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Abstract

We develop a new approach to study the long time behaviour of solutions to nonlin-
ear stochastic differential equations in the sense of McKean, as well as propagation of
chaos for the corresponding mean-field particle system approximations. Our approach
is based on a sticky coupling between two solutions to the equation. We show that
the distance process between the two copies is dominated by a solution to a one-
dimensional nonlinear stochastic differential equation with a sticky boundary at zero.
This new class of equations is then analyzed carefully. In particular, we show that the
dominating equation has a phase transition. In the regime where the Dirac measure
at zero is the only invariant probability measure, we prove exponential convergence
to equilibrium both for the one-dimensional equation, and for the original nonlinear
SDE. Similarly, propagation of chaos is shown by a componentwise sticky coupling
and comparison with a system of one dimensional nonlinear SDEs with sticky bound-
aries at zero. The approach applies to equations without confinement potential and to
interaction terms that are not of gradient type.
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1 Introduction

The main objective of this paper is to study and quantify convergence to equilibrium
for McKean—Vlasov type nonlinear stochastic differential equations of the form

dX, = [/d b(X, — x)d,tlt(x):| dr +dB;, j; =Law(X,), (1)
R

where (B;);>0 is a d-dimensional standard Brownian motion and b : RY > Reisa
Lipschitz continuous function. This nonlinear SDE is the probabilistic counterpart of
the Fokker—Planck equation

0 =V.[({1/2)V b 2
=V [(1/2)Vuy = Gxupu | @)

which describes the time evolution of the density u; of j1; with respect to the Lebesgue
measure on RY. Moreover, we also study uniform in time propagation of chaos for the
approximating mean-field interacting particle systems

N
) 1 . . .
N N N .
dx; ZNE. b(x; — X/ )dt—i—dB,’, ie{l,....N}, (3
j=1
with 1.i.d. initial values Xé’N, R X(I)V ’N, and driven by independent d-dimensional

Brownian motions {(B,i )rz()}lN: 1- Our results are based on a new probabilistic approach
relying on sticky couplings and comparison with solutions to a class of nonlinear
stochastic differential equations on the real interval [0, co) with a sticky boundary at
0. The study of this type of equations carried out below might also be of independent
interest.

The Egs. (1) and (2) have been studied in many works. Often a slightly different
setup is considered, where the interaction b is assumed to be of gradient type, i.e.,
b = —VW for an interaction potential function W : R¢ — R, and an additional
confinement potential function V : RY — R satisfying limjy|500 V(X) = 00 is
included in the equations. The corresponding Fokker—Planck equation

%u, = V~[(I/Z)Vu[—f—(VV—}—VW*u,)u,], 4)

occurs for example in the modelling of granular media, see [3, 44] and the references
therein. Existence and uniqueness of solutions to (1), (2) and (4) have been studied
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intensively. Introductions to this topic can be found for example in [23, 35, 36, 43],
while recent results have been established in [26, 37]. Under appropriate conditions,
it can be shown that the solutions converge to a unique stationary distribution at some
given rate, see e.g.[7, 10, 11, 16, 17, 25]. In the case without confinement considered
here, convergence to equilibrium of (ft;);>0 defined by (1) can only be expected for
centered solutions, or after recentering around the center of mass of i, . It has first been
analyzed in [10, 11] by an analytic approach and under the assumption thatb = —VW
for a convex function W. In particular, exponential convergence to equilibrium has
been established under the strong convexity assumption Hess(W) > pId for some
p > 0, and polynomial convergence in the case where W is only degenerately strictly
convex. Similar results and some extensions have been derived in [12, 33] using a
probabilistic approach.

Our first contribution aims at complementing these results, and extending them to
non-convex interaction potentials and interaction functions that are not of gradient
type. More precisely, suppose that

b(x)=—Lx+y(x), xeR?, (5)

where L € (0, 00) is a positive real constant, and y : R — R? is a bounded function.
Then we give conditions on y ensuring exponential convergence of centered solutions
to (1) to a unique stationary distribution in the standard L! Wasserstein metric. More
generally, we show in Theorem 1 that under these conditions there exist constants
M, c € (0, 0co) that depend only on L and y such that if ({i;);>0 and (v;);>0 are the
marginal distributions of two solutions of (1), then for all > 0,

Wi (e, ) < Me™ "W (fuo, Vo) -

Using a coupling approach, related results have been derived in the previous works
[16, 17] for the case where an additional confinement term is included in the equations.
However, the arguments in these works rely on treating the equation with confinement
and interaction term as a perturbation of the corresponding equation without interaction
term, which has good ergodic properties. In the unconfined case this approach does not
work, since the equation without interaction is transient and hence does not admit an
invariant probability measure. Moreover, we are not aware of results for this framework
with non-convex interaction potentials and non-gradient interaction functions that rely
on classical analytical methods. Therefore, we have to develop a new approach for
analyzing the equation without confinement.

Our approach is based on sticky couplings, an idea first developed in [18] to control
the total variation distance between the marginal distributions of two non degener-
ate diffusion processes with identical noise but different drift coefficients. Since two
solutions of (1) differ only in their drifts, we can indeed couple them using a sticky
coupling in the sense of [18]. It can then be shown that the coupling distance process
can be controlled by the solution (r;);>0 of a nonlinear SDE on [0, oo) with a sticky
boundary at 0 of the form

dry = [b(ry) + aP(r; > 0)]dt + 21 (0.00) (rr)dW; | (©6)
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Here b is a real-valued function on [0, co) satisfying 5(0) = 0, a is a positive constant,
and (W;);>0 is a one-dimensional standard Brownian motion. Solutions to SDEs with
diffusion coefficient r > 1(g,00)(r), as in (6), have a sticky boundary at 0, i.e., if
the drift at O is strictly positive, then the set of all time points ¢ € [0, o) such that
r; = 0 is a fractal set with strictly positive Lebesgue measure that does not contain
any open interval. Sticky SDEs have attracted wide interest, starting from [21, 22] in
the one-dimensional case. Multivariate extensions have been considered in [27, 45,
46] building upon results obtained in [34, 40, 41], while corresponding martingale
problems have been investigated in [42]. Versions of sticky processes occur among
others in natural sciences [8, 24] and finance [29]. Note that in general no strong
solution for this class of SDEs exists as illustrated in [13]. We refer to [2, 20] and the
references therein for recent contributions on this topic. Note, however, that in contrast
to standard sticky SDEs, the equation (6) is nonlinear in the sense of McKean. We are
not aware of previous studies of such nonlinear sticky equations, which seems to be a
very interesting topic on its own.

Intuitively, one would hope that as time evolves, more mass gets stuck at 0, i.e.,
P(r, > 0) decreases. As a consequence, the drift at 0 in Eq. (6) decreases, which again
forces even more mass to get stuck at 0. Therefore, under appropriate conditions one
could hope that P(r; = 0) convergesto 1 as¢t — oo. On the other hand, if a is too large
then the drift at 0 might be too strong so that not all of the mass gets stuck at 0 eventually.
This indicates that there might be a phase transition for the nonlinear sticky SDE
depending on the size of the constant a compared to b. In Sect. 3, we prove rigorously
that this intuition is correct. Under appropriate conditions on b, we show at first that
existence and uniqueness in law holds for solutions of (6). Then we prove that for a
sufficiently small, the Dirac measure at 0 is the unique invariant probability measure,
and geometric ergodicity holds. As a consequence, under corresponding assumptions,
the sticky coupling approach yields exponential convergence to equilibrium for the
original nonlinear SDE (1). On the other hand, we prove the existence of multiple
invariant probability measures for (6) if the smallness condition on a is not satisfied.
In this case, we cannot make a statement on the behaviour of the distance function
corresponding to the sticky coupling approach since based on this approach we only
get upper bounds and the existence of multiple invariant measure for the dominating
sticky nonlinear SDE does not imply that the underlying distance function does not
converge. If the unconfined SDE (1) has multiple invariant measures and if the two
copies of the unconfined SDE in the sticky coupling start in two different equilibria,
then the law of the distance function does not converge to the Dirac measure at zero.
Our results for (1) can also be adapted to deal with nonlinear SDEs over the torus
T = R/(2nZ), as considered in [15]. As an example, we discuss the application to
the Kuramoto model for which a more explicit analysis is available [1, 4, 5, 9].

Finally, in addition to studying the long-time behaviour of the nonlinear SDE (1),
we are also interested in establishing propagation of chaos for the mean-field particle
system approximation (3). The propagation of chaos phenomenon first introduced by
Kac [30] describes the convergence of the empirical measure of the mean-field particle
system (3) to the solution (1). More precisely, in [36, 43] it has been shown under weak
assumptions on W that fori.i.d. initial laws, the random variables X ;’N ,i €{l,...,N},
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become asymptotically independent as N — oo, and the common law u of each of
these random variables converges to ;. However, the original results are only valid
uniformly over a finite time horizon. Quantifying the convergence uniformly for all
times ¢+ € Ry is an important issue. The case with a confinement potential has been
studied for example in [16], see also the references therein. Again, the case when there
is only interaction is more difficult. Malrieu [33] seems the first to consider the case
without confinement. By applying a synchronous coupling, he proved uniform in time
propagation of chaos for strongly convex interaction potentials. Later on, assuming
that the interaction potential is loosing strict convexity only in a finite number of points
(e.g., W) = |x|3), Cattiaux, Guillin and Malrieu [12] have shown uniform in time
propagation of chaos with a rate getting worse with the degeneracy in convexity. In
a very recent work, Delarue and Tse [14] prove uniform in time weak propagation
of chaos (i.e., observable by observable) on the torus via Lions derivative methods.
Remarkably, their results are not limited to the unique invariant measure case.

Our contribution is in the same vein using probabilistic tools in place of analytic
ones. We endow the space RV? consisting of N particle configurations x = (xi)fv: |
with the semi-metric I! o 7, where

@)

1 N . .
1 _ i i
Py = <> =y

is a normalized /'-distance between configurations x, y € RV¢, and

i 1 N i N i 1 N ] Y
w(x,y) = ((x _Nijlx]>i=]’<y _szzlyj)izl) 7 ®

is a projection from RV¢ x RN to the subspace Hy x Hy, where

HN:{xeRNd:ZN xt=0}. ©)

i=1

Let Wi, denote the L' Wasserstein semimetric on probability measures on RV¢
corresponding to the cost function /! o 77. Then under assumptions stated below, we
prove uniform in time propagation of chaos for the mean-field particle system in the
following sense: Suppose that (X,I’N, e, XIN’N)IZ() is a solution of (3) such that
Xé’N, ol XéV’N are i.i.d. with distribution j1¢ having finite second moment. Let v,N
denote the joint law of the random variables X ;.’N, i €{l,...N},andlet i; denote the
law of the solution of (1) with initial law f1g. Then there exists a constant C € [0, 00)
such that for any N € N,

sup Wyio, (®V, vy < cNTY2 (10

t>0

The proof is based on a componentwise sticky coupling, and a comparison of the
coupling difference process with a system of one-dimensional sticky nonlinear SDEs.
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The paper is organised as follows. In Sect.2, we state our main results regarding
the long-time behaviour of (1). The main results on one-dimensional nonlinear SDEs
with a sticky boundary at zero are stated in Sect. 3. Sections4 and 5 contain the corre-
sponding results on uniform (in time) propagation of chaos and mean-field systems of
sticky SDEs. All the proofs are given in Sect. 6. In “Appendix A”, we carry the results
over to nonlinear sticky SDEs over T and consider the application to the Kuramoto
model.

Notation

The Euclidean norm on R is denoted by |-|. Forx € R, we write x; = max(0, x).
For some space X, which here is either RY, RNd or R4, we denote its Borel o-
algebra by B(X). The space of all probability measures on (X, B(X)) is denoted
by P(X). Let u, v € P(X). A coupling £ of © and v is a probability measure on
X xX, B(X)® B(X)) with marginals p and v. I' (i, v) denotes the set of all couplings
of wand v. The L' Wasserstein distance with respect to a distance functiond : XxX —
R is defined by

Wa(u,v) = inf / d(x, y)§(dxdy) .
Eel(n,v) JXxX

We write W if the underlying distance function is the Euclidean distance.

We denote by C(R, X) the set of continuous functions from Ry to X, and by
C%(R., X) the set of twice continuously differentiable functions.

Consider a probability space (€2, .4, P) and a measurable function r : Q —
C(R4,X). Then P = P o r~! denotes the law on C(R;,X), and P, = P o r;~!
the marginal law on X at time ¢.

2 Long-time behaviour of McKean-Vlasov diffusions

We establish our results regarding (1) and (3) under the following assumption on b.

B1 The function b : RY — RY is Lipschitz continuous and anti-symmetric, i.e.,
b(z) = —b(—z), and there exist L € (0, o), a function y : RY — R? and a Lipschitz
continuous function « : [0, c0) — R such that

b(z) =—Lz+y(z) forallzeR?, (11)

and the following conditions are satisfied for all x, y € R?:

(X =y, y(@) —y () <k(x—yhlx = yI*, (12)
and
limsup(«(r) — L) < 0. (13)
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Let b(r) = (k(r) — L)r. If (13) holds, then there exist Ry, Ry > 0 such that for

b(r) <0, foranyr > Ry,  (14)
b(r)/r < —4/[Ri(Ri — Ro)], foranyr > Ry .  (15)

In addition, we assume

B2

IV lleo < (4/0RI exp (% /05 l;(l’)+dr)ds)_1 .

Often drifts of gradient type are considered, i.e., 5 = VU for some potential U € C>.
Then, B1 is satisfied for instance for L-strongly convex potentials and condition (12)
holds for ¥ = 0. In this case, B2 reduces to ||y |loc < ~/L/8. But, the assumptions
include also asymptotically L-strongly convex potentials as double-well potentials
and more general drifts provided the deviation represented by the function y to the
linear term — Lz is sufficiently small in terms of the generalized one-sided Lipschitz
bound and the bound in the supremum norm. In particular, this can always be obtained
by considering a sufficiently small multiple of y.

Additionally, we consider the following condition on the initial distribution.

B3 The initial distribution 11 satisfies [ lIx11* 10(dx) < 400 and Jga X po(dx) =
0.

