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Abstract: The neutron optical Lloyd interferometer can
serve as a potent experiment for probing fundamental
physics beyond the standard models of particles and cos-
mology. In this article, we provide a full Green’s function
analysis of a Lloyd interferometer in the limit that the
reflecting mirror extends to the screen. We consider two
distinct situations: first, we will review the theoretical case
of no external fields being present. Subsequently, we will
analyze the case in which a gravitational field is acting on
the neutrons. The latter case provides the theory necessary
for using a Lloyd interferometer as a probe of gravitational
fields.

Keywords: gravity; Green’s functions; Lloyd interferome-
try; ultra-cold neutrons.

1 Introduction

In 1831 Lloyd [1] introduced an interferometry experiment,
in which two light beams originating from the same slit
source interfere with each other after one of them has been
reflected on a mirror and the other one propagated directly
to the target screen, see Figure 1. Depending on the dif-
ferences in distances travelled by both beams, an interfer-
ence pattern can be observed. Since its invention, the opti-
cal Lloyd interferometer has seen ample applications, for
example, Refs. [2-12]. Furthermore, in more recent years,
it has been suggested to perform Lloyd interferometry with
neutrons instead of light [13—15]. Such proposals are based
on ideas related to neutron interferometry [16, 17], which is
a well-established class of experiments.
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Ultra-cold neutrons and neutron optical experiments
are excellent means for probing fundamental interactions
and symmetries [18, 19]. Examples include the neutron life-
time [20-27] and other decay parameters like f-decay cor-
relation coefficients [28—30], measurements of its magnetic
moment, quantum mechanical [31, 32] or neutron optical
[33, 34] properties, searches for a charge of the neutron [35]
and the electric dipole moment. Besides, the search for a
permanent electric dipole moment of the neutron investi-
gates a high-energy scale in particle physics that cannot be
reached by accelerators on Earth. The present experimental
limit on this quantity is |d,| < 1.8 X 10726 e cm (90 % C.L.)
[36].

In addition, ultra-cold neutrons and neutron optical
experiments have proven themselves to be powerful tools
for probing gravity [37-44] and physics beyond the stan-
dard models of particles and cosmology [45-52]. Lloyd’s
mirror is another promising neutron interferometric setup
that has even been considered as a novel way of discovering
or constraining fifth forces and new types of scalar fields
[53, 54]. However, analyses such as presented in Refs. [53,
54] are strongly approximative since they use simplified
geometrical path length differences for determining the
phase differences. This cannot be sufficient when discussing
gravitational or fifth force-inducing scalar fields since they
are known to curve the paths on which the neutrons are
propagating. For this reason, inspired by the treatment
in Ref. [55], we present a more accurate analysis based
on Green’s functions. Green’s functions enable us to fully
capture the effects on the neutrons induced by external
fields and to compute the resulting neutron wave functions
necessary for predicting interference patterns in a Lloyd
interferometer.

At first, we will review the hypothetical case of no
external fields being present in the limit that the reflecting
mirror extends to the screen, as it was already discussed by
H. Filter (and M. Pitschmann) in Ref. [15]. Afterwards, we
extend the discussion by including an external gravitational
field. This analysis then provides the theoretical foundation
for using a Lloyd interferometer as a probe of gravitational
fields.
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Figure 1: Setup of a neutron Lloyd inteferometer; the neutron wave
function enters the experiment through a slit (SI), one path (I) traverses
directly to the detection screen, while another path (II) gets reflected at a
mirror and subsequently interferes with (I) on the screen.

2 Green’s functions

Green’s functions are powerful tools for solving inhomoge-
neous linear differential equations. Before demonstrating
how they can be applied in the context of Lloyd interfer-
ometry, we will now shortly review how to solve the gen-
eral Schrodinger equation for a particle of mass m using
them.

We start by making a stationary wave approximation
for the wave function

Y(r,t) = y(r)e ', )
which we then substitute into the Schrodinger equation:
h? .y O
——A+VD® |Pa, ) =inh=-P,0). )
2m ot
This leads us to the Helmholtz equation
(A+ Ky =0, ®3)

where k? = ;—';‘(ha) — V(r)). The inhomogeneous Helmholtz
equation may be solved via a Green’s function G(r, r’) ful-
filling

(A +K3)Gr,v') = -4z — 1), 4

which gives
G N eik|r—r’| 5
(r’r)_lr—r’l' Q)

Using Eqgs. (3) and (4), we can easily show thatforr € V
the following holds:
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/ Cr {y @A + kG, ) — G, ')A + KDy ()}
|4

—4y(r). (6)

