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Abstract

Endomorphism monoids of w-categorical structures are rich algebraic-topological objects,
joining a semigroup (given by the composition operation) with a Polish topology (the
topology of pointwise convergence defined via the evaluation at elements of the domain),
with the additional compatibility property that the operation is continuous with respect to
the topology. This thesis centers around the following question:

How much information about the topology of pointwise convergence can be
reconstructed from the algebraic semigroup structure?

More precisely, we ask in which aspects an arbitrary topology (potentially with some addi-
tional purely topological properties) for which the composition operation shall be continu-
ous needs to resemble the topology of pointwise convergence.

For the first level of reconstruction, we consider another natural topology on endo-
morphism monoids, namely the so-called Zariski topology induced within the monoid by
(non-)solutions to equations. For all concrete endomorphism monoids of w-categorical
structures on which the Zariski topology has been analysed thus far, it was shown to co-
incide with the topology of pointwise convergence. Regarding our central question, this
yields that any Hausdorff semigroup topology on those endomorphism monoids can be
reconstructed to be finer than the topology of pointwise convergence. We establish two sys-
tematic reasons for the two topologies to agree, formulated in terms of the model-complete
core of the structure, as well as give an example of an w-categorical structure on whose
endomorphism monoid the topology of pointwise convergence and the Zariski topology
differ.

For various endomorphism monoids of w-categorical structures, an even higher level of
reconstruction is attained: the topology of pointwise convergence sometimes turns out to
be the unique Polish semigroup topology — in other words, the topology can be uniquely
reconstructed from the semigroup structure if we restrict to Polish topologies. This problem
was unsolved for the endomorphism monoid of the rational numbers with the non-strict
order (so the semigroup of increasing maps on the rational numbers). We develop new
techniques to prove that the topology of pointwise convergence is indeed the only Polish
topology turning this semigroup into a topological one, and show why previous methods
are insufficient for this matter.

Finally, we consider the class of countably infinite homogeneous graphs and analyse which
of these have endomorphism monoids such that the topology of pointwise convergence is
the unique Polish semigroup topology. We solve this problem for all previously untreated
homogeneous graphs, with a single exception for which we provide partial results.
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Kurzfassung

Endomorphismenmonoide von w-kategorischen Strukturen bilden durch Kombination ei-
ner Halbgruppe (Verkniipfungsoperation) mit einer Polnischen Topologie (die Topologie
der punktweisen Konvergenz, definiert durch Auswertung bei Elementen der Grundmen-
ge) reichhaltige algebraisch-topologische Objekte, die die zusétzliche Kompatibilitdtseigen-
schaft aufweisen, dass die Operation beziiglich der Topologie stetig ist. Diese Dissertation
beschiftigt sich mit der folgenden Frage:

Wieviel Information iiber die Topologie der punktweisen Konvergenz kann aus
der algebraischen Halbgruppenstruktur rekonstruiert werden?

Genauer fragen wir, in welcher Hinsicht eine beliebige Topologie (von der wir moglicherweise
zusétzliche rein topologische Eigenschaften annehmen), fiir die die Verkniipfungsoperation
stetig ist, der Topologie der punktweisen Konvergenz dhneln muss.

Fiir die erste Stufe an Rekonstruktion betrachten wir eine andere natiirliche Topologie
auf Endomorphismenmonoiden, ndmlich die sogenannte Zariski-Topologie, die innerhalb
des Monoids durch (Nicht-)Losungen von Gleichungen definiert wird. Fiir alle Endomor-
phismenmonoide w-kategorischer Strukturen, fiir die die Zariski-Topologie bisher konkret
analysiert wurde, hat sich gezeigt, dass sie mit der Topologie der punktweisen Konvergenz
iibereinstimmt. In Hinblick auf unsere zentrale Frage liefert dies die Rekonstruktionsaus-
sage, dass auf diesen Endomorphismenmonoiden jede Hausdorffsche Halbgruppentopologie
automatisch feiner sein muss als die Topologie der punktweisen Konvergenz. Wir geben
zwei systematische, aus dem modellvollstindigen Kern? der zugrundeliegenden Struktur
abgeleitete Bedingungen an, unter denen die beiden Topologien stets iibereinstimmen. Au-
Berdem geben wir ein Beispiel einer w-kategorischen Struktur an, sodass sich die beiden
Topologien auf ihrem Endomorphismenmonoid unterscheiden.

Fiir verschiedenste Endomorphismenmonoide w-kategorischer Strukturen gilt sogar ei-
ne hohere Stufe an Rekonstruktion: Manchmal stellt sich die Topologie der punktweisen
Konvergenz namlich als einzige Polnische Halbgruppentopologie heraus — anders formuliert
kann die Topologie eindeutig aus der Halbgruppenstruktur rekonstruiert werden, wenn man
sich auf Polnische Topologien einschrinkt. Dieses Problem war fiir das Endomorphismen-
monoid der rationalen Zahlen mit der schwachen Ordnung (also fiir die Halbgruppe der
wachsenden Funktionen auf den rationalen Zahlen) noch ungeldst. Wir entwickeln neue
Techniken, um zu zeigen, dass die Topologie der punktweisen Konvergenz die einzige Pol-
nische Halbgruppentopologie auf diesem Monoid ist, und beweisen auflerdem, wieso die
bisherigen Methoden nicht zur Losung geeignet waren.

Abschlielend beschiiftigen wir uns mit der Klasse der abzéhlbar unendlichen homogenen
Graphen und analysieren, welche von ihnen ein Endomorphismenmonoid haben, auf dem

2englisch: model-complete core
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die Topologie der punktweisen Konvergenz die einzige Polnische Halbgruppentopologie ist.
Wir 16sen dieses Problem fiir alle bisher unbehandelten homogenen Graphen mit einer
einzigen Ausnahme, fiir die wir partielle Ergebnisse zeigen.
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1 Introduction

For an arbitrary set A, the space A4 of all self-maps of A is equipped with several inter-
esting kinds of structure; we focus on an algebraic one and topological ones. On the one
hand, A4 carries the composition operation o of functions which forms a monoid structure
(semigroup structure with a neutral element). On the other hand, a canonical topology
on A4 is given by the product topology where each copy of A is endowed with the discrete
topology. In this topology, a sequence (f,)nen converges to f if and only if for each a € A,
the sequence (f,,(a))nen is eventually constant with value f(a). It will be referred to as the
topology of pointwise convergence, or pointwise topology for short, and has several interest-
ing properties: if A is countable, it most importantly turns out to be a Polish (completely
metrisable and second countable) topology. Furthermore, the two structures are compatible
in the sense that the composition operation is continuous as a function o: A4 x A4 — A4
with respect to the pointwise topology, where A4 x A4 carries the product topology. We
say that the pointwise topology is a semigroup topology and that A4 together with the
pointwise topology is a topological semigroup. Clearly, the algebraic structure restricts
to all subsemigroups of A4 which in turn can be equipped with the respective subspace
topologies. If the subsemigroup is a G5 subset of A4 with respect to the pointwise topol-
ogy, then it forms a Polish semigroup itself. The most prominent examples of such G
subsemigroups are Sym(A), the space of all permutations of A, as well as — more generally
— the automorphism group Aut(A) and the endomorphism monoid End(A) of any given
(model-theoretic) structure A with domain A. In the first two cases, the algebraic structure
is even a group and the topology is a group topology, meaning that the inversion map on
the group is also continuous. For an w-categorical structure (defined e.g. in [Hod97]), the
group Aut(A) and semigroup End(A) encode structural information about A, in general,
however, not from the abstract (semi-)group alone but only if additional data is used: if A’
is another w-categorical structure, then A and A’ are bi-interpretable by first-order formulas
if and only if Aut(A) and Aut(A’) are isomorphic as topological groups ([AZ86]); and —
whenever neither A nor A’ have constant endomorphisms — A and A’ are bi-interpretable
by the more restricted existential positive formulas if and only if the richer objects End(A)
and End(A’) are isomorphic as topological semigroups ([BJ11]).

At this point, it is natural to ask how much topological information is already contained
in the abstract algebraic structure, i.e. how much information about a topology can be re-
constructed from the knowledge that it is compatible with a given algebraic structure. This
problem has been studied from various angles and for many classes of algebraic structures
over the years, using techniques from several areas of mathematics. Particular interest
has been given to additional requirements on the topology, for instance that the topology
be Polish or Hausdorff. We give two examples. Concerning vector spaces, it is a folklore
result in functional analysis that the finite dimensional R-vector space R™ carries a unique
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1 Introduction

Hausdorff vector space topology', namely the standard Euclidean topology. However, its
additive group does carry multiple Hausdorff — even Polish — group topologies already for
n = 1: the groups (R, +) and (R?, +) are algebraically isomorphic (consider them as addi-
tive groups of vector spaces over Q of equal dimension) but R and R? equipped with the
Euclidean topologies are not homeomorphic. Hence, if we pull back the Euclidean topology
on R? to R via the isomorphism (R,+) — (R2 +), we obtain a Polish group topology
different from the Euclidean topology on (R, +). Note that this construction requires the
axiom of choice (to find the algebraic isomorphism (R,+) — (R2?,+)). This is not a co-
incidence since Solovay [Sol70] and Shelah [She84] showed the consistency of ZF (without
choice) with the fact that any Polish group has a unique Polish group topology.

Returning to subsemigroups of A4, one can ask for reconstruction results of the following
shape:

On the Polish (semi-)group S C A4 the pointwise topology is the unique Polish
(semi-)group topology.

(hereafter: S has the Unique Polish Property or UPP for short)

For the class of groups, UPP has been extensively studied; examples include the full sym-
metric group Sym(A) ([Gau67] combined with [Las91]) and the automorphism group of
the random (di-)graph ([HHLS93] combined with [KR07]). Additionally, Aut(Q, <) — ex-
plicitly: the space of all increasing permutations of Q — also has UPP ([RS07] combined
with [Las91]). Recent years brought results in the realm of semigroups as well; it was shown
in [EJM™] that the full transformation monoid A4 has UPP. Furthermore, the endomor-
phism monoids of the random graph, the random digraph and the equivalence relation with
countably many equivalence classes of countably infinite size turn out to have UPP as well,
see [EJMT23]. One notices that the examples from these lists either contain only bijective
functions (the groups) or contain both non-injective and non-surjective functions. This is
essential for UPP to hold: by constructions given in [EJM'], both the monoid Inj(A) of
all injective functions on A and the monoid Surj(A) of all surjective functions on A carry
multiple Polish semigroup topologies.

The papers [EJM '] and subsequently [EJM™'23] show uniqueness of Polish semigroup
topologies in two natural steps:

(1) Show that the pointwise topology is coarser than any Polish semigroup topology.

(2) Show that the pointwise topology is finer than any Polish semigroup topology.

Usually, the second step takes considerably more work than the first step.

For the purpose of Step (1), the authors of [EJM "] transferred a notion from the theory
of topological groups to the realm of semigroups, namely the so-called Zariski topology (or
sometimes verbal topology), see [Bry77, DT18, Mar50]; roughly speaking, the closed sets in
this topology are given by solution sets to identities in the language of semigroups. Hence,
the Zariski topology is an object associated to the algebraic (semi-)group structure. Con-
sidering End(A) as an abstract semigroup, the Zariski topology can thus be regarded as an

LA topology 7 on R™ is called a wector space topology if it is a group topology with respect to addition
and if the scalar multiplication (A, ) — Az is continuous as a map (R, Tgua) X (R, 7) — (R™, T); note
that the scalar field R is to carry the standard Euclidean topology.
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“internal” object. The pointwise topology, in contrast, is defined from the evaluations at
elements of the domain of A and is thus an “external” object with respect to the abstract
semigroup structure of End(A) — precisely speaking, the pointwise topology is associated to
the semigroup action of End(A) on A. As it turns out, the Zariski topology is necessarily
coarser than any Hausdorff semigroup topology on a given semigroup. In particular, the
pointwise topology on End(A) is always finer than the Zariski topology. If one manages to
show that the Zariski topology on End(A) even coincides with the pointwise topology for
some structure A, one can draw two conclusions: on an abstract level, the pointwise topol-
ogy can also be understood as an “internal” object with respect to the abstract semigroup
structure, thus giving another type of reconstruction statement; on a more concrete level,
the pointwise topology then indeed is the coarsest (in particular) Polish semigroup topology
on End(A), completing Step (1). This method was successfully used both in [EJM*]| and
in [EJM*23].

Step (2), on the other hand, is accomplished by means of lifting from a subset, usually
(but not necessarily) the automorphism group, to the endomorphism monoid. To this end,
the crucial instrument of Property X was introduced in [EJM™] which enables to under-
stand the pointwise topology on End(A) by looking at the pointwise topology on e.g. Aut(A)
as well as the composition operation: Property X means that a given endomorphism s can
be decomposed in the form s = gaf with fixed endomorphisms f, g and an automorphism a
in such a way that for any neighbourhood V of a with respect to the pointwise topology
within the automorphism group, the set of composites gVf is a neighbourhood of s with
respect to the pointwise topology within the endomorphism monoid.

The main aim of this thesis is to extend and shed some more light on the techniques
behind both Step (1) and Step (2).

To begin with, we consider Step (1) in more detail and remark that in each instance,
the proof that the Zariski topology coincides with the pointwise topology has not been
particularly systematic but tuned to the specific situation being considered, based on two
sets of rather technical sufficient conditions established in [EJM'| and the ad hoc notion
of so-called arsfacere structures introduced in [EJM 23] for which these conditions always
hold. This raises the following problem:

Question A1l. Are there systematic reasons for equality of the topologies, in other words
general and more structural properties to require for A which yield that our two topologies
on End(A) coincide?

Furthermore, for each w-categorical structure A explicitly considered thus far, it was
possible to show that the pointwise topology and the Zariski topology on End(A) coincide,
leading to the authors of [EJM 23] asking the following question:

Question A2 ([EJM 23, Question 3.1]). Is there an w-categorical relational structure A
such that the topology of pointwise convergence on End(A) is strictly finer than the Zariski
topology?

We establish two new sets of sufficient conditions on a structure A under which the
Zariski topology and the pointwise topology on End(A) coincide — so, in particular, under
which the pointwise topology is the coarsest Polish semigroup topology on End(A). To this
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1 Introduction

end, we give a new application of so-called model-complete cores which have proved to be
a helpful tool not only in the algebraic theory of constraint satisfaction problems [BOP18]
but also — of independent purely mathematical interest — in the universal algebraic study of
polymorphism clones of w-categorical structures [BKO'17, BP16] as well as in the Ramsey-
theoretic analysis of w-categorical structures [Bod15].

We show in particular that for a transitive w-categorical structure without algebraicity
(standard properties of structures) such that the model-complete core of the structure is
either finite or has no algebraicity itself, the Zariski topology and the pointwise topology on
its endomorphism monoid coincide. These two cases leave a middle ground open — namely
structures whose model-complete core is infinite but has algebraicity. Thus, this is where
a positive answer to Question A2 could be found. And indeed, we give an example of
an w-categorical structure for which the pointwise topology on the endomorphism monoid
is strictly finer than the Zariski topology. Being transitive as well as homogeneous in a
finite relational language, this structure shows that even these additional standard well-
behavedness assumptions are insufficient to guarantee that the two topologies coincide.
This indicates that the structure of the model-complete core really contains the systematic
reason for the two topologies to be equal.

Next, we turn to a more detailed investigation of Step (2): the technique exhibited
in [EJM '] as well as [EJM™23] uses the notion of automatic continuity — this means that
for a given fixed (semi-)group (S,7) and any (semi-)group (H, Q) from a certain class of
(semi-)groups, every algebraic homomorphism S — H is automatically continuous with
respect to 7 and O. As it turns out, if the endomorphism monoid in question equipped
with the pointwise topology has automatic continuity with respect to the class of Polish
semigroups, Step (2) can be immediately deduced to hold. As mentioned above, Property X
is an instrument to connect the endomorphism monoid and e.g. the automorphism group;
more precisely, it allows to lift automatic continuity from e.g. the automorphism group to
the endomorphism monoid. This technique, however, encounters a road block when the
endomorphism monoid does not satisfy automatic continuity (which does not necessarily
imply that UPP fails). If in this situation the automorphism group of the structure does
have automatic continuity, we can conclude that Property X cannot hold. An example
for this behaviour is given by the endomorphism monoid of the rational numbers equipped
with the usual non-strict order; explicitly, these are the increasing maps on Q. We therefore
ask the following question:

Question B. Does the endomorphism monoid of (Q, <) have UPP?

As it turns out, Step (1) works smoothly; however, as described above, Step (2) cannot
be performed by known techniques. Nevertheless, we show that the endomorphism monoid
of (Q,<) has UPP by developing a threefold generalisation of the technique involving
Property X in order to tackle Step (2). Most importantly, we consider topologies that are
finer than the pointwise topology in intermediate steps, showing that the monoid endowed
with a finer topology does have a form of Property X — evidently, we subsequently have
to reduce from that richer topology to the pointwise topology in an additional step; this is
not necessary in the previous proofs using Property X. Second, we also need to generalise
Property X itself in two ways, leading to what we call Pseudo-Property X.

Finally, we apply our techniques to the following problem:
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Question C ([EJM 23, Question 5.4]). The endomorphism monoids of which homogeneous
graphs have a unique Polish topology?

By a classification result due to Lachlan and Woodrow [LW80], the class of homogeneous
(countably infinite, loopless, symmetric) graphs consists of the random graph and four
countably infinite families of graphs, namely the random K, -free graphs (n > 3); their
dual graphs; the irreflerive equivalence relations with at most countably many equivalence
classes of at most countably infinite but equal size; and their dual graphs (which turn out
to be the complete k-partite graphs (k > 1 or k countably infinite) on parts of at most
countably infinite but equal size). The random graph as well as the first and third family
were already treated in [EJMT23]. We consider the second and fourth family and show
for each of these graphs whether their endomorphism monoids have UPP or automatic
continuity — with a single exception which has withstood our attacks, namely the complete
infinite-partite graph on parts of countably infinite size with regard to UPP. Along the way,
we also give an application of Pseudo-Property X with respect to subsets other than the
automorphism group.

This thesis is structured as follows: Chapter 2 contains the relevant definitions and
known results which we will use in the sequel; in particular, we formally define the Zariski
topology as well as our notion of Pseudo-Property X. In Chapter 3, we provide the suffi-
cient conditions for the Zariski topology and the pointwise topology to coincide and give
our counterexample with differing topologies. Chapter 4 is devoted to the proof that the
endomorphism monoid of the rational numbers has UPP. Finally, we consider homogeneous
graphs in Chapter 5. The chapters 3 and 4 are based on the articles [PS23a] and [PS23b],
respectively.
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2 General preliminaries

In the present chapter, we collect notions and known facts from various areas which will be
necessary for this thesis. We consider structures and compatible functions in Section 2.1, the
pointwise topology and Zariski topology in Section 2.2, standard model-theoretic notions
in Section 2.3, graphs (in particular homogeneous ones) as a special case of these notions in
Section 2.4, model-complete cores in Section 2.5, the Unique Polish Property and automatic
continuity in Section 2.6, Pseudo-Property X in Section 2.7, and finally the Back&Forth
method in Section 2.8.

2.1 Structures, homomorphisms, embeddings, automorphisms

Notation 2.1.1. For a function f: A — B between arbitrary sets A, B and a tuple
a = (ai,...,ap) in A, we denote the tuple (f(ay),..., f(a,)) of evaluations by f(a) for
notational simplicity. Note that in contrast to some related works (like [EJM ™, EJM23]),
we denote the evaluation of the function f at the element a by f(a) and write compositions
of functions from right to left, i.e. fg:= fog:= (a+— f(g(a))).

A (relational) structure A = (A, (R;)ier) is a domain A (in the following always finite
or countably infinite) equipped with mj-ary relations R; C A™i. If no misunderstandings
can arise, we will not strictly distinguish between the structure A and its domain A. The
indexed set {R; :i € I} of relation symbols (where the symbol R; shall also contain the
information about the arity m;) is called the language of A. If B is another structure in
the same language, i.e. B = (B, (S;)icr) where S; also has arity m;, we call a function
f: A — B a homomorphism and write f: A — B if f is compatible with all R; and S;,
i.e. if a € R; implies f(a) € S;. A homomorphism f: A — A is called an endomorphism
of A. We denote the set of all endomorphisms of A by End(A); it forms a monoid with
the composition operation and the neutral element id4. An embedding of A into B is an
injective homomorphism f: A — B which is additionally compatible with the complements
of R; and S;, equivalently if f(a) € S; also implies a € R;. The set of all self-embeddings
of A, i.e. of all embeddings of A into A, is denoted by Emb(A); it also forms a monoid.
An isomorphism between A and B is a surjective embedding from A into B. The set
of all automorphisms of A, i.e. of all isomorphisms between A and itself, is denoted by
Aut(A); it forms a group with the composition operation, the neutral element id4 and the
inversion operation. In the special case that A is the structure without any relations, the
endomorphism monoid is the full transformation monoid A4, the self-embedding monoid
is the set Inj(A) of all injective maps A — A, and the automorphism group is the set
Sym(A) of all permutations on A. A weakening of isomorphic structures is given by the
following notion: Two structures A and B are called homomorphically equivalent if there
exist homomorphisms g: A — B and h: B — A.
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2 General preliminaries

If C C A, then the induced substructure C of A on C' is the structure with domain C
where each relation R; is replaced by R; N C™i. If f: A — B is a homomorphism, we will
in a slight abuse of notation denote the substructure of B induced on f(A) by f(A).

2.2 Topologies

We endow A4 with the pointwise topology:

Definition 2.2.1. The product topology on A4 where each copy of A carries the discrete
topology will be called the topology of pointwise convergence or pointwise topology for
brevity, denoted by Ty .

On any subset of A4, in particular on End(A), Emb(A), Aut(A), Inj(A), Sym(A), a nat-
ural topology is given by the subspace topology of the pointwise topology, also denoted by
Tow (0T Tpw|End(a) et cetera if misunderstandings are possible).

The name ist derived from the following fact: A sequence (f,)nen in A% converges to
some f € A4 if and only if for every argument a € A, the sequence of evaluations ( f,(a))nen
converges to f(a) with respect to the discrete topology on A, i.e. if it is eventually constant
with value f(a). Explicitly, a basis for the pointwise topology is given by the sets

{f e A4 f(a) = 5} , a, b finite tuples in A.

If A is countable, it is a folklore fact that the pointwise topology on A4 (as well as
on End(A), Emb(A), Aut(A),Inj(A),Sym(A)) is Polish (second countable and completely
metrisable) as a (Gg-subspace topology of a) countable product of Polish topologies. More
precisely, End(A), Emb(A), Inj(A) are even closed in A% while Aut(A) is closed in Sym(A)
which in turn is a non-closed Gg-subset of A4. As can be easily seen, the composition opera-
tion o: A4x A4 — A is continuous with respect to this topology; hence, the pointwise topol-
ogy is a semigroup topology and A4 (as well as End(A), Emb(A), Aut(A),Inj(A), Sym(A))
is a topological semigroup. On Aut(A) and Sym(A), the inversion operation is continous
with respect to the pointwise topology, yielding a so-called group topology or topological
group.

In Chapter 3, we will need to consider the topological closure of Aut(A) with respect
to the pointwise topology within A4 (or, equivalently, within End(A) or Emb(A) since
the latter are themselves closed in A“) which we will call the “7,,-closure of Aut(A)” for
brevity. We remark that for an w-categorical structure A (see Definition 2.3.1), this closure
consists precisely of the so-called elementary self-embeddings of A (see [Hod97]).

We will make frequent use of the left and right translations, defined on any semigroup S
as follows:

Definition 2.2.2. Given a fixed t € 9, let

)\tl S — S, )\t(S) =1s
pr: S =S, pi(s):=st

denote the left and right translation on S by t, respectively.
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2.3 w-categoricity, homogeneity, transitivity and algebraicity

If S is a topological semigroup, then A; and p; are continuous maps for any ¢t € S.
Now we define the Zariski topology. For notational simplicity, we restrict to monoids.

Definition 2.2.3. Let S be a monoid.

(i) For k,¢ € N, ¢ < k, and for py, ..., Pk, qo, - - -, qe € S as well as ¢(s) := prSPr—_15 ... SPo
and 1(s) 1= qusqe—15 ... sqo (if £ =0, then 1(s) = qo for all s € S), we define

Mgy :={s€S:p(s)#(s)}.

(ii) The Zariski topology on S, denoted by Tzasiski, is the topology generated by all
sets M, . Explicitly, the basic open sets are the finite intersections of sets M 4.

In general, the Zariski topology need not be a Hausdorff topology or a semigroup topol-
ogy, but suitable weakenings do hold. On the one hand, it always satisfies the first sep-
aration axiom: every singleton set {so} is Tzariski-closed (pick ¢(s) = s = 1s1, where 1
denotes the neutral element of S, and 1(s) = sp). On the other hand, the left and right
translations A\; and p; (where ¢ € S is fixed) are continuous with respect to the Zariski
topology: To see this, take arbitrary ¢(s) := ppspr—15...spo and ¥(s) 1= qesqe—15...5qo
as above and note that \; ' (M) = Mg ; where ¢(s) := (pkt)s(pr—1t)s . .. s(p1t)s(po) and
P(s) := (qet)s(qe—1t)s . .. s(qit)s(qo); similarly for p;.

By a straightforward argument, the Zariski topology is coarser than any Hausdorff semi-
group topology 7 on S: One has to show that M, is T-open. If s € My, then
©(s) # 1(s), so there exist U,V € T with ¢(s) € U, ¢(s) € V and UNV = ( since
T is Hausdorff. Then O := ¢~ }(U) N4y~ (V) is a T-open set (by continuity of the semi-
group operation) such that s € O C M, .

Notation 2.2.4. In the sequel, we will have to distinguish multiple topologies on the same
set; whenever the topology is not clear from the context, we will write (S, 7) for the space
S endowed with the topology T.

2.3 w-categoricity, homogeneity, transitivity and algebraicity

Definition 2.3.1. A countably infinite structure A is w-categorical if A is the only count-
ably infinite model of its first-order theory, i.e. if any countably infinite structure (in the
same language as A) which satisfies the same first-order sentences as A is isomorphic to A.

Several important properties of a structure A can be defined from the canonical group
action of Aut(A) by evaluation on A" for n > 1 which we write as Aut(A) ~ A" We
will consider the (pointwise) stabiliser of a set Y C A (usually finite), that is Stab(Y) :=
{a € Aut(A) : a(y) =y forall y € Y}. For a tuple a € A", we further define the orbit
of @ under the action, Orb(a) := {a(a): a € Aut(A)}, as well as the Y-relative orbit
Orb(a;Y) := {a(a) : a € Stab(Y)} where Y C A.

By the characterisation theorem due to Engeler, Ryll-Nardzewski and Svenonius (see for
instance [Hod97]), a countable structure A is w-categorical if and only if for each n > 1,
the action Aut(A) ~ A™ has only finitely many orbits. We say that A is a transitive
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2 General preliminaries

structure if the action Aut(A) ~ A has a single orbit. The structure A is said to have
no algebraicity if for any finite Y C A and any element a € A\ Y, the Y-relative orbit
Orb(a;Y) is infinite. Finally, we say that A is a homogeneous structure if any finite partial
isomorphism m: @+ b on A can be extended to an automorphism a € Aut(A). It is easy
to see that a countably infinite homogeneous structure in a finite (relational) language,
i.e. A = (A, (R;)ier) with I finite, is automatically w-categorical.

In the sequel, an important property of w-categorical structures without algebraicity will
be the existence of “almost identical” embeddings/endomorphisms which can be obtained
using a standard compactness argument.

Lemma 2.3.2 ([EJM 23, Lemma 3.6]). Let A be an w-categorical structure without al-
gebraicity. Then for every a € A, there are f,g in the Tyy-closure! of Aut(A) such that

flaviay = glagay and f(a) # g(a).

If f and g are as in the previous lemma, then for any s € End(A) we note that a € Im(s)
if and only if fs # gs. This yields the following fact which will be essential in Chapter 3.

Lemma 2.3.3 (contained in [EJMT, Proof of Lemma 5.3]). Let A be an w-categorical
structure without algebraicity. Then for every a € A, the set {s € End(A) : a € Im(s)} is
open in the Zariski topology on End(A).

2.4 Graphs

We will use the following naming convention:

Definition 2.4.1. A relational structure G = (G, E) with a single binary relation (the so-
called edge relation E C G?) is called a directed graph (or digraph for short) if the relation
is loopless, i.e. (z,x) ¢ E for all z € G.

If the relation is symmetric, i.e. if (x,y) € E implies (y,z) € E for all z,y € G, then G
is plainly called a graph.

For a graph G = (G, E), the dual graph OG is the graph on the same domain obtained
by “exchanging edges and non-edges”, formally 0G = (G, E’) where

rFE'y:o 2 Fyand x #y.
In the sequel, we will work with several special graphs:
Definition 2.4.2. Let k,n > 1.

(i) K,, denotes the complete graph on n wvertices, explicitly K,, = (G, E) with |G| = n,
and r Ey & = # y. Similarly, K, = (N, E) with  Fy & x # y denotes the
complete graph on countably many vertices.

(ii) Ky, denotes the complete k-partite graph on parts of size n, explicitly Ky ,, = (G, E)
with G := {1,...,k} x X for | X| =mn, and (i,z) E(j,y) < i # j. Similarly, K,
Ko and K, are defined with domains G := {1,...,k} x N, G := N x X (for

!See the remarks preceding Definition 2.2.2.

10
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2.4 Graphs

(iii)

|X| =n), and G := N x N, respectively, called the complete k-partite graph on parts
of countably infinite size, the complete infinite-partite graph on parts of size n and
the complete infinite-partite graph on parts of countably infinite size.

We identify Kj 1 with Kj, as well as K, ;1 with K.