Note that under conditions B1 and B3, unique strong solutions ()_( =0 and
({Xﬁ’N}fvzl)tzo exist for (1) and (3), see e.g.[12, Theorem 2.6]. In addition, note that
since b is assumed to be anti-symmetric, by an easy localisation argument, we get that
dE[X,]/dt = E[b % u;(X;)] = 0 and dE[N~' "N | x:"N]/dr = 0. Thus, if X and
{Xé’N }lN: | have distribution o and MSZ’N , respectively, with pq satisfying B3, then it
holds E[X,] = 0 and E[N~' "N | x!N] = 0 forall > 0.

Suppose f : Ry — R, is an increasing, concave function vanishing at zero. Then
d(x,y) = f(lx — y|) defines a distance. The corresponding L' Wasserstein distance
is denoted by W. Note that in the case f(¢) = ¢ for any r > 0, Wy is simply W.

Theorem 1 (Contraction for nonlinear SDE) Assume B1 and B2. Let ji, v be prob-
ability measures on (R?, B(R?)) satisfying B3. For any t > 0, let i, and v, denote

the laws of X, and Y, where (XS)SZO and (?s)szo are solutions of (1) with initial
distribution 1y and vy, respectively. Then, for all t > 0,

Wi (i, ) < e Wy (jto, vo) and Wi (jis, ) < Mie Wi (jio, i) ,  (16)

where the function f is defined by (37) and the constants ¢ and M) are given by

Ry s 1 s _
1= 2/ / exp (-/ b(u)y du)drds, (17)
o Jo 2,
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R
My = 2exp (%/0 05(s)+ds) . (18)

Proof The proof is postponed to Sect.6.2.1. O

The construction and definition of the underlying distance function f(jx — y|)
mentioned in Theorem 1 is based on the one introduced by [19].

To prove Theorem 1 we use a coupling (X;, ¥;);>0 of two copies of solutions
to the nonlinear stochastic differential equation (1) with different initial conditions.
The couphng (X, Y;);>0 will be defined as the weak limit of a family of couplings
(x? 7 Y ):>0, parametrized by § > 0. Roughly, this family is mixture of synchronous
and reﬂectlon couplings and can be described as follows. For § > 0, (er Y )i=0
behaves like a reflection coupling if | X ;S — Yt‘3| > §, and like a synchronous coupling
if |)_( §_y ‘S| = 0. For |)_( §_y 5| € (0, ) we take an interpolation of synchronous and
reflection coupling. We argue that the family of couplings {(X? 7, Y )i>0 : & > 0} is
tight and that a subsequence {(X, , Yt )i>0 : n € N} converges to a limit (X, Y,),Zo.
This limit is a coupling which we call the sticky coupling associated to (1).

To carry out the construction rigorously, we take two Lipschitz continuous functions
rc? : Ry — [0, 1] for § > 0 such that

®0) =0, rc®(r)=1forr >68,rc’(r) > 0 for r
> 0 and rc‘s(r)2 + sc‘s(r)2 =1forr>0. (19)

Further, we assume that there exists €g > 0 such that for any § < €, rc? satisfies

rc®(r) > mr forany r € (0, 4) , (20)

" 27 lleo

where ||y ||lLip < oo denotes the Lipschitz norm of y. This assumption is satisfied for
example if rc? () = sin((7r/28)r) 1, -5 + 1,>5 and sc (r) = cos((7r/28)r) 1,5 with
5 = €0 = 21 loo/ 7 Iip-

Let (B )t>0 and (B )¢>0 be two d-dimensional Brownian motions. We define the
coupling (X? 2, Y )r=0 as a process in R?¢ satisfying the following nonlinear stochastic
differential equation

dX? = b a2 (X0)dt +1? (70)dB]! +s®(7FH)dB? , 10 = Law(X?),
dY? = b * 02 (Y2)dr + rc® (7%) (1d —22° (%) T)d B!
+ sc®(7%)dB? 0 = Law(Y?) 1)

with 1n1t1al condltlon (XO, Y ) = (xo0, yo). Here we set Z‘s = X‘S Y‘S '5 = |Z‘s|
and & = Z2/r? if 7? # 0. For 78 =0, & is some arbltrary unit vector, whose exact
choice is irrelevant since rc® (0) = 0. We note that a refection coupling is obtained if
rc® = 1, whereas a synchronous coupling is obtained if sc’ = 0. This indicates the
name of the functions rc and sc, respectively.
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Theorem 2 Assume B1. Let jio and v be probability measures on (R?, B(R?)) sat-
isfying B3. Then, ()_(t, )_’,),Zo is a subsequential limit in distribution as § — 0 of
{()_(f, ?Is)tzo : 8§ > 0} where ()_(t),zo and (Yf),zo are solutions of (1) with initial
distribution [1o and vy. Further, there exists a process (r;);>0 defined on the same
probability space as (X;, ?t)zzo satisfying forany t > 0, | X; — Y;| < r; almost surely
and which is a weak solution of

dri = (b(r) + 2l1¥ llooP(ry > 0))dt + 210,00) (r)dW; (22)

where (Wt)tzo is a one-dimensional Brownian motion.
Proof The proof is postponed to Sect.6.2.2. O

Therefore, next we study sticky nonlinear SDEs given by (6).

3 Nonlinear SDEs with sticky boundaries
Consider nonlinear SDEs with a sticky boundary at O of the form
dri = (b(re) + Pi(g))dt + 210,00 (r)dW; P =Law(r;) , (23)

where b : [0, c0) — R is some continuous function and P;(g) = fR+ g(r) P;(dr) for
some measurable function g : [0, c0) — R.

In this section we establish existence, uniqueness in law and comparison results
for solutions of (6). Consider a filtered probability space (2, A, (F;);>0, P) and a
probability measure ; on R . We call an (F;);>0 adapted process (r;, W;);>0 a weak
solution of (23) with initial distribution yu if the following holds: u© = P o ry 1, the
process (W;);>0 is a one-dimensional (F;);>o Brownian motion w.r.t. P, the process
(rt)r>0 is non-negative and continuous, and satisfies almost-surely

t t
ry —ro= / (b(rs) + Ps(g))dS +/ 2. l(O,w)(Vs)dWs s fort € R+ .
0 0

Note that the sticky nonlinear SDE given in (6) is a special case of (23) with
g(r) = al(p,00)(r) since P(r; > 0) = f]}h 10,00)(y) P (dy) with P, = P o r,_l.

3.1 Existence, uniqueness in law, and a comparison result

Let W = C(R4, R) be the space of continuous functions endowed with the topology
of uniform convergence on compact sets, and let B(W) be the corresponding Borel
o-algebra. Suppose (r;, W;)s>0 is a solution of (23) on (2, A, P), then we denote
by P = P or~!lits law on (W, B(W)). We say that uniqueness in law holds for
(23) if for any two solutions (rtl),zo and (r,z),zo of (23) with the same initial law, the
distributions of (rtl),zo and (r,z),zo on (W, B(W)) are equal.

We impose the following assumptions on b, g and the initial condition z:
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H1 b is a Lipschitz continuous function with Lipschitz constant L and b(0) = 0.
H2 g is a left-continuous, non-negative, non-decreasing and bounded function.
H3 There exists p > 2 such that the p-th order moment of the law p is finite.

Note that for (6), the condition H2 is satisfied if a is a positive constant. It follows
from H1 and H2 that there is a constant C < oo such that for all » € R, the following
linear growth condition holds,

b(r)+ sup p(g) <CL+]r]). (24)
pePR)

In order to get a solution to (23) on R we extend the function b to R by setting
l;(r) = 0 for r < 0. Note that any solution (7;),>¢ with initial distribution supported
on R, satisfies almost surely r, > O for all # > 0. This follows from the [td—Tanaka
formula applied to F(r) = 1(—c0,0)(r)r, cf. [39, Chapter 6, Theorem 1.2 and Theorem
1.7]. Indeed

t

1
1(—00.0) ()7t = 1(—00.0)(ro)r0 +/ 1 (—00,0)(rs)drs — 539_(”
0
t
_ / 1 (co0.0) () (B(ry) + Py(g))ds
0
t 1 0
+/0 1 (00,0021 (0,00) (rs) AWy — EZI_(r)

1t
= /0 L(—00,0)(rs) Ps(g)ds > 0,

where €07(r) is the left local time at 0, which is given by £~(r) =
lim, g e~! fot L{—e<r,<01d[r]s and which vanishes, since d[r]; = 1(0,c0)(r5)ds.

Existence and uniqueness in law of (23) is a direct consequence of a stronger result
that we now introduce. To study existence and uniqueness and to compare two solutions
of (23) with different drifts, we establish existence of a synchronous coupling of two
copies of (23),

dry = (b(ry) + P,(g))dt + 210, 00) (r)dW; |

. . (25)
dsy = (b(sy) + Pr(h))dt + 21 (0,00) (s:)dW; ,  Law(ro, s0) =1,
where P, = P o rfl, ﬁ, = Po sfl, (W:)r>0 is a Brownian motion and where

nel(u,v)foru,ve PRy).

Theorem 3 Suppose that (b, g) and (l;, h) satisfy H1 and H2. Let n € T'(u, v) where
the probability measures v and v on Ry satisfy H3. Then there exists a weak solution
(rt, 8t)r=0 of the sticky stochastic differential equation (25) with initial distribution n
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defined on a probability space (2, A, P) with values in (W x W, B(W) @ B(W)). If
additionally,

b(r) < I;(r) and g(r) < h(r) foranyr € Ry, and

Plro < sol =1,
then Plr; < s; forallt > 0] = 1.
Proof The proof is postponed to Sect.6.3.1. O
Remark 4 We note that by the comparison result we can deduce uniqueness in law for

the solution of (23).

3.2 Invariant measures and phase transition for (6)

Under the following conditions on the drift function b we exhibit a phase transition
phenomenon for the model (6), where as compared to (23) we focus on the case
P;(g) = aP[r; > 0].

Theorem 5 Suppose H1 holds and lim suprﬁoo(r_ll;(r)) < 0. Then, the Dirac mea-
sure at 0, 8o, is an invariant probability measure for (6). If there exists p € (0, 1)
solving

(2/a) = (1 — p)I(a, p) (26)
with
I, p) = foo exp <lapx + 1 /X B(r)dr)dx 27)
’ o 2 2 ) ’

then the probability measure 7w on [0, 00) given by
2 1 1 [*.
7(dx) o (—80(dx) Texp (—apx 4o b(r)dr)k(o,oo)(dx)) (28)
ap 2 2 Jo

is another invariant probability measure for (6).
Proof The proof is postponed to Sect.6.3.2. O

In our next result we specify a necessary and sufficient condition for the existence
of a solution of (26).

Proposition 6 Suppose that b(r) in (6) is of the form b(r) = —Lr with constant a

L >0. Ifa/\/z > 2/./T, then there exists a unique p solving (27). In particular, the
Dirac measure 8y and the measure 7 given in (28) with p are invariant measures for

(6). On the other hand, if a/ \/Z < 2//7, then there exists no p solving (27).

Proof The proof is postponed to Sect.6.3.2. O
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3.3 Convergence for sticky nonlinear SDEs of the form (6)

Under H1 and the following additional assumption we establish geometric convergence
in Wasserstein distance for the marginal law of the solution r; of (6) to the Dirac
measure at 0:

H4 It holds limsup, _, o (—'5(r)) < O anda < 2 [ exp (L [ b(u). du)ds)™!
with ﬁo, Ié] defined by
Ry =inf{s e Ry : b(r) <OVr >s}  and (29)
Ri=infls > Ro: —>(s — Ro)b(r) > 4¥r > s} . (30)
r
Theorem 7 Suppose H1 and H4 holds. Then, the Dirac measure at 0, 8y, is the unique
invariant probability measure of (6). Moreover if (rs)s>0 is a solution of (6) with ro

distributed with respect to an arbitrary probability measure u on (R4, B(Ry)), it
holds for all t > 0,

E[f(r)] < e “E[f(ro)] , €1y

where f and c are given by (37) and (36) with a and b given in (6) and Iéo and R,
given in (29) and (30).

Proof The proof is postponed to Sect. 6.3.3. O

4 Uniform in time propagation of chaos
To prove uniform in time propagation of chaos, we consider the L' Wasserstein dis-

tance with respect to the cost function fiy o 7 : RN x RN4 — R, with 7 given in
(8), and fy given by

e (32)

Xi—y

N
Ir X G = =37 7
i=1

with f : Ry — R, defined in (37). This distance is denoted by Wy n. Note that fn
is equivalent to /! defined in (7).

We note that since 77 defines a projection from RV to the hyperplane Hy ¢ RV9
given in (9), for ft and ¥ on Hy, Wy v (i1, D) coincides with the Wasserstein distance
given by

Win(R.9) = inf / o, MEdxdy) (33)
§€l(L,0) JHy xHy

and Wy, (/L, V) = Wll (@, D), where fy and ! are given in (32) and (7), respectively,
and where W,1 (f1, v) is defined as in (33) with respect to the distance [". 1
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Theorem 8 (Uniform in time propagation of chaos) Let N € N and assume B1 and
B2. Let jip and vy be probability measures on (R4, B(R?) ) satisfying B3. Fort > 0,
denote by [i; and vt the law ole and {Xl N}N | where (X, )s>0 and ({X }N s=0

are solutions of (1) and (3), respectively, with initial distributions [Lo and U(?N . Then
forallt > 0,

Wf,N(llt vt )<e CleN(H-®N ®N)+C~—1N 1/2
Witar (AP, 0Y) < Mie™ Whior (g™ vi™) + M1 CE™ - 2,

where f is defined by (37), M1 by (18), ¢ by (17) and Cis a finite constant depending
on ||Y |lso, L and the second moment of jrg and given in (77).

Proof The proof is postponed to Sect. 6.4. O

Remark 9 Denote by ,u, and v} the distribution of {X; £ N}N , and {Y; i N}N | Where
the two processes ({X§ }N s=0 and ({Y }N )s=0 are solutions of (3) with initial
N | N

probability distributions (g , vy € P(RN), respectively, with finite forth moment.
An easy inspection and adaptation of the proof of Theorem 8 show that if B1 holds,
then

Wen @l vy < e Wy N vdN)

Wior (Y, vy < 2M1e= Wi (uSN 08V |

’

where f, ¢ and M| are defined as in Theorem 8.

