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Kurzfassung

In einem Modell mit unterschiedlichen Anleihen und in dem Haushalte und Firmen ei-
ne individuelle Erwartungshaltung über die zukünftige Entwicklung haben, stellt sich
die Frage, wie Arbitrage-Möglichkeiten verhindert werden können. Eine Möglichkeit
stellen Transaktionskosten dar, die Haushalte zahlen müssen, wenn sie den realen
Wert ihrer Anleihen verändern. Eine weitere wichtige Eigenschaft des Modells stellt
ein postives Inflationsziel dar. Hätten Haushalte und Firmen Rationalen Erwartungen
wäre es ein Modell des Neukeynesianismus. Aber aufgrund der subjektiven und indi-
viduellen Erwartung weicht das Modell von der Theorie der Rationalen Erwartungen
ab. Daher stellt sich die Frage, welche Bedingungen an die Fiskal- und Geldpolitik
gestellt werden müssen, damit das Model einerseits eine eindeutige Lösung hat, an-
dererseits aber auch erlernbar ist. Erlernbar bedeutet in diesem Zusammenhang, dass
die Lösung des Modells mit der Zeit zum Gleichgewicht der Rationalen Erwartungen
konvergiert (E-stability). Die Haushalte und Firmen agieren wie Ökonometriker und
verwenden in jeder Periode die neuen Informationen für ihre Vorhersage. Da Trans-
aktionskosten vor allem von den Anleihen abhängen, und diese im Mittelpunkt der
Fiskalpolitik stehen, ist die Auswirkung der Transaktionskosten auf den Parameter-
bereich der Fiskalpolitik von Bedeutung.



Abstract

This thesis presents a dynamic stochastic general equilibrium model with subjec-
tive expectations, a positive inflation trend and extends it with transaction costs for
bonds. Under Rational Expectations this model would correspond to a New Keyne-
sian model. In a model with several bonds and subjective expectations agents could
see arbitrage possibilities. Transaction costs therefore compensate for a no-arbitrage
condition and ensure that the demand for bonds stays bounded. As this model de-
viates from Rational Expectations and instead uses Adaptive Learning I want to
analyze if the solution of the model is determinant. Moreover I am interested if the
agents can learn the Rational Expectations Equilibrium and use the concept of E-
stability to answer this question. As transaction costs and bonds are heavily linked
together my model features monetary and fiscal policies. I am able to distinguish the
effect of transaction costs on determinacy and E-stability with respect to monetary
and fiscal policies.
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1. Introduction

In 2010 Olivier Blanchard gave a remarkable interview to the Wall Street Journal
(Davis and Blanchard (2010)). He criticized how self satisfied policy makers and
macroeconomists had become in the last few centuries. At this time he was chief
economist at the IMF. Together with his colleagues Giovanni Dell’Ariccia and Paolo
Mauro he further elaborated this topic. They noted that before the global recession
in 2008 many macroeconomists thought of a stable inflation around two percent as
optimal. The European Central Bank was aiming for inflation near but below two
percent for many years. Just in 2021 they changed their goal to two percent. That
doesn’t sound like a big change, but to macroeconomists it can be. Even back in
2010 Blanchard et al. (2010) argued that an inflation target of two percent might be
too low, because the central bank has little maneuvering space to lower the interest
rate before it hits the zero lower bound. They pointed out that a value of about four
percent might be more appropriate. In contrast, Kara and Yates (2021) have just
recently argued that a four percent inflation target might be too high, because the
range of parameters for which the model is determinant with Rational Expectations
gets smaller. Andrade et al. (2019) argue that a higher inflation target has positive
effects during crisis, but induces permanent higher costs. All this leads to the conclu-
sion that trend inflation should be included when building a model as the inflation
target is an important component of the economy and therefore in my model as well.

Another important aspect in building macroeconomic models is the way agents
build expectations about the future, as the future evolution of variables like inflation
or the interest rate play a major role in decision making today. For many years the
standard approach was to use Rational Expectations. I want to follow Woodford
(2013) and many others (e.g. Sinha (2016), Eusepi and Preston (2018)) and deviate
from Rational Expectations. I have decided to use heterogeneous expectations for
my agents. My agents act like econometricians and use Adaptive Learning to forecast
the future. However, this leads to problems. If there are multiple bonds and agents
don’t specify their forecasts correctly, they could see arbitrage possibilities. In this
case the demand for one type of bond could go to infinity. As the price of bonds is
directly linked to the nominal interest rate, it is important for the policymaker to
assure that the demand for bonds stays finite.
Sinha (2016) uses subjective expectations and adaptive learning to explain inconsis-
tency of the Expectations Hypothesis under Rational Expectations with the yield
curve data. By doing so, she notes that she needs an additional condition to rule
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1. Introduction

out arbitrage opportunities. She states that the first order approximation may be
invalid if the households perceive arbitrage opportunities. In this case one may need
a second order approximation or another condition to keep the bounds bounded. If
households see a possibility for arbitrage they will try to buy as much of this favor-
able bond as possible. Thus one needs another possibility to bound bonds. Sinha
(2016) uses a no-arbitrage condition to sort this problem.
Eusepi and Preston (2018) face a similar problem. They assume symmetric beliefs

to abstract from issues that arise in asset pricing, if the agents have heterogeneous
non-nested information sets. Eusepi and Preston (2018) use an explicit no-arbitrage
condition too. They additionally explain that with multiple assets under arbitrary
subjective beliefs arbitrage may be possible. Furthermore, if the agents have hetero-
geneous information sets, it is not clear who will be the marginal trader of the asset.
But progress on this issue has been made by Adam et al. (2017).
Du et al. (2021) face the problem on how to price multiple assets with non-rational

beliefs too. They decide to use additional convex adjustment costs to bound portfolio
allocation decisions. In this way, it is still possible to use linear methods. Another
possibility would be to use risk aversion in a second order approximation. But this
solution to the model will not be linear. Du et al. (2021) show that in the ’zero-
transaction-cost’ limit, the model equations stay well defined. The asset demand
function still has the feature of being a generalized no-arbitrage condition that even
defines the real exchange rate.
In my model I will use the approach used by Du et al. (2021). My households

will face additional transaction costs to bound the choice of bond holding. As a
starting point I will use the model of Woodford (2013). This will be a model that
under Rational Expectations is a classic New Keynesian model like in Woodford
(2003) or Gaĺı (2015). Additionally, I want to enhance this model. As explained
before I introduce transaction costs. I will not give an exact representation of my
transaction cost function, because it is not necessary for my calculations. For example
Davig (2016) states an explicit quadratic form of costs, but for price adjustment in a
Rotemberg model of price adjustment. Additionally my model will feature a positive
trend inflation like in Garćıa-Schmidt and Woodford (2019). In contrast to Du et al.
(2021) I won’t be looking at an open economy.
Another point were I follow Woodford (2013) is that I want to differ from Rational

Expectations. Rational Expectations assume that the agents have probability beliefs
that are the same like predicted by the model. As this assumption is a very strong
one, I want to relax this constraint and take a look at Adaptive Learning. Therefore
I want to follow the book of Evans and Honkapohja (2001) and especially the paper
of Bullard and Mitra (2002) who explained how to derive stability conditions under
least squares learning. I have decided to use Euler equation learning instead of using
the whole future horizon like in Preston (2003). With the concept of Expectational
Stability (E-stability) it is possible to verify, if the adaptive learning algorithm con-
verges over time to the Rational Expectations Equilibrium.

2



1. Introduction

In addition Blanchard et al. (2010) remark that macroeconomist’s common sense
was that monetary policy was important and fiscal policy was not. This is called the
monetary solution of the model. Leeper (1991) already showed that there is not only
a determinant solution for passive fiscal policy and active monetary policy but also
for active fiscal policy and passive monetary policy. This was reinforced by Evans
and Honkapohja (2007) who showed that there not only exists a monetary solution,
but a fiscalist one too. Eusepi and Preston (2012) confirm that both a monetary and
a fiscalist solution can be determinant and E-stable in a New Keynesian model.

The aim of this thesis is to understand transaction costs in a New Keynesian
model with trend inflation. I will take a look at what happens when all agents have
homogeneous expectations and adaptive learning. I will study numerically for which
parameters this solution is determinate and where the adaptive learning with least
squares converges to the Rational Expectations Equilibrium (E-stability).
Estimating a parameter for transaction costs or deriving analytical conditions for

determinacy and E-stability is beyond the scope of this thesis, although there are
many interesting aspects that would be worth investigating.

In Chapter 2 I will explain my model, the demand and supply side and specify
the expectations of my agents. Chapter 3 explains how determinacy and E-stability
are determined in a general context. Numerical results and plots about determinacy
and E-stability are given in Chapter 4. And finally Chapter 5 gives a short conclu-
sion about what I have done. In the Appendix B I give detailed overview over the
analytical calculations and tables with an overview over all used variables.
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2. Model

The model I will use in this thesis is a dynamic stochastic general equilibrium model
in which households and firms solve infinite-horizon optimization problems. Under
Rational Expectations this model corresponds to a textbook New Keynesian model
like in Gaĺı (2015) or Woodford (2003). In this chapter I want to explain the model
used and derive the equilibrium dynamics used later on. The model presented here
follows closely Woodford (2013) or Garćıa-Schmidt and Woodford (2019), but with
the addition of transaction costs for bonds.

2.1. Aggregate Demand

The demand side of my model consists of a continuum of identical and infinite-living
households i ∈ [0, 1]. These households solve an optimization problem for the infinite
future.

2.1.1. Household Problem

In period t each household i maximizes its utility from t to infinity:

Êi
t

∞#
T=t

βT−t
	
u(Ci

T ; ξT )− v(HT ; ξT )
�

(2.1)

and facing the constraint:

Bi
t+1 = (1 + it)

	
Bi

t + PtYt − PtC
i
t − Tt

�− PtΦ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
(2.2)

As households don’t know the future path of the variables they have to forecast them
using Êi

t as the individual, subjective expectations of household i at time t. They
discount future utilities with the discount factor β. The maximization problem (2.1)
consists of an utility function u(·; ·) and a disutility function v(·; ·). Both of these
functions are as usual convex and increasing with respect to both inputs. Disutility
is dependent on H i

t , the hours worked by the household i in period t, but households
cannot optimize and choose H i

t in our model and therefore they all work the same.
Furthermore ξt is a vector which describes exogenous disturbances like urgency of
immediate consumption.
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2. Model

C i
t is a Dixit-Stiglitz aggregate of all consumption goods cit(j) of household i in period

t, where cit(j) describes the quantity bought by household i in period t of consumption
good j produced by firm j. The Dixit-Stiglitz aggregate is defined by:

C i
t ≡

�� 1

j=0

cit(j)
θ−1
θ dj

 θ
θ−1

(2.3)

The Dixit-Stiglitz aggregate C i
t has a constant elasticity of substitution θ > 1, which

is the substitution among different goods. The aggregate demand is then given by
Ct ≡

�
Ci

tdi. I assume that markets clear and therefore Yt = Ct and Yt is total supply
for all goods.
Equivalently, the aggregate price index Pt is defined as:

Pt ≡
�� 1

0

pt(j)
1−θdi

 1
1−θ

(2.4)

where pt(j) is the price for consumption good j that firm j charges at time t.
For simplicity I assume there is only one traded asset, a riskless nominal one-period
government debt Bt in this model. Household i possesses in period t Bi

t bonds.
As bonds are the only possibility for intertemporal transfers, bonds evolve in the
following way:

Bi
t+1 =(1 + it)



Bi

t +WtHt +

� 1

j=0

Πt(j)dj −
� 1

j=0

pt(j)c
i
t(j)dj − Tt

�
− PtΦ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
(2.5)

Here it describes the nominal interest rate, Bi
t is the nominal value at maturity

of the bonds bought in period t − 1. The households own the firms and therefore
receive profits Πj

t from firm j, which are split up in equal shares to all households.
Additionally they receive a wage Wt for every hour they work. I assume that the
wage is negotiated by unions and equal for all. The calculations of wages are given in
Section 2.2. For every consumption good cit(j) the households have to pay a price of
pt(j) and there is a lump sum tax Tt which is equal for all households. Furthermore
the households have to pay transaction costs Φ(·) for the difference in real bonds.
The difference is just real bond holdings in period t+1 minus the real bond holdings
in period t. Recall that Bi

t+1 is determined in period t. I assume that Φ(0) = 0 as
well as Φ�(0) = 0 and Φ��(0) > 0. The first conditions models if the real value of
bonds stay the same, households shouldn’t have to pay transaction costs. The other
two conditions are equivalent to having a minimum at 0. There shouldn’t be negative
transaction costs and therefore the minimum transaction costs have to be 0. Note
that this convex function Φ(·) replaces the No-Arbitrage condition in Sinha (2016)
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2. Model

or Eusepi and Preston (2018).
Equation (2.5) can therefore be interpreted as indicating that the nominal value of
bonds in the next period is defined by the income from bonds, wages and profits and
interest reduced by the consumption and lump sum tax in period t minus transaction
costs, if the real value of bonds shifts.
I can rewrite (2.5) to (2.2) as explained in details in the Appendix in Subsection
B.1.1.

2.1.2. Household Optimization

For solving the household problem I write down the Lagrangian in real values:

L(·) = Êi
t

∞#
T=t

βT−t

�
u(Ci

T ; ξT )− v(HT ; ξT ) + λT

�
(1 + iT )(

Bi
T

PT

+ YT − Ci
T − TT

PT

)

− Φ

�
Bi

T+1

PT+1

− Bi
T

PT

 
− Bi

T+1

PT

��

Defining the gross rate of inflation as ΠT+1 ≡ PT+1/PT and deriving the First-Order-
Conditions I receive the following Euler equation:

uC(C
i
T , ξT ) = β(1 + iT )Ê

i
T

uC(C
i
T+1, ξT+1)

1 + iT+1 + Φ�
�

Bi
t+2

Pt+2
− Bi

t+1

Pt+1

�
(1 + iT+1)(ΠT+1 + Φ�

�
Bi

T+1

PT+1
− Bi

T

PT

�

(2.6)

2.1.3. Log-Linearization

As the Euler equation is not linear I do a First Order Taylor approximation around
the steady state to get a linear system. If the system is in steady state for all T ≥ t,
it has to hold that biT = b̄, YT = Ȳ , Ci

T = C̄, ΠT = Π̄ and τT = τ̄ , where I have
defined biT ≡ Bi

T/PT−1 and τt ≡ TT/PT . This makes sense, because the maturity of
Bi

T is at T − 1, but the right price level for the lump sum tax is at time T . I define
the steady state deviation of all variables with an ·̂, specific this means:

b̂it ≡
bit − b̄

Ȳ
, Ŷt ≡ Yt − Ȳ

Ȳ
, ĉit ≡

C i
t − C̄

Ȳ
, τ̂t ≡ τt − τ̄

Ȳ
,

ι̂t ≡ it − ῑ

1 + ῑ
, Π̂t ≡ Πt − Π̄

Π̄
,sb ≡ b̄

Ȳ

Additionally, I want to note that my definition of hat-variables is different to the
one, used in for example Woodford (2013) or Garćıa-Schmidt and Woodford (2019).
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2. Model

But as I will show, there is only a difference in notation and these definitions are
equivalent:

Π̂t =
Πt − Π̄

Π̄
=

Πt

Π̄
− 1

exp≈
�
Πt

Π̄
− 1

 
+ 1 =

Πt

Π̄

log
= log(Πt)− log(Π̄)

For deriving a consumption rule for households I need a first order Taylor approxi-
mation of (2.2) and (2.6). The first order Taylor approximation of (2.2) is then given
by:

b̂it+1 = β−1
�
b̂it + Π̄

�
Ŷt − ĉit − τ̂t

��
+ sb

�
ι̂t − β−1Π̂t

�
(2.7)

and for (2.6) I get:

ĉit − c̄t =− σ(ι̂t − Êi
t [Π̂t+1]) + Êi

t [ĉt+1 − c̄t+1]

− σχÊi
t

�
b̂it+2 − (1 + β−1)b̂it+1 + β−1b̂it − sb

�
Π̂t+2 − (1 + β−1)Π̂T+1 + β−1Π̂T

��
(2.8)

where I have defined some new variables.

χ ≡ Φ��(0)Π̄−1Ȳ

1 + ῑ
> 0

σ−1 ≡ −uCC(C̄, ξ̄)Ȳ

uC(C̄, ξ̄)
and

c̄t ≡ uCξ(C̄, ξ̄)ξ̄ξ̂t
uC(C̄, ξ̄)σ−1

= −uCξ(C̄, ξ̄)ξ̄ξ̂t
uCC(C̄, ξ̄)Ȳ

Here σ−1 is the usual intertemporal elasticity of substitution, c̄t represents the change
in private expenditure required to keep marginal utility constant, as explained in
Woodford (2003). And finally, χ is going to be the parameter that represents trans-
action costs similar to Du et al. (2021).

