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Kurzfassung

In dieser Arbeit présentieren wir eine universelle Methode zur Approximation von ellip-
tischen und zeitabhéngigen fraktionalen partiellen Differentialgleichungen. Ausgehend von
einer finiten Elemente Diskretisierung wird der gewiinschte Differentialoperator durch eine
Matrix-Approximation L ersetzt. Dies erlaubt es uns, die diskrete Losung als Matrix-Vektor
Produkt der Form f7(L)b zu interpretieren, wobei b ein Vektor und f7 eine parameterab-
héngige Funktion ist, wie z.B. die Potenzfunktion oder die Mittag-Leffler Funktion. Um den
Rechenaufwand zu reduzieren, wird eine zusétzliche Approximationsebene in der Form einer
rationalen Krylov Methode etabliert. Letztere projeziert die Matrix auf einen Unterraum
von niedriger Dimension, der es erlaubt, das zugehorige Figensystem direkt zu berechnen.
Die Wahl des Unterraums héangt von einer Reihe unterschiedlicher Parameter ab, den soge-
nannten Polen. Ausgehend von dem dritten Zolotarév Problem prisentieren wir ein breites
Spektrum attraktiver Pol-Konfigurationen, die es erlauben, die Abbildung 7+ f7(L)b fiir
mehrfache Instanzen des Parameters gleichzeitig zu evaluieren. Wir beweisen exponentielle
Konvergenz und stellen ein Fehlerzertifikat zur Qualitdtssicherung zahlreicher Approxima-
tionen bereit, fiir die keine analytischen Ergebnisse vorhanden sind. Das Herzstiick dieser
Arbeit sind die sogenannten Zolotarév Pole, die es erméglichen, f7(L)b gleichméfig in 7
anzundhern, ohne dass die Approximation degeneriert, wenn beispielsweise die fraktionalen
Parameter gegen eine ganze Zahl konvergieren.

Wir stellen die prasentierten Methoden in Verbindung mit ausgewéhlten Algorithmen aus
der Literatur und zeigen, dass letztere als rationale Krylov Methoden interpretiert werden
kénnen. Diese theoretischen Einblicke erlauben es, unsere Resultate fiir neue Konvergenzbe-
weise heranzuziehen. Sie suggerieren die Implementierung neuer und die Verbesserung
existenter Methoden und erméglichen einen direkten Vergleich der Algorithmen. Unsere
analytischen Erkenntnisse werden mit numerischen Experimenten untermauert. Wir fithren
einen systematischen Vergleich der erwahnten Methoden durch und présentieren eine de-
taillierte Parameterstudie, die uns tiefe Einblicke in die Auswirkungen dieser Grofen auf die
Approximationseigenschaften von Losungen fraktionaler Differentialgleichungen gewéhrleis-
ten.
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Abstract

In this thesis we present a unified framework to efficiently approximate solutions to fractional
diffusion problems of elliptic and parabolic type. After finite element discretization, we
take the point of view that the solution is obtained by a matrix-vector product of the form
fT(L)b, where L is the discretization matrix of the spatial operator, b a prescribed vector,
and f7 a parametric function, such as a fractional power or the Mittag-Leffler function.
To alleviate the computational expenses, a model order reduction strategy in the form
of a rational Krylov method is applied which projects the matrix to a low-dimensional
space where a direct evaluation of the eigensystem is feasible. The particular choice of the
subspace depends on a collection of parameters, the so-called poles. On the basis of the
third Zolotarév problem, we propose a variety of attractive pole selection strategies which
allow us to efficiently query the solution map 7 — f7(L)b for multiple instances of the
parameter. We either prove exponential convergence rates or provide the description of a
computable error certificate to assess the quality of several poles where no analytical results
are available. At the core of our exposition are the so-called Zolotarév poles, which allow
us to approximate f7(L)b uniformly in the parameter 7 and do not degenerate as e.g., the
fractional parameters approach an integer.

The proposed methods are set in correspondence with existing schemes from the fractional
diffusion community. In particular, we prove that a large class of model order reduction
strategies can be interpreted as rational Krylov method. These theoretical insights allow
us to leverage our analysis to develop new convergence proofs for several of the studied
schemes. They suggests how to design novel and improve available methods and allow for
a direct comparison of the algorithms. The analytical findings are confirmed by numerical
experiments, including a systematic comparison of the presented schemes and a parameter
study which provides deep insights in the effect of the fractional parameters.
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1 Introduction

Partial differential equations (PDEs) have been an outstanding tool in modern science to de-
scribe real-world phenomena across all engineering disciplines. Throughout the past twenty
years, however, practitioners have been facing experimental setups which seemingly elude
the reach of classical calculus. Standard PDEs lack the ability to adequately model nonlocal
effects, in which two points at finite distance can interact. Fractional partial differential
equations (FPDEs) have proven themselves as gateway to provide refined models which de-
scribe these physical processes more accurately. Their theoretical groundings as well as their
confirmation in scientific experiments have sparked a remarkable amount of recent investi-
gations, ranging from biomedicine [BOKG ™14, YPKI16, FKR 21, CGGG21] to image pro-
cessing [GO09, GHI15, AB17, AR19], and material science [Bat06, GRNT 17, SGE20, FZ20].
A paradigm of a nonlocal operator that shall serve us as prototype throughout this thesis
is the fractional Laplacian. On R%, d € N, there exist at least ten different approaches
to define (—A)®, s € (0,1), which are all known to be equivalent [[{wal7]. These equiva-
lences break down on bounded domains 2 C R? as there are several mathematically distinct
ways to impose boundary conditions. Among these competing definitions of the fractional
Laplacian, we are interested in the one obtained by spectral expansion.

The nonlocal nature of this operator has immediate consequences on some basic questions,
such as the fractional Poisson problem:

(_A)Su = f? in Q?

1.1
uw=0, on Jf, (1.1)

where € is a bounded Lipschitz domain and f € L?(f). Solutions to (1.1) for Q = (0, 1)?
and f = 1 are depicted in Figure 1.1 and can be seen as showcase for the challenges that
arise in the treatment of these problems.

— For small values of s, the fractional Laplacian (—A)® is close to the identity oper-

ator, whence v ~ 1 in the interior of 2. Towards the boundary the zero trace is
imposed, which forces u(x) to decrease rapidly as x — 02. This is the reason why
solutions to fractional diffusion problems exhibit limited regularity properties even if
the underlying domain is smooth.

— The fractional exponent can be seen as parameter which is used to adapt the math-
ematical model to the observed data [BOKG 14, SVI6]. As such, the precise value
of s is typically unknown and needs to be determined experimentally in the course
of a fitting procedure. Instead of solving (1.1) for one instance of s, one is typically
interested in an approximation of the entire solution manifold {u(s) : s € (0,1)}. We
also refer to [AR19, ACR21| where the fractional parameter s = s(x) is a function
of a spatial variable which supports our point of view that s — wu(s) should be seen
multi-query problem.
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1 Introduction

— Due of their nonlocal interactions, discretized FPDE systems have significantly less
sparsity compared to discretized integer-order PDEs. Therefore, conventional local-
ization techniques may fail to efficiently approximate such problems.

Figure 1.1: Solution u to (1.1) for s = 0.2 (left), s = 0.5 (middle), and s = 0.8 (right) on
the unit square Q = (0,1)? with f = 1.

The interest in fractional diffusion operators does not end in the stationary regime
[SZBT18]. It has been observed in [BCAHOS, FIKR 21, FRW21] that the growth of tu-
mors exhibits certain memory effects, making the problem global in time. Such phenomena
can be modeled accurately using time-fractional differential operators. In combination with
the fractional Laplacian, this leads us to the fractional heat equation

ofu+ (—A)Yu=f, inQx(0,7),
u=0, ondx(0,7T), (1.2)
u=wug, on dx {0},

where v € (0, 1] is the fractional time exponent, 95" the so-called Caputo fractional derivative
of order a, T € RT, f € L>(0,T; L*(Q)) a forcing term, and ug € L?(£2) some initial data.
Adding to the difficulty of the nonlocal operator in space, the presence of 95 in (1.2) causes
long-range interactions that require additional memory to store the history. The latter
increases as 1" becomes large.

All these aspects need to be incorporated in the design of accurate, reliable, and yet com-
putationally affordable numerical schemes. The amount of research published on this matter
is vast and covers the treatment of elliptic problems [[LTA05, [LTAOG, NOS15, BP15, Vabl5,
MN18, HLM*18, BLP19b, HMP21, DS21, DH21, HKL"21b, HKL"21a, Vab2la, Vab21b],
space-fractional evolution equations [BLEP17a, AN17, MR20b, Vab2lc|, time-fractional evo-
lution equations [Lub88, JLZ15, KW21, FRW21], and fully space-time fractional diffusion
problems [MN11, YTLIT1, NOS16, BLP17b, Rie20, DHS21|. Needless to say, these refer-
ences do not exhaust the rich literature on the subject. One way or another, either of the
schemes listed above has to compensate for the nonlocality of the problem. Three classes
of methods that we mention here explicitly are the following.

1. A conceptually straightforward approach is the accurate but expensive discrete eigen-
function method (DEM) [LPGT20, Hof20, BP15, ILTA05, ILTA0G, YTLIT1] which



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1 Introduction

relies on a matrix approximation L € RY*N_ N € N, of the spatial integer-order
differential operator. The latter is used to interpret a discrete approximation of u
as matrix-vector product f7(L)b, where f7 is a matrix function that depends on a
collection of parameters encoded in the vector 7 € © C R?, p € N, and b € RN a
vector that comes from the given data. Typical examples include

— fT(\) = f5(\) = A% with s € © = (0, 1),
— fT(\) = e with 7 = (t,5) € © = RT x (0, 1),

— [T(\) = Eup(—t*N%), 7 = (o, B, t,s) € © = {(a, B,t,5) € (0,1] x RT x RT x
[0,1] : 8 > a}, where E, g denotes the generalized Mittag-Leffler function.

The matrix f7(L) is typically dense and its evaluation requires the knowledge of the
entire eigensystem of L. Having cubic complexity in N, this approach is only feasible
if L is of moderate size.

2. Significantly more efficient are so-called quadrature schemes, which have been applied
in [BP15, BP16, BLP17a, BLP17b, BGZ20, Rie20, DACT21, AN21, DZ21], see also
[DH21]. The idea is to rewrite f7(L) via Cauchy’s formula as a contour integral over
a parametrized family of classical PDEs. The integral is discretized using a suitable
quadrature whose evaluation boils down to the computation of multiple local prob-
lems which can be tackled using standard tools for elliptic PDEs. If f7(\) = A™%, the
contour can be chosen as the negative real line, in which case the integral representa-
tion is known as Balakrishnan’s formula [Bal60]. For time-dependent problems, one
typically resorts to complex contours which in turn necessitates solutions to complex-
valued problems, even if L and b are real.

3. The third and final approach we mention here is based on the harmonic extension
technique developed in [CS07, ST10, CT10, CDDSI11, BCAPSI3]. The fractional
differential equation is reinterpreted as local degenerate integer-order PDE on the
semi-infinite cylinder Cq := Q x R™. A natural approach consists of a d + 1 di-
mensional finite element method which takes advantage of the solution’s rapid decay
in the artificial direction, justifying truncation to a bounded domain of moderate
size [NOS15, NOS16, BMN*18, BMS20, MR20b]; see also [AG18, ACN19]. Solu-
tions to fractional diffusion problems can therefore be made available by resorting
to well-known discretization methods for d 4+ 1-dimensional degenerate integer-order
problems.

Each of the schemes mentioned above yields accurate approximations to solutions of frac-
tional diffusion problems. Unfortunately, however, the computational effort of each single
solve depends on the problem size N. Hence, their implementation is unfeasible if one
is interested in computing solutions for multiple instances of the parameters. A rem-
edy to this problem are model order reduction strategies [()R14], in short MOR strate-
gies. The idea is to add an additional layer of approximation to reduce the computa-
tional costs by a significant margin while keeping the discretization error to a tolerable
level. The efficiency of such methods is gained by the so-called offline-online decomposi-
tion of the computational routine. In the offline stage, one precomputes several potentially
costly auxiliary quantities which are independent of the parameters. These preparations



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1 Introduction

allow for rapid simulations of varying 7 in the online stage. Reduced order models of
this form have been successfully applied to many different branches of computational sci-
ence, such as fluid dynamics [QR07, SR18, HSMR20, KNBR21], fluid-structure interaction
[LOR12, NBR21], optimal control problems [NRMO) 13, SBMR 18, ZBET20], and shape opti-
mization [()R03, LR10, SJC20]. In the context of fractional diffusion, one of the pioneering
works in this direction has been presented in [\WGP 17], where it was observed experimentally
that solutions to fractional PDEs exhibit a low-rank structure. Further MOR strategies have
been applied to the harmonic extension setting [ACN19] and quadrature schemes [DACT21],
whose empirical findings support the conjecture that the solution manifold to the fractional
Poisson problem (1.1) is compressible. One of the first rigorous results in this direction were
given in [BGZ20]. Coupling a MOR method with a quadrature scheme, it is shown that the
surrogate converges uniformly for all s € [Spin, Smax] to the DEM approximation of (1.1)
at exponential rates. Here, 0 < Spin < Smax < 1 are user-provided fixed parameters that
determine in which interval one wishes to query the solution map. We finally also mention
[MNT1, MN18, ABDN19] where rational Krylov methods have been applied to reduce the
computational costs in the evaluation of the DEM approximation.

A broad spectrum of powerful algorithms exists which allow one to approximate solu-
tions to fractional PDEs for a few particular instances of the parameters. What many
MOR strategies are still lacking, however, is the ability to efficiently approximate the entire
solution manifold for all admissible values of the parameters. Furthermore, many schemes
are tailored to the particular problem setup and need to distinguish e.g., between the ap-
proximation of elliptic and evolutionary problems. The latter often include solutions to
complex-valued problems even if the differential operator and the data are real. The desire
for numerical schemes which mitigate these disadvantages is a philosophy we adopt in this
thesis.

On the basis of [DS19, D521, DH21, DIHS21], we present a unified MOR method to
approximate solutions to fractional diffusion problems of elliptic and parabolic type. Using
the DEM as a starting point, a finite element method is applied to write the discrete
solution as matrix-vector product of the form f7(L)b. To diminish the computational
costs, we establish a MOR strategy in terms of a rational Krylov method (RKM) which
projects the matrix approximation to a low-dimensional space where a direct computation
of the eigensystem is feasible. The particular choice of the subspace depends on a collection
of parameters = := {{p,...,&} C R, the so-called poles. The latter have a crucial impact
on the performance of the RKM and need to be selected a priori. We propose several
attractive pole selection strategies which allow us to approximate solutions to elliptic and
parabolic fractional diffusion problems simultaneously. The core of this thesis is the analysis
of these poles. One of our main results is the intriguing fact that the pole set = can be
chosen independently of the fractional parameters. Its proof is based on the observation
that the parametric function f7, stemming from the particular problem, can be classified
as Cauchy-Stieltjes, complete Bernstein, or Laplace-Stieltjes function. This unified point of
view allows us to bound the approximation error by the third Zolotarév problem. Inspired
by these results, we prove uniform convergence rates when choosing the poles according
to solutions of the third Zolotarév problem. Unlike prior works, the approximation so
obtained does not degenerate as the spatial fractional exponent approaches an integer. We
also provide the description of an error certificate which allows us to assess the quality of a
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large class of poles where no theoretical bounds for the error are available. While the scope
of this thesis is limited to real matrices only, it can be easily seen that our results carry
over to the complex Hermitian case.

In the final part of this thesis, we provide deep insights in several other MOR strategies
advocated by the literature and show that these methods can be interpreted as variants
of conventional rational Krylov methods. The theoretical insights so obtained allow us to
leverage our analysis for RKMs to develop new convergence proofs for several of the studied
schemes. They suggest how to design novel and improve available methods and allow for a
direct comparison of the algorithms.

1.1 Structure of the Thesis

For the reader’s convenience, we give a brief overview of the structure of this manuscript
and provide a survey of the main components of each individual chapter.

— After some remarks on notation, we gather in Chapter 2 several well-known results to
find a common ground for further discussions. We review the basics of Sobolev theory
and recall the notion of Bochner integrals and Bochner spaces. We also provide a
brief exposition on some special functions that shall be useful later on and remind the
reader of the foundations of matrix functions.

— To encompass the full scope of this thesis, we review the theory of interpolation spaces
in an abstract Hilbert space framework. As special cases, fractional Sobolev spaces
are discussed together with several of their equivalent definitions.

— Given a generic differential operator £, we introduce, in Chapter 4, its fractional
power L® of order s € (0, 1) as operator of interpolation and provide three equivalent
characterizations of the latter

1. using the eigensystem of L,
2. as improper integral over parametric reaction-diffusion equations,

3. as Dirichlet-to-Neumann map of a degenerate PDE on an artificially extruded
cylinder Co = Q x RT.

We study regularity properties of solutions to (1.1) and highlight the differences to
the integer-order regime. Finally, several other possible definitions of £* are discussed
when £ = —A.

— In Chapter 5, we give a brief survey of the foundations of fractional calculus. We
introduce the Caputo fractional derivative of order o € [0, 1] as the time-fractional
differential operator of our choice and consider its interaction with £° in the context
of fractional evolution equations.

— Chapter 6 is devoted to the discretization of fractional PDEs. For this purpose, we
choose the finite element method as underlying discretization method for the spatial
variable. Using the three charaterizations of L%, presented in Chapter 4, as a starting
point, we introduce
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1. the discrete eigenfunction method,
2. a quadrature scheme,
3. the harmonic extension method,

to approximate solutions to elliptic and parabolic problems of fractional diffusion type.
We show that the computation of the DEM surrogate boils down to the evaluation of
a matrix-vector product f7(L)b, where L is a finite element matrix approximation of
L, b a vector stemming from the given data, and f7 a parametric matrix function.
On the other hand, we rewrite the surrogates obtained by the quadrature scheme and
the harmonic extension method as matrix-vecor product of the form r7(L)b, where
r7 is a rational function that can be seen as rational approximation of f7.

The rational Krylov method enters the stage in Chapter 7 as the model order reduction
scheme of our choice to approximate the discrete solution map 7 +— f7(L)b efficiently.
For this purpose we establish, in dependency of the pole set = = {&,...,&} C R,
the rational Krylov space OF 1 (L, b) of dimension k+ 1 in which the rational Krylov
approximation ugq ~ f7(L)b is found via Rayleigh-Ritz extraction.

We introduce, in Chapter 8, the notion of Cauchy-Stieltjes, complete Bernstein, and
Laplace-Stieltjes functions and prove that f7 has membership in at least one of these
classes. This unified point of view allows us to bound the rational Krylov error in
terms of a particular rational approximation problem which is the key ingredient of
our analysis.

A connection between the rational approximation problem mentioned above and the
third Zolotarév problem is established in Chapter 9. After a concise survey of loga-
rithmic potential theory, we derive explicit solutions to the third Zolotarév problem
which can be used to minimize the upper bound derived in Chapter 8.

Chapter 10 constitutes the heart of this thesis and is devoted to the selection of
poles = = {&y, ..., &} to build the rational Krylov space QEH(L,b). We present a
broad spectrum of pole selection strategies that are suitable for the approximation of
fractional PDEs. A systematical comparison of these poles provides deep insights in
their strengths, weaknesses, and similarities. To quantify the performance of =, we
either provide rigorous analytical results or present a description of an error certificate
which allows one to assess the quality of several pole sets even if no bounds for the
error are available. A variety of numerical experiments are presented that underpin
the main results of this chapter.

In the final chapter of this thesis, we present a selection of MOR, methods for fractional
diffusion problems that are based on rational approximation. We demonstrate that
several of these schemes can be interpreted as RKMs. This changed point of view
allows us to develop new convergence proofs and suggests how to design novel and
improve available algorithms.
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1 Introduction

1.2 Remarks on Notion

Throughout this thesis, the natural numbers N are understood as the set of all strictly
positive integers and we set Ny := N U {0} by convention. We designate by R the set
of all strictly positive real numbers and define Rf := RT U {0}. The sets R~ and R, are
understood accordingly. By C := C U {oo} we denote the extended complex plane and set
R :=RU{cc}. For each z € C we write Rz and 3z to denote the real and imaginary part
of z, respectively. The argument arg(z) of z € C\ {0} is defined as the angle ¢ € (—m, 7]
of z = re’®, r € RY, in polar coordinates. The power function z* is defined in the usual
way 2z° := e5"(?) where we use the branch-cut at R, for the logarithm. Unless stated
otherwise, the reader is encouraged to think of the letter A as a scalar and real quantity,
whereas z typically denotes a (possibly) complex one. For any function f(z) that is defined
on a subset D C C of the complex plane with D NR # (), we again use the same letter f
to refer to its restriction f : D NR — C. If necessary, however, we shall write f()) instead
of f(z) to emphasize which domain of definition is meant. Likewise, for any function f(\)
defined on a subset of the real line that extends analytically to the complex plane we write
f(2) to denote its analytic continuation. The support of the function f(z) is defined by

supp [ = {z € D : [f(2)] > 0},

where | - | labels the absolute value and A the closure of A C C. We use the shorthand
notation

1/A:={1/a:a € A}, —A:={-a:a€ A}

A property is said to hold almost everywhere (a.e.) in A if it holds in A\ N where N is a
subset of A with zero Lebesgue measure.

Consistently, we use bold lower-case letters for vectors and bold capital letters for matri-
ces. Provided a symmetric and positive definite matrix M € R?*¢ we define

”XHM =V (Xv X)M7 (Xay)M = XTMyv X,y € Rd'
The Euclidean norm and inner product on R?, d € N, is abbreviated by
[[2 :=x-y:=lx[1,  (x,%)2:=(xV¥)

where I € R?*? Jabels the unit matrix. The matrix M is said to be diagonalizable if there
exists some U € R™? invertible such that UMU™! = D, where D = diag(\1,...,\q) is a
diagonal matrix with entries A,..., \q. We denote the open ball with center x € R% and
radius 7 € Rt in R? by

B.(x) :={x € R?: ||x[]2 < r}.
The distance between two subsets A, B C C of the complex plane is defined by

dist(A, B) ;= inf{|ja — b||2: a € A,b € B}.

10
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Furthermore, we write a < b to indicate a < Cb for some constant C' € RT that is inde-
pendent of of a, b, the finite element mesh size h, the rational Krylov parameter k, and the
quadrature parameter q.

For any Hilbert space H we denote with (u,v)y the scalar product on H and ||lu|y =
V/(u, u)3 its norm. Whenever we refer to a Banach space (H, || - ||%) as Hilbert space, we
mean that its norm induces a scalar product (-, )z on H, obtained by polarization identity,
such that (H, (-, -)%) is a Hilbert space. A linear operator B : H — H between two Hilbert
spaces is said to be bounded (or continuous) if

|| Bu

7 =l

for all u € H. The sum of two Hilbert spaces, H —1—7:[, is defined as the smallest vector space
that contains both H and H. The dual space of H is always understood in the topological
sense and is labeled as H’. It is equipped with the operator norm

1l = sup {202

ver Ivllw’

where (f,v) := f(v) denotes the dual pairing. Its inner product is defined by

(9, Fla = (9, Rf),

where R : H' — H denotes the Riesz isomorphism defined by

(Rfvv)’}'l:<f7v>7 v EH.

11
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In this chapter, we gather several important results that shall serve us as foundation for
upcoming discussions. In the first section, we recall some common textbook knowledge on
Sobolev spaces which provides the corner stone of classical interpolation theory. The latter
makes heavy use of Hilbert-valued integrals whence we provide a concise survey of Bochner
integrals and Bochner spaces in Section 2.2. In Section 2.3, we provide a succinct overview
of the Laplace transform and some special functions that arise in the study of fractional
evolution equations. Finally, for the numerical approximations presented in the second half
of this thesis, we review the theory of matrix functions in Section 2.4 and state some results
that are the building block of our analysis later on.

2.1 Classical Sobolev Theory

Throughout this thesis, we shall be concerned with function spaces defined on a subset €2
of R, d € N. We limit ourselves to domains that allow for a local parametrization of the
boundary using Lipschitz continuous functions.

Definition 2.1. An open, bounded, and connected set Q C R%, is said to be a Lipschitz
domain if for all x = (x1,...,xq) € 0 there exists some € > 0 and a bijective function
® : B1(0) — B:(x) such that

~ ® and ' are Lipschitz continuous,

B({x € B1(0) : 24 = 0}) = 9 N Be(x),

O({x € B1(0) : zg < 0}) = QN B(x),
-~ ®({x € B1(0) : 24 > 0}) = (R?\ Q) N B.(x).

For the remainder of this thesis, the set 2 is always assumed to be a Lipschitz domain
in the sense stated above. Sometimes we require stronger regularity assumptions on {2, in
which case €2 is said to be a C"*°-domain if its local parametrization ® from Definition 2.1
is smooth.

The definition of Sobolev spaces on {2 relies on the theory of distributions [Rud74, Yos95,
AF03, McL00, Eval0] and requires some further preparations. For this purpose, we denote
by C*(Q), k € Ny, the function space consisting of all real-valued k-times continuously
differentiable functions on 2 with range in R and set

Ce(Q) = [ C*Q).
keNp

12
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2 Preliminaries

For brevity, we define C(£2) := C%(Q). The gradient, the divergence, and the Laplacian are
defined in the usual way

Vu = (38;1”86321) , div(w Zgi)j Au = div(Vu) Z
The space of square-integrable functions on 2 is defined by
12(0) = {u: Q 5 R Jullpoy < ooh, IlulZeqy = /Q ()| dx.
Endowed with its natural inner product
()20 = | uloow(x) dx,

L?(€) is a Hilbert space. To introduce the notion of weak differentiability, we present the
set of test functions

D(Q2) := C5° () :={v € C(Q) : suppv C 2 compact}.
The space is equipped with the topology defined by the following notion of convergence:
v; = 0 : <= 3JK C Q compact: suppv; C K and Vv € Ng : D7v; — 0 uniformly in K,

where we use multi-index notation
ahl
fy:('yl,...,’yd), DW:W, |’7| ::Z’VJ’
Its topological dual space

D'(Q):={f:C(Q) — R: f is continuous and linear}

is called the space of distributions. We introduce the set of locally integrable functions

LL()={u:Q—=R: /Ku(x) dx < oo for all K C  compact}.

Recall that any function u € L] (©2) defines a distribution F, € D'(£2) in the sense of

(Fu,v) = /Qu(x)v(x) dx, v e D),

where (F,,v) = F,(v) denotes the duality pairing. Distributions of this form are called
reqular distributions. For the remainder of this thesis, we identify any regular distribution
with the function v by whom it is generated.

13
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Clearly, any u € C§°(9) is contained in L{ (£2). Since u vanishes at the boundary of 99,
integration by parts reveals

/ DVu(x)v(x) dx = (—1)" / x)DTu(x)dx,  veE CP(N).

This provides the motivation to introduce the weak derivative D7u of the regular distribu-
tion u € Li. () by

(DVu,v) = / DVu(x)v(x) dx := 7/ x)Du(x)dx, ve CF(N).
Q
Clearly, if u is sufficiently smooth, then all classical and weak derivatives coincide. In light
of these considerations, we introduce the Sobolev space of order one as
HY(Q):={ue L}(Q): Vue [L2(Q)Y,  |ulfng = lulfae) + IVull720)

where the L2-norm of vector-valued functions v : Q — R? is defined by

loll 2oy / o013 d.

Occasionally, we shall write H°(2) = L?(Q). Sobolev spaces of arbitrary order k € N are
defined inductively

HMQ) = {u e 12Q): Vu e L@ Julln = [l + 1Vulfe 1)
The space H*(2) equipped with
(u,v) ey = (U, v)r2(0) + (Vu, Vo) gr1(q)
is a Hilbert space. An equivalent but less practical characterization reads [AF03]

HE(Q) = o) e, (2.1)

where C'>° (ﬁ)”.HHk(Q) denotes the closure of C*°(Q) with respect to the norm || - || ;x(q). As

a consequence, each v € H¥(Q) can be approximated by a sequence of smooth functions.
While L2-functions in general do not allow for pointwise evaluation, the following theorem
shows that the trace evaluation of Sobolev functions is well-defined; see e.g., [AF03].

Theorem 2.2 (Trace theorem). There exists a linear operator tr : H*(Q) — L2(02) with
the properties

ltrullzz 2l Yue HHQNC@): tru=uln.
This result allows one to include boundary conditions in the sense of
HY(9) := {u e H'(Q) : tru = 0}.
In accordance with (2.1), there holds
Hy(Q) = Ce(@) e, (2.2)

The availability of trace operations allow us to present the generalized integration by parts
formula for Sobolev functions.

14
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Theorem 2.3. Let n € R? the outer normal vector to 9Q, u € HY(R2), and v € [H(Q)]%.
Then there holds

/Vu-vdx——/udivvdx+/ (trv - n)truds.
Q Q o0N

Under suitable assumptions on the Sobolev order k, one can expect u € H*(Q) to be
continuous. To make matters precise, we introduce the norm

[l = 3 sup [D7u(x)|
7| <k X€Q
to formalize the following result.

Theorem 2.4. Let k € N and m € Ny with k — % > m. Then the embedding H*(Q) C

C™(Q) is continuous, i.e.,

l[ull ey = Mullom@)-

The following theorem gathers two important results that shall be frequently referred to
in the further course of this thesis. It can be found in several textbooks, e.g., [AF03, Eval0].

Theorem 2.5. Let k € Ny.
1. If m € N with m > k, then the embedding H™(Y) C H*(Q) is compact.
2. The embedding H}(Q) C HY(Q) is continuous, i.e.,
lullin @) = 1Vl 2.
It turns out to be fruitful to introduce Sobolev spaces with negative exponents. This is
usually done in the following manner.

Definition 2.6. For all k € N we define the space H *(Q) := (H(’f(Q))/ as the dual space
of HY(Q).

2.2 Bochner Theory

The purpose of this section is to generalize the theory of the Lebesgue integral and Sobolev
spaces for functions of the form u : (0,7) — H, where T' € Rt U {co} and H is a Hilbert
space that we assume to be fixed throughout this section. This is a classical field of research
and can be found in e.g., [Boc33, Hil53, Mik78, Yos95]. Reminiscent of standard Lebesgue
theory, the integrability of H-valued functions is built upon the theory of step functions,
for which we introduce the indicator function of I C R by

1, iftel,
17(t) ::{

0, else.

For simplicity, we assume H to be separable henceforth, meaning that H contains a dense
subset of countable cardinality.

15
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Definition 2.7. A function S : (0,T) — H is called step function (or simple) if there exists
some n € N, a family of pairwise disjoint sets (Ij)?:1 C (0,T) with finite Lebesgue measure,
and (h;)j—; C H, such that

S(t) = hyly(t).
j=1

We denote the set of all step functions with S((0,T); H).
The integral of functions contained in S((0,7"); ) is defined in the expected fashion.
Definition 2.8. Let S € S((0,T); H) with

S(t) =Y hyl(t).
j=1
Then the Bochner integral of S is defined as
T n
/ S(tydt =Y " hiA(I), (2.3)
0 -
j=1

where X(I;) denotes the Lebesque measure of I;.

It can be readily verified that (2.3) defines a linear operator from S((0,7"); H) to H. To
generalize this concept for arbitrary u : (0,7) — H, we agree on the following terminology.

Definition 2.9. A function u : (0,T) — H is called Bochner-integrable if there exists a
sequence of step functions (Sp)nen C S((0,T); H) with the properties

— for almost all t € (0,T)

lim S, (t) = u(t),

n—oo

— there holds

T
lim, [ 15a(6) = ult) e dt = 0. (2.4)

n—oo

The space of Bochner-integrable functions is denoted by L*(0,T;H). For anyu € L*(0,T;H)
we define the Bochner integral as

T T
/ w(t)dt = lim | S,(t)dt. (2.5)
0

n—oo 0

One shows that
— the integral in (2.4) exists in the classical sense of Lebesgue,

— (2.5) is independent of the particular choice of the sequence of step functions,

16
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whence the Bochner integral is well-defined. Reminiscent of classical Lebesgue theory, a con-
venient criterion for Bochner-integrability can be expressed in terms of Bochner-measurable
functions [Mik78].

Definition 2.10. A function u : (0,T) — H is said to be Bochner-measurable (or strongly
measurable) if there exists a sequence of step functions (Sy)nen C S((0,T);H) such that for
almost all t € (0,T)

lim |5 (t) — u(t)|l% = 0.
n—oo
Proposition 2.11. There holds

1. w : (0,T) — H is Bochner-measurable if and only if t — (u(t),v)y is Lebesque-
measurable for all v € H,

2. u € LY0,T;H) if and only if u : (0,T) — H is Bochner-measurable and |Ju(-)||x €
LY((0,7)).

Further well-known properties of the Bochner integral are listed in the following lemma
(cf. [Mik78]), where we introduce the convolution of u,v € L*(0,T;H) as

(w5 0)(8) = /oo alt — 7)i(r) dr,

with

Lemma 2.12 (Elementary properties).

1. For allu € L'(0,T;H) there holds

‘/OT“(t)dtHHS/OTHu(t)HHdt.

2. If”z':[ is another Hilbert space and B : H — H a bounded linear operator, then
T T
B / w(t) dt = / Bu(t) dt.
0 0

3. Ifue LY0,T;H) and v € H, then t — (u(t),v)y is Lebesgue-integrable and

(/OT u(t) dt, U>H _ /OT(u(t), )y dt.

4. If u,v € LY0,T;H), then uxv € LY(0,T;H).

17



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Preliminaries

A fundamental field of study in integration theory is the question under which conditions
one can interchange the integral and the limit of a sequence of functions.

Theorem 2.13 (Lebesgue’s dominated convergence theorem). Let (up)nen be a sequence
in LY(0,T;H) with u,(t) — u(t) a.e. in (0,T) and g € L*((0,T)) such that for all n € N
there holds ||un(t)|l1 < |g9(t)| a.e. in (0,T). Then u € L*(0,T;H) and

T T T
im [ ul) —un(®)pdt =0,  lim [ un(t)dt / u(t) dt.
0

The LP-Bochner spaces are a straightforward generalization of their scalar counterpart.

Definition 2.14. For each p € NU {oo} we define the Bochner space LP(0,T;H) as the
vector space of equivalence classes of almost everywhere coinciding Bochner-measurable func-
tions such that [|ul| e 1:2) < 00, where

(Jo Nty de)” fpeN,

||U||Lp(o,T;H) =
inf{C € RT : ||u(t)|| < C for almost all t € (0,T)}, if p= oc.

There holds LP(0,T;H) C L9(0,T;H) if ¢ < p. For all p € NU{oo} the space LP(0,T;H)
is a Banach space. Only if p = 2, the norm ||ul[z2(p73) comes from an inner product

T
() sz = [ () 0O

Now that we are familiar with Lebesgue spaces, we limit ourselves to the Hilbert space case
p = 2 and dedicate our attention to the definition of Bochner-Sobolev spaces. This requires
the notion of differentiation for Hilbert-valued functions.

Definition 2.15. A function u: (0,T) — H is said to be differentiable int € (0,T') if there
exists some v € H such that

lim u(t+0) —u(t)
0—0
t+8€(0,T)

=vin H.

We call v =: u' the derivative of u. By C*((0,T);H) we denote the set of all differentiable
functions u : (0,T) — H whose derivatives are continuous.

Accordingly, the set C*((0,T);H), k € NgU {0}, is understood in the expected manner.
This notion of differentiation can be essentially relaxed. We proceed as in the real-valued
case.

Definition 2.16. A function u : (0,T) — H is said to be weakly differentiable if there exists
some v € H such that

T T
Vw € C2((0,T)) : /0 o(Bw(t) dt = — /O w(t)yw(t) dt.

18
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We call v =: Osu the weak derivative of w. Thereupon, the Bochner-Sobolev space of order
k € N is inductively defined by

HY((0,T);H) := {u € L*(0,T;H) : yu € L*(0,T;H)}
and
H(0,7);H) := {u e L*0,T;H) : du € H*1((0,T); H)}, k> 2.

Several important properties of Bochner-Sobolev spaces follow from the respective prop-
erty of #. The reader is encouraged to compare the following results for H'((0,T); H) with
the corresponding ones of classical Sobolev spaces.

Lemma 2.17. The space H'((0,T);H) equipped with the inner product

T
(w,0) 11 0770 = /0 (ult), v(t))3¢ + (Byuu(t), Oy ()

18 a separable Hilbert space. Moreover,
1. the embedding H'((0,T); H) € C([0,T);H) is continuous,

2. there holds the integration by parts formula

T T
/0 (Gru(t), v(t))p dt = (w(T), v(T))3 — (u(0), v(0))3 — /O (Oro(t), u(t))y dt

for all u,v € H((0,T); H).

2.3 Preliminaries from Fractional Calculus

In this section we recall the definition of the Laplace transform and remind the reader of
some of its well-known properties. Moreover, we make ourselves familiar with the Gamma
function and the (generalized) Mittag-Leffler function which are key ingredients in the study
of fractional evolution equations.

2.3.1 The Laplace Transform

The Laplace transform is a crucial tool for the analysis of fractional evolution equations and
allows one to transform the latter to algebraic equations which are typically easier to deal
with. We take our definition from the classical work of Widder [Wid43], see also [Diel0],
where the interested reader may find a comprehensive treatment of this matter.

Definition 2.18. Let u : ]Rar — C be a function and T, zg, M € RT with the property
T
Vt>T: e *u(t)| < M, / lu(t)| dt < oc. (2.6)
0

Then the Laplace transform of u is defined by

19
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For some elementary functions, the Laplace transform can be computed directly.

Example 2.19. Consider the function u(t) = e for some ¢ € R. Then u satisfies (2.6)
with zo = ¢, M = 1, and arbitrary T € RT. Its Laplace transform evaluates to

for all z € C with Rz > c.
We cite here some well-known properties of .Z.

Lemma 2.20. Let u; and us denote two functions defined on ]RSr such that their Laplace
transform exists.

1. The Laplace transform is a linear operator, i.e.,
Lleus + ug](2) = cZLur](2) + ZL[us](2)
for all c € R.
2. There holds

Llug xugl(z) = Llui](z)Lus2](2). (2.7)
3. IfUL(t) = [ wi(t) dt, then
ZI0)() = S Zlun](2)

4. For all k € N there holds

k
ZLIofu)(z) = 2 Llu)(z) = Y 297 u(0). (2.8)

j=1
The function u can be recovered from .Z[u] by the inverse Laplace transform, also known
as Bromwich integral, Fourier-Mellin integral, or Mellin’s inverse formula.
Theorem 2.21. Let u satisfy (2.6) and v € R be larger than the real part of all singularities
of U(z) := ZL[u|(z). Then there holds

Y+i00
u(t) = 20N = —— / U (2) dz.

27 —ioo
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2.3.2 The Gamma Function

In integer-order calculus the factorial function plays prominent role because it allows one
to succinctly comprehend the derivatives of several elementary functions. The Gamma
function can be seen as counterpart to the factorial function in fractional-order calculus

and is defined by

T(\) = /OOO e S¢Mld¢, A eRt. (2.9)

Elementary considerations of the theory of improper integrals reveal that the integral exists.
The importance of I' in fractional calculus is laid out in the following theorem.

Theorem 2.22. For all A € R there holds T(A+ 1) = AT'()\).

Proof. This follows directly from the integration by parts formula, since
P(A+1) = / e S¢hd¢ = <—e<@‘;° + )\/ eCC’\1d§>
0 0
= )\/ eS¢ de = Ar()N). O
0
Since
(1) :/ e Cd¢ =1,
0
it follows by induction that

VneN: TI'(n+1)=nl

Therefore, the Gamma function can be seen as a natural generalization of the factorial
function. Other useful values of the Gamma function are

1 us
I'i=|)= TN —=A) = A e (0,1).
(2> VAR TOI-N = s A (0)
An extension of Theorem 2.22 is obtained by the equivalent identity
rix+1
T(\) = (;) A€ RT. (2.10)

Note that the right-hand side of (2.10) is meaningful not only for A € Rt but also if
A € (—1,0). Consequently, we may use (2.10) as definition for I'(\) whenever A € (—1,0).
The latter is not included in the original definition (2.9) since the integral does not converge
on R;. Provided this extended definition of I', we may return to (2.10) to inductively
define I'(\) for all values of A € R\ —Ny. The function so obtained is again called Gamma
function, abbreviated with the same letter I', and is plotted in Figure 2.1. Its poles are
given by the negative natural numbers including zero. For the later use, we compute the
Laplace transform of the power function.
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Figure 2.1: Gamma function I'(A) on (—5,4] \ {—4,—3,—-2,—1,0}.

Lemma 2.23. Let o > —1 and u(t) = t*. Then there holds for all z € C with ®z > 0

I'l+ )
21t

Zu](2) =

Proof. This follows directly from the substitution { = zt since

One final result that we mention explicitly is the following integral identity, which is
known as Fuler’s integral of the first kind or Euler’s Beta function, see e.g., [Die10, Theorem
D.6].

Lemma 2.24. Let a, 3 € RT. Then there holds

1
_ a—1,.6-1 I'(a)(B)
[a-aretac- T2

2.3.3 The Mittag-Leffler Function

The Mittag-Leffler function has been considered in [Mai20] as “queen function” of fractional
calculus. Its importance in fractional differential equations is comparable to the one of
the exponential function in the theory of ordinary differential equations. Its origin goes
back to the work of the Swedish mathematician Mittag-Leffler [MLO03], who defined the
Mittag-Leffler function as

oo .
E acRT,
]:OI‘aj—i-l
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for all z € C. The generalized or two-parameter Mittag-Leffler function has been introduced
50 years later [Aga53] and reads

0 i
Ea’ﬁ(Z) ::;W7 (X,/BERJ’_, (211)
for all z € C. Note that
— Eap(0) =1/T(8),
— Eoi1(2) = Ea(2),
- E171(Z) = El(z) = e*.

Therefore, E, and E, g can be seen as generalizations of the exponential function. For some
other choices of the parameters, the (generalized) Mittag-Leffler function can be expressed
in terms of elementary functions, such as [Pod99, p. 17-18§|

e —1

FEo(—2?%) = cos(z), F5(2%) = cosh(z), Ep9(2%) = o

Each of the functions listed above is an entire function. As the following theorem shows,
the same applies to any admissible configuration of a and (3.

Lemma 2.25. Let o, 8 € RT and z € C. Then the power series (2.11) defining Eq 5(2) is
absolutely convergent.

Proof. See |Diel0, Theorem 4.1]. O

Remark 2.26. By direct substitution in (2.11), it is possible to define E, g also for oo =0,
which yields a power series with finite convergence radius. If 3 € RT, there holds for all
z € Cwith |z| <1

— 2 1l «—,; 1 1
EO’B(Z):_ZF(/B)_F(ﬁ)gozj_r(ﬁ)l—z' (2.12)

Jj=0 J

In the context of fractional differential equations, it turns out to be fruitful to see (2.12) as
motivation to define
1 1
FEog(A) i= ——— AeRy.
Remark 2.27. We mention that further generalizations of E, g exist in terms of the three-
parameter Millag-Leffler function. However, the present scope of presentation is sufficient
for the purpose of this thesis.

To provide an intuitive illustration of the generalized Mittag-Lefller function, we plot F, g
on the real line for different values of o and 8 in Figure 2.2. Unlike the classical exponential
function, we note that E, g might be negative for some values of its arguments.

23



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 Preliminaries

Figure 2.2: Generalized Mittag-Leffler function on the real line for a € [0,2], in the sense
of Remark 2.26, and § =1 (left) and o = 1 and 8 € [0.25, 2] (right).

Remark 2.28. We highlight that the numerical implementation of the generalized Mittag-
Leffler function is a nontrivial task in itself. Stable algorithms that allow one to evaluate
E, g for all admissible values of o and 3 have been proposed only recently and can be found
in [WTO07, PK09, Gar15].

The asymptotic behaviour of E, g(z) in C is of importance in the analysis of fractional
evolution equations. In case of the exponential function, it is well-known that for z = re'®,

L. e — 0 for r — o0 if [¢| > T,
2. e* remains bounded for r — oo if |¢]| = %
3. |e*] = oo for r — oo if |¢] < F.

The following theorem can be seen as generalization of the third point of the result above,
where we write arg(z) to denote the argument ¢ of z = re’® € C\ {0}. For simplicity, we
restrict ourselves to the case a < 2.

Theorem 2.29. Let a € (0,2), § € RT, (2n)nen a sequence in S, = {z € C: arg(z) > &
with |zp| — oo. Then there holds E,g(zn) — 0. Moreover, there exists some constant
ca,p € RT, only depending on a and 8, such that

Ca?ﬁ

VzeS,: |E, < .
z | 7B(Z)|— 1+|Z|

Proof. See [Pod99, Theorem 1.6]. O

The sectoral domain S, from Theorem 2.29 is depicted in Figure 2.3. We see that for
small values of « the area in which E, g(z) converges to zero, as |z| — oo, increases. A
consequence of this observation is the following technical lemma, which turns out to be
important for our analysis in Chapter 10.
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iR

L 2

Figure 2.3: Sectoral domain S, from Theorem 2.29 marked in blue.

Lemma 2.30. Let a € R be fized, T = (o, 8,t,5) € (0,1] x RT x Rt x (0, 1] with 8 > «,
s+a <2, and cop as in Theorem 2.29. Then there holds

Js

Proof. Let z € iR\ {0} with Sz > 0 such that z = re% for some r € R*. Then there holds

Eaﬂ(—tazs)

- 1, -1 -
i dz <2¢r :=2cqp(a " +s ' In(1+¢t7%)).

arg(t*z®) = arg (to‘rsest> = g

Therefore, arg(—t*2°) = m(1 — 5). Theorem 2.29 reveals

C,
B (—172) < e (2.13)

provided that 7(1 — 5) > SF. The latter is satisfied since a + s < 2. Analog computations
show that (2.13) remains valid for Sz < 0. We deduce

/ Eqp(—t*2%)
iR a-+z

1 1
dzgca,g/ dz
iR 1 +ta|Z|S |a+Z|

<o /°° dz o /1 dz
C —_— C —
= 2Cq B L 2+ o 1ts o, 0 a

> dz 2¢a,8
=2 =,
Ca:ﬁ/l Zl+s (25 4 1) + a

Employing the substitution £ = 27% 4 t* reveals
dz o In(z7 1Y) zmeo, In(t?)
21 ( N

275 4 t2) s s
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and thus
Eop(—t*2* 2 2
/ 04:5( Z ) dz < Ca,B (—hl(ta) +1n(1 +ta)) + Ca,p
iR a+z S a
1 14t 1
= 20(1,,8 <3 In < ta ) + (l) 5
which directly implies the conjecture. O

Two further properties that we cite here are the following well-known results that shall
prove convenient in the further course of action.

Lemma 2.31. Let o, € R, t,A € RY, k € No, EV)(t) = OFEap(t), and u(t) =

tak+5—1EC(yk%(—t°‘)\), Then there holds

klzo—B

1
W, §RZ>>\0¢.

Z[u](2) =

Proof. See |[Pod99, eq. (1.80)]. O

Lemma 2.32. There holds for all i € Ny
t
| =) B~ = 1) dr = TG+ D B (1),
0

Proof. See [NMN11, MNI18| and also [Pod99, p.25]. O

2.4 Matrix Functions

The theory of matrix functions is an integral part of this thesis and therefore deserves
some discussion. Our interest lies in the analysis of expressions of the form f(L)b, where
L e RV*N N €N, is a matrix, b € RV a vector, and f a complex-valued function. Several
possibilities exist to introduce such functions of matrices [Hig08, HJ91|. For the scope of
this thesis, we shall always assume that L is diagonalizable, in which case the following
definition is a straightforward one.

Definition 2.33. Let L be a diagonalizable matriz such that L = UDU™! for some invert-
ible U € RN and D = diag(\1, ..., \n). Assume that f is analytic in a neighborhood of
the spectrum of L. Then

fL)=UfD)U,  f(D):=diag(f(\), .-, f(AN))-

Clearly, A1,...,An are the eigenvalues of L and U can be choosen as matrix whose
columns contain the eigenvectors of L. A few immediate consequences that shall be useful
in the sequel are listed in the following lemma.

Lemma 2.34. Let f and g denote two functions that are analytic in a neighborhood of the
spectrum of L. Then there holds
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Figure 2.4: Contour C and its interior int(C), hatched in blue, where w(C)(z) = 1 holds. For
all z in the unbounded component ext(C) we have w(C)(z) = 0.

1. af(L) + g(L) = (af + ¢)(L) for all a € C,
2. f(L)g(L) = (fg)(L) = g(L) f(L),
3. the spectrum of f(L) coincides with {f(A1),..., f(AN)}-

One of the key ingredients in our analysis is the Cauchy integral formula for matriz
functions. Before we state its result, we first present its well-known scalar variant, which
requires some further terminology from complex integration [Hen93, Rud74]. A nonempty
open subset of the complex plane is called region. If a region is connected, it is said to be a
component. An integration contour C is a finite union of nonintersecting piecewise regular
Jordan curves [Hen93], traversed in the positive sense, whose winding number

1 d¢

w(C)(z =5 el z€e C\C,

satisfies w(C)(z) = 1 if z is in the interior int(C) of C and w(C)(z) = 0 if z is in the exterior
ext(C) of C. Here, the interior and exterior of C are defined as the bounded and unbounded
component of C\ C, respectively. With this at hand, the scalar Cauchy integral formula
now reads as follows [Hen93, Rud74], cf. Figure 2.4.

Theorem 2.35. Let C be an integration contour and f a function that is analytic in int(C)
and extends continuously to C. Then there holds for all z € int(C)

foy = - [ L9 4 (2.14)

27 Joz—C

If we now define the expression

/C FOM = D)t

as limit of Riemann sums in the the matrix norm on the respective matrix space, one
can prove the following straightforward generalization of (2.14), which is also known as
Cauchy-Dunford or Dunford-Taylor formula for matrices [DS88, Giit10].

