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Abstract

Lattice materials are becoming increasingly important in lightweight design as they can now be manufactured
to meet desired properties using advancing additive manufacturing techniques. Reliable predictions of their
mechanical response are required to use them in engineering applications in an efficient way. Among the
numerous failure mechanisms that may occur in lattice materials, this thesis focuses on the buckling of lattice
beams caused by global compressive loading. For the sake of efficiency, a continuum modeling approach is
aimed for, which is addressed by using micropolar continuum theory. It is a promising approach to describe the
required deformation mechanisms based on the internal length scale of the micropolar continuum. However,
investigating buckling of lattice beams based on micropolar modeling is not common in the literature. In
a first step, the micropolar elastic constants for the constitutive relations are determined, since these are
generally not available in the literature. Additionally, a geometrically nonlinear model is required to study
buckling. Such a model is not yet available out of the box and, therefore, must be implemented in the Finite

Element Method framework of interest.

An energy-based homogenization approach commonly used in the literature is employed to derive the mi-
cropolar elastic constants of 2D and 3D lattices. The method provides two sets of constants for the very same
lattice depending on assumptions made during the derivation. Comparing these sets, some of the constants
associated with the rotation field differ from each other in both sign and magnitude. Both sets have caused
some controversy in the literature about the validity of the method in general. To contribute to the discussion
a numerical study is carried out based on 2D lattices. This study is also used as basis for the derivation of
the constants of the 3D lattices aimed for in the present thesis. For the set with constants showing negative
signs, the internal length of the lattices and the meshing parameters are found to be competing length scales.
Conditions are proposed to circumvent such interference. In contrast, the set with constants showing only
positive signs can be used without constraints as long as a proper discretization is ensured such that the
gradients of the kinematic fields are captured properly. Based on the findings, micropolar elastic constants
of various types of 3D lattices are derived. To evaluate the validity of these constants, continuum models are

compared to discrete models in terms of strain energies and rotation fields.

To study buckling, a geometrically nonlinear model proposed in the literature is implemented in ABAQUS
as a user element. For verification of the implementation, benchmark problems are used. It is investigated
to what extent the model is capable of estimating critical loads and predicting the postbuckling behavior
of lattice beams when remaining within the linear strain regime. Discrete models serve as reference. The
postbuckling regime is accessed by imposing eigenmode-affine imperfections based on linear eigenvalue anal-
ysis of the discrete models and random-based imperfections inspired by imperfections commonly occurring
in additive manufacturing. The comparison with discrete models shows that the overall behavior can be
qualitatively captured by the models and that even localizations of deformation are captured as long as the
localized deformations remain small. While further studies are necessary to identify the limits of the model

to provide the reliability required for any engineering application, the present contribution provides evidence
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that the micropolar continuum offers the capability of replacing discrete models for buckling and postbuckling

predictions of lattice materials.
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IIT

Kurzfassung

Gittermaterialien gewinnen im Leichtbau zunehmend an Bedeutung, da sie heute mithilfe additiver Fer-
tigungsverfahren mit den gewiinschten Eigenschaften hergestellt werden koénnen. Zuverlédssige Vorhersagen
des mechanischen Verhaltens sind erforderlich, um sie in technischen Anwendungen in effizienter Weise ein-
setzen zu kénnen. Unter den zahlreichen Versagensmechanismen, die in Gittermaterialen auftreten kénnen,
konzentriert sich diese Arbeit auf das Knicken von Gitterbalken, das durch globale Drucklasten verursacht
werden kann. Aus Griinden der Effizienz wird dabei ein kontinuumsmechanischer Ansatz auf Basis der mi-
kropolaren Theorie verfolgt. Diese Theorie stellt einen vielversprechenden Ansatz dar, um die benétigten
Verformungsmechanismen mithilfe einer internen Lénge, welche dieser Theorie zugrunde liegt, zu beschrei-
ben. Allerdings, sind Beulanalysen von Gitterbalken mithilfe mikropolarer Modelle in der Literature nicht
iiblich. In einem ersten Schritt werden die mikropolar elastischen Konstanten fiir das zugrundeliegende Kon-
stitutivgesetz bestimmt, da diese im Allgemeinen nicht in der Literatur verfiigbar sind. Zusétzlich wird ein
geometrisch nichtlineares Modell benttigt, um Beulen untersuchen zu kénnen. Solche Modelle sind nicht als

Standardmodelle verfiighar und sind daher erst in ein Finite Elemente Programm zu implementieren.

Fine in der Literatur iibliche energiebasierte Homogenisierungsmethode wird angewendet, um die mikropolar
elastischen Konstanten von 2D und 3D Gittermaterialien zu bestimmen. In Abhéingigkeit der getroffenen
Annahmen, liefert diese Methode zwei Sdtze von Konstanten fiir ein und dasselbe Gitter. Vergleicht man
diese beiden Sétze, so unterscheiden sich einige der Konstanten, die mit dem Rotationsfeld verkniipft sind,
sowohl im Vorzeichen als auch in der Grofle. Beide Sétze haben in der Literatur zu einer gewissen Kontroverse
iiber die Giiltigkeit der Methode im allgemeinen gefiithrt. Daher wird eine numerische Studie auf Basis von
2D Gittern durchgefiihrt, um einerseits zur Diskussion beizutragen und andererseits eine Grundlage fiir die
Bestimmung der Konstanten fiir die 3D Gitter zu erhalten, die in dieser Arbeit bestimmt werden sollen.
Fiir den Satz von Konstanten mit negativen Vorzeichen werden dabei die interne Linge des Gitters und die
Vernetzungsparameter als zwei konkurrierende Léngenskalen identifiziert. Es werden Bedingungen formuliert,
um Interferenzen zu vermeiden. Hingegen kann der Satz von Konstanten mit positiven Vorzeichen ohne
Einschréankungen verwendet werden, sofern die Diskretisierung ausreichend fein ist, um Gradienten in den
kinematischen Feldern abbilden zu konnen. Basierend auf diesen Ergebnissen werden mikropolare elastische
Konstanten fiir verschiedene 3D Gittertypen ermittelt. Die Validitiat der Konstanten wird durch den Vergleich

von Kontinuumsmodellen mit diskreten Modellen evaluiert.

Um Beulen zu untersuchen, wird ein in der Literatur vorgeschlagenes, geometrisch nichtlineares Modell in
ABAQUS als Benutzerelement implementiert. Die Implementierung wird anhand von Benchmark-Problemen
verifiziert. Es wird untersucht bis zu welchem Grad das Modell, unter der Annahme kleiner Verzerrungen, in
der Lage ist, kritische Lasten abschéitzen und das Nachbeulverhalten von Gitterbalken abbilden zu kénnen.
Diskrete Modelle dienen dabei als Referenz. Das Nachbeulverhalten wird einerseits durch Eigenform affine
Imperfektionen, basierend auf linearen Eigenwertanalysen der diskreten Modelle zuginglich gemacht. Ande-
rerseits werden zufallsbasierte Imperfektionen verwendet, welche durch gewchnlich in der additiven Fertigung
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auftretende Imperfektionen inspiriert sind. Der Vergleich mit diskreten Modellen zeigt, dass die Kontinuums-
modelle sowohl das globale Verhalten qualitativ erfassen als auch Deformationslokalisierungen, solange diese
klein sind, abbilden kénnen. Wihrend weitere Studien notwendig sind, um die Grenzen der mikropolaren Mo-
delle bestimmen zu koénnen, die in technischen Anwendungen zwingend erforderlich sind, zeigt diese Arbeit
auf, dass mikropolare Kontinuumsmodelle, grundsétzlich die Moglichkeit bieten diskrete Modelle fiir Beul-

und Nachbeulanalysen zu ersetzen.
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XI

Notation

Throughout this thesis italic letters refer to scalars and boldface letters designate tensorial quantities. Un-
derlined letters indicate first order tensors or vectors, letters with a single tilde placed below refer to second
order tensors, underlined letters with a single tilde placed below designate third order tensors, and blackboard
letters with a double tilde placed below indicate fourth order tensors. All components of tensors are given

with respect to a Cartesian basis.

Square brackets indicate that either vectors and matrices in general or a vector-matrix notation of second
or fourth order tensors is used. Unless stated otherwise, the components for the vector-matrix notation are
arranged as given in Eq. (2.62). Ambiguity remains for second order tensors in vector-matrix notation and

for matrices in general. Thus, if a tensor is used, this is explicitly stated.

Tensor notation

a, b . scalars

a, b . tensors of the first order (or first order tensors) or vectors
A a tensors of the second order (or second order tensors)

A a tensors of the third order (or third order tensors)

é, é tensors of the fourth order (or fourth order tensors)

Index notation

a, b o scalars

b
aq, b . vectors
Aij, aij - second order tensors
Aijk, Gijk o third order tensors
Agjr s &ijrr - fourth orders tensor

Vector-matrix notation
[A], [a] . second order tensors
[A], [a] . fourth order tensors

Vectors and matrices in general
[A], [a] o vector
[é]a [g] R matrix
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XII

List of Symbols

The symbols are grouped by scalars, first, second, third and fourth order tensors, and FEM related variables,
respectively. Within each group, Latin symbols in alphabetic order are placed before Greek symbols in
alphabetic order.

Scalars

A o cross section of 3D lattice member mm?
Ape oo area of base cell mm?
Aing, Aext --- internal and external energies N mm
B oo micropolar body

Ey oo Young’s modulus of parent material N/mm?
Fgse, AFEg ... total and incremental strain energies N mm
Gs vovvnin. shear modulus of parent material N/mm?
hooooooiiii. out-of-plane thickness associated with plane strain assumption mm
H() ........ Heavyside function

I, I, I; ... geometrical moments of inertia of m-, n-, and t-axis of 3D lattice member mm?*

J o determinant of the deformation gradient tensor

Lyl ......... lengths at macroscale and microscale mm
Mo evvernnnns number of lattice members comprising a base cell

N1xN3(xN3) number of base cells in 1, 2, (and 3)-direction comprising the lattice

P material point or particle

T radius of 3D lattice member mm
S,8 e, surfaces in reference and current configurations mm?
IRy, OR; ... surface boundaries in reference and current configurations mm?

t o thickness of 2D lattice member mm
to time S

Vivo oo, volumes of micropolar body in reference and current configurations mm?
Ve, Vs oottt volumes of basce cell and parent material mm?
Wiy oot strain energy of lattice member I.J mm?
i, Hi ..., ith eigenvalue and eigenmode

A, 1, v, B,y micropolar elastic constants of isotropic material N/m?m; N
Vg vevennnnnn. Poisson’s ratio of parent material

E, €6 . scaling factor for the i*" eigenmode and for deviation of radii

POy Pt oo densities in reference and current configurations kg/mm3
Pr oo relative density

Xy covveennnn averaged relative error of DOF y

Yo strain energy density N/mm?
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LIST OF SYMBOLS

First order tensors and general vectors

Ei,e ....... basis vectors in 1, 2, and 3-direction in reference and current configurations
D;,d; ....... directors ¢ = 1,2, 3 of trihedral of P in reference and current configurations
£ body force density vector
m ........... body moment density vector
t 6t stress vectors related to Cauchy-, PK1-, and PK2-like stress tensors
"t, ”E, "”"E .... couple stress vectors related to Cauchy-, PK1-, and PK2-like
couple stress tensors
Xt, Xi, XE ... axial vectors of Cauchy-, PK1-, and PK2-like stress tensor
L S displacement vector
Ur ... nodal displacement vector at node I
D, O position vectors of particle in the reference and current configurations
(= linear micropolar generalized vector of strain and curvature components
o] oot linear micropolar generalized vector of stress and couple stress components
D o microrotation vector
s T e nodal rotation vector at node [

or micropolar elasticity matrix

Ee......... micropolar relative Lagrangian and Eulerian stretch tensors
F ... deformation gradient tensor

... identity tensor

K,k ....... micropolar relative Lagrangian and Eulerian wryness tensors
T, ’i‘, ’i‘ ..... Cauchy-, PK1-, and PK2-like stress tensors

“I,“’i‘,”i‘ ... Cauchy-, PK1-, and PK2-like couple stress tensors

[T] ... transformation matrix

E,Bmac,BeH . microrotation, macrorotation, and effective rotation tensors
E, K ... linearized micropolar strain and curvature tensors

o, "o ....... linear stress and couple stress tensors

Third order tensors

€ i Levi-Civita symbol or permutation tensor

Fourth order tensors

A elasticity tensor relating strains and stresses

B ..o elasticity tensor relating curvatures and couple stresses

C i elasticity tensor coupling strains-curvatures and stresses-couple stresses
O ..o zero fourth order tensor

f ........... transformation tensor

BY ....... matrix of derivatives of element shape functions

2N

d] .......... differential operator matrix

he oot element size

i ey de . Jacobian matrices to map reference and current configurations

to parent element space

Jug, Je o determinants of Jacobian matrices
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(e)
[klocal]’

[gg())bal] ..... element stiffness matrices in local and global coordinate system
[Ko], [K1] ... initial and tangent stiffness matrices

MixMsy(xMs) number of continuum elements in 1, 2, (and 3)-direction
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N“,N? ..... interpolation functions for displacement and microrotation vectors
nle L. number of nodes per element

Thel wvvnnnnnn number of elements
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FEM Finite Element Method
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Chapter 1

Introduction

1.1 Motivation

The ongoing process of weight reduction for improving the performance of structures in various engineering
applications is a constant challenge for lightweight design encompassing designs, materials, and manufactur-
ing processes. Over the past decades, advances in all three disciplines have significantly contributed to the
development of so-called lattice materials. Lattice materials consist of a combination of one or more materials
arranged in a predefined arrangement on a much smaller scale, namely, the microscopic scale. Hence, their
mechanical properties depend not only on the combination of the materials used, but also on the structural
configuration at the microscale, i.e., the microstructure. For periodic arrangements of base cells, which are
the smallest geometric unit on the microscale that can be used to represent the lattice by periodic arrange-
ment in all spatial directions, the microstructure acts as a main contributor to the mechanical properties on
the macroscopic scale [38]. On the basis of this knowledge and progressing additive manufacturing (AM)
techniques, e.g., [60, 70], the chance of designing man-tailored structures comes up to meet desired properties.
Superior mechanical properties can be achieved in terms of stiffness-to-density ratios [91], strength-to-density
ratios, auxeticity [11], energy-absorbing capabilities [87], and much more, see, e.g., [31]. Hence, lattice mate-
rials are becoming increasingly important in a wide range of advanced biomedical and aerospace applications,
such as patient-specific medical implants [84] and multifunctional sandwich panels [12], respectively. Appli-
cations based on lattice materials cover various length scales, ranging from dimensions of micrometers to
meters, such as microlattice materials [45, 81, 87] and composite lattice materials [50], respectively. Lattice
materials have already been manufactured on the nanoscale, e.g., [94]. Based on the differences in length
scale between the macroscopic deformations and the microstructure one distinguishes sometimes between
lattice materials and lattice structures, see, e.g., [85]. No differentiation is made in this work and the terms

are used synonymously.

The high strength-to-density ratio of lattice structures is of special interest in lightweight design applications.
To further exploit their weight-saving potential, slender lattice structures can be used. However, slender
lattice structures are prone to structural instabilities when exposed to compressive stress states, which may
be caused by both tensile and compressive overall loading conditions. The compressive strength of these ma-
terials is governed by the buckling load rather than the strength of the parent material [67]. The resistance
to buckling is determined by various parameters, such as macroscopic dimensions, microstructure, boundary
conditions, free edges, and deviations from the originally intended perfect design known as imperfections.

Additionally, these parameters influence the resulting deformations on both the microscopic and the macro-
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scopic scale once the critical buckling load is exceeded. The resulting buckling modes with wavelengths as
small as the microstructure are referred to as local instabilities while those close to the overall dimension of
the lattice structure are designated as global instabilities. For lattice structures manufactured by AM, imper-
fections based on the manufacturing process are likely to occur. Common manufacturing imperfections are
deviations from the originally intended geometry and a poor distribution of material, e.g., [99]. Even small
deviations can change the overall structural behavior of the lattice structure, making buckling more likely
and undermining its functionality in service. Independent of whether buckling is intended to be avoided in
engineering applications, e.g., [51], or to be exploited, e.g., [52], appropriate descriptive models are necessary
to properly predict the structural behavior of lattice structures. To achieve safety-related reliability for their
utilization, detailed information about local mechanisms, such as local nonlinear deformations is necessary.
For this purpose, numerical modeling by means of the Finite Element Method (FEM) is often employed.
This can save both time and cost in the development process of such materials and components made out of

them.

Discrete FEM models of lattice materials, i.e., models explicitly resolving each lattice member by finite ele-
ments, may be the first choice to predict the mechanical response of such materials. The lattice members can
be discretized by either using solid elements, e.g., [57], or using structural elements, such as beam elements,
e.g., [59]. However, for finite-sized lattice structures comprised of a large number of base cells, FEM simu-
lations of such models may show high computational effort, especially when considering the aforementioned
buckling nonlinearities. Furthermore, as pre-processing is one of the most time-consuming steps for structural
engineers conducting FEM simulations [14], discrete modeling approaches are disadvantageous compared to

other modeling strategies such as continuum modeling.

To address the drawbacks of discrete models, one may prefer to treat the internal architecture as an effective,
or homogenized, material. For this purpose, an appropriate constitutive law is required that shows the same
effective mechanical response as the discrete structure. As long as the base cell is far smaller than the
macroscopic dimensions of the lattice, i.e., the separation of scales is satisfied, the classical elasticity theory
(CET), or Cauchy continuum theory, is applicable for describing the effective response of the lattice structure.
Various first-order homogenization approaches are available to determine the corresponding effective material
moduli for the CET continuum, see [3] for an overview. Once the macroscopic dimensions of the lattice
structure and the size of its microstructure are of the same order of magnitude, i.e., the separation of scales
is not satisfied, the CET continuum is no longer able to capture the effective response properly. Size effects
start to play an important role, e.g., [54, 97], which are directly related to the size of the microstructure with
respect to the macroscopic dimensions of the sample. This also holds true for cases where local instabilities
occur as observed, e.g., in the formation of crush bands [74, 77]. To account for these phenomena, generalized
continuum models can be used to introduce an additional length scale into the constitutive laws. Various

generalized continuum theories are available in the literature, see, e.g., [32, 33, 73] for an overview.

Which of these theories is best suited for serving as an appropriate descriptive model depends mainly on
the deformation mechanisms of the microstructure. To decide which deformation mechanism dominates the
mechanical response, it is of interest whether the response is governed by stretching or bending of the lattice
members, i.e., stretching-dominated and bending-dominated lattice materials are distinguished, e.g. [5, 20].
The deformation of the lattice members of slender rigid-jointed lattice materials can either be stretching-
or bending-dominated depending various parameters, such as the geometry of the base cell. However, due
to their slenderness their deformation behavior is characterized by both displacements and rotations as
independent fields. Consequently, the modeling of such lattice materials in terms of continuum theory asks
for generalized theories capable of accounting for both fields independently. The micropolar field theory is
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such a theory and may serve as the basis for an appropriate descriptive model [73]. This theory is used in

the present work.

The capability of micropolar continuum modeling for reasonably predicting the buckling and postbuckling
behavior of finite-sized slender lattice structures by means of the FEM is investigated in the present work.
For lattice structures, the challenge is to account for both global and local structural instabilities caused by
certain loading conditions. For micropolar continuum modeling, this means that both large displacements and
finite rotations as well as finite strains on the macroscale need to be considered, respectively. The macroscopic
finite strains are governed by large displacements or finite rotations within the microstructure rather than by
material nonlinearities of the parent material, such as plasticity and damage. To deal with the complexity
of the nonlinearities present in micropolar continuum modeling of lattice structures, a descriptive model
capable of handling the mechanical response in the linear regime is sought for and investigated in a first step.
Based on these insights, the micropolar continuum model is extended to account for large displacements and
finite rotations while remaining within the small strain regime. Therefore, the model shall allow to capture
global instabilities. Once the critical global load is reached, the postbuckling behavior can be studied. The
capability of the model to capture local instabilities without explicitly considering finite strains is of further

interest in the present work.

1.2 State of the art

The approaches in the literature for modeling lattice structures using the FEM are quite extensive. For the
sake of brevity, the focus is set on continuum modeling approaches and, in particular, on micropolar continuum
modeling, which is the approach aimed for in the present thesis. Various other continuum approaches can
be found in the literature, see, e.g., [95], and some of them are briefly outlined to provide a brief overview of

the various types of models.

The constitutive laws necessary for describing the effective mechanical response of lattice materials are of-
ten based on a strain energy functional derived via various homogenization techniques exploiting different
continuum theories. Which approach is well-suited for a particular lattice is mainly determined by the local

deformation mechanisms, which can be roughly divided into stretching- and bending-dominated ones [5, 20].

Models accounting for stretching-dominated, or pin-jointed, periodic networks is addressed, e.g., in [76] using
CET and in [19, 21] using second gradient theory. These models have in common that the strain energy
contribution of angle changes between lattice members is described via the displacement field rather than
introducing independent rotational degrees of freedom (DOFs) as is the case for micropolar continua. In
[76], the effective constitutive response of a pin-jointed honeycomb is derived based on the potential energy
functional of a base cell accounting for the local snap-through mechanism. Stretching-dominated diamond,
and triangular lattices are used to study the capability of the model presented in [21], which accounts for
localized deformation, such as plasticized lattice members. Pantographic lattices, which consist of two families
of beams connected by pin joints that allow relative motion at the expense of some deformation energy, are
the basis for the model presented in [19] to describe the deformations of such lattices. In [39], the buckling

modes of pantographic lattices are further investigated using a similar model.

Continuum modeling of bending-dominated, or rigid-jointed, lattice materials are addressed, e.g., in [63, 64]
employing CET, in [16, 42, 53, 86] using micropolar continuum theory, in [40, 41] making use of second
gradient theory, and in [13] using a micromorphic continuum model. Beam-like lattice structures subjected
to large deformations are the basis for evaluating the model presented in [63]. This model accounts for the

underlying small-scale deformation mechanisms based on a strain energy functional that is set up by a finite
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set of assumed local deformation modes of the corresponding discrete lattice without resorting to micropolar
elasticity. The investigations are based on large planar structures consisting of only a small number of base
cells. In [64], the model is extended to account for elasto-plastic material behavior. The multiscale modeling
technique presented in [40] is a second gradient model accounting for both translational and rotational
DOFs at the macroscale and allows numerically efficient modeling of inhomogeneous deformation states
on the macroscale. It is a compromise between computational homogenization methods (FE2), where the
deformation state of a representative volume element is solved numerically, and analytical methods. In
[41], the model was extended to three dimensions (3D) to study, e.g., the bending-dominated bitruncated

octahedron lattice.

Other concepts of continuum modeling include multiscale approaches, e.g., in [92, 93], quasicontinuum meth-
ods, e.g., in [78], and substructuring approaches, e.g., in [49]. In [93], local buckling modes of bending-
dominated lattices are accounted for via a FE2 approach, which allows for a nonlinear constitutive model at
the macroscale. The quasicontinuum model in [78] with the focus set on computational efficiency accounts
for geometrically nonlinear deformations at the microscale and is well-suited for stretching-dominated lat-
tices. Substructuring is used in [49] to investigate the buckling of large structures. The micromorphic model

presented in [90] is able to capture local and global buckling of a pattern-transforming metamaterial.

The majority of the more sophisticated models mentioned, such as [40, 41, 78, 90|, are considered to be too
complex for a straightforward implementation, either in terms of the homogenization approach or the technical
realization. Therefore, this work focuses on micropolar continuum modeling for the following reasons. On the
one hand, it has already been shown in the literature that micropolar continuum models are able to capture
local deformation mechanisms related to the microscale. They allow, e.g., modeling shear localization in two-
dimensional (2D) granular media [74]. On the other hand, it is well-suited also for lattice materials showing
bending-dominated behavior at the microscale [73]. Furthermore, micropolar modeling of lattice materials is
widely used in the literature, e.g., in [15, 16, 53, 86, 97] for 2D and in [18, 23] for 3D lattices.

To study lattice materials with micropolar continuum models, a suitable homogenization method is required
to obtain the effective material, i.e., the corresponding micropolar elastic constants (MECs) required for
the constitutive relations. Various methods are available in the literature, such as energy-based methods,
e.g., in [15, 36, 53], methods based on structural analysis of the base cell, e.g., in [96], and asymptotic
homogenization methods, e.g., in [22, 42] for linear and in [24, 25] for nonlinear deformations, respectively.
With the exception of [24, 25], these methods are only suitable to account for the linear elastic response and
have been employed mainly to study 2D lattices. For studying 3D lattices with micropolar models, there are
only a few contributions in the literature. Linear modeling has been used, e.g., in [23] to study a 3D chiral
lattice and in [18] to give insight into the mechanical couplings in the constitutive relations predicted by the
so-called decoupled micropolar elasticity theory presented therein. Models must be able to account for large

deformations to study buckling, i.e., geometrically nonlinear models are required.

Geometrically nonlinear models based on continuum elements have been presented in [8, 9, 44, 69, 74] con-
sidering isotropic materials and in [69] even for transversally isotropic materials. All these models account
for 3D, except the model in [74], which investigates shear localization in 2D granular media considering a
hypoplastic constitutive law. Models based on micropolar beam theory can be found in [56, 75], where size-
dependence in isotropic materials is considered in [75], and buckling of 3D chiral column lattices is studied
in [56]. However, the beam element based models are inferior to the continuum element based models in
terms of a broader range of applications, which is why the latter are of interest in this work. Continuum
element based models must be considered mathematically intricate for deriving the tangent stiffness matrix.
Therefore, a central finite difference scheme to numerically evaluate the tangent stiffness matrix [8] is used

in the present thesis.
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To properly capture the deformation mechanisms for large deformations even at the microscale, a suitable
homogenization method is required, such as the nonlinear asymptotic homogenization method presented in
[24]. However, the nonlinear behavior at the microscale in conjunction with a geometrically nonlinear model
must be considered as very complex for the implementation in a FEM framework. Therefore, linear elastic
material behavior is considered in the first place. The energy-based homogenization methods, such as the
ones presented in [10, 36, 53], are considered to be suitable for determining the corresponding MECs. For
the sake of simplicity, the homogenization approach presented for 2D models in [10, 53] is used and extended
to 3D accordingly. To the best of the author’s knowledge, micropolar modeling of lattice materials using
a continuum element based formulation in 3D undergoing large deformations but staying within the linear

strain regime has not been presented in the literature before.

1.3 Scope of present work

The overall aim of the present thesis is to set up a framework by means of the FEM for studying 3D beams
made out of lattice materials, in the following denoted as lattice beams, under global compressive loading
within the context of continuum modeling. For this purpose, the micropolar continuum theory is employed,
which is well-suited for bending-dominated slender lattices and allows for a more relaxed separation of scales
compared to the CET continuum. To study 3D lattices in the context of micropolar continuum modeling, the
corresponding MECs need to be determined. These constants are in general not available in the literature
and are derived for various lattice types based on the homogenization method presented in [10, 53]. This
method yields two different sets of MECs for the same lattice type, based on the assumptions made during
the derivation. This has caused an ongoing debate in the literature. To decide which set is to be used for
the 3D lattices, a numerical study is carried out on the basis of 2D lattices. To verify the MECs obtained
for the 3D lattices, a comparison is made between continuum and discrete lattice models. Slender lattice
beams undergoing large displacements and rotations under global compressive loading, require geometrically
nonlinear micropolar continuum models. Therefore, the geometrically nonlinear micropolar model presented
in [8] is implemented in ABAQUS with some modifications based on [44]. The geometrically nonlinear
micropolar continuum is verified against benchmark examples taken from literature. Within the scope of the
present thesis, only the linear strain regime is considered. Otherwise, nonlinear homogenization methods are

needed.

1.4 Outline of the thesis

In Chapter 2 the micropolar continuum theory necessary to set up a boundary-value problem (BVP) is
presented. The stress and strain measures as well as the constitutive laws used for the FEM implementation

presented in Chapter 4 are introduced.

Chapter 3 focuses on the homogenization method used to derive the MECs of lattice structures for an
equivalent micropolar continuum. These constants are derived for the primitive orthorhombic (PO), the
body centered cubic (BCC), and the body centered cubic reinforced by primitive cubic (BCCCP) lattices.
Additionally, the controversy that the method has caused in the literature is addressed, and a numerical

study based on 2D lattices is proposed to contribute to the discussion.

In Chapter 4 the FEM implementations are outlined, where two different FEM frameworks are used, namely,

ABAQUS and NGSolve. Implementations in two and three dimensions are presented for the linear micropolar
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continuum using both frameworks. Additionally, the implementation of the 3D geometrically nonlinear

micropolar continuum in ABAQUS is outlined.

Chapters 5, 6, and 7 cover the numerical applications. Chapter 5 outlines the numerical study proposed in
Chapter 3 to contribute to the discussion on the controversially disputed homogenization method. To verify
the MECs derived for the 3D lattices presented in Chapter 3, a comparison is made between continuum and
discrete lattice models for various load cases presented in Chapter 6. In Chapter 7, the geometrically nonlinear
micropolar continuum is verified against benchmark examples taken from literature and the chapter is closed
by studying the capabilities of the geometrically nonlinear micropolar continuum to account for slender lattice

beams under global compressive loadings.

Finally, Chapter 8 summarizes the results and gives a brief outlook on future work.
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Chapter 2

Micropolar theory

In the following, the micropolar continuum is introduced within the generalized mechanical continuum theory.
The kinematics and kinetics resulting from the additional DOFs compared to CET are presented. The
equations of motion and boundary conditions to set up a BVP as well as constitutive laws for micropolar
continua are introduced. From the defined nonlinear strain measures, the corresponding measures of the
linear micropolar continuum are derived. The presented micropolar theory mainly follows [28]. This also
applies to the notation used to represent the physical quantities. No proofs or derivations are provided for
the various equations given, which have already been outlined in [28] as well as in various other works. Only

the equations necessary for the implementation in Chapter 4 are presented.

2.1 Classification of micropolar continua

Following the classification of generalized mechanical continuum theories proposed in [32], the micropolar
continuum is introduced. The classification is shown in Figure 2.1. For any continuous media B, it dis-
tinguishes between continua that do or do not satisfy the principle of local action. The principle of local
action states that the mechanical state at each material point or particle, P, of B is uniquely determined
by an arbitrary small neighborhood of P [89]. Media that do not satisfy this principle are called nonlocal
and are using an integral formulation for the constitutive equations, e.g., [29]. In [62], models describing this
type of media are summarized as strongly nonlocal. Media satisfying the principle of local action, are further
classified into simple and non-simple media. According to [32], for simple media, the response at P of B to
deformations homogeneous in a neighborhood of P uniquely determines its response to every deformation at
P. The continuum based on the CET belongs to this kind of media. The non-simple media are subdivided
into the classes of higher grade and higher order media. The material behaviour of higher grade media is
sensitive to higher gradients of the displacement field, such as second or third order [65], or, even more gener-
ally, to higher gradients of some internal variables [61], e.g., variables describing the localization of damage.
The material behaviour of higher order media is characterized by additional DOF's at each material point P,
which introduces internal length scales into the field theory [30]. The response of this kind of media depends
on the ratio of the external characteristic length L to the internal or intrinsic characteristic length [, which
is directly related to the microstructure of the media. The media shows size-dependent material behaviour.
For this reason, the separation of length scales that applies to these media is more relaxed than within the
CET, for which L/l > 1 must apply, otherwise the principle of local action is not satisfied [30]. Higher order

media are sometimes called continua with microstructure.
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Figure 2.1: Flowchart showing the classification of generalized continua. Taken and modified from [32].

The simplest continuum belonging to this class is the micropolar continuum or COSSERAT continuum, which
is characterized by three additional rotational DOF's in the form of a rigid triad attached to every P. The
mechanical foundation of this type of continuum has been mainly developed by ERINGEN and his co-workers
based on the ideas of the COSSERAT brothers [17] and is summarized within the book of ERINGEN [30], in-
cluding an overview of the historical background. If the rigid directors of the triad are replaced by stretchable
ones without accounting for shear deformations, i.e., being constrained to have breathing-type microdefor-
mations [30], the microstretch media is obtained showing four additional DOFs at each material point P
compared to CET. If the directors additionally account for shear deformations, i.e., are fully deformable,
the micromorphic continuum is obtained which is characterized by nine additional DOFs at P compared to
CET. As a special case, the couple stress theory (CST) can be considered, e.g., [66], which exists somewhere
between the micropolar continuum and the CET continuum. Its rotation field depends only on the displace-
ment field, i.e., no additional DOFs are added. The classification proposed by [32] cannot be considered a
complete picture, as there is a number of different other approaches and variations of the aforementioned
approaches, e.g., the relaxed linear micromorphic continuum presented in [71]. However, it provides a good
basis for classifying the micropolar continua. For the studies on continuum modeling of rigid-jointed lattice
structures intended in this work, the micropolar continuum is considered to be an appropriate descriptive
model [73]. Tts theory is outlined in Sections 2.2 - 2.4.

2.2 Kinematics

Introduction. The micropolar theory belongs to the class of higher order theories. Compared to the CET,
the translational or displacement DOFs are supplemented by independent rotational or orientational DOF's to
describe the motion of its particles P. Each particle’s motion is defined by a position vector associated with
the displacement DOFs and an attached rigid orthonormal trihedral associated with the rotational DOFs,
see Figure 2.2.

Measures of deformation. The relative deformation of the continuum, which combines rigid body motions
and changes in size and shape, is measured by introducing two configurations of B at two points in time, ¢; and

ta. At t; = 0 or another fixed point in time, the configuration is called reference or material configuration,
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Ro, while at time to = t it is called current or spatial configuration, R:. In general, it is distinguished
between a reference and a spatial frame of reference given by the base vectors E; and e;, respectively, where
I and 7 denote the three spatial directions corresponding to the material and spatial frame of reference,
respectively. For the sake of simplicity, both frames are assumed to remain equal during deformation as
shown in Figure 2.2 and, thus, for tensorial quantities, no distinction is made between lower and upper case
letters in the indices. In Figure 2.2, the position vectors are denoted by X and x, while the directors or base
vectors of the trihedral are denoted by D, and d;, for the reference and current configurations, respectively.

The vector fields describing the motion of B read

x =x(X,1) ) d; = di(X,?) : (2.1)

Since the directors d; of the trihedral remain orthonormal during the deformation process, the change of
the directors from the reference to the current configuration can be described by a proper orthogonal second

order tensor

R=d,®D; Rij = Rije; @ E; (2.2)
d; = RD; (2.3)

which is called the microrotation tensor. The microrotation tensor as a proper orthogonal second order tensor

shows the following properties

R'R=I , det(R)=1 , R '=R" | (2.4)

€1
E, "

Figure 2.2: Deformation of a micropolar body B and particle P with displacement DOFs and attached rigid
orthonormal trihedral associated with rotational DOF's.
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and belongs to the so-called special orthogonal group or rotation group SO(3), i.e., R € SO(3). Any orthog-
onal second order tensor with property det(R) = —1 represents a pure reflection of the basis and does not
belong to this group. It follows that Eq. (2.1) can be alternatively described by the relation

u= B<X7 t) x(X, t) -X ) R=R(X, t) ) (2'5)
’LLi(Xj,t):iL'i(Xj7t)—Xi s

where the displacement vector, u, is used as an alternative to the position vector to describe the translational
DOFs and the microrotation tensor, R, is used to describe the rotational DOFs. The three components of
the displacement vector u are independent. In contrast, among the nine components of R only three are
independent. The other six are constrained by the orthogonality conditions given in Eq. (2.4). This gives
rise to the use of a parametrization of the rotation. There are many different ways to parameterize the
rotation, which can roughly be divided into two classes, namely, vectorial and non-vectorial parametrizations
[80], respectively. The vectorial parametrization uses three independent scalar parameters as Cartesian
components of a generalized vector, such as various finite rotation vectors or exponential map parameters.
The non-vectorial parametrization can either be composed of three scalar parameters, which cannot be
treated as vector components, such as Euler angles, or expressed in terms of even more scalar parameters

with additional constraints, such as quaternions or direction cosines.

