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Abstract: We consider a discrete-time TASEP, where each particle jumps according to
Bernoulli random variables with particle-dependent and time-inhomogeneous parame-
ters. We use the combinatorics of the Robinson—Schensted—Knuth correspondence and
certain intertwining relations to express the transition kernel of this interacting particle
system in terms of ensembles of weighted, non-intersecting lattice paths and, conse-
quently, as a marginal of a determinantal point process. We next express the joint distri-
bution of the particle positions as a Fredholm determinant, whose correlation kernel is
given in terms of a boundary-value problem for a discrete heat equation. The solution to
such a problem finally leads us to a representation of the correlation kernel in terms of
random walk hitting probabilities, generalizing the formulation of Matetski et al. (Acta
Math. 227(1):115-203, 2021) to the case of both particle- and time-inhomogeneous
rates. The solution to the boundary value problem in the fully inhomogeneous case
appears with a finer structure than in the homogeneous case.
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1. Introduction

1.1. Background and literature. The Kardar-Parisi—Zhang (KPZ) universality class is
a large class of stochastic systems with highly correlated components that exhibit a
similar statistical asymptotic behavior under space-time rescaling. They include (1 +1)-
dimensional random growth models, interacting particle systems, eigenvalues of random
matrices, and stochastic partial differential equations. These models can be character-
ized by means of a space-time ‘height function’, which typically features random non-
Gaussian fluctuations depending on the initial height profile. For certain specific initial
configurations (e.g. ‘step’ and ‘flat’), the one-point distributions are given by the Tracy—
Widom laws (first introduced in the random matrix literature [TW94,TW96]) and the
multi-point distributions are given by Airy processes. Such precise asymptotics have
been obtained so far only for a few integrable models, whose rich algebraic structure
lead to exact formulas that are suitable for asymptotic analysis; see e.g. [BG16,Zyg22].
Among these integrable models, the most accessible ones can be described in terms of
determinantal measures: popular examples are the corner growth model, the polynuclear
growth model, last passage percolation, and various types of exclusion processes.

It is conjectured that all KPZ models, under the so-called /:2:3-scaling, converge to
a universal, scale-invariant Markov process, known as the KPZ fixed point. Such a lim-
iting process was constructed in [MQR21] for the continuous-time Totally Asymmetric
Simple Exclusion Process (TASEP), a prototypical interacting particle system on the
integer line. The transition probabilities of TASEP were first shown to admit determi-
nantal formulas in [Sch97], using the coordinate Bethe ansatz. Based on these formulas,
[Sas035,BFPS07] showed that the TASEP evolution is encoded by a determinantal point
process; consequently, for arbitrary initial configurations, the multi-point distribution
of TASEP particles was given as a Fredholm determinant, whose kernel is implicitly
characterized by a biorthogonalization problem. This problem was solved in [BFPS07]
in the case of flat (2-periodic) initial configuration for the particles. The solution to the
problem of biorthogonalization for general initial configuration was given in [MQR21],
where the kernel was expressed in terms of a functional of a random walk and its hitting
times to a curve encoding the (arbitrary) initial configuration. The KPZ fixed point was
then constructed by taking a Donsker type scaling limit, under which random walk and
associated hitting times turn into Brownian motion and corresponding hitting times.

Since the seminal contribution of [MQR21], numerous works have considered other,
not only determinantal, KPZ models with general initial configurations, obtaining similar
Fredholm determinant formulas and, in certain cases, also convergence to the KPZ fixed
point. Here is a non-exhaustive list of such results. A system of one-sided reflected
Brownian motions was studied in [NQR20]. Two variations of discrete-time TASEP
with geometric and Bernoulli jumps were considered in [Ara20]. Convergence to the
KPZ fixed point was proved in [QS23] in the case of finite range asymmetric exclusion
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processes and the KPZ equation, for certain classes of initial conditions. In [MR22] it
was shown that the method of [MQR21] can cover a general class of models whose
multipoint distributions possess a Schiitz type determinantal formula.

In the present work, we consider a discrete-time TASEP with inhomogeneous jump
probabilities. We provide an explicit, step-by-step route from the very definition of the
model to a Fredholm determinant representation of the joint distribution of the particle
positions in terms of random walk hitting times. This is, to the best of our knowledge,
the first such formulation for an interacting particle system with both particle- and time-
inhomogeneous rates. As discussed above, a result of this type, for the continuous-time
and homogeneous-rate TASEP, was first obtained in [MQR21]. However, our approach
differs from that of [MQR21]: Firstly, our starting point is not a Schiitz type formula, but
rather the combinatorial structure of the integrable model. Moreover, instead of solving
the biorthogonalization problem, we map to ensembles of non-intersecting paths. We
work directly with the corresponding determinantal processes, exploiting some special
features that emerge through mapping to path ensembles and from the expression of
the path weights via local operators. We hope this perspective can shed additional light
on the structure of the KPZ fixed point formulas and may also be useful in different
settings, in particular for other particle systems that can be characterized by intertwining
relations. In the next subsection we present our result and discuss our approach in detail.

1.2. Our result and approach. In all variations of TASEP, particles occupy sites of Z
and, according to a stochastic mechanism, perform jumps in the same direction (to the
right, by convention). The interaction between particles consists in the exclusion rule:
no two particles may occupy the same position at any given time. Therefore, if a particle
attempts to jump to an occupied site, the jump is suppressed. There are several possible
stochastic mechanisms inducing the dynamics. In this article, as a working example, we
consider a version of TASEP where:

(1) there is a finite number N > 2 of particles;
(i1) the dynamics evolves in discrete time;
(iii) jump sizes are given by independent Bernoulli random variables;
(iv) the expected jump size may depend both on the particle (particle-inhomogeneous
rates) and on time (time-inhomogenous rates);
(v) particle positions are updated sequentially from right to left.

Let us define the version of TASEP we are concerned with. For k = 1, ..., N, denote
by Yi(¢) € Z the position of the k-th particle from the right at time ¢ € Z~¢. Therefore,
the configuration encoding the positions of the particles, at time ¢, will be

Y() = Y1) > Y2(t) > -+ > YN (1)),
with arbitrary initial configuration
YO =y=0G1>y2>--->yn).

Let p;, t > 1,and gk, | < k < N, be positive parameters. The random dynamics
is then given by sequential updates from right to left, i.e. from the particle labeled 1 to
the particle labeled N, as follows: Assume we have already updated the position of the
(k — 1)-th particle at time ¢ (with k > 2). Then, the k-th particle updates its position at
time ¢ by jumping one step to the right with probability p,;qx /(1 + p:qx), assuming that
the neighboring site on its right is not occupied by the (k — 1)-th particle; otherwise,
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the particle remains in its current position. We call this model discrete-time (Bernoulli)
TASEP and abbreviate it as dTASEP.

To state our main result, we first define the following kernels of operators from Z to
Z.Forl < j<kand0O<r <t,let

k t
dz l_[e=j(CIZ —-2)- He=r+1 (1+ pez)
Sk (x5 ) = fi:o Py o ; (1.1
— Zy7x+k7j+1
Sljk), (X, y) = (qe—1)- f , (1.2)
l_[ 2miz Hz— (qe —2) - TThepsr (1 + pez)

where I'g and I'y are 51mple closed contours with counterclockwise orientation, enclos-
ing 0 and {g; }1N= , as the only poles, respectively. The kernels S| «J, (/] are compositions
of some random walk transition kernels and Sj; «] (- are dual versions of Si; 1, (1]

with contribution coming from the poles {g; }lN: | instead of 0; see Proposition 4.1 for the
precise statement. The random walk/path interpretations of the kernels will be explained
through §2-4.

Let S be a geometric random walk (as defined in (4.24)). Let

epi(y) =={@{,x):0<i <N -1, x> yi1}

be the (discrete) strict epigraph of the (discrete) curve (i, yi+1)o<i<n—1. Forn < N, let
T be the first time < n at which the random walk S hits epi(y):

t:=min{m € {0, ...,n}: S > ym+1}- (1.3)

The kernel encoding the initial configuration y = (y; > --- > yy) is then expressed in
terms of S and t as the expectation

ep](y) y) = ESo—x [8 +1,n],(r, t](Sr» Wil
St (%Y [Tici(qe — D)

Let also Q;(x,y) := qiy_xll{y<x} forl <i < Nandx,y € Zand Q(u.n] = Om+1 ©
-0 Q, forn > m.
Finally, for two operators A and B with kernels A(x, y) and B(x, y), x,y € Z, we
define the composition operator A o B through the kernel (Ao B)(x, z) := ZyeZ A(x,y)
B(y, z). With these notations, our main result is the following.

(1.4)

Theorem 1.1 (Multipoint distributions of dTASEP with particle- and time-inhom-
ogeneous rates). Let (Y(t));=0 = (Y1(t) > -+ > Yn(t))i=0 be the locations of N
particles evolving according to the dTASEP dynamics with parameters {p;};>1 and
{qk},[(\’:1 and initial configuration Y(0) = y. Assume that qrp; < 1 for all k,t and
qr > 1 for all k. Then, the joint distribution of particle locations at time t is given by
the Fredholm determinant

P (m{yki(l‘) > si} ’ Y(0) = J’) =det(I — XsKXs)2((ky ...k} xZ)> (1.5)
i=1

foranym € N, 1 < kj < ky < -+ < ky, < N and (s1,...,5,) € R", where
Xs(ki, x) == 1y, and K is the kernel

K@, x:n,x") = = Qun (¥ ) Ly + Sitml, 01 © St to.g (62 X). - (1.6)



Non-intersecting Path Constructions for TASEP with Inhomogeneous Rates 289

We remark that the condition g p; < 1 for all &, ¢ is equivalent to assuming that, for
all k, ¢, the k-th particle attempts its #-th jump with probability (gx pr)/(1 + gk pr) < %
The case when all the jump probabilities are greater than 1/2 can be analyzed using
particle-hole duality (see for example [Fer04]). Our theorem does not cover the case
where some of the jump rates are > % and others are < % This seems to be a common
restriction, appearing for example also in [MR22, Assumption 1.1].

The assumption g; > 1 is innocuous, as we will explain in Remark 4.8.

The original work [MQR21] dealt with homogeneous rates, while [Ara20] considered
time-inhomogeneous rates only. In their recent work [MR22], Matetski and Remenik
expressed interest in the case of particle-inhomogeneous rates, considering it “meaning-
ful from a physical point of view”. However, they only considered this general case in
the preliminary part of their analysis, and did not solve the corresponding biorthogonal-
ization problem. !

Let us mention that shape functions and hydrodynamic limits of inhomogeneous
TASEP and corner growth model have been studied since the 1990s; see [SK99,Emr16,
EJS21]. Furthermore, multipoint formulas for TASEP with particle- and time-
inhomogeneous rates have been obtained e.g. in [BP08,KPS19,JR22,IMS22]. How-
ever, Theorem 1.1 expresses, for the first time in the case of a particle- and time-
inhomogeneous TASEP, the joint law of particle locations in terms of random walk
hitting times. As we explain later in the introduction, we obtain these formulas in a quite
different way from [MQR21,MR22], overcoming the technical difficulties that such a
generalization presents.

The route we follow to prove Theorem 1.1 is also new, in various aspects, compared to
the methods used so far, as we now discuss. The remarkable idea of expressing the mul-
tipoint law in terms of a random walk hitting problem is due to [MQR21]. Before that,
the standard representation was in terms of a Fredholm determinant involving two fam-
ilies of biorthogonal functions {W}' (), ® (-)}1<k<n, Where {W}' ()} are typically given
explicitly, but {®}(-)} are to be determined by solving the biorthogonalisation prob-
lem with respect to {W}!(-)}. This formulation was first established in [Sas05,BFPS07],
where the case of flat (2-periodic) initial configuration for continuous-time TASEP
(which corresponds to a biorthogonalisation problem for shifted Charlier polynomials)
was solved.

Starting from the determinantal formula of [BFPS07] for TASEP with general initial
configuration, [MQR21] were able to solve the biorthogonalisation problem in terms
of a hitting time expectation of the form (1.4). At the core of this lay an expression of
the family {@Z(-)} in terms of a terminal-boundary value problem for a discrete heat
equation. The fact that the family {®}(-)} obtained by this method solves the biorthog-
onal problem with respect to {W} (-)} was achieved via a direct check. As explained in
[MQR21] (see also [Rem22]), the intuition that led to such a guess was based on two
points. Firstly, thanks to the “skew time reversibility” of TASEP, the one-point distribu-
tion of TASEP with homogeneous parameters and a general initial profile is equal to the
multi-point distribution of TASEP starting from the so-called step initial configuration
(which represented the first solvable example of a particle system [Joh0O0]). Secondly,
the multi-point distribution of TASEP with the step initial condition has been known
since [PS02] to possess the Fredholm determinant expression

'Ina recently appeared preprint [MR23], they have extended the explicit biorthogonalization scheme
developed in [MR22] to an inhomogeneous setting that allows to study, for instance, a discrete-time TASEP
where some particles update sequentially and some update in parallel.
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m

P(ﬂ{m (1) = s,-})

i=1

km —Km — m—Km—
= det (I — K" (1 = Q1 Kyl @Ryl o @Fnhntyl ) s

where Q" is the n-step transition kernel of a homogeneous, geometric random walk,
K fn) is the kernel of the one-point distribution of the model and x;(k;, x) := Lyss;-

The expression QK1 —kn X5, Qk—hki X5y Qfm—kn—1 X5, can then be interpreted as the
probability that a homogeneous, geometric random walk with transition kernel Q lies
above s, ..., s, at times ki, ..., k,;. We remark that, due to the aforementioned skew
time reversibility of TASEP, the levels sy, .. ., s, are related to the initial (rather than
final) positions of the particles.

Our approach to Theorem 1.1 differs from the above, even though our guiding prin-
ciple has been the already mentioned terminal-boundary value problem and a desire
to better understand its foundations. We do not start from the determinantal formulas;
instead, we work with the combinatorial foundations of discrete TASEP and its links,
via intertwinings and Markov functions, to determinantal point processes. We first com-
pute the transition kernel of dTASEP by using the column insertion, dual version of the
Robinson—Schensted—Knuth (RSK) correspondence, which we abbreviate as dRSK. As
it turns out, this combinatorial algorithm, viewed from a dynamical standpoint, encodes
the dTASEP dynamics as a projection. Furthermore, the transition kernel of dTASEP
intertwines with the transition kernel of the evolution of the shape of the tableaux gen-
erated by the dRSK dynamics and, thus, can be written as the latter kernel conjugated
by an ‘intertwining’ kernel; see (2.25). The general link between TASEP dynamics
and RSK correspondences is of course well known; see for example [DWO08] and ref-
erences therein. In particular, our approach can be regarded as a time-inhomogeneous
generalization of [DWO08] (see Case B: ‘Bernoulli jumps with blocking’).