Theorem 2.36. Let C be an integration contour such that the spectrum of L is contained
in int(C). Assume that f is analytic in int(C) and extends continuously to C. Then there
holds

L) = = [ 1O - ac
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Proof. Let a < b, v : [a,b] — R a parametrization of C, (z;)}_, a partition of [a,b] with
a=2z <<z, =" and (n;)]_; a corresponding sequence of nodes with 7; € [zj_1, zj]
for all j € {1,...,n}. Then there holds

/f (L — ¢T) L d¢ = /f O — 41" de

= lim (Zz' — 2im1) F (Y)Y (i) (L — v () T) ™

n—o0

=1
= lim Y (2 — zi-1) f((0:)y () UD = y(n)T) U
=1

After pulling U and U~ out of the sum, we arrive at
/f YL —¢I)~td¢ = UDU !, (2.15)
27i

where D := diag(;\l, e 5\N) with
n

5= — lim (i =z F )Y () (g — ()™

Recognizing the latter as Riemann sum for the corresponding scalar function, we deduce

b= [ 16@1 00 - tac= 5k [T ac= )

for all j = 1,..., N, where the last equality follows from Theorem 2.35. Recalling (2.15),
we thus conclude

3 [ FOL =D dc = U = L) 0

Theorem 2.36 remains valid if we deform the contour to the negative real line, in which
case, under suitable regularity assumptions on f, there exists some real-valued function
i RT — R such that

f(L) = /0 T O+ D e,

We state this result in a slightly more general version in the following theorem, where we
replace (L+¢I)~! with a generic matrix kernel g(L, ¢). Its proof follows in complete analogy
to the one of Theorem 2.36.

Theorem 2.37. Assume that f : RT — R satisfies an integral representation of the form

) = /0 T uOgN O de,

where ;1 : RTY — R and g : RT x RT — R are functions such that the integral is absolutely
convergent. Then there holds
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3 Abstract Interpolation Theory

One of our main interests lies in the study of fractional PDEs of the form

(=A)Yu=f inQ,

3.1
u=0 on 0L, (3:1)

where s € (0,1) and f € L?(2). Before we give a precise definition of the operator (—A)?,
we need to specify its domain of definition. In the limit s = 1, we have (—A)! = —A, in
which case we may multiply the PDE in (3.1) with a test function v € H}(€), integrate
over (), and apply integration by parts to observe

Yo € HY(Q) : /Vu~Vvdx—/fvdX.
Q Q

Standard results from elliptic PDEs can be applied to see that this weak formulation has
a unique solution u € H}(Q2), whence H}(2) is the right Hilbert space to study (—A)* if
5 = 1. On the other hand, if we define (—A)? := I to be the identity operator and neglect
the boundary conditions, (3.1) reduces to u = f € L?(Q2). Therefore, L?()) provides the
natural domain of definition of the fractional Laplacian if s = 0. For s € (0, 1), one can
expect that the domain of (—A)* lies in between L?(2) and H}(2). The purpose of this
chapter is to provide a mathematical framework for these purely heuristic considerations,
which leads us to the study of interpolation spaces.

3.1 Interpolation Spaces

Interpolation spaces are a classical field of study [LM72, BL76, Tri78, Tar07] and can be
defined between any two Banach spaces (B, || - |lo) and (Bi, || - ||1) that are linear subspaces
of some larger vector space. One considers the spaces By N By and By + By, which are,
equipped with the norms

[ullBons, := max{[[ullo, [[ull1},

[ullBo+s, = inf{lluollo + [[urlly : w = uo + w1, uo € Bo, ur € B},

Banach spaces themselves. A Banach space B that satisfies By N By C B C By + By with
continuous embeddings is said to be an interpolation space.

The subject simplifies if B1 C By are Hilbert spaces with dense and continuous embedding,
in which case By N By = By and By + By = By; see [CWHM15] for a detailed study of this
particular setting. If the embedding is also compact, the Hilbert spaces are separable and
one can resort to a countable basis of By, which, due to density, also forms a basis of
Bp. These assumptions are sufficient for the purpose of our investigations which is why we
include them in our definition of admissibility.
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3 Abstract Interpolation Theory

Definition 3.1. A pair of Hilbert spaces H = (Ho, H1) is called interpolation couple if Hi
is dense in Ho and the embedding H1 C Ho is compact.

The literature provides a large variety of different interpolation methods. A very natural

one is based on spectral decomposition [LM72, Bra93, CWHMI5].

3.1.1 Spectral Interpolation

For the sake of a more compact notation, let (-,-); and || - ||; denote the inner products and
norms on H;, i = 0,1, respectively, and H/ its dual space. Provided that H = (Ho, H1) is
an interpolation couple, there holds Hy C Ho and therefore H{, C H}. Upon identifying Ho
with its dual space, this yields the chain of inclusions

Hy C Ho = H| C H. (3.2)

It shall prove convenient to relabel H_; := H} and no longer distinguish between H( and
H{, henceforth, i.e., we identify each function f € H with the functional v — (f, v)o, which
we call f again, such that

YoeHy: (f,v)=(f,0v)o, (3.3)

where (-, -) denotes the dual pairing. Under these premises, the triple (H1, Ho, H_1) is said
to be a Gelfand triple. The space H_1 equipped with

@5 =@ s = @RE s = 1Fls = VDot = sup 22

)
vers ||Vl

is a Hilbert space, where R : H_1 — H1 denotes the Riesz isomorphism which identifies H
with its dual space by

(Rf,v)1 = (f,v), feH _1,veH. (3.4)

The following observation serves as starting point for further discussions and follows from
standard arguments for self-adjoint and compact operators, cf. [CWHNM15, Theorem 3.4].

Theorem 3.2. The Riesz isomorphism R s self-adjoint and compact. There exists an
orthogonal basis (cﬁj)?‘;l of H1 where each ¢j is an eigenfunction of R to the eigenvalue \;.

Thereholdsjqzjxgz--->0andj\j—>0 as j — oo.

For convenience, we introduce the normalized family of eigenfunctions ¢; := /(@50 €
H1 and set \j := )\j_l. By construction, we have ¢; = A\jRyp;. Together with (3.4) and
(3.3) we find

Vo€ Hi: (@5,v)1 = Aj(Repj,v)1 = Aj{pj,v) = Aj(@j,v)o

for all 5 € N. Since H; is dense in H, (goj)Jo-il is an orthonormal basis of Hy and the
following result is valid.
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Corollary 3.3. Let H = (Ho,H1) be an interpolation couple. Then there ewists an or-
thonormal basis (goj);?‘;l of Ho and a sequence 0 < A\ < Ao < ... with the property A\j — oo
as j — oo such that

YoeHi: (p),v)1 = Ai(g),v)o.

Throughout what follows, let u; := (¢;,u)o denote the spectral components of u € Hy.
Then

[e.9]

0o 00
HUHO = ZU‘]SD‘]?Z,LLZSO’L ZZU]UZ S0]>sz ZUJQ (3.5)

j=11i=1
for any u € Hg. Similarly, if u € H1, there holds
o0 o0
”qu = ZUJSOJaZUl‘Pl Zzujul ©j,Pi)1 = Z)‘ ug‘ (3.6)
= 7j=11i=1 7=1
The following definition should now come as no surprise.

Definition 3.4. Let s € [0,1] and H = (Ho, H1) an interpolation couple. We define the
interpolation norm || - ||lz= of H by

[e.9]

HUH*S = ZA;S ?a Uj = (§0j7u>0-

7j=1
The interpolation space of H is defined by

[Ho, Hils := {u € Ho : |Jullz < oo}

For all s € [0,1] the norm || - ||z;s comes from an inner product. It reads
o0
(U, v)gp = Z Adujvj, (3.7)
j=1

which makes [Ho, H1]s a Hilbert space itself. For obvious reasons, we call (3.7) the inter-
polation scalar product on [Ho,Hi]s. By construction, the interpolation space is strictly
intermediate

=

H1 € [Ho, Hils € Ho

for all s € (0,1) and satisfies the interpolation condition [Ho, H1]o = Ho and [Ho, H1]1 = H1
with equality of the norms. Several other properties of [Ho,H1]s that match our under-
standing of interpolation are listed in the following lemma.

Lemma 3.5. Let 0 < s1 < s <1 and s € [0,1]. Then

1. ([Ho,Hals,, [Ho, H1ls,) is an interpolation couple,
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2. there holds the reiteration property
[[HOa Hl]sla [H07 Hl]sz]s - [H07 Hl](1—8)81+882
with equivalent norms,

3. there holds for all u € Hy

lullzge = el

Proof. See Proposition 6.1, Theorem 6.1, and Proposition 2.3 in [LLM72], respectively. [

In view of (3.2), it is a natural question to ask whether the pairing (H_1, Ho) is admissible
for space interpolation. We proceed in this direction with a positive result; cf. [Tar07,
Chapter 41].

Proposition 3.6. If H = (Ho,H1) is an interpolation couple, then H = (H-1,Ho) is an
interpolation couple as well.

Proposition 3.6 allows us to form the interpolation space of the dual pairing H =
(H-1,Ho), which raises the question how [H_1,Ho|s relates to the interpolation space of
the original interpolation couple H. To elaborate this in detail, let (@3);‘;1 C Ho denote

the system of H_j-orthonormal eigenfunctions with eigenvalues ()\;);’il associated to H in
the sense of Corollary 3.3, such that

Yo e Ho: (¢)v)0 = Ni(¢},v)-1.

Then the dual eigenpairs (cp},A;);?‘;l can be expressed in terms of the eigenpairs of the
original interpolation couple (goj,)\j);-";l in the following convenient manner; cf. [BP15,
DS21].

Theorem 3.7. For all j € N there holds
O =\ Ajgi, A=A

Proof. Following [BP 15, Proposition 4.1], we invoke (3.3), (3.4), and Corollary 3.3 to observe
for any v € Hyg

(@j,v)0 = (@j,v) = (25, Rv)1 = Xj(ps, Rv)o = Aj(pj,v) 1. (3.8)

Choosing v = ¢; for some i € N we find

(05, 1)0 = (VAi05, VA @i) -1,

which shows that (\/Ajp;)72; is a H_j-orthonormal system of eigenfunctions. Since

0=(pj,0)-1=A;"(gj,v)0, v EHo,

for all j € N implies that v = 0, it is also a basis and the proof is complete. O
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Theorem 3.7 is the key ingredient to show that the interpolation norm of the dual inter-
polation couple may be obtained from extrapolating the interpolation norm of the original
one. Here and throughout the remainder of this chapter, we write || - [|z7+ to denote the

interpolation norm of the dual interpolation couple H = (H-1,Ho).

Theorem 3.8. Let s € [0,1] and f € [H_1,Holi—s. Then there holds
£l = fo%- (3.9)

Proof. 1t follows from (3.8) combined with (3.3) that

Thanks to Theorem 3.7, we conclude

[e.9] o0

H%Wslewﬁl—sz%l—Z&w%. O

=1 j=1 j=1

One readily verifies that the right-hand side of (3.9) coincides with the interpolation norm
on [Ho, Hil,, so that the following result is valid; see [N 72, Theorem 6.2] and [C"WHNM15].

Corollary 3.9. For all s € [0,1] there holds
[Ho, Hally = [H—1,Ho|1—s
and their norms coincide.

The discussion above allows us to interpret [Hg, Hi]s and [H_1,Hols as one single scale
of interpolation spaces

Ho={f €H 1:> N{f, ;) <oo}
j=1
for all s € [—1,1]; cf. [BP15]. We therefore define
[Ho, H1]—s := [Ho, H1l = [H-1,H]1—s (3.11)
for all s € [0, 1].

Remark 3.10. As indicated at the beginning of this section, the requirements on the in-
terpolation couple might be essentially relazed. Many of the results presented above remain
valid if the embedding Hi1 C Ho is only continuous. The treatment of these scenarios re-
quires a generalized version of the spectral theorem in which case the spectrum of R is no
longer discrete; see e.g., [LM72] for this particular setting.
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l[urlo

l[uzllo

A llusllo

Figure 3.1: K-functional Ky(C,u;) of H = ((L*(Q), | - lr20)), (H§ (), IV - ll12q))) for
ui(x) = 1 (red), uz(x) = sin(mwz)sin(my) (blue), and us(x) = zy (green) with
x = (z,y) € Q= (0,1)%

3.1.2 The K-Method

A conceptually different but equivalent approach for defining [Ho, H1]s is obtained by the
K -method, also referred to as real method of interpolation or Peetre’s method [Pec63, BLT0,
Tri78, BS8R, Brad3, McL00, Tar07, Lun09, CWHMI5]. Unlike the spectral approach, the
K-method does not rely on spectral theory and also works if Hy and H; are only Banach
spaces. The following definition is at the heart of its exposition.

Definition 3.11. Let H = (Ho, H1) be an interpolation couple. We define the K-functional
of H by

Kz :RTxHo - R

() = Kg(Gu) = inf y/lju—vll3+ 2ol

As illustrated in Figure 3.1, K3 (-, u) is a nonnegative, nondecreasing, concave, and con-
tinuous function on R for each u € Hy [B3585]. Since H; is dense in Hg, we have

and there holds the estimate

K(C,u) < min]lulo, Cllull . (3.12)

Therefore,
i K(¢.) =l

The present form of the K-functional is less suited to directly access its value. A step
towards a more explicit representation requires the well-known existence and uniqueness
result by Lax-Milgram.
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Theorem 3.12 (Lax-Milgram). Let H be a Hilbert space, f € H', and a(-,-) : H X H a
bilinear form on H. Assume that there exists some constants c1,co € RY such that for all
u,v € H there holds

la(u, )| < cillullulloll, alu,u) > eallulF.
Then the problem: Find u € H such that
YVoeH: alu,v)= f(v)

has a unique solution uw € H and there holds the stability estimate

1
lullze < —1.fll3e-
2

Lax-Milgram’s theorem allows us to derive a representation of the minimizer of K7(¢,u)
in terms of the eigenpairs (¢;,A;)32, of H = (Ho, H1).

Lemma 3.13. For all( € R and u € Hq there exists a unique minimizer v.= v({,u) € H1
of the K-functional such that

Vi =vI3+ IV = inf il + ol
vEH1

Moreover, v is the unique solution of the variational problem: Find v € Hi such that

Yw e Hy: (v,w)o + C(v,w) = (u,w)o. (3.13)

It can be expressed in terms of the excitations uj = (¢j,u)o of u by

—Z Tr (3.14)

Proof. Standard tools from calculus of variation reveal that the K-functional possesses a
unique minimizer. To see that the latter satisfies (3.14), we proceed as in [Bra93, Theorem
B.2] and make the ansatz

o0
V=D Vi
j=1
with coefficients (v;)72; C R. Invoking (3.5) and (3.6), we observe

Ju—v[[§ + 3|v]}3 Z i — Vi) AV (3.15)

Noting that each summand on the right—hand side of (3.15) is nonnegative, it follows

oo
K2 (C,u) = Z vijré% ((uj — vi)* + Cav5) .
j=1
For all j € N, the infimum is attained by v; = u;/(1 + ¢(2);). We conclude that (3.14)
is valid. Plugging (3.14) into (3.13) with w = ¢; shows that v solves the variational
formulation (3.13), which, according to Theorem 3.12, has a unique solution. This completes
the proof. O
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The value of K7(¢,u) can now be written in the following compact form.

Corollary 3.14. Let ( € RT, u € Hy, and v the unique solution to (3.13). Then there
holds

00 2y 02
CEAjus
2 _ _ 2 : )
Kﬁ(C7 U) - (U -V, u)O - = 1+ C2A] :
Proof. This is a direct consequence of (3.14). O

The identity (3.14) shows that v = v({, ) is linear in u, that is,
v((,cu+ w) = cv(C,u) + v(¢, w)
for all ¢ € R and u,w € Hg. Therefore
K2 (¢, cu) = Jlew = v(C, cu) [§ + IS ca)l[i = lelllu —v(¢, w)l[§ + el [V (¢, w)[§ = [el KZ(C, ).
Direct computations reveal that also

holds. Since Kz(¢,u) = 0 for all ¢ € RT if and only if u = 0, we conclude that K(¢,) is
a norm on Hg. Thanks to (3.12) and the continuous embedding H; C Hp, we arrive at the
following result.

Proposition 3.15. For all { € RT fized, the functional K+ 7, ) € H{, is an equivalent
norm on Hoy.

Before we proceed with the main theorem of this section, we state a useful integral identity
that can be found in [BS&87, Chapter 10.4] and [Yos95, Chapter 9.11], see also [Bal60].

Lemma 3.16. For all s € (0,1) there holds
o C*S d B T

0 1+CC sin(ms)’

We are now in position to prove the following conjecture which is the driving motivation
of our interest in K-functionals (cf. [Bra93, Theorme B.2|).

Theorem 3.17. Let H = (Ho,H1) be an interpolation couple and s € (0,1). Then there
holds for all w € [Ho, H1ls

2, = 25m(Ts) /0 TR (G ) de. (3.16)

™

Proof. We apply Corollary 3.14 to see that

00 Cl 2s
/ ngS*lK%(C,U) dC :/0 Z)\ u?l +<2)\ dC

0
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Each summand is nonnegative whence we may interchange the series with the integral to
deduce

o > oo 41723
TR u)dC =) N </ T %)
/o " ; TI\o 1+
The transformation ¢ — ¢?)\; combined with Lemma 3.16 gives

o0 1—2s A8 [e%¢} —8 A8 T
L iran = 1= s
0o 1+ 2X Jo 1+4+¢ 2\ sin(ms)

Hence, we finally arrive at

™

> —28—1K27 — L S 2 = - 273'
/0 G 7 u) dC 2sin(ms) ; AjU 2sin(7s) Il -

The square root of the integral on the right-hand side of (3.16) is often referred to as
K-norm. We set

2si &
fulfs, = 22 [T et g e

s

Theorem 3.17 states that the interpolation norm and the K-norm coincide. A respective
integral representation for the interpolation scalar product (-, )7+ on [Ho, H1ls is now easily
derived.

Corollary 3.18. Let H = (Ho, H1) be an interpolation couple, s € (0,1), u € [Ho, Hils,
and v = v(C) the unique solution of (3.13). Then there holds for all w € Ho

(w20 [7 2ty v e,

Proof. Due to the first identity in Corollary 3.14 there holds

28'( ) OO,S, 25.( ) Oofsf
fulfe. = 20 [T et gy g = 22 [ et (e
which shows that
(s 0hcge = 22T (% 2oy (), wpo g @17

satisfies HUH%(? = (u, u) Ky, 1€, (3.17) induces the K-norm. On the other hand, it follows
from Theorem 3.17 that (u,u)zs = ||u||%s = ||u|]§{% = (u, u) K5 - The claim now holds due
to the polarization identity. O

We highlight one final property that links the K-functional of the dual interpolation
couple with the one of original pairing.

37



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 Abstract Interpolation Theory

Lemma 3.19. Let H = (Ho,H1) be an interpolation couple and H = (H_1,Ho). For each
CERT and f € H_1 let v/ denote the minimizer of Kﬁ/(g, f) in the sense of Lemma 5.13.
Then there holds

/ . <f’ QDJ>
In particular, v' coincides with the minimizer of K7(C, f) if f € Ho.

Proof. Denoting with (¢, i N ) 521 the eigenpairs of ' in the sense of Corollary 3.3, we apply
(3.14), Theorem 3.7, and (3 10) to deduce

(f, ¢)) (f, ) — (f:))

r_ j 1 Pj _ 1 Pj

v JZH@X Z J1+g2A Z1+¢2A2%’

which proves (3.18). Clearly, if f € Ho, then (f, ;) = (f, ;)0 and the remainder of the

proof follows from (3.14). O

Remark 3.20. Another characterization of the interpolation space that is closely related
to the K-method is the so-called J-method of interpolation [McL00, CWHMI15]. However,
since the latter leads to an integral representation of |lu|lgs that follows from (3.16) by a
simple substitution, we do not discuss this approach here.

3.1.3 The Trace Method

The K-method allows one to characterize the interpolation norm as improper integral over
the positive real line. The trace method, which is the main objective of this section, is
inherently different and relies on the following weighted Bochner-Sobolev spaces.

Definition 3.21. Let s € (0,1) and H be a Hilbert space. We define the space L2(RT;H)
of all Bochner-measurable functions v : RT™ — H such that

| e it ac < o
Further, we set
H} (R H) = {v e LI(RY;H) 10/ € L3(RT; H)},

where v = Ocv is the weak derivative of v in the sense of Definition 2.16. Provided an
interpolation couple H = (Ho, H1), we define the space

Vs(H) == Hsl(R+;7-[o) N LE(R+;H1)

and endow it with the norm

1918, gy 1= [ €172 (I(OIR + I(OI) 46

38



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 Abstract Interpolation Theory

In line with [LM72, BL76, Tri78, Tar07], the purpose of this section is to characterize
[Ho, H1]s as space of trace functions. This is done in several steps. Following [CDDS11,
Proposition 2.1], we first show that the trace operator

tro: Vo(H) —  [Ho, Hals,
v trgv = (0),

is continuous, i.e., we prove the existence of some constant C' € R™ such that

I trovllzzs < Cllolly, (3.19)

for all v € V4(H). To this end, we note that any v € V4(H) satisfies v(¢) € Ho for all
¢ € RT and thus admits a representation of the form

Q)= _vi(Qes Q) = (@5, 0(Oo.
j=1
Therefore, the norm on the right-hand side of (3.19) evaluates to

ol ) = /R ¢ (gl (O + 195(0)?) d¢
~ (3.20)
=3 [ O + OP) &

7j=1

where the integral and series can be interchanged since each summand is nonnegative. We
conclude that the spectral coefficients v;(¢) are contained in H!(RT) := H}(RT;R) for all
j € N. This space is amenable to trace evaluation, see e.g., [BM89], so that

2 2 . 1-2s 2 2
ol 2 SO e [ € OuOF + IO . 21
]:
¢;(0)=1

These computations show that a proof of (3.19) is closely related to the minimization
problem: Find ¢; € H!(R™) such that

$; = argmin / ¢ (GO +16OR) ., jeN.  (322)
¢j¢€v1(1’051)(§;r) R+

Standard tools from calculus of variation reveal that (3.22) has a unique minimizer that
satisfies the Euler-Lagrange equation

95 (C) — ! _428%(() —2j¢;(¢) =0, inRT, (3.23a)

$;(0) = 1. (3.23D)

39



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 Abstract Interpolation Theory

The ODE (3.23a) is a so-called Bessel differential equation. If s = %, two linear independent
solutions are given by e~ V¢ and eVMS, The integrability condition on ¢; € H HRT)
implies that ¢;(¢) = cje_\/)‘»jc, ¢; € R, is the solution we are looking for. If s # %, one has
to resort to so-called modified Bessel functions of first and second kind. They are defined
by

B o0 (2t ml4(¢) = Is(€)
Is(C) = Jgo j'F(] s+ 1)22j+8’ s(C) T §W

; LS (_171)7

respectively. The key features of these functions are collected in the following lemma and
can be found in [AS64, Section 9.6], see also [NOS15].

Lemma 3.22. Let s € (—1,1). Then there holds

1. (*Ks(y/ Q) and C°Is(\/AjC) are two linearly independent solutions of (3.23a),

2. K(Q) decreases exponentially as ¢ — oo,
3. I4(C) increases exponentially as ( — oo,
4. Ks(C) 1s real and positive on RT,
5. Ks(C) behaves like (% as ¢ — 0. More precisely, there holds
lim C*K(¢) = 2°71T(s), 3.24
Jim CRL(C) (5) (3.24)
6. Ks(¢) = K_s(Q),
7. and finally,
a S S
aic << KS(C)) =—C KI—S(C)' (3'25)

According to the first property in Lemma 3.22, the family of solutions to (3.23a) is given
by

$;(Q) = ¢;CK (VN + d;CL(V/A0),  ¢j,dj R

Since I increases exponentially and thus I, ¢ H!(RT), the only nontrivial contribution in
this linear combination comes from K, which is plotted in Figure 3.2. Hence, the solution
we are seeking for is of the form

$;(C) = ¢;C K (VA0). (3.26)

Thanks to (3.24), we can choose ¢; = 21_3)\]5 /T'(s) such that the initial condition ¢;(0) =0
is satisfied. For the later use, we collect these findings in the following proposition.
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10

Figure 3.2: Modified Bessel functions of second kind K(¢) on [0,1] for different orders
s €[0.1,0.9].

Proposition 3.23. Let s € (0,1) and j € N. Then the unique minimizer of (3.22) is given
by

1—s
6;(C) = %(@om(mo. (3.27)

The following technical lemma is instrumental for further discussions.

Lemma 3.24. Let s € (0,1) and j € N. Then there holds
o (1 =)
lim ¢'7% =—d\;,  dy=21T
Cg&C #5(C) 5 )
Proof. We apply (3.25) and the chain rule to observe

30) = 17 3¢ (VEOEVAG) = 15 VR VRO K (VAO):
Invoking (3.24) we obtain
91—
1-2s 1+s,1—s
Jm ¢72g() = — lim ()\/A TR (V)
— 2!~ S 1-s 12 (1 —5)
- - WA T (/A0 = -2 Sy

¢—>0+ F

and the proof is complete. O

In view of (3.21), we are interested in the value of the integral with respect to the
minimizer ¢;. This is the subject of the following lemma, see also [CDDSI1, BCAPS13,
NOS15].
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Lemma 3.25. Let s € (0,1), ds as in Lemma 5.24, j € N, and ¢; defined by (3.26). Then
there holds

/R B IO + 18O dC = duXs.

Proof. We multiply the Bessel ODE (3.23a) with ¢ 1_2s¢j and integrate over R to deduce

/ (O (Q) + (1= 25)C ¢35 () — ¢T3N (O d¢ = 0.

0

Integration by parts of the first integrand and rearrangement the terms reveals

|6 1P + Al (OP) d6 = ¢ 205016,

0

From the properties 2. and 7. in Lemma 3.22 we see that both ¢;({) and g[);(() decrease
exponentially as ( — oo. Therefore,

: 1—2s 4/ _
Jim €2 95(C)05(¢) = 0.
To compute the limit as ¢ — 0", we apply Lemma 3.24 and ¢;(0) =1 to see that

lim ¢'7%¢5(0)8;(C) = —dsXS.

¢—0t
Hence,
LSO OF + 16(OF) d = dux; 0
As a consequence of (3.21), Proposition 3.23, and Lemma 3.25, we deduce the continuity
of the trace operator.

Theorem 3.26. Let H = (Ho, H1) be an interpolation couple, s € (0,1), and ds defined as

in Lemma 3.24. Then there holds for all v € V4(H)

[ tro vl < Vdsllvlly, G-

As a by-product of the proof of Theorem 3.26, we obtain the following result, where we

define the s-minimal extension U € V4(H) of u € [Ho, Hils by
UEQ) =Y u6i(Q)es, (3.28)
j=1

with ¢; as in (3.27).

Corollary 3.27. Let H = (Ho,H1) be an interpolation couple, s € (0,1), and U the s-
minimal extension of u € [Ho, H1ls. Then there holds

U = = inf v T 3.29
ey = inE_ vl (3:29)

tro v=u
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Proof. Due to Proposition 3.23, (3.21) holds with equality if ¢/ is the s-minimal extension
of u. This immediately implies (3.29). O

The fact that troUd = u for any u € [Ho, H1]s shows that trg : Vo(H) — [Ho, H1ls is
surjective and thus

[Ho, Hils = tro(Vs(H))
for all s € (0,1). One readily verifies that

ullg.. == inf ||v o
fulleg. == _int loly.o
tro v=u
is a norm on [Ho, H1]s. Provided the right normalization constant, it coincides with the

interpolation norm on [Hg, 1], for all s € (0, 1).

Theorem 3.28. Let H = (Ho,H1) be an interpolation couple, s € (0,1), ds defined as in
Lemma 3.2/, and u € [Ho, H1|s. Then there holds

1
Ullzs = —||lu .- 3.30
[l \/@H [Fos (3.30)
Proof. According to Corollary 3.27, (3.30) is equivalent to
1
ullzs = \/7d>s||u”vs(ﬁ)’
where U is the s-minimal extension of u. Due to (3.20), the latter satisfies
o0
1B, gy = 3008 [ € (o O + 165(0)7) .
j=1
By Lemma 3.24 it follows that
oo
613,y = o D Ny =
j=1
and the proof is complete. O

3.2 Fractional Sobolev spaces

In this section, we apply the abstract interpolation theory presented above to the case
where Hg and H; are Sobolev spaces. The latter turn out to provide the right framework
to study fractional powers of differential operators and shall serve us as a starting point
for our further discussions in Chapter 4. We state some of their intriguing properties and
provide several equivalent characterizations which are frequently used in the literature.
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3.2.1 The Space H*(f2)

We start our discussion in the absence of boundary conditions on the bounded Lipschitz
domain Q@ € R? d € N. Due to the first property in Theorem 2.5, the space H'(Q) is
compactly embedded in L?(f2). Since C§°(Q) € H(Q) and C§°(€2) is dense in L?*(Q), we
conclude that H = (L%(2), H(€)) is an interpolation couple so that the following definition
is meaningful.

Definition 3.29. For all s € (0,1) we define fractional Sobolev spaces and norms of H =
(L*(Q), H'(Q)) by

H*(Q) = [L2(Q), H ()]s, Nullrso) = llullz-

Fractional Sobolev spaces satisfy several properties that are reminiscent of the respective
ones from classical Sobolev theory. The following lemma is a straightforward generalization
of the integer-order case and allows one to apply density arguments.

Lemma 3.30. For all s € (0,1) the space C*(Q2) is dense in H*(2).
Proof. See |[Mcl.0O, Theorem 3.25]. O]

Theorem 2.4 shows that Sobolev functions u € H¥(Q) are at least continuous if k > %.
A similar statement holds for H*(Q); see [NPV 12, Theorem 8.2].

Theorem 3.31. If s > 4, then the embedding H*(2) C C(Q) is continuous.

Finally, we state the following compactness result which constitutes the fractional coun-
terpart to the first claim in Theorem 2.5 and can be found in [McLOO].

Theorem 3.32. For all s € (0,1) the embedding H*(2) C L?(S2) is compact.

Section 3.1 shows that the interpolation space of an interpolation couple H = (Ho, H1) can
be characterized in a spectral fashion, via improper integrals, and as space of trace functions.
If Hy and H1 are Hilbert spaces of functions u :  — R, several other characterizations
exist that are frequently used in the literature [McL0O0O, NPV12, BRS16, DL21]. One rather
explicit way of defining H*(2) is due to the almost simultaneous contributions of Aronszajn
[Aro5D], Gagliardo [Gagh8], and Slobodeckij [S1058]. As shown in [LM72, AF03], the space
H*(Q) consists of all u € L?*(Q) such that

/ %) =)l e gy < oo, (3.31)
oo [lx -yl
where || - ||2 denotes the Euclidean norm. The square root of (3.31) is often referred to as

Slobodeckij seminorm and constitutes, after adding the term ||lu| 72(q), a norm on H*(f2)
that is equivalent to [|ul|gs(q).-

Under certain regularity assumptions on €2, which are in particular satisfied for bounded
Lipschitz domains, there holds the so-called extension property: For any s € (0,1) there
exists an extension operator E : H*(Q) — H*(R%) such that [NPV 12, Theorem 5.4]

Ewlo=u,  [[E(w)lgs®e) =2 lullzso), (3.32)
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where
H*(RY) = {u € L*(R?) : [|ull grs (ray < 00}

and

y)l
A / / dx dy.
Hs Rd L2 ]Rd Rd ”X y||d+2s

Note that the inequality in (3.32) reveals that

u+— inf Ul| s
T
Ulg=u

is an equivalent norm on H*(2). Hence, we obtain yet another characterization (c.f. [LM72]
Theorem 9.1 and 9.2) in the form of

H3(Q) = {Ul|q : U € H*(RY)}.

Remark 3.33. The space H*(R?) can be equivalently characterized by means of the Fourier
transformation or as interpolation space between L?(R?) and H'(RY). Unlike in the case of
bounded domains, however, the embedding H'(R%) C L?(R%) is continuous but not compact
(cf. Remark 3.10).

3.2.2 The Spaces H{(f2) and HO%O(Q)

We are interested in the inclusion of homogeneous Dirichlet boundary conditions in frac-
tional Sobolev spaces. This is a delicate task that can be done in several mathematically
distinct ways. For now, we proceed as before and define H(£2) as interpolation space of the
pairing 7 = ((L*(Q), ]| - lz2)), (Hg (), [V - [l 12(q2))), which, due to Theorem 2.5, indeed

is an interpolation couple.

Definition 3.34. For all s € (0,1) we define fractional Sobolev spaces and norms of H =
(L*(Q), Hy () by

H§(Q) = [L2(Q), Hy ()]s, ull gy = llullz-

Remark 3.35. Sometimes it is useful to define H5(Y) also for values of s > 1. A natu-
ral approach to do this is obtained by means of the orthonormal system of eigenfunctions

(p)721 C H}(Q) satisfying
(Vej, Vo) r2) = (@5, v)120), v € Hi(Q).

Recognizing that there is no reason to restrict s in Definition 3./ to [0, 1], we define for all
s>1

H§(Q) = {u € () : Jullmyey < oo}, [ullfy - ZAS -

The space (H*(Q), || - [|s(q)), 8 > 1, is understood accordingly.
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The following observation is a natural one and can be found in e.g., [McLOO|.
Proposition 3.36. For all s € (0,1) the embedding H§(Y) C H*(2) is continuous.

In view of (2.2), it is a natural question to ask whether H{(€2) coincides with the closure

of C§°(€2) with respect to the fractional Sobolev norm || - [|s(q). If s # %, this is indeed

the case [[LM 72, Theorem 11.6].

Theorem 3.37. Let s € (0,1) \ {3}. Then there holds
H(©) = G (@) .

If s = %, there holds the strict inclusion

1 |
HE(Q) C CR(Q) nP@),

1
which shows that H (€2) is a special case. The latter is called Lions-Magenes space and is
—Il

1 1
often written as H,(2). Its discrepancy to C3°(€2) #2(® can be made more explicit by
means of the identity [LM72, Theorem 11.7]

HE(Q) = {u € 3 (Q) :/Qcﬁs”;‘((jjgm(ix< oo}.

1
This shows 1 € C5°(Q) 72 @ but 1 ¢ Hi,(2). A characterization of H{(§2) which works
for all s € (0,1) is obtained by

HE(Q) = {u € H*(R?) : suppu C Q},

see [BSV15, Section 3.1.3| and references therein.

Ifs =1, [L3(Q), H(Q)]1 = H} () and there exists a well-defined trace operator according
to Theorem 2.2. On the other hand, [L*(Q), H}(2)]o = L?(Q2) in which case a reasonable
notion of traces does not exist. Only for s close to 1, one can thus hope for a meaningful
trace operator. The following theorem addresses this matter.

Theorem 3.38. For all s € (1, 1] there exists a linear operator tr : H*(Q) — L?*(02) with
the properties

Vu e H*(Q) : | trullr200) = ullms@), Vu e H(Q)NC(Q) : tru = ulsq.
Proof. See [LM72, Theorem 9.4] and [McLOO, Theorem 3.37 and 3.38|. O
Provided s > %, the space H{(€2) can be interpreted as kernel of the trace operator, i.e.,

Hi(Q) ={ue H*(Q) : tru = 0}, s € (3,1).

Except for the special case s = %, the interpolation space does not “see” the boundary
conditions prescribed by HE(€2) in the absence of a well-defined trace; see [[.\172, Theorem
11.1].
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3 Abstract Interpolation Theory

Theorem 3.39. The space C3°(R) is dense in H*(Q2) if and only if 0 < s < 3. In particular,

H§(Q) = H5(Q), 0<s<s3,
Hg (%) ;<s<l

N
3
E

Remark 3.40. In the special case s = %, there holds

1

1 1
HE(©) = HA(©) € CF@) #ho — 13 (@),

In accordance with the integer-order case, we conclude this section with the definition of
fractional Sobolev spaces of negative order.

Definition 3.41. For all s € (0,1) we define the negative fractional Sobolev space
H™*(Q) = (H3())',

whose norm we denote with || - || s (q)-
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In this chapter we introduce the fractional powers £°, s € (0, 1), of the diffusion operator

L:HNQ) - H Q)

. (4.1)
u— —div(AVu) + cu,
where
— A e Lo RI*9),
— 2 is symmetric,
A(x) = A(x)7, x € (),
— 2 is uniformly positive definite,
T 2 d
y AX)y = oplyla,  (xy) € QxRY (4.2)

for some ¢, € RT,
— and ¢ € L*™°(Q) with ¢(x) > 0 almost everywhere in €.

Our definition of £* relies on the theory of interpolation operators. Leveraging our knowl-
edge from Chapter 3, we present three equivalent characterizations of £° which allow us to
circumvent its nonlocal character at the cost of

1. an infinite family of local eigenvalue problems,
2. an improper integral over solutions to parametric reaction-diffusion problems,
3. a degenerate elliptic PDE in a d 4+ 1-dimensional domain.

We derive a weak formulation of the fractional diffusion problem: Find u : 2 — R such that

Lu=f, inQ,
/ (4.3)
uw=20, on 0.
As special case, we study solutions to (4.3) when £ = —A and investigate several of its

intriguing properties. In the final section of this chapter, we discuss two alternative defini-
tions of the fractional powers of the Laplacian and comment on similarities and differences
to the definition we pursue in this manuscript.
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4.1 Definition and Characterizations

The literature advocates a variety of mathematically distinct definitions to introduce frac-
tional powers of differential operators [DW 217, BBNS18, LPG120, DL21]. Only if Q = RY,
they are known to be equivalent [[Kwal7]. If © is bounded, there exist at least three
nonequivalent ways to incorporate boundary conditions in the definition of £°. A natural
one that shall serve us as the definition of the fractional diffusion operator is based on
interpolation theory. To make matters precise, let H = (Ho, H1) be an interpolation couple
and [Ho, H1]s its interpolation space. Recalling (3.11), we consider the problem: Given
u € [Ho, H1ls find f € [Ho, H1]—s such that

Vv € [Ho, Hils = (f,v) = (u, )3 (4.4)

Thanks to Riesz’s representation theorem, there exists a unique solution f € [Ho, H1]—s
that satisfies (4.4). Therefore, the following definition is well-defined.

Definition 4.1. Let H = (Ho, H1) be an interpolation couple and s € [0,1]. We define the
interpolation operator of H of order s by

L3 [Ho, Hals — [Ho, Hal—s
U — ﬁ%u = f,

where f is the unique solution to (4.4).

Along with a suitable choice of Hy and H;, our goal is to define the fractional powers of
(4.1) as operator of interpolation in the sense of Definition 4.1. To this end, we introduce
the bilinear from (-, -)H}:(Q) : HE(Q) x HY(Q) — R associated to £ by

(u,0) 1 () = AV, VU)r2(0) + (cu,v) r2(0)- (4.5)
The latter induces a norm on H{ () by
HUHH}:(Q) =4/ (u, U)H}:(Qy (4.6)
which makes (H&(Q), I| - ||H£(Q)> a Hilbert space. By construction, there holds

(£2.0) = (4,0)ry o (1.7)

for all v € H}(Q). It follows from (4.2), ¢ > 0 a.e. in 2, and the boundedness of 2 and ¢
that

el Vullpz) < llull i) < 12U e @praxay [VullL2i) + llell oo @ lull L2 ()
Thanks to the second claim in Theorem 2.5, we deduce
IVullrz) 2 llull o) = [Vullz o),

whence (4.6) is an equivalent norm on H} (). We conclude that the pairing H = ((L?(£2), ||-

22(0))5 (H(Q), ]| - HHE(Q))) is an interpolation couple, whose interpolation norm we denote
by || - | m3(0)- These considerations lead us to the central definition of this chapter.
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4 Fractional Diffusion Operators

Definition 4.2 (Fractional Diffusion Operator). Let L be defined by (4.1) and s € [0, 1].
We define the fractional power L° of L as interpolation operator of the interpolation couple

H= ((LQ(Q), |- 1lz2(0) (HE(Q), ]| - ||H}:(Q))) of order s. We call L° the fractional diffusion
operator.

Remark 4.3. Throughout this thesis, we restrict ourselves to homogeneous Dirichlet bound-
ary conditions. For the treatment of nonhomogeneous boundary conditions of Dirichlet and
Neumann type we refer to [APR17, HMP21, LPGT20].

By construction, the fractional diffusion operator £° satisfies
(LPu,v) = (U,U)HZ(Q)7 v e HHQ), (4.8)
where (-, -) H5.(Q) denotes the interpolation scalar product of 7. There holds
=1 rl=c.

Arguably the most prominent example of a fractional diffusion operator is the fractional
Laplacian (—A)*®, which is contained in Definition 4.2 as special case upon setting A(x) =
IcR™ and ¢=01in (4.1).

4.1.1 Spectral Representation

A more intuitive representation of fractional diffusion operators is obtained by spectral
expansion. In view of Corollary 3.3, the action of £° on u € H{() can be written by
means of the L2-orthonormal basis of eigenfunctions (p5)721 C H(9), satisfying

(05,1 = Nl V)2, v € Hy(Q). (4.9)
Since
fi= i/\ﬁujs% uj = (j,u)L2(0)
j=1
satisfies
(fiv) = i io: Aju;vi( s, i) = i i Ajuvi(@5, @i) L2(q) = i Ajujvj = (u, ) 1)
Jj=11i=1 7j=11i=1 7j=1

for all u,v € H&(Q), we arrive at the following spectral representation of the fractional
diffusion operator.

Theorem 4.4. For all s € [0,1] and v € H5(Q) there holds

Liu = Z Nujp;. (4.10)
j=1
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Example 4.5. We consider a one-dimensional example with L = —A in Q = (=L, L),
L > 0, in which case the normalized solutions to the eigenproblem (4.9) are given in closed
form. There holds

1 . (g7 §2m?
pj(x) = ﬁsm 7 ) Aj = 12
for all 7 € N such that

0,9 _oNS ; 1 | TL
“AVul(z) = ('Jﬂ-) ﬂsin (W> s Uj = —= (Sin I 7u> :
(—A)%u(z) Z 12 NG L T VL ( L ) La((~L,L))

j=1
Let now u(z) = sin(mx) and L = 1. Then u = @1 and (—A)*u evaluates to

(—A)*u(z) = Z(J'W)QS@%‘, <P1)L2((—1,1)) sin(jrz)
j=1

= 7723”801”%2((071)) sin(rx) = 72 sin(7z).

One of the characteristic properties of £* is its nonlocal nature. We say that an operator
£:H — H between two Hilbert spaces H and H of functions u : Q — R is local if for all
x €  and u € H the value (£u)(x) only depends on the values of u|p_(x) for all & > 0.
Operators of the form NV : H — H which do not satisfy this condition are said to be nonlocal.
While classical integer-order differential operators are local, £*, s € (0, 1), is a prototypical
example of a nonlocal operator. This has the intriguing consequence that a function wu
might be identically zero in some neighborhood of x €  whereas £%u(x) # 0. Moreover,
the eigenvalues of £® depend nonlinearly on the fractional exponent whence manipulations
of the domain 2 directly affect the value of L%u(x) for any x € . Although not explicitly
visible in its expression, the reader should be reminded that there is always a domain €2
intrinsically linked to the operator L£°.

Further properties of £* follow directly from its spectral representation (4.10) and, among
others, justify the abbreviation £7% := (£5)~".

Lemma 4.6.

1. Forall s € (0,1) and f € H*(2) there holds
o
LT = X5 f, 00005
j=1

2. For all =1 < s1 < s9 < 1 with s1 + s € (0,1) there holds

L5152 — S22 s — psitse
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4.1.2 Integral Formulas

The spectral representation formula (4.10) is convenient to gain insights in some elementary
properties of fractional diffusion operators. To design numerical approximations for these
objects, however, alternative characterizations are often useful. In this section we show
that £° allows the interpretation as improper integral over parameterized reaction-diffusion
problems. For this purpose, we state two important preliminary results. The first one can
be found in [Bal60, BS87, Yos95]. A complete proof is provided in Section 8.1.1.

Theorem 4.7. Let s € (0,1) and A € RT. Then there holds

s sin(ms) [ . A
x = 2 /0 S (4.11)

An intuitive approach for defining fractional differential operators is to formally replace
Ain (4.11) with £. Recalling Remark 3.35, the following theorem states that this approach
is indeed justified.

Proposition 4.8. Let s € (0,1), u € HZ(2), ¢ € RY, and V(¢) the unique solution of the
problem: Find V({) € HE(Q) such that

Vo e Hy(Q): (V(Q), )z + C(V(0), )12 () = (4,0) ga(a)-
Then there holds 1V (¢) € LY(R*; L2(Q)).

Proof. See [Bal60, BS87, Yos95] for a more general framework and the proof of [BP15,
Theorem 2.1| for this particular setting. O

For the sake of a more explicit notation, we write (£+¢I)™! Lu instead of V(¢) henceforth
and understand the respective differential operators in the weak sense. In this terminology,
Proposition 4.8 states that

sin(7s)

/oo TN L+ ¢ LudC (4.12)
0

s

exists as Bochner integral for any u € H3(Q). In light of (4.11), the following theorem
shows that (4.12) indeed coincides with our definition of £ if u € HZ(€).

Theorem 4.9. Let s € (0,1) and u € HZ(S). Then there holds

Lo = 2T / TN E () (413)

™ 0

in the sense of Bochner.
Proof. Recalling Proposition 4.8, we apply the transformation ¢ — ¢ =3 to deduce

sin(ms)

s

/ Y e L4 e Lude = 250 / T (L £ 1) Lud.
0 n 0
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Decomposing the integrand on the right-hand side in its spectral components, we find
2/ 42 1 — CQ/\ u] 2 1
L+ Lu= E g —(¢°L+1D)”

Therefore,

sin(ms)

o0 2 : o0
/ L+ () Lude — 2500 / 2 Ny — (L +T) ) dC.
™ 0 ™ 0

Denoting with g(¢) the integrand on the right-hand side and ¢s := 2sin(7s) /7, we apply the
third property in Lemma 2.12 combined with Corollary 3.18 to conclude for all v € Hj(Q)

(o [To@ac) = [TCE @D )
= (u,v) s () = (L7u,0)12(q)-

Hence

sin(r / CNL+CT)™ 1£udC_cs/Ooog(C)dC:£Su. O

Inspection of the proof above shows that the integral on the right-hand side of (4.13) can
be reformulated as

/ T e (L4 T M) de =
0

2sin(7s) 2sin(7s)

Lou = / - AL+ D) Lude,

T s 0

which is used in [DS19, DS21, DH21] and [BP15] as starting point to define the fractional
powers of L, respectively.

Note that integral formulas for £7° can be deduced from existing representations of L£*
using the second claim in Lemma 4.6. Invoking Theorem 4.9, we find

1—-s Sin(ﬂ-(l_s)) > —s —1
proe = =) /0 CS(L+ D)L,

Applying £-! on both sides combined with sin(7(1—s)) = sin(7s), we arrive at the following
theorem; cf. [BP15, Theorem 2.1].

Theorem 4.10. Let s € (0,1) and f € L*(Q). Then there holds

sin(ms)

L75f = /OO L+ D)7 dC. (4.14)
0 0

The identity (4.14) is known as Balakrishnan’s formula [Bal60], Dunford-Taylor represen-
tation [Yagl0, Section 2.7 (p. 92)|, or Kato’s formula |[<at60, Theorem 2 with simplification
A=0]. Itis arguably among the most prominent representations of inverse fractional dif-
fusion operators and has been applied in e.g., [BP16, BGZ20, DACT 21, DH21, DHS21].

Needless to say, the presented collection of representation formulas for £° is far from
complete. One final identity we want to mention is based on the so-called heat semigroup
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[AF03, Section 7] and relies on the Gamma function I" and its properties. We apply I'(1 —
s) = —sI'(—s) (cf. Section 2.3.2), integration by parts, and the substitution ¢ = A, A € R,
to deduce for all s € (0,1)

_sT(—s) = T(1 —s) = /0 T e ac

_ /Ooog—sddc (¢ -1)ac
:.ﬂi/mgs1@:<-¢)d<:-ﬁai/“}s1@”-ndt
0 0

Rearrangement of the terms yields
1
I'(=s)
Purely formally for now, we replace A\ with £ to obtain a possible definition of £* in terms
of the Bochner integral

A= / e M 1) d, A e RY. (4.15)
0

1
I'(=s)

where U(x,t) := e **u(x) is the heat-semigroup, that is, the unique solution of the heat
equation

/oo t=5 e Eu(x, t) — u(x, t)) dt, (4.16)
0

U+ LU =0, inQxRY (4.17a)
U=0, ondQxRT (4.17b)
U=u, on®Qx{0}. (4.17¢c)

The formula (4.16) has been applied in [CdTGG20] to introduce fractional powers of the
Laplacian. After spectral decomposition, the identity (4.15) can be applied to (4.16) to
show that the operator so obtained matches our understanding of L£*.

Theorem 4.11. Let s € (0,1) and u € H§(Q2). Then there holds

1 o0
Cou(x) = —— / LU (x, 1) — u(x, 1) dt,
I'(=s) Jo
where U is the solution to (4.17).
Proof. See [ST'10, Stil0] for a detailed proof. O

The counterpart to (4.15) for negative exponents reads
1 o0
A7 = / 5 Let dt
0

and gives rise to the heat-semigroup representation for the inverse fractional diffusion op-
erator

1 oo
ﬁisf - / tlfseftﬁf dt,
I'(s) Jo

where e~ f(x) satisfies (4.17) with f in place of u. This once more shows that the nonlo-
cality of £® can be compensated by means of an improper integral over local problems.
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4.1.3 Harmonic Extension

The previous two sections show that £° can be expressed as infinite series over the family of
eigenpairs in (4.9) or as weighted integral over solutions to standard PDEs. An inherently
different point of view is gained by means of the trace method. Initiated by the work of
Caffarelli and Silvestre [C'S07] and contributors [ST10, C'T'10, CDDS11, BCAPS13], it has
been a driving force in the study of fractional diffusion problems [NOS15, BMNT18 AGIE,

ACNI19, MR20b, BMS20]. We recall the definition of the extension space V(#H) of the
couple H = ((L*(), || - [lz2(0), (Ho (), [| - [ 1)) as

Vi(H) = Hy(RT; L*(Q)) N LI(R™; Hy ()

If we consider the elements of V4(#) as functions in the extended variable (x,¢) € Q x RT
with values in R rather than as a function in ¢ € RT with Hilbert-valued range, we can
write its norm as

oIy, ) = /0 ¢ (||’U(X7 Ol ) + [19cu(x, C)HL%Q)) dg
:/0 Cl_zs/QHva(X,C)\@(x)+C(X)!U(X74)\2+\3<U(X,C)!2d><d§
= /C C1_28 (C(X)|U(X, <)|2 + ||VXU(X7 C)Hg{(x) + |aCU(Xa C)’2) d(X7C)7

where ||y||%[(x) ;= yT(x)y, Vx denotes the gradient with respect to the x-variable, and
Ca := Q x RT a semi-infinite cylinder. Introducing the quantities

(x,0) = c(x),  G(x,0) = (Q‘g‘) 2) € R+ x(d+1) (4.18)

we see that H’UH% () Can be written in more succinct form
S

H)
Vol oy = [ ¢ (&lvl3 + V013 ) dx, Q) = [0l -
Ve e, ’ a) T HEs (Ca)

To emphasize this changed point of view, we write H!(Cq) instead of V(H) henceforth.
With this in mind, we recall that the s-minimal extension i € H!(Cq) of u € H(Q) satisfies

U|| g1 = inf V|| g1 ,
Wl icor = _inf ol o
tro v=u
where trov(x, () = v(x,0) is the trace operator evaluating v at the bottom of the cylinder
Cq. Standard tools from calculus of variation reveal that U is a solution to the PDE: Find

U € HY(Cq) such that
1-—2s

—LU + : OU + U =0, inCq, (4.19a)
U=0, ondQdxRT, (4.19Db)
U=u, onQx{0}, (4.19¢)
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4 Fractional Diffusion Operators

where the derivatives are understood in the weak sense. Note that the PDE (4.19a) can be
written in compact form

div(¢CI2AVU) + 25U = 0, (4.20)

which is a standard elliptic PDE and thus uniquely solvable. Recognizing this fact, we
introduce the conormal derivative of U as

ou 1-2

— = — i SocU 4.21

ong (X7 C) Ci}I(I)lJr ¢ ¢ (X7 C)v ( )
where n denotes the unit outer normal to Cq at Q x {0}. The quantity (4.21) can be seen
as weighted normal derivative of ¢ and allows us to write the fractional Laplacian in the

following convenient manner; cf. [CS07, CDDS11].