In this work, a vectorial parametrization is employed that uses a finite rotation vector. Following [4], there

exists a skew-symmetric second order tensor W = —WT for every rotation allowing to express the rotation
tensor as - 5 5
w" A\ w
B:exp(W)ZZTZL—I—W-ﬁ-Tﬂ-?—i—... : (2.6)
n=0

The skew-symmetric second order tensor, W, allows the following relation for any arbitrary non-zero vector
c to be described by
We=¢xc (2.7)

with ¢ being the axial vector of W, namely,

¢ = axl(W) (2.8)

The definition of axl(-) is given in Eq. (A.20). The axial vector, ¢, is called the microrotation vector, if
its corresponding skew-symmetric second order tensor W is related to the microrotation tensor R. The
microrotation vector is composed of a rotation axis ¢/||¢| and its rotation angle, ||¢]| = V¢ -¢d = @. In

[80], a closed-form expression of Eq. (2.6) is given as

B 1-— coS(||<£5||) sm(||(£5||)
R=cos(I$L+ —o- (60 9)+ —pzoxI (2.9)
(1 — cos(®)) sin(®)

Rij = COS(‘I’)(SU +

72 ¢igj + 3 Ciki®k .

where ¢ x I is equal to the skew-symmetric tensor of ¢, i.e., W = ¢ x I, see Appendix A for further

information on skew-symmetric matrices.

Since the microrotation tensor, R, can be expressed in terms of the microrotation vector, ¢, using Eq. (2.9),

Eq. (2.5) can also be given as
x=x(X,t) , ¢=0X1t) . (2.10)
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For finite rotations, the non-commutativity and non-additivity of members of the SO(3) group need to be
considered. In general, for a compound rotation of two rotations R; and R, the non-commutativity is

expressed by
RiR; #RoR; (2.11)

which means that a different order of consecutive rotations gives different results. This is true, unless the

axes of rotation are parallel. The non-additivity of two consecutive rotations reads

R, +R, # R3 ; RiR; =R3 ; (2.12)

Deformation gradient tensor. For describing the deformation of a continuum, the relation between an
infinitesimal material line element or material tangent vector dX in the reference configuration and an
infinitesimal spatial line element or spatial tangent vector dx in the current configuration is associated with

the two-point deformation gradient tensor defined as

6$1 81‘1 81‘1

; O
iz X2 i) To
F = d = = —€; E; = FZ 4 E;, = )
= Gra R(),() §® YX aXJQ ® =J jg ® =J 6X1 6X2 8X3

8.133 81‘3 6l‘3

0X1 0Xy 0X3

(2.13)

Fij=uVj+dy;

which allows for the map dx = F(X,¢)dX. The deformation process is assumed to be invertible such that
dX = Ij‘fl(g,t)dg holds true, where ]j‘fl is the inverse of the deformation gradient tensor. This implies
J = det(F) # 0.

The deformation gradient tensor can further be used to transform any infinitesimal material surface element

dS = NdS and material volume element dV from the reference to the current configuration via

d
dv

(17
I

JXOEX,6)7ds (2.14)
JX, )dv (2.15)

where ds = nds denotes the spatial surface element and dv is the spatial volume element. The surface normals
N and n are defined with respect to the reference and current configuration, respectively. From Eq. (2.15),
it follows that J > 0 for physical reasons, i.e., the impenetrability of matter. From the conservation of mass
follows J = pg/pt, where pg and p; are the densities corresponding to the reference and current configuration,

respectively.

Macrorotation tensor. For the micropolar continuum, the polar decomposition of the deformation gradient
tensor into stretch and rigid body rotation tensors, as known for the CET, can be extended. A diagram con-
sidering all the splits possible for this continuum is presented in [69]. Based on the fact that the microrotation
tensor defines the orientation of the particles, cf. Eq. (2.2), it is shown in [69], that the microrotation tensor
is the reason for the micropolar nature of the problem but does not describe the micropolar mechanical
response. This is based on the fact that the microrotation tensor is composed of the macrorotation field
described by R™* and an additional field denoted by R°™ given as

R—R" (M) . (2.16)
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12 CHAPTER 2. MICROPOLAR THEORY

Due to the nature of the macrorotation tensor representing a rigid body rotation, the effect is solely based on
the additional field, Beﬂ, which will further be called effective rotation field. The macrorotation tensor can be
derived from the polar decomposition of the deformation gradient tensor into a (macro)rotation tensor and
a stretch tensor based on the CET continuum, see, e.g., [48]. With the macrorotation at hand, the effective

rotation field is obtained via rearranging Eq. (2.16) as

Beff _ BTBmaC ) (2 17)

Strain measures. The deformation gradient tensor, F, is not appropriate for describing the local changes in
size and shape as it additionally contains local rigid body rotations. This also holds true for the microrotation
tensor, R, describing the changes in orientation. Therefore, it is necessary to define proper measures to
describe the deformations due to stretching and curvature changes in the form of second order tensors, which
are further referred to as strain measures. For the nonlinear micropolar continuum, the strain measures for
stretches and changes of orientations can be defined on the basis of different methods. In [79], the strain
measures are introduced via three methods, namely, via a geometrical approach, as work-conjugates of the
corresponding stress measures based on the local equilibrium equations, and via the principle of material
frame-indifference of the strain energy potential. It is shown that the same strain measures can be obtained
with all three methods. The introduced strain measures account for unrestricted translations, stretches, and
changes of orientations of the micropolar body B. These measures are used in this work. In the literature,

various other measures have been proposed. For an overview see [79].

In [79], the strain measures for stretches and changes of orientations of B with respect to the reference
configuration are called the relative Lagrangian stretch tensor, E, and relative Lagrangian wryness tensors,
F , and are defined as

E=R'F-1 (2.18)
E’Lj = RkiFk] (S’Lj )
R 1 1

_ T IR _ 1 nT _ 1

T =R T8 B =~ Je: (R Gradn(R) = —3e T | (2.19)
1 .
Hij = —§€iszklj with I'yj = Ry RV
1 .
= 562‘ka1le1¢,3‘ with Ry j = RtV )

respectively, where R is the microrotation tensor given in Eq. (2.9), F denotes the deformation gradient tensor
given in Eq. (2.13), and € is the Levi-Civita tensor of third order, cf. Eq. (A.1). The corresponding strain
measures with respect to the current configuration are called relative Fulerian stretch tensor and relative

Eulerian wryness tensor and are defined as [79]

e—I-RF' . (2.20)

1
£=— Re: (R" -gradg(R)) (2.21)
1 .
Rij = —§Rik’7kj with Y = erimlimg

1
= _aRikeknlelen,j )
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2.2. KINEMATICS 13

respectively. In [79], the relations between the Lagrangian and Eulerian strain measures are given as

e=REF' , £=-R¥F' | (2:22)
E=R'¢F . X =R"%AF : (2.23)

The most important properties of these strain measures are [79],

e For the absence of any deformation or mere rigid body translations, i.e., F = R = I, the measures
vanish. Therefore, these measures are also called natural or being of relative type.

e For any rigid body deformations of B, i.e., x = RX + a and d; = RD,, where a denotes a constant
displacement and R represents a proper orthogonal tensor, the measures vanish as well.

e In general, the measures are non-symmetric, i.e., E # ET and K # .ZKT as well as e # el and £ # )f,T.

For further details see [79]. For infinitesimal or small displacements and rotations, i.e.,

luf <1, [Gradr(u) <1 , [l¢[ <1 , and [|Gradr(9)]| <1 , (2.24)

the strain measures associated with the linear micropolar continuum theory are obtained. The microrotation
tensor given in Eq.(2.9) takes the form
R~I+¢xI (2.25)

with the geometrically linearized trigonometric functions sin ||@|| =~ ||@|| and cos||¢|| ~ 1, see, e.g., [80]. The
linear strain measures are then obtained from Egs. (2.18) and (2.19) or Egs. (2.20) and (2.21) using Eq. (2.25)

as

X €ij = Uij + €jpdPr (2.26)
®V , Kij = @i ) (2.27)

where € and k will further be called strain tensor and curvature tensor, respectively. These measures can
also be found, e.g., in [44], but can also be defined by applying the gradient from the left to the kinematic

fields with appropriate consideration of the microrotations, see, e.g., [47, 53]. This leads to

€=Gradp(u)+¢xI=Vout+oxI |  &j=uj;—epde (2.28)
I:‘n:, = GradL(gS) = Y ® (? s ’%ij = (bj,i . (229)

Note that the relation € = ¢ and & = &" hold true. There are also mixed definitions, e.g., in [30], where
the gradient is applied to the displacement field from the left and to the rotation field from the right. For
infinitesimal displacements and rotations, it further follows that X ~ x and Gradg(u) ~ grady (u), see, e.g.,
[28], which leads to the following relation

ex~Exe , K FE ~R . (2.30)
Which definitions of the strain measures given in Eqs. (2.18)-(2.21) and Egs. (2.26)-(2.29) are used for the

implementations will be stated in the corresponding sections.
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14 CHAPTER 2. MICROPOLAR THEORY

2.3 Kinetics

In the following, the stress measures of the micropolar continuum are introduced and the equations of motion
for static problems are outlined. Boundary conditions are introduced to set up a BVP. The equations are

given with respect to the reference and spatial configuration.

Following [28], the Cauchy theorem for the micropolar continuum states that for any point P of B there exist
second order tensors T and "T such that the stress vector, t, and the couple stress vector, "t, acting at a

point of a surface with normal, n, can be expressed through

t(x, ?a n) = I(Z{a (?; t)n ) ti = Tyjn; ) (2.31)
“t(x,¢,0) ="T(x,¢,t)n " ="Tyn; . (2.32)

In [28], the existence of the stress and couple stress tensors is proven by using the first and second Euler’s
law of motion or balance of momentum and balance of moment of momentum, respectively. First the balance
equations are applied to an arbitrary parallelepiped and then to an arbitrary tetrahedron. This proof is
possible only with the help of Cauchy’s lemma, which represents Newton’s third axiom of reciprocal actions
for micropolar bodies [28]. Tt postulates that stress and couple stress vectors are odd functions with respect

to the surface normal, n, reading

E(Z{a I}) = _E(Z{v _I}) ) (233)
“t(x,n) = —"t(x,-n) . (2.34)

A proof of this lemma can be found in [28], which is based on dividing B into two parts by an arbitrary
surface and then applying the balance equations to both parts. The stress tensor in Eq. (2.31) and the couple
stress tensor in Eq. (2.32) are referred to as being Cauchy-like, meaning that the measures are defined with
respect to the current configuration. The components of the stress and couple stress tensors with respect to

a Cartesian basis e; are defined as
T=Tjeixve , "T="Tje®e (2.35)

where the first subscript, ¢, denotes the direction of the coordinate base and the second subscript, j, represents
the direction of the surface normal. This is schematically depicted in Figure 2.3, where also the rule of signs
for the components can be found. This notation of subscripts will further be called the right hand-side
definition of stress components (RSD). There exists a different notation, where first and second subscript
interchange, which will further be called left hand-side definition of stress components (LSD). In the literature,
both notations can be found. In general, the stress as well as the couple stress tensor are not symmetric, i.e.,
T # IT and “T # ”IT. Consequently, attention must be paid to the definition of the indices. Furthermore,
the non-symmetry of the tensors prevents the use of the spectral decomposition to determine principal stresses,

for alternative methods see [28].
The equations of motion of a micropolar body B in the local form can be derived through Euler’s first and
second law [28]. For a static problem, the equations read

divi(T) + pf =0 (2.36)
dive("T) - "t +pm=0 | (2.37)
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2.3. KINETICS 15

€1

Figure 2.3: Stress and couple stress components acting on a cuboid based on the right hand-side definition of
stress components, where the solid arrows indicate positive values and dashed arrows represent
negative values.

where f and m denote the body forces and moments per unit mass, respectively, p; describes the density
in the current configuration, and Xt = (T)x is the axial stress vector defined according to Eq. (A.21)
in Appendix A. All quantities are given with respect to the current configuration, hence, the equations are
referred to as Fulerian equations of motion. In the literature, various representations of the axial stress vector
Xt can be found. Note that if Eq. (A.20) is used to define the axial stress vector Xt as Xt = axl(T — T"') =
—€: T(= —(T)x), Eq. (2.37) reads divg("T) + Xt + p;m = 0, see, e.g., [8] and [26]. Consequently, the
definition of Xt has an impact on the formulation of the balance equations.

In [28], Piola’s identity,
Divg(JE~T) =0, (2.38)

is used to obtain the corresponding Lagrangian equations of motion, which reads

Dive(T) + pof =0, (2.39)
Divg("T) =Xt +pom =0 | (2.40)

where T is the first Piola-Kirchhoff (PK1)-like stress tensor, “T denotes the PK1-like couple stress tensor,
Xt = (’_:[‘ET)X is the PK1-like axial stress vector, and pg is the density in the reference configuration. The
PK1-like stress tensors are two-point tensors with the left and right legs associated with the current and
reference configurations, respectively. To entirely refer to the reference configuration, the second Piola-
Kirchhoff (PK2)-like tensors can be introduced by

T = BT ) m:’]; = B‘Tﬁi‘ ) (2.41)

=

where T is the PK2-like stress tensor and *T denotes the PK2-like couple stress tensor [28]. This relation
can be used together with Egs. (2.39) and (2.40) to obtain the Lagrangian equations of motion based on the

PK2-like stress tensors as

Divg(RT) +pof =0, (2.42)
Divg(R"T) - Xt + ppm =0 (2.43)
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16 CHAPTER 2. MICROPOLAR THEORY

respectively, where X§ = (RTFT), is the PK2-like axial stress vector. Complementing the equations of
motion with the corresponding boundary conditions, the BVP in Lagrangian and Eulerian description is
obtained, respectively. Static boundary conditions consist of external forces and couples as well as kinematic
conditions, also known as Neumann-type and Dirichlet-type boundary conditions, respectively. Whether
the boundary conditions should be applied on the boundary surface R corresponding to the reference
configuration or applied on the OR; of current configuration, depends on the equations of motion chosen for

the BVP. For the external forces and couples, it follows

t*=Tn on OR] , t; =T;n; on R ,
A on ORY 7 R = ST n on OR}™" )

£ -1IN om ORy . E =TyN; on Ry (2.44)
" = *TN on ORI , ~EE =Ty N, on IRy" , .
"= RI)N on 873(’; , = Rikfijj on 8Rgi )
"t =RT)N  ondRy , i =Ry Ty N;  ondRyE

where the superscript * indicates prescribed values and the relations 873(’; UIRE = OR;’ and 872{ UOR} =
OR]’ hold. The kinematic boundary conditions can be given as

=u" on IR} (or ORE) , wi=u; on IR} (or ORg") . (2.45)

3

“(or R=R") on IRy (or IRY) , éi = ¢} (or Ry = R};) on ORY (or ORYY) . (2.46)

< Ig
I
9 1=

where either the finite rotation vector or the microrotation tensor can be used for prescribing rotational
DOFs. For the kinematic conditions, the relations OR§ U 87?,8) = JRJ" and OR} U ORY = ORY* hold. For

the particular case of a fixed micropolar body, it follows that

fe=)

on OR} (or ORY) , (2.47)
(or R=1I) on dRY (or IRY) . (2.48)

9 1s
o

The relation RS N IRY = ) is necessary to exclude Robin boundary conditions, i.e., mixed boundary

conditions as a combination of Neumann- and Dirichlet-type boundary conditions.

As already indicated by Piola’s identity Eq. (2.38) and Eq. (2.41), the stress and couple stress tensors of
the micropolar body show certain relations with respect to the reference and current configuration. These
relations can be summarized as Piola transformations, i.e., push-forward and pull-back operations for stress

and couple stress tensors. In [28], the following relations are given

I ox 1 1.« 1 -
T=-RTF" T=-TF" T = —RTF" AT = —~TFT
~ J~~~ ) ~ J~~ ) -~ J~ ~ = ) -~ J ~ )
T-Jre" , T-RT , "T=JTF" | "T=R'T | (2.49)
T-J/R'TF" | T=R'T , *"T=J/R™TF" , “T=R™T

The stress and strain measures defined must be work-conjugate in order to give reasonable physical results. In
[28], it is shown that the Cauchy-like stress and couple stress tensors are the work-conjugates to the relative

Eulerian stretch and wryness tensors, respectively, and the PK2-like stress and couple stress tensors are the
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€1
E,

Figure 2.4: Boundary conditions for the BVP.

work-conjugates to the relative Lagrangian stretch and wryness tensors, respectively. This is summarized as

follows
Tee o "To R ;
ToRE , "ToRF (2.50)

It is worth noting that the CET continuum is obtained by setting "T = 0 and not considering any body
moments m = 0, which leads to Xt = (T)» = 0 and further to T = T™.

2.4 Constitutive law

The dependence of the stress measures on the deformations are described by constitutive laws. For conser-
vative systems, the strain energy density or strain energy potential of isothermal physically linear micropolar

solids, is given as a quadratic function of strain measures as

1
GEF) =B A E+2B:C F+ X B X)) (2.51)

1
V(EBij, Kij) = §<A2lmnEklEm’ﬂ + 2C 1 ExiHonn + Blimn Kt Fomn)

where Iz&o, @0, (go are fourth order elasticity tensors in the material description, i.e., (-)° indicates that the
tensors are given with respect to the reference configuration. The elasticity tensor éo is related to the stretch
and stress measures, while ]EO is related to the wryness and couple stress measures. The elasticity tensor (go

couples the stretch tensor and the wryness tensor.
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18 CHAPTER 2. MICROPOLAR THEORY

Considering only infinitesimal displacements and rotations as given in Eq. (2.24), the linear micropolar solid

is obtained, for which the strain energy density takes the form

1/1(5,15):%(Q:A:§+2§:C:K+K:B:n) , (2.52)

1
Y(eij, kij) = E(Aklmneklgmn + 2Ckimneri Emn + BrimnKkiKmn) )
where no superscript is attached to the elasticity tensors indicating the linear character. As all further

considerations are restricted to conservative systems, stresses and couple stresses of the linear micropolar

continuum can be derived directly from the strain energy potential by

o= i i = L
7= 5 ) ij = ?w )
~ 2.
- .o (2.53)
~ 85 ’ E 8/‘6@‘
and the elasticity tensors can be given as
02 0%
A= A= ———
=~ Oeoe ’ gH O2,j0ep
02 02
B=_—— Bijki= ——— 2.54
~ 8585 ’ gHl 8}%]‘8;‘6“ ( )
0? 0?
C= id , Cijri= _Iv
~  Oedk 0€ij0K K
With Eqgs. (2.52) and (2.53), the constitutive laws can be given as
og=A:e+C:k R oii =Ajrier + Ciinikr s
TS T v v Y (2.55)
"g=C :e+B:k , "oij= Criijer + Bijrikn
Equation (2.54) already reveals that the elasticity tensors A and B show major symmetry, i.e.,
A= QT ; Ajjri= Apij ) (2.56)
B=B" 5 Bijer = Briij . (2.57)

For the most general case, this leads to 45 independent components for each of the elasticity tensors A and B,
which is a consequence of the non-symmetry of the strain and curvature measures, see Egs. (2.26) and (2.27).
The components of the elasticity tensors are further referred to as micropolar elastic constants MECs. The
coupling tensor C does not show any symmetry, hence, it is composed of 81 independent MECs. In total, the
linear micropolar continuum shows 171 independent MECs for the general anisotropic case, e.g., [98]. The
number of independent constants can be significantly reduced by taking material symmetries into account. In
[27], the strain energy density is proposed to additionally depend on the so-called microstructure curvature
tensor defined therein, resulting in even more MECs to be required. In this work, it is assumed that the

elasticity tensors depend only on the strain measures as given in Eq. (2.51) or Eq. (2.52).
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2.4. CONSTITUTIVE LAW 19

For the case of centrosymmetric materials exclusively studied in this work, it follows that C = O. This
reduces the number of independent MECs to 90. For such materials, the strain energy density according to
Eq. (2.52) and the constitutive law given in Eq. (2.55) take the form

1
v=5Aetr:Bir) (2.58)
g=A:¢ , 2.59
"g=B:k (2.60)

[g]| _ | Al [} |l ’ (2.61)
Fell (DT Bl |[&]
0] D] €]

where [D] is the corresponding micropolar elasticity matrix, [g] and [g] denote the generalized vectors of
strain and stress measure components, respectively. For the vector-matrix notation, any sequence of tensor

components can be chosen. In this work, the components are arranged in the following order
(1);; with ¢j ={11,22,33,23,31,12,32,13,21} , (2.62)

which corresponds to the arrangement used in [27], see Appendix B. For 3D problems, the vector-matrix
notation does not offer much advantage over the tensorial representation, which is in contrast to the CET
when using, e.g., Voigt-Nye notation. This is a consequence of the non-symmetry of the strain and stress
measures of the micropolar continuum, which does not allow to reduce the size of the matrices. Nevertheless,

for in-plane or 2D considerations, the vector-matrix notation leads to a more compact form.

For in-plane considerations, either a state of plane strain or plane stress can be used. For all 2D problems
considered in this work, the dimension of the out-of-plane direction es is much larger than those of the
two remaining in-plane directions e; and ey. Therefore, non-generalized plane strain is assumed to be an
acceptable approximation. All physical quantities are independent of x3 and, hence, just depend on z1, o,
and t. For stress measures based on LSD as well as strain measures based on gradients applied from the
left hand-side, the constitutive law for the linear micropolar continuum in matrix-vector notation considering

centrosymmetric materials in 2D then leads to

o11 D11 Dio €11
022 Dis Do €22
o12 | _ D33 D3y €12 (2.63)
o921 D3y Dy, €21 ’
Fo13 D55 K13
| "o23 | i Deg | | 23 ]

where the components of the kinematic fields that are not associated with the plane strain assumption are
considered to be zero, i.e., ug = ¢1 = ¢ = 0. The out-of-plane stress and couple stress follow as o33 = Asz3kik

and “o33 = Bgsk ki, respectively. Both are not of interest in the present work. In index notation, the strain
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20 CHAPTER 2. MICROPOLAR THEORY

measures based on applying right gradients, cf. Eqs. (2.26) and (2.27), as well as applying left gradients, cf.
Eqgs. (2.28) and (2.29), then take the form

€ij = Uiy +€jsds ,  Kg=d3; (2.64)

€ij = Uji — €ij3Ps Rjz= ¢35 (2.65)

respectively, with i, j € {1, 2}.

2.5 Material symmetries

If symmetries exist for a particular material, the number of independent MECs can be significantly reduced.
The symmetries are obtained by mirror reflections and rotations about different axes in space. Following

[27], the most important symmetries for the present thesis can be obtained by

e mirror reflection and rotations of 180° about a single unit vector e resulting in monoclinic symmetry.

e mirror reflection and rotations of 180° about three orthonormal unit vectors e; resulting in orthotropic
Symimetry.

e mirror reflection and rotations of 90° about three orthonormal unit vectors e; resulting in cubic sym-
metry.

e mirror reflection and arbitrary rotations about a unit vector e resulting in transversely isotropic sym-
metry.

e arbitrary mirror reflections and rotations about three orthonormal unit vectors e; resulting in isotropy,

which is considered to show full symmetry.
The corresponding elasticity tensors for these symmetries with respect to the material principle axes can be

found in vector-matrix notation based on Eq. (2.62) in Appendix B.

Isotropic material. Following the notation used in [26, 44], the constitutive law for a linear micropolar

isotropic material reads

T=Mr(EL+ (u+V)E+(u-v)E' =A:E : (2.66)
Tij = AEkk0ij + (n+v)Eij + (n —v)Eji = Aijri By ;
"T=atr(FH)L+ B+ NE+(B-NE =B: F : (2.67)

"Tij = aFikdij + (B+7)Hij + (B —7) Hji = BijrHn ,

where A and p are the standard Lamé parameters, and v, «, 3, v are additional material moduli associated with
the micropolar continuum. There does not exist a unique definition for these moduli as different definitions
can be found in the literature, e.g., in [8, 28, 30|, but need to satisfy a set of inequalities to ensure the

quadratic form of the strain energy density to be non-negative, see, e.g., [30]. The elasticity tensors read

A=NI+@p+v)I+@p-vI (2.68)
B=aI®I+(B+yI+@B-N (2.69)

where [ = 0;,0;€; ® €; ® e, ® €, and i = 0y0;j1€; ®e; ®er, ®e;. Note that for micropolar isotropic materials
the relation A;jr; = Ajy holds true. However, the minor symmetries are not satisfied and, consequently,
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2.6. NOTES ON THE ELASTICITY TENSORS 21

Aijia # Aji and Agjr # Ay, This also holds true for B. In [44], the micropolar material moduli are
related to their corresponding engineering parameters as

A =20G/(1 - 2m) ., u=G ., v=GN?/1-N? |, (2.70)
a=QGERA-¥) /b . B=GE ,  y=GUR-1) ; (2.71)

where 7 is the Poisson ratio, G denotes the shear modulus, th and le are associated with the characteristic
length for torsion and bending analyses, respectively, N € [0,1] denotes the classical micropolar coupling
number referring to the degree of coupling between displacement and rotation field, and 1% € [0,1.5] is
associated with the polar ratio, which relates the torsional strains, i.e., the diagonal components of the
curvature tensor, in a similar manner as the Poisson ratio does for the normal strains [26]. The CST is
obtained for N = 1 or v — co. For a discussion on the physical interpretation of the micropolar material
moduli, see, e.g., [55]. For material moduli given for various polymeric foams and a comparison to their

classical material moduli, see, e.g., [47].

For plane strain problems, the material moduli of the linear micropolar isotropic material reduce to four,
namely, \, u, v, 8+ v according to the notation used in [44]. The elasticity tensors in vector-matrix notation
as given in Eq. (2.63) reads as follows

Arou A
A A+ 2u

+v -V
D] = g s . (2.72)
u—v pu+v

B+

B+

2.6 Notes on the elasticity tensors

Right hand-side definition of elasticity tensors. The stress and strain measures defined for the deriva-
tion of the MECs are based on the definitions used in [53]. Therein, the left hand-side definition of stress
components is used, cf. Section 2.3, and the strain measures are defined by applying the gradient from
the left, cf. Section 2.2 Eq. (2.28). The resulting components of the elasticity tensors are related to these
definitions through Eq. (2.54) and are further referred to as of left-hand side definition of elasticity tensors.

In order to obtain the components of the elasticity tensors based on the right hand-side definition of stress
components (RSD), i.e., by using the right hand-side definition of stress components and strain measures

defined via applying the gradient from the right, the following conversion rule can be applied

ARSD = ATIP . (2.73)

For the right hand-side definition of stress components and strain measures based on applying the gradient

from the left denoted by MD1 as well as vice versa referred to as MD2, the following conversion rule can be

used
=AY (2.74)
b = ADE (2.75)
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respectively. These conversion rules should not be confused with the definition of minor symmetries of a

fourth order tensor.

For the present thesis, only elasticity tensors according to LSD and RSD are needed. Based on the definition
of stress and strain measures, the conversion rule given in Eq. (2.73) needs to be applied to the elasticity
tensors obtained for the lattices in Chapter 3. Conversion is required for the PO lattice, but not for the
PC lattice. No conversion is required for the BCC lattice, which also applies to isotropic materials, since

Ajjrt = Ajay is satisfied.

Rotation of elasticity tensors. To study a given lattice in a configuration rotated with respect to the
global coordinate system, the elasticity tenors need to be rotated accordingly. The rotation of an arbitrary

tensor of fourth order reads
i{ = QQXQTQT 5 Y;’jk:l = Qinijerlsqurs 5 (276)

with Q as a proper orthogonal second order tensor. For a mathematical positive rotation 6 around a single
axis of a defined coordinate system, e.g., 1-, 2-, and 3-axis, the following rotation matrices can be directly

applied
1 0 0 cos@ 0 sind cosf —sinf 0
QT =10 cosf —sinf|, 9;_ = 0 1 0 |, 9:; = |sinf cosf O
0 sinf cosf —sinf 0 cosf 0 0 1

For the rotation about any axis, the rotation matrix can be determined using Eq. (2.9).

Elasticity tensors in Lagrangian and Eulerian description. Elasticity tensors based on different work-
conjugate measures can be converted into each other based on pull-back and push-forward operations of strain
measures according to Eqs. (2.22) and (2.23) as well as Piola transformations of stress measures Eq. (2.49).
Whether the elasticity tensor in Lagrangian (or material) or Eulerian (or spatial) description is known, the

following transformation rules can be applied

1
Atinop = Fmilo; RonFprAfjny (2.77)
A = JREF ) RLF AL (2.78)

respectively, where (-)° denotes the Lagrangian and (-)! refers to the Eulerian description. Note that this
applies to all elasticity tensors given in Eq. (2.51).

For the lattice materials, the elasticity tensors are derived based on the linear micropolar theory, cf. Chapter 3.
Hence, the constitutive laws based on these tensors are only suitable for predicting the response of linear
elastic materials. To account for large displacements and rotations, either the Lagrangian or Eulerian strain
measures need to be considered for the FEM implementation to get rid of rigid body rotations. For the
usage of large strains, this implies that the response of the lattice material is correctly captured as long as
these measures are small in magnitude. For the CET, smallness implies that the transformations reduce
to mere (macro)rotations Eq. (2.77), see, e.g., [7]. For the micropolar continuum, this holds true as well,
cf. Eq. (2.16), which gives RRT — R™“R™*“T = L. For isotropic materials in small strain regimes, no
transformation is needed due to isotropy. However, for anisotropic materials the transformation must be

considered. As the components of the Lagrangian strain measures are invariant under rigid body rotations, it
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follows that the elasticity tensors derived can be directly used in a pure Lagrangian description, i.e., 130 =A

and EO = B. For Eulerian strain measures, the transformation given in Eq. (2.77) needs to be applied.
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Chapter 3
Energy based homogenization

In the following, the homogenization method used to derive the components of the elasticity tensors, or
micropolar elastic constants (MECSs) of lattice structures for an equivalent micropolar continuum is presented.
The method was originally introduced by [10] and applied to various centrosymmetric 2D lattices by [53].
The method yields two sets of MECs for the very same lattice material based on different assumptions
during the derivation. The assumptions made and the characteristics of the two different sets have caused
some controversy in the literature, which will be discussed after the method is presented. In this thesis,
the method is used to obtain the MECs of 3D centrosymmetric lattices, namely, the primitive orthorhombic
(PO), the body centered cubic (BCC), and the body centered cubic reinforced by primitive cubic (BCCCP)
lattices. For the 2D lattices, the MECs are directly taken from [53], see Appendix D.

3.1 Method

The homogenization technique presented in [10] is a discrete energy based homogenization method. For a
discrete base cell, the effective MECs of an equivalent micropolar continuum can be obtained. The method is
restricted to lattices, for which a periodic unit cell can be found containing a single joint. It has been applied

to various periodic centrosymmetric 2D lattices, see, e.g., [53].

An appropriate base cell of the discrete lattice is identified and its strain energy is constructed by the strain
energy contributions of its individual members. The strain energy of each lattice member can be expressed

as a function of its joint displacements and rotations
WIJ(UI?UJa(;’Ia(?J) ) (31)

where I and J denote the joints at both ends, see Figure 3.1. To obtain the approximation for the micropolar
continuum, it is assumed that the joint displacements and rotations of each member can be expressed in
terms of the origin of the base cell located at point O. The origin does not necessarily coincide with any
joint of the lattice [53]. However, for the lattices studied in this work, all members of a base cell meet at a
commonly shared origin joint, which is further denoted as O. The displacements and rotations at this origin

joint O are denoted by u (= Ug) and ¢ (= ®¢), respectively. A Taylor series expansion of the kinematics of
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each remaining joint K of the lattice is then developed, where only terms up to the second order are retained,

reading 5 X o2
u u
Uk ~u+lokz— + 1ok 75— ;
Otox 2 8tOK (3 2)
0 1, 0 '
P~ o+ ZOde) + Z1¢ ¢

dtox 2 Kot ’

with tox as the spatial coordinates along the directions OK and ok as the length of the member K. The
strain energy density of the continuum approximation of a particular base cell is then constructed by summing
the strain energies of each member K and referring the sum to the volume of the base cell, Vi,.. It can be

given as
1 Nbe
w = Vb Z WOK(97?7UKai’K) 3 (33>
¢ K=1

where np, is the number of members comprising the base cell. The first order direction derivatives in Eq. (3.2)
with respect to the local beam coordinate system can be expressed as functions of first order spatial direction

derivatives with respect to the global coordinate system as

0 0 0 0

b— . c——
’ 8.1‘2 ’ C&xg

o~ Yan

(3.4)

where a, b, c are constants. These constants are determined by the direction of the individual beam lying in
space with respect to the global coordinate system. Any second order direction derivative is converted to
first order direction derivative via integration by parts [10, 53]. Inserting the displacement and rotation fields
of Eq. (3.2) into Eq. (3.3) and integration by parts for the second order spatial directions gives the strain
energy density of the continuum approximation in terms of strain € and curvature & as

¥(u, @, 8679 i

€Z; ’ 8x2

)=vle ) (3.5)

All further considerations are restricted to conservative systems, hence, the stresses, the couple stresses, and
the MECs can be derived directly from the strain energy density by using Eqgs. (2.53) and (2.54), respectively.

Aa Ima In»Ita laEsa Gs

Figure 3.1: Schematic of beam element with end nodes I and J, and its local beam coordinate system with
axes €, €, and €.
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3.2 Controversy in the literature

The method presented yields two different sets of MECs for the very same lattice material, based on the
number of higher order terms of the Taylor series expansion considered for the approximated displacement
and rotation fields in Eq. (3.2). The two sets differ only in those MECs that link the couple stress and
curvature, see Eq. (2.54). These MECs are different in both sign and magnitude. Neglecting the second
order terms of the series leads to positive signs of these MECs, e.g., [6, 53], which are further referred to as
positive constants. However, this set of constants does not give rise to an equilibrium of forces acting on the
origin joint [10]. Retaining the second order terms of the series, leads to negative signs of the MECs, e.g.,
[10, 53], which are further referred to as negative constants. In some cases, the negative constants violate the
positive definiteness of the strain energy defined for isotropic materials, see, e.g., [30]. This is the case for the
equilateral triangular lattice, which motivated the discussion on the positive definiteness of the strain energy
density given in [53]. Therein, it is argued that lattice materials show limited non-locality, which implies that

the element size needs to be larger than the underlying internal characteristic length?.

On the one hand, the necessity to ensure the equilibrium of forces at the origin joint, i.e., retaining the second
order terms, has often been ignored in later works, e.g., for the strain gradient model for fracture analysis
n [15], for obtaining MECs of a chiral auxetic lattice in [86], for studying the capability of accounting for
size-effects of lattice materials in [97], and very recently for studying zigzag lattices in [16]. In [97], negative
constants are even questioned with respect to consistency and stability.

On the other hand, some authors have presented homogenization approaches retaining the second order
terms, e.g., for chiral lattices in [58] and for 2D and 3D lattices allowing more than a single joint in a base
cell in [36]. The homogenization approach presented in [36] allows the authors to identify positive constants
of the rectangular lattice when retaining second order terms. Not clearly classifiable is the homogenization
approach presented in [72], where second order terms are retained in the first place, but at some point it is
decided that second order derivatives can be neglected on the basis of the strain definition. However, the
authors ensure that the compatibility of kinematics and equilibrium of forces and moments are guaranteed.
Furthermore, the MECs based on first order terms for the regular hexagon honeycomb lattice presented in
[15] do not agree with the well-established ones presented in [38], leading the authors in [46] to conclude that
the validity of the Taylor series approach is in question. For their non-Taylor series based homogenization
approach presented in [46], closed form expressions for the MECs with positive sign are found. However,
positive constants of the rectangular lattice were identified in [36] using the Taylor series expansion even

though second order terms were retained.