Next, we interpret all the kernels appearing in our representation of the dTASEP
transition kernel in terms of weights of ensembles of non-intersecting lattice paths;
see (3.29). For our later goals, itis important to remark that these weights can be expressed
in terms of one-step (local) transition operators.

The Lindstrom—Gessel—Viennot theorem leads, then, to a determinantal formulation
for all these kernels, thus allowing us to view the transition distribution of dTASEP as a
marginal of a determinantal point process; see (3.35). Using standard methods in the the-
ory of determinantal point processes (as in [BFPS07,Joh03]), we express the fixed-time
joint distribution of dTASEP particles as a Fredholm determinant; see Proposition 3.10.
The correlation kernel of the Fredholm determinant involves the local operators encod-
ing the transition weights of the path ensemble as well as the inverse of a matrix M;
see (3.53)—(3.54). The geometric picture that we obtain through the non-intersecting
path ensembles leads us to conclude that M is upper triangular and, therefore, explicitly
invertible. This crucial aspect leads to the boundary-terminal value problem (Proposi-
tion 4.2), which we next solve to arrive at the random walk hitting formula (1.4). This
task turns out to be more challenging than in [MQR21], since, in the case of particle-
inhomogeneous rates, the solution is not spanned by polynomials; see Remark 4.4. In
particular, we develop a very careful double induction argument (see the proof of Propo-
sition 4.6) that involves some subtle cancellations of inclusion—exclusion type that take
place in the formulas.

As outlined in Sect. 1.1, the KPZ fixed point was constructed in [MQR21] as the
1:2:3 scaling limit, at large time and length scales, of the homogeneous continuous-time



Non-intersecting Path Constructions for TASEP with Inhomogeneous Rates 291

TASEP. The present work paves the way to construct analogous processes from particle
systems with variable, fast/slow, rates. We leave this task for future work.

1.3. Outline of the article. In Sect. 2 we start by presenting some combinatorial objects
and, in particular, the dual, column RSK algorithm (dRSK) and its link with discrete-
time TASEP (dTASEP); we also obtain an expression for the transition probability
kernel of dTASEP via an intertwining relation. In Sect. 3 we re-express the transition
kernel of dTASEP in terms of weights of ensembles of non-intersecting paths and de-
terminantal point processes, thus arriving at an initial Fredholm determinant formula.
In Sect. 4 we prove our main result, Theorem 1.1, first formulating a terminal-boundary
value problem and then solving it, to arrive at the hitting time representation for the cor-
relation kernel of dTASEP with inhomogeneous rates. To solve the terminal-boundary
value problem, we first use path representations for certain subsets of Z, and then extend
the solution to the whole space via a subtle double induction argument (see Proposi-
tion 4.6).

2. TASEP Dynamics and Combinatorics

In this section we present the main combinatorial tools that we need for the analysis of the
dTASEP dynamics. In Sect. 2.1, we introduce a few standard algebraic combinatorial
objects. In Sect. 2.2, we describe the dual, column RSK (dRSK) correspondence and
its main properties. In Sect. 2.3, we discuss the link between dTASEP and dRSK.
Finally, in Sect. 2.4 we establish certain intertwining relations and deduce a preliminary
expression for the dTASEP transition kernel.

2.1. Partitions, tableaux, and Schur polynomials. A partition A of n > 0 is a sequence
A = (A1 = Ay > ---) of weakly decreasing non-negative integers, called parts of X,
such that |A| := Y, A; = n. If A is a partition of n, we write A - n and refer to n as
the size of L. We will also say that A is a partition without referring to its size. We will
denote by ¥ the only partition of 0. Any partition of n can be graphically represented
as a Young diagram of size n, i.e. a collection of n cells arranged in left-justified rows,
with A; cells in the i-th row. Every such a cell can be identified with a pair (7, j) € Z2>1
with row index i and column index j; thus, we may alternatively write A as the set of
such pairs:

A={G j):i=1,1=<j<xr). (2.1)

The conjugate partition of i, which we denote by A ", is defined by setting )\;'— to be the

number of £k > 1 such that A; > i; conjugating a partition corresponds to transposing

the associated Young diagram. The length of A is the number of its non-zero parts; since

it clearly coincides with the first part of the conjugate partition A ", we denote it by AIT.
We define the (discrete) Weyl chamber as

Wy={y=01.....o) €Z": y1 =y = =y} (2.2)

Throughout this section, elements of W,, will be implicitly taken to have non-negative
components and, thus, to be integer partitions of length < n. In later sections, we will
drop this assumption and consider elements of W,, with possibly negative components.
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1[1]1]2]3]3]
2[2[4[5] = (@=<(3)<(4,2)<(6,2) < (6,3,2) < (6,4,2))
14]4]

Fig. 1. On the left-hand side, an example of a column-strict Young tableau of shape (6, 4, 2) and left edge
(3, 2). On the right-hand side, its corresponding sequence of interlacing partitions

For any two partitions A and ¢, we write u € Aif u; < A; foralli > 1, orequivalently
if i is a subset of A, viewing the partitions as sets as in (2.1). A skew Young diagram
A/ is the set difference between two partitions A and p such that u € A. The size of
A/, denoted by |1 /|, is the number of its cells, which equals |A| — |u|. If A/u has at
most one cell per column, we call it horizontal strip; if A/ ;. has at most one cell per row,
we call it vertical strip. We say that two partitions p and X interlace, and write . < A,
if 1/ is a horizontal strip, or equivalently if A; > @; > A4 foralli > 1.

A Young tableau T = {T; j: (i, j) € A} of shape A is a filling of a Young diagram
A with elements of an alphabet A € Z>;. We write sh(T) for the shape of T. The
transpose of T, denoted by T, is the tableau of shape A that is obtained from T by
exchanging its rows with its columns. A Young tableau T is called column-strict if its
entries weakly increase along rows and strictly increase down columns. Every column-
strict Young tableau T of shape A can be alternatively represented as a sequence of
interlacing partitions:

T=@=20<a® 2@ <., (2.3)

where each 1% is the shape of the Young tableau obtained from T by removing all the
cells containing numbers > k. By the column-strict property of T, we have A% e W,
for all k, and the partitions interlace. Clearly, A(*) coincides with A for k large enough;
therefore, one can think of the sequence as finite, by stopping it at any A*) such that
1® = 1. See Fig. 1 for an example of a column-strict Young tableau. Similarly, a Young
tableau T is called row-strict if its rows are strictly increasing and its columns are weakly
increasing, or equivalently if T is column-strict.

We define the left edge® of a column-strict tableau T = (A® < A <21@ <...)
to be the partition

ledge(T) := (A" = 2% > ...). (2.4)

Notice that, as all entries of the k-th row of T are > k by the column-strict property, )L,(f)
is simply the number of k’s in the k-th row of T. See again Fig. 1 for an example.

Finally, we give two equivalent, combinatorial definitions of Schur polynomials. Let
n > 1and & € W,,. The Schur polynomial in n variables of shape X is given by

n

n
20 /5 k=1) i) T =k
S) (X1, ..., xp) = Z xl‘< / I _ Z Hx]\(( DT I‘
A0 <.cp 0 k=1 T: sh(T)=Ar k=1
)L(n)=)L

2.5)

2 This terminology comes from the triangular arrangement of (A(O) <2 <@ <. ) as a Gelfand—
Tsetlin pattern. Later on, we will also consider the left edge of a triangular point process, as defined in Sect.
3.3 and visualized in Fig. 4.
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The first sum is taken over any sequence (A(O) << A(”)) of interlacing partitions
such that A®) € W for all k and A = A. The second sum is taken over any column-
strict Young tableau T of shape A in the alphabet {1, ..., n}. It is also convenient to
define sy (x1, ..., x,) := 0 whenever the length of A exceeds n.

2.2. Dual column RSK. As we will see, the TASEP dynamics we are concerned with
are encoded by a certain variation of the Robinson—Schensted—Knuth correspondence
(RSK), a celebrated combinatorial algorithm [Knu70,Ful97,Sta99].

All the RSK variations map a matrix (input) to a pair of Young tableaux (output).
They can be differentiated based on two key factors:

e The input may be a non-negative integer matrix or a {0, 1}-matrix (in the latter case,
one usually talks about dual RSK);
e The algorithm may be based on the so-called row insertion or column insertion.

According to these factors, one obtains four variations of RSK: row RSK, column RSK,
dual row RSK, and dual column RSK. For our purposes we need the latter variation,
dual column RSK, which we abbreviate as dRSK. We introduce it here and refer to
[Ful97, A.4.3] for further details.

It is convenient to first define, for j > 1, a mapping

Zi: (T, x) = (T, y), (2.6)

which should be interpreted as the insertion of a number x into the j-th column of a
tableau T. Here:

(i) T is an input column-strict Young tableau T of shape A, with 1| > j — 1;

(ii) x isaninput positive integer such that, if j > 1 and k}— = A};] ,then x < max; T;, s
(iii) T’ is an output column-strict Young tableau;

(iv) y is either an output positive integer or a ‘stop symbol’ X.

The mapping works as follows. For fixed j > 1, if all entries Ti,j, 1<i< AJT, of the j-
th column of T are < x (so that, by (ii), we have )»—/.r < )L—].r 1), then a new cell (A/T +1, j)

containing x is added to the column, thus yielding a new column-strict tableau T'; the
outputs are then (T’, XX). Otherwise, let i be the smallest integer such that x < T, =Y
define T’ to be the same tableau as T except for the (i, j)-entry T;’ ; = x; the outputs
are then (T', y).

We now define the column insertion algorithm as a composition of several mappings
of the form (2.6). Consider the sequence

I 7 7 ,
(T, x) =: (T(O)’ y(O)) i (T(l)’ y(l)) . L. G (T(k)’ y(k)) = (T, %),

where k is the smallest integer such that y®) = X Notice that, by construction, every
y(j_l), 1 < j < k, can be inserted into the j-th column of TU=D in the sense that
hypothesis (ii) above is satisfied. We then set T’ to be the outcome of the column insertion
of x into the tableau T. Clearly, if T is of size n, then T’ will be of size n + 1. See Fig.2
for a graphical representation of the column insertion algorithm.

We now construct the dRSK algorithm. Given an input matrix w = {w;, jil<i<
n, 1 < j < N} with entries in {0, 1}, we define a sequence

@, ) =: (P(0),Q0)) — (P(1),Q(1)) > --- > (P(n), Qn)) =: (P, Q) (2.7)
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1[1]2] 1]2] 1[1]2] 1]1]2]
<l5 3)}1—1)( ,3>’I—2> (lg 75)}1—:&(2 35><>
13 13 3]

Fig. 2. Example of column insertion of an integer x into a tableau T. We start with the pair (T, x), on the
left-hand side, and apply the mappings Z|, Z, . .. until we get a pair of the form (T’, ). The tableau T’
is then the outcome of the column insertion. At the j-th step, the red number is to be inserted into the j-th
column: either it replaces the blue number (first two steps) or it is inserted in a new cell at the end of the
column (third step). In the former case, the blue number becomes the red one at the next step; in the latter

case, a ‘stop symbol’ X is returned and the procedure stops

10 1
w= |0 1 0
11 1

Z=P(0) — PL)=[3] — P<2>: = PO=
3

@:=Q(0) — Q(1) — Q(2) — Q@)=

Fig. 3. An example of the dRSK correspondence, constructed as in (2.7). An input {0, 1}-matrix w yields a
sequence of tableaux pairs, which terminates at the dRSK output pair (P, Q) = (P(3), Q(3))

[ee[eo—]
(2

1
1
0

D[N

of Young tableaux pairs starting from the pair of empty tableaux and ending at the dRSK
output pair (P, Q) (for an example, see Fig. 3). Essentially, each P (i) is constructed by
column inserting into P(i — 1) the column indices j that correspond to ones in the i-th
row of w, whereas each Q(i) records the cells that are added in the construction of P (7).
More precisely, foralli = 1, ..., n, given (P(i —1), Q@i — 1)), the next pair (P (i), Q(i))
is obtained as the last element of the sequence

(PG —1),QG — 1)) =: (PG, 0),Q¢,0) — (PG 1,QG, 1)
— - (P@, N),Q@, N)) =: (P@), Q@)),

where, for j =1,..., N:

o if w; j =0, then P(i, j) =P, j — 1) and QQ, j) = QG j — 1);
e if w; ; = 1, then
e P(i, j) is the tableau obtained by column inserting j into P(i, j — 1), and
e Q(, j) is obtained from Q(i, j — 1) by adding a cell, filled with i, at the same
location where a cell was added in the column insertion of j into P(i, j — 1).

By construction, for all i, j, P(i, j) and Q(i, j) are Young tableaux of the same shape.
Each P(i, j) is column-strict. Moreover, it is not difficult to see that each Q(i, j) is
row-strict.

In the next theorem we summarize the properties of this mapping that are useful for
our purposes. They are all either immediate from the construction or easy to prove, and
can be visualized in the example of Fig. 3. We refer e.g. to [Ful97, A.4.3] for a proof.

Theorem 2.1. The dual column  Robinson—Schensted—Knuth  correspondence
dRSK: w +— (P, Q) is a bijection between a matrix with entries in {0, 1} and a pair
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(P, Q) of Young tableaux of the same shape such that P is column-strict and Q is row-
strict. If the input matrix is n x N, then P is in the alphabet {1, ..., N} and Q is in the
alphabet {1, ..., n}, so one can identify

P= (A(O) << A(N)) and Q' = (,u(o)’T << M(”)’T),

where A0 ;10T e Wy for all k. Referring to the sequence of pairs (2.7) that defines
dRSK, we then have

u® =sh(P@) fori=1,...,n. (2.8)
Moreover, we have

n . .
Zwij = ’)L(/)/k(~/_l)’ forall j=1,..., N, (2.9)
i=1
N . .
Zwij _ ’M(l)/ﬂ(l_1)| foralli =1,...,n. (2.10)
j=1

2.3. dTASEP dynamics and dRSK. Let us now elaborate on the definition of _STASEP
given in the introduction and describe its relation to the dynamics of dRSK. Recall
that the N-particle dTASEP is encoded by the discrete-time Markov chain (Y (¢));>0
of particle configurations Y (¢) = (Y1(¢) > Ya(¢) > --- > Yn(¢)), where Yi(¢) is the
location of the k-th particle from the right. We consider an arbitrary initial configuration
Y0)=y=(1>y2>-->yn).Let p=(p)i=1andq = (q1, . .., qn) be positive
parameters and let W = {W;;:t > 1, 1 < k < N} be a collection of independent
Bernoulli random variables with

1 Ptk
I , P(Wl,kzl)zl—.
+ Drqk + Ptk

P(Wix=0) = (2.11)

The random dynamics is then given by sequential updates from right to left, i.e. from the
particle labeled 1 to the particle labeled N, driven by these random variables as follows:

Yi(t) == min {Ys—1 (1) — 1, Yt — 1) + Wik}, (2.12)

with the convention that Yy(#) = oo for all # > 0. These dynamics clearly preserve the
ordering of the particles (exclusion rule). We will abbreviate the N-particle S TASEP
with parameters p and ¢ as dTASEP(N; p, q).