2.1.4. Forward Substitution

Next I solve both equations forward. For solving the bonds forward I need to assume
a transversality condition to exclude Ponzi games, like:

lim
T→∞

βT−tÊi
t b̂

i
T (2.9)

Rearranging (2.7) and solving it forward leads to:

b̂it = −
∞#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄c̄T − Π̄(ĉiT − c̄T )

�
(2.10)
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For (2.8) I solve forward to:

Êi
t [ĉ

i
T − c̄T ] =(ĉit − c̄t) + σ

T−1#
s=t

Êi
t

�
ι̂s − Π̂s+1

�
+ σχÊi

t

�
b̂iT+1 − β−1b̂iT − b̂it+1 + β−1b̂it − sb(Π̂T+1 − β−1Π̂T − Π̂t+1 + β−1Πt)

�
(2.11)

2.1.5. Optimal Consumption

Plugging (2.11) into (2.10) finally gets me the optimal linear plan for consumption
of household i from t forward:

ĉit =
1− β

Π̄
b̂it − σχÊi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
+

∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )− β(c̄T+1 − c̄T ) +

(1− β)

Π̄
sb(βι̂T − Π̂T )

− σβ(ι̂T − Π̂T+1)
�

(2.12)

which equals Woodford (2013) for Π̄ = 1 and χ = 0. In addition it resembles Garćıa-
Schmidt and Woodford (2019) with Π̄ > 1, but τ̂ = 0, sb = 0 and c̄t = 0 and the
corresponding steady state interest rate. If I don’t specify transaction costs, I have
χ = 0 and therefore this term cancels out.
Note that all variables (except c̄t) have hats, meaning that they are deviations from
their steady state. Although this equation is the same for every household, they will
get to different solutions as they form different expectations about the future. First
of all consumption is depended on the bonds household i has in period t, corrected
by the steady-state inflation and the discount factor. For the transaction cost, I note
first that χ is always positive. If the bonds rise from t to t + 1 and inflation stays
the same, the transaction costs have a positive effect on consumption in period t.
Otherwise if bonds decrease, the household will buy less in this period. For inflation
it is the opposite. If inflation in this period is higher than in the next, the household
won’t wait and has higher consumption in this period. For the other terms the house-
holds take into consideration the whole future development. For example, if output is
higher than taxes, as it should be, households consume more. In other words, higher
total (expected) output has a positive effect on consumption. As households are the
owner of the firms this totally makes sense. Next there is the term concerning shocks,
where c̄t is negative. If the household expect bigger shocks in the next period, they
will consume more in this period. Finally there are the two terms concerning interest
rate and inflation. One is the ex ante real interest rate. If interest rates are higher
than expected inflation in the next period, households will consume less, because

8



2. Model

they save more.

Next I want to rearrange (2.12) in a way such that everything that needs forecasting
is contained in one variable:

ĉit =
(1− β)

Π̄
b̂it − σχ

�
b̂it − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)

− βι̂t(σ − sb
1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t + βÊi

tv
i
t+1 (2.13)

where vit is defined as:

vit =
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )−

�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

− σχ
�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

��
(2.14)

With this notation each household needs to forecast one variable vit to make its
consumption decision in period t.

2.1.6. Government

For taking a look at the government, I want to define a few new variables:

Ĝt =
Gt − Ḡ

Ȳ
, b̂t =

� 1

0

b̂itdi, vt =

� 1

0

vitdi, gt = Ĝt + c̄t

As new variable I have Gt which are the government expenses in period t on consump-
tion goods. With this I defined the steady state deviation of government expenses
in percent of total steady state output, as well as aggregates for real bonds and a
mean for the expectation variable vt. It can be interpreted as a mean, because I
normalized the number of households and firms to 1. For simplicity I will need gt as
a shock to households, as they can’t predict government purchases and fluctuation
of government expenses is one of the most reasonable possibilities for an exogenous
shift in the desire to buy more or less consumption goods (Woodford (2003)).
In period t the government gets the lump sum tax Tt as an income, but also pur-
chases its own goods Gt. Furthermore, it has to pay back all bonds. If I add interests
to this, this has to be exactly the bonds that have to be paid back in the next pe-
riod, because the government will issue exactly this number of bonds. Hence the
government bonds law of motion has the following form:

−
� 1

0

Bi
t+1di = (1 + it)



−
� 1

0

Bi
tdi+ Tt −Gt

�
(2.15)
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Analogous to the law of motions for bonds holdings of households I need a first order
Taylor approximation. This is:

b̂t+1 = β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t (2.16)

where st ≡ τ̂t − Ĝt is the real primary budget surplus in period t.

As I assume that markets clear, total output has to equal private consumption and
government consumption. Using the definition and notations I used so far and as
always as steady state deviation this is:

Ŷt =

� 1

0

ĉitdi+ Ĝt (2.17)

Note that I now just integrate over all households to get total consumption and in
(2.3) I was integrating over firms to get total consumption of a household. Plugging
in for consumption (2.13) I get:

Ŷt = gt + vt +
1− β

Π̄
b̂t − σΠ̂t + σχ

�
b̂t+1 − (1 + β−1)b̂t − sb

�
Êi

tΠ̂t+1 − (1 + β−1)Π̂t

��
(2.18)

Using (2.18) and (2.16) to replace Ŷt − τ̂t in (2.14) I can get a recursive formulation:

vit =(1− β)vt + (1− β)βΠ̄−1(b̂t+1 − b̂t)− βσ(ι̂t − Π̂t)

− (1− β)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1

�
+ βÊi

tv
i
t+1 (2.19)

Recall that vit as defined in (2.14) predicts the future paths starting from period t to
the infinite future for many variables like Ŷt, ι̂t or Π̂t. Now I see that this prediction
is dependent on the mean of all households as well as the own predictions in the next
period. Again due to transaction costs I have a term concerning the difference of
bond holdings and the difference in inflation.

2.1.7. Ricardian Expectations

I take another look at the linearized law of motions for bond holdings of the govern-
ment (2.16):

b̂t =
∞#
T=t

βT−tÊi
t

�
Π̄sT − sb(βι̂T − Π̂T )

�
(2.20)

10



2. Model

Households have Ricardian Expectations if they believe that (2.20) holds. As Wood-
ford (2013) discusses this property is not obvious to hold, even under Rational Ex-
pectations. But so far I haven’t even assumed that I’m going to use Rational Expec-
tations. But Ricardian Expectation are often used to simplify the analysis because
households internalize the governments law of motion for bonds. Therefore no wealth
effect will occur and the bt term would cancel out in (2.18) if there were no trans-
action costs. For example Gaĺı (2015) tacitly assumes Ricardian Expectations in his
book.
In this subsection I want to have a look how my model would simplify under Ricardian
Expectations. By defining:

v̄it = vit +
1− β

Π̄
b̂it −

σχ

β

�
b̂t − sbΠ̂t

�
(2.21)

I can rewrite (2.14) and (2.18) to:

Ŷt = gt + v̄t − σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σΠ̂t (2.22)

v̄it =
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − gT )− σ

�
βι̂T − Π̂T

��
(2.23)

And this together leads to an recursive representation:

v̄it = (1− β)v̄t − (1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σβ

�
ι̂t − Π̂t

�
+ βÊi

t v̄
i
t+1

(2.24)

Comparing (2.24) and (2.19) I notice that the term comparing b̂t+1 and b̂t is now gone
and the term for transaction costs has simplified, because I’m again only comparing
the difference in bond holdings and inflation over periods.
Finally I want to derive an IS-equation. For simplicity I assume Ricardian Expecta-
tions. Integrating (2.24) over households and then plugging it into (2.22) gets:

Ŷt =gt − σχβ−1Êi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σι̂t +

� 1

0

Êi
t v̄

i
t+1di (2.25)

In the case without Ricardian Expectations the approach is the same, just using
(2.18) and (2.19).

2.1.8. Summary

Finally the demand block is specified. Assuming Ricardian Expectation, a solution
to the model has to fulfill (2.22) and a form of expectations that are consistent with
(2.24). Without Ricardian Expectations, a solution has to fulfill (2.18) and needs
expectations that are consistent with (2.19). To fully specify the demand block I
need would need monetary and fiscal policies that specify the interest rate ι̂t and the
government surplus st, but I will give them later in Section 2.4.
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2. Model

2.2. Labor Supply and Wage Determination

As mentioned above the wages and the hours worked are not in the control of house-
holds. Unions do an optimization to calculate optimal wages. I assume, that they
face an competitive economy-wide labor market I do some definitions:

wt ≡ Wt/Pt

ait ≡
Bi

t +WtH
i
t

Pt

= bitΠ
−1
t + wtHt

V i
t (a

i
t) ≡ max

�
Êi

t

∞#
T=t

βT−t[u(Ci
T ; ξT )− v(H i

T ; ξT )]

�

I see that the households budget constraint only depends on ait and the expected
evolution of {YT , iT ,ΠT (j), τT}∞T=t, which cannot be controlled by the households.
To derive the optimal wage I want to optimize V i

t (a
i
t). Due to the envelope theorem

this leads to:

V i�
t (ait) = uC(C

i
t ; ξt)

As explained by Woodford (2013) the union sets the wage such that a marginal
increase in labor demand would neither increase nor decrease average perceived utility
across households when, for each household the marginal utility of additional wage
income is weighed against the marginal disutility of additional work. Thus the union
supplies Ht hours of work to maximize:

maxZ =

� 1

0

V i
t (a

i
t)di− v(Ht; ξt)

Deriving the first order condition and again doing a log-linearization leads to

ŵt = σ−1(ĉt − c̄t) + νt = σ−1(Ŷt − gt) + νt (2.26)

This calculation is explained in the Appendix in Section B.2.

2.3. Aggregate Supply

For modeling the supply side in my economy I decide to use Calvo-Pricing like in Yun
(1996). The firms face monopolistic competition. Every individual firm j produces
its own good ct(j) and makes an optimal decision about the price pt(j). But not
every firm is allowed to reset its price every period. A fraction of α ∈ (0, 1) of firms
are not allowed to reset their price, but their prices are automatically increased by
the steady state inflation Π̄. This is comparable to Garćıa-Schmidt and Woodford
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2. Model

(2019) or Branch and Gasteiger (2021). This adjustment with inflation is a difference
in my model to Woodford (2013). In contrast this means that a portion of (1 − α)
of the firms are allowed to adapt their prices. If a firm resets its price it solves an
infinite horizon optimization problem to set the price optimally. As α is independent
of the time index the likelihood of being allowed to reset its price stays the same for
every firm in every period. This is clearly not a very realistic property, but is needed
to keep the calculations rather simple. By resetting the price firms react to a change
in the demand side. By assuming that every firm produces differentiated goods the
penalty of not being allowed to reset its price is not as severe, as consumers can’t
interchange the products as easily.

Starting from the Dixit-Stiglitz price index (2.4) I want to derive a connection be-
tween optimal prices and inflation:

P 1−θ
t =

� 1

0

pt(j)
1−θdi = (1− α)p∗1−θ

t + α

� 1

0

(pt−1(j)Π̄)
1−θdi

Pt =
	
(1− α)p∗1−θ

t + α(Pt−1Π̄)
1−θ

� 1
1−θ

Here p∗t is the optimal price a firm sets in period t, if it is allowed to adapt its price.
As every firm faces the same problem, everyone sets the same price. Dividing this
equation with Pt−1 and then log-linearizing it like always with a First Order Taylor
approximation around its steady state gets:

Π̂t = (1− α)(p̂∗t − P̂t−1)

Again ·̂-variables are referring to steady state deviations in percent from its own
steady state. This shows that inflation is just defined by the firms that cannot
reset their prices and their difference between the optimal prices in period t and the
previous price level across all. I want to define a new price level for firm j in period
t as:

p̃∗t (j) = p̂∗t − P̂t−1 − log(Π̄) (2.27)

This p̃∗t (j) is the difference between the optimal price in period t and the price level
the firms who cannot reset their prices in period t have to ask for. Rearranging the
equation above and defining p̃∗t =

�
p̃∗t (j)dj yields:

Π̂t = (1− α)p̃∗t (2.28)

This result shows that inflation is just the proportion of firms that are allowed to reset
their prices and as explained above p̃∗t is the aggregate difference between optimized
prices and kept prices. Note that (2.28) corresponds to Woodford (2013).
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2. Model

2.3.1. Optimal Prices

A firm that is allowed to optimize its prize in period t faces the following problem:

max
pt(j)

Et

� ∞#
T=t

αT−tQt,TΠ
i
T (pt(j))

�
(2.29)

where α is still the probability that the firm is not allowed to reset their prices and
here it can be interpreted as a time discount factor. Qt,T is the stochastic discount
factor and Πj

T are nominal profits for the firms in each period depending on the price
of firm j in period t. So it maximizes the future profits, taking into account that it
may never be allowed to change its price.

2.3.2. Profits

The profits of firm j in period T are given by revenue minus costs:

Πj
T (pt(j)) = yt,T (j)pt(j)Π̄

T−t −WTHT

yt,T describes the total demand in period T depending on the composite price level
PT and the prices of good j in period t.
Every firm produces goods depending on a common exogenous technology At and
a production function that only depends on labor. For the calculation of the First
Order Condition and the Log-Linearization I want to refer to the Appendix Section
B.3.2. In the end I arrive at:

∞#
T=t

(αβ)T−tÊj
t

�
p̂∗t + (T − t) log(Π̄)− ζ(ŶT − Ŷ n

T )− P̂T − µT

�
= 0 (2.30)

where Ŷ n
t is the natural output level, µt is a desired markup of prices over marginal

costs and ζ is a parameter consisting of the intertemporal elasticity of substitution
σ and another elasticity ω that is defined in the Appendix in Section B.3.1, equation
(B.29) and discussed in Woodford (2003).
Plugging in (2.27) yields:

p̃∗t (j) = (1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
P̂T + (T − t) log(Π̄) + ζ(ŶT − Ŷ n

T ) + µT

�
− P̂t−1 − log(Π̄)

Simplifying and writing it recursively I can close this section with:

p̃∗t (j) = Π̂t + (1− αβ)
�
ζ(Ŷt − Ŷ n

t ) + µt

�
+ αβÊj

t p̃
∗
t+1(j) (2.31)

For more details about these calculations, see Appendix, Section B.3.1.
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2.3.3. Summary

To complete the aggregate supply side of my model, I want to derive an AS-equation.
For the AS-equation I take (2.31) integrate over firms and use (2.28):

Π̂t = κŷnt + ut + (1− α)β

� 1

0

Êj
t p̃

∗
t+1(j)dj (2.32)

where

κ ≡ (1− α)(1− αβ)

α
ζ > 0, ut ≡ (1− α)(1− αβ)

α
µt, ŷnt = Ŷt − Ŷ n

t (2.33)

Inflation is positively depending on the output gap as well as the mark-up. Fur-
thermore if I assume homogeneous expectations for all firms I get a very short and
pregnant equation for inflation:

Π̂t = κŷnt + ut + βÊtΠ̂t+1 (2.34)

Now inflation is just depending on the output gap, a mark up and the expected
inflation in the next period, which is discounted with the time discount factor β.

2.4. Complete Model

Finally I want to specify the monetary and fiscal policies and summarize my model.

2.4.1. Monetary Policy

For closing the aggregate demand block I need a monetary policy equation. I want
to choose a Taylor type rule like

ι̂t = φπΠ̂t + φyŷ
n
t + εit (2.35)

where εit ∼ iid(0, σ2
ε) (Taylor (1993)).

2.4.2. Fiscal Policy

The development of bonds in my model is described by (2.16). Due to the transaction
costs, they are an important part and to fully specify them, I need a fiscal policy for
the real primary surplus:

st = φbb̂t + zst (2.36)

where again zst ∼ iid(0, σ2
z). This rule follows Leeper (1991) or Eusepi and Preston

(2012).
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2.4.3. Summary

To sum up my model, I want to note all important equations I’m going to need further
on. They are noted here with heterogeneous expectations and without Ricardian
Expectations:

Ŷt =gt + vt +
1− β

Π̄
b̂t − σΠ̂t + σχ

�
b̂t+1 − (1 + β−1)b̂t − sb

�
Êi

tΠ̂t+1 − (1 + β−1)Π̂t

��
(2.37)

vit =(1− β)vt + (1− β)βΠ̄−1(b̂t+1 − b̂t)− βσ(ι̂t − Π̂t)

− (1− β)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1

�
+ βÊi

tv
i
t+1 (2.38)

Π̂t =κŷnt + ut + (1− α)β

� 1

0

Êj
t p̃

∗
t+1(j)dj (2.39)

b̂t+1 =β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t (2.40)

ι̂t =φπΠ̂t + φyŷ
n
t + εit (2.41)

st =φbb̂t + zst (2.42)

2.5. Expectations

For many years it was the standard approach to use Rational Expectations as a way
to let agents form expectations about the future. Rational Expectations mean that
in equilibrium all agents have probability beliefs that coincide with the probabili-
ties predicted by one’s model (Woodford (2013)). This means the agents know the
model and the parameters and don’t make forecasting errors in equilibrium. As well
I can say, if agents have Rational Expectations their beliefs are model-consistent.
Assuming that agents know all this and then make the right conclusions seems a
very demanding task for them.
In my model I want to replace Rational Expectations with Adaptive Learning.

Adaptive Learning has empirical support (Branch and Evans (2006), Markiewicz
and Pick (2014) among others). Adaptive Learning means that the agents act like
econometricians. They use available data, estimate the model and predict the future.
As this is called Adaptive Learning it is natural that agents use new data and adapt
their beliefs and prediction every period. Following Evans and Honkapohja (2001) a
mathematical representation of adaptive learning is:

Êtyt+1 = Ψ(Xt, θt−1)

where Ψ(·, ·) is the forecast rule, Xt is an observed vector of variables and θt−1 is
a vector of parameters that evolves over time. In contrast, rational expectations
would be that Êtyt+1 = Ψ(Xt) = E(yt+1|Xt). Another important aspect of Adaptive
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Learning is the assumption that the updating rule for θt is of an recursive form. I
will assume that my agents use recursive least squares for adapting their predictions.
I will specify this in Section 3.3.

Following Evans and Honkapohja (2001) an algorithm for Recursive Least Squares
Learning is given by:

Ξt = ξt−1 + t−1R−1
t zt−1ε

�
t

Rt = Rt−1 + t−1(zt−1z
�
t−1 −Rt−1)

where

εt = Xt − ξ�t−1zt−1

Ξt = (Ψt,Ωt,Γt)
�

zt = (1, X �
t−1, δt)

�
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3. Determinacy and E-stability

With (2.37) - (2.42) I want to derive a matrix representation. For simplicity I assume
from this point on that all agents have homogeneous expectations. I define the vectors
for my observational data and the shocks as:

Xt ≡
 vt
Π̂t

b̂t+1

 and δt ≡


zst
ut

εit
Ŷ n
t

gt

 (3.1)

Note that the maturity of b̂t+1 is still in period t, as it is determined in period t.
With this I want a matrix representation of the form:

Xt = BÊtXt+1 + CXt−1 +Dδt (3.2)

where B ∈ R3x3, C ∈ R3x3 and D ∈ R3x5.