In addition, employing Green’s theorem, we know

/ &*r' {w @) A" + k)G, r') — G, r') A + Ky ')}

14

:7{ ds'{y@")V'G@r,r") - Gr,x")V'y @)}, ()
ov

where dS’ is pointing outwards. Combining Eqs. (6) and (7)
finally solves the Helmholtz Eq. (3) in terms of the Green’s
function from Eq. (5):

w(r) = i}{ s’ {y (")V'G(x,x') — G(r,x)V'y (@)}
4r oV
8

2.1 No external fields

Finally, we will focus on applications to Lloyd’s interferom-
eter. At first, we will look at the idealistic case of no external
field being present and compute the corresponding Green’s
function, which we then use to solve for the neutron wave
function. We will focus on the setup of a Lloyd interferome-
ter as presented in Figure 2.

2.1.1 Exact solution

By the method of mirror charges, which is well-known from
electrostatics [56], we obtain a Green’s function
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Figure 2: Surface integration for a Lloyd interferometer with corner
geometry; the entrance slit is reaching from (—6/2, 0) to (+6/2, 0) in the
yz-plane, and the double arrows follow the dotted closed integration
path.
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KV O—XV+(y—ay 2 +@—bz')?
Gor,x)= ) ab , (9
e VX=X +(y—ay')? + (z — bz')?

which vanishes everywhere along the dotted integration
path given in Figure 2. We introduced r = (x, y,2)" andr’ =
(x’,y’,z")T. In addition, the wave function y(r’) also van-
ishes everywhere on this path except for the part coinciding
with the entrance slit. There we have y (') = Cel¥ with C
being some normalization constant. Using these properties
together with the general solution in Eq. (8), we find

y51+6/2 o

RV =X +(y+y V42
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() = -—AQE—‘/[(iS'u/(r’)¥7’(;(r,I“)
Y 4
sl
) Yg+6/2

— l ! / / i /
= ”/dx / dy u/(r)aZ,G(r,r), (10)
- Ya—6/2
where Sl denotes the entrance slit area, and yg and 6 are

the slit’s center and length on the y-coordinate. Substituting
Eq. (9) into Eq. (10), we find

C
_Co dx’ _
2r / / l\/(x—x’)2+(y+y’)2+z2

eik (x=x'24+(y—y')2+z2
VX =X2+@y—yr+z2

(11

ySl 5/2  —
y51+§/2 ©
/ / dx 1k\/>{2+(y+y’)2+z2
27[ 0z VE+(+ YR +22
Yyg—6/2 ~ —

Next, we evaluate the x-integral via the following inte-
gral representation of the Hankel function of the first kind
[56]:
elk\/m

inH (kp) = / dz-— (12)

In this way, we obtain

Yst+6/2
ll/(l') IC a [H(l)(k (y +y/)2 ZZ)

ySl 5/2
—HP(k\/(y =y + zz)]

Next, using [57]

13

EH(D(Z) — HHS)(Z) H(l) (Z)

dz' n z n+l1 (14)

we find

Yo t+6/2 @
w(r) = lkZ dy’ lHl ky(y —y"» +2)

, _5/2 A /(y _yl)Z + ZZ

_HP Ny +y R+ zz)]

15)

eik\/X2+(y—y’)2+zz
VE+—yP+2|

and ultimately

Yat+6/2-y
vo=clel [ gy BT
A /yIZ + ZZ

Ya—6/2=y

Yat+d/2+y @
/ JH (kY + 22) (16)
N

Ya—6/2+y Yotz

2.1.2 Asymptotic expression

We will now find an approximation for Eq. (16) by approxi-
mating its integrals in the asymptotic case that z is very large
and 6 — 0. For this, we first use the asymptotic expression

[56]
") [ 2 iz-3z/4)
H) (z) - —”Ze” .

which allows us to write Eq. (16) in the asymptotic case of z
being large as

()]

Yaté/2—=y
w(r) - Cz\/Te_i”/ 4 y’ ey
2o (yIZ + 22)3/4
Ys1—6/2-y
Ya+é/2+y Sk Sz
Y s 7 | (18)
Yo —6/2+y
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Next, we use that for a convergent integrand and
a small integration interval the following approximation
holds:

A+6/2 +6/2
/ dyf) = / dyf(y+A)
A=5/2 Z5/2

+1
= (zs/dyf<2y+A> - 6 f(A). (19)
-1

Applying this to Eq. (18), we find that the wave function
for large z and 6 — 0 can be approximated as

v - 5cz\/73-m/4 { Y e
o (s — ¥)* + 22| 3/4

ek gty +z: 20)
(g +y2+2]"* [

2.2 Gravitational field

Now we will consider a physically realistic situation by
introducing an external gravitational field. At first, we will
derive a general expression for the Green’s function for this
particular case, following the treatment in Ref. [56]. Later,
we will apply the result explicitly to Lloyd interferometry.