Ef n denotes the irreflexive equivalence relation with k equivalence classes of size n,
explicitly Ey,, = (G, E) with G := {1,...,k} x X for |[X| =n, and (i,2) £ (j,y) &
it = jand x # y. Analogously to the above, we define E;,,, E,, and E, ., the
wrreflexive equivalence relation with k equivalence classes of countably infinite size,
the irreflexive equivalence relation with countably many equivalence classes of size n
and the irreflezive equivalence relation with countably many equivalence classes of
countably infinite size, respectively.

Note that Ej,p = 0K, B = 0Kpw Bon = 0K,y and By, = 0K, .

The random graph is the Fraissé limit (see [Hod97]) of the class of all finite graphs, so
the unique (up to isomorphism) countably infinite homogeneous graph which contains
all finite graphs as subgraphs.

For n > 3, we say that a graph G is K, -free if it does not contain a copy of K,, as a
subgraph. The random K, -free graph is the Fraissé limit of the class of all K, -free
graphs, so the unique (up to isomorphism) countably infinite homogeneous K, -free
graph which contains as finite subgraphs precisely the finite K, -free graphs. We also
write F,, for the random K,-free graph.

The random graph as well as the random K,-free graph can be characterised by so-

called extension properties (see for instance [Hod97, Theorem 6.4.4] for the former): First,
a countably infinite graph (G, E) is (isomorphic to) the random graph if for all disjoint
sets A, B C G, there exists y ¢ AU B such that y has an edge to all elements of A and a
non-edge to all elements of B — this also shows that the random graph is (isomorphic to)
its own dual graph. Second, a countably infinite K,-free graph (G, F) is (isomorphic to)
the random K- free graph if for all disjoint sets A, B C G such that the induced graph
on A does not contain a copy of? K,,_1, there exists y ¢ AU B such that y has an edge to
all elements of A and a non-edge to all elements of B.

These special graphs essentially constitute all countably infinite homogeneous graphs:

Theorem 2.4.3 ([LW80]). Any countably infinite homogeneous graph is isomorphic to one
of the following:

(1) the random graph

(2) the random K,,-free graph F,, for some n >3

(3) the dual of F,, for somen >3

(4) Kiw, Ko or K o for some k,n > 1 (a complete multipartite graph)

2This restriction ascertains that the conditions do not enforce a copy of K.

11
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2 General preliminaries

(5) Eiw, Evn or By for some k,n > 1 (an irreflezive equivalence relation with classes
of equal size)

In order to describe the automorphism group and endomorphism monoid of some of these
graphs, the following notation will be useful in Chapters 3 and 5.

Notation 2.4.4. Let X be a set and let I be an index set. If 7: I — T and if s;: X — X
for each i € I, then | |/_; s; shall denote the self-map of I x X defined by

Ty IxX —IxX
Z-ELJ, N { (,2) = (7(2), si(2))

For 7: I — I and s: X — X, we further set 7 x s :=| |_; s.

2.5 Model-complete cores

Definition 2.5.1. A structure C is called a model-complete core if the endomorphism
monoid End(C) coincides with the 7p,-closure of the automorphism group Aut(C).

In the case that C is w-categorical, this means that any endomorphism of C is an ele-
mentary self-embedding; if C is finite, this means End(C) = Aut(C).

Every w-categorical structure has a homomorphically equivalent model-complete core
structure:

Theorem 2.5.2 (originally [Bod07, Theorem 16], alternative proof in [BKO"19, Theo-
rem 5.7]). Let A be an w-categorical structure. Then there exists a model-complete core C
such that A and C are homomorphically equivalent. Moreover, C is either w-categorical or
finite and uniquely determined (up to isomorphism).

Because of the uniqueness result, C is commonly referred to as the model-complete core
of A. We will repeatedly use the following simple property of model-complete cores:

Lemma 2.5.3. Let A be an w-categorical structure and let C be its model-complete core.
Then any homomorphism f: C — A is an embedding.

Proof. If g: A — C denotes the homomorphism existing by homomorphic equivalence,
then gf is an endomorphism of C and thus contained in the 7,,-closure of Aut(C), in
particular a self-embedding. This is only possible if f is an embedding. O

This lemma in particular applies to the homomorphism h: C — A yielded by homomor-
phic equivalence. Replacing C by its isomorphic copy h(C), we will subsequently assume
that C is a substructure of A. Note that depending on the structure A, it can but need not
be possible to pick the homomorphism g: A — C to be surjective. For instance, the model-
complete core of the random graph is the complete graph on countably many vertices, and
any bijection from the random graph to the complete graph is a surjective homomorphism.

On the other hand, if A is given by the rational numbers Q extended by two elements +o0,
equipped with the canonical strict order, then the model-complete core of A is precisely

12



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.6 Unique Polish Property and automatic continuity

(Q, <) which cannot coincide with any homomorphic image of A since such an image would
have a greatest and a least element. If the model-complete core of A is finite, however, any
homomorphism ¢g: A — C is surjective, as can be seen by viewing g as an endomorphism
of A and applying the following lemma we will also use later on:

Lemma 2.5.4. If the model-complete core of an w-categorical structure A is finite of size n,
then the image of any endomorphism of A has size at least n.

Proof. If s € End(A), then s(A) is homomorphically equivalent to A. Hence, s(A) and A
have the same model-complete core which can therefore be regarded as a substructure
of s(A). O

2.6 Unique Polish Property and automatic continuity

Definition 2.6.1. Let S < A4 be a sub(-semi-)group of A4 which is G with respect
to Tpw (so that (S, Tpw) is a Polish (semi-)group). We say that S has the Unique Polish
Property (abbreviated by UPP) if the pointwise topology is the only Polish (semi-)group
topology on S.

We refer to the Introduction (Chapter 1) for examples of UPP and continue by consider-
ing a non-example in more detail, namely the monoid of self-embeddings of an w-categorical
structure A which turns out to carry an additional Polish semigroup topology. The follow-
ing fact will be crucial in the proof of Polishness:

Lemma 2.6.2 ([Kec94, Proof of Theorem 1.2]). Let (X,7T) be a Polish space and let
{F, :n € N} be a countable set of closed subsets of X. Then the topology generated by
T U{F, :n €N} is again a Polish topology on X.

Example 2.6.3 ([EJM 23, Proposition 5.1 and the discussion afterwards]). Let A be an
w-categorical structure with domain A. Then Emb(A) does not satisfy UPP (note that
this encompasses the semigroup Inj(A) mentioned in the Introduction if A is taken to
be the structure without relations). We define 7’ to be the topology generated by Tpy,
together with the sets Op := {s € Emb(A):b ¢ Im(s)}, b € A, and claim that 7’ is a
Polish semigroup topology on Emb(A) different from 7.

By Lemma 2.6.2, the topology 7" is Polish — note that Oy is closed with respect to the
pointwise topology since Emb(A)\ Oy = J,c4 {5 € Emb(A) : s(a) = b}. To see that 7" is a
semigroup topology, it remains to show the following (since 7, is a semigroup topology): if
s,t € Emb(A) such that st € Oy, i.e. b ¢ Im(st), there exist T’'-neighbourhoods V" and W of
s and t, respectively, such that VIV C Oy. If b ¢ Im(s), we set V := Op and W := Emb(A).
If on the other hand b € Im(s), say b = s(a), then a cannot be contained in Im(#). Setting

= {5 € Emb(A) : 5(a) = b} and W := O,, we claim that VW C Oy — this follows from
5 1b} = {a} for all § € V which crucially uses that Emb(A) consists of injective functions.

Finally, 7' differs from 7,,,: The automorphism group Aut(A) is clearly 7"'-closed while
there always exists a non-surjective embedding in the 7,-closure of Aut(A) (see [BPP17,
Proof of Corollary 10]).

A crucial tool for verifying UPP turns out to be automatic continuity as discussed
e.g. in [BPP21, EJM™, EJM*23, Her98, HHLS93, KR07, Las91, PS20, RS07, Tru89):

13
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2 General preliminaries

Definition 2.6.4. Let S be a (semi-)group and let 7 be a topology on S (which need
not be a (semi-)group topology). Given a class K of topological (semi-)groups, we say
that (S, T) has automatic continuity with respect to K if for any (H, Q) € K, all algebraic
homomorphisms S — H are continuous as maps (S,7) — (H,O).

This notion can be used to show that a given topology 7 on S is finer than any Pol-
ish semigroup topology on S: if (S, 7) has automatic continuity with respect to the class
of Polish semigroups, then for any Polish semigroup topology 7" on S, the identity map
considered as a function id: (S,7) — (S,7’) must be continuous which yields 7/ C T.
In [EJM™] as well as [EJM 23], UPP is obtained for the examples mentioned in the Intro-
duction (Chapter 1) by showing that the respective semigroup together with the pointwise
topology has automatic continuity.

Given a topological group, one could apply Definition 2.6.4 in two different ways: one
may wonder whether the topological group has automatic continuity with respect to the
class of groups with some topological property (e.g. second countability), or whether it has
automatic continuity with respect to the class of semigroups with the same property. As
it turns out, we will be able to neglect this difference in the sequel because of the following
fact (which we formulate in a slightly less general way for the sake of simplification):

Proposition 2.6.5 ([EJMT, Proposition 4.1]). Let G be a topological group. Then G has
automatic continuity with respect to the class of second countable topological semigroups
if and only if G has automatic continuity with respect to the class of second countable
topological groups.

We will show in Chapter 4 that the endomorphism monoid of (Q, <) with the pointwise
topology does not have automatic continuity which will turn out to be the reason why we
need a more sophisticated approach. At this point, we state the technical result we will
use, reformulating it to match our terminology:

Proposition 2.6.6 ([BPP17, Proposition 9]). Let M be a Tp,-closed submonoid of A% for
a countable set A. Suppose that M contains a submonoid N such that

(1) N is not Tpy-closed in M ;
(2) composing any element of M with an element outside N yields an element outside N .

Then (M, Tpy) does not have automatic continuity with respect to the full transformation
monoid A2, equipped with the pointwise topology (in particular with respect to the class of
Polish semigroups).

2.7 Pseudo-Property X

We now introduce our generalisation of Property X in its most general form so that all our
applications of this method in Chapters 4 and 5 are suitable special cases of this “umbrella
definition”.

14
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2.7 Pseudo-Property X

Definition 2.7.1. Let S be a monoid with neutral element 1g endowed with a topol-
ogy® T, let m > 1 and let DM, ... D™ C § be subsets of S endowed with topolo-
gies Tp)ys-- -, Tpem- Then (S,T) has Pseudo-Property X (of length m) with respect to
(D(l),TD(l)), cee (D(m),TD<m)) if the following holds: For all s € S there exist elements
€s, hgl), e hgmH) € S and agl) e DD, ... ,afj”) e D) such that

(i) es is left-invertible in S, i.e. there exists p € S such that pe; = 1g.

(ii) egs = hgmﬂ)agm)hgm)agm_l) .. .agl)hgl).

(iii) For all V() € Tpay,..., V™ € Thim with al € V@ there exists U € T with s € U
such that
eU C R+ ) pm)y m=1) | ) p(1),

If DO = ... = D™ = D and Tpa) = --- = Tpwm =: Tp, we say that (S,7) has
Pseudo-Property X of length m with respect to (D, 7p).

Remark 2.7.2. Pseudo-Property X of length m can thus be verified as follows: Given

s € S, we find suitable e, hgl), cee hﬁ’””

to write egs = hgm""l)agm)hgm)agm—l).

€ S with ey left-invertible and devise a method

aVpY (where otV € D®) in such a way that
(1)

for arbitrary 7, -neighbourhoods V@ of ay’, there exists a T-neighbourhood U of s
such that our method applied to any § € U yields a(? € V¥ (not just a e D(i)) with
esS = hé’”“)a(m) hg’”)a(m*U .. d(l)hgl). Thus, this neighbourhood U must be small enough
to ensure two properties: first, it must encode enough information about s to make sure that
A pimtY

the same auxiliary elements ey, can be used for 3; second, it must ascertain
(@)

that § is “close enough” to s so that the resulting elements a(? are “close enough” to ay’.
Note the following equilibrium at the heart of Pseudo-Property X: Increasing the length m,
it becomes easier to decompose a large class of elements s in the desired form. However,
there are more conditions a(” € V¥ to be taken care of, potentially interacting with each
other and yielding a more complex situation.

The notation X instead of X refers to the arbitrary number m of elements agi) e DO
on the right hand side, while the term “Pseudo” refers to the composition with the left-
invertible element es on the left hand side, see [BP16, GJP19, BP20]. Thus, the “tradi-
tional” Property X mentioned in the Introduction (Chapter 1) corresponds in our termi-
nology to Property X of length 1 (without “Pseudo”).

We will apply Pseudo-Property X via the following proposition which generalises parts
of [EJM™, Theorem 3.1]:

Proposition 2.7.3. Let S be a monoid endowed with a topology T and let DY ... D™
be subsets of S endowed with topologies Ty, - -, Tpumy- If (S, T) has Pseudo-Property X
with respect to (DM, Tpw)), ..., (D™, Tpum ), then the following statements hold:

(i) If (H,O) is a topological semigroup and ¢: S — H is a homomorphism such that the
restrictions |pu) are continuous as maps ¢|pe : (D(i),TD@)) — (H,0), then ¢ is
continuous as a map ¢: (S,T) — (H,O).

3Note: (S, 7) need not be a topological semigroup!
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2 General preliminaries

(ii) If K is a class of topological semigroups and if all D are semigroups such that
(DD Tphw) has automatic continuity with respect to K, then (S, T) also has automatic
continuity with respect to IC.

Proof. Since (i) immediately implies (ii), we only prove the former.

We denote the neutral element of S by 1g. Without loss of generality, ¢ is surjective.
Therefore, H can be assumed to be a monoid with neutral element ¢(1g). Let O € O
and s € S such that ¢(s) € O. We need to find U € T such that s € U and ¢(U) C

O. By Pseudo-Property X, there exist es,hgl), e ,hgmﬂ) € S with ey left-invertible and
agl) S D(l)7 .. ,agm) e D™ such that

ess = KM gmIpm)g(m=1) _ (Dp0)

and such that for arbitrary V() € Tpay,..., V™ € Tpm) with ol € V@ there exists
U € T with s € U satisfying

eU C Dy mipmy m=1) -y aph),
Denote the left inverse of e; by p. The left translations

Ap(es): (H,0) = (H,0) and A,y (H,0) — (H,0)

w(es

are continuous (since O is a semigroup topology). Further,
/\@(es): (H7 O) — (@(es)Hv O|<p(es)H) and )\4,0(]9) : (@(es)Hv O|<p(es)H) — (H’ O)

form inverse maps because ¢(p) is a left inverse of p(es) — here we use that H is a monoid
with neutral element ¢(1g). Thus, Aye,y: (H,O) — (p(es)H, Oy, m) is a homeomor-
phism and we obtain ¢(es)O = A, (0) = P N p(es)H for some P € O. Consequently,

(R )p(al™)o(h{™)p(al™ 1) . p(aM)p(h) = ples)p(s) € P Ng(es) H.

Using that the map (b(), ... b(™) = o gmﬂ))b(m)cp(hgm))b(m*l) e b(l)gp(hg)) is contin-
uous with respect to O (since O is a semigroup topology) yields sets W@ e O such that
gp(agl)) e W® and

o(WHNYW M p(pmyw =1 wMpp) C P,

s

By the assumed continuity of ¢|pa : (D@, Thw) — (H,O), the sets V) = @\B}i)(W(i))
are contained in 7). Thus, we can invoke Pseudo-Property X to obtain a set U € T such

that s € U and
e,U C pmHDy mipmyym=1) -y W)p1),

Applying ¢, we conclude
p(es)p(U) C (h{m WM p(himyw =1 wWe(nM) C P,

and thus ¢(es)p(U) € PN y(es)H = p(es)O. Multiplying with ¢(p) from the left, we
obtain ¢(U) C O as desired. O
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2.8 Back&Forth

2.8 Back&Forth

In Chapter 4, we will repeatedly use the “Back&Forth” method, see for instance [Hod97].

Definition 2.8.1. Let X and Y be countably infinite structures in the same language and
let S be a set of finite partial homomorphisms from X to Y.

(i) Sisa Forth system between X and Y if for all m € S and all x € X with z ¢ Dom(m),
there exists m’ € S such that m’ extends m and x € Dom(m’).

(ii) S is a Back system between X and Y if for all m € S and all y € Y with y ¢ Im(m),
there exists m’ € S such that m’ extends m and y € Im(m/).

(iii) S is a BackéForth system between X and Y if it is both a Back system and a Forth
System.

Iteratively extending finite partial homomorphisms so that their domains exhaust the
entire structure X (Forth) or in an alternating fashion so that their domains and images
exhaust X and Y, respectively (Back&Forth), one obtains the following folklore result:

Lemma 2.8.2. Let X and Y be countably infinite structures in the same language.

(i) If S is a Forth system between X and Y which is closed under restriction, then any
m € S can be extended to a total homomorphism s: X — Y such that every finite
restriction of s is contained in S. In particular, if S consists of injective finite partial
homomorphisms, then s can be picked to be injective as well.

(ii) If S is a Back€Forth system between X and Y which is closed under restriction, then
any m € § can be extended to a total and surjective homomorphism s: X — Y such
that every finite restriction of s is contained in S. In particular, if S consists of finite
partial isomorphisms, then s can be picked to be an automorphism.

We will also employ the following variant.

Definition 2.8.3. Let X and Y be countably infinite structures in the same language and
let A C X as well as C' C Y. Let further S be a set of finite partial homomorphisms from
X to Y.
(i) Sis an (A, C)-Back system between X and Y if the following holds:
For all m € S and all* y € C, there exists m’ € S such that m/ extends m and
Jdz € AN Dom(m’): m/(z) = y.

(ii) S is an (A, C)-BackéForth system between X and Y if it is both an (A, C)-Back
system and a Forth system.

Lemma 2.8.4. Let X and Y be countably infinite structures in the same language and let
ACXaswellas C CY. IfS is an (A, C)-BackéForth system between X and Y, then any
m € S can be extended to a total homomorphism s: X — Y such that

VyeC: s HyynA#0.

“Note: Contrary to “Back” from above, y € Im(m) is in general possible!
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2 General preliminaries

Proof. The argument proceeds in almost the same way as a standard Back&Forth con-
struction: Instead of applying a Back step to all elements of Y \ Im(m), one applies an
(A, C)-Back step to all elements of C' (even if they are contained in Im(m)). O
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3 Zariski topology on endomorphism
monoids

We start by introducing structures with mobile core, a weakening of the standard notion
of transitive structures, as well as formulating a technical condition from [EJM™] for the
Zariski topology and the pointwise topology on a semigroup of transformations to be equal
(Section 3.1). In Section 3.2, we address Question Al and give two new sets of sufficient
conditions on a structure A, expressed in terms of the model-complete core, which imply
that the Zariski topology and the pointwise topology on End(A) coincide. Section 3.3
provides an example of an w-categorical structure such that the two topologies on its
endomorphism monoid differ, thus answering Question A2.

3.1 Tools & Notions: structures with mobile core and a technical
condition

Definition 3.1.1. Let A be an w-categorical structure. Then A is said to have a mobile
core if any element of A is contained in the image of an endomorphism into the model-
complete core. Explicitly, for any a € A, there ought to exist a substructure C of A and
g € End(A) with the following properties:

(i) C is a model-complete core homomorphically equivalent to A,
(ii) a € g(A) CC.

Note that structures with mobile core are a weakening of transitive structures (as intro-
duced in Section 2.3): Let A be transitive, let C be its model-complete core with homomor-
phism ¢g: A — C, and let ag € A be a fixed element. If a € A is arbitrary, then transitivity
yields o € Aut(A) such that a(g(ag)) = a. Hence, C:= a(C) is an isomorphic copy of C
with homomorphism § := ag: A — C such that a € g(A) C C. In fact, it suffices to assume
that A is weakly transitive, i.e. that for all a,b € A there exists s € End(A) with s(a) = b
— replacing « in the above argument by s, we still obtain that s(C) is an isomorphic copy
of C by Lemma 2.5.3.

On the other hand, there exist non-transitive structures which have a mobile core, for
instance the disjoint union of two transitive structures where each part gets named by an
additional unary predicate (to ascertain that the parts are invariant under any automor-
phism). Finally, the structure (Q U {£o0}, <) mentioned after Lemma 2.5.3 does not have
a mobile core: The element +o0o cannot be contained in any copy of the model-complete
core (Q, <).

Further, we will use the following technical condition from [EJM™]:
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3 Zariski topology on endomorphism monoids

Lemma 3.1.2 ([EJM™, Lemma 5.3]). Let X be an infinite set and let S be a subsemigroup
of XX such that for every a € X there exist o, 8,71, ..,7m € S for some n € N such that
the following hold:

(i) alx\{a} = Blx\{a} and ala) # B(a)
(i) a € Im(v;) for alli € {1,...,n};

(iii) for every s € S and every x € X \ {s(a)}, there isi € {1,...,n} so that Im(~;) N
s~H(x) = 0.

Then the Zariski topology of S is the pointwise topology.

We remark that (i) corresponds to Lemma 2.3.2 and that the proof proceeds by con-
structing the generating sets of the pointwise topology from the sets {s € S :a € Im(s)}
exhibited in Lemma 2.3.3.

3.2 Two sets of sufficient conditions

This section is devoted to our answer to Question Al: we state and show our sufficient
conditions for the pointwise topology and the Zariski topology to coincide.

3.2.1 Our results

Theorem A1l. Let A be an w-categorical structure without algebraicity which has a mobile
core. Then the Zariski topology on End(A) coincides with the pointwise topology if one of
the following two conditions holds:

(i) EITHER the model-complete core of A is finite,
(ii) OR the model-complete core of A is infinite and does not have algebraicity.

The cases (i) and (ii) will be treated separately in Subsections 3.2.2 and 3.2.3, respec-
tively. Before we get to the proofs, we show how Theorem Al can be used to easily
verify that the Zariski topology and the pointwise topology coincide on the endomor-
phism monoids of a multitude of example structures. Some of them have been treated
in [EJM 23], but our result applies to many other structures which have not yet been
considered, e.g. the random K, -free graph or its dual graph as well as the complete multi-
partite graphs on parts of countably infinite size.

Corollary 3.2.1. Let A be one of the following structures:
(i) (Q, <)
(ii) the random reflexive partial order

(iii) the equivalence relation with either finitely or countably many equivalence classes of
countable size

(iv) the random reflexive (di-)graph
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3.2 Two sets of sufficient conditions

(v) the random reflexive K,,-free graph for n >3

(vi) Ky for k > 1 (the complete k-partite graph with parts of countably infinite size)
(vii) (Q, <)
(viii) the random strict partial order

(iz) the random tournament

() Ep. and B, (the irreflexive equivalence relation with either finitely or countably
many equivalence classes of countably infinite size)

(xi) the random irreflexive (di-)graph
(xii) the random irreflexive K, -free graph
(ziii) the dual graph of the random irreflexive K, -free graph
(ziv) Ky (the complete infinite-partite graph with parts of countably infinite size)

Then the pointwise topology and the Zariski topology on End(A) coincide. In particular,
the pointwise topology is the coarsest Hausdorff semigroup topology on End(A).

Remark 3.2.2. With a different proof, the corollary also holds for K, and E,,, (n > 1)
for which Theorem Al is not applicable since these structures have algebraicity — see
Proposition 5.1.2.

Proof. Tt is immediate that all structures in (i)-(xiv) are w-categorical structures without
algebraicity which are transitive (in particular, they have a mobile core); we note explicitly
that this statement for (xiii) immediately follows from the corresponding fact for (xii) since
a graph and its dual graph have the same automorphism group. For (i)-(v), the model-
complete core of A is merely a single point with a loop. For (vi), the model-complete core
of A is the complete graph on k vertices. Thus, the model-complete core is finite in (i)-(vi).
For (vii) and (xii), the structure A is already a model-complete core, so the model-complete
core of A is just A itself. For (viii) and (ix), the model-complete core of A is the structure
(Q, <). For (x), (xi), (xiii) and (xiv), the model-complete core of A is the complete graph on
countably many vertices. Summarising, the model-complete core of A has no algebraicity
in (vii)-(xiv).

In any case, Theorem Al applies and yields the desired conclusion. O

3.2.2 Finite cores

First, we consider the case that A has a finite model-complete core.

Proposition 3.2.3. Let A be an w-categorical structure without algebraicity which has a
mobile core. If the model-complete core of A is finite, then the Zariski topology on End(A)
coincides with the pointwise topology.
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3 Zariski topology on endomorphism monoids

Proof. We show that the 7,,,-generating sets {s € End(A) : s(a) = b}, a,b € A, are Tyariski-
open by proving that they are 7z.riski-neighbourhoods of each element.

Let so € End(A) such that sp(a) = b. Since A has a mobile core, there exist a copy C of
the model-complete core of A and g € End(A) such that a € g(A) C C. By Lemma 2.5.4,
we know that g(A) = C. We set n = |C| and write g(A) = {ai,...,a,} where a; = a.
Applying Lemma 2.3.3, we obtain that the set

V:={s € End(A): so(ar),...,s0(an) € Im(s)} = ﬂ {s € End(A) : so(a;) € Im(s)}
j=1

is open in the Zariski topology. Since the translation py: s — sg on End(A) is continuous
with respect to the Zariski topology, the preimage

U:= pgl(V) = {s € End(A) : so(a1),...,s0(an) € Im(sg)}

i Tzariski-open as well. Again by Lemma 2.5.4, the images of the endomorphisms sgg
and sg (for arbitrary s € End(A)) must both have n elements. Hence, the images so(a;)
are pairwise different and, further,

U={s€End(A): Im(sg) = {so(a1),...,s0(an)}}.

The crucial observation is that Ug = {sg : s € U} is a finite set: Any element sg is deter-
mined by the ordered tuple (s(ai),...,s(a,)). Since the unordered set {s(a1),...,s(an)}
is fixed for s € U, there are only finitely many (at most n!, to be precise) possibilities for
the ordered tuple.

Consequently, the set M := {sg: s € U, s(a) # b} is finite as well. We define

O :=UnN ﬂ {s € End(A) : sg # t} € Tzariski
teM

and claim that O = {s € End(A) : s € U, s(a) = b}, subsequently giving
so € O C{s€End(A): s(a) =b}

as desired. If s € U with s(a) = b, then we take z € A with g(z) = a and note sg(z) =
s(a) = b # t(z) for all t € M. Conversely, if s € U but s(a) # b, then t := sg € M, so
s ¢ O — completing the proof. O

3.2.3 Cores without algebraicity

Now we consider structures A whose model-complete cores do not have algebraicity. This
assumption will come into play via the following observation:

Lemma 3.2.4. Let B be a countably infinite structure without algebraicity and let b €
B. Then there exist f,h in the Tp,-closure of Aut(B) such that f(b) = b = h(b) and
f(B)YNh(B) = {b} (so there exist two copies of B within B which only have b in common).
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3.2 Two sets of sufficient conditions

Proof. We enumerate B = {b, : n € N} where by = b. First, we recursively construct
automorphisms o, 5, € Aut(B), n € N, such that

nt1lgpo,.. bn} = Wnlfbo,.bny  A0d Butilisg,...b0r = Bnlibo,...bn}s
as well as  apn,({bo, ..., bn}) N Bn({bo,...,bn}) = {b}

for all n € N. We start by setting ag = B := idp. If a,, and S, are already defined, we
put Y := an({bo,...,bn}) as well as Z := B,({bo,...,bn}). Since B has no algebraicity,
the relative orbits Orb(ay,(bn+1);Y) and Orb(B,(by+1); Z) are infinite, so we can find an
element c¢p41 € Orb(ay(bny1);Y) which is not contained in Z and then find an element
dpt1 € Orb(By(bp41); Z) which is not contained in Y U {¢,41}. Taking v € Stab(Y) with
Y(n(bpt1)) = cny1 as well as § € Stab(Z) with §(8,(bp+1)) = dny1, and setting a,41 =

Yoy, as well as 8,11 := 08, completes the construction. Finally, we set f := limpeyay,
and h := lim,cy By; these maps are contained in the 7p,-closure of Aut(B) and have the
desired properties. O

Proposition 3.2.5. Let A be an w-categorical structure without algebraicity which has a
mobile core. If the model-complete core of A is infinite and does not have algebraicity, then
the Zariski topology on End(A) coincides with the pointwise topology.

Proof. We check the assumptions of Lemma 3.1.2.

Since A is w-categorical without algebraicity, property (i) follows from Lemma 2.3.2.

For properties (ii) and (iii), we fix a € A, set n = 2 and construct 1,72 € End(A).
Since A has a mobile core, there exist a copy C of the model-complete core of A and
g € End(A) such that a € g(A) C C. Since C has no algebraicity, there exist f,h: C — C
in the Tpy-closure of Aut(C) such that f(a) = a = h(a) and f(C) N A(C) = {a} by
Lemma 3.2.4. Using the homomorphism ¢g: A — C, we set v1 := fg and 72 = hg,
considered as endomorphisms of A. Then a € Im(y;), i.e. (ii) holds. Suppose now that
for some s € End(A) and z € A, we have Im(vy;) N s~ '{a} # () for i = 1,2. In order to
prove (iii), the goal is to show x = s(a). We rewrite to obtain the existence of x; € A
with sfg(x1) = sy1(x1) = © = svy2(x2) = shg(ze). As a homomorphism from C to A, the
restriction s|c : C — A is an embedding by Lemma 2.5.3, in particular injective. Hence,

fg(x1) = hg(x2) € f(C) N A(C) = {a},

yielding x = sfg(z1) = s(a) as desired. O

Remark 3.2.6. Careful inspection of the proof of Proposition 3.2.5 shows that the assump-
tion of A having no algebraicity is only used in order to apply Lemma 2.3.2 to obtain
property (i) in Lemma 3.1.2. Thus, the proposition also applies to a structure with alge-
braicity that has a mobile core such that its model-complete core has no algebraicity, as
long as one can — by some other means — verify property (i) (explicitly, for any element
a € A, there need to exist f,g € End(A) such that f|i (a1 = 9la\fay and f(a) # g(a)).
This observation will prove useful in Chapter 5.
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3 Zariski topology on endomorphism monoids

3.3 Counterexample

In this section, we answer Question A2, giving an example of an w-categorical (even ho-
mogeneous in a finite language) and transitive structure without algebraicity such that
the Zariski topology on its endomorphism monoid does not coincide with the pointwise
topology. By our results in Section 3.2, the model-complete core of this structure must be
infinite and have algebraicity. Informally speaking, we take a complete graph on count-
ably many vertices where each point has as fine structure a complete bipartite graph on
countably many vertices, see Figure 3.1 below.

