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Communicated by Enrico Valdinoci We prove that the unit sphere is the only smooth, strictly convex solution to the isotropic L,
dual Minkowski problem h?~!|Dh|""'~KC = 1, provided (p.q) € (—n — 1, —1] X [n,n + 1).
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1. Introduction

An important question in convex geometry is the uniqueness or non-uniqueness of origin-centered spheres as solutions to the
isotropic L, dual Minkowski problem:

W= Dh|" I = ¢, ¢ € (0, ). (1.1)

The L, dual Minkowski problem was first introduced by Lutwak, Yang, and Zhang [34], acting as a bridge that connects
the L, -Minkowski problem to the dual Minkowski problem. The former, the L,-Minkowski problem, was introduced by Lutwak
in his influential paper [31] three decades ago and has since been extensively investigated; see, e.g., [3,6,7,9,11,16,17,22,24—
26,32,33,35,38-40,43]. The latter, the dual Minkowski problem, was proposed recently by Huang et al. in [20] and further
studied in [5,13,18,19,28,41,42]. There has been significant progress on the L, dual Minkowski problem after the paper [34],
such as [4,12,14,21,27]; however, the complete answer to the uniqueness and non-uniqueness question, as stated above, has been
elusive in the most interesting case: without the origin-symmetry assumption.

Here are the known uniqueness and non-uniqueness results for the isotropic L, dual Minkowski problem:

» [8], uniqueness of solutions for —(n+ 1) < p< 1 and ¢ =n+ 1 (see also [1,2,37]);
+ [21], uniqueness of solutions for p > g;
+ [12], uniqueness of origin-symmetric solutions for

—(m+1)<p<g<min{n+1,n+1+p};

+ [14], uniqueness of solutions for 1 < p< g <n+1, or —(n+ 1) < p < g < —1, or the uniqueness of solutions up to rescaling for
P=4q;

» [30], complete classification for n = 1;

+ [10], non-uniqueness of solutions under any of the following assumptions:
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@) ¢g-2(n+1)>p>0;
(ii) ¢ > 0 and —¢* < p < min{0, g — 2n — 2}, where

q

q—n
=9 fl<g<n+l
qg-—1
+ o0, ifO<qg<l;

, ifg>n+1

(iii) p+2(n+1)<qg<0O.
In the recent work [23], employing the local Brunn-Minkowski inequality, the following uniqueness was proved.

Theorem. Let n > 2 and assume —(n+ 1) < p and q < n + 1, with at least one being strict. Suppose M" is a smooth, strictly convex,
origin-centered hypersurface such that h?~'|Dh|"*'~9KC = ¢ with ¢ > 0. Then M" is an origin-centered sphere.

Here, we also employ the local Brunn-Minkowski inequality as our main tool to establish the following uniqueness result.

Theorem 1.1. Let n > 2. Suppose M" is a smooth, strictly convex hypersurface with h > 0, such that h?~!|Dh|"™*'~9KC = 1. Suppose either

1. -n+1)<p<-landn<qg<n+1,
2.0or-n+1)<p<-nand1<g<n+1.

Then M" is the unit sphere.

2. Background
2.1. Convex geometry

Let (R"™!,6 := (,), D) denote the Euclidean space with its standard inner product and flat connection, and let (S”, g, V) denote
the unit sphere equipped with its standard round metric and Levi-Civita connection.

Suppose K is a smooth, strictly convex body in R"*! with the origin in its interior. Write M = M" = 9K for the boundary of K.
The Gauss map of M, denoted by v, takes the point p € M to its unique unit outward normal x = v(p) € S". The support function
of K is defined by

h(x) :=max{(x,y) : ye K}, xeS"

The inverse Gauss map X = v~! : §" — M is given by
X(x) = Dh(x) = Vh(x) + h(x)x, xe&S".

The support function can also be expressed as A(x) = (X (x),x) = (v_!(x), x), for x € S". The radial function of K is defined by
rx) = X @) = (VA + R0)7.