2.2.1 General solution

We consider a gravitational field in x-direction and want to
find the Green’s function for the Helmholtz equation

Ly(r) =0, @1)

where the field operator is given by
2
S:= A, + 9%+ S5 (E—mgx), (22)

and we use the ansatz

d*k,

N
G, r')=4r o)

ek (x-%)) gx.x;k.)  (23)
for the Green’s function. Consequently, acting with the field
operator from Eq. (22) on the Green’s function gives us the
following condition:

d*k,
@2r)?

eikr(xl—xi)

LG, r)=4r /

x [02 =1 + ZE — mgos(x.x'1Ky)
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&k,
(27)?

=4 eikl'(xl._x/l)

[0+ 21— mgo) (. )
= — 4769 — 1) 24)

with E:=E — if‘lzkzl /2m. Subsequently, we extract

0* + Zh—r?(ﬂ‘ - mgx)]g(x, X' k) =—-6(x=x). (25

Assuming that g has support only on {x : x € [x' — 0,
x' + 0]}, integrating Eq. (25) over x gives
x'+0

=-1 (26)

X—0

0,8(x,x";k)

Next, we return to Eq. (25) and multiply it with x from
the left, which leads us to

a)( [Xaxg(xvx’; kJ_) - g(x7 XI;kJ_)]

+ zhizx(f;" -mgg(x,x; k) =—x'6x—x). (27

Integrating this over x, we find

X'+0 X'+0
x0,8(x,x"; Kk, ) |X,_0 —-g(x,x;ky) e = —x'. (28)
Combining Eqs. (26) and (28), gives
, X' +0 _
g(x.x;ky) =0 (29)

For later convenience, we are now going to prove the
reciprocity relation

g(x,x' k) =g(x,x;ky). (30)

For this, we begin by multiplying Eq. (25) by
g0, x"; k), and then subtracting a copy of the resulting
equation but with X’ < x”/, which results in

— 806 X" kDS — x) + g(x, X'k, )8(x —x"')
= g0, x";k)o%g(x,x"; k) )
- g(xx";k,)02g06, x"; Kk))
=0, (g0 X" k)0, g(x, X' K, )
- g(xx';k,)0,806, X" k)| (31

Integrating this over all of x yields
-g(X, X"k )+ g(x",x';k,)
= [g0, X"k )0, g(x, X" ;K )
—g(x,x"1ky)0,g06,x" k| IT2. (32)
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Since g has support only on {x:x € [x' — 0,x" + 01},
we know that the right-hand side of Eq. (32) must vanish,
leaving us with the reciprocity relation

g(xX' . x"ky) =g(x", X k), (33)

which concludes the proof.

Now we continue with the computation of the function
g(x, x': k l). For this, we use that for x # x’ Eq. (25) takes on
the form

2m
[0)2( + W(E - mgx)]g(x, x';ky) =0. (34)
In this way, we can find a solution for the Green’s func-
tion via the homogeneous solution. Following Ref. [39], the
convergent solution of Eq. (34) for x > x’ is

g(x, X'k, ) = C(x"Ai(o) (35)
with a dimensionless variable
3 Zng _ i
0'.—\/ e (X mg>’ (36)
while for x < x’ it is
g(x,x';ky ) = C,(xXAi(o) + C;(x")Bi(o). (37

Aiand Bi are Airy functions of the first and second kind,
respectively. Applying the conditions in Eqgs. (26) and (29) to
the solutions in Egs. (35) and (37) leads us to

(VAT (6") = G0 AT (6”) — Cy(x)BY (6) = _\3/%’

(38)
C,(xNAi(e") — C,(X)Ai(6") — C(X)Bi(c’) = 0, (39)
where
ro_gf2mig( , i
o' =1/ 7 <x mg>' (40)
Combining Eqs. (38) and (39) gives
AN ’ 3 hZ Bl((f’)
GO = GO+ \ 2m2g waai, By’
n_ s3] h? Ai(c”)
G = \ 2n2g Wiai, Bio")’ “)

where W(Ai, Bi)(c) is the Wronskian of Ai and Bi. Using the
fact that every Airy function f(c¢) must fulfill f”(¢) = of(c),
it is straightforward to show that this Wronskian must be
constant:
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% W(Ai, Bi)(¢) = Ai(c)Bi" (6) — Bi(c)Ai" ()

= 0Ai(o)Bi(o) — oBi(c)Ai(o)