The construction of dRSK given in Sect. 2.2 (see in particular (2.7) and Fig. 3) is
‘dynamic’: at the 7-th step, the tableau pair (P(z — 1), Q(t — 1)) and the ¢-th row of
the input matrix w are used to generate a new tableau pair (P (), Q(¢)) through the
column insertion algorithm. We will now see how this dynamic procedure encodes the
evolution of the dTASEP, if one interprets the input matrix entries as the Bernoulli
random variables governing the particle jumps.

Notice that the collection W = {W;;:t > 1, 1 < k < N} of Bernoulli random
variables defined in (2.11) can be seen as a (random) matrix with infinitely many rows. For
allt > 0,let (P(¢), Q(¢)) be the tableau pair obtained by applying dRSK to the (random)
matrix {W; ;: 1 <i <t, 1 < j < N} consisting of the first # rows of W. As each P(r)
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is a column-strict tableau, we may write P(¢) = (A(O) @ <A@ < - <A@ (t)) as
a sequence of interlacing partitions; see (2.3).
Recall from (2.4) that the left edge of P(¢) is the partition l-edge(P(¢)) = (kgl) >

- > AE\I,V)), where each )L,({k)(t) is the number of k’s in the k-th row of P(¢). It is a
consequence of the column insertion algorithm that the time evolution of I-edge(P(¢))
is autonomous from any additional information carried by P(¢). To see this, suppose
that the first # — 1 rows of W have been inserted, yielding a P-tableau P(r — 1). If
W;,1 =1, then a 1 is column inserted into P(# — 1), thus yielding a new tableau P(z, 1)
(according to the notation of Sect. 2.2) that contains one more 1 in the first row. As
the subsequent insertion of any k > 1 does not affect the cells containing 1’s, we have
kﬁl)(t) = AEI)(t— 1)+ W;.1. Suppose now that, at time ¢, for some k > 2, the numbers < k
have been sequentially inserted, thus yielding a tableau P(z, k — 1). Now, if W, ; = 1,
then P(¢, k) is generated by column inserting a k into P(¢, k — 1): if there are more
(k — 1)’s in the (k — 1)-th row than k’s in k-th row, then the ‘new’ k will end up in the
k-th row; however, if there are as many (k — 1)’s in the (k — 1)-th row as there are k’s in
the k-th row, then the ‘new’ k will end up in the j-th row, for some j < k. Again, since
the cells containing k are not affected by subsequent insertions of larger numbers, we
conclude that

AW — 1)+ W 1f,\<" Doy >aPa -,

)
Mo (D=1« 0 (e
k W@ -1 <”(z) W@ - 1.

(2.13)

The latter formula is also valid for £k = 1, if we adopt the convention A(()O) (t) = oo for
all + > 0. Notice that the update rules (2.13) must be applied sequentially, from k = 1
to k = N. It is then straightforward to check that the N-tuple

WO -k1<k<N) =00 -1>2P0) 2> >0 - N)

satisfies the same recursion Equations (2.12) that the dTASEP satisfies.

Remark 2.2. Integer partitions coming from Young tableaux have of course nonnegative
parts. As a result, the transition kernels arising in the dRSK dynamics that will be
computed in the next subsection will be acting, in principle, on elements of Wy with
nonnegative components. On the other hand, dTASEP particles may occupy any site of
7. However, this is not an issue: The kernels coming from dRSK can be extended to
elements of Wy with components of any sign, just by shifting all the parts by the same
(integer) amount.

2.4. Transition probabilities for dRSK and dTASEP. We now study the evolution of
the P- and Q-tableaux under the dRSK dynamics considered in Sect. 2.3. This will
yield useful formulas for the transition probabilities of dTASEP(N; p, q), as defined
in (2.11)—(2.12).

By (2.11), the joint probability distribution of the Bernoulli weights up to time ¢ is

t

PW;j=w;:1<i<t,1<j<N l_[ ‘w”l_[ Xiciun,
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where {w; j: 1 <i <t,1<j < N}isany {0, 1}-matrix and, for0 <r <1,

z8h = ]_[ 1_[(1+PZQJ (2.14)

i=r+l j=1

Then, by Theorem 2.1, the pushforward law of the tableaux under the dRSK bijection
at time ¢ is given by

P(P(t) = (A(O) < .. < )\’(N)), Q(l)T — (/’L(O)YT << M(l),—l—))

t N

1 1@ /=D ) /3.G-1

. w/p | A/ A D
0,11 i=1 j=1

2.15)

where (2@ < .. < 2™} and (w7 < ... < u®-T) are any sequences of interlacing
partitions such that A%, 1 ®-T e Wy for all k.

It follows from (2.15) and from the definition (2.5) of Schur polynomials that the
marginal law of the common shape of P(¢) and Q(¢) is given by a Schur measure:

1
P(sh(P(1)) = sh(Q(1)) = 1) = 5T ST (P1.1) s2(@). (2.16)
0.1]
where pyy ;1 = (p1, ..., pr). By summing the above probabilities over all partitions 2,

one obtains the so-called dual Cauchy identity (see e.g. [Sta99, §7.14]):

ZSAT P[lt s.(q) = H (1+Pz‘h
1<i<t

1<j<N

Recalling (2.8) and taking a marginal of (2.15), we see that the joint distribution of
the shapes of the P-tableaux up to time 7 is given by

IP’((sh(P(O)) ..... sh(P() = (1@, ... ,N)))
= ]}»(Q(;)T =uOT <. < M(t%T))

(2.17)
_ R m PRl u® /=)
= Z qu l_[ 1_[ qu l_[ S (9)-
20 <. TOg] =1 j=1 0.1] i=1
AN 0
For 0 < r < t, define now the kernels 7i’,(m] and R by setting
t
5 s,(q) sa(g) 1 @ =D
Rin(e 4) i= S S R h) i= 205~ > [T
Suld n'q (rt] DO D @) . i=r+]
V= T =T
(2.18)

for any u, A € Wy, where v® e W for all k. From the first equality, we see that

R(1 can be interpreted as a Doob A-transform of R}, with Schur polynomials as
h-functions (for a precise account of Doob’s A-transforms, see e.g. [RW00,Doo01]). It
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follows immediately from (2.17) that 7%(”] is the transition kernel of the shape of the
P-tableau from time r to time ¢:

R, ) =P (sh(P(r)) =2

sh(P(r)) = u,sh(P(r — 1)), ..., sh(P(O)))

=P (sh(P(r)) =2

sh(P(r)) = M) . (2.19)

Next, define the kernel K and K by setting

= K, =
w@ V=50

N () 73.G—=D
> [TaF7+" (2.20)

A O <cxM =y j=1
OINY)
(1707 =y

forany A, y € Wy, where, as usual, A0 e W(, for all k. Notice that K is an unnormalised

version of K, which is a probability kernel. It follows from (2.15) and (2.17) that, for
allr >0,

K, y)=P <l-edge(P(t)) =y

sh(P(t)) = A, sh(P(t — 1)), ..., sh(P(O)))

=P (l-edge(P(t)) =y

sh(P(1)) = ,\) .
2.21)

Finally, recall from Sect. 2.3 that the left edge of P evolves as a Markov chain in its
own filtration (i.e., autonomously from the rest of P). Thus, we may write its transition
kernel from time r to time ¢, for 0 < r < ¢, as

Qrn(y,y) =P (l-edge(P(t)) =y

l-edge(P(r)) = y)
(2.22)

=P (l-edge(P(t)) =y

l-edge(P(r)) = y, P(r), ..., P(O))

for y, y' € Wy. We will soon derive explicit expressions for the kernel Q ., defined
above.

The Q- and R-kernels are transition kernels of the left edge and of the shape of the
P-tableau, respectively; on the other hand, K encodes the conditional law of the left edge
of P given its shape at any given time. Therefore, from the theory of Markov functions
(see e.g. [RP81]), we expect these kernels to satisfy intertwining relations, and this is
indeed the case. We state the result in the next proposition and, for completeness, we
also provide a proof, following [DWO08].

Proposition 2.3. For 0 < r < t, the following intertwining relations between operators
Sfrom Wy to Wy hold:

7%(&;]]2 = Ie Q(i’,t] and R(N]K =K Q(i’,t]' (2.23)
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Proof. Lety € Wy. By (2.21) and (2.19), we have
P(1-edge(P(1)) = y |sh(P(0)), ..., sh(P(r)))
= E[P(l-edge(P(1)) = y | sh(P(0)), ..., sh(P(®))) | sh(P(0)), ..., sh(P(r))]
= E[K(sh(P(t)). ) |sh(P(0).....sh(P(r))] = Y R((sh(P(r)). 1) K(%. y).
A

We point out that, by the definition of 7A€(,,t] in (2.18), 7@(,,,] (sh(P(r)), A) is non-zero
only for a finite number of partitions A.
On the other hand, by (2.22) and (2.21), we have

P(l-edge(P(1)) = y |sh(P(0)), ..., sh(P(r)))
E[P(l-edge(P(1)) = y | P(0), ..., P(r)) [sh(P(0)), ..., sh(P(r))]
E[ Q-1 (1-edge(P(r)), ) | sh(P(0)), ..., sh(P(r))]
> K (sh(P(r). 1) Qurny(h. y).
A

Comparing the two expressions above leads to the first intertwining relation in (2.23).
The second one follows from the first, by using (2.18) and (2.20) and noting that the
Schur polynomials cancel out. O
Remark 2.4. Notice that, by construction, Q. j(y, y’) equals zero unless yj < y} for
alll <j <N.

Define now the modified kernels

N /
— - ~ y—y
AGLy) =g ay KL ), Qe y) :=(1’[q,-’ f)Q(r,,](y,y’y
j=1

(2.24)

It is immediate to see that the second intertwining relation in (2.23) still holds when
replacing K with A and Q. ;) with Q(m]- Moreover, it was proven in [DWO08, Prop. 3]
that A is invertible (with an explicit inverse). This provides an explicit expression for
the kernel Q... We summarize these facts in the next proposition.

Proposition 2.5. The intertwining relation R A = A Q(m] holds. Moreover, the
operator A is invertible, so that

Qi) = A" Ry A. (2.25)

In the next section we will interpret (2.25) in terms of weights of non-intersecting
paths.

3. Path Ensembles and Determinantal Point Processes

This section concerns the non-intersecting path constructions that lie at the core of our
approach. In Sect. 3.1, we introduce certain ‘local’ Toeplitz operators that we will use
throughout this work. In Sect. 3.2, we provide a non-intersecting path interpretation of
the dTASEP transition kernel in terms of these local operators. In Sect. 3.3, we deduce
an expression for the law of dTASEP in terms of a determinantal point process, which
we then study in Sect. 3.4, obtaining an initial expression for its correlation kernel in
terms of biorthogonal functions and local operators.



300 E. Bisi, Y. Liao, A. Saenz, N. Zygouras

3.1. Local operators. We will express the weights of the path ensembles in terms
of convolutions of local operators, which we now introduce. Let us first define the
conventions for the operator formalism. For an operator A defined through a ker-
nel (A(x,y): x € X,y € Y) on suitable spaces X,Y and a function (or vector)
f=(f(y):yeY), wedefine the function (A o f)(x) := Zyey A(x,y)f(y), when-
ever the sum is absolutely convergent. Similarly, for a function g = (g(x): x € X), we
define the function (g o A)(y) := erX g(x)A(x, y). For two operators A and B with
kernels (A(x,y): x € X,y € Y) and (B(y,2): y € Y,z € Z), respectively, we define
the operator A o B through the kernel (A o B)(x, z) := Zer A(x, y)B(y, z). Finally,
we define the adjoint of A as the operator A* with kernel A*(x, y) := A(y, x).

Let us now introduce some specific local operators we are concerned with. Recall
from Sect. 2.3 that we fixed positive parameters p = (p;)i>1 and ¢ = (g1, ..., gnN)-

The first family of operators encode geometric jumps weakly to the right: for i =
1,..., N, let

0/, ) i=¢ " Lyz.  xyeL 3.1
We also define a family of operators encoding geometric jumps strictly to the left:
Qi(x,y) = q,'y_x:ﬂ-{y<x}» x,y €Z. (3.2)

We note that, under the hypothesis g; > 1 (which we will always assume, without
explicitly mentioning, from now on), the kernel Q; (x, y) defines a bounded operator on
21(Z) with a well-defined inverse:

07 (x.y) == —1y—y +qily—xs1. X,y €L (3.3)
Finally, for i > 1, we define the operators
Ri(x,y) = L{y=x) + pil{y=x+1) (3.4
For 1 <m <n < N, we will use the compact notations
Qun-1.n = Qumn) i= Qmo---0 Qn, (3.5)
Quntn) = Qi =0y ' 000" (3.6)
We will abuse the notation slightly by defining

Ol = 0mo-—-00yo0oQy o0, (3.7)

which makes sense even for m > n, in which case Q. = Q;Ll 0---0 Qr;ll.
In particular, we have Q. n) = Qu+1,n) ;= [ for 1 < n < N. We will use similar
conventions for the Q- and R-operators.

Certain convolutions of the operators defined above may be expressed in terms of

symmetric functions. Given indeterminates xi, ..., Xy, let
hu(x1,...,xN) == E Xiy - Xiy s
1<i|<-<ip<N
en(x1,...,xyN) = E Xiy X,

1<ij<--<ip<N
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be the complete symmetric polynomial of degree n and the elementary symmetric poly-
nomial of degree n, respectively. By convention, we set ho = ep := land h, = ¢, :=0
for all n < 0. Then, it is not difficult to check that

Of w3 = hy—c(0, ..., 0, Gist. - . qn), (3.8)
and

(DY 0 @ ) = ey (0. ..., 0, —gist, ... —qN)

PN . (3.9
_( 1) ey—x(ov"'507q1+17'-'1qN)7

for x, y € Z, where the first i indeterminates of the symmetric polynomials are set to be
0. These identities follow from the definitions of the symmetric functions 4, and ¢,, the
form of the operators 0" and 0~ !in (3.1) and (3.3) and the definition of the operation
oO.

Observe that the values of Qj(x, y), Qi(x,y), Q;l (x, y) and R;(x, y) only depend
on y —x. The operators with such a property are known as (bi-infinite) Toeplitz operators.
To each Toeplitz operator T with kernel 7 (x, y) on Z x Z, we associate a formal Laurent
series ¢7(z), known as the symbol of 7', defined by

or(2) =) TO,x0z".

X€ZL

Inside its domain of convergence, which is a (possibly empty) annulus {r < |z] < R},
the function ¢7(z) is analytic in z. We summarize some standard properties of Toeplitz
operators that will be used later; the proofs are elementary, so we omit them. From now
on, all contours will be implicitly taken to have a counterclockwise orientation.

Proposition 3.1. (i) Let T be a (bi-infinite) Toeplitz operator whose symbol ¢t (2) is
analytic in a non-empty annulus {r < |z| < R}. Then, the entries T (x, y) can be
computed through the contour integral

dz
T(x,y) ng = 27 or(2), (3.10)
|z|=r1 <7012

foranyr <r; < R.