Both, the positive and negative constants derived in [53] are often used in the literature for the verification of
MECs obtained by either new or similar homogenization methods and mainly serve as comparison for limiting
cases of lattices. In [86], the MECs for a limiting case of the studied chiral auxetic lattice are compared with
positive constants for the triangular lattice presented in [53]. The authors in [58] refer to both positive
and negative constants for the triangular lattice presented in [53], which are shown to be obtained for a
limiting case of the homogenization approach presented therein. In [16], the positive constants obtained for
the triangular and square lattice in [53] are used for comparison with the MECs identified for limiting cases
of zigzag chiral lattices. In [36], the MECs of the square lattice based on the presented homogenization
approach are compared with positive and negative constants derived in [53].

1”The continuum material element cannot be less than the characteristic cell size over which the continuum strain energy
density is defined.” and ”The strain energy function averaged over this volume of element should be positive definite and not
the pointwise local strain energy function.” [53]
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Summarized, there is some controversy in the literature about the validity of the method in general. On the
one hand, the resulting strain energy density appears to violate the positive definiteness criterion defined in
[30] for certain cases when retaining second order terms in the Taylor series expansion of the kinematic fields.
On the other hand, the derived MECs lead to a lack of equilibrium of forces when neglecting second-order
terms [10]. Therefore, a numerical study is performed in Chapter 5 to evaluate the predictive capabilities
of both positive and negative constants for the mechanical response of finite-sized lattice structures using

discrete models as a basis for comparison.

For building a framework for further research rather than comparing homogenization methods, the homoge-
nization method based on the Taylor series expansion [10, 53] is considered to be the most suitable method.
It can be easily applied to various 3D lattice materials. Furthermore, only first order terms are retained. The
reason for this is two-fold. Negative constants lead to oscillating solution fields, if the element size is smaller
than the internal characteristic length of the lattice, which is not the case when using positive constants, cf.
Chapter 5. Additionally, the positive constants are much easier to determine since no integration by parts is
required in the derivation. Consequently, only positive constants are derived for the 3D lattices in the next
section. The non-equilibrium of forces at the origin joint as a consequence of these constants is accepted
on the basis of the results obtained for the 2D lattice simulations in Chapter 5. Therein, it is shown that
positive constants have no disadvantages compared to negative constants at least for the lattices studied in

this work.

3.3 Micropolar elastic constants of 3D centrosymmetric lattices

The configuration of each investigated lattice, namely, primitive orthorhombic, body centered cubic, and
body centered cubic reinforced by primitive cubic, is schematically depicted in Figures 3.2, 3.3, and 3.4,
respectively. FEach lattice member is modeled as a Hermite beam showing two end nodes I and J, see
Figure 3.1. The stiffness matrix of such a beam element, [gl(;zal] , and its corresponding vector of nodal

kinematics, [U(e) |, can be found in Appendix C. The stiffness matrix in Eq. (C.1) and the vector of nodal

= local
kinematics in Eq. (C.2) are given with respect to the local beam coordinate system. The transformation

matrix, [Iﬁe)], given in Eq. (C.3) is used to transform the quantities to the global basis as

egiona] = [T ({02 )T 3.6
Ul = [TOTUEL] (3.7)

with the corresponding global vector of nodal kinematics
UG ] = (U, @1, Uy, @)% = [Up, Ups, Urs, @11, ®12, P13, Ugt, Ugz, Ugs, @1, @yo, @537 . (3.8)

= global

The strain energy of each lattice member in terms of joint displacements and rotations reads

1 e e e
WIJ(UI> (;’1'7 UJ’ ?J) = 5 [Ul(ogal]T [kl(ot):al] [Ul(oZal] )
L@ qTr (o) () (39)
= 5 [Uglobal} [kglobal] [Uglobal]
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The strain energy density of the continuum approximation of the base cells studied are then obtained by
using Eq. (3.3), which follows in terms of stiffness matrix and vector of nodal kinematics of each member
OK as

1 Nbe 1 mhe . . .
Y= i (Z WOK(U7¢,UK7'I’K)> W Z §[Uélgbal]T[l~<élibal] [Uéllbal] . (3.10)
¢ \K=1 ¢ \(e)=1

The joint displacements and rotations of each member are then expressed in terms of the displacements, u,
and rotations, ¢, of a commonly shared origin joint O located in the center of the base cell by using Eq. (3.2).
Only terms up to the first order are considered based on the discussion in Section 3.2. The strain energy

density of the continuum approximation can then be expressed in terms of strain and curvature, see Eq. (3.3).

From the strain energy density, the components of the fourth order elasticity tensors A;jxi, Bijki, and Ciju
can be determined by using Eq. (2.54), respectively. For centrosymmetric lattices, the elasticity tensor C,jx
vanishes, see, e.g., [88], which is the case for the uniform periodically repeating 2D base cells discussed in
[53]. This is also true for the 3D lattices studied in the present work, which is confirmed by the fact that no
couple terms could be identified in the derived strain energy potential. Following [53], the components of the
elasticity tensors are based on strain measures defined via applying the gradient from the left, which require
the left hand-side definition of stress components. For the conversion of elasticity components in order to fit

to strain measures based on the right gradient, see Section 2.6.

A comparison with ABAQUS is performed to verify a correct transformation of the local stiffness matrices
given in Eq. (3.6), which enter Eq. (3.10). For each base cell, an overall stiffness matrix K] is assembled,
which is composed of the individual stiffness matrices, [15(6)], of all its members, ny.. The assembled global

stiffness matrix reads
Mbc

Kid = Y [T7 DO KT [T (3.11)
(=1 1S9

~Zglobal

where [’Il(f)] accounts for the connectivity of the individual elements. The resulting stiffness matrix is com-
pared to the stiffness matrix assembled by ABAQUS using Euler-Bernoulli two-node cubic beam elements
(B33) provided by ABAQUS. These elements correspond to the Hermite beam element. To output the stiff-
ness matrix assembled by ABAQUS, a substructure needs to be generated in a first step to be able to create
a conventional .mtx file in a subsequent step. The stiffness matrix can then be obtained via the keyword
*SUBSTRUCTURE MATRIX OUTPUT. The differences between the stiffness matrices obtained from the evaluation
of Eq. (3.6) using numerical values for the analytical variables and for ABAQUS are considered negligible.

3.3.1 Primitive orthorhombic and primitive cubic lattice

The PO lattice is composed of six lattice members OK with end nodes, K € {A,B,C,D,E,F}, connected at
the center O of the base cell as depicted in Figure 3.2. For the derivation of the MECs, opposite members such
as OA and OC need to show the same bending stiffness with respect to a common axis. The bending stiffness
of an individual member is directly related to the definition of the local beam coordinate system. This needs
to be considered when defining the local beam coordinate systems for each member, as shown for the PO
lattice base cell in Figure 3.2. For example, the bending stiffnesses of members OA and OC according to their
local beam axes e,, and e, follow as Eglma = Eslnwc = Esly and Eglya = Egl,c = Eql,1, respectively,
where Fy denotes the Young’s modulus of the parent material and I, I, are the area moments of inertia
corresponding to e,, and e,. Note that the indices for the area moments of inertia are not italicized to avoid

confusion with tensorial quantities. It follows that only three sets of geometrical properties remain for the
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lattice members, i.e., three unique lattice members composed of opposite members regarding the bending
stiffness remain, OA=0C, OB=0D, and OE=0F. Otherwise, the centrosymmetry is broken and coupling
terms are obtained. However, for different cross-sections or polar moments of inertia of opposite members,
the centrosymmetry is preserved and the average values replace the individual values. In this thesis, opposite
members are assumed to have the same cross-sections, area moments of inertia, and polar moments of inertia
resulting in three sets of geometrical properties, i.e., OA=0C, OB=0D, and OE=0F.

The strain energy density for the PO lattice using Eq. (3.10) reads

1 ’I’Lbc—6
¥ = > Wok (3.12)
¢ K

where Vi, = lyl3l3 is the volume occupied by the base cell. The strain energy density in terms of strain

measures using Eq. (3.2) leads to

_ A1E55%1 AQESE%Q ABES‘L:%S 2E5[m1f€%2

¢PO _
ol 2113 21ly lols
6ESIm1€%3 2ESIm2l€%1 GESImQE%S 2ESIm3I{§1
121yl I3 11121 Il
6ESIm3€§2 2ESIH1KJ%3 GESInlé:%Q 2ESIn2I€%3 (3 13)
Lil02 lols 13513 l1l3 '
6ESIn2€%1 2ESIU3/€§2 6E51n3€§1 GSIﬂFL%l
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Figure 3.2: Schematic of base cell of PC lattice showing local beam coordinate systems with black, blue,
and red arrows denoting axes e, e,, and e,,, respectively.
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where Ay, Ik, Ing, Ing, and Iy denote the cross-section, length, area moment of inertia with respect to the
local m- and n-axis, and polar moment of inertia for each lattice member k = 1,2, 3, respectively. The length
of the lattice members is shown in Figure 3.2. The MECs are determined by differentiating the strain energy
density with respect to the strain measures according to Eq. (2.54). All non-zero components of the elasticity

tensors, A, and By, are identified as

A E, Gl
A = l;l?’ ) By = lgil;:l ,
12E.1,, AB I,
Apprp = ol B, = 7
1212 Zhly 1212 Lls
12ESIm1 4E‘sInl
Az = —oiml g = ,
1313 Eholy 1313 Lols
12E,1,» 4FE. 10
A - 5 ]B =
2121 L2 ) 2121 Lils ,
A FE G
Agggy = =25 ) Bogoy = — 22 ) (3.14)
I3 L3
12E,1,,2 4F.1,
A = “ B —
2323 L2l ; 2323 Lils ;
12FE,1,3 4FE.1 3
A - 5 ]B =
3131 02 , 3131 Il ,
12E.1,, 4F.1,
Agago = ﬁ ; Bagzp = llslg 2 ;
AsE Gl
Asz333 = ;7 ) B3333 = 753

No non-zero components corresponding to the coupling elasticity tensor C;jj; could be identified, which
is expected due to the considered centrosymmetry of the lattice. The elasticity tensors show orthotropic
symmetry as expected, cf. Eq. (B.1). Note that for this lattice the effective Poisson’s ratio is zero in
all directions. Consequently, all off-diagonal components of the remaining elasticity tensors are zero. A
comparison between the MECs derived for the primitive orthorhombic lattice and those derived for the 2D

rectangular lattice in [53] can be found in Appendix E.

If all lattice members show the same geometrical properties, namely, I = [, I = Ing = I, Ity = I;, and
Ay = A, the strain energy density of the primitive cubic (PC) lattice, ¢, is obtained. This lattice shows
cubic symmetry, cf. Eq. (B.2).

3.3.2 Body centered cubic lattice

The BCC lattice is composed of eight lattice members OK with end nodes, K € {A¢op, Btop, Ciops Ditops
Apot, Bhot, Chots Dbot}, connected at the center, O, of the base cell as depicted in Figure 3.3. The BCC
lattice spans a cubic base cell with side length, [, resulting in a length, lgcc = V31 /2, for each individual
lattice member. For the sake of simplicity, all members possess the same geometrical properties. The local
coordinate system of each member of the base cell is shown in Figure 3.3. The strain energy density for the
BCC lattice using Eq. (3.10) reads

Npe=8

1

BCC

_ W, 7 3.15
W = g X Wor (3.15)
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with Vi, = (3. The strain energy density in terms of strain measures using Eq. (3.2) leads to

BCC _ 2v/3
94
+ 2AE e136311% + AF£3,1? + AFe3,1? + 2AE e09e331° + AFe3,51° + 2AE e036301°

+ AE.£3,1? + AE e2,1? + AE.e2,1? + 32F, I3, — 32F 1620 — 32E Ic11633 + 32E I3,

— 32FIe12601 + 32E,Ic%, — 32 Ic 13631 + 32F,Ic3, + 32F, I3, — 32F Ieogess + 32E,Ic3,

— 32F,Iegsesy + 32E,1c2, + 32E,Ic2, + 32E,Ic2, + 8EIk2,1% — 8F I k11 ko2l® — 8F Iy k33l°

+ 8B IK3y1% — 8B Ik19ko1l? + 8EIK341% — 8E Ik13k311% + 8E k3,1 + 8E I K341* — 8E I rookizsl®
+ 8E I k341% — 8EsIkozkzal® + 8E I3 1% + 8E Ik3,1% + 8E IK3,1% + Gl w3, 17

+ 2G Iy k1 knal® + 2G Iik11 kiasl? + Golikiol? + 2G Iikiakorl? + Golik341% + 2GIikyzkz 12

+ GoIikaq % 4 GeIik3o1% + 2GsIikankiasl? + GoIik3g1? + 2GsIikogkizal® + Gsliwd, 12

+ GIik3,1% + Gilik351%)

0 (AE 2,17 + 2AF e116900% + 2AE e116331% + AEe1,1? 4+ 2AFe106011° + AE 3512

(3.16)

All non-zero components of the elasticity tensors, A;;r; and B;jx;, are identified as

4V/3E, (Al + 321) 4v/3 (Go Iy + 8EI)

Allll = 1 9 Bllll = 2 )
o ol (3.17)
4V/3E, (Al> — 161) 43 (G I, — AE,)
Anize = ol ;o Bue = o )
with
AZ’L” = Al]lj = A1111 9 BZZZ’L = BZ]U = ]Bllll ) (318)
Ajiji = Agjji = A1 ) Biij; = Bijij = Biioo

Figure 3.3: Schematic of base cell of BCC lattice showing local beam coordinate systems with black, blue,
and red arrows denoting axes e, e,, and e,,, respectively.
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This results in 21 non-zero components for each of the two elasticity tensors. No non-zero components

corresponding to the coupling elasticity tensor Cjj1; could be identified.

3.3.3 Body centered cubic reinforced by primitive cubic lattice

The BCCCP lattice is composed of 14 lattice members with end nodes of the BCC and PC lattices, which are
connected at the center, O, of the base cell as depicted in Figure 3.4. The lattice represents a superposition
of BCC and PC lattices. The base cell of the BCCCP lattice spans a cubic base cell with side length, [. The
length of the lattice members belonging to the BCC lattice contribution is I[B¢C = 1/31/2 whereas for the PC
contribution the length of the members is lpc = /2. For the sake of simplicity, the geometric properties of
all members belonging to one of the contributing lattices are assumed to be the same. The local coordinate
system of each member is shown in Figure 3.4. The strain energy density for the BCCCP lattice is obtained
by the superposition of the individual strain energy densities of BCC and PC lattices

$BOCCP _ BOC 4 ) PC . (3.19)

The contribution of the strain energy density ¢FC follows from Eq. (3.13) with I, = IF¢, 4, = AFC,
Lk = Ly, = IPC, and Iy, = IFC for k = 1,2,3. The contribution of the strain energy density ¥2“¢ follows
directly from Eq. (3.16), where quantities are superscripted by BCC. For the sake of brevity, the resulting

strain energy density is not explicitly stated.

Figure 3.4: Schematic of base cell of BCCCP lattice showing local beam coordinate systems with black,
blue, and red arrows denoting axes e;, €,, and e,,, respectively.
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3.3. MICROPOLAR ELASTIC CONSTANTS OF 3D CENTROSYMMETRIC LATTICES 33

The MECs of this lattice can be determined either by differentiating the strain energy density given in
Eq. (3.19) with respect to the strain measures or by superposition of the elasticity tensors of the BCC and
PC lattice. The elasticity tensors of the BCCCP lattice read

éBcccp _ épc + QBCC , QBCCCP = QPC + IEBCC _ (3.20)

Note that CBFFP = 0. The components read

s + + s + 4G + s
V3E, (4ABCCI12 + 1281BCC 4+ 3,/34PC2) V3 (32E,IBCC + 4GLIPCC + 3v/3GIFC)
A1111 = ) 1111 = )
94 912
4v/3E, (ABCCP2 — 161P¢°) 4V/3 (GLIECC — 4B, I1PCC)
Anize = o ; Brigo = e ;
4V/3E, (ABCCI2 4 321BCC 4 9/317C) 4V/3 (8ELIBCC + 3V3ELITC + G, IBCO)
A1212 = ’ I[B1212 = )
914 912
4V/3E, (ABCCP2 — 161B¢°) 4V/3 (GLIECC — 4B, I1BCC)
Ar21 = 1 ; Bioor = 3 ;
91 9l
(3.21)
with
Ajiii = A ) Aijij = Aj212 s Aijji = A1 , Aiijj = Aq122 . (3.22)

As expected, the elasticity tensors show cubic symmetry, cf. Eq. (B.2). The off-diagonal components of these
tensors are different from zero compared to the PC lattice, resulting from the contribution of the BCC lattice

introducing Poisson effects.
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Chapter 4

FEM implementation

In the following, the FEM implementation is outlined. Starting from the field equations of the micropolar
continuum given in Chapter 2, the equations necessary for the FEM implementation are derived. Various
implementations are made to accommodate geometrically nonlinear and linear micropolar boundary value
problems. The implementation of the 3D geometrically nonlinear problem mainly follows [8, 26], where
a discrete, i.e., a numerical consistent tangent matrix, is used instead of an analytical one to overcome
excessive implementation work [8]. The framework for this implementation is ABAQUS, which is a robust
and widely accepted commercial FEM program. The implementation of the linear problem considering two
and three dimensions follows [53]. ABAQUS as well as the open-source FEM software NGSolve serve as the
basis for the implementations to achieve the desired flexibility in post-processing of the simulation results
and to employ their respective advantages. On the one hand, in ABAQUS, the postprocessing of results
is tedious for user elements, which is the implementation interface used in this work. On the other hand,
ABAQUS offers the possibility to employ user elements in conjunction with any other element from the
element library and, hence, makes it interesting for industrial applications. In contrast, NGSolve provides
convenient postprocessing capabilities based on the python based implementation interface. However, it does

not provide any element library.

4.1 Geometrically nonlinear micropolar continuum in 3D

4.1.1 General concept

A total Lagrangian formulation for the FEM implementation is aimed for in order to overcome the necessity
of transforming the elasticity tensors according to Eq. (2.77). The starting point is the weak form of the
Lagrangian equations as derived, e.g., in [26, 28]. In [26], the derivation is based on introducing arbitrary
vector valued weighting or test functions du and d¢, which have to be sufficiently often differentiable and
must vanish in regions of prescribed kinematic bandary conditions. The test functions are multiplied to
the strong form of the BVP being composed of the Eulerian equilibrium equations given in Egs. (2.36) and
(2.37) including the corresponding boundary conditions given in Eqgs. (2.45), (2.46), and (2.44). Integration
by parts and some algebraic manipulations yield the principle of virtual work in the Eulerian description. By
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4.1. GEOMETRICALLY NONLINEAR MICROPOLAR CONTINUUM IN 3D 35

integral and variable transformations, the principle of virtual work in the Lagrangian description is obtained,
for further details see [26]. It reads

Aint - Aext = G(l}v ?v 51}7 5?) =0 ’

T:6E+"T:6F dV— [ pof - du+pom-dpdV — t - 6u+ "t -dpdS=0 (4.1)
Ro Ro - R0 -

where Ayt and Aext denote the virtual work of internal and external forces, respectively, G represents a
functional based on displacement and rotation fields, dE and & represent the virtual relative Lagrangian
stretch and wryness tensors, respectively. The virtual displacement and microrotation fields are denoted by
du and d¢, respectively. The applied surface tractions and moments given in Eq. (2.44) are denoted as i*
and "‘i*, ;espectively. In [26], the virtual strain measures are derived on the basis of expressing the external
loads in Eq. (4.1) by using the Lagrangian equilibrium equations Eqgs. (2.42) and (2.43) and subsequently
equating the coefficients. The virtual strain measures read

0B = RT(Ju® Vy +sk(6¢)TF) | (4.2)

X =R (9o V) . (4.3)

where sk(-) takes an axial vector and gives the corresponding skew-symmetric matrix as given in Eq. (A.19).
Inserting Eqgs. (4.2) and (4.3) into the virtual work in Eq. (4.1) yields

G(u,¢.0u,0¢) = | T:RT(u® Vy +sk(6¢) ) + T : RT(6¢p ® Vx)dV

—/ pof - du+ pom - dpdV — . du+"t dpdS=0 . (4.4)
Ro - ORo -

To solve the nonlinear BVP by the FEM, the problem is discretized. The computational domain, Q" = Ry,

is subdivided into a set of subdomains or finite elements, i.e., Q(¢) € Q" reading

Nel

o= a9 (4.5)
(e)=1

where (e) is the element number, n, denotes the number of elements, and | refers to an assembly operator,
which enforces the continuity of the kinematic fields between the elements. The superscript h denotes the
approximation by finite elements, which will further be attached to quantities indicating their approximative
character. To approximate the displacement and rotation fields within an element, the following interpolation

functions are used

Jur(t) (4.6)
4.7

where I denotes a node at the element level with I = {1, ..., n(e }, where n(¢) is the number of nodes comprising

the element. The interpolation functions show the following properties

N{(Xy)=d15 N} (Xj) =015 . (4.8)
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36 CHAPTER 4. FEM IMPLEMENTATION

The virtual displacement and rotation fields are approximated in the same way as the kinematic fields given
in Egs. (4.6) and (4.7), respectively, i.e., Galerkin’s method is applied. The approximation reads

u’(
5¢"(

)= Nf(X)owr (49)

X
)= N7 (X)opr . (4.10)

(PSP

An isoparametric element is aimed for, i.e., the geometry or position vectors are approximated in the same

way as the displacement field, reading

In the following, the interpolation functions are also called shape functions.

To solve the discretized nonlinear BVP, the problem is linearized and solved employing an incrementally-
iterative procedure, i.e., a sequence of linear problems is solved. Therefore, the virtual work given in Eq. (4.4)
is prepared to be solved by the FEM. Following [69], this reads

[0y*] - Ko (ly*DI[Ay] = [0y°] - [e(ly*D] = [Ko(y*DIAY] = k(y* D], (4.13)
where [Kt| denotes the stiffness matrix, [r] = [Qint] — [gext] is the generalized residual vector composed of
internal, [qint], and external force and moment vectors, [gext], and [y] = [u, @]* denotes the solution vector

of the problem, which is composed of the solution variables, namely, nodal displacements and rotations. The
corresponding variation and the incremental value or linear change of the solution variables are denoted by
[6y] = [0u,6¢]T and [Ay] = [Au, A¢|T, respectively. The superscript a indicates the expansion point of the
linearization. The solution variables must be isolated in Eq. (4.4) to be solved in the targeted set of linear
equations as indicated by the right hand-side of Eq. (4.13), which is to be solved for [Ay]. Note that in
the following the tensorial quantities are used to determine the components of the residual vector and of the

tangent stiffness matrix instead of introducing an operator notation.

Following [69], the linearization of Eq. (4.4) by a Taylor series expansion around point a using the discretized

kinematic fields reads

Lin(G"([y“], [0y°]. [Ay])) = G"([y“], [by“]) + DG"([y°] [y *D[Ay] (4.14)

where DG" represents the first order term of the Taylor series. No coupling between displacement and
rotation is considered to obtain a linear system of equations as given in Eq. (4.13) [69]. For the linearization
of G", the same applies as in Eq. (4.4) yielding

Lin(G"([y"), [6y“], [Ay])) = 0 = DG"([y“], by"D[Ay] = ~G"(Iy"), [6y°]) . (4.15)
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4.1. GEOMETRICALLY NONLINEAR MICROPOLAR CONTINUUM IN 3D 37

which is associated with the right hand-side of Eq. (4.13). The variation of the residual force and moment
vectors for the given expansion point a reads

G —GM([y"), [oy™)) (4.16)
(e)=1
_ L / L (RT(0u" & Vx +sk(36")TE)) + T : (RT(3¢" © V) dV

e) 1 Ro

—-G"([y"], |

)

+/ po£-69h+porp-6¢hdv+/ £ ou" + - d¢"ds
R() - (9730

Note that the superscript h is not attached to the tensorial quantities for the sake of brevity. The same holds
for the element identifier (e). After the isolation of the solution variables as shown in [26], Eq. (4.16) reads

Mel Mel

~GM(lyl by D = U ~by - = U~y (lai) - ) (4.17)
(e)=1 (e)=1
where the residual force and moment vector can be split into internal and external parts denoted by [ql(sg ]
and [qgf()t], respectively. To not end up with matrices specific to a particular element, the residuals are given
with ;espect to a single node I corresponding to a particular element comprised of a certain number of nodes,
n(®). The corresponding nodal equations of the element level based on Eq. (4.17) read

[y ) e8] = 0y$) - ([al) 1) — [0l ) = dul - (“als)  —"alo )+ 08 (Cal) , —d )L (418)

where the nodal quantities are arranged as [yge)] = [u1,1,U2,1, Uz, 1, P1.1, P2:1, P3.1] T, the internal and ex-

T
ternal force and moment vectors at node I are comprised of [qfng = ql(st) I ql(st) ;| and [qgi)t =

T
[ qgi)t I qu)t I] , respectively. In [26], the internal force and moment vectors at node I are given as

Al = / RIV Ny AV (4.19)

Yaier = / R*TV x N? + 2N7axi(skew(ET RT))dV | (4.20)

with skew((:)) giving the skew-symmetric part of (-), c¢f. Eq. (A.23), and the external force and moment

vectors at node [ are given as
', = [ ptNpave [ Enpas (4.21)
% ORo
¢Q§i)u—/ porpN?+/ "TNPdS (4.22)
v R0
Using Eq. (4.18) the residuals read

o) = [ REVANy - potNpav - [ ENpas vigomy (4.23)
\% ORo

rl?) = / RYTV N} + 2N axd(skew (ET' RY)) — pomN} dV
1%

—/ SENPAS VI ORE . (4.24)
ORo
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For further details on the derivation of the residuals, see [26].

The right term of the linearization of the variational formulation given in Eq. (4.15), DG", represents the
linear change in the variational formulation around the expansion point [ ] from which the tangent stiffness
matrix can be obtained. Note that for considering only conservative 1oads7 which are independent of the
displacement and rotation fields, only the internal forces contribute. The isolation of the solution variables
in order to obtain the right hand-side of Eq. (4.13) is mathematically intricate. Furthermore, the analytical
expression for the consistent tangent element matrix leads to excessive implementation work, see, e.g., [26,
43, 69]. In [26], the tangent stiffness matrix is derived considering isotropic material, which allows for some

simplifications of the equations that are otherwise even more complex for considering anisotropic material.

This motivates to apply the approach suggested in [8] to alternatively determine the tangent stiffness matrix
for micropolar problems using a central difference scheme. Therein, the individual element stiffness matrices
associated with the assembled stiffness matrix given in Eq. (4.38) are determined numerically based on the
element right hand-side residual vectors given in Eqs. (4.23) and (4.24) without external load contribution.

The element stiffness matrix is determined via

or; T +v]ej]) — i — V]e;
[IS'(I{C)IJ] =5 2‘1 ~ ir([y 7] le;]) i ([yJ] lej]) 7 (4.25)
YiJ 1k 20 E

where the solution vector, [y], is perturbed in each DOF denoted by , j by an perturbation of size ¢ denoted
by the vector [e]. Throughout this thesis, the perturbation parameter is chosen as ¥ = 1078, which depends
on machine accuracy and typical values of the solution vector, for further details see [8]. In [8] it is stated
that the computation time for the determination of the residuals is even lower than for the determination of
the analytical tangent matrix given in [43], although the element residuals need to be computed 2 (nq n(®) -6)
times.
The spatial discretization given in Eq. (4.5) allows the integration over Ry to be approximated by the sum

of the integration over each subdomain, Q(¢), reading

Tel

/RD( yav~ /Q(F )O(X) dote : (4.26)

(e)=1

In the following, the superscript (e) is not attached to the element quantities for the sake of brevity. Intro-

ducing a parent domain of each element, Q(e), the integration over the global domain can be given as
Nel MNel
U / )@ (X)da = | J / Je(g)dal | (4.27)
Qe (=1 <e>

where Je = det(0X/0€) denotes the determinant of the Jacobian of the element and represents the map

between the element reference and its parent configuration. It reads

9]

Je(§) =X;® V5N1(§) (4.28)

[oN () oN'® ON'®

x© Ny Ny

T i T

_ N v N o N L

85 27 8’)7 27 aé- 27

N o) ON:Y o ON Lo

i ag 31 8’!7 31 aC 31
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4.1. GEOMETRICALLY NONLINEAR MICROPOLAR CONTINUUM IN 3D 39

Note that for the ABAQUS implementation in Section 4.1.2, the gradient is applied from the left, cf.
Eq. (F.10), and, consequently, i& does not need to be transposed in the following equations. As the el-
ement parent configuration is the same for each element, the Gaussian quadrature scheme is used for the

integration over the element domain reading as

Nint

/Q (E)e(€) A0 = S ()€ ey (4.29)

() = =
£ p=1

where p denotes the integration point, nin is the number of integration points, £, (&, 7p, (p) represents the
vector of the element parent coordinates of each individual integration point, and w, is the corresponding
weighting factor. The element parent coordinates and the corresponding weighting factors of each integration

point are known for certain types of elements and can be found in standard finite element text books, see ,
e.g., [7].
The consideration of conservative loads allows to introduce traction and surface traction boundary conditions

at a later stage. Making use of Eqs.(4.26), (4.28), and (4.29), the nodal residual vectors at the element level
based on Egs. (4.23) and (4.24) follow as

Nint

=3 (REE)T (6)VeNH (&) — pofEINF(E) Jel€wy (4.30)
o) = 3 (R (€)VeNT () — HEINT(E) — pom &N () 6w, . (43)
p=1

where in each equation the last term is associated with external forces and moments and the other terms are as-
o o T
sociated with stresses and couple stresses. The axial stress vector is introduced as Xt = —2axl(skew(FT RT)) =
o o o T
2axl(skew(RTE")) = axI(RTFT — FT R"). Introducing auxiliary vectors

B (&) =T (€)VeNI(E) (4.32)

BI(€,) =T (€,)VeN(&) (4.33)

the residual vectors given in Eqgs. (4.30) and (4.31) read

Mint

i) = Z (BTB? - pofN?) Jew, (4.34)
p=1
Nint

ol =3 (RVTB] — XN - pomnY) Jew, (4.35)
p=1

respectively, where the dependencies of the variables on &, are not explicitly stated. For the sake of brevity,

the residuals are summarized in a single column vector

]

= [ )" (4.36)
as given in Eq. (4.18) with the dimension of (6x1).

The element stiffness matrices as well as the element residual vectors are then assembled reading

Mel el

K=K . m=Ur9 . (4.37)
(e)=1 (e)=1
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Finally, for the incrementally-iterative procedure, the Newton-Raphson scheme is used, where the load is
incrementally applied and an equilibrium iteration within each increment is performed. On the global or

assembled level in terms of nodes following [8], this reads

) = )+ 2 Ly ) — g

I b (k)]
= [K§ Ay = 1] and solve for [Ay'] (4.38)
repeatuntil |xf V)l < e then [y}, 1 il (= S e T+ 1ay) L (439)

where the superscript a from Eq. (4.13) is replaced by k, which is the step counter of the equilibrium iteration.
The number of increments is denoted by m and represents the starting point based on the previously converged
increment while m + 1 is referred to as the current increment. Once a certain criterion is fulfilled, e.g., the
norm of the residual vector at node I is below a predefined threshold value €, the solution is considered as
converged with a total number of iterations, keq, and the next load increment can be applied with setting
the iteration step counter to k£ = 1. For highly nonlinear problems, the tangent matrix should be updated

within every iteration as pointed out in [8].

Updated Lagrangian formulation. For the sake of completeness, the derivation of the equivalent updated
Lagrangian formulation is obtained by starting from the Eulerian equations of motion given in Eqs. (2.42)

and (2.43). In [44], the virtual work for this formulation is given as
Aint - Aext = G(l;la ?a 61;1a 6?) =0 ) (440)

/ I:(Sg+“’l‘:5)~€dv—/ Ptf'59+PtYP-5¢dv—/ t*-du+"t*-0pds =0

Ry Ry - OR: -

The derivation is abbreviated and takes directly the residual force and moment vectors of the discrtized
problem given in Egs. (4.23) and (4.24), which are then expressed with respect to the current configuration.
The volume, v, and the surface, s, both with respect to the current configuration are obtained by using
Egs. (2.15) and (2.14), respectively. The gradient with respect to the current configuration, gradg(-) =
(1) ® V, is obtained by using Eq. (A.25). Furthermore, the boundary conditions given in Eq. (2.44) are
considered. This leads to

o 1 o 1
| REIETVLNY < otV do- [ RENETInds—0  WIgORY . (141)
R OR¢
o o 1
[ REEETYLN] 4 2V ai(skew(FETRT)) - pomd7) 5 do
Rt

— R"T N‘z’FTfnds = VI ¢ ORY . (4.42)
oR, J-

Making use of the Piola transformations of the stress measures given in Eq. (2.49) and considering Xt =

1 o
—Qjaxl(skew(leTBT)) = —2axlI(skew(T™)) yield

| @v.ny - penpao- [ eNids—0 vigomy (4.43)
R OR+
| (TN <N - pmnpydo- [ reNids—0 vigoR] (4.44)
Re OR+
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4.1. GEOMETRICALLY NONLINEAR MICROPOLAR CONTINUUM IN 3D 41

where all quantities are considered with respect to the current configuration. To obtain the updated La-
grangian formulation for the FEM implementation, these equations are integrated by the Gaussian quadra-
ture rule given in Eq. (4.29), where the Jacobian of the element must now be considered as a mapping between

current and element parent configuration reading

Je(§) =xr @ VeNi(§) (4.45)

where x is the position vector in the current configuration. With this at hand, the nodal residual vectors can
be given as
Nint
) = 3" (TBY — pf Np) Jew, (4.46)

p=1

¢£Ere) = Z (KIB? —XtN; — ptIEINI) Jewy, , (4.47)

where J¢ is the determinant of J¢ and BY(€,) = J¢ T (£,) VeNF(€,) as well as BY(€,) = I T (£,) VeNT (§p)
represent auxiliary vectors. The nodal residual vectors are the same as given, e.g., in [§8]. The resulting
nodal residual vectors based on the updated, cf. Eqs. (4.46) and (4.47), and total Lagrangian formulations,
cf. Eqgs. (4.34) and (4.35), must be equal. Note that for the ABAQUS implementation in Section 4.1.2, the
gradient in Eq. (4.45) is applied from the left and, consequently, J. does not need to be transposed in the

equations above.

Update of strain measures. The nodal residual vector corresponding to Eq. (4.36) is determined based on
the updated or estimated values of the solution variables, i.e., nodal displacements and rotations. First, the
approximated deformation gradient tensor and the approximated microrotation tensor are determined from
which the strain measures are calculated. Once the strain measures are available, the stress measures can be
determined based on the constitutive laws. Since the present thesis aims at a total Lagrangian formulation,

only the updates of the Lagrangian strain measures are presented.

The deformation gradient tensor given in Eq. (2.13) using Eq. (4.6) is approximated by

F'"(X, 1) =1+ u(t)® VxN/(X) (4.48)

The microrotation tensor given in Eq. (2.6) using Eq. (4.7) is approximated by

RM(X, 1) = exp (sk(N7 (X)¢r(1)) (4.49)

Note that the superscript h is not attached to the following tensorial quantities for the sake of brevity.

The update of the deformation gradient tensor is performed by directly using the updated nodal displacement

vectors. It reads
FOD 14+ u™ o vinNy (4.50)

where dependencies are not explicitly stated.

To ensure proper convergence of the solution, the microrotation tensor is updated as follows

B(k+l) - AB(k)B(k) (4.51)
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where AR™ denotes the incremental rotation and reads
ARM = exp (sk(NfA@{)) (4.52)

corresponding to Eq. (4.49).