Moreover, the Gauss curvature of M is defined as

1. det(V2h+gh)

= s es".
K(x) det(@) I

Note that the matrix A[A] := V2h + h§ = D*h|pg is positive-definite. The eigenvalues of the matrix A[A]|, with respect to the
metric Z|,, denoted by {4;}_, are the principal radii of curvature at the point X(x) € M. Then ¢, = K~! = M, 1;. The curvature
equation (1.1) can be reformulated as the following Monge-Ampére equation:

h'7P| DRV det(V2h + gh) = c.
The polar body of K is defined by

K* :={yeR"™ : (x,y) <1 VxeK}.
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It is well-known that K* is also a smooth, strictly convex body in R"+! with the origin in its interior. Moreover, the following identity
holds
hn+2(x)(h*(x*))n+2
K(x)L*(x*)

Here h* and K£* denote respectively the support function and Gauss curvature of K*, and x* := X(x)/| X (x)|.

Finally, let us introduce the measure dV := ho,du = (h/K)du, where y is the spherical Lebesgue measure of the unit sphere S".
Then the measure ¢,du is the surface-area measure of K, and V is a constant multiple of the cone-volume measure of K. We refer
to [38] for additional background.

=1 2.1

2.2. Centro-affine geometry

In this section, we recall some basics from centro-affine geometry. For the related concepts, we refer the reader to [29,36] and,
in particular, to the excellent paper by Milman [35].

Let X : " > M be a smooth embedding of M (which we consider it to be Dh as in the previous section), and consider the
transversal normal field &(x) := X(x) (the centro-affine normal). The transversal vector ¢ induces the volume form V (as in the
previous section),

Viey,....e,) =det(dX(e)),...,dX(e,), &), e €TS",
a connection V, as well as a metric g¢ on S” as follows:
D, dX(v)=dX(V,v) — g, v)é, u,veTS" (2.2)
Note that g¢ is symmetric and positive-definite. Moreover, while V is not the Levi-Civita connection of g%, it is torsion-free and
VvV =0. (2.3)

The conormal field &* : " — (R"+!)* ~ R"*! is the unique smooth vector field to the dual space of R"*!, such that (¢*,dX) = 0
and (&, &%) = 1. Moreover, £* is an immersion and transversal to its image, and it induces a bilinear form g¢* and a torsion-free
connection V* on S”,

D,d&"(v) = d&*(Viv) — g% (w. )", u,v € TS".

We furnish all geometric quantities associated with £* with .
It is known that g€ = g&* and that the two connections V* and V are conjugate with respect to g:

ugf(vy,vy) = g5 (Y01, 0y) + £5(vy, Vivy), u,v,0, €TS".

Moreover, by [35, Proposition 4.2] (or taking the inner product of (2.2) with v), we find

" Alh]
£ gt 2 Al
g g h

For a smooth function f : " — R, the Hessian and Laplacian with respect to (V, g) are defined as
Hess f(u,v) = Vd f(u,v) = v(uf) —d f(V,u)

and Af = div(Vf) = > 8V, Vi.e), where (e}, isa local g-orthonormal frame of T'S". We write Hess* and 4* respectively for
the Hessian and Laplacian with respect to (V*, g). Since V, V* are conjugate, we have

v(f) =vg(Vf,u) =gV ,Vf,u)+df(Vyu.
Therefore, we obtain

Af =tryHess" f, A"f =tr, Hess f.
By [35, Proposition 4.2], we have

Hess* f +¢f = % (VX(hf)+ghf) = #.

Let us define Q(u, v) = Viu — V,u for all u,v € TS". Then by [29, (6.2)],

hn+2
trgQ=—Vlog< e >

In particular, we have

h

n+2
V). 2.9

(A= 4] == 0 e)f =dlog =
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We conclude this section by recalling the local Brunn—-Minkowski inequality, reformulated in the language of centro-affine
geometry (cf. [35]): Let £ € C'(S"). Then

2
/fde</|Vf| dV +n (/ffd::) ) (2.5)

The equality holds if and only if for some w € R"*!,

(x)_<h() w), VxeS"

Moreover, by [35, (5.9)] we also have
n/ |Vf|§dV < /(Af)de, Vf e CxSh).
3. Uniqueness

The following identity is at the heart of our approach to employing the local Brunn—-Minkowski inequality.

Theorem 3.1. There holds
n+2

AX +nX = hVlog h (3.1)

In particular,

_ hn+2
n/XdV:/thog e dv.