(ii) Let T and S be two (bi-infinite) Toeplitz operators whose symbols ¢1(z) and ¢5(z)
are both analytic inside a common non-empty annulus {r < |z| < R}. Then, the
convolutions T o S and S o T both converge, with

0T05(2) = 01 (2)9s(2) = @sor (2) (3.11)

forall z on the annulus. In particular, T and S commute. Assuming that T is invertible
with T™Y = S, we have

1 = ¢ia(2) = o1 (@er-1(2),

or equivalently

or1(2) = or(2) 7"
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For example, the symbols of the Q- and Q-operators defined above are given by

Z
Poi(2) = for |z| > ¢, (3.12)
i zZ— C]i
Z
9o, (2) = for |z| < gi, (3.13)
qi — 2
o1 =T"% for 2| > 0. (3.14)
i Z

As aconsequence of Proposition 3.1 and the fact that the series are absolutely convergent
in the domains considered below, we then obtain the contour integral representations
dz 7y —x+n—m+1

n
i=m’

0F (ry) = (—1ym! 55 : for R > max{q;]
e 55 Y lel=r 271z [T, (ge — 2) ai

(3.15)

dz Zy—)c+n—m+l
Om.n) (x, )=¢. . for 0 < r < min{g;}"_,,,
[m,n] y i 2riz H?:m @ —2) 9isi=m
(3.16)
o (x,y) = % ﬁzy_“m_”_l ﬁ(q/g —72) forr >0 (3.17)
lm.n] % |zl=r 2riz ’ :

l=m

3.2. Non-intersecting path ensembles. We now define two ensembles of paths, which
we call i-paths I (related to the complete symmetric polynomials /) and e-paths eIl
(related to the elementary symmetric polynomials e).

H{(xlajl) ~~~~~ (xn, jn)}

Let (y1,i1)s -+ s s in)s (X1, J1)s -+, (s Jin) € ZP. Wedenoteby hIT (/1 Fny
the (possibly empty) ensemble of all of n-tuples (my, ..., m,) of non-intersecting paths
in Z?, such that each path my starts from (yg, ix), ends at (xg, jx), and moves either
straight up or straight to the right at each step; namely, from a point (x, j) the path

moves either to (x, j + 1) or to (x + 1, j). We also denote by hHE(xl’j‘)"“’(x”’j”)} the

. X (y]ail) ~~~~~ (ynsin)}vT
subset of H%g:l]ll)) ((;’1’ ’1{1"))}} of all (mry, ..., m,) such that the first step of each path 7y is

vertical, upwards.

We also denote by el'[}gi’ljl‘)) ((;:‘1{1"))}} the ensemble of all n-tuples (7, ..., m,) of

non-intersecting paths in 72, such that each path 7y starts from (y, i), ends at (xg, ji),
and moves either straight up or diagonally up-right at each step; namely, from a point

(x, i) the path moves either to (x,i + 1) or to (x + 1,i + 1). Finally, we denote by

(eH*)ES::{II)) ((;: l{l "))}} a similar e-path ensemble, where the allowed diagonal steps are

up-left, instead of up-right.

In the following, both /- and e-paths will be assigned weights, based on suitable
weights wi(e) assigned to each edge €. The rules are as follows. The weight of a path
 with edges €1, €z, ... is defined as wt(r) = wt(ej)wt(ey)---. The total weight

of an n-tuple (my,...,m,) of paths is defined as wi(my,...,m,) = H?:l wt(rm;).
Finally, the weight of an ensemble I1 of n-tuples of paths is defined as wt(IT) :=
Z(m ’’’’’ aern WHITL, -y 7).

We are now ready to provide the path and local operator representations of the kernels
appearing in (2.25).



Non-intersecting Path Constructions for TASEP with Inhomogeneous Rates 303

Proposition 3.2 (Path and local operator representation of A). Let a vertical edge
connecting (x, i) to (x, i+1) be assigned weight 1 and a horizontal edge connecting (x, i)
to (x +1,1i) be assigned weight q;, forx € Zand1 <i < N.For . = (A > --- > Ay)
and y' = (y; = --- = yy) in Wy, the kernel A(X, y') defined in (2.24) can be written
as

(=i, N): 1<i<N)

AL, y) = wt(hl'l{(y;,i,i): 15i5N},¢) (3.18)
B (x,-fj,m))

— det (wt(hl‘[(yl{_i’im . (3.19)

— det (jS’,v](y; —i - j)) (3.20)

I=i,j=N
Proof. The first equality is a rewriting of the definition of A (see (2.24) and (2.20))
in terms of weights of non-intersecting path ensembles; see e.g. [FK97, Section 4] for
a description of the connection between tableaux and non-intersecting lattice paths.
The second equality is an application of the Lindstrom—Gessel-Viennot theorem. Note
now that, by the definition of path weights and by the form of the complete symmetric
polynomials, we have

wi(hI ) ) = ey (0,0, s ).

Combining this with (3.8), we arrive at the third equality. Notice that this proposition
can be also seen as a reformulation of [DWOS, Prop. 2]. O

As stated in Proposition 2.5, the operator A is invertible: We now provide a determinantal
and path representation of its inverse.

Proposition 3.3 (Path and local operator representation of A~!). Let a vertical edge
connecting (x,i — 1) to (x, i) be assigned weight 1 and a diagonal up-right edge con-
necting (x,i—1)to (x+1, i) be assigned weight —qn_i+1, forx € Zand1 <i < N—1.
Fory=(y=->yy)andp= (1 > -+ > puy) inWy, the kernel A='(y, ) can
be written as

Aoy = det (DN TGy iy =) L 62D
_ (Y,f*j)N*j)>)

= det (wt(en 10 ) s o (3.22)
{(vi—i,N—i): 1<i<N}

=wi(enfe LS. (3.23)

Proof. Tt was proved in [DWO0S, Prop. 3] that A is invertible, with an inverse given by

—1 —i—
ANy, p) = det ((—1)yf M ey =i (0,00, 0,41, - J]N))ISLJ_SN'

(3.24)

This, together with (3.9), yields the first equality. On the other hand, from the form of
the elementary symmetric functions, it is easy to see that

N—j
ey—(0,.. 0. g1 —q) = wi(en ).

The latter, together with (3.24) and (3.9), yields the second equality. Finally, the third
equality follows from the Lindstrom—Gessel—Viennot theorem. O
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The proof of the following proposition follows the same lines as the proofs of Propo-
sitions 3.2 and 3.3, so we will be brief.

Proposition 3.4 (Path and local operator representation of R ;). Let 0 < r < t. Let
a vertical edge connecting (x,1i) to (x,i + 1) be assigned weight 1 and a diagonal up-
right edge connecting (x,i) to (x + 1,1 + 1) be assigned weight p;i.1, for x € Z and
r<i<t—1Then forh= A >--->Ay)and u = (u; > --- > uy) in Wy with
W € A, the kernel R 11(i, A) defined in (2.18) can be written as

, Ai—it): 1<i<N
2P Ry (i 1) = wt(enigm_’i}): 1;-51\/}}) (3.25)
3 (A,-—j,n))
— det (wt(el'l(m_i,r) - (3.26)

= det (Ry1(ui — i35 = ))) (3.27)

1<i,j<N’
where the R-operators are defined in (3.4).

Proof. The first equality follows from the definition of R ;j(u, A) in (2.18) and its
representation in terms of weights of non-intersecting lattice paths. The second equality
is then a consequence of the Lindstrom—Gessel—Viennot theorem, while the last equality
is a direct consequence of the representation of the weight of a single e-path ensemble
in terms of the R-operator. O

The following proposition provides a path representation of the transition kernel
of dTASEP(N; p, ¢), obtained by path concatenation. The graphical depiction of this
result is shown in Fig. 4. Let us first explain what we mean by path concatenation, again
referring to Fig.4 for an illustration. Let £ and ©® be two lattice path ensembles,

each consisting of N-tuples of paths. Suppose that, for all (T[](]), ceey JTI(\,I)) e =

and (nl(z), e, 71,(\,2)) € @ and for all J» the endpoint of 71](.1) equals the starting
point of n](.z). Then, we define the path concatenation X LI ¥» to be the ensemble
consisting of all paths (nl(l) U 711(2), R 711(\,1) U 711(\,2)), for some (7{1(1), e, 711(\,1)) ex®
and (711(2), e, rrl(vz )) cx® (here, union of paths is understood in terms of both edges

and vertices).

Proposition 3.5 (Path representation of dTASEP transition kernel). Ler y, y’ € Wy
with y C y'. The transition kernel of dTASEP(N; p, q), encoding the probability that
particles starting from locations (y1 — 1 > yp —2 > --- > yy — N) at time r end up at
locations (y} — 1 > yy =2 > --- >y, — N) at time t, admits the following weighted
path representation:

N Yi=Vi
Qur( /) — M Z wit hl—[{(lifi,N): 1<i<N} |_|
1Y,y )= Z{’»‘I] - (] —ii): 1<i<N} 1
r,t = .
ug,l:&yivy’g (3.28)

sy {(i—i,N+t—r): 1<i<N} {(yi—i,2N+t—r—i): 1<i<N}
|_| (enr){(ki—i,N): I<i=N} |_| en{(m—i,NH—r): 1<i<N} )

The weights assigned to the edges are as follows:

e All vertical edges are assigned weight 1.
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e Horizontal edges between (x,i) and (x + 1,i) forx € Zand 1 <i < N are
assigned weight q;.

e Diagonal, up-left edges between (x,i) and (x — 1,i + 1), forx € Zand N <i <
N+t —r — 1, are assigned weight pN+:—i.

e Finally, diagonal, up-right edges between (x,i) and (x + 1,i + 1) for x € Z and
N+t —r <i <2N+t—r —2, are assigned weight —qoN+1—r—i.

Choose now xq so that xo — 1 < yy — N and consider an auxiliary vector x© =

(x(o), .. (O)) with x(o) =x9 — i for 1 <i < N. Then, with the same assignment of
welghts and setting Z(I;;I] = Z{:?] ]_[l 1 ql\‘ 0 we also have
1 {(vj—i.i): 1<i<N} (A —i,N): 1<i<N}
AN i l
Qurn(y,¥) = —25,% X §V Wt<hn{(xi(0).,i): R L] hH T S
8 JMeWY :
HCA, Sy, ¥'Sh (3.29)

w (i —i, N+t —r): 1<i<N} ((i—i,2N+t—r—i): 1<i<N)
|_| (€T, i N): 1<i<N} |_| TNy i N+t—r): 1=i<N) )

Proof. By Proposition 2.5, we have

(v ¥) = <]"[qy' ”) (AR A) (3. )

=1 (3.30)

N
= (Hqﬁ""”’) > AT ) Ry (i 1) AGL Y,

i=1 A

where the summation is over all partitions A, u € Wy such that u € A, u € y and
y' € A. We now concatenate the non-intersecting paths corresponding to the operators
AL R(r,:1 and A, as given in Propositions 3.3, 3.4 and 3.2, respectively, and as shown in
Fig. 4. The only point to notice is that, compared to Proposition 3.4, the paths correspond-
ing to the operator R, ;] are flipped upside down, resulting in the ‘reverse’ ensemble
(el'[*)}éf’_‘:i’: Izvv)+ t;g%}vf}lflv}, in which paths move either upwards or in the up-left direc-
tion at each step, starting from the points A; — i, 1 <i < N, atlevel N and ending at
the points u; —i, 1 <i < N, atlevel N +t — r. Thus, using Egs. (3.18)—(3.23)—(3.25)
and the weights defined in the proposition, we obtain

] >,
/ (Hl 1511 {(Ai—i,N): 1<i<N}
Qurn(y,y) = Zf ;1] ZWt( n{(y —ii): 1<i<N]}, T)
r,

{(ui—i,N+t—r): 1<i<N} {(yi—i,2N+t—r—i): 1<i<N}
((el‘l ) {Gi—i.N): 1<i<N) )~wt(e1‘[{w —i,N+1=r): i=1,..,N} )

which is the same as (3.28).
We now rewrite (3.28), by multiplying and dividing by ]—LNz 149

0 as

N V
N [1is, {(hi—i,N): 1<i<N}
oy, y) = Z(pq]l_[ qu""O Zwt( AN
r,t 1=

{(uij—i,N+t—r): 1<i<N} {(yi—i,2N+t—r—i): 1<i<N}
|_|(e1'[ NGi—iN): 1<i<N) |_| eIL (i N4t—r): 1=i<N] >
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y1—1

Q5 ¢ X
qi : 5= )5 | N4 | A—3 [ A2 [\ -1
v U
as + o ya—4 g b
niii T
1 ’ ° ; ‘ r Yo —®
R g —1
MONT 2O

Fig. 4. Non-intersecting path representation of the transition kernel of dTASEP particles, as in (3.29). The
figure refers to the transition probability of five dTASEP particles, starting from locations (y; —1 > yp —2 >
--- > y5—5) attime r and ending at locations (y] — 1 > y5 =2 > --- > y{ —5) at time ¢. Note that the paths
do not depict the actual trajectories of the particles. The weights assigned to all vertical steps are equal to 1.
In the bottom part of the figure, paths move either vertically up or horizontally to the right, with horizontal
weights g1, . .., g5, as shown on the left-hand side of the figure. In the middle part, paths move vertically up
or diagonally up-left, with diagonal weights p;, p;—1, ..., Pr+2, Pr+1, as shown. In the top part, paths move
either vertically up or diagonally up-right, with diagonal weights gs, .. ., g2, as shown. The solid paths can be
extended in such a way that they all start at level zero and include the dashed colored lines in the bottom-left
part of the picture; due to the non-intersecting property and the fact that vertical weights are assigned weight
1, such an extension does not change the weight of the ensemble (provided that the horizontal edges on the
bottom level are assigned weight 0). The bullets in the bottom part of the figure refer to the point processes
Xy and X from Sect. 3.3

= I —i)—x"
The denominator equals Z/%. Moreover, the product [T\, ¢;' " = [T\, i(y i
{(yj—i,i): 1<i<N}

equals the total weight of the path ensemble hH{(x!FO)’i): =iy

, since the h-weight of
a single path from (xl.(o), i) to (y, — i,i) (see bottom-left end of the path depictions in