3.3.1 Definitions, notation and preliminary properties

We start by formally introducing our structure, henceforth called G, and giving some
notation. Differing slightly from the general Definition 2.4.2, it will turn out convenient to
denote Ko, the complete bipartite graph on parts of countable size, as follows: We write
the domain as Ky, := Ay1 UA_; where A4y and A_; are the (countably infinite) parts,
so that the edge relation can be written as EX2w .= A | x A1 UAL x Ay,

Definition 3.3.1. Let G denote the following structure over the language of two binary
relations: We set G := N x K», (countably many copies of K ,) and define the relations
as follows:

(i,2) EY (j,y) =i # 4,
(i,2) BS (j,y) 1 i = j and z E¥2 g,

This means that the set of copies of K5, forms a complete graph with respect to E; and
that each copy {i} x Ks,, of Ky, is indeed a copy of the graph Ky, (with respect to E3);
see Figure 3.1 below.

Note that an endomorphism s of Kg,, acts as a permutation on the set {A41, A_1} of

parts since two (Egg >“_connected) elements from different parts of Ky, cannot be mapped
to the same part of Ko ,, — we either have s(A41) € A4y and s(A—1) C A_jors(Ay) C A,
and S(Afl) - A+1.

Definition 3.3.2. For s € End(Ks,,), we put sgn(s) € {+1,—1} to be the sign of the
permutation induced by s on {A;1, A_1}. Explicitly, this means that s(Ae) € Ag.gen(s) for
e = +1. As a slight abuse of notation, we will refer to sgn(s) as the sign of s.

Clearly, we have sgn(st) = sgn(s)sgn(t) for s,t € End(Ky,). As a tool, we define two
very simple endomorphisms of K .

Notation 3.3.3.
(i) In the sequel, a1 € A1y and a_; € A_; shall denote fixed elements.

(ii) We define cy; € End(Ksy,) and c—; € End(Ksy) to be the unique endomorphisms
of Ky, with image {a41,a_1} and sign +1 and —1, respectively. So ci; is constant
on A, with value a,. and c_; is constant on A, with value a_. for e = £1.
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3.3 Counterexample

Figure 3.1: The structure G: complete graph on countably many vertices (dashed) where
each point has a complete bipartite graph on countably many vertices as fine
structure (solid).

We now use Notation 2.4.4 to give an explicit description of the automorphisms and
endomorphisms of G.

Lemma 3.3.4.
(i) End(G) = {| [lcyy 5: : 7 € Inj(N), s; € End(Ka,) } .
(i) Aut(G) = {[ |7y @i : 0 € Sym(N), o € Aut(Ka,)}.

Remark 3.3.5. Lemma 3.3.4 exactly expresses that End(G) and Aut(G) are the (unre-
stricted) wreath products of End(Ks,,) with Inj(N) and Aut(Ksz,,) with Sym(N), respec-
tively, by the canonical actions of Inj(N) and Sym(N) on N.

Proof (of Lemma 3.3.4). It is straightforward to see that the maps | |/ s; in (i) and
LI7en i in (ii) form endomorphisms and automorphisms, respectively. Thus, (ii) follows
immediately from (i) since | |/cy si can only be bijective if 7 € Sym(N) and s; € Aut(Ka,).

To show (i), we first note that for any s € End(Kgy,,) and any two elements (i, ), (i,y) €
G in the same copy of K, the images s(i, z) and s(7, y) are also contained in the same copy
of Ko, Either z,y are connected in Ky, in which case s(i,z) and s(i,y) are EF-connected
and therefore contained in the same copy, or x,y are both connected in Ko, to a common
element z in which case s(i,z) and s(i,y) are both ES-connected to s(i,z) and therefore
contained in the same copy. Setting 7(i) to be the index of this copy, i.e. s(i,x), s(i,y) €
{r(i)} x K3, we obtain that s can be written as | |/ s; for some functions s;: Ky, — Ko .
By compatibility of s with Ef’, the map 7 needs to be injective. Further, the maps s; are
endomorphisms of Ky, since s is compatible with Eg’ . ]
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3 Zariski topology on endomorphism monoids

The representation in (ii) readily yields the following properties of G by means of lifting
from Sym(N) and Aut(Ky,):

Lemma 3.3.6. G s w-categorical, homogeneous, transitive and has no algebraicity.

Proof. We start by showing that G is homogeneous which will also yield the w-categoricity
since G has a finite language. Let @ = (a1,...,a,) and b = (b1,...,b,) be tuples in G
and let m: @ + b be a finite partial isomorphism. Writing ap = (ix, %) and by = (i, y&),
we note that i and iy coincide if and only if j; and j, coincide (for otherwise, either m
or m~ ! would not be compatible with E?) Hence, the map ix — ji is a well-defined
finite partial bijection and can thus easily be extended to some o € Sym(N) (in other
words, the structure with domain N and without any relations is homogeneous). Further,
if ig, = ... =i,y =14, then m;: xp, — yi,,. .., Thy = Yy 1s a finite partial isomorphism
of Ka,, since m is a finite partial isomorphism with respect to Eg} . The graph Ky, is
homogeneous, so m; extends to a; € Aut(Kz). Setting o; = idk,,, for all i such that
no zy is contained in the i-th copy of Ky, and putting a := | |7y i € Aut(G), we obtain
an extension of m.

Next, observe that G is transitive: given a,b € G, the map a + b is a finite partial
isomorphism since neither EiG nor Eg’ contain any loops. Thus, homogeneity yields a €
Aut(G) with a(a) = b.

Finally, G does not have algebraicity since Kz, does not have algebraicity: For a finite
set Y C G and a = (ig,z0) € G\ Y, we set Y, :={y € Ko : (ig,y) € Y} # zo and note
that Orbg(a;Y') encompasses the infinite set {ig} x Orbg, , (zo;Y;,) as witnessed by the
automorphisms U;(él\f\] a; where a;, € Staby, ,(Y,) and o; = idk, , for i # io. O

Remark 3.3.7. An alternative construction of G is as a first-order reduct of the free superpo-
sition (see [Bod15], this is a type of construction to combine two structures with different
signatures in a “free” way) of Ky, with E, . Since both structures are transitive and
have no algebraicity, the superposition structure has the same properties which are then
inherited by G since a first-order reduct can only have additional automorphisms.

To simplify the presentation, we additionally define a few notational shorthands concern-
ing endomorphisms of G:

Notation 3.3.8.
(i) For p = |_|§€Np¢ € End(G), we define p := £ € Inj(N).
(ii) Given po,...,pr € End(G) and ¢(s) := ppspg_15...spo, s € End(G), we define
Q(T) := PxTPr—17T ... TPo, T € Inj(N).
3.3.2 Proof strategy
The goal of Section 3.3 is to prove the following:

Theorem A2. On the endomorphism monoid of the structure G, the pointwise topology is
strictly finer than the Zariski topology.
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3.3 Counterexample

Remark 3.3.9. Before we go into the details of the proof, let us remark that the structure G
needs to have an infinite model-complete core which has algebraicity in order to have a
chance of satisfying Theorem A2 — for otherwise, Theorem A1 would apply.

The model-complete core of Ko , is just the graph consisting of a single edge, as witnessed
for instance by the substructure induced on {a1, a_;} and the homomorphism c41: Ky, —
{at1,a_1}. We claim that the model-complete core of G is the complete graph on countably
many vertices where each point has as fine structure a single edge, i.e. the substructure C
of G induced on C :=N x {ay1,a_1} C G; see Figure 3.2.

Similarly to the proof of Lemma 3.3.4, one easily checks that (here, cy; are considered
as self-maps of {a41,a_1})

End(C) = {l_IT%- :7 € Inj(N),; € {C+1,Cl}} )

€N

Aut(C) = {l_l”’yi :0 € Sym(N),v; € {c+1,c_1}} .
i€N

Thus, any endomorphism is locally interpolated by an automorphism, and C is indeed a
model-complete core. Additionally, G and C are homomorphically equivalent — an example
of a homomorphism G — C is given by U?é?\! c41 (where ¢y is considered as a map defined
on Kg’w).

Finally, C has algebraicity: any automorphism of C which stabilises Y := {(0,a1)} also
stabilises a := (0,a_1), so the Y-relative orbit of a is finite.

Figure 3.2: The model-complete core of G: complete graph on countably many vertices
(dashed) where each point has a single edge (solid) as fine structure.

In order to show Theorem A2, we will prove that Tzaiski-open sets on End(G) cannot
determine the sign of the components s; of s = |_|l-TGN 8i, in other words decide whether the
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3 Zariski topology on endomorphism monoids

functions s; switch the two parts of Kg,, or not. On the other hand, Tpw|gnd(c)-open sets
can determine the sign of finitely many components, thus showing Tpw|gnae) # Tzariski-
More precisely, we will prove that if a Tzariski-generating set M,y contains idy xXcy1, then
it also contains 7 x c_; for all elements 7 of a “big” subset of Inj(N) — where “big” means
either “7puw|mjv)-open neighbourhood of idy™ (if the terms ¢ and ¢ have equal lengths; see
Lemmas 3.3.10 and 3.3.11) or “Tpy|mmjav)-dense and open set” (if the terms ¢ and 1 have
different lengths; see Lemma 3.3.12).

Our (almost trivial) first lemma analogously holds in a more general setting. Since we
only apply it in case of terms of equal lengths, we formulate it in the present form.

Lemma 3.3.10.

(i) Let k > 1 and let &, ..., &k, 00, ..,0k € Inj(N) as well as $(7) := {17 ... 780
and Y(7) 1= Ok7O0k_17 ... 70y, T € Inj(N).

If $(idy) # (idy), then Mg, = {7‘ € Inj(N) : (1) # 1])(7‘)} is @ Tpw|mj)-open
neighbourhood of idy.

(i) Let k > 1 and let po, ... Pk, qo,---,qx € End(G) as well as ¢(s) := prspr—15...5po
and P(s) := qrSqr-15...5q0, s € End(G). Assume ¢(idy) # ¥(idy) (using the
shorthand from Notation 3.5.8).

Then there exists a Tpw|mj)-open neighbourhood U of idy such that T x t € M,y =
{s € End(G) : ¢(s) # (s)} forallT € U and t € End(Ka,,). In particular, T X c_1 €
Mgy forall T € U.

The second lemma really requires the terms to be of equal length.

Lemma 3.3.11. Let k > 1 and let po, ..., Pk, q0,---,q € End(G) as well as ¢(s) =
PkSPE—18 -+ . 8po and Y(s) = qksqr-15 ... 5qo, s € End(G).
Assume p(idy xcy1) # ¥(idy xeyr) but ¢(idy) = ¢ (idy).

Then there exists a Tpw|mjm)-open neighbourhood U of idy such that 7 x c_1 € My y =
{s € End(G) : p(s) # ()} for allTeU.

Finally, we formulate a result for terms of different lengths.
Lemma 3.3.12.

(i) Let £ < k and let &, ..., &k, 00,...,00 € INj(N) as well as ¢(7) 1= {17 ... 78
and Y(7) := 0y70p_17 ... 70y, T € Inj(N).

Then M ;= {7‘ € Inj(N) : ¢(7) # h(r )} i8 Tpw|mj(v)-dense and open.

(ii) Let £ < k and let po,...,Dk,qo,---,q € End(G) as well as ¢(s) := prSpg—_15--.5po
and Y(8) = quSqr—1$ . ..5qo, s € End(G).

Then there exists a pwhnj(N)—dense and open set V' such that 7 x t € M,y =
{5 € End(G) : p(s) #¢(s)} for allT € V and t € End(Kgy,). In particular, Txc_1 €
M,y forallT € V.
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3.3 Counterexample

We first demonstrate how these auxiliary statements are used and prove Theorem A2
before showing the statements themselves in Subsection 3.3.3.

Proof (of Theorem A2 given Lemmas 3.53.10, 3.3.11 and 3.3.12). Our goal is to show that
any Tzariski-open set O containing idy Xc41 also contains 7 X ¢_1 for some 7 € Inj(N). This
implies in particular that the 7,,-open set {s € End(G) : s(0,a41) = (0,a41)} cannot be
’TZariski'Opena prOVing Eariski 7& 7;)11)-

It suffices to consider Tzaiski-basic open sets O, i.e. O = (Ve My, w, > idn xeqy for
some finite set H. If the terms ¢; and 1, have equal length, we apply Lemma 3.3.10
or 3.3.11 to find a Ty |mjv)-open neighbourhood Uy, of idy such that 7 x c_y1 € M, 4, for
all 7 € Uy,. If @) and 1)), have different lengths, we instead apply' Lemma 3.3.12 to find
a ﬁwllnj(N)—dense and open set V}, such that 7 x c_1 € M, 4, for all 7 € V},. Intersecting
the respective sets U, and V}, thus obtained yields a 7,,-open neighbourhood U of idy and
a 7;7w|1nj(N)—dense and open set V' such that 7 x ¢y € M, 4, for all 7 € U whenever ¢y,
and vy, have equal length and such that 7 xc_1 € M, 4, for all 7 € V whenever ¢}, and vy,
have different lengths. The intersection U NV is nonempty; for any 7 € U NV we have
TX c 1 € My, y, forall h € H,ie. 7xc_y € O. This concludes the proof. O

Remark 3.3.13. A slight refinement of this proof even shows that the Zariski topology
on End(G) is not Hausdorff since idy Xc41 and idy Xc—1 cannot be separated by open sets:
By the proof, a given basic open set around idy Xc41 contains 7 x c¢_j provided that 7
is an element of the intersection of a certain Tpy|im;j)-open neighbourhood of idy and a
ﬁwhnj(N)—dense open set. The same idea similarly (but with an easier proof in the analogue
of Lemma 3.3.11) yields that a given basic open set around idy xc_1 contains 7/ x ¢y
provided that 7/ is an element of the intersection of another Ewllnj(N)—open neighbourhood
of idy and another Ty |imj()-dense open set. The intersection of these four sets is nonempty,
so the basic open sets around idy Xc41 and idy Xc_1 contain a common element (namely
7 X c_ for a certain 7 € Inj(N)).

The preceding remark suggests the following refinement of Question A2:

Question 3.3.14. Is there an w-categorical (transitive?) relational structure A such that
there exists a Hausdorff (even Polish?) semigroup topology on End(A) which is not finer
than the topology of pointwise convergence?

3.3.3 Proof details

In this subsection, we prove Lemmas 3.3.10, 3.3.11 and 3.3.12 in sequence.

Proof (of Lemma 3.5.10). )

(i). The set Mg ; € Inj (N) is open with respect to Tpuw|mj() since ¢ and v are continuous
with respect t0 Tpuw |mj(v)-

(ii). Set U := M ; and note that if u := (7 x t) and v := (7 x ), then @ = (1) #
(1) =0, 50 u # v. O

The second lemma requires more work.

f 4y, is longer than @, we exchange these two terms.
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3 Zariski topology on endomorphism monoids

Proof (of Lemma 3.3.11). We start by fixing some notation. We first write p; = |_|féN Djis
g = |_|féN gi (50 & = pj, 0; = ¢;) and § := @(idy) = (idy). Further, we define
Ej=§&-1...{opaswell as O :=0;0;,_1...0p, 7 =0,...,k. In particular, 5 = O = .
Let the two (distinct, by assumption) functions ¢(idy xc41) and 9 (idy Xcyq) differ at the
point (h,z) € G. Further, set e € {—1,+1} such that € A, and choose any 2/ € A_..

In the course of the proof, we will require the explicit expansions of the compositions in
e(idy Xexq) and P (idy Xeqq):

o(idy Xct1) = |_|6Pk,5k,1(i)cﬂpkqgk,g(i) ce . C+1D0,i
€N
YP(idy Xepq) = |_|6(]k,@k_1(i)cil(Ik—l,@k_g(i) e 4140
1€EN
We proceed in two steps — first, we show that idy xc_1 € M, y; second, we extend this
to 7 x c_1 for all 7 in an appropriately constructed Tpu|imj)-open neighbourhood of idy.
(1). idyxc—1 € My, y: We compare ¢(idy xc41) and 1/1(1dN xcrq) at (h,z) as well
as (h, ). In order to simplify notation, we define?

m = Sgn(qu,Ek,Q(h)) : Sgn(pkf&Ek,g(h)) el Sgﬂ(po,h,)
n = sgn(qr_1,0, ,(h)) - 5EN(qk—2.0, 5(n)) - - - - - 5€0(q0,1)
D= DeE, ()
q:= qr,=,_1(h)
and conclude
[ (idy x 1) (hy ) = (8(h ,ﬁ(ame)), [ (idw 1) (hy ) = (8(), Pldme( 10 ))

6(h). Glanc) ), 14 (idw o)
6(h),Bla-me) ) [ (i xe1)])(h,

6(h),@a-nc) ) [ (idw o)) (h, @

6(h), pla_p, 1)k)>

6(h), qla_ye 1k))

)
)
)
a’)

(501
(600), @ane-10))
(5
(500

If
{Plas1),pla—1)} # {@(at1),q(a-1)},

then p(idy xc—1) and 9 (idy X c—1) cannot coincide on both (h, z) and (h, z’), so idy xc_1 €
M, as claimed.
In case of

{plas1),pla—1)} = {q(as1),q(a-1)},
we distinguish further: If m = n, then [¢p(idy Xc41)](h, z) # [¢(idy Xc41)](h, 2) shows

plat1) = qla—1) aswellas pla—1) = qla41)

2m and n count how many times the fixed functions (except for the outermost ones) involved in evaluating

p(idn xc+1) and 9 (idy Xc41) switch the parts of the h-th copy of Ko .
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3.3 Counterexample

which leads t0® [p(idy xc_1)](h, z) # [ (idy xc—1)](h, ), so idy Xc_1 € M,y as claimed.
If on the other hand m = —n, then we analogously obtain

plas1) =qlas1) aswellas pla—1) =qla—1)

and [p(idy xc_1)](h, z) # [ (idy xc—1)](h, x), so idy Xc_1 € M, as claimed.

(2). There exists a Tpw|mjv)-open neighbourhood U C Inj(N) of idy such that 7xc_1 €
M, for all 7 € U: One immediately checks that for arbitrary ¢ € End(Ky,), the map
xt: Inj(N) — End(G), x¢(7) := 7t is continuous with respect to Tpw|m;j) and? TpwlEnd(G)-
Since M, is open with respect to Tpw|Ena(g), the preimage U := x;_ll (My,) € Inj(N) is
open with respect to Tpu|mjrv)- By (1), the set U contains idy — completing the proof. [

Finally, we show the third lemma.

Proof (of Lemma 3.3.12).
(). We have to prove that for two tuples z,w of the same length such that w does not
contain the same value twice (since we are working in Inj(N)), the intersection
{r € nj(N) : 7(2) =w} N Mg ;

is nonempty. The idea behind the proof is to find an element xy € N and inductively
construct a partial injection 7 which extends Z — @ such that the values

[B(7))(0) = &kTr—17 ... T (x0) and  [¢(F)](x0) = 07017 ... 700 (x0)

are welldefined (i.e. &o(zo) € Dom(7T), &17¢0(w0) € Dom(7) et cetera) and [H(7)](wo) #
[¢(7)](z0). This gives 7(z) = w and 7 € M; ; for any 7 € Inj(N) extending 7.

3) y;=0;(y;) forall j =0,...,¢

More precisely, we will define (not necessarily distinct) elements zo, .. ., T, 2§, ..., 2} € N
and yo ..., Ye, Yo, - - -» Yy € N such that

(1) zo = yo.

(2) 2% =¢&;(x;) forall j =0,..., k.

(3) ¥

(4)

4) 7 defined by z — w, (z(,...,2_1) = (@1,.. ., 2k), Ws--->Yp_qy) = Wi,...,y¢) is a
welldefined® partial injection.

(5) ), # yy. (This will crucially depend on the assumption ¢ < k.)

We first pick zg = yo € N such that x( := {(x0) ¢ Z and y(, := Oy(yo) ¢ Z; this is possible
since the set &; Yz u 0y L(w) of forbidden points is finite by injectivity of & and 6y. Note
that z(, and y(, are not necessarily different (in particular, o = 6y is possible).

Suppose 1 < i < ¢ and that zg,...,zi—1,2(,...,2,_; as well as Yo, ..., Yi—1,Y0s-- - Vi1
are already defined such that (1)-(4) hold (with ¢ — 1 in place of both k and ¢). We ab-
breviate X;_1 := {xo,...,zi—1}, X!y :=={ap,....2,_} and Vi1 :={vo,...,yi-1}, Y/ { =
{y6, -, yi_q}. Pick z,y; ¢ wU X;—1 UY;_1 such that z := &(z;) ¢ 2U X/, UY/ | and
y! = 0;(y;) ¢ ZUX]_,UY/ | with the additional property that® x; and y; are chosen to be

3Here we use that ¢ and 1 have equal lengths (or more precisely: lengths of equal parity).
4Caution! We briefly consider the pointwise topology on End(G) instead of the Zariski topology.
5This means that if e.g. zf =y}, then z; = y1.

5This ensures that 7 is welldefined and injective.
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3 Zariski topology on endomorphism monoids

distinct if and only if 2} _; and y,_, are distinct (to obtain a welldefined partial injection
in (4)). As with the construction of xy above, this is possible by finiteness of the forbidden
sets.

If¢4+1<i<kandifxg,...,xi—1,20,...,2,_; as well as yo, ..., Y, Yy, - - -, Yy are already
defined such that (1)-(4) hold (with i — 1 in place of k), then we again abbreviate X;_1 :=
{zo, ...,z }, XI_y = {af,...,2,_} and Yy := {yo,...,ue}, Y, = {¥),...,yp}. Analo-
gously to the previous step, we pick z; ¢ wUX;_1UY} such that 2} := &(x;) ¢ zUX]_,UY].
Note that in the final step i = k, we are picking zj such that” 2} ¢ zU X} , UY/. In
particular, we require x} # yj, i.e. ().

(ii). The set V := M ; € Inj (N) is Tpw|mjv)-dense by the first statement and clearly
Towlmjy-open. For 7 € V', we set u := ¢(7 x c_1) as well as v := (7 x c_1) and note that

i = @(1) # () = 9. This yields 7 X c_; € M, as desired. O

TAt this point, it is crucial that £ < k since we would never enter the second phase £+ 1 < i < k of the
construction otherwise (more precisely, if £ were equal to k, we would have to determine ), at the same
time as y; and could not make sure that they are different).
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4 The semigroup of increasing functions on
the rational numbers has a unique Polish
topology

This chapter is devoted to answering Question B positively: we show that the endomor-
phism monoid of (Q, <) has UPP. In Section 4.1, we introduce some useful notation and
revisit automatic continuity as well as the Back&Forth method in the context of (Q, <).
Section 4.2 provides an overview of the situation and relates our question to prior work.
We proceed by presenting the proof strategy more thoroughly in Section 4.3. The details
of the proof are then contained in Sections 4.4 and 4.5.

4.1 Tools & Notions: notation; more on automatic continuity
and Back&Forth

We start by defining some notational shorthands.

Notation 4.1.1. We set

Mg :=End(Q, <) ={f: Q —» Q| f increasing},
Go == Aut(Q, <) ={f: Q — Q| f bijective, (strictly) increasing} .

Additionally, it will be useful to embed Q into the real numbers R. Consequently, we will
allow intervals with irrational boundary points as well. Differing from standard notation,
we only consider the rational points in this interval, unless explicitly mentioned otherwise:

Notation 4.1.2. For 71,72 € RU {£o0}, we put (71,72) = {¢€Q:m <qg<y}. If
s € Mg, we will denote s((—00,7)) by s(—00,7) et cetera to avoid lengthy typesetting. In
the same spirit, we will write sup Im(s) as sup s and inf Im(s) as inf s.

Finally, we abbreviate I := R\ Q.

Intervals will be distinguished as follows:

Definition 4.1.3. An interval is called rational if its boundary points are contained in
QU {xo0}, and irrational if its boundary points are contained in T U {zo0}.

Next, we apply the notion of automatic continuity (see Definition 2.6.4) to Mg as well
as Gg. As it turns out, (Mg, Tpw) does not have automatic continuity while (Gg, Tpw)
satisfies a very strong version. We begin with the negative result which is a straightforward
application of Proposition 2.6.6:
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Proposition 4.1.4. (Mg, Tpw) does not have automatic continuity with respect to the class
of Polish semigroups.

Proof. We set M := Mg as well as
N :={feMg:inf f = —o0 and sup f = 400}
and check the assumptions of Proposition 2.6.6. Clearly, N is a submonoid of M. If we

define f,, € Mg by
0, —n<zxz<n
n(x) =
f() {x, r< -—-norzxr>n

we have f,, € N but the sequence (f,,)nen converges with respect to the pointwise topology,
namely to the constant function with value 0 — which is not in N. Hence, N is not
Tpw-closed. Finally, if g € M and f ¢ N, e.g. Im(f) C [u,+00), then Im(fg) C [u, +00)
and Im(gf) € [g(u),+00), so fg.9f ¢ N.

By Proposition 2.6.6, the topological semigroup (Mg, Tpw) does not have automatic
continuity with respect to the class of Polish semigroups. O

On the other hand, Gg with the pointwise topology does have automatic continuity by
the following result due to Rosendal and Solecki (which we reformulate to fit our notation).

Theorem 4.1.5 ([RS07, Corollary 5] combined with the remarks before [RS07, Corol-
lary 3]). (Gg, Tpw) has automatic continuity with respect to the class of second countable
topological groups.

Explicitly, this means: If (H, Q) is a second countable topological group, then any group
homomorphism ¢: (Gg, Tpw) — (H,O) is continuous. By Proposition 2.6.5, the notions
of automatic continuity with respect to the classes of second countable topological groups
and second countable topological semigroups are equivalent, so we obtain:

Proposition 4.1.6. (G, Tpw) has automatic continuity with respect to the class of sec-
ond countable topological semigroups, explicitly: If (H, Q) is a second countable topological
semigroup, then any semigroup homomorphism (G, Tpw) — (H, Q) is continuous.

Finally, we use the technique of Back&Forth to find an answer to the following question:
given s, f € Mg, under which conditions does there exist a map s’ € Mg such that
s=fs'?

Lemma 4.1.7. Let s, f € Mg such that Im(s) C Im(f).

(i) Any finite partial increasing map mg from Q to Q satisfying s(p) = fmo(p) for all
p € Dom(mg) can be extended to s’ € Mg with s = fs'.

(ii) Additionally suppose that for each w € Im(f) the preimage f~*{w} is an irrational
interval. Then any finite partial increasing injective map mqg from Q to Q satisfying
s(p) = fmo(p) for all p € Dom(myg) can be extended to an injective s’ € Mg with
s=fs'.

Proof. The proofs of both statements are almost parallel: one verifies that the system S
of all finite partial increasing [for (ii): strictly increasing] maps m from Q to Q satisfying
s(p) = fm(p) for all p € Dom(m) is a Forth system and applies Lemma 2.8.2. O
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4.2 Overview

4.2 Overview

As mentioned in the Introduction (Chapter 1), Question B cannot be answered using known
techniques: since (Mg, Tpw) does not have automatic continuity but (Gg, Tpw) does, the
monoid Mg equipped with the pointwise topology cannot satisfy Property X (or even
Pseudo-Property X) with respect to the group (Gg, Tpw) by Proposition 2.7.3(ii). Further,
the monoid does not fall into the regime of the known counterexamples either — in particular,
Example 2.6.3 does not apply: Mg cannot be represented as a self-embedding monoid
(it contains non-injective functions). On the other hand, Example 2.6.3 does encompass
End(Q, <) = Emb(Q, <), so if we were to replace Mg = End(Q, <) by End(Q, <) in
Question B, the resulting question would have a simple (negative) answer.
The main goal of the present chapter is to show the following theorem:

Theorem B. The pointwise topology is the unique Polish semigroup topology on Mg.

It can be readily seen that the pointwise topology on Mg coincides with the Zariski
topology, yielding that 7, is coarser than any Polish semigroup topology on Mg (Step (1)
from the Introduction), see also Corollary 3.2.1. The essence of our strategy to prove
the converse direction (Step (2) from the Introduction) and thus Theorem B is to find a
finer topology (which turns out to be neither Polish nor a semigroup topology) on Mg,
the so-called rich topology Tricn, with the following two properties: On the one hand,
the rich topology needs to be sufficiently fine that Mg equipped with the rich topology
satisfies Pseudo-Property X with respect to (Gg, Tpw) which gives that any Polish semigroup
topology is contained in 7T,;.;; on the other hand, the rich topology needs to be sufficiently
coarse that any Polish semigroup topology 7 with 7, € 7 C Tyich can be shown to indeed
coincide with the pointwise topology. The latter reduction property is new and does not
play a role in the previous proofs from [EJM™] and [EJMT23].

Examining our proof more closely, we in fact show a stronger result: We do not apply
the full power of Polishness to prove that a Polish semigroup topology 7 on Mg coincides
with the pointwise topology. Instead, we only use that 7 is a semigroup topology which is
second countable, Hausdorff and regular, as well as that a countable intersection of dense
open sets is dense, i.e. that (Mg, T) is a Baire space (the conclusion of Baire’s Category
Theorem holds). By Urysohn’s metrisation theorem (see e.g. [Wil70]), a second countable
space is metrisable if and only if it is Hausdorff and regular, so we can reformulate our result
in the following form: The pointwise topology is the unique second countable metrisable
Baire semigroup topology on Mg. Comparing with [EJM'23], most examples treated
there (in particular, all examples listed in the Introduction) do not need full Polishness
either; the results instead yield that the respective pointwise topologies are the unique
second countable Hausdorff semigroup topologies. Hence, no regularity or completeness-
type assumptions are necessary for these structures. For Mg, we additionally need that
the topology is regular and Baire, namely in the new reduction from the rich topology to
the pointwise topology which does not occur in [EJMT23].