3.1. Matrix Representation

For deriving the above mentioned representation, I need to plug the additional vari-
ables into the ones I need in the end. I start with rewriting (2.37) as the output gap
ŷnt and then transforming it in such a way that I can collect terms of b̂t, Π̂t+1, vt+1, st
and the shocks. I do the same procedure with b̂t+1, vt and finally Π̂t. In the end I
substitute for st and get:

 vt
Π̂t

b̂t+1

 =

v3 v2 0
p3 p2 0
b3 b2 0


� �� �

≡B

 Êtvt+1

ÊtΠ̂t+1

Êtbt+2

+

0 0 v1 + v7φb

0 0 p1 + p7φb

0 0 b1 + b7φb


� �� �

≡C

vt−1

Π̂t−1

b̂t

+

v7 v8 v4 −v5 v5
p7 p8 p4 −p3 p3
b7 b8 b4 −b3 b3


� �� �

≡D


zst
ut

εit
Ŷ n
t

gt


For details about the derivation and the definition of parameters I refer to the Ap-
pendix Section B.5.
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3. Determinacy and E-stability

3.2. Determinacy

Using (3.2), I want to follow Blanchard and Kahn (1980) to check, if the model is
determinate. Therefore, I have to rewrite it in first form:�

I −C
I 0

 
� �� �

C̄

�
Xt

Xt−1

 
=

�
B 0
0 I

 
� �� �

B̄

�
ÊtXt+1

Xt

 
+

�
D
0

 
δt (3.3)

As B and B̄ are singular I need the method of Klein (2000) to check for determinacy.
With a general decomposition I am now able to find the generalized eigenvalues of
my problem and with them, I can take a look at the three conditions for determinacy
Blanchard and Kahn (1980) postulates:

• The model is determinate if the number of eigenvalues that are bigger than one
is equal to the number of non-predetermined variables. Analogous I could say
that the number of eigenvalues smaller than one has to equal the number of
predetermined variables.

• There is an explosive solution to the model if the number of eigenvalues in the
unit circle is less than the number of predetermined variables.

• If the number of eigenvalues smaller than one is bigger than the number of pre-
determined variables, there is an infinity of solutions, which I call indeterminacy
later on.

In my model, there are three predetermined variables vt, Π̂t and b̂t+1, as b̂t+1 is
determined in period t as discussed before. There are no non-predetermined variables
in my model. It is apparent from the previous derivations that the shocks have no
influence on determinacy.

3.3. Expectational Stability

For explaining the concept of E-stability I use the book of Evans and Honkapohja
(2001). To understand the concept of E-stability I need a perceived law of motion
(PLM) and a map to the actual law of motion (ALM). The PLM describes the beliefs
of the agents on how the variables evolve over time. It is the econometric model the
agents use. Under Rational Expectations the agents would know how the model is
going to evolve and now they have to forecast it like an econometrician. By looking
at (3.2), I see that I have a model with contemporaneous expectations. In this case
the PLM under the minimum state variable solution is:

Xt = Ψ+ ΩXt−1 + Γδt (3.4)
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3. Determinacy and E-stability

where Ψ, Ω and Γ are coefficient matrices of the right dimension that are to be
computed and I can say that δt follows an stable process AR(1) process with R being
the correlation matrix between shocks:

δt = Rδt−1 + εδt

Minimal state variable solution means, there is no solution which depends linearly
on a smaller set of variables. (McCallum (1983), Evans and Honkapohja (2001)).
With the PLM (3.4) I can compute:

ÊtXt+1 = Ψ+ ΩXt + ΓRδt

ÊtXt+1 = Ψ+ Ω(Ψ + ΩXt−1 + Γδt) + ΓRδt

ÊtXt+1 = (I + Ω)Ψ + Ω2Xt−1 + (ΩΓ + ΓR)δt

Plugging this into the model (3.2) gives:

Xt = B
�
(I + Ω)Ψ + Ω2Xt−1 + (ΩΓ + ΓR)δt

�
+ CXt−1 +Dδt

Xt = B(I + Ω)Ψ + (BΩ2 + C)Xt−1 + (BΩΓ +BΓR +D)δt (3.5)

This is now the ALM. The ALM can be interpreted as the path the variables will
follow given the fixed rule of the PLM. This now leads to three conditions that need
to be fulfilled:

Ψ = B(I + Ω)Ψ (3.6)

Ω = BΩ2 + C (3.7)

Γ = BΩΓ +BΓR +D (3.8)

If I state a solution for Ω̄, I can calculate Ψ̄ and Γ̄.

Expectational stability now means that with Adaptive learning the model con-
verges to the Rational Expectations Equilibrium. Or in other words, the E-stability
conditions provide conditions for the asymptotic stability of an Rational Expecta-
tions Equilibrium under least squares learning. Mathematically I take a look at the
T-map from the PLM to the ALM:

T

Ψ
Ω
Γ

 =

 B(I + Ω)Ψ
BΩ2 + C

BΩΓ +BΓR +D

 =

TΨ(Ψ,Ω)
TΩ(Ω)
TΓ(Ω,Γ)

 (3.9)

E-stability is then defined by the matrix differential equation:

∂

∂τ
(Ψ,Ω,Γ) = T (Ψ,Ω,Γ)− (Ψ,Ω,Γ)
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3. Determinacy and E-stability

which are Jacobian matrices and thus the E-stability conditions are given by:

DTΨ(Ψ,Ω) = B(I + Ω) (3.10)

DTΩ(Ω) = (Ω� ⊗B) + (I ⊗BΩ) (3.11)

DTΓ(Ω,Γ) = (I ⊗BΩ) + (R� ⊗B) (3.12)

Now Evans and Honkapohja (2001) tell with Proposition 10.3 that there is E-stability,
if all eigenvalues of DTΨ(Ψ̄, Ω̄), DTΩ(Ω̄), DTΓ(Ω̄, Γ̄) have real parts smaller than one.
Finally I want to give the link to recursive least square learning. Proposition 10.4

of Evans and Honkapohja (2001) states that all roots of Ω̄ have to be inside the unit
circle. Then if the solution is E-stable, the learning algorithm converges locally to
Ψ̄, Ω̄, Γ̄.
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4. Results

Recall that my system, as stated in (3.2), is of dimension three with five shocks.
Hence for determinacy I would have to calculate the generalized eigenvalues of B̄
and C̄ as defined in (3.3). This gives six eigenvalues. As the calculation of six exact
eigenvalues is a too complex task for this thesis I decide to use numerical simulations.
Without loss of generality and for simpler computation I further want to get rid of
two shocks. I eliminate gt and εit. The first one is the shock for government expenses
and other urges that shift consumption and the latter shifts the monetary policy
randomly. For example Bullard and Mitra (2002) don’t have a policy shock, when
conducting their E-stability analysis at all. The three remaining shocks are the cost-
push shock ut, the shock in fiscal policy zst and the natural output deviations Y n

t .

4.1. Parameter Choice

My model is similar to Eusepi and Preston (2018), therefor it seems reasonable to
use their calibration. In contrast to them, I have only one type of bonds, a one-
year bond, and I decided to use homogeneous adaptive learning. They used the
Metropolis-Hastings algorithm to obtain their posterior distribution. In table 4.1
and table 4.2 I present their calibration.

β σ κ
0.99 6.907 0.003

Table 4.1.: structural parameters

φπ φy φb sb Π̄ ρz ρu ρYn σz σu σYn

1.536 0.077 0.042 0.3 1.02 0.838 0.29 0.942 2.094 0.206 0.579

Table 4.2.: policy and shock parameters

I want to note that one period in my model corresponds to one quarter. The
parameter for the cost push shock ut is transformed with (2.33) from Eusepi and
Preston (2018) into my model. In the numerical simulation I will look at reasonable
combinations of φπ and φb and then vary χ, to determine determinacy and E-stability
for each pair of parameters.
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4.2. Testing for Consistency

First of all, I want to show that if I use the parameters laid out by Bullard and Mitra
(2002), and set χ = 0 and the rest of the additional parameters to 0 or 1, depending
on how to neutralize them, my model numerically reduces to the one they used. Do-
ing a numerical calculations of the generalized eigenvalues and of the conditions for
E-stability in Matlab I obtain plot 4.1.

Figure 4.1.: areas of determinacy and E-stability for varying φπ and φy in the Bullard
and Mitra (2002) setting without transaction costs (χ = 0)

The graphic for determinacy and E-stability looks like in Bullard and Mitra (2002).
Although I derived a more detailed model with transaction cost and trend inflation, if
these parameters are neutralized, I still get the same results. This strongly indicates
that so far my computation is correct.

In the same setting, I want to have a look at the consequences of transaction costs.
Therefore I set χ to 1 and obtain plot 4.2.
The area, where the model is determinant and E-stable is now smaller and shifted.

Formerly this region was E-stable and determinant for small φπ and φy up to two.
Now I need very small φy and φpi can be much larger, but cannot be smaller than one.
The range for determinacy seems to have grown a bit, but shifted. The parameters
φπ and φy that I choose in table 4.2 would still be determinant and E-stable, but
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Figure 4.2.: areas of determinacy and E-stability for varying φπ and φy in the Bullard
and Mitra (2002) setting with transaction costs (χ = 1)

altogether it would be more difficult for the monetary policy maker to set parameters
φy and φπ to get a determinant and E-stable solution, because the range for φy is
now much smaller.

4.3. Testing for Determinacy and E-stability

Now I want to use my full model with the parameters given in Table 4.1 and Table
4.2 to calculate numerical generalized eigenvalues and check the conditions for E-
stability. I decided to vary φπ and φb in my graphical analysis. This way, I have one
fiscal and one monetary parameter. I always marked the optimal parameter choices
from Eusepi and Preston (2018) for φb and φπ with two solid lines to see if this point
has determinacy and/or E-stability. The parameter choice of Eusepi and Preston
(2018) represents an active monetary policy (AM) and a passive fiscal policy (PF).
Evans and Honkapohja (2007) and Eusepi and Preston (2012) showed that both, an
AM/PF policy and a PM/AF policy, can be determinant and E-stable in this sort of
models. Furthermore, I marked the Taylor principle (4.1) of Woodford (2003) with
a dashed line.

φπ +
1− β

κ
φy > 1 (4.1)

Bullard and Mitra (2002) showed that the Taylor Principle is equivalent to being
determinant and E-stable. In my case, this does not have to be true, as I have a
different model. Nevertheless, I will see that this condition is still interesting in my
model.
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4.3.1. Analysis without Transaction Costs

I want to start my study with the case, where χ = 0. This is equivalent to no
transaction costs in my model. The results are presented in plot 4.3. The left plot
shows the regions for determinacy (cyan), indeterminacy (yellow) or an explosive
solution (dark blue). The right plot marks the determinant and E-stable regions.
Therefore a combination of φπ and φb in the right plot can only be determinant and
E-stable if it is determinant in the left plot. I don’t plot the E-stable areas alone,
as I am only interested in determinant and E-stable areas. I am not interested in
explosive or indeterminate solutions that can be learned by the agents.

Figure 4.3.: areas of determinacy and E-stability for varying φπ and φy without trans-
action costs (χ = 0)

Taking a look at the combination for φπ and φb that Eusepi and Preston (2018)
chose, I see, that this point in the parameter space is determinant and E-stable. In
addition I see that the Taylor principle (4.1) still plays a role, but it is not a perfect
condition anymore. First of all, determinacy and E-stability depend on φb too, so
I don’t have the same model Woodford (2003) and Bullard and Mitra (2002) had.
And secondly I only use a numerical approximation, which doesn’t have to be exact.
Interestingly the determinate and E-stable areas are divided, and this reminds of the
cases discussed in Evans and Honkapohja (2007) and Eusepi and Preston (2012). In
my model the top right E-stable area responds to an active monetary policy and a
passive fiscal policy (AM/PF). The lower left area, that is E-stable and determinant
has a PM/AF policy, but due to φb < 0 it is questionable if this can be achieved.
Eusepi and Preston (2018) assume, that φb > 0. The explosive and indeterminate
areas correspond to Evans and Honkapohja (2007). It is worth noting that not every
determinate solution can be learned. This has already been noted by Bullard and
Mitra (2002).
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4.3.2. Analysis with Transaction Costs

At this point, I want to recall, how χ was defined. It is dependent on the second
derivative of Φ(·) at zero. This shows, how convex the transaction costs are. These
transaction costs make it harder for households to change bonds. In plot 4.4 I present
the same analysis as above, but now with transaction costs and a χ that equals one.

Figure 4.4.: areas of determinacy and E-stability for varying φπ and φy with trans-
action costs (χ = 1)

So far, there is little change in comparison to the case without transaction costs,
but the area for indeterminacy on the left side and for determinacy and E-stability
on the right side has become smaller. Therefore policy makers have to coordinate
more, especially the fiscal policy has to be more accurate to get in the right pa-
rameter range for φb. This makes sense because if households are more restricted in
their choices, the policy makers are also more restricted in their choices for policy
parameters. But still, there is the same separation into an optimal AM/PF policy
and a PM/AF policy, but the region for AM/PF policy has become smaller. I have
not looked at whether the PM/AF policy region gets smaller too, as I don’t expect
high negative values for φb.
Due to the lack of empirical data for the parameter χ, I take a look at various dif-
ferent choices. For bigger χ the above mentioned behavior goes on. If χ gets bigger,
it gets harder to reach a determinant and E-stable solution for my model, espe-
cially if I want parameters that represent a AM/PF policy. If I want a determinant
and E-stable solution with the parameters Eusepi and Preston (2018) use, χ has to
be three at maximum. In the plots 4.5 I show the analysis for χ = 4, χ = 6 and χ = 8.

It is interesting to note that only the range for φb changes, while it has no effect on
φπ. Transaction costs are based on the change in real bonds and φb is the parameter
for fiscal policy, that depends on the bonds. It makes sense, that these two param-
eters are linked together. At χ = 6 I note another behavior. The AM/PF-policy
determinate equilibrium is so tight and with smaller φb that this is not E-stable
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4. Results

Figure 4.5.: areas of determinacy and E-stability for varying φπ and φy with trans-
action costs (χ = 4, χ = 6 and χ = 8)
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anymore. The only way now for an E-stable and determinate equilibrium is to use
PM/AF-policy. I see, that as transaction costs become more important, fiscal policy
gains importance as well.
If I use χ = 8, there is no determinate and E-stable region anymore. By comparing
it to plot 4.3 without transaction costs, I see, that the once E-stable and determinate
areas are now either indeterminate or explosive. The regions for which the solution
of the model is determinate but not learnable are getting bigger all the time.

Figure 4.6.: areas of determinacy and E-stability for varying φπ and φy with trans-
action costs (χ = 10)

But interestingly, plot 4.6 shows that for χ = 10 there are large areas that are
now determinant and E-stable. But they are the exact opposite areas than in the
beginning in plot 4.3. In this case, all determinate solutions are learnable as well.
But an AM/PF policy or PM/AF policy is not recommended anymore. It looks like
there has to be either AM/AF policy or PM/PF policy. But as the inclusion of χ has
shifted the areas for AM/PF policy with respect to φb all the time, it is still possible
that this regions now represent an AM/PF or PM/AF-policy.

To determine the behavior and conditions for AM/PF policy and PM/AF policy
like in Evans and Honkapohja (2007) and Eusepi and Preston (2012) further research
is necessary that goes beyond the scope of this thesis.
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5. Conclusion

In this thesis, I derive a New Keynesian model with trend inflation and subjective
expectations. This model is based on Woodford (2013) and Garćıa-Schmidt and
Woodford (2019). Additionally, I add transaction costs to the households on real
bonds. If there are multiple types of bonds and subjective expectations households
could see arbitrage opportunities. The transaction costs are needed to ensure that
the demand for bonds stay bounded as the demand and price of bonds is linked with
the interest rate. Hence the inclusion of transaction costs makes the use of an explicit
no-arbitrage condition like in Sinha (2016) or Eusepi and Preston (2018) obsolete.
If I remove transaction costs (set χ = 0) all terms that are related to the transac-
tion costs cancel out and my model simplifies to one similar to Woodford (2013) or
Garćıa-Schmidt and Woodford (2019).

Deviating from the Rational Expectations and assuming Adaptive Learning with
Recursive Least Squares learning, I analyze determinacy and E-stability of my model
with respect to the fiscal policy parameter φb and the monetary policy parameter φπ.
I use the distinction into active and passive policies used by Evans and Honkapohja
(2007) and Eusepi and Preston (2012) and see that with small transaction costs a
AM/PF policy is still determinant and E-stable, as well as a PM/AF policy. With
higher convexity of the transaction costs it gets harder for the fiscal policy to choose
a parameter that leads to a determinant and E-stable equilibrium. As fiscal policy is
concerned about the bond holdings, as well as transaction costs, it makes sense that
these two are linked together. For χ = 6 or higher a AM/PF policy in the region
used by Evans and Honkapohja (2007) is not E-stable anymore. But at χ = 10 the
opposite regions as without transaction costs are determinant and E-stable as well.

It is up for further research to estimate the transaction parameter χ empirically.
In a next step, analytical conditions for determinacy and E-stability are needed to
see, if and what role χ has. Furthermore this would help in understanding how the
region for AM/PF policy is depending on χ and its behavior with higher χ.
Another idea would be to use heterogeneous expectations. In this case it would also
be a good idea, to use a model with at least two types of bonds, because in this the
transaction are truly needed to replace a No-Arbitrage condition.
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B. Model Derivation

This chapter of the appendix gives a detailed insight into all calculations needed for
Chapter 2 and Section 3.1. The written word may not be perfectly formulated, but
it is all about the mathematical equations from now on.