IO
Fig.4)is qi(yi D7 . Notice that such a path ensemble is nonempty, due to the hypothesis
xo — 1 < yy — N, which implies

x,»(o)zxo—i<yN—N§y§v—N§y{—i

for 1 <i < N. This readily yields (3.29). O

3.3. Determinantal point processes. We now describe the law of dTASEP(N; p, q) as
a marginal of a determinantal point process, which we now build out of the above path
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construction. The configuration space will be integer arrays

j . i+1 ' i+1
Xy = {x;l)}lngiSN with x§.’++1 ) < xj(.” < x](” ). (3.31)
Such a point process naturally arises from the non-intersecting path construction given
in Proposition 3.5 (see in particular (3.29)) and illustrated in the bottom part of Fig.4.
For1 < j <i < N, the point x;') of Xy is identified with the rightmost point on the
horizontal line {(x,i): x € Z} of the j-th path (enumerating the paths from right to
left). We will consider (3.31) as a point process on Z x {1, ..., N}, such that the line
{i} x Z has exactly i points x{'), e xl.('), for 1 < i < N. However, for brevity and
when there is no ambiguity, we will usually write x](.’) instead of (x;’), i). We note that
the non-intersecting property of the paths enforces the inequalities in (3.31). It will be
useful to extend the above triangular array to a square array with additional frozen points
on every line:
Y. - ()N . (i+1) @) (+1)
Xy = {xj’ Y= with xj'+1 < le < le and 332)
x;l) = (xo — J, 1) for 1<i<j<N.
The auxiliary points xﬁ.i) with | <i < j < N are illustrated as the ‘frozen’ bullets in
the bottom-left part of Fig.4. As in Proposition 3.5, the point x¢ is chosen arbitrarily but

such that xg — 1 < yy — N. We will also use the notation x0 .= (x{o), xéo), R x](\?)),
with xl.(o) :=x9—1,fori =1,..., N.The freezing is, again, due to the non-intersecting

nature of the extended paths (i.e., the paths that start from {(xl.(o), 0):1<i<N}and
include the dashed lines) in Fig.4.
ForO <r <t,1 <k < N and x € Z, we now define the family of functions

UM =Y 0y o0 0 @k — k) R0+ 0 Ri(z, x)

ZE€Z

=> 0y o0 Ol @ — K R 00 RYyy (x,2)

7€Z
__ px* * -1 -1
=Rfo--oR 00y 000, (x,y —k)

= Riyi1© Qi (6 vk = 0,

(3.33)

where, as usual, Rfr 1 denotes the adjoint of R, s, 1.e. RE“r . (x,y) := R(.n(y, x). Notice
that the function \IJ,£N) (x) depends implicitly on y = (y; > --- > yy). With reference

to Fig.4, (—1)N =k \IJ,EN) (x) captures the weight of a path starting at location (x, N) on
the lower solid black line and ending at (yx — k, 2N +t — r — k) at the top of the figure
(passing by any z on the upper solid black line). Note also that, even though the sums in
the first two lines of (3.33) are over the Z, these sums actually have only a finite number
of non-zero terms, since the values of x and y; — k are fixed.

Observe that the left edge of the triangular array Xy, i.e. I-edge(Xy) := (xl.(l) 1<
i < N), coincides with the terminal positions (yj —1 > y, —2 > --- > y\, — N) of the
dTASEP(N; p, q) particles, by Proposition 3.5. Thanks to this, we are able to obtain
an initial representation of the transition kernel of dTASEP(N; p, q) as a marginal of

the determinantal point process Xy .
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Proposition 3.6. Let y € Wy. Let xo € Z with xo — 1 < yy — N and write x© :=

0) _(0) ©) .
(7%

(0)) where x; " := xo — i. Define the (signed) determinantal measure

P(Xy | y) = Z’”’ (H det(Q @* D, (k))) j:1>

(r1]

N
. _1\N—i gy (V) (V)
det (( DN ))w_:1

(3.34)

i+1) (@) (i+1)

on configurations Xy = {x }1<,<,<N with x' <X =x; where we have

]+1
setxy V= x0 for1 <k <N, Z0% = ZDO T 1q3’ 0 and ZU'% as in (2.14)
(note that the right-hand side of (3.34) depends on y through the \V-functions). The
determinantal measure does not depend on the auxiliary point xo, as long as the condition
xo— 1 < yn — N holds. Then, the transition kernel of dSTASEP(N; p, q), encoding the
probability that particles starting from locations (y1 —1 > y» —2 > --- > yy — N) at
time r end up at locations (y; — 1 >y, —2 > --- > y\, — N) at time t, is given by

Qur(y.¥) =P(ledge (Xy) = (yj =1 > yp —2>--->yy —N) | y). (3.35)

Proof. Inanutshell, this resultis a consequence of the path representation of Q. ,1(y, ¥'),
as described in Proposition 3.5 (see in particular (3.29)), as well as the identification of
the point process Xy as the ‘trace’ of that path ensemble on {(x,i): x € Z, 1 <i < N}.
Starting from (3.30) and using (3.21), (3.27) and (3.20), we obtain

N
(¥, ¥) = (]‘[q,-""y‘) Y AT Y ) R (i, 1) AL, )

i=1 Ao
N Vi
;' —iQ- / )
_ (lelp—q)Zdet ((—I)N jQ(j}N](u’i —bYj _J))i j=1
(r,t] A -

N N
det (Roui = i3y = ) det(Qf Ol =iy = D),
i,j=1 > i,j=1

where the summations are over all A, u € Wy such that ©x € A, u € y and y’ C A.
Using the Cauchy—Binet identity to compute the sum over ., we have

N Yi—Yi
q . _ ) AN
(v, ¥) = % > det (VTN 0y @ vy = DReaG R = D)
Z(rt Ay’ Z€Z i.j=1

, ) AN
- det (Q(l NI o =i 2j — J)>i,1'=1

( N ql y’)
o Zdet(( D¥=Ie M, —l))
Z(rt ADYy’

det(0F o —ini— i)Y
et(Q(in](yi T _J))i,jzl’

i,j=1
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where the latter equality follows from definition (3.33). We next multiply and divide by

]_[IN:1 g; °, recall that Z(I;:I] = (]_[ g XO)ZS?] and absorb the factor ]_[ 1 ql -

into the second determinant, thus obtaining

1 _ AN
Qun(y.¥) = Zra Z det ((—I)N WMo - J))i i1

(r.1] A2y’ =

’ N
yi—x . .
- det (qi OQI,-,N](y{ —i,hj = J)),

ij=1"

Using the facts that Q:O,i-]](xi(())’ xi(o)) = 1 and g; i Qj (xi(o), yl — i), we can
rewrite

X0 . .
QI{N](}];_I )“_J)

0 0 0 . T . .

= Q(O, 1 ()C( ) ( )) Q(,_l ,](x( ) l{_l) Q(,"N](y,{ _lv)\'j )]

> l_[ O (zk—1. 21).

(20,.zN)EZNH . k=1
0
ZO=ZI='“=Zi—1=X,-( ),
zi=yi—i, ZN=kj—]

Using several times the Cauchy—Binet identity, we obtain

Qun(y,¥) = Zra Z Z det ((_1)N7i\pi(N)()\j B j))jvj=1

Zira) A2y Xy Do —x“) — O

(i)—v —i, x —A —i
for 1<l<N

N N

i k—1 k
. | |det (Q,:(xi( ),x; )))_ .
el i,j=1

Notice that the constraints xi(i* Do = xl.(l)

ing’ the points xy), 1 <i < j < N,asin (3.32). Due to the inequalities (3.32) that Xy

= xl.(o),l < i < N,corresponds to ‘freez-

satisfies, we have x;k) < x(k Dfori < J, hence Qk(x(k 1) (k)) = 0fori < j. Fur-
thermore, due the constraints x( Do = xl(l) l.( ), we have Oy (X(k b, ,-(k)) =1
fori > k. Therefore, the matrix (Qk( k= 1) (k)))l = | is lower triangular with diagonal

(k= ]) I.(k)) = 1fori > k. This implies

elements Q (X

N k
k—1 k k—1 k
det (0 (x "] )))ij—l = det ([ V)

i,j=1
which leads to

1 —ig ) )N
Q) =57 2 det(D"TMGM))
Z () Xy x eyl b=

for1<1<]l\l

N . P
k—1
et (" x),
i,j=1

k=1
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with the convention that xlgkfl) = x,ﬁo) for I < k < N. This completes the proof

of (3.35).
To show that the determinantal measure does not in fact depend on x¢, notice first

that the k-th row of the matrix QZ(xi(kfl), x;k)) has a common factor ¢ —*°, for all
1 < k < N. When factoring these terms out of the determinants, we see a cancellation
with the corresponding terms in the normalizing constant Z 5’?]. The resulting expression

has no further dependence on x. O

For the analysis that will follow in the next sections, it will be convenient to re-express
the determinantal measure (3.34) in terms Q-operators, which represent weights of paths
moving strictly to the left, rather than Q-operators, which represent weights of paths
moving weakly to the right. Towards this, the main observation is the following equality
of determinants, which will be a consequence of certain path constructions.
Proposition 3.7. Let {x;-l) Y<j<i<n beatriangular array of integers and let {xﬁj - } ;V: |

and {x(()j _l)}?/: | be auxiliary integer variables. Assume that {x;.')}lf j<i<N satisfies

) <V <X forall 1<i<N, 1<j<i+l (3.36)
Then we have
N *-1) k
k—1) _(k
(" (i), )
k=1 b=
N (k—1) k
k—1) _(k
=11 <q,f° det (i7" x)). ,-—1) , (3.37)
k=1 T

and both sides are nonzero.
(k—=1)
l' E)

k=1)

Proof. By the Lindstrom—Gessel-Viennot theorem, we may view det (QZ(x

xj(.k)))f’j: , as the total weight of k non-intersecting paths starting from (x,i

D,..., (x{k_l), k — 1) and ending at (x,ik), k),..., (xfk), k), with the first step upwards
(with weight 1) and subsequent steps in the horizontal right direction (with weight g at
each step). Note that such a non-intersecting path ensemble exists if and only if

ORGSO RPN

; o1 =X forall 2<j<k+1.

In such a case, the weight of the ensemble equals ]_[];:1 QZ (x;k_l), xj.k)). Taking the

product over k = 1,..., N, we obtain the total weight of the non-intersecting paths
illustrated in red in Fig. 5:

N

k— k
[ det (QZ(xi( D >))
k=1

N k k—1 k . k k—1 k .
_ {nk_l Mo 0P ) il < xfP < fort <k <N 2<j <k+1,

0 otherwise.

k

i,j=1

‘We now consider similar, ‘dual’ paths, illustrated in blue in Fig. 5. Recalling from (3.2)
that the Q-operators encode geometric jumps strictly to the left, by the Lindstrom—

(k—1) _(k)\\k
X))

Gessel-Viennot theorem we view det (Qk (x;~; ij=1 38 the total weight of k
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Fig. 5. Ensemble of non-intersecting red and blue paths used in the proof of Proposition 3.7

non-intersecting paths starting from (xlgk__ll), k—1),..., (x(()k_l), k — 1) and ending at

(x ®) Jky, .. (xl(k), k), with the first step diagonally up-left and subsequent steps in the
horlzontal left direction, with all steps having weight gx. Reasoning as before, we obtain

kl_ll det (Qk(x(k 1)’ (k))>

k—1 k . k k—1 k .
:{HI]L]H lQ(x( ) 5)) 1fx;.)<x§._l)§x;_)lfor1§k§N,1§]§k,

i,j=1

j=1
0 otherwise.

Thus, since by hypothesis the interlacing conditions (3.36) are satisfied, both sides
of (3.37) are nonzero. Moreover, we have

N
N k
l_[ det (Q,'((xl.(k_l), xj.k))>i i = wt(red paths),

k=l (3.38)

k
]_[ det (Qk(x(k D x (k))) — wt(blue paths).
i i j=1

Moreover, up to inverting the weights of the blue paths, the total weight of red and blue

paths simply equals the weight of all the horizontal paths from (x,gk_l), k) to (x(gk_l), k),
k=1,---, N;in other words, we have

(k=D_ (=)
wt(red paths) - wt(blue paths)~! = ]_[ ;" . (3.39)
Combining (3.39) with (3.38), we readily arrive at (3.37). |

The following corollary re-expresses the determinantal measure (3.34) in a form that
will be more suitable to our purposes.

Corollary 3.8. The determinantal measure (3.34) is equal to

P(Xy | y) = qu (Hdet(Qk(x(k D oy (k))) )det(\I/(N)(x(N))) L G40

(r.t]
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with

—1)
204 = oM 0 [T T+ iy n e

i=r+l j=I

The determinantal measure (3.40) is actually independent of the auxiliary variables

{x(()j 71)}"\'_ . Reasoning as in the proof of Proposition 3.6, the first row of the matrix
_ k=D
(O (x(k D, j(.k)))i.(j=1 has a common factor g, Y0 forall 1 <k < N. These terms,

when factored out of the determinants, cancel the corresponding terms in the normalizing

constant Z z]’ making the resulting expression independent of {x(J l)}N:l. Thus, we
may set these auxiliary variables to be oo and simply define
(k—1) RS AN P x
Qklxg v y)=gp = lim g - Qk(x,y), y€Z (3.42)
Using these conventions and defining
Zht = (—=NIN=D2 H H (1+q;pi)- H g (3.43)

j=li=r+1

the determinantal measure (3.40) may be written in the form

k N
(k—1) (k) (N) , (N)
P(Xy | y) qu | |det(Qk(x x! ))ij:l.det (o™ )>i,-:1'
(r,t] k=1 ’ ’
(3.44)

3.4. Correlation kernel and biorthogonal functions. From now on we will make the
additional assumption that g1 < g2 < - - -, throughout this subsection and most of Sect.
4, until when we remove it in the proof of Theorem 1.1 (see Sect. 4). This assumption
allows for a bona fide composition of the local operators and makes all infinite sums
in this subsection and in the next section well defined; it also justifies swapping sums
and exchanging sums with contour integrals. To better understand its need, recall that
in (3.42) we defined Qy (xék_l), y) = q,f, for virtual variable x(()k_l) regarded as oo.
This convention might seemingly lead to issues when defining

- - ,
Q[j,k](x(()J ' x):=0jo0 Q[j+1,k](x(()] ) x) = Zq]} - Qrj+1k(y, x)  (3.45)
yEZL
for k > j: if, for example, k = j + 1, the sum above equals Zy>x q]}.' . q;:]y , which
diverges for gj+1 < g;. However, for g1 < g2 < -- -, (3.45) is well defined. To see this,
recall from (3.16) that

dz Zy7)c+k7j71
Q[j+1,k](X,)’)=¢ ’ x’yEZv

jel=r 271 [Ty 11 (qe — 2)
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where 0 < r < min{qg}],g: InE To get a well-defined expression for Qy; (x(()j -b

note that, since g; < g for all k > j, we can write

),

> )
y
q; - Qi+t (v, X) = ) _4q; - ?g -
VEZ y<0 lz|=r 27“ 1_[13 ]+1(CI€ )
i dz Zx—y+k—j—1
N B
¥>0 |z|=r" <701 H(g:ﬁ] (qe —2)

where r, r’ are chosen such that 0 < r < ¢g; <1’ < min{qg}’g:/.H. Both geometric
series converge and computing them yields

! dz Z)(+kfj dz Zx+kfj
D4} - Qujstia(y. x) =7§ W o) —7§ G

yeZ ol=r 271 [Te;(qe zj=r 271 [Te=jlge —2)
d X+k—j
- _7€ S (3.46)
qu 2mi HZ:]’ (QZ - Z)

where y,; is any simple closed contour enclosing g; as the only pole for the integrand.
This computation motivates the definition

; d x+k—j q),H'k—j
Q[j,k](x(()j_l)vx) = —f 72 kz == / forl < j <k,
vey 2T @e =2 TTi—jerae — a))
(3.47)
where y,; is the contour defined above. We also set
QU Py =0 forl <k <. (3.48)

We now summarize some basic properties of Q[ k] (x(()j _1), x), which we will use
frequently:

Proposition 3.9. Assume that g1 < q2 < --- and take Qf; i (x(()j _1), X) to be defined

as in (3.47)-(3.48), where x(()j =D are virtual variables regarded as oo.