A notion related to UPP that has been considered over the years is automatic homeo-
morphicity as studied e.g. in [BEKP18, BPP17, BTVG17, EH90, PP16, PP18]:

Definition 4.2.1. Let S < A4 be a sub(-semi-)group of Sym(A) (or A4) which is closed
with respect to the pointwise topology on Sym(A) (or A4). We say that S has automatic
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

homeomorphicity if any algebraic isomorphism from S to another closed sub(-semi-)group 7'
of Sym(A) (or A4) is indeed a homeomorphism between the respective pointwise topologies
on S and 7.

This property clearly is a weakening of UPP; it can be paraphrased as “unique pointwise-
like semigroup topology”. The paper [BTVG17] considered automatic homeomorphicity
for transformations on the rational numbers; we quote the following:

Theorem 4.2.2 ([BTVG17, Theorems 2.6 and 4.5]). Both End(Q, <) and End(Q, <) have
automatic homeomorphicity.

These results allow two interesting conclusions: On the one hand, they provide some
evidence backing the conjecture that End(Q, <) might have UPP. On the other hand, they
show that this cannot be taken for granted — while End(Q, <) has automatic homeomorphi-
city, we have already argued that it does not have UPP by an application of Example 2.6.3.
Consequently, the topology exhibited via this example is a “proper” Polish topology which
is not pointwise-like, i.e. it cannot be represented as a pointwise topology on some closed
submonoid of A4,

4.3 Proof strategy

As outlined in Section 4.2, we have to enrich the topology on Mg in order to make Pseu-
do-Property X with respect to (Gg, Tpw) possible. To motivate, consider s € Mg which
is “unbounded on both sides”, i.e. infs = —oco and sups = +o0o. Using the notation
from Definition 2.7.1 and applying Remark 2.7.2, we strive for a representation of the
form egs = hgm+1)agm)hgm)agm_l) o agl)hgl) with e left-invertible and agi) € Gg. In par-
ticular, es has to be unbounded on both sides as well, thus so too is the right hand side

hgmﬂ)agm)hgm)agm*l) . ..agl)hgl) and consequently each hgl). For any 1740 C Gg, the set

hgmH)V(m)hgm)V(m_l) ... V(l)hgl) therefore only contains functions which are unbounded
on both sides. Hence, any set U such that e,U C hgmH)V(m)hgm)V(m*l) o V(l)hgl) must
consist of such functions. Thus, in any topology on Mg which yields Pseudo-Property X,
the set of all functions which are unbounded on both sides must have nonempty interior.
Similar reasonings apply to the remaining kinds of “boundedness behaviour”.

We define several types of subsets of Mg:

Definition 4.3.1.

(0) Og(g?) ={se Mg :s(x)=y}; (pointwise)
z,y€Q
(1) 051} ={seMqg:s(I) CJ} (generalised pointwise)

)

I = (—o0,p) and either J = (—o0,q| or J = (—0o0,q) OR
I = (p,+00) and either J = [¢, +00) or J = (g, +00) for p,q € Q
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4.3 Proof strategy

(1¢1%) 051?] ={seMg:s(I) CJ}; (generalised pointwise,
I = (—o0,p) and J = (—o0,¢q] OR closed image constraint)

I = (p,+0o0) and J = [g, +o0) for p,q € Q
(2) O(L2()] ={seMg:infse L, supseU}; (boundedness types)

L=RorL={-o00} AND U=RorU = {+o0}

Explicitly, these are the following four sets:

O]g’])R ={se€ Mg :infs € R, sups € R} (bounded-bounded)
O(_QgO,R = {s € Mg :infs = —o0, sups € R} (unbounded-bounded)
O]g,zroo ={se Mg :infs € R, sups = +o0} (bounded-unbounded)
O(_ngﬁoo ={s € Mg :infs = —o0, sups = 400} (unbounded-unbounded)
(3) Og) ={se Mg :Im(s) N K =0}; (avoiding)
K =lq,q] or K =[q1,¢2) or
K = (q1,q2] or K = (q1,¢2) for q1,q2 € QU {Foo}, 1 < 2
(30Pm) Og?) = {s € Mg : Im(s) N K = 0}; (avoiding, open constraint)
K = (q1,92) for q1,q2 € QU {£o0}, @1 < @2

We mention explicitly that the sets formed analogously to type 1 but with closed in-
tervals I are already encompassed by type 0, i.e. the pointwise topology. For instance, if
I = (—o0,p| and J = (—00,¢| or J = (—0o0,q), then

{seMg:s(I) ST} =] {s € Mg:s(p) =y} € Tu

yeJ

We will make use of this fact in Section 4.5.
The types of sets defined above yield a template for constructing topologies.

Definition 4.3.2. If M C {0,1,1%,2,3,3°"}  then Tjs is the topology generated by
the sets of the types occurring in M. We further define the rich topology Tricn = To123;
explicitly, this is the topology generated by

37 [ = (—00,p),J € {(—00,q],(~00,9)},p,q € @}
U{01) 1 = (0,400, T € {la.+00), (0. +o0)}, p.q € Q
2 2 2 2
0 {002, 08,02, )
)

U {Oﬁi’ K e {[q1,q2): [a1,92), (a1 @2], (q1,92) }> a1, g2 € QU {Fo0}, 1 < QQ} .

Ifay,..., 20,91, .., yn € Q, it will be convenient to abbreviate Og’)?); =, Oé‘i?yi.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Remark 4.3.3. We note that Top2, i.e. the topology generated by 7,, together with the
boundedness types, “almost” is an alternative topology on Mg satisfying our requirements.
It is immediate that 7p2 is a second countable Hausdorff semigroup topology. Further, it
is regular since the boundedness types Og’ )R,O(_QQQR,O]% )JFOO,O(,Q(ZQ 4o are clopen in 7Toa,
thus it is metrisable by Urysohn’s metrisation theorem (see e.g. [Wil70]). However, the
topology To2 is not completely metrisable, for otherwise the closed (in particular Gg) sub-
set O]g ])R equipped with the subspace topology (which coincides with the pointwise topology)
would be completely metrisable as well and thus a Baire space. As a contradiction, the

sets Oy, = {s € Og)R :sup s > n}, n € N, are dense and open in Og)R but have empty

intersection.

With this terminology, we can formulate our main technical results.

Proposition 4.3.4. (M@J;ich), the endomorphism monoid equipped with the rich topol-
0gy, has Pseudo-Property X of length 2 with respect to (Go, Tpw)-

Let us note that we deem it unlikely that Mg equipped with any meaningful topology
could have Pseudo-Property X of length 1 (so Pseudo-Property X) with respect to (Gg, Tpw)
since it is only the second automorphism which gives us enough flexibility and control over
discontinuity points (see Definition 4.4.1 for this notion).

Proposition 4.3.5. Let T be a Polish semigroup topology on the monoid Mg such that
7;3111 CT CTrich- Then T = 7;011)-

Before we get to their proofs, let us comment on how Theorem B follows from these
results.

Proof (of Theorem B given Propositions 4.3.4 and 4.3.5). Let T be a Polish semigroup to-
pology on Mq. By Corollary 3.2.1(i), we know that the pointwise topology is the coarsest
Hausdorff semigroup topology on Mg = End(Q, <), so we obtain 7,, € 7. On the
other hand, we note that (Gg, Tpw) has automatic continuity with respect to the class of
second countable topological semigroups by Proposition 4.1.6. Combining Proposition 4.3.4
with Proposition 2.7.3(ii) yields that (Mg, Tricn) has automatic continuity with respect to
the class of second countable topological semigroups as well. Since (Mg, 7)) is second
countable, the identity map id: (Mg, Tricn) — (Mg, T) is therefore continuous, in other
words T C Trich. By Proposition 4.3.5, we finally conclude T = Tpy. O

The proofs of Propositions 4.3.4 and 4.3.5 are the subject of Sections 4.4 and 4.5, respec-
tively.

In the former section, we will find generic maps e, f,g,h € Mg (with e left-invertible)
so that the compositions fahbg for a,b € Gg exhaust the maps es for a great variety of
s € Mg. Further, we will — roughly speaking — analyse how the compositions fahbg change
with varying a,b € Gg. Some of the complexity arises from the requirement that a,b be
automorphisms.

The latter section has a different flavour in that we can allow maps to vary within Mg,
yielding less intricate constructions. Nonetheless, most (but not all) intermediate results
can be reformulated as — albeit easier — Property X-type statements, namely with respect
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4.4 The rich topology has Pseudo-Property X

to the entire semigroup Mg (equipped with different topologies) instead of Gg. One major
exception (Proposition 4.5.20) crucially employs regularity of the topology 7 in combination
with Polishness and cannot be reformulated as a (Pseudo-)Property X-type statement, for
good reason: if the proof of Proposition 4.3.5 just consisted of a series of such statements,
we could start from Proposition 4.3.4 and repeatedly apply Proposition 2.7.3 to show
that (Mg, Tpw) has automatic continuity with respect to the class of second countable
topological semigroups, contradicting Proposition 4.1.4.

4.4 The rich topology has Pseudo-Property X

This section is devoted to proving Proposition 4.3.4. With Remark 2.7.2 in mind, we want
to find a decomposition ess = fsashsbsgs of a given s € Mg with e, fs, 95, hs € Mg
and ag, by € Gg as well as a ﬁwh neighbourhood U of s such that for any s € U, we can
similarly decompose es§ = fsahg bgS with @,b € Go and the same maps e, fs, gs, hs. Given
Tpw-neighbourhoods V' and W of ag and by, respectively, we additionally have to make sure
that U can be taken small enough that for any s € U, we can pick a € V' and b e W. This
means that @ and as need to have the same behaviour on a given finite set, as do b and b,.

We will proceed in three steps. First, we will derive “compatibility conditions” such
that ess can be written in the form fsasts. These conditions exhibit such a tight connection
between s and ¢ that U can never force ess to satisfy these conditions for all § € U and
a fixed 5. In a second step, we will therefore expand ¢z in the form ¢y = hgbsgs for fixed
gs: hs € Mg and varying bs € Gg, yielding indeed ess = fsashsbsgs. For s € U, it turns out
that we can pick 7 = h bgs which is compatible with es§ to obtain ess = fsal = fsahs bgs
All the while, we have to make sure that a and as as well as b and bs coincide on given
finite sets, resulting in a third major step.

4.4.1 Generic surjections, generic injections, sparse injections and basic
formulas

Definition 4.4.1. Let s € Mg. We set

Cont(s) := {y € R : sup s(—o0,7) = inf s(v, +00)}
Dc(s) :={y € R: sup s(—00,7) < inf s(v,+00)},

the sets of continuity points and discontinuity points of s, respectively. Additionally, we
write Dc!(s) := Dc(s) N1 for notational simplicity. Finally, we extend s to an increasing
map 5: R — R by setting §() := sup s(—o0,~) for all v € L.

We will frequently use the notion of limit points in the following sense:

Definition 4.4.2. Let A C Q and v € R. We say that ~ is a limit point of A if v is
contained in the closure of A\ {7y} with respect to the standard topology on R. The set of
all limit points of A will be denoted by LP(A). If s € Mg, we will abbreviate LP(Im(s))
as LP(s) for better readability.

We collect a few easy facts:
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Lemma 4.4.3. Let s € Mg.
(i) Dc(s) is at most countable.

(ii) If s is injective and LP(s) C I, then Q C Dc(s) and $(I) C 1. In fact, sup s(—o0,q) <
s(q) < inf s(q, +o0) for all ¢ € Q. Additionally, (R \ Im(5)) N1 is topologically dense
i R.

(iii) Ifb € Gg, then Dc(b) = 0 and b: R — R is a strictly increasing bijection with 1_97(11) CL
Additionally, any increasing extension 3 of b to a set M C R coincides with b|yy.

We define three kinds of generic maps in Mg.
Definition 4.4.4.

(i) A map f € Mg is called a generic surjection if it is surjective and for each ¢ € Q,
the preimage f~'{q} is an irrational interval, i.e. f~'{q} = (ry,t,) for rq,t, € L.

(ii) A map g € Mg is called a generic injection if it is injective and unbounded-
unbounded with Dcl(g) = ¢ and LP(g) C I

(iii) A map h € Mg is called a sparse injection if it is injective, Dcl(h) is topologically
dense in R and LP(h) C I

It is an easy observation that such maps really exist.
Lemma 4.4.5.

(i) For every A C Q, there exists a map f € Mg with Im(f) = A such that the
f-preimages of single elements are irrational intervals. In particular, there exists
a generic surjection.

21 or ever nite or counta mijinite - ana ever: ounaeaness e ere
i) F y finit tably infinite A C T and every boundedness type O, th

exists an injective map v € O(L% which satisfies Dc(t) = AUQ as well as LP(1) CT.
(111) There exists a generic injection in Mg.
(iv) There exists a sparse injection in Mg of any boundedness type.

Proof.

(i). We put M := A x Q and set <js to be the lexicographic order on M where the
first component is the significant one. Define 7: M — Q by 7 (w, q) := w. Since (M, <js)
is countably infinite and densely ordered without greatest or least element, there exists an
order isomorphism «: Q — M. Setting f := 7w o o, we obtain a map as desired.

(ii). We only consider the case 022(} = OR,+o0; the others are treated analogously. Put

M:=(AUQU{-o00}) xQ

and set <js to be the lexicographic order on M where the first component is the significant
one. Define j: Q — M by j(z) := (x,0). Since (M, <,s) is countably infinite and densely
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4.4 The rich topology has Pseudo-Property X

ordered without greatest or least element, there exists an order isomorphism §: M — Q.
Setting ¢+ := B0 j € Mg, we obtain a map as desired.

(iii). Setting A = 0 as well as O(L% = O(_2207+oo and using (ii), we obtain a generic
injection.

(iv). Setting A C I to be a countably infinite topologically dense set and using (ii), we
obtain a sparse injection with any boundedness type. O

Another useful notion is given by the generalised inverse of maps in Mg.

Definition 4.4.6. Let s € Mg and y € Q. Define! s*(y) :=sups—!(—o0,y) € RU {+oo}
and s%(y) := inf s~ (y, +00) € RU {#o0}. If s¥(y) and s%(y) coincide, we define s'(y) :=
st (y) = s%(y) (the generalised inverse of s at y).

The following observations are easily deduced directly from the definitions.
Lemma 4.4.7.
(i) Let s € Mg. If y € Im(s) and if x € Q is the only s-preimage of y, then s'(y) = z.

(ii) Let s € Mg be injective. Then s'(y) is a welldefined real number for all elements
y € (inf s,sup s).

(iii) Let g € Mg be a generic injection. Then g'(y) € Q for all y € Q. In particular, g
is left-invertible in Mg with left inverse gt. Moreover, for all rational intervals J
with boundary points q1 and gz in QU {00}, the preimage g1 (J) is again a rational
interval with boundary points® g% (q1) and g% (q2).

(iv) Let g € Mg be a generic injection. Then the translation \y: s — gs is continuous as

a map3 (MQ, ﬁ‘ich) — (MQa ﬁ’ich)-

(combine the Tpy,-continuity of Ay with (iii) and the fact that s and gs have the same
boundedness type since g is unbounded-unbounded)

As mentioned in the introduction of Section 4.4, we will derive compatibility conditions
such that e;s = fsasts for maps s, e, fs, 15 € Mg and as € Gg. It will be convenient to
consider a slightly more general situation and aim for ¢ = ma¢; this will then be applied
for m = fs and o := egs, and later on for & := ez5. Again by the introductory remarks, we
will need to make sure that the function a maps z — ¥ for given tuples z, .

First, we reformulate our problem in model-theoretic language. As a starting point, note
that o = wae is equivalent to the fact that a(i(q)) € 7 {o(q)} for all ¢ € Q. Since 7 is
increasing, the preimage m~'{o(q)} is an interval. Thus, if o(¢) = o(¢’) for some ¢, ¢" € Q,
then not only do «(q) and ¢(¢") have to be mapped to the same interval, but all points
between 1(q) and ¢(q") have to be as well. This motivates the following definition:

Definition 4.4.8.

"We put sup ) := —oo and inf §) := +oc.

2Note, however, that e.g. ¢~ "[q1, g2] need not be closed.

3Since Tricn is not a semigroup topology — a fact on which most of Section 4.5 hinges — this cannot be
taken for granted and depends on the genericity of g.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

(i) Let {P; : ¢ € Q} be a set of unary relation symbols and define the language L by
L:={<}U{P;:qeQ}.
(ii) Let o,m,t € Mg. For ¢ € Q, we set
A -1
P, := convex hull of «(c™ {o(q)})

Py =n"o(q)}

and define L-structures A = <Q, <, (Pﬁ)qe(@ and B = <Q, <, (PqB)qu>. If o, 7, are
not clear from the context, we will write A(o, 7, ¢) and B(o, m,¢).

In the sequel, L, A and B will always denote the objects just defined. Note that a sur-

jective L-homomorphism a: A — B is automatically contained in Gg and satisfies o = macr.

Thus, our aim is to construct a surjective L-homomorphism extending a given map x +— ¥.
We will do so using the Back&Forth method, see Subsection 2.8.

Definition 4.4.9. A formula t(Z) over L is called basic if it is one of the formulas
(1 Pq(Zi)a qc Q

)
(ii) 2 < Zj

(ili) Lg(z) 4> Fu:u < z; A Py(u), ¢qeQ

(iv)

For a basic formula ¢ (z) and a tuple z in A, we write A |= ¢(z) if Z satisfies the formula v (z)
in A; we analogously define B = ¥ (y). If m is a (potentially partial) map from A to B,
then m is said to preserve 1(z) if A |= ¢(z) implies B = ¢(m(z)) for all tuples z in the
domain of m.

q
Ry(z) 4> Ju:u >z A Py(u), qe€Q

Note that basic formulas contain only existential and no universal quantifiers, so total
homomorphisms A — B always preserve all basic formulas. In the following, we will work
with partial maps from A to B preserving all basic formulas, either extending maps without
losing that property or analysing when a given map indeed preserves all basic formulas.

4.4.2 Proving Proposition 4.3.4

The crucial technical results necessary for the proof of Proposition 4.3.4 are three lem-
mas, one for each of the steps mentioned in the introduction of Section 4.4: the Sandwich
Lemma 4.4.11, the Preconditioning Lemma 4.4.12 and the Variation Lemma 4.4.13. In
this subsection, we formulate them and demonstrate how they are used to show Proposi-
tion 4.3.4. For proofs of the three lemmas, we refer to the following subsections. We start
by fixing some notation for the sake of brevity:

Definition 4.4.10. We say that o, 7,1 € Mg are compatible if

(a) 0 € Mg satisfies LP(c0) C 1,

4Note: < instead of <!
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4.4 The rich topology has Pseudo-Property X

(b) m € Mg is a generic surjection,

(c) v € Mg is injective with LP(¢) C I, has the same boundedness type as o and satisfies
Dcl(1) = Dl(o).

Lemma 4.4.11 (Sandwich Lemma). Let 0,7, ¢ € Mg be compatible.
Then the following statements hold:

(i) The set of all finite partial L-homomorphisms m from A to B preserving all basic
formulas is a Backé Forth system.

(i1) There exists a € Gg such that 0 = mwacr. Indeed, if m is a finite partial L-homo-
morphism from A to B preserving all basic formulas, there exists a € Gg extending
m such that 0 = mac.

Referring back to the overview presented in the introduction of Section 4.4, we can now
precisely state why our approach requires aiming for Pseudo-Property X of length 2: to
apply the Sandwich Lemma 4.4.11, we need that ¢ = ezs and ¢ have the same irrational
discontinuity points, so the irrational discontinuity points of s and ¢ need to be closely
connected. Since no 7,;.p-neighbourhood U can encode Dcﬂ(s), we cannot use a fixed
map ¢ for all §in U. Thus, we need to adapt ¢ to 5. We will write « = hbg, where b varies
in Gg and g,h € Mg are fixed elements. As it will turn out, it is crucial that we are very
free in stipulating finite pointwise behaviour not only of b on Q but also of the extension b
on I.

Lemma 4.4.12 (Preconditioning Lemma). Let g € Mg be a generic injection, let h € Mg
be a sparse injection and let A C 1 be finite or countably infinite’. Then there exists b € Gg
such that « := hbg satisfies Dcl(1) = A as well as LP() C I, namely any b € Go with
b= (D (h))NIm(g) = g(A). The boundedness type of v coincides with the boundedness type
of h.

Moreover, suppose that zZ and w are tuples in Q, that zZ' and w' are tuples in (R\Im(g))NI
and Dc'(h), respectively, and that " and @" are tuples in G(A) and Dc'(h), respectively.
If the partial map sending z — w, z' — @' and 2" — @" is strictly increasing, then b € Gg
can be picked so that b extends this map.

Combining the Preconditioning Lemma 4.4.12 (putting A = Dc'(e,s), see the proof of
Proposition 4.3.4 below) with the Sandwich Lemma 4.4.11, we can show that ¢ := egs can
be written in the form mast = fsashsbsgs with as, bs € Gg if m = f is a generic surjection,
gs and eg are generic injections and hg is a sparse injection with the same boundedness
type as s — note in particular that the choice of the maps e, fs, gs, hs only depends on the
boundedness type of s. For the remaining part of Pseudo-Property X, we have to prove
the following: If as(7) = g as well as bs(2) = w, there is a 7,;cp-neighbourhood U of s such
that for all § € U one can write es§ = fsahsbgs, where a,b € Gg with a(z) = y as well as
b(z) = w. By the Preconditioning Lemma 4.4.12, we could find b € Gg with b(z) = w such
that 6 := €48, fs, 0 :=h bgs are compatible. Thus, the Sandwich Lemma 4.4.11 would yield
a € Gg with ess5 = fsdhsl;gs — however, this automorphism a need not satisfy the condition

SWhen applying this lemma, we will put either A = Dc(ess) or A = Dc(es5).
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

a(r) = y. To improve upon this strategy, the final statement of the Sandwich Lemma 4.4.11
suggests we construct b in such a way that the finite partial map defined by & — 3 preserves
all basic formulas when considered as a map from A(7d, fs,7) to B(a, fs, 7).

Lemma 4.4.13 (Variation Lemma). Let o, f,g,h € Mg and a,b € Gy such that o =
fahbg, where LP(0) C 1, f is a generic surjection, g is a generic injection, h is a sparse
injection with the same boundedness type as o, and finally b= (Dcl(h))NIm(g) = g(Dcl(0)).
Let further z,y, z,w be tuples in Q such that a(z) =y and b(z) = w.

Then there exists a Tricn-neighbourhood O of o such that the following holds:

For any ¢ € O with LP(6) C I, there exist tuples z* and w* in Q and tu-
ples 2’ and @' in (R\Im(g)) N1 and Dc'(h), respectively, and tuples 2" and w"
in g(DY(5)) and Dc'(h), respectively, such that

e the finite partial map z — w, z* — w*, 2 — W', 2" — W is strictly
mcereasing,

e ifbc Gy satisfies b(2) = w, b(z*) = @*, b(Z) = @', b(Z") = @" and is such
that &, f,t := hbg are compatible, then T — y preserves all basic formulas
when considered as a finite partial map from A(a, f,7) to B(a, f,7).

Combining these results, we can prove that Mg equipped with the rich topology has
Pseudo-Property X of length 2 with respect to (Gg, Tpw):

Proof (of Proposition 4.5.4 given Lemmas 4.4.11, 4.4.12 and 4.4.13). Let s € Mg. We
follow the strategy outlined in Figure 4.1. First, we construct a decomposition ess =
fsashsbsgs.

We use Lemma 4.4.5 to find a generic injection e5 € Mg, a generic surjection fs € Mg, a
generic injection g, € Mg and a sparse injection hy € Mg with the same boundedness type
as s. By Lemma 4.4.7(iii), the map e; is left-invertible. Since e is unbounded-unbounded,
0 = e4s has the same boundedness type as s (and as hy) and satisfies LP(0) C LP(es) C I
Applying the Preconditioning Lemma 4.4.12 with A = Dc'(c), we obtain b, € G such that
Ls = hsbsgs is compatible with ¢ and fs, namely bs € Gg with by !(Dc'(h)) N Im(gs) =
gs(Dcl(0)). Using the Sandwich Lemma 4.4.11, we obtain as € Gg such that

€s§ =0 = fsasbs = fsashsbsgs-

This proves conditions (i) and (ii) in the definition of Pseudo-Property X.

For condition (iii), let V,W C Gg be open sets in the pointwise topology on Gg with
as € V and by € W. We need to find U € T, with s € U such that e;U C fsVhWgs.
By shrinking the sets if necessary, we can assume that V' = {a € Gg : a(z) = g} and W =

o = fsashsbsgs to obtain a T.;p-neighbourhood O of ¢ with the following property: If
§ € Mg is such that ¢ := es§ € O, there exist tuples z* and w* in Q and tuples z’ and @’
in (R\ Im(g)) NT and Dc!(h), respectively, and tuples 2 and w” in g(Dcl(5)) and Dcl(h),
respectively, such that z — w, z* — w*, 7 — @', 2’ — @" is strictly increasing and,
additionally, if b € Gg satisfies b(Z) = w, b(z*) = w*, b(Z') = @', b(z") = @" and is such that
o, f,l:= th)g are compatible, then Z — § preserves all basic formulas when considered as a

44



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.4 The rich topology has Pseudo-Property X

finite partial map from A(&, fs,7) to B(a, fs,7). Given such § € Mg, the Preconditioning
Lemma 4.4.12 with A = Dc!(5) as well as ZUz* and wUw* in place of Z and w, respectively,
yields b € Go with the above properties. Hence, £ +— ¥ preserves all basic formulas
when considered as a finite partial map from A(&, fs,7) to B(&, fs, ), and the Sandwich
Lemma 4.4.11 gives @ € Gg with a(%) = 7 and e,8 = fsai = feahsbgs € fVhsWgs.

In other words, setting U := )\6_31(0) gives e;U C fsVgsWhs as desired. Noting that U
is a Triep-neighbourhood of s by Lemma 4.4.7(iv) finishes the proof. O

_

Given: T,y,z,w
bs as with as(Z) = 7,
Step 1: Step 2: bs(2) = w
Preconditioning Sandwich ~
Lemma 4.4.12 Lemma 4.4.11 Goal: a,b € Gg
with a(z) = 7,
b(z) =w
generic injection b sparse injection a generic surjection
Step 4: ’ Step 5: ’
Preconditioning Sandwich
Lemma 4.4.12, Lemma 4.4.11,
b satisfies a satisfies
Z — w and the Ty
additional
conditions
- ——- ess . ____ i

Step 3: Variation Lemma 4.4.13 ~ conditions on es5
for fixed §: additional conditions on b such that the Sandwich Lemma 4.4.11 applies

Figure 4.1: Illustration of the proof of Proposition 4.3.4.

4.4.3 Proving the Sandwich Lemma 4.4.11

The proof of the Sandwich Lemma 4.4.11 requires two additional auxiliary facts.

Since 7 is a generic surjection, the preimages 7~ '{z} have neither a greatest nor a least
element. This implies the following simple yet crucial interpretation of the formulas Py(z),
L,(z) and Ry(2) in B:

Lemma 4.4.14. Let m € Mg be a generic surjection. Then the following holds for all
¢,y € Q:

(i) B Py(y) if and only if o(q) = 7(y).
(it) B |= Ly(y) if and only if o(q) < 7(y).

(iii) B = Ry(y) if and only if o(q) > 7(y).
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

In particular, B |= Py(y) implies B = Ly(y) as well as B |= Ry(y).

The following straightforward lemma intuitively means that our definition of Pf is the
“correct” one:

Lemma 4.4.15. Let o, 7,1 € Mgq. For all q,¢' € Q, we have
PrNPy #£0< Pr=Pheolq =0(d) e P =P) < P/ NPy #0.
Now we can prove the Sandwich Lemma 4.4.11:

Proof (of the Sandwich Lemma 4.4.11). Since the second statement follows by combining
the first statement with Lemma 2.8.2 to obtain a surjective L-homomorphism a: A — B
extending m, we only have to show (i). We will verify that the set of all finite partial
L-homomorphisms m from A to B preserving all basic formulas has the Forth property and
the Back property. Let m be such a homomorphism.

Forth. Given 2 € A\ Dom(m), we need to find y € B\ Im(m) such that the extension m’
of m by x + y is a finite partial L-homomorphism preserving all basic formulas. We will
use the following general strategy: We first identify the desired position of y with respect
to the predicates F;, Lq, Ry, and then employ the fact that m preserves all basic formulas
to find y such that m and z — y are additionally order-compatible.

Let a = (a1, ...,a,) be an ascending enumeration of Dom(m) and let b := m(a). Since m
is strictly increasing, b is an ascending enumeration of Im(m). Setting ayp := —oo and
ap41 1= +00 as well as by := —oo and by41 := +00, there exists an index ig € {0,...,n}

such that a;, < x < a;,+1. We distinguish two cases:
Case 1 (g0 € Q: z € Pqu): Since 7 is a generic surjection (property (b) of compatibility),
it suffices to find y with
o(qo) = m(y) and bi;, <y < big41;

note that even though we do not know whether z satisfies Ly, and Ry, in A, the element y
certainly satisfies Ly, and Ry, in B, see Lemma 4.4.14. Applying that m preserves Ry,
and Lg,, one obtains m(b;,) < o(qo) < m(bjy+1) via Lemma 4.4.14 which yields the existence
of y with the desired properties (by property (b) of compatibility, the preimage 7~ 1{o(qo)}
does not have a greatest or least element).