For the update of the relative Lagrangian stretch tensor in Eqgs. (2.18), (4.50), and (4.51) are used to obtain

E*D = REDTR(HD) _ g ) (4.53)

For the update of the relative Lagrangian wryness tensor given in Eq. (2.19), different approaches are found

in [8] and [26]. Following [26], the tensor is updated as follows
gkt — gk L Agrk) — gp(k) R(k+1)TfH(A¢(k))(A¢(k) ® Vx) , (4.54)

where F (k) represents the wryness tensor of the previous increment. The second order tensor, H, reads

sing) —1s Lo UBOD ( AGl = sn(AS])

S V- IE (Ag x 1 ; (4.55)

with its derivation given in [37]. Following [8], the update of the relative Lagrangian wryness tensor reads

R(k+1)

O~ @M E ) oE, (4.56)

where the gradient of the microrotation tensor with respect to each spatial direction, X}, is obtained by

applying the chain rule to Eq. (4.51) and follows as

R+ AR® R
R _0AR T g Apw B (4.57)
an 3Xk - - an
Note that in [8] also a different approximation of the microrotation tensor is used, which reads
R"(X,t) = N7 (X) exp (sk(¢r(1) (4.58)

where the interpolation functions are not within the exponent compared to Eq. (4.49). It gives a slightly
different approximation not only for the microrotation tensor, but also for the strain measures. The gradient
of the microrotation tensor using Eq. (4.58) is given in Eq. (F.12) in the Appendix F. Which of the definitions
of the microrotation tensors given in Eqgs. (4.49) and (4.58) is used for the implementation, is specified in
Section 4.1.2. The same applies to the updates of F given in Eqs. (4.54) and (4.57).

In the first iteration, k = 1, no deformation is assumed, reading
u=0 , ¢=0 — F=I , R=1 , E=0 , =0 . (4.59)

The system of equations is then solved for [Ay!], then [y?)] « [y(V] + [Ay()], see Eq. (4.38). If an

(1) - (,)(keq)

equilibrium for an increment is achieved for ke, iterations, the quantities are stored as ( ) m+1) (m) -
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4.1. GEOMETRICALLY NONLINEAR MICROPOLAR CONTINUUM IN 3D 43

Strain energy. On the element level, the incremental strain energy is approximated based on a trapezoidal

rule reading

AE® ~ nz:% ( D) u(k)) (B _ E®) 4 (/{T(k)-‘rl) + mi,(k)) (D %(k))) Jew,
i (4.60)
and updated accordingly
EFD =AE® + EP (4.61)

with all quantities evaluated at the integration points (£,). Optionally, the strain energy can be directly

determined via

nlntl . .
B =3 (BT B ot g ) e, (4.62)

p=1

[\

Due to the absence of any energy dissipation, the strain energy must be equal to the work done by the
external loads, i.e., Fgo + Foxt = 0.
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4.1.2 Implementation as user element

The implementation of the geometrically nonlinear micropolar continuum is performed in ABAQUS and is
done on the element level via the ABAQUS user element (UEL) interface. This is the only interface provided
by ABAQUS that allows to define the necessary additional rotational DOFs of the micropolar continuum.
This element is capable of dealing with 3D problems involving large displacements and rotations in the small
strain regime. For the present implementation, RSD of stress measures is used and the gradients are applied
from the right side except for the Jacobian matrix defined in Eq. (F.10). Note that for some anisotropic
materials the corresponding conversion rule of elasticity tensors needs to be considered, cf. Eq. (2.73). The
advantage of an implementation in ABAQUS is the possibility of the user element to be used in combination
with the elements available in the ABAQUS element library.

The UEL interface is provided by ABAQUS in the form of a subroutine written in Fortran77 or Fortran90,
the latter being chosen for implementation. The interface provides information that is passed to the UEL
subroutine. The most important information are the arrays containing the current estimates of the basic
solution variables, i.e., total and incremental nodal values for the active DOF of the element at the end of the
current increment/iteration. For the micropolar continuum, the active DOFs, yy, are displacements ux and
microrotations ¢ with N denoting the DOF, see Eq. (F.4). The subroutine contains variables to be updated
when passing through the subroutine. These variables are the right hand-side vector, RHS, with components
F defined as external minus internal forces or moments, the consistent tangent matrix, amatrx, with com-
ponents defined as Kop,yy = —0Fn/9ym, the user-defined solution-dependent state variables (SDVs), such
as stresses and strains, the energy variables, such as the strain energy, and an optional time incrementation
parameter to change the step size if convergence issues show up. The element residuals are determined via
Egs. (4.34) and (4.35). The element tangent stiffness matrices are determined based on Eq. (4.25). Both
quantities are assembled to form a global system of equations, taking into account all boundary conditions,

which is performed by ABAQUS. The global system of equations in each increment and iteration, k, reads
KAy ™) =M+ NBClg ¢ (4.63)

where NBC|t7,iJ5 denotes the Neumann-type boundary conditions incorporated at this stage, cf. the additional
terms associated with the traction and surface traction boundary conditions in Eqs. (4.23) and (4.24) with
Egs. (4.34) and (4.35). In general, [K] # [K]T, which requires the use of the unsymmetric matrix storage
and solution capabilities of ABAQUS. The UEL is implemented such that it must be used in conjunction
with the Newton-Raphson scheme as outlined in Egs. (4.38) and (4.39). To use the Riks solution procedure
capabilities of ABAQUS, an incremental load vector needs to be defined additionally, which is beyond of the

scope of this thesis.

In the present thesis, a hexahedral element with linear shape functions is implemented. The shape functions
used for the implementation are given in Eq. (F.1) with nodes following the convention used for solid elements
available in the ABAQUS element library, cf. Figure 4.2. The displacements and rotations are approximated

with the same interpolation functions, namely,
N{(X) = N(X) = Nr(X) . (4.64)

The geometry uses the same interpolation functions as the solution variables, hence, the element is referred
to being an isogeometric element, cf. Eq. (4.11). A Gaussian integration scheme is used, cf. Eq. (4.29), with
the corresponding integration point coordinates and weighting factors given in Table F.1 in the Appendix F.
This element is further referred to as C3D8MP.
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nlgeom
*STATIC

RSD
GRBCIC

R: Eq. (2.9) and update Eq. (4.58) R: Eq. (2.9) and update Eq. (4.49) R: Eq. (2.25) R: Eq. (2.25)
E: Eqg. (2.20) and update Eq. (4.53) E: Eq. (2.18) and update Eq. (4.53) %; Eq. (2.28) e: Eq. (2.26)
F: Eq. (2.21) and update Eq. (4.56) F: Eq. (2.19) and update Eq. (4.54) & Eq. (2.29) k: Eq. (2.27)

| |

lagreul

Figure 4.1: Flowchart of variables to be defined by the user (diamond-shaped tiles) and resulting output
(grey rectangular tiles). The *STATIC step setting is to be specified in the input file (white)
and the UEL C3D8MP user variables are to be set within the UEL subroutine (grey), where TL
and UL denote total and updated Lagrangian descriptions, respectively. Vertical paths indicate
the default setting of the user variables.

The right hand-side vector as well as the consistent tangent matrix can either be determined by using
Egs. (4.34) and (4.35) for the total Lagrangian formulation or by using Eqgs. (4.46) and (4.47) for the updated
Lagrangian formulation. The total Lagrangian formulation does not require the transformation of the elas-
ticity tensors according to Eq. (2.77). To handle the transformations necessary for the updated Lagrangian
formulation, pullback operations on the Eulerian strain measures given in Eq. (2.23) are used to determine
PK2-like stress measures, which are then pushed forward via Piola transformations given in Eq. (2.49) to
obtain the Cauchy-like stress tensors. Which formulation is used depends on the choice of the internal UEL
user variable lagreul, cf. Figure 4.1. The default setting is the total Langrangian formulation. The linear
micropolar continuum can be directly obtained by using small instead of large strain measures. This is en-
abled by defining the step setting *STATIC in the input file accordingly, cf. Figure 4.1. Both strain measures
based on left and right gradients can be considered, cf. Egs. (2.28) and (2.26), respectively. Consequently,
the output, i.e., the SDVs, of the micropolar continuum element depends on the choice of internal UEL user

variables as well as parameters provided by the input file, see Figure 4.1.

External body forces and moments can be considered as distributed loads and are accessible via the ABAQUS
keyword *DLOAD. For further information on the user element variables, see Appendix F, while in particular

for the element usage, see Appendix F.5.
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Figure 4.2: Trilinear hexahedral element with node and integration point numbering.

4.2 Linear micropolar continuum

A purely linear micropolar continuum in three as well as two dimensions is implemented using a vector-matrix
notation, which leads to a more familiar way of implementing finite element matrices within the framework
of ABAQUS. Following the implementation of 2D linear finite elements presented in [53], the starting point
for the finite element implementation is the principle of virtual work, cf. Eq. (4.1). For the linear micropolar

continuum, this reads

/g:éng“g:é@dV:/ pf-ég+prp~5qde+/ t*-du+"t*-0¢pdS : (4.65)
Ro Ro - ORo -

/ 0j0¢i; + " 0i;0k;; dV:/ pfidu; + pm;de; dV+/ tiou; + midgp; dS
Ro Ro 8,R'O

where g,”g and g,k refer to linear stress and strain measures, respectively, t* denotes applied surface
tractions, "t* refers to applied surface moments, and p(= po) is the density. Note that the stress measures
are based on LSD and the strain measures are based on applying the gradient from the left, cf. Eq. (2.28).
For the linear case, the volume, V', and surface, S, are to be integrated with respect to the undeformed or

reference configuration. Using Egs. (2.28) and (2.29), Eq. (4.65) reads

/ 0i;0Uj; — €50:;00, + 000, dV = / pfiou; + pm;ogp; dV —|—/ t;0u; + m;d¢p; dS ,  (4.66)
Ro Ro R0

where the separation of solution variables easily succeeds as these are neither multiplicatively coupled nor ar-
guments of nonlinear functions. The problem is discretized and set up to be solved on the basis of Eq. (4.13).
It serves as the basis for the derivation of the right-hand side vector and the stiffness matrix on the ele-
ment level required for the ABAQUS implementation. Again, the Neumann-type boundary conditions are

considered later in the global system of equations, cf. Eq. (4.63).

4.2.1 In 3D - ABAQUS implementation

Introducing the generalized vectors of linear stress and linear strain measure components as given in Eq. (2.61)
with components arranged as given in Eq. (2.62), a differential operator matrix for the 3D case can be defined

d=(18x6) (4.67)

which is outlined in Eq. (F.13), with [¢] = [d]y, where § denotes the physical continuous displacement and
rotation field summarized as 4 = [uy,us2, uz, @1, P2, ¢3]T. Both kinematic fields as well as the geometry are
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approximated by interpolation functions within the element as done for the nonlinear element, cf. Eqs. (4.6),
(4.7), and (4.64). With Eq. (4.67) at hand, the matrix of derivatives of shape functions on the element level
is determined by

BY) =NV (4.68)

where [N(9)] denotes the matrix of shape functions corresponding to a particular element, cf. Bq. (F.2).
Using Eq. (4.68), Eq. (4.66) on the element level gives the sought local system of equations

KAy @) = 1] = Ky = [a{a] - (4.69)

For the linear problem the stiffness matrix does not depend on the solution variable and the external forces
are in equilibrium with the internal forces, so that the right-hand side of this equation can be directly
introduced. Introducing the element parent domain, the element stiffness matrix and the right hand-side

vector are determined by using a Gaussian quadrature scheme, cf. Eq. (4.29). The element stiffness matrix

reads
Ky = [ BBy av (1.70)
11 +1
/ / / B{1T(¢) @] [BY)(€) d¢ dnd¢ (4.71)
i ] [B(e }(51))‘](6 (gp) ) (4.72)

as well as the element residual or right hand-side force and moment vector, which is comprised of external

minus internal force and moment vector, and is determined via

<) = [N - (B lglav (4.73)
+1 1 +1
=[] N @t - B @) dsdnac (174
<3 ([N(e)]T(ﬁp)p[ﬁ m]” - BE7(6)lg](€) I €y (4.75)
p=1

with p[f, m]T = p[f1, f2, f3,m1,m2,m3]" and [D] the elasticity matrix, cf. Eq. (2.61). Note that the residual
vector is given instead of the external force vector at this is point as this is required by ABAQUS. All
quantities are evaluated at the integration point with corresponding coordinates £ = [, 1, CP]T, where p
describes the integration point number. The derivative matrix shows derivatives of the shape functions with
respect to the global coordinate system. To obtain the derivatives of the shape functions with respect to the
parent configuration, the mapping given in Eq. (4.28) needs to be considered, cf. Eq. (F.8). Note that the

equations above are valid for any type of element to be implemented.

A hexahedral element with linear shape functions is implemented, cf. Figure 4.2. The shape functions are
given in Eq. (F.1) and the matrix of shape functions is given in Eq. (F.2), which allows to form the matrix
of derivatives of shape functions, cf. Eq. (4.68). This matrix is of size (18x48), which is not explicitly
stated for the sake of brevity. The stiffness matrix and the right hand-side vector are determined according
to Egs. (4.72) and (4.75), respectively, where a full Gaussian quadrature scheme is used, see Table F.1 in
Appendix F for the integration point data. The resulting 3D isoparametric finite element is further called
C3D8MPlin. Body forces and moments can be considered as distributed loads and are accessible via the
ABAQUS keyword *DLOAD.
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4.2.2 In 2D - ABAQUS implementation

To consider 2D linear BVPs considering plane strain assumptions, the finite element implementation is set up
analogously to the 3D case. Therefore, the 2D strain measures based on applying the gradient from the left
as given in Eq. (2.65) and stress measures based on LSD are taken into account. Introducing the generalized
vectors of linear stress and linear strain measure components as given in Eq. (2.63), a differential operator

matrix can be defined as

a T
d=]0 — — 0 0 0 : (4.76)
633‘2 (9331 8 6
-1 - =
0 0 8.’[1 8%2

Accounting for 2D, the element stiffness matrix given in Eq. (4.70) reads

+1 1
K- [ / BTN DIBY N ds (@1
~ Z D] BE1(Ep) I (Epwy (4.78)

and the element residual or right hand-side force and moment vector given in Eq. (4.73) follows as

1 1
1) = [ [ INOP @ faomal” ~ Bl O de s (4.79)
~§(N<e (€ foms]” — B (€)le)(€) W €y (4.80)

where Sp = [&p, np] represents the integration point coordinates with respect to the parent configuration of
the element, h represents the thickness of the element, and [B( )} denotes the matrix of derivatives of shape

functions on the element level, cf. Eq. (4.68).

A quadrilateral element with linear shape functions is implemented, see Figure 4.3. The shape functions are
given in Eq. (F.15) and the matrix of shape functions is given in Eq. (F.17), which allows to form the matrix
of derivatives of shape functions, cf. Eq. (4.68), possessing dimensions of (6x12). The stiffness matrix and
the right hand-side vector are determined according to Eqgs. (4.78) and (4.80), respectively, where a Gaussian
quadrature scheme is used, see Table F.2 in the Appendix F for the integration point data. The resulting 2D
isoparametric finite element considers plane strain assumptions and is further called CPE4MP. The body forces
and moments can be considered as distributed loads and are accessible via the ABAQUS keyword *DLOAD.
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Figure 4.3: Linearly interpolated quadrilateral element with node and integration point numbering.

4.2.3 NGSolve implementation

For the numerical study on negative and positive constants in Chapter 5, the linear micropolar continuum is
further implemented using the open-source software NGSolve V6.2.2302. The Python interface of NGSolve
allows to directly change FEM features, such as the element size, h., and the interpolation order, p., which
allows to easily perform parameter studies. Again, the implementation is based on [53] and has already been

outlined in Section 4.2.

The strong form of the governing micropolar elasticity equations given in Section 2.3 via Eqgs. (2.42) and (2.43)
is turned into the weak form by multiplying with vector-valued test functions v and w and an integration
over the domain. Using integration by parts and considering plane strain problems as well as no body forces

and body moments, the weak form simplifies to
/ 0iVji + Misw,; + €3i505;wdR =0, (4.81)
Q

where the vector-valued test function w is reduced to a scalar-valued one, w, for 2D problems. Note that
with v;; = du,;; and w = d¢3 the virtual work can be obtained, cf. Eq. (4.66).

The introduction of a canonical notation for variational problems is handy and serves as the basis for the
implementation in NGSolve. It reads as follows: Find u; € U; with i = 1,2 and ¢ € @ such that
a(us, ), (vr,0)) = L((vs,w), Vo€ Ui and Vwed (4.82)

with trail (unknown solution) and test function spaces

Ui:{viGHl(Q):vi T oon ORy'} Ui:{viEHl(Q):vizo on ORy'} ,

3

- ; (4.83)
Q={weH ) :w=9¢" on IR} , Q={weH(Q):w=0 on IRY} ,

respectively, where H'(Q) denotes the first order Sobolev space, u} and ¢* are Dirichlet-type boundary
conditions on the corresponding boundary portion 0Rg, cf. Eq. (2.45). In the case of Eq. (4.81), it follows

a((ui7¢)a(viaw)):/U”'U',i+mi3w,i+€3"0"WdQ ;
o 0 o (4.84)

L((vi,w)) =0,

with a((u;, @), (v;, w)) and L((v;, w)) denoting the bilinear and linear form, respectively.
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The procedure for the implementation consists of (i) declaring finite element spaces, i.e., the finite dimensional
subspaces of U; and @, for each DOF, (ii) introducing test, trial, and grid functions, (iii) defining and
assembling the linear and bilinear forms, and (iv) solving the system of equations obtained, cf. documentation

NGSolve [1]. For the micropolar continuum, this reads

# (1)

Ul = Hi(mesh, order=p., dim=1, dirichlet="bottom|top")
U2 = Hi(mesh, order=p., dim=1, dirichlet="bottom|top")
Q@ = Hi(mesh, order=p., dim=1, dirichlet="bottom")

X = U1xU2xQ

# (ii)

ul,u2,phi = X.TrialFunction()

vl,v2,w = X.TestFunction()

(iii)

= BilinearForm(X)

#

a

a += InnerProduct(Sigma(Eps(ul,u2,phi),D), Gradv)*dx
a += InnerProduct (-Tt(Sigma(Eps(ul,u2,phi),D)), w)*dx
a += InnerProduct(Sigma_couple(Kap(phi),D), Gradw)*dx
gfu = GridFunction(X)

a.Assemble()

f = LinearForm(X)

f.Assemble()

# (iv)

r = f.vec.CreateVector()

r.data = f.vec - a.mat * gfu.vec

gfu.vec.data += a.mat.Inverse(freedofs=X.FreeDofs()) * r

where #(-) refers to the steps of the procedure given above. The finite element spaces use Legendre polyno-
mials as basis functions, where p, is associated with the order of the polynomials [1, 83]. The Dirichlet-type
boundary conditions are introduced via the argument "dirichlet=..." using region identifiers predefined
in the mesh object, e.g., bottom, with default setting u} = ¢* = 0. This only applies to the spaces of the trial
functions. Note that all the variables that are not introduced in the code segment above, such as Sigma etc.,
are so-called coefficient functions and must be defined accordingly. For the sake of brevity, these declarations
are not explicitly shown, which also applies to Dirichlet-boundary conditions differing from the default set-
ting. The gfu represents functions in the finite element space and provides memory to hold for coefficient
vectors, i.e., the nodal solution. For post-processing, values at any location X;, X5 inside the domain can
be obtained via interpolation using functions provided by NGSolve, e.g., gfu.components [DOF] (mesh( (X7,
X2))).
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Chapter 5

Competing length scales between
micropolar continuum modeling of 2D
periodic lattice materials and the

finite element method

The two different sets of MECs derived in [10, 53] describing the very same lattice are investigated based
on a numerical study. For this purpose, a micropolar continuum model is set up by means of the FEM
and numerical simulations are performed. For comparison, discrete lattice models serve as reference. The
types of lattices studied are the square, the triangular, and the 45° rotated square lattice. An extensive
study is performed based on the square lattice, since its sets of constants derived in [10, 53] are often
used for comparison with constants obtained by other homogenization approaches, e.g., [36, 46, 58, 86].
Various configurations of the lattices and different load cases are used to study the predictive capabilities

and limitations of the micropolar continuum model with respect to the set of MECs used.

Furthermore, the influence of the element size and the order of the interpolation functions on the predicted
mechanical response is studied. The mechanical response is evaluated on the basis of the strain energy and
the rotation field. The simulations of the discrete models are carried out with ABAQUS/Standard 2019
(Dassault Systemes Simulia Corp., Providence, RI, USA), while the simulations of the continuum model are
performed either with ABAQUS/Standard 2019 or NGSolve V6.2.2302 based on the implementations given
in Section 4.2.2 and Section 4.2.3, respectively.

5.1 Lattice models and method

5.1.1 Geometry and material properties

The overall geometric dimensions of the lattices are given by L, and Lo for the spatial 1- and 2-directions,
respectively. These dimensions are associated with the macroscopic domain, see Figure 5.1 (left, center left)
for square, (center right) for triangular, and (right) for 45° rotated square lattice. For the square lattice,

the macroscopic length is L (= Ly = Ly). For this type of lattice, two possible base cell geometries are
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shown in Figure 5.1 (top left, top center left). The periodic arrangement of the two base cells in the two
spatial directions results either in a closed- or an open-boundary lattice for the closed-square or cross base
cell, respectively. The base cells for the triangular and 45° rotated square lattices are shown in Figure 5.1
(top center right) and (top right), respectively. Note that for these two types of lattice, no differentiation is
made between closed- and open-boundary configurations. The internal or characteristic length of the lattices
is defined as the length of its lattice members, namely, [ (=11 = l3), see Figure 5.1 (top). The macroscopic
dimensions of the lattices are directly related to the characteristic length via the number of base cells, N1x/Ns,
comprising the lattices, where N7 and Ny are the number of base cells in 1- and 2-direction, respectively. This
leads to L; = IN; for the square, L1 = L = [Ny and Ly = [Ny sin (7/3) for the triangular, and L; = IN;v/2
for the 45° rotated square lattice, where ¢ = {1,2} for each spatial direction. For an equal arrangement in
both directions, i.e., Ny = Ny (= N), it follows NyxNo = NxN. For the sake of simplicity, the out-of-plane
dimension is set to h = 1 for all lattices studied and the cross-section of each individual lattice member
is assumed to be rectangular, Ag = t - h, where t denotes the corresponding thickness. The geometrical
moment of inertia for each lattice member follows from I = (2 - h)/12. For each lattice type studied, the
relative density, p, = V;/V, is independent of the number of base cells, where V; and V' denote the volume
of the parent material and the domain occupied by the lattice, respectively. For this purpose, a constant
ratio of thickness to length of the lattice members of ¢/l = 1/20 is considered for all types of lattices. For
the square and the 45° rotated square lattice, this gives p, = 0.0975 with V, = 4lth —t? and V = (l\/ﬁ)gh.
For the triangular lattice, the relative density follows as p, ~ (2v/3t)/l = v/3/10 ~ 0.173 with V, = 3tlh and
V = 12(+/3/2)h, where no overlapping of the lattice members at the intersection points is considered.

The parent material of all the lattice structures, i.e., the material of the individual lattice members, is assumed
to be an isotropic linear elastic material with a Young’s modulus of Es = 120000 MPa and a Poisson ratio of
vs = 0.3. The shear modulus for the isotropic material follows as G5 = Es/(2(1 + vg)).

5.1.2 Discrete reference models

The influence of the number of base cells comprising a lattice alters the overall mechanical response in a
severe way, especially when the macroscopic size of the structure is closer to the base cell size [ « L, which is
known as size effect. The size effect of repetitive lattices mainly depends on the topology of the free surfaces
that is governed by the geometry of the base cell. For the square lattice, the free-surface shows either a

1x1 t/2_)(_ 12

l

4x4 Ly

L1 . Ll
closed open

€1

€2

Figure 5.1: Closed-square, cross, triangular, and 45° rotated cross base cells (top) and corresponding closed-
boundary square, open-boundary square, triangular, and 45° rotated square lattices exemplified
for lattices consisting of NxN = 4x4 base cells (bottom), respectively.
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closed- or an open-boundary for the periodic arrangements of the closed-square or the cross shaped base
cells given in Figure 5.1 (left) and (center left), respectively. Therefore, two different discrete lattice models
serve as references for the continuum model to address this issue and are further be called closed- or L and
open-boundary or + discrete models. The elements representing the outer boundary of the closed-boundary
model are assigned half of the cross-section and half of the geometrical moment of inertia, resulting in Ag/2
and Ig/2, respectively. Both models show the same relative density. The discrete models for the triangular
and the 45° rotated square lattice are exemplified in the schematics given in Figure 5.1 (center right) and
(right), respectively. The members of these lattices show the same geometrical properties as the members of
the open-boundary square lattice. To account for the plane strain assumption as made for the micropolar
continuum model, the Young’s modulus Fs — F and the shear modulus Gy — G are converted according to
Eq. (D.2).

All discrete lattice models are discretized by planar, linear Timoshenko beam elements accessible through the
ABAQUS element library. Thereby, each strut of the lattice is discretized by six elements resulting in 12, 24,
and 18 elements per base cell for the square, the 45° rotated square, and the triangular lattice, respectively.

This discretization is considered appropriate to adequately capture the deformation state.

5.1.3 Methodology

Five different load cases and various configurations of the different types of lattices are used to evaluate the
predictive capabilities and limitations of the micropolar continuum model with respect to the set of MECs
used. The sets of constants of the individual lattices are given in Appendix D, where positive and negative
MECs are denoted by DEF.®, Dgg® or + and Dgi®, Dgc® or —, respectively, since only these constants are
different. The basis for the assessment is the comparison with discrete models in terms of strain energy and
rotation field, ¢3 (= ¢). The rotations at the midpoints, i.e., the origin joints O, of the base cells are of
special interest for the comparison and are further denoted as MPBCs. The dimensions of the base cells
range from sizes close to the overall dimensions of the lattice to sizes where the separation of scale is satisfied.
Special focus is set on the influence of various FEM parameters of the continuum model on the predicted
overall mechanical response, namely, the finite element size, h., and the order of the interpolation functions,
or interpolation order, p.. The rectangular domains occupied by the lattices are discretized by MixMs
quadrilateral elements, where M; and M, are the number of elements in 1- and 2-direction, respectively.
Considering the macroscopic dimensions, the side lengths of the elements with respect to the i-direction are
obtained as he;; = L;/M;. This already indicates that the element size, h., is not unique, i.e., he.1 # heo. To
study the competing length scales, it is meaningful to define the element size proportional to the characteristic
length, i.e., he o [, and, additionally, to keep the ratio between the number of base cells and the number of
elements the same for both spatial directions, i.e., N1/M; = Ny/Ms. As both the microscopic dimensions of
the base cell, [;, and the corresponding element side lengths, h.,; are related to the macroscopic dimensions
through L; = [;N; and L; = h,;M;, respectively, i.e., he;/l; = N;/M; (no summation rule), it follows that
hea/li = he2/le holds (no summation rule). The microscopic dimensions of the base cell in i-direction are
l; = 1 for the square, I; = [ and Iy = Isin (r/3) for the triangular, and I; = I/2 for the 45° rotated square
lattice. Even though for the triangular lattice two microscopic dimensions are obtained, i.e., l; # lo, the ratio
between h..; and I; is independent of the spatial direction, i.e., he;/l; = N;/M; (no summation rule). Thus,
which side length, he.;, is defined as the element size, h., does not matter as long as N1 /M; = Ny /M, is used.
However, for the sake of clarity, the element size is defined with respect to 1-direction, i.e., h, = Ly /Mj,
for all lattices. Note that the number of elements is directly related to the number of base cells, e.g., using
he = [ or equivalently Ny = My and No = M> means that one base cell is represented by one element. In

the following, h. is used interchangeably with M; for a certain macroscopic dimension L;. The same applies
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to I and N;. Furthermore, he will always be used in combination with [, since both are lengths. The same

applies to My and N, since both are positive natural numbers.

To ensure the comparability of discrete and continuum models and to additionally invoke the rotation field,
two kinds of simple shear load cases, a compression, and a bending load case serve as the basis for the
comparison. Distributed loads are preferred over point loads, such as the indentation load used in [53], as the
length scale of the microstructure and the overall structure size are of the same order of magnitude for some
of the lattice configurations studied. Local effects may dominate the overall response of the discrete lattice
model due to the load application, which is hard to capture by continuum modeling. However, to support

this assumption, the indentation load case presented in [53] is revisited.

The largest study is conducted on the basis of the simple shear load cases, which are schematically depicted in
Figure 5.2. For both load cases, the displacements and rotations are fully clamped at the bottom boundary of
the lattice. At the top boundary of the lattice, a displacement in 1-direction is prescribed with U; = 0.2mm,
whereas the displacement in 2-direction is fixed. The difference for the two load cases can be found for the
rotations at the top. These are left free for the more artificial simple shear load case to obtain a different
gradient evolving from each boundary and are fixed for the other load case, cf. Figure 5.2 (left) and (right),
respectively. The study mainly relies on different configurations of the square lattice. Additionally, a single

configuration of the triangular lattice is examined to support the findings.

The indentation load case is schematically depicted in Figure 5.3 (left). The whole setting follows [53], expect
that a prescribed displacement of Us = 0.3mm is used instead of a point force. The displacement is applied
at X; = Xo = 50mm. The bottom of the lattice is fully clamped and the lattice investigated is a square

lattice.

For the compression load case, the 45° rotated square lattice is used instead of the square lattice in order to
invoke the rotation field and to obtain a problem dominated by bending rather than stretching. The load
case is schematically depicted in Figure 5.3 (center), where the bottom and top are fully clamped except in

2-direction at the top. The prescribed displacement load is U = 0.1mm.

To study the predictive capabilities of the continuum model considering a more realistic engineering problem,
a bending load case on lattice beams is applied, see Figure 5.3 (right). The displacements and rotations are
fully clamped at the left side while a displacement in 2-direction is prescribed with U = 20mm at the right
side.

U1 Ul
<> he < he
L2 L2
LI7777777777777777777777. bITI7777777777777777777
€2 €2
’|‘ Ly ’|‘ Ly
€1 €1

Figure 5.2: Schematics of the simple shear load cases with rotations free (left) and fixed (right) at the top.
Regions where no displacements are prescribed are traction-free.
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Figure 5.3: Schematic of the indentation (left), compression (center), and bending (right) load cases. Re-
gions where no displacements are prescribed are traction-free.

A model based on CET also serves as reference for some of the investigations. It can be obtained by either
using the corresponding classical equations in combination with classical elastic constants, which is done
in the present work, or using a limit case of the micropolar continuum. Classical elastic constants of the
square lattice can be found, e.g., in [34]. Note that these constants can also be obtained from the micropolar
continuum by using the same constants relating normal stresses to strains, i.e., DY, = Dy1, D§, = D, and
D§2 = Ds9, as well as using the average of the MECs coupling both shear stresses, i.e., D% = (D33 + Ds4)/2,
see, e.g., [97]. The limit case is obtained by using classical elastic constants, e.g., D33 = Dyy = D;% for the
square lattice, in combination with either suppressing all rotational DOF's or setting D55 — oo and Dgg — 0.
Alternatively, a very small characteristic length of the lattice, i.e., I — 0, can be used with the rotational
DOFs still present.
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56 CHAPTER 5. COMPETING LENGTH SCALES

5.2 Results and discussion

5.2.1 Simple shear

The configurations of the square lattice used for the simple shear load cases are summarized in Table 5.1.
Closed- and open-boundary discrete lattice models serve as references for comparison with the continuum
models. The configuration of the triangular lattice can be found in Table 5.2. For the continuum model, the

NGSolve implementation is used to facilitate the numerical study of the FEM parameters, cf. Section 4.2.3.

Investigation of the strain energy

The strain energy is investigated based on the results for the simple shear load case with rotations fixed at
the top. To study the influence of the FEM parameters of the continuum model on the strain energy, the
influence of the element size, h., is investigated in the first place. Second, the influence of the interpolation
order is studied. The strain energies obtained for the discrete models of the square lattice are summarized
in Table 5.3, except for Nx/N = 1000x1000, which needs to be considered computationally costly showing 12

million elements.

Table 5.1: Geometrical dimensions of the studied square lattices for the simple shear load cases.

NxN L h l t
(/) inmm inmm |in mm in mm
4x4 1.0 1.0 0.25 0.0125
8x8 1.0 1.0 0.125  0.00625
16x16 1.0 1.0 0.0625 0.003125
32x32 1.0 1.0 0.0625 0.00078125
1000x1000 1.0 1.0 0.001  0.00005

Table 5.2: Geometrical dimensions of the studied triangular lattice for the simple shear load cases.

NxN | L, Ly h ! t
(/) |inmm inmm inmm |inmm inmm
88 | 1.0 0.866 10 | 0125  0.00625

Table 5.3: Strain energies of the closed- (L) and open-boundary (+) discrete models for various square
lattices.

NxN BTfixed Bfixed
L + L +
(/) inNmm inNmm |in Nmm in Nmm
4x4 | 0.192928 0.180320 | 0.188140 0.155470
8x8 | 0.177621 0.170599 | 0.175566  0.160039
16x16 | 0.170458 0.167014 | 0.169506 0.162110
32x32 | 0.166572 0.165165 | 0.166116 0.162803
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5.2. RESULTS AND DISCUSSION o7

The evolution of the strain energy over the element size of the continuum model, he, is studied for various
square lattices consisting of NxN = {4x4, 8x8, 16x16, 32x32,1000x1000} base cells. Linear interpolation is
used, i.e., p. = 1. The results are shown in Figure 5.4 (top left) and (top right) for positive and negative MECs,
respectively. For positive constants, it is shown that for an increasing number of elements, M (= M; = Ms),
i.e., decreasing element sizes, h., the strain energy shows convergence behavior corresponding to a certain
lattice comprised of NxN base cells. Furthermore, for increasing N(= Ny = Ns), i.e., decreasing microscopic
sizes, [, the strain energy converges towards a constant value of about 0.162N mm. This is expected due
to the vanishing free-edge effect for increasing numbers of base cells. Information on the capability of the
model to capture size effects it is referred to [97]. Note that for the CET continuum approximately the same
results are obtained as for the micropolar continuum for Nx/N = 1000x1000, hence, the CET results are
not explicitly shown in Figure 5.4 (top left). For the negative constants, once the element size reaches the
characteristic length of the lattice, the strain energy starts to show oscillations, e.g., NxN = MxM = 4x4
or NxN = MxM = 8x8. Hence, using element sizes smaller than the characteristic length of the lattice is

questionable. This observation has already been outlined and discussed in [53], and is revisited in Section 3.2.