(i) Fork > 1 and y € 7, we have

Qun xSV =g = ox", ), (3.49)

which is consistent with (3.42).
(ii) Given j,k,n > land y € Z with j < k and j < n, we have

i—1 i—1 i—1
O[j.k © Q(k,n](x(()j ), y) = Z Q[,-,k](xé’ ) x) Q' y) = Q[j,n](x(()" ), »),
x'€Z

(3.50)

where we allow the slight abuse of notation (3.7) for k > n.
(iii) For any j, k > 1, we have

G=1) .
Oljxy 7y = xhj;o q; - Qi (x, y). (3.51)
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Proof. (i) This follows immediately from (3.47).

(i1) To prove this, one can mimic (3.46), using the integral representation (3.16) and
splitting the sum into two geometric series with contours deformed in such a way
that both series converge simultaneously.

(iii) We first prove (3.51) for 1 < j < k, using again the integral representation (3.16).
Since ¢; < gj+1 < ---, if we deform the contour |z| = r to be a slightly larger
circle [z| = r" with 0 < r < g; < r’ < gj41, the only extra contribution of the
integral comes from the residue at z = ¢;. Hence, we have

dZ Zy—)c+k—j+1
Qunn = 5%
el=r 2712 [Ti_ (g0 — 2)
—x+k—j+1 y—x+k—j
_ % dZ ‘ Zy X+ Jt . qj
: k k :
= 2712 [T i(qe —2)  [lezjri(@e —q))

Note that

S\ X
<C~<q—{) — 0, as x — 00,
r

qx f dz Zy—x+k—j+l
P J=r 2miz [T (g — 2)

for some constant C > 0. Thus, by (3.47), we have

yt+k—j
. j i—1)
lim g% - Q. y) = ————— = 01", y).
N ) k Js 0 )
x=oo [Teji(@e —aj)

To prove (3.51) for j > k, notice that in this case, using our convention (3.7), we
have

Qju(x,y) = Q7! 0 0 Q1) (x, ) =0,

whenever x > y. By definition (3.48), it then follows that
1 i—1
xlgfo‘oqf “Oljkx,y) =0= Q[j,k](xéj ), y),

as desired.
O

The following proposition is rather standard in the theory of determinantal point
processes. However, here we unveil an additional important structure, i.e. the triangu-
larity of the correlation matrix M, which can be seen from our non-intersecting paths
formulation.

Define first, forn < N, the following generalisation of the functions \IIIEN) from (3.33):

U ) = Qv o UV () =D 0w (. WY (). (3.52)

Z€ZL

We remark that the summation over z is actually within the finite range yy — N < z < x;
see Fig.4 and recall the definition of the operator Q.
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Proposition 3.10 (Correlation kernel and Fredholm determinant). Let the functions WV ,E”)

be defined by (3.33) and (3.52). Let Q. (xS ™", y) be defined by (3.47)~(3.48). Under
the assumption that g1 < q2 < -- -, the determinantal point process (3.40) admits the
Fredholm determinant representation

E[ 1_[ (1+g0, x()))} =det(l +gK)p21,..Nyx2)

1<j<i<N

for any bounded test function g: {1,..., N} x Z — R. The correlation kernel K is
given by

N
K(@m,x;n, X/) = _Q(m,n](x: x/)]l{n>m} + Z “I’[,'(m)(x) [M_ ] ij Or [j.n] ()C(] 1), ),
Q=1
(3.53)

where the matrix M is defined by

M; ;= Z Q[i,N](x(()i_l),z) ‘I’J(-N)(Z) for 1<i,j<N. (3.54)

Z€Z
Furthermore, M is upper-triangular and invertible.

Proof. Except for the stated properties of M, Proposition 3.10 follows from [BFPS07,
Lemma 3.4] and the accompanying remark, see also [Joh03, Proposition 2.1]. We now
check that, under our assumptions that ¢ < g2 < ---, the matrix M is indeed upper-
triangular with nonzero diagonal entries, and therefore invertible. By (3.54) and (3.33),
we have

Mij =" Qums .2 (Rh 0 Qi) @y — i) (3.55)

Z€Z

for 1 < i,j < N. Recalling formula (3.47) for Qi nj (x(gi_l), z) and expressing the
Toeplitz operator R(r 1 ©° Q(_j1 ) @s a contour integral in the usual way (see (4.6) in the
next section for details), we see that

de $z+N—i dw Vo N-1
Mij =), ’f WY a6 56 " H(‘H*w)n(l‘””‘w)
ve &) ) Jiw=r 2mi

z€Z o 27 o= (e e=j+1 e=r+1
_?{ 74‘ dw gN=i i -N-1 nz:jﬂ(‘ié = W) [Tyt (1 + pew) Z <§)7
Y 277 Jywi=r i YV (qe — &) v \w
_f % yjfi ) l_[?l:jﬂ(qe —w) niz:r+1(1+l7€w) ] 1
Vi 27i lwl=r 2711 Hé\’:i (qe — &) w—§&’

where r > max{|§| : & € y,,}, so that the sum over z converges. Note that in the second
equality we can restrict the sum to z > y; — N, since the contour integral with respect
to w vanishes for z < y; — N due to analyticity. The only pole inside the w-contour is
at w = &, and calculating its residue yields

Mij =_‘¢ df %.y =i néVZj+l(qe g)l_[g r+1(1+p[$)
vy 271 [T (e — &)
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Note now that, for i > j, the integrand is analytic at g;, hence the integral vanishes and
M; ; = 0. On the other hand, when i = j, by our assumptions on the parameters we
have

dg gy ! ot
Mii = — — . 1 = 'yi_l N 1 i)s
: 75% p T p— [T +pe)=g; [T a+pea

l=r+1 l=r+1

which is nonzero. We conclude that the matrix M is upper-triangular and invertible. O

Remark 3.11. Here we provide a more intuitive, pathwise explanation of the fact that the
matrix M is upper-triangular. By (3.51), for i > j we have

Mij =Y Qs . 2) v (2)

Z€Z
=> " 1im g7 - (Qio- 0 ON)(x. D) (R} 0 Oy 00 Q7))@ yi — 1)
r—oo li l ’ (r,t] N Jj+l >
Z€Z
. —1 .
= xlglgoqf (RG. 0 Q[j+1,i71])(x’ i =)

where in the last equality we used the fact that all the operators commute. Viewing the
operators as associated to paths, R*-operators take at most one step to the left at the time,
whereas Q~!-operators take at most one step to the right at the time. Thus, if i > j,
for any x sufficiently large, the point y; — j cannot be reached from x by applying the

operator str,t] o Q[’jlrl’i_”, hence str,t] o Q[*jlrl’i_”(x, yj — j) = 0. This shows that
Mi,j =0fori > ]

We now derive a simplified expression for the correlation kernel in terms of biorthog-
onal functions. Define

n n

_ i—1 - j—1
o) =Y M) 0meg 0=Y" M om0, xez,
Jj=1 j=i
(3.56)
where the latter equality is due to the fact that M (and hence M~!) is upper-triangular.

Proposition 3.12. The kernel K in (3.53) can be written as

n
K(m,x;n,x') = = Qun)@. XN Linsmy + Y W™ (1) O (1), (3.57)
i=1
Moreover, for 1 <i,j <nandn = 1,..., N, the following biorthogonality relation
holds:
> () q>j.”>(x) =6, (3.58)
x€Z

where §; ; is the Kronecker delta.
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Proof. Since M is upper-triangular and, by (3.48), O j,,,](x(()j 71),x) = (0 whenever
J > n, the summation in (3.53) over i, j can be restricted to 1 <i < j < n, yielding

n n
_ j—1
K(m, x5, %) = = Qnn (6, X ) Ly + 9 0™ 000 3O [MT, Qe ™, x).
i=1 j=i

Therefore, (3.57) follows from definition (3.56).
To prove the biorthogonality relation (3.58), recalling the definitions (3.52) and (3.56)

of \IJZ.(”)(x) and @5.'1) (x), we compute

N
S w ) @Fi")(x) =y IZ Q. N1(x, z)\I/l.(N)(z)} {Z M1, Oy, 0

X€Z X€Z |\ z€Z k=1

I
M=

_ -1
L ]]j,k Z ‘I’,'(N)(Z) Z Om,N (X, 2) Q[k,n](x(()k ), x)
z€Z X€Z

~
Il
<N

@

[ltn

=
M=

_ N k—1
M > @ om0
Z€Z

~
I
-

(3.54)

M=

M1, 4 Mei = 55

~
Il
-

Note that the exchange of the summations over x and z is justified by absolute con-
vergence, due to our working assumption q; < g2 < ---; see the discussion at the
beginning of this subsection. O

4. Boundary Value Problem and Random Walk Hitting Times

The goal of this section is to prove our main result, Theorem 1.1. Towards this, in Sect.
4.1 we establish some equivalent formulations of the contour integrals S and S in terms
of local operators. Next, in Sect. 4.2, we establish a relationship between the functions

d>§”)(x), implicitly defined in (3.56), and a terminal-boundary value problem for a dis-
crete heat equation. In Sect. 4.3 and Sect. 4.4, we express the solution to this problem
in terms of random walk hitting probabilities. We will first do so under the additional
assumption that g < g2 < - - -, and then extend the result to general parameters through
an analytic continuation argument, thus completing the proof of Theorem 1.1.

A boundary value problem of this kind and its connection to random walk hitting
problems were first formulated in [MQR21]. However, our approach emphasizes the
role of local operators and their path interpretation; this might shed some additional
light on the nature of the boundary value problem itself. Furthermore, our main technical
tool, Proposition 4.6, requires a completely different proof compared to [MQR21]. The
reason is that, in the case of inhomogeneous rates, the kernel is not a polynomial in the
spatial variables, while polynomiality is crucial in the proof of the random walk hitting
formulas given by [MQR21]. In Sect. 4.5, we will build a subtle induction argument to
prove Proposition 4.6.

As a preliminary notational remark, notice that, in Sects. 2—-3, the vector y encoding
the initial configuration satisfied the weak inequalities y; > - - - > yy, according to the
original dRSK dynamics of Sect. 2. On the other hand, in this section, we will always
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assume that y satisfies the strict inequalities y; > --- > yy, matching more closely the
dTASERP initial configuration and the notation of Theorem 1.1. To translate formulas
from the notation of previous sections, it will suffice to replace each y; with y; + k for
alll <k <N.

4.1. Preliminaries towards the Fredholm determinant. Moving towards the Fredholm
determinant formula of Theorem 1.1, here we prove an alternative representation of S
and S involving local operators. This will give a natural connection between the path
constructions of Sect. 3 and the random walk hitting times.

For 1 < j < k, we define the operators Q; ] by

Q1j.xx, )= Qpjxyx, ») + (=D Q1 (x. »)
(Qjo-00k)(x,y) x>y, 4.1
= (_l)k—] (Q—EOOQ;(.) (_x,y) x <y,
where x, y € Z. It is then straightforward to check that
Q;l 0Ok = Ojrig and  Qpjxgo Op' = Opju—1),
whenever j < k. However, when j = k, we have

Qi (x,y) = Qu(x, ) + Q{(x.y) =g} " forallx,y € Z, 4.2)

hence we deduce from (3.3) that
0; ' o Our) = Oy o 0; ' =0.

Note also that Q[ 4] © Q[k+1.¢) may not be well defined. The operator Qy; x; is Toeplitz,
but its symbol is divergent on the whole complex plane. However, recalling (3.15)
and (3.16), we can still express it as a contour integral:

dz gy —tk=i ?{ dz k=)

e o o
[j.k] s|=R 277 l—llz:J (qg . Z)

e 20 [ (e —2)
l2l [T —2) 43

f dz Zy—x+k—j

ry 27 [Ti_;(qe —2)
where 0 <7 < g¢ < Rforall j < £ < k,and I'g is any simple closed contour enclosing
qe forall j < ¢ < k but not 0.

Proposition 4.1. The operators S and S defined in (1.1) and (1.2) can be rewritten as

Sijk, (e, y) = (Q[_j}k] ° str,t]) (x, ), (4.4)
k
Symente ) =T =1+ (Quim o Rep™) @), (4.5)
t=j

where the second formula holds under the hypothesis that piqe < 1 forallr <i <t
and j < € < k (this condition is equivalent to the convergence of the right-hand side

of (4.5)).
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Proof. By (3.14) and Proposition 3.1, the symbol of the (bi-infinite) Toeplitz operator

QEjlk] is ot (z) = z~k=J*D ]_[Icf:j(q@ — 7), for |z] > 0. On the other hand, the
’ Lkl

Toeplitz operator R; has kernel R (x,y) = 1y—; + pxl,—,_1 and symbol PR (2) =

Y cez RE(0,x)z7% = 1 + piz. Therefore, the composition R;"r’t] is also a Toeplitz

operator with symbol ¢ RE (2) = [1)—p+; (1 + pez) forevery z € C. It then follows from

Proposition 3.1 that

t

k
_ dz gy
(Q[j,lkJORTr,z]) (. ) =y§ — T e -2 [T a+pea),

jel=r 27712 t=j t=r+1
(4.6)

for any r > 0. This, combined with definition (1.1), proves (4.4).
Let us now prove (4.5). By Proposition 3.1, we may express the inverse of RZ‘rY ;a8

_ dz oo
(RG. )~ (e, ) =¢ x,y €z,

jel=R 27012 [Tyyyy (14 pe2)”

where 0 < R < min{ pgl }. Using (4.3) for Q[ j,k1 and noting from the above expression

that (R )" (x, y) = 0if x <y, we can formally write

(Quikro Ry ™) o) = D7 Oty e, ) (R )™ ()

x'>y

/

_ f dz f dw Pw k=] Z <w)x
jel=k 201z Jr, 2T TTE_ i (qe = w) - [Tymyur (14 pe2) S\ 2

Inorder for (Q[j,k]o(RZ‘r!t])_l)(x, y) to converge, i.e. for the geometric series Zx’zy (w/z)x/
to converge, we need to take Iy to be inside the circle |z| = R; see Fig. 6 for an illus-

tration of the contours. This is only possible if max;<¢<x{g¢} < min,<;j<{p;” 1}, or
equivalently p;qy < 1 forallr < i <t and j < £ < k. Under this hypothesis, we
evaluate the geometric series and compute the only residue of the z-contour at z = w,
thus obtaining

(Q[./,k] ° (Rzkr,t])il) (x, y)
% dz dw wy—xtk—j 1
\

z|=R 271 Iy 2mi l_[]é:j(CIe —w)- HZ:Hl(l tpe) T W

f’ dw wY ~Xh=i
Ty 2mi l_[12=j(6]e —w) [Ty (1 + pew)

This, combined with definition (1.2), leads to (4.5). |
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Fig. 6. The contours I'y and [z| = R. Here, the red dots represent the points {— pzl} and the blue dots
represent the points {gg}

4.2. Terminal-boundary value problem. Assumethatq; < qo < ---.

Proposition 4.2. Recall the definitions of Qy and its inverse in (3.2)—(3.3). Recall also
that'y = (y1 > --- > yn) is an arbitrary vector encoding the initial configuration of
dTASEP. Forn < N and k € {0, ...,n — 1}, consider the terminal-boundary value
problem

RIE+1,x) = Wi (€, ) 0 0, (%) xeZ, L<k, 4.7
hZ(Z, Yn—g) =0 <k, 4.8)
Rk, x)=q, "™ x eZ. (4.9)
Then, for 0 < £ < k, the functions
Ry, x) =@ o RY 10 0p () (4.10)
solve (4.7)—(4.9). In particular, we have that
@ (x) = 0, ) o (R}, )7 (x). (4.11)

Proof. Tt is clear that h” defined in (4.10) satisfies (4.7), since, for £ < k,
W @E+1,x) = 0" o RE o {Q,;1 R 165
- —1 —1
= o o Ripo{Qylo 00, 00 ,(0)
=hp(,-)o Qn,@(X)-

The boundary condition (4.8) follows from the biorthogonality property (3.58) and the
definition of W in (3.33) and (3.52): for £ < k,

e yn-0) = (O 0 R 0 00 0 ) On0)
(n) -1 (n) (n)
=> 0 () (R0 Qply )@ yn0) =Y & (1), (x) = 0.