=0, 42

which implies W(Ai, Bi)(¢) = W(AL, Bi)(0). Taking the values
for the Airy functions and their derivatives at ¢ = 0, we can
show that

WAL Bi)(o) = % 43)

holds. So, substituting this into Eqs. (35) and (37) leaves us

with
. J| h2a3
g(xx'3 k) = 26,(<)Ai(0) + 4 f g

X [©(x — x)Bi(c")Ai(o)

+0OW — X)Ai(a’)Bi(a)]. (44)

Furthermore, from the reciprocity relation (30) we con-
clude

C,00) = %Ai(a’), 45)
where A is some constant. In consequence, we have
. . .| htm3
g(x,x';ky ) = AAi(0)Ai(c”) + 1 / g
X [@(x — x"Ai(o)Bi(c")
+ O’ — x)Ai(c")Bi(0)). (46)

Substituting Eq. (46) into the ansatz in Eq. (23), we
obtain the solution for the Green’s function as

2
Gr,r') = 477/ %eﬂ‘r(ﬁ—"l)

X {AAi(a)Ai(a’) +1/ W
2meg

X [@(x — x")Ai(c)Bi(c")

+ O’ — x)Ai(c")Bi(o)| } “7)

2.2.2 Lloyd interferometer

We can now take this general result and apply it to the
situationin a Lloyd interferometer. For this, we again use the
method of mirror charges in order to determine the Green’s
function:
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d*k,

N —
G, r')=4r o)

Z ab eiky(y—ay’)+ikz(z—bz’)

a,b=+

7% 0 — X)Ai(o)Bilo")
2m?g

X {ﬂAi(o-)Ai(o")+ v

+ 0" — x)Ai(c")Bi(0)] } (48)

Again this Green’s function vanishes along the dotted
integration path depicted in Figure 2, and the wave function
w(r) is only non-vanishing and equals Ce'” at the entrance
slit. Eq. (10) still holds. Substituting Eq. (48) into Eq. (10) and
taking the z’-derivative, we find

0 Yg+6/2

w(r) = —4C / ax’ / dy’

- Ys—6/2

. . h2xs . .
X ¢ Ai(0)Ai(6) + 3] 5= [©(x — x")Ai(0)Bi(c")
2m’g

+0OK — X)Ai(o")Bi(a)] }

d*k, ik, .
oy %o Sk et

(49)

Also evaluating the y’-integral and redefining the con-

stant ¢ Z’Z#/l — A, we are left with
&y k, . e x,
() = -8C (27:)l2 k—y sin(k, ys)) sin(k, 6 /2)e
X / do’ { AAi(0)Ai(c") + 7 [O(c — 6”)Ai(0)
X Bi(c") + ©(c¢’ — 6)Ai(c”)Bi(0)] }. (50)
Since [58]
/ do’Ai(c’) =1, (51)
and

/ do’[®(c — 6")Ai(c)Bi(c’) + O(c’ — 6)Ai(c")Bi(c)]

—o0

(52)

we finally obtain

DE GRUYTER
&’k, k, . : ik,
w(r)=-8C (277,'; k—; sin(k, yg)) sin(k, 6 /2)e™+ %

X {Mi(a) + %Bi(a) + %2 [0F1<; 2. ‘73>

245 ¢° 4 0°
X1F2<3; 33 9> ‘zoﬂ(’s’ ?)
1.2 4.6°
sz(fy@?)]}- 53

3 Conclusions

Neutron Lloyd interferometry is a promising experimental
setup that can be used to probe effects within and beyond
the realms of known physics. However, previous theoretical
analyses made use of approximative methods, which are
expected to not always be sufficiently accurate. For this rea-
son, in this article, we presented an exact full Green’s func-
tions analysis of Lloyd interferometry. First, we discussed
the hypothetical case of no external fields acting on the
neutrons while travelling within the experimental setup.
For this, we found the corresponding Green’s function for
solving the Schrodinger equation and subsequently deter-
mined the resulting wave function. Second, we looked at
the physically relevant case of having external gravitational
field acting on the neutrons.

The prediction made for the gravitationally modified
neutron wave function serves as a theoretical basis for using
aneutron Lloyd interferometer to probe gravitational fields.
However, it should be stressed that the computations pre-
sented here approximate the interferometer’s slit source as
being infinitely wide in x-direction and the mirror to be
infinitely extended. For practically applying the technology
developed in this article to a real experiment, a numerical
analysis without these approximations would be required.
Such a sophisticated numerical evaluation will be subject of
future work. Furthermore, in the future, the computation
shown in the present article, will serve as a blueprint for
predicting neutron wave functions in Lloyd interferometers
under the influence of hypothetical gravity-like fifth forces
and scalar fields.
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