For different interpolation orders, p. = {1,2,3}, the evolution of the strain energy over the element size is
studied for square lattices consisting of Nx/N = 8x8 and NxN = 16x16 base cells, see Figure 5.4 (bottom left)

pe =1 pe =1
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Figure 5.4: Simple shear with rotations fixed at top - Evolution of strain energies over element size for
square lattices comprised of various base cells NxN with fixed interpolation order of p. = 1
for positive (top left) and negative MECs (top right). Evolution of strain energy over element
size of continuum model, h, = 1/M, for lattices comprised of NxN = 8x8 (bottom left) and
NxN = 16x16 base cells (bottom right) using various interpolation orders considering positive
and negative constants.
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and (bottom right), respectively. Both sets of MECs are considered and directly compared. For the positive
constants, the strain energy converges faster to a constant value for higher interpolation orders. For negative
constants, the oscillations occur for smaller values of MxM, the higher the interpolation order is. For the
lattice NxN = 8x8, oscillation can be observed for the parameter sets composed of {p. = 1, MxM = 8x8},
{pe = 2, MxM = 4x4}, and {p. = 3, MxM = 2x2}. For the lattice NxN = 16x16, oscillations start to occur
for the parameter sets composed of {p. = 1, MxM = 16x16}, {p. = 2, MxM = 8x8}, and {p. = 3, MxM =
4x4}. These results can be used to set up a condition for the element size considering a certain interpolation
order. Considering interpolation orders up to p. = 3, it follows that the finite element size must be chosen
to satisfy

he >1- (pe + H(pe - 3)) ’ (51)

where H(x) is the Heaviside function, giving 0 for < 0 and 1 for > 0. Alternatively, this can be expressed

in terms of the number of base cells and finite elements reading
N>M-(p.+H(pe—3) . (5.2)

For very small internal dimensions, [ < L, in combination with coarse element sizes compared to the char-
acteristic length of the lattice, i.e., I < he or N > M, the difference of the strain energy between positive
and negative constants vanishes, cf. lattice Nx/N = 1000x1000 in Figure 5.4 (top left) and (top right). This
is already indicated for [ < L, cf. lattice NxN = 16x16 for p. = 1 and MxM =~ 4x4, see Figure 5.4 (bottom
right). This is expected as the values for the MECs relating curvature and couple stress are becoming small
and the response is more dominated by the displacement based quantities. Note that the condition for the

element size specified must be satisfied.

For the triangular lattice comprised of NxN = 8x8 base cells, the evolution of the strain energy over the
element size of the continuum model is given in Figure 5.5. The interpolation order is varied using p. = {1, 2}
for both positive and negative constants. Both positive and negative constants show approximately the same
characteristics as was observed for the square lattice. Positive constants show convergence behavior for
decreasing element sizes, negative constants show oscillating convergence behavior once the condition given
in Eq. (5.1) defined for the square lattice is satisfied except for p. = 1. For p. = 1, the spike shows up for

NxN = 8x8

NxN = 8x8
50 48.0
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Figure 5.5: Simple shear with rotations fixed at top. Evolution of strain energies over element size for
triangular lattice comprised of NxN = 8x8 base cells using interpolation orders of p, = {1,2}
for positive and negative MECs with detail (right).
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5.2. RESULTS AND DISCUSSION 99

MxM = 16x16 and does not appear for MxM = 8x8 as expected based on Eq. (5.1). However, the rotation
field shows an oscillation pattern for MxM = 8x8, which will be discussed in the next Section. For very
small element sizes, h. < [, both positive and negative constants lead to approximately the same results.

Investigation of the rotation field

The rotation field is investigated on the basis of both simple shear load cases. Various FEM parameters
are varied to study their influence on the predicted rotation field with special focus set on positive and
negative MECs. A lattice comprised of Nx/N = 8x8 base cells is the basis for the investigations. Hence, the
separation of scales cannot be considered fully satisfied, which is intended in order to study the capabilities
of the micropolar continuum. For the square lattice, only the open-boundary discrete model is used for the

comparison. In the following, the square lattice is treated first and then the triangular lattice.

In the first place, the simple shear load case with rotations fixed at top is considered. For the positive
constants, the rotation fields are shown in Figure 5.6 for different parameter sets consisting of element size and
interpolation order. For the set {p, = 1, MxM = 4x4} (top left), the rotation field is not completely resolved,
whereas this is the case for the set {p. = 2, MxM = 4x4} (top right). For the set {p. = 1, MxM = 8x8}
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Figure 5.6: Positive constants - Rotation fields for square lattice comprised of NxN = 8x8 base cells

for varying element size and interpolation order. Contour plots are given for the sets {p. =
1, MxM = 4x4} (top left), {p. = 2, MxM = 4x4} (top right), and {p. = 1, MxM = 8x8}
(bottom left). Rotations over the height at X; = 0.4375mm, where + markers represent the
solution of the discrete lattice at MPBCs (bottom right).



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

m 3ibliothek,
Your knowledge hub

60 CHAPTER 5. COMPETING LENGTH SCALES

(bottom left), the field can be considered converged as well. In Figure 5.6 (bottom right), the corresponding
rotations are given over the height at X7 = (NxN/2 — 1) -l +1/2 = 0.4375mm, which is associated with
the mid left lattice column. The + markers represent the rotation of the discrete model at the MPBCs.
The rotations of the continuum model agree well with the discrete model, especially for higher interpolation
orders and finer meshes. Furthermore, the gradients of the rotation fields are well captured as long as the

following condition for the element size,
he é L (pe + H(pe - 3)) ) (5'3)

is satisfied.

For negative constants, the rotation fields are shown in Figure 5.7. For the parameter set {p. = 1, MxM =
4x4} (top left), the rotation field is similar to its positive counterpart, cf. Figure 5.6 (top left), but already
indicates the oscillation pattern at X5 = L/2. This can be considered negligible. For the set {p, = 2, MxM =
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Figure 5.7: Negative constants - Rotation fields for square lattice comprised of Nx/N = 8x8 base cells
for varying element size and interpolation order. Contour plots are given for the sets
{pe = 1, MxM = 4x4} (top left), {p. = 2, MxM = 4x4} (top right), and {p. = 1, MxM = 8x8}
(bottom left). Rotations over the height at X7 = 0.4375mm (bottom right), where + markers
represent the solution of the discrete lattice at MPBCs and blue dashes indicate the correspond-
ing local rotation field along the fourth column of the lattice.
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4x4} (top right), the rotation field already shows a developing oscillation pattern. For the set {p, = 1, MxM =
8x8} (bottom left), the rotation field shows a pattern with short wavelength oscillations. In Figure 5.6 (bottom
right), the corresponding rotations are given over the height at Xy = (NxN/2—1)-14+1/2 = 0.4375mm, where
the + markers represent the rotation of the discrete model at the MPBCs. The rotations of the continuum
model only agrees with the discrete model as long as the condition for the element size given in Eq. (5.1)
is satisfied. Otherwise, the rotation field shows a pattern with oscillations. This pattern converges for very
small element sizes MxM = 64x64, cf. Figure 5.8 for p. = 1 (top left) and p. = 2 (top right). This also holds
true for the lattice comprised of Nx/N = 16x16 base cells given in Figure 5.8 (bottom), where the oscillation
shows approximately half the wavelength obtained for the lattice with Nx/N = 8x8 base cells. Although the
wavelength seems to be directly linked to the characteristic length, the oscillations cannot be explained by the
local rotation field obtained for the open-boundary discrete lattice, where the wavelength of the oscillation
is too long to fit to the discrete counterpart, cf. Figure 5.7 (bottom right). To capture the gradient of
the rotation field, a proper discretization of the continuum model is necessary regarding the element size in
combination with the interpolation order. This necessity is in conflict with the condition necessary for the

element size. Hence, the gradients of the rotation fields can hardly be captured using negative constants.

It is worth noting that both sets of MECs give approximately the same rotation fields as long as the condition,
he > 1+ (pe + H(pe — 3)), is satisfied, cf. Figure 5.6 (top left) and Figure 5.7 (top left).
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Figure 5.8: Rotation fields for square lattices comprised of NxN = 8x8 (top) and NxN = 16x16 (bottom)
base cells. Contour plots are given for the sets {p. = 1, MxM = 64x64} (left), {p. = 2, MxM =
64x64} (right) using negative constants only.
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For the simple shear load case with rotations free at the top and various parameter sets, the rotation fields
and their corresponding line plots are presented in Figure 5.9. For positive constants (top left and right), the
rotation field is already resolved for the set {p. = 2, MxM = 4x4}. Furthermore, the gradient in the rotation
field is well captured for sufficiently fine mesh sizes, cf. {p. = 1, MxM = 8x8}, or coarse meshes using higher
interpolation orders, cf. {p. = 2, MxM = 4x4}. This meets the condition for the element size using positive
constants given in Eq. (5.3). For negative constants, the gradient cannot be resolved for the given parameter
sets.

For the triangular lattice, the simple shear load case with rotations fixed at top is used for the comparison
between continuum and discrete models, see Figure 5.10. The contour plots show the rotation fields obtained
for an interpolation order of p. = 1 and a number of elements of MxM8 (h, = 0.125) for positive (top
left) and negative constants (bottom left). The rotation field shows the same characteristics as obtained for
the square lattice with respect to the constants used. Convergence behavior for decreasing element sizes is
obtained for the positive constants, whereas for negative constants, once the element size is equal or lower
than the characteristic length, the rotation field shows an oscillation pattern. The rotations are given over the
height at X; = 0.0625mm (top right) and X; = 0.4375mm (bottom right) for different FEM parameter sets
permuting {p, = 1, MxM = 8x8,16x16} for both positive and negative constants. Good agreement between
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Figure 5.9: Simple shear with rotations free at top - Rotation fields for square lattice comprised of NxN =
8x8 base cells for the set {p. = 2, MxM = 4x4} considering positive (top left) and negative
constants (bottom left). Rotations over the height at X; = 0.4375mm for different parameter
sets permuting {p. = 1,2, MxM = 2,4,8} for positive (top right) and negative constants
(bottom right), where + markers represent the solution of the discrete lattice at MPBCs.
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the continuum and the discrete model is obtained for distances close to the boundary while even very good

agreement is achieved in the far-field region, i.e., the region with sufficient distance to the boundary, where

the influence of the boundary declines.
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Figure 5.10:

Simple shear with rotations fixed at top - Rotation fields for the triangular lattice comprised
of NxN = 8x8 base cells for the set {p. = 1, MxM = 8x8} considering positive (top left)
and negative MECs (bottom left). Rotations over the height at X; = 0.0625mm (top right)
and X; = 0.4375mm (bottom right) for different parameter sets permuting {p. = 1, MxM =
8x8,16x16} for both positive and negative constants, where + markers represent the solution
of the discrete lattice at MPBCs.
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5.2.2 Indentation

A single configuration of the square lattice is used for the indentation load case following [53]. The geometrical
properties are summarized in Table 5.4. An open-boundary discrete lattice model serves as reference for
comparison with the continuum models. Note that the exact load application for the discrete model is at
X7 = 50mm and Xy = 49mm, in contrast to the continuum model where the load is applied at X; = 50mm

and Xo = 50mm. For the continuum model, the NGSolve implementation is used, cf. Section 4.2.3.

Investigation of the strain energy

The evolution of the strain energy over various element sizes and interpolation orders of the continuum
model is given in Figure 5.11. Independent of the chosen set of FEM parameters, the overall response is
much stiffer compared to the discrete reference model. With an increasing number of elements, the response
of the continuum model becomes more compliant. Nevertheless, the strain energy differs by about a factor
of two even for the smallest element size studied. This discrepancy is mainly driven by the fact that the
continuum model does not provide any information about the exact situation at the point of load application.
This information is crucial for this kind of load case. To account for this effect, information must be provided,
e.g., using hybrid forms of modeling, such as using beam elements to resolve the discrete lattice structure
in a region around the point of load application discrete elements to discretize the domain of the boundary

layer. This is beyond the scope of the present thesis.

Table 5.4: Geometrical dimensions of the studied square lattice for the indentation load case.

NxN Ll L2 h l t
(/) inmm inmm inmm | inmm inmm

50x25 | 1000 500 1.0 |20 0.1

NxN = 50x25
25
— +pe=1

g 950 4 — —pe=l1

ZE _______ + pe=2

g TTTT T pe=2

; 15 4 " + discrete

56 I

& R —

g4 7 B i

g TR

=

B [ e e R Bt s R

n

0 T T T T T T T
0 25 50 75 100 125 150 175 200
M (= 2My)
Figure 5.11: Indentation - Evolution of strain energies over element sizes M=xM =

{30x15, 50x25, 100x50, 200x100} for a square lattice comprised of NxN = 50x25 base
cells using interpolation orders of p. = {1,2} for both positive and negative constants.
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Investigation of the rotation and stress fields

Following [53], the rotations along the top row of the lattice at Xs = 49mm are given for various element
sizes in Figure 5.12 (a) and (b) for positive and negative constants, respectively. For positive constants, the
rotations are too small in magnitude compared to the discrete model and the gradient cannot be completely
resolved even for the smallest element size, i.e., he = 1/4 or M; = 200. This is in accordance with the results
for the much stiffer response of the continuum model already indicated by the strain energy. For negative
constants, the rotations show an oscillation pattern once the element size is smaller than the characteristic
length of the lattice. For h, > [ or M; > 50, the results are in agreement with those obtained for the
positive constants. For h, <[ or M; < 50, the rotations at the load application point show the same order
of magnitude for continuum and discrete model. The magnitudes are also high in the far-field region for the
continuum model using negative constants, where no rotations are obtained for the discrete model. These
findings are in agreement with those presented in [53], which are solely based on using first order interpolation
functions. Based on the findings of the simple shear load cases, second order interpolation functions are used
as well to investigate their influence on the rotation field, which has not been presented in [53]. Figure 5.13
shows that the condition for the element size derived for the simple shear load cases given in Eq. (5.1) is
still valid. When the condition is fulfilled, as it is the case for the largest element sizes, almost no oscillation
within the rotation field occurs for negative constants. Once the condition is not satisfied anymore, the field
shows an oscillation pattern, which is the case for {p. = 2, M1xMs = 30x15}, cf. Figure 5.13 (b).

Additionally, various stress fields of the continuum model are shown in Figure 5.12 for positive (c,e) and
negative constants (d,f) for {p. = 1, M1xM> = 200x100}. The contours of the stress component c95 given in
Figure 5.12 (c¢,d) are only slightly different for using positive (c¢) and negative constants (d). This is based
on the fact that this stress component is hardly affected by the different constants linking curvature and
couple stress. Contrary, the contours of the stress component “oa3 given in Figure 5.12 for positive (e) and
negative constants (f) show significant differences. For negative constants, an oscillation pattern of the stress
component "“oy3 over the entire lattice can be observed. For positive constants, the gradients in the stress

field are limited to the region close to the indentation point.

Similar findings are obtained for {p. = 2, M1xMs = 30x15}, see Figure 5.13 (c,d,e,f) for various stress fields.
Note that the condition on the element size given in Eq. (5.1) is intentionally chosen not to be satisfied. The
field of the stress component og9 given in Figure 5.13 (c,d) shows a different pattern for using positive (c)
and negative constants (d). For negative constants, an oscillation pattern over the entire lattice domain can
be observed. In contrast, when linear interpolation with FEM parameter set {p. = 1, MixM> = 200x100}
was used, no oscillation pattern has been observed in such a distinct manner, cf. Figure 5.12 (d). For
{pe = 2, M1xM> = 30x15}, the field of the stress component “oa3 is shown in Figure 5.13 for using positive
(e) and negative constants (f). Again, for negative constants, an oscillation pattern over the entire lattice
domain can be observed, which is similar to the one obtained for the linear interpolation with FEM parameter
set {p. = 1, MixM> = 200x100} shown in Figure 5.12 (f).

Summarizing, the results reveal that the condition for the element size given in Eq. (5.1) needs to be satisfied
when using negative constants to prevent the prediction of unfeasible oscillations not only in the rotation
field but also in the stress fields. This means that there is not only a restriction on the element size but also

on the interpolation order, which has not been considered in [53].
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Figure 5.12:

Indentation - Rotations along the width at X5 = 49mm for interpolation order p, = 1 and
different numbers of elements for positive (a) and negative constants (b), where 4+ markers
represent the solution of the discrete lattice at MPBCs. Stress fields 022 (c,d) and “oa3 (e,f)
for the continuum model with a number of elements of M;xMs = 200x100 (h, = 0.5) using
an interpolation order of p. = 1 for positive (c,e) and negative constants (d,f).
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Figure 5.13: Indentation - Rotations along the width at X5 = 49mm for interpolation order p, = 2 and
different numbers of elements for positive (a) and negative constants (b), where 4+ markers
represent the solution of the discrete lattice at MPBCs. Stress fields 022 (c,d) and “oa3 (e,f)
for the continuum model with a number of elements of M;xMs = 30x15 (h, = 3 + 1/3) using

an interpolation order of p. = 2 for positive (c,e) and negative constants (d,f).
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5.2.3 Compression

A single configuration of the 45° rotated square lattice is used for the compression load case. The geometrical
properties are summarized in Table 5.5. For the continuum model, the NGSolve implementation is used, cf.
Section 4.2.3.

Investigation of the strain energy

The evolution of the strain energy over the element size of the continuum model using an interpolation order
of p. = 1 is shown in Figure 5.14 for both positive and negative constants. For positive constants, it is shown
that for an increasing number of elements, MxM, the strain energy shows convergence behavior. This also
holds true for using negative constants until MxM = 36x36, where the strain energy starts to slightly deviate
from the overall decreasing tendency. In contrast to the results obtained for the square lattice in particular,
both positive and negative constants give approximately the same predictions across the element sizes studied

where the strain energies predicted by the continuum models are far lower than for the discrete model.

Investigation of the rotation field

The rotation fields for both positive (top left) and negative constants (bottom left) are given for parameter
sets {pe = 1, MxM = 8x8} and {p. = 1, MxM = 16x16} in Figures 5.15 and 5.16, respectively. For the
coarse mesh, i.e., {p. = 1, MxM = 8x8}, the rotation fields for both positive and negative constants show

Table 5.5: Geometrical dimensions of the studied 45° rotated square lattice for the compression load case.

NxN L h l t
(/) | i nmm inmm | in mm in mm
88 | 1.0 1.0 | 0.125/v2  0.00625/v/2

NxN = 8x8

10
0 —— +pe=l

—— — pe=1
—==-= 45°+ discrete

8 4
7 4
6 -
5 4
4_
3 4
2 -
1

Strain energy in Nmm

0 T T T T T T T T T T T T T T T

0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64
M (= My = M)

Figure 5.14: Compression load case - Evolution of strain energies over element size for the 45° rotated
square lattice comprised of Nx/N = 8 base cells using an interpolation order of p, = 1 for both
positive and negative constants.
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5.2. RESULTS AND DISCUSSION 69

a similar pattern, but different magnitudes. Differences of about 60% are obtained. For the fine mesh, i.e.,
{pe = 1, MxM = 16x16} with h. < I, the rotation field obtained for negative constants shows an oscillation
pattern with the rotations being almost twice as large as those of the corresponding coarse mesh. The rotation
field obtained for positive constants is clearly better resolved by the fine mesh. The rotations are comparable

to those obtained for the coarse mesh.

Additionally, the rotations are presented over the height of the lattice for two positions fixed at X; =
0.0625mm (top right) and X; = 0.4375mm (bottom right) for both parameter sets. For positive constants, the
rotation field shows convergence behavior under mesh refinement. The characteristics of the high gradients
that are present from the corners of the lattice to its center, forming a X-like pattern, are qualitatively
captured. Note that for this load case in combination with the current lattice, the gradients strongly depend
on the free surface conditions of the lattice. This cannot be properly captured by continuum modeling
as has already been observed for the indentation load case described in Section 5.2.2. This causes the
underestimation of the strain energy shown in Figure 5.14. For negative constants, the rotation field does not
show convergence behavior under mesh refinement. For h, > [, i.e., {p. = 1, MxM = 8x8}, the results are
comparable to those obtained for positive constants and show the same order of magnitude, cf. Figure 5.15
(top left) and (bottom left), respectively. For h. <, i.e., {p. = 1, MxM = 16x16}, the rotation field shows

an oscillation pattern.

Pe=1 ¢ in rad
+0.144
1.00 1 —
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:] —0.021
=< ~0.062 |
—0.103
+
—0.144 T T T T T T T
pe=1 ¢ in rad
+0.236
1.00 1 —
+0.169 T+ pe=l, MxM=8
0.75 0.101 — Pe=1, MxM=8
g v +0. + +  45°+ discrete
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:1 050 —0.034 +
= 025 —0101 | +
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J
0.00 —0.236 T T T f T T T
0.0 0.2 0.4 0.6 0.8 1.0 —0.20—-0.15-0.10—-0.05—-0.00 0.05 0.10 0.15 0.20
X; in mm ¢ in rad

Figure 5.15: Compression - Rotation fields for the 45° rotated square lattice comprised of NxN = 8x8
base cells for element sizes of MxM = 8x8 (he = 0.125) and an interpolation order p. =
1 for positive (top left) and negative MECs (bottom left). Rotations over the height at
X; = 0.0625mm (top right) and X; = 0.4375mm (bottom right) for a parameter set of
{p. = 1, MxM = 16} for positive and negative constants, where + markers represent the
solution of the discrete lattice at MPBCs.
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In Figure 5.17, the rotations at the MPBCs of the lattice are shown for the discrete (top left) as well as
continuum models for positive (top center) and negative constants (top right). For the continuum models,
a parameter set of {p. = 1, MxM = 16x16} is used. The rotations of the discrete models are extracted at
nodes located at the MPBCs while those of the continuum models are obtained by interpolation. Furthermore,
absolute error values with respect to the discrete model are given for positive (second row center) and negative
constants (second row right). For positive constants, the error values are of high magnitude along the gradients
of the rotation field. For the negative constants, the error values seems to be randomly distributed in terms
of magnitude, which is a consequence of the oscillation pattern of the rotation field. Furthermore, relative
error values with respect to the discrete model are given for positive (third row center) and negative constants
(third row right). For both positive and negative constants, the error values are of very high magnitudes
close to the boundaries. This indicates that the gradients in the rotation field forming the X-pattern decay
more slowly for the continuum model than for the discrete model. This leads to rotations of ¢ = 0 for the
discrete models close to the boundaries, which cannot be properly captured by the continuum models, hence,

large relative error values are observed.

pe=1 ¢ in rad

— 4+ pe=1, MxM=16
~ pe=1, MxM=16
+  45°+ discrete

— + pe=1, MxM=16
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0.0 0.2 0.4 0.6 0.8 1.0 —0.20—-0.15-0.10-0.05—-0.00 0.05 0.10 0.15 0.20
X1 in mm ¢ in rad

Figure 5.16: Compression - Rotation fields for the 45° rotated square lattice comprised of NxN = 8x8
base cells for element sizes of MxM = 16x16 (h. = 0.0625) and an interpolation order p, =
1 for positive (top left) and negative MECs (bottom left). Rotations over the height at
X1 = 0.0625mm (top right) and X; = 0.4375mm (bottom right) for a parameter set of
{pe = 1, MxM = 16} for both positive and negative constants, where + markers represent
the solution of the discrete lattice at MPBCs.
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Figure 5.17: Compression - Rotations at MPBCs for the 45° rotated square lattice comprised of NxN = 8x8

base cells for the discrete model (top left), continuum model using positive (top center), and
negative constants (top right) for {p. = 1, MxM = 16x16}. Absolute error values (second row)
and relative error values (third row) with respect to the discrete lattice for positive (center)
and negative constants (right).
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5.2.4 Bending

The configurations of the square lattice studied for the bending load case are summarized in Table 5.6. For
the continuum model, the user element implemented in ABAQUS, CPE4MP, is used, cf. Section 4.2.2. No
extensive numerical study is conducted, the element size is the only FEM parameter that is varied. The

interpolation order is set to p. = 1.

Investigation of the strain energy

The strain energies of closed- and open-boundary discrete lattice models comprising 50x5 and 100x10 base
cells are compared to the corresponding continuum counterparts, cf. Figure 5.18 for positive (left) and
negative constants (right) for different mesh sizes MyxMsy. The closed- and open-boundary discrete lattice
represent the lower and upper estimate of the lattice, respectively. The strain energy of the continuum model
shows the same convergence behavior with respect to the MECs that is similar to the observations made
for the other load cases. For positive constants, the strain energies of the continuum models are in good
agreement with the corresponding discrete models. Furthermore, the strain energies are within the lower
and upper estimates for all levels of discretization M;xMs. For negative constants, this is not the case if the
element size is below the characteristic length, i.e., h, < [. It is worth noting that both positive and negative

constants give similar strain energies for very coarse meshes, i.e., he > [, cf. MyxMy = 20x2.

Table 5.6: Geometrical dimensions of the square lattices for the bending load case.

N1XN2 L1 LQ h l t
(/) inmm inmm inmm |inmm in mm
50x5 200.0 20.0 1.0 4.0 0.2
100x10 | 200.0 20.0 1.0 2.0 0.1
180
—— 4 CPE4MP, M;xMa=20x2 ¢ ¢ — CPE4MP, M xMp=20x2
165 —+— + CPE4MP, M1xM3=50x5 E —+— — CPE4MP, M1xM2>=50x5
é -®- + CPE4MP, M;xM>=100x10 -®- — CPE4MP, M1xM>=100x10
Z 150 A 4+ CPEAMP, M;xM>=200x20 4 @+ — CPEAMP, M;xM2=200x20
g . i
i ¥ —>— L discrete ¥ —— L discrete
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Figure 5.18: Comparison of strain energies of closed- and open-boundary discrete lattice models comprising
50x5 and 100x10 base cells as well as corresponding continuum counterparts for various mesh
sizes M1xMy using positive (left) and negative constants (right).
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Investigation of the rotation field

All further investigations are based on the lattice comprising N1x/N,; = 100x10 base cells with the open-
boundary discrete model as reference. For the continuum model, two different mesh sizes are used, namely,
MixMs = 20x2 (he = 10 > 1) and MyxMy; = 100x10 (h. = 2 = 1), to assess the behavior under mesh

refinement.

A direct comparison of the rotations between discrete and continuum model is given in Figure 5.19. The
rotations are evaluated along the first row below the neutral axis of the physical lattice at Xo = 9mm. For
the discrete model, nodal values are directly extracted. For the continuum model, interpolated values are
determined with respect to the MPBCs of the lattice. For positive constants, the rotations of the continuum
model are in good agreement with the discrete model for both discretizations as given in Figures 5.19 (top).
For h. > [, there is a small offset in the rotations between the discrete and continuum models along the
entire length in 1-direction, cf. Figures 5.19 (a). Furthermore, the gradient of the rotations with respect
to the MPBCs cannot be accurately captured. For h, = [, no offset is obtained and the gradient can be
accurately captured, cf. Figures 5.19 (b). For negative constants, the rotations are in acceptable agreement
with the discrete model only for the coarse mesh with h, > [ as given in Figure 5.19 (c). For h, = I, the
rotations show an oscillation pattern, which is indicated by the nodal values taken at Xo = 9 + [/2mm.
However, the rotations at the MPBCs are in good agreement with those of the discrete ones, see Figure 5.19
(d). Element sizes smaller than the characteristic length are not considered based on the findings of the other
load cases. Note that the local variations of the rotation field obtained for the discrete model cannot be
captured independently of the set of constants used. For the sake of completeness, a contour of the rotation
field of the continuum model for a discretization using M;xMs = 100x10 is given in Figure 5.20 for positive
(left) and negative constants (right). It is shown that the rotation field obtained for the negative constants
shows an oscillation pattern. The rotation field has similar characteristics to the one obtained for the simple
shear load case, resulting from similar boundary conditions and loads, cf. Figure 5.7. For positive constants,

the rotation field shows only negative rotations, which is to be expected for the load case considered.

Additionally, the rotations at the MPBCs are compared for discrete and continuum models along the rows of
the lattice at fixed positions Xs = 11,13,17, 19 mm to study the influence of the free surface, see Figure 5.21.
The continuum model uses a discretization of M;xMs = 100x10 and only positive constants are considered.
The rotations are captured fairly well by the continuum model when compared to the discrete model, except
for positions close to the free surface of the lattice at X; = 19mm. This is expected since free edge effects
cannot be correctly captured using continuum modeling. However, the results are not far off and can be

considered acceptable.

In Figure 5.22, the displacements in 1-direction, Uy, and rotations, ¢, are studied at the rightmost column
of the lattice at X7 = 199mm for the discrete and continuum models, where the latter use a discretization of
MixMs = 100x10. The continuum model with positive constants captures the S-shaped macroscopic shear
deformation well as indicated by Uj, see Figure 5.22 (top left). This also applies to the use of negative
constants, see Figure 5.22 (bottom left). The rotations are shown for positive and negative constants in
Figure 5.22 (top right) and (bottom right), respectively. For both positive and negative constants, the
rotations at the MPBCs are in good agreement with the discrete model. However, the oscillation of the
rotation field is already indicated by the offset between the markers + and e using negative constants as the

element size equals the characteristic length of the lattice, h, = [, see Figure 5.22 (bottom right).



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

74 CHAPTER 5. COMPETING LENGTH SCALES

(a) 0.00 I
o] e
§ —0.08 4 W [ras TRV XTIV TTY O IY N TYV VT U TYRTTITTITT R
S W e
B L T T T T T L
e o ™ o

X1 in mm

(b) 0.00 7
- —0.04 L-__
g ~0.08 - MWW g [ SRS
S o2 WWWWMWMMMMMMAMMM,MMMMMMMlll (HHAHAIEAIEA
WYURVYVVOVRRVRYURVVVYUm
o " 8 o
X1 in mm
A
—g : . : “_Mﬂmnﬂmnmm'mmmmmmunmunmnmmunu-
5 _ch)z | vvvvWWWWWWV‘NWWWWMMMMMMMMAMMMMMMHMMM'
AL L T T T T
o " o e
X1 in mm
(d) 0.10 llwm'
0.00 1€ M--v-...
© 020 - Me—-—-n _
B 00 A 200

X1 in mm

Figure 5.19: Rotations ¢ of discrete model along neutral axis at X9 = 9mm indicated by the solid line and
of continuum model with positive (a,b) and negative constants (c,d) indicated by the markers.
The markers + and e correspond to MPBCs of the lattice at X5 = 9mm and to nodes at
X2 =9+ 1/2mm, respectively. Discretization of continuum model with MyxMs = 20x2 (a,c)
and MixMs = 100x10 (b,d).
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Figure 5.20: Rotation field of continuum model for M;xMs = 100x10 using positive (left) and negative
constants (right).
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Figure 5.21: Rotations ¢ at MPBCs of discrete model along the rows of the lattice at X3 = 11mm (top
left), 13mm (top right), 17mm (bottom left), and 19mm (bottom right) indicated by the blue
+ markers and of continuum model with M;xM,; = 100x10 using positive constants indicated
by the black + markers.
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Figure 5.22: Displacements U; and rotations ¢ of discrete model along the column at X; = 199mm indicated
by the solid line and of continuum counterpart with positive (top) and negative constants
(bottom) indicated by the markers. The markers + and e correspond to MPBCs of the lattice
at X7 = 199mm and to nodes at X; = (199 + [/2)mm, respectively.
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5.3 Summary

The mechanical response predicted by using the positive and the negative set of MECs obtained in [10, 53] for
the very same lattice are studied based on numerical simulations by means of the Finite Element Method. The
micropolar continuum model used for the investigations is implemented within the frameworks of NGSolve
and ABAQUS. Various types of lattices showing different configurations are subjected to various load cases.
The predictive capabilities of the micropolar continuum model with respect to the mechanical response are
evaluated by comparisons with discrete models in terms of the strain energy and the rotation field. Special
focus is set on two FEM parameters of the continuum model, namely, the element size and the interpolation

order.

For negative constants, it is found that there is not only a constraint on the element size as given in [53], but
there is also a constraint on the order of the interpolation functions used in combination with the element
size. Converging strain energies are obtained only as long as the condition h./(pe + H (pe —3)) > [ is fulfilled,
i.e., the finite element size must be chosen to satisfy h. > - (pe + H(pe — 3)), where interpolation orders
are considered up to p. = 3. Note that there are deviations from this condition either in terms of the lattice
type or with respect to the load case, e.g., for the triangular lattice the effect is not as pronounced as for the
square lattice. In contrast, no restriction on FEM parameters is observed for positive constants regarding
convergence of the strain energy. Note that the strain energies are approximately the same for both sets of

constants as long as the condition is satisfied.

The rotation fields obtained for both sets of constants are the same as long as the condition, he > - (p. +
H(p. — 3)), is satisfied. For positive constants, the gradients of the rotation field regarding the midpoints of
base cells of the lattice can be captured for he S 1+ (pe + H(pe — 3)), for which also the rotation field can be
considered to be converged. This is observed for almost all the load cases with the corresponding lattice types
studied, except for the compression and the indentation load case. For the compression load case, the rotation
field is governed by local deformations, which cannot be quantitatively captured by the continuum model.
For the indentation load case, continuum modeling must be considered not to be best suited due to the load
application at the free surface and its point load character. Nevertheless, for both load cases the gradients can
be qualitatively captured. For negative constants, the gradients are hardly captured. On the one hand, the
gradients are not resolved properly as long as the condition is fulfilled. On the other hand, once the condition
he > 1+ (pe+ H(pe —3)) is no longer satisfied, the rotation field and the stress field start to show patterns with
oscillations. Although some kind of a converged field can be obtained for h, < I (pe + H(p. — 3)), it is not
physically interpretable based on the current investigations. In addition, small geometrical deviations from
the perfect quadrilateral elements used for the discretization in this work can strongly affect the results once
the condition is no longer satisfied for every single element, e.g., quadrilateral in combination with triangular

continuum elements.

It is worth noting that the condition derived for h. is not unique as it is based on the characteristic length,
[, of the lattice, which can be defined in different ways. Furthermore, the condition is based on quadrilateral
elements using full integration only. The condition may be relaxed for using reduced integration, see [82] for
investigations on the reduced integration and must be revisited for other element types, such as triangular

elements.

In a nutshell, the FEM parameters of the continuum model and the characteristic length of the lattice must
be considered as two competing length scales when using negative constants. Consequently, this must be
taken into account in the modeling. This is not the case for positive constants, which can be used without
any constraints as long as a proper discretization is ensured to resolve the kinematic fields, as also required

for classical continuum modeling.
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Chapter 6

Linear micropolar continuum

modeling in 3D

The MECs derived for the 3D lattices in Section 3.3 are evaluated on the basis of numerical simulations in
the linear regime. For this purpose, the corresponding micropolar continuum (MC) is set up by means of the
Finite Element Method. Discrete lattice models serve as reference for the comparison. Various configurations
of the lattices and different load cases are used to study the predictive capabilities and limitations of the
MC model. The simulations of the discrete and continuum models are carried out with ABAQUS/Standard
2019 (Dassault Systemes Simulia Corp., Providence, RI, USA). Information on the implementation of the

continuum model can be found in Section 4.2.1.

6.1 Lattice models and method

6.1.1 Geometry and material properties

The lattice structures studied are the PC and BCC lattices with overall geometric dimensions L1, Lo, and
L3 for all three spatial directions. The overall dimension is associated with the macroscopic domain, cf.
Figure 6.1. Each lattice is set up via periodic arrangements of its base cells in all three spatial directions.
The base cells of the PC and the BCC lattices are displayed in Figures 3.2 and 3.3 in Section 3.3, respectively.
The periodic arrangement of the base cell for the PC lattice leads to an open-boundary surface. Note that for
this type of lattice, no closed-boundary surface model is used. The internal or characteristic length of each
lattice is defined as the size of its base cell and is set to [ (= I3 = Iy = l3) for all lattices studied, resulting
in a cubic material symmetry system for each lattice. Again, the macroscopic dimensions of the lattices are
directly related to the characteristic length via the number of base cells comprising the lattices, which are
further denoted as N1x/NoxN3, where Ny, No, and N3 are the numbers of base cells in 1-,2-, and 3-directions,
respectively. This leads to L; = [N; for all lattices, where ¢ = {1, 2,3} for each spatial direction. For an equal
arrangement in all three directions, it follows N1xNoxN3 = NxNxN, cf. Figure 6.1 for lattices comprised of
4x4x4 base cells. Note that either [ or N; is used in the following. The cross-sections of the lattice members
are assumed to be circular, A = r2m, where r denotes the radius. The area moment of inertia is defined as
I = (r*/4)n(= I, = I,) and the polar moment of inertia is given as I; = I, + I,,. The relative density of
each type of lattice studied, p, = V,/V, is kept constant, where V; and V denote the volume of the parent
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material and the domain occupied by the lattice, respectively. For this purpose, a constant ratio of radius to
length of the lattice members of r/lr = 1/20 is considered with LT = PC, BCC. Neglecting overlapping
regions of the parent material, this results in p, &~ 37/400 = 0.024 for the PC lattice with Lpc = [ and
pr R 3\/§7T/400 = 0.041 for the BCC lattice with Igcc = \/§l/2. Note that for the BCC, the lengths of the
lattice members are different from the base cell lengths, [, and, therefore, is to be accounted for accordingly.