Theorem 4.12. Let s € (0,1), ds defined as in Lemma 3.2/, v € H§(SY), and U the unique

solution to (4.19). Then there holds
1 ou
fu=—— . 4.22
Lru ds Ong ( )

Proof. By definition of the s-minimal extension of u there holds

oo
UQ) = _ui0i(Q¢s,
j=1
where ¢; is as in (3.27). Thanks to Lemma 3.24 we find

1 . 1—2s . __\S
_disgli%ic aC¢](C) —)\j,

so that (4.22) follows by superposition. O]

The harmonic extension problem (4.19) is illustrated in Figure 4.1. It provides a powerful
tool to localize L%u, so that the value of £L%u(x) only depends on the behaviour of U (x, ¢) in
an arbitrary small neighborhood of (x, 0). Note that for s = 1 the PDE (4.19) is a standard
elliptic problem (with weight equal to one) on the semi-infinite cylinder Cq. According to
Theorem 4.12, the operator L3 maps the Dirichlet data u to the normal derivative of the
solution U at the bottom of Cq. The same holds true if s # % in consideration of the weight
function (12, whence £* can be seen as a Dirichlet-to-Neumann operator.

Under suitable manipulations of the boundary condition (4.19¢), the action of the inverse
fractional operator is obtained in a similar fashion. Consider the mixed boundary value
problem: Find U € H!(Cq) such that

div(¢C'2AVU) + (e =0, in Cq, (4.23a)
U=0, on 00 x RT, (4.23b)

ou
ains = dsf, on ) x {0}, (423C)

for some f € H™%(2), where ds is the normalization from Lemma 3.24. Then v = L7°f is
recovered from (4.23) via trace evaluation [CDDS11, Lemma 2.2].
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4 Fractional Diffusion Operators

Ca

S =]

I 1—2s 0y 1-2s27/ _ |
< div(¢'=VAU) + e =0 <

Q b'¢
Figure 4.1: Harmonic extension problem in the semi-infinite cylinder Co = Q x R*.
Theorem 4.13. Let s € (0,1), f € H *(Q), and U the unique solution to (4.23). Then
there holds

L78f(x) = (troU)(x) = U(x,0).

4.2 The Fractional Diffusion Problem
We are interested in solutions to nonlocal PDEs of the form: Find u € H(€2) such that
Lou=f, (4.24)

where s € (0,1) and f € H™%(Q). To derive a variational formulation for this problem,
we apply both sides of (4.24) to an arbitrary test function v € H{(Q2) and invoke (4.8) to
deduce

Yo e Hy(Q): (u,0)mz(o) = (f,0). (4.25)

Existence and uniqueness of solutions to this problem are the subject of the following
theorem.

Theorem 4.14. Let s € (0,1) and f € H*(Q). Then there exists a unique solution
u € H§(Q) to (4.25) which is given by

u= A(f.ei)es (4.26)

o
=1

and there holds the stability estimate

lullzg ) = 1= @)

o7
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4 Fractional Diffusion Operators

Proof. We plug (4.26) into (4.25), choose v = ¢; for some i € N, and consult (4.9) to
confirm that

[oe) [oe)
( 902 H( Z)\jsfa‘Pj @Ja@z HL(Q Zfa%pj SojaSOz L2(Q <f>$02>
7j=1 7j=1

Since ()32, is a basis of H{(€2), it follows that u indeed solves (4.25). Its uniqueness and
the stability estimate are a direct consequence of the Lax-Milgram theorem. O

The previous theorem shows that the inverse fractional diffusion operator L7 : H=*(Q2) —
H§(92) is an operator of order 2s. This “shift property”, however, holds only in a limited
range. As shown in [Grul6] for the fractional Laplacian, see also [[LI’G 20|, the expected
shift is essentially valid until the regularity H s+3 () is reached. Here, we again make use of
the extended definition of fractional Sobolev spaces for s > 1 in the sense of Remark 3.35.

Theorem 4.15. Let Q C R? be a C®-domain, s € (0,1), p € (%,2 + %), f e HPQ), and
u the unique solution to (4.25) with L = —A. Then there holds for all e > 0

HEY2(Q),  ifp<i
u € 1_

H; ), ifpe 3,2+ D).
Moreover, p € (3,2 + 3) implies u € Hg+2S(Q) if and only if f = 0.

The statement of Theorem 4.15 stands in strong contrast to the classical shift theorem
known from the integer-order case. The latter states that the smoothness of the domain
and the data implies the smoothness of the solution itself. However, even if Q = B;(0) is
the unit ball and f € C*°(Q), the solution to (4.24) is not expected to be more regular than

H; Al S(Q) To see that this “s-gain” is indeed sharp, we consider the fractional Laplacian

on 2 = (0, 27) in which case the eigenfunctions and eigenvalues with homogeneous Dirichlet

boundary conditions are given by ¢;(z) = sin(rz) and A; = j2. Following [LPG " 20], we

define
Z“’ 1 o
.Tf) = P m Sln(]l’). (427)

By means of the substitution y = In(z + 1) it follows f € L?(2) since

12 0 JZ: (G +1) ~ /1 zln’(z+1) /1n(2) (e — 1)y?

1

But f & HE() for any p € RT since

o0 '2/) o0 1
2 J
e =2 S 2 27 =
Jj= Jj=
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4 Fractional Diffusion Operators

The solution to (4.24) with f as in (4.27) is given by

c—2s

= 3 _J in(jx
o) = 3. gy )

and ||u||H§s+p(Q) = “f”Hg(Q) for any p € RT. The latter implies that u € H2*(Q) and

u & H35+E (Q) for any £ > 0, that is, the regularity estimate stated above cannot be
improved.

The lack of regularity is essentially due to the behaviour of u close to the boundary of €.
In the interior of €, it is known that the smoothness of the data implies smoothness of the
solution. For x close to 02, however, there holds

dist(x, 92)% + v(x), if s € (0, 3),
u(x) ~ 9 dist(x, 0Q)| In(dist(x, 0Q))| + v(x), if s = 3, (4.28)
dist(x, 0Q) + v(x), if s € (3,1),

for some smooth function v defined on €; see [Grul6] for the case where € is a C*°-domain
and [CS16] when only limited regularity is available. The singular behaviour of u should
be taken into account in the design of numerical schemes, e.g., in terms of a refined mesh
towards the boundary of €.

We conclude this section with a comparison of solutions to (4.25) for different values of the
fractional parameter on the L-shape domain 2 = (0,1)2\ ([0.5, 1] x [0,0.5]) with f = 1. The
singular behaviour of u predicted by (4.28) is mirrored in Figure 4.2. While u is essentially
smooth in the interior of €2, its limited regularity becomes visible in a neighborhood of 0.
For s close to zero, the fractional Laplacian (—A)® is close to the identity operator, whence
the solution is nearly constant in the interior. Towards the boundary, the zero trace is
imposed which forces (—A)%u(x) to decrease rapidly as x approaches 0.

Figure 4.2: Solution u to (4.25) for £ = —A and s = 0.2 (left), s = 0.5 (middle), and
s = 0.8 (right) on the L-shape domain.

4.3 Non-Equivalent Definitions of the Fractional Laplacian

The definition of £* as interpolation operator is a natural one. There exist, however, several
reasonable ways to give meaning to the fractional powers of differential operators that are
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4 Fractional Diffusion Operators

mathematically distinct from the one obtained by Definition 4.2. We mention here only two
that frequently appear in the literature and restrict ourselves to £L = —A. As preparation,
we provide the following definition.

Definition 4.16. Let x € R? and u a function defined on R%\ {x} such that u € Li(R?\
B.(x)) for all e > 0. We define the Cauchy principal value of u by

P.V. u(y) dy = lim u(y)dy.
R €0 Jrd\ B, (x)

The Cauchy principal value allows one to assign values to certain integrals which do not
exist in the classical sense of Lebesgue. Consider e.g., the scalar function u(z) = x~2, which
is not integrable on R, i.e., the limits

€ 1 o0
lim — dz, lim — du,
e=0" J_0o T e=0t Je T
and therefore
1 €1 * 1
/Zda:: lim —zdaz+ lim —Zda:
R e—=0" J_ T e—=0t Jo T

do not exist. Due to symmetry, however, the singularity averages out when the Cauchy
principle value is employed

1 ) -1 >~ 1
R e—0 o T e X

Clearly, if an integral exists in the classical sense, it coincides with its principal value.

4.3.1 The Integral Fractional Laplace

We introduce the so-called integral fractional Laplacian as singular integral operator on 2
[NPV12, LPGT20], where the zero extension @ of u is defined by

o Ju(x), xeQ,
i) = {o, x € R4\ Q.

Definition 4.17. For all s € (0,1) we define the integral fractional Laplacian by

W) iy) o g Tt

(—A)7u(x) :=Cy s P.V. < dy, i,
R [x —ylg+? TIT(1 — s)

. (4.29)
The integral fractional Laplacian is well-defined for all u € C§°(€2) and extends to H{(2)
by density. If s € [4,1), the integrand in (4.29) is not contained in L'(RY) due to the
singularity at y = x. Thanks to the symmetrical structure of the integral, however, the
singularity averages out, causing the limit in (4.29) to be finite. If s € (0, %), the integral

a(x) — u(y)
a3, AY
/Rd Ix — y|4+2

60



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

4 Fractional Diffusion Operators

exists as improper integral and the Cauchy principal value can be omitted. An equivalent
representation of (—A)j that works for all s € (0, 1) without Cauchy’s principal value reads

Ci,s / a(x+y)—2u(x) + u(x —y) p
J— y.
Rd

(=A)ju(x) = ;
2 Iy 15+

(4.30)

The interested reader is directed to |[NPV 12| for further details. Just like for (—A)®, the
value of (—A)ju(x) depends not only on the behaviour of w near x but on the values of
u in the entire domain, rendering the operator to be nonlocal. In particular, the function
uw might be identically zero in a neighborhood of x but (—A)%u(x) # 0. Consider e.g., a
nonnegative function u € C§°(Q2) and x € R?\ suppu. Then

u(x) — u(y)
(—A)*u(x) = Cys P.V. 2R Y dy
suppu [|X — Y||§l+2
— Cy4.P.V. ) 4,

suppu [|X — yH§+25

While obvious for (—A)?, it is not clear at first sight why (4.29) should yield a reasonable
generalization of the classical Laplacian. One prominent approach to motivate (4.29) as
variant of the fractional Laplacian is based on a probabilistic model [Val09, BV 16| which
describes the random walk of a particle with jumps of arbitrary step size. To see this, let
us start with the integer case s = 1, = R, a prescribed time step 7 € R", and a step size
h € R*. Let u(z,t) denote the probability of a particle being at point z at time ¢. If we
assume that the particle jumps with probability % either to its left or its right, we have

1 1
u(z,t+171) = §u(w + h,t) — §u(a: — h,t).

Assuming the relation 27 = h?, we obtain

u(z,t +71) —u(z,t)  u(x+ht)—2(u,z,t)+ulx — h,t)

T h?

Letting 7 and h approach zero, we arrive at the well-known heat equation
ou = Au.
The integral fractional Laplacian allows jumps of arbitrary step size to enter the model.
For this purpose, let s € (0,1) and denote with P a probability measure on N defined by

-1
[e'S)

1 1
P(N)ZZCsva Cs = Zjlﬁ :

JEN j=1

for any N C N. As illustrated in Figure 4.3, the motion of the particle in R% at each time
step 7 is then defined by jhn, where n € 9B1(0) is a random direction chosen according
to a uniform distribution, j € N a random parameter chosen according to the probability
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(x + jhn,t + 1)

Figure 4.3: Random walk of a particle at time ¢ and ¢ 4 7.

distribution P, and h € R the minimal step size. The probability of the particle being at
point x at time ¢ + 7 now reads
u(x + jhn,t)

————do, (4.31)
!331 /831(0) P A

u(x,t+7)
where |, 9B1(0) -do denotes the surface integral over the unit sphere. The right-hand side of
(4.31) can be seen as the sum over all probabilities of the particle being at time ¢ at any
other location x + jhn, for some direction n € B;(0) and j € N, times the probability of
jumping from there to x. The change of variable n — —n gives
— jhn,t)

————“do,
|8B1 /8B1 ) = 1+2s

u(x,t+7)

so that

do.

Z u(x + jhn,t) + u(x — jhn,t)

Cs
t _— -
U(X7 + 7-) 2’031(0” \/8B1( 1+28

Since ¢5/(2|0B1(0)]) normalizes the above integral, we derive
Cs u(x + jhn,t) + u(x — jhn,t) — 2u(x)
210B1(0)] Jop, 0) gt

JEN

u(x,t+71) —u(x,t) = do.
jeN
Setting 7 = h?*, we obtain
_ . —2
u(x,t+ 1) — u(x,t) _ c / Z B u(x + jhn,t) + u(x1 2jhn) t) — 2u(x) do.
T 210B1(0)[ Jo, (0 (gh)t+2e

]EN

For fixed n, we recognize the sum as Riemann sum for an integral. Under the given as-
sumptions on 7 and h, we take the limit A — 0 and use polar coordinates to finally arrive

at
u(x +rn,t) + u(x —rn,t) — 2u(x,t)
Oru(x,t / / dr dn
bl 1) = 2\831 0 oso R

X+Y7 )—2u(x,t) +U(X_Y7t)
2\3Bl< ) lyll5 >

dy.
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4 Fractional Diffusion Operators

The constant in front of the integral evaluates to ¢;/(20B1(0)) = Cqg . In view of (4.30),
the expression above is precisely what is defined in (4.29) and therefore provides a reasonable
definition of the fractional Laplacian on Q = R?. If Q C R? is a bounded subset of R?,
then the definition of (—A)f is still coherent with this probabilistic interpretation with the
modification that particles hitting the boundary of €2 are destroyed. The particular choice
of the normalization in (4.29) ensures that, under reasonable assumptions on wu, one has
[DL21]

lim (—A)ju(x) = u(x), lim (—A)ju(x) = —Au(x).
s—07t s—1—
Throughout the last two decades, the integral fractional Laplacian has evoked a significant
amount of research activity [WGP 17, BLP19a, FICM20, ADS21, FMP21] and appears to
be, together with our definition of (—A)?®, the most popular choice to define the fractional

powers of the Laplacian. Worth mentioning, however, the operators (—A)® and (—A)7

are indeed inherently different. As shown in [SEV 14|, the smallest eigenvalue of (—A)f
is known to be strictly smaller than the one of (—A)®. Furthermore, the eigenfunctions
of the integral fractional Laplace are only Holder continuous while the eigenfunctions of
(=A)? coincide with those of —A and thus are smooth if  is smooth. Finally, we refer to
[CS16, Grul6] to see that solutions to the fractional Poisson problem involving the integral

fractional Laplacian behave like
u(x) ~ dist(x, 092)° + v(x)

for x close to d€), where v is a smooth function defined on €.

4.3.2 The Regional Fractional Laplace

Somewhat unnatural, the integral fractional Laplacian accesses values of u outside its orig-
inal domain of definition €2. One possibility to overcome this inconvenience is provided
by the regional fractional Laplacian (sometimes also called restricted fractional Laplacian),
which restricts the integration domain in (4.29) to Q [GMO5, GMOG, Gual6].

Definition 4.18. For all s € (0,1) we define the regional fractional Laplacian by

(—A)%u(x) == Cy4P.V. ulx) — uly) dy

Q|jx - yllgt*

Both (—A)7 and (—A)% are distinct mathematical objects since

a(x) — u(y)
“AYu(x) = Cy PV, [ WUy
( )I ( ) » Rl HX_yHg—I—Qs
u(x) + uly) u(x)
=y PV, [ BETUY) gy 4y, ~dy
Q[lx — y[4t+ ri\Q [|x — y|[3
u(x)
= —A)S u(x) ""_Cd,s/ ———5- ady.
o e - yIE™
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4 Fractional Diffusion Operators

Unlike the integral fractional Laplacian, the random motion of particles modeled by (—A)%

allows for jumps from the exterior into the domain €2, but are either reflected in € or
killed when reaching the boundary 052, see for instance [BBCO03, CKS10, GMO5]. For
further details and nice surveys on differences and similarities between various versions of
the fractional Laplacian we refer to the expositions |[DWZ17, LPG 720, DL21].
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5 Fractional Evolution Equations

The previous chapter deals with the fractional powers of the spatial differential operator
L. The purpose of this chapter is to give a brief survey over the field of fractional calculus
in order to introduce the time-fractional derivative 95 of order a € (0, 1] in the sense of
Caputo. Provided the terminology, we investigate fractional evolution equations of the form

ofu+ L= f, inQx(0,T), (5.1a)
u=0, ondQx(0,T), (5.1b)
u=up, on Q x {0}, (5.1c)

where T € RT, s € [0,1], f € L>(0,T; L*(Q)), and ug € L*(Q). We derive a variational
formulation for this problem, prove its unique solvability, and provide an explicit represen-
tation of the solution in terms of the eigenfunctions of L.

5.1 Fractional Calculus

Provided a smooth function u and some end time 7' € Rt U {co}, which we assume to be
fixed throughout this section, the subject of interest in fractional calculus is to interpolate
the sequence of differentials and integrals

5 t t T1
L OPult), duult), u(t),/ou(T)dT,/a/a w(rydrdr,..., te(0,7T),

where w : (0,7) — H is a function with values in a Hilbert space 7. The interest in
these problems has deepened throughout the last decades; see [Baz01, Analg8, L.P12] for the
abstract Bochner framework and [Diel0, Pod99, MR93, OS74, SKM93, Mail0, BDST12,
['521] for H = R. Our main focus lies in the definition of fractional time-derivatives 0f.
One possible way of doing this, which is also the one we pursue in this thesis, comes in two
stages. First, one introduces the fractional integral J% of order «, to define, in the second
stage, 07" as “inverse” of J<.

5.1.1 Fractional Integrals

The driving force in the development of fractional integrals is the so-called Cauchy formula
for repeated integration

Jru(t) = /O t /0 /0 " ) drdrdry = (n—ll)' /0 -y dr, (5.2)
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see [SKMO3, eq. (2.16)] for the scalar case and [Mail0, eq. (1.1)] for the Bochner framework.
The formula holds for all n € N, u € C([0,T]; H), and follows from a standard induction
argument. Due to Theorem 2.22 (5.2) can be written in terms of the Gamma function

Ju(t) = 1) /0 (t— )" tu(r) dr. (5.3)

()

Observing that there is no reason to restrict (5.3) to integer values of n only, we arrive at
the following classical definition.

Definition 5.1. Let o € RT and v € LY(0,T;H). We define the Riemann-Liouville frac-
tional integral by

1

Tult) = s /O (t— ) tu(r)dr,  te(0,T). (5.4)

By convention, we set JOu(t) := u(t).

More succinctly, the Riemann-Liouville fractional integral can be written as convolution
operator

a—1
Toult) = (us Ka)(t),  Kalt) = ; !

(5.5)

Both u and K, are contained in L'(0,7;H). Hence, according to the fourth property in
Lemma 2.12, J¢ is well-defined and J%u € L'(0,T;H). Due to (5.3), J coincides with the
classical repeated integral whenever o € N. Several well-known properties from standard
integration theory are preserved by our generalization.

Lemma 5.2. Let o € Ry and u € LY (0, T;H). Then there holds
1. J% is a linear operator,
2. JoJBu(t) = JPJ%u(t) = JoTPu(t) for B € R* and almost all t € (0,T),
3. for allm € Ny with n < a and almost all t € (0,T)
o JJ = J* "u. (5.6)
Proof. The first property is clear. The second is a direct consequence of (5.5) and the fact

that the convolution is commutative, associative, and Ko *Kg = Kq45. The third one holds
since, by the second property,

P I = QI I = J 0

We mention that even for smooth functions, the order of differentiation and integration in
(5.6) cannot be interchanged without further ado. To provide a more intuitive understanding
of fractional integrals, we consider the following example, where we set H = R.
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Figure 5.1: Riemann-Liouville fractional integral J%u(t) for u(t) = 1 (left) and u(t) = e
(right) and different orders « € [0, 2].

Example 5.3. Let s > —1 and u(t) = t°. Since u € L*(0,T) := L*(0,T;R), its Riemann-
Liouwille fractional integral J%u is well-defined for all o € Rar and can be computed explicitly.

After the substitution ¢ = 3, we apply Lemma 2.24 to infer

Ju(t) = P(la) /0 (t— 1) Irdr

1 F(S + 1) ts+a

o [ -1
T /0(1_0 = Forat D)

)

which can be seen as a straightforward generalization of the integer-order case. We illustrate
the fractional integrals of u for s = 0 and different orders o in Figure 5.1. In accordance
with Definition 5.1, we observe that for all positive values of o the fractional integral is zero
int=0. For small values, the function J%u(t) exhibits an algebraic singularity in t = 0.
Increasing values of the exponent, however, improve its reqularity close to the origin.

Remark 5.4. It can be shown that J indeed improves the smoothness properties of its
arguments. Roughly spoken, J*u(t) can be written as sum of two expressions one of which
1s better behaved than u, while the other one might be nonsmooth in O but infinitely differ-
entiable elsewhere [Dic10, Theorem 2.5].

The Riemann-Liouville integral satisfies continuity properties with respect to both the
fractional exponent and the input function u. Exemplarily, we give the following statement.

Proposition 5.5. Let o € R} and (up)nen C C([0,T);H) a sequence of functions that
converges uniformly to some v € C([0,T];H). Then there holds for almost all t € (0,T)

lim J%y,(t) = J%(t) in H.

n—oo
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5 Fractional Evolution Equations

Proof. Following [Diel0, Theorem 2.7|, we apply the first point in Lemma 2.12 to observe

@ b t — ) Y, (1) — u(r T
1T (t) = Tu(t) | < ()/0“ o (7) — ()l d

t
< —— sup ||un(7) —u(r / t—7)"tdr
), [[un (7) = u(7) |2 0( )

< sup ||un(7) — u(7)||H,
Ty, 20, () = ()l

which converges to zero as n — oo. O

This result allow us to look at another instructive example that shall be instrumental for
further discussions.

Example 5.6. Consider the exponential function u(t) = e for some X\ > 0. Thanks to
Proposition 5.5 and Example 5.3 we have

00 i oo 0o

I\ N N tite
J%u(t) = J — | = Jatj =t"FE tA
U() ]ZO ]' = 0]' JZF]+04+1 1,a+1( )

for all o € ]Rar. These fractional integrals of w are illustrated in Figure 5.1 for a € [0,2]
and A\ = 1. The example shows that fractional integrals do not reproduce the exponential
function in the same manner as the integer ones do.

5.1.2 Fractional Differentiation

The definition of the fractional integral is straightforward. More delicate is the situation
for fractional derivatives. One cannot simply allow for negative values of « in (5.4) without
suffering from substantial regularity limitations on u. To overcome this difficulty, several
mathematically distinct definitions of time-fractional differential operators have been pro-
posed. We refer to the monographs [SKM93, Pod99, Diel()] for detailed expositions. Among
the most prominent ones, there are Riemann-Liouville and Caputo fractional derivatives,
which are defined as the left- and the right inverse of the fractional integral, respectively. On
its natural domain of definition, the latter is not invertible which is why these two notions
of fractional differentiation do not coincide in general. The Caputo fractional derivative,
however, turns out to be the more natural choice when it comes to actual applications. We
therefore introduce it as the fractional derivative in the following definition [Cap67, Cap69].
Here and throughout, we write [-]| to denote the ceiling function.

Definition 5.7. Let u : (0,T) — H, a € RS, and n = [a]. The fractional derivative of
order a is defined by

Ot u(t) == J" Y00 u(t), te(0,7),

whenever Ofu € L1 (0,T;H).
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5 Fractional Evolution Equations

The expression dfu(t) can be seen as classical (weak) derivative of u that is perturbed by
a fractional integral of suitable order. A more explicit representation of 0§ for all o & Ny
follows by direct substitution

t
ou(t) = — ) /0 (t — 7)o 1gru(r) dr.

'(n—a«

This integral representation makes it clear that the whole evolution history of w needs to be
taken into account to evaluate df*u(t) for one ¢ € (0,7"), rendering the fractional derivative
to be nonlocal. Note that all classical derivatives are recovered from 95" whenever a € N.
Hence, 0 is a local operator if and only if a € Ny. The reader is encouraged to compare
the following properties for fractional derivatives with the corresponding ones from classical
calculus.

Lemma 5.8. For all a € ]Ra' the fractional derivative 0f is a linear operator. Moreover,
there holds for almost every t € (0,T)

1. 080" u(t) = 08 ™ u(t) for all m € N,
2. 08 JMu(t) = 0y " u(t) for allm € N with m < a,
3. 0 is a right-inverse of J¢, that is,
JYOMu(t) = u(t). (5.7)

Proof. The linearity of 05 follows from the linearity of J* and the integer-order derivative.
To confirm property 1, we write n = [« to deduce for almost all ¢t € (0,7T)

OrOu(t) = J " Op T u(t) = J”+m_(o‘+m>8f+mu(t) = 0P u(t),
where we use that n +m = [a 4+ m]. Similarly, there holds
A T u(t) = JUTOOR T M (t) = JrTm @ gnT ey (1) = 92 Mu(t),

proving property 2. The last one is a direct consequence of the second claim in Lemma 5.2,
since

JOOMu(t) = JYIV 00 u(t) = J"0fu(t) = ul(t). O

Note that not every relation can be carried over from the classical setting in a direct
fashion. In general, the properties 1 to 3 in Lemma 5.8 do not hold after interchanging the
order of the operators even if u is smooth. Moreover, 29 u(t) # 02 u(t) for arbitrary
values of o, 3 € RT.

The domain of 0§ can be made more explicit by means of so-called absolutely continuous
functions [Diel0]. To simplify matters, we study the required regularity assumptions on u
by means of the following instructive example.
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5 Fractional Evolution Equations

0 0.25 0.5 0.75 — 1 — 125 — 1.5 — 1.75 — 2
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s 4 s 4 i
3 3
& &
21 . 20 b
0 . 0 :
6 ‘1 ‘2 :; 4‘1 6 0‘.5 | 1‘5 2‘ 2‘5

Figure 5.2: Fractional derivative 0 u(t) of u(t) = t3 (left) and u(t) = et (right) for different
orders a € [0, 2].

Example 5.9. Let n = [«a], and u(t) =t° for some s € R. We compute

Fa(fi;i)l)ts_”, ifs>n—1orsen—1,-oc0)\{n—-1,n—-2---},
Afu(t) =<0, ifse{n—1,n-2,...,0},
(—1)"”;(?;;“%8*", if s € —N.
(5.8)
To ensure 0fu € LY(0,T), we thus require s € {n —1,...,0} or s >n—1= |a], where ||

denotes the floor function. Under these assumptions on s, we infer from (5.8) and Example
5.3 that

D) o e ]
8?u(t) — Jn*aazlu(t) — F(s_a+1) ) ZfS n s
0, if s€{0,...,n—1},

which can be seen as straightforward generalizations of the integer-order case. We choose
s =3 and o € [0,2] to plot the fractional derivatives of u(t) in Figure 5.2. For o= 3, the
fractional derivative of u is identically one. For larger values of «, the derivatives possess
a pole at t = 0 while smaller values of the exponent improve the smoothness of 0fu(t).

Another intriguing example is the following.

Example 5.10. We compute the fractional derivative of order o € Rar of u(t) = e for
some X € RT fized. Thanks to the absolute convergence of the exponential series, Proposition
5.5, and Example 5.3, there holds with n = [«]

ST s DG+ DV & e
t — [ 5 S Ap— = . .
Sl = 7! Zj!r(j+n_a+1) ZF(i+n—a+1> o
7=0 j=0 3=0
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5 Fractional Evolution Equations

2 1
dGfu gy Opu U g2-a, Ju J2u
— * : }

Figure 5.3: Illustration of r0f* (red) and 0§ (cyan) for o € (1,2).

Since
otu(t) = Ametr,

we deduce from (5.9)

o~ Ntne
Ofu(t) = A" () = A" = A" E1p_as1(tA),
Pu(t) (™) jzgl“(j+n—oz+1) 1n—a+1(tA)

which is depicted for A = % and different orders o € [0, 2] in Figure 5.2.

In its present form, the fractional derivative of order « is defined for all H-valued functions
that satisfy 9pu € LY(0,T;H), where n = [a]. If a € (0,1), Example 5.9 shows that for
u(t) = t° we require s > 0 to ensure that 98 is well-defined. This implies dyu € L?(0,T;H)
so that u € H((0,T);H). This is rather prohibitive in view of the fact that the regularity
of solutions to fractional PDEs is limited. To mitigate this problem, we introduce an
alternative definition of fractional time-derivatives in the form of the Riemann-Liouville
fractional derivative.

Definition 5.11. Let u : (0,7) — H, a € R, and n = [a]. We define the Riemann-
Liouwville fractional derivative by

rOfu(t) :== Of J"“u(t), te(0,7).

Since J%u = u, Riemann-Liouville fractional derivatives coincide with all classical deriva-
tives of u whenever « is an integer and

ROCU(t) = — a1 /0 (t — 7)o lu(r) dr

I'n—«
if a € Ny. The differences between our definition of the fractional derivative and the one in
the sense of Riemann-Liouville is made visible in Figure 5.3. Unlike 0f, rO§* first applies
the fractional integral of suitable order followed by an appropriate number of integer-order
derivatives. This definition demands less regularity and can be applied to functions v where
Of‘u is not even defined. To emphasize this matter, we examine the Riemann-Liouville
fractional derivative of the power function u(t) = ¢* to compare its regularity requirements,
encoded in the exponent s, to the ones imposed by Example 5.9.
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Example 5.12. We are interested in the computation of the Riemann-Liouville fractional
derivative of the function u(t) = t5. Since u € LY(0,T) is a necessary condition for
J"u(t), n = Ja|, and thus also for rOfu(t) = OfJ" “u(t), to be defined, we require
s > —1. Thanks to Example 5.3, we have

I'(s+1)

ROPu(t) = O T ult) = s =

an(¢n—ots), (5.10)

If a—s € N, then the right-hand side of (5.10) is the classical n'* derivative of a polynomial
of degree n — (a —s) € {0,1,...,n—1}. We find

Ra{"u(t) =0
whenever o — s € N. On the other hand, if « — s &€ N, there holds

F(S + 1) s

RO u(t) = Ts—at1)

Noting that s > n — 1 implies a« — s € N, we conclude, in view of Erample 5.9, that
Ofu(t) = rOfu(t) whenever u(t) = t° and s > n — 1. The Riemann-Liouville fractional
derivative, however, is also meaningful if s € (—1,n — 1]. In particular, if o € (0,1), then

0, ifs=a—1,
RO u(t) = s o (5.11)
t {r{f_ﬁ)l)t , if s €(=1,00) \ {a =1},

whereas Oyu(t) = st*~1 & LY(0,T) for all s € (—1,0) so that Ofu(t) = J""“Opu(t) is not
well-defined in this case.

The power function is a showcase for the different regularity requirements imposed by
0 and RrOf*. Indeed one can show that the domain of rJf* is a super set of the one of
o [Diel0, Pod99]. Not only the domains, however, but also the operators themselves are
inherently different as the following example shows.

Example 5.13. We compute the Riemann-Liowville fractional derivative of u(t) = et for
some X\ € RT. Thanks to Proposition 5.5 and Example 5.3, we find that

X \ptn—a

oy = SO0 _ i L + DN
N 4! N j!F(j+n—a—|—1)__:OF(j—l—n—a—i—l)'

=0 =0 J
Hence,
o] Y, a oo
NI Tn—a Nti—e
ofu(t) = o =t “E11_a(A).
rO7u(t) t ngI‘(j+n—a+1 jz::()l“j—a—i-l 11-a(A)

Comparing these results with those obtained in Example 5.10, we see that 0f and RO are
indeed inherently different operators.
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5 Fractional Evolution Equations

The following lemma follows from straightforward adaptions of Lemma 5.8 to the Riemann-
Liouville setting.

Lemma 5.14. For all « € R the Riemann-Liouville fractional derivative 0 is a linear
operator. Moreover, there holds for almost every t € (0,T)

1. O ROfu(t) = rOMT™u(t) for all m € N,
2. rOfu(t) = ot JJ™u(t) for all m € N with m > «,
3. RO is a left-inverse of of J¢, that s,

RrOZJ%u(t) = u(t).

Proof. The linearity of 05 follows from the linearity of J* and the integer-order derivative.
Property 1 holds since

RO u(t) = O u(t) = B Ty )
and m +n = [m + «]|. Similarly, there holds
Ot I u(t) = op ot I T I T Yu(t) = o I u(t) = rOfu(t),

proving property 2. To confirm the last conjecture, we apply the second point in Lemma
5.2 to see that
rO;Ju(t) = O J" " J%u(t) = O J"u(t) = u(t). O

Despite being a driving force in the development of fractional calculus, the Riemann-
Liouville derivative has yet taken only a minor role in applied modern science. One of the
reasons for this issue is laid out in the following proposition; see e.g., [CM11] for a proof.

Proposition 5.15. Let « € RT\ N, n = [a], and u € H"((0,T);H). Then there holds

n—1

RO%u( TG t_ -~ + 5 =0 4 Jnmegiy(t). (5.12)
=1

<.

Equation (5.12) shows that Riemann-Liouville fractional derivatives have a singularity at
the origin t = 0. Therefore, differential equations involving these derivatives do not allow
for initial conditions of the form (5.1c) but require modifications that only have a limited
physical meaning. Moreover, (5.11) shows that

1

(1) = =——t ¢, ac (0,1).
R ( ) F(l . Ol) ( )
Hence, the Riemann-Liouville fractional derivative of constant functions is not identically
zero if o € N which contradicts our natural understanding of derivatives. As the following
theorem shows, 0f' can be seen as regularization of r0f* which “subtracts” the terms causing
the singularity. For simplicity, we restrict ourselves to the case « € [0, 1] and refer to [Dicl0

Theorem 3.1| and [Baz01, Section 1.2] for a more general treatment of this subject.
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Theorem 5.16. For all o € [0, 1] there holds
O u(t) = ro; (u(t) — u(0)). (5.13)

In accordance with Example 5.9 and 5.12, this result shows that 9f* and rof, a € [0, 1],
coincide for all functions w that vanish at the origin, provided that both derivatives are
defined. While the left-hand side of (5.13) exists if 0f‘u(t) exists, the right-hand side is
meaningful if pOf'u(t), which imposes less regularity assumptions on u, and u(0) are well-
defined. The latter condition is weaker than the previous one which allows us to extend the
definition of 95 in the following manner, where we again limit ourselves to a € [0, 1].

Definition 5.17. For all o € [0, 1] we define the fractional derivative of order « by
Ofu(t) == roy (u(t) — u(0)), t € (0,7). (5.14)

Remark 5.18. Definition 5.17 is not the most general version of the Caputo fractional
derivative that can be found in the literature. If 05 is the derivative of order a € (0,1), one
can expect a natural interpretation of Ofu(t) for functions being contained in the interpo-
lation space H*((0,T);H) := [Ho, H1la, where Ho = L*(0,T;H) and H1 = H*((0,T); H).
Indeed, one can show that (5.14) is meaningful for all w € H*((0,T);H) if a > 1. In case
of 0 < a < %, one has to resort to density arguments. In its present form, however, our
definition of 0f is sufficient for the scope of this thesis and we direct the interested reader
to [GLY'15, Karls, LS21] for a detailed investigation of this matter.

Remark 5.19. It goes without saying that 0 and rOf* do not cover all possible definitions
of fractional in-time differentiation operators that can be found in the literature. We name
e.g., the Grinwald-Letnikov and the Miller-Ross sequential derivative [Pod99, Diel(], which
generally lead to operators that are distinct from the ones inspected here.

A classical approach for solving scalar fractional differential equations is based on the
Laplace transform. Therefore, we require one final technical result before building the
bridge to fractional parabolic equations.

Lemma 5.20. For all o € (0,1] there holds
ZL10fu)(z) = 2°L[u) () — 2 1u(0).
Proof. Recalling (5.5), we write

00u(t) = (Ki_o # Ou)(t),  Kia(t) = F(f__aa)l.

We successively apply (2.7), Lemma 2.23, and (2.8) to deduce

L[07u)(2) = ZIK1-0](2)ZL (0] (2) = 27 (2L [u](2) —u(0)) = 2*ZL[u](2) — 2*" u(0). O
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5.2 Weak Formulation, Existence, and Uniqueness

We now come to the core of this chapter and consider the fully space-time fractional diffusion
equation

fu+Lu=f, inQx(0,T), (5.15a)
u=0, ondQx(0,T), (5.15b)
u=up, on Qx {0}, (5.15¢)

where a € (0,1], T € R*, s € [0,1], f € L*(0,T;L?(Q2)), and ug € L?(R2). To derive
a weak formulation for this problem, we consider u : (0,7) — H{(€2) as a function with
Hilbert-valued range. Assuming 0f'u(t) € H~*(2), we may apply a test function v € Hj(Q)
on both sides of (5.15a) to deduce, after identifying L?(£2) with its dual space, for almost
all t € (0,7

(O u(t), v) + (Lou(t), v) = (f(t),v)L2(0)-
To give meaning to the initial condition (5.15¢), we require u € C([0,T]; L?(Q)). Invoking
(4.7), we arrive at the weak formulation: Find u € L%(0,T; H*(Q)) N C([0, T]; L*(2)) with
02w € L2(0,T; H=*()) such that for almost all ¢ € (0,7)
Vo € H5(Q) : (07 u(t),v) + (ut),v)ms = (f(t),v) 20 (5.16a)
u(0) = uo. (5.16b)

To find a solution to this problem, we make the ansatz

o0
= Z Ui (t)()pz
i=1
and test (5.16a) with v = ¢; for some j € N. This shows that for all j € N there must hold

Ofuj(t) + Nju;(t) = f5(t), (5.17a)
u;(0) = uo,j, (5.17b)

where f;(t) = (¢j, f(t))12(0) and uo; = (¢j,u0) 2(q)- Following [Pod99, p. 140], we apply
the Laplace transform on both sides of equation (5.17a) to arrive, after consulting Lemma
5.20, at the algebraic equation

2 Llug)(2) — 2 uo + XL uy](2) = ZL115](2).

Rearranging the terms reveals

Za—l

ZLlu)(z) = Gyt + "i[ﬁ]gi). (5.18)

Invoking Lemma 2.31 with £ = 0 and 8 = 1, we infer that

a—1 .
£ Uoyj
2%+ A

-1 (t) = anl(—ta/\j)uoyj.
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To compute the inverse Laplace transform of the second term in (5.18), we apply the second
property in Lemma 2.20 followed by Lemma 2.31 with £k = 0 and 8 = « to find
Zf;l(2)

za—i-)\j-

1
zo‘—i-)\j?

-1

(t) = fi(t) 2 (t)

= f;(t) * to‘*lEau(—to‘)\j) = /0 (t —7)* ' Equ(—(t — T)*N;) fi(T) dr.

By the linearity of the Laplace transform, we conclude that the unique solution to (5.17)
can be expressed as

t
uj(t) = Eo(—t"A})uoj + / (t— T)O‘_lEma(—(t — 7)Y N fi(T) dr.
0
Summation of these scalar solutions over every eigenmode yields the following result; see
also [NOS16, BLP17b].

Theorem 5.21. Let a € (0,1], s € [0,1], f € L>=(0,T;L*(Q)), and ug € L*(Q). Then
(5.16) possesses a unique solution u € L*(0,T;H*(2)) N C([0,T]; L*()) with Ofu €
L%(0,T; H=%(Q)) that satisfies

t
u(t) = Ea(—t°L*)ug + /0 (t = 1) B~ (t — 7)°L5) f(r) dr
i( (X + [ (¢~ 7 B 7) i) ar ) o
= Eo1(—t*A7)ug; + t—7)" Eaa(=(t — 7)) fi(1)dT | ¢j,
o 1 0 . ¥
where g ; = (pj,u0) 2y and fi(t) = (¢j, f())r2(0)-

For regularity estimates of solutions to (5.16) when £* = (—A)® we direct the reader to
[NOS16], see also [SY11]. Note that for the integer-order case a = s = 1, the well-known
variation-of-constants formula for local parabolic problems is recovered

t
u(t) = e Fug + / e~ L f () dr.
0

For arbitrary right-hand side functions f € L°°(0,T; L?(2)), the integral in (5.19) cannot
be computed explicitly and requires numerical approximation. In a few particular scenarios,
however, it can be expressed in terms of elementary functions.

Corollary 5.22. Let a € (0,1], s € [0,1], f(t) = Y% t'v; for some n € N and v; €
L2(), and ug € L*(Q). Then (5.16) possesses a unique solution v € L?(0,T; H*(Q)) N
C([0,T); L3()) with 02w € L?(0,T; H=*(SY)) that satisfies

u(t) = Ea(—taﬁs)uO + Z F(Z + 1)ta+iEa7a+i+1(—ta/:,s)vi
=0

[o¢] n
= Z (Ea(—ta)\j-)uo,j + Zf(i + 1)ta+"Ea,a+i+1(—ta)\j)um) ©j,
j=1 i=0

where ugj = (¢j,u0)r2() and vij = (95, i) 12(q)-
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Proof. Due to

((Pja L2 Q) = Zt Vi,j,

the series representation (5.19) evaluate to

n t
(1) = Bal—t"3)uo + 3 iy / (t— 1) B~ (t — )2\ d.
i=0 0

The conjecture now follows from Lemma 2.32. O
We mention that also for & = 0 the equation (5.16a) has a unique solution that can
be expressed in terms of the Mittag-Leffler function in the sense of Remark 2.26. In this

regime, the fractional derivative degenerates to 9% = 0Y = I in which case f(t) = f is
assumed to be constant and the initial condition (5.16b) is neglected.

Theorem 5.23. Let a =0, s € [0,1], and f € L?(Q). Then there exists a unique solution
to (5.16a) which is given by

u = Eo(—L"): ZH—AS’ fi = (@), e

Proof. If & =0, (5.16a) can be written as
Vv € H§<Q) : (U,U)HE = (fvv)L2(Q)7

where £ := £ 4 1. The claim now follows from Theorem 4.14 and the observation that the
eigenvalues ()\ )°° , of L satisfy )\ = \; + 1 for all j € N, where ); is the j eigenvalue of
L. O

Remark 5.24. The situation is very similar if o € (1,2), which is commonly referred to as

fractional wave equation. Provided an additional condition on the first derivative of w, its

solution can also be expressed in terms of the generalized Mittag-Leffler Eq g(—t*A®) with
€ (1,2); see [LS521, O518].

The impact of the fractional parameters on solutions to (5.16) for £ = —A, Q = (0,1)2,
f =0, and

1, if (z—0.5)(y —0.5) >0,
uo<x>—{0 LTIRLERIE0 Sy en

is reported in Figure 5.4. The example illustrates solutions to the fractional in-space,
fractional in-time, and a fully space-time fractional diffusion equation. The diffusion process
is faster when the value of s increases or v decreases.
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5 Fractional Evolution Equations

Figure 5.4: Evolution of the solutions u to the fractional heat equation (5.16) when

L = —A for t = 0.01,0.050.1 (from left to right) and (a,s)
{(1,0.75),(0,75,1),(0,75,0.75) } from top to bottom.
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6 Numerical Approximation of Fractional
Diffusion Problems

The literature provides an ample coverage on the numerical treatment of fractional el-
liptic PDEs [ILTA05, ILTA06, NOS15, BP15, Vab15, MN18, HLM+18, BLP19b, HMP21,
DS21, DH21, HKL T 21h, HKL " 21a, Vab2la, Vab21b|, space-fractional evolution equations
[BLP17a, ANM17, MR20b, Vab21c|, time-fractional evolution equations [Lub&8, JLZ15 W21,
FRW21], and fully space-time fractional PDEs [MN11, YTLI11, NOSI6, BLP17b, Rie20,
DHS21]. One way or another, any of the schemes listed above has to compensate for the
nonlocality of the problem. In this chapter we present three different localization techniques
to approximate fractional diffusion problems of elliptic and parabolic type.

1. The previous two chapters show that solutions to fractional PDEs can be expressed
explicitly by means of the eigenfunctions of the integer-order differential operator L.
Hence, the solution can be made available by means of the local eigenvalue problems

(05, V)1 = Nl V)2, v € Hy(Q),
which can be computed using standard tools from finite element theory.

2. In Section 4.1.2, it is shown that the inverse fractional diffusion operator can be
interpreted as Bochner integral

_ sin(7s)

i /0 UL d, fe IA(Q),

oo
The integral can be discretized using a quadrature whose evaluation requires the

solution to multiple standard reaction-diffusion problems.

3. According to Theorem 4.13, L7°f can be recovered from the PDE

1-2
LU+ —U+ U =0,  inCo,

¢
U=0, ondQxRT,
ou
o, dsf, on Q x {0}.

Therefore, the nonlocal problem can be localized at the cost of solving a degenerate
PDE in a d + 1-dimensional domain.

Clearly, the exact solutions to the respective local problems mentioned above are analytically
not available and thus require numerical approximation. The discretization scheme of our
choice is the finite element method, which we briefly introduce in the following section.
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6 Numerical Approximation of Fractional Diffusion Problems

6.1 The Finite Element Method

We intend to gather a minimum of information to provide a superficial understanding of the
material and refer the interested reader to the monographs [Cia02, Tho0O6] for an in-depth
review on this topic. Throughout what follows, we assume Q C R% d € {1,2,3}, and
denote with 73, a partition of €2 into intervals, triangles, and tetrahedrons in one, two, and
three dimensions, respectively, whose components T' € T, we call elements. The subscript
h indicates that discretized objects are considered.

Definition 6.1. A triangulation T of Q is called reqular if
1. the intersection of the interior of two distinct elements of Ty, is empty,

2. the intersection of two elements of Ty is either empty or a common face, edge, or
vertex of both,

3. the domain is covered by the elements Q = Uper, T

Depending on the shape of the elements, a triangulation fulfills different regularity as-
sumptions. Here and in what follows, diam(7") and |T'| denotes the diameter and the
length/area/volume of T, respectively.

Definition 6.2. A family of triangulations (ﬂl)heRoJr is called

— shape-regular if there exists some constant ¢ € Rt such that

diam(7)4
max ———— < ¢,
T, |T|

~ quasi-uniform if ¢ € R" exists such that

min diam(7") > ¢ max diam(7").
TeT, TeT,

Shape regular triangulations have the convenient property that their elements do not
degenerate in the sense that all angles are strictly bounded away from 0 and 180 degrees.
In a quasi-uniform triangulation all elements have nearly the same size. Having ourselves
familiarized with these concepts, we now introduce a finite element as follows [Cia02].

Definition 6.3. The triplet (T, Vr, V) is said to be a finite element if

1. T C R is a bounded and closed set with non-empty interior and piecewise smooth
boundary,

2. Vi is a function space on T of finite dimension n € N,
3. Up ={Yr1,...,¢%71n} is a basis of the dual space V. of V.

In Definition 6.3, the space Vr is often referred to as space of shape functions and U
are the degrees of freedom (dofs).
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6 Numerical Approximation of Fractional Diffusion Problems

Definition 6.4. Let Ty, be a regular triangulation of Q and (T,Vp,¥r) a finite element
for each T € Ty. We call the space of shape functions, where the dofs shared between two
neighboring elements coincide,

Vi, = {u € H Vr VY e ¥, N \I’Tj : 1/1(U|Tz) = w(u|Tj)}’
T€Th

a finite element space.

A large variety of finite element spaces exist to discretize HE () efficiently. We provide
here the description of a standard one that shall be used in all our numerical implementa-
tions. Provided a triangulation 7y, we set Vpr = P1(T') for all T' € Ty, where Py (T") denotes
the space of polynomials of degree k on T'. Noting that dim Vp = d + 1, we define the dofs

U= {r1,..., Y141} by
Y (u) = u(V;), 1=1,...,d+1,

for all uw € Vp, where {Vi,...,Vyy1} is the set of vertices of T. Imposing u(V;) = 0 if
Vi € 992, we obtain the so-called Lagrange finite element space of order one with vanishing
trace

PUTL) :={u e C(Q) : ulp € PL(T)VT € T, ulsq = 0 on 9N}

Before we proceed with the first of three approximation schemes, we fix some further
notation. For a fixed finite element space V}, with basis (bh,j)éy:p N € N, we introduce the

mass matric M = (M)f\gzl € RVXN of V, as

Mij = (bh,jvbh,i)LQ(Q)v i,j = 1, . .,N.

In dependency of the differential operator £, we introduce, recalling (4.5), the stiffness
matric A = (A),f};-:1 € RVXN py

Aij = (bhd’th)Hz(Q)’ i,j = 1, .. .,N.

Both M and A are symmetric and positive definite by construction. For any vy, € Vj we
denote with v;, = (vp, 1, ... ,vhJV)T e RVX1 the coefficient vector of v, such that

N
Vi = E ’UhJ'th'.
7=1

6.2 The Discrete Eigenfunction Method

In this section, we make use of the so-called discrete eigenfunction method (DEM) |[BP15,
BLP17h, LPGT20, Hof20], see also [[L/TA05, ILTA06, YTLIT1], to approximate solutions to
fractional PDEs generated by the elliptic and self-adjoint differential operator £. For this
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6 Numerical Approximation of Fractional Diffusion Problems

purpose, we choose V;, C H}(Q) to be a finite element space and (‘Ph,j)évﬂ C V, its basis
consisting of discrete eigenfunctions with the property

Von € Vit (@hgs 0n)Hp @) = A (Phg, h)2@)s  (Phiis Phyj)r2(e) = 9ij (6.2)

foralli,j =1,..., N, where d;; denotes the Kronecker delta. The quantities (/\hJ)éV:l CR*
are the discrete eigenvalues.