B.1. Household Problem

This section gives insight into the derivations needed in Section 2.1. In period t each
household i faces the following maximization problem:

max
CT i

Êi
t

∞#
T=t

βT−t
	
u(Ci

T ; ξT )− v(HT ; ξT )
�

(B.1)

s. t.Bi
t+1 = (1 + it)

	
Bi

t + PtYt − PtC
i
t − Tt

�− PtΦ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
(B.2)

B.1.1. Derivation of Household Problem

I now want to derive (B.2). I have to start with (2.5):

Bi
t+1 = (1 + it)



Bi

t +WtHt +

� 1

j=0

Πt(j)dj −
� 1

j=0

pt(j)c
i
t(j)dj − Tt

�
− PtΦ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
(B.3)

I start by looking at the profits of firms. Each firm j has profits Πt(j) in period t
which are the difference of goods sold minus costs:

Πt(j) = pt(j)yt(j)−WtHt(j)

Here yt(j) presents the output of consumption good j that got sold. Ht(j) is the
labor firm j uses. By defining:

Ht ≡
� 1

j=0

Ht(j)dj
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B. Model Derivation

and integrating profits over firms I can reformulate the income from wages and profits
as:

WtHt +

� 1

j=0

Πt(j)dj = WtHt +

� 1

j=0

pt(j)yt(j)−WtHt(j)dj

= WtHt +

� 1

j=0

pt(j)yt(j)dj −Wt

� 1

j=0

Ht(j)dj

= WtHt +

� 1

j=0

pt(j)yt(j)dj −WtHt

=

� 1

j=0

pt(j)yt(j)dj

Therefore the income from households excluding bonds is just depending on the out-
put of firms and the prices of the goods.

By solving the optimal allocation of household expenditures as a maximization of Ci
t

for a given level of expenditure, like in Gaĺı (2015), I get that:� 1

j=0

pt(j)c
i
t(j)dj = PtC

i
t� 1

0

pt(j)yt(j)dj = PtYt

where Yt is total demand for the composite good like in (2.3).

I can now use these equations to simplify the law of motions for bonds:

Bi
t+1 = (1 + it)[B

i
t + PtYt − PtC

i
t − Tt]− PtΦ

�
Bi

t+1

Pt+1

− Bi
t
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or in real terms:

Bi
t+1

Pt

= (1 + it)



Bi

t

Pt

+ Yt − C i
t −

Tt

Pt

�
− Φ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
So I have arrived at (2.2). To summarize at time t the households takes the values of
{YT , PT , iT , TT}∞T=t as given, using their own expectations. Households cannot control
{HT}∞T=t, under the labor market institutions assumed in this model, but regardless
they don’t even optimize over HT . But they have to choose {C i

T , B
i
T+1}∞T=t regarding

the law of motions of (2.2) and maximizing (2.1).
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B.1.2. Household Optimization

I now want to solve the maximization problem of the households and derive the
optimality conditions. Therefore I write down the Lagrangian in real values:

L(·) = Êi
t
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The corresponding first-order conditions are:
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i
T



uC(C

i
T+1, ξT+1)

�
1 + Φ�

�
Bi

T+2

PT+2

− Bi
T+1

PT+1

 
1

1 + iT+1

 �

⇐⇒uC(C
i
T , ξT ) = β(1 + iT )Ê
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I derived a first order condition for any date T ≥ t and defined the gross rate of
inflation as ΠT+1 ≡ PT+1/PT :
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(B.4)
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This is the FOC used in my model, given in equation (2.6)

B.1.3. Log-Linearization

I am interested in deviations around the steady state. This means for all T ≥ t it
has to hold that: biT = b̄, YT = Ȳ , Ci

T = C̄, ΠT = Π̄ and τt = τ̄ . I need that
biT ≡ Bi

T/PT−1 and similar τt = TT/PT .

I start by redefining the law of motions (B.2): and divide by Pt−1:
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Next I take a look at the steady state of the equation (B.5):

b̄ = (1 + ῑ)

�
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I take a look at the steady state of (B.4):

uC(C̄, ξ̄) = β(1 + ῑ)uC(C̄, ξ̄)
1 + ῑ+ Φ�(b̄Π̄−1 − b̄Π̄−1)

(1 + ῑ)(Π̄ + Φ�(b̄Π̄−1 − b̄Π̄−1)

1 = β(1 + ῑ)Π̄−1

⇐⇒ (1 + ῑ) = β−1Π̄ (B.7)

I need some more definitions before I can start the log-linearization of the law of
motions for bonds. These new variables with a hat are describing deviations from
the steady state in percent:

b̂it ≡
bit − b̄

Ȳ
, Ŷt ≡ Yt − Ȳ

Ȳ
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C i
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Ȳ
,
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1 + ῑ
, Π̂t ≡ Πt − Π̄

Π̄
,sb ≡ b̄

Ȳ
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Log-Linearization of Bonds

In this subsection I want do a first-order Taylor approximation of bit+1 as defined in
(B.5) around the steady-state b̄. Here I evolve the left-hand-side and the right-hand-
side at the same time:
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	−(1 + ῑ)b̄Π̄−2 − Φ�(0)b̄Π̄−2
�
(Πt − Π̄)

+ (Yt − Ȳ )− (Ci
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�

+ (b̄Π̄−1 + Ȳ − C̄ − τ̄)� �� �
(B.6)

(it − ῑ) + Φ�(0)Π̄−1(b̄− bt)− Φ�(0)b̄Π̄−2(Πt − Π̄)

− Φ�(0)Π̄−1(bit+1 − b̄) + Φ�(0)b̄Π̄−2(Πt+1 − Π̄)

⇐⇒ b̂it+1 = β−1Π̄



Π̄−1b̂it − Π̄−1 b̄

Ȳ
Π̂t + Ŷt − ĉit − τ̂t

�
+

b̄

Ȳ
ι̂t + Φ�(0)Π̄−1b̂it −

b̄

Ȳ
Φ�(0)Π̄−1Π̂t

− Φ�(0)Π̄−1b̂it+1 + Φ�(0)
b̄

Ȳ
Π̄−1Π̂t+1

⇐⇒ b̂it+1 = β−1
�
b̂it + Π̄(Ŷt − ĉit − τ̂t)

�
+ sb

�
ι̂t − β−1Π̂t

�
+ Φ�(0)Π̄−1b̂it −

b̄

Ȳ
Φ�(0)Π̄−1Π̂t − Φ�(0)Π̄−1b̂it+1 + Φ�(0)

b̄

Ȳ
Π̄−1Π̂t+1

Note the properties of Φ I assumed in Chapter 2. I already used that Φ(0) = 0. I
assumed that Φ�(0) = 0, which means together with Φ��(0) ≥ 0 means, transaction
costs have a minimum at 0. As one shouldn’t have negative transaction costs, this
are necessary conditions. If I set Π̄ = 1 and Φ�(0) = 0 my model is still equal to
Woodford (2013). With the assumption that Φ�(0) = 0 I get:

b̂it+1 =β−1
�
b̂it + Π̄(Ŷt − ĉit − τ̂t)

�
+ sb

�
ι̂t − β−1Π̂t

�
(B.8)

This is (2.7) from my model.
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Log-Linearization of the Euler Equation

The Euler equation has the following form from (B.4):

uC(C
i
T , ξT ) = β(1 + iT )Ê

i
T

uC(C
i
T+1, ξT+1)

1 + iT+1 + Φ�
�

Bi
t+2

Pt+2
− Bi

t+1

Pt+1

�
(1 + iT+1)(ΠT+1 + Φ�

�
Bi

T+1

PT+1
− Bi

T

PT

�


Taking the log and omitting Êi
t for simplicity leads to:

log(uC(C
i
T , ξT )) = log(β) + log(1 + iT ) + log(uC(C

i
T+1, ξT+1))

+ log(1 + iT+1 + Φ�(biT+2Π
−1
T+2 − biT+1Π

−1
T+1))

− log(1 + iT+1)− log(ΠT+1 + Φ�(biT+1Π
−1
T+1 − biTΠ

−1
T ))

Now I want to do a First Order Taylor approximation around the steady state. I
decompose this into several steps for a better overview. First I take a look at the
steady state of the right hand side (RHS):

log(β) + log(1 + ῑ) + log(uC(C̄, ξ̄)) + log(1 + ῑ+ Φ�(0))− log(1 + ῑ)− log(Π̄ + Φ�(0)

= log(uC(C̄, ξ̄))

because of Φ�(0) = 0 and 1 + ῑ = β−1Π̄.
I see that the steady state values of the First Order Taylor approximation cancel out
and I just have to look at the first derivatives of all variables. I start in detail with
the left-hand side (LHS):

LHS ≈∂ log(uC(C
i
T , ξT ))

∂C i
T

(C̄, ξ̄)(Ci
T − C̄) +

∂ log(uC(C
i
T , ξT ))

∂ξT
(C̄, ξ̄)(ξT − ξ̄)

=
uCC(C̄, ξ̄)

uC(C̄, ξ̄)
(Ci

T − C̄) +
uCξ(C̄, ξ̄)

uC(C̄, ξ̄)
(ξT − ξ̄)

=
uCC(C̄, ξ̄)Ȳ

uC(C̄, ξ̄)

C i
T − C̄

Ȳ
+

uCξ(C̄, ξ̄)ξ̄

uC(C̄, ξ̄)

ξT − ξ̄

ξ̄

If I define:

σ−1 ≡ −uCC(C̄, ξ̄)Ȳ

uC(C̄, ξ̄)
and c̄t ≡ uCξ(C̄, ξ̄)ξ̄ξ̂t

uC(C̄, ξ̄)σ−1
= −uCξ(C̄, ξ̄)ξ̄ξ̂t

uCC(C̄, ξ̄)Ȳ

I get that:

LHS ≈ −σ−1ĉiT + σ−1c̄T = −σ−1(ĉiT − c̄T ) (B.9)
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as result for LHS. Next I take a look at RHS:

RHS ≡ log(β) + log(1 + iT ) + log(uC(C
i
T+1, ξT+1))

+ log(1 + iT+1 + Φ�(biT+2Π
−1
T+2 − biT+1Π

−1
T+1)

− log(1 + iT+1)− log(ΠT+1 + Φ�(biT+1Π
−1
T+1 − biTΠ

−1
T ))

and define χ, as I need this parameter very often:

χ ≡ Φ��(0)Π̄−1Ȳ

1 + ῑ

I start with the Taylor approximation. As discussed I just need the first derivatives
of RHS to every variable:

∂RHS

∂iT
(iT − ῑ) =

1

1 + ῑ
(iT − ῑ) = ι̂T

∂RHS

∂CT+1

(C i
T+1 − C̄) =

uCC(C̄, ξ̄)

uC(C̄, ξ̄)
(Ci

T+1 − C̄) = −σ−1ĉT+1

∂RHS

∂ξT+1

(ξT+1 − ξ̄) =
uCξ(C̄, ξ̄)

uC(C̄, ξ̄)
(ξT+1 − ξ̄) = σ−1c̄T+1

∂RHS

∂iT+1

(iT+1 − ῑ) =

�
1

1 + ῑ+ Φ�(0)
− 1

1 + ῑ

 
(iT+1 − ῑ) = 0

∂RHS

∂bT+2

(bT+2 − b̄) =
Φ��(0)

1 + ῑ+ Φ�(0)
Π̄−1(bT+2 − b̄) =

Φ��(0)Π̄−1Ȳ

1 + ῑ

biT+2 − b̄

Ȳ
= χb̂iT+2

∂RHS

∂ΠT+2

(ΠT+2 − Π̄) = − Φ��(0)
1 + ῑ+ Φ�(0)

b̄

Π̄2
(ΠT+2 − Π̄) = −Φ��(0)Π̄−1Ȳ

1 + ῑ

b̄

Ȳ

ΠT+2 − Π̄

Π̄
= −χsbΠ̂T+2

∂RHS

∂biT+1

(biT+1 − b̄) =

�
− Φ��(0)Π̄−1

1 + ῑ+ Φ�(0)
− Φ��(0)Π̄−1

Π̄ + Φ�(0)

 
(biT+1 − b̄)

= −
�
Φ��(0)Π̄−1Ȳ

1 + ῑ
+ (1 + ῑ)Π̄−1Φ

��(0)Π̄−1Ȳ

1 + ῑ

 
biT+1 − b̄

Ȳ

= − �
χ+ β−1χ

�
b̂iT+1 = −(1 + β−1)χb̂iT+1

∂RHS

∂ΠT+1

(ΠT+1 − Π̄) =

�
Φ��(0)b̄Π̄−2

1 + ῑ+ Φ�(0)
− 1− Φ��(0)b̄Π̄−2

Π̄ + Φ�(0)

 
(ΠT+1 − Π̄)

=

�
Φ��(0)Π̄−1Ȳ

1 + ῑ

b̄

Ȳ
− 1 +

Φ��(0)Π̄−1Ȳ

Π̄

b̄

Ȳ

 
ΠT+1 − Π̄

Π̄

=
�
χsb − 1 + β−1χsb

�
Π̂T+1 = −Π̂T+1 + (1 + β−1)χsbΠ̂T+1

∂RHS

∂biT
(biT − b̄) =

Φ��(0)Π̄−1

Π̄ + Φ�(0)
(biT − b̄) =

Φ��(0)Π̄−1Ȳ

Π̄

biT − b̄

Ȳ
= β−1χb̂iT

∂RHS

∂ΠT

(ΠT − Π̄) = −Φ��(0)b̄Π̄−2

Π̄ + Φ�(0)
(ΠT − Π̄) = −Φ��(0)Π̄−1Ȳ

Π̄

b̄

Ȳ

ΠT − Π̄

Π̄
= −β−1χsbΠ̂T

38



B. Model Derivation

Summing up the RHS:

RHS ≈χ
�
b̂iT+2 − sbΠ̂T+2 − (1 + β−1)b̂iT+1 + (1 + β−1)sbΠ̂T+1 + β−1b̂iT − β−1sbΠ̂T

�
+ ι̂T − σ−1(ĉT+1 − c̄T+1)− Π̂T+1

RHS ≈χ
�
b̂iT+2 − (1 + β−1)b̂iT+1 + β−1b̂iT − sb

�
Π̂T+2 − (1 + β−1)Π̂T+1 + β−1Π̂T

��
+ ι̂T − σ−1(ĉT+1 − c̄T+1)− Π̂T+1

Equating RHS and LHS I get:

−σ−1(ĉiT − c̄T ) = χ
�
b̂iT+2 − (1 + β−1)b̂iT+1 + β−1b̂iT − sb

�
Π̂T+2 − (1 + β−1)Π̂T+1 + β−1Π̂T

��
+ ι̂T − σ−1(ĉT+1 − c̄T+1)− Π̂T+1

and finally arrive at (2.8):

ĉiT − c̄T =− σ(ι̂T − Êi
t [Π̂T+1]) + Êi

t [ĉT+1 − c̄T+1]

− σχÊi
t

�
b̂iT+2 − (1 + β−1)b̂iT+1 + β−1b̂iT − sb

�
Π̂T+2 − (1 + β−1)Π̂T+1 + β−1Π̂T

��
(B.10)

If I omit transaction costs, it holds that χ = 0 and therefore I still have the same
equation as Woodford (2013).

B.1.4. Forward-Substitution

I want to solve (B.8) and (B.10) forward for all T ≥ t. I start with (B.10) and start
with T = t:

ĉit − c̄t =− σ(ι̂t − Êi
t [Π̂t+1]) + Êi

t [ĉt+1 − c̄t+1]

− σχÊi
t

�
b̂it+2 − (1 + β−1)b̂it+1 + β−1b̂it − sb

�
Π̂t+2 − (1 + β−1)Π̂t+1 + β−1Π̂t

��
For T = t+ 1 I get:

Êi
t [ĉ

i
t+1 − c̄t+1] =Êi

t

�
− σ(ι̂t+1 − Π̂t+2) + ĉt+2 − c̄t+2

− σχ
�
b̂it+3 − (1 + β−1)b̂it+2 + β−1b̂it+1 − sb

�
Π̂t+3 − (1 + β−1)Π̂t+2 + β−1Π̂t+1

��
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B. Model Derivation

Next I can plug ĉit+1 − c̄t+1 into the equation for T = t:

ĉit − c̄t =Êi
t

�
− σ(ι̂t − Π̂t+1)− σ(ι̂t+1 − Π̂t+2) + ĉt+2 − c̄t+2

− σχ
�
b̂it+3 − (1 + β−1)b̂it+2 + β−1b̂it+1 − sb

�
Π̂t+3 − (1 + β−1)Π̂t+2 + β−1Π̂t+1

��
− σχ

�
b̂it+2 − (1 + β−1)b̂it+1 + β−1b̂it − sb

�
Π̂t+2 − (1 + β−1)Π̂t+1 + β−1Π̂t

�� �
=Êi

t

�
− σ

�
(ι̂t + ι̂t+1)− (Π̂t+1 + Π̂t+2)

�
+ ĉt+2 − c̄t+2

− σχ
�
b̂it+3 − β−1b̂it+2 − b̂it+1 + β−1b̂it − sb

�
Π̂i

t+3 − β−1Π̂i
t+2 − Π̂i

t+1 + β−1Π̂i
t

�� �

Going on like this, this finally leads for all T ≥ t to:

Êi
t [ĉ

i
T − c̄T ] =(ĉit − c̄t) + σ

T−1#
s=t

Êi
t

�
ι̂s − Π̂s+1

�
+ σχÊi

t

�
b̂iT+1 − β−1b̂iT − b̂it+1 + β−1b̂it − sb(Π̂T+1 − β−1Π̂T − Π̂t+1 + β−1Πt)

�
(B.11)

For equation (B.8) I start by rearranging it:

b̂it = −Π̄(Ŷt − τ̂t)− sb(βι̂t − Π̂t) + Π̄c̄t + Π̄(ĉit − c̄t) + βb̂it+1

Solving this forward leads to:

b̂it = lim
N→∞

�
−

N#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄c̄t − Π̄(ĉiT − c̄T )

�
+ βN−tÊi

t b̂
i
N

�

I need to assume a transversatility condition, to exclude Ponzi games, like:

lim
T→∞

βT−tÊi
t b̂

i
T = 0 (B.12)

I can then solve equation (B.8) forward to:

b̂it = −
∞#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄c̄T − Π̄(ĉiT − c̄T )

�
(B.13)
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B. Model Derivation

I want to plug (B.11) into (B.13). Therefore I have to take a look at:

∞#
T=t

βT−tÊi
t [ĉ

i
T − c̄T ]

=
∞#
T=t

βT−t

�
ĉit − c̄t� �� �

(A)

+ σ
T−1#
s=t

Êi
t

�
ι̂s − Π̂s+1

�
� �� �

(B)

+ σχÊi
t

b̂iT+1 − β−1b̂iT − sb

�
Π̂T+1 − β−1Π̂T

�
� �� �

(C)

−b̂it+1 + β−1b̂it − sb(−Π̂t+1 + β−1Π̂t)� �� �
(D)


�

=
ĉit − c̄t
1− β� �� �
(A)

+
σ

1− β

∞#
T=t

βT−t+1Êi
t [ι̂T − Π̂T+1]� �� �

(B)

+
σχ

1− β
Êi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
� �� �

(C+D)

I analyze the parts of this sum separately. In (A) I only have terms that are inde-
pendent of the sum index T and therefore I can use the geometric series to get:

(A):
∞#
T=t

βT−t
�
ĉit − c̄t

�
=

1

1− β
(ĉit − c̄t)

Next I want to simplify (B) such that I only need one sum:

(B):
∞#
T=t

βT−tσ
T−1#
s=t

Êi
t

�
ι̂s − Π̂s+1

�
=σ

� ∞#
T=t

βT−t+1Êi
t

�
ι̂t − Π̂t+1

�
+

∞#
T=t

βT−t+2Êi
t

�
ι̂t+1 − Π̂t+2

�
+ . . .