This is independent of the number of base cells involved.

The parent material of the lattice structures, i.e., the material of the individual lattice members, is an isotropic
linear elastic material with a Young’s modulus of Es = 120000 MPa and a Poisson ratio of vy = 0.3. The

shear modulus for the isotropic material follows as G5 = Es/(2(1 + vg)).

6.1.2 Discrete reference models

The discrete lattice models are discretized by linear Timoshenko beam elements accessible through the
ABAQUS element library, where each strut of the lattice is discretized by six elements. This leads to
18 elements for the PC and 48 elements for the BCC per base cell. This discretization allows the deformation
state to be adequately captured.

6.1.3 Methodology

Two different load cases are used to study the mechanical response of the lattices and to evaluate the predictive
capabilities and limitations of the MC model. The basis for the assessment is a comparison with discrete
models in terms of strain energy and kinematic fields. To obtain a single scalar value that provides a rough
estimate of the accuracy of the MC model predicting the kinematic fields, the following variable is introduced

1 N
Xy = NZ
=1

where N is the number of MPBCs taken into account and y; represents a DOF at MPBC i. The greater the

value of x,, the poorer the predicitive capability of the MC model compared to the discrete reference model

discrete MC
Yi — Y

discrete
Yi

, (6.1)

with respect to DOF y. Note that the fraction term represents the relative error. If y = 0, both MC and

discrete model will show the same results.

Figure 6.1: PC (left) and BCC (right) lattices comprised of 4x4x4 base cells.
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The microscopic dimensions of the lattices are chosen such that the separation of scales is not fully satisfied
in order to use micropolar modeling in a meaningful way. The cuboid domain is discretized by M;xMoxMs3
elements showing a cubic shape, where M7, M5, and M3 are the numbers of elements in 1-, 2-, and 3-directions,
respectively. Considering the macroscopic dimensions, the element size or side length of the elements with
respect to the i-direction are obtained as L;/M;. For using cubic elements, the element size, h., or the side
lengths of the elements are chosen to be the same in all three spatial directions. With the cubic shape of the
base cells of the lattices studied, a ratio can be given that describes how many elements are used to discretize
a single base cell. It is defined as the ratio between the number of base cells and the number of elements
in each spatial direction, or, alternatively, using the element size and the characteristic length of the lattice,

and reads
M; = M;/N; (= M/N =1/he) ; (6.2)

respectively (no summation rule).

The load cases considered are a simple shear and a torsion load case, cf. Figure 6.2. For the simple shear, the
boundary conditions are applied in the planes parallel to the 1-3-plane at Xo = 0 and X3 = Lo. The lattice
is fully clamped at Xs = 0 and a displacement in 1-direction is prescribed at Xy = Lo with U; = 0.2mm
while all other DOF's are fixed. For the torsion load case, the boundary conditions are applied in the planes
parallel to the 1-2-plane at X3 = 0 and X3 = L3. The lattice is fully clamped at X3 = 0, while at X3 = L3
a reference node is introduced at X; = L1/2 and Xo = Lo/2 and tied to the nodes in this plane, i.e., the
ABAQUS *RIGID BODY, REF NODE= , TIE NSET= keyword is used. A rotation of ¢3 = 1rad is prescribed

at the reference node.

The FEM parameters of the continuum model are chosen based on the conditions specified for positive
constants to capture the expected gradients of the rotation fields shown for the 2D case in Chapter 5. For

an interpolation order of p. = 1, the element size needs to satisfy h, <1, or, i.e., M > 1.

H Ll ; <
<> !
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: Ly :
JRI— o $3 g,
o"' 77 L3 /
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J——» L3 ‘J——»
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es3 €3

Figure 6.2: Schematics of the simple shear (left) and torsion load case (right) with free surfaces in white
and surfaces with boundary conditions applied in grey. The free surfaces are traction-free.
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6.2 Results and discussion

6.2.1 Simple shear

The configurations of the PC and the BCC lattices used for the simple shear load case are summarized in
Table 6.1.

Investigation of the strain energy

The strain energies obtained for discrete and continuum models are summarized in Table 6.2. Different
element sizes are used for the continuum model, namely, h. = [, he = [/2, and h. = [/4. As expected, the
continuum model shows a more compliant behavior for smaller element sizes than for larger ones. This is
more pronounced for the BCC than for the PC lattice. The relative error for the smallest element size studied
is about 10.9% for the PC and —1.0% for the BCC lattice.

Investigation of the kinematic fields

The continuum models with element sizes of h, = [ and h, = [/2 are the basis for comparing the kinematic
fields with the corresponding discrete models. First, the PC lattice is analyzed, then the BCC lattice.

PC. The displacements and the rotations of the MPBCs of the PC lattice along the 2-axis are shown in
Figure 6.3 for two locations at X; = X3 =1/2 = 0.5 mm (first and second row) and X; = X3 = 71/2 = 3.5mm
(third and fourth row). Significant changes occur only in the rotations ¢3 with respect to the studied locations
and this is the only DOF that will be investigated further. The larger the distance to the free surface of the
lattice, the continuum model is better able to capture these rotations, cf. Figure 6.4 for X; = X5 =1/2 =
0.5mm (top left), X7 = X3 = 3l/2 = 1.5mm (top right), X; = X35 = 5/2 = 2.5mm (bottom left), and
X7 = X3 =71/2 = 3.5mm (bottom right). In the far-field regions, i.e., at X; = X3 > [/2 = 0.5mm and
[/2 =0.5mm < X5 < 15]/2 = 7.5 mm, the rotations of the continuum model for both element sizes studied
are in good agreement with the discrete model. For the element size being smaller than the characteristic

Table 6.1: Geometrical dimensions of the PC and BCC lattices studied for the simple shear load case.

NxNxN | Ly =Ly = Lg l T
(/) in mm inmm  in mm
PC 8x8x8 8 1 1/20
BCC  8x8x8 8 1 17/3/2/20

Table 6.2: Simple shear - Strain energies of discrete and micropolar continuum models for the PC and BCC
lattices studied with relative error values for continuum models.

NxNxN discrete MCM=1 rel.err. | MCM =2 rel. err. | MC M =4 rel. err.

(/) in Nmm in Nmm in % in Nmm in % in Nmm in %
PC 8x8x8 0.536652 0.611687 14.0 0.599748 11.8 0.595382 10.9
BCC 8x8x8 15.586239 | 25.284204 62.2 18.931805 21.3 15.429715 -1.0
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length of the lattice, i.e., he = /2, even the evolution of the gradients from the boundaries at Xs = 0 and

X5 = 8mm is captured reasonably well in the far field.
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Figure 6.3: Simple shear - Displacements and rotations of MPBCs of the PC lattice, comprised of 8x8x8
base cells, along the 2-axis at locations X; = X35 = 1/2 = 0.5mm (first and second row) and

X1 = X3 ="71/2=3.5mm (third and fourth row).
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Figure 6.4: Simple shear - Rotations ¢3 of MPBCs of the PC lattice, comprised of 8x8x8 base cells, along
the 2-axis at four different locations.

To gain further insight, the rotations ¢3 at the MPBCs are given with respect to three different planes in
Figure 6.5. The first plane is parallel to the 1-2-plane for the location X3 = 7{/2 = 3.5mm (top), i.e., the
surface normal is parallel to the 3-axis. The second and third planes are both parallel to the 2-3-plane for
locations X1 = 1/2 (center) and X; = 71/2 = 3.5mm (bottom), i.e., the surface normals are parallel to the
1-axis. The discrete model (left column) and the continuum model with an element size of h, = 1/2 (center

column) are directly compared via relative error values (right column).

For the load cases studied, the rotations in the 1-2-plane do not significantly change over the location Xj.
Consequently, only a single plane at the location X3 = 71/2 = 3.5mm is considered. The error values of the
rotations in this plane are small in the far-field regions {/2 = 0.5mm < X; < 15[/2 = 7.5mm and range
between —0.01 and —0.11. For being close to the free surface at X7 = /2 = 0.5 mm and X; = 15{/2 = 7.5 mm,

the relative errors range between —0.20 and —0.33.

For the planes parallel to the 2-3-planes, the error values of the rotations are significantly smaller in the
far-field region at X; = 71/2 = 3.5 mm than close to the free surface at X; = [/2 = 0.5mm. In numbers,
the error values range between —0.04 and —0.16 in the far-field region while those closer to the free surface
range between —0.24 and —0.33. In the far-field region, even the gradients evolving from the boundaries at

X5 =0 and Xo = 8mm are captured reasonably well.

To further obtain a rough estimate on how well the MC model captures the rotations ¢3 at the MPBCs with
respect to various planes, a representative relative error value, x43, according to Eq. (6.1) is evaluated for
each plane showing a surface normal parallel to one of the three spatial dimensions. The relative error values
of the planes are shown in Figure 6.6, where values are given for parallel planes over the corresponding spatial

axis. For planes with surface normals parallel to the 3-axis, x43 is the same for all planes, as expected. As
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Figure 6.5:

Simple shear - Rotations fields ¢3 of MPBCs of the PC lattice, comprised of 8x8x8 base cells, in
1-2-plane at location X3 = 71/2 = 3.5 mm (top) and in 2-3-plane at locations X7 = 1/2 = 0.5 mm
(center) and X; = 71/2 = 3.5mm (bottom).

the average of these values gives x43 of the whole lattice, the same value is obtained for the whole lattice.

For planes with surface normals parallel to the 2-axis, g3 decreases for increasing distance to the free

surface. The same holds true for planes with surface normals parallel to the 1-axis, except for the planes

at X1 = 3l/2 = 1.5mm and X; = L — 3[/2 = 6.5mm, which show lower values of x43 compared to those

obtained for planes with more distance to the free surface. Overall, the relative error values obtained for

all planes are within an acceptable range, considering that the influence of the free surface is present in all

planes. The results are almost exactly the same for using M = 4, which is not shown for the sake of clarity.
This indicates that the kinematic fields are already fully resolved for M = 2.
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Figure 6.6: Simple shear - Relative error values of the rotations x43 on various planes with surface normals
parallel to the spatial directions i = 1,2, 3 evaluated along the normals at locations of MPBCs
of the PC lattice (left) and sketch of such planes including their surface normals (right).

BCC. For the BCC lattice, the displacements and the rotations of the MPBCs along the 2-axis are shown in
Figure 6.7 for two locations at X; = X3 =1/2 = 0.5 mm (first and second row) and X; = X3 = 71/2 = 3.5mm
(third and fourth row). Overall, the kinematics are qualitatively captured by the continuum model. Closer
to the free surface at X; = X3 = 1/2 = 0.5mm (first and second row), the displacements Us and Us are
about an order of magnitude larger than in the far-field region at X; = X3 = 7[/2 = 3.5mm (third and
fourth row). The same holds true for rotations ¢; and ¢,. Contrarily, the rotations ¢3 do not decay in
the far-field region and show the same order of magnitude at both locations. To study the evolution of the
rotations ¢3 along the 2-axis from close to the free surface to the far-field region, four different locations are
analyzed and shown in Figure 6.8, namely, X; = X3 =[/2 = 0.5mm (top left), X; = X5 = 31/2 = 1.5mm
(top right), X1 = X3 = 5l/2 = 2.5mm (bottom left), and X; = X3 = 7//2 = 3.5mm (bottom right).
The free surface strongly influences the evolution of the rotations ¢s over the 2-axis. Closer to the free
surface at locations X7 = X3 = [/2 = 0.5mm and X; = X3 = 31/2 = 1.5mm, completely different
patterns are obtained when compared to those in the far-field region at locations X; = X3 = 5//2 = 2.5 mm
and X; = X3 = 7l/2 = 3.5mm. This means that the influence of the free surface decays much more
slowly for the BCC than for the PC lattice, cf. Figure 6.4. The gradients evolving from the boundaries
X5 = 0 and Xy = 8mm are captured quite well by the continuum model in the far-field regions for both
locations. However, the model is not able to capture the peak in the rotations at the center of the lattice at
Xo="71/2=3.5mm and X = 9]/2 = 4.5mm.
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Figure 6.7: Simple shear - Displacements and rotations of MPBCs of the BCC lattice, comprised of 8x8x8
base cells, along the 2-axis at locations X; = X3 = /2 (first and second row) and X; = X3 =
71/2 (third and fourth row).
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Figure 6.8: Simple shear - Rotations ¢3 of MPBCs of the BCC lattice, comprised of 8x8x8 base cells, along
the 2-axis at four different locations.

To gain further insight, the rotations ¢3 at the MPBCs are given with respect to three different planes in
Figure 6.9. The first plane is parallel to the 1-2-plane for the location X3 = 7{/2 = 3.5mm (top), i.e., the
surface normal is parallel to the 3-axis. The second and third planes are both parallel to the 2-3-plane for
locations X7 = /2 (center) and X; = 71/2 = 3.5mm (bottom), i.e., the surface normals are parallel to
the 1-axis. The discrete model (left column) and the continuum model with an element size of h, = /2
(center column) are directly compared via relative error values (right column). For all planes, the rotations
¢3 are qualitatively captured by the continuum model, but show quite large error values. For the first plane,
the error values are acceptable only in the far-field region with respect to both free surfaces, namely, for
31/2 =1.5mm < X; and X < 131/2 = 6.5mm. Closer to the free surface, some of the error values are even
larger than +1.0. For the plane parallel to the 2-3-plane at X; = [/2 = 0.5mm, the error values are quite
large in the center, but small close to the free surface at Xo =1/2 = 0.5mm and X5 = 15//2 = 7.5mm. This
may be a consequence of being quite close to the free surface at X; = /2 = 0.5mm. In contrast, for the
plane at X; = 71/2 = 3.5 mm, the error values decrease for increasing distance to the free surfaces, i.e., for
31/2 =1.5mm < X5 < 131/2 = 6.5 mm.
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Figure 6.9: Simple shear - Rotation fields ¢3 of MPBCs of the BCC lattice, comprised of 8x8x8 base cells, in
1-2-plane at location X3 = 71/2 = 3.5 mm (top) and in 2-3-plane at locations X; = /2 = 0.5 mm
(center) and X; = 71/2 = 3.5mm (bottom).

To further obtain a rough estimate on the capability of the MC model to capture the rotations ¢ at the
MPBCs of the BCC lattice with respect to various planes, the relative error value, x 43, according to Eq. (6.1)
is evaluated for planes with normals parallel to one of the three spatial dimensions. The representative error
values are shown in Figure 6.10. For planes with surface normals parallel to the 3-axis, x¢3 ranges between
~ 0.35 and = 0.85 and is not constant over X3 as was observed for the PC lattice. Interestingly, planes
with increasing distance to the free surface show larger error values. Similar results are obtained for planes
parallel to the 1- and 2-axes. The lowest error values are obtained for 3//2 = 1.5mm < X; < 5[/2 = 2.5 mm.
As was indicated by the strain energies given in Table 6.2, the relative error values are significantly reduced
by using an element size of he = [/4 (M = 4) instead of he = /2 (M = 2). The error values of rotation ¢3
for the whole lattice are ~ 0.55 for M = 2, and ~ 0.29 for M = 4. This means that for the present load
case, the BCC lattice must be finer discretized than the PC lattice and that M = 4 may not be sufficient.
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Figure 6.10: Simple shear - Relative error values of the rotations x¢3 on various planes with surface normals
parallel to the spatial directions ¢ = 1, 2, 3 evaluated along the normals at locations of MPBCs
of the BCC lattice (left) and sketch of such planes including their surface normals (right).
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6.2.2 Torsion

The configurations of the PC and the BCC lattices used for the torsion load case are summarized in Table 6.3.

Investigation of the strain energy

The strain energies obtained for discrete and continuum models are summarized in Table 6.4. Different
element sizes are used for the continuum model, namely, h, = [ and h, = /2. As expected, the continuum
model shows a more compliant behavior for the smaller element size than for the larger one. The relative
error for the smallest element size studied is about 7.1% for the PC and 0.8% for the BCC lattice.

Investigation of the kinematic fields

The continuum models with element sizes of h, = [ and h, = [/2 are the basis for comparing the kinematic
fields with the corresponding discrete models. First, the PC lattice is analyzed, then the BCC lattice.

PC. The displacements and the rotations of the MPBCs of the PC lattice along the 3-axis are shown in
Figure 6.11 for two locations at X; = X5 = 1/2 = 0.5mm (first and second rows) and X; = Xy = 71/2 =
3.5mm (third and fourth rows). There are only differences in the rotations ¢; and ¢, for the locations
studied. The larger the distance to the free surface of the lattice, the better the continuum model is able to
capture these rotations. In the far-field region, i.e. at X; = Xo = 71/2 = 3.5 mm, the rotations ¢; and ¢»
of the continuum model for both element sizes studied are in good agreement with the discrete model. This

also holds true for the gradients evolving from the boundaries at X3 = 0 and X3 = 24 mm.

In Figure 6.12, the magnitudes of displacements (top) and rotations ¢3 at the MPBCs of the PC lattice
(bottom) are given with respect to three different planes. All planes are parallel to the 1-2-plane and show
different locations over the 3-axis, namely, X3 = 31/2 = 1.5mm (first row), X3 = 23[/2 = 11.5mm (second
row), and X3 = 451/2 = 22.5mm (third row). The discrete model (left column) and the continuum model
with an element size of h, = [/2 (center column) are directly compared via relative error values (right column).
The continuum model agrees well with its corresponding discrete model and shows small error values for both

displacement magnitudes and rotations ¢3 in all three planes considered.

Table 6.3: Geometrical dimensions of the PC and BCC lattices studied for the torsion load case.

NixNoxNs | Ly = Ly = L3/3 l r
(/) in mm inmm  inmm
PC 8x8x24 8 1 1/20
BCC  8x8x24 8 1 17/3/2/20

Table 6.4: Torsion - Strain energies of discrete and continuum models for the PC and BCC lattices studied.

N1xNox N3 discrete MCM=1 rel. ercr. | MC M =2 rel. err.
(/) in Nmm in Nmm in % in Nmm in %
PC 8x8x24 46.201824 50.193474 8.6 49.481888 7.1
BCC 8x8x24 6550.92627 | 6679.807129 2.0 6602.644531 0.8
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Torsion - Displacements and rotations of MPBCs along the 3-axis at location X7 = Xo =1/2
(first and second row) and X; = X5 = 71/2 (third and fourth row) for the PC lattice comprised
of N1xNoxN3 = 8x8x24 base cells.
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Figure 6.12: Torsion - Magnitudes of displacements U (top) and rotation fields ¢3 of MPBCs (bottom) in
the 1-2-plane at various locations X3 for the PC lattice comprised of NixNoxN3 = 8x8x24

base cells.
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BCC. Similar results are obtained for the BCC lattice, cf. Figure 6.13 for displacements and rotations along
the 3-axis for two locations at Xy = Xs =1/2 = 0.5mm (first and second rows) and X; = Xy = 71/23.5 mm
(third and fourth rows) and Figure 6.14 for displacement magnitudes (top) and rotations ¢3 of MPBCs
(bottom) in three different planes parallel to the 1-2-plane.

Both PC and BCC. To further obtain a rough estimate on the capability of the MC model to capture
the rotations ¢3 at the MPBCs with respect to various planes, the relative error value, x¢3, according to
Eq. (6.1) is evaluated for planes with normals parallel to one of the three spatial dimensions, cf. Figure 6.15
for the PC (left) and BCC lattices (right). For planes with surface normals parallel to the 1- and 2-axis, the
representative error values 43 are the same and are within an acceptable range between ~ 0.045 and ~ 0.05
for the PC and between = 0.015 and ~ 0.02 for the BCC lattice. For planes with surface normals parallel
to the 3-axis, the error values are high very close to the boundary at X3 = /2 = 0.5mm. For increasing
distance to the boundary, the error values decrease significantly and become very small. The values increase
slightly closer to the boundary at X5 = 491/2 = 24.5 mm. This holds true for both the PC and BCC lattices.
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Figure 6.13: Torsion - Displacements and rotations of MPBCs along the 3-axis at location X7 = Xo =1/2

(first and second row) and X; = Xy =

comprised of N1xNy

xN3 = 8x8x24 base cells.

71/2 (third and fourth row) for the BCC lattice
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6.2. RESULTS AND DISCUSSION
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Figure 6.14: Torsion - Magnitudes of displacements U (top) and rotation fields ¢3 of MPBCs (bottom) in
the 1-2-plane at various locations X3 for the BCC lattice comprised of NixNoxN3 = 8x8x24

base cells.
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Figure 6.15: Torsion - Relative error values of rotations x43 on various planes with surface normals parallel
to the spatial directions ¢ = 1,2, 3 evaluated along the normals at locations of MPBCs of the
PC lattice (left) and BCC lattice (right).

6.3 Summary

The MECs derived for the PC and the BCC lattices are evaluated on the basis of numerical simulations by
comparison with discrete models. The implementation of the micropolar continuum model is performed in
ABAQUS as a user element. For comparison, the mechanical response of the models is studied in terms
of strain energy and kinematic fields. Therefore, different configurations of the PC and BCC lattices are
subjected to a simple shear and a torsion load case. The FEM parameters chosen for the continuum model
are based on the findings of Chapter 5.

The strain energy is captured quite well by the continuum models using element sizes smaller than the
characteristic length of the lattice, h, < [. For larger element sizes, it strongly depends on the type of lattice
in combination with the load case studied, e.g., for the BCC lattice subjected to simple shear, the element
size has to be at least h. < /2 to properly capture the strain energy, whereas subjected to torsion, an element

size of h, = [ is sufficient.

The kinematic fields of the midpoints of base cells of the lattice are studied with respect to different locations
along various axes and planes and a direct comparison between continuum and discrete model is performed.
The free surface of the lattice strongly influences the evolution of those fields excited by the load case. Close
to the free surfaces, the continuum models are only able to qualitatively capture the kinematic fields. In the
far field region, these fields can be captured quite well by the continuum model. When using element sizes
smaller than the characteristic length of the lattice, e.g., h. < [/2, even the gradients of the kinematic fields

evolving from the boundaries are qualitatively captured reasonably well for both, PC and BCC lattice.

In summary, the micropolar continuum is able to capture the mechanical response of both PC and BCC
lattices quite well when using element sizes smaller than the characteristic length of the lattice, i.e., he <.
For larger element sizes, this strongly depends on the type of lattice in combination with the load case studied.

These findings coincide with those obtained for the 2D lattices presented in Chapter 5.
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Chapter 7

Geometrically nonlinear micropolar

continuum modeling in 3D

First, the geometrically nonlinear micropolar element presented in Section 4.1.2 is verified on the basis of
three test cases taken from literature, where linear isotropic material behavior is considered. Next, the
capabilities and limitations of the model are studied in terms of its ability to account for lattice materials in
large displacement and rotation problems in the small strain regime. Buckling of slender lattice beams can be
considered such a problem and serves as the basis for the evaluation. Different types and sizes of 3D periodic
lattice structures are considered and subjected to global compressive loadings to study the capabilities of the

model in estimating the critical loads as well as the postbuckling behavior.

7.1 Verification of UEL

The geometrically nonlinear micropolar element presented in Section 4.1.2 is verified by studying three specific
structures, a T-shape structure, a curved cantilever beam, and an elbow cantilever, cf. Figure 7.1 for their
schematics. Within the framework of nonlinear micropolar theory using the FEM, the T-shape structure
test case was applied first by [8] while the other cases were first used in [44]. Note that all test cases were
analyzed earlier in the context of classical elasticity, see [44] for more details. The T-shape structure is
used to separately test torsion and bending. The curved cantilever beam is used to excite all rotations at
once, which is realized by applying an out-of-plane load to the structure lying in-plane. For evaluating the
ability of the model to account for rigid body rotations, the elbow cantilever is used. The elbow cantilever is
subjected to torsion and bending while being additionally rotated. For the comparison with the literature,
only the solution variables, namely, displacements and rotations, are evaluated. The convergence rate of
the solution procedure is not of interest in the present work. For all test cases, the material behavior is
considered to be linear isotropic, where the corresponding isotropic material moduli are taken from [44]
and are summarized in Table 7.1. Details on the FEM models of the individual test cases can be found
in the corresponding section. It is worth noting that the present FEM implementation shows the so-called
non-invariance anomaly as observed in [44]. This anomaly describes the phenomenon that for interpolated
rotations between two configurations the relative Lagrangian stretch and wryness tensors are non-invariant
under rigid body rotations, even though their analytical expression is invariant as shown in [44]. The amount

of non-invariance can be reduced by increasing the number of load increments used for the Newton-Raphson
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Figure 7.1: Schematics of the curved cantilever beam (left), T-shape structure (center), and elbow cantilever
(right). The geometric dimensions are given in mm. (Taken and modified from [44])

procedure as well as a fine discretization of the domain [44]. The number of load increments and the
discretization of the domain for all simulations performed in this work are chosen such that this invariance
anomaly can be considered negligible. A solution to overcome this anomaly has been presented in [44], but
has neither been applied therein nor in the present thesis. Where possible, the same incrementation is used
as in [44] to ensure a proper comparison. All simulations are carried out with ABAQUS/Standard 2019
(Dassault Systemes Simulia Corp., Providence, RI, USA) using its unsymmetric equation solution capability
for which slightly better convergence behavior was found. The perturbation parameter in Eq. (4.25) for
determining the tangential stiffness matrix is set to ¥ = 1078 for all simulations performed. Note that for

smaller values of ¥ no influence on the results can be observed, which is not shown for the sake of brevity.

7.1.1 T-shape structure

The T-shape structure is analyzed based on the second load case presented in [8] to stay within the limit
of ||@|| < 2n. In [8], the T-shape structure was used to determine the convergence behavior of their FEM
implgmentation. No results in terms of solution variables were presented. Therefore, the values of the very
same load case presented in [44] are used for comparison. The isotropic material moduli are taken from [44]
and can be found in Table 7.1. Note that slightly different material moduli have been used in [44] and in

Table 7.1: Isotropic micropolar material moduli for the various test cases, see Section 2.5 for their definition.

A 1% v a s gl

T-bar 1.575EB+04 1.05E4+04 3.50000E+03 0.0E+00 5.25E+01 5.25E401
Curv. Cant. (a) | 5.000E4+06 0.00E4+00 5.05051E4+04 0.0E400 1.25E+04 3.75E404
Curv. Cant. (b) | 5.000E4+06 0.00E4+00 2.13158E407 0.0E4+00 1.25E+04 3.75E+04
Elbow Cant. 1.000E4-04 0.00E+00 1.01010E4+02 0.0E4+00 2.50E+01 7.50E+01




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

7.1. VERIFICATION OF UEL

Table 7.2: T-shape structure - Results from [44] (top)

implementation (bottom) are listed.

indicated by an asterisk % and the present FEM

U1 U2 U3 ¢1 ¢2 ¢3
mm in mm in mm in rad in rad in rad
«1P | +1.2182E4+00 —3.6278E4+00 —1.1277E—02 —1.4940E—02 —5.2237E—03 +1.7303E+00
x2P | —1.2182E+00 —3.6278E+00 —1.1277E—02 —1.4940E—02 +5.2237E—03 —1.7303E+00
3P | +1.0335E4+00 +2.7191E—03 —9.7484E—01 —4.5819E—02 +3.2176E4+00 —4.5027E—02
P | —9.7484E—-01 +42.7191E—03 —1.0335E4+00 —4.5027E—02 +3.2176E4+00 +4.5810E—02
1P| +1.2182E4+00 —3.6278E+00 —1.1277E—02 —1.6623E—02 —6.0958E—03 +1.7303E+00
2P | —1.2182E+00 —3.6278E+00 —1.1277TE—02 —1.6624E—02 +6.0993E—03 —1.7303E+00
3P| 4+1.0336E4+00 +2.7206E—03 —9.7479E—01 —1.1155E—01 +3.2135E+00 —1.1596E—01
4P| —9.7479E—01 +2.7206E—03 —1.0336E+00 —1.1596E—01 +3.2135E4+00 +1.1155E—01

[8]. The T-shape structure is fully clamped between rib and flange, i.e., the 1-3-plane at X5 = 1 mm. The
loads are applied in two analysis steps. In the first step, the rib pointing in 2-direction is subjected to a
resultant torsion moment of M; = 600 N mm at the free end at Xo = 11 mm. In the second step, two resultant
bending moments each of M3 = 1125 Nmm are applied at the free ends of the flange pointing in 1-direction
at X; = Omm and X; = 11 mm, respectively. Similar to [44], the load is applied in 20 equal increments in
both steps.

The element size for the discretization of the structure is h, = 1, i.e., the structure is discretized by cube-
shaped elements, where ten elements are used for the rib and eleven elements are used for the flange. The
torsion and bending moments are applied in terms of concentrated nodal moments. Considering the dis-
cretization and the linearly interpolated elements, this results in ‘My = My /4 and ‘M3 = M3 /4 for each node

1 at the corresponding free ends, respectively.

The solution variables are evaluated at the end of the analysis at four different nodes, ‘P = [X1, X3, X3,
namely, at 'P = [0,1,1], 2P = [11,1,1], 2P = [5,11,1], and *P = [6,11,1]. The results are summarized in
Table 7.2, see (top) for those presented in [44] and (bottom) for the present work. The displacements are in
very good agreement with those presented in [44]. The same holds true for the rotations directly associated
with the corresponding torsion or bending moment, i.e., ¢ at 3P and *P for the torsion moment and ¢3
at 'P and 2P for the bending moment. The other rotations deviate from the results presented in [44] by a
factor of up to 3, cf. ¢, at 2P and *P as well as ¢3 at 3P and *P. Interestingly, the deviations are the very

same for these rotations.

It is worth noting that for the first load case, the present FEM implementation gives the same results for the
displacements as given in [44]. However, the rotations do not sum up properly as ABAQUS does not allow

for rotations showing ||¢@|| > 2.

7.1.2 Curved Cantilever Beam

The curved cantilever beam presented in [44] is fully clamped at the end parallel to the 2-3-plane. At the
other end, a constant distributed surface load in 3-direction, p3 = 600 N/mm?, is applied, which leads the
curved cantilever beam to deflect in such a way that all three rotational DOFs are excited and show large

magnitudes.
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The structure is discretized by 14 and 256 elements along the neutral axis while both directions tangential
to the cross-section of the beam are discretized by only one element. The surface load is applied through
consistent nodal forces, see Eqgs. (4.1)-(4.13). For the linear interpolated element and the discretization used,
the force applied on each node, i, of the surface follows as *F3 = p3A/4 = 150 N with the square cross-section
A = 1mm?. The isotropic material moduli can be found in Table 7.1, where two different sets (a) and (b)
are given. Set (a) represents a limit case of the micropolar theory to obtain results similar to those obtained

by the classical elasticity theory whereas set (b) also considers micropolar effects.

For the comparison, the solution variables are evaluated at the free end at four different nodes, *P =
[X1, X2, X3], namely, at 1 P = [(R—a/2) cos 45°, (R—a/2) sin45°,0], 2P = [(R+a/2) cos 45°, (R+a/2) sin 45°,
0], 3P = [(R — a/2) cos 45°, (R — a/2) sin45°,1], and *P = [(R + a/2) cos45°, (R + a/2) sin 45°, 1], where R
denotes the radius of the structure and a is the side length of the square shaped cross-section. The val-
ues obtained for set (a) are summarized in Table 7.3, where two different discretizations are covered. The
displacements are in very good agreement with those presented in [44] for both discretizations. The same
holds true for the rotations ¢1. In contrast, deviations ranging from about —15% for ¢ to about 15% for ¢3
are observed for the coarse discretization. However, the deviations decrease for using a finer discretization,
where the highest deviation is about —5% for ¢3. Note that for the coarse discretization two increments
instead of a single one as used in [44] are needed to obtain convergence considering the default settings of the
ABAQUS Newton-Raphson solver, i.e., default values of *CONTROLS, PARAMETERS=TIME INCREMENTATION.
For the fine discretization, 20 increments instead of ten as used in [44] are needed to achieve convergence.
For material moduli set (b), the solution variables are only evaluated at node ! P, cf. Table 7.4. A deviation
is only observed for the rotation ¢3, where they are about 28%. Note that 20 increments instead of five as

used in [44] are needed to achieve convergence.

7.1.3 Elbow Cantilever

The elbow cantilever presented in [44] is fully clamped at the end parallel to the 1-3-plane. At the other
end, a constant distributed surface load in negative 3-direction, p3 = —5N/mm?, is applied. Additionally,
the whole structure is subjected to a rigid body rotation around the 1-axis of ® = 2w. The analysis consists
of two steps. In the first step, the surface load is applied in a single increment. In the second step, the rigid

body rotation is applied using the minimum number of increments required for convergence.

The structure is discretized by 5 elements along each leg and a single element at the intersection of the two
legs, i.e., in total eleven elements are used. The surface load is applied through concentrated nodal forces at
each node, i, of the free end, which follows as ‘F3 = p3A/4 = 1.25N for the current FEM setting and with

the square cross-section being A = 1 mm?. The isotropic material moduli can be found in Table 7.1.

For the comparison, the solution variables are evaluated at the node, 2P = [—10, 10.5,0.5], and are summa-
rized in Table 7.5, where the displacements are evaluated after the first and second load step. This is done
in order to study the influence of the rigid body rotation on the response of the structure, where the first
step is referred to as reference solution. For both steps, the results are in acceptable agreement with those
presented in [44]. Considering the rigid body rotation, the results based on the FEM implementation in this
work show slightly more deviations from its reference solutions than those presented in [44]. The deviations
are associated with the non-invariance anomaly of strain measures of FEM implementations discussed in
[44]. However, the deviations are considered to be acceptable. Note that approximately 30 to 40 increments
are required for convergence with default settings of the ABAQUS Newton-Raphson solver instead of 20
increments as used in [44]. No rotations were presented in [44] and, hence, are not given.
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Table 7.3: Curved cantilever beam - Results from [44] indicated by an asterisk % and the present FEM
implementation are listed for different element sizes and using material moduli set (a).

Uy U Us o3} b2 ¢3
mm in mm in mm in rad in rad in rad
14x1x1
*'P | —1.28E+00 +1.91E4+00 +1.61E4+01 —5.08E—01 —6.06E—02 —3.56E—02
2P | —1.24E+00 +1.80E4+00 +1.58E+01 —5.08E—01 —6.06E—02 —3.57E—02
P | —1.32E4+00 +2.40E+00 +1.59E+01 —5.08E—01 —6.06E—02 —3.57E—02
P | —1.28E+00 +2.29E+00 +1.56E+01 —5.08E—01 —6.06E—02 —3.57E—02
P | —1.28E4+00 +1.91E+00 +1.61E4+01 —5.09E-01  —5.11E-02  —4.09E-02
2P | —1.24E4+00 +1.80E+00 +1.58E+01 —5.09E-01  —5.10E-02  —4.09E-02
3P | —1.32E4+00 +2.40E+00 +1.59E+01 —5.09E-01  —5.11E-02  —4.09E-02
4p | —1.28E+00 +2.29E4+00 +1.56E+01 —5.09E-01  —5.10E-02  —4.09E-02
256x1x1
#*'P | —2.15E4+01 +1.25E4+01 +5.22E4+01 —5.67E—01 —9.66E—02 +4.78E—02
2P | —2.17TE+01  +1.26E4+01 +5.24E+01 —5.67E—01 —9.66E—02 +4.77E—02
¥P | —2.23E4+01 +1.29E+01 +5.16E+01 —5.67E—01 —9.66E—02 +4.78E—02
P | —2.25E+01 +1.30E+01 +5.19E4+01 —5.67E—01 —9.66E—02 +4.77E—02
P | —2.16E+01 +1.25E+01 +5.23E+01 —5.57E—-01 —9.76E—01 +4.51E—02
2P | —2.18E+01  +1.26E+01 +5.25E4+01 —5.57E—01 —9.76E—01 +4.51E—02
3P | —2.24E+01 +1.30E+01 +5.17E4+01 —5.57E—01 —9.76E—01 +4.51E—02
4P | —2.26E+01 +1.31E401 +5.19E+01 —5.57TE—01 —9.76E—01 +4.51E—02

Table 7.4: Curved cantilever beam - Results from [44] indicated by an asterisk % and the present FEM

implementation for 256x1x1 elements and using the material moduli set (b).
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Uy Us Us o1 o2 ¢3
mm in mm in mm in rad in rad in rad
#*'P | —1.874E4+01 1.089E4+01 4.927E+01 —5.60E—01 —8.82E—02 1.78E—02
1P| —1.874E+01 1.089E+01 4.927E+01 —5.56E—01 —8.85E—02 1.28E—02

Table 7.5: Elbow cantilever - Results from [44] indicated by an asterisk * and the present FEM implemen-
tation for 11 elements without (top) and with rotation around 1-direction (bottom).