The DEM presumes that the solution u is given analytically in terms of the continuous
eigenvalues and eigenfunctions of the differential operator £ as

w=>Y u', u =Y TN bi) 2P (6.3)
=0 j=1

where m € N, fT is a problem-specific function that depends on a collection of parameters
encoded in the vector 7 € © C RP, p € N, and b; corresponds to the given data of the PDE,
which is assumed to be in L?(Q) for simplicity. In light of the results presented in Section
4.2 and 5.2, the following configurations are of interest for us.

— In stationary fractional diffusion problems like the ones treated in Theorem 4.14, one
has m = 0, the parametric function fJ(\) = f*(A) = A% is a power function with
exponent 7 = s € © = (0,1), and by = b € L?(Q) corresponds to the source term f
in (4.25).

— In homogeneous fractional evolution equations, we have, in view of Theorem 5.21, a
representation formula of the form (6.3) with m = 0, fT(A) = fT(A\) = Eo(—t*)\%),
T = (a,t,5) €0 =(0,1] x Rj x [0,1], and by = b € L?() being the initial condition
ug of the PDE (5.16).

— If we include a source term of the form f(t) = 3" t'v; in (5.16) for some n € N and
v; € L%(Q), Corollary 5.22 shows that we require m = n, f7(\) =t Ey qpip1(—t*\%),
7= (a,t,8) €© = (0,1] x RT x [0,1], and b; = v; for i =0,...,n.

— In the degenerate parabolic case a = 0, mentioned in Theorem 5.23, we are interested
in the configuration m = 0, fJ(A) = fT(A\) = (1+ X)L, 7 =s € © = (0,1), and
b € L*(Q) being the time-independent right-hand side function.

The idea of the DEM is to replace the infinite series in (6.3) by means of a finite sum over
the discrete eigenvalues and eigenfunctions, that is,

m

N
u}]LDEM — u?EM,Z7 u}]:L)EM,'L = ZfiT(Ah,j)(SDh,j:bi)LQ(Q)SOh,j- (6.4)
1=0 j=1

More succinctly, the DEM approximation can be written in terms of the matrix
L:=M'A e RVN,

where M and A denote the mass and stiffness matrix, respectively. Although elementary,
the following observation gathers crucial ingredients for our further discussion.
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6 Numerical Approximation of Fractional Diffusion Problems

Lemma 6.5. The matriz L is positive definite, diagonalizable, and its eigenvectors are
ezactly the coefficient vectors of (cph,j)év:l, ie.,

Lop; = Angeng  J=1...,N. (6.5)

Proof. The fact that L is positive definite and diagonalizable follows from the observation
that L = M A is similar to the matrix M_%AM_%, which is positive definite and diago-
nalizable itself. To proof the remainder of the statement, we deduce from the first identity
in (6.2) that

A(phm] = )\hh]M‘Ph‘v]’
whence (6.5) holds after multiplication with M~! from the left. O

Remark 6.6. Even though both M and A are sparse and symmetric, the matrix L itself is
neither sparse nor symmetric.

The matrix L can be seen as matrix approximation of the integer-order differential opera-
tor £. If we collect its eigenvectors columnwise in the matrix U = [¢, 1,..., %) v] € RNVXN
it follows from the second identity in (6.2) that U"MU = I. Hence

M=UTu", (6.6)

where U~7 := (UT)~!. Two elementary consequences of (6.6) that shall be useful in the
further course of this manuscript are stated below, where for any b € L?(Q) we write
b = (b1,...,bx)T € RV*! to label the coefficient vector of the L?-orthogonal projection of
b onto Vj, i.e.,

bj = (#n,j:b)2(0), j=1,...,N.

Lemma 6.7. Let U = [p}, 1,..., ¢, n] € RV*N denote the matriz whose columns contain
the eigenvectors of L.

1. If up, € Vi, then
Junllz2(9) = U aplfa.

2. Letb € L*(Q) and ej € RY be the Gt unit vector for any j € {1,...,N}. Then
(h.j>b)12(0) = (€5, U 'b)s.
Proof. This is a direct consequence of (6.6) since
[unll?2(0) = (Mup, up)e = (U-TU  up, up)2 = (U Hagy, U ag)o = [[U a3
proves the first conjecture and
(¢h.j:b)12(0) = (Uej, Mb), = (e, U"Mb); = (e;, U™'b),

the latter. ]
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6 Numerical Approximation of Fractional Diffusion Problems

We are now in position to write the coefficient vector of the DEM approximation in the
following compact form.

Theorem 6.8. The coefficient vector u,?EM of the DEM approzimation (6.4) satisfies
m
w™ =" f7(L)b;.
i=0

Proof. W.l.o.g. we assume m = 0 in (6.4) so that, after omitting the index i,

N N
W=D ST Ong) (P Dixeyeng = D f7ng)(e;, U™ Bagng, (6.7)
=1 i=1

where the second identity follows from Lemma 6.7. Noting that the coefficient vector of
©n,; is exactly the 4% column of U, the right-hand side of (6.7) can be written in matrix
language

u™ = Uf™(D)U 'b,
where D = diag(A41,. .., Ap,nv). This implies the claim. O

The discrete eigenfunction method is a popular scheme to approximate fractional diffu-
sion problems [[LTA05, ILTA06, YTLI11, BP15, BP16, BLP17a, BLP17b, DS19, LPG*20,
BGZ20, Hof20, DS21, DH21, DACT21, DHS21]. For the lowest order Lagrangian finite
element spaces, quasi-optimal convergence rates have been shown in [BP 15, Theorem 4.3]
for the stationary problem. These results have been generalized in [BP16] to a large class
of differential operators that includes the ones we are interested in. For simplicity, we
state the corresponding result here for the special case where €) is convex and refer to
[BP15, BP16, Leil8] for the general framework.

Theorem 6.9 (Convergence of the DEM - elliptic case). Let  C R? be a bounded and
conver domain, Tj, a quasi-uniform triangulation on Q, Vi, = PY(T;,) the Lagrange finite
element space of order one with vanishing trace, s € (0,1), f € HZ *5(Q) in the sense of
Remark 3.35, and UEEM the DEM approximation of w = L°f. Then there holds

ot — R 2y < (B2 a2+ g,

We emphasize that the assumptions in Theorem 6.9 can be essentially relaxed at the
cost of slower convergence rates. Roughly spoken, the rate of convergence depends on the
smoothness of ) such that e.g., for the L-shape domain, one can show a decay of the error
like O(h%_g) for any € > 0.

In classical PDEs, the quality of approximation can significantly benefit from high-order
schemes, where the function space Vj, = PY(T},) is enriched with polynomials of higher
degree. Analogous results apply to nonlocal problems under a suitable refinement of the
triangulation. The interested reader is referred to [BMS20] for a detailed discussion on these
so-called hp-finite element methods.

84



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

6 Numerical Approximation of Fractional Diffusion Problems

The performance of the DEM in the time-dependent regime has been systematically stud-
ied in [BLP17a] for the lowest order case and o« = 1. These results have been generalized
in [BLP17Db] for arbitrary fractional exponents a € (0, 1]. Exemplarily, we state the cor-
responding result for the homogeneous space-time fractional diffusion problem when € is
convex and refer to [BLP17h, Theorem 3.3, see also [Lcil8, Theorem III1.3|, for the more
general setting.

Theorem 6.10 (Convergence of the DEM - parabolic case). Let Q@ C R? be a bounded and
conver domain, Tj, a quasi-uniform triangulation on 0, Vi, = PY(Tp,), a € (0,1], 8 € R,
s € (0,1), ug € HZ(Q), and uP™ the DEM approzimation of u = Eq g(—t*L%)ug. Then
there holds for allt € R

() — a™ (1) 1200y < ma{L, (=) 2 uo | 30

6.3 Quadrature Approximations

Another approach for computing solutions to fractional PDEs are quadrature approxima-
tions [BP15, BP16, BLP17a, BLP17b, Leil8, BLP19b, BGZ20, Rie20, DAC*21, AN21,
DZ721], see also [DH21]. Thanks to Theorem 4.10, solutions to stationary fractional diffu-
sion problems might be written in integral form

: oo
R e A N LA )}
n 0
Upon replacing the integrand with our finite element approximations, we obtain an integral

representation of the DEM approximation as the following lemma shows.

Lemma 6.11. Let u,]:l)EM = L7°f be the DEM approximation of w = L7°f. Then there
holds

: oo
uP™ = Sm;”) / ¢S (L + )T dC. (6.8)
0
Proof. This is a direct consequence of Theorem 2.37 and the scalar version of Balakrishnan’s
formula in(rs) [
sin(7s
A = A+ O
[T
The idea is now to approximate the integral in (6.8) by a suitable quadrature
= sin(ws) [
wi = D winy (Lo D) T e / LA )T =L, (6.9)
j=1 0

where (wj)}”:l C R and (773-);7"”:1 C Ry label the quadrature weights and nodes, respectively.
Schemes of this form have been proposed in [BP 15, BP16, Leil8, BLP19b, Rie20, DACT21].
One that we shall mention here explicitly is the so-called sinc quadrature method advocated
in [BP15, BP16, Leilg, BLP19b]; see [L1B92, Stel2] for a nice survey on sinc methods.
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6 Numerical Approximation of Fractional Diffusion Problems

Provided the integers n_,n, € N and the sinc parameter q € R*, the weights and nodes
of this quadrature are given by

sin(7s ,
wj =2 ( )6Jq’ n; = e,
T
for all j = —n_,...,ny, which is obviously an approximation of the form (6.9) after a

suitable index shift. Hence, we define

n

. +
e = OISH;(”) S (L, 4 dan) I, (6.10)

j=—n_
The approximation so obtained has the benefit that it requires multiple solutions to standard
reaction-diffusion problems which can be computed efficiently in parallel. Its quality of
approximation essentially hinges on the performance of the scalar quadrature and can be
quantified in the following manner [BLP19b, Theorem 3.2].

Theorem 6.12. Let s € (0,1) and q € R*. Then there holds

e 2 67(1fs)qn, e—sAn+
+ + M- 6.11
e Rt L (6.1

o™ — g =

The first term on the right-hand side of (6.11) is the contribution of the quadrature error
over the bounded integration domain [e~ 9"~ e9"+] while the latter can be seen as truncation
errors. In practice, it is desirable to balance the three exponentials on the right-hand side
of (6.11), which can be achieved by

2
— &~ sqny ~ (1 — s)qn_.
5q S ( )a

As suggested in [BLP19b], we therefore impose

such that only the sinc parameter q € R™ needs to be determined a priori. The surrogate
so obtained satisfies

1 1 e 2 _z
™ el = (54125 FoE | e (6.13)

Asymptotically, the upper bound behaves like

11 = .
-+ —— e 2|f[lm, asq—0".
s 1-—s

Remark 6.13. Combining Theorem 6.9 with (6.13) allows one to bound the total discrep-
ancy between to the exact solution uw = L5 f and the sinc approximation (6.10).
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6 Numerical Approximation of Fractional Diffusion Problems

Our discussions from above show that quadrature approximations of fractional diffusion

problems come in two stages. First, a finite element method is applied to replace the exact
solution u with the DEM approximation u}[L)EM, which, in the second stage, is approxi-
mated by a quadrature scheme. This second layer of approximation is reflected as rational

approximation of the power function f7(A) = A~ in the following theorem; cf. [Hof20].

Theorem 6.14. Let s € (0,1), q € RY, and

SiNc — qsin(s) S (1-s)jq Jjay—1
rINO(A) = d e (A4 DL,

Jj=—n_
Then there holds

ufse = pSNC(L)E,

Proof. This is a direct consequence of (6.10) and the first property in Lemma 2.34. O

In view of these results, one cannot expect u,sl’lg’c to be more accurate than u,?EM. The

latter, however, requires diagonalization of the matrix L, which has O(N?) complexity,
whereas the dominant computational effort in the evaluation of u,SlfgC amounts to n :=
n_ + ny + 1 linear solves. Since typically n < N, the sinc method is computationally
considerably cheaper than the DEM approximation.

Also for time-dependent problems, quadrature schemes provide an attractive tool to ap-
proximate the accurate but expensive DEM solution [BLP 17a, BLP17h, Leil8, Rie20]. Pro-
vided an integration contour C that encloses the spectrum of L, Cauchy’s integral theorem
states that we may write the Mittag-Lefller function as

1 E,(—t%z)
Eo(—t9)\%) = — | = "2 dz.
a )= o0 /c —2
Due to Theorem 2.36, it follows
1
Eo(—tL®) = — / Eo(—t%2)(L — 2I) ' dz. (6.14)
2w Je
The authors of [BLP17a, BLP17b, Leil8| make use of the hyperbolic contour

C={2(¢): CeR},  2(() := b(cosh(() +isinh(()),

where 0 < b < )\h,l/\/i is a parameter. Along with this choice, the integral in (6.14) can
be written as

Eo(—17L7) = gim /_OO Ea(=t"2(¢)*)2'(Q)(L — ¢I) " dC.

Given a suitable choice of n_,n, € N and the quadrature spacing q € RT, a sinc approxi-
mation to the homogeneous fractional evolution equation is given by

upe(t) = o Eo(—t*2(¢)") 2 ()L = GD) T Mag, ¢ = ja. (6.15)

2
j=—n_

87



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

6 Numerical Approximation of Fractional Diffusion Problems

Using similar techniques as for the elliptic case, it can be shown that the approximation error
decays exponentially in q, see [BLP17a] for « = 1 and [BLP17b] for the fully space-time
fractional regime. Unlike (6.10), however, the computation of (6.15) requires the solution
to complex-valued problems even if both L and ug are real.

6.4 Tensor FEM for the Extension Method

One final approach that we mention here is the harmonic extension method that inter-
prets the fractional diffusion operator as Dirichlet-to-Neumann map [CS07, ST10, C'T10,
CDDSI1L, BCdPS13]. According to Theorem 4.13, £ can be localized by means of the
degenerate elliptic PDE

div(¢'725AVU) + (e =0, in Co, (6.16a)
U=0, ondQxR" (6.16b)
gﬁls =dsf, on Q x {0}, (6.16¢)

where Co = Q x R* and 2 and ¢ are defined by (4.18). To derive a variational formulation
for (6.16), we multiply (6.16a) with a test function v € H}(Cq), integrate over the cylinder,
and apply integration by parts to deduce

Vo € H(Cq) : / (L2 (ﬁtvu Vo + euv) d(x,0) = do(f,0(x,0)) 20y (6.17)
Ca

Theorem 6.15. Let s € (0,1) and f € L?(Y). Then there exists a unique solution U €
H(Cq) to (6.17).

Proof. This is a direct consequence of the Lax-Milgram theorem. O

In its present form, the solution to (6.17) is computationally out of reach since it is
formulated on the unbounded domain Co = Q2 x R™. To make the variational formulation
amenable to finite element discretization, we proceed as in [NOS15] and pose the problem
on the truncated domain C3" := Q x (0, (eyt) for some ey € RY: Find Ueyy € H; (cgm)
such that

Vo € HHCE™) : / (12 (é(vucut Vo + eucutv) d(x,¢) = ds(f,v(x,0)) 12(0), (6.18)
Céut

where H(CE™) := {v € L2(CE™) : Vo € LA(CE™),v = 0 on 92 x (0, Ceur) UQ X {Ceut }}-
The following proposition justifies this approach.

Proposition 6.16. Let Anin denote the smallest eigenvalue of L, U the solution to (6.17),
and Ueyt the zero extension of the solutions to (6.18) with (eyy > 1. Then there holds

AminScut

IVU —Ueut)lz2cy 2 € 7 Ifllz2(0)-

Proof. A key ingredient in the proof is the representation formula (3.28) and the exponential
decay of ¢; in the extended direction. We refer to [NOS15, Lemma 3.3| for details. O
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6 Numerical Approximation of Fractional Diffusion Problems

To approximate (6.18), a tensor finite element method is proposed in [NOS15], see also
[BMNT18]. To make matters precise, let Ty, denote a triangulation on Q, 0 = (p < --- <
Cm = Ceut @ partition of [0, Ceut), Ij := [(j—1,¢] for all j =1,...,m, and oy :={l; : j =
1,...,m}. A mesh on C3" can then be defined in a tensor product fashion

cut
7—59 =T @ Ien :={T X I:T € Tp, I € Ly}

On this grid, a tensor finite element space is obtained by

V= fw e CC%) s wlpwy € PUT) @ Py(J)VT x J € T8
w('aCcut) = O,U(X, C) =0 on 02 x (OaCcut)}a

where P1(T)@P1(J) := {p(x)q(¢) : p € P1(T),q € P1(J)}. Alternatively, the finite element
space (6.19) can be written as

(6.19)

VS = span{b@(bE(C) i =1,...,N,j =0,...,m}, (6.20)

where (ij)é\[:1 and (b$")72) denote a basis of the finite element space in x- and ¢-direction,
respectively. With this at hand, the discrete Galerkin formulation to (6.18) now reads: Find

cut

U, € V,f ¢ guch that
Vo, € VR / (12 (élvuh Vo, + EUhvh> d(x,0) = dy(f,0n(x,0)) 12 (6.21)
Céut

In accordance with the continuous problem, (6.21) has a unique solution by the Lax-Milgram
theorem. In light of Theorem 4.13, the finite element approximation to the stationary
fractional diffusion problem is then obtained by

Ut (%) = Up (%, 0). (6.22)

A deeper analysis of the harmonic extension problem shows that the solution behaves rea-
sonably well in x-direction but has an algebraic singularity at ¢ = 0. This lack of regularity
can be compensated by choosing the partition (¢;)7L, of (0, (cut) in a geometrically refined
manner towards 0, that is,

- g
G = <7zz) Conts 5 =0,...,m, (6.23)

cut

Q

for some grading parameter g > 1. Assuming that the finite element space th is con-

structed in this graded manner, one can prove the following result [NOS15, Theorem 5.4].

Theorem 6.17. Let 2 be convex, s € (0,1), g > % in (6.23), Ceut > 1, f € Hé_s(Q), N the

cut
number of elements contained in 7':“ , Amin the smallest eigenvalue of L, and uw = L7°f.
Then there holds

_ AminScut 1
o= = (e AT ) 1l o (6.24)
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6 Numerical Approximation of Fractional Diffusion Problems

Choosing eyt ~ log(N) balances both terms in (6.24) and yields
1
i = w2, ey = 1) AT L1

which resembles, up to the logarithmic factor, the classical a priori estimate for the finite
element method applied to £ in d + 1 dimensions. However, the original problem is posed
on © C R? which is why the convergence rate is still sub-optimal due to the presence of the
artificial dimension in (-direction. The implementation of hybrid Ap-finite element methods
allows one to overcome these limitations [BVNT18].

Remark 6.18. The truncation of the cylinder can be avoided using a spectral method in
the extended direction. The interested reader is directed to [AG18] for details.

In Theorem 6.14 it is shown that the sinc quadrature approximation can be interpreted as
matrix-vector product of the form 75™¢(L)b where 5'™° represents a rational approximation
of the power function A\™*°. As noted in [Hof20, Theorem 2|, the same also applies to the
extension method if £ = —A.

Theorem 6.19. Let ds be defined by Lemma 3.24, uE’écTut the extension approzimation

6.22), Véut = gpan bc"“t, . ,bg%‘“ with b5 as in (6.20 ,and (1, u;) the eigenfunctions
0 f Gs Mg g
and eigenvalues of the one-dimensional eigenvalue problem

Vo € Vet o (290 0") 2 (0cou)) = 15(C 00 0) L2 ((0con))y J =000,
Then there holds
uEchut = TEXT(L)f’

where

m 2
ExT A) = ds w](o) ]
BT ;xw

Although one can expect the DEM approximation to be closer to the exact solution,
uﬁ’gut is computationally more efficient since m is typically significantly smaller than N.

The extension technique developed in [NOSI15] can be adapted to space-time fractional
diffusion problems [NOS16]. The idea is to rewrite the fractional parabolic equation (5.15)

as quasi-stationary elliptic problem with dynamic boundary conditions

div(¢I2AVU) + e =0, in Cq x (0,7), (6.25a)
U=0, on (0QxR")x(0,T), (6.25b)

dsOU + gg =dyf, on (2 x {0}) x (0,T), (6.25¢)

)

U=uy, on(x{0})x{0}. (6.25d

Similarly to the elliptic case, one derives a variational formulation for (6.25) on the truncated
domain C§"™ x (0,7'). An in-depth analysis on this matter can be found in [NOS16] for
a € (0,1] and [MR20b] for o = 1 using hp-finite element methods.
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7 The Rational Krylov Method

The previous chapter provides the description of three algorithms to approximate solutions
of fractional PDEs. These sulutions u = u(7) depend on multiple parameters, such as the
spatial fractional order s € (0,1) or the order of the fractional time derivative a € (0, 1],
which we collect in the parameter vector 7 € © C RP, p € N. In the further course of this
thesis, we choose the discrete eigenfunction method as a starting point to approximate the
entire solution manifold {u(7) : 7 € ©}. The dominant computational costs of the DEM
boil down to the evaluation of a parametric matrix-vector product f7(L)b, where

~ L =M"1A € R¥*VN is a diagonalizable positive definite (but not necessarily sym-
metric) matrix-approximation of the integer-order differential operator L,

— b € RY some coefficient vector stemming from the user-provided data,

— f7™ a matrix function that corresponds to the particular problem at hand and depends
on the parameter vector T € ©.

The matrix f7(L) is typically dense. Its evaluation requires the knowledge of all eigen-
values and eigenvectors of L which is a task of O(N?) complexity. Due to limitations in
computational resources, one is obliged to resort to model order reduction strategies if N
is large. These schemes strive to reduce the computational costs by a significant margin
while keeping the discretization error to a tolerable level. While the sinc and the extension
approximation presented in the previous chapter already diminish the costs of conventional
DEMs, one might still need O(100) classical PDE solves' to ensure the accuracy for a single
solve of the fractional PDE. The purpose of this chapter is to alleviate the expenses of com-
puting f7(L)b using a standard model order reduction strategy in the form of the rational
Krylov method (RKM) |Gut10, Ruh84, Saagl, HLI7|. To this end, we take the point of
view that the mesh parameter A in the DEM is small, causing N to be large, to ensure an
accurate approximation of the continuous solution. We take the surrogate so obtained as
our underlying truth solution. To emphasize this novel perspective, we therefore omit the
h-dependency in our notation for the remainder of this thesis and assume L € RV*Y to be
a fixed positive definite matrix of dimension N > 1.

The key idea of each RKM is the extraction of a surrogate uiy; from a search space
QE_H(L, b) of dimension k + 1 < N with the property ugy1 ~ f7(L)b. Essential questions
are:

1. How to choose the low-dimensional search space QE (L, b)?
2. How to extract ugy; from Q%H(L7 b)?

The first point is addressed in the following section.

'In case of the extension method, this is understood in the sense of Theorem 6.19.
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7 The Rational Krylov Method

7.1 The Rational Krylov Space

Throughout the remainder of this thesis, we designate the smallest and largest eigenvalues
of L with Apin and Anax, respectively, and introduce the spectral interval of L as X :=
[Amin; Amax] € RT. One of the central definitions of this chapter is stated below, where we

write R = RU {o0}.

Definition 7.1. In dependence of the parameter set = = {&,..., &} C R\ X, whose
elements are called poles, we introduce the polynomaial

k
== [ A& (7.1)
=0
5700
For all k € Ny we define the rational Krylov space of L and b with pole set = by
Qi 11 (L, b) := span{g=(L)~'b,¢=(L)"'Lb, ..., ¢=(L)"'L*b}.

Remark 7.2. Although not explicit in our notation, the reader is encouraged to always
associate the index k + 1 in the expression QEH(L,b) to the cardinality of the pole set =.
In case we compare the pole sets of two rational Krylov spaces QJE(L, b) and QZ(L,b) for
some j, k € N, we write Z; and =y, respectively, for more clarity in exposition.

Note that
~ 2 C R\ implies that the inverse of g=(L) exists such that Q% (L, b) is well-defined,
— the rational Krylov space is independent of the particular ordering of the poles,
— if {§; = oo forone j =0,...,k, then b € Q%H(L,b).

In its original form, Definition 7.1 goes back to the Russian mathematician Nikolay Krylov
[[<rv31], who investigated subspace approximations based on the polynomial Krylov space

Kit1(L,b) := span{b,Lb, ..., L*b}.

Clearly, the polynomial case is recovered from QF 11 (L, b) if one sets = = {o0, ..., 00} such
that g= = 1. Other commonly used configurations are

- =2={¢,...,&} for some £ € R\ X, in which case Q%_H(L,b) is known as shift-and-
invert Krylov space [NMNO4, EHO6],

- E={00,0,00,0,...}, which yields the so-called extended Krylov space |DI<98, KKS10].

In order to provide more information about the particular structure of Q% (L, b), we
introduce the set of polynomials Py of maximal degree N. The minimal polynomial pry €
Pn of b with respect to L is defined as the unique monic polynomial of lowest degree such
that pﬁi{;(L)b =0, see [Wei60]. This allows us to introduce the invariance index of L and

b.
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7 The Rational Krylov Method

Definition 7.3. The invariance index T € N of L and b is defined by

T = deg(pph),

where deg(p{liﬁ) is the degree of the minimal polynomial py'y .

As shown in [Giit10], the invariance index Z of L and b is related to the rational Krylov
space of L and b in the following manner.

Proposition 7.4. Let T € N denote the invariance index of L and b. Then there holds
dim Q% (L, b) = min{k + 1,Z}.

Whenever we have a sequence of pole sets satisfying 2y C E9 C ... with |Z;| = k, the
denominator polynomials gz, of two consecutive spaces differ only by a linear factor such
that the rational Krylov spaces are nested

O (L,b) C -+ C QFF(L,b) = QFZ4 (L,b) = - .

Note that Z is independent of the poles, hence QZ(L,b) = Kz(L,b) for any = C R\ .
Recognizing this fact, we now focus on a more specific characterization of Q% 11 (L, b), which,
among others,; justifies its nomenclature.

Lemma 7.5. Let k € Ng.

1. The rational Krylov space of L and b with poles in = is a polynomial Krylov space of
L and q=(L)"'b, i.e.,

Qi1 (L, b) = Kip1 (L, g=(L) " 'b).
2. There holds
Q711 (L,b) = span{r(L)b : rx(A) = pr(N)/gz(N), i € Py}

3. If 2 = {00,&,...,&} for some & € R\ X, then the rational Krylov space of L and b
with poles in = is a polynomial Krylov space of (L — £I)~! and b, i.e.,

Q7 1(L,b) = Kip1((L — €I)%, b) = span{b, (L — (1) 'b, ..., (L — £I)"b}.
4. If all poles are finite and pairwise distinct, then
Q7i11(L, b) = span{(L — &I)'b, ..., (L - &I)'b}.

Proof. See |Giit10]. O

The first property allows one to transfer several properties that apply to polynomial
Krylov spaces to the rational Krylov setting. While the second conjecture is useful for
analytical considerations, the third and fourth property are of interest for computational
purposes.
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7 The Rational Krylov Method

7.2 Rayleigh-Ritz Extraction

Throughout this section, we assume f to be a generic function defined on the spectral
interval X of L. With the specification of the rational Krylov space at hand, we now obtain
the rational Krylov approximation of f(L)b via so-called Rayleigh-Ritz extraction, that is

i1 = VF(Lgs1)VIb, Ly = VILV, (7.2)

where V € RV*(k+1) i a matrix whose columns form an orthonormal basis of or (L, b)
with respect to the Euclidean inner product. For the sake of brevity, we call each such
matrix a (-,-)z-orthonormal basis of Q7 (L,b). The matrix P := VVT € RV is the
orthogonal projector of R onto QEH(L, b), i.e.,

P?=P, range(P)=Q;,,(L,b), P=P".

Hence, ug41 allows the interpretation as matrix-vector product of the projected matrix Ly 1
and VTb, the orthogonal projection of b onto Q% +1(L’ b), in the coordinate space REHL,
If £ < N, the rational Krylov approximation can be computed with standard algorithms
for dense matrices.

In practical scenarios, V is orthonormal with respect to some generic inner product (-, -)
customized for the current application. E.g., in finite element problems, (-,-) is typically
the discrete L?-inner product (-, -)n, where M denotes the mass matrix. To generalize (7.2)
for these applications, we introduce the concept of pseudo-inverse matrices |[BIG03].

Definition 7.6. Let k € N with k+1 < N, V € RV*G+D) o matriz with linear independent
columns, and (-,-) an inner product on RY. We introduce the Moore-Penrose inverse V1 €
READXN oV as the unique solution of the systems of linear equations

VViv =V, (Viv)r =viv,

7.3
Vivvi = vT, (VVH* =vVT, (7:3)

where for any P € RN*N P* is the adjoint of P with respect to the inner product (-,-),
i.€.,

(Pv,w) = (v,P*w), v,w e RN,
By construction, there holds
(vvhZ=vvi — (vvh* =vVvT

Therefore, P := VVT is the orthogonal projector onto the span of V with respect to the
inner product (-,-). Other useful properties of VT are collected in the following lemma,
where we write Iy € RFHDX(*+1) t6 denote the unit matrix of dimension k -+ 1.

Lemma 7.7. There holds

1. VIV =14,
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7 The Rational Krylov Method

2. (VD) = TV for any T € REFDXEHD) yppertible.
Proof. See |Giit10, p. 16]. O
The presence of VT gives rise to the following generalization of (7.2).

Definition 7.8. Let V e RV*(+1) pe ¢ basis of Q%_H(L, b). We define the rational Krylov
approzimation of f(L)b as

g1 = V(L) Vib e OF (L, b), L1 := VIDV € REFDx(+D),

The matrix L1 is often referred to as compression of L on QE (L b) and requires the
choice of a particular basis V. For any other basis W € RV*(k+1) of QE 1(L, b), however,
there exists some transformation matrix T € RE+Dx(E+1) guch that W = VT. It follows
from Lemma 7.7 that

Ljs1 = WILW = T'VILVT = T7'L, ., T. (7.4)

Hence, the compression f;kH obtained by W is similar to the compression Ly obtained
by V. The rational Krylov approximation uy,; is entirely independent of the particular
basis and thus well-defined.

Lemma 7.9. Let V and W denote two bases of QE_H(L, b) with compressions
Ly = VLV, Ly = WLW.
Then there holds
Vf(Li1) Vb = W f (L) Wb,
Proof. This is a direct consequence of (7.4) and the second property in Lemma 7.7 since
W f(Lip1)Wib = VI f (T 'Ly ) T)T Vb = V(L4 )V'b. O

Our matrix L is of the form L = M~!A. A straightforward implementation of Ly
would thus require the inversion of the mass matrix M. Orthonormalizing V with respect
to the discrete L2-inner product (-,-)n allows one to overcome this inconvenience.

Lemma 7.10. Let 'V be an (-,-)m-orthonormal basis of Qi (L,b), L = M™'A, and
Ly = VILV. Then there holds

1. Vi =vTMm,
2. Ly = VITAV.

Proof. By direct substitution, one verifies that VI M satisfies (7.3) so that VI = VTM.
The second claim follows from the first one since VILV = VIMLV = VI MM 1AV =
VTAV. O
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7 The Rational Krylov Method

Provided that V is orthonormal with respect to (-,-)np, Lemma 7.10 shows that the
rational Krylov approximation can be evaluated via

w1 = Vf(Ar)V'Mb,  App = VTAV,
without explicitly computing M~!. Recognizing this fact, we choose
) =Com =1 I (7.5)

as our standard inner product and norm henceforth and say that a basis V e RV*(*k+1) g
orthonormal if it is orthonormal with respect to (-,-). Our analysis is carried out in this
discrete L2-setting which appears to be a natural one to study the finite element problems
we are interested in.

7.2.1 Properties of the Rational Krylov Method

In this section we collect several remarkable properties of the rational Krylov method which
provide the corner stones of our analysis. At first, we study under which assumptions the
rational Krylov approximation is exact.

Proposition 7.11. Let T be the invariance index of L and b, V a basis of Q%_H(L, b), and
W1 = Vf(Lg1)Vib. If k+1> T, then there holds g1 = f(L)b.

Proof. |Git10, Lemma 3.11]. O

It is worth mentioning that f(L)b € Q%H(L,b) for some k + 1 < Z does not imply
exactness of the rational Krylov approximation, cf. [Giit10, Remark 3.12]. However, if

f € Px/az == {px/az : px € Pk},
the rational Krylov approximation is exact even if k + 1 < Z.

Lemma 7.12. Let V be a basis of QEH(L,b), Ly = VILV, and r;, € Py/q=. Then the
rational Krylov approzimation of ri(L)b is ezact, i.e.,

r(L)b = Vri(Ljg1) Vb,
Proof. See |Giit10, Lemma 4.6]. O

A fundamental ingredient in the analysis of RKMs is the following definition which, due
to (7.4) and the fact that similar matrices share the same eigenvalues, is well-defined.

Definition 7.13. Let V be a basis of Q5 (L,b) and Ly4; = VILV its compression. The

(k)

esgenvalues (uj );?:0 of Lxy1 are called rational Ritz values.

(k)
- J
values of L on QF (L, b) are typically not contained in the rational Ritz values on any larger
space. They are contained, however, in the spectral interval of L and play a fundamental
role in Rayleigh-Ritz approximations. Their relation to rational Krylov approximations is
laid out in the following theorem and can be found in [Giit 10, Theorem 4.8].

The nomenclature ', 7 =0,...,k, is intended remind the reader that the rational Ritz
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7 The Rational Krylov Method

¢ 6!

Figure 7.1: Rational function rg from Theorem 7.14 with poles in E = {00, &1, &2} that in-

terpolates f in the rational Ritz values A = {u((f),,u?), ,u,gQ)} of L on QEH(L7 b).

Theorem 7.14. Let V be a basis of Q5 1 (L,b), Ly = VILV, and upiq = V f(Ly11) Vib.
Then there holds

Ug+1 = Tk (L)b,

where 1, € Pr/q= is a rational function that interpolates f in the rational Ritz values
k k =
A= {,u,é ), . ,,u]g )} of L on 9, (L,b).

To clarify the situation, we depict the rational interpolant from Theorem 7.14 for k = 2
and = = {00, &1, &} in Figure 7.1. The rational function ro = py/g= has its poles in {1, &2}
and interpolates f in the rational Ritz values #82),;152), and qu). Since the latter are
pairwise distinct, the numerator polynomial py is uniquely determined by the interpolation
property pg(,u}z) )=1f (u§2)) for all j = 0,1, 2. Recalling (7.5), another remarkable property

we cite here is the following variant of [Giit 10, Lemma 4.5].

Proposition 7.15. Let V be a basis of QE_H(L,b), Lit1 = VILV, xpt1 € Pegr the
characteristic polynomial of Ly 1, and 7}, = Xr+1/q=- Then there holds
[P (@bl = min  [lreg (L)b]],
re+1€PES /a=
where PP, /qz denotes the set of all rational functions vy 1 € Pry1/qz with monic numer-
ator polynomial.

The quality of the rational Krylov approximation clearly depends on the rational Krylov
space and the way it is extracted from it. As shown in [Giit10, Theorem 4.10], an extraction
according to Definition 7.8 yields a quasi-optimal surrogate. We adapt this result in the
following theorem to the discrete L2-norm (7.5), which better suits the study of our problem,
and write

1fllz == sup [f(A)]
AEE
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7 The Rational Krylov Method

to denote the supremum norm on £ C C.

Theorem 7.16. Let V be an orthonormal basis of Q%_H(L,b), Lii 1 = VILV, and up =
Vf(Liy1)Vib. Then there holds

[f(L)b —uga|l <2[bl| min [[f —rgl/s. (7.6)
rk€PK/q=

Proof. Let py € Py, be arbitrary and r, = py/g=. Due to Lemma 7.12 there holds ri(L)b =
Vri(Liy1) Vb whence
1f(L)b = wppa || = [[f(L)b — ri(L)b + Vrg(Li 1) Vb — V£ (Li 1) Vb

(7.7)
< If(L)b = re(L)b|| + [ V(rk — f)(Lrs1) Vb

Let now U denote the matrix of orthonormalized eigenvectors of L, then
f(L) = r(L) = U(f(D) — (D)UY,

where D = diag(\1,. .., An) is the diagonal matrix containing the eigenvalues of L. Apply-
ing the first property in Lemma 6.7 twice we observe

|£(L)b — rg(L)b]| = [|(£(D) ~ r4(D))U"b]l5
< max, [7(\) =m0 bl < [ = il [b.

bounding the first term on the right-hand side of (7.7). To estimate the latter, we ap-
ply the second claim in Lemma 7.10 to see that Ljiq is symmetric and positive defi-

nite. Hence, there exists some (-, -)s-orthonormal matrix Uj,; € RE+HDXEFD guch that

Ly = Uk+1Dk+1U£+1, where Dy 1 = diag(,u(()k), . ,/A,(f)) is the diagonal matrix contain-

ing the rational Ritz values of L on Q%H(L,b). Since the latter are contained in X, it
follows from orthonormal properties of V and Uy, that

IV (r = f) (L) VIb[| = [|(rk = £) (L) Vb2
= U1 (rk = f)(Dp+1)Ug 1 Vb2

k k
< max (") = £ 0 Vbl < [l = f1s Vbl

Since V is orthonormal, there holds |[VTb|j; = [[VVTb]||. Noting that P := VVT is the
orthonormal projector onto QF 11 (L, b), we find

IV (ri = f)(Le) V|| < [|r = fll2]bl.
Combining our findings from above yields
[F(L)b — g || < 2[[f = rel[z]bl]. (7.8)

The conjecture now follows from the observation that the numerator py of ry, = pi/q= was
chosen arbitrary whence (7.8) remains valid if we take the minimum over all pp € Pr. [0
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7 The Rational Krylov Method

Remark 7.17. Inspection of the proof above shows that the upper bound (7.6) can be im-
proved to

[ f(L)b —upy1|| <2|b|| min [|f -7l E, E:=o(L)Uo(Lgy1),
r€PL/q=

where o(L) and o(Ly11) denotes the (discrete) spectra of the matrices L and Ly, respec-
tively. This is a min-max problem on a discrete set which might be considerably smaller than
the continuous one, especially if the eigenvalues of Li are not uniformly distributed across .
Since the eigenvalues of L1 are analytically not available, however, one is often obliged
to resorts to (7.6).

Remark 7.18. In Definition 7.1 we require the pole set to be contained in the real line. We
mention that the results presented above also hold in the more general case where = C C\ %,
C = CU {cc}. The problems that we are interested in, however, are real whence it is
computationally convenient to restrict the pole set to the real line in order to avoid complex
arithmetic.

7.2.2 Computational Aspects

We dedicate our attention to the numerical implementation of the rational Krylov sur-
rogate ugy; = V f(LkH)VTb. Since its dominant computational costs come from the
evaluation of the basis, we focus in this section on the efficient numerical realization of
V. Ideally, the construction of V is both efficient and numerically stable. A proce-
dure that satisfies each of these demands is the rational Arnoldi algorithm. Given an

orthonormal basis of QJEH(L,b), the idea is to choose a vector u; € QJEH(L,b) such
that wjy1 = (I— &, L)"'Lu; € QF,,(L,b) \ Q5 (L,b). By a standard Gram-Schmidt
procedure, this allows us to orthogonalize w;; against all previous basis vectors in order
to incrementally construct a basis for a rational Krylov space QJ5+2(L,b) given a basis
for Q];H(L, b). The theoretical justification for this approach is provided in the following
lemma, where, for the moment, we restrict ourselves to poles that are nonzero; see [Giit 10,

Lemma 5.1] for a proof.

Lemma 7.19. Let = C R\ (XU {0}). Then there exists a vector u; € Q]EH(L, b) with the
property (I — fjjrllL)*lLuj € Q]EH(L,b) \ QJEH(L, b) if and only if j+1 < T.

Remark 7.20. If all poles are finite, Lemma 7.19 remains in force if we replace (I —
§j_+11L)*1Luj by (L — §j+1I)*1uj which appears to be more natural in light of the original
definition of the rational Krylov space. The former, however, is meaningful also for infinite
poles in which case (I — éL)*lLuj = Lu; designates a polynomial Krylov step.

The vector u; provided by Lemma 7.19 is called continuation vector. To simplify matters,
we choose this vector, given an orthonormal basis [vo, ..., v;] of QJE_H(L,b), as u; = vj
henceforth (c.f. Remark 7.21) and refer to [Ruh&4, Giit10] for a more general treatment of
this matter. Provided a set of poles Z C R\ (X U {0}), the rational Arnoldi algorithm now
proceeds as follows: Starting with vo := Vo/||[¥ol|, Vo := (I — & 'L)"'b, one incrementally
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7 The Rational Krylov Method

generates the new basis vector according to

J

- _ _ _ _ Vil
Vj+1 = (I — £j+11L) 1LVj — Z(Vi, (I — fjJrllL) 1LVj)VZ'7 Vj_H = ma
=0 J
for j =0,...,k—1. Worth mentioning, the orthonormalization coefficients h; ; := (v;, (I —

f;_:lL)_lij), 1 < j, can be used to obtain a compression of L without explicitly computing
VLV see e.g., [Giit10, Chapter 5] for details. In Algorithm 1, we therefore store these
coefficients in the Hessenberg matrix

h070 ... . h07k
Hk—l—l _ ’ ‘ ) 6 R(k+1)><(k+1)’
O R (A
where we set hjy1; = ||[Vjt1]]-

Algorithm 1 Rational Arnoldi Algorithm
Input: L € RV*N b e RVN = =1{¢,...,&} cR\ (XU{0})
function RATIONALARNOLDI(L, b, E)
vo=(I-¢&'L)"'b
hio = [[vol
Vo = hié\?’o
for j=0,...,k—1do
wir1 = (I— &4 L) 'Ly,
for:=0,...,57do
hij = (Vi, Wjt1)
end for ‘
Vil = Wjt1 — 2 i_ghijvi
hjt1g = [Vl
Vit1 = hjfy Vi
end for
end function

Output: Basis V = [vo,...,v;] of Q% (L, b) and matrix Hj 1 = (hi,j)f,j:o-

In its present form, the rational Arnoldi algorithm does not allow for poles at zero. This
inconvenience, however, can be overcome if one applies the rational Arnoldi algorithm to
the preprocessed matrix L := L — oI and poles = := {& — 0, ..., & — o} for some suitable
shift o € R\ E. Since OF,,(L,b) = QEH(fJ,b), one might equally well build a basis for
the latter Krylov space having nonzero poles.

Remark 7.21. There are two possible scenarios in which case Algorithm 1 breaks down
in the sense that vji1 = 0. The first one eventuates as soon as the invariance index
j4+ 1 =1 is reached and is often referred to as lucky breakdown, since in this case the
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7 The Rational Krylov Method

rational Krylov approzimation is already exact (c.f. Proposition 7.11). Conversely, a so-
called unlucky breakdown occurs whenever the enrichment of the basis terminates before the
invariance index is reached. In this case, u; = v; does not satisfy the desired property from
Lemma 7.19 such that (I — §j_+11L)_1ij € span{vo,...,v;}. However, our choice of the
continuation vector u; is fairly standard in the literature and we have never observed such
an unlucky breakdown in any of our experiments.

The bottle neck of each rational Arnoldi algorithm is the computation of solutions to
the shifted linear systems of equations (I — §j_+11L)_1LVj. The latter reduces to a matrix-
vector product if {11 = oo. Therefore, a legitimate question is whether the choice of finite
poles pays off taking into account the additional complexity compared to polynomial Krylov
methods. The following example addresses this matter.

Example 7.22. Consider the heat equation

Ou—Au=0, inQxRT,
u=0, ondQxRT,
u =1, onx{0},

on the unit square Q = (0,1)? with initial condition
up(x) =zy(l—z)(1—y),  x=(x,y) €

We apply the discrete eigenfunction method using Vi, = PY(Ts) as finite element space over
a quasi-uniform triangular mesh Tr,. The DEM surrogate can be written as uP™ = e~ .
The latter is approximated using a rational Krylov space Q%—i—l (L, b) with poles in

— Zint = {00, ...,00}, which yields a polynomial Krylov method,
- Eg ={1,...,1}, which yields a shift-and-invert Krylov method.
In dependency of the mesh parameter h, we introduce the discrete L*-error
E(k,Z,t,h) = |le”Tug — Ve Te1 vyl

where V is an orthonormal basis of QE_H(L, b) and Ly, = VILV. We depict the quantity
E(k,Z,0.1,h) in Figure 7.2 for decreasing mesh sizes h = 0.04,0.02,0.01. The error of the
orthogonal projection VVTe 01Lug of e=01Lug onto the respective Krylov space is indicated
by the triangles and serves as a benchmark for the best possible approrimation within the
search space. In accordance with Theorem 7.10, the latter almost perfectly matches the
actual Krylov approximation error.

We further observe that the number k required by the polynomial Krylov method to achieve
a desired accuracy is almost proportional to the mesh parameter h. In contrast, the accuracy
of the RKM using =g as pole set appears to be independent of h. For all values of the mesh
size, the latter reaches machine precision whenever k &~ 15 irrespectively of the problem size.
Under the assumption that each iteration involves a linear system of dimension N x N that
can be solved in O(N) operations, the benefits of finite poles quickly justify the additional
computational complezity.
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Figure 7.2: Error E(k,Z,0.1,h) for h = 0.04 (top left), h = 0.02 (top right), and h = 0.01

(bottom) with = € {=Ziuf, Zsi}. The triangles indicate the orthogonal projection
of the DEM surrogate e~ %Tug onto the respective Krylov space.

As the previous example shows, the challenge with Krylov subspace methods is to find the
subtle trade-off between finite poles, which typically yield better search spaces, and poles
at infinity, which are computationally less expensive. Since this is still a matter of ongoing
research [G521] and far beyond the scope of this thesis, we only want to provide a superficial
overview of some aspects which should be included in the decision of the particular selection
of poles and the computation of the basis.

— A general rule of thumb is that for small NV the higher computational effort of rational
Krylov methods does not pay off compared to their polynomial counterparts.

— If N is of moderate size that allows the systems of equations to be solved using a
direct solver, it is convenient to choose = in a way such that the poles do not vary
often. In this case, one can compute a factorization for the matrix I — §J-_+11L once and

for all in order to efficiently query v +— (I —¢ f_s_llL
same value.

J

102

)~'Lv for all poles that share the



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

7 The Rational Krylov Method

— If NV is large, direct solvers entail extensive memory requirements whence one is typi-
cally obliged to resort to iterative methods. In this regime, there is no computational
advantage in solving multiple linear systems with the same poles.

— Typically, one does not solve the linear system involving L = M~'A but resorts to
the equivalent problem

(M =& A)vj1 = My, (7.10)
which is computationally convenient since both M and A are symmetric and sparse.

— The performance of iterative methods hinges on the condition number of L. The
latter is typically large and thus requires the implementation of a preconditioner.
If the matrix comes from a differential operator of the form (4.1), efficient multigrid
preconditioner are available whose convergence rates are independent of the respective
pole and the mesh size.

— If all poles are pairwise distinct, then by Lemma 7.5
Q7.1 (L,b) = span{(L — &I) b, .., (L — &I) 7 'b).

This allows one to distribute each task (L — ij)*lb7 7 =0,...,k, to one processor in
order to solve the systems of equations efficiently in parallel. In favour of numerical
stability, the resulting vectors are then orthonormalized to obtain the desired basis
of OF +1(L,b). Compared to the sequentially executed rational Arnoldi algorithm,
however, the parallel approach is more prone to numerical instabilities which needs
to be counteracted by repeated orthogonalization runs in each step. A more general
point of view on parallel Arnoldi algorithms is given in [Giit10, BG17].

— If the linear systems of equations are tackled by iterative methods, one possibility to
accelerate the computations even further is to terminate the iteration before machine
precision is attained. These so-called inezact solves give rise to a perturbed rational
Krylov basis and have been systematically studied in [LM98, Giit10, GS21].

— A rather recent tool that can be applied to build the rational Krylov space are so-
called H-matrices [Hac99|. H-matrices are blockwise low-rank matrices that can be
stored at logarithmic-linear complexity and allow for efficient approximations of in-
verse FEM matrices [FMP 13, AFM21]. The latter can be employed to efficiently
compute solutions to (7.10).
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8 A Unified Analysis of Rational Krylov
Methods in Fractional Diffusion

The key ingredient of each rational Krylov method is the particular selection of its poles.
Typically, these parameters are chosen based on some upper bound 7 of the rational Krylov
error

Hf(L)b - ukJrlH < n(fa L7 b7 E)
that quantifies the performance of the RKM in dependence of =. One possible choice of 7
is provided by Theorem 7.16 via

r,EPL/q=

Whenever r;, ~ f in 3, the poles of 5 should constitute good poles for building the rational
Krylov space. In fractional diffusion problems, however, the function f = f7 that we are
interested in typically depends on a parameter vector 7 € © C RP, p € N, such as

— the power function f7(\) = A7* with r =s € © = [0, 1],

— functions of Mittag-Leffler type f7(\) = E, g(—t*A*) with 7 € {(a, 5,t,5) € [0,1] x
RT xR x [0,1] : 8 > a}.

— We also aim to incorporate the power function f7(A) = A%, 7 = s € © = [0, 1], with
positive exponent in our analysis, which is of interest in the application of forward
fractional diffusion operators, the computation of interpolation norms, and the im-
plementation of time-stepping schemes for time-dependent problems generated by a
fractional-in-space differential operator.

In all these cases, any possible rational approximation rj ~ f7 heavily depends on the
problem-specific parameters and is thus unfeasible whenever 7 — w1 ~ f7(L)b is queried
for multiple instances of the parameter. While the precise choice of the poles is discussed
systematically in Chapter 10, we provide here the necessary preparations and quantify the
rational Krylov error by an upper bound of the form n(f7,L,b,Z) = n1(f7,L,b)n(L, 2)
which allows us to choose = independently of 7. Following [DHS21], we proceed in three
steps.