5 System of N sticky SDEs

Consider a systerm of N one-dimensional SDEs with sticky boundaries at 0 given by

N
. ~ . 1 . , ,
dri = (b(r;) ) g(r/))dz 21000 (AW, i=1,....N. (34)
j=1

The results on existence, uniqueness and the comparison theorem for solutions of
sticky nonlinear SDEs mostly carry directly over to a solution of (34) and are applied
to prove propagation of chaos in Theorem 8.
Let 1 be a probability distribution on R;. For N € N, ({r} , W‘}N D=0 is a weak
solution on the filtered probability space (2, A, (F;);>0, P) of (34) with initial dis-
tribution u®V if the following hold: u®V = P o ({ro}. D71 (W} )i=0 is a
N-dimensional (F;);>0 Brownian motion w.r.t. P, the process (r, )s>0 is non-negative,
continuous and satisfies almost surely for any i € {I,..., N} andt € Ry,

P L S Q. A ' o
i —r6=/0 (b(r;)+NZg(rsf))ds+/0 210, 00) (r)dW, .
j=1
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To show existence and uniqueness in law of a weak solution ({rti, Wti }lN: D=0, WE
suppose H1 and H2 for b and g.

It follows that there exists a constant C < oo such that for all {ri}fV: | € Rﬁ , it
holds Y"1 16(r!)| +1g(r))] < C(A+XI, |r]), and a possible solution ({r/}Y_, )0
is non-explosive. If the initial distribution is supported on RY, then in the same line
as for the nonlinear SDE in Sect. 3.1, the solution ({r,i }lNz )r=0 satisfies rti > 0 almost
surely foranyi = 1,..., N and r > 0 by H1 and H2.

Existence and uniqueness in law of (34) is a direct consequence of a stronger result
that we now introduce. To study existence and uniqueness and to compare two solutions
of (34) with different drifts, we establish existence of a synchronous coupling of two
copies of (34),

N
. - 1 j i i
dri = (b(r; )+ 28t ))df + 210,00 (r AW,
=1

N
4 . 1 : . .
dsi = (b(s;) + < Xgh(s,/))dt + 21 0.00) (AW
J:
Law(ry, st) =n, forie{l,..., N} (35)

where ({W,i },N: Dr=0 are N i.i.d.1-dimensional Brownian motions and where n €
I'(u,v) for u,v e P(Ry).

Let WV = C(R,;,R") be the space of continuous functions from R, to RY
endowed with the topology of uniform convergence on compact sets, and let B(W")
denote its Borel o-Algebra.

Theorem 10 Assume that (b, g) and (l;, h) satisfy Hl and H2. Let n € T'(u, v) where

w and v are the probability measure on R satisfying H3. Then there exists a weak

solution ({rti , sf 1N= D=0 of the sticky stochastic differential equation (35) with initial

distribution n®N defined on a probability space (2, A, P) with values in WY x WV
If additionally,

b(r) <b(r) and g(r) <h(r), foranyr e R, |
Plry <sbforalli=1,...,N1=1,

then P[r,i < stiforallt >0andi=1,...,N]=1.
Proof The proof is postponed to Sect.6.5. O

Remark 11 We note that by the comparison result we can deduce uniqueness in law
for the solution of (34).
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6 Proofs

Before proving the statements of Sects.2-5, let us give an overview of the proofs.
The first subsection gives the definition of the underlying distance function f used in
Theorems 1, 7 and 8. Sections 6.2 and 6.3 provide proofs for the convergence result
for the nonlinear SDE (Theorem 1) using the sticky coupling approach and the results
for the sticky nonlinear SDE (Theorem 7). Note that both Theorems 1 and 7 use
the auxiliary Lemmas 14-16, where a comparison result and an approximation in
two steps of the sticky nonlinear SDE are given. The existence of a solution to the
sticky nonlinear SDE and a comparison result are essential to show contraction in this
approach.

In Sects.6.4 and 6.5 the proofs for the propagation of chaos for the mean-field
particle system and for the system of sticky SDEs are given. Note that the techniques
to prove the result for the particle systems and the system of N sticky SDEs are partially
similar to the nonlinear case. In particular, the proofs of Theorems 8 and 10 and its
auxiliary Lemmas 18, 20-23 have a similar structure as the ones of Theorems 2 and 3
and its auxiliary Lemmas 12-16, respectively.

6.1 Definition of the metrics

In Theorems 1, 7 and 8 we consider Wasserstein distances based on a carefully designed
concave function f : Ry — R, that we now define. In addition we derive useful
properties of this function that will be used in our proofs of Theorems 1, 8 and 7. Let

a € Ry and b : R; — R be such that H4 is satisfied with Ry and R; defined in (29).
We define

o(r) = exp (— /r{l;(s)+/2}ds> , d(r) = fr @(s)ds and
0 0

r/\la

r/\l’él
s=1-5 / (@) /p()ds — 5 / (1/g(s))ds |
0 0

where
& -1
c= (2 A {©(S)/¢(S)}dS) ; (36)

and R, is given in (30). It holds ¢(r) = @(Ro) for r > Ro with Ry given in (29),
g(r) = g(Ry) € [1/2,3/4] forr > Ry and g(r) € [1/2, 1] for all »r € R by (36)
and H4. We define the increasing function f : [0, c0) — [0, c0) by

t
f@) =/0 @(r)g(rydr . (37

The construction is adapted from the function f given in [19]. Here, the function g
has an extra term. As we see later in the proof of Theorems 1 and 7, this term has the
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purpose to control the term alP[r; > 0]. We observe that f is concave, since ¢ and g
are decreasing. Since for all r € R4

9(ROr/2 < ®(r)/2< f(r) < ®(r) <7, (38)
(x,y) = f(Jx — y|) defines a distance on R¥ equivalent to the Euclidean distance on

Rd
Moreover, f satisfies

2f"(0) = ~b(0)+ —a=—a, (39)

and
2f"(r) <2f7(0) — f'(b(r) —cf(r), forallr e Ry\{Ri}.  (40)
Indeed by construction of f, f”(r) = —b(r)4 f'(r)/2 —c®(r)/2 —a/2for0 < r <
R, and so (40) holds for 0 < r < R; by (38). To show (40) for r > R, note that

f"(r) =0and f'(r) > @(Ro)/2 hold for r > Rj. Hence, by the definition (30) of
Ry, forr > Ry,

')+ £ )b(r)/2 < 9(Ro)b(r) /4 < —(Ri(Ry — Ro)) '@(Ro)r . (41)

Since ¢(r) = ¢(Ro) for r > Ry, itholds ®(r) = ®(Ro) + (r — Ro)¢(Ro) for r > Ro.
Further, it holds ®(Ry) > Ro@(R) since ¢ is decreasing for r < Ry. Hence,

7 _ (= R)(®(Ro) + (R — Ro)p(Ro))

R Ri®(Ry)
Ll (”—RI)RI‘P(RO)+ _ q>(~r) ' @)
RI®(R)) ®(Ry)

Furthermore, we have

R 7 ~
/~l{¢(S)/<ﬂ(S)}ds= / ' ®(Ro) + (s Ro)w(Ro)

Ro Ro ¢(Ro)
(Ro) oo 15 d(Ry)
= (R R) +(R—R) > —(R; — Ro)

b R v =2 o(Ro)

43)
We insert (42) and (43) in (41) and use (36) to obtain
)+ f(b(r)/2 < =@ () @(R) ™ (R — Ro) ' ¢(Ro) (44)
d(r) - _cf(r) @) . (45)
2 2

2 [E@)/p0))ds
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By H4 and (36), we get

@) _ ®(R)) - 1

s —— < <-2= /0.
4 [Bo@)/pe)ds 4 fR1/0())ds

Combining this estimate with (44) gives (40) for r > R;. Hence, the choice of the
underlying function f for the Wasserstein distance ensures (39) and (40). These prop-
erties guarantee that the term alP[r; > 0] is controlled in (6) and contraction with rate
c is obtained in Theorems 1, 7 and 8.

6.2 Proof of Sect. 2
First, we prove Theorem 1 by using Theorem 2 and properties of the carefully con-
structed function f before we show Theorem 2. To prove that the dominating process

r; exists we make use of the result of the sticky nonlinear SDE which are proven in
Sect.6.3.1.

6.2.1 Proof of Theorem 1

Proof of Theorem 1 We consider the process (X;, Y, r;);0 defined in Theorem 2 and
satisfying | X; — ¥t| =r for any t+ > 0, and (r;);>0 is a weak solution of (~22). Set
a = 2||yllcc and b(r) = b(r). With this notation, B1 and B2 imply H4 and Ry = Ro

and R; = R; by (14), (15), (29) and (30). By Ito—Tanaka formula, cf. [39, Chapter 6,
Theorem 1.1], using that f’ is absolutely continuous, we have,

df(re) < f )G + 20y Py > 0)df + 2 £ (1) 1(0,00) (r)d1
+ f/(rt)2]l(0,oo)(rt)th .

Taking expectation we obtain by (39) and (40)

d -
E]E[f(rz)] <ELf' (r)b(ro) 4 +2(f"(re) — f"(O)] + El(a + 2" (0))1,,50]
< —cE[f ()],
where ¢ is given by (17). Therefore by Gronwall’s lemma,
ELf(1X; — Y] < BLf (r)] < e “ELf (r0)] = e “E[f (1 X0 — Yo|)] .

Hence, it holds

Wi (s, 3) < ELF(X, — TiD)] < e—éf/

R x

n J(x = yD&(dxdy)
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for an arbitrary coupling & € I'(uo, vo). Taking the infimum over all couplings & €
I"(mo, vo), we obtain the first inequality of (16). By (38), we get the second inequality
of (16). O

6.2.2 Proof of Theorem 2

Note that the nonlinear SDE (21) has Lipschitz continuous coefficients. The existence
and the uniqueness of the coupling ()_(f, Y,‘S),zo follows from [36, Theorem 2.2]. By
Levy’s characterization, (X f , 17;3) ¢>0 1s indeed a coupling of two copies of solutions
of (1). Further, we remark that W;S = fot (éf,)TdB; is a one-dimensional Brownian
motion. In the next step, we analyse |)_(;s — Yt‘s |

Lemma 12 Suppose that the conditions B1 and B3 are satisfied. Then, it holds for any

€ < €y, where € is given by (20), setting ff = |)_(f - Yt5|

a7} = (- L7 + (2, f / y (X! =) — y (7] = y)ud (@o)v] @) )de + 26 (7 aw;
R JR4

(46)

= (b)) +217 I /R ) /R R (e = YDAEN@OT (@) )dr + 20’ FaW) . (4T)

almost surely for all t > 0, where ﬁf and \7,5 are the laws of X f and ?,5, respectively.

Proof Using (21), B1 and B3, the stochastic differential equation of the process
((78)?);>0 is given by

(D =2(z0, -12) + / ) / YR =0 =y (7] = ) AoT )i
R JR
+ 4rc® (72)2dr + 4rP (78) (28, €8 )dw? .
For ¢ > 0 we define as in [18, Lemma 8] a C> approximation of the square root by

Sy = | GBI+ 3/Ae™ 2 + (3/8)e!/2 forr <6
T Jr otherwise .

Then, by 1td’s formula,
dSe((7F)%) = SLFDHDAGE)” + %sg’«ff)z)d[(f&)ﬁ,
=25.(z) -LZ] + /R \ /R 7R =) =y (7 = )] @09 @) Jas
+ SLFDH2)arc? (79)2dr + SL(GFHD 4 (7)(Z8, e2)d WP 4 8SY ((F0)H) (rc? (7)) (7%)?dr .
We take the limit ¢ — 0. Then lim—o S.(r) = (1/2)r~'/? and lim;_¢ S/ (r) =

—(1/4)r=3/% for r > 0. Since supy, -, |S.(")| < &7/, supy_, . ISY ()| < &73/2
and rc® is Lipschitz continuous with rc®(0) = 0, we apply Lebesgue’s dominated
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convergence theorem to show convergence for the integrals with respect to time ¢.
More precisely, we note that the integrand (45, ((#%)?) + 887 ((7F$)?))rc® (79))%(7%)?
is dominated by 3e!/ 2||rc‘3||Lip. For any ¢ < ¢gg for fixed g9 > 0, the integrand
2SL(FDNZY, —LZ2+ [ga [a (v (X2 —x)—y (Y2 —y) Al (dx)D? (dy)) is dominated
by (3/2)(L max(eg">, 72) + 21y lloo)-

For the stochastic integral it holds |s;((f;3 )2)drcd (F,‘S)f,‘;| < 3. Hence, the stochastic
integral converges along a subsequence almost surely, to f(; 2rc? (ff)de , see [39,
Chapter 4, Theorem 2.12]. Hence, we obtain (46). Since (12) implies (x — y, y (x —
=y —%) <k(x—yDlx — y*forall x, y, ¥ € R, we obtain by B1 and (20)
fore < ¢

(@ [, [ o =0 =@ - nud@nia)
R4 JRd
<@ [ [ oG =0 =y =04y @ -0 -y (07 = o)
R4 JR4
<@+ [ 2yl n - yhd@ont @ .
R4 JRY

and hence (47) holds. O

We define a one-dimensional process (r,‘3 Y=o by

drle = (E(rf*f) + 2017 llso / rce(u)P,‘S’e(du))dt + 2 (P2 ) aw? (48)

Ry

with initial condition ry¢ = 73, P¢ = Law(r{"*) and W) = [;(&%)"dB]. This
process will allow us to control the distance of X? and Y.

By [36, Theorem 2.2], under B1 and B3, (U,‘s’é),zo = (X5, Y7, rl‘s’é),zo exists and is
unique, where (X%, ¥),>0 solves uniquely (21), (7®);>0 and (r>€)1=0 solve uniquely
(46) and (48), respectively, with W) = fol @)TdB!.

Lemma 13 Assume B1 and B3. Then, |)_(;S — I?t‘s| = ,;;s < r,’s’g, almost surely for all t

and € < €.

Proof Note that (f,‘S )i>0 and (rt‘S ) +>0 have the same initial distribution and are driven
by the same noise. Since the drift of (ft‘S )¢>0 is smaller than the drift of (r,‘S ’e),zo for
€ < €, the result follows by Lemma 14.