Uy Us Us
mm in mm in mm
*2P | 3.01094975—01  —8.04784620E—02 —3.32302580E+00
2P | 3.0107594E—01 —8.0521193E—-02 —3.3230089E4-00
2P | 3.01116332E—01 —8.04918162E—02 —3.32321916E+00
2P | 3.0112722E—01 —8.0220205E—02 —3.3227509E+00
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7.1.4 Summary

The present FEM implementation is successfully verified by comparing the results obtained for three different
test cases to those presented in [44]. The displacements are in very good agreement for all cases studied.
For the rotations, deviations are observed in the range of about +15% for very coarse discretizations. For
finer discretizations, the deviations decrease to about +5% for the test cases studied. These deviations may
be based on the slightly different FEM implementations and frameworks used, with the present work using
ABAQUS instead of FEAP in [44]. The convergence criteria for the Newton-Raphson procedures may also
play a role. However, the deviations are assumed to be acceptable for the applications presented in the next
Section 7.2.
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7.2 Postbuckling of lattice beams

The capabilities of the geometrically nonlinear micropolar continuum (MC) to estimate critical loads and
to enter the postbuckling regime of lattice structures is studied by comparison with discrete models. Addi-
tionally, the continuum based on classical elasticity theory (CC) serves as reference to study advantages and
disadvantages of the micropolar modeling. For this purpose, buckling of lattice beams is studied as shown in
Figure 7.2. The boundary conditions are applied at the ends parallel to 1-2-plane. At X3 = 0mm the lattice
beam is fully clamped and at X3 = Lj it is only free to move in 3-direction. Various configurations of the
PC and BCC lattice serve as the basis for the comparison, where the geometrical properties and the parent
material used are the same as outlined in Section 6.1.1. The description of the discrete lattice models can
be found in Section 6.1.2, but to reduce the numerical effort a different discretization is used. For the BCC
lattice, each strut is discretized by three elements instead of six, i.e., 24 elements per base cell, while for the
PC lattice, four instead of six elements per strut are used, i.e., 12 elements per base cell. For the continuum
models, discretizations with M < 1 are used, cf. Eq. (6.2) in Section 6.1.3. The MECs of the PC lattice are
based on Eq. (3.14) and for the BCC lattice on Egs. (3.17) and (3.18). The classical elastic constants of the
CET continuum are obtained based on the micropolar ones and are determined in the same way as outlined
in Section 5.1.3 for 2D lattices. The elements used for the CET continuum are 8-node linearly interpolated,
fully integrated, solid elements accessible through the ABAQUS element library. All simulations are carried
out with ABAQUS/Standard 2019 (Dassault Systémes Simulia Corp., Providence, RI, USA) with the mi-
cropolar continuum model using the implementation described in Section 4.1.2. Note that for the MC model,

ABAQUS is used with its unsymmetric equation solution capability.

7.2.1 Methodology

Buckling as a bifurcation problem requires methods for leaving the trivial equilibrium solution path in order to
access the postbuckling regime. This can be achieved by adding perturbations to the deformed configuration
of the solution at the bifurcation point in an appropriate way, known as path-switching, e.g., [35], or using
appropriate initial imperfections. In this thesis, initial imperfections are used to access the postbuckling
regime. The imperfections are based on scaled eigenmodes of the corresponding eigenvalue problem of the
discrete model. For the discrete model, the following analysis procedure is used, which consists of two
individual analyses, (i) a buckling and (ii) a postbuckling analysis, respectively. For the continuum models,

no buckling analysis is conducted as ABAQUS does not allow for this kind of analysis when user elements are

€3

Figure 7.2: Schematic of the buckling load case with free surfaces in white and surfaces with boundary
conditions applied in grey. The free surfaces are traction-free.
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involved. The imperfections used are based on the results obtained from the buckling analysis of the discrete

models.

The buckling analysis, represents a linear eigenvalue analysis with respect to a base state. In this work,
the base state represents the undeformed configuration of the discrete model. The extracted eigenvalues
correspond to load proportionality factors of a reference load, Fgef. The reference load is set to Fgef =—-1N
with respect to the 3-axis. The critical load in 3-direction corresponding to the i*? eigenvalue, 7;, is estimated

via
Byt = et (7.1)

In the postbuckling analysis, the postbuckling regime is accessed by imposing geometric imperfections onto
the initial configuration. For the discrete models, these imperfections are based on the eigenmodes corre-
sponding to the eigenvalues of the buckling analysis, further referred to as eigenmode-affine imperfections.
The imperfections are applied to the undeformed FEM mesh through linear superposition of the extracted

eigenmodes with the displacement

A=) GH, | (7.2)

where M is the number of eigenmodes taken into account, §; corresponds to a proper scaling factor, and H;
denotes the " eigenmode, which is normalized so that the maximum displacement component is 1. The
scaling factors should be small enough such that the initial elastic response is not strongly influenced, but
large enough to ensure access to the postbuckling regime. Note that only the displacement fields are used for

the imperfection. Rotations are not taken into account.

For the continuum models, the eigenmodes of the discrete models serve as the basis for the imperfections, but
with reduced information. Different procedures are required for the BCC and the PC lattice to superimpose
the eigenmodes. For the BCC lattice, the displacement fields of all the base cell corner nodes are extracted
and mapped onto the domain of the continuum model, i.e., are applied at the nodes of the continuum model
showing the same coordinates. For meshes with element sizes smaller than the characteristic length of the
lattice, i.e., M < 1, linear interpolation is used. The procedure for the PC type lattice is different as there
are no nodes of the discrete models coinciding with nodes of the continuum models when using, e.g., M = 1.
Therefore, the displacement fields of the MPBCs of the discrete models are extracted and directly mapped to
the nodes of the continuum model associated with the corresponding base cell. For nodes that are associated
with more than a single base cell, the mean value of all corresponding base cells is taken. These fields are
then applied to the undeformed mesh of the continuum model, using linear interpolation if necessary, i.e., for
M < 1. Note that this procedure requires the boundary conditions to be enforced again, i.e., the displacement

fields for the corresponding nodes must be set to zero accordingly.

For lattice structures manufactured by additive manufacturing, the mechanical response may be strongly
influenced by imperfections based on the manufacturing process, such as deviations from the originally
intended geometry or the original properties of the parent material, see, e.g., [99]. For investigating the
capabilities of the model on capturing the mechanical response in the presence of such imperfections, geometric
imperfections based on random radius deviations of struts are used. The radius of the lattice members

corresponding to an individual base cell, j, of the lattice reads

ry =rér; (7.3)
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Table 7.6: Geometrical dimensions of the PC and BCC lattices studied for the postbuckling load case.

NixNoxN3 | Ly = Ly = L3/20 l r
(/) in mm inmm in mm
PC 4x4x80 4 1 1/20
PC 8x8x160 8 1 1/20
BCC  4x4x80 4 1 1v/3/40
BCC  8x8x160 8 1 1v/3/40

Table 7.7: Identifiers and descriptions of imperfections, where L; is the overall length of the lattice in 1-
direction and r is the radius of the lattice members of the geometrically perfect structure.

‘ description

M; | eigenmode-affine imperfection with £ = i% of Li(= L)
Ri | random-based imperfection with & = i% of r

where r is the radius of the geometrically perfect lattice member, & is a scaling factor, and r; represents
a function giving uniformly distributed numbers in the interval [—1,+1]. These imperfections are further
referred to as random-based imperfections. The different radii used within individual base cells are directly
applied through the cross-section definitions of the individual beam elements of the discrete models, whereas
they are introduced on the level of the elasticity tensors for the continuum models, cf. Eq. (3.14) for PC and
Egs. (3.17)-(3.18) for the BCC lattices.

Note that for all postbuckling analyses a displacement controlled Newton-Raphson scheme is used.

7.2.2 Results and discussion

The configurations of the PC and the BCC lattices studied are summarized in Table 7.6. Critical loads and
the corresponding eigenmodes are presented, which are estimated by buckling analyses of the discrete models.
The post-buckling responses of discrete and continuum models is then compared for different imperfection
types and amplitudes, see Table 7.7 for the notation used. The imperfection amplitudes used are given
in the individual sections and are chosen to be as small as possible, but large enough to enable access to
the post-buckling regime. FEigenmode-affine imperfections are used to study the postbuckling behavior of
all configurations given in Table 7.6. Random-based imperfections are only applied to investigate the BCC

lattice comprised of N1xNoxN3 = 4x4x80 base cells.

Critical loads and corresponding eigenmodes

The eigenvalues of the buckling analyses of the discrete models are summarized in Table 7.8 and their
corresponding eigenmodes are shown in Figures 7.3. The eigenvalues are equal to the critical loads except
for the sign, since a reference load of Fif = —1N is used, cf. Eq. (7.1). The PC lattices show significantly
higher critical loads compared to the BCC counterparts. For both BCC and PC lattices, the critical loads
associated with the first and second as well as the third and fourth eigenvalues are the same, respectively.
This also holds true for the overall characteristics of the corresponding eigenmodes, such as the wavelength.
However, small differences in shape can be observed. As shown in Figures 7.3, the eigenmodes of the BCC
(top) and PC (bottom) lattices are not aligned with a single global direction. They show displacements in
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Figure 7.3: Displacements of MPBCs of discrete BCC (top) and PC lattices (bottom) comprised of
N1xNoxN3 = 4x4x80 (first and third row) and NijxNoxN3 = 8x8x160 (second and fourth
row) base cells representing the first (first column), second (second column), third (third col-
umn), and fourth eigenmode (fourth column). MPBCs are located at X; = Xo = L/2 —1/2.

both directions perpendicular to the loading direction as indicated by the different amplitudes of the MPBCs
displacements U; and Us. For the BCC lattice, this is more pronounced for NixNoxN3 = 4x4x80 than for
N1xNox N3 = 8x8x160 base cells. The PC lattice shows displacements in both directions independent of the
number of base cells comprising the lattice. The deflection angle in the 1-2-plane is about —45° for the first

and 45° for the second eigenmode, i.e., U; = —Us and U; & Us, respectively, cf. Figure 7.3 (bottom).

Table 7.8: The extracted eigenvalues n; of the buckling analyses of the discrete model for a reference load

of F3*f = —1N.
N1xNoxN3 771(: 772) 773(: 7]4)
BCC 4x4x80 2.72 5.62
BCC 8x8x160 10.76 22.23
PC 4x4x80 32.26 35.71
PC 8x8x160 134.67  149.91
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Postbuckling behavior of BCC lattices

For the eigenmode-affine imperfections only the first eigenmode is used with an amplitude of 2% of L1 (= Ls).
The force-displacement curves of the two configurations of the BCC lattice are given in Figure 7.4. Considering
the lattice comprised of NixNoxN3 = 4x4x80 base cells (left), the critical load is clearly overestimated by
both the CC and the MC model and cannot even be captured for a discretization of M = 2. Nevertheless,
the continuum models are able to successfully enter the postbuckling regime and to qualitatively capture
the stable postbuckling behavior of the lattice. For a lattice consisting of more base cells (right), i.e.,
N1xNoxN3 = 8x8x160, the MC model using a discretization of M = 2 is at least able to roughly estimate
the critical load with a deviation of about 30% compared to the discrete model. The stable postbuckling
behavior can be captured qualitatively well. For both lattices, the predictions of the CC model are slightly
better than the ones of the MC model.

The displacement and rotation fields of the MPBCs of the BCC lattices are investigated for two different load
levels, cf. Figure 7.5 for the lattice comprised of N1xNoxN3 = 4x4x80 and Figure 7.6 for the lattice comprised
of N1xNoxN3 = 8x8x160 base cells. The load levels correspond to the critical load of each individual model
(top) and to a displacement within the stable postbuckling regime (bottom). For the lattice comprised of
N1xN2xN3 = 4x4x80 base cells, the fields of the discrete and the MC models are in good qualitative agreement
for both load levels. In the stable postbuckling regime, the discretization of M = 2 yields fields that are also
quantitatively in good agreement with those of the discrete models. When considering N1xNox N3 = 8x8x160
base cells comprising the lattice, the fields obtained by the MC model with M = 2 are in very good agreement
with the discrete model, with the exception of the displacement Us. The CC model also shows similar results
as those obtained from the other models, except for the rotation field, which cannot be provided by this

model.
20 20 lllllllllll
=== discrete, M2 | | [aeepeememmeremmmrereirs
..... MC M — 1’ M2
15 A —— MC M =2, M2 15 4
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Figure 7.4: Force-displacement curves of the postbuckling analysis of BCC lattices comprised of
N1xNox N3 = 4x4x80 (left) and NixNyxN3 = 8x8x160 base cells (right). The thin solid lines
represent the trivial equilibrium paths of the discrete models.
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Figure 7.5: Displacements U; and rotations ¢; of MPBCs of the BCC lattice with N1xNox /N3 = 4x4x80 base
cells of the discrete and the continuum model using discretizations of M =1 and M = 2 for
loads corresponding approximately to the critical load of each model (top), i.e., Us ~ —1.2mm

for the discrete model, Us
Us ~ —1.4mm for CC M

~ —3.4mm for MC M =1, U3 =~ —1.8mm for MC M = 2, and
= 2. The displacements and rotations in the stable postbuckling

regime are evaluated at Us &~ 4.3mm for all models (bottom). Results for MPBCs located at
X1 =X2=L/2—-1/2=15mm are shown.
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Figure 7.6: Displacements U; and rotations ¢; of MPBCs of the BCC lattice with N1x/NoxN3 = 8x8x160

base cells of the discrete and the continuum model using discretizations of M = 1 and M = 2 for
loads corresponding approximately to the critical load of each model (top), i.e., Us ~ —2.6 mm
for the discrete model, Us ~ —3.4mm for MC M =1, U3 ~ —3mm for MC M = 2, and
Us ~ —3.2mm for CC M = 2. The displacements and rotations in the stable postbuckling
regime are evaluated at Us &~ 8.5mm for all models (bottom). Results for MPBCs located at
X1 =X2=1L/2—-1/2=3.5mm are shown.
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For the random-based imperfections, three different imperfections are used, which are denoted by ID1, ID2,
and ID3. The imperfection amplitudes for ID1 and ID3 are up to 10% of the radius r whereas ID2 shows
amplitudes up to 20% of r. Before discussing the postbuckling behavior of the models, the critical loads of the
corresponding discrete models are estimated based on buckling analyses, which are summarized in Table 7.9.
Contrary to the geometrically perfect lattice, the first and second eigenvalue of each of the three geometrically
imperfect counterparts are not equal, which is also true for the third and fourth eigenvalue. However, these
differences are small in magnitude and the differences compared to those obtained for the geometrically perfect
counterpart are not significant. The corresponding eigenmodes are displayed in Figure 7.7 showing the same
overall characteristics as the geometrically perfect counterparts, cf. Figure 7.3, e.g., the same wavelength.
However, the angular deviations in the 1-2-plane are different for each imperfection studied, which already
indicates that the imperfections strongly influence the deformation state in the postbuckling regime.

The force-displacement curves of all three random-based imperfect lattices are shown in Figure 7.8. The
critical loads for all lattices correspond to the first or second critical load, which hardly differ from each
other, cf. Table 7.9. To further study the postbuckling response, all three random-based imperfect lattices

are evaluated along the 3-direction at X; = Xo = L1/2 —1/2 in terms of displacements and rotations, see

Table 7.9: The extracted eigenvalues 7; of the buckling analyses of the discrete model for a reference load
of F3*f = —1N and using random-based imperfections with ID denoting its identifier.

m UP 13 uz
ID1 | 2.721 2.755 5.567 5.636
ID2 | 2.722 2.735 5.735 5.772
ID3 | 2.736 2.766 5.627 5.684
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Figure 7.7: Displacements of MPBCs of discrete BCC lattices comprised of NixNoxN3 = 4x4x80 base
cells for random-based imperfections ID1 (first row), ID2 (second row), and ID3 (third row)
representing the first (first column), second (second column), third (third column), and fourth
eigenmode (fourth column). Results for MPBCs located at X1 = Xy = L/2—1/2 = 1.5mm are
shown.
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Figure 7.8: Force-displacement curves of the postbuckling analysis of BCC lattices comprised of
N1xNox N3 = 4x4x80 base cells for different random-based imperfections, namely, ID1 (left),
ID2 (center), and ID3 (right). The thin solid lines represent the trivial equilibrium paths of the
discrete models.

Figure 7.9 for ID1, Figure 7.10 for ID2, and Figure 7.11 for ID3. The displacements and rotations are given
for two different loading states, namely, approximately at the corresponding critical load as well as at a
displacement load within the stable postbuckling regime. Note that for random-based imperfections, the CC

model is not considered for comparison.

For ID1, the deformation of the MC model approximately coincides with the first eigenmode of the perfect
lattice, cf. Figures 7.3 (top) and 7.9 (top). The eigenmodes of the imperfect discrete model do not coincide
with any of the eigenmodes extracted for the perfect (Figure 7.3) or for the imperfect lattice (Figure 7.7). The
deformation state of the imperfect discrete model shows a deflection angle of about —115° with respect to
the 1-axis in the 1-2-plane. However, the overall characteristics are the same. The differences may be caused
by local effects that can only be captured by the discrete model. It is expected that if the buckling analysis
is carried out with the imperfect lattice being preloaded close to the critical load, the same deformation will
be predicted. The same deviations are observed for the rotations as expected. The postbuckling responses of
both discrete and MC models are stable as displacements and rotations keep their overall characteristics also
for the higher load level, which has already been indicated by the force-displacement curve given in Figure 7.8
(left).

For ID2, both the displacements and the rotations of the discrete and MC model show the same characteristics
for both load levels with some deviations regarding the deflection angle. For the higher loading, the deviations
decrease and the deformations are in good agreement, cf. Figure 7.10 (bottom). The deformation shapes of
both models do not coincide with any of the eigenmodes displayed in Figure 7.7 (center). The deformations
of the discrete model clearly show in the opposite direction of the first eigenmode of the imperfect lattice.
Since the discrete and MC models show similar deformation states, the MC model also seems to be able to
partially capture local geometric changes before reaching the critical load, resulting in a different deformation

shape than predicted by the linear eigenvalue analysis of the unloaded structure.

For ID3, both the displacements and the rotations of the discrete and MC model are in good agreement for
both load levels, cf. Figure 7.11. The displacement U, and the rotation ¢, are small in magnitude compared
to their in-plane counterparts U; and ¢o and, hence, the differences between discrete and MC model can be
considered acceptable. The deformation shapes of both discrete and MC model approximately coincide with

the first eigenmode of the imperfect lattice.
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Figure 7.9: Imperfection ID1 - Displacements U; and rotations ¢; of MPBCs of BCC lattice with
N1xNoxN3 = 4x4x80 base cells of the discrete and the MC model using a discretization
M = 2 for loads corresponding approximately to the critical load of each model (top), i.e.,
Us ~ —0.9mm for the discrete and Uz ~ —1.4mm for MC M = 2 model. The displacements
and rotations in the stable postbuckling regime are evaluated at Us; ~ 4mm for all models
(bottom). Results for MPBCs located at X; = X3 = L/2 —[/2 = 1.5 mm are shown.
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Figure 7.10:

Imperfection ID2 - Displacements U; and rotations ¢; of MPBCs of BCC lattice with

N1xNoxN3 = 4x4x80 base cells of the discrete and the MC model using a discretization
M = 2 for loads corresponding approximately to the critical load of each model (top), i.e.,
Us ~ —0.9mm for the discrete and Us =~ —1.4mm for MC M = 2 model. The displacements
and rotations in the stable postbuckling regime are evaluated at Us ~ 4mm for all models
(bottom). Results of MPBCs located at X7 = Xy = L/2 — /2 = 1.5mm are shown.
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Figure 7.11: Imperfection ID3 - Displacements U; and rotations ¢; of MPBCs of BCC lattice with
NixNoxN3 = 4x4x80 base cells of the discrete and the MC model using a discretization
M = 2 for loads corresponding approximately to the critical load of each model (top), i.e.,
Us ~ —0.8 mm for the discrete and Us =~ —1.3mm for MC M = 2 model. The displacements
and rotations in the stable postbuckling regime are evaluated at Us ~ 4mm for all models
(bottom). Results for MPBCs located at X7 = Xo = L/2 —1/2 = 1.5 mm are shown.
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Figure 7.12: Normalized displacement vectors in the 1-2-plane at X1 = Xo = L/2 — /2 = 1.5mm, X3 =
L3/2—1/2 = 39.5 mm evaluated approximately at the corresponding critical load of each model
indicate the directions of the deformations of ID1 (left), ID2 (center), and ID3 (right) for both
discrete and continuum models. The grey thin lines indicate the directions of the eigenmodes
of the imperfect discrete models based on the linear eigenvalue analyses.
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Figure 7.13: Contour of displacement magnitudes for loads that correspond approximately to the critical
load of each model of ID1 (left), ID2 (center), and ID3 (right) for both discrete (top) and
continuum models (bottom) with deformation scale factors of five.

For a better overview on the directions of the deformations of all models, the normalized displacement vectors
in the 1-2-plane at X; = Xy = L/2 —1/2 = 1.5mm, X35 = L3/2 — /2 = 39.5mm are shown in Figure 7.12
for ID1 (left), ID2 (center), and ID3 (right) for both discrete and continuum models. The normalized

displacement vectors have been evaluated for loads that correspond approximately to the critical load of
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each model. Additionally, the normalized displacements of the imperfect discrete models based on the linear

eigenvalue analyses are given for comparison. The corresponding contour plots are shown in Figure 7.13.

Postbuckling behavior of PC lattices

The eigenmode-affine imperfections used for the PC lattices are only based on the first eigenmode with an
amplitude of about 4% of Li(= Ls) for the discrete model and of 10% for the continuum models. For the
continuum models, higher amplitudes were found to be necessary for entering the postbuckling regime. This
is caused by the missing or reduced information available for the imperfections, which are only based on the
displacements from the MPBCs of the discrete lattice model.

The force-displacement curves of the two configurations of the PC lattice are given in Figure 7.14. For
N1xNoxN3 = 4x4x80 base cells comprising the lattice (left), the MC models for both discretizations over-
estimate the critical load of the discrete model by about 25%. The response of the models is almost the
same for both discretizations M = 1 and M = 2. Interestingly, the MC models are not only able to en-
ter the postbuckling regime once the critical load is reached, but also to capture the unstable postbuckling
response of the lattice, which is indicated by the negative slope of the curve. It is worth noting that the
convergence behavior for obtaining a solution for the discrete models is very sensitive to the imperfection
amplitude used, e.g., no converged solution for an imperfection of exactly 4% of L;(= Ls) is obtained while
for 3.8% it is. Unfortunately, no converged solution is found for the discrete model of the lattice comprised of
N1xNoxN3 = 8x8x160 base cells (right). In contrast, the MC models show very good convergence behavior.
Note that for M = 2, the solution has been stopped manually due to time constraints. The critical load is
estimated quite well by the MC models with deviations of about 10% compared to the last solution obtained
for the discrete model. Comparing the MC models to their CC counterparts, they show a more compliant
response and are in better agreement with the results of the discrete models. Furthermore, the CC models
show convergence issues in the unstable postbuckling regime. For the NyxNoxN3 = 8x8x160 lattice and
using a discretization of M = 2, the CC model is not able to enter the postbuckling regime for the same

imperfection amplitude as used for its MC counterpart.
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Figure 7.14: Force-displacement curves of the postbuckling analysis of PC lattices comprised of
Ni1xNoxN3 = 4x4x80 (left) and NixNaxN3 = 8x8x160 base cells (right). The thin solid

lines represent the trivial equilibrium paths of the discrete models.
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To further study the postbuckling behavior of the PC lattices, the displacements and rotations of the MPBCs
of the PC lattices are given over the height in 3-direction and are investigated for different load levels, cf.
Figure 7.15 for the lattice comprised of NixNoxN3 = 4x4x80 base cells and Figure 7.17 for NixNoxN3 =
8x8x160. The MPBCs are located at one of the center columns of the lattice, namely, at X; = Xy = L/2—-1/2.
For the lattice NixNoxN3 = 4x4x80, two load levels are shown corresponding to the critical load of each
individual model (top) and to a displacement of Uz ~ 1.6 mm (bottom), where the latter belongs to the
unstable postbuckling behavior. At the critical load (top), the fields obtained by the MC model are in
qualitative agreement with those of the discrete counterpart, except for the rotation ¢, which is related to
torsion. The deformation shapes of the models are in agreement with the first eigenmode, cf. Figure 7.3,
which indicates that the procedure for applying the eigenmode-affine imperfections to the continuum models
works. In the unstable postbuckling regime, the fields of the continuum model and the discrete model are
starting to diverge qualitatively from each other, which can especially be seen for the displacements U; and
U,. This means that at some point the mechanisms driving the unstable postbuckling behavior cannot be
captured anymore. These mechanisms seems to be mainly based on local instabilities at X3 ~ L3/2 and close
to the boundaries at X3 ~ 5] and X3 ~ Lz — 5l, cf. Figure 7.15 (bottom) for displacements U; and Us. The
MC model cannot capture such instabilities in the current form. From a continuum point of view, this is
related to the finite strain regime, where a fully nonlinear MC continuum model is necessary to account for
such instabilities. For the lattice materials investigated in this work, these strains are related to the effective
response of the lattice structure and are governed by large displacements or finite rotations of the underlying
microstructure rather than to material nonlinearities of the parent material. Interestingly, the rotations ¢;
and ¢ can be partly captured by the continuum model in a qualitative manner. Note that for higher load
levels, the fields diverge further while keeping their overall characteristics shown in Figure 7.15 (bottom). This
is not explicitly shown for the sake of brevity. For the lattice N1xNoxN3 = 8x8x160, the displacements and
rotations of the MPBCs are only evaluated at the critical loads due to the convergence issues of the discrete
model at higher load levels. The MC models are in qualitative agreement with the discrete counterpart,
except for the rotation ¢3. However, these differences can be considered negligible compared to the other
rotations. Again, the fields are already fully resolved for the coarse discretization M = 1. Interestingly, the
CC model using a discretization of M = 2 shows a deformation shape neither corresponding to the first nor
to the second eigenmode. For a better overview on the deformations, contour plots of the displacement and

rotation magnitudes are shown in Figure 7.16.
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Figure 7.15: Displacements U; and rotations ¢; of MPBCs of PC lattice with N1xNox N3 = 4x4x80 base cells
of the discrete and the continuum model using discretizations of M =1 and M = 2 for loads
corresponding approximately to the critical load of each model (top), i.e., U3 = —0.35mm
for the discrete model, Us ~ —0.46 mm for MC M = 1, U3 =~ —0.44mm for MC M = 2,
Us ~ —0.74mm for CC M =1, and U3 = —0.5mm for CC M = 2. The displacements and
rotations in the postbuckling regime are evaluated at Us ~ 0.9 mm for discrete and MC models
(bottom). Results for MPBCs located at X1 = X5 = L/2 —1/2 = 1.5 mm are shown.
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Figure 7.16: Contours of displacement magnitudes U (first and second row) and rotation magnitudes ¢
(third and fourth row) of the PC lattice with NjxNaoxN3 = 4x4x80 base cells. Results of the
discrete (left) and the MC models using discretizations of M =1 (center) and M = 2 (right)
are shown. The displacement and rotation magnitudes are evaluated at Uz &~ —0.9 mm (first
and third row) and Us &~ —4 mm (second and fourth row). Note that the rotation magnitudes
of the MC models are scaled to the rotation magnitude of the discrete models.
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Figure 7.17: Displacements U; and rotations ¢; of MPBCs of PC lattice with NyxNox/N3 = 8x8x160 base
cells of the discrete and the continuum model using discretizations of M = 1 and M = 2
corresponding to the critical load of each model, i.e., U3 ~ —0.57 mm for the discrete model,
Us ~ —0.75mm for MC M =1 and M =1, and U3 % —1mm for CC M =1 and M = 2.
Results for MPBCs located at X; = Xy = L/2 — /2 = 3.5 mm are shown.

Computation time

The computational performance of all the models is of further interest and, therefore, the computation time
and the number of user defined nodes of each model are summarized in Table 7.10. For practical reasons,
the number of user defined nodes is given instead of the DOF's of the model, which provides a good estimate
of the number of DOFs anyway. In contrast to the six DOFs per node of the discrete and the MC models,
the CC model has only three DOF's per node. The basis for the evaluation are the postbuckling simulations
using eigenmode-affine imperfections of both BCC and PC lattices. All simulations are conducted on a single
core (1 CPU) of a standard workstation.

For the BCC lattice 4x4x80, the CC model shows a lower computation time than the corresponding discrete
model by a factor ~ 2.8 while for the BCC lattice 8x8x160 it shows higher computation times by a factor
of ~ 2. For the PC lattice, no convergence is achieved with the CC model. In contrast, the MC model
shows good convergence behavior for both lattice types. However, the MC models are outperformed by the
corresponding discrete models for all the lattices studied even though they show a smaller number of nodes,
i.e., fewer DOF's. For coarse discretizations of the MC model, i.e., MC M = 1, the differences are acceptable
while for fine discretizations, i.e., MC M = 2, the differences are significant, which is a result of the large

number of nodes used for the MC model.

Furthermore, the computation times of simulations in the prebuckling regime are studied using a predefined
number of increments. The basis for the evaluation is the BCC 8x8x160 lattice using the discrete, MC M =1,
MC M = 2, and CC M = 2 models, where the number of nodes can be found in Table 7.10. Additionally,

the symmetric equation solution procedure is used for the MC models. Simulations are conducted using a
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Table 7.10: Number of user defined nodes and computation time of each model for the postbuckling simu-
lations based on the eigenmode-affine imperfections, where a single core (1 CPU) of a standard
workstation is used. The superscript * denotes manually aborted jobs, / indicates that no
convergence of the job has been achieved, and - means that no job has been conducted.

discrete MC MC CcC CC | discrete MC MC CcC CcC
M=1 M=2 M=1 M=2 M=1 M=2 M=1 M=2

user defined nodes CPU time in s
PC  4x4x80 21137 2026 13042 2026 13042 580 783 7085 / /
PC 8x8x160 | 105025 13042 92770 13042 92770 / 7819 *141920 / /
BCC 4x4x80 23786 2026 13042 - 13041 470 531 5053 - 167
BCC 8x8x160 | 187122 13042 92770 - 92770 1510 5216 58304 - 2725

Table 7.11: Computation times in s based on BCC lattice comprised of 8x8x160 base cells in the prebuckling
regime. For the MC model, both the unsymmetric and symmetric equation solution techniques
of ABAQUS are used, with the latter denoted by sym.

discrete MC MC MC sym MC sym ccC
M=1 M=2 M=1 M=2 M=2

CPU time in total 218 398 5017 336 3834 443
number of iterations in total 8 6 6 6 6 11
CPU time per iteration ~ ~11 =~422 ~ ~ 208 ~ 28
CPU time - solver ~ 64 ~ 66 =~ 2532 ~30 =~1248 =308

CPU time - not solver related | ~ 154 =~ 332 = 2485 ~ 306 ~ 2586 ~135

displacement load of —0.5 mm, which is applied in five equally large increments. The resulting total CPU
times, the total numbers of iterations required for convergence, and the CPU times needed for solving the

system of equations of the models are summarized in Table 7.11.

For the total CPU times, the discrete model outperforms the MC models by a factor of 2 to 23 depending
on the discretization and the CC model with M = 2 by a factor of 2. The comparison of the total numbers
of iterations required for convergence within the allowable (five) increments shows that the MC models show
the best convergence behavior. The CPU times per iteration needed to solve the system of equations are
similar for the discrete and the coarse MC models. Note that the symmetric solution procedure requires
about half the computation time of the unsymmetric one. With respect to the number of DOFs, the CPU
times per iteration of the discrete model for solving the system of equations is about 84 times lower than
that of the fine MC model (unsymmetric). Not only solving the system of equations is time-consuming,
but also the procedure for setting up this system, cf. fourth and fifth rows in Table 7.11. Note that this
time is independent of the solution procedure, since the full stiffness matrix is determined within the UEL
subroutine. This is particularly noticeable in the case of the coarse models. This is in contrast to the CC
model, where more time is required to solve the system of equations than to build the system.

Summarized, the advantage of the MC models is more in modeling, such as geometry preparation and
meshing, than in computation time. Since the MC models show smaller numbers of nodes compared to their

discrete counterparts even for the fine discretization and the time spent for setting up the system of equations
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is quite time-consuming, it is worth optimizing the FEM implementation presented in Section 4.1.2 to reduce

the overall computation time. This is beyond the scope of the present thesis.

7.2.3 Summary

Simulations of various lattice beams of PC and BCC type are conducted to investigate the capabilities
of the geometrically nonlinear micropolar continuum element in estimating critical loads and predicting the
postbuckling behavior. Discrete lattice models serve as reference while CET continuum (CC) models are used
to evaluate advantages and disadvantages of micropolar modeling. Linear eigenvalue analyses of the discrete
models serve as the basis for eigenmode-affine imperfections, which are used to access the postbuckling regime.
A strategy is presented for making use of these imperfections for the continuum models. Motivated by the
imperfections present in additively manufactured lattices, three random-based geometric imperfections are
further used to investigate the capabilities of the micropolar model to account for the postbuckling behavior

of BCC type lattices in the presence of such imperfections.

The critical loads of the BCC type lattices studied can only be roughly estimated by the micropolar model.
The predicted mechanical response is too stiff and shows deviations of about 30% compared to the discrete
reference model for using element sizes two times smaller than the characteristic length of the lattice, i.e.,
he = 1/2. The CC model shows a slightly more compliant response than the MC model. The deviations
between micropolar and discrete model are smaller for the PC type lattices, which are about 10% for both
discretizations used, i.e., he = [ and h. = [/2. Contrary to the BCC type lattice, the CC model shows a
stiffer response than the MC model.