1. In the first step, we show that the functions we are interested in are either of Cauchy-
Stieltjes, complete Bernstein, or Laplace-Stieltjes type, i.e., they admit a representa-
tion of the form

fTO) = /0 Qe g € LA EOTINA 0., (8.1)

where 7 is a real-valued function such that the integral is absolutely convergent.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

2. Leveraging our knowledge gained, we apply Theorem 2.37 to write f7(L)b and its
rational Krylov surrogate as

ST(L)b = /0 WO, d, VT (Lpsy)Vib = /0 W (OVg(Liir, OVIbdc,

for any basis V of Q% (L, b) with Ly = VILV. Since

170 = VT VIl = | 770 (9(80) = VolLan, VD) ac| -
00 8.2

< /O 1T (Oll9(L, ¢) — Vg(Ligr, OVTb] de.,

the main objective of the second part of this chapter is to quantify the rational Krylov
error of either of the three kernel functions

lg(L, ¢) = Vg(Ls1, Q) Vib|| < ny(E,¢) (83)
by some suitable upper bound 7, which is entirely independent of the parameter 7.
3. Finally, in the remainder of this chapter, we combine (8.2) and (8.3) to derive estimates
17 ()b — w1 (/7 L b)ia(L, )

for all functions of the form (8.1).

8.1 Stieltjes and Complete Bernstein Functions in Fractional
Diffusion Problems

8.1.1 Cauchy-Stieltjes Functions

One possible definition of Cauchy-Stieltjes functions is obtained by setting g(\,{) = 1/(A+
¢) in (8.1). In slightly more general form, the definition we shall use throughout this thesis
is the following [SSV 12, Ber0g].

Definition 8.1. A function f : RT — R is said to be a Cauchy-Stieltjes function if

w el(9
AN)=—+0+ / d 8.4
=50+ [ 58 ac (8.4)
for w,0 € ]RS' and some nonnegative real-valued function pc such that the integral is abso-
lutely convergent. The function pc is called Cauchy-Stieltjes density and (w,0, uc) is the
Cauchy-Stieltjes triple of f. We denote the set of all Cauchy-Stieltjes functions by CS.

There is a one-to-one relation between f € CS and its respective Cauchy-Stieltjes triple
(w, 0, uc), whence the map pc +— f is commonly referred to as Cauchy-Stieltjes transform
[EMOTH4]. Typical examples of Cauchy-Stieltjes functions are [SSV 12, p. 13-14|

In(1+\) :/00 ¢t
1

arctan (V) -1
- tan (V) /01 (4O o 55)

A+<dc’ I )y A+¢
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iR
ch
<
4
NG R
)
c)

Figure 8.1: Integration contour C(6,r, R) defined by (8.6).

where w = § = 0 in (8.4). For some f € CS, the corresponding density function can be
computed explicitly. To see this, assume f to be analytic in C \ R, and define the contour
C(0,r,R) :=C} + C% — C3 — C, depicted in Figure 8.1, where

(¢ i Co—if 2 () = Rei®
ey A TR o e R x (-m), 56)

for some 6§ € (0,7) and 0 < r < R. By Cauchy’s integral formula, cf. Theorem 2.35, we
find for all A € (r, R)

_ 1 f(2)
f()\) - % C(eﬂn’R) )\ A dz
L P ige e e 1 /9 Rf(RE®)e®  fre)e=

= . —d — ‘ .
27i f, A — (e A — (et C+27T _9 A— Re? i p—

do.

If we assume

lim [f(2)] =0, lim |zf(2)] =0, (8.7)

|z]—o00 |z]—0

uniformly in arg(z) € (—m, ), we can send R — oo and r — 0, causing the latter integral
to vanish. In combination with 6 — 7, we thus obtain, after the transformation ¢ — —(,

* e (Q)
0o At+C

d, pe(0) = 5 lm (F(Ce%) — f(Ce™)) . (88)

27 g

) =

We arrive at the following result.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

Lemma 8.2. Let f be analytic in C\ Ry so that (8.7) holds. Then f € CS and its Cauchy-
Stieltjes density po is given by

pel(©) = 5o tim (F(Ce) — (™)) (59)

211 ¢—m

Although (8.9) provides a convenient tool to determine Cauchy-Stieltjes densities for some
f € CS, we emphasize that the analysis provided in the sequel can be applied to any f € CS
without the explicit knowledge of uc. For this purpose, the following proposition is often
useful, where we use the notation

Hgsg :={z € C: Sz > 0}, Hgco:={z € C: Sz < 0},
Hg>p := {2z € C: 3z > 0}, Hg<p:= {z € C: 3z <0},
for the (closed) upper and lower complex half plane, respectively.
Proposition 8.3. A function f : RT™ — R is a Cauchy-Stieltjes function if and only if
1. f(\) € R{ for all A € RT,

2. f has an analytic extension to the slit plane C\ Ry, that we call f again, such that
f(z) € Hg<g for all z € Hgyp.

Proof. See |Ber08, Theorem 3.2]. O

Example 8.4. Since the function

1
f(Z) = Z(]. +22)

possesses poles at +i, we find that f cannot be extended analytically to the slit plane C\ R .
By Proposition 8.3, there holds f ¢ CS. On the other hand, the function

h(\) = A;L ‘ces

for all ¢ € RT, since it is nonnegative on R and any z € Hg~( satisfies

arg(h(z)) = arg(vVz + ¢) — arg(z) = %arg(z +c¢) —arg(z) € (—,0).

Provided that f is a real-valued function defined on R, it follows by the Schwarz reflec-
tion principle [Hen93] that any possible analytic continuation of f must satisfy f(z) = f(z).
Hence, Proposition 8.3 shows that f maps the upper half plane to the lower half plane and
vice versa. Several other remarkable properties of Cauchy-Stieltjes functions are listed in
the following proposition, which are often useful to derive the Cauchy-Stieltjes membership
of some function from available f,g € CS.

Proposition 8.5.
1. The set CS is a convexr cone: af +bg € CS for all a,b € Rg and f,g € CS.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

2. The set CS is closed under pointwise limits: if (fn)neny C CS converges pointwise to
some f, then f € CS.

3. Let f,geCS, f#0,ce R, and s € [0,1]. Then there holds

/ e CS, golECS7 fi¢t=% e CS.

1
€to 1 7

f(3)

Proof. See [SS5V 12, Theorem 2.2] for the first two claims and [Ber08, p. 9] for the latter. [

1
VI

The importance of Cauchy-Stieltjes functions in fractional diffusion problems is due to
Balakrishnan’s formula, which shows that f(\) = A™* € CS for all s € [0,1]. This member-
ship also easily follows from Proposition 8.2 since f satisfies (8.8) and

1. ; _ 1 . s i s i _gsin(ms)
- ( (o wﬁ)zil ( s ips s z¢s): s )
pelQ) =5 L F(Ce™) = f(Ce™) ) = 5 Jim (77— e ¢
We manifest this important observation in the following theorem.
Theorem 8.6. For all s € [0,1] there holds =% € CS. If s € (0,1), then
_ sin(ms) /OO s
A8 = dc¢, A ERT. 8.10
m 0 A + C C ( )
The fractional power function f(A) = A™°, s € [0,1], shall serve us as paradigm of

a Cauchy-Stieltjes function arising from elliptic fractional diffusion problems. We stress,
however, that the results provided in the sequel also apply to other possibly interesting
functions of fractional diffusion type, e.g.,
L coes L ces cRY
— —_— c :
S +c ’ (A +c)s ’ 0
Note that not all functions we are interested in have Cauchy-Stieltjes membership. Con-
sider e.g., the fractional power function f(z) = 2z® with positive exponent s € (0,1). Then

f(i) = €™ = cos(ms) + isin(mws) € Hyso.

Since i € Hgg, it follows from Proposition 8.3 that f ¢ CS. Nevertheless, we can exploit
(8.10) to deduce

X sin(a(s—1) [ ¢
A v 0o A+C

dc.

Multiplication with A combined with the symmetry of sin around 7 gives

s sin(ms) [ 1 A
N = - /0 ¢ 7A+€d§, (8.11)

which has already been noted in Theorem 4.7. We conclude that A\* can be written as (8.1)
with resolvent-type kernel g(A,{) = A/(A + (). Functions of this form are called complete
Bernstein functions and are the matter of the following section.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

8.1.2 Complete Bernstein Functions
Definition 8.7. A function f:RT — R is said to be a complete Bernstein function if

A

ppwal (8.12)

o0
JFO) =wA+ 0+/ 15(¢)
0
forw,0 € R(J{ and some nonnegative real-valued function pup such that the integral is abso-

lutely convergent. The function pup is called Bernstein density and (w, 8, up) is the complete
Bernstein triple of f. We denote the set of all complete Bernstein function by CB.

Similarly to Cauchy-Stieltjes functions, the triplet (w,6, up) is uniquely determined by
the function f and vice versa. Typical examples of complete Bernstein functions are [S5V12]

B Loy _ovn) 2 © cos?(v/C) A
1n(1+)\)—/0C )\+Cd§, ﬁ(1+e >_;0 e

A systematic list of complete Bernstein functions combined with their respective Bernstein
densities, if available, can be found in [SSV12]. The one that is of utmost interest for us is
the matter of the following theorem.

Theorem 8.8. For all s € [0, 1] there holds \* € CB.
Proof. The conjecture follows from (8.11). O]

The first equivalence in the following proposition is a direct consequence of the integral
representation of Cauchy-Stieltjes and complete Bernstein functions. For the remaining
ones we refer to Proposition 7.1 and Theorem 7.3 in [SSV12].

Proposition 8.9. There holds f € CB if and only if f(A\)/X € CS. Assuming f # 0, then

1 A
feCB «— - «+— —=¢€eC(hb 8.13
7 ey =19
Since f(z) = 1/z = z/|z|? maps Hg>o onto Hg<g and vice versa, we infer from the first
equivalence in (8.13) and Proposition 8.3 the following characterization of CB.

Proposition 8.10. A function f: R* — R is a complete Bernstein function if and only if
1. f(\) € R{ for all A € RT,

2. f has an analytic continuation to the complex slit plane C\ R such that f(z) € Hg>o
for all z € Hg~q

The different characterizations of CS and CB, stated in Proposition 8.3 and 8.10, are
illustrated in Figure 8.2. We sample several points along the umt Clrcle and plot their
image under the Cauchy-Stieltjes and complete Bernstein map 2~ 3 and 23 , respectively. In
both cases, the nodes are mapped to the right-half plane, however, in the Cauchy Stieltjes
case the nodes contained in Hg~ o are mapped to the lower-half plane whereas z® preserves
the sign of their imaginary part. In view of this close relation between CB and CS, the
following properties should come as no surprise.
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Figure 8.2: Action of 272 €CS and 22 € CB on arguments on the unit circle.

Lemma 8.11.
1. The set CB is a convex cone: af +bg € CB for all a,b € ]R(T and f,g € CB.

2. The set CB is closed under pointwise limits: if (fn)nen C CB converges pointwise to
some f, then f € CB.

3. Let f,g € CB with f #0, c€ R", and s € [0,1]. Then there holds

L 1 f()\) A s 1—s
71 €5 M(5)ees, S5 ecs. O €eB. feecs

Proof. See [SSV12, Section 7). O

The following result comes in handy if one wants to construct new Cauchy-Stieltjes or
complete Bernstein functions from given functions in CS or CB. For the sake of brevity we
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

use A o B as a shorthand for {aob:a € Ab € B}. Its proof is a direct consequence of
Proposition 8.3 and 8.10.

Corollary 8.12. There holds
1. CBoCS CCS,
2. C§oCB CCS,
3. CBoCB C CB,
4. CSoCS CCB.

Apart from A®, the set of complete Bernstein functions contains several interesting func-
tions of fractional type, such as

AS
cAs +1

N+ ¢ € CB, € CB, ceRY,

for all s € [0,1]. In combination with CS, they cover a majority of the most important
functions that arise from stationary fractional diffusion problems. In fractional evolution
equations, however, we are interested in functions of the form f7(\) = E, g(—t*)\*). Even
in the integer-order case a = § = s = 1, the latter is not contained in CS U CB since for
any z = re'® we have

e = e TeSPeTirsing _ o =rcose (cog(pgin ¢p) — isin(rsing)). (8.14)

Provided that ¢ € (0, %) there holds z € Hg~o but for e.g., 7 = 1, we have J(e™*) < 0
whence e ¢ CB. On the other hand, if we choose r = 37/(2sin ¢) there holds

_ _3mcoteg 37'(' __3mcoto
(e™®)=—e 2 sin <> =e 2z >0,
2

whence e~ & CS by Proposition 8.3. To complete our systematic classification, we intro-
duce one final class of functions which turns out to be the missing ingredient to unify the
problems that we are interested in.

8.1.3 Laplace-Stieltjes Functions

Definition 8.13. A function f : RT — R is said to be a Laplace-Stieltjes function if there
exists a nonnegative real-valued function py such that

) = /0 T Qe . (8.15)

The function ur is called Laplace-Stieltjes density of f. We denote the set of all Laplace-
Stieltjes functions by LS.

111



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

More succinctly, (8.15) can be written as f(\) = Z[ur](A) whence there is a one-to-
one correspondence between the function f and its Laplace-Stieltjes density pr [Wid13].
Well-known examples of Laplace-Stieltjes functions include

Lo /1 ~ e ! /Oo ~Ce= N g, ceRY (8.16)
= e R = € (& y C . .
)\ 0 )\ —|— C 0 0

Given some f € LS, the respective Laplace-Stieltjes density is obtained by applying the
inverse Laplace transform, that is, uy, = £~ ![f]. For a large class of functions, the latter is
known explicitly. To apply the results provided in the sequel, however, it suffices to know
whether a function is contained in £S without the explicit knowledge of py. A convenient
tool for this purpose is the well-known characterization of LS as the set of completely
monotonic functions.

Definition 8.14. A function f € C*°(R™") is said to be completely monotonic if
(D" M) 20, AeR™,
for all n € Ng. We denote the set of all completely monotonic functions with CM.
As shown in [Ber29], the set CM coincides with LS.

Theorem 8.15 (Bernstein). If f € CM, then f is the Laplace transform of a unique
function pg, : RY — RY such that

) = /O T Qe . (8.17)

Conversely, whenever g, : RY — R is a function with the property Z[ur](X) < oo for all
A € RT, then X\ — ZL[ur)(N) is completely monotonic. In particular, we have LS = CM.

As a direct consequence, we find that any f € LS is a nonnegative, decreasing, and
convex function. As such, the limit

f(0T) := lim f(\) (8.18)

A—0t

exists. The function f(\) = A~! € LS shows, however, that the value of f(0") is not
necessarily finite. Another well-known property that follows from (8.17) is the following
result, see [Wid413].

Lemma 8.16. Any f € LS allows for an analytic continuation to the right half plane
{ze C: Rz > 0}.

To establish a connection between £S and the function classes introduced in the previous
sections, we apply the second identity in (8.16) and Fubini’s theorem to conclude for all

fecs

_ OO/J’C(C) _ R —(s,—sA _ * —sA > —(s
o= [ EE L ac= [T [T uee e asac = [T e [T pe(0e ¢ acas

This proves the following result.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

Lemma 8.17. There holds CS C LS. Moreover, for any function f € CS with Cauchy-
Stieltjes density puc the Laplace-Stieltjes density py, of f is given by

nsl6) = [ nels)e < ds.

Note that the inclusion is indeed strict since for f(\) = e~ there holds
(D" = ()" (=D)"e =t 20
for all A € RT. Hence, by Bernstein’s theorem, we find e=* € LS but e * ¢ CS.

Remark 8.18. Due to CS C LS any Cauchy-Stieltjes function is completely monotonic.
The connection between LS = CM and CB is that any f € CB satisfies f' € CM, see
[55V 12, Theorem 3.2]. However, not every function with this property is a complete Bern-
stein function. The collection of all functions f : RT™ — R that satisfy f' € CM is the set
of Bernstein functions. This is the superset of CB whose elements can be written as

) =w+ons [ O - de (8.19)
0
forw, 8 € Rg and some nonnegative real-valued function p such that the integral is absolutely

convergent. There holds f € CB if and only if p in (8.19) is completely monotonic.

A few remarkable properties of Laplace-Stieltjes functions are listed in the following
lemma.

Lemma 8.19.
1. The set LS is a convex cone: af +bg € LS for all a,b € Rar and f,g € LS.

2. The set LS is closed under pointwise convergence: if (fn)nen C LS converges point-
wise to some f, then f € LS.

3. The set LS s closed under multiplication: fg € LS for all f,g € LS.
4. There holds LS oCB C LS.

5. If f € LS and g is positive on RT, then fog € LS. In particular, f(c\) € LS for
any ¢ € RT.

6. If f:RT —>]R8' with Inof € LS, then f € LS.

Proof. See Corollary 1.6 and Theorem 3.6 in [S5V 12] for the first four assertions and [Merl2,
Lemma 3.4] for the latter. O

Provided these tools, our goal is to prove that functions arising from time-dependent
fractional diffusion problems have Laplace-Stieltjes membership, i.e.,

FON) = Bag(—tX°) € LS (8.20)
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

for all € (0,1], B > «a, t € RY, and s € [0,1]. Recalling Remark 2.26, we also want to
include the extremal case a = 0, whence it is fruitful to define

Eos(th), it & > 0,
eap(t; A) =19 I (8.21)
W(l +A)7, if a=0.
Theorem 8.20. If (o, 3,t,8) € O, := {(a, B,t,5) € [0, 1] x Rt x R} x [0,1] : B > a}, then
there holds ey g(—t*, A\°) € LS.

Since (1 + A)~! € CM, it follows from Theorem 8.15 that the proof holds if & = 0. To
confirm the conjecture for a € (0, 1] we require the following intermediate result.

Lemma 8.21. Let o, 8 € RT. Then E, 3(—\) € LS if and only if a € (0,1] and 8 > a.

Proof. See [Sch96] for the explicit derivation of the Laplace-Stieltjes density and [Mil99] for
a shorter proof validating only the membership itself. O

Proof of Theorem 8.20. Under the given assumptions on « and 3, the fifth property in
Lemma 8.19 reveals that F, g(—t*)\) € LS for any t € R(J)r. By the fourth property in
Lemma 8.19, the composition of the latter with \* € CB, s € [0,1], is a Laplace-Stieltjes
function itself and Theorem 8.20 is proved. OJ

For some values of the parameters, the results of Theorem 8.20 can be confined. For this
purpose, let us consider the integer-order case a = 1. In analogy to (8.14), we find that for
all z = re®

6723 _ efrsews _ 677"3 cos(d)s)efirs sin(d)s)' (822)
Provided that s € (0,1) and ¢ € (—,7), (8.22) converges uniformly to zero as r — oc.
Furthermore, ze™* — 0 as z — 0. Applying Lemma 8.2, we find that e™*" € CS if s € (0, %)
and its Cauchy-Stieltjes density evaluates to

]- . __(Splps __[S,—1ips
_ 1 ( ¢fer?® _ —(%e )
nelc) 2mi ¢1_)n}r ¢ ¢

]. 8 ,ITS 5 ,—1iTS ]. s
=5 (efc S ) = ;674 cos(73) gin(¢* sin(rs)).

For arbitrary « € [0, 1], the situation can be generalized as follows (cf. [YTL111, Proposition
4.4] and [MN18, Example 4.3|).

Proposition 8.22. If (a,3,t,5) € O¢ := {(a, B,t,5) € OL : §+s5 < 1}, then e g(—t*, N\°) €
CS and the Cauchy-Stieltjes density is given by
1 .
pol() = =3 (Bup(—17C°6™).

Proof. The cases where either of the parameters «, t, or s are zero follow from the fact
that constant functions as well as (1 + A*)~!, s € [0,1], are contained in CS. For the
remainder of this proof, let us therefore assume that «, t, and s are strictly positive such
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

that eq g(—t*, X°) = E4 g(—t“A*). We check under which restrictions on the parameters
the requirements (8.7) are satisfied such that Lemma 8.2 can be applied. Clearly, the
second property in (8.7) holds for all admissible values of «, 3, t, and s. To investigate the
behaviour of |f(2)| as z — oo, we consult Theorem 2.29 to infer

C
arg(—t°2") € (S5,7) = [Bap(—t72")] < 22

W. (8.23)

Utilizing polar coordinates z = re’®, the left-hand side of (8.23) reads

arg(—t*2°%) = arg(—e'?®) =1 — ¢s € (%, 7r> :

In terms of ¢, the condition can be reformulated as ¢ € (0, %) To guarantee

lim | B, (—t"2%)] =0

|z| =00
uniformly in ¢ € (0, 7), we thus require

(2—a)r

>
2s ’

or equivalently, § + s < 1. Since |E, g(—t*A*)] — 0 for increasing values of A € R and
|Eq g(—tZ%)| = |Eqap(—t%2%)| = |Eqg(—t*2%)|, we deduce that |E, g(—t*2®)| converges
uniformly to 0 as |z| — oo if arg(z) € (—m,7) and § + s < 1. Thanks to Lemma 8.2, we
deduce E, g(—t*\*) € CS with Cauchy-Stieltjes density

HO(Q) = = (Bagl(—12e™) — By (—t2¢Pe™)

2m
. o0 L - L
4 (—t&CS)k - 23 SlIl(j?TS) 1 N (_taCsezws> 1 N '
T or = - = _GF 18IS
2n 32;3 [(ej+B) W\S; T(aj + B) —SEa,p(—t7C7e™)

O

For the reader’s convenience, we conclude this section with an illustration of the system-
atic classification of the fractional power function and f(X\) = e, g(—t%, A*) in Figure 8.3.
For f(A) = A°, we see that in the extremal case s = 0 the function is in the intersection
of CS and CB. For f7(\) = eqp(—t* A°) the critical case § + s = 1 only guarantees
membership in the Laplace-Stieltjes set.

8.2 Approximability of the Matrix Kernels

The previous section allows us to take the unified point of view that the DEM approximation
of fractional diffusion problems is obtained by evaluating a matrix-vector product of the
form f7(L)b, where f7 is either of Stieltjes or complete Bernstein type. The computations
in (8.2) show that the approximability of these functions hinges on the approximability of
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

(0,1) ea,ﬂ(_ta7)‘s) (1,1)

)\S
| | |
S | |
-1 0 1 (0,0) 5 (1,0)

Figure 8.3: Classification of the fractional power function A\*, s € [—1,1], and the Mittag-
Leffler type function e, g(—t%, \*) for (a,s) € [0,1]?, fixed t > 0, and B > «.
The cyan, green, and red areas indicate Cauchy-Stieltjes, complete Bernstein,
and Laplace-Stieltjes membership of the respective function.

the respective matrix kernels. Recognizing this fact, the main purpose of this section is to
provide an upper bound for the rational Krylov approximation error in the form of

19(L, ¢) = Vg(Lis1, )V < ny(E,0), (8.24)

where V is an orthonormal basis of OF 1 (Lyb), Ly = VTLV its compression, g(\, () €
{A+O)"N N (A +C), e A}, and ng(Z,¢) an upper bound depending on = and ¢ only. We
start our investigation with the Cauchy-Stieltjes kernel.

8.2.1 The Resolvent Kernel

Let V be an orthonormal basis of the rational Krylov space Q% 1(L,b) and Ly y = VILV.
Due to Theorem 7.16, we may bound the resolvent error by

I(L+¢D™'b = V(L + (Tpra) ' VIb|| < 2| min A+~ =Wl (8:25)
Tk k

for any ¢ € Rar , where ¥ is the spectral interval of L. To bound the right-hand side of
(8.25), we introduce, recalling (7.1), the following rational interpolant of (A + ¢)~! which is
an integral part of our analysis; cf. [Giit10, Section 7.5.2].

Definition 8.23. Provided a set of nodes A = {oy,...,01} C C, | € N, we define for any
¢ € C the rational interpolant rf\ = by

ra=(N)
¢ _(y) e =0 o @) )
TA,E( )= AtC raz(N) = =0V € Ki41,k+1- (8.26)
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

Recalling deg(g=) = |[{¢€ € = : £ # oo} for any = C C, we collect in the following Lemma
several properties of the rational interpolant, which, among others, justify its nomenclature;
cf. [Giit10, DHS21].

Lemma 8.24. Let A = {0g,...,0;} C C and ¢ € C.
1. Let n = deg(qp), m = deg(qz), and j = max{n,m}. Then rf\,E € Pj-1/q=.

2. T[C\ = interpolates the resolvent in Ag, := {0 € A: 0 # oo}, i.e.,

1
Vo € Agy : ri,E(a) = e
3. The absolute error is given by
1 ¢ 1 A E(A)
—rSo(\) = —— 2= 8.27
TS A T =20
Proof. Let ¢ = rj =(—(), then there holds
cg=(A)—qa(N)
T‘C H()\) _ cq=(X) _ CQE()‘) - QA()\) R.: 1
AE A+¢ cqz(A)(A +¢) g

The original definition of ry = in (8.26) shows, however, that —( is a root of both the
denominator and the numerator polynomial, whence in fact rf\E € Pj—1/q= as claimed.
The second property follows from rj =(c) = 0 for all o € Ag,. The third one holds since

rA=(N)
L ¢ _ (0 L rmaz=(N)
—— —ri=(A) . O
A+¢ = A+C A+ (razE(=0)

Since deg(gz) < k + 1, it follows from the first property of the previous lemma that
rf\ = € Pi/q= if [A| < k+ 1. In this case, the rational interpolant is an admissible choice to
bound the right-hand side of (8.25). Together with the third property in Lemma 8.24, we
deduce

(L +¢D) ™' = V(Lypr + L) VB[ < 2b[(A+ )" =75 =W
IrazMW)lls (8.28)
raz(=01

These observations allow us to derive an upper bound of the form (8.2 ) when g(L, () is
the resolvent function; cf. [MR20a, DHS21].

Theorem 8.25. Let ( € C, V an orthonormal basis of QE_H(L,b), and Ly, = VILV.
Then there holds

< 2Bl + O s

_ _ _ . T
JL 4+ Db — V(Lisr + L)) VI < 2b[(A+ O Mg min el
rk+1€Pk41/q= ‘Tk-i-l(_o’

Proof. This follows from (8.28) after taking the minimum over all A with [A| < k+1. O

The proof of Theorem 8.25 holds without any restrictions on = C R\ X. As shown below,
the situation is different in the complete Bernstein case, where we require co € = to bound
the rational Krylov approximation error.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

8.2.2 The Complete Bernstein Kernel

The complete Bernstein kernel g(L, ¢) = L(L + ¢I)~! bears a close relation to the Cauchy-
Steiltjes kernel. It is thus not surprising that the derivation of its upper bound follows in a
similar fashion. A subtle modification of Definition 8.23 reads as follows.

Definition 8.26. Provided a set of nodes A = {0g,...,01} C C, 1 € N, we define for any
¢ € C the rational interpolant ff\z by

725\,50‘) = )‘T/C\,E()‘)-
The following observations are a direct consequence of Lemma 8.24.
Lemma 8.27. Let A = {0¢,...,0,} CC and ¢ € C.

1. Let n = deg(qp), m = deg(q=), and j = max{n, m}. Then ff\,g € Pj/q=.

2. 7@5\ = satisfies the interpolation property

forallo € Ay ={o € A: o # o0}.
3. The absolute error is given by

Do 2 e
A =9

The main result of this section is stated in the following theorem; cf. [DHS21, Lemma 4].

Theorem 8.28. Let ( € C, V an orthonormal basis of Q%H(L,b), and Lyy, = VILV.
Assume that oo € Z. Then there holds

)
JL(L + D) 'b — VLt (L + CTap)~ Vib| < 2013/ + Ol min 7=
rk€PL/q= ’rk(_C”

Proof. We apply Theorem 7.16 to observe
IL(L + ¢1) ™" — VLg i1 (L1 + CLegr) " VIb|| < 2||b| gljl}q [A/ (A4 ¢) = re(N)]]s-
Tk k/ 4=

Since oo € =, there holds deg(g=) < k. The first property in Lemma 8.27 reveals that
ff\ = € Pi/q= is an admissible choice to bound the minimum above if [A| < k. If this is the
case, we may consult the third property in Lemma 8.27 to deduce

IL(L + ¢D)~'b — VLii1 (Lpgr + (Trst) ' VIb| < 2|bI[A/(A+¢) — 7§ =(V)l|s
[raz(N) s
Iraz(=0)1

Since A is arbitrary, we may take the minimum over all A with |A] <k to confirm that the
claim is valid. O

< 2bl[A/ A+ DlleT—=—~7
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

8.2.3 The Exponential Kernel

The treatment of the exponential kernel g(L,¢) = e ¥ is more delicate. In line with
[DIKZ09, MRR20a, DHS21], we apply the second identity in (8.16) to rewrite e~ via inverse
Laplace transform

1 eS?
A =27+ )T = / d 8.29
‘ (49790 = 50 [ 35 = (5.29)
where iR denotes the integration path starting at —ico and ending in ico. Given an or-
thonormal basis V of OF 1 (L,b) and Ly = VILV, we apply Theorem 2.36, after the
transformation z — —z, to deduce

1

e~Lp — Ve linyip = — [ 62 ((L +20) b — V(Lysy + zIkH)—lVTb) dz. (8.30)
™ JiR

These computations show that the approximability of the exponential kernel e ¢, ¢ € R(}L ,

is closely related to the approximability of the resolvent (L+21)~! with z € iR. An intuitive

approach to bound (8.30) would be to apply Theorem 8.25 so that

le=Eb — Ve ke vib| < /H()\—I—z)_ng min Wz
iR

1
21 rht1€Pt1 /a2 |The1(—2)|
1

1 . 7t lls
< — ——dz min - .
o /iR Amin + 2| rep1€Prg/ae inf{|rry1(2)] : 2 € iR}’
which bears a close resemblance to the estimates derived in Theorem 8.25 and 8.28. Unfor-
tunately, the upper bound so obtained is not meaningful since

/ 1
——dz = 00.
iR [Amin + 2|

More careful computations allow one to overcome this difficulty. For convenience, we intro-
duce the following definition.

Definition 8.29. For all = = {&,...,&} C C we define the rational function r= €
Riy1kv1 by

k
ra(z) =1 s2(2) = [ z“L?.
j=0 !
§jF o0

The following technical lemma can be found in the proof of [VM1R20a, Theorem 2| and is
instrumental for our approach.

Lemma 8.30. Let = {&,..., &} C —X U {oo}, m = deg(gz), and

(A C) = % S (=) e

Then there holds for all A € ¥ and ¢ € R§

2 )\m X
|h(X, Q)] < 29mlr=(V)], Ym =223+ = In <4m 2 ) :
m

)\minﬂ'

119



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

If we restrict all finite poles to the negative spectral interval, we can bound the rational
Krylov approximation error of the matrix kernel g(L,¢) = e~ as follows; see [MR20a,
Theorem 2| for the case where L is symmetric.

Theorem 8.31. Let ¢ € R}, V an orthonormal basis of QE_H(L, b) with poles E C —X U
{oo}, m = deg(qz), Ym as in Lemma 8.50, and Ly, = VILV. Then there holds

le™¥b — Ve F Vib|| < dy[b]l[ |- (8.31)
Proof. Due to the first property in Lemma 8.24, there holds rEE = € Pr/q=. By Lemma

7.12, we find that 7 2 2(L)b = Vr® 2 o(Li11) Vb, Subtracting e$*r‘ 2 -(L)b and adding

=

eCZVTEE’E(LkH)VTb inside the integral of (8.30) combined with (8.27) reveals

1
e Ib — Ve tbenivib = — [ (L + 21) " tr=(L)r=(—2) 'bdz

™ JiRr
1

— 5 €V (Lyp1 + 21pp1)  tre(Liy1)r=(—2) " 'Vibdz
™ JiR

= A(L, ()b — Vi(Lys1, () Vb,
with h(A, ¢) as in Lemma 8.30. We apply Theorem 7.16 to find that
le™¢¥b — Vet vib|| < 2|b]| min 1206 =re(Nlls < 2[bI[IAA, Oll-
Tk k/ 4=

The inequality (8.31) now follows directly from Lemma 8.30. O

8.3 Approximability of Stieltjes and Complete Bernstein
Functions
In this section, we leverage our insights gained to bound the rational Krylov approximation

error for Stieltjes and complete Bernstein functions. Recalling (8.18), the central statement
of this chapter is stated in the theorem below.

Theorem 8.32. Let V be an orthonormal basis of Q5 (L,b), Lyt = VLV, and uy; =
Vf(Ljy1)Vib.
1. Let f € CS with w and 0 as in (8.4). If 0 =0, then

. Ire+1lls
L)b —u < 2f(Amin)||b min - —. 8.32
7O — vl < 20 Cmllo] | min RS (83

Assuming oo € Z, then (8.32) holds even if 6 # 0.
2. Let f € CB with w and 0 as in (8.12) and assume co € E. If w = 0, then there holds

min [7xlls .
rk€Pk/qz Inf{|rp(N)| : A € Ry }

[F(L)b — g || < 2f (Amax) [ bl (8.33)

Assuming {co,00} C E, then (8.33) holds even if w # 0.
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

3. Assume = C =X U {oo}, m = deg(q=), and v, as in Lemma 8.30. If f € LS, then
1/(L)b — wpepa|] < dym fOT) bl Ir=]s. (8.34)
Proof. Let f € CS and (w, 0, uc) its Cauchy-Stieltjes triple. If § = 0, then
F(L)b — upp1 = w (L 'b— VL,V b)
+ /000 pe(C) ((L +CD) b = V(L + CIk+1)_1VTb) dg.
We apply triangle inequality to deduce
IFL)D = wppa | < wl[L71 = VL Vb

+ [ HeOIL+ DD = V(g + ) VT e

Invoking Theorem 8.25 with ¢ = 0 and ¢ € RT, respectively, we arrive at

w < uc(Q) > . re+1lls
L)b—u <2 —+ / ——d b min - —
Hf( ) k—HH <)\min 0 Amin +¢ ¢ H ” Tk+1€Pk+1/4= lnf{"f’k+1()\)‘ HP S Ro }
[rEsyp>

=2f(Amin)||b min - —.
f( )H H rk+1673k+1/q5 1Df{|’r'k+1()\)| . )\ € RO }
Clearly, if oo € Z, then b € QEH(L, b) so that any additional contribution in the form of

6b = OVV'b is computed exactly.
To prove the second claim, let f € CB and (w, 0, up) its complete Bernstein triple. Since
oo € = and w = 0, it follows from Theorem 8.28

1F(L)b — g || < /oo B(QILL +¢D) ™" = VLpi1 ((Tsr + Lia) ' Vb d¢

< 21lb max d . H?”k”z
” H/ M8 T e B eV A € RS

. [rells
=2(f(Amax) — 0) ||b|| min - —,
(F( ) ) IIbl rk€Pk/qz Inf{|r(N)| : XA € Ry }

—_

which directly implies (8.33). Assume now {oco,00} C Z. Noting that ¢z € Pi_1, it
follows from the second property in Lemma 7.5 that Lb = ri(L)b, rx(A) = Ag=(N\)/q=(N) €
Pr/q=, is contained in Q% 1 (L, b) so that any additional contribution in the form of wLb =

wVVTLD is computed exactly.
Finally, if f € LS with Laplace-Stieltjes density ur, we apply Theorem 8.31 to deduce

17 (L)b — | < /0 1L (O)lle=Ub — Ve~ LV ih| d¢

< 47m\|bllllrsllz/0 p(¢) d¢ = dym fOF) bl lr=]s. O

121



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

Remark 8.33. The very same upper bounds as in Theorem 8.32 can be obtained using
so-called skeleton approximations [DKZ09, MR20a, Ose07] or the Hermite-Walsh formula
for rational interpolants [Wal60, Theorem VIIL.2[, [BR09, p. 24], [BG12].

Theorem 8.32 is an integral part of our analysis and thus deserves some further discus-
sions. The inequalities (8.32) and (8.33) show that the choice of a “good” pole set = is
closely related to rational functions that are uniformly as small as possible on ¥ and as
large as possible on R, if f € C§ UCB. The involved constants depend on the function f
evaluated at the extremal eigenvalues of L. Our results suggest that one should ensure

—o€eZiff#£0and f €CS,
— {0, 00} CEif O,w # 0 and f € CB,

which is computationally inexpensive since it involves polynomial Krylov steps only. The
estimate derived for Laplace-Stieltjes functions is seemingly different from the ones obtained
in (8.32) and (8.33). The quality of the poles is related to the maximal deviation of 7z in X
and the constant in (8.34) involves the value of f at 0. The latter is not necessarily finite as
the function A1 € £S shows. As noted in [MR20a, Remark 4], however, this inconvenience
can be tackled in the following manner: Given f € LS it follows from the fifth property in
Lemma 8.19 that f(\) := f(A+ ¢) € LS for any ¢ € RT. Provided that ¢ € (0, Amin), we
may thus define L := L — ¢I such that f(L) = f(L) and f(0) = f(¢) < oo by construction.
The third claim in Theorem 8.32 reveals

1F ()b — wpsr|| = [|F(L)b = V[ (L) VDI < dyim f ()bl 7= 5,

where L1 = L1 — Iy and 3 = [Amin — € Amax +¢] € R*. This allows one to recover
a meaningful upper bound on the basis of the modified spectral interval . Since the ratio
of Amin — ¢ and Apax — ¢ is smaller than the one of the unchanged spectral interval, values of
¢ close to A\pin lead to worse condition numbers but to smaller constants f(c). On the other
hand, if f happens to be completely monotonic even for some ¢ < 0, a smaller condition
number at the cost of a larger constant f(c) might be obtained.

In all our experiments, we find that the logarithmically increasing factor v, in (8.34) is
somewhat pessimistic. If f € LS extends continuously to the imaginary axis and satisfies
a certain decay condition, it is possible to replace 7, with an absolute constant. In view of
Lemma 8.16, the key idea is to bring, instead of its kernel, the function f itself via Cauchy’s

integral formula in the form of
1 f(2)
= — d
/() QWi/iR)\—z =

cf. [MN18]. The upper bound so obtained is very similar to the minimization problems in
(8.32) and (8.33) but involves the imaginary axis instead of R .

Theorem 8.34. Let f € LS, V be an orthonormal basis of QEH(L,b), L, = VLV,
and 1 = Vf(Lyy) Vb, Assume that f extends continuously to the imaginary azis such
that |f(z)] — 0 as |z| — oo for Rz > 0 and

o= |
iR

f(2)

——1d . 8.35
/\min +z S ( )
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8 A Unified Analysis of Rational Krylov Methods in Fractional Diffusion

Then there holds

cy [rkt1lls
L)b—-u < —=|b min 1
| f(L) 1l < - bl rip1€Prs gz i { [T (2)] : 2 € iR}

Proof. Due to the assumptions on f, we may use the imaginary axis in Cauchy’s integral
theorem to write

/ f(2)(L = 21)"'bdz,
27m
w1 = Vf(Li)Vib = / f(2)V(Ljyy — 2I;1) " 'Vibdz.

Since f is a real-valued function defined on R™, it follows by the Schwarz reflection principle

[Hen93] that f(Z) = f(z). After the transformation z — —z, we thus obtain

/ f(=2)(L+21)"'bdz
2m
/ fE)(L+ 1) 1bdz— / F2) (L4 2I)"'bdz,
" omi
and analogously
1 A -1
Wert = o | f(2)(Lp1 + 2lis1) " bd2
™ JiR
Triangle inequality combined with Corollary 8.25 reveals

1
IF(L)b —wpn || < 5~ /R [F(INL A+ 2D)"'b = V(Lyy1 + 21541) " Vb dz
(2

& min re+1lls
Thi1€Pri1 /s E{|Tp01(2)] : 2 € iR}’

IN

Amin + 2

as to be proved. O
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9 Zolotarev's Rational Approximation
Problems

The previous chapter shows that for a large class of fractional diffusion problems the rational
Krylov error can be bounded in terms of a rational approximation problem. In view of
Theorem 8.32, it is desirable to extract surrogate from a rational Krylov space Q% +1(L’ b)

with poles = = {&, ..., &} choosen according to
min min - 71l — (9.1)
| |ECI~:R 17"k+1€7’k+1/(15 inf{|rp11(2)] : 2z € Ry }
S|=k+

if f7 € CS. If f € CB, we fix § = oo and are interested in (9.1) with Py replaced by
Pr. If f € LS satisfies (8.35), Theorem 8.34 motivates us to minimize (9.1) with /R in
place of R, . Either of these configurations can be reduced to the so-called generalized third
Zolotarév problem: Find r; € Ry, such that

7= : rel[s .
- = inf - , Be{R;,iR} 9.2
inf{|r}(2)| : z € B}  reeRes inf{|rp(2)] : 2 € B} {Ro iR} (9:2)
Roughly spoken, the set = should be chosen according to the poles of a rational function
that is uniformly small on 3 and uniformly large on B. In view of (8.34), another rational
approximation problem that we are interested in is encoded in the quantity

in ||r= 9.3
%u_r% Ir=lls, (9-3)

which involves rational functions that are uniformly small on the spectral interval. This
minimization problem is known as Zolotarév’s minimal deviation problem and turns out to
be a special case of the generalized third Zolotarév problem. In this chapter, we analyze
(9.2) and (9.3) to provide the foundation for various pole selection strategies presented in
Chapter 10.

9.1 The Third Zolotarév Problem

We consider (9.2) in the following more general form: Given two nonempty and disjoint
subsets of the complex plane A, B C C, we search for a rational function r; € Ry with
the property

sup{|rp(2)|: z € A} . sup{|rg(2)| : z € A}

= . 9.4
inf{|r;(2)] : z € B} rkg"llzkk inf{|rx(2)| : z € B} (94)
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9 Zolotarév’s Rational Approximation Problems

The problem (9.4) is known as the generalized third Zolotarév problem on (A,B) [GonG9,
Tod&d, PP88, Ach92, Wacl3, RTW20]. Its systematical study goes back to the Russian
mathematician Jegor Zolotarév in the second half of the 19" century [Z0177] and was
originally posed on A = {A € R: [\| <1} and B = {X € R: |A\| > ¢} for some ¢ > 1. The
quantity

) sup{|ri(z)| : z € A}
Zi(AB) = f
k(A B) reeRy . f{|rp(2)] : 2 € B}

is called Zolotarév number of (A,B). An equivalent representation which is frequently used
in the literature reads [Gon69, I'T95]

Zy(A,B) = inf sup|ri(2)|, Ry = {ri € Ri : inf [r(2)] = 1}.
rRERY p 2EA z€B

A few immediate observations are the following.
Lemma 9.1. There holds
1. Zp(A,B) =1,
2. (Zi(A,B))ren, s a decreasing sequence in Ry,
3. Ay C Ay and By C By implies Zi,(A1,B1) < Zr(Ag,Bo),
4. Zypi(AB) < Zi(A,B)Z;(A,B),
5. Zp(AB) = Zi(B, A) and 1}, minimizes Z,(A,B) if and only if 1/r}, minimizes Z,(B, A).

Proof. The first statement is clear. The properties 2 to 4 follow from the observation that
the infimum /supremum on a subset is larger /smaller than the one on the original set. The
last claim follows from

sup{lri(2)| -2 €A} . sup{1/lni(2)]|: 2 € B

Zp(A,B) = inf = = Zi(B,A).
HAB) = B o) 2 € B rih s {1/ e(o)] 2 € Ay~ 2HBA)
Therefore, r;, minimizes Zj(A,B) if and only if
1/|r} : B

inf{1/|r;(2)] : z € A}

An equivalent formulation of (9.4) is obtained by the generalized fourth Zolotarév problem:
Find 7y, € Ry such that

sup |fr(2) —1ap(2)| = inf sup |rp(z) — 1ag(2)], (9.5)
2EAUB TkE€RK,k 2 AUB

where

1, z €A,
Lag(2) = {—1 z€B
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9 Zolotarév’s Rational Approximation Problems

For real intervals it was shown in [Ach92, Chapter 9] that the third and fourth Zolotarév
problem is equivalent in the sense that every solution 7} of (9.4) is related to 7, satisfying
(9.5) via

_ 1- Zk(AvB) ’I“;;(Z) - Zk(AaB)
1+ Zp(A,B) r%(2) + /Z1(A, B)

7k (z)

As shown in [['T95], this result remains in force if A and B are subsets of the complex plane.

Remark 9.2. Inspired by the close collaboration with his fellow mathematician Pafnuty
Chebyschev, Zolotarév posed in total four fundamental best approximation problems which
are known as the four Zolotarév problems. The first and the second one deal with best-
approximation properties of polynomials.

Remark 9.3. Zolotarév problems have been studied in more general form in [L59/, LS01],
where the infimum is taken over Ry p,, m € N, instead of Ry, . This theory could be used to
optimize the Krylov space under the condition that a fraction of the poles must be infinite.

The third Zolotarév problem finds applications in many different branches of modern
science, e.g., Alternating Directional Implicit (ADI) methods for solving Sylvester matrix
equations [BVY62, Leb77, Becll, Wacl3], singular value decompositions [NF 16, BT17], and
generalized eigenvalue problems [GPTV15]. In view of Theorem 8.32 and 8.34, our main
focus lies in the discussion of the following questions:

1. Can the extremal rational function 7} in (9.4) be determined explicitly?
2. How fast does Z(A,B) decay for increasing values of k7

To answer these questions, we avail ourselves of well-known tools from logarithmic potential
theory which allow us to characterize the distribution of the roots and poles of 7} in terms
of the so-called equilibrium measure. A closely related concept, the so-called condenser
capacity, then provides the necessary information to quantify the rate of convergence of the
Zolotarév number as k — oo.

9.2 Preliminaries from Logarithmic Potential Theory

This section is intended for those who want to acquire the basics of modern logarithmic
potential theory as quickly as possible. In-depth reviews of this matter can be found in
[Lan72, Ran95, ST97]. For an excellent beginner’s guide in the context of rational approx-
imations we refer to [LS06, Safl0].

9.2.1 The Classical Case

One of the fundamental problems that have contributed to the development of this field of
research is the following electrostatic problem: Provided a compact set A in the complex
plane, we want to distribute a collection of like-charged particles on A such that a minimal
energy configuration is attained. Here, the distribution of charges is represented by the
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9 Zolotarév’s Rational Approximation Problems

set of probability measures on A and the energy between two particles is modeled to be
proportional to the reciprocal of the distance between them. We formalize these ideas in
the following fundamental definition.

Definition 9.4. Let A C C be a compact set. We introduce M(A) as the set of all Borel
probability measures supported on A. The logarithmic potential of v € M(A) is defined by

U”(2) :—/ln ! dv(t)

|2 =1

for all z € A. The quantity

I(v) = / U dy — / / ln|zit|dy(t) dv(z)

is said to be the logarithmic energy of v. The logarithmic energy of A is defined by

Va:= inf I(v). 9.6
ai= inf 1) (9.6)
The goal of the electrostatic problem is to find a measure v € M(A) such that the infimum

in (9.6) is attained. According to the fundamental theorem of Frostman, this problem has
a unique solution [Ran95, Theorem 3.3.4].

Theorem 9.5 (Frostman). Let A C C be compact with finite logarithmic energy Vi < 0o.
Then there exists a unique measure vy € M(A) with the property

I(vy) = Vi

The unique measure vy provided by Theorem 9.5 is called equilibrium measure of A and
satisfies the following property, where we refer to the outer boundary 0., A of A C C as the
boundary of the unbounded component of the complement of A.

Lemma 9.6. Let A C C be compact with Vi < co and vy the equilibrium measure of A.
Then there holds supp va C OsoA.

Of particular importance in logarithmic potential theory is the following quantity that is
intrinsically linked to the equilibrium measure of A.

Definition 9.7. Let A C C be compact. Then the logarithmic capacity of A is defined by
cap(A) := e VA, (9.7)

If Vi = oo in (9.7), then cap(A) = 0 by definition. Such sets are called polar sets. From
the electrostatic point of view, these are the sets that are “too small” to hold a charge. Any
subset of a polar set is a polar set itself. Moreover, any polar set has Lebesgue measure
zero. The converse is not true. Lemma 9.6, M(0xA) C M(A), and the uniqueness of
the equilibrium measure show that one can “fill up” the holes of a set without changing its
logarithmic capacity. More precisely, there holds the following result.
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9 Zolotarév’s Rational Approximation Problems

Proposition 9.8. Let A C C be compact with positive logarithmic capacity and vy its
equilibrium measure. Then there holds

cap(JooA) = cap(A).

Further remarkable properties of the logarithmic capacity are listed in the following
lemma.

Lemma 9.9. Let A and B denote two compact subsets of the complex plane.

1. The logarithmic capacity is monotone, i.e., A C B implies that cap(A) < cap(B).
2. For all a, b € C there holds cap(aA + b) = |a| cap(A).

3. If A has area A, then cap(A) >

=

‘ D
4. If A has diameter D, then cap(A) < 5.
Proof. See [Ros97, Theorem 1.2]. O

The logarithmic capacity is a nonnegative set function that in a sense determines the
geometry of its arguments. There holds cap(()) = 0. Moreover, by the second property
in Lemma 9.9, we have that cap is invariant under rotations and translations whence it
bears a close resemblance to the Lebesgue measures. Unlike the latter, however, it is not
additive which makes the evaluation of cap(A) a highly nontrivial task. For some geometries,
well-known tools from complex analysis can be consulted to determine cap(A) analytically.
Recalling that every simply connected set has “no holes”, that is, it is path-connected such
that every path between two points can be continuously transformed into any other such
path while preserving the two endpoints in question, we state the following result which is
a consequence of the Riemann mapping theorem.

Lemma 9.10. Let A C C be simply connected and compact. Then there exists a unique real
number p € R(J{ and a holomorphic function R with nonvanishing derivative which maps the

complement of A onto Bp(O)c.

Proof. See |Hen93, Corollary 5.10d| and [Safl0, Theorem 3.5]. O
The map R in Lemma 9.10 is commonly referred to as Riemann map of A and is illus-

trated in Figure 9.1. We call mod(A) := p the Riemann modulus of A. For some simple

geometries, mod(A) is known analytically, in which case the capacity of A can be determined
in the following convenient manner [Safl0, p. 20].

Theorem 9.11. Let A C C be simply connected and compact. Then there holds
cap(A) = mod(A).

Typical examples of complex subsets whose capacity can be computed using Theorem
9.11 include [Lan72, Ran9s|
— closed discs A = B,.(x) with cap(B,(x)) =,
— ellipses F with semi-axes a and b, satisfying cap(F) = (a + b)/2,

— the union of two disjoint intervals cap([—b, —a] U [a, b]) = Vb% — a?/2.
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9 Zolotarév’s Rational Approximation Problems

C\a % C\ B,0)

Figure 9.1: Hlustration of the Riemann map PR that maps the complement of A to the

complement of B,(0), where p = mod(A) is the Riemann modulus of A.

9.2.2 Generalizations to Signed Measures

For the later use, it turns out to be fruitful to generalize the above concepts for signed
measures v € M(A,B) defined by

MAB) :={v=va—vp:vs € M(A),vg € M(B)}.
The following definition is now essential [Gon69].

Definition 9.12. Let A C C be compact and B C C closed, having positive logarithmic
capacity each, with dist(A,B) > 0. Then the pair (A,B) is called a condenser and the sets
A and B are called plates.