O

Proof of Theorem 2 We consider the nonlinear process (U{")i=0 = (X2, Y2, r>)20
on R¥*! for each €,8 > 0. We denote by P*€ the law of U%€ on the space
C(R4,R¥*1) We define by X,Y : CR,,R** - CR,,RY and r

C(R4,R¥*1)y - C(R,,R) the canonical projections onto the first d components,
onto the second d components and onto the last component, respectively. By B1 and
B3 following the same line as the proof of Lemma 15, see (56), it holds foreach T > 0

EQUYS — UM < Clo —n|*  forty, 1 € [0, TT, (49)
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for some constant C depending on T, L, ||y lILip, IV llc and on the fourth moment
of sto and vg. As in Lemma 15 the law P3¢ of (U)o<<r on C([0, T], R%+1)
is tight for each T > 0 by [31, Corollary 14.9] and for each € > 0 there exists a
subsequence §, — 0 such that (IP’ST”’G)%N on C([0, T, R2+1) converge to a measure
P$ on C([0, T1, R?¥*1). By a diagonalization argument and since {PS : T > 0} is
a consistent family, cf. [31, Theorem 5.16], there exists a probability measure P€ on
CRy, R24+1y such that for all € there exists a subsequence 8, such that (P%€), ey
converges along this subsequence to P€. As in the proof of Lemma 16 we repeat
this argument for the family of measures (IP€)..o. Hence, there exists a subsequence
€n — 0 such that (P"),, N converges to a measure PP. Let (X;, Y, r1)i=0 be some
process on R24+1 with distribution P on (8_2, F , }_’).

Since ()_(f),zo and (ff )¢>0 are solutions of (1) which are unique in law, we have
that forany €, § > 0, P> o X !'=PoX 'andP¢ oY ! = PoY~!. And therefore
(X)) >0 and Yy) ¢>0 are solutions of (1) as well with the same initial condition. Hence
Po (X, Y)"!is a coupling of two copies of (1).

Similarly to the proof of Lemmas 15 and 16 there exist an extended probability
space and a one-dimensional Brownian motion (W;);>¢ such that (r;, W;);>0 is a
solution to

dre = (b(re) + 2|y llooP(rr > 0))dt + 210,00 (r)dAW; .

In zidditio_n, the statement of Lemma 13 carries over to the limiting process (7;)>0,
ie., |[X; — Yy| < r; forallt > 0, since by the weak convergence_along_ the subse-
quences (8,)neN and (€,;,;)men and the Portmanteau theorem, P(|X; — Y;| < 1) >
. ) S8n o Sném
lim sup,,_, o, limsup,,_, oo P(|1X;" — Y;"| < rm™) = 1.

m}

6.3 Proof of Sect. 3

First, we introduce a family of nonlinear SDE whose drift and diffusion coefficient
are Lipschitz continuous approximations of the drift and diffusion coefficient of (25).
Theorem 3 is shown by proving a comparison result for nonlinear SDEs, taking in two
steps the limit of the approximations and identifying the limit with the solution of (25).
Then, Theorems 5 and 7 are shown where we make use of the careful construction of
the function f.

6.3.1 Proof of Theorem 3

We show Theorem 3 via a family of stochastic differential equations, indexed by
n,m € N, with Lipschitz continuous coefficients,

drf"™ = (b0 + P (g™)dr + 207 (YA W,
dsp™ = (b(st™™) + B (M) 420" (s ™AW, - Law (g™, 55™) = M
(50)
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where P = Law(r!"™), P"™ = Law(s/"™), P""(g") = Jr, 8" )P (dx)
and P"" (W™) = fR+ R (x) ™ (dx) for some measurable functions (g")cry and
(W"™)men, and where 15,.m € T'(n.ms Vam) TOT ton m, Vi.m € P(Ry). We identify the
weak limit for n — oo as solution of a family of stochastic differential equations,
indexed by m € N, given by

dr" = (b(r{") + P[" (8"))dt + 210,00 (r{" )W,
ds" = (b(s™) + B (")t + 210,00 (57 )AW; . Law(rfl sf) = 1 - (51)

with P/ = Law(r/") and ﬁt’” = Law(s}"), and where 1,, € I'(im, Vi) fOI iy, vy €
P(R). Taking the limit m — oo, we show in the next step that the solution of (51)
converges to a solution of (25).

We assume for (g")meN, (B™)men, (0")nen and the initial distributions:

H5 (g")men and (h™),,eN are sequences of non-decreasing non-negative uniformly
bounded Lipschitz continuous functions such that forall » > 0, g (r) < g’"+1 (r)and
™ (r) < K" (r) and limy,—s 400 ™ (r) = g(r) and limy,— 400 A" (r) = h(r) where
g, h are left-continuous non-negative non-decreasing bounded functions. In addition,
there exists K, < oo for any m such that forallr, s € R

18" (r) — 8" ()| < Kmlr —s|and | (r) = h" ()| < K|r —s] .

H6 (6"),cN is a sequence of Lipschitz continuous functions from R to [0, 1] with
0"0)=0,0"(r) =1forallr > 1/nand 6" (r) > O forall » > 0.

H7 (nm)mneN> (Wnm)mneNs (Wm)meNs (Vim)meN are families of probability dis-
tributions on Ry and (9,.m)n.meN, (Mm)meN families of probability distributions on
Ri such that for any n,m € N n,,, € I'(nm, Va.m) and 0, € T (., v) and for
any m € N, (0, m)neN converges weakly to 1, and (1,,)meN converges weakly to 7.
Further, the p-th order moments of (tn,m)n,meN> (Vn,m)nmeN> (Wm)meN and (Vp)meN
are uniformly bounded for p > 2 given in H3.

Note that by H5 for any non-decreasing sequence (4, )meN, Which converges to u €
R4, g™ (up) and A" (u,,) converge to g(u) and h(u), respectively. More precisely, it
holds for for all m € N, g™ (u,,) — g(u) < 0 and for m > n, g"(u,,) > g"(u,) and
therefore, limy;, o0 8" (Un) — g(u) = limy, 00 limy, s 00 = limy, 00 g () — g(u) =
0 by left-continuity of g. Hence, limy— o0 g™ (4m) — g(u) = 0 and analogously
limy,— 00 A" () — h(u) = 0. By H5, I' = max(||/]|co, l|€llco) is @ uniform upper
bound of (™) en and (A™)eN.

Consider a probability space (29, Ao, Q) and a one-dimensional Brownian motion
(Wi)s>0. Under H5, H6 and H7, for all m,n € N, there exists random variables
premosnmo Qo — W for each n, m such that (r;"", s;"™),>0 is a unique strong
solution to (50) associated to (W;);>¢ by [36, Theorem 2.2]. We denote by P*"" =
Q o (r™™, s™™)~! the corresponding distribution on W x W.

Before studying the two limits n, m — oo and proving Theorem 3, we state a mod-
ification of the comparison theorem by Ikeda and Watanabe to compare two solutions
of (50), cf. [28, Section VI, Theorem 1.1].
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Lemma 14 Let (r;"", s;""™)i>0 be a solution of (50) for fixed n,m € N. Assume H1,
H5 and H6. IfQ[r(')”m < s(')"m] =1b(r) < l;(r) and g™ (r) < W (r) foranyr € Ry,
then

o™ < s/ forallt > 0] =1. (52)

Proof For simplicity, we drop the dependence on n, m in (r;"™) and (s;"™). Denote
by p the Lipschitz constant of 6”. Let (ax)xen be a decreasing sequence, 1 > a; >
a > ... > ag > ... > 0, such that fall p2x ldx =1, faazl p2xldx = 2....,
fa‘;"’l p‘2x_1dx = k. We choose a sequence Wi (1), k = 1,2,..., of continuous

functions such that its support is contained in (ax, ak—1), [, aak"’l W, (u)du = 1 and
0<Wi(u) <2/k- ,o_zu_z. Such a function exists. We set

Jidy [ Weydu i x > 0,

i x) = {o ifx <0,

Note that for any k € N, ¢ € C>(Ry), |<p,/{(x)| <1, gr(x) - x4 as k P oo and
(p,’( (x) 1 1(0,00)(x). Applying Itd’s formula to ¢y (r; — s7), we obtain

i (re — 5¢) = @i (ro — so) + 11 (k) + (k) + I3(k) ,
where
t
Ii(k) = /(; (ﬂ]/c(ru - su)[Qn(ru) - Qn(su)]dBu ,
t
Lk) = /(; @ (ru — s)[b(ry) — b(sy) + Pu(g™) — Py (h™)du

1 t
I3(k) = 5/0 O (ru — 810" (r)) — 0™ (s,)1Pdu

with P, = Qor; 'and P, = Qos; . Itholds by boundedness and Lipschitz continuity
of 8"

t

El/i(k)] =0, and E[lg(k)]s%JE[ / ¢,L/(ru—su>p2|ru—su|2du]s
0

&~

We note that by H5 E[(g" (r,) — h™ (s4,))1,,—s,<0] < 0 and

E[(gm(ru) - hm(su))]lrufsMEO] =< E[(gm(ru) - gm (Su)+gm (Su) — h™ (Su))]lrufsuZO]
= E[(gm(ru) - gm (Su))ﬂru—suZO]
< K, E[|r, — Sullru—suZO] (53)

by Lipschitz continuity of g”, by g"™(r) < h™(r) and since g™ and ™ are non-
decreasing. Hence for I, we obtain
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t
L) = /0 O (ru — s:)1b(r) — b(r) + b(r) — b(s,)1du
t
¥ fo 9 = 5 (L™ () = B (5)) L, —g,20 + BLE" () = K" (5)) L, s, <01 )du
t t
= / 9012(’"14 - Su)if‘ru — sy |du +/ (PJ,((Vu — su) K El[|ry — Sull]-rufsl,zo]du .
0 0

Taking the limit kK — oo and using that E[rg — so] = 0, we obtain

t
El(ry — 5)+1 < LE| / (1 — 50)-u]
0
t
+ KMEI:/O ]l(O,oo)(’”u —s)E[(ry — Su)+]d'4:| s 54)

by the monotone convergence theorem and since (¢, )ren is @ monotone increasing
sequence which converges pointwise to 10,00 (x). Assume there exists t* = inf{r >
0: E[(r; — 541 > 0} < o0o. Then, [ E[(ry — su)+1du > 0 or [ E[L(,00)(ru —
s)IE[(ry — s4)+]du > 0. By definition of #*, E[(r, — s,)+] = O for all u < t*
and hence both terms are zero. This contradicts the definition of #*. Hence, (52)
holds. =

Next, we show that the distribution of the solution of (50) converges as n — 0.

Lemma 15 Assume that 15, 5, g and h satisfy H1 and H2. Let n € T'(u, v) where the
probability measures  and v on Ry satisfy H3. Assume that (§™)men, (B™)meN,
O nens Wnm)mneNs Wnm)mneN and (Mpm)mneN satisfy condition HS, H7 and
H6. Then for any m € N, there exists a random variable (r"™, s™) defined on some
probability space (™, A™, P™) with values in W x W, such that (r/", s;");>0 is
a weak solution of the stochastic differential equation (51). More precisely, for all

m € N the sequence of laws Q o (r"™™, ghmy=l converges weakly to the distribution
P™ o (r™, s™)~ L. If additionally,

b(r) <b(r) and g"(r) <h"(r), foranyr € Ry and

Olry™ < sy™1=1 foranyn,m € N,

then P"[r]" < s]" forallt > 0] = 1.

Proof Fix m € N. The proof is divided in three parts. First we show tightness of
the sequences of probability measures. Then we identify the limit of the sequence of
stochastic processes. Finally, we compare the two limiting processes.

Tightness We show that the sequence of probability measures (P"""), ey on (W x
W, B(W) @ B(W)) is tight by applying Kolmogorov’s continuity theorem. Consider
p > 2 such that the p-th moment in H3 and H7 are uniformly bounded. Fix 7 > O.
Then the p-th moment of ;""" fort < T can be bounded using Itd’s formula,

dirf™ P < plrf ™ P72, (bG™) 4+ P ())dr
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+ 20" (™) e P2 AW,
+ p(p — D™ [P7220" (r)*dt
= p(b "L+ T 20 = DI e
+20" (") p (P AW,
< p(i +T+2(p— 1))|r,"~'"|1’dz 4 p(T +2(p — 1))dt
+20" (") p(r P AW,

where I' = max(||gllo, |7]l00). Taking expectation yields

d ~

Bl < p(L+T +2(p = D)EIR"1” + p(T +2(p 1))
Then by Gronwall’s lemma

sup E[[r""|P] < ePEATH20= DT ™2} 4 Tp(T +2(p — 1)) < Cp < 00 ,
te[0,T]
(55)

where C, depends on T and the p-th moment of the initial distribution, which is finite

by H6. Similarly, it holds sup, (o 7} Ells;”"|"] < C, for r < T. Using this moment
bound, it holds for all 71, r» € [0, T] by H1, H5 and H6,

2 n
Ellr" = ri"17] < C1(p)(Ell / bri™) + P (g")dul”) + E| / 207 (") dAW, |71)
1 !

5

= ((g i Pau] + 07 =17 + Bl © 20 mau))
1

Itz —t1] Jy
[r 5}

=ao(( Ellry " 1P)du+ T )1y = 17 + 211, — 1|2

<Ci(p,T,L,T,Cpln —11|"/?,

2 —t1l Jy

where C;(-) are constants depending on the stated argument and which are inde-
pendent of n, m. Note that in the second step, we used Burkholder-Davis-Gundy
inequality, see [38, Chapter IV, Theorem 48]. It holds similarly, E[|s;,” — s;;"' 7] <
C3(p, T, L,T,Cp)lty — 11]7/%. Hence,

E[| (™, si™) = (™ sp™IP]1 < Ca(p. T, L, T, Cp)lta — 11 |P/? (56)

19}

forall #, t, € [0, T]. Hence, bNy Kolmogorov’s continuity criterion, cf. [31, Corollary
14.9], there exists a constant C depending on p and y such that

E[["", 51| < € Catp. T.L.T.Cp), (57)
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[x(t)—x ()]
[t1—t2]”

51" nen.s=0 is tight in C([0, T], R?). Hence, for each T > 0 there exists a sub-
sequence ny — oo and a probability measure P%7 on C([0, T, R?). Since {P7}r
is a consistent family, there exists by [31, Theorem 5.16] a probability measure P™
on (W x W, B(W) @ B(W)) such that there is a subsequence (ny)ien such that
P"-™ converges along this subsequence to P"*. Note that here we can take by a
diagonalization argument the same subsequence (n)xen for all m.