Case 2 (3q € Q: x € P;): In this case, we have J_ = {g€Q: A Ly(z)} =
17 (—o00,x) as well as J4 :={q € Q: A E Ry(z)} = ¢ (x, +00), and further Q = J_ U J;
where the common boundary point of J_ and J; is ¢f(x); note that J. could be empty, in
which case «f(z) = +o0. Similarly to Case 1, it suffices to find y with (for J_ = ), we put
supo(J_) = —oo; analogously for J, = 0)

supo(J_) < w(y) <info(Jy) and b, <y < bjg+1.

This is accomplished by verifying

supo(J_) < info(Jy) (4.1)

7(bi,) < info(J;) (4.2)

supo(J-) < w(big+1) (4.3)

Jup € Q: max(supo(J_),m(bi,)) < up < min(inf o(J4), 7(big+1))- (4.4)
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4.4 The rich topology has Pseudo-Property X

If up is as in (4.4), there exists y € 7 {ug} with b;, < y < bjy+1. Any such y has the
desired properties.

By our assumption for the current case, the element x is in a “gap” of A; the inequal-
ity (4.1) expresses that there exists a matching “gap” of B. To verify, one distinguishes
by ¢f(z) and applies convenient parts of the properties (a) and (c) of compatibility: If
M(x) = —o0, ie. J_ = 0 and Jy = Q, then ¢ is bounded below, so ¢ is bounded below
by property (c) of compatibility, yielding (4.1). For f(x) = +o0, one argues analogously.
If J_ has a greatest element ¢, observe that o(.Jy) consists of elements strictly greater
than o(q). Use LP(o) C I (property (a) of compatibility) combined with Lemma 4.4.15
to see that inf o(J) is either contained in o(.Jy) or irrational. Conclude o(q) < inf o(J5)
which yields (4.1). If J; has a least element, one argues analogously. It remains to consider
the case that f (z) € R and neither J_ nor J; has a greatest or least element, respectively.
Then ((x) € T and, since = ¢ LP(:) by property (c) of compatibility, also ¢'(z) € Dc(s).
Another application of property (c) of compatibility yields f(x) € Dc(o) and thus (4.1).

The inequalities (4.2) and (4.3) are clear since m preserves all basic formulas, the in-
equality (4.4) is immediate from the previous ones.

Back. Given y € B\ Im(m), we need to find € A\ Dom(m) such that the extension m/
of m by x — y is a finite partial L-homomorphism preserving all basic formulas. We
proceed similarly to the Forth step.

As before, let @ = (a1, ..., a,) be an ascending enumeration of Dom(m) and let b := m(a)
be the corresponding ascending enumeration of Im(m). We again set ap := —oo and
an+1 = 400 as well as by := —oo and b,,41 := 400, and define the index iy € {0,...,n}

such that b;, < y < bjy11. We further set I_ := o~ 1(—o0,7(y)), I := o {n(y)} and
L == 0" Yn(y), +oo). If = satisfies

supt(I_) < z <infi(I1) and a;, < = < ajp+1,

then m’ extending m by x + y preserves all basic formulas since SUPger_ Pﬁ = sup (1)
by Lemma 4.4.15 (and analogously for I,). If I # (), note that even though we cannot
predict whether = will be contained in P(fx or will be below or above Pf for one (and thus
for all) ¢ € I, the element y satisfies P, as well as Ly, R, in B.

One finds the desired element x by verifying

sup ¢(I-) < inf¢(1y) (4.5)
a;, < infi(1y) (4.6)
sup t(1-) < ajy+1 (4.7)

and picking any x with max(sup ¢(/_),a;,) < * < min(inf ¢(/1), a;y+1). Using the proper-
ties (a) and (c¢) of compatibility, the inequality (4.5) follows just as (4.1) did in the Forth
step. For the inequality (4.6), observe that a;, < ¢(¢) for all ¢ € I (for otherwise, m would
not preserve P, and R,;) and that inf (/) is either contained in ¢(I) or irrational. The
same argument yields the inequality (4.7). O

4.4.4 Proving the Preconditioning Lemma 4.4.12
To find b, we use a Back&Forth strategy.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Proof (of the Preconditioning Lemma 4.4.12). Combining the facts that ¢ is continuous at
all irrational points (by definition), that g(I) C I (by Lemma 4.4.3(ii)) and that any b for
b € Gg is continuous at all irrational points (by Lemma 4.4.3(iii)), we obtain that bg will
always be continuous at all irrational points as well. Thus,

Del(hbg) = 5! (6—1(Dc(h)) N g(]l)) NI
If we use that g(I), b(I) C I, we conclude
Dcl(hbg) = g~ (5—1(Dcﬂ(h)) N Im(g)) NL
Hence, it is sufficient to construct b in such a way that
b~ (De'(h)) N1m(g) = g(A); (4.8)

if we set ¢ := hbg, then LP(:) C LP(h) C I and ¢ has the same boundedness type as h since
both ¢ and b are unbounded-unbounded.

To fulfil (4.8), note first that there exists a countable set D C (R \ Im(g)) NI which is
topologically dense in R: by Lemma 4.4.3(ii), the set (R \ Im(g)) NI is topologically dense
in R, so it suffices to pick D to be topologically dense in (R \ Im(g)) NI (which is possible
since the latter is a subset of a separable metric space and therefore separable itself). In
doing so, we can make sure that D contains all entries of z’.

Instead of directly constructing a map b: Q — Q which satisfies (4.8), we will find an
order isomorphism 3: QU (g(A) U D) — QU Dcl(h) satisfying

B(Q):@ and ﬁ(g A)UD) :DCH(h as well as
/8(2) w and 6( /) — 71)”6(7//) s

Setting b := S|g then yields the map as in (4.8) since B‘QU(@(A)UD) = [ by uniqueness of
the increasing extension (see Lemma 4.4.3(iii)) and therefore

Il
Ny

I\

b~ (Dc'(h)) N1Im(g) = (3(4) U D) N1m(g) = g(A).

To obtain 3, we show that the system S of all finite partial order isomorphisms m from
QU (§(A) U D) to QUDCc(h) such that

m(QNDom(m)) =QNIm(m) and m((g(A)UD)NDom(m)) = Dcl(h) N Im(m)

is a Back&Forth system — by Lemma 2.8.2, the finite partial order isomorphism defined by
zZ—w, z — w and z” — @w” (which is a member of S) can then be extended to a map
with the desired properties. For the Back step, suppose m € S and v ¢ Im(m). Let v be
the greatest element of Im(m)N(—oo, ) (or —oo if no such element exists) and, dually, let '
be the least element of Im(m) N (v, +00) (or 4o if no such element exists). If v € Q, pick®
§ € (m'(y"),m 1 (¢))rNQ; if v € D' (h), pick § € (m~'(y"),m~'(v))rN(g(A)UD) ~ by
topological density of Q and g(A)UD D D in R, this is always possible. Then the extension
of m by 0 — ~ is an element of S as well. For the Forth step, one argues analogously. [

S(m= ("), m™ (v"))r refers to the interval of all real numbers between m ™' (y") and m™"(v").
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4.4 The rich topology has Pseudo-Property X

4.4.5 Proving the Variation Lemma 4.4.13, special cases

In a series of lemmas, we first consider the cases that can occur in the special situation
that & and gy consist of a single element. In Subsection 4.4.6, we will then amalgamate
these special cases to a full proof. We will always consider the same setup:

Notation 4.4.16. We say that () holds if we are in the following situation:

(a) 0,6 € Mg satisfy LP(0), LP(6) C I and have the same boundedness type,

b) f € Mg is a generic surjection,
)

(
(c
(

g € Mg is a generic injection,

d) h € Mg is a sparse injection with the same boundedness type as ¢ and &,
(¢) ac Gy,

(f) b € Gg satisfies b~ (Dcl(h)) NIm(g) = g(Dcl(0)),

)
(g) o = fahbg, so a preserves all basic formulas as a map from A(o, f,¢) to B(o, f,¢),
where ¢ := hbg.

To simplify the arguments, we reformulate the property of preserving all basic formulas
central to the Sandwich Lemma 4.4.11.

Lemma 4.4.17. Let o,m, 1 € Mg such that 7 is a generic surjection. Then the map x — y
preserves all basic formulas when considered as a finite partial map from A to B if and only
if the following two conditions hold:

o (17 (—00,2]) C (—oo,7m(y)] and o (¢ 'z, +00)) C [7(y),+00). (4.9)

Proof. Assume first that (4.9) holds. Since the finite partial map in question has a one-
element domain and image, we do not have to consider formulas of the form z; < z;. If
A | Py(z) for some ¢ € Q, then there exist ¢’,¢"” € Q such that «(¢") < = < «(¢’) and
o(q") = olq) = o(q). By (4.9), we obtain o(q) = 0(¢") < w(y) < o(¢) = o(q), soy € Py.
If A = Ly(z) for some ¢ € Q, there exists u € Pf such that u < y. By the previous
argument we have o(q) = m(u) < 7(y), so B = Ly(y) (see Lemma 4.4.14). Finally, if
A = Ry(x) for some g € Q, we argue analogously.

Now assume that x — y preserves all basic formulas as a finite partial map from A to B.
We only show o (Fl(—oo,x]) C (—oo,m(y)]- Let g € 171 (—o00, 7], i.e. 1(q) < z. If 1(q) = =,
then z € P;\ soy € PéB by assumption and thus o(q) = 7(y). If ¢(¢) < z, then z € LqA, SO
Y € ng and thus o(q) < 7(y) (see Lemma 4.4.14). O

After these preparations, we can state and prove the series of auxiliary lemmas.

Lemma 4.4.18 (sce Figure 4.2). Let 0,6, f, g, h,a,b such that (x) holds. Let further z,y €
Q such that a(z) = y.
Suppose that = ¢ (inf h,sup h). Then one of the following two cases occurs:
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(1) (i) Im(h) C (=00, z) and Im(c) < (=00, f(y)].
(i) If
Im(5) € (=00, f(y)], i-e. Im(d) N (f(y),+o0) =0,
then for any b € Gq, the map x — y preserves all basic formulas as a finite
partial map from A(&, f,7) to B(G, f,i) where I := hbg.
(2) (i) Im(h) C (z,+00) and Im(c) < [f(y), +00).
(ii) If
In(3) C [f(y), +00), i.e. Tm(5) N (—00, f()) = 0,
then for any b e Gq, the map x — y preserves all basic formulas as a finite
partial map from A(&, f,7) to B(G, f,7) where I := hbg.

g b h a f
—————————— >
b
E m f(y)
Im(h) Im(c) Im(5)

Figure 4.2: Illustration of Lemma 4.4.18, Case (1).

Proof. Our assumption = ¢ (inf h,suph) implies that either h(r) < z for all » € Q or
h(r) > x for all r € Q. Since h is injective, Im(h) cannot have a greatest or least element.
Thus, either Im(h) C (—oo,z) or Im(h) C (z,+00). We only treat the former case which
corresponds to (1).

(i). We have to show that Im(o) C (—o0, f(y)] — this follows directly from Lemma 4.4.17
by noting ¢~ (—o00, 2] = g~ (b~ (h 1 (—00,2])) = Q.

(ii). With the same argument as in (i), observe i~!(—o0,2] = Q and i~ ![z, +o0) = 0.
Thus, the statement follows by another application of Lemma 4.4.17. 0

Lemma 4.4.19 (see Figure 4.3). Let 0,5, f, g, h,a,b such that (x) holds. Let further x,y €
Q such that a(z) = y.

Suppose that x € (inf h,suph) with” r := hi(z) € Q, and set p := b~ (r) as well as
I_:= 1" (~00,2] and I} := 1" x,+00). Then the following holds:

"Note that this encompasses the case € Im(h) and in particular x € Tm(z).
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(i) 1_ and I are rational intervals with o(I_) C (—oo, f(y)] and o(I+) C [f(y), +00).
(ii) If
o (I-) € (=00, f(y)] and & (1) C [f(y), +0o0),

then for any b € Go with b(p) = b(p) (= 7), the map x — y preserves all basic formulas
as a finite partial map from A(&, f,7) to B(a, f,7) where i := hbg.

=l o(Iy) {|po(ly)
1z, 4o00)

g inf h(r,4+00)
3 f)

o(I_)<{|p a(I-)

Figure 4.3: Illustration of Lemma 4.4.19.

Proof.

(i). Since r = hf(z) € Q, we know that h~'(—oc,z) and h~'(x,+oc) are rational
intervals, both with boundary point r. Hence, the intervals h=!(—oco,x] and h~ [z, +00)
also have boundary point r (if z € Im(h), the intervals become closed; otherwise, they do
not change). By b € G, the preimages b~ (h~!(—o0,z]) and b~ (h~![z, +00)) are rational
intervals as well, both with boundary point p = b= (r). Finally, I_ = g~ (b= (h™!(—00, 2]))
and I, = g~ 1(b~Y(h![z, +00))) are rational intervals by applying Lemma 4.4.7(iii).

The inclusions o(I_) C (—o0, f(y)] and o(I+) C [f(y),+o0) follow from Lemma 4.4.17.

(ii). We claim that i~!(—o0, 2] =t 71 (—o00,z] = I_ and i~![x, +00) = 17}z, +00) = I};
the statement then follows by another application of Lemma 4.4.17. To this end, it suffices
to note that b=(h~!(—o0,x|) coincides with b~ (h~!(—o0,z]) since they have the same
structure (open/closed) as h~!(—oo, 2] and the same boundary point, namely b1 (r) = p =

b=1(r). Analogously, b= (h~![z, +00)) coincides with b= (h~![z, +00)). O

Lemma 4.4.20 (see Figures 4.4 and 4.5). Let 0,0, f,g,h,a,b such that (x) holds. Let
further x,y € Q such that a(z) = y.

Suppose that x € (inf h,sup h) with vy := hi(x) € I and q := T (z) € Q. Then one of the
following four cases occurs:
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(1) (i) g(q) < b '(y) < infg(q, +o0). Additionally, there exist u,v € Q such that
9(q) < u < v <infg(q,+00) and hb(u) < x < hb(v). Finally, o(q) < f(y) and
(g, +00) € [f(y), +00).
(i) 1If
[/ (y), +00),

then for any b € Go with b(u) = b(u) and b(v) = b(v), the map x > y preserves
all basic formulas as a finite partial map from A(G, f,7) to B(a, f,7) where i :
hbg.

o(q) =o(q) and &(g,+00) C

g(q) < b~Y(y) = inf g(q, +o0). Additionally, there exists u € Q such that
9(q) <u <infg(q,+00) and hb(u) < z. Finally, o(q) < f(y) and o(q,+o0) C
[£(y), +00) as well as b~ (y) € (R\ Im(g)) N1 and v € Dcl(h).

(i) If

(2) (i)

o(q) = o(q) and (g, +00) C [f(y), +0),
then for any b € Go with b(u) = b(u) and 3(5_1(7)) = b(b' (7)) = v (s0

b=Y(y) =b1(v)), the map x — y preserves all basic formulas as a finite partial
map from A(& f, ) to B(a, f,7) where T := hbg.

(3) (i) supg(—o0,q) < b~ (v) < g(q). Additionally, there exist u,v € Q such that
sup g(—oo ) u < v < g(q) and hb(u) < x < hb(v). Finally, o(—00,q) C
(=00, fly )] ()Zf()
(i1) If

0(—00,q) C (=00, f(y)] and &(q) = o(q),

then for any b € Go with b(u) = b(u) and b(v) = b(v), the map x — y preserves
all basic formulas as a finite partial map from Ao, f,7) to B(a, f,7) where i :=
hbg.

(4) (i) supg(—o0,q) = b= (y) < g(q). Additionally, there exists v € Q such that
sup g(—00,q) < v < g(q) and x < hb(v). Finally, o(—o0,q) C (—o0, f(y)] and
o(q) > fly ) as well as b='(y) € (R\Im(g)) N1 and v € Dct(h).
(ii) If
o(=00,q) C (=00, f(y)] and &(q) = o(q),
then for any b € Gg with b(v) = b(v) and b(b~1(7)) = b(b~1(7)) = v (s0 b~ (7) =
b=1()), the map =+ y preserves all basic formulas as a finite partial map from
A(G, f,1) to B(G, f,7) where [ := hby.

Proof. First of all, note that .f(x) is welldefined since # € (inf h,suph) which coincides
with (inf ¢,sup¢) by the unboundedness on either side of both g and b. Since v = hf(z) is
irrational and h is injective, x cannot be contained in Im(h), in particular not in Im(¢). In
any case, we have h™!(—o0,z] = h™1(—o00,2) = (—00,7) and h™ [z, +o0) = h™1(z, +00) =
(v,+00). The cases (1) and (2) correspond to ¢(¢) < z, in other words ¢~ !(—o0,z] =
(—00,q] and ¢ ![x, +00) = (g, +0oc), while the cases (3) and (4) correspond to ¢(q) > z, in
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4.4 The rich topology has Pseudo-Property X

g b h a f
—————————— >
b
- inf g(g, +00) 7@ F22) 415 (g, +00)
T R D R R b(v) = b(v)
s ¥
b1 (,Y) ’y ........ " Y f(y)

1= (—o00, z] i~ (—o0, ]

Figure 4.4: Illustration of Lemma 4.4.20, Case (1).

other words ¢™1(—o00,z] = (—00,¢) and ¢~![z, +00) = [, +00). We only treat the former
cases. Since LP(h) C I, the point z cannot be a limit point of h, so we have sup h(—o0, ) <
x < inf h(y, +o00) and v € Dcl(h). Additionally, z < inf (g, +00) by the same argument.
If 1(q) < z, we obtain bg(q) < v < infbg(q, +00), i.e. g(¢) < b~*(v) < inf g(g, +oc). The
first two cases are distinguished by checking whether the latter inequality is strict or not.

(1)

9(q) <b7(7) < inf g(q, +00).

(i). Take any u,v € Q with g(q) < u < b~ 1(y) < v < inf g(g, +0) to satisfy

g(q) < u < v < infg(q,+00) and hb(u) < x < hb(v). The remaining statements
follows from Lemma 4.4.17: o(q) € o(—00,q] = o (7! (—00,2]) C (—o0, f(y)] and
o(¢,+00) = o (" [z, +00)) C [f(y), +00).

(ii). We use b(u) = b(u) and b(v) = b(v) to verify the conditions in Lemma 4.4.17.
Note that h=!(—o0, ] C (—00,b(v)) and h~ [z, +00) C (b(u), +0o0), so that

—00,v) = (—00, q] and

u, +00) = (g, +00)

~ ~
i

8
+ 3
3 &
T
@
LooL

—~
T S
Lok

> S
LooL

8 T
+ 8
3 &
N— N—
S— S—
N 1N
o
LooL

which yields

& (i (~o0,z)) (—00,5(q)] = (—00,0(q)] € (—o0, f(y)] and

& (i 'z, +00))

g(q) < b (y) = inf g(q, +-00).

(i). Take any u € Q with g(q) < u < b~'(7) to satisfy g(q) < u < inf g(q, +o0)
and hb(u) < x. The statements o(q) < f(y) and o(q,+00) C [f(y),+oo) follow
just as in (1). We have already argued that v € Dc!(h), so it remains to show
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

g b h a f
—————————— >
b
o(@:72) 414 (g, +00)
"1z, +00) i1z, +00)
inf g(q, +oo) = -
b)) =07 () | e
== —oo o=l ()
Ve z Y
e X ooy
q Sy b(w) = b(u
(— () = b(w) N
9(9)
171 (—o00, ] i~ (—o0, 1]

Figure 4.5: Illustration of Lemma 4.4.20, Case (2).

b=l(y) € (R\ Im(g)) NI We ‘know that v is irrational, so b=1(7) is as well by
Lemma 4.4.3(iii). Additionally, b=!() = inf g(¢, +00) cannot be contained in Im(g)
since g is injective.

(ii). Similarly to (1), we use b(u) = b(u) and l:)_l('y) = b~1(v) to verify the conditions
in Lemma 4.4.17. Observe h™!(—o0, ] = (—00,7) and h™ [z, +o0) C (b(u), +00), so
that

i (—o0,a] = g7 (~00,b71(y)) = " (—o00,2] = (~00,q] and

i, +00) € g7 u, +00) = (g, +0),
which yields ¢ (i1 (—o0, z]) C (—o0, f(y)] and (i [z, +00)) C [f(y), +0o0) as in (1).
O

In the remaining case that x € (inf h,suph) and both hf(x) and .f(z) are irrational,
we take a similar but somewhat more involved route in that the automorphisms b e Go
we are picking do not simply mimic the behaviour of b on sufficiently many elements.
Instead, we redefine b on certain crucial points which are tuned to the specific & being
considered. In doing so, we have to make sure that our desired redefinition does not violate
the condition for b on finitely many points given by Pseudo-Property X and the previous
auxiliary lemmas. We split our treatment of this problem into two subcases.

Lemma 4.4.21 (see Figure 4.6). Let 0,6, f, g, h,a,b such that (x) holds. Let further z,y €
Q such that a(z) = y.

Suppose that x € (inf h,sup h) with v := hi(z) € T and 6 := Jf(x) € 1. Additionally,
suppose that f(y) € Im(o). Let z and w be tuples in Q and let Z' and W' be tuples in
(R \ Im(g)) N T and Dc'(R), respectively, such that b(Z) = w and b(Z') = @'. Assume
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4.4 The rich topology has Pseudo-Property X

that z U Z'

contains both an element greater and less than g(8). Put z— and z4 to be

the greatest entry of Z Uz’ less than g(d) and the least entry of Z U Z' greater than g(d),
respectively, and put w_ and w, to be the corresponding entries of w U w’'. Then one of

the following two cases occurs

(1) (i)
(i)

(2) (i)
(i)

1w, 4o00)

q j oo sl 9(q) .

8.

There exist q,q' € Q such that ¢ < ¢' < ¢ and z— < g(q) < g(¢') < g(9) < 2 as
well as o(q) = o(q') = f(y); further, v = b(g(d)) and w_ <y < wy.

If
a(q) =0(q) = fly) and &(q¢")=0(d) = f(y),

and if @,0,u,0 € Q satisfy g(q) < @ < v < g(¢') as well as w— < 4 < v <
0 < wy, then the finite partial map z — w, z/ — w' and @ — 4,0 — 0 is
strictly increasing. Additionally, for any b € Gg such that b(z) = w, b(z') = w'
and b(a) = u, b(v) = v, the map = — y preserves all basic formulas as a finite

partial map from A(G, f,7) to B(a, f,7) where I := hbg.

S

There exist q,q' € Q such that 6 < q < ¢' and z— < g(9) < g(q) < 9(¢') < z4 as
well as 0(q) = o(q') = f(y); further, v = b(g(d)) and w_ <y < wy.

If

o(q) =0(q) = f(y) and &(d)=0(d)=f(y),
and if 4,0,4,0 € Q satisfy g(q) < < v < g(¢') as well as w— < 4 < vy <
0 < wy, then the finite partial map z — w, z — @' and @ — 4,0 — 0 is
strictly increasing. Additionally, for any b € Gg such that b(z) = w, b(z') = @’
and b(a) = u, b(v) = v, the map = — y preserves all basic formulas as a finite
partial map from A(G, f,7) to B(&, f,T) where [ := hbg.

g b h a f
_____ ~_ -- - _)
b
=+ o (i, +00))
20
71z, +o0) J
5 a(o) R 7 1) = 0@ ||= 5(a)
// 'Y ......... €T y _ ’ _ ’
/ o), . ) a(d') ||=6(d)
/| ¢ K 4 -7
a

T

1

1

1

1

1

1

1

1

1

1
<
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Figure 4.6: Illustration of Lemma 4.4.21, Case (1).

8Tt is possible that both cases occur simultaneously; it this happens, pick one of them arbitrarily.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Proof. As in the proof of Lemma 4.4.20, the generalised inverse «f(z) is welldefined and x
cannot be contained in Im(h), in particular Im(:). Additionally, we have h~!(—oco,z] =
h=(—o00,2) = (—00,v) and h ™[z, +00) = h~!(z, +00) = (7, +00) as well as 11 (—o0, 7] =
17 (~00,2) = (—00,6) and ¢z, +00) = 17 (x,+o0) = (§,+00). This also yields that
b(§(6)) = 7. By Lemma 4.4.17, we conclude’

o(—00,0) =0 (fl(—oo,x]) C (-0, f(y)] and
o (6, +00) = o (7' [z, +00)) C [£(y), +00).

Since f(y) € Im(o) and since 0 is irrational, this is only possible if o is locally constant
with value f(y) either below or above ¢ (or both). These two situations form the cases (1)
and (2), respectively. We only treat the former option.

(i). By our preparatory reasoning, there exist ¢,¢' € Q with ¢ < ¢’ < ¢ and o(q) =
o(¢") = f(y). The number g(d) is irrational by Lemma 4.4.3(ii), and obviously not an
element of R\ Im(g). Thus, g(d) cannot be contained in z U z’. Consequently, v = b(g(d))
cannot be contained in wUw’, and we conclude w_ < v < w4 from z_ < g(§) < z4. Since
0 € I = Cont(g), we can pick ¢, ¢’ close enough to ¢ to ascertain z_ < g(q) < g(¢') < g(d) <
Z4.

(ii). By the definitions of z_ and z; and the fact that z — w, z’ — @ is strictly
increasing, the finite partial map z — w, 2’ — @’ and @ > 4,0 > 0 is strictly increasing.
For the second statement, we check the assumptions of Lemma 4.4.17. Note that

i (—o0,z] = g (b7 (=00,7)) C g~ (=00, 7) C (—00,¢']  and
[z, +o0) = g7 (7, +00)) € g7 (@, +00) C [g, +00),
S0

& (i} (=00,a]) € 6(—00,q) € (—00,5(q)] = (~o9,0(d)] = (=00, f(y)] and
& (i, +0)) C 6lg.+00) C [5(q), +00) = [o(q), +00) = [£(y), +0)- O

Our final auxiliary lemma treats the second subcase of the situation that x € (inf h, sup h)
and hf(z),(z) € L.

Lemma 4.4.22 (see Figure 4.7). Let 0,5, f, g, h,a,b such that (x) holds. Let further z,y €
Q such that a(z) = y.

Suppose that x € (inf h,sup h) with v := hi(z) € T and 6 := f(x) € 1. Additionally,
suppose that f(y) ¢ Im(c). Let z and w be tuples in Q and let Z' and W' be tuples in
(R \ Im(g)) N T and Dc'(R), respectively, such that b(Z) = w and b(Z') = @'. Assume
that z U Z' contains both an element greater and less than g(d). Put z— and zy to be
the greatest entry of zZ Uz’ less than g(0) and the least entry of Z U Z' greater than g(9),
respectively, and put w_ and wy to be the corresponding entries of w U w'. Then the
following holds:

9Note that we cannot express &(—o00,8) C (—oo, f(y)] and &(8, +00) C [f(y), +co) using the rich topology
from Definition 4.3.2 since ¢ is irrational. This is one of the reasons why we need to redefine b instead
of transferring the behaviour of b at sufficiently many points.
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4.4 The rich topology has Pseudo-Property X

(i) ot (f(y)) = § and 6 € Dl (o). Additionally, v € Dc'(h) and v = b(g(0)). Further,
2= < §(0) < z4 as well as w— < v < wy. Finally, o (g7 (—00,2_]) C (=00, f(y))
and o (97" 24, +00)) C (f(y), +00).

If z+ and w+ are rational, then I_ = g~ '(—oco0,z_] and I, = g '[z4,+00) are
rational intervals.

(ii) If z+ and w4 are rational and if
Im() N{f(y)} =0 and &(I-) C (=00, f(y)) and (1) C (f(y),+00),

then — setting H_ == 6" (=00, f(y)] = 6 (=00, f(y)) and Hy := 6 '[f(y), +o0) =
571 (f(y), +o0) — we have supg(H_) < zy as well as z_ < inf g(Hy). Further, there
exists p € (R\ Im(g)) NI) U g(Dc'(5)) such that z— < p < 2z, and g(H_) C (—o0, j)
as well as g(Hy) C (p,+00). The finite partial map zZ — 0, z' +— @’ and p — vy is
strictly increasing and, additionally, for any b € Go such that I;(Z) = w, 5(2’) =
and B(ﬁ) =, the map x — y preserves all basic formulas as a finite partial map from
A(G, f,7) to B(G, f,7) where [ := hbyg.

g b h a f
p
_____ R
Iy b
0’(6,+OO) = 5(H
R R SRR o wy A TRNAS (F4)
H
"z, +o0) = +
o= (f(y), +oo ]
g(d) e
5 - AR = Y f(y)
...................... N ”’,r 3
S ET o fp
o~ (oo, f(y ey o(—00.6) = o
U(Lil(—OO,ZL‘D (Hf)

Figure 4.7: Illustration of Lemma 4.4.22.

Proof. As in the proof of Lemma 4.4.21, the generalised inverse tf(x) is welldefined and x
cannot be contained in Im(h), in particular Im(¢).

Additionally, h=!(—o0,z] = h™1(—00,7) = (—00,7) and h~ [z, +o0) = h™(z, +o0) =
(v, +00) as well as ¢~} (—o0, 7] = t7(—00,7) = (—00,d) and ¢!z, +00) = 1~ (z, +00) =
(6, +00). We again conclude b(g(6)) = . Combining Lemma 4.4.17 with f(y) ¢ Im(c), we
obtain o(—00,8) C (—o0, f(y)) as well as (3, +oc) C (f(y), +0o0) which yields § = oT(f(y))
and

(—o0, f(y)) as well as

—~
<

o (gfl(—oo,z_]) Col(g™ -
o (97 24, +0)) C o (97" (g(8), +00)) € (f(y), +00).
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

(). We know that f(y) € Q cannot be a limit point of o, so supo(—00,0) < f(y) <
inf 0(d, +00), in particular § € Dcl(o). Using LP(R) C T in the same fashion, we obtain
v € Dc!(h). The remaining statements z_ < §(d) < z, as well as w_ < v < w, follow just
as in the proof of Lemma 4.4.21.