�

=σ

�
βÊi

t

�
ι̂t − Π̂t+1

� ∞#
T=t

βT−t + β2Êi
t

�
ι̂t+1 − Π̂t+2

� ∞#
T=t

βT−t + . . .

�
=σ

� 1

1− β

�
βÊi

t [ι̂t − Π̂t+1] + β2Êi
t [ι̂t+1 − Π̂t+2] + . . .

��
=

σ

1− β

∞#
T=t

βT−t+1Êi
t [ι̂T − Π̂T+1]
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For (C) I take a closer look at the evolution of the sum:

(C): σχ
∞#
T=t

βT−tÊi
t

�
b̂iT+1 − β−1b̂iT − sb

�
Π̂T+1 − β−1Π̂T

��
=σχÊi

t

�
b̂it+1 − β−1b̂it − sb

�
Π̂t+1 − β−1Π̂t

��
+ σχβÊi

t

�
b̂it+2 − β−1b̂it+1 − sb

�
Π̂t+2 − β−1Π̂t+1

��
+ σχβ2Êi

t

�
b̂it+3 − β−1b̂it+2 − sb

�
Π̂t+3 − β−1Π̂t+2

��
+ σχβ3 . . .

=σχβ−1
�
−b̂it + sbΠ̂t

�
+ σχÊi

t

�
b̂it+1 − sbΠ̂t+1 − b̂it+1 + sbΠ̂t+1

�
+ σχβÊi

t

�
b̂it+2 − sbΠ̂t+2 − b̂it+2 + sbΠ̂t+2

�
+ σχβ2Êi

t

�
b̂it+3 − sbΠ̂t+3 . . .

�
. . .

=σχβ−1
�
−b̂it + sbΠ̂t

�
For (D) I have the geometric series as in (A):

(D):
∞#
T=t

βT−t
�
σχÊi

t

�
−b̂it+1 + β−1b̂it − sb(−Π̂t+1 + β−1Π̂t)

��
=

σχ

1− β
Êi

t

�
−b̂it+1 + β−1b̂it − sb(−Π̂t+1 + β−1Π̂t)

�
Next I can combine (C) and (D) to get:

(C+D):
σχ

β(1− β)
Êi

t

�
−(1− β)b̂it + (1− β)sbΠ̂t − βb̂it+1 + b̂it − sb(−βΠ̂t+1 + Π̂t)

�
=

σχ

β(1− β)
Êi

t

�
βb̂it − βb̂it+1 + sbβΠ̂t+1 − sbβΠ̂t

�
=

σχ

1− β
Êi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
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B. Model Derivation

I can finally plug this into (B.13) and get:

b̂it = −
∞#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄c̄T

�
+ Π̄

ĉit − c̄t
1− β

+
Π̄σ

1− β

∞#
T=t

βT−t+1Êi
t [ι̂T − Π̂T+1] +

Π̄σχ

1− β
Êi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
=−

∞#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄c̄T − βσΠ̄

1− β
(ι̂T − Π̂T+1)

�

+ Π̄
ĉit − c̄t
1− β

+
Π̄σχ

1− β
Êi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
see Appendix: B.1.4

b̂it =−
∞#
T=t

βT−tÊi
t

�
Π̄(ŶT − τ̂T ) + sb(βι̂T − Π̂T )− Π̄β

1− β
(c̄T+1 − c̄T )− βσΠ̄

1− β
(ι̂T − Π̂T+1)

�

+
Π̄

1− β
ĉit +

Π̄σχ

1− β
Êi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
With this I finally have an optimal linear plan on how bonds are evolving over time,
subject to the expectations. But I am interest in how consumption will evolve.
I rearrange and get the optimal plan for ĉit and equation (2.12):

ĉit =
1− β

Π̄
b̂it − σχÊi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
+

∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )− β(c̄T+1 − c̄T ) +

(1− β)

Π̄
sb(βι̂T − Π̂T )

− σβ(ι̂T − Π̂T+1)
�

(B.14)

which equals Woodford (2013) for Π̄ = 1 and χ = 0. It is like in Garćıa-Schmidt and
Woodford (2019) with Π̄ > 1, but τ̂ = 0, sb = 0 and c̄T = 0 and the corresponding
steady state interest rate. If I don’t specify transaction costs, I have that χ = 0 and
this term cancels out.
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Transformation of c

I have to show that:

−
∞#
T=t

βT−tÊi
t [Π̄c̄T ] +

Π̄

1− β
c̄t

!
= −

∞#
T=t

βT−t 1

1− β
βΠ̄Êi

t [c̄T+1 − c̄T ]

⇐⇒ (1− β)
∞#
T=t

βT−tÊi
t [c̄T ]− c̄t =

∞#
T=t

βT−tβÊi
t [c̄T+1 − c̄T ]

⇐⇒
∞#
T=t

βT−tÊi
t [c̄T ]−

∞#
T=t

βT−t+1Êi
t [c̄T ]− c̄t =

∞#
T=t

βT−t+1Êi
t [c̄T+1 − c̄T ]

⇐⇒
∞#
T=t

βT−tÊi
t [c̄T ]− c̄t =

∞#
T=t

βT−t+1Êi
t [c̄T+1]

Now I take a look at these terms:

−c̄t +
∞#
T=t

βT−tÊi
t [c̄T ] = −c̄t + β0c̄t + β1c̄t+1 + β2c̄t+2 + β3c̄t+3 + . . .

= βc̄t+1 + β2c̄t+2 + β3c̄t+3 + . . .
∞#
T=t

βT−t+1Êi
t [c̄T+1] = βc̄t+1 + β2c̄t+2 + β3c̄t+3 + . . .

I have shown that both terms are equal.

44



B. Model Derivation

B.1.5. Rearranging

Now I want to rearrange (B.14), so that I only have to forecast one variable vit that
I am going to define soon:

ĉit −
(1− β)

Π̄
b̂it = −σχÊi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
+

∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )− β(c̄T+1 − c̄T ) +

(1− β)

Π̄
sb(βι̂T − Π̂T )− σβ(ι̂T − Π̂T+1)

�
=− σχÊi

t

�
b̂it − b̂it+1 − sb(Π̂t − Π̂t+1)

�
+ Êi

t

�
(1− β)(Ŷt − τ̂t)− β(c̄t+1 − c̄t) +

(1− β)

Π̄
sb(βι̂t − Π̂t)− σβ(ι̂t − Π̂t+1)

�
+ β

�
Êi

t

�
(1− β)(Ŷt+1 − τ̂t+1)− β(c̄t+2 − c̄t+1) +

(1− β)

Π̄
sb(βι̂t+1 − Π̂t+1)− σβ(ι̂t+1 − Π̂t+2)

��
+ β2 . . .

=− σχ
�
b̂it − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)− βι̂t(σ − sb

1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t

+ σχ
�
b̂it+1 − sbΠ̂t+1

�
+ βÊi

t

�
(1− β)(Ŷt+1 − τ̂t+1)− βι̂t+1(σ − sb

1− β

Π̄
) + Π̂t+1(σ − sb

1− β

Π̄
)

+ βc̄t+1 − c̄t+1 − βσΠ̂t+2 − βc̄t+2

�
+ β2 . . .

=− σχ
�
b̂it − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)− βι̂t(σ − sb

1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t

+ σχ
�
b̂it+1 − sbΠ̂t+1

�
+ βÊi

t

�
(1− β)(Ŷt+1 − τ̂t+1)−

�
σ − sb

1− β

Π̄

 �
βι̂t+1 − Π̂t+1

�
− c̄t+1(1− β)

�
+ β2Êi

t

�
−σΠ̂t+2 − c̄t+2 . . .

�
. . .

I see that I can reorder the terms due to their time index and only have to forecast
vit+1 to know the optimal plan for ĉit. This gives me equation (2.13):

ĉit =
(1− β)

Π̄
b̂it − σχ

�
b̂it − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)

− βι̂t(σ − sb
1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t + βÊi

tv
i
t+1 (B.15)
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where I define vit+1 as:

vit+1 =
∞#

T=t+1

βT−t−1Êi
t



(1− β)(ŶT − τ̂T )−

�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

�
+ β−1σχ

�
b̂it+1 − sbΠ̂t+1

�
=

∞#
T=t+1

βT−t−1Êi
t

�
(1− β)(ŶT − τ̂T )−

�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

− σχ
�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

��

To clarify what vit looks like:

vit =
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )−

�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

− σχ
�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

��
(B.16)

and as I am going to need it soon:

vit − Êi
t [βv

i
t+1] =(1− β)(Ŷt − τ̂t)−

�
σ − sb

1− β

Π̄

 �
βι̂t − Π̂t

�
− c̄t(1− β)

− σχ
�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

�
Aggregating

Aggregate demand deviation from steady state is given by Ŷt =
� 1

0
ĉitdi+Ĝt, where Ĝt

is the deviation of government purchases of the composite good from the steady-state
as a fraction of steady-state output. I define some aggregates deviations:

Ĝt =
Gt − Ḡ

Ȳ
, b̂t =

� 1

0

b̂itdi, vt =

� 1

0

vitdi, gt = Ĝt + c̄t
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B. Model Derivation

I want to plug (B.15) into the aggregate demand:

Ŷt =

� 1

0

ĉitdi+ Ĝt

Ŷt − Ĝt =
(1− β)

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)

− βι̂t(σ − sb
1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t +

� 1

0

βÊi
tv

i
t+1di

Ŷt − Ĝt − vt =
(1− β)

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)

− βι̂t(σ − sb
1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t −

� 1

0

vit − βÊi
tv

i
t+1di

Ŷt − Ĝt − vt =
(1− β)

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
+ (1− β)(Ŷt − τ̂t)

− βι̂t(σ − sb
1− β

Π̄
)− Π̂tsb

1− β

Π̄
+ βc̄t

− Êi
t

�
(1− β)(Ŷt − τ̂t)−

�
σ − sb

1− β

Π̄

 �
βι̂t − Π̂t

�
− c̄t(1− β)

− σχ
�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

��
Ŷt − Ĝt − vt =

1− β

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
− σΠ̂t + c̄t + σχÊi

t

�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

�

Finally I get

Ŷt = gt + vt +
1− β

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
− σΠ̂t + σχÊi

t

�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

�
(B.17)

B.1.6. Government

Now it is time to look at the government bonds law of motion:

−
� 1

0

Bi
t+1di = (1 + it)



−
� 1

0

Bi
tdi+ Tt −Gt

�
(B.18)
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Analogous to the law of motions for bond holdings of the households I derive:

−Bt+1

Pt−1

= (1 + it)



− Bt

Pt−1

+
Tt

Pt−1

− Gt

Pt−1

�
⇐⇒ bt+1 = (1 + it)

�
btΠ

−1
t − τt + G̃t

�
Steady State

=⇒ b̄ = (1 + ῑ)
	
b̄Π̄−1 − τ̄ + Ḡ

�
Now I do a First Order Taylor approximation:

bt+1 ≈ b̄+
∂bt+1(b̄)

∂bt
(bt − b̄) +

∂bt+1(b̄)

∂Πt

(Πt − Π̄) +
∂bt+1(b̄)

∂τt
(τt − τ̄) +

∂bt+1(b̄)

∂G̃t

(G̃t − Ḡ)

+
∂bt+1(b̄)

∂it
(it − ῑ)

⇐⇒ bt+1 − b̄ ≈ (1 + ῑ)
�
Π̄−1(bt − b̄)− b̄Π̄−2(Πt − Π̄)− (τt − τ̄) + (G̃t − Ḡ)

�
+ (b̄Π̄−1 + τ̄ − Ḡ)(it − ῑ)

⇐⇒ b̂t+1 ≈ β−1Π̄



Π̄−1b̂t − Π̄−1 b̄

Ȳ
Π̂t − τ̂t + Ĝt

�
+

b̄

Ȳ
ι̂t

⇐⇒ b̂t+1 ≈ β−1
�
b̂t − sbΠ̂t − Π̄(τ̂t − Ĝt)

�
+ sbι̂t

and can rewrite it to (2.16):

b̂t+1 = β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t (B.19)

where st ≡ τ̂t− Ĝt is the real primary budget surplus in period t. I can express τ̂t as:

τ̂t = Π̄−1b̂t − sbΠ̄
−1Π̂t + Ĝt + sbβΠ̄

−1ι̂t − βΠ̄−1b̂t+1

Now I want to plug B.17 and B.19 into B.16. Therefore I first take a look at Ŷt − τ̂t:

Ŷt − τ̂t =Ĝt + c̄t + vt +
1− β

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
− σΠ̂t + σχÊi

t

�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

�
−

�
Π̄−1b̂t − sbΠ̄

−1Π̂t + Ĝt + sbβΠ̄
−1ι̂t − βΠ̄−1b̂t+1

�
=c̄t + vt +

�
σχ+ βΠ̄−1

�
(b̂t+1 − b̂t)− σχβ−1b̂t −

�
σ − sb(Π̄

−1 + σχ)
�
Π̂t

− σχsbÊ
i
t

�
Π̂t+1 − β−1Π̂t

�
− sbβΠ̄

−1ι̂t
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Using this:

vit =
∞#
T=t

βT−tÊi
t

�
(1− β)

�
c̄T + vT +

�
σχ+ βΠ̄−1

�
(b̂T+1 − b̂T )− σχβ−1b̂T − �

σ − sb(Π̄
−1 + σχ)

�
Π̂T

− σχsb

�
Π̂T+1 − β−1Π̂T

�
− sbβΠ̄

−1ι̂T

�
−
�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

�
=

∞#
T=t

βT−tÊi
t

�
(1− β)vT + (1− β)(σχ+ βΠ̄−1)(b̂T+1 − b̂T )− (1− β)σχβ−1b̂T − βσ(ι̂T − Π̂T )

− (1− β)sbσχ
�
Π̂T+1 − Π̂T (1 + β−1)

� �
=

∞#
T=t

βT−tÊi
t

�
(1− β)vT + (1− β)βΠ̄−1(b̂T+1 − b̂T )− βσ(ι̂T − Π̂T )

− (1− β)σχ
�
(1 + β−1)b̂T − b̂T+1 − sb((1 + β−1Π̂T − Π̂T+1

� �
I can write this recursively as:

vit =(1− β)vt + (1− β)βΠ̄−1(b̂t+1 − b̂t)− βσ(ι̂t − Π̂t)

− (1− β)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1Π̂t − Π̂t+1

�
+ βÊi

tv
i
t+1 (B.20)

and therefore have (2.19) and (2.18) from my model.

B.1.7. Ricardian Expectations

I take another look at (B.19) and transform it:

b̂t =sbΠ̂t + Π̄sb − βsbι̂t + βb̂t+1

=Π̄st − sb(βι̂t − Π̂t)

+ βÊi
t

�
Π̄st+1 − sb(βι̂t+1 − Π̂t+1)

�
+ β2Êi

t

�
Π̄st+2 − sb(βι̂t+2 − Π̂t+2)

�
+ β3 . . .