Characterization of the limit measure In the following we drop for simplicity the
index k in the subsequence. Denote by (r;, s;)(w) = w(¢) the canonical process on
W x W. Since P*™ o (r¢, so) "} = Nn.m converges weakly to 1, by H7, it holds
P™" o (rg, s0) "} = Nm- We define the maps M™", N : W x W — W by

n,m

where []) is given by [xl, = sup, ,co.7] and (",

t
M =r;,—ro— / (b(r,) + P"(g™))du and N;""
0

t
— 5 —s0— / Bsa) + BI(H™))du
0

where P = P"" o (r,)"' and P! = P"" o (s,)"'. For each m,n € N,
(M"", F;,P=™y and (N;"™, F;, P"™) are martingales with respect to the canon-
ical filtration 7; = o ((ry, Su)o<u<:) by Itd’s formula and the moment estimate
(55). Further the family (M;"™,P"™),cn >0 and (N;"",P"™),cN >0 are uni-
formly integrable by Lipschitz continuity of b and b and by boundedness of g™
and A™. Further, the mappings M"™™ and N’ are continuous in W. We show that
P o (r, s, M™™, N"™™)~! converges weakly to P" o (r, s, M™, N™) L asn — oo,
where

t
M"=r;—rg —/ (b(ry) + P,(g"™))du and N;"
0

t
— 5 —s0— / B(su) + Bu(h™)du (58)
0

with P, = P" o r; ! and P, =Pro s, 1. To show weak convergence to P o
(r,s, M™, N™)~1 we note that (M™, N™) is continuous in W and we consider for a
Lipschitz continuous and bounded function G : W — R,

’ / G(o)dP"" o (M™™) ! (@) — / G (w)dP” o(Mm)_l(w)‘
w w

=

/ G(w)dP"’mo(MW)*‘(w)—/ G(a))d]P’”’mo(Mm)l(w)‘
w w

+ V G (w)dP"" o(Mm)_l(w)—/ G(w)dIP”"o(Mm)_l(a))‘ .
w W
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The second term converges to 0 as n — o0, since (M™) is continuous. For the first
term it holds

‘f G(w)dP"™ o (M™™) " (w) —f G (w)dP™"™ o(Mm)_l(a))‘
W W

= ‘/ (G o M) (w)dP™"™ () —/ (Go M’")(w)dIP’””"(w)‘
W w
< GllLip sup dw(M"" (@), M" (w)) ,
eW

[0]

where dyw (f, g) = Z,fil SUP;e[0,k] 2_k|f(t) — g()|. This term converges to 0 for
n— oo, sinceforall 7 > 0and w € W, forn — oo

sup |M;" () — M[" ()]
tel0,T]

T
< [ oryhen = @ or | as 0.

by Lebesgue dominated convergence theorem, since g is bounded. Hence,

‘/ G(@)dP"" o (M) (w) —/ G(w)dP™ o(M'")‘(w)‘
W W

— 0 forn — oo,

and similarly for (N"™™), and therefore by the Portmanteau theorem [32, Theorem
13.16], weak convergence of P o (r, s, M™™ N*"™)"L to P" o (r, s, M™, N™)~!
holds.

Let G : W — R, be a F;-measurable, bounded, non-negative function. By
uniformly integrability of (M;"", P"™),cN.1>0, for any s < t,

t ~
E*"[G(M" — M{")] = ]Em[G([ (b(ry) + Pu(g™))du)]

t
Tim E""[G( / (B(r) + P (g")du)]

lim E*"[G(M"™ — M""™)] =0, (59)
n—o0

and analogously for (N;"™),>¢ and hence, (M™, F,, P™) and (N", F;, P"™) are con-
tinuous martingales. The quadratic variation ([(M™, N™)];) exists P -almost surely.
To complete the identification of the limit, it suffices to note that the quadratic variation
is given by
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[(M™] = 4/ 1(0,00) (ru)du P -almost surely,
0

[N"] = 4/ 10,00) (5 )du P -almost surely, and
0

[M™ N™] = 4/ 1(0.00) (i) 1(0,00) (s, )dut P -almost surely, (60)
0

which holds following the computations in the proof of [18, Theorem 22]. We show
that ((M[’”)2 —4 fot 10,00y 7 »du) is a sub- and a supermartingale and hence a martingale
using a monotone class argument by noting first that for any bounded continuous and
non-negative function G : W — R,

E"[G(M")?] = lim E™"[G(M]")?] (61)

holds using uniform integrability of ((M]"")?

above. Note that

, P™) neN, >0 Which holds similarly as

€l0 n—>o0

t t
E™ |:Gf ]l(o,oo)(ru)du:| < lim lim inf E*™ [G/ ]l(g,oo)(ru)du:| (62)
S K

holds by lower semicontinuity of v — fo 1(e,00) (ws)ds foreach € > 0, Fatou’s lemma
and the Portmanteau theorem. For any fixed € > 0,

t t
lim inf B |:G < / 6" (r,)>du — / ]l(e,oo)(ru)du)] (63)
n—o00 s

s

Then by (61), (62) and (63)

t
E™ [G ((M;")2 — (M™% — 4/ 1(0,00)(ru)du>}

t
> lim lim inf E™"™ |:G <(M;“”)2 — (M2 — 4f Qn(ru)zdu)] =0

gi/O n—oo s

and by a monotone class argument, cf. [38, Chapter 1, Theorem 8], ((Mt’”)2 —
4 fot 10,00y (r,)du, P™) is a submartingale. To show that it is also a supermartingale
we note that ((Mt’")2 — 4¢,P"™) is a supermartingale by (61). By the uniqueness of
the Doob—Meyer decomposition, cf. [38, Chapter 3, Theorem 8], t — [M"™], — 4¢
is P -almost surely decreasing. Note further, that (r,, F;, P"*) is a continuous semi-
martingale with [r] = [M™]. Then by Ito—-Tanaka formula, cf. [39, Chapter 6, Theorem
1.1],

t t t
/0 Lioy(ry)d[M™], =/0 Lioy(r,dlrly =f0 Loy & (rydy =0,
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where E;y (r) is the local time of r in y. Therefore, forany 0 < s < ¢,

t

t
[M™], — [M™], = /0 10,00 (F)A[M™], < 4 /0 10,009 (Fa)dt

and hence, for any F;-measurable, bounded, non-negative function G : W — R,
t
E™ [G((M;")2 — (M) -4 / 10.00) (ru)du)} <0.
N

As before, by a monotone class argument, ((M,’")2 —4 fot 10,00)(ry)du, P™) is a
supermartingale, and hence a martingale.

Hence, we obtain the quadratic variation [M™]; given in (60). The other character-
izations in (60) follow by analogous arguments. Then by a martingale representation
theorem, see [28, Chapter II, Theorem 7.1], we conclude, that there are a probabil-
ity space (2", 4™, P™) and a Brownian motion motion W and random variables
(r™, s™) on this space such that P o (+, s™)~! = P" o (+”, s™)~! and such that
™, s™, W) is a weak solution of (51). Finally, note that we have weak convergence
of Qo (r™™ s™™)~1 to P™ o (r™, s™)~! not only along a subsequence since the
characterization of the limit holds for any subsequence (7j)eN-

Comparison of two solutions To show P™[r/" < s;" for all + > 0] = 1 we note that
by Lemma 14, Q[r/' < s/ forallt > 0] = 1. The monotonicity carries over to the
limit by the Portmanteau theorem for closed sets, since we have weak convergence of
P "o (r,s) ' toP" o (r,s)" L. m|

We show in the next step that the distribution of the solution of (51) converges
as m — oo. For each m € N let (™, A™, P™) be a probability space and random
variables ", s : Q™ — W such that (r}", s;");>0 is a solution of (51). Let P" =
P™ o (r™, s™)~1 denote the law on W x W.

Lemma 16 Assume that (15, g) and (5, h) satisfy Hl and H2. Let n € T'(u, v) where
the probability measures p and v on R satisfy H3. Assume that (§™)men, (B"™)meN,
(Wm)meN, (Wm)meN and (Mm)meN satisfy conditions H5 and H7. Then there exists a
random variable (r, s) defined on some probability space (2, A, P) with values in
W x W, such that (¢, s;)i>0 is a weak solution of the sticky stochastic differential
equation (25). Furthermore, the sequence of laws P™ o (r™, s™)~! converges weakly
to the law P o (r,s)~\. If additionally,

b(r) < b(r), gr)<h@) and g"(r) <h"™(r) foranyr € Ry, and
P"[ry <s5'l=1 foranym € N

then Plr; <s; forallt > 0] = 1.

Proof The proof is structured as the proof of Lemma 15. First analogously to the proof
of (55) we show under H1, H5 and H7,

sup E[|r/"]] < o0 . (64)
tel0,T]
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Tightness of the sequence of probability measures (P"),,eny on (W x W, B(W) ®
B(W)) holds adapting the steps of the proof of Lemma 15 to (51). Note that (55) and
(56) hold analogously for (r/", s;")men by H1, H5 and H7. Hence by Kolmogorov’s
continuity criterion, cf. [31, Corollary 14.9], we can deduce that there exists a proba-
bility measure P on (W x W, B(W) ® B(W)) such that there is a subsequence (my)reN
along which P"* converge towards PP. To characterize the limit, we first note that by
Skorokhod representation theorem, cf. [6, Chapter 1, Theorem 6.7], without loss of
generality we can assume that (r™, s™) are defined on a common probability space
(2, A, P) with expectation E and converge almost surely to (r, s) with distribution
P. By H5, P/"(g"™) = E[g"(r™)] and the monotone convergence theorem, P/ (g")
converges to P;(g) for any + > 0. Then, by Lebesgue convergence theorem it holds
almost surely for all > 0

fim [ (B(r;") + pm (gm)>du = fot (E(rt) + Pu(g))du , (65)

m— o0 0

where P = P o (r™)~!and P, = P o (r,)~'. A similar statement holds for (s;);>0.

Consider the mappings M™, N : Wx W — W given by (58). Then forallm € N,
M", F;, P")yand (N]", F;, P™) are martingales with respect to the canonical filtration
Fi = o((ru, Su)o<u<). Further the family (M[", P""),yenN,i>0 and (N/", P") e, >0
are uniformly integrable by (64). In the same line as in the proof of Lemma 15 and by
(65),P" o (r,s, M™, N™) converges weakly to P o (r, s, M, N) where

t
My =1 —ro— f B(ru) + Pu(g)du  and
0
t
N, =50 — 50— f (B(su) + Pu(h))du .
0

Let G : W — R, be a Fy-measurable bounded, non-negative function. By uniform
integrability, for any s < 1,

t
BIG(M, ~ M1 = EIG( | ((r,) + Pu(g)au)]
t
= lim E"G([ (G(r) + Pu(g" )

lim E"[G(M" — M")] =0,

m— 00

and analogously for (N;);>0. Hence, (M;, F;,IP) and (N;, F;,P) are martingales.
Further, the quadratic variation ([(M, N)];) exists P-almost surely and is given by
(60) P-almost surely, which holds following the computations in the proof of Lemma
15. As in Lemma 15, we conclude by a martingale representation theorem that there
are a probability space (2, A, P) and a Brownian motion W and random variables
(r, s) on this space such that P o (r, )~V =Po (r,s)”! and such that (r, s, W) is
a weak solution of (25). Note that the limit identification holds for all subsequences
(mi)ken and hence P™ o (r™, s™)~1 converges weakly to Po(r, s)~form — oo.The
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monotonicity P™"[r;* < ;" for all t > 0] = 1 carries over to the limit by Portmanteau
theorem, since P o (r, s)’1 converges weakly to P o (r, s)*l. |

Proof of Theorem 3 The proof is a direct consequence of Lemmas 15 and 16. O

6.3.2 Proof of Theorem 5

Proof of Theorem 5 Note that the Dirac at 0, &g, is by definition an invariant measure
of (r;);>0 solving (6). Assume that the process starts from an invariant probability
measure 77, hence P(r; > 0) = p = 7 ((0, 00)) for any r > 0. Note that for p = 0 the
drift vanishes. If the initial measure is the Dirac measure in 0, 8¢, then the diffusion
coefficient disappears. Hence, Law(r;) = §¢p for any # > 0. It remains to investigate
the case p # 0. Here, we are in the regime of [18, Lemma 24] where an invariant
measure is of the form (28). Since p = P(r; > 0), the invariant measure 7 satisfies
additionally the necessary condition

_ _ I(a, p)
P =000 = o ¥ Ia p) (66)

with I (a, p) given in (27). For p # 0, this expression is equivalent to (26). O

Proof of Theorem 6 By Theorem 5, it suffices to study the solutions of (26). By (27)
and since b(r) = —Lr, it holds for I (a, p) = (1 — p)I(a, p),

A £ 2 2.2
i@, p) = (\/§+ foﬁ exp(—x2/2)dx)\/;exp (%)(1 —p. (67

In the case a/\/z <2/Jm, f(a,O) = ,/n/i by (67). Further, by 1 + x < e* and

a/VL <2/ 7,
[ /f g dx (1 - )e it

X )2
< ﬁ(l —i-‘/—/m e_de)e_I’e]?
2 T Jo
<\/§<1+2_P)e—pe”2 <\/Ee”(3_l) <\/§
V2 T V2 2

for p € (0, 1]. Hence, I(a p) < I(a 0) by (67). Therefore, I(a p) < I(a 0) < %
for all p € (0, 1] and so &y is the unique invariant probability measure for a/ f L <
2/,