Finally, if 2+ and wy are rational, then the intervals I_ := g~ '(—o00,z_] and I, :=
g 'z, +00) are rational by Lemma 4.4.7(iii).

(ii). We have Q = H_UH,, sosup H_ = inf H,. By our assumption on &, we know
that I_ N Hy = 0, so inf g(Hy) > z_. In fact, this inequality is strict since inf g(H,) is
either contained in g(lEI+) or irrational by LP(g) C I. One argues analogously to show
supg(H_) < z,. To find p, we distinguish whether sup H_ = inf H, is rational or irra-
tional.

Case 1 (§:= &'(f(y)) = supH_ = inf H, € Q): We conclude sup g(H_) < inf g(H,)

from Lemma 4.4.3(ii). Combined with sup g(H_) < z4 and z_ < inf g(H;), this implies
max (sup g(H_), z,> < min (inf g(Hy), z+). Any irrational p between these two numbers
satisfies the requirements — note that p is contained in R \ Im(g) by injectivity of g.

Case 2 (6 ::~5T(f(y)) = supH_ = inf H; € I): We obtain supg(H-) = g(é) =
inf g(H4) since 6 € Cont(g), so z— < g(§) < z4. Since 5(—00,0) C (—o0, f(y)) and
7(d,+00) C (f(y),+o0) and since f(y) € Q cannot be a limit point of &, we conclude
6 € Dc!(5). Hence, we set p:= g(0).

By construction, the finite partial map z — w, z’ — @’ and p — ~ is strictly increasing.
For the preservation statement, we verify the conditions in Lemma 4.4.17. Note that

i (—00,2] = g7 (=00,5) = Q\ g (5, +00) CQ\ g N(g(H ) = H_  and

I a, +00) = g (p,+00) =Q\ g ' (—00,5) CQ\ g ' (g(H-)) = Hy,

SO

& (i, +00)) C&(Hs) C (f(y), +00). O

Remark 4.4.23. Examining the last proof more closely, one observes that we never used
a(x) = y other than via the inclusion of intervals from Lemma 4.4.17. Hence, we in fact
proved the following slightly stronger statement which will be useful when amalgamating
the auxiliary lemmas:

Let 0,6, f,g,h,a,b such that (x) holds. Let further x,y € Q such that
o (17 (—00,2]) C (=00, f(y)] and o (7 [z, +00)) C [f(y), +00).

Suppose that x € (inf h,sup h) with v := hi(z) € I and § := ./ (z) € I. Additionally, suppose
that f(y) ¢ Im(o). Let zZ and w be tuples in Q and let 2 and w' be tuples in (R\Im(g)) NI
and Dc(h), respectively, such that b(2) = w and b(') = @'. Assume that Z\U Z' contains
both an element greater and less than g(8). Put z— and z4 to be the greatest entry of ZUZ’
less than g(0) and the least entry of ZUZ' greater than g(0), respectively, and put w_ and w
to be the corresponding entries of w U w'. Then the following holds:
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4.4 The rich topology has Pseudo-Property X

(i) ot (f(y)) = § and 6 € Dl (o). Additionally, v € Dc'(h) and v = b(g(0)). Further,
2= < §(0) < z4 as well as w— < v < wy. Finally, o (g7 (—00,2_]) C (=00, f(y))
and o (97" [z, +00)) C (f(y), +00).

If z+ and w+ are rational, then I_ = g~ '(—o00,z_] and I, = g '[z;,+00) are
rational intervals.

(ii) If z+ and wx are rational and if

Im() N{f(y)} =0 and &(I-) C (=00, f(y)) and &(14) C (f(y),+00),

then — setting H_ := 6~ (—o0, f(y)] = 6 (=00, f(y)) and Hy == 6'[f(y), +o0) =
&1 (f(y), +oo) — we have sup g(H_) < zy as well as z_ < inf g(Hy). Further, there
exists p € (R\ Im(g)) NI) U g(Dc'(5)) such that z— < p < z and g(H_) C (—o0, j)
as well as g(Hy) C (p,+00). The finite partial map z — o, Z' +— @' and p > 7y is
strictly increasing and, additionally, for any be Go such that I;(Z) = w, 13(2’) =
and b(p) = ~, we have

o (Z_l(—oo,z:]) C (-0, f(y)] and & (Z_I[CL“,-FOO)) C [f(y), +o0),

where t 1= hgg.

4.4.6 Proving the Variation Lemma 4.4.13, full

Finally, we amalgamate the special cases.

Proof (of the Variation Lemma 4.4.13). We construct O as an intersection of 7;.,-sub-
basic open sets, i.e. of sets of the types 0, 1, 2, 3.

By adding to the intersection O the condition that ¢ has the same boundedness type as h
(type 2), we can ascertain that (%) holds. Considering that & — y automatically preserves
the formulas z; < z; since a(Z) = y and that all the other basic formulas are unary, it
suffices to pick the automorphism b € Go in such a way that the map z — y preserves all
basic formulas for each corresponding pair x,¥y in , 3.

First, we treat those corresponding pairs x,y in &,y for which

(a) = ¢ (inf h,suph) OR

(b) x € (inf h,sup h) with hf(z) € Q OR

(c) x € (inf h,sup h) with hf(z) € T and .T(z) € Q.
Applying Lemmas 4.4.18, 4.4.19 and 4.4.20 each yields a finite intersection of sets of
types 0, 1, 2, 3 and additional conditions of the form b(z) = w = b(z) for z,w € Q or
b(z') = w = b(2') for 2/ € (R\ Im(g)) NI and w’ € Dc!(h) under which z — y always pre-
serves all basic formulas as a finite partial map from A(7, f,7) to B(a, f,7) where i := hbg.
We add the sets of types 0, 1, 2, 3 to the intersection O, we add the points z and w to z*

and w*, respectively, and we add the points 2" and w' to 2’ and @', respectively. Summaris-
ing, we obtain that if & is contained in the set O constructed thus far and if b(z*) = w*
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and 5(2’ ) = @', then = — y preserves all basic formulas for each corresponding pair z,y
with one of the three properties (a)-(c).
It remains to consider those corresponding pairs z,y in Z,y for which

(d) z € (inf h,sup h) with v := Af(z) € T and § := f(z) € L.

Put z_ and z; to be the greatest entry of z U z* U Z’ less than g(d) and the least entry
of ZU z* U Z’ greater than g(¢), respectively, and put w_ and w, to be the corresponding
entries of wUw* Uw'. As a first step, Lemmas 4.4.21 and 4.4.22 yield that z_ < () < z4
(as well as w_ < v < wy) and v = b(g(5)). Hence, we can find rationals 2_, 2, € Q such
that z_ < z2_ < g(d) < 24 < z4. We add 24 to z* and w4 := b(24) to w*. In this way, we
can assume that z4+ and w4 are always rational for each corresponding pair x, y.

If 21,91 and x9,y2 are two such pairs (without loss of generality, let 21 < x2) and if

Y1 = hT(ycl) <y i= hT($2)7

we enrich z* and @w* even further: putting &; := /(1) and 85 := +f(22), we know that
b(g(61)) = m < 72 = b(g(d2))
by Lemmas 4.4.21 and 4.4.22, and hence g(d1) < g(d2). If we pick Z,w € Q such that
g(01) < 2 < g(d2) and w := b(Z2), (4.10)

then 73 <w < 72. We add 2z to z* and w to w*. If 24 1, w+ 1, 2+ 2, w4 2 denote the values!?
Zy, w4 for x1,y1 and xa,y2, respectively, we obtain 241 < Z < z_9 and wy; < w <
w_ 2. Distinguishing cases, we conclude that whichever combination of Lemmas 4.4.21
and 4.4.22 applies to x1,y; and za, Y, the resulting conditions on b will be compatible,
i.e. strictly increasing. By way of example, consider the case that x1,y; fall into the scope
of Lemma 4.4.21 and x9, yo fall into the scope of Lemma 4.4.22. Then we are required to
pick
@,7,0,0 € Q and pe ((R\Im(g))NI)UgD(s))

with (in particular)

21 <u<0<241<2.2<p<zys and w_;1<u<i<wsy <w_o <y <wio.

~ o~ A A~

U+ U, U 0 and p — 79 is automatically strictly increasing.
Finally, we treat the possibility that

hT(xl) = hT<1’2).

We will show that we can reduce to a single application of Lemma 4.4.21, Lemma 4.4.22
or Remark 4.4.23. First, let z1,y; and 3, y2 and x3,y3 be three corresponding pairs with
71 < 13 < 23 (and consequently y1 < yo < y3) but hf(z1) = Al (z2) = hf(23). Then

h™ (=00, x1] = h (=00, 29] = h™(—00, 23] and

hil[l'l, +OO) = hil[l'g, +OO) - hil[x37 +OO)7

10They are necessarily rationall
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4.4 The rich topology has Pseudo-Property X

S0
i(—o0,21] =i H(—o00,29] = i Y (—00, 23] and
iz, 4+00) = iz, +00) = i az, +00)

for all T = hgg we could pick in the sequel. It is immediate from Lemma 4.4.17 that we can
drop w9, %2 from Z,y; more precisely: if x1 — y1 and z3 — y3 preserve all basic formulas,
then so does xo — y2. Hence, we can assume that z,y contains only two corresponding
pairs x1,%y1 and 2o,y with hf(zy) = hf(xs). If additionally f(y1) = f(y2), we can drop
one of the pairs from Z,y and apply Lemma 4.4.21 or 4.4.22 to the remaining one. If on
the other hand f(y1) < f(y2), we apply Lemma 4.4.17 to x1 — y; and x2 — y2 as finite
partial maps from A to B to obtain

o (71 (=00, 21]) € (—o0, f(y1)] and o (1, +00)) C [f(y2), +00).

Since ¢~ (—o0, x1] and ¢~ ![x1, +00) partition the whole of Q (note that z; ¢ Im(¢)), this
implies Im(c) N (f(y1), f(y2)) = 0. We add the condition

Im(5) N (f(y1), f(y2)) =0 (type 3)
to the intersection O and pick ¢ € Q such that f(y1) < f(y) < f(y2). Then
o (171 (=00, 21]) € (—o0, f(§)] and o (v [x1,+00)) C [f(§), +00).
Applying Remark 4.4.23 to the pair z1,y one obtains
7 (i (—00,m]) € (=00, f(§)] and & (I [wr, +00)) C [F(#), +00)

under suitable conditions on & and b (see below). By our choice of §, since i~ [z, +00) =
i~![x1, +00) and since Im(5)N(f (y1), f(y2)) = 0, Lemma 4.4.17 yields that this is equivalent
to x1 — y1 and x5 — y9 both preserving all basic formulas.

To complete the proof, we apply either Lemma 4.4.21, Lemma 4.4.22 or Remark 4.4.23
(the latter only if we use the reduction from two instances of Lemmas 4.4.21 or 4.4.22 to a
single instance of Remark 4.4.23 as derived above) to each corresponding pair z,y in Z,y
satisfying (d). This yields additional sets of types 0, 1, 2, 3 and additional tuples (*,7*
in Q, ¢ in (R\Im(g)) NI, " in g(Dc'(5)) and 7, 7" in Dcl(h) such that for all these pairs
x,y, the map x +— y preserves all basic formulas as a finite partial map from A(d, f,7) to
B(a, f,7) where 7 := hbg, whenever G is contained in the the additional sets and b € Go
satisfies b(2) = @, b(Z*) = w*, b(Z') = @ as well as b(C*) = 7%, b({') = 7, b({") = 7. We
add the additional sets to the intersection O and add the tuples *,7* to z*, w*, the tuples
¢, 7 to Z,w' and the tuples (", 7" to 2, w", respectively. Note that the resulting finite
partial map z — w, z* — w*, Z — @', 2’ — @" is strictly increasing: different entries
of the new tuples ¢*, (', (", 7,7, 7" cannot interfere with each other since the generalised
inverses hf(x) are pairwise distinct and since we added the elements 7 and @ from (4.10)
to z* and w*. B B

If 5 € O and if b € Gg satisfies b(2) = @, b(z*) = @*, b(z') = @, b(z") = @w", then
by our previous construction of z*,z’,w*,w’, the finite partial map = ~— y preserves all
basic formulas as a map from A(a, f,7) to B(a, f,7) not only for for each pair z,y with
property (d) but also for each pair x,y with one of the properties (a)-(c) — thus completing
the proof. O
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

4.5 Reduction of the rich to the pointwise topology

The aim of this section is to prove Proposition 4.3.5. We will argue in several steps, each
having the following general form:

Notation 4.5.1. If 7, and 7}, are topologies on Mg with 7, € 74, T, then T, ~~ Ty shall
denote the following statement!!:

Let 7 be a Polish semigroup topology on Mg such that 7,, C T C 7,.
Then T C Tp.

We will require an additional auxiliary type of subsets of Mg which encompasses type 3
(see Definition 4.3.1).

Definition 4.5.2.
4) O :={s € Mg :Im(s) C A} for ACQ (restricting)
The proof will proceed along the following route:

456 45.9 4512 45.20 4523
Trich = To123 ~* Toretsogorn ~+ Toga  ~ Togzorn  ~5° Tozorn ~%

76:7;711)

Proof (of Proposition 4.3.5 given Lemmas 4.5.6, 4.5.9, 4.5.12, 4.5.20 and 4.5.23).

Let 7 be a Polish semigroup topology on Mg with T,,, € T C Trien, = To123- By
Lemma 4.5.6, we know that 7,, € T C Tyjesggorn. Analogously, we apply Lemmas 4.5.9,
4.5.12, 4.5.20 and 4.5.23 in sequence to finally conclude T,y C T C Ty, ie. T = Ty as
claimed. O

4.5.1 REdUCtiOI’IS 76123 ~ 761cl523opn ~ 7624

For the first two reductions, we will need to determine the image of 7p123-basic open (and
in particular g cisggopn-basic open) sets under a suitable left translation Af. This requires
a canonical representation of basic open sets in 7p123 and 7T cisgz00n which will later be also
applied to Tpa3ern-basic open sets.

Definition 4.5.3. Let O # () be a Tp123-basic open (or Tg;cisggopn-basic open or Toazern-basic
open) set, i.e.

n m m N
- 0 (1 (1) (2) 3)
0=(0, N[0y, N[0, nOL N[O, (4.11)
i=1 j=1 k=1 =1

where I; = (—o0,p;j) and I, = (jy, +00) for pj, pr € Q. We call the representation (4.11)
stratified if
(S1) Vi=1,...,n—1: x; < x;41 (then automatically, y; < y;11 since O # ()

(82) Vj:L...,m—l:pj < DPj+1 and Jj ng—H

"1n many (but not all!) applications of this notation, we will have 7, C Ta.
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4.5 Reduction of the rich to the pointwise topology

(S3) Vk=1,...,m —1: p < Ppy1 and Jg D Jpp1

(S4) Ve =1,...,N —1: sup K; < inf Kyyq and (inf Ky, sup Kp1) \ (KgU Kppq) # 0
(S5) Vi=1,....mVi=1,...,n:p; <z =y ¢ J;

(S6) Vk=1,....mVi=1,...,n: pp > i =y ¢ Jp

ST Vji=1,....mW=1,. .. N:(NEK#£0=3teJ:t>K,)

(S8) Vk=1,....mV=1,....N: (Jy,NK; #0 =3t e Jy: t < K))

Lemma 4.5.4. Any To103-basic open set O has a stratified representation.

The same holds for a Tyjeisazopn -basic open set, where the resulting representation again
consists of sets of types 0, 1°, 2 and 3°P".

The same holds for a Toagern-basic open set, where the resulting representation again
consists of sets of types 0, 2 and 3°P™.

Proof. We start with any representation

n

ﬂ %ylmﬂo(” ﬂﬂO(ljkﬂOLUﬂﬂO

i=1 = (=1

and turn it into a stratified one in several steps, one for each item in Definition 4.5.3.
(S1). Rearrange the x; in increasing order.
(S2). Rearrange the p; in increasing order; if p; = pj;y1, drop the larger set of J;

and Jj11. If J;j is not a subset of J; 1, then J;1; C J; and O(l) Ogu)rleH can be
1)

replaced by O} T

(S3). Analogously to (S2).

(S4). Rearrange the K, by increasing order of inf K.
If sup Ky > inf Kyyq or if (inf Ky, sup Kyy1) € Ky U Kyqq, then Ky, U Ky is again an
interval and O% N O%ﬂ can be replaced by O%u Kear:

(S5). If pj < z; and y; € Jj, then O&??yi N OS?JJ can be replaced by O;g??yi.

(S6). Analogously to (S5).

(S7). If J; N Ky # 0 but no element of J; is greater than Ky, then J; \ K/ is again a

rational interval and O( ) ;N O%Z can be replaced by Og ) JNK N Og

(S8). Analogously to (S7)

If all intervals J; and Jj, are closed and all intervals K, are open, then so are the respective
intervals in the representation we obtain after going through (S1)-(S8), proving the second
statement.

If additionally no sets of type 1% occur, then the representation will only contains sets
of types 0, 2 and 3°P" since the above procedure never generates sets of type 1 if there are
none in the original set. O
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Now we can provide the result about images of basic open sets under certain left transla-
tions (which can be seen as a generalisation of Lemma 4.1.7). Its proof is somewhat techni-
cal, but the main idea is very straightforward: if f, s’ € Mg and if & satisfies s'(—o0, p) C
(—00, q), then one might be led to believe that necessarily fs'(—oo,p) C (—o0, f(q)). How-
ever, in general only the conclusion fs'(—o0,p) C (—o0, f(q)] is true, namely if the preimage
f~H{f(q)} contains not only ¢ but also elements less than g. This can be ensured by re-
quiring that f~'{f(q)} is an irrational interval. Indeed, if f is also surjective, then any s
with s(—o00,p) C (=00, f(q)] can be rewritten as s = fs’ where s'(—o0,p) C (—00,q). An
analogous fact holds for sets of type 3 — if s’ avoids [u,v], then fs’ in general only avoids
(f(u), f(v)) and, conversely, if f is surjective with f=*{f(u)}, f~'{f(v)} irrational and if s
avoids (f(u), f(v)), then s can be rewritten as s = fs’ where s’ avoids [u,v]. Combining
these facts for the building blocks of (stratified representations of) basic open sets requires
thorough bookkeeping.

Lemma 4.5.5. Let O # () be a nonempty To123-basic open set with stratified representation

n N
0= ﬂ Ofgc(z)?yz n ﬂ O —oo,p] ﬂ O (P, + 7J N O(L2l} N ﬂ OE?;
= j=1 /=1

Define
gj ==supJj, qp:=infJy, w,:=inf K, and v :=supK,.

Let further f € Mg be unbounded-unbounded such that for all w € Im(f), the preimage
f~Huw} is an irrational interval. Then (putting f(£o0) := +00) we have

A(0) = {s: m(s) C Im(f)} (O,
i=1

~ (1) 3)
ﬂ sopi)(—o0.f(g;)] | kﬂ O 400 (1) to0) 1 OLD N ﬂ O (Flue).foe))”
j=1 =1 =1

Proof. The inclusion “C” is immediate, so we deal only with “O”.
Take s € Mg such that Im(s) C Im(f) and

m

N
oW (2) (3)
s€ ﬂ Omz,f (y4) ﬂ 00,p;),(—00,£(q;)] ﬂ m (Pr>+00),[f (k) ,+00) OLU mp 0
=1

. - (4.12)

We want to find s € O such that s = fs’. The latter statement is equivalent to the assertion
s'(s7Hw}) € f~Hw} for all w € Im(s). Since Im(s) C Im(f), we have f~{w} # 0 for
all w € Im(s). Note that if one takes | - Hu) to be an increasing map s~ {w} — f~H{w}
independently for each w € Im(s), their union will be increasing as well since s~ {w;} <
s Hwe} and f~Hwi} < f~H{ws} for all wy < wy. Additionally requiring s’ € O amounts
to the following properties:

(i) Vi=1,...,n: ¢ (x;) =y
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4.5 Reduction of the rich to the pointwise topology

)
(iii) Vj =1,...,mVw € Im(s): s’ (s~ {w} N (—o0,p;)) € J; N f~Hw}

(iv) Vk=1,...,mVYw € Im(s): &' (s™{w} N (Pg, +0)) C Jp N f~H{w}

(v) V=1,...,NVw € Im(s): &' (s {w}) N K, =0
To simplify the proof, we replace (i) by

(vi) Vi=1,...,nVw € Im(s): s’ (sfl{w} N (—o00,2;)) C (=00, 4] N f~H{w}
(vil) Vi=1,...,nVw € Im(s): &' (s H{w} N (2;,400)) C [yi, +o0) N f~H{w}

If we find s satisfying (ii)-(vii), then we can redefine s'(z;) := y; to obtain s’ € O — by (vi)
and (vii), the resulting map will still be an element of Mg; and since O # (), mapping
x; — y; cannot contradict (ii)-(v).

As a first step, we show that the statements in (ii)-(vii) are already implied by the
requirement s'(s~{w}) C f~Hw} for many values w. If w < f(g;), then f~w} C J;,
so (iii) automatically holds for w < f(g¢;) and (vi) for w < f(y;); a dual argument yields (iv)
for w > f(gr) and (vii) for w > f(y;). Finally, if w < f(ug) or w > f(ve), then (v) is
automatically satisfied as well since f~1{w} N K, = 0.

Using (4.12), we obtain that (ii)-(vii) hold for many more values w. For instance, (iii)
holds for w > f(g;): since s(—oo,p;) C (—o0, f(g;)], we have s~ {w} N (—o0,p;) = 0.
Similarly, (vi) holds for w > f(y;), (iv) holds for w < f(gx) and (vii) holds for w < f(y;).
In (v), we do not have to consider f(uy) < w < f(vg) since Im(s) N (f(ue), f(ve)) = 0.
Finally, since f is unbounded-unbounded, any function s’ with s = fs’ has the same
boundedness type as s, i.e. (ii) is automatically satisfied as well.

Collecting the previous arguments and additionally reformulating (v), it suffices to as-
certain the following properties (instead of (ii)-(vii)):

(iit’) Vj=1,...,m: s (s {f(g)} N (=00,p;)) € TN fH{f(g;)}
(iv') Vk=1,...,m: s (s7H{f (@)} N (B, +00)) € Je N FH{f(Gr)}
(V) V= 1o N (s {F(u)}) € F{Fun)} \ Ky and

s' (s7H{f(ve)}) € f~ 1{f(W)}\Ke

—00,yi| N f~ l{f(yz)}

(vi') Vi=1,...,n: ¢ (s H{f(y:)} N (=00, ;) C
Yi }ﬁ xl:""oo) %7‘1‘00 nf- 1{f(yl)}

(Vi) Vi=1,...,n: 5 (s7H{f
We replace O by

~ () ) ) (@)
() O s (o0 N Ot o) ﬂ 0 s ﬂ O tooy,d 1OLL N ﬂ 0y},

i=1 j=1

(4.13)
observing that this representation is still stratified (up to adding the elements z; to the
sets {p1,...,pm} as well as {p1,...,Pm} and rearranging).

65



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Since we have

' ~N A1) (1)
s€{s" 1 Im(s) SN} N[O 1) (oo N Otorctoo) (i) too)
1=1

m

O 00,p;),(—00,f(q;)] m pk#OO) [f(@r),+0o0)

3)
no@n ﬂ O (Flue).fo))?

we can, without loss of generality, subsume (vi’) and (vii’) in (iii’) and (iv’) so that we only
have to deal with (iii’)-(v’).

If we can find an increasing map satisfying (iii’)-(v’), then any extension s’ of that
map satisfying s'(s ™ {w}) C f~Hw} for w # f(g5), f(@k), f(ue), f(ve) (5 = 1,...,m;
kE=1,...,m; { =1,...,N) will be an element of Mg for which (ii)-(vii) hold — thus
completing the proof.

Since the f-preimages of single elements are assumed to be irrational intervals, the right
hand sides in (iii")-(v’) are nonempty'?: the preimage f~1{f(g;)} in (iii’) is an irrational
interval which contains g;, so ¢; must be contained in the interior of f~{f(g;)}; we conclude
Jinf~H{f(gj)} # 0. For the other items, we argue analogously, noting in (v’) that u, and vy
are limit points not only of Ky but also of Q \ Kj.

In the remainder of the proof, we will use that the representation of O is stratified to
show that combinations of (iii’)-(v’) are not contradictory, either. This could only happen
if they are making statements about the same s-preimage, i.e. if the f-images of some of
the points g, g, u¢, v¢ coincide. For each

we{f(Q1)7"’7f(Qm)7f(61)7"‘7f(6fﬁ)7f(u1)7"'Jf(uN)7f(Ul)7"‘7f(UN)}7

we will define s’ on s~ {w}.

We first show that we can find an image s'(z) satisfying (iii’)-(v’) for each indivdual
z € s Hw}. If f(g5) = f(gj+1), then J; 0 f7Hf(g)} € Jjs1 0 f7H{f(gj+1)} by (S2),
Therefore, it suffices to consider the least j such that z € (—oo,p;) (if such a j exists)
and fulfil '(z) € J; — the other conditions of the same type will then be automatically
satisfied. Analogously, it is enough to consider the greatest k such that z € (pg,+o0) (if
it exists). For given z, we can thus reduce (iii’) and (iv’) to a single condition of the
respective types (if they occur at all). Therefore, we need to map z to the intersection
of f~"{w} and a combination of J; and J;, and ﬂgizl Q \ K, which respectively occur
if z € (—oo,p;) A flgj) = w and z € (P, +00) A f(@) = w and f(ve,) = flug+1) =
f(ve,41) = ..., f(ug,) = w (and possibly f(up,) = w or f(vs,) = w as well — we do not
know whether the chain f~{w}n({uy: ¢ =1,...,N}U{v,: £ =1,..., N}) begins and ends
with an element wu, or v,!). We distinguish cases by the types of sets actually occurring
and show that this intersection is always nonempty'3

e We have already argued that f~'{w}nJ; # 0 # f~{w}NJy and f~ {w}NQ\ K, # 0.

12This is the first half of the main observation behind the lemmal
13This is the second half of the main observation behind the lemmal
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4.5 Reduction of the rich to the pointwise topology

e If the sets Q \ Ky occur for £ = f1,..., 05, then f~1{w} N ﬂf;iel Q\ K; # 0, since
FHuw} C Uﬁiel K, combined with (S4) would yield f~'{w} C K, for some ¢, con-
tradicting the previous item.

e If both J; and T occur, then J; N Jy, # 0 since s(z) eJin Ji, by s € O. Therefore,
gr < g;j and sup(J; N Jg) = g; as well as inf(J; N Ji) = gx. We know that both g;
and g, are contained in the interval f~1{w}, whence f~{w}NJ;NJ, = J;NJy # 0.

o If J; and 052:21 Q\ K¢ occur, then f~Hw}n J;N ﬂﬁizl Q\ K; = 0 would imply
fHw}n J; € Ky for some ¢, again via (S4). We pick any r € f~{w} N .J; # 0,
and thus r € Ky. By (S7), there exists t € J; such that ¢ > K,. In particular,
t € [r,qj] € f~{w} which yields the contradiction t € f~'{w} N J; but t ¢ K,.

o If J, and ﬂﬁizl Q\ Ky occur, one argues analogously.

e If both J; and Jy, as well as ﬂﬁizl Q \ K, occur, we again derive a contradiction
from f~H{w} N J;N Je N ﬂgigl Q\ Ky, = (0. As in the previous cases, (S4) yields
0+ f{wlnJ;nJy C K, for some £. By (S7), there exists ¢ € Jj such that t > K,.
Increasing ¢ if necessary, one obtains the contradiction t € J;NJ, = f~H{w}NJ;NJj
but ¢t ¢ K.

Finally, we combine our arguments for each individual z € s7{w} to a definition of s’ on
the whole of s~'{w}. We define an equivalence relation ~ on s~'{w} by putting z ~ 2’ if
and only if z and 2’ are contained in the same intervals of the shapes (—oo, p;) and (p, +00).
Clearly, there are only finitely many ~-equivalence classes. Let z1,..., 2y be a system of
representatives of these equivalence classes which we assume to be arranged in increasing
order. By the previous part of our proof, we can pick images s'(z1), ..., (zar) € f~Hw}
such that (iii’)-(v’) hold, where s'(z1),...,s (2a) are in increasing order — the latter is
possible by (S2) and (S3). Defining s’ on the equivalence class represented by zj, to be the
constant function with value s'(z;,), we obtain an increasing function s': s~ {w} — f~'{w}
such that (iii’)-(v’) hold. O

Now we can prove the first two reductions.
Lemma 4.5.6- It hOldS tha/t 76123 ~ 761cl523opn.

Proof. Let O € T C To123. We show that O is a Teisg30pn-neighbourhood of every element
of O.

Take s € O and, using Lemma 4.4.5, pick a generic surjection f. Since Im(s) C Q =
Im(f), there exists s’ € Mg such that s = fs' = A¢(s’) by Lemma 4.1.7(i). Therefore,
s e )\JTI(O) where this set is 7-open by continuity of A¢. In particular, /\]71(0) € Toi23, SO
there exists

m

m N
o =0 nNoY, nNoV. nofnN oy (4.14)
/=1

I;,Jj I, Jy,

j=1 k=1

such that s’ € O’ C )\]71(0). We conclude s = A\f(s') € A\¢(O') € O. By Lemma 4.5.4,
we can assume the representation (4.14) to be stratified. Since Im(f) = Q, Lemma 4.5.5
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

asserts that A¢(0’) is a Tgeisp30mn-basic open set, so O is indeed a Ty etsgz0pm-neighbourhood
of s. O

Remark 4.5.7. We can reformulate the proof of Lemma 4.5.6 as follows: We show that
(Maq, Toieisozopn) has Property X with respect to (Mg, Toi23), using the decomposition
s = fs'idg for a fixed generic surjection f, the fixed map idg and varying s’. Applying
Proposition 2.7.3(i) to the map id: (Mg, Toi123) — (Mg, T) — which is continuous since
T C To123, note also that (Mg, 7T) is a topological semigroup — yields the continuity of
id: (Mq, Toresagorn) = (Maq, T), 80 T C Topetsozopn-

The second reduction is a slightly more involved application of Lemma 4.5.5, picking
both f and s’ in a more thoughtful way (tuned to the specific s being considered) by the
following construction.