A straightforward generalization of Definition 9.4 reads as follows.
Definition 9.13. Let (A,B) be a condenser. The logarithmic potential of v € M(A,B) is
defined by
UY(2) = / In——du(t)
- |z —t|

for all z € A. The quantity

I(v) ::/U”dy://lnpiﬂ dv(t) dv(=)

is said to be the logarithmic energy of v. The logarithmic energy of the condenser (A,B) is
defined by

View) = _inf o T0). (9.8)

In line with Theorem 9.5, for each condenser (A, B) there exists a unique solution V(AB)

to the energy problem (9.8) that we call equilibrium measure of the condenser. Its support

is contained in (A UB), but not necessarily in 0 (A UB). The equilibrium measure is the

key instrument for providing solutions to the third Zolotarév problem. To quantify the rate
of decay of Z;(A,B), we require the following terminology.
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9 Zolotarév’s Rational Approximation Problems

Figure 9.2: llustration of the Riemann map R that maps the complement of A UB to the
annulus A,, where p = mod(A,B) is the Riemann modulus of the condenser
(A,B).

Definition 9.14. The capacity of the condenser (A, B) is defined by

1
Viap)

cap(A,B) :=

A few remarkable properties of condenser capacities are listed in the following lemma
[Lan72, Giit10].

Lemma 9.15. Let (A,B) be a condenser. Then there holds
1. cap(0A,0B) = cap(A,B),
2. cap(T'(A), T(B)) for any analytic map T : C — C with nonvanishing derivative,
3. A1 C Ay and By C By imply that cap(A1,B1) < cap(Aq, By).

The computation of condenser capacities is a difficult task. Similar to the classical case,
however, standard tools from complex analysis can be consulted to compute cap(A,B) for
some particular plate configurations. If A and B are connected closed sets, not single points,
and do not separate the plane, then their complement 2 = (A UB)¢ is a nonempty, open,
and doubly connected set [Hen93]. The latter means that for any two points in € there are
two different paths that cannot be smoothly deformed into each other. By the Riemann
mapping theorem for doubly connected regions [Hen93, Theorem 5.10h], € can be mapped
conformally to the annulus A, := {z € C : 1 < |2| < p} for some p > 1. We summarize
these results in a form that is suitable for the study of condenser capacities.

Lemma 9.16. Let (A,B) be a condenser whose plates are connected, not single points, and
do not separate the plane. Then there exists a unique real number p > 1 and a holomorphic
function R with nonvanishing derivative which maps the complement of A UB onto the
annulus A, == {z € C: 1 < |z] < p}.
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9 Zolotarév’s Rational Approximation Problems

The quantity p in Lemma 9.16 is called Riemann modulus of Q = (A UB)¢. For our
purpose, it is more natural to associate p directly to the condenser (A,B) rather than
to Q, whence we introduce the Riemann modulus mod(A,B) of the condenser (A,B) as
mod (A, B) := p. The latter is depicted in Figure 9.2. If mod(A,B) is available, the capacity
of (A,B) can be computed as follows.

Theorem 9.17. Let (A,B) be a condenser whose plates are connected, not single points,
and do not separate the plane. Then there holds

1
cap(A B) = { A B))
Example 9.18. We want to compute the capacity of the condenser (A,B), where A =
Bpg,(0) is compact and B = Bpg,(0)¢ is closed with Ry < Ra. Since Ri(z) = z/Ry is
holomorphic with nonvanishing derivative in Q = (A UB)¢ and maps Q onto the annulus
Agy /Ry, it follows from Lemma 9.16 that Ra/Ry is the Riemann modulus of (A,B) and
thus, by Theorem 9.17,

9.3 Solutions and Upper Bounds to the Third Zolotarév
Problem

We return to the third Zolotarév problem and establish a connection to logarithmic potential

theory. For this purpose, we introduce the following notion of convergence in M(A,B).

Definition 9.19. Let A C C be compact. A sequence of measures (Vi)gen C M(A) is said
to be weak-star convergent to some v € M(A) if

klgrolo fdu, = /fdl/ (9.9)

forall f € C(A). For a condenser (A, B), a sequence of signed measures (vg)ren C M(A,B)
is said to be weak-star convergent to some v € M(A,B) if (9.9) holds for all f € C(AUB).

In both cases, we write v, — v.

For a complex subset A := {aik), . ,a,(ck) } we define the associated normalized counting
measure by

1 k
v = EZO.UJ(@),
j=1

where §, denotes the Dirac unit measure in the point z € C. For the pairing (A, Z),

where =2 = {&1,..., &} = {fik), e ,f,gk)} C C is another subset of the complex plane, the
associated normalized signed counting measure is defined by

k 1 k
Z (50(@ % Z 5€(k). (9.10)
j=1 ‘7 j=1 "

Vg =

S
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9 Zolotarév’s Rational Approximation Problems

Defining 75 = as in (8.26)", the logarithmic potential of the normalized signed counting
measure v, associated to A and = relates to the absolute value of 75 = via

1k 1 1< 1
UYe(z) = EZln <(k)‘> a Ezln (—5“”!)

j=1 ERkey j=1 ERRY
1 b k 1 k
:—Eln H|z—aj()| —i—Eln H\z 5]()]
j=1 j=1
k (k)
1 |z — j | 1
—zn H — | = —In|raz(2)|*,
j=1 | gj |

see also [Safl0, Giit10]. This observation is a key ingredient in the proof of the following
result [Gon67, Gon69, LS94].

Theorem 9.20. Let (A,B) be a condenser. Then there holds

lim (Z(A,B))t = ¢ nti® (9.11)
k—o0
Let vy p) be the equilibrium measure of the condenser, A = {agk),...,al(ck)} C A Z=
{ék)’ .. ,{,(Ck)} C B, and vy the associated normalized signed counting measure defined by

(9.10). If vy, > V(a,B), then there holds

1
= . k T Ccab(AB)
- S.UP{’TA,_(ZH z €A} — o~ nEE (9.12)
k—oo \ inf{|rp =(2)| : z € B}

The importance of Theorem 9.20 is twofold. First, (9.11) shows that the Zolotarév number
converges geometrically to zero as k — oo, that is,

Zi(A,B) < Cypye onim (9.13)

for some positive constant Cy gy € R*. Note that cap(A,B) cannot be replaced by any
smaller number and, due to Theorem 9.17,

Zp(AB) < Capyp ", p:=mod(A,B), (9.14)

if A and B are connected, not single points, and do not separate the plane. On the other
hand, (9.12) shows that an asymptotically optimal rational function can be obtained if one
distributes the zeros and poles according to the equilibrium measure of the condenser (A, B).
The literature provides a variety of different possibilities to construct such sequences so that
Vg — v(a,p) holds [WRG6, Wacs8, EWO1, 5tadl, Sta92, Stad3]. We mention here only two.

"Here we set aék) = {ék) = oo and identify ¥ and A with {oo,agk)...,a,(f)} and {oo,fgk)...,fl(f)},
respectively.
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9 Zolotarév’s Rational Approximation Problems

1. If the plates of the condenser (A,B) are connected, not single points, and do not sep-
arate the plane, then by Lemma 9.16 there exists a Riemann map R that transplants
the complement of A UB to the annulus A,, where p = mod(A,B) is the modulus of
the condenser. The generalized Fejér points of order k are defined by [WalG5, Stadl]

gt (e%TJ> j=1,...k,

M=yt (,062772“), 1=1,...,k,

ag

(
’ (9.15)
3

and provide asymptotically minimal rational functions for the third Zolotarév prob-
lem. Clearly, the availability of (fj(k))?:l hinges on the knowledge of the mapping R. If
A and B are e.g., bounded polygons, then R can be constructed as a doubly-connected

Schwarz—Christoffel mapping [Hu95].

2. Another approach has been presented in [Bag69]. Provided two starting points o1 € A
and & € B with A := {01} and = := {&}, the generalized Leja points are defined
inductively by

k
a](.+)1 = 0j41 := argmax |ra =(2)],
z€EA
(9.16)

(k) ._ — :

i1 = &1 1= argmin |ry =(2)|.

zeB

Unlike the generalized Fejér points, this procedure generates a nested sequence of
roots and nodes.

Any sequence of rational functions generated by either of the two methods mentioned above
satisfies

1
lim §UP{!TA,E(Z)| 2 EANNE (9.17)
k—oo \ inf{|ra =(z)| : z € B}

Although useful in practice, (9.17) provides no information about the optimality of rj =
for finite k. Indeed, both (9.15) and (9.16) generally fail to recover solutions to the third
Zolotarév problem whenever k < oo. Likewise, (9.13) only reveals the rate of convergence
but does not say anything about the constant C(, py. In practice, however, one is often
interested in quantifying the value of C'y ) to estimate the smallest k& € N such that the
value of Zi (A, B) falls below a user-defined threshold. The derivation of rigorous estimates
for Z(A,B) involving arbitrary condenser is still a subject of ongoing research. Under
rather general assumptions on A and B, the value of C(, ) can be estimated by means of
the so-called total rotation of the plates [RT'W20]. In the following, we investigate a few
particular geometries for which an optimal rational function and the value of Cy ) are
known explicitly.

9.3.1 Real, Symmetric, and Normalized Intervals

A solution to (9.4) for the condenser (A, —A), A = [4,1], § € (0,1), was derived almost
150 years ago by Zolotarév [Z0l77]. The explicit representation of r} makes heavy use of
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9 Zolotarév’s Rational Approximation Problems

elliptic integrals and Jacobi elliptic functions, which we briefly recall here. To this end, we
introduce the incomplete elliptic integral of first kind K : [0, %] x [0,1) — R defined by
[AS64, Section 17|, [OLBC10, Section 19|

¢ do
0 1 —k2sin“ 6

The parameter k is called elliptic modulus. If ¢ = 7, one sets K(k) := K(F,k) which is

named complete elliptic integral of first kind. There holds [AS64, Section 17]

1 16

K(0) = g K(k) ~ 5 In <1_k2> ask — 1. (9.18)

Remark 9.21. The definition of K is not unique in the literature. In many textbooks, the
elliptic modulus k is replaced by the parameter m = k2.

For the later use, we further introduce the Grétzsch ring function p: (0,1) — R{ as
(k) = T K(V1— k?)
A

Together with the complete elliptic integral of first kind, the function p is depicted in
Figure 9.3. Unlike IC, the Grotzsch ring function is strictly decreasing and can by bounded
by [OLBC10, eq. (19.2.8)]

17732 V1 —
In (@) < pu(k) <lIn (W) <In (i) , (9.19)

which shows

Moreover, it follows from (9.18) that

li k) =0.
o (k)

Finally, we also introduce the Jacobi elliptic function dn which is “inversely” defined by
[AS64, Section 16], [OLBC10, Section 22|

dn(z,k) := /1 — k2sin? ¢, z = K(¢,k),

for all k € [0,1) and z € C. As a function of z with fixed k, dn is even, meromorphic,
and doubly periodic with real period 2K (k) and imaginary period 4i/C(v/1 —k?). For real
arguments, the function is illustrated in Figure 9.3.

Given the terminology provided above, we are now in position to state the central defi-
nition of this chapter.
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9 Zolotarév’s Rational Approximation Problems

)

z%@'ﬂ/mv‘

Y
)

i
=)

0 0.2 0.4 0.6 0.8 1
k

Figure 9.3: Tllustration of the Jacobi elliptic function dn(\, k) (left) with real argument
A € [-5,5] and elliptic modulus k € [0,1]. On the right, we see the complete
elliptic integral K(k) of first kind (blue) and the Grotzsch ring function p(k)
(red) on (0,1).

Definition 9.22. Let k € N and § € (0,1). We define the Zolotarév points of order k on
[0,1] as

z](.k) = dn (%K(é’), 5’) , o =1/1-62, (9.20)

forallj=1,... k.
Our interest in these points is due to the following theorem [Tod84, Ach92, 1T95].

Theorem 9.23. Let 6 € (0,1), A = [0, 1], and (Zj(k))le the Zolotarév points of order k on
A. Then

k (k)
A2
=] —2 (9.21)
A+ 20

solves the third Zolotarév problem (9.4) on the condenser (A, —A).

The Zolotarév points on A = [0, 1] are depicted in Figure 9.4 for § = 0.01 as roots and
poles of the solution (9.21) to the third Zolotarév problem on (A, —A). The nodes are
roughly geometrically distributed across the interval. In accordance with the theory, r} is
uniformly small on A and uniformly large on —A.

Remark 9.24. In practice, one is often interested in the evaluation of (9.20) for small
values of . In this regime, the evaluation of §' is prone to cancellation errors. To counteract

135



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

9 Zolotarév’s Rational Approximation Problems

1073

B e A A = = e
0} —eo—eo —_—

_Z<9>

[ il IR L1 | | (|
-1 -6 0 1
A A

Figure 9.4: Solution (9.21) to the third Zolotarév problem on the condenser (A, —A) with
A = [),1] and 6 = 0.01 on —A (left) and A (right). The red dots indicate the
poles and zeros of r; which coincide with the negative and positive Zolotarév
points on A, respectively.

this, it is advisable to resort to the asymptotic formulas [AS0/, (16.15.8) and (17.3.26)]

2 anh(z
dn(z, M) ~ coslll(z) + % (sinh(z) cosh(z) + 2) zoshh((z))a
K(V1-062) ~ %m (;S) ;

for small values of 0.

Given an explicit solution to the third Zolotarév problem on (A, —A), our main focus now
lies in the derivation of explicit bounds for the Zolotarév number Zj (A, —A). Whenever
A = [6,1] € RT, the Riemann modulus ps := mod(A, —A) of the condenser is known
explicitly and reads [BT17]

2

ps = e k(9) ,
where p is the Grotzsch ring function. Thanks to (9.14) we obtain
Zi(A,—A) < Cups ",

where Cy = Cy _p € RT. To quantify the latter, a product formula for Z (A, —A) has been
derived? in [B117] and reads

e 1+p 4Jk)
k
Zi(A, —A) = 4p; H o 4jk)4.

2More precisely, the authors of [BT17] corrected an erroneous formula that was originally derived in [Leb77,
eq. (1.11)] but contained some typos.
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9 Zolotarév’s Rational Approximation Problems

1071 [

1072

error

1075 F

1077

1077 i

| | | | | | |
10-17 10714 10~ 10-8% 107° 102 10!
5

7r2 — 2
Figure 9.5: Absolute error [4e” @ —4e (-0 | for § € [10716,1].

This is the key ingredient in the derivation of a rigorous upper bound of the Zolotarév
number for real, symmetric, and normalized intervals A = [§, 1] with ¢ € (0,1).

Theorem 9.25. Let 6 € (0,1) and A = [d,1]. Then there holds for all k € N

Zp(A, —A) <4p5%, ps= 9.22
( ) ) M((s) ( )
where 1 is the Grotzsch ring function.

Proof. See |BT17, Corollary 3.2]. O

Remark 9.26. The estimate is sharp in a sense that neither 4 nor ps can be replaced by
any smaller/larger number, respectively.

Assuming that ¢ is reasonably small, we can make the upper bound in (9.22) more
intuitive. Invoking p(k) < In(¢) from (9.19), we deduce the slightly weaker bound

w2k

Zp(A, —A) < de W@ (9.23)

which does not involve the Grotzsch ring function. Numerically, we observe in Figure 9.5
2

2 us
that already for § = 107° the error ]4e_ﬁ — 4e W@ D] is in the range of 1073, Since
the problems that we are interested in typically have large condition numbers, causing
d < 1, we observe that the sub-optimality of (9.23) compared to (9.22) is negligible. For
the reader’s convenience, we therefore use (9.23) in our final estimates to make our analysis
more amenable to those who are less familiar with the Grétzsch ring function.

9.3.2 Arbitrary Real Intervals

The previous section provides solutions and upper bounds to the third Zolotaév problem on
(A,B) when A = [0, 1] for some § € (0,1) and B = —A. In view of Theorem 8.32 and 8.34,
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9 Zolotarév’s Rational Approximation Problems

however, our main interest lies in the treatment of condensers where A = 3 C R* is the
spectral interval of L and B either the negative real line or the imaginary axis. In this section,
we generalize the results from Section 9.3.1 to arbitrary disjoint real intervals A C R* and
B C R, which includes (A,B) = (X,R;) as special case. The main idea in the treatment
of these problems is to transform (A,B) to the symmetric condenser ([d,1],[—1, —d]) for
some suitable § € RT, apply available results from the previous section, and transform the
obtained solution back to the original configuration. The success of this approach hinges
on the underlying transformation which in some sense needs to preserve the optimality
property of solutions to the third Zolotarév problem. The right transformations to do this
are Mdbius transformations which we briefly recall here.
A function T : C — C is said to be a Mdbius transformation if
az+b

T(z)= " (9.24)

for a quadruple of complex parameters a,b,c,d € C satisfying ad — bc # 0. There holds

T(c0) = % and T(—g) = 00. As such, any Mobius transformation can be seen as a

biholomorphic function on the extended complex plane. After resolving w = (az+b)/(cz+d)
for z, the inverse of (9.24) is given by

_—dz+b
ez —a

T-(z) (9.25)
which makes T~! a Mébius transformation itself. Any Mobius transformation is uniquely de-
termined by its action on three points: Provided the triples (z1, 22, 23) € T and (w1, wa, w3) €
@3, each pairwise distinct, there exists exactly one Md&bius transformation 7" with the prop-
erty T'(z;) = w; for all i = 1,2,3. To compute the latter, we note that

(22— 2)(z3 — 21)
(22 — 21)(23 — 2)

T(z) := (9.26)
is a Mdobius transformation which maps z1 to 1, 29 to 0, z3 to co. Accordingly, the same
applies to the w; if we replace z; by their prescribed images in (9.26). This proves the
following result.

Lemma 9.27. Let (21, 22, 23) and (w1, we,w3) be pairwise distinct triples contained in the
extended complex plane. Then there exists exactly one Mébius transformation T with the
property T'(z;) = w; fori=1,2,3, which is obtained by resolving

(w2 —w)(ws —w1) _ (22 —2)(23 — 21)

(wg —w1) (w3 —w) (22 — 21)(23 — 2) (9.27)

for w.

If one of the z; or w; is infinite, it needs to be canceled before resolving for w. E.g., if
w3 = 0o, then the left-hand side of (9.27) evaluates to

(w2 —w)(1-2)  wy—w

(UJQ —wl)(l — u%) B w2—w1'
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9 Zolotarév’s Rational Approximation Problems

Since (9.24) is the composition of translations, rotations, dilations, and inversions along the
unit circle, it holds that any Mobius transformation maps circles to circles if we interpret
straight lines as circles that pass through infinity.

Of profound importance in the study of Mdébius transformations is the cross-ratio of four
pairwise distinct points 21, 29, 23, 24 € C defined by

(23 — 21) (24 — 22)
(23 — 22)(24 — 21)
Note that the cross-ratio is the image of z; under the Mobius transformation 7" that maps

z9 to 1, z3 to 0, and z4 to co. Due to (9.27), it is invariant under the action of the latter,
ie.,

(21, 225 23, 24) i=

(21,225 23,24) = (T'(21),T(22); T(23), T(24)). (9.28)

Moreover, it provides a convenient criterion to check whether four points lie on the same
circle. Since (9.26) maps the circle C, uniquely defined by the triple (22, 23, 24), to the real
axis, there holds z; € C if and only if T'(21) = (21, 22; 23, 24) € R.

Coming back to the third Zolotarév problem, the following lemma shows that the Zolotarév
number is invariant under Mébius transformations; see also [BT17, MR20a].

Lemma 9.28. Let T be a Mébius transformation and (A, B) a condenser. Then there holds
Proof. Let T denote an arbitrary Mobius transformation. Then there holds

. sup{[ri(2)|: z € A} o sup{|re(T~1(2))|: z € T(A)}
Z(A,B) = reRi,k inf{|ry(z)| : 2 € B} TE'ng inf{|rp(T=1(2))| : 2 € T(B)}

Since rp o T~ 1 € Ry i, we find

Z(AB) = inf SRUre()l:z € T(A)}

reRny f{|rp(z)] : 2 € T(B)} Zk(T(A), T(B)). O

Following [B117, MR20a], our plan is to apply Lemma 9.28 to a Mdbius transformation
that transplants (A, B) to the symmetric condenser ([d, 1], [—1, —d]) for some ¢ < 1 suitably
chosen. The description of this transformation is provided in the following statement.

Lemma 9.29. Let —o<a<b<0<c<dand
(V7 —1)?
v—1
where v := (d,a; b, c) is the cross-ratio of d, a, b, and c. Then the Mdbius transformation

Tlapic,d) defined by any three of the following conditions

ﬂa,b;c,d] (a) = _17 T[a,b;c,d](b) = _5[a,b;c,d}7 ,—T[a,b;c,d} (C) = 5[a,b;c,d]7 T[a,b;c,d] (d) = 17
(9.30)

5[a,b;c,d} = <1, (929)

satisfies

T[a,b;c,d]([av b]) - [_17 _6[a,b;c7d]]7 T[a,b;c,d]([Q d]) = [5[a,b;c,d}a 1]
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Proof. Let § <1 be arbitrary but fixed for the moment and define T j.. 4 to be the Mobius
transformation uniquely determined by the first three conditions in (9.30) after replacing
Ola,bse,dq) With 0. We have to determine ¢ such that Tj,..q = 1 holds. Due to (9.28), the
latter is equivalent to

(d’ a; b’ C) = (17 T[a,b;c,d] (CL); ﬂa,b;c,d} (b)’ CZj[a,b;c,d} (C)) (931)
By direct substitution we find that (9.31) is equivalent to

(1+46)?
(1—0)*

Rearranging the terms, we arrive at the quadratic equation

2(1+7)
2o —=U
(1=7)

Recalling § < 1 and « > 1, we finally deduce
RV,

v—1

+1=0.

= 5[a,b;c,d]

and the conjecture is valid. O

Upon defining

2
Plap] ‘= € In(4b/a) 0<a<b,

we leverage our knowledge about normalized and symmetric condensers to obtain a solution
to the third Zolotarév problem on arbitrary real condensers whose plates are intervals; see
also [Leb77, Akh90, BT17, MR20a].

Theorem 9.30. Let A = [c,d] C R, B = [a,b] C Ry U{—00}, T = Tigpied)s 0 = Olabic,d);
k
and (Z](k)) the Zolotarév points on [6,1]. Then

j=1
k —1( z(k)
A=T7(Z;
i) =11 - ( J(ki (9.32)
=1 AT (=277
solves the third Zolotarév problem (9.4) on the condenser (A,B) and
Z(A,B) < 4p[75ﬁ]. (9.33)

Proof. The inequality (9.33) follows from Lemma 9.28 and (9.23) since

o 2k
Ze(A,B) = Zy(T(4), T(B)) = Zu([5.1], [-1,~0)) < 4e” =055 = dph
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9 Zolotarév’s Rational Approximation Problems

To confirm that (9.32) actually minimizes Zj;(A,B), we note that 7} has its roots in
{T_l(ka)), oo ,T_l(Zlgk))} and its poles in {T_l(—Z{k)), . ,T_l(—Zlik))}. The same
applies to the rational function

TIN -2 _ .

where 7} is the solution to the third Zolotarév problem on ([6,1],[—1,—0d]) obtained by
Theorem 9.23. Since 7} o T € Ry, it follows that r} = (7 o T') for some ¢ € R. This
reveals

sup{|ri(2)] : 2 € A} _ sup{|ri(T~"'(2))| : z € T(A)}

inf{|r;(2)| : z € B} inf{|rf(T-1(2))|: z € T(B)}
_sup{|rE(A)] = A € [0, 1]}

inf{|7;(N)]| - A € [-1, 6]}

= Zk([57 1]7 [_17 _5]) = Zk(AJB)7

where the last equality follows from Lemma 9.28. This proves the claim. O

Theorem 9.30 allows us to derive explicit minimizer for the problem (9.2) when B = R, .
Our proof closely follows [MR20a, Lemma 4].

Theorem 9.31. Let £ = Amin/Amax, 5

=2k —1—=2VK% — K, and

72(5 AminyAmax + ]‘) + 2)\max6 A
T[)‘mirn)\max] (Z) = [ ] [

min 7)\max

min,>\max]

Z(dp\miru)\max] + 1) - 2Amax

Th@n ther@ h/OZdS 5[>\mina>\max} = 5[_0070§>\mina>\max]’ ﬂAminaAmax] (Z) = T[_OC)yO;)\min,)\max](z)’ and

2\ max z+ 0y
T*l (Z) — [)\mlnaAmax] .

Pronin Amas 706 A F 1 241
In particular,
Eoa—1 (2
,r.*()\) — H P\mlna)\max] J (934)
’ AT z®
j:l o P\miru)\max](_ J )
solves the third Zolotarév problem on the condenser (X, R,) whenever ka), e ,Z,(ck) are the
Zolotarév points on [0z, . N> 1. There holds
- —k —k
Zk(Z7RO ) S 4p[6[>‘mina)\max]71] S 4p[)\min,4)\max]. (935)
Proof. We compute
Amax
Y= ()\Ina)(? — 003 07 Amin) -

)\max - )\min

141



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

9 Zolotarév’s Rational Approximation Problems

By direct substitution, we find

(/7-17

5[_OO:O§Amin7Amax] = v — 1 = 6[>‘min7)\max]'

Straightforward computations confirm that T, . y..] maps —oo, 0, and Apax to —1,
and 1, respectively. Thanks to Lemma, 9.27 we deduce T . 1. ..1(2) =

P\mina)\max] ?

11— 06,0:AminAmax] (7). The representation formula for T[Kl follows from (9.25). The

miny)\max]
fact that (9.34) solves the third Zolotarév problem on (¥,RR;) is a direct consequence of
Theorem 9.30. The same applies to the first inequality in (9.35). To prove the latter, we
Write O[z . Amax] 10 MoOre convenient form (cf. [M1E20a, Lemma 4])

min»

)\ .
)\max - )\max 1- )\mm
o max
[)‘miny)\max] - ?

Amax 4 Amaxy/1 — s

)\max

which follows from elementary computations. Due to /1 —2 <1 — § for all € [0,1] we
deduce

Amin i
)\max - )\max(l - 2)\max) > )\me > )\min - 1
max T )\max(l - 2)3\?:;) B 2)\max - )\HQM B 4>\max 4K

6[)\min »)\max] — )\

The second inequality in (9.35) now follows from 5[ 1= O AminArmax] a0d the fact that

4K’

Pla,p decreases as the ratio § decreases. O

Remark 9.32. In ils present form, O\ . \n.. @ prone to cancellation errors and one
should resort to the equivalent representation [ME20a, Lemma 4]

)\max - >\max

5[)\min 7)\max] =

Amax + Amaxy/1 — s

)\max

To derive a solution to (9.3), we first compute the solution of the third Zolotarév problem
on the condenser (2, —X). To this end, let 7y be the cross-ratio of (Amax, —Amaxs —Amin, Amin )-
Then by direct substitution we find

(Amax + )\min)2

7= ()\max - )\min)2

and (9.29) evaluates to

)\min

5[_>\max 5 _>\min§>\min7>\max] = A
max

The Mdébius transformation T'=Tj_y . ..\ 4 1 is uniquely determined by three of

the four conditions in (9.30) and reads
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9 Zolotarév’s Rational Approximation Problems

Recalling Definition 8.29, we thus derive from Theorem 9.30 that

k (k)
)\ - )\maxZ'
. ) = T‘Z()\)a Z = {_)\maXZ§k)’ LREE) _)\malegk)}’

oy =]
j=1 A + )\rna‘xz‘7

solves the third Zolotarév problem on the condenser (X, —X) whenever ka), e ,Z,gk) are

the Zolotarév points on [Amin/Amax, 1]. Since rz(—\) = 1/rz(X), there holds
sup{|rz(A)]| : A € £} _ sup{|rz(A\)| : A € &}
inf{[rz(=A)|: Ae X} inf{l/lrz(\)|: X € X}
=sup{lrz(N)[ : A € B} = ||rz|3.

Zi(E,-%) =

Hence

min [[rzlls < [Irzlls = vV Zk(E, -X). (9.36)

Even more, one can show that rz satisfies a Chebyshev type alternance property on ¥ which
allows one to prove that Z indeed minimizes Zolotarév’s minimal deviation problem: Find
¥ C —X%, |¥| =k, such that
lrells = S Ir=lls. (9.37)
IEl=k
We collect these findings in one of the main theorems of this section and refer to e.g.,
[Wacl3] for that fact that (9.36) actually holds with equality.

Theorem 9.33. Let 6 = Amin/Amax; ka), . ,Z,gk)

{—)\maXka), e —)\maXZ,gk)}, Then there holds

the Zolotarév points on [0, 1], and Z :=

k
2

mirnAmax] :

Irzlly = min [lr=]ls < 2y,
==k

9.3.3 Perpendicular Intervals Parallel to the Axes

The final ingredient to bound the rational Krylov approximation error for functions of
fractional diffusion type is the third Zolotarév problem on the condenser (X,iR). Such
configurations have been studied in [BT00]. More specifically, the authors deal with geome-
tries where the second plate is a line segment parallel to the imaginary axis. After a linear
transformation, one can assume that the latter is given by B = [—il,il] for some [ € R™
suitably chosen. Let now rz, as in Theorem 9.33, be the solution to Zolotarév’s minimal
deviation problem on . Then |rz(z)| =1 for all z € iR such that

sup{|rz(z)| : z € ¥}
sup{|rz(z)| : z € B}

Zp(%,B) < = |lrz|ls.

In other words, the third Zolotarév problem of the condenser (3, B), B = [—il, il] for some [ €
RT, can be bounded by Zolotarév’s minimal deviation problem. It was discovered in [BT00]
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9 Zolotarév’s Rational Approximation Problems

that rz satisfies at least necessary optimality conditions, provided that [ is sufficiently large.
As of yet, it is not known whether 7z yields the true global minimum of Z (%, B). If [ = oo,
however, any other rational function with possibly complex poles yields at most a twofold
decrease of the error. We summarize these observations in a form that is suitable for the
study of our problems and direct the interested reader to [DI<Z09, Theorem 4.3] for a proof.

Proposition 9.34. Let rz denote the solution to Zolotarév’s minimal deviation problem on
Y as in Theorem 9.33. Then there holds

Zk(il,—E) < Z4(%,1R) < V/Zh (5, —3).

In particular,
k
2

min 7>\max] :
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10 Pole Selection Strategies

In Chapter 6 it is shown that a large class of fractional diffusion problems can be approxi-
mated by matrix-vector products of the form f7(L)b, where L € RV*¥ is the finite element
matrix approximation of the differential operator, b € RV*¥ a vector, and f7 a parametric
matrix function, such as the fractional power or the generalized Mittag-Leffler function. In
Chapter 7, a model order reduction strategy in the form of a rational Krylov method is
employed to approximate f7(L)b efficiently. The quality of the surrogate depends on the
rational Krylov space Q% (L, b) and the way it is extracted from it. Thanks to Theorem
7.16, the latter is quasi-optimal such that the performance of the method effectively hinges
on a good choice of the search space, or equivalently, of its poles Z = {&j,..., &} C R\ .
This chapter is devoted to the choice of these poles and consists of four parts.

In the first part, we avail ourselves of some pole distributions that are mostly familiar
to the experts of the model order reduction community and show their suitability to the
approximation of fractional PDEs. For some of these configurations, we rigorously prove
exponential convergence rates that are uniform in the parameter 7. For those pole dis-
tributions that do not allow for such error bounds, we present, in the course of Section
10.2, a computable guaranteed upper bound for the rational Krylov error to assess their
quality. Based on the insights gained we propose, in the third part, two novel pole selection
algorithms that are competitive with or superior to many of the aforementioned pole sets.
The remainder of this chapter underpins our analytical findings by a variety of numerical
examples. We perform a detailed parameter study to illuminate the impact of changing
values of 7 on the Krylov approximation and provide a systematical comparison of the pole
distributions.

10.1 Analysis of Selected Pole Configurations

The precise choice of the pole set = may depend on the matrix L, the vector b, and the
function f7. Ideally, one would like to choose the poles in a way such that the error is
small for all possible configurations of L, b, and f7. This, however, is a difficult or even
impossible task. Hence, one is typically obliged to trade off various aspects against each
other. The following properties should be incorporated in the selection process of =.

— The dependence of the pole set on the parameter 7: In many practical applications
[BOKGT 14, SVI16, AR19, ACR21], one is interested in querying the solution map
7 — fT(L)b for multiple instances of the parameter. If the poles are independent
of T, one can compute the basis V of QEJrl(L,b), its compression Ly, and the
coordinate vector Vb once and for all in the so-called offline stage. During the
online stage, for each new parameter queried the surrogate is found in the coordinate
space by computing f7(Ly.1)VTb at negligible extra costs.
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10 Pole Selection Strategies

— The dependence on L and b: What information must be provided by the user to
compute the pole set? Do the poles depend on L or b?

— The presence of analytical results: In practice, one wishes to choose the smallest
integer k € N such that the approximation error falls below a user-defined tolerance.
This in turn requires the availability of guaranteed upper bounds of the rational Krylov
error.

— The performance of the rational Krylov approximation in the limit case: If 7 —
fT(L)b is a multi-query problem with 7 € ©® C RP, p € N, it is desirable to choose
the poles in such a way that the approximation error remains uniformly bounded for
all values of 7 € © and does not degenerate e.g., when the fractional parameters
approach an integer.

— The presence of hierarchical structures: From a computational point of view, it is
desirable to adaptively enrich the rational Krylov space until the sought accuracy
is obtained. This, however, is only feasible if the poles form an infinite parameter
sequence such that QF(L,b) C QF,,(L,b) for all k € N.

Under consideration of the above listed properties, we analyze and compare several pole
selection strategies and demonstrate their suitability to the fractional diffusion framework.
We emphasize that the originality of this section does not lie so much in the presentation
of these poles, for which we have partially drawn inspiration from existing literature, as in
their systematic study and rigorous analysis in nonlocal diffusion processes.

10.1.1 Zolotarév Poles

We start our presentation with poles chosen according to the third Zolotarév problem.
Provided a suitable choice of the condenser, these parameters have proven themselves as
excellent poles for RKMs [DKZ09, Gutl0, Gitl3, DS19, MR20a, DS21, DH21, DHS21].
A selection of plates that perfectly fits the analytical framework presented in Chapter 8
is A=Y and B € {—X,iR}, where ¥ = [Amin, Amax] denotes the spectral interval of the
matrix L. In light of these results, we state one of the integral definitions of this chapter.

Definition 10.1. Let k € N, § = Apin/Amax, and Z{k), .. .,Z,ik) the Zolotarév points of
order k on [0,1]. The Zolotarév poles of order k on —% are defined by

Z = {_)\maxsz), ERE _)‘malegk)}'

We set Zoo := Z U {oo}. Further, let i)
and Z}k), e 2,2’“)
order k on Ry are defined by

and 17y
the Zolotarév points of order k on [d)y

] be as in Theorem 9.31

min )Amax

1]. The Zolotarév poles of

na>\max]

min 7>\max] ?

20y T (—2Hyy

Z = { ’ [AminyAmax]

—1
ﬂAminyAmax] (

and Zo := Z U {oo}.
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10 Pole Selection Strategies

The pole set Z has been analyzed in [DI<Z09] for computing matrix exponentials in evolu-
tionary problems, in [DS19] for applying positive fractional powers of differential operators,
and in [DS21, DH21| for solving stationary fractional diffusion problems. In a more gen-
eral framework, Z and Z have been studied in [M120a] for Cauchy- and Laplace-Stieltjes
functions under the assumption that L is symmetric. Generalization to positive definite
but not necessarily symmetric matrices as well as complete Bernstein functions have been
conducted in [DHS21].

What makes Z and Z attractive choices for functions of fractional diffusion type is the fact
that they are completely independent of the parameter 7 and solely require the knowledge
of the extremal eigenvalues of L. Thanks to our careful preparations provided in Chapter
8 and 9, we are in position to quantify their performance analytically. Starting with the
Zolotarév poles on R, we state one of the central results of this chapter.

~

Theorem 10.2 (Z-pointwise convergence). Let ©¢ be defined as in Proposition 8.22, V
an orthonormal basis of fol(L,b), Ly = VLV, and upyy = V7 (Lpy1)Vib. Then

/7 (L)b — el < 8Copit bl
where
Ao i FTO) = A~ and s € (0,1),
Cr = A if fT(A)=A* and s € (0,1),
Eopg(—t*Xin)s  if fT(N) = Eqg(—t*X\®) and (o, B,t,5) € O¢.

Proof. Starting with the case f7(A\) = A™%, we make use of Theorem 8.6 to recall that
fTeCS for all s € (0,1). As such, we may apply Theorem 8.32 and Theorem 9.31 to find

) B , Tetlls
L™°b —ugpa|| <2X.5 b i : H .
| 1l min|[Pl rei1€Pey1/az, Inf{|rp 1 (A)] 1 A € Ry}

<o b min s
re€Pe/az Inf{|ry(A)|: A € Ry }

= 205, Z (5, Ry 1Bl < 8A5ont s Il

min mins

If f7(\) = A%, we apply Theorem 8.8 to recall f7 € CB for all s € (0,1). The complete
Bernstein part of Theorem 8.32 combined with Theorem 9.31 now reveals

min rells
r€Pr/as Inf{|rE(A)] : A € Ra}
Z(5,R)|[b]| < 8yt

S
ma’xp Arnin 74)\max] ‘

LD — ug || < 2X5,.1bll

ax‘

=2\

max

[b]|.

To complete the proof of this theorem, we apply Proposition 8.22 to see that E, g(—t*\*) €
CS if (a,pB,t,s) € O¢c. Hence, we may use the first claim in Theorem 8.32 combined with
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10 Pole Selection Strategies

Theorem 9.31 to finally arrive at

. [re+1lls
E, 3(—t"L%)b —up41]|| < 2FE, t*Aoin) || b min - —
| B p( ) 1l 8(— )bl res1€Pys1fas, f{re (M) A € Ry }

b min —— Al
re€Pr/az Inf{|r(N)] : X € Ry }
< 2Ea,,3( ta)‘fmn)zk(zaRa)”bH

< 8B s(—t" X5k bl a

< 2B, p(— 1\

min

Remark 10.3. In the case of fT(A\) € {\7°, Eq g(—t*A*)}, Theorem 10.2 remains valid if
we extract the rational Krylov surrogate from QF (L, b) instead of kafl (L,b). For fT(\) =
A%, however, the presence of b in the basis portfolio is essential.

Including an additional pole at infinity grants uniform convergence rates in all admissible
configurations of the parameter when f7(\) € {A\7%, A}

Theorem 10.4 (ﬁoo—uniform convergence). Assume that Ayin > 1.

1. Let'V be an orthonormal basis of QkH(L, b), Lyt = VILV, and ujy = VLk+1V b.
Then there holds

—k
ma 177D —wal| < 8p3¢ i, b
56[ min max

2. Let Z2 = Z,,U{oo}, V be an orthonormal basis of fo;(L, b), Lyy1 = VILV, and
Ug = VLZHVTb. Then there holds

max | L'b — ugio| < 8)\maxp[)\ Hb||

s€(0,1]

min 74Amax

Proof. Revisiting Theorem 10.2, we see that, due to A7 <1, it suffices to prove that

IL™"b — || < 8t Ll (10.1)

mln »4Amax

holds in the extremal cases s = 0,1. If s = 0, then L™°b = b = VV'b = u;,,; and the
inequality trivially holds true. For s = 1, (10.1) directly follows from Theorem 8.25 with
¢ = 0 and Theorem 9.31 since

Ire+1lls
L 'b—u b min —_—
H k+1|| = )\mln H H T'k+1€7)k+1/q200 |Tk+1(0)’
< b min — s
Amin r€PL/qs lnf{’Tk(A)’ A E RO }

2 8
= 2SR bl < s

min

[b][.

mm:4>\max] |

Similarly, {oo, 00} C 3&5’ implies that the rational Krylov approximation is exact for both
L’ = b and L'b = Lb. Recognizing this fact, the second conjecture now follows from
Theorem 10.2. O
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10 Pole Selection Strategies

The previous two theorems deserve some further discussions. Our analysis shows that
Zoo provides an excellent pole set for approximating positive and negative fractional powers
of differential operators. If Z is enriched with an additional pole at infinity, which is
computationally inexpensive, the error remains uniformly bounded for all admissible values
of s. Likewise, the very same rational Krylov space can be employed for approximating
space-time fractional diffusion problems as long as («, 8,t,s) € O¢. Although we observe
numerically that the error bound remains in force if (o, 5,t,s) € ©1, D O¢, our analytical
tools do not include convergence results in this regime. This inconvenience can be overcome
by means of the pole set Z. As preparation, we make the following elementary but crucial
observation.

Lemma 10.5. Let V be an orthonormal basis of Q5 1 (L,b), Ly = VILV, and w1 =
Vf™(Lgs1)VTb. Assume that = C Ry U {00} contains at least one pole at infinity.

1. If fT € CS, then there holds
[f7(@)b — g [| < 27 (Amin) [[bl[|r=|s- (10.2)
2. Let fT € CB with w as in (8.12). If w =0, then there holds
1fT(L)b — g1l < 27 (Amax)[b]| 7= - (10.3)
Assuming {co,00} C E, then (10.3) holds even if w # 0.
Proof. Since co € = implies deg(g=) < k, there holds r= € Py /q=. Therefore,

min I7xlls Ir=lls
rk€Pk/az Inf{|rr(N)| : A € Ry} — inf{|r=(N\)| : A e Ry}

= |Irzls,

where the equality follows from |rz(A)| > 1 for A € Ry. The claim now follows from
Theorem 8.32. O

The previous lemma combined with the third claim in Theorem 8.32 shows that the
RKM error can be bounded by Zolotarév’s minimal deviation problem irrespectively of
fT e CSUCBULS. This allows us to simultaneously approximate solutions to fractional
diffusion problems of elliptic and parabolic type.

Theorem 10.6 (Z..-pointwise convergence). Let ©1, be defined as in Theorem 8.20, cr as
in Lemma 2.30 with a = Amin, V an orthonormal basis of kafl (L,b), Ly = VILV, and
W1 = VT (Lyy1)VTib. Then there holds
_k
17D — | < 4Cppy g 1B
where
Apins A fT(A) =A% and s € (0,1),

Cri=qX if fT(\) = A® and s € (0,1), (10.4)

«, if fT(A) = Eqap(—t*N°) and (o, B,t,s) € Or.

max?

If (o, B,t,5) € O, then (10.4) remains valid if we replace = by Eq g(—t*A,)-
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10 Pole Selection Strategies

Proof. Since fT(\) = A7% € CS, we may apply the first property in Lemma 10.5 to find
IL7"b —wpqa || < 2A 50 [bll[[rz le = 225 bl lrz]ls.

min

In this case, the claim directly follows from Theorem 9.33. The case f7(\) = A® can
be verified in analogously. To complete the proof, let now f7(\) = E,g(—t*\*) and
(a, B,t,s) € Or,. According to Theorem 8.20 we have f7 € LS. Since f7 extends contin-
uously to the imaginary axis, Theorem 8.34 is applicable, whence we deduce with Lemma
2.30

715
B, 5(—tL5)b — upes|| < b min :
1Bos(—#LOb —wea| S S i e ()] 2 € )

b min I
i rh€Py/qz Inf{|ri(2)| : z € iR}

TN
inf{|rz(2)| : z € iR}’

Since |rz| is identically one on the imaginary axis, it follows from Theorem 9.33

IN

miny)\max]

c 2+ -k
| Ea,p(—t*L%)b — upy1]| < ;T\I"“szHbH < fp[ﬁ [bl]. O

f (o, B,t,5) € Oc, then E, g(—t*\*) € CS according to Proposition 8.22 and the claim
follows in analogy to the case where f7(\) = A7,

Remark 10.7. If fT(X\) € {\7°, Eq 5(— ta)\s)} Theorem 10.6 remains valid if the rational
Krylov approzimation is extmcted from QF (L, b) instead of Qk+1( b); ¢f. Remark 10.5.

As the following theorem shows, Z is the key ingredient to approximate the DEM ap-
proximation uniformly in 7 for all admissible values of the parameter. This comes at the
cost of slightly weakened convergence rates.

Theorem 10.8 (Z.-uniform convergence). Assume that Apin > 1.
1. Let'V be an orthonormal basis of kafl(L, b), Ly = VILV, and ujy = VLkHVTb
Then there holds

k
Srél[%)i ||L b ~ Bkl || < 4p[)\mma)\max

b

2. Let Z¥ := Z,, U {oc}, V an orthonormal basis of ka_%(L,b), Ly = VILV, and
Upy] = VLZHVTb. Then there holds

bl

k
Lb — < 4 pax
SIél[%)f] H uk+2H a. p[Amm,)\ma)c]

3. Let v be defined by Lemma 8.30, eq g(t, ) as in (8.21), V an orthonormal basis of

Q75 (L,b), L1 = VILV, wyyy = Vea s(—1%,Li ) )V'b, fuin € RY, and O, =

{(a,B,t,8) € O : B> Bmin}- Then there holds

1
max | eq5(—t% L*)b — upi|| < 8y max{ } p[)\ N ]HbH (10.5)
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10 Pole Selection Strategies

Proof. Arguing as in the proof of Theorem 10.4, it suffices to show that

_k
IL7b — wesa | <o) b (10.6)

miny)\max

for all s =0,1. If s = 0, then the rational Krylov approximation is exact and the inequality
trivially holds true. For s = 1, (10.6) follows from Theorem 8.25 with ¢ = 0 since

2 |lrzlls 2 _k
= r bll < 4 2 b 7
AI‘I‘lil’l |TZ(0)| H || )\mln H ZHZH H - p[)‘minz)\max] H ”

where the last inequality holds due to Theorem 9.33. The second conjecture follows from
the observation that {oo, 00} C Z3° implies that the rational Krylov approximation is exact
for both L°b = b and L'b = Lb.

To complete the proof, let f7(\) = e, g(—t%, A\*) with 7 = (o, f,t,s) € Og,,,.. According
to Theorem 8.20 we have e, g(—t*, A*) € LS and thus by the third point in Theorem 8.32

L™ — uppa || <

lea,s(=t% L) = up 1| < 4y f7(0)[[bllllrzlls-

The uniform error bound is now a direct consequence of Theorem 9.33 and the observation
that

o 1
max f (O)—max{r‘(ﬂmin),l}. O

The decay rate obtained by the Zolotarév poles on —X entail the factor % in the exponent
but lead to a better constant pp . Anax] = Pldminddmax]- COMparing these results to the ones

obtained by Z, we find with £ = Amax/Amin

2 2

p[)\ o A ] — eIn(16x) — eIn(16)+In(k)
min,*Amax
P P - . (10.7)
In(16)+2In(k) — e2In(4)4+21In(k) — p2In(dr) — 2
> en(16) (%) e2n(4) (%) e21n(4k) p[Amim)\maX],

Therefore, for large condition numbers x, we have that ppy . 4y, &~ p[2>\mirn JWE

For fixed values of («a,f,t,s) € ©1, Theorem 10.6 shows that the rational Krylov
approximation error decreases with purely exponential convergence rates when f7(\) =
Eq (—t*X®). The involved constant c¢,, however, deteriorates as either of the parameter
approaches zero. Provided that the parameter g is bounded away from zero, (10.5) attests
the rational Krylov surrogate uniform convergence in the parameters at the cost of the
additional logarithmic factor encoded in ~;. The degeneration of our upper bound as Spyin
approaches zero, however, is in a sense reasonable since the series representation of F, g
diverges in this case.

Remark 10.9. In order to implement the poles based on Zolotarév’s rational approxima-
tion problems, one requires the knowledge of the extremal eigenvalues of L. The latter are
typically not available, in which case one replaces them by some numerical approrimations
0 < A < Amin < Amax < Ay to build the pole set thereupon. The performance of the
surrogate ugyq so obtained deteriorates only logarithmically if the approximations of Amin
and Amax become worse.
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10 Pole Selection Strategies

We complete this section with an illustration of the Zolotarév poles on —3 and R, with
Y =[1,1000] in Figure 10.1. The elements of Z are roughly geometrically distributed across
the negative spectral interval and accumulate at —Api, and —Apax. On the other hand,
the Zolotarév poles on R are sampled over the entire negative real line but cluster around
X

T AR AR T L 1031113 1 1013 1143 1 1 e
25 F @OO0O00000000000000O000® 25+ o O O O000OCOCCNN00CO0000 O O o A
20F COOO OO O0OOO0OO0OO0OO0O0OO0O0O000 - 20 + o O 0 0000000000000 O O o —

2 15 000 0 0 0O 0O 0O O O O O O 00 - 2 15 ¢} O 00000000000 O ¢} -
10 o o o ¢} o o o O O O - 10 o O 00000 O O o -
5+ o o o o o - 5+ o o o o o -

L1 L L [ Lo b D e b e e b
—103 —10? —101 —10° —10° —103 —10t —107t

Figure 10.1: Zolotarév poles on —3 (left) and R (right) for ¥ = [1,1000] and different
orders k.

10.1.2 EDS Poles

In general, Zolotarév poles of order k£ have no common element with the Zolotarév poles of
order k + 1 which is inconvenient if one wishes to incrementally build the rational Krylov
space until the desired accuracy is reached. A nested counterpart of the poles provided by zZ
and Z has been presented in [DIKZ09, MR20a| and is based on the theory of equidistributed
sequences (EDS). The idea is to mimic the optimality property of Zolotarév’s poles in an
asymptotic sense. More precisely, one makes use of the fact that the squared Zolotarév
points on [0, 1], 6 € (0,1), are asymptotically distributed according to the measure [DIKZ09]

B 1 t dy
0 = R T=5) Je VP 3) 1o
with
y5<(z§’“>)2> — 2(1“22)“ j=1,...k (10.9)

One can try now to replace the right-hand side of (10.9) by an infinite sequence of nodes
(sj)jen C [0, 1], which fill the interval in an almost uniform manner, in order to “inversely”
describe an approximation for the Zolotarév points. The weak-star limit of the normalized
counting measure associated to (s;);jen should then be given by the Lebesgue measure on
[0,1] and coincides with the one generated by the right-hand side of (10.9). To create a
mathematical framework for this problem, we give the following definition [Cha68].
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10 Pole Selection Strategies

Definition 10.10. A sequence (s;)jen C R is said to be equidistributed on [a,b] C R if

lim \{31,...,5?-} N [e, d]| _d—c
Jj—00 ] b—a
for all subintervals [c,d] C [a,b].