To show that for a/ \/Z > 2/./7, there exists a unique p solving (26), we note

that f(a, p) is continuous with f(a, 0) > 2/a and f(a, 1) = 0. By the mean value
theorem, there exists at least one p € (0, 1) satisfying (26). In the following we drop
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the dependence on a in I (a, p) and i (a, p). We show uniqueness of the solution p
by contradiction. Assume that p; < p» are the two smallest solutions of (26). Hence,
it holds either I’(p;) < 0 or I'(p) = O for p. Note that the derivative is given by

') = =1(pi) + (L= pI'(pi) = =1 (pi) + (1 = p)( i )+ =)
pi) = Pi Di pi) = Pi Pi)\ Pi Y Di 7

2 L4 ) 2 L% (&
= - — Dpi)= =+ <.
a(l — p;) YL\ = p; al—p) L
Then, for pp > pi, it holds
IA/( ) 2 + a - 2 + a IA/( )<0
P al—py L al—pn 1 7

IfI'( p1) < 0,itholds I'( p2) < Owhich contradicts that pi and p; are the two smallest
solutions. In the second case, when I’(p;) = 0, we note that the second derivative of
I(p) at p; is given by

1"(p1) = =2I'(p1) + (1 — pI"(p1)

a2p1 a2p1 a Cl2
=(-24+U-p)—=)(1 — + =)+ U - pDI(p)—
( (I-p1) Y )( (p1) Y L) (I—p1) (m)zL
azp] a a a
= —2+1— _~~—+T:_~—<O.
( (=r 2L >L(1—P1) L L1 - py)

Hence, in this case there is a maximum at p;, which contradicts that p; is the smallest

solution. Thus, there exists a unique solution p; of (26) for a/ ﬁ >2/Jm.
]

6.3.3 Proof of Theorem 7
Proof of Theorem 7 To show (31) we extend the function f to a concave function on
R by setting f(x) = x for x < 0. Note that f is continuously differentiable and f’

is absolutely continuous and bounded. Using It6—Tanaka formula, c.f. [39, Chapter 6,
Theorem 1.1] we obtain

df () = f'r) ) + aP(ry > 0)dt + 2" (r) L0,00) (r)dt + dM,
where M, =2 fé f(rs) 1(0,00) (rs)d By is a martingale. Taking expectation, we get

d ~
EE[f(rz)] = E[f'(r)(b(ry) + aP(ry > 0)]+ 2E[f" (1) L (0,00 (71)]

= ELf ()b (r) + 20" (r1) — f"ON] + Elaf’(r1) + 2" (0)IP(r; > 0)
= —cE[f ()],
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where the last step holds by (39) and (40). By applying Gronwall’s lemma, we obtain
(31).

O

6.4 Proof of Sect. 4

The proof of Theorem 8 works in the same line as the proof of Theorems 1 and 2.
Additionally, the difference between the nonlinear SDE and the mean-field system is
bounded in Lemma 19 for which a uniform in time bound for the second moment of
the process ()_(,),20 solving (1) is needed and which is given first.

Lemma 17 Let ()_(t)tzo be a solution of (1) with E[I)_(0|2] < 00. Assume B1. Then
there exists C € (0, 00) depending on d, W and the second moment of X¢ such that

C =supE[|X;]*] < o00. (69)

>0

The proof relies on standard techniques (see e.g., [16, Lemma 8]) and is added for
completeness.

Proof of Lemma 17 By 1t5’s formula, it holds
1.2, - . - o7 1
Taking expectation and using symmetry, we get

SEOXP) = B, — Ko, bR — %) +d
= —E[X, - X;, L, — X) =y (X = X)L g _ - g,]
—El(X: — X, LXy = X)) —y (KXo = X)L, 3, 1<,] + 4
<EB[X*(=2L + k(X = X:D1 g, 5,1 )] + 17 lcoRo +d .

Hence by definition (14) of Ry and by Gronwall’s lemma we obtain the result (69). O

Let N € N. We construct a sticky coupling of N i.i.d. realizations of solutions

({)_(lf}fvzl),zo to (1) and of the solution ({Yf}f’zl)tzo to the mean field particle system

(3). Then, we consider a weak limit for § — 0 of Markovian couplings which are
constructed similar as in Sect.2. Let rc?®, sc? satisfy (19) and (20). The coupling
({)_(f"s, Yi"s}fvzl),zo is defined as process in R*V¢ satisfying a system of SDEs given
by
dXP? = b @S(XP0)dr + 1P (7 °)dB] ! + s (7)) d B2
X
i\ ) 8
dy/? = 5 Zb(Y,’ —Y/%)ds
j=1
+ 1 (7)1 —2&° @) T)d B! + ¢ (70)d Bl (70)
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whereLaw({)_(é‘;, Yé 0}N D= "®N N and where ({B"" }N 1)z>0, ({B }l 120
are i.i.d. d-dimensional standard Browman motions. We set X = Xf’ —
NZ lXJSYtS_YtHS_N jZIYt]SZzS_X Y18~18 |Z;’8|and

&% = 719 /719 for 719 £ 0. The value & for 7% = 0 is irrelevant as rc'*3 (0) = 0.
By Levy’s characterlzation ({)_(;.’ , Y’ S}N 1),>0 is indeed a coupling of (1) and (3).
Existence and uniqueness of the coupling given in (70) hold by [36, Theorem 2.2]. In
the next step we analyse F,i"s

Lemma 18 Assume B1 holds. Then, for € < €g, where €q is given in (20), and for any
i e{l,..., N}, it holds almost surely,

N
dFi? = —LiPdr + @, — Z y (X — X% =y (7% — 7/ %)) ar

N3
+2. /14 —rc 370y dwi-® +<~;3,®’ By Z@“>
k 1
N T
< (B + 20y loory Zrc G/)ar +2,1 4 e G Haw
J 1 N
1 N
i,8 k,8
+(At +NZAI )dt. (71)
k=1
with ©° = b+ g2 (X0%) — & X0 6(X1? = X/°) and
1 N
] i -5 i o = )8
AP = oy = [pw %) = 5 Dbk - X)) )
=1

and where ({W }N r=0 are N one-dimensional Brownian motions given by

i,8 ~i,8 i1 ~J:0NT 1J>1 -
w! 1/ +1 f( ydBi! + — Z/( aB{''|, i=1,...,N.

(73)

Proof By (70) and since y is anti-symmetric, it holds by Itd’s formula for any i €
{1,..., N},
)% = —2LG°)2dr +2(Z Z y (X2 = X)) =y (7] = 7/%)dr
] 1

1 1 o
+4(1+ )rc (70)2dr + 414+ e G200 2 aw)
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N
. . 1 . .
8 =8 i.8 8 8
+2UZ b K = 5 lﬁb(Xi - X[t
p=

N N
- 1 o 1 ) .
FUZP = 2 (bR = 2 Y bR - X))r
k=1 j=1

where ({Wti}f\’: D=0 are N ii.d.one-dimensional Brownian motions given by (73).
Note that the prefactor (N /(N + Y 2 ensures that the quadratic variation satisfies
[Wi], = ¢ for ¢ > 0, and hence ({Wti }1N= )r=0 are Brownian motions. This definition
of ({ W,i }lN: Pr=o0leadsto (1+1/N) 1/2 in the diffusion term of the SDE. Applying the
C? approximation of the square root used in the proof of Lemma 12 and taking ¢ — 0
in the approximation yields the stochastic differential equations of ({Fti -8 }1N= Di=0- We
obtain its upper bound for € < €y by B1 and (20) similarly to the proof of Lemma 12.

O

Next, we state a bound for (72). The result and the proof are adapted from [16,
Theorem 2].

Lemma 19 Under the same assumption as in Lemma 20, it holds foranyi =1,..., N
E[|A§’3|2] <C N~ and E[Aﬁ"s] < CNV2,

where Ai"s is given in (72) and C1 and C» are constants depending on ||y ||co, L and
C given in Lemma 17.

Proof By B3, it holds E(|X;°|?) < oo fori = 1,..., N. Note that given X}**, X/**
are i.i.d.with law ;lf for all j # i. Hence,

Elb(X — X])XE% = b s g (X0 .
Since y is anti-symmetric, b(0) = 0, and we have
5,500 L& s oibp|eis
B[+ i (X)) = —— ;b(x, - X%

N N
1 =is SN 1 =is =i =i
=E[|H;Ew<x; — XX ]—m;bw; - xR

= L Va0 — )
T N-1 Hi ! ’

By (11), B1, B3 and Lemma 17, we obtain

Va0 =) = [ (<Lt -0+ [ L - oden)
! R4 R4
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_. o 2
(& =0 - [ @ - atan)[ s
R4
_. ~ 2
- / |Lx+ (yX? = - / 28 AV | R
R4 R4

<21’ fR 17 (dx) + 811y I3 < 2L7C% + 8l 1%, -

By the Cauchy-Schwarz inequality, we have

N
. . 1 . .
EI(A}*)?) = 2B[ b % fu (%]") = == D b(X)* = X/°)1]
j=1

+2(ﬁ - l) E| Zb(x’ =X

N
1 Sis 1 is 728512
= 25 EVargg (X} = DI I)EI:;:I (X — X% ]

412 16y 113 1
< C o0 —(SCL2 4 2)
S L e + 4y 1%
<N!C| <,

where C| depends on ||y ||c0, L and the second moment bound C. Similarly, it holds

N
i )8 _5, oi,8 1 Sis o).
ELA[]) < B[1b+ @ (X )—ﬁZb(X: - X/]

(el 50

Jﬁ_cv2 *5%" + (VAL + Iyl

<N 12C, < 0,

where C = 2LCY2 + 4|y lloc + (V2CY? + || |0 o

To control ({Ftl"s}fvzl)tzo, we consider ({r,i’a’f}fvzl)tzo given as solution of

dry®€ = b(rP > dr + — Z2lly||oorc o >)dr + (A' Tt ZAk 8)
k 1

+2,/1+ Nrc (it yawid (74)
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with initial condition r(') 8¢

given in (73).

BBy [36, Theorem 2.2], under Bl and B3 ({U'“}Nl),>o = (X v
z e\N
Y

= ;76’5 foralli =1,..., N, Aﬁ"s given in (72) and W,’A"S

L )r=0 exists and is unique, where ({Xt , Y' B}N D=0 solves uniquely (70),
({r"S}N Dr=0 and ({rl Viz 1N):>0 solve uniquely (71) and (74), respectively, with
(WYY )i=0 given by (73).

Lemma 20 Assume Bl and B3. Then for any i = 1,..., N, |)_(£’5 — Y,"’(s —
% Zj()_(,]’a — Y,]’8)| = ,l 0 < r;‘S‘e, almost surely for all t > 0 and € < €.
Proof Note, that both processes ({7, }N D=0 and({rt }N 1),>0 have the same initial

condition and are driven by the same noise. Since the drift for ({rl }N =0 is larger

than the drift for ({ft" ) 71),>o for e < €9 by (20), we can conclude rl’ 4 < r,’ 3.
almost surely forallr > 0,¢ < ¢€pandi = 1,... N by Lemma 21. O
Proof of Theorem 8 Consider the process ({U," }N Di=0 = (X0, ylo plde W Di=0

on RN@Z4+D for each €,8 > 0. We denote by P*€ the law of {U‘Se}lN:] on
CR4, RN (2"“)). We define the canonical projections X, Y, r onto the first Nd,
second Nd and last N components.

By B1 and B3 it holds in the same line as in the proof of Lemma 22 foreach 7 > 0

E[{U = U < Clo — > forry, 1o € [0, T, (75)

for some constant C depending on T', L, || ¥ [|Lip, ||V lloo» N and on the fourth moment
of g and vg. Note that we used here that the additional drift terms (A- 5)r>0 occurring
in the SDE of ({r’ 4 G}N =0 are Lipschitz continuous in ({X, } ~ )r=0- Then as in
the proofs of Lemma 22 and Lemma 23, P%€ is tight and converges weakly along a
subsequence to a measure P by Kolmogorov’s continuity criterion, cf. [31, Corollary
14.9].

As in Lemma 22 the law IP”S € of ({U}" -3, W Do<r<r on C([0, T, RNZ4+D) g tight
foreach T > O by [31, Corollary 14.9] and for each € > 0 there exists a subsequence
8, — 0 such that (]P"S” Ypen on C([0, T], RN @4+ converge to a measure P$, on
C([0, T], RN@d+D)y, By a diagonalization argument and since {P : T > 0} is a
consistent family, cf. [31, Theorem 5.16], there exists a probability measure P€ on
C(R,, RNd+Dy quch that for all € there exists a subsequence 8, such that (P%€),, ey
converges along this subsequence to P€. As in the proof of Lemma 23 we repeat
this argument for the family of measures (IP€)~¢. Hence, there exists a subsequence
€n — 0 such that (P¢m),,cn converges to a measure P. Let ({X }N =0 be
some process on RN@d+D with distribution P on (Q, F, P).

Since ({}_(;’S}ZNZI),ZQ and ({Y,i"s}fvzl)tzo are solutions that are unique in law, we
have that for any 6, € > 0, PPeoX ' =PoX 'andP?¢ oY ! =PoY ! Hence,
Po(X,Y) lisa coupling of (1) and (3).

Similarly to the proof of Lemmas 22 and 23 there exist an extended underlying
probability space and N i.i.d.one-dimensional Brownian motion ({Wf}f\’: e=0 such

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

that ({rf, W/} );>0 is a solution of

N N
S 1 . 1 .
dri = b(rf)dr + ;2||y||001(0,00)(r,1)dz + (A', + ];At>dt

1 . .
+2,/1+ ﬁ]l(o,oo)(r,’)dW' ;

where Al = [b* i, (X]) — & Y0 b(Xi — X))

In addition, the statement of Lemma 20 carries over to the limiting process
({rt’}lN: )t=0, since by the weak convergence along the subsequences (8,)neN and
(€m)menN and the Portmanteau theorem, P(|)~(i — fti| < rf fori = 1,...,N) >
lim sup,, ., ., limsup,,_, ., P(| X} — ¥} Ponem fori =1,...,N) = 1, where
Xi =X —(/N) Y X] and ¥[ = X! — (1/N) Y0, ¥/ for all t > 0 and
i=1,...,N.

