical combinatorial definition
of Schur polynomials as generating functions of semistandard Young tableaux.
We will use the following version of the Pieri rule:

ol
> sk(xl,...,x,,)z(Hl_x>sﬂ(x1,...,xn). (A.2)

Al <A i=1

The latter can be deduced from the usual Pieri rule (see e.g. [29, I-(5.16)])

ki k
E Sa(X, .., xp) = E xS (xa, . x)
At <A, ky,....kn>0:
[Al=Ipl=r ky+-+kn=r

by summing over all » > 0. Notice that (A.2) can be read as an eigenfunction equation
for the operator defined through the kernel 7 (u; A) := 1,,<;, with the Schur function
sy (viewed as a function of the partition j) as an eigenfunction.

Theorem A.1 (Cauchy-Littlewood identity) For any n, N > 1, we have

Zm(xl,.-.,xn)SA(yhm,yN)—]_[1_[ (A3)
A

=1i= 11_”)”

where the sum is over all integer partitions A.

Proof Note first that we can restrict the sum on the left-hand side of (A.3) to the
partitions A with length < min(n, N). When N = n = 1, the identity reduces to a
geometric sum:

Al A l
> iyt = T (A4)

— X
21=>0 1)1

We can then proceed by induction onn + N.
Let n + N > 2 and assume, without loss of generality, that n > 1. Using the
definition (A.1), the fact that s, is a homogeneous polynomial of degree |A|, and
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identity (A.2), we obtain

ZS)\(M, o X083 (V1s - -5 YN)
a

Z (me Il W, Xa—) | S (e, YN)

A

=Z( D sy xayn) | Ml )
"

— Xn)i

1 .
=> (]_[ 1—) Syt s Xnyn)X s (s )
—\,
)Zsﬂ(xly"'5xn])S/L(y17"'9yN)'

The claim then follows from the induction hypothesis applied to the latter sum. O

Appendix B: Markov functions and intertwinings

In this appendix we review the theory of Markov functions, in the case of inhomoge-
neous discrete-time Markov processes, which we are concerned with in the present
article.

Let (S,S) and (7, 7) be measurable spaces and ¢: S — T be a measurable
function. Let X = (X (n)),>0 be a time-inhomogeneous Markov process with state
space S, time-n transition kernel IT, and any initial distribution on X (0). Defining
Z(n) := ¢(X(n)) for all n > 0, we will give conditions under which the transformed
process Z = (Z(n)),>o0 with state space T is still Markov in its own filtration. The
well-known Dynkin criterion [18] ensures that Z satisfies the Markov property for any
possible initial distribution on X. On the other hand, the theory of Markov functions
(developed at various levels of generality in [25, 26, 28, 37]) provides a more subtle
criterion, in which the Markov property of Z is guaranteed only under certain specific
initial states of X.

Let bS be the space of bounded measurable functions from (S, S) to R.

TheoremB.1 Let X = (X(n)),>0 be a time-inhomogeneous Markov process on S
with time-n transition kernel I1,,. Let ¢ : S — T be a measurable function. Let Z =
(Z(n))n>0, where Z(n) = ¢(X(n)) for all n > 0. Assume that T contains all the
singleton sets {z}. Let ¥ be a Markov kernel from T to S and, for alln > 1, let P, be
a Markov kernel from T to T. Suppose:

(i) X (Z; 9071{1}) = 1foreveryz eT;
(ii) XI1,, = P, X foralln > 1.
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Assume that, for an arbitrary z € T, the initial state X (0) of X is distributed according
to the measure X(z; -). Then, Z is a time-inhomogeneous Markov process (in its own
filtration), with initial state 7 and time-n transition kernel P,. Moreover, forall f € bS
and n > 0, we have

E[f(X(n) | Z(O), ..., Z(n— 1), ZW)] = = f(Z(n)) as. (B.1)