Provided an EDS (s;);en, the normalized counting measure associated to the sequence
2):en C R, which we define by the relation
777

vs(§5) =55,  jEN,

is weak-star convergent to (10.8). In other words, the poles £ := {—¢1,..., —&} are asymp-
totically distributed like the Zolotarév poles on [—1,—¢]. This allows one to proof the
following result which we have essentially taken from [DIKXZ09, Theorem 4.4].

Theorem 10.11. Let § € (0,1), A = [6,1], vs defined by (10.8), and (s;)jen C [0,1) an
equidistributed sequence on [0, 1]. Set

&=,  wvsy)=s; JEN, (10.10)
and € ={—&1,...,—&}. Then the rational function rg satisfies
1 _1
klggo Irells = P[(sj]- (10.11)
We call &, ...,& the EDS points on A. Note that (10.11) implies
_k
[rella = 9[5’2]' (10.12)

The roots yi,...,yx in (10.10) can be computed numerically, e.g., by Newton’s method.
Asymptotically optimal poles on —¥ or R, are obtained by applying either a scaling or
a Mobius transformation to the elements of &£, respectively. To complete the description
of these poles, it remains to be clarified how one can construct equidistributed sequences
explicitly. The following result addresses this matter [(haGg].

Lemma 10.12. For all r € Q the sequence (s;)jen defined by
sj = jr — |jr]
is an equidistributed sequence on [0, 1].

In all our experiments we choose r = 1/1/2 which is why we make it part of the following
definition.

Definition 10.13. Let 6 = Apin/Amax and &1, ..., & the EDS points on [0, 1] generated by
the sequence s; := j/\/2 — |j/V/2|. We define the EDS poles on —%. as

&= {_)\maxfly ceey _)\maxfk}a
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and set Ex := E U {oo}. Accordingly, let o
and &1, ..., & the EDS points on [Ox
poles on Ry as

and Tix, i Amax] b€ as in Theorem 9.51
1] generated by (s])JGN. We define the EDS

min» max}

min )‘max] ?

5 —{ [Amax,AmaX]( 51) ~ }(_ék)}

[>\m1n Amax
and set £ = € U {o0}.

Only one new pole is added at each stage to the k previously selected parameters which
are left unchanged. This makes £ and £ an attractive nested alternative to Z and Z,
respectively. Similarly to their competitors, pole sets based on EDS are independent of the
parameter 7, the vector b, and solely require some rough spectral bounds for the extremal
eigenvalues of L. Thanks to Theorem 10.11, their performance can be quantified as follows.

Theorem 10.14. Let V be an orthonormal basis of Q5 1 (L,b), Lyt = VLV, upy =
VI (Lae)Vib, S7 € (A5 X with s € (0,1) o7 f7(A) = Eog(—1°\%) with (o, 8,1, 5) €
Or..

1. If 2 = &, then there holds

13
1£7(L)b — | < o, I

mm»)\max] H

2. If 2 =&, and fT(N) € {\"%,\°} then

/7 (L)b — wpep || < ppy bl (10.13)

mln74)\max
Moreover, (10.13) remains valid for f7(X) = Eq g(—t*A®) if (o, 5,t,s) € O¢.
Proof. We start with 2 = E. If fT(A) € {275, A%}, it follows from Lemma 10.5 that
/7 (L)b — g || < lrel[z[bl]

Let now &£ denote the EDS poles on —A = [~1, —§] with 6 = Apin/Amax. Observing that
rgoT =rg if T(z) = z/Amax, it follows from (10.12)

bl

If fT(N) = Eqp(—t*X®) € LS, we may apply Theorem 8.34 and Lemma 2.30 to find

k
/7 (L)b — g || < lrg o T[]l = [Irellalbl < p51 Ibll = pp

mmy)\max}

[7h+1lls
Eap(—t“L%)b — upq 1| < ||b min '
[ Ea,s( ) w1l =] HWEPM/% inf{[rps1(2)] : 2 € iR}

Irklls
<||b min -
< [Ibll rh€Py/qe Inf{|ri(2)] : z € iR}

bl el
- inf{|rg(z)| : z € iR

< [[blllirells
¥
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since |rg(z)| = 1 for all z € iR and the proof follows just like in the previous case. If
2 =&, then f7 € CS UCB under the given restrictions on the parameters. We may thus
consult Theorem 8.32 to find

. [y
(LYb — u < |Ib min
£ (L) k1l <) llmlepw/qéw inf{|rpp1(A)] : A € Ry}

: Irklls
<|b min .
- ” H T’kEPk/qg 1Hf{|Tk()\)’ . )\ € Ra}

Let now € denote the EDS poles on —A = [—1, ~ 0 Ammims Amac] )
Pr/ qz, we deduce from the mapping properties of 17y

Noting that rg oy . ... €
min7)\max}
H H ||T£~ © Tp\miny)\max] ||2
f{[(rz © Tix i dmas] (A 2 A € Ry }
S - S——
imf{lrs(V): A e —A} — TE
since [rz(A)] > 1 for all A € Ry. The claim now follows from (10.12) and the second

/7 (L)b —uppa || =

inequality in (9.35). O
< 25| .
1071 —z|
20 + N
1074 :
n
@ e 15 N
= 1077} 2
10 - N
10710, -
5, |
10718 b | | ! b [T [T L [
0 10 20 30 —103 —102 —10! —10°
k

Figure 10.2: Maximum norm |[rz||x on ¥ = [1,1000] for = € {&, Z} (left) and EDS poles
on —X for various k (right).

The price one has to pay for the nested structure of the EDS poles is that explicit constants
in their estimates are not available. We observe experimentally, however, that already for
small values of k, ||r¢l|s provides a decent approximation to ||rz||s. To see this, we plot
the maximal deviation of rz on ¥ = [1,1000] for = € {€, Z} in Figure 10.2. From the very

beginning, ||r¢||s behaves qualitatively very similar to the true minimizer ||rz||s; and decays
: —k/2
like O(p[l,l/ooo]

to Z and Z, respectively.

Before we proceed with the so-called spectral poles, we plot the point set £ for ¥ =
[1,1000] in Figure 10.2. The EDS poles exhibit a repeated pattern that, after a few itera-
tions, is qualitatively similar to the one obtained by the Zolotarév poles.

). One can thus expect £ and £ to provide a competitive nested alternative
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10.1.3 Spectral Poles

In some sense, pole sets based on the third Zolotarév problem are built on the assumption
that the eigenvalues of L are uniformly distributed across 3. If the spectral density of
the operator is nonuniform, e.g., when the eigenvalues accumulate at an end point of X,
more refined pole configurations might exist. In this section, we discuss two pole generation
algorithms that include spectral information about the particular matrix L. The first one
has been proposed in [GIX13] and is closely related to the method described in [DLZ10,
DS11]. Its main idea is to quantify the error in terms of a rational function involving the
poles and rational Ritz values of L on QE Jrl(L, b). Instrumental for this approach is the
so-called Hermite-Walsh formula for rational interpolants; see [WalG0, Theorem VIII.2],
[BR09, BG12, Giit13, Trel9).

Theorem 10.15. Let C C C be an integration contour, f a function that is analytic in
Int(C) and extends continuously to C, 7“,]: € Rnk a rational function with poles in = =
{&o,.... &} C C that interpolates f in the nodes A = {oy,...,0n,} C C, and rpz= defined
by (8.26). Then there holds for all z € Int(C)

Fi)— 2 / raz(z) £(¢)
2)—1i(2) = — dc. 10.14
£ = rfe) = 5 [ PES TS (10.14)

Provided that f7 € CS with Cauchy-Stieltjes triple (0,0, pu¢), formula (10.14) remains
valid if we bend the contour to the negative real axis such that, after the transformation
¢ — —(, we obtain

FT) =l () = /0 E((AC)) \ +(C) d¢c,  AeRt.  (10.15)

Let now V be an orthonormal basis of OF +1(L,b) and L1 its compression. Then by
Theorem 7.14, there holds for ug 1 = V7 (Lgy1) Vb

w41 = i (L)b,

where 77 € Py /q= interpolates f7 in the rational Ritz values A = {ugk), e My )} of L on
Q%1 (L,b). We apply (10.15) to deduce

17 (L)b —uk+1||—H | i@ en dgH

FA%MWH-

The goal is now to choose the next pole &1 in a way such that the upper bound provided
by (10.16) is minimized. According to Proposition 7.15, 75 = already minimizes ||r;(L)bl|
among all monic rational functions with prescribed denominator ¢=. Hence, it suffices to
solely focus on the integrand and we wish to choose the next pole {41 € R, such that
|ra=(—C)| becomes as large as possible on RT. For this purpose, the authors of [GK13]

(10.16)
< [lraz(L)b||
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proposed to place the new pole at the location of a global minimizer of |ry =(—()], i.e.,

(k)

k
C— s
Ek+1 = —argmin |rp 5(—()| = argmin |rp =(¢)| = argmin H T (10.17)
CERY CERy CER; =0 (=&
700

Typically, one does not compute 41 by minimizing (10.17) over the parameter continuum
but instead over a discrete training set. For bounded parameter domains, it is common to
use a uniform grid which is adaptively refined to ensure that no local minima are skipped.
Over unbounded domains, as it is the case here, the situation is more delicate. One pos-
sibility is to introduces two cut-off parameters n_,nt € R* and discretize the bounded
domain [—n_,nf] under a uniform grid. A discretization for R is then obtained by the
exponential map ¢ — —eC. Since we use such a discretization of R, in any of our numerical
experiments, we incorporate it in the following definition.

Definition 10.16. Let n_,n € Rt and ﬁﬁin C Ry a training set of —le7e v, The

pole set Soo = {&0, ..., &} is defined inductively by & = oo and

Sr+1 = argmin|raz(Q)l; (10.18)
CeTe

train

where A = {,u(()k), e ,u,(f)} are the rational Ritz values of L on Qf‘_’:l(L,b). We call S :=
{&, ..., &} the spectral poles on Ry .

Definition 10.16 provides a promising pole candidate whenever f™ € CS. Let now f7 € CB
and T,{T € Ry a rational function with poles in = = {{p,...,§;} that interpolates f7 in
A = {00,...,0,}. Then { (A\)/A interpolates f7(A)/A in A. Since fT(A\)/A € CS by
Proposition 8.9, we may apply (10.15) to confirm that

T ) ) pE©)
e S Ay e (10.19)
where pf, is the Cauchy-Stieltjes density of f7(X)/A. Multiplying (10.19) by A reveals
=l = [T e (10.20)

which can be seen as a variant of the Hermite-Walsh formula for complete Bernstein func-
tions. Therefore, the same arguments as in the Cauchy-Stieltjes case can be applied to
conclude that S provides a promising pole candidate for all f™ € CB.

In accordance with poles based on the third Zolotarév problem, a sampling of = over
the entire negative real line does not seem natural when Laplace-Stieltjes functions are
involved. In view of (8.29) a more intuitive selection of the training set could be 7;?511 C iR
in (10.18) which has the disadvantage of complex poles even though both L and b are
real. A different approach which circumvents this difficulty has been presented in [DLZ10].

Originally proposed for the exponential function, the authors advocate to sample the poles
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over —, which requires the discretization of a bounded domain only. This restriction can
be justified for all functions of Stieltjes and complete Bernstein type since Lemma 10.5
and the third point in Theorem 8.32 show that the rational Krylov error can be bounded
by |rz|ls, whose minimum is attained by the Zolotarév poles Z on —3. The latter are
contained in —> and thus justify the restriction to this bounded domain. These arguments
provide the necessary motivation to introduce the following variant of Definition 10.16.

Definition 10.17. Let Tiain be a training set of —X. The pole set Soo = {&0,...,&k} is
defined inductively by & := oo and

k1 :=argmin |rp =(C)].
Ceﬂrain

We call S := {&1, ..., &} the spectral poles on —X.

In view of (10.17), S allows the interpretation as greedy approximation of the problem:
Find ¥ C —¥ with |¥| = & such that

= mi = 10.21
l7awlls EI%mEHTA,_HEa (10.21)
El=k

where A = {,u,(()k), . ,,u,(f)} are the rational Ritz values of L on QEH(L,b). This can be

viewed as a variation of Zolotarév’s minimal deviation problem (9.37) where the numerator
of rz is replace by the characteristic polynomial of Lj,q for better adjustments towards
the true spectrum of L. In view of the fact that the Zolotarév poles are build on the
assumption that the spectral density of L is uniform, it can be expected that the minimizer
of (10.21) does not significantly differ from the solution to Zolotarév’s original minimal
deviation problem whenever L satisfies such a property.

Remark 10.18. Due to the close relation between S and Z, an alternative strategy to define
S could be to greedily minimize (10.21) over Tevain C [~ 1, =0 i Amaxl]s WA O i Amax] 95
in Theorem 9.31, and transplant the poles so obtained to the entire negative real line using

the Mébius transformation Ty We do not further pursue this approach.

min )‘max] :

To confirm experimentally that the pole set S may provide a reasonable approximation
to Zolotarév’s minimal deviation problem, we compare the maximal deviation of rs on
¥ = [1,1000] to the one obtained by the minimizer rz for two different matrices of dimension
N = 1000. The first matrix is defined by L; := diag(1,...,N) € R¥*N such that its
spectrum is uniformly distributed across 3. In this case, Figure 10.3 shows that the pole
set S provides a decent approximation to the true solution Z. The situation is rather
different if the eigenvalues do not satisfy such a uniform pattern. The right plot in Figure
10.3 depicts ||rs||s for the diagonal matrix Lo € RV*N with A\pin = 1, Amax = 1000, and 998
towards 1 geometrically refined eigenvalues on [1,2]. In this regime, the rational function
rs does not become uniformly small on ¥ since the spectrum of Loy biases the selection of
the poles.

To visualize the impact of the spectral density on the parameter selection, we plot the
spectral poles on —Y for different orders in Figure 10.4 for the matrices Ly and Lo. In the
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Figure 10.3: Maximum norm ||rz|x on ¥ = [1,1000] with = € {S, Z} for the matrices L;
(left) and Ly (right).
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Figure 10.4: Spectral poles S on —3 = [—-1000, —1] for different orders k and the matrices
L; (left) and Lo (right).

uniform case, we observe that S exhibits a similar pattern to the one depicted in Figure
10.1 for the Zolotarév poles on —3. In contrast, the poles computed for the matrix Lo
accumulate at — Ay which can be traced back to the cluster of eigenvalues of Ly which is
located there.

From a computational point of view, both & and S provide an attractive choice of poles
as they are independent of the parameter 7 and the vector b. While § avoids the difficulty
of discretizing an unbounded domain, it requires, unlike S , rough estimates of the spectral
region of L. Even though the rational Ritz values need to be recomputed in each step, which
makes spectral poles computationally more demanding than their Zolotarév competitors,
the parameters &y, . . ., £ remain unchanged and are thus convenient for adaptively building
the rational Krylov space. Moreover, in contrast to the poles based on the third Zolotarév
problem, the presence of (,ugk))g‘?zo
spectrum of L. Even though no analytical results are available, there is empirical evidence
that such spectral methods outperform both Zolotarév and EDS poles whenever the operator

allows for better adjustments towards the true discrete
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exhibits a strong nonuniform spectral density.

10.1.4 Weak Greedy Poles

The pole sets presented up to this point exhibit different degrees of adaption to the data
of the problem. Zolotarév and EDS poles are the most general ones in the sense that
they only require some rough bounds on the extremal eigenvalues of L. Spectral poles are
tailored to the particular matrix and differ even if two matrices share the same extremal
eigenvalues. For poles chosen according to so-called weak greedy algorithms, we go one
step further and adjust the poles not only to the matrix but also to the vector b. The
selection of these parameters is very popular in the reduced basis literature to alleviate the
computational costs when evaluating solutions to parametric PDEs but has not attracted
as much attention in RKMs yet. We refer to [DPW 13, CD15] for a general survey over weak
greedy algorithms and [ACN19, BGZ20, DS21, DACT21, DH21, DH21] for their application
to fractional diffusion problems. Using f™ € CS as a starting point, one can bound the
rational Krylov approximation error by the triangle inequality

17 (L)b — | < / SO+ Db — V(Liss + (Te) 'Vib[dC,  (10.22)

where V is an orthonormal basis of Q% 1 (L,b) and Ly = VILV. Unlike in the previous
two sections, we do not apply spectral arguments to bound (10.22) by a scalar rational
approximation problem. Instead, the goal is to directly minimize this upper bound by
choosing each consecutive pole according to

Eht1 1= — argmftXEkH(C), Ep1(C) = [[(L+¢I) ™" — V(Lg1 + (Ter1) ' VD).
CeR?
(10.23)

Clearly, (10.23) cannot be realized in practice. Even if we replace R} with a discrete
training set tfin C Rg of finite cardinality, the scheme requires the evaluation of (L +
¢I)~'b for multiple values of ¢ which is precisely what weak greedy algorithms seek to
avoid. To counteract this, the idea is to replaces the true approximation error with a
computable quantity which allows the selection to be done in a practically feasible manner
while retaining the same performance as (10.23). The following lemma is dedicated to the

identification of such an error indicator; see also [DAC 21, Lemma 5.1].

Lemma 10.19. Let V be an orthonormal basis of QE_H(L, b), Lyy1 = VILV, and ¢ € R{.
Then there holds

k1 (O < Erya(€) < Ier1 (O]l (10.24)

)\max + C >\min + C

where 141(¢) :=b — (L + (I)V(Lyp1 + CTpy1) "' Vib is the residual.
Proof. Using Ej41(¢) = (L + ¢I)"trg11(¢) ||, we deduce

1

| = P +C”1‘k+1(C)H,

E1(€) < [T+ D) lrrs1(C)
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where the norms are understood as the vector and the associated matrix norm, respectively.
This proves the second inequality in (10.24). On the other hand, there holds ri11(¢) =
(L + CD)((L+ 1) 'b — V(Lyy1 + CTyy1) VD). Hence,

e (Ol < [T+ (L B2 (€) < (Amax + Q) Ek11(0);
which implies the first inequality in (10.24). O

The quantity |[rip4+1(¢)| is called residual based error estimator. On bounded domains,
(10.24) shows that ||rx41(C)|| is equivalent to the true approximation error Ej11(¢). Hence,
if we restrict ¢ to some bounded interval [a,b] C Ry and select the samples using ||rj41(¢)|
as surrogate for Ej11(¢), we obtain

1
Eks—i—l(fk—i—l) > m”rk—kl(fk—i—l)n
1 Amin + @
> > — E .
% e 1 c2ig e O = T2 mma B (C)

In view of these results, a competitive selection of poles for approximating the matrix
resolvent on [a,b] C R} might be obtained inductively by

€r1 = — argmax [|ry1 (C)]]. (10.25)
C€Ela,b]

The following theoretical tool is instrumental to quantify the quality of these poles.

Definition 10.20. For all k € N we define the Kolmogorov k-width as

T = inf su inf L+¢D) 'b-v
= gl oy 0 1D —

and set Ky = SUD et (L + ¢I)~'b|| by convention.

The quantity ~#} represents the best achievable decay for approximating the matrix re-
solvent. In practice, however, the optimal space, for which the infimum is attained, is
computationally out of reach. Therefore, the above quantity should be viewed as a bench-
mark for more practical choices of the approximation space. The success of weak greedy
algorithms is due to the following powerful result.

Theorem 10.21. Let 0 < a <b< oo, E={&,...,&} with § = o0 and &1, ..., & chosen
according to (10.25). Then there holds for any Cy, cop € R

)\max b =0 __cok
Vk € Ny : . < Coe % — sup Eiy1(¢) < Comax \674_76 G } e %k.
¢€lab] Amin + @

Proof. See |[CD15, Corollary 8.4(iii)| and [DPW13, Corollary 3.3(iii)|. O
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According to Theorem 10.21, exponential convergence of the Kolmogorov k-width guar-
antees exponential convergence of the weak greedy algorithm. Thanks to Corollary 8.25,
we know that the former can be bounded by

2
A, < sup inf (LA (D)7 = v || < ————Zk(5, [=b, —a])[[b|  (10.26)
(€lab] vi,eQZ (L,b) Amin + @

for all £ € N, where Z is the set containing the poles of Zolotarév’s extremal rational
function on the condenser (X, [—b, —a]) in the sense of Theorem 9.30. This allows us to
prove the following result; c.f. [BGZ20, Lemma 3.1].

Corollary 10.22. Let 0 < a <b< oo, E={&,..., &} with & = 0o and &1, ..., & chosen
according to (10.25), and 6 = 6|_p _a;x,i0 Amax] defined by (9.29). Then there holds

k 8 Amax +0 1
(zl[lpb] EkJrl(C) < Cp[(;’l]Hbuv C= m max \/ﬁiayp[g 1] (-

Proof. 1t follows from Theorem 9.30 that

Z(,[~b — a]) < dpghy,

Together with (10.26), this yields

<

8 —k
< mp[(g,ullbll

for all £ € N. The inequality remains valid if & = 0. Hence, the conjecture follows by
Theorem 10.21 with

2 8
co 111(4(5_1) ’ 0 )\min +a

The major disadvantage of Corollary 10.22 is the fact that (10.22) is limited to bounded
intervals [a,b] C RT. If by chance, however, the Cauchy-Stieltjes density pf of f7 has
compact support, one can apply the weak greedy algorithm to any bounded superset [a, b] D
supp pc to arrive at the following result.

Corollary 10.23. Let f7 € CS with Cauchy-Stieltjes density pg, satisfying supp pg C [a, b]
for0<a<b< oo, ZE={&,...,&} with& = 0o and &1, ..., &k chosen according to (10.25),
0 and C as in Corollary 10.22, V be an orthonormal basis of Q%_H(L,b), L, = VILV,

and upy1 = VT (L 1)Vib. Then
- _k - b
57 @b~ wen] < Coy bl C=C [ B
Proof. If pf, has compact support, it follows from (10.22) that

b
17 (@L)b — wea || < / W5 dC sup Epan (€).
a C€la,b]

The claim now follows from Corollary 10.22. O
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Although Cauchy-Stieltjes functions exist whose density functions have compact support,
see e.g., (8.5), Corollary 10.23 is only of limited use since most of the functions that we are
interested in do not possess such a property. One possibility to mitigate this problem is
to sample the poles over a sufficiently large parameter domain so that the truncation error
falls below a user-defined threshold. Exemplary, we state the following result for the case
where f7(\) = A7%; cf. [BLP19b].

Theorem 10.24. Let n,,nf € RT, a=e ™ b= e B = {0, ..., &} with & = oo and
&1, - .., & chosen according to (10.25), C as in Corollary 10.22, s € (0,1), V an orthonormal
basis of Qf, (L, b), Ly = VLV, and upyq = VLkHVTb Then

26—(1—8)n§ 26—sn§ e(l—s)ni _ e—(l—s)n;

Lk
-l s (2 2 S Yo
(10.27)

Proof. Starting from Balakrishnan’s formula (8.10), we apply the substitution ¢ — In(¢) to
deduce from Theorem 2.37

L1 — sm(ﬂ's)/ o(1=5)¢ (L—{—eCI)_lde,
™ —00
Wt = sin 7T8)/ (1— S)CV(Lk+1+€CIk+1) IVdeC.

We split each of the two integrals in its three contributions over (—oo [-ng,nf], and

n;J,
[nd, 00), apply the triangle inequality, and deduce, by definition of Ek+1(C ),

c
nt

U= E (%) dC¢ —|—/ Cﬁ eI By 1 (e8) d¢

+ / X eI By (e9) dC.

C

7nc_

IL=*b — ujsa | < /

—00

Invoking the orthonormal property of V and the fact that the rational Ritz values are
contained in ¥, we find

/ e(ls)CEkH(eC)ng/ (L + e I) " 'b|| + [ (L1 + €S Tpr1) "1 VTb|2)d¢

—ne (1-s)¢ —ne ,(1-s)
e (&
<ol [ S dc+ Vbl [ Cac.

min —00 )\min

Once more, we make use of the fact that V is an orthonormal basis to find |[Vib||z = | Pb|],
where P := VVT is the orthogonal projector onto Q%H(L,b). Hence |V'bl|js = ||Pb]|| <
|b||. Direct evaluations of the integrals reveal

e—(1— s)ne

/ 1N By () d¢ < 29

163



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

10 Pole Selection Strategies

Similar computations show

[ee] o0
/+ e By (e8) d¢ < / <||(L + )b + [[(Lgs1 + e Ty1)” 1VTb||2) d¢

| < | / St
—2b| / e =

To bound the third integral, we apply Corollary 10.22 and find

¢

+

nt nd
/ eI E (O dC < / CeTNdC sup B Q)
—ng —n¢ Ce[e—nc_ ,e“c_]
e(l—s)né’ . 6—(1—5)110_

= - sup By ().
CE[e™me ,enc ]

Combining all three integral estimates together with Corollary 10.23 we deduce

26—(1—5)ng 26—5113' e(l—s)ni _ 6—(1—5)1’1; &

L b - < C 1 1b

” uk+1” = (Amin(l — S) + S + 1_ s p[571] ” H

_k
The claim now follows from the observation that § > ’\"““ . Therefore, p[5 1] [ fmm 0= =

7& max
6

pp\mina4)\max] . D

Theorem 10.24 can be seen as improvement of the results provided in [BGZ20], where
the slower convergence rates obtained by Z were used to show exponential convergence
of the Kolmogorov k-width. The first two contributions on the right-hand side of (10.27)
are caused by sampling the parameters only over the bounded domain [e™¢ | end | instead
of Rf. What these terms are concerned, it is desirable to choose ng and n as large as
possible. On the other hand, large values of these parameters enlarge the sample domain
of the weak greedy algorithm, increasing the constant in the last term of (10.27).

Although analytically not fully understood, it is observed numerically that also for
JT(A) € {N°, Eq3(—t*A%)} the poles obtained by (10.25) provide an excellent choice for
building rational Krylov approximations if [a, b] is sufficiently large. However, our previous
results show that the approximability of f7(L)b for any f7 € CSUCB U LS is closely
related to the approximability of the (scalar-valued) resolvent function on the spectral in-
terval of L. In particular, the pole sets Z, £, and S are all contained in —Y. A reasonable
choice for [a,b], which avoids the selection of the cut-off parameters n;,ng is thus given
by [a,b] = [Amin, Amax|.- Before we manifest these observations in the central definition of
this section, we mention that the analysis provided above remains valid if we replace [a, b]
in (10.25) by a discrete training set, chosen either sufficiently fine to retain the accuracy of
the algorithm [C'D15] or based on random selections of moderate size [CDDN20].
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Definition 10.25. Let Tiain be a training set of X. The pole set Goo = {&o,...,&k} is
defined inductively by & := oo and
11 = —argmax rgs1 Q). (10.28)
Cetrtrain
where ri41(C) is the residual from Lemma 10.19. We call G := {&1,- .., &} the weak greedy
poles on —%. Accordingly, the pole set Goo = {&0o, ..., &k} is defined by & := oo and

&1 = — argmaxJria ()] (10.29)
CETHE

rain

+ _ . . .
where TS C Ry is a training set of [e™" ,enj]. We call G :={&1,...,&} the weak greedy

train
poles on Ry .
Remark 10.26. It goes without saying that numerous other error estimators as well as a
priori parameter selections exist to approximate parametric PDFEs of reaction-diffusion type;
see e.g., [RHPOS, QRMI11, MPT02] and references therein.

By construction, the weak greedy poles are nested. More importantly, they are inde-
pendent of the parameter and thus allow for an efficient querying of the solution map
7 — fT(L)b in the course of an online-offline decomposition. The bounds provided in
Theorem 10.27, however, suggest that the surrogate degenerates when s approaches an in-
teger. Hence, we cannot prove uniform convergence for s € [0,1] with the tools presented
above. Just like S and S, weak greedy poles require a user-provided training set to carry
out the maximization. Unlike their spectral counterparts, however, they are computed
using spatial error estimators which makes their implementation more demanding, both
from a computational and theoretical point of view. The key ingredient for an efficient
realization of (10.28) is the implementation of an online-offline routine. After an initial
computational investment, this allows one to query ¢ — |[|ri+1(¢)|| with complexity only
depending on k. To make matters precise, let V be an orthonormal basis of QE +1(L, b) and
L. = VILV. If we define ugH(C) = (Lpy1 + CTpy1) "' VTb to be the coordinate vector
of V(Lgy1 + (Ixy1) "' VTb, we observe

ek (O = b = (L + <D Vug 1 (O
= [blf* = 2(b, (L + ¢D) Va1 () + [[(L + D) Vg (O
= |[b* = 2(b, LVu,1(€)) — 2¢(b, Vug,;(¢)) + [LVug, ()|
+ 20 LV 1 (Q), Vi1 (0) + Va1 (O
Recalling L = M1 A, we define the quantities
cp = ||b| € R, vy := VI'Ab € RFL

10.30
vy = VIMb e RF Ly = VIAM AV € REFDX(HD, (10.30)

so that, invoking the second property in Lemma 7.10,
Iers1 (O = ¢ — 2(vi, wies (€))2 — 20 (va, uh1 Q)2 + i (OlE, 4, (10.31)

+2C[lugi (OIE,.,, + Cllu (I3
An efficient realization of (10.28) and (10.29) now
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1. computes (10.30) once and for all in the offline phase,

2. queries the right-hand side of (10.31) in the online phase for all ¢ in the training set.

Note that the right-hand side of (10.31) only depends on the Krylov parameter k such that
its evaluation for several thousand values of ( is feasible. Although efficient, the reader
should be warned that the implementation in its present form is prone to numerical round-
off errors. In double precision arithmetic, this leads to stagnation of the residual based error
indicator whenever ||rj,1(¢)| is in the range of 107%. More careful computations allow one
to overcome these difficulties [Cas12, CELI4, BEORI4, YINI19].

101 - | 10~ |
2 n
= 10731 1o 1078 )
= =
1075 |- . 1075 | .
—G —9G
el —_—Z
1077 Ll | L .| 1077 Ll | L .|
0 10 20 0 10 20
k k
107" 8
2 .
= 1073} a
=
107° 8
—G
—z
1077 ol | | =
0 10 20
k

Figure 10.5: Maximum norm ||rz||x on ¥ = [1,1000] for = € {G, Z} with L; and by (top
left), Ly and by (top right), and L; and bg (bottom).

As shown in the previous section, the pole set S allows for an interpretation as ap-
proximate solution to the modified Zolotarév deviation problem (10.21). This motivates
us to consider the following matrix-valued variant to the third Zolotarév problem: Find
U C B C R, with |¥| =k, such that

2,0 (L)b| : [raz(L)b]]

inf{lraw(\): A EB} ‘Ignlci% inf{[raz(V]: A € B}’

(10.32)
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10 Pole Selection Strategies

where A contains the rational Ritz values of L on Q% ,(L,b). Unlike (10.21), (10.32)
not only incorporates spectral information about the matrix L but also the one of the
vector b. Provided that b is uniformly excited by all eigenfunctions, it is thus reasonable
to believe that solutions to (10.32) behave qualitatively similar to the ones obtained by
(10.21) whenever B = —X. Likewise, if the spectral density of L is uniform, (10.32) should
yield solutions that are competitive with the ones obtained by the classical third Zolotarév
problem.

To establish a connection to weak greedy poles, we assume that the rational Ritz values are
pairwise distinct. Then it follows from Theorem 7.14 that V(L1 +(I. 1)~ VTb coincides
with the rational interpolant TIC\,E(L)b defined in Definition 8.23 and, due to (8.27),

sup Ep41(¢) = sup (L +¢I) " 'b — V(Ljy1 + (L) " Vib|

(e-B (e-B
1raz(L)b
= sup (L + c 1 AEE
(e—B ra,z(—C)
Hence,
1 [raz(L)b| 1 [raz(L)b|
. . : < sup E < . : ;
Amax + | inf Bl inf{|ra =({)| : ¢ € B} CEPB k41(C) Amin inf{|ra=(¢)| : ¢ € B}
which proves that
[raz(L)b||

inf{|ry=(¢)| : ¢ € B}

is equivalent to the true approximation error Ej11(¢) if B is bounded. As such, the weak
greedy poles can be seen as approximation to the matrix-valued third Zolotarév problem
(10.32). To illuminate this relation in more detail, we report the maximal deviation of
rg on ¥ in Figure 10.5 for the diagonal matrices Ly, Lo € RV*N N = 1000, used in
Figure 10.3 and different vectors by, by € RY. The vector by is the constant 1-vector,
which is uniformly excited by all eigenfunctions of the respective matrix. The second vector
by = (b21,... , b, N)T e RV*1 ig a linear combination of the first 100 eigenvectors only and
is defined by

~f1, g <00,
7 Yo, if§ > 100.

It is observed in Figure 10.5 that the weak greedy poles on —3 provide an excellent ap-
proximation to Zolotarév’s minimal deviation problem if the eigenvalues of the matrix are
roughly equispaced and the vector is uniformly excited by all eigenfunctions. If either L or
b do not exhibit such a uniform pattern, the quantity ||rg||s stagnates for increasing k.

The pole set G is illustrated in Figure 10.6 for different matrices, vectors, and orders.
As expected, G behaves qualitatively similar to Z for the uniform configuration L; and
by. The weak greedy poles accumulate at the right end point of —3 if the biased matrix
Ls is involved. This effect is more dramatic than for the spectral poles. Unlike the latter,
however, G also depends on the particular vector. Therefore, the poles tend to cluster in
those regions of the spectral interval whose corresponding eigenspace contributes to the
excitation of b.
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Figure 10.6: Weak greedy poles G on —% = [-1000, —1] for L; and by (top left), Ly and by
(top right), and L; and by (bottom).

10.1.5 Poles based on Rational Approximation

Up to this point, all presented pole configurations justify their selection based on the (simul-
taneous) approximability of the matrix kernels g(L, () € {(L — ¢I)~ L(L — ¢I)~t, e~¢L}.
While this philosophy is the key ingredient for choosing parameter-independent pole sets,
one withholds at the same time valuable information which might allow for a better adjust-
ment towards the particular problem. If an approximation of f7(L)b is desired only for
one single value of 7, it might be worthwhile to incorporate the particular parameter in the
choice of the poles. A conceptually straightforward approach to achieve this is provided by
Theorem 7.16 which states

157 = g < 2[bl| min £ =7l (10.33)

To simplify matters, we set §y = oo henceforth. Then, according to (10.33), the poles of any
rational function r € Ry that approximates f7 uniformly on ¥ should constitute a good
selection of parameters for building the rational Krylov space. Using [AN17, AN18 AN19]
as a starting point, the authors of [ABDN19] make use of a Padé approximation of A™* and
(1+¢A*)7L (5,¢) € (0,1) x RT, in ¥ to approximate L™*b and (I + (L*)"'b efficiently.
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Numerical experiments in [ABDN19, DH21| confirm that its poles provide a competitive
choice for approximating the matrix-vector product for fixed parameters s and (.

What the upper bound (10.33) is concerned, it is desirable to choose the pole set =
according to the ones of a rational function rf T € Ry, that satisfies

T _ ,Br _ . T _ .
IfT=ry s ngiw Tells

Any such function is said to be the best uniform rational approximation (BURA) of fT on
Y. Existence and uniqueness of this problem is a classical result [Ach92].

Theorem 10.27. If f7 € C(X), then there exists a unique best uniform rational approzi-
mation of fT on X.

The defect d € Ny of the BURA TE* € Ry i is defined by the integer
d =k — max{deg(py ), deg(¢Z)},

where p] € P, and ¢f € Py are polynomials of minimal degree such that r’= = pJ/qZ.
The defect is a useful tool in the identification of BURAs. Here, and in all what follows, we
say that a function g equioscillates between k extreme points in ¥ if there exist k distinct
points Apin < A7 < -+ < AL < Apax such that

FOG) = (=17 miflglls,  j=1,....k,
for some iy € {0,1}.

Lemma 10.28. Let f7 € C(%), rf" € Ry the BURA of f™ on X, and d its defect. Then
there holds for any 1y, € Ry that v, = TET if and only if the error fT — r equioscillates
between at least 2k + 2 — d points in 3.

Proof. See [Ach92, Trel9). O

The computation of BURAs is a highly nontrivial task. Only for a few particular config-
urations of f7 the latter is known analytically whence efficient numerical approximations
are essential. The main difficulty of such algorithms lies in the implementation of stable
procedures that yield accurate approximations for large values of k. The so-called BRASIL
algorithm (best rational approximation by successive interval length adjustment) has been
presented in [Hof21] and satisfies remarkable stability properties which allow one to com-
pute BURAs of high degree to many functions of fractional diffusion type. In light of
Lemma 10.28, its main idea is based on the observation that the BURA error f7 — r,[:*
interpolates the function f7 at a certain number of interpolation nodes (acj)é-zo cX,leN,
and equioscillates between a sequence of extremal points A7 € (z;—1,7;). The BRASIL
algorithm now iteratively rescales the lengths of these intervals in order to equilibrate the
local errors. The proposed method is available in the baryrat!' Python package and can be
used as a black-box pole generator for building the rational Krylov space. In light of these
results, we provide the main definition of this section.

"https://github.com/c-f-h/baryrat
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Definition 10.29. In dependency of the function fT € C(X), we define the BURA poles
Br = {e"],....€")} as the poles of the BURA rB™ € Ry, of ™ on S. We set BY :=
Br U {c0}.

In general, the BURA poles are neither nested nor independent of the parameter 7. Unlike
Z, &, S, and G, they are not contained in —Y. More importantly, they might not even be
real as the function f7(\) = f(\) = 1/(1+ A?) € LS shows. Despite this inconvenience, we
observe experimentally that B C R whenever f7(X\) € {\7°, X°, E, g(—t*“\*)}.

Due to (10.33), the performance of the pole set B is inherently related to the speed of
convergence of the BURA as k approaches infinity. This subject has been studied intensively
throughout the second half of the last century [Gon67, Gon78, Pargs, ST92, Pro94]. To

make matters precise, let 77 € Ry be a rational function with poles in Z = {fgk), ce ,g,(f)}

that interpolates f7 € CS in the nodes A = {a[()k), e ,a(k)}. Then by definition of rf" and
the Hermite-Walsh formula for Cauchy-Stieltjes functions (10.15) it follows that

[razlls

T B T T T
— T < —r < Amin) - -
Hf k HE_ Hf kHZ—f ( )lnf{|TA,E()\)| 3)‘€R0}

where we assume &y = oo. Distributing A and = asymptotically according to the equilibrium
measure of the condenser (X, R ), Theorem 9.20 yields

1
1 = N Z k - ! —

i (77 < £ < i (REENA SR e (10.34)

k—o0 k—o0 1nf{7’A,5()\) A E RO }

whenever f7 € CS. Invoking (10.20) accordingly, it follows in complete analogy that (10.34)
remains valid if f7 € CB. Finally, if f7 € LS extends continuously to the imaginary axis,
we infer from (10.14) with C = iR

Irazls
inf{|raz(2)|: z € iR}’

17— lls < 7 —rflls < egr

where cy+ is defined by (8.35). Hence, if c¢f= < oo and A and Z are distributed according
to the equilibrium measure of the condenser (X,iR), it follows from Theorem 9.20
1

1 _ 1 [ —
lim (7 = rfr|[f = e < o Ve, (10.35)

where the last inequality holds due to Proposition 9.34. We are now in position to show
that the rational Krylov surrogate based on BURA poles asymptotically performs at least
as good as the one based on Zolotarév’s poles.

Theorem 10.30. Let 'V be an orthonormal basis of in (L,b), Ly = VILV, and upyq =
V(L) Vb,

1. If fT(X) = Eq g(t*A%) and (o, B,t,s) € O1,, then

_k
17D — | = 07

min )\max] ’

Ib]]. (10.36)
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2. If fT(X) € {\7°, A} with s € (0,1), then

1F7(L)b — wppa | < b (10.37)

min 74Amax}

Moreover, (10.37) remains valid for f7(X) = Eq g(—=t*N®) if (o, 5,1,5) € Oc.
Proof. At first, we apply Theorem 7.16 to see that

17 (L)b —wepa || < (bl min [ fT = rifls = [bIIfT = ri7 || (10.38)
Tk€Pk/ 9B,
If f7(X) = Eqp(—t*N°) and (a, 5,t,s) € O, then f7 € LS by Theorem 8.20. Moreover,
cgr < 0o thanks to Lemma 2.30. Thus, we may apply (10.35) to find

k

17 = 1y < e V.

Invoking Theorem 9.20 and (9.23), we deduce

—_— _k
”f‘r - TETHE j Zk(z’ _E) g p[AfninyAmaX}7
whence (10.36) follows from (10.38) if f7(X\) = Equ g(—t*A®) and (a, 3,1, 5) € O1,. Thanks to
(10.7), it suffices to prove the second part of the conjecture. Let therefore f7(A) € {A\7%, A*}
with s € (0,1) or fT(X) = Eq g(—t“\®) with (o, 8,t,5) € O¢, then f7 € CSUCB. Therefore,
(10.34) can be consulted to deduce by Theorem 9.20

k

B‘r _ca - — —k
If7 =rmlls 2o ™) 2 Z4 (2, Ry) = Pmin AAmax]’

where the last inequality follows from Theorem 9.31. Once more, we invoke (10.38) to see
that the claim is valid. O

In practice, the exponential convergence rates provided by Theorem 10.30 turn out to be
rather pessimistic and one can hope for faster convergence rates in the form of

17 (L)b — wes | < O, (10.39)

for some constant C' larger than the ones encoded in Theorem 10.30. As shown in [Par&8,
Pro9d, Pro05], see also [Rakl16, Theorem 1] and [Giit 10, Remark 7.8], there holds

1 2
lim ||f7 —rP7 ||k > e @50, (10.40)
k—oo

where C C C is the integration contour that encloses the largest possible domain in which
f7 is still analytic. Due to Propositions 8.3, 8.10, and Lemma 8.16, we have, in the limit
case, C = Ry whenever f7 € CSUCB and C = iR if f7 € LS. Hence, any possible constant
C' satisfying (10.39) is at most two times larger than the respective constant obtained by
Theorem 10.30. It remains to be clarified whether equality can be attained in (10.40). As
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Figure 10.7: BURA poles B, of different orders k for f7(\) = A2 (left) and fT(A) = e~ VA
(right).

shown in [ST92, Theorem 6.2.2], the latter applies to the class of so-called Markov functions,

that is, functions of the form
v (¢)
T A —
o= [

where v is a complex measure with supp v™ C [a,b], —0o < a < b < co. Since fT(\) = A~°
is a Markov function for all s € (0,1) with a = —o0, b = 0, and

sin(ms)

dv*(¢) = 172 dA,

T
where d\ denotes the Lebesgue measure, we can improve the respective result of Theorem
10.30 in the following “optimal” manner.

Theorem 10.31. Let s € (0,1), V an orthonormal basis of fol(L,b), L., = VLV,
and U1 = VL,;LVTb. Then there holds for all s € (0,1)

IL™b — wpa]| < o2 bl

min 74>\max]

Proof. This is a consequence of Theorem 7.16 and [ST92, Theorem 6.2.2]. O

Theorem 10.31 shows that RKMs can benefit from the choice 2 = B> when uz11 ~ L™°b
is required for one single value of the parameter s € (0,1). Although we are not aware of
any comparable results for complete Bernstein and Laplace-Stieltjes functions, we observe
numerically that BURA poles are among the most competitive pole sets if the solution map
is approximated for one single value of the parameter only.

To complete the study of the BURA poles, we illustrate B, = {f(k) ,gi’“,)c} for the

7,10

functions f7(X) € {)\_%,e*ﬁ} and different values of k in Figure 10.7. For both configu-
rations of f7, the pole pattern looks rather similar. Although Br ¢ —3 already for small
values of k, we observe that the poles tend to accumulate in the negative spectral interval.
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10.2 Stopping Criteria

Nested pole sequences allow for an adaptive enrichment of the rational Krylov space until
the sought accuracy is obtained. To take full advantage of their hierarchical structure,
reliable error estimators are indispensable to assess the quality of the surrogate. The central
objective of this section lies in the presentation of such estimators. In the first part, we
present two well-established a posteriori error estimators that are suitable for the treatment
of fractional diffusion problems. Although approved in many practical scenarios, these
tools might fail to replicate the true approximation error since a rigorous analysis of their
reliability is lacking. To mitigate this problem, we present, in the second part of this section,
the implementation of a computable upper bound which allows one to assess the quality of
approximations for a large class of poles where no analytical results are available.

10.2.1 Error Indicators

Throughout this section, let f7 € CSUCB U LS, V an orthonormal basis of Qx(L,b),
L, = VILV, and u;, = V7 (L) Vb, where we refrain from our usual “k + I-indexing” for
more clarity in exposition. Our ambition lies in the description of a quantity 7 € Rf{ with
the property

1f(L)b — ug|| ~ . (10.41)

For this purpose, we review two well-known techniques which can be found in existing
literature [Gut13, Giit10, DK94, KS10, DS11].

Difference of lterates

A naive but practicable error indicator uses the triangle inequality as a starting point to
bound the rational Krylov approximation error by

/7 (@b — wf| < [T (L)b — wppal — [[upa — ugll

for some d € N. Under the assumption that the RKM converges sufficiently fast, one
can expect the contribution ||f7(L)b — ug4|| to be small compared to ||ugiq — ug||. After
fixing the parameter d, a conceptually straightforward approach to obtain an error indicator
satisfying (10.41) is

M = ||Wkrd — ugl|-

The integer d is called delay integer. Typical choices of this parameter are e.g., d = 2
or d = 3. The evaluation of 1, can be carried out efficiently in the coordinate space
with complexity only depending on k& and d. The indicator may fail to replicate the error
adequately when the approximation stagnates for n > d iterations. In this case the value
of n, is too optimistic and does not provide a reliable estimate for || f7(L)b — ug]|.
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Estimates based on Geometric Convergence

For any pole set presented in the previous section, there is proof or at least evidence that
the corresponding rational Krylov approximation error decays at exponential rates. Hence,
is is reasonable to assume that the rational Krylov iterates satisfy the identities

lugrd —ukl = o™ ukyos — ppall & cp” Y, (10.42)
for some ¢, p € R* and the delay integer d € N. Following [KS10, Giit13] we define

Xk = In||ugq — gl

which can be computed explicitly once the iterates ug and ug,4 are available. This in turn
allows us to estimate the value of p and ¢ by

(&

H ls _ _cips

_ Xk+d "Xk Wp4+qg — Uk cdp

d = ~ = & ~ P
d

1 1 -1
[Wg+2d — wppalld cip
and similarly

(k+d)xp—kXk+d
e d ~ c,

which follows from (10.42) by direct substitution. We apply the triangle inequality to deduce
[f(L)b — ugl| < [Jup — wppall + [[Wk+d — wproal + - + [Wggja — f(L)b

for any j € N. Sending j to infinity yields

o0

1£(L)b — el < [lug = Wepall + D [ Wketja — Wy (1l
j=1

o
~ep Fgeph Z pd.
j=1

Assuming p > 1, we recognize the latter as geometric series which evaluates to

cpF

b~ ~ P

=Tk,

cf. [DK94, KS10, Giit13]. In practice, it might happen that xx < Xxk+q in which case p <1
such that ny fails to mirror the error of the RKM. This typically indicates a stagnation of
the error and one should iterate further to recover a reliable error estimator.

10.2.2 A Certified Error Estimate

Although approved in many practical scenarios, it might happen that the error estimators
presented in Section 10.2.1 advocate to stop the enrichment of the search space before the
required accuracy is achieved. To address this inconvenience, we present the implementation
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10 Pole Selection Strategies

of an error estimator that is guaranteed to bound the rational Krylov error. As a starting
point we use the estimates provided by (10.2), (10.3), and (8.34) to bound

[/7(@)b — wppa || < 2¢5|[r=ls b, (10.43)

where we assume £y = oo and w = 0 = 0 in (8.4) and (8.12) for simplicity. The constant ¢,

is defined by

F i), if fT €CS,
T =4 T (Mmax), i fT €CB,
Ay fT(0F), if fT € LS.

Provided that ||rz||y is available, the right-hand side of (10.43) gives a computable upper
bound of the rational Krylov error which allows us to assess the quality of the approximation
even if no analytical results are known. It is clear that this bound can be crude, e.g., if
the poles are sampled over R, which applies to Br and the respective “hat” pole sets
presented in Section 10.1. If we restrict ourselves to the poles contained in —3, however,
our analytical and numerical discussions support the conjecture that = € {£,S,G} can be
seen as reasonable approximation to Zolotarév’s minimal deviation problem on 3 if the
spectral properties of the data is uniform.

To get ones hands on the error certificate (10.43), we need to determine ||rz||s in a reliable
way. A conceptually straightforward approach to compute the maximal deviation of rz is to
evaluate its absolute value over a discrete training set Tirain C % and choose its maximizer
as approximation for ||rz||yx. Somewhat cumbersomely, the training set must be provided
by the user and needs to be chosen sufficiently fine to achieve a good approximation of
the true global extremum. To counteract this, we present the following lemma which is
instrumental in our computation of [|rzg]|s.

Lemma 10.32. Let 2 = {{1,...,&} C —X be a set of pairwise distinct poles with & <
- < &. Then rL(N) has exactly k — 1 zeros Xi,..., \;_; in R that are local extrema of
r=(A). There holds —&; < A} < —&j1 forall j=1,...,k—1 and

k k
2
B e T =)
(10.44)

[I] =~

where E] = {517 s )fj—lvé-j-i-lw .. a{k}

Proof. The function rz is smooth on the positive real axis and its roots are given by
—&1,..., =& As such, Rolle’s theorem guarantees the existence of at least k — 1 local
extrema Aj,...,Aj_; such that \¥ € (=&;, —§j41) and r£(A}) =0 forall j =1,...,k — 1.
To see that there cannot be more roots of rL in RT, we note that 7z has no zeros in R~ and
thus at least one local extremum in each interval (£;,&;-1). Since 1=z € Ry and ry # 0,
it has 2k — 2 extremal points in total. Therefore, the first part of the proof is valid. The
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identities in (10.44) follow from the generalized product rule

g [F k dg; k
oo | =S 2o [Tam.
j=1 j=1 i=1
i#]
which holds for any collection of scalar and differentiable functions (gj);?zl. O]

Thanks to Lemma 10.32, it suffices to compare the absolute values of r=(Anin) and
r=(Amax) With those obtained by the k£ — 1 local extrema rg()\;f) to determine the max-
imal deviation of r=(\) in ¥ = [Anin, Amax|- We propose to compute (A;‘);":ll by Newton’s
method on each subinterval utilizing the tools provided by Lemma 10.32. Feasible initial
values can be obtained by evaluating r=(\) over a discrete training set 7). C (=&;, —&+1),
j=1,...,k—1, of small cardinality. Provided that the initial value is sufficiently close to
the true zero of 7%, Newton’s algorithm is guaranteed to converge to the desired solution as

the following lemma shows.