Lemma 4.5.8. Let s, f € Mg with Im(f) = (—o0, inf s)UIm(s)U(sup s, +00) and such that
the preimages f~{w} are irrational intervals, i.e. f~{w} = (ry,ty) for all w € Im(f),
where 1y, ty € 1. Then there exists s € Mg such that s = fs' and the following hold for
all p € Q:

(i) If sup 8'(—o00,p) < s'(p) then sup s'(—00,p) = ).
(i3) If inf s'(p, +-00) > &'(p) then inf s'(p, +-00) = ty(p) -

Proof. Defining s’ as the union of order isomorphisms between s~'{w} and either [z, 2] or
(1w, 2] or [z,ty) or (7y,t,) where z and 2’ are fixed elements of f~'{w} — depending on
the order type of s~ '{w} — we obtain a map with the following properties:

(a) s=f¢
(b) Yw € Im(s): (s *{w} has no greatest element = sups'(s~ ' {w}) =t,) and'
Vw € Im(s): (s~*{w} has no least element = inf s'(s™{w}) =ry,)

(c) Yw € Im(s): §'|;-17,y} is continuous'?

We only show (i), the second assertion follows analogously. Assuming sup s'(—oo, p) < §'(p),
we distinguish two cases:

Case 1 (s(—oo,p) has a greatest element): We set w := maxs(—oo,p). Then there
exists pp < p such that s|(,, ,) = w. Observe first that s(p) > w, i.e. p is the supremum
of s7H{w} but not a greatest element — for otherwise (po,p] € s~ {w}, so (c¢) would yield
sup s'(—oo,p) = s'(p). By (b), we have sups’(s ' {w}) = t,. Since sups'(—oo,p) =
sup s'(s~'{w}), it remains to show t, = ry(), equivalently (w, s(p)) NIm(f) = 0. It suffices
to note that (w, s(p)) NIm(s) = 0 and that Im(f) \ Im(s) and the convex hull of Im(s) are
disjoint by choice of Im(f).

Case 2 (s(—o0,p) does not have a greatest element): For each p’ < p, there exists p”
such that p’ < p” < p and s(p’) < s(p") < s(p). We have s'(p") € f~'{s(p”)} and thus

sup s/(—OO,p) > Sl(pu) > inf f_l{s(p”)} = Tspr) 2 Ls(pr)-

Y1n other words: s’ exhausts f~'{w} whenever possible.
5Note: If sil{w} has e.g. a greatest element, this does not mean that s’ is continuous at that point but
rather that s’ is left-continuous there.
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4.5 Reduction of the rich to the pointwise topology

Hence, sup s'(—oo,p) > SUPy <p bs(pr)-  We claim that sup, ., t,) = T4 The oppo-
site would yield f(q) € (sups(—oo,p),s(p)) for any ¢ € SUp,/ < ts(p/),rs(p)). However,
(sup s(—00,p),s(p)) NIm(f) = 0 with the same reasoning as in Case 1.

On the other hand, s'(p') < typ) < 7 for each p' < p since s(p’) < s(p), so
sup s'(—00, p) < ry(p).- O

For our reduction, we take into account the following two observations: on the one
hand, if s’ € Oél_)ooyp%(_oo,q] and s'(p) < g, then Ogl—)oqp),(—oo,q} can be replaced by O;?z,(p);
compare with (S5). On the other hand, if r := sup s'(—o0,p) € I, then no set of the form
oW

(—oo,p),(—oo,q}

o 1)
5 € O(—OO,p),(—OO,q] ’

with ¢ € Q (!) containing s’ can prohibit that sup §'(—oo,p) > r for some

Lemma 4.5-9- It hOldS that 7-01cl523opn ~ 7624

Proof. Let O € T C Tyjeisgz0on. We show that O is a Tpo4-neighbourhood of every element
of O.
Take s € O and, using Lemma 4.4.5, pick f € Mg such that

Im(f) = (—oo,inf s) UIm(s) U (sup s, +00)
and all the preimages f~!{w} are irrational intervals, i.e. f~'{w} = (ry,t,) for all
w € Im(f), where ry,t, € I (note that r, = —oo0 or t,, = 400 is impossible since f
is unbounded-unbounded). By Lemma 4.5.8, there exists s’ € Mg satisfying s = fs’ and
the following for all p € Q:
(i) If sup s'(—o0,p) < s'(p) then sup s'(—00,p) = 74(p)-

(ii) If inf s'(p, +-00) > s'(p) then inf s'(p, +00) = t4(y)-

Similarly to the proof of Lemma 4.5.6, we use s = fs' = A\¢(s’), the T-continuity of \; and
the assumption 7 C Tjjeisgz30pn t0 Obtain a 7jjesog0pn-basic open set

m m N
1 _ ) (1) (1) (2) (3)
O =090 ml O o) (~ocay) | kﬂl O +00),fae +o0) N Oz M éﬂl Olugwyy ~ (4:15)
J= = =

such that s € Af(O") € O. We additionally use Lemma 4.5.4 and assume that the rep-

resentation (4.15) is stratified. If we have s'(p;) < ¢; for some j € {1,...,m}, then
/ (0) 1) (1) : (0)
s’ e Opj,s,(pj) - O(ioo’pj)y(ioqu] and we replace O(ioo’pj%(ioo’qj] in (4.15) by Opj7s,(pj).
We proceed analogously if s'(pg) > §x. By rerunning the stratification procedure from
Lemma 4.5.4, we again obtain a stratified representation. In our situation of (S7) and (S8)
already holding, the proof of Lemma 4.5.4 never adds new sets of type 1. Hence, we can

assume that
s'(pj) > ¢q; forallj and s'(pr) < G for all k. (4.16)
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Lemma 4.5.5 yields

A (0) = {5 : Tm(3) € m(f)} N O} 0

~ o0 A ®)
|, 1| O Zoop)),(~o0,(ay)] ﬂ (byo0) )00 1 OL0 m£| 1| Ot tu) sy (417)
j: :

From (4.16) and s’ € O’, we obtain sups'(—oco,p;) < ¢q; < §'(p;) for all j as well as
inf s'(pg, +00) > G > s'(px) for all k. By (i) and (ii), we conclude sup s'(—00,p;) = 7))
for all j and inf s'(py, +-00) = ty(,) for all k. Therefore, g; > 1y, for all j and Gy <t
for all k. Since the left hand sides of these inequalities are rational numbers while the right
hand sides are irrational, we even obtain g; > 7y, for all j and g < ty(,) for all k. In
other words, we have f(g;) > s(p;) for all j and f(qx) < s(px) for all k. Consequently, we
can replace the sets of type 1 in (4.17) by sets of type 0, similarly to the above: we set

=

Iz z (0) (0) (0) (2) (3)
P:={3:Im(3) C Im(f)} N O} N O N O;,s(ﬁ) NON Q O Ftue).f(we)

where p = (p1,...,Pm),0 = (P1,...,Pm) to obtain s € P C Ar(O') CO.
Putting

N
=Tm(f) NQ\ [ J(f(ue), f(ve)).
/=1

we see that

(0) (0) @) A @
N0 N 055 N0 N0}

is a To24-(basic) open set. Hence, O is indeed a Tga4-neighbourhood of s, as claimed. [

(0)
p= O:Ef()

Remark 4.5.10. We can reformulate the proof of Lemma 4.5.9 as follows: We show that
(Mg, To24) has Property X with respect to (Mg, Tyietsozorn ), again using the decompo-
sition s = fs'idg — this time for a fixed map f with Im(f) = (—oo,infs) U Im(s) U
(sup s, +00) whose preimages of single points are irrational intervals, the fixed map idg
and varying s’. As in Remark 4.5.7, we apply Proposition 2.7.3(i) to the continous map
id: (Mg, Topesazorn) = (Mg, T) to obtain T C Tgaa.

4.5.2 Reduction 7oy ~ Toazorm

For the next statement, we again aim at showing that a 7-open set is a Tpozorn-neighbour-
hood of its elements. Instead of directly doing this for all elements, we start by restricting
to injective elements — this special case contains the bulk of the work. The main observation
behind it is an analysis of “products” of the form OE 2001(4) ifz=(z1,...,2,) isatuplein Q
and A is densely ordered (which is connected to g belng injective). Clearly, if (z;, z;)NA = 0,
then no element of O@ o 01(4) can hit (z;, z;) — yielding a condition of type 3°P" instead
of 4. As it turns out, this is the only obstruction to points in the image.
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4.5 Reduction of the rich to the pointwise topology

Lemma 4.5.11. Let T be a semigroup topology on Mg such that T C Tooa. Then any
injective endomorphism g € Mg has a neighbourhood basis consisting of Toazern-open sets.

Proof. Given an injective endomorphism g, let O be any T-open neighbourhood of g.

We use continuity of the composition map. Since g = idgog € O, there exist T-
neighbourhoods Vi of idg and V3 of g such that Vi o Vo C O. By assumption, 7 C Tpa4,
hence there exist To24-basic open sets Uy, Us such that idg € Uy € Vi and g € Us C Va.

Note that a 7p24-basic open set containing idg has the form Og 200( ) for a tuple Zin Q

—00,+00
— sets of type 4 cannot occur. We can assume that Us has the form U; = O( ) ﬂ0(2()] ﬂ0(4)
where A is a densely ordered set (for otherwise, replace A by Im(g)).
We obtain

ge(oﬁlmoﬁgom)o(o” O([}m()”)gvlovggo. (4.18)
The lemma will be proved once we find a Tgogern-open set P with

gePC (OE ) 0%, +OO) (OQ02 no® noY ))

Since (4.18) remains valid if we expand the tuple Z, we can assume that the elements listed
in y are contained in z. We write Z = (z1,...,2,) where the elements z; shall be sorted
in ascending order. Adding additional elements z1 to Z if necessary, we can assume that
z1 = z— < inf A if A is bounded below and that z, = z; > sup 4 if A is bounded above.

To simplify notation, we set zg := —oo as well as 2,11 := +00. Further, we define

Mo ={(1,5) € {0,...,n+1}* i < j, (z1,2)) NA=0},
My = {(i,5) € {0,.. n+1}2:i<j,|(zi,zj)ﬂA\:1}.

Note that {(z;,z;): (i,7) € Mo} always contains (—oo,z_) if A is bounded below and
(z4,+00) if A is bounded above. For (i, j) € M, define w; ; such that (z;, z;) VA = {w; ;}.
Expanding the tuple z once more, we can assume that the elements wj; ; are also contained
in z. Defining My and M;j from this expanded tuple, we obtain M; = (). For each pair
(i,7), the set (2, z;) N A is thus either empty or it contains at least two elements — in which
case it contains an infinite densely ordered set. We claim that

0 1o ©) - o ©) 1 6@ o™ .
ge P:=0"no¢ Um( )ﬂ 0. c (0820, )e (08 nof nof); (119)
?JGMO

note that Im(g) N (25, 2;) € AN (25, 2;) = 0 for all (i, j) € M.
To prove the set inclusion in (4.19), the crucial step is to find f € O(—O2 N O(,ng oo Such
that
VaeQ\ {J (aiz): fTHa N A#0. (4.20)
(i.3)EMo
This will be accomplished via a Back&Forth strategy, distinguishing whether A is bounded
or unbounded above and below. In the following, we will consider the case that A is
bounded below and unbounded above; the other cases are treated analogously. We will
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

first find an increasing map ¢: [z_,4+00) — [2_,+00) such that (4.20) holds with ¢ in
place of f (note that Q\ Uy jyerr, (2i27) = [2=,4+00) \ Ui jyem, (%15 2j))- To this end,
we consider the following property of a finite partial increasing map m from [z_, +00) to
[z, 4+00):

(+) For any ¢ € Q\ U(; jyem, (2> 2;) and all u, v’ € Dom(m) with u <’ if
m(u) < ¢ < m(u'), then (u,u') N A is an infinite densely ordered set .

Setting C' := Q \ U; jyem, (2i ), we claim that the system of all finite partial increasing
maps m from [z_,+00) to [z_,+00) satisfying (+) is an (A, C)-Back&Forth system (see
Definition 2.8.3). In order to simplify notation, we formally add the elements 400, —co to
both Dom(m) and Im(m).

(A, C)-Back: Given q € C, we set u_ := max{u € Dom(m) : m(u) < ¢} and further
uy = min {u € Dom(m) : ¢ < m(u)}; since we added o0 to the domain and image of m,
these elements are welldefined!”. We claim that (u_,u, )N A is an infinite densely ordered
set. Note that u_ # —oo since ¢ € C' C [z_, +00). If uy is finite as well, our claim follows
from condition (+), and if uy = +o0, it follows from A being unbounded above. Taking
p € (u—,uy) N A such that both (u_,p) N A and (p,uy) N A are infinite densely ordered
sets, we obtain that the extension m’ of m by m/(p) := ¢ is an increasing map which still
satisfies condition (+).

Forth: Given p € Q \ Dom(m), we set u_ := max {u € Dom(m) : u < p} and!® u; =
min{u € Dom(m) : p < u}. We distinguish cases:

Case 1 (both (u—,p) N A and (p,us) N A are infinite densely ordered): Pick any ¢ € Q
with m(u—) < g < m(uy).

Case 2 ((u—,p) N A is infinite densely ordered, but (p,us)N A is not): Pick ¢ := m(u4).

Case 3 ((u—,p) N A is not infinite densely ordered, but (p,uy) N A is): Pick ¢ := m(u_).

Case 4 (neither (u_,p) N A nor (p,us)N A are infinite densely ordered): Pick any ¢ € Q

with m(u_) < q < m(uy).
Observe that the extension m’ of m by m/(p) := ¢ is an increasing map which still satisfies
condition (+); for Case 4, we see that (u_,u4)NA is not infinite densely ordered — since (+)
holds, (u—,uy) N A is never considered as a set of the form (u,u’) N A in condition (+),
even less so (u_,p) N A and (p,u4) N A.

Since M1 = (), we know that m defined by z + Z satisfies (+). Thus, Lemma 2.8.4 yields
@: [z, +00) = [z, +00) with p(z) = z and

Ve C=Q\ U (zi,25): o Ha} N A #0.

(4,5)EMo

Extending ¢ to a total map f by setting f(q) := ¢ for ¢ € (—o0,z_), this finishes the
definition of f; by design, f € Og_?;. Since C is unbounded above, f must be as well.

Moreover, f is obviously unbounded below, yielding f € Og}; N O(_QC))O 1 oo as desired.

18equivalently: This intersection contains at least two elements.

'"Note: There might exist elements u of Dom(m) in between u_ and u, necessarily with m(u) = q. As
can be seen from the proof, these elements can be neglected since they cannot prevent that an extension
of m with image ¢ is increasing.

'8Here, there can never exist elements u of Dom(m) in between u_ and u!
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4.5 Reduction of the rich to the pointwise topology

3

Using f, we can finally prove (4.19). Let s € Og 2 N O U N Njemo OE%) o) We will
prove s € <O(—02 N O(,go +Oo> o <O§-:0?)j N O(LQ[)] N 054)) by finding h € Og(—c?% N O(LQ[)] N Off) such

that s = fh. The latter equality can be certainly satisfied by picking, for each

qEIm CQ\ U zl7zj CIm(f)?

( ’J)EMO

any element p, € f~'{q} # 0 and defining h by h(c) = Ds(c)- Because of (4.20), the
elements p, can be chosen in A, thus yielding Im(h) C A. For the entries y; of y, we can
pick py, = y; since f(y) = y — note that § has been added to z, that the entries are pairwise
different since g is injective and that y; € A (by ¢g(Z) = ). Thus, s(z) = y implies h € O(O) .
Since f € O Oo 100, the boundedness type of / is the same as the boundedness type of s
which in turn is the same as the boundedness type of g. Hence, h € O( ) and we conclude
h e O@z n o\ [)J N O( ). Therefore

s=fhe (02n0% 1) e (0 nofnol),

thus proving (4.19) and, consequently, the lemma. O
Lemma 4.5.12. It holds that Tgoa ~ To2z00n.

Proof. Let O € T. We show that O is a Tga3epen-neighbourhood of every element of O.

Take s € O. We claim that for any generic surjection f € Mg (which exists by
Lemma 4.4.5), there is some injective g € Mg such that s = fg: Since Im(s) C Q = Im(f)
and since the preimages f~'{w} are irrational intervals, Lemma 4.1.7(ii) applies and yields
an injective g € Mg as desired.

We use continuity of the translation map Af. Since A\f(g) = s € O, there exists
a T-neighbourhood V' of g such that A\¢(V) € O. By Lemma 4.5.11, there exists a
Toagorn-basic open set U such that g € U C V; we assume U to be stratified via Lemma 4.5.4.
Hence, s € A¢(U) C O. Using Lemma 4.5.5, we obtain that A¢(U) is a Toagern-basic open
set which proves the lemma. ]

Remark 4.5.13. We can combine Lemmas 4.5.11 and 4.5.12 and reformulate the proof of
To24 ~> Tozzern as follows: We show that (Mg, To23ern) has Property X of length 2 with
respect to (Mg, To24), using the decomposition s = fidgidg ¢gidg where the first, third
and fifth position are fixed and the second and fourth position are varying, subsequently
yielding § = ffidQ iLidQ. As in Remarks 4.5.7 and 4.5.10, we apply Proposition 2.7.3(i) to
the continous map id: (Mg, To24) = (Mg, T) to obtain T C Toagern.

4.5.3 Reduction Tgozoon ~> Tozorn

In our next reduction, we eliminate the sets of type 2, i.e. the boundedness types, from the
upper bound. Compared to our previous reductions, this requires a different approach; we
use the regularity of the given topology 7 in a crucial way. The main observation is the
following: if O is T-open and s € O, there exists a T-open set P such that s € P C P C 0,
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

where P’ denotes the topological closure of P with respect to 7. Our proof essentially

amounts to showing that taking this topological closure eliminates the sets O(L2[)J from P —

this corresponds to O(LZ& being topologically dense. It is easy to see that O(LQI)] is dense with

respect to the pointwise topology; however, this set is obviously not dense with respect to
Toozorn. Hence, independently of the above sketch, it can also be seen as an important step
in showing 7 = 7, that indeed O(LQ& is dense with respect to 7 as well. This will depend
on the Polishness of 7. We start with a variant of Lemma 4.5.8.

Lemma 4.5.14. Let s, f € Mg and g € Q \ Im(s) such that Im(f) = Im(s) U {q} where
the preimages f~{w} are irrational intervals, i.e. f~H{w} = (ry,ty) for all w € Im(f),
where 1y, ty, € TU {xoo}. Then the following hold:

(1) Suppose there is p € Q such that sup s(—o0, p) = max s(—o0,p) < g < s(p).
Then there exists s' € Mg such that s = fs' and sup s'(—o0,p) =rq € L.

(2) Suppose that sup s = max s < q.
Then there exists s' € Mg such that s = fs' and sups’ =rq € L.

(3) Suppose that ¢ < mins = inf s.
Then there exists s' € Mg such that s = fs' and infs' =t, € L.

Proof. One picks s’ € Mg with
(a) s=f¢
(b) Vw € Im(s): (s~'{w} has no greatest element = sups’(s~'{w}) =1t,) and
Vw € Im(s): (s~ '{w} has no least element = inf s'(s™ ' {w}) =ry,)
(c) Yw € Im(s): 8'|;-14,y is continuous

and argues as in Case 1 of the proof of Lemma 4.5.8 with ¢ in place of s(p). The boundary
points 7, (for (1),(2)) and t, (for (3)) are finite since there exist elements in Im(f) which
are below ¢ and above ¢, respectively. ]

Next, we show that the set Surj(Q) of all surjective elements of Mg is dense with respect
to our given Polish semigroup topology T with T,, € T C Tg230ern — this uses Polishness in
an essential way and is another step in matching 7 to Tp.

Lemma 4.5.15. Let T be a Polish semigroup topology on Mg such that Ty, €T C Toagorn.
(i) For each q € Q, the set My :={s € Mg : ¢ € Im(s)} is T -dense.
(ii) The set Surj(Q) of surjective endomorphisms on Q is T -dense.

Proof.
(i). Let O € T be open and nonempty; we have to show O N M, # (). Since T C Toazorn,
the set O contains a nonempty Tgogorn-basic open set; we write

N
0) 4 ) (3)
0 # Oz NOLL N Zﬂ Ol oy €O
=1

74



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.5 Reduction of the rich to the pointwise topology

which we assume to be a stratified representation, see Lemma 4.5.4. If ¢ is contained in g,
then any s € O has ¢ in its image, so we assume the contrary. Distinguishing by the position
of ¢q relative to §y = (y1,...,yn) and (uj,v1,...,un,vy) and by the required boundedness

type O(L%, one easily constructs (by a piecewise definition) a map s € O possibly together

with a rational p € Q such that sup s(—oo, p) = max s(—oo,p) < ¢ < s(p) (if Q\Ué\;l(uz, vp)
contains elements less and elements greater than ¢) or sup s = max s < ¢ (if (@\Ué\fz1 (g, vp)
contains only elements less than ¢) or ¢ < mins = infs (if Q \ Uévzl(ug, vg) contains only
elements greater than ¢). We use Lemma 4.4.5 to find f € Mg with Im(f) = Im(s) U {¢}
and f~Hw} = (ru,tw) for all w € Im(f), where r,,t, € IU {£oco}. By Lemma 4.5.14,
there exists s’ € Mg such that s = fs’ and sup s'(—oo,p) =ry € Tor sups’ = r, € I or
inf s’ = ¢, € I. Applying continuity of the translation map Ay at s" as well as T C Tgagorn,
we obtain a Tga30rn-basic open set

’ 0) (3)
0 =0y ,moL,U,mﬂO(2 ,

such that s € O and s € A¢(O’) C O. In particular, Im(s") C Q \ Uévzl(uz,vz) = A
so either ry or ¢4 is a limit point of A’. Since r, and ¢, are irrational while the boundary
points of A" are rational, either r, or ¢, must in fact be contained in the interior of A’.
Thus, A’ N f~Hq} = A’ N (rq,t,) # 0; we pick 2’ in this intersection.

Similarly to our construction of s, we distinguish by the positition of 2’ relative to
v =,--.,y,,) and (u},v],. .., u)\,,v),) and by the required boundedness type 022,)U, to
find a map § € O" with 2/ € Im(§'). We obtain § := A\¢(§') = f§ € O and ¢ € Im(3),
le. € ONM,; #0.

(ii). For each ¢ € Q, the set M, = {s € Mg :q € Im(s)} is T-open since Tp, C T.
By (i), it is also T-dense. Since T is a Polish topology, Baire’s Category Theorem applies
and yields the 7T-density of Surj(Q) = (,cq My- O

By definition, any 7pe3orn-open set can be represented as a union of sets of the form

O()mOLUmﬂ

u@vv/@)
If we rearrange to separate the Tgs-interior from the “proper” type 3°P™ portion, we obtain
the following alternative notation which will prove to be very helpful:

Notation 4.5.16. Setting

2 2 2
A=0% ., B:=0%, c=0Y . D=0,
we can rewrite any Tgogorn-open set O as

N (@)
0 = (04NA)U(0sNB)U(0cNC)U(OpND)U[J [ O oy N O, N N 05320 o)
iel ’ p=1

where O4,0p,0c¢,Op € Tpw, 2@ 50 are tuples in Q, N > 1 and ugi),véi) e Q.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Note that the sets O4,0p,0¢,Op could in general be empty even if O is nonempty.
However, for O € T C Tgagoen, one uses the previous lemma to prove:

Lemma 4.5.17. Let T be a Polish semigroup topology on Mg such that Ty, €T C Toagern,
and let O € T be nonempty. Then O C mT. In particular, Oy # 0.

Proof. Aiming for a contradiction, we assume O ¢ OiAf Thus, denoting the complement
R P C S C
of OAT by (OAT> , we know that O N (OAT) is a nonempty 7 -open set. However,

OEz)(i) S0 N Surj(Q) =0 and (B U C U D) N Surj(Q) =  imply

L 7L
on (on)c N Surj(Q) = 04N AN (077)‘: N Surj(Q) € 04N (OT,T)C — 0
which contradicts Lemma 4.5.15(ii). O

With this result, we can attain an important intermediate step already hinted at in our
proof outline in the introductory remarks to Subsection 4.5.3.

Lemma 4.5.18. Let T be a Polish semigroup topology on Mg such that Ty, C T C Toggorn.
Then any nonempty O € T has nonempty Ty -interior. Consequently, a subset of Mg is
T -dense if and only if it is Tp,-dense; in particular, every boundedness type O(LQ[)] is T -
dense.

Proof. By regularity, there exists a nonempty P € T such that P C O and therefore
Psyn A7 C 0. Since A D Surj(Q) is T-dense by Lemma 4.5.15(ii) and P4 is T-open, we
obtain P4 N Al = ET from elementary topology. Thus, P4 C P4 N i C O and the
Tpw-interior of O contains the set P4 which is nonempty by Lemma 4.5.17.

That any 7T-dense set is 7p,-dense follows from 7,, C 7. For the converse, assume
that M is 7p,-dense and let O be nonempty and 7-open. Since the 7,,-interior of O is
nonempty, it has nonempty intersection with M, in particular M N O # (). O]

Next, we use the previous results to show that taking the topological closure with respect
to 7 eliminates the boundedness types from open sets. This is the crucial technical step in
the proof of our reduction.

Lemma 4.5.19. Let T be a Polish semigroup topology on Mg such that Ty, €T C Toagorn.

Let further 0% n 05:2[)] N ﬂévzl o £ () be a nonempty Toozern -basic open set. Then

z,y (we,vr)
(0) ' oW A ~
0 —
0 m OLU N m O(ug,’l}g - i‘ Y ﬂ (ug,’l}g
Proof. The inclusion “C” follows from O(O) N ﬂg .0 belng Tpw-closed, in particular

T-closed.
For the other inclusion “2”, take s € O(O) NN, (w o)

containing s. We have to show O(O) N 0(2) N ﬂg 1 0(3 )N O # 0. Pick f € Mg such that

Ul Ul

and consider a T-open set O
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4.5 Reduction of the rich to the pointwise topology

m(f) =Q\ <Ué\[:1(u€, w)) O Im(s). By continuity of the translation map Az, the preimage
)\;1(0) is T-open. Lemma 4.1.7(i) yields a map s’ € Mg such that s = fs’. We conclude
from 7,,, C T that the intersection () # )\JTI( )ﬁO(O),(I) > ¢’ is T-open. By Lemma 4.5.18,

the boundedness type O( ) is T-dense, therefore there exists § € A\ 7 o)n O; z, @ "N O(L2()J.
We define 5 := f5' = A\¢(5 ’) and claim

seO”mOLUmﬂ o

(wg,vp)

which will complete the proof. We only argue s € O(LQ[)], the rest is straightforward. If —oo

occurs among the uy, then L = R since Og(—f% N O(LZ()] N ﬂévzl ng)z’w) # (). Further, s is

bounded below since § € N, 081 o)

the uy, then f is unbounded below, so 5 is unbounded below if and only if § is unbounded
below which occurs if and only if L = {—o0}. Arguing analogously for upper bounds, we

conclude 5 € O(LQI)]. O

If on the other hand —oo is not contained among

Lemmas 4.5.18 and 4.5.19 finally enable us to show our reduction:
Lemma 4.5.20. It holds that Toogopn ~ Togopn.

Proof. Let O € T. We show that O is a Tgzern-neighbourhood of every element of O.
Take s € O. By regularity, there exists P € T such that s € P C P’ C O. Since
T C Toogoern, there exists a Tpagorn-basic open set

0 3
U= O()mOLUmﬂ o

UZ,’UZ
=1

such that s € U C P, in particular s € U C O. By Lemma 4.5.19, the T-closure of U is
ﬂ ﬂg 10 (,) o) Hence, O is indeed a Tp3zorn-neighbourhood of s. O

Remark 4.5.21. As already stated in the concluding remarks of Section 4.3, the reduc-
tion Tgogorn ~» Tosepn is the only one whose proof cannot be reformulated as a (Pseu-
do-)Property X-type statement. Starting from Proposition 4.3.4 and applying Propo-
sition 2.7.3 along the route Tpicp, = Toi2z ~> Toretsogorn ~> To24 ~> Tozzern, we obtain
that (Mg, To2300n) has automatic continuity with respect to the class of second countable
topological semigroups. However, we cannot continue on to 7ggern. Thus, the reduction
To2goen ~> Tozern is indeed fundamentally different.

4.5.4 Reduction Tgzorm ~ To = Tpu

In our final reduction, we eliminate the sets of type 3°P". The technique resembles those
of Subsections 4.5.1 and 4.5.2, albeit with crucial involvement of the 7-density of Surj(Q)
shown in Subsection 4.5.3. The following easy observation gives an idea as to why this is
important.
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4 The semigroup of increasing functions on the rational numbers has a unique Polish topology

Lemma 4.5.22. Let T be a Polish semigroup topology on Mg such that T C Tozepn. Let
further O € T and let f € O be surjective. Then O is a Tp,-neighbourhood of f, in other
words, there exists P € Ty, such that f € P C O.

Proof. With the same spirit as in Notation 4.5.16, we can write

N (@)
_ (0) 3)
0 =0 UJ [ Oz 50 N [ O 4oy | -
i€l =1
where Opw € Topws T _('),gj(A) are tuples in Q, N > 1 and uy),v(i) € Q. Since none of the
sets O (1) g 0 ﬂN(l)
P := Opy. ]

(1) o) can contain surjective functions, f has to be contained in

Lemma 4.5.23. It holds that Tozorn ~» To = Tpuw-

Proof. Let O € T. We show that O is a Tp,,-neighbourhood of every element of O.