=
∞#
T=t

βT−tÊi
t

�
Π̄sT − sb(βι̂T − Π̂T )

�
(B.21)

I say that households have Ricardian Expectations if (B.21) holds. Furthermore I
am going to need that every households expects every other household to act like
him (symmetry). In our model I normalized the number of households to 1, therefore
there is no difference between per capita and aggregated variables. With all this I
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take another look at (B.16):

vit =
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − τ̂T )−

�
σ − sb

1− β

Π̄

 �
βι̂T − Π̂T

�
− c̄T (1− β)

− σχ
�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

��

=
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − ĜT )− σ

�
βι̂T − Π̂T

�
− (1− β)

τ̂T − ĜT� �� �
sT

−sbΠ̄
−1(βι̂T − Π̂T + c̄T


− σχ

�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

��

=
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − (ĜT + c̄T )� �� �

gT

)− σ
�
βι̂T − Π̂T

�

− σχ
�
b̂iT+1 − β−1b̂iT − sb(Π̂T+1 − β−1Π̂T )

�
� �� �

(C)

�

− (1− β)Π̄−1

∞#
T=t

βT−tÊi
t

�
Π̄sT − sb(βι̂T − Π̂T

�
� �� �

b̂t=b̂it

=− (1− β)Π̄−1b̂it + σχβ−1(b̂t − sbΠ̂t) +
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − gT )− σ

�
βι̂T − Π̂T

��

I can define v̄it ≡ vit + (1− β)Π̄−1b̂it − σχβ−1(b̂t − sbΠ̂t) and get:

v̄it =
∞#
T=t

βT−tÊi
t

�
(1− β)(ŶT − gT )− σ

�
βι̂T − Π̂T

��
(B.22)

With the new definition of v̄t I can rewrite (B.17) to (2.22):

Ŷt = gt + vt +
1− β

Π̄
b̂t − σχ

�
b̂t − sbΠ̂t

�
− σΠ̂t + σχÊi

t

�
b̂it+1 − β−1b̂it − sb(Π̂t+1 − β−1Π̂t)

�
Ŷt = gt + v̄t − σχÊi

t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σΠ̂t (B.23)
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Now I can again plug (B.23) into (B.22) to get:

v̄it =
∞#
T=t

βT−tÊi
t

�
(1− β)(v̄T − σχÊi

t

�
b̂T − b̂T+1 − sb(Π̂T − Π̂T+1)

�
− σΠ̂T )− σ

�
βι̂T − Π̂T

��
=

∞#
T=t

βT−tÊi
t

�
(1− β)v̄T − (1− β)σχÊi

t

�
b̂T − b̂T+1 − sb(Π̂T − Π̂T+1)

�
− σβ

�
ι̂T − Π̂T

��
and write this recursively as equation (2.24):

v̄it = (1− β)v̄t − (1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σβ

�
ι̂t − Π̂t

�
+ βÊi

t v̄
i
t+1

(B.24)

My demand block consists of (B.23), a monetary policy equation and a specification
of the evolution of the expectational variable v̄it consistent with (B.24). This provides
two equations per period to determine the paths of Ŷt and ι̂t given the evolution of
the price level, the exogenous disturbances gt and shocks to policy and expectations.
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B.2. Labor Supply and Wage Determination

For determining labor supply and wage I rewrite (2.5) in real terms:

Bi
t+1

Pt

= (1 + it)



Bi

t +WtHt

Pt

+

� 1

j=0

Πt(j)

Pt

dj −
� 1

j=0

pt(j)c
i
t(j)

Pt

dj − Tt

Pt

�
− Φ

�
Bi

t+1

Pt+1

− Bi
t

Pt

 
If I define wt = Wt/Pt as the real wage and:

ait ≡
Bi

t +WtH
i
t

Pt

= bitΠ
−1
t + wtHt

I see that the households budget constraint only depends on ait and the expected
evolution of {YT , iT ,ΠT (j), τT}∞T=t, which cannot be controlled by the households. I
then define V i

t (a
i
t) as the maximum from (2.1) given ait:

V i
t (a

i
t) ≡ max

�
Êi

t

∞#
T=t

βT−t[u(Ci
T ; ξT )− v(H i

T ; ξT )]

�
Due to the envelope theorem this leads to:

V i�
t (ait) = uC(C

i
t ; ξt)

I have assumed that I have a competitive economy-wide labor market and the union
sets the wage. The union sets the wage such that a marginal increase in labor demand
would neither increase nor decrease average perceived utility across households, if for
each household the marginal utility of additional wage income is weighed against the
marginal disutility of additional work (Woodford (2013)). So the union supplies Ht

hours of work to maximize:

maxZ =

� 1

0

V i
t (a

i
t)di− v(Ht; ξt)

Note that I are now using wT = WT/PT , meaning I are now calculating real wages.
The first-order condition is:

∂Z

∂Ht

= 0

⇐⇒
� 1

0

V i�
t (bitΠ

−1
t + wtHt)wtdi = vH(Ht; ξt)

⇐⇒ wt

� 1

0

V i�
t (ait)di = vH(Ht; ξt)

⇐⇒ wt

� 1

0

uC(C
i
t ; ξt)di = vH(Ht; ξt)
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I now want to log-linearize this equation. Therefore I first take the log:

log(wt) + log

�� 1

0

uC(C
i
t ; ξt)di

 
= log(vH(Ht; ξt))

and do some definitions:

ŵt =
wt − w̄

w̄
= log

�wt

w̄

�
, ĉt =

Ct − C̄

C̄
= log

�
Ct

C̄

 
, νt ≡ log(vH(Ht; ξt))− log(vH(H̄; ξ̄))

Note that I sometimes have individuals which get summed up and sometimes economy
wide consumption.
The first order Taylor approximation of the left hand side takes the form:

LHS = log(w̄) + log

�� 1

0

uC(C̄; ξ̄)di

 
+

wt − w̄

w̄
+

uCC(C̄; ξ̄)

uC(C̄; ξ̄)
(

� 1

0

C i
tdi− C̄) +

uCξ(C̄; ξ̄)

uC(C̄; ξ̄)
(ξt − ξ̄)

= log(vH(Ht; ξt)) + ŵT − σ−1(

� 1

0

ĉit − c̄t)di

So by equating LHS and RHS and using the definition of νt I get equation (2.26):

ŵt = σ−1(ĉt − c̄t) + νt = σ−1(Ŷt − gt) + νt (B.25)

as an equation for real wage steady state deviation.
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B.3. Aggregate Supply

This time the aggregate supply side for Section 2.3.

B.3.1. Prize Level

In every period a fraction of 1 − α of all firms are allowed to reset their prices. In
contrast α firms are not allowed to reset their prices, but their prices are adjusted
with the inflation target, which is equal to the steady state inflation Π̄. Therefore
the Dixit-Stiglitz price index in period t satisfies:

P 1−θ
t =

� 1

0

pt(j)
1−θdj = (1− α)p∗1−θ

t + α

� 1

0

(pt−1(j)Π̄)
1−θdj

Pt =
	
(1− α)p∗1−θ

t + α(Pt−1Π̄)
1−θ

� 1
1−θ

Here p∗t is the optimal price that a firm resets in period t. As every firm faces the
same problem, everyone sets the same price.
I now want to divide this equation with Pt−1:

Pt

Pt−1

=

�
(1− α)

�
p∗t
Pt−1

 1−θ

+ α

�
Pt−1Π̄

Pt−1

 1−θ
� 1

1−θ

Πt =

�
(1− α)

�
p∗t
Pt−1

 1−θ

+ αΠ̄1−θ

� 1
1−θ

In the steady state, this equation takes the following form:

Π̄ =

�
(1− α)

�
p̄∗

P̄

 1−θ

+ αΠ̄1−θ

� 1
1−θ

Π̄1−θ = (1− α)

�
p̄∗

P̄

 1−θ

+ αΠ̄1−θ

Π̄1−θ(1− α) = (1− α)

�
p̄∗

P̄

 1−θ

Π̄ =
p̄∗

P̄

I know that steady-state inflation is the quotient of the optimal price level and the
steady-state price level. If all prices are in optimum, there is no steady-state inflation.
I now want to log-linearize this and therefore take the log:

log(Πt) =
1

1− θ
log

�
(1− α)

�
p∗t
Pt−1

 1−θ

+ αΠ̄1−θ

�
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A First-Order Taylor Approximation takes the following form:

Πt − Π̄

Π̄
=

1

1− θ

(1− θ)(1− α) 1
P̄

�
p̄∗
P̄

�−θ

(1− α)
�
p̄∗
P̄

�1−θ
+ αΠ̄1−θ

(p∗t − p̄∗)

− 1

1− θ

(1− θ)(1− α) p̄∗
P̄ 2

�
p̄∗
P̄

�−θ

(1− α)
�
p̄∗
P̄

�1−θ
+ αΠ̄1−θ

(Pt−1 − P̄ )

Πt − Π̄

Π̄
=

(1− α)
�
p̄∗
P̄

�−θ

Π̄1−θ

p∗t − p̄∗

P̄
− (1− α) p̄

∗
P̄

�
p̄∗
P̄

�−θ

Π̄1−θ

Pt−1 − P̄

P̄

Π̂t =
(1− α)

�
p̄∗
P̄

�1−θ

Π̄1−θ

p∗t − p̄∗

P̄

P̄

p̄∗
− (1− α)

�
p̄∗
P̄

�1−θ

Π̄1−θ

Pt−1 − P̄

P̄

Π̂t =
Π̄1−θ(1− α)

Π̄1−θ

p∗t − p̄∗

p̄∗
− Π̄1−θ(1− α)

Π̄1−θ

Pt−1 − P̄

P̄

Π̂t = (1− α)(p̂∗t − P̂t−1)

I want to show that Π̂t ≈ log(Πt/Π̄):

Π̂t =
Πt − Π̄

Π̄
=

Πt

Π̄
− 1

exp≈
�
Πt

Π̄
− 1

 
+ 1 =

Πt

Π̄

log
= log(Πt)− log(Π̄)

Analogous it holds that:

p̂∗t ≈ log(p∗t )− log(p̄∗)

P̂t−1 ≈ Pt−1Π̄

P̄ Π̄
=

Pt−1Π̄

p̄∗
= log(Pt−1Π̄)− log(p̄∗)

It follows:

log(Πt)− log(Π̄) = (1− α)
	
log(p∗t )− log(Pt−1Π̄)

�
log(Πt/Π̄) = (1− α)

	
log(p∗t )− log(Pt−1)− log(Π̄)

�
I define p̃∗t (j) = p̂∗t − P̂t−1 − log(Π̄), I get:

Π̂t = (1− α)p̃∗t (j) (B.26)

This equals equation (2.28).

B.3.2. Optimal Prices with Inflation Adjustment

A firm that is allowed to optimize its prize in period t faces the following problem:

max
pt(j)

Et

� ∞#
T=t

αT−tQt,TΠ
i
T (pt(j))

�
(B.27)
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where α is the time discount factor, Qt,T is the stochastic discount factor and Πj
T are

nominal profits for the firms in each period depending on the price level in period t.
It maximizes the future profits, taking into account that it may never be allowed to
change its price level.

Profits

The profits of firm j in period T are given by:

Πj
T (pt(j)) = yt,T (j)pt(j)Π̄

T−t −WTHT

But I can use that:

yt,T (j) = YT

�
pt(j)

PT

 −θ

= YTP
θ
Tpt(j)

−θ

yt,T describes the total demand in period T depending on the composite price level
PT and the prices of good j in period t.
Every firm produces goods depending on a common exogenous technology At and a
production function that only depends on labor. This leads to:

yt,T (j) = ATf(HT (j)) ⇐⇒ HT (j) = f−1

�
yt,T (j)

AT

 
= f−1

�
YTP

θ
T

pt(j)θAT

 
(B.28)

Using this, I can rewrite the profit function to:

Πj
T (pt(j)) = YTP

θ
Tpt(j)

1−θΠ̄T−t −WTf
−1

�
YTP

θ
T

pt(j)θAT

 
Before I plug profits back into the maximization problem and calculate the FOC I
take a look at the derivative of the profits:

∂Πi
T (pt(j))

∂pt(j)
=(1− θ)YTP

θ
Tpt(j)

−θΠ̄T−t −WT
1

f �
�
f−1

�
YTP θ

T

pt(j)θAT

�� (−θ)YTP
θ
T

pt(j)θ+1AT

=YTP
θ
Tpt(j)

−θ

�
(1− θ)Π̄T−t − WT

AT

1

f �
�
f−1

�
YTP θ

T

pt(j)θAT

��
� �� �

≡St,T (j)

pt(j)
−1(−θ)

�

=YTP
θ
Tpt(j)

−θ
	
(1− θ)Π̄T−t − St,T (j)pt(j)

−1(−θ)
�

I have defined:

St,T (j) ≡ WT

AT

1

f �
�
f−1

�
YTP θ

T

pt(j)θAT

�� =
WT

AT

Ψ

�
yt,T (j)

AT

 
and will need too µ ≡ θ

θ − 1

µ is the desired mark up
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First Order Condition

Now I can take a look at the FOC of our maximization problem (2.29) where I
plugged in the profit function:

Et

� ∞#
T=t

αT−tQt,TYTP
θ
Tpt(j)

−θ
	
(1− θ)Π̄T−t − St,T (j)pt(j)

−1(−θ)
��

= 0

Et

� ∞#
T=t

αT−tQt,TYTP
θ
T

	
pt(j)Π̄

T−t − µSt,T (j)
��

= 0

I can do this, as YTP
θ
Tpt(j)

1−θ −Wtf
−1

�
YtP θ

t

pt(j)θAt

�
is a concave function of pt(j)

−θ, as

discussed in Woodford (2003), and therefore profits have a unique maximum. Next I
want to plug in the definition of the demand function (B.28) into ST (j) and redefine
it:

st,T (j) =
St,T (j)

PT

=
WT

PTAT

Ψ(yt,T (j)/AT ) = s(yt,T (j), YT ,WT , AT ) = s(YT (pt(j)/PT )
−θ, YT ,WT , AT )

I need to define the stochastic discount factor, I follow Woodford (2003):

Qt,T = βT−tuY (YT , ξT )

uY (Yt, ξt)

Pt

PT

I go back to the FOC and plug in:

Et

� ∞#
T=t

αT−tβT−tuY (YT , ξT )

uY (Yt, ξt)

Pt

PT

YTP
θ
T

	
pt(j)Π̄

T−t − µSt,T (j)
��

= 0

Et

� ∞#
T=t

(αβ)T−tuY (YT , ξT )YTP
θ−1
T [pt(j)− µSt,T (j)]

�
= 0

Et

� ∞#
T=t

(αβ)T−tuY (YT , ξT )YTP
θ−1
T

	
pt(j)Π̄

T−t − PTµst,T (j)
��

= 0

I notice that Pt/uY (Yt, ξt) is independent of the sum and therefore can be multiplied
out. This equation implicitly then defines our optimal price p∗t :

Et

� ∞#
T=t

(αβ)T−tuY (YT , ξT )YTP
θ−1
T

	
p∗t Π̄

T−t − PTµst,T (YTP
θ
Tp

∗−θ
t , YT ,WT , AT )

��
= 0

and is equal to Woodford (2003).
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Linearization

I rewrite the FOC to:

Et

� ∞#
T=t

(αβ)T−tΠ̄T−tuY (YT ; ξT )YTP
θ−1
T p∗t

�
= Et

� ∞#
T=t

(αβ)T−tuY (YT ; ξT )YTP
θ
Tµst,T (j)

�
and before I take the log I use the homogeneity of degree zero in prices in the
profit function Πi

T (pt(j) with respect to p∗t Π̄
T−t as argued in the Appendix of Garćıa-

Schmidt and Woodford (2019):

LHS� �� �
log(p∗t ) + (T − t) log(Π̄) + Et log

� ∞#
T=t

(αβ)T−tΠ̄T−tuY (YT ; ξT )YTP
θ−1
T

�

= log(µ) + Et log

� ∞#
T=t

(αβ)T−tuY (YT ; ξT )YTP
θ
T st,T (YTP

θ
Tp

∗−θ
t , YT ,WT , AT )

�
� �� �

RHS

I start with the LHS:

∂LHS

∂p∗t
=
p∗t − p̄∗

p̄∗

∂LHS

∂YT

=

$∞
T=t(αβ)

T−t[uY Y (Ȳ , ξ̄)Ȳ + uY (Ȳ , ξ̄)]P̄ θ−1(YT − Ȳ )$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ−1

=
[uY Y (Ȳ , ξ̄)Ȳ + uY (Ȳ , ξ̄)]P̄ θ−1

$∞
T=t(αβ)

T−t(YT − Ȳ )
1

1−αβ
uY (Ȳ ; ξ̄)Ȳ P̄ θ−1

=(1− αβ)



uY Y (Ȳ ; ξ̄)Ȳ

uY (Ȳ ; ξ̄)
+ 1

� ∞#
T=t

(αβ)T−tYT − Ȳ

Ȳ

∂LHS

∂ξT
=

$∞
T=t(αβ)

T−tuY ξ(Ȳ , ξ̄)Ȳ P̄ θ−1(ξT − ξ̄)$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ−1

=
uY ξ(Ȳ , ξ̄)Ȳ P̄ θ−1

$∞
T=t(αβ)

T−t(ξT − ξ̄)
1

1−αβ
uY (Ȳ ; ξ̄)Ȳ P̄ θ−1

=(1− αβ)
uY ξ(Ȳ ; ξ̄)ξ̄

uY (Ȳ ; ξ̄)

∞#
T=t

(αβ)T−t ξT − ξ̄

ξ̄

∂LHS

∂PT

=

$∞
T=t(αβ)

T−tuY (Ȳ , ξ̄)Ȳ (θ − 1)P̄ θ−2(PT − P̄ )$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ−1

=(1− αβ)(θ − 1)
∞#
T=t

(αβ)T−tPT − P̄

P̄
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The sum over LHS is:

LHS ≈ (1− αβ)
∞#
T=t

(αβ)T−t

�

uY Y (Ȳ ; ξ̄)Ȳ

uY (Ȳ ; ξ̄)
+ 1

�
ŶT +

uY ξ(Ȳ ; ξ̄)ξ̄

uY (Ȳ ; ξ̄)
ξ̂T + (θ − 1)P̂T

 
+ p̂∗t + (T − t) log(Π̄)

=p̂∗t + (1− αβ)
∞#
T=t

(αβ)T−t
�
(T − t) log(Π̄) + ŶT − σ−1(ŶT − ȲT ) + (θ − 1)P̂T

�
where ȲT is not a steady state but defined like c̄T . Next I will take a look at RHS:

RHS = log(µ) + Et log

� ∞#
T=t

(αβ)T−tuY (YT ; ξT )YTP
θ
T st,T (YTP

θ
Tp

∗−θ
t , YT ,WT , AT )