Lemma 10.33. Let == {&,...,&} C =X be a set of poles with § < -+ < &1 and X the
unique root of v in (—&;, —&j4+1) for some j € {1,...,k—1}. Then there exists some € > 0
with B:(\;) C (=&;, —&j+1) such that for all initial values N4 € B:(\j) Newton’s method
converges to Aj.

Proof. This is a direct consequence of Kantorovich’s theorem [V 20)]. O

We cannot quantify € in Lemma 10.33 to choose T ,;, C (=&, —§;+1) sufficiently fine to
guarantee A7, € BE()\;) and thus convergence of Newton’s method in (=&, —=&j41). If it
does converge, however, we can be certain that its limit yields the desired local extrema of
r=. This observation suggests to start with a coarse training set and, if the iteration does
not converge after a few steps or leaves the interval (—&;, —&;11), restart Newton with an
initial value extracted from a refined training set. Even though this procedure guarantees
convergence only after some finite amount of refinements, we observe that the iteration is
fairly robust in the initial value and usually converges in a few steps if we choose |7gain| =20
using equispaced points. We summarize this approach in Algorithm 2.

Remark 10.34. The pole set B+ is not necessarily contained in —3 such that Algorithm
2 cannot be consulted to obtain a meaningful error indicator. Nevertheless, we can apply
Theorem 7.16 to assess the quality of the rational Krylov surrogate obtained by the BURA
T‘ET of f7 on X by

[fT(L)b — w1 < 245, |b], (10.45)

where Ap, = || f7 — TETHE. Although analytically not available, Ap_ can be recovered
numerically as a by-product while computing B+ and is thus directly at hand.
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Algorithm 2 Error Certification

Input: 0 < A\p < Ay with ¥ C [Ar, A\y], pole set = = {&1,..., &} C —[Ar, Ay] with

& < --- < & and k > 2, initial trainset size n € N, and maximum iteration number
tmax € N for Newton’s method
1: function COMPUTEINNERMAX(Z, n = 20, imax = 50) // default parameter
2 A=0 // global maximum
3 for j=1,...,k—1do
4: A =0
5: while \* & (=§;,—§;41) do
6 Tovain = [—&j + ok, =& + o + 8758 g Ly (n - )8R
7 Ao = argmaxcz. . [r=()\)]
8 A* = NEWTON(Ag, Z, imax) // Computes root of rf using (10.44)
9: n=2n
10: end while
11: if ’7‘5()\*)| > |T‘5(5\)| then
12: A=\
13: end if
14: end for
15: return \
16: end function
17:
18: function COMPUTECERTIFICATE(AL, Ay, Z)
19: ) = COMPUTEINNERMAX(Z)
200 Az =max{|r=(Ar)],[r=(N)], [r=(Av)[}
21: return A=
22: end function
Output: Error certificate Az = |rz||s with ||[f7(L)b — Vf™(Lx11)Vb|| < 2¢7Az|b|,

where ¢ is as in (10.43).

10.3 Novel Pole Selection Algorithms

In real-world scenarios, one is interested in identifying the smallest parameter £ € N such
that the approximation error is smaller than a user-defined threshold. One possibility to
achieve this is to adaptively construct a pole set =, compute the error certificate using
Algorithm 2, and stop the procedure once the upper bound is smaller than the desired
tolerance. We propose, using a similar concept as the one employed in [Bag69, DLZ10,
DS11, GKI13], a novel pole distribution A = {&,...,&} which combines the first two
stages and builds the rational Krylov space on the basis of the error certificate. The scheme
is specified in Algorithm 3 and shall serve us as definition for the pole set .4, whose elements
we call automatic poles on —X.

In accordance with our previous notation, we set A := {00,&1,...,&;}. The automatic
poles on —X are nested, independent of b and the parameter 7, and only require the knowl-
edge of some rough extremal bounds for the spectral interval. They aim to approximate
Zolotarév’s minimal deviation problem in a greedy manner. Due to the symmetric relation
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10 Pole Selection Strategies

Algorithm 3 Automatic Pole Selection Algorithm - A4

Input: tolerance e € RT, 0 < \p < Ay with ¥ C [\, A\y], b€ RY
1: 51 ==L

A = COMPUTEINNERMAX(A)

Aa=raN)| /) ra(N)] =0 for A € {Ar, Av}
Ehr1 = —A

A= AU {&11}

Relabel the poles so that {11 < -+ < &

11: k=k+1

12: while 2¢f A 4||b|| > ¢ // ¢} defined as in (10.43)
Output: Pole set A such that ||f7(L)b — ug41| <e.

—
e

between its roots and poles, the global maximum of |r4| can be detected automatically
without the risk of missing a critical value. While A does not adapt to the actual spectrum
of L like the spectral poles § on —3, the latter only approximates the modified Zolotarév
problem (10.21) which does not possess such a symmetry and thus requires to extract
the maximizer over a discrete training set. Moreover, the computation of A allows us to
directly access the maximal deviation of r4 over X to obtain the certificate provided by
Algorithm 2 as a by-product. We cannot give a proof that our greedy algorithm generates
an asymptotically optimal solution to Zolotarév’s minimal deviation problem. Nevertheless,
our empirical findings reported in Figure 10.8 indicate that the algorithm possesses such a

property.

ARammm Aaammm Aaammmn Aaan
25 | D 100 N
20 [~ O O O OO0 OO OO OO O OO O -
1072 1
Al
2 15F ocooo o oo OO0 OO0 O O 00 - m
=
1074 1
10 B
—A
5 o o o o o 10°6FH|—2 B
vt n g o vt a o o Loy Livid | | |
—10% —102 —10* —10° 0 10 20

k

Figure 10.8: Automatic poles A on —% = [—1000, —1] for different values of k£ (left) and the
maximum norm ||rz||y for = € {4, Z} (right).

In a sense, Algorithm 3 is not fully automatic since it necessitates the availability of some
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10 Pole Selection Strategies

rough spectral bounds of the matrix L. A heuristic approach to overcome this restriction
is based on the observation that the extremal eigenvalues of Ly, typically provide good
approximations to the extremal eigenvalues of L. In light of the fact that the rational Ritz
values are contained in X, an automated variant of Algorithm 3 is obtained by iteratively
adapting the underlying spectral interval based on the extremal eigenvalues of Ly,q. This
allows us to generate information about the spectral region without any user-provided data.
Recognizing this fact, we present the fully automatic pole selection strategy for incremen-
tally building the set F = {&1,...,&} in Algorithm 4. We call F fully automatic poles on
—Y and set Foo 1= {00,&1,. .., &}

Algorithm 4 Fully Automatic Pole Selection Algorithm - F

Input: tolerance ¢ € RT, L € RV*N b e RN
1: V = RATIONALARNOLDI(L, b, = = {00, 00})

2: Ly = VILV

3: Compute eigenvalues uél), ugl) of Ly and set pmin = u(()l), Mmax = ugl)
4: §1 = —min, §2 = —Mmax

b: F ={&1, 6}

6: V = [v1,va] = RATIONALARNOLDI(L, b, = = F)

7 k=2

8: do

9: X = COMPUTEINNERMAX(F)

10: 1 = — argmax{[rz(tmin)|, [rF(A)]s |77 (Hmax) [}

1 Ar = |re(—&k)]

122 F=FU{&s1}

13 w=(I-¢! L) 'Ly,

14: Orthonormalize w against V to obtain new basis vector v, 1

15: Set V.= [V, vii1]

16: L, = VILV

17: Compute extremal eigenvalues u(()k) and u,(f) of Ly, 1 and set pmin = u(()k), Pmax = u,(f)
18: Relabel the poles so that 11 < -+ < &

19: k=k+1
20: while 2¢]||b||Ar > ¢ // cf. defined as in (10.43)
Output: Pole set F such that ||f7(L)b — upi1|| < e.

Just like A, the fully automatic poles on —X are independent of b and, more importantly,
the parameter 7. They can be viewed as greedy approximation of Zolotarév’s minimal
deviation problem where the underlying spectral interval ¥ of L is adaptively replaced by
the spectral interval of the compression Liyi. As a consequence, the pole set F requires
the computation of the smallest and largest rational Ritz value of L on Qf +1(L,b) in each
iteration, which makes its computation more demanding than the one of A. The former,
however, can be computed even if no information about the spectral region is available.

We illustrate the pole set F for different values of k in Figure 10.9 for A\;, = 1 and
Ay = 1000 using the same matrices as in Figure 10.4. For £ = 5 and the matrix L, the
extremal rational Ritz values are ,u(()s) = 2.3 and ,uéS) = 855.8, which explains why F is
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geometrically distributed across [—ué5), —,uéS)] instead of —X. For increasing orders, the

approximation of ¥ through the smallest and largest rational Ritz value improves such
that F does not significantly differ from the automatic pole set A. For the matrix Lo, we
observe [u(()5), u?)] ~ [1.03,1000] so that the true spectral interval of Ly is well approximated
already for small values of k. Therefore, it is not surprising that ||rr||s yields similar results

compared to the ones obtained by A, as shown in Figure 10.10.

25 | 25 | |
20 | 2 |
< 15) 1 = 15 |
10| | 10 |
51 | 51 a
Livir g 1 Livir g1 Liviy 1 Livid Livi g 1 Live g 1 Livwvr g 1) Lot
—10% —102 —10* —-10° -103 —10? -10* -10°
Figure 10.9: Fully automatic poles F on —% = [—1000, —1] for L; (left) and Ly (right).
100 ) 107 )
1072 ) 1072 )
= il
W o
= =
1074 ) 1074 )
F F
0o —2 1 w0 —2 |
1 1 1 1 1 1
0 10 20 0 10 20
k k

Figure 10.10: Maximum norm ||rz||s on ¥ = [1,1000] for = € {F, Z} with Ly (left) and Ly
(right).

10.4 Numerical Examples

In the final section of this chapter we underpin the effectiveness of the presented poles and
compare their performance in the course of a few prototypical fractional diffusion problems.
Throughout, we set £ = —A and denote with V}, = P{(T,) the Lagrangian finite element
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space of order one with vanishing trace constructed through a quasi-uniform triangular
mesh on = (0,1)? of mesh size h = 0.08. The FEM space gives rise to the matrix
approximation L = M~!A of the Laplacian, where M and A label the mass and stiffness
matrix, respectively. We choose b to be the coefficient vector of the Lo-orthogonal projection
of the constant 1 function onto V}, in each of our experiments.

All numerical examples are implemented within the finite element library Netgen /NGSolve?
[S5ch97, Sch14]. The evaluation of the Mittag-Leffler function is performed using the jscatter
software package®. Further details on the implementation of the poles are listed below.

— We define A\p, := 19 and Ay := 489580 to be our upper and lower bounds of the
extremal eigenvalues of L, obtained by a numerical approximation.

We use the special function library from Scipy” to evaluate the elliptic integrals and
the Jacobi elliptic functions in the computation of = € {Z,Z,&,E}.

— The spectral poles S are computed using a discrete training set Tiain C [~ Ay, —AL]
consisting of 10° geometrically distributed sampling points. For the pole set S, we
set ny =nl = 20 and use 10° equispaced sampling points in [-n_,n}] to obtain the

training set ﬁ?;ln after the transformation A — —e?.

— The weak greedy poles G are computed using a discrete training set Tpain C [A L Av]
consisting of 10 geometrically distributed sampling points. For the pole set G, we
choose n; = n} = 20 and use 10* equispaced samphng points in [—n_,nt] to obtain

the training set after the transformation \ — e*

tra&n

— The BURA poles are computed using the BRASIL algorithm [Hof21] contained in the
baryrat® Python package.

10.4.1 Parameter Study

The goal of this section is to illuminate the impact of the parameters on the rational Krylov
approximation. In particular, we are interested in the limit case as the fractional parameters
approach an integer or the time t approaches zero. Throughout, we limit ourselves to the
study of parameter independent pole sets. To make matters precise, we introduce the
discrete Lg-error

E(k,E) := | fT(L)b = V[T (Lyy1) VD, (10.46)

where V is an orthonormal basis of QE +1(L, b). Starting with the stationary problem, we
depict the error E(6,Z) for f7(\) = A°, s € [—1,1], and different configurations of Z in
Figure 10.11. In light of Theorem 10.2 and 10.6, the error is expected to behave like

N (s) = A if s € [-1,0],
7, if s € (0,1],

*https://ngsolve.org/
Shttps://pypi.org/project/jscatter/
“https://docs.scipy.org/doc/scipy/reference/special .html
*https://github.com/c-f-h/baryrat
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Figure 10.11: Error E(6,Z) for f7(\) = A®, s € [-1, 1], and various pole sets Z.

whenever 2 € {Z,Z}. The example shows that this is indeed the case, even more, the
same seemingly applies also to all other pole sets. In particular, we observe for = = Goo
that the upper bound obtained by Theorem 10.24 is to pessimistic as s approaches an
integer. At s = 0 the error reaches machine precision for all pole configurations since
LD =b ¢ Q%H(L,b) in which case the RKM is exact. Furthermore, it seems that the

RKM error of Z remains bounded as s — 1~ even without the additional pole at infinity,
advocated by the second part of Theorem 10.4.

In the time-dependent regime one is interested in (10.46) for f7(\) = Eqg(—t*A%).
We fix § = 1 and report the evolution of this quantity in Figure 10.12 using («,s) €
{(0.5,0.5),(0.6,0.75)}. In the case of (a,s) = (0.5,0.5) we are, according to Proposi-
tion 8.22, in the Cauchy-Stieltjes regime. Theorem 10.2 and 10.6 predict that the error
decays like O(E,1(—+VtAL)) when t — oo and = € {Z,ﬁ}, which is precisely what we
observe in Figure 10.12. Since Eq1(—t“N°) € LS \ CS whenever s + § > 1, we can-
not confirm analytically that the error satisfies such a property if (a,s) = (0.6,0.75) or
=€ {E,E:',S,S’, G.G, A, F}. However, our numerical experiments suggest that (10.46) can
be bounded using f7 (A1) regardless of the parameters and the poles.

Assuming that § is bounded away from zero, our analysis assures that the rational Krylov
surrogate of E, g(—t“L*)b converges uniformly in the parameters when Zolotarév’s poles
are used. To confirm that E(6,Z) does not degenerate for any pole selection provided in
this chapter, we plot the limiting behaviour of the error for t — 0 in Figure 10.13. Not only
does the error remain uniformly bounded, it even converges to zero like O(¢t%). This is due
to Eq g(—t*A%) = 1 for t = 0, in which case the rational Krylov approximation is exact.

To understand the sensitivity of the error with respect to the fractional parameters, we
fix 6 = 1 and t = 1.5 to illustrate the spatial error as function of o and s in Figure
10.14. The quantity E(6,Z,) is evaluated over a discrete parameter grid contained in
[0,1]2, where the extended definition f7(\) = ey 5(—t% A¥), defined by (8.21), is used.
Whenever the Euclidean norm of (a, s) € R? is close to v/2 or s < 1, we see that the error
is small compared to other configurations of the fractional parameters. The former, in a
sense, underpins our observations from Figure 10.12 that the error is proportional to f7(\r)
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Figure 10.12: Error E(6,Z) for f7(\) = Eq1(—t*X°) with (o, s) = (0.5,0.5) (left) and
(o, s) = (0.6,0.75) (right) with ¢ € [0.1,20] and various pole sets E.
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Figure 10.13: Error E(6, =) for f7(\) = Eq1(—t*\®) with (o, s) = (0.6,0.75), various pole

sets =, and decreasing values of t.

irrespectively of (a, s) € [0,1]? and thus decrease whenever « or s approach one. Contrary
to the proportionality to f7(Ar), the quality of the surrogate improves also for small values
of the spatial fractional parameter. This can be seen as a local approximation effect since
€q,1(—t%, A*) = const. if s = 0, in which case the rational Krylov approximation is exact.
In this regime, the error appears to be less prone to increasing values of «. For the other
pole sets, we observe that the respective parameter plots look qualitatively similar.

10.4.2 Convergence Study

We now focus on a numerical confirmation of the convergence rates predicted by our analysis.

Starting with the stationary case, we monitor the error involving f7(\) = \* for s = —%
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Figure 10.14: Error E(6, Z) for f7()\) = eq.1(—1.5% X%) and (a, s) € [0, 1]%.

and s = % in Figure 10.15.
— In accordance with Theorem 10.31, the BURA poles yield a decay rate of order

O(p[—/\QLZ/\m) if s = —%. The same seemingly holds true if s = 3, which indicates

that our analysis, encoded in Theorem 10.30, might be too pessimistic in the regime
of positive exponents s.

While RKMs build upon Z. are expected to converge like p[_;z Ag]r We observe ex-
perimentally that the error behaves competitive with the one obtained by B3 and
frequently reaches machine precision before the predicted convergence rates become
visible. Unlike B°, however, the very same search space can be employed to approx-
imate L°b for any s € [—1, 1] if Zolotarév’s poles are used, while QSL(L, b) needs to
be computed for s = —% and s = % individually.

As predicted by Theorem 10.6, the surrogate extracted from fol(L,b) converges

like O(p[t\’z/jU]) if s = % In the Cauchy-Stieltjes regime, i.e., s = —%, the surrogate
first outperforms the predictions but finally, after leaving the preasymptotic range,
converges with the expected rate. A similar behaviour is observed for Z € {£, A, F},

which is reasonable since any of these poles imitates the optimality condition of Z.

Similarly to what is said above, the error E(k, ) for f7(A\) = A2 decays with the

rate predicted by the second claim in Theorem 10.14 but exceeds our expectations for
_ 1

S = —5-

Even though Theorem 10.24 suggests that Goo yields considerably slower convergence

rates than Z,,, our experiment shows that the discrepancy between these two pole

sets is not that dramatic. Both weak greedy configurations yield attractive nested

alternatives to Z € {Z, Zo} and perform qualitatively similar to the EDS poles.
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10 Pole Selection Strategies

— Only for the spectral poles, we observe that the pole set on — outperforms its
respective “hat” counterpart. For the other configurations, it might be worthwhile
to invest in poles that are contained in the entire negative real axis. In this regime,
however, our developed error certificate, presented in Algorithm 2, cannot be expected
to provide a reliable prediction about the true approximation error.

- ZOO - ZOO - EOO . goo - SOO T SOO I gOO
T T T T T T T
104 -
1072 1
100 -
5 1076 | 1 x5
g g 1074 [
) (5]
10710 - |
1078 L
14| ) i
10 I I I I I I I 10*12 | ! t I | t [
0 5 10 15 20 25 30 0 5 10 15 20 25 30
k k

Figure 10.15: Error E(k,E) for different pole sets, f7(A) = A*, s = —% (left), and s =
(right).

We are also interested in the numerical approximation of time-dependent problems. For
this purpose, we fix § =1 and t = 1.5 to monitor (10.46) with f7(X) = E, g(—t*\*) as a
function in k for (o, s) € {(0.5,0.5),(0.9,0.75)} in Figure 10.16.

— Similarly to the stationary case, we observe that the rational Krylov errors of Z, &,
A, and F are almost coincident. In a sense, this is reasonable since all of these poles
aim directly for a minimization of ||rz||x. The error initially decreases faster than
predicted by our theory and frequently reaches machine precision before the expected
convergence rates become visible.

— If (o, s) = (0.9,0.75), there holds § +s > 1 whence f7 € LS\ CS. Even though The-
orem 10.2 and the second claim in Theorem 10.14 and 10.30 are no longer applicable,
our experiment provides evidence that the rate of convergence proven therein remains
valid even if § +s > 1.

— Unlike in Figure 10.15, the BURA poles outperform each of its competitors by a
significant margin. If f7(L)b needs to be computed for one single value of 7 only,
B2 provides the best pole set for building the rational Krylov space.

Remark 10.35. In view of Remark 5.2/, it might be of interest to approzimate Eq g(—t*L®)b
for o> 1. In this regime, however, we have fT(A) = Eqy g(—t*\°) & LS. Even though our
analysis is not applicable in this case, we observe numerically that the poles listed above
yield exponential convergence comparable to the ones obtained for o € (0,1].
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1.

6.

7.

Figure 10.16: Error E(k, =) for different pole sets, f7(\) = Eyg(—t*A\°), f =1, t = 1.5,
(

(o, 8) = (0.5,0.5) (left), and («, s) = (0.9,0.75) (right).

We conclude this section with a systematic comparison of the presented pole configura-

s in Table 10.1, incorporating (from top to bottom)

their ability to efficiently query the solution map 7+ f7(L)b for multiple instances
of 7 using the same search space,

nestedness of the poles as k increases, and hence their ability to incrementally improve
the accuracy of the surrogate,

. the required user-provided data,

. their ability to adapt to the spectral density of L,
. their ability to adapt to the vector b,

the availability of theoretical convergence results,
the availability of a (reasonable) error certificate.

h the exception of the BURA poles, all pole sets are independent of the parameter and

thus suitable for multi-query problems in fractional diffusion. Among them, only Z and Z

not nested. In terms of available analytical results, the poles can be classified in four

groups. The first group contains Z and is the only one that allows for explicit error bounds
for arbitrary f7 of Stieltjes and complete Bernstein type. The second group comprises

nd G which provide a rigorous analysis only for some functions of fractional diffusion

type, namely f7 € CSUCB and f7 € CS, respectively. The BURA and EDS poles can
be quantified in terms of their asymptotic convergence rates but explicit bounds for finite
k are not available. The last group entails the remaining configuration where no analytical
results are known to the author.
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10 Pole Selection Strategies

In contrast to their respective “hat’-counterpart, the pole sets £, S, and G are amenable
to our developed error certificate. Their computation requires the availability of explicit
bounds for Apin and Apax. On the other hand, S and Q require the choice of the cut-off
parameters n_ ,ng as the underlying parameter domain is unbounded. Clearly, Algorithm
2 cannot be consulted to assess the quality of B3°. Nevertheless one can resort to (10.45) to
obtain a meaningful error indicator whenever the BURA poles are employed. Theoretically,
our error certificate is applicable to F. However, since F seeks to avoid the explicit com-
putation of Apin and Apax, computing ||rx||s to control the rational Krylov error is only of
limited use.

Pole set = Z Z E & S S G g B A F
multi-query v v v v v v v v x v Y
nested X X v oV v v v v x v Y
werprovided S S S S S Tham T S Tham T S S -
spectral adapt. X X X X v v v v X X X
vector adapt. X X X X X X v v X X X
analysis v C5,CB ~ ~ X X X CS ~ X X
certificate v X v X v X v X v v~

Table 10.1: Properties of the pole sets, where S = {1, Ay} contains bounds for the spectral

+
region of L, n;,n € Rt are cut-off parameters, and Tgain, Tirs, training sets

Tc
rain
of the respective parameter domain.
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11 Selected MOR Methods Based on
Rational Approximation

In the previous section it is shown that rational Krylov methods provide an attractive tool
to approximate solutions to fractional diffusion problems. The purpose of this chapter is
to draw parallels to existing model order reduction schemes that are based on or related to
rational approximation methods. In line with [DH21], we present the class of Reduced Basis
Methods (RBM) for fractional diffusion problems and prove that they can be interpreted as
variants of certain rational Krylov methods. These theoretical insights allow us to harness
our analysis for RKMs to develop new convergence proofs for several of the studied schemes.
They suggest how to design novel and improve available methods and allow for a direct
comparison of the algorithms.

11.1 Rational Approximation Methods

In Chapter 6 it is shown that the evaluation of the accurate but expensive discrete eigenfunc-
tion method boils down to the evaluation of a matrix-vector product of the form f7(L)b,
where L € RV*¥ s the discrete approximation of the differential operator, b € RY a vec-
tor, and f7 a parametric function. Instead of computing the matrix function exactly, one
class of methods replaces f7 by a suitable rational function rj € Ry such that

u,r =7 (L)b~ f7(L)b. (11.1)
Any such method is called rational approximation method [Hof20, DH21| and has been
applied in e.g., [HLM 18, HLM ™20, AN20, HKL"21b, HKL"21la, DH21, Vab2lc|]. The
computational benefit of u,r compared to f7 (L)b is due to the partial fraction decompo-
sition of r7,

— T Z 57, (11.2)

where (] )k o are the residues and (€] ") _, the poles, which we assume to be pairwise distinct
for simp11c1ty Thanks to (11.2), the computatlon of u,r does not require the availability of
all eigenvectors of L but instead can be obtained by

u; —c0b+2 (L-¢n)!

which only involves k solves to shifted linear systems of equations. As noted in [Hof20], the
discrepancy between u,r and the exact matrix-vector product can be bounded directly in
terms of the approxunatlon quality of the scalar function r] ~ f7.
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11 Selected MOR Methods Based on Rational Approximation

Theorem 11.1. For all r] € Ry there holds
1fT(L)b —upr || < [[f7 = rillsbl]- (11.3)

Proof. Let U € RY*Y denote the matrix of eigenvectors of L and D = diag(\y,..., A\y)
the diagonal matrix containing its eigenvalues. Invoking

fT(L)b —u,r =U(f7(D) - r[(D))U"'b
together with Lemma 6.7, we find

1£7(b) = w7 || = (/7 (D) = [ (D))U " 'b|5
< max [/70y) =T OBz < 157 =Tl bl O
Note the close relation of this result to the one stated in Theorem 7.16. Roughly spoken,
the error obtained using the rational Krylov method with given poles {, = oo and (¢;) ;?:1 C
R\ X is twice as large as the error obtained using the best possible rational approximation
method having these same poles.

Remark 11.2. Similar to Remark 7.17, (11.3) can be improved to a rational approzimation
problem on the discrete spectrum o(L) of L

IfT@)b —ar || < [[f7 =i llow bl
which maight be smaller than the one posed on the continuum 3.

In view of Theorem 7.14, any RKM falls in the class of rational approximation methods,
but whereas the denominator of the rational function is fixed (via selection of the pole set
E) a priori, the numerator is determined automatically via Rayleigh-Ritz extraction. In
principle, this allows RKMs to approximate f7(L)b for multiple instances of the parameter
while a direct choice of the residues (C}-)?:o typically approximates f7(L)b only for one
single value of T reasonably well.

11.1.1 Direct Rational Approximation - The BURA Method

A variant of rational approximation methods are so-called direct rational approximation
methods, where the numerator the denominator of 7] € Ry x are chosen a priori. In view of
Theorem 11.1, it is desirable to choose r] as best uniform rational approximation of f7 in X
[HLNT 18, HENT 20, DH21, HKL T 21h, HKL " 21a], which can be computed numerically e.g.,
by means of the BRASIL algorithm developed in [Hof21]. As opposed to RKMs based on
BURA poles, these schemes require the knowledge of the residues (C}—)?:o in (11.2) which
makes them typically more prone to round-off errors. Due to the close relation between
Theorem 7.16 and 11.1, it is not surprising that the analysis of RKMs with BURA poles
immediately carries over to direct rational approximation schemes whenever r7 is chosen
to be the BURA of f7 in X. For completeness, we state here the respective counterpart to

Theorem 10.30 and 10.31.
Theorem 11.3. Let TET denote the BURA of f™ in X.
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11 Selected MOR Methods Based on Rational Approximation

1. If fT(\) =A% and s € (0,1), then

@b = u e | < 052 bl
2. If fT(A\) = A* and s € (0,1), then

7@ = | = 5, B

3. If fT(N) = Eqp(—t*A®) and (a, B,t,s) € O, then there holds

_k
77w < o, D, 114
_k
Moreover, if (a, B,t,8) € Oc, then (11.4) remains valid if we replace p[)\? A by
—k
p[)\min:4>\max] .

11.1.2 Reduced Basis Methods

Several recently proposed numerical schemes exploit the fact that the nonlocal character of
the fractional operator can be circumvented at the cost of parametric solutions to classical
reaction-diffusion problems. The reduced basis method [RHPOS; QRNMI11, HRS15, QMNI15]
is a prevalent choice for reducing the computational effort in the evaluation of these solutions
for multiple instances of the parameter and has recently sparked a considerable amount of
research activity in the fractional diffusion community [WGP17, ACN19, DS19, BGZ20,
DS21, ACR21, DH21]. In this section, we show that several recently proposed schemes
which are based on RBMs admit a representation in the rational Krylov framework. To
make matters precise, we consider the discrete parametric reaction-diffusion equation

(L +¢Dw(¢) =b

for a prescribed right-hand side b € R"™ and a parameter { € @S_ = Ry U {oo} that
encodes the variability of the problem. We set w(oo) := b by convention. The RBM seeks
to approximate the manifold of solutions (w(()) Cer} in the low-dimensional reduced basis
space

VZ 1 (L,b) := span{w((o), ..., w(()}, (11.5)

where 0 < (5 < --- < (} are particular parameters which we refer to as snapshots' through-
out this section and Z := {(o,...,(}. There holds dimVZ ,(L,b) = |Z| = k+ 1 if b is
excited by sufficiently many eigenfunctions of L [DS19]. Recalling (7.5), the reduced basis
surrogate wi41(¢) € VZ,,(L,b) of w(¢) is computed via Galerkin projection, i.c.,

vveVE (Lb): (b—(L+(Dwiii(¢),v) =0, (11.6)

and is uniquely defined by this condition. As shown in [Giit10], it coincides with the
Rayleigh-Ritz approximation of w(() extracted from the reduced basis space.

LOur terminology differs from standard RBM notation, where the term snapshot is typically employed to
refer to the solution w((;) instead of the parameter (; itself.
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11 Selected MOR Methods Based on Rational Approximation

Lemma 11.4. Let W be an orthonormal basis okaZH(L, b), Liy1 = WILW, and wi11(¢)
the reduced basis approzimation of w(() with snapshots in Z. Then there holds

wi1(¢) = W(f,k+1 + (Tpyr) "W'ib.

Proof. The proof follows the outline of [Ciiit 10, Remark 3.5]. Since WW T is the orthogonal
projector onto VkZH(L, b), there holds for all v € VkZH(L, b)

(b — (L + (D)W (Lyy1 + (Tpy1) "W'b, v)
= (WW'b = WWT(L + ()W (L 41 + (TLi1) "' Wb, v)
= (WWTb — W(fdk+1 + CIk+1)(ka+1 + CIk_H)_lWTb, v) =0.

Since the reduced basis surrogate is uniquely defined by (11.6), we conclude that the con-
jecture is valid. O

After an initial computational investment, the reduced space (11.5) allows us to evalu-
ate the coordinate vector of wi11(¢) in the basis {w((p),...,w((;)} for arbitrary ¢ with
complexity only depending on k. Due to the fourth claim in Lemma 7.5, we immediately
obtain the following result.

Lemma 11.5. Let Z = {(p,...,(x} C RT be pairwise distinct and = = —Z. Then there
holds

Vi (L.b) = QF (L, b).

Note that Lemma 11.4 and 11.5 imply that the reduced basis approximation of w(¢) with
snapshots in Z is nothing else but the rational Krylov approximation of w({) with poles in
—Z. In the following, we show that similar results apply to two particular classes of reduced
basis methods which have been applied to fractional diffusion problems, namely ones based
on interpolation and on quadrature.

Interpolation-based Reduced Basis Methods

Two different model order reduction strategies have been recently proposed in [DS19, DS21],
which couple interpolation theory with reduced basis technology. Exploiting one of the
integral representations deduced in Section 4.1.2, the (forward) fractional operator with
positive exponent s € (0,1) is written as weighted integral over parametrized reaction-
diffusion problems

s sin(ms) [ ,_ . . -
vu=" [T qwoya wo = @ (1)
Based on a selection of snapshots (Cj);?:o C RS_ , the integrand is approximated using a
RBM, yielding

bpst = Sinf:w) / T e - (W (1) d,

0
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where Wy is defined as in (11.6) upon replacing b with u. As shown in [DS19, Theorem
4.3, the surrogate evaluates to

by = WL Wiy, (11.8)

where W is an orthonormal basis of VkZH(L,u) and Ly = WILW. In [DS19] it was
proven that the scheme approximates L°u at exponential convergence rates. Motivated by
these results, the authors of [DS21]| proposed a version of (11.8) for the backward operator.
They confirmed experimentally that

ut = Wi (L) Wb (11.9)

converges exponentially to L™*b if f7(A) = A™* and W is a basis of VZ (L, b), but no
rigorous proof was known so far. The following theorem has been published in [DH21] and
allows one to close this gap in the literature.

Theorem 11.6. Let ¢ € RS, Z = {(o,...,G} C R—; pairwise distinct. Then the reduced
basis approzimation (11.9) with snapshots in Z coincides with the rational Krylov approxi-
mation Uy € Q% (L, b) of fT(L)b with poles in £ = —Z.

Proof. According to Lemma 7.9, the rational Krylov approximation is independent of the
choice of the basis. In view of (11.9), it thus suffices to verify that the corresponding search
spaces Q7 (L,b) and V£ | (L, b) coincide. This is true due to Lemma 11.5. O

Since the reduced basis approximation (11.9) is essentially a RKM, all analytical results
presented in Chapter 10 also apply to u,ljfl.

The second method presented in [D521] is referred to as dual reduced basis approximation.
It follows a similar idea but is based on L~!. Since L™ = L™'L'=% it follows from (11.7)
that the inverse operator can be expressed as

() /0 T L (b — cw(0) d.

sin

L™°b =

™

The latter is again approximated utilizing reduced basis technology with prescribed snap-
shots Z = {(p,...,(k} C R(J)r by means of

apipt = S [T et - w0 de (11.10)

™

It was shown in [D521, Theorem 3.4] that (11.10) can be computed via

u it =L'WLSL Wb, L, = WILT'W,

whenever W is an orthonormal basis of VkZ_H(L, b). If {; = oo for one j € {0,...,k}, this
surrogate can be interpreted as a postprocessed rational Krylov approximation as follows.
Theorem 11.7. Let s € (0,1), f7(\) = X372, ukDﬁf‘L the dual reduced basis approrimation

(11.10) with snapshots Z = {(o,...,C(k} C ﬁa_, E = —1/Z, V an orthonormal basis of
QE_FI(L*I,L*lb), L.y = VL'V, and upyq = Vf"'(L*,kH)VTL*lb. Assume ( = 0o

for one ¢ € Z such that —% = —é =0 € Z. Then there holds
uptt =Ly (11.11)
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Proof. W.l.o.g. we assume that (y = oo is the only infinite snapshot. Then there holds
VkZJrl (L7 b) = Span{b7 (L + CII)_lbv EE) (L + CkI)_lb}
= span{b, I+ GL™ ) 'L~ 'b,..., I+ GLH) 'L b}
=span{b, ('IT+L Y 'L7'b,... (¢,'T+L 1) 'L b}
= Q%—i—l (L_lv L_lb)'
Since 0 € Z there holds (L") "'L™'b=b € Qi 1(L™',L™'b). Hence b = VV'b so that

W = VL2 VILT'VVIb = VLI 2 | L, 1 Vb = VLI Vb,

On the other hand, we have

Lu = WL L Wb, L = WILT'W,

for any orthonormal basis W of VkZH(L, b). Due to Lemma 11.5, V and W span the same
space. Hence, by Lemma 7.9, we deduce uy 1 = Lul,?j:fL so that (11.11) is valid. O

In [DS21, Theorem 4.3], it was shown that

_ bl s> 1
Lb — uDUAL ~ k/2 H ) 2
|| k+1 || - p[)\min,/\max} HL%bH’ s < %’
if Z = —2Z4, in which case the quality of the approximation depends unfavorably on the

condition number whenever s < % Even worse, the dual reduced basis approximation has
the disadvantage that it is not online efficient: Even if W and L, ;11 are available, the
query s — u,?ffL requires the performance of a matrix-vector product with L~ and thus
depends on the problem size N. The latter can be avoided if one directly extracts the
surrogate from QEH(L_l,L_lb) using the poles Z = —1/Z U {0} and f7(\) = \*7!, or
equivalently, Q% ;(L~',b) with E = —1/Z U {oo} and f(A\) = A*. Motivated by these
results, we define the modified dual approximation as

upft? = VLS, Vb, L. = VLTV, (11.12)

where V denotes a basis of QF, (L™!,b). Even though (11.12) can be efficiently queried
once the basis and its compression is available, the computation of L, ;11 = ViL-lv
requires k + 1 additional linear solves which makes u,?ffLQ more expensive compared to

conventional RKMs.

Quadrature-based Reduced Basis Methods

Another class of reduced basis schemes for elliptic fractional diffusion problems uses the
quadrature scheme presented in Section 6.3 as a starting point [BGZ20, DACT21]. Provided

some weights (w;)jL; and nodes (n;)72; defining a quadrature, we have, recalling (6.9),

m

s sin(ws) [ _, —s
u@? = 3w twiny) ~ T [T Cw@ac= 1 1)
j=1
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11 Selected MOR Methods Based on Rational Approximation

In every quadrature node a parametric reaction-diffusion problem must be approximated,
which turns out to be the method’s bottleneck. The overall costs of computing (11.13) is
essentially m queries of finite element solves for w(¢). In practice, m is in the range of
O(100), see [BGZ20, DACT21], resulting in a substantial computational effort if the costs
of computing w(() are high. To mitigate this problem, the idea is to add an additional layer
of approximation in the form of a RBM. Given a collection of snapshots Z = {(o, ..., (x},
the quadrature-based reduced basis approximation is defined by

m
“2%131 = ijnj_swk+1(77j)' (11.14)
j=1

Q

Unlike u}:‘fl, one might not be able to extract u

UAD . .

1 from the reduced basis space via
Rayleigh-Ritz extraction using the exact matrix function f7(\) = A~°. This can be com-
pensated upon replacing f7(A) = A% with the rational approximation stemming from the

quadrature.

Theorem 11.8. Let u%f}kAfl be the quadrature-based reduced basis approximation defined by

(11.14) with snapshots Z = {(p,...,(k} C RJ)F, V an orthonormal basis of Q5 (L, b) with
poles in B = —Z, Ly, = VILV, and

—S

P = Y e
j=1

nj
Then there holds

uli = V@A (L. ) Vb, (11.15)

Proof. Recalling Theorem 11.6, we make use of the fact that any rational Krylov approxi-
mation is independent of the choice of the basis to write

Wit1(1) = V(L1 + 0jIk41) Vb

for all 7 =1,...,m. Therefore,

m
uv?w?kA—:—Dl =V win; *(Lpsr + 0Txg1) Vb = ViU (L) Vb, O

J=1

From a theoretical point of view, it is desirable to replace rp; () in (11.15) with the
exact matrix function f7(A) = A%, which has the benefit that the choice of a quadrature
rule as well as the tuning of its parameters can be avoided. By construction, the rational
Krylov surrogate so obtained coincides with ukal if f7(A\) =A"*%1in (11.9). In particular,
the integral in (11.13) can be computed exactly after replacing w(¢) with wg41(¢) and
thus does not require the implementation of quadrature rules. Unlike ur%fjkAfl, however, the
computation of u};‘fl requires the inversion and diagonalization of the compressed matrix
Lj41 and is thus slightly more expensive than directly evaluating the quadrature sum in

(11.14). If k is small, the additional computational effort is negligible.
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Thanks to Theorem 11.8, the analysis of quadrature-based reduced basis approximation

directly follows from standard tools of RKMs. To see this, we interpret uk +1 and uT%UkA_fl as

rational Krylov approximation of L™*b extracted from QO Jrl(L, b) in the sense of Theorem
11.6 and 11.8. By the triangle inequality it follows

LD — w2 | < LD — uf B+ [[uftf — w220 ) (11.16)

The first expression on the right-hand side of (11.16) can be seen as the error caused
by the model order reduction scheme while the latter corresponds to the contribution of
the quadrature. Provided an orthonormal basis V of QE +1(L,b), Li.1 = VILV, and

e(N) := A~ — rRU*P()\), the second term can be written as
[y = w3y = VL Vb = Vigo (L) Vb
= [le(Li+1) Vb2 < jgl)axk\e(uj IV,

where (pgk))g’?zo are the rational Ritz values of L on QF, (L, b). Since (ugk))é‘f’zo C X and

P = V'V is the orthogonal projector on Q%H(L,b), it follows from ||[Vb|ly = ||Pb| < ||b||

IL=b — w2 [ < JLb = witB | + A = 72 (V) s ]Ib]. (11.17)

The first term in (11.17) is guaranteed to converge exponentially under a suitable choice of
the snapshots (or rather poles) advocated in Chapter 10. The second expression depends
on the particular scalar quadrature. Assuming that the latter converges exponentially, we
immediately derive exponential convergence rates for the quadrature-based reduced basis
approximation ugUkAfl

One particular example that fits in the general framework presented above has been stud-
ied in [BGZ20]. The authors choose the sinc approximation (6.10) as a starting point and

apply a RBM on top, resulting in the sinc quadrature-based reduced basis approximation

qsin(7s) s
T . .
ughty = = Y e Mg (e),

71' .
Jj=—n_
where q € Rsr is the sinc parameter, 7; = jqforall j = —n_,...,ny, and n_,ny € N. The
snapshots are chosen as Z = —G U {oo} sampled over the parameter domain [e”9"~, e9"+].

Its quality can be assessed by bounding the two terms in (11.17). The first contribution
can be quantified via Theorem 10.24 in terms of

26(1fs)qn_ e~ sAn+ e(lfs)qn_,_ _ ef(lfs)qn_ k&
L™°b — < C 6 b|.
H k+1” <)\m1n(1 _ S) + s + 1 — 8 p[Amina4AmaX} || ”
(11.18)
The sinc quadrature is known to converge exponentially in q [BLFP19b, Theorem 3.2],
71,2
2q
D O | I ek i e ol W | I (11.19)
sinh(f- )
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11 Selected MOR Methods Based on Rational Approximation

where TSINC is the rational function associated to ufjiﬁrl in the sense of Theorem 11.8.

Imposing the values of n4 and n_ according to (6.12) guarantees the exponentials from
above to be balanced. The estimates (11.18) and (11.19) combined with (11.17) yield
exponential convergence of the scheme which has already been observed in [B(:720, Theorem
2 & Lemma 3.2].

In its present form, the snapshots are sampled over [e~ 9"~ e4"+]. Therefore, the search
space depends unfavorably on the fractional power s if n_ and n are chosen according to
(6.12). As discovered in [B(GZ20], this problem can be mitigated if one chooses

n_ = {WQW L g = {72} : (11.20)

2Sminqg 2(1 - Smax)q2

for some 0 < Smin < Smax < 1 fixed. Along with this choice, the exponential convergence
results from above is recovered with the benefit that s — ucsllgfrl can be efficiently queried
for multiple values of s € [Sin, Smax]-

11.2 Numerical Results

This section is devoted to a numerical comparison of the algorithms discussed above, in-
corporating efficiency, similarities, and performance with respect to several values of the
parameter s. For this purpose, we choose 2, the finite element space V},, the spectral
bounds, Az, and Ay, and £ as in Section 10.4 to study the convergence properties of

B(k, s) == |[L™b — g1, (11.21)
. Z D DuaL2 D B .
where G 11 € {ug?i®, u th, u ,u,?flEEDY, uifﬁf_l, w159, w4} denotes either of the
following surrogates.

ZOoLO

1. We choose uj/?;° as reduced basis approximation defined by (11.9) with f7(\) = A7*.

The snapshots Z are chosen as Z = —Z U {oo}. Due to Theorem 11.6, this choice
is equivalent to a conventional rational Krylov approximation of L™%b with poles in
Zoo-

2. By u,?ffL we label the dual reduced basis approximation (11.10) with snapshots Z =
—1/Z U {oo} as in [DS21].

3. The surrogate ukfoLz denotes the modified dual approximation (11.12) whose snap-

shots we choose according to Z = —Z U {oo}.

4. For the sinc quadrature approximation ucslf,’jfrl, we set Smin = 0.2, Spax := 0.8, q :=

0.15, and choose n_ and ny according to (11.20). The snapshots Z are chosen as
Z = —GU{oo} sampled over a discrete training set o =Tl Clem 9" e9"+] asin
[BGZ20]. The set ﬁ?ain is constructed using 10* equispaced points over [—qn_,qny]
which are transformed to the desired parameter domain under the transformation

A = et
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11 Selected MOR Methods Based on Rational Approximation

5. We choose u,?ffEDY as reduced basis approximation (11.9) with f7(A) = A7%. The

snapshots Z are chosen to be the same ones as for ugllfjf;l. Due to Theorem 11.6,

u,?flEEDY coincides with the conventional rational Krylov approximation of L™*b with

poles in G..

6. For the direct rational approximation method u,7 =: u,?ﬁECT, we choose 17 € Ry

as the best uniform rational approximation of f7(A) = A™% on X obtained by the
BRASIL algorithm [Hof21].

7. Finally, we choose uE’_ﬂ‘A as rational Krylov approximation of L™*b with poles in B3°.
The errors (11.21) between the exact matrix-vector product and its low-dimensional sur-
rogates obtained by the seven methods listed above are reported in Figure 11.1 for s €
{0.2,0.8} and b denoting the coefficient vector of the L2-orthogonal projection of the con-
stant 1-function onto the FEM space.

— The two methods which rely on the BURA, that is, qurleA and u,?ﬁECT, provide the
best approximation among all tested methods irrespectively of the fractional order.
The observed rate of convergence matches our analytical findings stated in Theorem
10.31 and 11.3, respectively.

— In view of Theorem 7.16 and 11.1, it is not surprising that ukalRA and ukDﬁECT perform

qualitatively similar. In accordance with the theory, the direct BURA method slightly
outperforms uEﬁlRA for the given vector b. This is reasonable since qurleA only yields a
quasi-optimal rational approximation to f7(\) = A™° on 3, while the BURA provides

the best uniform rational approximation of f7 by definition.

— After a few iterations, the dual reduced basis approximation ukfoL converges with

the predicted rate of (’)(p[_/\lz/ iU}). The modified dual reduced basis approximation

u;’ " comes at sufficiently less computational costs and outperforms its competitor
for reasonably large values of k.

— The approximations ug’lgf_l and u,?ffEDY coincide for all values of & and s. The

additional quadrature discretization has no impact on the quality of ugkafl at all.
This is due to the small value of the sinc spacing q = 0.15 that causes the second
term in (11.16) to fall below machine precision, such that u(Slfgfrl ~ u,?ffEDY. Indeed,
we observe numerically that for any A € ¥ there holds A™° =~ rgmc()\) up to machine
precision, where TEINC denotes the rational approximation of f7(A) = A% stemming
from the quadrature in the sense of Theorem 11.8.

— In line with our experiments presented in Section 10.4, the methods based on the
BURA provide the most accurate approximations across all scenarios and are specif-
ically tailored towards a particular choice of the fractional parameter. If, however,
solutions to (4.24) for several values of s are required, u%fr"io, ukD_EfLQ, ué},’jﬁl, and
u,?flEEDY outperform their competitors in terms of efficiency since they allow direct

querying of the solution for arbitrary s after an initial offline computation phase.
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11 Selected MOR Methods Based on Rational Approximation

The latter, however, is roughly twice as costly for the modified dual reduced basis

approximation compared to u%ﬁ?’f’, ui‘,?_‘il, and u,?flEEDY.

--- 7ZOLO DuAL DuaL2 --- GREEDY o SINC —— DIRECT —— BURA
10t [ a T
107} )
1072 i
1074 1
1075 )
: 5
o) s ]
10—t |- | 10—12 - -
10714 | \ \ [ 1016 L | | | [
0 5 10 15 20 0 5 10 15 20
k k

Figure 11.1: Error E(k, s) for s = 0.2 (left) and s = 0.8 (right) when b is the coefficient
vector of the L?-orthogonal projection of the constant 1-function onto V,.

The coefficient vector b of the L?-orthogonal projection of the constant 1-function onto
the FEM space is roughly uniformly excited by all eigenvectors of L. In Figure 11.2, we
consider the coefficient vector arising from b(x) = sin(7z) sin(ry) € H(Q), x = (x,y) € Q,
with fractional parameter s = % We observe that all methods converge with the same rates
as in the previous examples. Unlike in Figure 11.1, however, the direct BURA method
appears to be the least accurate approximation among all tested methods. This is due
to the smoothness of b, causing the excitations of b to decay quickly. Since the BURA is
entirely independent of the vector b, and thus not capable to adapt to its spectral properties,
ukD_‘FPiECT requires substantially more linear solves to reach a prescribed accuracy compared
to its rational Krylov competitors. The latter incorporate information about the vector in
the construction of the search space and can thus bias the surrogate towards the particular
choice of b.

For the reader’s convenience, we conclude this section with a systematic comparison of
the discussed methods in Table 11.1, incorporating (from top to bottom)

1. their ability to efficiently query the solution map s — L~®b for multiple instances of
s using the same search space,

2. nestedness of their poles as k increases, and hence their ability to incrementally im-
prove the accuracy of the surrogate,
3. the required user-provided data.
For u,%jﬁo, uijrJfL, and u,?ffﬁ, the respective search space is entirely independent of s
and allows to query the solution map irrespectively of the fractional parameter. After
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I
1072 i
107 | i
—
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5) DuAL
DuarL2
10~12 | ||--- GREEDY
o SINC
—o— DIRECT
w1 = Bura
0 2 4 6 8 10 12 14

Figure 11.2: Error E(k:, 0.5) when b is the coefficient vector of the L2-orthogonal projection
of b(x) = sin(rx) sin(ry), x = (z,y) € (0,1)2, onto V.

restriction to a proper subset [Smin, Smax] With 0 < Spin < Smax < 1 fixed, the same also

applies to u,?ffEDY and ui‘}j_ﬁl. The remaining approximations presented in Table 11.1
rely on explicit rational approximations of f7(A) = A™® and have to be computed for

each s € [0,1] individually. Neither the Zolotarév points nor the BURA poles of order
k are contained in the respective parameter set of order k + 1, which is computationally
inconvenient when adaptive accuracy control is required. Conversely, in the computation

of a basis spanning the search space of u,?_ffEDY and ui‘}j_ﬁl only one new function is added
at each stage to the k previously selected vectors which are left unchanged. As opposed

to the other approximations, u,?ffEDY and ucslfg’_‘il do not require estimates on the spectral

+

Can. an
train C 79", e9"+] whose range

region of L; however, they require a discrete training set
is encoded in the choice of the sinc parameter q.

ZoLo DuaL Duar2 GREEDY SINC DIreECT Bura
Wprm o Wy U k+1 Uy ki1 Upy Up .y
multi-query v X v [Smins Smax)  [Smins Smax) X X
nested X X X v v X X
user-provided S S S Tk a A S S

Table 11.1: Properties of the methods, where S = {Ar, Ay} contains bounds for the extremal
eigenvalues of L, ﬁ?ain a training set of [e™"~,e"+], and q the sinc parameter.

The dominant computational effort for all methods is the solution of k parametric reaction-
diffusion equations. When using an optimal solver such as a multigrid method, this requires
O(kN) operations. Those methods which require diagonalization of a compressed matrix
have to expend a further O(k3) operations to do so, where typically k < N.
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