Proof This proof is an inhomogeneous discrete-time version of the argument given
for continuous-time Markov processes in [37]. Note that (i) implies

/SE(z;dx)g(go(x))f(x) =g(z)/sE(z;dX)f(X)

forall g € b7, f € bS, and z € T. Letting ®: b7 — bS be the Markov operator
defined by &g := g o ¢ for g € b7, we may rewrite the above identity as

L(Pe)f =gXf. (B.2)

Here, as in the following, the operations should be read from right to left, prioritising
the brackets (for example, on the left-hand side of (B.2), one first multiplies the two
functions f and ® g and then applies the operator X to the resulting function). Applying
P; to both sides of (B.2) and using hypothesis (ii), we have

I;(Pg)f = PigSf  foralli > 1. (B.3)

Consider now test functions go, ..., g, in b7 and f € bS. Using (B.2) and (B.3)
several times, we obtain

E(Pgo) T (PgITa(Dgr) - - T (Pgy) f
= go Xl (Pg I (Pgo) - - [1,(Dgy) f
= goP1g1 X2 (Dg2) - - I, (Dgu) f =+ = goP1g1P2g2- - PugnX f. (B.4)

Fix now an arbitrary z € T and assume that X (0) is distributed according to X (z; -).
Then, (B.4) yields

E[g0o(Z(0) g1(Z(1)) - - - gu(Z(m)) f(X ()] = goP181 -+ PugnX f(2) .

Taking f = 1, we deduce that Z is a Markov process started at z with time-n transition
kernel P,. For general f, the right-hand side of the equation above agrees with

E[g0(Z(0)) g1(Z(1)) - - - gn(Z(n)) X f(Z(n))] .

This, by definition of conditional expectation, proves (B.1). O

Remark B.2 Taking f = 1in (B.2), we see that X & is the identity on b7. Combining
this with hypothesis (ii) of Theorem B.1, it is immediate to deduce that every kernel
P, is uniquely determined by the relation P, = XTI, .
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Appendix C: A convergence lemma

Here we state a useful convergence lemma. For completeness we also include its proof,
which follows from the properties of weak convergence and standard estimates.

Lemma C.1 Let S be alocally compact metric space equipped with its Borel o -algebra.
Let (ui)k=0 be a collection of probability measures on S that converges weakly, as
k — oo, to a Dirac measure 8 for some s € S. Let (fi)r=0 be a uniformly bounded

. . . k—o00 .
collection of continuous functions S — R such that fj, == foo uniformly on any
compact subset of S. Then

tim [ @0 /i) = fl). (R
k—oo Jg
Proof Fix ¢ > 0. For any Borel set U C S, we may write

=

'/Suk(dX)fk(X) — fools)

/U 1 @O fe () = Foo(9)]
+Mymmmmwww
fﬁwm@mm—mmwﬁmmm&m—mw|

+ (SUI; | fe (O] + Ifoo(S)|> (U,

where U and U°€ are the closure and the complement of U, respectively. Since foo is
continuous (as a uniform limit of continuous functions) and S is a locally compact
metric space, we can choose U to be a precompact open neighbourhood of s such that
[ foo(x) — foo(s)| < e for all x € U. Moreover, as U is compact, for k large enough
we have | fi(x) — foo(x)| < e forall x € U. Finally, the Portmanteau theorem (see
[5, § 2]) yields

lim sup i (U) = 8,(U°) =0,

k— 00
since uy converges weakly to §s, U is closed, and s ¢ U*; therefore, for large enough

k we also have u; (U) < e. By the hypothesis of uniform boundedness, there exists
M > 0 such that | fx(x)| < M forall x € S and k > 0. Hence, we have

‘/Sﬂk(dx)fk(x) — foo(9)| < mk(@)e + ik (U)e + [M + | foo ()] &
<SR+MA+|fou®le

for k large enough. As ¢ > 0 is arbitrary, the claim follows. O
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