�

Before I take a look at RHS I take a look at st,T (j):

st,T (j) = st,T (YTP
θ
Tp

∗−θ
t , YT , ξT ) =

WT

AT

Ψ

�
YTP

θ
T

pt(j)θAT

 
1

PT

I want to log-linearize this, as I are going to need it later:

log(st,T (j)) = log(WT )− log(AT ) + log

�
Ψ

�
YTP

θ
T

ATpt(j)θ

  
− log(PT )

Doing a first order Taylor approximation:

st,T − s̄

s̄
=
WT − W̄

W̄
+

�
− 1

Ā
−

Ȳ
Ā2

�
p̄∗
P̄

�−θ
Ψ̄�(·)

¯Ψ(·)

�
(AT − Ā) +

1
Ā

�
p̄∗
P̄

�−θ
Ψ̄�(·)

¯Ψ(·) (YT − Ȳ )

− θ Ȳ
Ā

�
p̄∗
P̄

�−θ−1 1
P̄
Ψ̄�(·)

¯Ψ(·) (p∗t − p̄∗) +

�
θ Ȳ
Ā

�
p̄∗
P̄

�−θ−1 p̄∗
P̄ 2 Ψ̄

�(·)
¯Ψ(·) − 1

P̄

�
(PT − P̄ )

ŝt,T =ŴT −
�
1 +

ȳ(j)

Ā

Ψ̄�(·)
Ψ̄(·)

 
ÂT +

ȳ(j)

Ā

Ψ̄�(·)
Ψ̄(·) ŶT − θ

ȳ(j)

Ā

Ψ̄�(·)
Ψ̄(·) p̂

∗
t + θ

ȳ(j)

Ā

Ψ̄�(·)
Ψ̄(·) P̂T − P̂t

To simplify this, I take a look at the elasticity of st,T (j) with respect to its first
argument yt,T (j) in the steady state:

ω =
∂st.T ( ¯y(j))

∂yt,T (j)

ȳ(j)

s̄(j)
=

W̄

Ā
Ψ�(·) 1

Ā

1

P̄

yt,T (j)

st(j)
=

Ψ̄�(·)
Ψ̄(·)

ȳ(j)

Ā
(B.29)

So if I use ω to simplify I get for ŝt,T :

ŝt,T = ŴT − ÂT − P̂T + ω(ŷt(j)− ÂT )
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Next I take at look at RHS:

∂RHS

∂YT

=

$∞
T=t(αβ)

T−t
�
uY Y (Ȳ ; ξ̄)Ȳ P̄ θs̄(j) + uY (Ȳ ; ξ̄)P̄ θs̄(j) + uY (Ȳ ; ξ̄)Ȳ P̄ θ W̄

Ā
Ψ̄�(j) P̄ θ

Āp̄∗θ
1
P̄

�
(YT − ¯$∞

T=t(αβ)
T−tuY (Ȳ ; ξ̄)Ȳ P̄ θs̄(j)

= (1− αβ)
∞#
T=t

(αβ)T−tYT − Ȳ

Ȳ



uY Y (Ȳ ; ξ̄)Ȳ

uY (Ȳ ; ξ̄
+ 1 +

Ψ̄�(j)
Ψ̄(j)

Ȳ

Ā

� p̄∗
P̄

�−θ
�

∂RHS

∂ξT
=

$∞
T=t(αβ)

T−tuY ξ(Ȳ ; ξ̄)Ȳ P̄ θs̄(j)(ξT − ξ̄)$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θs̄(j)
= (1− αβ)

∞#
T=t

(αβ)T−t ξT − ξ̄

ξ̄

uY ξ(Ȳ ; ξ̄)ξ̄

uY (Ȳ ; ξ̄)

∂RHS

∂PT

=

$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ
�
(θ − 1)P̄ θ−1s̄(j) + P̄ θ−1 W̄

Ā
Ψ̄�(j) Ȳ

Ā
( θ
P̄
)
�
p̄∗
P̄

�−θ
�
(PT − P̄ )$∞

T=t(αβ)
T−tuY (Ȳ ; ξ̄)Ȳ P̄ θs̄(j)

= (1− αβ)
∞#
T=t

(αβ)T−tPT − P̄

P̄

�
(θ − 1) + θ

Ψ̄�(j)
Ψ̄(j)

Ȳ

Ā

�
p̄∗

P̄

 −θ
�

= (1− αβ)
∞#
T=t

(αβ)T−tPT − P̄

P̄
[θ − 1 + θω]

∂RHS

∂WT

=

$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ 1
Ā
Ψ̄(j) 1

P̄
(WT − W̄ )$∞

T=t(αβ)
T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ W̄

Ā
Ψ̄(j) 1

P̄

= (1− αβ)
∞#
T=t

(αβ)T−tWT − W̄

W̄

= (1− αβ)
∞#
T=t

(αβ)T−tŴT

∂RHS

∂AT

=

$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ
��

− W̄
Ā2

�
Ψ̄(j) 1

P̄
+ W̄

Ā
Ψ̄�(j)

�
− Ȳ

Ā2

� �
p̄∗
P̄

�−θ 1
P̄

�
(AT − Ā)$∞

T=t(αβ)
T−tuY (Ȳ ; ξ̄)Ȳ P̄ θs̄(j)

= (1− αβ)
∞#
T=t

(αβ)T−tAT − Ā

Ā

�
−1− Ψ̄�(j)

Ψ̄(j)

Ȳ

Ā

�
p̄∗

P̄

 −θ
�

= (1− αβ)
∞#
T=t

(αβ)T−tÂT (−1− ω)

∂RHS

∂p∗t
=

$∞
T=t(αβ)

T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ W̄
Ā
Ψ̄�(j) Ȳ

Ā

�
− θ

p̄∗

� �
p̄∗
P̄

�−θ 1
P̄
(p∗t − p̄∗)$∞

T=t(αβ)
T−tuY (Ȳ ; ξ̄)Ȳ P̄ θ W̄

Ā
Ψ̄(j) 1

P̄

= −θ
Ψ̄�(j)
Ψ̄(j)

Ȳ

Ā

�
p̄∗

P̄

 −θ
p∗t − p̄∗

p̄∗
= −θωp̂∗t
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And the sum over RHS gives me:

RHS = (1− αβ)
∞#
T=t

(αβ)T−t
�
− θωp̂∗t − σ−1(ŶT − ȲT ) + ŶT (1 + ω)

+ P̂T (θ − 1 + θω) + ŴT − ÂT (1 + ω)
�

= +(1− αβ)
∞#
T=t

(αβ)T−t
�
− σ−1(ŶT − ȲT ) + ŶT + ŴT − ÂT (1 + ω) + P̂T (θ − 1)

+ ω
�
ŶT − θ(p̂∗t − P̂T

�
� �� �

ŷT (j)

�

= (1− αβ)
∞#
T=t

(αβ)T−t
�
−σ−1(ŶT − ȲT ) + ŶT + ŴT − ÂT (1 + ω) + P̂T (θ − 1) + ωŷT (j)

�
Equaling LHS = RHS:

p̂∗t + (1− αβ)
∞#
T=t

(αβ)T−t
�
(T − t) log(Π̄) + ŶT − σ−1(ŶT − ȲT ) + (θ − 1)P̂T

�
= (1− αβ)

∞#
T=t

(αβ)T−t
�
−σ−1(ŶT − ȲT ) + ŶT + ŴT − ÂT (1 + ω) + P̂T (θ − 1) + ωŷT (j)

�
I get:

p̂∗t = (1− αβ)
∞#
T=t

(αβ)T−t
�
− (T − t) log(Π̄) + ŴT − ÂT (1 + ω) + ωŷt(j)

�
As I know how ŝt,T looks, I can rewrite to:

p̂∗t = (1− αβ)
∞#
T=t

(αβ)T−t
�
− (T − t) log(Π̄) + ŝt,T + P̂T

�
0 = (1− αβ)

∞#
T=t

(αβ)T−t
�
p̂∗t + (T − t) log(Π̄)− ŝt,T − P̂T

�
(B.30)

Now I want to plug in for ŴT − P̂T = ŵT = νT + σ−1(ŶT − gT ) (see (2.26)) into ŝt,T
and additionally I want to introduce a desired markup of prices over marginal costs
µT . I can rewrite to:

ŝt,T = νT + σ−1(ŶT − gT ) + ωŷt,T (j)− ωÂT − ÂT + µT

= ωŷt,T (j) + σ−1ŶT − (ω + σ−1)Ŷ n
T + µT
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where Ŷ n
T collects all exogenous disturbances like gT , ÂT and νT . If I sum this up

over all firms j I get to:

ŝt = (ω + σ−1)(Ŷt − Ŷ n
t ) + µT

I can rewrite to:

∞#
T=t

(αβ)T−tÊj
t

�
p̂∗t + (T − t) log(Π̄)− ζ(ŶT − Ŷ n

T )− P̂T − µT

�
= 0 (B.31)

This is (2.30) and therefor have shown that poptt from Woodford (2013) is in our
model:

poptt = P̂t − (T − t) log(Π̄) + ζ(Ŷt − Ŷ n
t ) + µt (B.32)

If I use that p̃∗t (j) = p̂∗t − P̂t−1 − log(Π̄) I can rewrite it to equation (8) from Garćıa-
Schmidt and Woodford (2019):

p̃∗t (j) = (1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
P̂T + (T − t) log(Π̄) + ζ(ŶT − Ŷ n

T ) + µT

�
− P̂t−1 − log(Π̄)

Now I want to simplify this. I will again use that P̂t = log(Pt)− log(P̄ ):

p̃∗t (j) =(1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
P̂T + (T − t) log(Π̄) + ζ(ŶT − Ŷ n

T ) + µT

�
− P̂t−1 − log(Π̄)

=(1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ (1− αβ)

∞#
T=t

(αβ)T−tÊj
t

�
P̂T + (T − t) log(Π̄)− P̂t−1 − log(Π̄)

�
=(1− αβ)

∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ (1− αβ)Êj

t

�
(P̂t − P̂t−1 + log(Π̄)) + αβ(P̂t+1 − P̂t−1 + 2 log(Π̄)) + . . .

�
For simplification I take a look at:

P̂t − P̂t−1 + log(Π̄) ≈ log(Pt)− log(P̄ )− log(Pt−1) + log(P̄ )− log(Π̄)

= log

�
Pt

Pt−1

 
− log(Π̄) = log(Πt)− log(Π̄) = Π̂t
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As well as:

P̂t+1 − P̂t−1 − 2 log(Π̄) ≈ log(Pt+1)− log(P̄ )− log(Pt−1) + log(P̄ )− 2 log(Π̄)

= log

�
Pt+1

Pt
Pt

Pt−1

�
− 2 log(Π̄) = log(Πt+1)− log(Π̄) + log(Πt)− log(P̄ i) = Π̂t+1 + Π̂t

So if I use this above:

p̃∗t (j) =(1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ (1− αβ)Êj

t

�
(Π̂t) + αβ(Π̂t + Π̂t+1) + (αβ)2(Π̂t + Π̂t+1 + Π̂t+2) + . . .

�
=(1− αβ)

∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ (1− αβ)Êj

t

�
Π̂t(1 + αβ + (αβ)2 + . . .) + Π̂t+1(αβ + (αβ)2 + . . .)

�
=(1− αβ)

∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ (1− αβ)Êj

t

�
Π̂t

∞#
T=t

(αβ)T−t + Π̂t+1

∞#
T=t+1

(αβ)T−t + . . .

�

=(1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+ Π̂t + αβÊj

t Π̂t+1 + . . .

=(1− αβ)
∞#
T=t

(αβ)T−tÊj
t

�
ζ(ŶT − Ŷ n

T ) + µT

�
+

∞#
T=t

(αβ)T−tÊj
t Π̂T

=
∞#
T=t

(αβ)T−tÊj
t

�
Π̂T + (1− αβ)ζ(ŶT − Ŷ n

T ) + (1− αβ)µT

�
Now I want to write this recursively:

p̃∗t (j) = Π̂t + (1− αβ)
�
ζ(Ŷt − Ŷ n

t ) + µt

�
+ αβÊj

t p̃
∗
t+1(j) (B.33)

which is exactly (2.31).
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B.4. Complete Model

I start be integrating (2.31) over firms and using (B.26):

Π̂t

1− α
=

� 1

0

p̃∗t (j)dj = Π̂t + (1− αβ)
�
ζ(Ŷt − Ŷ n

t ) + µt

�
+ αβ

� 1

0

Êj
t p̃

∗
t+1(j)dj

Rearranging this leads to:

Π̂t =
(1− α)(1− αβ)

α
ζ(Ŷt − Ŷ n

t ) +
(1− α)(1− αβ)

α
µt + (1− α)β

� 1

0

Êj
t p̃

∗
t+1(j)dj

If I define:

κ ≡ (1− α)(1− αβ)

α
ζ > 0, ut ≡ (1− α)(1− αβ)

α
µt, ŷnt = Ŷt − Ŷ n

t

I can simply write:

Π̂t = κŷnt + ut + (1− α)β

� 1

0

Êj
t p̃

∗
t+1(j)dj (B.34)

and have the AS-Equation (2.32) from my model. Next I want an IS-Equation and
start with the case of Ricardian Expectations. I start with summing up (2.24) over
the households:

v̄t = (1− β)v̄t − (1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σβ

�
ι̂T − Π̂T

�
+ β

� 1

0

Êi
t v̄

i
t+1di

βv̄t = −(1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σβ

�
ι̂T − Π̂T

�
+ β

� 1

0

Êi
t v̄

i
t+1di

v̄t = −β−1(1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σ

�
ι̂T − Π̂T

�
+

� 1

0

Êi
t v̄

i
t+1di

I can take this and plug it into (2.22):

Ŷt =gt − β−1(1− β)σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σ

�
ι̂T − Π̂T

�
+

� 1

0

Êi
t v̄

i
t+1di

− σχÊi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σΠ̂t

Ŷt =gt − σχβ−1Êi
t

�
b̂t − b̂t+1 − sb(Π̂t − Π̂t+1)

�
− σι̂t +

� 1

0

Êi
t v̄

i
t+1di (B.35)

Analogous I can derive IS-Equation without Ricardian Expectations.

B.5. Matrix Representation

This section explains the derivation of the matrix representation in Section 3.1.
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B.5.1. Simplified Equations

I rewrite (2.38) with homogeneous expectations:

vt =(1− β)Π̄−1(b̂t+1 − b̂t)− σ(ι̂t − Π̂t)

− (1− β)β−1σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1)

�
+ Êtvt+1

vt =(1− β)Π̄−1(b̂t+1 − b̂t)− σ(ι̂t − Π̂t) + Êtvt+1

+ (1− β−1)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1)

�

Together with (2.37) - (2.42) and using homogeneous expectations I get:

Ŷt = gt + vt + (1− β)Π̄−1b̂t − σΠ̂t + σχ
�
b̂t+1 − (1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
(B.36)

b̂t+1 = β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t (B.37)

vt =(1− β)Π̄−1(b̂t+1 − b̂t)− σ(ι̂t − Π̂t) + Êtvt+1 (B.38)

+ (1− β−1)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1)

�
(B.39)

(B.40)

Π̂t = κŷnt + ut + βÊtΠ̂t+1 (B.41)

ι̂t = φπΠ̂t + φyŷ
n
t + εit (B.42)

st = φbbt + zst (B.43)

B.5.2. Rewriting Y

I plug in (B.40) into (B.36):

Ŷt = gt + vt + (1− β)Π̄−1b̂t − σχ
�
b̂t − sbΠ̂t

�
− σΠ̂t + σχ

�
b̂t+1 − β−1b̂t − sb(ÊtΠ̂t+1 − β−1Π̂t)

�
Ŷt = gt + (1− β)Π̄−1b̂t − σΠ̂t + σχ

�
b̂t+1 − (1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
+ vt

Ŷt = gt + (1− β)Π̄−1b̂t − σΠ̂t + σχ
�
b̂t+1 − (1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
+ (1− β)Π̄−1(b̂t+1 − b̂t)− σ(ι̂t − Π̂t) + Êi

tv
i
t+1

+ (1− β−1)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1

�
Ŷt = Êtvt+1 + gt + (1− β)Π̄−1b̂t+1 − σι̂t + σχβ−1

�
b̂t+1 − (1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
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Rewriting it for output gap:

ŷnt = Êtvt+1 + gt + (1− β)Π̄−1b̂t+1 − σι̂t − Ŷ n
t

+ σχβ−1
�
b̂t+1 − (1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
now plugging in for b̂t+1 (B.37):

ŷnt =Êtvt+1 + gt +
	
(1− β)Π̄−1 + σχβ−1

� b̂t+1� �� ��
β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t

�
−σι̂t − Ŷ n

t

+ σχβ−1
�
−(1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
and then for ι̂t (B.42):

ŷnt =Êtvt+1 + gt +
	
(1− β)Π̄−1 + σχβ−1

� �
β−1(b̂t − sbΠ̂t − Π̄st)

�
− Ŷ n

t		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

�
ι̂t + σχβ−1

�
−(1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�
ŷnt =Êtvt+1 + gt +

	
(1− β)Π̄−1 + σχβ−1

� �
β−1(b̂t − sbΠ̂t − Π̄st)

�
− Ŷ n

t

+
		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

� ι̂t� �� ��
φπΠ̂t + φyŷ

n
t + εit

�
+ σχβ−1

�
−(1 + β−1)b̂t − sb(ÊtΠ̂t+1 − (1 + β−1)Π̂t)

�

66



B. Model Derivation

and finally for Π̂t (B.41):

ŷnt = Êtvt+1 + gt +
	
(1− β)Π̄−1 + σχβ−1

� �
β−1(b̂t − Π̄st)