Proof. Let w € R"! be a fixed vector. By the centro-affine Gauss equation for & = X (cf. (2.2) and [35, Section 3.8]), we have

A(X, w)y +n(X,w) =

Now let {v; } be a local g-orthonormal frame of T'S" that diagonalizes A[h] at x, and A[h]lx[)(v,,u ;) = 6;;4;. Define ¢; = ,/ ﬁvi,

A
i=1,...,n Then we have gle(e e;) = §;;. Hence, using ¢, Xle = Ae; (cf. [15, (4.15)]) and (2.4), at x, we obtain

i°€j
AX, wy +n{X, w)y = (A— A*) (X, w)

= g(Vlog hIC , V(X ,w))

hﬂ+
= Z 8(Vlog =, Aile;, w)ey)

= 2/1 (e, wyd log ™ (e)

= Z(Vlog

The second identity follows from integrating (3.1) against dV. []

hw)

Lemma 3.2. Let 0 < f € C%(S"). Then

|/ rXav |’

2 _ hn+2 2 2
Vleg —.,hX) — | X|7|V1 dv <
/f << 0g = ) = 1XI7|Vieg f1, " Fav

Proof. Let {Ek}’”“l be an orthonormal basis of R"*!. We define
fi=fIX.E)., k=1,....n+1l
In view of Theorem 3.1, we have
_ hn+2
Afy +nf, = f(Vlog T,hEk) +(X,E)Af +28(Vf,V(X, E)).

Therefore,

_ hn+2
Y fu@f+nf) = fAVlog ——, hX) + fIXIPAf + fg(Vf,VIX]P). (3.2)
k
Moreover, by integration by parts (cf. (2.3)), there holds

[ixtrar+ ravrvixtay = [ 1xPivsiav. 3.3)
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By the local Brunn-Minkowski inequality (see (2.5)), we have
([ fXdV,E)?
fiAf+nfi)dV <n e S
z/ T
Thus the claim follows from (3.2) and (3.3). [J

Lemma 3.3. Suppose ¢ : (0,00) — (0, 00) is C'-smooth and f = ¢(r). Then we have

2
/f2<vlog h: |/ 7Xav|

— (r(log @) )*Vlogr,hX)dV <n-L1— .
(r(log @) g ) Tav

Proof. Let {v;}_, and {e;}}_, be as in the proof of Theorem 3.1. We calculate

’ ’
oz /) = (og ) er = 22 4 (e, x) = CELL fhziy, x),
and

PViog f12 = Y ((og @) hA(dh())? = Y (rlog @) Y(V logr, hX).

Now the inequality follows from Lemma 3.2. []

Proof of Theorem 1.1. Let @ = g —n— 1. Due to Lemma 3.3 with ¢(r) = r~"~!, our assumption A"+2KC~! = p"*1+7"+1-4 we obtain
e e ) | [rexdv|®
(n+1 +p)/r “IVh|"dV < a(a+ 1)/r “(Vlogr,th)dV+n/T
Assuming o + @ <0 (i.e. n < g < n+ 1) we obtain
2
_ r*Xdv
(n+1+p)/r2“|Vh|2dVSn|'/fT|. (3.4

Using the identity Ax + nx = 0 and integration by parts, we have
/h"Xdy =/h1’+1x+hPWdM
hptl _
= / ———Ax+ h’Vhdu
n

= w/hpvhdﬂ.
n

Therefore, due to r*dV = r”‘%d u = h”du, we obtain

1 N
/r"XdV:/h‘”Xdy: u/hﬁvwﬂ
n

= M/,avhdy.

n

Since n+ 1 + p > 0, inequality (3.4) yields

= 2
_ r*VhdV
/r2a|Vh|2dVSn+l+p|f — | ‘

2
dv <

We may rewrite this inequality as
/ [ r*Vhdv p+11/r*Vhav|’
[dv n [dv

Thus 4 is constant, provided —(n+ 1) <p<-landn<g<n+1.
In view of (2.1), the polar body K* satisfies the following isotropic L_, dual Minkowski problem:

r*Vh

(h*)flfq|Dh*|"+1+p]C* =1.

Hence, the uniqueness result also holds when n < —-p<(n+1)and -(n+1) < —g < -1. O
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