Using [to—Tanaka formula, c.f. [39, Chapter §, Theorem 1.1], and f” is absolutely
continuous, we obtain for f defined in (37) with b(r) = (k(r) — L)r anda = 2||¥ | 0,

| <r’

1(0,00) (r,i))dt

N N
a(x Yo reh) = = 3 (behreh + e
i=1

i=1
N N _ '
Zsz/(r,’)||y||ooﬂ(o,oo>(r,-’>dt
i=1j=1

N
1
+— Zf( )2,/1+ﬁ1(000)(r,)dW’

i=1
1 & el
. ‘ ‘
+ 5 Zf’(r;)(A; O
i=1 k=1
Taking expectation, we get using f'(r) < 1 forall r > 0,

d 1len, 7. 1«
SE[S Y reh] = 5 S [E[peh s eh 2 e - o]
i=1 i

i=

E[2(1y o + %f”(()))ﬂ(o,oo)(rb] +5[24(]}.
(76)
By (39) and (40), the first two terms are bounded by —E% i f (rf) with ¢ given in
(]71;.y Lemma 19 the last term in (76) is bounded by
E[A]]<CN™'/?,
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where
C =20 =4LC"? +8|lylloc +2(vV2C" 2L + |7 llso) - (77)

Hence, we obtain
d 1 i (1 i Soar—1/2
SB[ Y f0h] = =i Y ELFeDI+CN
i i
for t > 0 which leads by Gronwall’s lemma to

E[%Zf(r;')] < e_“E[ Zf(ro)] +-CNI2

®N ®N

For an arbitrary coupling & € I"(j1, ), we have

Wi n (@)@, vy

N
C
<e fR Z x—y——Z(xf—yf) §(dxdy) + =7 -

as ELf (r§)] < faona % Sorey f(x = y' = & 30, (x/ — y/))))E(dxdy). Taking the
infimum over all couplings & € F(;lg’ N 1)89 ) gives the first bound. By (38), the second
bound follows. O

6.5 Proof of Sect. 5

Analogously to the proof of Theorem 3, we introduce approximations for the system
of sticky SDEs and prove Theorem 10 using a comparison result given in Lemma 21
and via taking the limit of the approximation of the system of sticky SDEs in two steps
and identifying the limit with the solution of (35).

As for the nonlinear case we show Theorem 10 via a family of stochastic differential
equations, with Lipschitz continuous coefficients,

i,n,m
dr,

(berimm + < Zg ("™ )dr + 20" (" AW]

. . (73
dsf™" = (B + th [ )i 4+ 20" (5" AW,

i,n,m znm

Law(ro , )—nnm’ ie{l,...,N},

where 0, n € I'(Wn.m, Vnm). Under H1, H2, H5, H6 and H7 weidentify the weak limit

of ({r{™" 5™ ™| pmen)i=0 solving (78) for n — oo by ({ry™ s, ¥V, | i=0
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solving the family of SDEs given by

dry™ = (5(rf’m) + < Zg ol )dt + 210,00 (r ™AW,

. . 4 (79)
ds;~"1:(b(s;”")+ th(s )dt—i-ZIl(oOo)(s, AW

Law(rg™ . s") = nm . i €{l,....N},

where n,, € T'(m, Vin).

Taking the limit m — oo, we obtain (35) as the weak limit of (79). In the case
g(r) = 1(0,00)(r), we can choose g = 0™.

Consider a probability space (20,.Ao, Q) and N i.i.d.1-dimensional Brown-
ian motions ({Wti}f\’: Di=0. Note that under H1-H7, there are random variables
{rl"m}, o AstmmN s Qo — W for each n,m such that ({ri"™, ’"m}Nl)
is a umque solution to (78) by [36, Theorem 2.2]. We denote by P = Q o
({rinm  gin. ’”}N D ! the law on WV x WV,

Before taking the two limits and proving Theorem 10, we introduce a modification
of Ikeda and Watanabe’s comparison theorem, to compare two solutions of (78), cf.
[28, Section VI, Theorem 1.1].

Lemma 21 Suppose a solution ({r""™™, s'"™ N V=0 of (78) is given for fixed n, m €

N. Assume H5 for g™ and k™, H1 for b and b, H6 for ". IfQ[r(’) < s(’)" M foralli =
1,...,Nl=1,b@r) < l;(r) and g"(r) < ™ (r) for any r € Ry, then

Q[rti’n’m < si’”’mforallt >0andi=1,...,N]=1

Proof The proof is similar for each componenti = 1, ..., N to the proof of Lemma
14. It holds for the interaction part similarly to (53) using the properties of g and 4™,

N .
Z(g "y = B ()
1M ‘ .
< Ky o =M g G 5
Hence, we obtain analogously to (54),
. ~ l . .
E[({"" — 5/"")+] < LE[ / (™™ = sy du |

+ K, E / Z(r’”m—sg*”””)+du]
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forall i = 1,...,N. Assume t* = inf{t > 0 [(rt'”m — '"m)+] >

0 for some i} < oo. Then, there exists i € {1,..., N} such that fo E[(rLm™ —
si™™), 1du > 0. But, by definition of #*, for all i, u < r*, E[(r;™"™ — si™™), ] = 0.

ThlS contradicts the definition of #*. Hence, Q[r,’ < s nm goralli, t > 0] = 1.
O

In the next step, we prove that the distribution of the solution of (78) converges as
n— oo.

Lemma 22 Assume that H1 and H2 is satisfied for (b, g) and (l;, h). Further, let
(Qn)neNy (gm)mEN’ (hm)meNr (Mn,m)n,meN’ (Vn,m)n,meN and (nn,m)n,meN be such
that H5, H6 and H7 hold. Let m € N. Then there exists a random variable
({rim, si'”’}N ) defined on some probability space (Q", A™, P™) with values in
WY x WV such that ({ri"™, s " D=0 is a weak solution of (79). Moreover; the
laws Q o ({ri-mm gin m}N 1) 1 converge weakly to P™ o ({ri"™, ”"}l= YL Ifin
addition,

b(r) < b(r) and ¢"(r) <h™(r) foranyr € R,

Q[r(’)nm<s(’)"m]_1 foranyn e N;i =1,..., N,

then P’”[r,i’m < sti’mforallt >0andie{l,...,N})]=1

Proof Fix m € N. The proof is divided in three parts and is similar to the proof of
Lemma 15. First we show tightness of the sequences of probability measures. Then
we identify the limit of the sequence of stochastic processes. Finally, we compare the
two limiting processes.

Tightness We show analogously as in the proof of Lemma 15 that the sequence
of probability measures (P""),en on (WY x WV, B(WY) @ B(WY)) is tight by
applying Kolmogorov’s continuity theorem. We consider p > 2 such that the p-th

moment in H7 are uniformly bounded. Fix 7 > 0. Then the p-th moment of plmm

and s;"™"" for t < T is bounded using Itd’s formula,

dlr;',n‘mlp < plr;',n‘mlp—2<r;',n,m’ (I;(r[i,n,m) 4+ = Zg (rj n, m

+20" ("M plr " PR AW p(p = DI P26 ()
= ("L TP 4 20p = DI P72 )dr 4+ 207 0 pr P AW

< p(i FT+2(p— 1))|r,""”"|sz + p(T +2(p — 1)dr + 20" ("™ p(r™yP =1 AW
Taking expectation yields
d : )
BT < p(L 4T 4200 = D)EIR™" 1P + pT +2(p — 1) .
Then by Gronwall’s lemma
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sup E[jrf""|P] < ePEATH2P=IDT ([ 10" P] 4 Tp(T 4+ 2(p — 1)) < Cp < 00,
t€[0,T]

(80)

where C), depends on T and the p-th moment of the initial distribution, which is by

assumption finite. Similarly, it holds sup, o 7 El|s;""™|”] < C, fort < T. Using
these moment bounds, it holds for all #1, #, € [0, T] by H1, HS5 and H6,

E[lrlf‘z,n,m _ r;‘l,n,m|p]
n_ 1 Y - n . .
=i (Bi [ B0L 3 gl )+ B [ 20 gl maw )
11 . n
j=1
ir no 2 ;
< Cz(p)((E[m/ |V,i’"’m|pduj| +Fp)|t2—t1|p+IE[|/ 29"(r;’”"’l)du|p/2])
- 1 A

L? ? i 2 2
- [ B T )i = 17 42720 - )
— 1] 1

=em((4;
< G(p,T,L,T,Cp)ltr — 11]P/%,

where Cy(-) are constants depending on the stated arguments, but independent
of n, m. Note that in the second step, we use Burkholder-Davis-Gundy inequal-
ity, see [38, Chapter IV, Theorem 48]. It holds similarly, E[|s;;"" — s;,""™|P] <
Cs(p,T,L,T,Cp)|tr — 11|P/>. Hence,

in, i ,n,myN in, i ,n,myN
EO{ry™", ™" 2D — Arg™ ™ sy 2D

N
< Ca(p. YO _(BIIr™" — ™" P14 Ells"" — s, P1)

t n
i=1

<Cs(p,N,T,L,T,Cp)lt — 1|7/

forall 71, , € [0, T]. Hence, b~y Kolmogorov’s continuity criterion, cf. [31, Corollary
14.9], there exists a constant C depending on p and y such that

IE|:[({;,1',I1,)717 si‘n’m}fvzl)]f’)] =< C- Cs(p,N, T, Z,, I, Cp) . (81)
where [.]JI/’ is defined by [x], = sup, ,ci0.7] Ix(ltt:):t;(ytz)l and ({rti,n,m’

s, Dnen,i=o is tight in C([0, T1, R?V). Hence, for each T > 0 there exists a
subsequence ny — oo and a probability measure Py on C([0, T, RZN ). Since {P}r
is a consistent family, there exists by [31, Theorem 5.16] a probability measure P
on (WY x WV, BAWN) ® B(WN)) such that P*" converges weakly to P". Note
that we can take here the same subsequence (7n;) for all m using a diagonalization
argument.

Characterization of the limit measure Denote by ({rﬁ, sf;}lN: 1) = w(t) the canon-
ical process on WV x WN. To characterize the measure P" we first note that
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P" o (rl, si)~™! = n, foralli € {1,..., N}, since ]_P’””"(r_f),sf))’1 = Nu.m cON-
verges weakly to 7,, by assumption. We define maps M N™ : WV x WN — W
by

. 7 :
WAV S
j=1

. S to 1 Y .
NI = s — b — /0 (besin ++ I;hm(s-{,))du . (82)
For each n,m € Nandi = 1,..., N, (M,i’m,]-",,]P’"'m) is a martingale with
respect to the filtration 7, = o ((ry.sy) : j =1, N,0 < u <1r). Note that

the families ({M;" "N P e >0 and ({Nt”m}lN 15 IP’” JneN.r>0 are uniformly
integrable. Since the mappings M’ and N" are continuous in W, P*" o
(ri,s’, Mbm NEmyN 1)’1 converges weakly to P o ({r,s', M'm NEmyN =1
by the continuous mapping theorem. Then applying the same argument as in (59)
(M™ F,, P and (N;™', F,,P"™) are continuous martingales forall i = 1,..., N
and the quadratic variation ([{M", N’ ’”}N 116)i=0 exists P -almost surely. To com-
plete the identification of the limit, it suffices to identify the quadratic variation. Similar
to the computations in the proof of Lemma 15, it holds

(M) = 4/ Jl(o’oo)(rfd)du P -almost surely,
0

[N©™] :4/ ]l(o,oo)(sfd)du P -almost surely, and
0

[MP™ NDM) =4 /0 10.00) P ) 10,00y (8" )du  P™-almost surely,  (83)

Further, [M"", M7"™], = [N'"™ NJ"™];, = [M"", N/, = 0 P""-almost surely
for i # j and (M, M} "™ P"m™), (N/" N} "™ P"™) and (M;™ N]"™,P"™) are
martingales. For any bounded, continuous non-negative function G : W — R, it
holds

E"[GM "™ M)"™ — MM = lim B [GM" M — M M) =0,
n—>oo

respectively, ]E’"[G(N[i’mN,j’m — Nsi’mst’m)] = 0 and ]Em[G(M;i’msz’m -

MP"N]™)] = 0. Then

(MM M7™M) = [N™ NJ™ = [M"™ N/J"M] =0  P"-almost surely,
foralli # j . (84)

Then by a martingale representation theorem, cf. [28, Chapter II, Theorem 7.1], there
is a probability space (2™, A™, P™) and a Brownian motion {W’}N , and random
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variables ({rtm, sm}N ) on this space, such that it holds P™ o ({r':™, s'-m}N )=1 =
"o ({rl, s }N Do ! and such that ({ri:", s*-" W’}N 1) is a weak solution of (79).

Comparison of two solutions To show P’"[rl < st' Mforallt > Oandi =

1,...,N] = 1 it suffices to note that P"™[r""™™ < "™ forally > Oandi =
1,..., N] = 1, which holds by Lemma 21, carries over to the limit by the Port-
manteau theorem, since we have weak convergence of P o ({r', si}f\’: 1)_1 to

Mo ({rf, s )7L o

In the next step we show that the distribution of the solution of (79) converges as
m — oo. Consider a probability space (", A™, P™) for each m € N and random
variables {ri™}N | {s"m}N . Q™ — WV such that ({r; £,m ™Y Di0 is asolution
to (79). Denote by P = P™ o ({ri:™, 5" m}zN=1) ! the law on WN x W,

Lemma 23 Assume that H1 and H2 is satisfied for (b, g) and (3, h). Letn € T'(u, v)
where the probability measures u and v on Ry satisfy H3. Further, let (g™)meN,
(W) meN, (m)meN, (Vm)meN and (M) meN be such that H5 and H7 hold. Then there
exists a random variable ({r', s }N D deﬁned on some probability space (2, A, P)
with values in WY x W such that ({rt , S} }l 1) is a weak solution of (35). Moreover,
the laws P™ o ({ri™ st m}N Do ! converge weakly to Po({r', s } )_1. Ifin addition,

b(r) < b(r), g(r) <h(r), and g"(r) <h™(r) foranyr € Ry, and

[r(’)m < s(')mforallt >0andie€{l,...,N}]=1 foranym €N,

then P[r! <s! forallt > 0andi €{l1,...,N}] = L

Proof The proof is structured as the proof of Lemma 22. Tightness of the sequence
of probability measures (P™),,eny on (WY x WV, B(WV) @ B(WY)) holds adapting
the steps of the proof of Lemma 22 to (79). Note that (80) and (81) hold analogously
for ({r;"™, ’ " }N 1) by HI, H5 and H7. Hence by Kolmogorov’s continuity criterion,
cf. [31, Corollary 14.9], we can deduce that there exists a probability measure P on
(WN x WV B(WN)®B(WN)) such that there is a subsequence (11 )cn along which
Pk converge towards P.