�
− Ŷ n

t

+
		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

� �
φyŷ

n
t + εit

�
+ σχβ−1

�
−(1 + β−1)b̂t − sbÊtΠ̂t+1

�
+
	− 	

(1− β)Π̄−1 + σχβ−1
�
β−1sb +

		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

�
φπ + σχβ−1(1 + β−1)sb

�� �� �
yfπ

Π̂t

ŷnt = Êtvt+1 + gt +
	
(1− β)Π̄−1 + σχβ−1

� �
β−1(b̂t − Π̄st)

�
− Ŷ n

t

+
		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

� �
φyŷ

n
t + εit

�
+ σχβ−1

�
−(1 + β−1)b̂t − sbÊtΠ̂t+1

�
+ yfπ

Π̂t� �� �
(κŷnt + ut + βÊtΠ̂t+1)

ŷnt =
�
1− 		

(1− β)Π̄−1 + σχβ−1
�
sb − σ

�
φy − yfπκ

�−1� �� �
yfŷ

Êtvt+1 + yfŷ����
y3

gt +−yfŷŶ
n
t

+ yfŷ
		
(1− β)Π̄−1 + σχβ−1

�
sb − σ

�� �� �
y4

εit + yfŷ
	
yfπβ − σχβ−1sb

�� �� �
y2

ÊtΠ̂t+1 + yfŷyfπ� �� �
y8

ut

+ yfŷ
�	
(1− β)Π̄−1 + σχβ−1

�
β−1 − σχβ−1(1 + β−1)

�� �� �
y1

b̂t

+ yfŷ
	
(1− β)Π̄−1 + σχβ−1

�
(−β−1Π̄)� �� �

y7

st

Collecting terms and redefining them gives:

ŷnt = y1b̂t + y2ÊtΠ̂t+1 + y3Êtvt+1 + y4ε
i
t − y3Ŷ

n
t + y7st + y3gt + y8ut (B.44)

where y3 ≡ yfŷ.
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B.5.3. Rewriting Bonds

Next I rewrite (B.37):

b̂t+1 =β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t

b̂t+1 =β−1(b̂t − sbΠ̂t − Π̄st) + sb

ι̂t� �� ��
φπΠ̂t + φyŷ

n
t + εit

�
b̂t+1 =β−1(b̂t − Π̄st) + sb

�
φπ − β−1

�
Π̂t + sbφyŷ

n
t + sbε

i
t

b̂t+1 =β−1(b̂t − Π̄st) + sb
�
φπ − β−1

� �
κŷnt + ut + βÊtΠ̂t+1

�
+ sbφyŷ

n
t + sbε

i
t

b̂t+1 =β−1(b̂t − Π̄st) + sb
�
φπ − β−1

� �
ut + βÊtΠ̂t+1

�
+ sbε

i
t + sb(κ(φπ − β−1) + φy)ŷ

n
t

b̂t+1 =β−1(b̂t − Π̄st) + sb
�
φπ − β−1

� �
ut + βÊtΠ̂t+1

�
+ sbε

i
t

+ sb(κ(φπ − β−1) + φy)� �� �
bf

�
y1b̂t + y2ÊtΠ̂t+1 + y3Êtvt+1 + y4ε

i
t − y3Ŷ

n
t + y7st + y3gt + y8ut

�

bt+1 =
	
β−1 + bfy1

�� �� �
b1

b̂t +
	
sb(φπ − β−1)β + bfy2

�� �� �
b2

ÊtΠ̂t+1 + bfy3����
b3

Êtvt+1 + [sb + bfy4]� �� �
b4

εit

− bfy3Ŷ
n
t +

	−β−1Π̄ + bfy7
�� �� �

b7

st + bfy3gt +
	
sb(φπ − β−1) + bfy8

�� �� �
b8

ut

This gives:

b̂t+1 = b1b̂t + b2ÊtΠ̂t+1 + b3Êtvt+1 + b4ε
i
t − b3Ŷ

n
t + b3gt + b7st + b8ut (B.45)
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B.5.4. Rewriting v

Next I rewrite (B.40):

vt =(1− β)Π̄−1(b̂t+1 − b̂t)− σ(ι̂t − Π̂t) + Êtvt+1

+ (1− β−1)σχ
�
(1 + β−1)b̂t − b̂t+1 − sb((1 + β−1)Π̂t − Π̂t+1)

�
vt =− (1− β)Π̄−1b̂t − σ(ι̂t − Π̂t) + Êtvt+1 + (1− β−1)σχ

�
(1 + β−1)b̂t − sb((1 + β−1)Π̂t − Π̂t+1)

�

+
	
(1− β)Π̄−1 − (1− β−1)σχ

�� �� �
vfb

b̂t+1� �� ��
β−1(b̂t − sbΠ̂t − Π̄st) + sbι̂t

�
vt =− (1− β)Π̄−1b̂t + σΠ̂t + Êtvt+1 + (1− β−1)σχ

�
(1 + β−1)b̂t − sb((1 + β−1)Π̂t − Π̂t+1)

�
+ vfb

�
β−1(b̂t − sbΠ̂t − Π̄st)

�
+ [vfbsb − σ]

ι̂t� �� ��
φπΠ̂t + φyŷ

n
t + εit

�
vt =Êtvt+1 + (1− β−1)σχsbΠ̂t+1 − vfbβ

−1Π̄st + [vfbsb − σ] εit

+
	
σ − (1− β−2)σχsb − vfbβ

−1sb + (vfbsb − σ)φπ

�� �� �
vfπ

Π̂t� �� ��
κŷnt + ut + βÊtΠ̂t+1

�
+ [vfbsb − σ]φyŷ

n
t +

	−(1− β)Π̄−1 + (1− β−2)σχ+ vfbβ
−1
�
b̂t

vt =Êtvt+1 +
	
(1− β−1)σχsb + vfπβ

�
Π̂t+1 − vfbβ

−1Π̄st + [vfbsb − σ] εit + vfπut

+ [(vfbsb − σ)φy + vfπκ]� �� �
vfy

ŷnt +
	−(1− β)Π̄−1 + (1− β−2)σχ+ vfbβ

−1
�� �� �

vfb2

b̂t

vt =Êtvt+1 +
	
(1− β−1)σχsb + vfπβ

�
Π̂t+1 − vfbβ

−1Π̄st + [vfbsb − σ] εit + vfπut

+ vfy

�
y1b̂t + y2ÊtΠ̂t+1 + y3Êtvt+1 + y4ε

i
t − y3Ŷ

n
t + y7st + y3gt + y3ut

�
+ vfb2

�
b1b̂t + b2ÊtΠ̂t+1 + b3Êtvt+1 + b4ε

i
t − b3Ŷ

n
t + b3gt + b7st + b8ut

�
vt = [vfyy1 + vfb2b1]� �� �

v1

b̂t +
	
(1− β−1)σχsb + vfπβ + vfyy2 + vfb2b2

�� �� �
v2

ÊtΠ̂t+1

+ [1 + vfyy3 + vfb2b3]� �� �
v3

Êtv̂t+1 + [vfbsb − σ + vfyy4 + vfb2b4]� �� �
v4

εit − [vfyy3 + vfb2b3]� �� �
v5

Ŷ n
t

+ [vfyy3 + vfb2b3] gt +
	−vfbβ

−1Π̄ + vfyy7 + vfb2b7
�� �� �

v7

st + [vfπ + vfyy8 + vfb2b8]� �� �
v8

ut
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This results in:

vt = v1b̂t + v2ÊtΠ̂t+1 + v3Êtvt+1 + v4ε
i
t − v5Ŷ

n
t + v5gt + v7st + v8ut (B.46)

B.5.5. Rewriting Inflation

And finally I rewrite (B.41) in the desired form:

Π̂t =κŷnt + ut + βÊtΠ̂t+1

Π̂t =κ
�
y1b̂t + y2ÊtΠ̂t+1 + y3Êtvt+1 + y4ε

i
t − y3Ŷ

n
t + y7st + y3gt + y8ut

�
+ ut + βÊtΠ̂t+1

Π̂t = κy1����
p1

b̂t + [κy2 + β]� �� �
p2

ÊtΠ̂t+1 + κy3����
p3

Êtv̂t+1 + κy4����
p4

εit − κy3Ŷ
n
t + κy7����

p7

st + κy3gt + [κy8 + 1]� �� �
p8

ut

and get again:

Π̂t = p1b̂t + p2ÊtΠ̂t+1 + p3Êtvt+1 + p4ε
i
t − p3Ŷ

n
t + p3gt + p7st + p8ut (B.47)

Finally I just need to plug in for st the fiscal policy (B.43):

b̂t+1 =b1b̂t + b2ÊtΠ̂t+1 + b3Êtvt+1 + b4ε
i
t − b3Ŷ

n
t + b3gt + b7(

st� �� �
φbbt + zst ) + b8ut

b̂t+1 =(b1 + b7φb)b̂t + b2ÊtΠ̂t+1 + b3Êtvt+1 + b4ε
i
t − b3Ŷ

n
t + b3gt + b7z

s
t + b8ut

vt = v1b̂t + v2ÊtΠ̂t+1 + v3Êtvt+1 + v4ε
i
t − v5Ŷ

n
t + v5gt + v7(

st� �� �
φbbt + zst ) + v8ut

vt = (v1 + v7φb)b̂t + v2ÊtΠ̂t+1 + v3Êtvt+1 + v4ε
i
t − v5Ŷ

n
t + v5gt + v7z

s
t + v8ut

Π̂t = p1b̂t + p2ÊtΠ̂t+1 + p3Êtvt+1 + p4ε
i
t − p3Ŷ

n
t + p3gt + p7st + p8ut

Π̂t = (p1 + p7φb)b̂t + p2ÊtΠ̂t+1 + p3Êtvt+1 + p4ε
i
t − p3Ŷ

n
t + p3gt + p7z

s
t + p8ut

B.5.6. Matrix Representation

This finally gives me the matrix representation I wanted in (3.2):

 vt
Π̂t

b̂t+1


� �� �

≡Xt

=

v3 v2 0
p3 p2 0
b3 b2 0


� �� �

≡B

 Êtvt+1

ÊtΠ̂t+1

Êtbt+2

+

0 0 v1 + v7φb

0 0 p1 + p7φb

0 0 b1 + b7φb


� �� �

≡C

vt−1

Π̂t−1

b̂t

+

v7 v8 v4 −v5 v5
p7 p8 p4 −p3 p3
b7 b8 b4 −b3 b3


� �� �

≡D


zst
ut

εit
Ŷ n
t

gt


� �� �

≡ξt
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B. Model Derivation

Without further loss of generality I now want to omit the policy shock εit and the
shock for government expenses gt. This is easier for the numerical consideration of
E-stability: vt
Π̂t

b̂t+1


� �� �

≡Xt

=

v3 v2 0
p3 p2 0
b3 b2 0


� �� �

≡B

 Êtvt+1

ÊtΠ̂t+1

Êtbt+2

+

0 0 v1 + v7φb

0 0 p1 + p7φb

0 0 b1 + b7φb


� �� �

≡C

vt−1

Π̂t−1

b̂t

+

v7 v8 −v5
p7 p8 −p3
b7 b8 −b3


� �� �

≡D

 zst
ut

Ŷ n
t


� �� �

≡ξt
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C. Table with Variables

var. definition explanation
Êi

t subjective expectations of household i

β discount factor
u(·; ·) utility function of households
v(·; ·) disutility function of households

ξt
vector of exogenous disturbances (e.g. urge to con-
sume)

C i
t

�� 1

0
cit(j)

θ−1
θ dj

� θ
θ−1 aggregate Dixit-Stiglitz consumption index

cit(j) consumption of good j from household i
θ elasticity of substitution among different goods

Ht

� 1

0
Ht(j)dj hours worked by household

Bi
t nominal value of bonds in period t

it nominal interest rate

Pt

�� 1

0
pt(j)

1−θdj
� 1

1−θ Dixit-Stiglitz price index

pt(j) price of good j
Yt total demand for composite good (like Ci

t)
Tt nominal lump sum tax
Φ(·) transaction costs for change in real bond holdings
Πt(j) profits of firm j at time t
Wt nominal wage
wt

Wt

Pt
real wage

Πt+1
Pt+1

Pt
gross rate of inflation

λt Lagrange parameter from household optimization

bit
Bi

t

Pt−1
real value bonds

τt
Tt

Pt
real lump sum tax

σ − uC(C̄;ξ̄)

uCC(C̄;ξ̄)Ȳ
intertemporal elasticity of substitution

c̄t
uCξ(C̄;ξ̄)ξ̄ξ̂t
uCC(C̄;ξ̄Ȳ

exogenous shock to the utility from consumption

χ Φ��(0)Π̄−1Ȳ
1+ῑ

parameter for transaction costs

vit (2.14) prediction variable for households

Table C.1.: Variables for households
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C. Table with Variables

var. definition explanation
Ȳ steady state for Yt

Ŷt
Yt−Ȳ
Ȳ

steady state deviation in relation to output

C̄ steady state for C i
t

ĉit
cit−c̄

Ȳ

steady state deviation in relation to output for con-
sumption

b̄ steady state for bit

b̂it
bit−b̄

Ȳ

steady state deviation in relation to output for
bonds

Π̄ steady state for Πt

Π̂t
Πt−Π̄

Π̄
steady state deviation of inflation

ῑ steady state for it
ι̂t

it−ῑ
1+ῑ

steady state deviation for interest rate

τ̄ steady state for τt
τ̂t

τt−τ̄
τ̄

steady state deviation taxes

sb b̄
Ȳ

steady state bond holdings ratio to output

ξ̄ steady state of ξt
ξ̂t

ξt−ξ̄
ξ̄

steady state deviation for shock

Table C.2.: Variables of steady states and deviation for households

var. definition explanation
Gt Government expenses of composite good Yt

Ḡ steady state government expenses

Ĝt
Gt−Ḡ

Ȳ
steady state deviation for Government expenses

gt Ĝt + c̄t exogenous shock on demand

b̂t
� 1

0
b̂itdi aggregate bonds

st τ̂t − Ĝt real primary budget surplus in period t

Table C.3.: Variables for Government
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C. Table with Variables

var. definition explanation
ait

Bi
t+WtHt

Pt
household income without profits

ŵt
wt−w̄

w̄
deviation from steady state in percent

ŵt ŴT − P̂t real wage steady state deviation

νt log
�

vH(Ht;ξt)

vH(H̄;ξ̄

� deviation from steady state of marginal disutility
of labour

Table C.4.: Variables of Labor Supply and Wage Determination

var. definition explanation

α
part of firms that are not allowed to reset their
prices

p∗t optimal price in period t

p̂∗t
p∗t−p̄∗
p̄∗ steady state deviation for optimal price

p̃∗t (j) p̂∗t − P̂t−1 − log(Π̄)
markup of optimal price with inflation and price
level

Qt,T βT−t uY (YT ;ξT )
uY (Yt;ξt)

Pt

PT

stochastic discount factor from household opti-
mization

yt,T (i) YT

�
pt(i)
PT

�−θ demand for good i in period T with prices from
period t

At exogenous technological progress in period t

ÂT
AT−Ā

Ā
steady state deviation of AT

Πi
T (pt(i))

profits in period T depending on price level in pe-
riod t

St,T (i) WT

AT
Ψ
�

yt,T (i)

AT

�
nominal marginal costs

Ψ
�

yt,T (i)

AT

�
1

f �(f−1
�

yt,T
AT

� increasing positive function

st,T (i)
St,T (i)

PT
real marginal cost function

µ θ
θ−1

seller’s desired markup

ȲT
uY ξ(Ȳ ;ξ̄)ξ̄ξ̂t
uY Y (Ȳ ;ξ̄Ȳ

exogenous shock to the utility from consumption

s̄t,T
st,T−s̄

s̄
steady state deviation of st,T

ω ∂st.T ( ¯y(i))
∂yt,T (i)

ȳ(i)
s̄(i)

elasticity of st,T (i) with respect to its first argu-
ment

Ŷ n
T

natural rate of output, defined as composite of ex-
ogenous disturbances

ζ ω + σ−1

poptt (B.32) single period maximizing log price

Table C.5.: variables of aggregate supply
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C. Table with Variables

var. definition explanation
κ (1−α)(1−αβ)

α
ζ slope of the Phillips curve

ut
(1−α)(1−αβ)

α
µt cost push shock

ŷnt Ŷt − Ŷ n
t output gap

φπ Taylor rule coefficient for inflation
φy Taylor rule coefficient for output gap
εit iid(0,σ2

ε) monetary shock to Taylor rule
φb fiscal parameter to fiscal policy
zst iid(0,σ2

z) shock to fiscal policy

Table C.6.: Variables of complete model

var. definition explanation
Xt (vt, Π̂t, b̂t+1)

� predetermined variables

δt (zst , ut, ε
i
t, Ŷ

n
t , gt)

� exogenous shocks

B coefficient matrix of dimension 3 × 3
C coefficient matrix of dimension 3 × 3
D coefficient matrix of dimension 3 × 5

B̄ (3.3)
matrix for determination of generalized eigenval-
ues

C̄ (3.3)
matrix for determination of generalized eigenval-
ues

v1 - v7 (B.46) coefficients for matrix representation of vt
p1 - p7 (B.47) coefficients for matrix representation of Π̂t

b1 - b7 (B.45) coefficients for matrix representation of b̂t+1

Ψ (3.4) to be determined intercept coefficient of PLM

Ω (3.4)
to be determined matrix coefficient of predeter-
mined variables of PLM

Γ (3.4)
to be determined matrix coefficient of shocks of
PLM

R correlation matrix of shocks for AR(1) process
εδt shock of AR(1) process for shocks
Ψ̄ determined intercept coefficient of PLM

Ω̄
determined matrix coefficient of predetermined
variables of PLM

Γ̄ determined matrix coefficient of shocks of PLM
Ξ (Ψt, Ωt, Γt)

� dependent variable for linear regression
zt (1 , X �

t−1, δt)
� information matrix for linear regression

ε error of linear regression

Table C.7.: Variables for Determinacy and E-stability
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