X€ZL X€Z
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Finally, we check the terminal condition (4.9). By the definition (3.56) of @;") oW
have

(n) —1
Z(k’ )C) = cbn—k ° Rzkr,t] ° Q(n—k,n](x)

n

= > M) Opm§ ™3 - (RZ"r,z] ° Q(_nl—k,n]) (7, 2)-

j=n—k YEZ
(4.12)

Using (3.51) and recalling that the Toeplitz operators Q, Q! and R* all commute with
each other, we have, for j > n — k,

(j—=D -1
Z Q[j,ﬂ](xoj ) (Rzﬁr,t] © Q(n,k,n]) (v, x)

YEZ

. : -1
= 3" lim gi - Oy ) - (Riy0 05l ) 05

yEZ

- -1
lim_g; (Rzkr,t] ° Q[nfk+],j7]]) (2, x).

The same argument of Remark 3.11 shows that the latter limit is zero for j > n — k.
Therefore, the only surviving summand in (4.12) is the one corresponding to j = n — k.
We thus have

—k—1 —
hZ(k,x) :[ n k,n— kZQ” k”](x(n )’y) . (Rzkht] © Q(nl—k,n]> o, )

VEZ
Y yez Qnilxg' V) R (0, 0)
Y en Ok 6§ T ) R G i)
Dot Lyer Dui RO 2)
g ezt Ry s i)

In the second equality we used again the commutativity of the operators, the fact that
[M_l]n kot = (My—k.n—1)~" (as M is upper-triangular), and (3.55). In the third

equality we used (3.49). Since R” (1] is a Toeplitz operator, the sum

D oan i Ry =) g R 0 —x.00=) g1 Rl (0. 0)

yeZ yeZ yeEZ

does not depend on x. Therefore, in the latest expression of hZ (k, x), the two sums
appearin g in the numerator and denominator cancel each other, and we obtain A}, (k, x) =
X—Yn—

q,_; as desired. O

Recalling (3.3), Eq. (4.7) can be written equivalently as

PO+ 1,x) = =6, X) +qn_g - B, x — 1), (4.13)
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If we solve the latter recursively in x for any fixed £ < k, using the boundary condi-
tion (4.8), we obtain a cumulative (integral) expression of hz (¢, -) in terms of hz £+1, -):

Yn—t
Z Gu_y hp(E+1.y) X < Ynt,
=x+1
ey =" (4.14)
= Y g R+ x =y
y=Yn—t+l

with the convention that the above summations equal zero when their range is empty,
i.e., when x = y,_y.

Proposition 4.3. If the parameters q, are equal to some value q > 1 for all ¢, then
every solution to the initial-boundary value problem (4.7)—(4.9) satisfies the property
that =" hi (£, x) is a polynomial of degree k — £ in the spatial variable x.

Proof. Thisis trivially true for £ = k, as h" (k, x) = g* % by the initial condition (4.9).
Using the recursion (4.14), we see that h”(k —1,x) =q¢* 7" * (Yp—k—1) — X). Usmg
this and, again, the recursion (4.14) 1nduct1vely, we arrive at the claim.

Remark 4.4. Using the same procedure as in the proof of Proposition 4.3, one can see
that the solutions to the terminal-boundary value problem (4.7)—(4.9) do not have an
analogous polynomial property if the parameters g;, 1 < £ < N, are not identical. As
mentioned at the beginning of Sect. 4, we will need to prove Theorem 1.1 using different
methods, compared to [MQR21], due to the non-polynomiality of these solutions.

4.3. Random walk hitting probabilities. We will now present some preliminary com-
putations that, although not strictly essential for our final purposes, will motivate and
illustrate the representation of £} in terms of random walk hitting probabilities.

When x < y,_, we can iterate the recursion (4.14) to obtain, for £ < k,

n
hpy (L, x) = E E . E
X<XISYp—t X1<X2=Yn—(0+1)  Xk—b—1<Xk—<Yn—k+1 4.15)

X—X] _X|—X2 Xk——1—Xk— Xk——Yn—k

n—t dn—e+1) """ In—k-1)  In—k

Let S* be an n-step geometric random walk moving strictly to the right (more pre-
cisely, a sum of independent geometric random variables with inhomogeneous parame-
ters g, LA q, 1) with transition probability

P(S; =y | Siy=x)=(qn—rt—1g, Ly=x, 0<f<n—1. (416)

Then for x < y,_¢, the one step recurrence (4.14) can be written as
1
n(0,x) = T Estm [ HESY SZ‘)IL{SzSyH}].

Analogously, writing (4.15) in terms of the law of the random walk yields

k
1 N Yn—
(0, x) = Hq— Es: — I:ankl l{s;synfj,zgsk—l}]- (4.17)
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For 0 < ¢ <k < n — 1, we define the hitting time

T/, =min{m € {€,--- ,n—1}: S, > yu_m}. (4.18)

Proposition 4.5. With the above notation, for x < y,_s, we have

]P)S}il:x (TZ,, =k)

", x) = (4.19)

k
Hj:g(anj -1
Proof. Let us first write
Pgr —x(t/, =0) =Ps . (t], 2 k) = Psr (¢, 2 k+1)
=Eg; = [ﬂ{s;gnf,-, esjsk—l}] —Es; = [ﬂ{s;fSyH, esjsk}] :

Here, the indicator Iy St<y,_j. b<j<k—1) is set to be 1 when £ = k. Rearranging the terms
t<yn—j, €<
and using standard properties of the conditional expectation, we obtain

PSZ—IZ)C(TZH = k) = ]Esf_lzx [(1 -E |:]]‘{S;:S}’n—k} SZ’ e S]f*l]) ]]‘{ij}’n—./" efjfk—l}] .

Note that
* * = Sp_g—x Sg1=Yn—k
E ]l{S,fSyn—k} Sy, S| =@k =1 Z 9n—k =1-q,5 )
x:S;:71+l
so that
* SE_1—Yn—k
Pgr \=x(ti, =k) =Eg; =« [Cln_k Lisz <y, Zgjgkfl}] .

Hence, (4.19) follows from (4.17). |

4.4. Hitting probability representation for the kernel. We will now derive a more explicit
representation of the Fredholm determinant kernel (3.57), which contains the implicit

part Yr_, w™ (x)®"™ (x'). Using (3.52), (3.33) and (4.11), we write

n n
S UM @M ) =3 Qmny © Ry © Qg vy (v D 10, 22) - (R~ (22, x).
i=1 i=1 22€Z

Notice that, by the commutativity of Toeplitz operators,

QN1 0 R( 0 Q(_i’lN](x, yi) = QN © Q[_l’lm] oR( 0 Q[_l}N] o Oq1,i1(x, yi)
= Q[_le] o R 10 Opin(x, yi)
=Y (Q[ 1y © Re . 2 Qpuin 1. yi).

Z1€Z



324 E. Bisi, Y. Liao, A. Saenz, N. Zygouras

Z1 = Xg
o/l ¢ —
- ———
[] 7
=@
‘e
Yi-1,
5B
.yi; Tig
1 Yit1 Ti-1
L
| @
1 L
1 ‘Unfl
LTp—2 Yn
Tp—1
Z9 = Ty

Fig. 7. Path representation of the function G(z1, zp) for zp < y,, asin (4.21)—(4.22). For 1 < i < n, the solid
red path depicts the path representation of h;L ; (0, z2) (see also (4.15)), while the dashed, red path depicts
the path representation of (Q1 o --- o Q;)(z1, ¥;). Concatenating the two paths gives a path of the geometric
random walk S* going from z; to zy, which enters the region (strictly) to the right of the (discrete) curve
(¥i)1<i<n With a first entrance time at some time 1 <i <n

Therefore, we obtain

n

YoM meM )y = Y (O o Rin) (2 - Glzrs22) - (R ) (22, X,

i=1 21,22€%

(4.20)
where the function G is defined as
n
G(z1,22) =Y Quiy(ar, ) - hy_; (0, 22). (4.21)
i=1
By the definition (3.2) of the Q-operators and formula (4.15), we have
n
GGz =) > g T gy g T g T
= Zl::xo>XI>X2>M>Xi_|:y[y X, X, Xp—1—Xp—2 22—Xp—1 (422)
i Vi i+1—Xi n—1—"Xn— 27 Xn—
Z q; dit1 Ty dn

20=iXp <Xp_| <-<Xj
Xn—1=Ynse-sXi ZVi+l

for zo < y,. Up to a normalizing constant, formula (4.22) precisely represents the
probability that the geometric random walk S* defined in (4.16), started from z,, ends
at z; after n steps and enters the region (strictly) to the right of the curve (y;)1<i<p in
between; see Fig. 7 for an illustration. More precisely, for zo < y,,

Por oS3 =21, <)

G(z1,22) =
v M@y -

’

where r&n is defined in (4.18).
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The above expression of G(z1, z2) is only valid for zo < y,. For this special case,
one only needs to use the first recurrence relation in (4.14). The situation for zo > y, is
more complicated, since in this case one also has to use the second recurrence relation
in (4.14). Consequently, the expression for G(z1, z2) defined in (4.21) will no longer
be a sum of positive terms, but a sum containing both positive and negative terms;
accordingly, G(z1, z2) will not be a probability (up to normalization). Nevertheless,
G (z1, z2) still possesses a probabilistic interpretation. In order to extend the probabilistic
interpretation of G(z1, z2) to all z1, z2 € Z, we need to introduce additional notation.
For 1 < j < k < n, recall the operators Q; k] introduced in (4.1) and, for convenience,
define a renormalized version of them as follows:

k
Opja(x, ) = <l_[(6ﬂz - 1)) O1ja1(x, ). (4.23)
e=j

We now express G (z1, z2) in terms of a random walk hitting problem involving the 0-
operators. Let S be a geometric random walk moving strictly to the left with transition
probabilities

P(Se =y | Se—1=x) = (e — Dg; "Lyx = (g — DQe(x,y), forl<t<n.

(4.24)
Define the hitting time
t:=min{m € {0,...,n}: Sy > Ym+1}, 4.25)
where y,+1 := —o0. Then we have
Proposition 4.6. For any z1, 22 € Z,
Esy=z, I:Q[t+l,n](srs Zz)]lr<n]
G(z1,22) = (4.26)

[T_i(qe—1

Remark 4.7. The special case of Proposition 4.6 when ¢; = ¢ for all j was proved in
[MQR21]. As pointed out earlier, their proof relies crucially on the fact thatg =2 G (z1, 22)
and Q[k,n] (+, z2) (and hence the right hand side of (4.26)) are both polynomials in z3, so
one only needs to check the equality for z; in an infinite subset of Z (a convenient choice
would then be z2 < y,). When the parameters {q;} are distinct, the polynomiality no
longer holds.

The proof of Propositon 4.6 is one of the main technical novelties of this article and
will be presented in Sect. 4.5. Assuming for the moment Proposition 4.6, we are ready to
prove Theorem 1.1. The crucial additional information in Theorem 1.1 is a more explicit
expression for the correlation kernel, which, in (3.57), was given implicitly through a
biorthogonal relation. To prove the result, we will first assume that the parameters {g; }
satisfy the condition ¢q; < ¢» < --- and use the probabilistic representation (4.26).
Then, we will remove the restriction on the parameters by using analytic continuation.

Proof. Assume firstthat g; < g2 < - - -. Using (4.26), (4.23), (4.5) and (1.4), we obtain

Y G, (Rl D'z y)

Z2€Z
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_ Z ESO—x Hg H.l(QZ 1) - Q[Hl,n](St, Z)1r<n] ) (R? ])71(2 y)
r,t ’

€7 [Tii(qe — D
¢ 1
ES():x [Hz;m(é]@ -1 (ZzeZ Q[t+1 n](St, z) - (R(” Yy l(z, y)> 1t<n]
) [Ti—i(@e—1
ESo:x [S[r+1,n],(r,t](sf, y)ﬂr<n] ~epi(y)
B [Te=i(ge =1 = St nl, ¢, Y)- 4.27)

Then, by (3.57), (4.20), (4.21), (4.4) and (4.27), we have

n
K(m,x;n,x') = = Qun (X, X ) Lo + 0" (x) - @ (x')
i=1

= _Q(m n] (x x/)]ln>m
1 /
+ 300 0 Re (. 2) - Gz1.22) - (R )™ (22, )

21,22€Z
== Q1 ¥, XV Lpsm + Sl (ri] © S“pl,fl (65 X

Fixnow 1 <ky <ky <--- <k, < N and (s, ...,s,) € R™, as in the statement
of Theorem 1.1. Take the starting time r := 0 and choose the test function

—xs(ki, x), ifk =k; forsomel <i <m,

{l,...,N Z R, k,x) = .
g X7~ gk, ) !O otherwise,

recalling that x,(k;, x) := 1,.g. Recall now that Y, (1) = x,ﬁk) is the left-most particle

of the k-th row in the point process Xy of Proposition 3.6 and Corollary 3.8. Therefore,
by Proposition 3.10 and the above expression for the kernel, we have

(ﬂ{Yk () > s} ‘ Y(O)—y> El [] (+eGx)
i=1

1<j<i<N

=det(/ + gK)gz({l NIXZ) = det(I — XSKXS)EZ({kl,...,km}xZ)’

.....

where K is the kernel (1.6). This proves Theorem 1.1 for parameters satisfying the
conditiong) < g2 < ---.