The presented strategy for applying eigenmode-affine imperfections to the continuum models is successfully
employed. All continuum models are able to access the postbuckling regime and show the expected deforma-
tions, which are governed by the first eigenmode. The stable postbuckling response of the BCC type lattices
is qualitatively captured by the micropolar models in terms of both displacement and rotation fields. This is
independent of the type of imperfection used. Interestingly, for two out of three random-based imperfections,
the deformations of discrete and micropolar models do not coincide with the corresponding eigenmodes pre-
dicted by the linear eigenvalue analyses of the discrete models. Comparing the deformations predicted by the
models of the imperfect lattice against each other it is found that for one random-based imperfection they
do not coincide except for the wavelength whereas for the other random-based imperfections approximately
the same deformations are obtained. The case where discrete and MC models show the same deformations
but do not coincide with the corresponding first eigenmode indicates that the MC model seems to be able
to partially capture local geometric changes before the critical load is reached, resulting in a different defor-
mation shape than predicted by the linear eigenvalue analysis of the unloaded structure. It is remarkable
that even the unstable postbuckling response of the PC type lattices can be captured to a certain extent. A
comparison of the deformations of the models shows that some of the crucial characteristics that cause the
unstable behavior can be captured. This is not the case for deformations far into the postbuckling regime,
which is indicated by diverging displacement and rotation fields between micropolar and discrete models. It
reveals that the micropolar continuum is not able to account for strong local instabilities. To capture these
instabilities, a nonlinear MC model allowing to account for the finite strain regime must be considered. For
the CET continuum, convergence issues occur at loads beyond the critical load, and it is not able to provide
information about the unstable postbuckling behavior of the PC type lattice. In terms of computational
performance, the current FEM implementation of the MC model is clearly outperformed by the discrete and

MC model, which gives rise for optimization in future work.
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In a nutshell, it is shown that the micropolar continuum can be successfully used to study the postbuckling
behavior of lattice structures. With improvements in the implementation, the costly computation times of the
MC models can be reduced, which makes the MC models advantageous over discrete models when considering
the simpler geometry preparation and meshing. While further studies are necessary to identify the limits for
their usage to ensure the reliability required for any engineering application, the current contribution provides
evidence that the micropolar continuum offers the possibility of replacing discrete models for post-buckling

prediction of lattice structures with improvements in future work.
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Chapter 8

Summary

Lattice materials are becoming increasingly important in lightweight design, as advancing additive manufac-
turing techniques offer the opportunity to manufacture them in such a way that they meet desired properties
while maintaining a low weight. To use them in engineering applications, reliable predictions of the mechani-
cal response are essential for saving costs and time. In particular, continuum modeling of lattice materials is
an ongoing trend towards numerical efficiency and time saving in model preparation. Reliability requires that
the deformation mechanisms are properly captured by the models. Among the numerous failure mechanisms
that may occur in lattice materials, this work focuses on buckling, which plays an important role in such
materials. The micropolar continuum theory is a promising modeling approach, which possesses an internal
length scale allowing to describe the required mechanisms, and is employed in this work to study 3D lattice

materials.

To study 3D lattices in the context of micropolar continuum modeling, the corresponding micropolar elastic
constants for the constitutive relations are determined based on the energy-based homogenization method
presented in [10, 53]. This method yields two different sets of micropolar elastic constants for the same
lattice type based on retaining (negative constants) or neglecting (positive constants) second order terms
in the Taylor series expansion of the kinematic fields during the derivation. This has caused an ongoing
debate in the literature about the validity of the method in general. Despite the controversy, it has been
applied in various works using one of the two sets of constants with no intention of contributing to the
discussion. To add some new flavor to the discussion and, additionally, to decide which set is used for the 3D
lattices, the mechanical response of 2D lattices predicted by using the positive and the negative constants
for the very same lattice are studied based on numerical simulations by means of the FEM. Various types of
lattices showing different configurations are subjected to various load cases. The predictive capabilities of the
models are evaluated by the comparison with discrete models in terms of strain energies and rotation fields.
Special focus is set on two FEM parameters of the continuum model, namely, the element size and the order
of interpolation function. The 2D linear micropolar continuum is implemented in NGSolve and as a user
element in ABAQUS. It is shown that the FEM parameters of the continuum model and the characteristic
length of the lattice must be considered as two competing length scales when negative constants are used.
Consequently, this must be taken into account in the modeling. Therefore, based on the evaluation of the
strain energies and the rotation fields, a condition is provided giving a rough estimate for the element size to
be used in conjunction with the order of the interpolation functions. In contrast, no constraints are observed
for positive constants as long as a proper discretization is ensured to resolve the kinematic fields, as is also

required for classical continuum modeling.
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Based on the findings of the numerical study carried out with 2D lattices, the positive micropolar elastic
constants of 3D lattices are derived, namely, of the PC, the BCC, and the BCCCP lattice. To the best of
the author’s knowledge, these constants have not been reported in the literature before. To evaluate these
constants, numerical simulations by means of the FEM are conducted, where the mechanical response of
the continuum models is compared with the corresponding discrete models in terms of strain energy and
kinematic fields. For this purpose, PC and BCC-type lattices subjected to simple shear and torsion serve
as basis. The 3D linear micropolar continuum model is implemented in ABAQUS as a user element. It is
shown that the model is able to capture the mechanical response of both PC and BCC lattices quite well for
using elements smaller than the corresponding characteristic length of the lattice. For larger elements, this

strongly depends on the type of lattice in combination with the load case studied.

For studying slender lattice beams undergoing large displacements and rotations under global compressive
loading, geometrically nonlinear micropolar continuum models are required to capture the deformations.
Therefore, the model presented in [8] is implemented in ABAQUS as a user element with some modifications
based on [44]. The implementation is successfully verified against benchmark examples taken from literature,
where linear isotropic material behavior is considered. Within the scope of the present thesis, it is investigated
to which extent the model is able to estimate critical loads and predict the postbuckling behavior of 3D lattice
materials remaining within the linear strain regime. To the best of the author’s knowledge, such investigations
have not yet been presented in the literature. The basis for evaluation are simulations of various lattice beams
of PC and BCC type. For the anisotropic material behavior of the lattice materials, the previously derived
micropolar constants are used. Discrete lattice models serve as reference while CET continuum models are
used to evaluate advantages and disadvantages of micropolar modeling. Linear eigenvalue analyses of the
discrete models serve as the basis for eigenmode-affine imperfections, which are used to access the postbuckling
regime. A strategy is presented for making use of these imperfections for the continuum models. Motivated
by the imperfections present in additive manufactured lattices, random-based geometric imperfections are
additionally used to investigate the capabilities of the micropolar model to account for the postbuckling
behavior of BCC type lattices in the presence of such imperfections. It is shown that the micropolar continuum
can be successfully employed to study the postbuckling behavior of lattice structures. The localization of the
deformation that determines the overall response can be captured to some extent as long as it is small. Even
though the computation time for the micropolar model in the present stage is higher than for the discrete
models, the time saved in model preparation may compensate for this drawback. While further studies are
necessary to identify the limits for the usage of micropolar models to ensure the reliability required for any
engineering application, the present contribution provides evidence that the micropolar continuum offers the

possibility of replacing discrete models for post-buckling predictions of lattice structures.
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Appendix A

Mathematical operators

The LEVI-CIVITA symbol or the permutation tensor is defined as

1 4,5,k=1,2,3; 2,3,1; 3,1,2
e=ejn=1{ —1 i,j,k=321; 1,32 2,1,3 7 (A1)
0 i=j4,i=k j=k
with €55 = €k = €rij, €xji = €jik = €ing, and €, = —€pji-
The KRONECKER-DELTA symbol is defined as follows
1 i=y
bij = €i-€ = o : (A.2)
0 i#j
where the following holds true, d;;9;, = d;k.
The following mathematical operators between tensors of various order are given in tensor notation and the
corresponding index notation. The inner product between two first order tensors reads
a-b=c(=a'b) (A.3)
c

@ibi =

The cross or vector product between two first order tensors reads

axb=c(=-bxa) (A.4)
€ijkaibj = ¢,
asbs — asbs cl
asby — albgl = |ec2
ai1bs — asby c3



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

127

The dyadic product between two first order tensors reads

Cij

Q
<.
&

I

The product between second and first order tensors, i.e., matrix-vector multiplication, reads

Ab=c#b'A | (A.6)
Aijbj =¢
alB=c" | (A7)
biAi; = c¢j

The product between two second order tensors, i.e., matrix-matrix multiplication, reads

AB=C#BA (A.8)
AiBrj = Cij

The double contraction or double inner product between two second order tensors reads

The inner product of second and third order tensors reads

C=A B £ Cijr = AuByji ) (A.10)

The double contraction between third and second order tensors is defined as

Cc= A:B & C; = AijkBjk . (All)

The double contraction between two third order tensors reads

C=A: ]33 £ Cij = AilkBlkj . (A.12)

The double contraction between fourth and second order tensors reads

C=A: B £ Cij = Aijlekl . (Al?))

In general, there exist a left and right cross or vector product between a second order tensor, A =a®b, and

a vector, ¢, which are commonly defined as

XxA=cx(a@b)=(cxa)@b=cdjqie e (A.14)

(Y

g} Ke)

xc=(a®b)xc=a® (bxc)=crdijjeue @e (A.15)

k=3
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respectively, see [2]. The following properties hold

cxA=—(ATxo" | (A.16)
Axc=—(cxAhHT | (A.17)
Axc#cxA (A.18)

The difference between left and right product is superseded when using the identity tensor, A = I, which
results in the relation Ix ¢ = ¢ xI, e.g., [80]. This also applies to the skew-symmetric matrix, W, of the axial
vector, ¢, which can be expressed as W = ¢ x I = I x ¢. This also follows from the relation W = —W7T
and equating the coefficients of Eqs. (A.16) and (A.17). It reads as follows

0 —d¢3 ¢
W=¢xI=1Ix¢=sk(¢d)=| o3 0 -9 ) (A.19)
—¢2 @1 0

Wij = —€ijk0r = €ik Ok ,

where sk(+) takes an axial vector and gives the corresponding skew-symmetric matrix. In order to obtain the

axial vector of a skew-symmetric tensor, the following mathematical operator is defined

W = axl(W) = —%g w o, (A.20)
1 1
w; §€ijkaj _§€ijijk ;
w1 0 —Wws w2
wy | = axl( | ws 0 —wi|) )
ws %) w1 0

where the double contraction is given in Eq. (A.11). In [28], a slightly different operator is defined, which

reads

a= (é)x = (Amnem & en)x = Apnem X en s (A.Ql)

a; = €ijkAjk

It follows that the axial vector of a skew-symmetric second order tensor can be given optionally to Eq. (A.20)

(A.22)

Note that axl(W) = —1/2(W) . The skew-symmetric part of a second order tensor is obtained by introducing

the following function

1
skew(A) = (A — AT) (A.23)
The nabla operators with respect to the reference or current configuration are defined as
v —ie»—v-e— ;€ v —iE =V/E; = E (A.24)
7az—axi7z— 1C1r — 1 © ) 7X_3X[71_ ey — 1 4y ) .
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respectively. For the transformation of the gradients with respect to the reference and current configurations,

e.g., [44], the transformation reads as follows
Vx=F'V, oV, =F vy . (A.25)

The divergences of first order tensors read

Divg(a) =a-Vx =a;V; =¢ ,
divg(a) =a-V,=a;V; =c¢ ,
n(@)=2-y (A.26)
Divi(a) = Vx -a=a;V; = ¢ (= Divg(a)) )
divp(a) =V, -a=q;V,; = ¢ (= divg(a))
The gradients of first order tensors read
Gradr(a) =a® Vx =a;V; = Cy; ;
radp(a) =a® V, =aq;V; = C;; ,
gradg(a) =a® V J J (A.27)
Gradi(a) = Vx ®a = V,a; = Oy (= Gradr(a)") |
grady (a) = V, @ a = Via; = Cj; (= gradg(a)")
The divergences of second order tensors read
Divg(A) =AVy =A4;V;=b;
divg(A) = AV, = A;V, =, 5
R(N) o J vV - (A28)
Divi(A) = VxA = AV =b; (#Dive(A7))
divi(A) = VoA = Ay Vi = b; (# dive (A7)
The gradients of second order tensors read
Gradr(A) =A® Vx = AV =Cijr.
radr (A) =A@V, =A,V,=C,;; ,
gradg(A) =A@V JVEk Jk (A.29)

Gradp(A) = Vx ® A = V;Aj, = Ciji )
grady (A) =V, ® A =V,;Aj, = Ciji )
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e.g.
rT0A11L 0A1TT
0X; 0X,
0A12  0A1s
Gradn(A) = A® Vx = AyVi = Cye = C = | £ §f2a1
0X; 0Xh
0Azy  0Aa
LLOX; 90X, ]
rT0A11 0A1277
0X, 0X,
0As1  0Aa
Gradp(A) = Vx ® A = ViAj, = Cij = C = :gjflll gjﬁg:
00Xy 0X,
0As;  0Ag
LLOXy, 0Xo ]
The divergence identity reads
dive(Ab) = dive(A)b+ A : gradp(b) . (A.30)
The divergence theorem or Gaussian theorem given in [2] reads
v s v s

where V' is the volume of the integration domain, A a second order tensor, S a surface domain, and n the

corresponding surface normal.
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Appendix B

Vector-matrix representation

The vector-matrix representation of non-symmetric second and fourth order tensors follows the definition
used in [27], where the components are arranged in the order given in Eq. (2.62). Consequently, second order

tensors read

A= Aij = [é] = [All A22 ABS A23 A31 A12 ASQ A13 A21]T

and fourth order tensors follow as

At Anze Az Aries Ansr Az Anse Az Ana
Ago11 Asozs Agezs Agses Agszr Asaiz Asaza Asoiz Ageon
Azzir Aszzaz Aszzzz Aszzaz Aszzr Aszziz Assze Aszziz Aszan
Aozi1 Aszan Agszss  Aszes Azszr Aoziz Asszzz Asziz Agson
A=A = [Al = [As111 Asize Asiss Asies Asizi Asiie Asize Asis Az )
Ap11 Aiaza Az Aiges Aiasr A2z Areze Aoz Are;n
Aso11 Aszoa Asess Aszses Aszzzr Asziz Asozz Aoz Aseon

Ais1n Aizon Aiszzs Aizes Aissr Aisiz Aissa Aiziz Aisa

Aoii1 Asi22 Asgizz Asies Aozt Aoz Aoiza Asiis Asi;n

where the brackets indicate the vector-matrix representation of the corresponding tensor.

In [27], the following material symmetries of the fourth order elasticity tensors in vector-matrix representation

for the micropolar continuum are given. For the present thesis, the most important symmetries are outlined.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

m Sibliothek,
Your knowledge hub

132

APPENDIX B. VECTOR-MATRIX REPRESENTATION

A representative of the elasticity tensors of the orthotropic material, which shows 30 independent MECs,

reads

=

A Anze Aiiss
Azz00  Azazs
Aszzzz

sym

0 0 ]

0 0

0 0

0 0

Az 0
Ar221

0 0

Az 0
A |

For materials showing cubic symmetry, eight independent MECs are left and the representative elasticity

tensor reads

A A2z Az

Aq122
Aq111

Ann

sym

0 0

0 0

0 0

0 0

A2 0
Ar221

0 0

Ai212 0
A2z |

(B.2)
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Appendix C

Local beam stiffness matrix

For the homogenization method in Chapter 3, the stiffness matrix of the beam element with respect to its

local coordinate system reads

(EiA) 0 0 0 . ;
0 2 la) 0 0 0 608, 1)
0 0 12(1;351“) 0 76(%%) 0
0 0 0 (GblIt) 0 0
0 0 —6(lb;sln) 0 A(B.T) 0
[kje) ] = 7(314) 6(E;21m) 0 0 0 4(E71m)
T 0 0 0 0 0

0 % 0 0 0 —6(?251(,,)
0 0 % 0 6(%1“) 0
0 0 0 ~(Gut:) 0 .
0 0 76(115;511,) 0 Q(Eiln) 0

L 0 HEelw) 0 0 0 B 1n)
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— 0 0 0 0 0
0 712(1551‘“) 0 0 0 G(E;szlm)
0 0 _IQ(ISESIU) 0 _6(£sln) 0
0 0 0 =Gl 0
6(Eoln) 2(Eoln)
0 0 = 0 ; 0
_6(EsIm) 2(EsIm)
EOA — 0 0 0 2 1)
(EeA) 0 0 0 0 0
0 12(123;1m) 0 0 0 *6(1;5111))
0 0 12(lE;In) 0 G(El'zfn) 0
0 0 0 . 0 0
0 0 6(El‘zln) 0 4(Esln) 0
—6(Folm) 4(Bolw)
0 = 0 0 0 ]
The corresponding vector of nodal kinematics with respect to the local coordinate system reads
[Ufjial} = [Urt, Uy U, @16, @10, @ 1ms Ust, Ui, Ui, @ e, @y @] © , (C.2)

where nodal displacements and rotations are denoted by Uy and ®;, respectively, with the local axes denoted
by t, n, and m, see Figure 3.1. The stiffness quantities of the beam for stretching along the t-axis, bending
about the m-axis and the n-axis, as well as torsion about the t-axis are referred to as, (FEsA), (Esln), (Esly),
and (Gyl), respectively. The length of the beam is denoted by I, its cross-section is referred to as A, and its

parent material parameters Fs and G4 denote the Young’s and shear modulus, respectively.

The transformation matrix (from local to global) for the lattice members, to be used in conjunction with

Eq. (3.6) or (3.7) in order to determine the strain energy density of the base cell given in Eq. (3.10), reads

b mpgomi 0 0 0 0 0 0 0 0 0
to mog my 0 0 0O 0O 0 0 0 0 0
ts mg my 0 0 0O 0O 0 0 0 0 0
00 0 & m m O 0 0 0 0 0
0 0 0 t ng my O 0 0 0 0 0
q@ = [0 0 0 faomaom 00 0 0 0 0 | ©3)
00 0 0 0 0 t m m 0 0 0
00 0 0 0 0 t no my 0 0 0
00 0 0 0 0 t3 ng my 0 0 0
000 0 0 0 0 0 0 0 t n m
00 0 0 0 0 0 0 0 t5 no mo
00 0 0 0 0 0 0 0 t3 ng ma]

where e; = [t1,t2,t3]T, e, = [n1,n2,n3]T, and e,, = e; x e, = [m1,ma, m3]", cf., e.g., Figure 3.2. As an
example, for the lattice member OB of the PO lattice, the local base vectors are e; = [0,1,0]T, e, = [0,0,1]T,
and e, = e; x e, = [1,0,0]T, while for the lattice member OA, of the BCC lattice, the local base vectors

are e, = [v/3/3,V3/3,V3/3]", e, = [-V6/6,—v6/6,V6/3]", and e, = e; x e, = [v2/2,-v2/2,0]".
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Appendix D

Micropolar elastic constants of
rectangular, 45° rotated square, and

triangular lattices

For the sake of completeness, the MECs of the 2D rectangular and triangular lattice under the plane strain
assumption derived in [53] are outlined. Therein, the stress measures are based on LSD and the strain
measures are obtained by using gradients applied from the left resulting in elasticity tensors according to
LSD. Additionally, the MECs of the 45° rotated square lattice are determined based on the rectangular
lattice and an appropriate rotation. Note that two different sets of MECs are obtained depending on the

assumptions made during the derivation, cf. Chapter 3.

The rectangular lattice is composed of four lattice members OK with extremity nodes, K € {A,B,C, D},
connected at the center, O, of the base cell as depicted in Figure D.1 (left). For the rectangular lattice, the
MECs read [53]

Eily Esls

A = 7 (=D11) , Ao = ] (= D22) ,
2 1
12k1 12k2
Argrg = —1 -D Asior = -D
1212 = 7 (=D33) , Ao I (= Dua) , (D.1)
2k11 4k41 2k5l 4kol
B3z = ——— or L (= Dss) , Bagaz=-——22 or 22 (= D) ;
12 12 ll ll
Dgg® or DE® Dgg?® or D5g*
Et E#3
with F; = —, k; = for i = 1,2, and
l; 121;
E
F=— D.2
= 02

where Fg and vs denote the Young’s modulus and the Poisson ratio of the parent material, respectively. The
length of each beam is denoted by I; and the cell wall thickness is ¢, which is assumed to be the same for
all lattice members and constant along the length of each beam. The D;; denote the components of the
elasticity matrix given in Eq. (2.63). To obtain the MECs of the square lattice, the length of each beam is
set to [, i.e., [1 = lo = [. Note that the out-of-plane thickness with respect to the plane strain assumption
has been defined as h = 1.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

136

APPENDIX D. MICROPOLAR ELASTIC CONSTANTS OF 2D LATTICES

The MECs of the 45° rotated square lattice can be obtained either via rotation of the elasticity tensors of

the corresponding square lattice with a length of [ for the lattice members, cf. Eq. (2.76), or directly via

Eq. (3.3). To obtain the same MECs via the direct derivation as via the rotation, the same length, namely
[, must be used for the lattice members, the volume of the base cell must show Vi, = Apch = (l\/?)2 with
h =1, and the full energy contribution of each lattice member must be considered. Full energy contribution

means that no prefactor of 1/2 needs to be considered in Eq. (3.3) as required for the rectangular lattice
shown in [53], cf. Figure D.1 (center). The two different sets of MECs obtained read

Et
where B} = — and k; =

A&1111 -

A2211 =

A1212

B | 6k
2 T2
E 6k
2 2
E; | 6k
2 2
E 6k
2 2

A2112 =

]31313 = —le or

l

4k

neg pos
Dy or Dgy

3

121

(= Du1)
(= D)
(= Ds3)
(= Da3)
(= Dss)

3

A1 = %—%l
Agggn = %—F%
Aoy = %—%l
Agio = %—F%

B2323 = —2]{11 or

4k

neg pos
Dgs® or Dgg

Et
—— with F as given in Eq. (D.2).

(=Dw2)
(= D)
(= Dsa)
(= Das)
(= Des)

(D.3)

The triangular lattice is composed of six lattice members OK with extremity nodes, K € {A,B,C,D,E,F},
connected at the center, O, of the base cell as depicted in Figure D.1 (right). The two different sets of MECs
read [53]

3
A = £(?)Ell2 + 12k;)

472

Aoo11 = Aq122

V3
Ayoro = ~— (EI? + 36k;)

412
A2112 - A1122
Bisiz = —2V/3k

or 4\/§kl

neg pos
Dgg® or Dgg

€2

(= D11)
(= D21)
(= D33)
(= Das)

Dss)

)

V3
Atioo = —— (EI* — 12k))

472

Aoooo = Ajinn

A1221 = A1122

A2121 - Al?l?
Bosos = —2V/3k

or 4\/5]431

neg pos
Dgs® or Dgg

&K

Figure D.1: Rectangular (left), 45° rotated square (center), and triangular lattice (right) with their corre-
sponding base cells.

(= D12)
(= D22)
(= D34)
(= Dua)
(= Des)
o o’

4N

e

l
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Appendix E

Comparison of micropolar elastic
constants of primitive orthorhombic

3D and rectangular 2D lattice

A comparison between the MECs derived for the primitive orthorhombic lattice and those derived for the 2D
rectangular lattice in [53] is aimed for. Therefore, various components of the fourth order elasticity tensors

with respect to the in-plane directions e; and ey are compared to each other.

For the comparison, the 2D lattice needs to be considered under plane stress assumption instead of plane
strain, i.e., E = Fj, see [53]. The components Aj;11 of the 2D lattice considering the plane stress assumption

and the 3D lattice are given as

AR = % ’ (1)

A??ll = % (E.2)
respectively. The comparison aims to show that

AT, — AT ) (E.3)

where the 3D lattice needs to be geometrically reduced. The cross-section A; of the corresponding 3D lattice
member is determined by its thicknesses in 2- and 3-directions, i.e., Ay = tot3. The out-of-plane thickness
for the 3D lattice with respect to the plane stress assumption follows from the geometrical dimensions in 3-
direction, t3 = l3 — h, which is considered to be 1, i.e.;, h = 1. Furthermore, considering constant thicknesses,

i.e., to =t3 =t, leads to

Eit
la

Aﬂ)u = Aﬂ)u = <E4)
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138APPENDIX E. COMPARISON OF MICROPOLAR ELASTIC CONSTANTS OF primitive orthorhombic 3D AND RE(

The components Aj215 and Bi313 for the 2D and 3D lattice are given as

Eh? 12F1,;
AR = d 8D = E.5
1212 l%lg an 1212 1%1213 ) (E.5)
4Eh3 4EIn1

respectively, where the area moment of inertia is given as I,; = t3t3/12. Considering to = t as well as
t3 = I3 — h it follows that A3Y, = A2D, and B3P, = B2D,,.

All the other components A, for i, j, k,l = {1,2} and B,z for 4,k = {1,2} and j,! = {3} can be compared

analogously.
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Appendix F

ABAQUS user elements

F.1 Geometrically nonlinear element in 3D

139

The interpolation or shape functions for the isoparametric hexahedral element (e) in the element parent space

are given as

NI = 21— 90 -m(-Q)

N = L1+ +m)(1 - Q)

= L1-00 - +Q)

N9 = L0490+ +0)

)

NO= 14 90-m1-0)

NP= 1= 90+m1-0)

1
N(e)zf
678
o 1
N{= =

8

A+H0-m+¢

A=-90+m+¢

where &, 1, and ¢ denote the coordinates in the element parent space. The resulting vector of shape functions

1S

INOI=| Ny N,

Ny N,

and the corresponding matrix of shape functions is

[ Ny 0 0

0 Ny 0

wep-| 0
0 0 0

0 0 0

I 0 0 0

where I denotes nodes 1 — 8.

Ns

OOZOOO

Ns

0 0
0 0
0 0
0 0
Ny 0
0 Ny

N7

T
(F.1)
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140 APPENDIX F. ABAQUS USER ELEMENTS

The resulting matrix of derivatives of shape functions reads

oN'
o€

Noj = | o
, o

ONL®
ac

(F.3)

The nodal displacements and rotations are stored in the displacement-rotation-vector of an element (e) in

the form
YOI = 909,08 55 0 T w0

This vector is an input of the UEL. This vector is rearranged for further usage into a nodal displacement and
rotation matrix. The same is done for the vector containing the coordinates, which is also an input of the

UEL. These matrices read as follows

.. UH ¢1I le
U9 =] ... Uy ... , [@9r=1 ... ¢ar ... , XOI=] 0 Xy . . (F.5)
Usr ... ¢31 ... X3r

Geometry, displacement, and rotation fields are then approximated by

um [UYING) L g~ @CING) L X XEING] (F.6)
The derivatives of the kinematic fields are needed with respect to the global coordinate system. Note that it
is necessary to distinguish between updated and total Lagrangian formulations to consider the map between
parent and reference configurations or between parent and current configurations, respectively. In the fol-
lowing, the map between parent and reference configuration is outlined. The following matrix, the so-called

bmatrizx, is introduced

ON;
S I
B9 =|. B2 . |=|. =L .. , F.7
B , e (£.7)
B3 ... ONI
- ax

where the derivatives of the shape functions are given with respect to global coordinates in the reference or

material configurations X1, X5, and X3 reading

ON; AN, _, AN, _, N, _,

= J J J
oxX,  o¢ °m + oy 12 + ac 18 )
ON; AN, _, AN, _, N, _,

pr— F.
9X, ¢ I~ + o oy + ¢ Jo3 ) (F.8)
ON;, ON; ., ON; . ON; .,
0Xs . 0¢ Iy + on Jso + ¢ I3 )
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F.1. GEOMETRICALLY NONLINEAR ELEMENT IN 3D 141

with Ji;1 as the components of the inverse Jacobian matrix. The Jacobian is defined as

9 0X, 0Xy 0X3] T O
o€ 9 o D X
7| a§1 a;?2 a§3 9’ (F.0)
ol | o ] ) 0X. ’ '
9 X, oxe x| |92
ac ac  ac  ac | Loxs
J)
with
N o NS o NS Lo
86( ) 17 aég ) 21 65( ) 31
3@ = [N @ ONIT o ONTT (o) , F.10
[~ } 877 17 677 21 877 37 ( )
N o ON ) ONYY o)
| aC XII aé- XZI aé- XSI_

With the above equations at hand, the update of the deformation gradient tensor given in Eq. (4.48) can be

given as follows

ONy
Nel Ul[ g%l
B =1+ Gradn(UOINO) =1+ 0| @ | 220 | =1+ [0 BT (1)
— 2
= Usr ON1
0X3

The derivative of the updated microrotation tensor based on Eq. (4.58) with respect to the reference config-

uration using Eq. (4.57) can be expressed as

aR(H-l)

=_— = (Vx,AR)R" + AR(Vx,R")
X}, == < <

(F.12)

= (V. V7 (X) exp (Spn(A¢r)) )R + AR(Vax, N7 (X) exp (Spn(9])))
= (Vx, N (X)AR)RY + AR(Vx, N (X)RY)) |

with k = 1,2, 3 for all three dimensions.
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142 APPENDIX F. ABAQUS USER ELEMENTS

Table F.1: Gaussian integration point coordinates and corresponding weights.

Full integration with number of integration points ni,; = 8.

p| V3% VB, V3G wp
1 -1 -1 -1 1
2| +1 -1 -1 1
3| +1 +1 -1 1
41 -1 +1 -1 1
5) -1 -1 +1 1
6| +1 -1 +1 1
7T +1 +1 +1 1
8| -1 +1 +1 1

F.2 Linear element in 3D

For the linear element in 3D, the same FEM parameters are used as for the nonlinear element. For the sake
of completeness, the differential operator matrix with respect to LSD strain and stress measures is given as

) ) ) T
— 0 0 0 0 — — 0 0 0 0 0 0 0 0 0 0
e 9Xo 8X5

) ) E)

0 — — 0 0 0 0 — 0 0 0 0 0 0 0 0 0

9Xo ax o 5 0Xs5

0 0 — 0 — 0 — 0 0 0 0 0 0 0 0 0 0 0

ax ox ax
[d] = 3 1 2 ) ) a
0 o 0 0 0 0 —1 0 1 — 0 0 0 o — 0 — 0
axX, 9Xo ox
) ) 3 )
0 0 0 0 1 o 0 —1 0 o — o 0 0 0 —
Xy ox1 ax
) ) 3

0 o 0 —1 0 1 0 0 o o 0 — o 0 0 o

0X5 aX4 9Xo

(F.13)
where the derivatives are defined with respect to the reference configuration. Note that the arrangement of

components is different to the one defined in Eq. (2.62) and is given as

()i with ij = {11,22,33,12,13,21,23,31,32} . (F.14)

F.3 Linear element in 2D

The shape functions for the quadrilateral element (e) in the element parent space are given as

Nfe):i(l—ﬁ)(lfn) ) Née):i(lﬂ)(l*") ’ (F.15)
NP =9 NOI= -9

The nodal displacements and rotations of an element (e) are stored in a generalized vector of nodal displace-

ments and microrotations in the form

y @) =[...u5 0,6, T, (F.16)
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F.4. POST-PROCESSING OF USER ELEMENTS 143

Table F.2: Gaussian integration point coordinates and corresponding weights.

Full integration with number of integration points nj,; = 4.

p | V36 VB, w,
1 —1 -1 1.0
2| +1 -1 10
3| +1 +1 1.0
41 -1 +1 1.0

Reduced integration with number of integration points n;y, = 1.
p ‘ o p  Wp
10 0 40

where I denotes nodes 1 — 4. The corresponding matrix of shape functions is

N, 0 0
INOI=| . 0o N 0 .. . (F.17)
0 0 N;

F.4 Post-processing of user elements

ABAQUS does not directly support post-processing of user elements and provides only rudimentary infor-
mation in the user manual on how to achieve this. A brief description of a workaround is outlined, which

makes post-processing possible by using an element overlay, see, e.g., [68].

For this purpose, an element from the ABAQUS element library is necessary, which is similar to the user
element, i.e., shows the same interpolation functions, such as C3D8 and C3D8MP. This element is further called
dummy element. Both elements need to share the same nodes. Furthermore, it is important that the dummy
elements should not influence the overall mechanical response. For this purpose, the dummy element must
show a very compliant response compared to the user element, e.g., an isotropic material with a very low
Young's modulus. This allows to visualize the DOFs of the user elements in the ABAQUS viewer. For the
user element C3D8MP, this also applies to the rotational DOFs, even though these DOFs do not exist for the
element C3D8.

If integration point values of the user element are also to be visualized, such as stresses and strains, the
dummy element needs to be used in combination with an ABAQUS user material (UMAT). The UMAT of
the dummy element must be implemented in the same environment as the user element so that the SDVs
of the user element can be passed to the SDVs of the UMAT of the corresponding dummy element via a
commonly shared module. Note that the integration point numbering for the C3D8 is different from the user
element C3D8MP given in Table F.1, which must be considered accordingly. In particular, p = 3 and p = 4
as well as p = 7 and p = 8 are interchanged. A constant offset in the element numbering between user and
dummy elements is required to ensure that information is passed between the correct pairs of elements, cf.
Appendix F.5. All further details can be found in the Fortran files of the implementation of the individual

user elements.
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144 APPENDIX F. ABAQUS USER ELEMENTS

F.5 User element usage

In the following, the usage of the user elements is outlined based on the user element C3D8MP. The type of

element is specified by

*USER ELEMENT, TYPE=U:, NODES=8, COORDINATES=3, VAR=360, PROPERTIES=j, UNSYMM
1,2,3,4,5,6

in the input file, where ¢ denotes an input variable passed to the UEL subroutine, which is associated with
a type of element defined by the user in the subroutine. For C3D8MP, i denotes the material subroutine and
takes the values ¢ = 10 for isotropic materials, ¢ = 11 for PO lattices, and ¢ = 11 for BCC lattices. The
PROPERTIES flag must set to j = 6 for the isotropic materials and 21 for the lattices, respectively. The NODES
flag defines the number of nodes, the COORDINATES flag specifies the spatial dimension, and the VAR sets the
number of SDVs, i.e., for each integration point the stress measures, strain measures, and the microrotation
tensors are stored, which is nj, - 45 = 360 for the C3D8MP. The entries in the line below indicate the active
DOFs of the element, where 1, 2, 3 are associated with displacement DOFs and 4, 5, 6 are associated with
rotation DOFs. Next, the element is defined by using

*ELEMENT, TYPE=U:, ELSET=ELALL
1,1,2,3,4,5,6,7,8

The first entry is the element label, the following entries are the node labels defining the element. The number
of entries must coincide with the number specified in the NODES flag in the first expression. For isotropic

material behavior, i.e., i = 10, the following expression is to be specified

*UEL PROPERTY, ELSET=ELALL
A, v, B,y

where the material moduli correspond to Eq. (2.68). For the lattices, i.e., ¢ = 11 for PO and i = 12 for BCC

type, the following expression needs to be specified

*UEL PROPERTY, ELSET=ELALL

E, vl o153, A1, As, Ag, I1,

T2, I3, Int, In2, 1uss , Iv1, Tv2, 143, Pnorms
P1,P2,P3

where the input parameters correspond to the individual lattices, cf. Section 3.3. The last four entries,
namely, pnorm, P1, P2, and ps, denote an axial vector about which the elasticity tensors are to be rotated with

respect to their principal material axes by using Eq. (2.76).

If dummy elements of type C3D8 are used for visualization of the C3D8MP including stress and strain measures,

cf. Appendix F.4, the following expression needs to be added in the input file

ELEMENT, TYPE=C3D8, ELSET=ELALL_DUMMY
100001,1,2,3,4,5,6,7,8

*SOLID SECTION, ELSET=ELALL_DUMMY, MATERIAL=DUMMY_MATERIAL
1.0

*Material, name=DUMMY_MATERIAL

*Depvar

45,
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F.5. USER ELEMENT USAGE 145

1, stressiil

2, stressl2

*User Material, constants=0
BLANK,

The dummy element is defined by the same nodes as the user element and shows an offset of 100000 in
the element label from the user element. Furthermore, a UMAT is defined using 45 SDVs indicated by the
entry in the first line after *Depvar. The following lines specify all SDVs, where the first entry denotes
the variable’s number and the second entry defines its identifier for the ABAQUS viewer. For the total
Lagrangian description, cf. Figure 4.1, the SDVs are the components (-),; of T, T, E, F , and R each given

in the following sequence
()i; with 45 = {11,12,13,21,22, 23,31, 32,33} . (F.18)

This is exemplified in the second line, where the first entry specifies the SDV, i.e., the stress component Tu,
while the second entry is the name of the SDV displayed in the ABAQUS viewer, i.e., "stress11”. The third
line follows as 11, displayed as ”stress12” in the ABAQUS viewer. Additional lines are added until the last
SDV is reached, namely, R33. For the UMAT, no value is specified, i.e., is left blank, as this value is specified
in the UMAT subroutine of the dummy element.
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