Take s € O. By T-continuity of the composition map o and since soidg € O, there exist
T-open sets U and V such that s € U, idg € V and U oV C O. Using Lemma 4.5.22,
we can shrink V' and assume that V' is 7p,-open; shrinking further we can even take V'

to be Tp,-basic open, so V = ng The set U N Oy(c 3@) is a nonempty 7-open set. By

Lemma 4.5.15(ii), the surjective functlons form a T-dense set, so there exists a function
feuno?)  nswiQ).

We claim that fo O(f02 = O;O}(i) (= 0202@))- The inclusion “C” is clear; for the converse
(0)

inclusion “27, we argue as follows: given § € O_ (@)’ the finite partial map m defined by
T — T satisfies 5(p) = fm(p) for all p € Dom(m). Since f is surjective, we can apply
Lemma 4.1.7(1) to find § € Mg such that §(Z) = z and § = f§, thus proving the claim.
We obtain
seO( =fo O”CUchO

showing that O is indeed a Ew—nelghbourhood of s, as desired. O

Remark 4.5.24. We can reformulate the proof of Lemma 4.5.23 as follows: We show that
(Mg, Tpw) has Property X of length 2 with respect to (Mg, Togern), using the decom-
position s = idg sidgidgidg where the first, third and fifth position are fixed and the
second and fourth position are varying, subsequently yielding § = idg fidg & idg. As
in Remarks 4.5.7, 4.5.10 and 4.5.13, we apply Proposition 2.7.3(i) to the continous map
id: (Mg, Tozorn) = (Mg, T) to obtain T C Tp,,. Observe that the existence of f requires
the density statements from the previous reduction (which were shown using Polishness).

78



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5 Endomorphism monoids of homogeneous
graphs

We continue the programme of studying Question C, i.e. analysing homogeneous graphs
with regard to whether their endomorphism monoids have UPP and arrive at an almost
complete answer to this question. In Section 5.1, we present the previous status of this
question as well as formulate our results. The subsequent sections are devoted to the
respective proofs, considering the dual of the random K,-free graph OF,, as well as the
complete infinite-partite graph with parts of finite (equal) size K, , in Section 5.2, the
complete k-partite graph with parts of countably infinite size Ky, in Section 5.3 and,
finally, discussing partial results about the complete infinite-partite graph with parts of
countably infinite size K, ., in Section 5.4.

5.1 Overview

To recap the classification theorem of homogeneous graphs (Theorem 2.4.3), a homogeneous
graph G is isomorphic to one of the following:

1) the random graph

2) the random K,,-free graph [F,, for some n > 3

4

(

(2)

(3) the dual of IF,, for some n > 3

(4) Kiw, Ky or K, for some k,n > 1 (a complete multipartite graph)
(5)

5) Epuw, Eupn or Ey ., for some k,n > 1 (an irreflexive equivalence relation with classes

of equal size)

We first collect some facts about the endomorphism monoids and automorphism groups for
a selection of these structures. In this chapter, we always work with the representations
from Definition 2.4.2 and use Notation 2.4.4.

Lemma 5.1.1.

(1) End(Ky,) = {|_|§T:1k, s; o0 € Sym(k),s;: N — N},
Aut(Ky ) = {|_|;T:1,C a; :0 € Sym(k),q; € Sym(N)}

(it) End(Kyp) 2 {Ulen si : 7 € Inj(N), ;2 {1,...,n} = {1,...,n}},
Aut(Ky, ) = {|_|;.7GN a;: 0 € Sym(N),a; € Sym(n)}
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5 Endomorphism monoids of homogeneous graphs

(iii) End(Kuw) 2 {[fiey i : 7 € Inj(N), s;: N — N},

)

Aut(Ky ) = {[ %y @i : 0 € Sym(N), o; € Sym(N) }

)

Proof. We proceed very similarly to the proof of Lemma 3.3.4. First, all the maps from
above are easily seen to be endomorphisms and automorphisms of the respective structures.
Second, we note that since the graph relation connects the parts of the graph, any endo-
morphism has to map elements from different parts (i.e. a € {i} x X and b € {j} x X for
i # j where X = {1,...,n} or X = N) to different parts. For the graph K}, ,, with finitely
many parts, this implies that elements from the same part need to be mapped to the same
part as well which yields (i) with the same argument as in Lemma 3.3.4.

In general, however, this conclusion is not true; for instance, the map s: Nx X — Nx X
defined by

(0, ), i =0,z even
s(i,x) == < (1,2), i =0,z odd
(i+1,2), 1>1
where X = {1,...,n} or X = N is an endomorphism of K, , and K, respectively.
Finally, automorphisms « of K, , and K, ., do need to preserve the parts since a~!is an
endomorphism as well. All in all, this gives (ii) as well as (iii). O]

In order to analyse which of these graphs have endomorphism monoids satisfying UPP,
we start by checking whether the pointwise topology on these monoids is the coarsest Polish
semigroup topology — this turns out to be true for all of them.

Proposition 5.1.2. Let G be a homogeneous graph. Then the Zariski topology on End(G)
coincides with the pointwise topology. In particular, the pointwise topology is the coarsest
Polish semigroup topology on End(G).

Proof. The graphs from (1)-(3) as well as Ky, ,,, K,, ., and Ey,,, E, ., are contained in Corol-
lary 3.2.1. For K, ,, Theorem Al is not directly applicable since this structure has alge-
braicity. Using Lemma 5.1.1(ii), we can, however, find for arbitrary a = (ig,xo) in the
domain Ky, = N x {1,...,n} of K,, endomorphisms f and g such that f|x, \{a} =

9l Ko\ (ay and f(a) # g(a): we pick f = | |2 fi and g = | 3 g where fi = g; = id{1,
for i # io and' figl(1,. ni\{zo} = Yiol{1,...n}\{wo} 35 well as fiz(z0) # giy(20). Since Ky p
is clearly transitive such that its model-complete core (the complete graph on countably
many vertices) has no algebraicity, Remark 3.2.6 applies and yields the desired conclusion.

Finally, E,, ,, was treated in [EJM™23, Proposition 3.10] with a tailoured approach — note
that E , also has algebraicity but has a very specific form, namely the disjoint union of
countably many copies of a finite structure. O

The previous proposition implies that the only way for UPP to fail on the endomorphism
monoid of a homogeneous graph is the existence of a Polish semigroup topology which is
strictly finer than the pointwise topology. In this case, the endomorphism monoid cannot
have automatic continuity with respect to the class of Polish semigroups (in particular
with respect to the class of second countable topological semigroups). Combining the

'Note that fi, and g, need not be injective.
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5.1 Overview

results from [EJMT23] with our contributions, we almost arrive at a complete answer to
Question C, that is a classification of all endomorphism monoids of homogeneous graphs
with regard to UPP; see also Table 5.1.

Theorem C. The following homogeneous graphs have an endomorphism monoid which
satisfies UPP:

(1) the random graph
(4a) Ky for some k >1
(5a) E ., for somen > 1

In fact, the respective endomorphism monoids have automatic continuity with respect to the
class of second countable topological semigroups.

The following homogeneous graphs have an endomorphism monoid which violates UPP (in
particular, does not have automatic continuity with respect to the class of second countable
topological semigroups):

(2) the random K, -free graph F,, for some n > 3

(8) the dual of ¥y, for somen >3
(4b) K, p for some n >1

(50) Ey., for some k > 1 as well as B,

Finally, the endomorphism monoid of K, ., does not have automatic continuity with respect
to the class of second countable topological semigroups.

’ Structure H random graph ‘ I, ‘ oF,, ‘ Ko ‘ Kun ‘ Kow ‘ E o ‘ Eun ‘ Euw ‘
UPP v X X v X 7772 v X
AC v X X v X X v X

X
X

Table 5.1: Summary of Theorem C
(AC means “automatic continuity with respect to the class of second countable
topological semigroups”)

Proof. The random graph, the random K,-free graph F,, for some n > 3 as well as the
graphs Ey ,, E, », Ey . for some k,n > 1 have been treated in [EJM™23]. We will con-
sider the remaining graphs in the next subsections, starting with 0F,, and K, ,, in Propo-
sition 5.2.1, continuing with Kj , in Proposition 5.3.1 and ending on K, . in Proposi-
tion 5.4.1. ]
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5 Endomorphism monoids of homogeneous graphs

5.2 OF, and K, ,, do not have UPP

Proposition 5.2.1. The endomorphism monoids End(0F,) and End(K, ) do not sat-
isfy UPP.

We exhibit Polish semigroup topologies on End(dF,) and End(K, ;) which are strictly
finer than the respective pointwise topologies. Our construction generalises Example 2.6.3
(which was tailoured to injective maps) to functions whose preimages of single points have
bounded size.

Definition 5.2.2. Let m > 1.

(i) A map s: A— Ais called m-almost injective if |s~*{b}| < m for all b € A.

(ii) Let S < A4 be a semigroup of A4 consisting of m-almost injective maps. For D C A
with |D| < m and b € A, we define

O(D,b):={seS:s'{b} =D}.

(In the case D = (), this means O((),b) :=={s € S: b ¢ Im(s)}.)

Further, we set 7, to be the topology on S generated by 7,, as well as all the sets
O(D,b) for D C A with |D| <m and b € A.

Note that it would suffice to consider |D| < m —1: since S consists of m-almost injective
functions, the set O(D,b) for D = {ay,...,an} is already contained in 7, as O(D,b) =
{s € S:s(a1) = =s(am) = b}. In particular, this implies that if S consists of injective
maps (so if m = 1), then Ty, coincides with the topology T’ constructed in Example 2.6.3.
With similar arguments to this example, we can obtain the following statements which will
readily yield Proposition 5.2.1:

Proposition 5.2.3. Let m > 1 and let S < A4 be a Tpw-closed subsemigroup of A4
consisting of m-almost injective maps. Then T, is a Polish semigroup topology on S.
Further, if S contains the automorphism group of an w-categorical structure, then Ty, is
strictly finer than Ty, so S does not have UPP.

Proof. We first show that 7,, is a semigroup topology. Since 7, is a semigroup topology,
it suffices to verify the following: if s,¢ € S such that st € O(D,b) for some D C A with
|ID| < m and b € A, there exist T,,-neighbourhoods V and W of s and ¢, respectively,
such that VW C O(D,b). This is straightforward by putting V := O(s~1{b},b) and
W= Naes-1(0} O(t~Ya},a) (if s71{b} = 0, we set W := S); note that Uses—140} t—Ha} =

(st)"H{b} = D.
Next, we show that 7, is Polish by inductive application of Lemma 2.6.2. Setting
Tm[—1] := Tpw for notational convenience, we recursively define 7,,[k] for k = 0,...,m to

be the topology generated by
Tmlk — 1 U{O(D,b) : D C A with |[D| =m —k and b € A}.

Then Ty, = Tyn[m]. By the argument directly preceding this proposition, we have 7,,[0] =
Tpw which is Polish since S is assumed to be 7p,-closed. If we already know that 7,,[k — 1]
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5.3 Ky, has UPP

is Polish, then it suffices to argue that the (countably many) sets O(D,b) for D C A
with |[D| = m — k and b € A are T,,[k — 1]-closed and apply Lemma 2.6.2. Writing
D ={ay,...,am—r}, we have

O(D,b) ={s € S:s(a1) == 5(am—x) =band ‘3_1{19}‘ <m-—k}.
Observing that {s € S : s(a1) = -+ = s(am—x) = b} is closed (even clopen) in 7, and that
{seS:|so}|>m-k}=|J ODb)

D'CA
|D'|Zm—(k—1)

is open in Ty, [k — 1] yields the desired closedness of O(D, b) with respect to T, [k — 1].
Finally, by the same argument as in Example 2.6.3, the topology 7, is strictly finer
than 7, if S contains the automorphism group of an w-categorical structure A: while the
group Aut(A) is Tp,-closed, there exists a non-surjective map in the 7,,-closure of Aut(A)
(see [BPP17, Proof of Corollary 10]); since S is closed, this map is also contained in S (and
therefore in the 7p,,-closure of Aut(A) within 5). O

Proof (of Proposition 5.2.1). Given Proposition 5.2.3, we only have to find a number m
such that End(0F,,) and End(K, ;) consist of m-almost injective maps. Since both graphs
have no loops, the preimage of a single point under an endomorphism must be an inde-
pendent set, i.e. a set whose elements are not connected to each other by any edges. An
independent set of size k in JF,, corresponds to a copy of K in F,, so we know that
kE <mn —1=:m. Similarly, an independent set in K, ,, must be contained in a single part
of the graph, so we know that its size is at most n =: m. ]

5.3 Kj, has UPP

Proposition 5.3.1. The endomorphism monoid End(Ky ) has UPP. Moreover, it has
automatic continuity with respect to the class of second countable topological semigroups.

Our proof consists of an application of Pseudo-Property X with a different flavour than
in [EJM*23] or in Chapter 4, namely with respect to several (different) subsemigroups
of End(Ky,,) rather than with respect to the automorphism group. To this end, we

will use the description End(Ky,,) = {|_|f:1k si:o € Sym(k),s;: N — N} exhibited in
Lemma 5.1.1(i).

Definition 5.3.2. For j =1,... k, we set

DY) = |_| gk g, sj: N — Nand s; = idy for all 7 # j

Further, we define the canonical map x): NN — DU by h — |_|;d:11k s; where s; := h
and s; := idy for i # j.
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5 Endomorphism monoids of homogeneous graphs

Lemma 5.3.3. The canonical map x) is a homeomorphism (NN, T,,) — (DY) Tp,). In
particular, (D(J), Tpw) has automatic continuity with respect to the class of second countable
topological semigroups.

Proof. 1t is straightforward that X(j )is a semigroup isomorphism, so it remains to consider
the topologies.

We first show that () is continuous. Let O be a nonempty basic open subset in the
pointwise topology on D), i.e.

0= {SED(j) 2 8y ) = (0L, Ym) for m = 1,...,n}.

. ; . id .
Since DY) consists of maps of the form |_|;:{11 ’.‘.""z} s; and since O # (), we have ¢,,, = ¢} for

allm =1,...,n. For the same reason, x,, = ¥y, for all m such that ¢,, # j. Therefore, we
can write

0= {s e DY) : 5(j,2m) = (j, ym) for m = 1,...,n}

because the condition s(¢,z) = (¢,x) for x € N and ¢ # j automatically holds for all
s € DY and can thus be dropped from the definition of O. We obtain

(X(j))—l(o) = {h c NV h(zm) = ym for m=1,.. .,n}

which is (basic) open in the pointwise topology on NY. This proves the continuity of .
To show that (x?))~1 is continuous as well, we proceed similarly (but more simply): If

P={hecw’:h(zy) =yn form=1,...,n}
is basic open in the pointwise topology on NV, then

(P) = {5€ D9 - 5(j, ) = (G ym) form =1,....n}

which is (basic) open in the pointwise topology on D).

Finally, the full transformation monoid NV equipped with the pointwise topology has
automatic continuity with respect to the class of second countable topological semigroups
by [EJM*, Theorem 5.4]. This translates to DU) via x(7). O

After this preparation, we can show that End(Kj ) has UPP.

Proof (of Proposition 5.5.1). We prove that (End(Kg,), Tpw) satisfies Property X with
respect to (DN, Tpwlpm))s - - -, (D®), Tow| pay ). By Proposition 2.7.3(ii) and Lemma 5.3.3,
we then obtain that (End(Kj,), 7Tpw) has automatic continuity with respect to the class
of second countable topological semigroups. In particular, the pointwise topology is the
finest Polish semigroup topology on End(Kj,). On the other hand, it is the coarsest Polish
semigroup topology on End(K},,) by Proposition 5.1.2. All in all, the pointwise topology
is the unique Polish semigroup topology on End(Kj,,) which will complete the proof.
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5.4 Open problem: K,

To obtain Property X, we use the following decomposition: Any s = |_|f:1k s; €
End(Kj,,) can be rewritten as

S = |_| 7 ldN o |_| idi,. Ky Sin | o0 |_| idgy, . k) Sil
i=1,...,k i=1,...,k i=1,....k
here s;; = s; for i = j and s;; = idy otherwise. We put g™V := |7, ,id 1l
where s;; = s; for i = j and s;; = idy otherwise. We put gs = iy, idy as well as
ggj) = idg, , and a9 = U;_l“'::’z} sij € DU for j = 1,...,k which gives

o= g PPl ol gD

It remains to consider open subsets V() € Toulpa), ..., VE) € Tl pay of DM, ... DK
with ag] ) ¢ V) and find an open subset U € Ty, of End(Ky,,) with the property that
seUC g§k+1)V(k)g§k)V(k_1) . V(l)ggl). We claim that

U :— gng)V(k)ggk)V(k_l) VMg

S

is already an open set with respect to the pointwise topology on End(Ky ). Assuming that
the sets V) are basic open in the pointwise topology, we can write
m

v = {5 e DY) : 5(4,29)) = (j,yV) for m =1, ... ,n(j)}

by the same argument as in the proof of Lemma 5.3.3 where, without loss of generality,
nU) > 1. Then

YR Ryt ) g

=S5= || Moem55(,29) = (y) form=1,....n0 j=1,.. .k

m

- {3 € End(Ky,) : 5(j,29)) = (j,y9) for m =1,...,n@ j =1, .. k:}

where the second equality follows from the fact that nl9) > 1 for all j = 1,..., k. Finally,
we obtain

U = gDy gmy 1) g

S

= {5 € End(Ky,) : 5(J, 29 = (0(5),y9) form =1,....n0) j=1,... ,k}

which yields that U is open in the pointwise topology as desired. ]

5.4 Open problem: K, ,

We close this chapter with a discussion of K, .
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5 Endomorphism monoids of homogeneous graphs

Proposition 5.4.1. The automorphism group Aut(K, ,) has automatic continuity with
respect to the class of second countable topological semigroups.

However, the endomorphism monoid End(K, ) does not have automatic continuity with
respect to the class of Polish semigroups.

The core of our proof for the automorphism group is another application of Property X,
this time within Aut(K, ) with respect to suitable subsets, while the proof for the endo-
morphism monoid is a direct application of Proposition 2.6.6. For the former, we will use
the description Aut(Ky) = {| %y @i : o € Sym(N), o; € Sym(N)} from Lemma 5.1.1(iii).

Definition 5.4.2. We define the following subsets of Aut(K, o ):
Dyip = {U@fw oo € Sym(N)}, Dperm = {|_|;.7eN dy:o e Sym(N)}.

Similar arguments as in Lemma 5.3.3 yield the following:

Lemma 5.4.3. The canonical maps X iz : (Sym(N), Tpw) = (D, Tow), 0 = | ieyidn as
well as Xperm (Sym(N)N,’mfv) — (Dperm, Tpw)» (@)ien — U%’N a; (where 7;}1 denotes the
product topology on Sym(N)Y) are homeomorphisms.

While automatic continuity is readily seen to be preserved under finite products? of
monoids (in particular finite powers), this is unclear for the case of infinite powers. How-
ever, we can make use of a stronger concept called ample generics that is preserved under
countable products.

Definition 5.4.4. Let (G,7T) be a topological group and let n > 1. We say that g =
(g1,---,9n) € G™ is a generic n-tuple if the orbit of g with respect to the diagonal conju-
gation action of G on G" is comeagre in G™ with respect to the product topology on G,
explicitly if the set

{(hg:h™',... hgoh™") :h € G} C G"

is comeagre.
The group (G, 7)) is said to have ample generics if there exist generic n-tuples in G for
all n > 1.

Having ample generics is a sufficient condition for automatic continuity:

Theorem 5.4.5 ([KR07, Theorem 1.10] combined with the remarks before [RS07, Corol-
lary 3]). If (G, T) is a Polish group which has ample generics, then it has automatic con-
tinuity with respect to the class of second countable topological groups.

The automorphism groups of some w-categorical structures were shown to have auto-
matic continuity via ample generics, for instance the random graph [HHLS93, Hru92]. On
the other hand, the automorphism group of the rational numbers does not have ample
generics [KR07] (even though it has automatic continuity, see Theorem 4.1.5). Another
positive example is the full symmetric group; for later reference:

2The argument is essentially contained in the proof of Proposition 5.3.1 — one shows that a product of m
monoids satisfies Property X of length m with respect to the canonical copies of the single monoids
within the product.
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5.4 Open problem: K,

Theorem 5.4.6 ([HHLS93, Section 3]). The symmetric group Sym(A) on a countably
infinite set A has ample generics.

As mentioned above, having ample generics is preserved under countable products:

Lemma 5.4.7. Let (G;,7T;), i € N, be topological groups each containing generic n-tuples.
Then ([[;en Gi, [Lien Ti) also contains a generic n-tuple. In particular, if all the groups
(Gi,Ti) have ample generics, then ([ [;cn Gi, [[;en Ti) does as well.

Proof. For the sake of notational simplicity, set G := [[,cy Gi and T := [[;en T
Let g; = (gi1,---,9in) be a generic n-tuple in G;, i.e. its orbit under the diagonal
conjugation action
0; = {(hgilhfl, .. ,hgmhil) che Gz}

is comeagre in G7'. We write
Gi\ Oi = | My
keN
for nowhere dense sets M;, C G}'. Putting g := ((gi1)iens - - -, (gin)ien) € G, we claim
that g is a generic n-tuple in G. The orbit of g under the diagonal conjugation action of G
is O := [[;cn Oi, so we have to show that O is comeagre in G". For A; C G;‘, we define

XJ(AJ) = {((ggl)iGNa SRR (gz{n)iGN) eG": (gg’lv s 7g;n) € AJ}

and note that
G"\O = JXi(GP\0y) = | Xi(Mj,
ieN i,kEN
Thus, the proof is completed if the sets X;(M;x) are shown to be nowhere dense in (G", T™).
Writing P° for the topological closure of a set P with respect to a topology O, it suffices

~ " -
to observe that X; (M) = X;(M; My ) has empty 7 "-interior since the set MlkTZ of its
i-th components has empty 7."-interior. O

Combining the previous results, we obtain automatic continuity for the subsets Dy;,
and Dperm.-

Lemma 5.4.8. Both Dy, and Dperm have automatic continuity with respect to the class
of second countable topological groups.

Proof. By Theorem 5.4.6, the symmetric group Sym(N) has ample generics, so the prod-
uct Sym(N)Y does as well by Lemma 5.4.7.

Theorem 5.4.5 yields that both Sym(N)N and Sym(N) have automatic continuity with re-
spect to the class of second countable topological groups which translates to D ;, and Dperm
via X fiz and Xperm by Lemma 5.4.3. O

After this preparation, we can show that automatic continuity holds for Aut(K, ) and
fails for End(K,, ).

87



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5 Endomorphism monoids of homogeneous graphs

Proof (of Proposition 5.4.1). For the first statement, we show that (Aut(K, ), Tpw) sat-
isfies Property X of with respect to (D iz, Tpw|Dy., ), (Dperms Tpw| Dyerrn) Via the following
decomposition: Any a = | [jy a; € Aut(K,, ) can be rewritten as

- (Ll%dN) : (u) — a2 gl

ieN ieN
where g&l) = 9&2) = g((f’) = idAu(k,,,) as well as ag}) = U;(éﬁfw a; € Dy, and a((f) =
|_|‘2-7EN idy € Dperm. It remains to consider open subsets v e Tow! Djia and V2 ¢
Tow|Dyerm Of Dyip and Dpepr, with a(al) eV, a((f) € V@ and find an open subset U € Tow
of End(K, ) such that « € U C g&g)V@)ggQ)V(l)g&l). As in the proof of Proposition 5.3.1,
the set U := 9&3)V(2)gé2)v(1)g&1) = VAV turns out to be open: we can assume V(1)
and V2 to be basic open in the pointwise topology, so we can write

v = {d € Dyiz 2 &(Jm, 2m) = (JmsYm) for m =1, .. .,n(l)}
v@ = {07 € Dperm : &by, xm) = (£, Tm,) for m=1,... ,n(2)}
which yields
U=vAyW = {d € Aut(Ky, o) : &(Gms 2m) = a(Jm, 2m) for m=1,. .. ,nM and
&b, Tm) = (b, ) form=1,. .. ,n(g)}

as desired. Finally, Proposition 2.7.3(ii) combined with Lemma 5.4.8 yields that Aut(K, )
has automatic continuity with respect to the class of second countable topological groups
which is equivalent to automatic continuity with respect to the class of second countable
topological semigroups by Proposition 2.6.5.

For the second statement, we apply Proposition 2.6.6. Thus, we have to find a sub-
monoid N of End(K, ) which is not closed with respect to the pointwise topology such
that composing an element of End(K, ,) with an element outside N yields an element
outside N. Setting N := {| |7y s; : 0 € Sym(N), s;: N — N}, i.e. N shall contain the en-
domorphisms which preserve the parts of K, ,, and whose images additionally intersect all
parts, it is immediate that N is a submonoid of End(K, ). Further, N is not closed with
respect to the pointwise topology: if o, € Sym(N), n € N, are permutations converging
to a non-surjective map 7 ¢ Sym(N), then the endomorphisms | |77yidy € N converge to
/ey idy ¢ N. Finally, composing an element of End(K,,,,) with an element outside N
yields an element outside N which can be seen by distinguishing cases as follows. Let
s ¢ N and t € End(K, ). If s misses one of the parts, say the m-th, then st clearly misses
the same part while ts misses the part (or parts) to which ¢ maps the m-th part (since ¢
has to map elements from different parts to elements from different parts). On the other
hand, if s does not preserve one of the parts, say s({m} x N) intersects both {i} x N and
{j} x N, then ts does not preserve the m-th part either, while st admits two possibilities:
either Im(t) intersects both s~ ({i} x N) and s~ ({j} x N) (then there necessarily exists a
single k such that ¢({k} x N) intersects both preimages) in which case st does not preserve
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5.4 Open problem: K,

the k-th part, or Im(¢) does not intersect s~ ({i} xN) or s71({;j} xN) in which case st misses
the i-th or the j-th part, respectively. Proposition 2.6.6 now yields the conclusion. 0

The only missing item toward a complete answer of Question C is thus given by the
following problem:

Question 5.4.9. Does the endomorphism monoid of K, ., have UPP?

We note that the difficulty in this question arises from the fact that endomorphisms
of K, ., need not preserve the parts of the graph, in other words that they can “split” parts
of the graph to multiple parts. Just like NN has Property X with respect to Sym(N), the
submonoid M := {Ui(éﬁf\r si:o € Sym(N), s;: N — N} < End(K, ) has Property X with
respect to Aut(K, ,); by Proposition 5.4.1, it thus has automatic continuity with respect
to the class of second countable topological semigroups. Further, the submonoid N :=
{Uoen si s 0 € Sym(N), s;: N — N} < End(Ky,,) of non-splitting endomorphisms which hit
all the parts of the graph (used already in the proof of the second part of Proposition 5.4.1)
can also be seen to have automatic continuity with respect to the class of second countable
topological semigroups as it has Property X with respect t0 (Dperms Tpw| Dyperm ) s (M, Tpw|a1)-
On the other hand, the finer Polish topology on Inj(N) exhibited in Example 2.6.3 can be
lifted to the submonoid {| [[_y s; : 7 € Inj(N), s;: N — N} < End(K,,,) of all non-splitting
endomorphisms which not necessarily hit all the parts of the graph. However, this finer
topology does not yield a suitable finer topology on all of End(K, ) since it loses the
property of being a semigroup topology as soon as splitting endomorphisms come into
play.

By Proposition 5.4.1, Question 5.4.9 bears many similarities to Question B about the
rational numbers (Q, <). Equipped with the pointwise topology, End(K,, ) cannot satisty
Pseudo-Property X with respect to (Gg, Tpw). If the answer to Question 5.4.9 is positive,
any proof involving Pseudo-Property X thus requires an auxiliary rich topology as in
Chapter 4.

Finally, in analogy to Remark 4.3.3, we have discovered a topology which “almost” is an
alternative topology satisfying our requirements:

Example 5.4.10. Using the projection map m1: NxN — N, (i, z) — i, we define, for every
s € End(K,,,) and i € N, the set S;(s) := m1(s({i} xN)) of parts of the graph hit by s from
the i-th part. Further, we define the splitting number ps := >, (|Si(s)| — 1) € NU {oo}
(so ps counts how many “surplus” parts are hit by s via splitting; for example if s splits
one part into two parts, another one into five and maps all the other parts to a single part,
then ps = 1+4 =5) as well as the missing number ¢s := [N\ m1(Im(s))| € NU {oo} (so gs
counts how many parts of the graph are missed by s). It is straightforward to verify that
the sum 7, := ps + ¢s € NU {00} is compatible with the composition in the sense that
ret = rs + 1 for all s, € End(K,, o).

Thus, setting P, := {s € End(K,,) : rs = k} for all k € NU{oo}, the topology T’ gener-
ated by Ty together with the sets Py, k € NU{oo}, is a semigroup topology. It clearly is sec-
ond countable Hausdorff and, since all P, are clopen in 7, also regular. Hence, 7" is metris-
able, again by Urysohn’s metrisation theorem. However, 7' is not completely metrisable
by a similar argument to Remark 4.3.3: The set X := {s € End(K, ) : ps = 0,¢s = 0o} is
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5 Endomorphism monoids of homogeneous graphs

Tpw-closed in P, so T'-closed in End(K,, ). Therefore, equipped with the subspace topol-
ogy (which coincides with the pointwise topology), it would be completely metrisable as well
and thus a Baire space. As a contradiction, the sets O,, := {s € X : s hits the n-th part}
are dense and open in X but have empty intersection.

Just like the boundedness types used in Remark 4.3.3 were part of the rich topology
for End(Q, <), we suspect that because of their compatibility with the composition opera-
tion, the sets Pj exhibited in Example 5.4.10 could play an important role in either a rich
topology for End (K, ) or in a hypothetical finer topology on End(K,, ).
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