To characterize the limit, we first note that by Skorokhod representation theo-
rem, cf. [6, Chapter 1, Theorem 6.7], without loss of generality we can assume that
({rim, st ”’}N 1) are defined on a common probab1l1ty space (€2, A, P) with expec-
tation E and converge almost surely to ({r’, s }l: ) with distribution P. Then, by H5
and Lebesgue convergence theorem it holds almost surely for all # > 0,

) o 1 N ] o 1 N )
lim b(ry™) + v Zl ¢"(ra"™)du = /0 b(r;) + v Zlgm (ra)du . (85)
Jj= Jj=

m—00 0

Consider the mappings M"", N : WN x WN x P(WN x WV) — W defined
by (82) Then forallm € Nandi = 1,..., N, (M;"™, F;,P™) and (N,”m, F, P
are martingales with respect to the canonical filtration F; = o (({r},, s’u}{\’: o<u<t)-
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Further the family ({M'" "N P men, =0 and (N} m},fl,Pm)meN,tzo are uni-
formly integrable. In the same line as weak convergence is shown in the proof
of Lemma 15 and by (85), P" o ({ri,s', M"™ N ’”}1_1)_1 converges weakly to
Po ({ri,s', M! N’}l_l)_1 where

. S t, 1 Y .
M;zr;—r;)—/ (B + 5 D st )au. and
0 o
t 1 N
L L ;
Ni _s;—sg)—/o (b(s;)+ﬁj;h(su))du

Then ({M’ }l ~1» Fr,P)and ({N’ }l_1 , J¢, IP) are continuous martingales using the same
argument as in (59). Further, the quadratic variation ([{M[, N/ }1—1] 1)r>0 exists [P-
almost surely and is given by (83) and (84) P-almost surely, Wh1ch holds following the
computations in the proof of Lemma 15 and Lemma 22. As in Lemma 22, we conclude
by a martingale representation theorem that there are a probability space (2, A, P)
and a Brownian motion { W’ }N | and random variables ({r' }l_l, {si}N D on this space
such that P o ({r', s'}¥ )~! = Po ({r', s"}.,)~! and such that ({r’, s*, WI}¥ ) is
a weak solution of (25).

By the Portmanteau theorem the monotonicity carries over to the limit, since P o
{ri, Si},Nzl)_l converges weakly to P o (rt, st }lN:l)_l. O

Proof of Theorem 10 The proof is a direct consequence of Lemmas 22 and
23. O
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A Appendix
A.1 Kuramoto model
Lower bounds on the contraction rate can also be shown for nonlinear SDEs on the

one-dimensional torus using the same approach. Here, we consider the Kuramoto
model given by

dX, = —k [ f sin(X, — x)dut(x)} dr + dB; (86)
T

on the torus T = R/(2nZ).

Theorem 24 Let (i, and v; be laws of X, and Y; where (Xs)s>0 and (Ys)s>0 are two
solutions of (86) with initial distributions vy and v on (T, B(T)), respectively. If

4k /n exp(2k — 2k cos(r/2))dr <1 87)
0

holds, then for all t > 0,
Wi, ve) < e_CTth(Mo, vo) and Wi(us, vi) < 2exp(2k)e”“T'Wi (o, 1o) .

where
cr=1/ (2 /n /r exp[2k(cos(r/2) — cos(s/2))]dsdr> (88)
0 0

and f is a concave, increasing function given in (92).

In [15, Appendix A], a contraction result is stated for a general drift using a similar
approach.

We prove Theorem 24 via a sticky coupling approach. In the same line as in
Sect. 2 the coupling (X, Y;);>0 is defined as the weak limit of Markovian couplings
(X2, Y%)50:8 >0}on T x T =R/(27Z) x R/(27Z) given by

dx? = —k [ / sin(X? — x)du’ (x)] dt + 1 (70)dB) 4 sc® (7°)d B?
T

(89)
ay} = —k [ / sin(Y? — x)dv? (x)] dt —r®(7)dB! + sc® (7%)dB? |
T
where 70 = dp(X?, Y?) with dr(-, -) defined by
(lx — y| mod 2m) if (Jx — y|mod27) <m,
dp(e.yy = |7 x =] (90)
2m — |x — y| mod 27r) otherwise .
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The functions rc?, sc? are given by (19) and satisfy that there exists €p > 0 such that

rc‘s(r) >r/2forany 0 <r <§ < €.

Theorem 25 Assume (87). Let 1o and vy be probability measures on (T, B(T)) having
Sfinite forth moment. Then, (X;, Y;)t>0 is a subsequential limit in distribution as § — 0
of{(Xf, YZ‘S)[Z() 1 6 > 0}, where (X;)1>0 and (Y1):>0 are solutions of (86) with initial
distributions [vo and vy, respectively. Further, there exists a process (ry);>0 satisfying
foranyt > 0, dr(X;, Y:) < ry almost surely, and which is a weak solution of

dry = ksin(ry/2) + 2kP(r;))dt 4 21 (0,1 (rr)dW; — 2dLT on

where (W;)>0 is a one-dimensional Brownian motion on T and £" is the local time
arw.

Proof The proof works analogously to the proof of Theorem 2 stated in Sect. 6.2.1. It

holds similarly to Lemma 12 by Meyer—Tanaka’s formula, cf. [39, Chapter 6, Theorem
1.1], and using (90),

t
F—i = /O sgn(X? — Y9)(—k)e,
[ f sin(X® — x)du, (x) — f sin(Y? —x)dv,(x):| dr
T T
t
+ / sgn(X? — v2)2rc® (7%)e,dB! + f 21 (78)24% (80 — 8,)(da) ,
0 R

where sgn(x) = 10, 71(x) — L(z,271(x), (€})r>0 is the local time at a associated with
(X2 —YP)=0 and ¢, = (X? — Y?)/dp(X?, Y?) for i® # 0. For 7% = 0, ¢, is some
arbitrary unit vector. For any a the support of £7 as a function of ¢ is a subset of
the set of ¢ such that , = a [31, Theorem 19.1], hence ]l(o,n](rt)ﬁ? = 0 almost
surely and so the term involving the local time reduces to —2¢7 . Further, we note that
W, = fot sgn(X? — Y?)e,dB/ is a Brownian motion. As in Lemma 12, it holds for the
process (Ff),zo for € < €g with € given by (20),

di® < 2ksin(7?/2) + 2kE 5 (1c€ (dp (x, y)))dt + 2rc? (F2)dW, — 2deT |

xwy,?,y’vvt
where we used the properties of rc® and
(x —y) - (sin(x —x) —sin(y — X)) < 2sin(|x — y[/2)|x — y|

for any x, y, X € T. Consider (r,a’e)tzo given by

g
drd€ = Qksin(r>€/2) + 2k / rc (u)d PP (u))dt + 2rc® (rP€)dW,; — 2de7
0
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%€ is the law of rl‘S . Then as in Lemma 13, for the processes (7°);>0 and

( r{"%)1=0 with the same initial condition and driven by the same noise it holds 7’ < rl‘S o
almost surely for every ¢ and € < €.

Consider the process (U ),>0 = (X‘s Y‘S )120 on T2 x [0, ] foreach e, § >
0.Wedefineby X, Y : C(Ry, T?x[0, 7]) — C(R+,T) andr : C(Ry, T?x[0, 7]) —
C(R4, [0, ]) the canonical projections onto the first component, onto the second
component and onto the last component, respectively. Analogously to the proof of
Theorem 2, the law P%€ of the process (U “);>0 converges along a subsequence
(8k, €k)keN to a probability measure P. Let (X;, Y7, r7);>0 be some process on T2 x
[0, ] with distribution P on ($2, F, P). Since (Xa),>o and (Y )i>0 are solutions of
(86) which are unique in law, we have that for any €, § > 0, IP’3 co Xl =Pox!
and P*€ oY~ = Po Y. And therefore (Xt)r>0 and (Y;);>0 are solutions of (86) as
well with the same initial condition. Hence P o (X, ¥)~! is a coupling of two copies
of (86).

Further, the monotonicity f;s < rf "€ carries over to the limit by the Portman-
teau theorem. Finally, similarly to the proof of Lemmas 15 and 16 there exist an
extended probability space and a one-dimensional Brownian motion (W;);>¢ such
that (r;, W;);>¢ is a solution to (97).

where P>

]

Proof of Theorem 24 Similarly to (37) we consider a function f on [0, 7] defined by

. t
F) = /0 G(F(rdr , ©2)
where

¢(r) = exp{2k(cos(r/2) = 1)}, ®(r) = [rq?(S)ds )
0

an=1-7 / (®(5)/G(s))ds — k / (1/6(s)}ds |
0 0

T —1
CT=(2 /O {&><s)/¢(s>}ds) .

Then for k satisfying (87), g(r) € [1/2,1] and f is a concave function satisfying
similarly to (38)

exp(—2k)/2r < f < ®(r (93)

and

710 =~

~ ~ - - 94
2(f"(r) — £7(0)) < —2ksin(r/2) f'(r) —crf(r) forallr € [0, n]. O
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By It6’s formula it holds

Afr) = F(ro) @k sin(r/2) + 2KP(r, > O + 2 () Lio.x)(r) AW, — 27 (r)deT
+ 2f~”(rt)]l(0,n](r[)dl‘ .

Taking expectation and using that the term involving the local time is negative, we
obtain

d ~ ~ - -
B0 < ER(F"00) = £7O0) + f'(ri)2ksinGre/2)] + 2f " (0) + 20P(r; > 0)
< —crE[f(r)],

where the last step holds by (94). Then
ELf (dr(X:, Yi)] < ELf (r)] < e ™ELf (ro)] = e""ELf (dr(Xo, Yo))I . (95)
provided (87) holds. Thus
Wir. i) < € Wi (o, vp) .
and by (93)
Wi (1, v) < 2exp(2k)e” "W (1o, vo) -

]

Remark 26 Let us finally remark that we can relax the condition (87) and we can obtain
contraction with a modified contraction rate ct for all k < ko, where kg is given by

ko / ! exp(2ko — 2ko cos(r/2))dr = 1. (96)
0

More precisely, set ¢ = 1 — kfon exp(2k — 2kcos(r/2))dr and cr =

- —1 -
¢ (fo”{¢(s)/¢(s)}ds) . Then, 3(r) € [£/2, 1] and ¢ exp(—2k)/2r < f(r) < r.
Following the previous computations, we obtain

Wi (e, vi) < 2exp(2k)/ce™ Wi (ro, vo)

where for k close to kg, the contraction rate becomes small and the prefactor
2 exp(2k)/¢ explodes.
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A.2 Sticky nonlinear SDEs on bounded state space

In the same line as in Theorem 3, existence, uniqueness in law and comparison results
hold for solutions to the sticky SDE on [0, ] given by

dr, = (b(r;) + 2kP(r; > 0))dr + 21,7 (r)dW; — 2d£7, o7

where k € R and €7 is the local time at 7.
The analysis of invariant measures and phase transitions can be easily adapted to
the case of the sticky SDE on [0, 7] given by (97).

Theorem 27 Let (r;);>0 be a solution of (97) with drift b satisfying H1. Then, the
Dirac measure at zero, &, is an invariant probability measure on [0, ] for (97). If
there exists p € (0, 1) solving (1/k) = (1 — p)I(k, p) where

T 1 X -
I(k, p) = / exp (kpx + —/ b(r)dr)dx ,
0 2 Jo

then the probability measure 7 on [0, ] given by
1 1 [*.
7(dx) o — 8o(dx) + exp (kpx t- b(r)dr),\(o,,,)(dx) (98)
kp 2 0

is another invariant probability measure for (97).

Proof of Theorem 27 The proof works analogously to the proof of Theorem 5 for sticky
SDEs on R, . Note that here the condition (66) transforms for p € (0, 1] to

_ _ I(k, p) _ _
p=n(0,m)) = T + 1k p) < (L=p) Ik, p)=1/k.

]

Example 28 Consider a solution (r;);>0 of (97) with driftb(r) = 2k sin(r /2). Consider
a solution p € (0, 1] solving 1/k = (1 — p)I(k, p) with

T X
Ik, p) = / exp (kpx +/ ksin(r/2)dr>dx
0 0
T
= / exp (kpx + 2k — 2k cos(x/2)>dx .
0
Then by Theorem 27, the Dirac measure at zero, 5y and the probability measure
1
m(dx) k—éo(dx) + exp(kpx 4 2k — 2k cos(x /2))A(0,7)(dx) 99)
p

are invariant probability measures for (97). We specify a necessary and sufficient con-
dition for the existence of a solution p satisfying 1/k = (1 — p)I(k, p). We define
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f(k, p) = (1 — p)I(k, p). We first consider the case 1/k < f(k, 0) = foﬂ exp(2k —
2k cos(x/2))dx. Then since 1/k > 7 (k, 1) = 0 and by the mean value theorem there
exists a p solving 1/k = i (k, p) and therefore there exist multiple invariant distribu-
tions for (99). On the other hand, if 1/k > I(k, 0) = foﬂ exp(2k — 2k cos(x/2))dx,
since m < foﬂ exp(2k — 2k cos(x/2))dx and for k < 1/, it holds

d .
— 1
dp

k,p)=—I1(k,p)+ (1 —p) /n kx exp(kpx + 2k — 2k cos(x/2))dx
0

= /n((l — p)kx — 1) exp(kpx + 2k — 2k cos(x/2))dx <0,
0

there is no p satisfying (99).

Remark 29 The contraction result given in Theorem 7 carries over to the sticky dif-
fusion (r;) given by (97) on [0, ] with b(r) = 2ksin(r /2). If (87) holds, then for
t > 0, (31) holds with f defined in (92) and ct defined in (88) using (95). Moreover
by Remark 26, we can deduce that if (96) holds, the Dirac measure at zero, &g, is the
unique invariant measure and contraction towards 8y holds.
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