Now we extend the result to parameters g1, g2, . .. for the most general hypotheses
of the theorem. On the one hand we can write the left hand side of (1.5) as a sum of
transition probabilities over suitable configurations:

(ﬂ{Yk (z)>sl}‘Y<0>—y)= 3 Qo+ 1. yn + N (x+ 1, xy + N)),

i=1 xeWy:
Xi; +ki >si,
1<i<m

where Qg ; given by (3.30) is clearly analytic in ¢; for each i. Note that the right-hand
side above is a finite sum, since Qo ,(y, x) = 0ifr < x; — y; or x; — y; < O for some

i. Hence, P <ﬂ;-"_1{Ykl. () > s;} ' Y(0) = y) is analytic in g; for each i.
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On the other hand, the kernels Sj; .,/ (x, y) and 5‘[ j.k1,(r1(x, ¥) defined through
the contour integral representations (1.1) and (1.2) are clearly analytic in g; for each i.
Moreover, for the geometric random walk S defined in (4.24), the hitting time 7 defined
in (4.25) and S; have joint distribution given by a finite sum:

k
]PS():Zl (t=k S =2 = ]lz>yk+1 Z 1_[ ((C]i -1 'in_)(i_l) s

ZI=XO>X] > > X, =7 =]
X <yit+1, 0<i<k—1

(4.28)

which is also analytic in ¢; for all i. Thus the kernel SF 1p lrfy )(0 t](x, y), given by

B sy=x [Siz+1.11.0.1(Sz» ¥) L7 <]

Sitattonte ) = [Mi—i(@e =D
Zn 0 3, Esomx[Sikrtn1,0,01(2 ) Lok, 5=
[Ti=i(ge =1
20X, Sikrtal, o, t](Z ¥)  Psy=x(t =k, St —Z)
- i@ D)

is analytic in ¢; for all i (note that the sum over z is a finite sum, as Pg,—,(t =k, S; =

7) = 0if z < yg41 Or z > x — k). Note that the kernel S IPrE])’)(O t](x, y) is analytic in each

gi also at g; = 1, since the normalizing factor [ [;_, (g¢ — 1) in the denominator cancels
out with the same factor appearing in S[]H_l’n]’(O’[] (z,y) - Psy=x(t =k, S; = z) for any
k and z (see (1.2) and (4.28)). Therefore, we conclude that the kernel K (m, x; n, x’)
defined in (1.6) is analytic in g; for each i, and so is the Fredholm determinant det(/ —
Xxs K xs) associated to it. To be more precise, we need absolute convergence of the series
expansion for the Fredholm determinant, which is guaranteed by the fact that ;K x;
is a trace class operator. The trace class property can be proved in a similar way as in
[MQR21, Appendix A and B] (there, uniform bounds on the trace norms are obtained
for a family of kernels with respect to certain scaling parameters). The only modification
needed amounts to replacing the weight function e’@=1/2)(z — 1)z~ that appears in
[MQR21, (2.28) and (2.29)] with ]_[]z:j (qu_l —-1)- ]_[ﬁzzrﬂ(l + pez) for our discrete-
time inhomogeneous setup. These weight functions, coming from the contour integral
representations of Sy «1.¢.1(x, ¥) and Sy k1, (-1 (x, ¥), as shown in (1.1) and (1.2), are
independent of the entries x and y and remain uniformly bounded on the contours, so
one can bound the trace norm almost identically as in [MQR21]; we omit the details.
Now, for fixed parameters { p; }, both sides of (1.5) admit analytic continuation to all
qj satisfying 0 < q; < min{pi_l} for all j and they agree for g; < g2 < ---, hence
they must agree for all 0 < ¢; < min{ pl._1 }, not necessarily ordered. O

Remark 4.8. We have already commented in the introduction about the assumption
piq;j < 1, which is innocent due to a particle-hole duality. The second assumption
of the theorem, i.e. ¢; > 1 for all j, is also innocent, as it can be removed by replacing
pi with p; := gp;, and g; with g; := g; /g, for some choice of ¢ > 0. Tuning ¢, one can
recover any N-tuple (gi, ..., gy) of positive parameters. On the other hand, this will
not change the jumping rates, since p;g; = p;q;. Therefore, the Fredholm determinant
on the right hand side of (1.5) does not depend on the choice of ¢. This can also be



328 E. Bisi, Y. Liao, A. Saenz, N. Zygouras

seen from the fact that, for any two choices of the renormalizing constants g and ¢’, the
corresponding kernels K, and K are off by a conjugation, which does not affect the
Fredholm determinant:

q/ X—X
Ky(m,x;n,x") = (;) Ky(m, x;n, x").
Example 4.9. (Step initial configuration) The simplest case in which the random walk
hitting kernel S cpi(y )(0 ;] can be explicitly written out is the step initial configuration, i.e.
yi = —i fori = 1 ., N.In this case, if the random walk S starts at So = x < yi, then
it will never hit the strict epigraph of the curve (i, yi+1)o<i<n—1. This happens because
the random walk S moves strictly to the left, hence

Sk <So—k=x—k<y1—k=y
for all k > 0. Therefore, in this case, we have 1,_., = 1,—¢ and

Lysy, Sitnl, 0,01, )

Sepi(y) _
S[l,n“o’t](x, y) = HZ—1(W D (4.29)
The correlation kernel for the step initial configuration takes, thus, the form
1,11,0,01(2, X7)
K@m,x;n,x ) = Q(m n]ln>m + ZS[l m],(0, t](x 7) - L (4.30)

o iz — D

Using the contour integral representations (1.1)—(1.2), it is easy to check that
K@m,x;n, x/) = _Q(m,n]1n>m
f L I 1(qu‘ - 1) ﬁ 1+ pez
To 2711 r, 27r1z—w w [T (qew=" = 1) P 1+ pew’
where I'g and I'y are contours as in Theorem 1.1, with the additional property that
|z| < |w|forallz € T'gand w € Ty.

4.5. Proof of Proposition 4.6. In this subsection we prove Proposition 4.6 by induction.
For induction purposes, we define the following more general kernels:

n—k

Gz =Y Qi y) - bk, 22), 4.31)

i=j+1
where 0 <k <n—1and0 < j <n —k — 1. Then, by (4.21), we have
G(z1.22) = Gy a1, 22).

We will prove the following generalization of Proposition 4.6:

) ES,‘ZZ] I:Q[rfﬂ n—k) (Sr-f’ 22)lf.i<n7ki|
GOz, 22) = , (432)
' HZ j+1(51€ - 1)
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forall z;,z0 € Z,0 <k <n—1and 0 < j <n —k — 1, where S is the geometric
random walk defined in (4.24) and

o/ =min{m € {j,....,n}: Sm > Yms1}- (4.33)
Notice that 7% = 7, with 7 defined in (4.25). To prove (4.32), we use a backward

induction on k and ;.
Forany0) <k <n—1land j =n —k — 1, we have

G;-'f;z(m, 22) = Qn—k(21, Yn—t) - hi (k, 22)

=Lz>y, _qrzlz:km
=Ps, o e " ==k — 1) Qputen—i1(z1, 22)

Es, 1=z I:Q[r”*"'*lﬂ,n—k](sr"*k*l s 22) Ln—k-1 <n—k]

3

Gn—k — 1

where the first equality follows from (4.31), the second equality from (3.2) and (4.9),
the third from (4.33) and (4.2), and the fourth from (4.23). This proves (4.32) for 0 <
k <n—1and j = n — k — 1. In particular, (4.32) is proven for k = n — 1 and
O0<j<n—k-—1.

Assume now by induction that, for some 0 < ¢ < n — 2, (4.32) holds for all
k=¢+1and0 < j <n — ¢ — 2. We will show that (4.32) holds for k = £ and for all
0 < j <n—{£—1,proceeding with a backward induction on j. We have already proven
above the base case k = £ and j = n — € — 1. Assume that, forsome 0 <m <n—£{—2,
(4.32) holds for k = ¢ and j = m + 1. We need to show (4.32) for k = £ and j = m
and, to do so, we will consider various cases separately.

Case 1: 71 < y;+1. In this case we have Q,,+1(z1, ym+1) = 0, hence by (4.31) we have

n—~{

G2z =Y Qi@ yi) - hi (€. 2)
i=m+2
n—{
=) Qm+1(z1,y)( > Oy, ) -hZi(li,Zz)>
y<z1 i=m+2

Z ]P)Sm:z] [Sm+l — y] Esm+1=y I:erm+1+1’n_(|(Srm+1 N Z2)Hr'"”<n—(:|
= — . _Z
y<z1 Gm+1 1 H_r;:m+2(qj - 1)

where the latter equality follows from (4.24) and the induction hypothesis (with k = ¢
and j = m+1). Factoring out the normalization constants and using the Markov property
of the random walk S, we obtain

Eszzl [Q[tm+]+l,n7€](sr’”+l s Zz)ﬂfmn <n7€:|

[T =D

Gg,)g(zu 72) =

Note now that, for 71 < yu+1,

m+l . .m
T ]lSm=Zl =T ]lSm:ZI’
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since the only situation when ” # t"*! is " = m, which cannot happen if S,, =
21 < Ym+1. Thus, for z; < yu41, we have

Es,,=z [Q[rm+l n—e)(Sgm, Zz)ﬂrm<n—e]
(n) _
Gz, 22) = ;

]_[ —m+1(f]j 1)

which proves (4.32) for k = £ and j = m in Case 1.
Case 2: 71 > y;;+1. In this case, we have:

If S, =z, then ™ = m, (4.34)

since z1 > ym+1. Therefore, recalling that m < n — £ — 2, the right hand side of (4.32)
for k = £ and j = m reduces to Qpu+1,,—¢](z1, 22) and it suffices to prove that

G(ng(n 22) = Qmst.n—01(21, 22)- (4.35)

We now check (4.35) in three distinct subcases, using the recurrence relation (4.14).
Case 2.1: 73 < y,—¢. Then, by the first recurrence relation in (4.14), we have

Yn—¢
L) = Y gl e+ 1),

y=z2+1

forany m +1 <i <n — £ — 1. Using the latter equality and (4.9), we obtain

n—~
GE:,)Z(Zva) = Z Opm+1,i1(z1, yi) - hy_; (£, 22)
i=m+l1
n—£—1 Vn—t
= Z Qm+1,i1(21, i) Z a2 hh_(L+1,y)
= y=azl (4.36)

+ Oimt1,n—01(21, Yn—t) - Wy (€, 22)

Yn—t n—£—1
Z qzz Y. ( Z Olm+1,i1(z1, ¥i) ‘hz_i(E*' 1,)’))

y=z2+1 i=m+l1

+ Qunrtn—e1 @1, Yn—t) 4"

We recognize the sum inside the big parentheses in the last line above to be G ’(7': ’)e 1@ Y).
Applying the induction hypothesis withk = ¢+ 1land j =m <n— (£ +1) — 1, we
may rewrite it as

n—(—1 N

Esm= [Q myl —1] (S n., y)]l m 7(,]]
Z Opm+1,i1(z1, yi) - by _;(L+1,y) = al¥[emt n" = r T <n
i=m+1 rlj_m+ﬂg/ )

= OQm+t.n—t-11(21, ¥),

where the latter equality follows from (4.34) and the fact that m < n — ¢ —2. Notice now
that, forall zo < y < y,_¢, by the assumptions corresponding to Case 2 and Case 2.1, we
have 20 <y < Yu—¢ < ym+1 < z1. Therefore, by (4.1), we have Qpm+1,n—e-11(21, ¥) =
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Oimstn—t—11(z1, ¥) and Q1 n—e1(21, 22) = Qpm+1,n—e](21, 22). It then follows from (4.36)
that

Yn—t

Gf:’)g(Z], 22) = Z 4" Ot n—e—11(z1, y)
y=z2+1
+ Z 4,y Qumetn—t—11(21, ).
Yn—e<y<Z1
= Z 4. Qs n—e—11(z1, y)
2<y<z1

= OQun+1.n—01(21,22) = Qpn+1,0—01(21, 22),

which proves (4.35) in Case 2.1.
Case 2.2: y,_y < z2 < z1. The computation is similar to the one in Case 2.1, except
that we need to use the second recurrence relation for i)l (£, z2) in (4.14), i.e.

22
W) == Y gy h(+ 1),

Y=Yn—e+1

since z2 > y,—¢. Following a similar computation as in Case 2.1, we arrive at

22
G,(:’)Z(ZI, 22) = — Z 427 Ot n—t-11GE1, Y) + Qs n—0) (21, Ynt) - @y g "

Y=Yn—t+1

(4.37)

Notice now that, forall y, ¢ < y < z2, by the assumptions corresponding to Case 2 and
Case2.2,wehavey,_¢ <y < zp < z1.Therefore, by (4.1), wehave Qp+1,n—r—17(21, ¥) =

Qum+1,n—t-11(z1, ) and Qi n—e1(z1,22) = Qpm+1,n—e1(z1, 22), as in Case 2.1. We
then deduce that

22
Gi:?g(Zl, 22) = — Z 4,0 Qumetin—t-11(21, )
y=yp—¢+l
+ Y 4 Qa1 ).
Yn—e<Yy<Z]
= Z 4,27 Otmetn—t—11z1, ) = Opmatn—e1(21, 22)
22<y<z]

= Qm+1,n-01(21, 22),

which proves (4.35) in Case 2.2.

Case 2.3: 7o > z;. Given the assumptions corresponding to Case 2 and Case 2.3, we
now have zo > 71 > yu+1 = Yn—¢. Therefore, similarly to Case 2.2, we apply the
second recurrence relation for i _. (¢, z2) in (4.14) and arrive at (4.37). However, this

time, Q[m+1’n_g_1](Z1, y) takes different forms for z; > y > y,—¢and zo0 > y > z1.
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We then split the sum over y in (4.37) accordingly and compute

22
> a7 Qa1 Y)

y=yp_¢+1
- Z ‘122—7 * Qm+ln—e-11(21, ¥) + (—1)—t—m=2
21=Y>Yn—t
2=y At
Z In—e .Q[m+1,n7€71](zla)’)
22y271

= Qumstn—e1(21, Ya—t) - " — (=Dl Q-[(-m_,_l,n_[](zlaZZ)v

where the latter equality is due to (3.2) and (3.1). Combining this with (4.37), after a
cancellation, we obtain

GEZ}((ZI, 22) = (=)t QFmH,n_g](Zlv 22) = Qm+1.n—01(21, 22),

where the latter equality follows from (4.1) and the assumption zo > z;. This proves (4.35)
in Case 2.3 and, thus, completes the proof of Proposition 4.6.
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