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1. Introduction

The aim of this paper is the analysis of cross-diffusion systems modeling the intracellular transport of vesicles in neurites.
Compared to previous works like [12], where no-flux boundary conditions are imposed, the novelties are the nonlinear Robin
boundary conditions and the coupling to ordinary differential equations.

1.1. The model setting

Neurite growth is a fundamental process to generate axons and dendritic trees that connect to other neurons. During their
development, neurites show periods of extension and rectraction until neuron polarity is established. Then one of the neurites
becomes the axon, while the other neurites do not grow further. The process of elongation and retraction depends, besides many
other mechanisms [15], on the motor-driven transport of vesicles inside the neurites. Vesicles are biological structures consisting
of liquid or cytoplasm and are enclosed by a lipid membrane. They are produced in the cell body (soma) and transport material
to the tip of a neurite (the so-called growth cone). Vesicles that fuse with the plasma membrane of the growth cone deliver their
membrane lipids to the tip, causing the neurite shaft to grow. Vesicles moving to the growth cone are called anterograde vesicles.
Retrograde vesicles are generated via endocytosis at the growth cone plasma membrane and move back in the direction of the soma.
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We model anterograde and retrograde vesicles as two different particle species as in [11]. Because of the finite size of the
vesicles, we take into account size exclusion effects. In the diffusion limit of a deterministic lattice model, the authors of [11]
derived formally mass balance equations with fluxes that depend on the gradients of both the concentrations of the anterograde
and retrograde vesicles, leading to cross-diffusion equations. The dynamics of the vesicle concentrations in the neurite pools at the
soma and growth cone are governed by ordinary differential equations, which are linked to the cross-diffusion equations through
nonlinear Robin boundary conditions.

The dynamics of the concentrations (or volume fractions) of the anterograde vesicles u,(x,) and the retrograde vesicles u,(x, 1)
along the one-dimensional neurite is governed by

Oy +0,J; =0, Jp = =D (ugdyu; —ujdeug — g 0, V1), 1)
Oy + 0,y =0, Jy = =Dy (ug0ytty — upd,tig — gt 0, V5), 2)

solved in the bounded interval Q2 = (0, 1) with the soma at x = 0 and the growth cone at x = 1 for times 7 > 0, supplemented with
the initial conditions

w0 =u, w(,0=u) inQ 3

Here, uy = 1 —u; —u, describes the void volume fraction, J; are the corresponding fluxes, D; the diffusion coefficients, and V; given
potentials. Egs. (1)-(2) form a cross-diffusion system with a nonsymmetric and generally not positive definite diffusion matrix, given
by

_ (D1 —uy) Dyuy
A= < Dyu, Dy(1 - “1)> ' @

Moreover, if uy = 0, the equations are of degenerate type; see .

Let A,(H)/AP™ and A (f)/ AT be the percentage of currently occupied space in the soma and the growth cone, respectively.
Anterograde vesicles leave the soma and enter the neurite at x = 0 if there is enough space with rate a;(A;/AT*)u(0,-), and they
enter the growth cone with rate §; (1-A, /A7™)uy(1, -)u; (-, 1). Retrograde vesicles enter the soma with rate f; (1—A;/AT*)uy(1, -Ju, (-, 0)

and leave the growth cone with rate a,(A,/AT*)uy(1, ), where «;, ; > 0 for i = 1,2 are some constants. Thus, the fluxes at x = 0
and x = 1 are given by the nonlinear Robin boundary conditions
0, =J° o g 2O 0 5
J1(0,1) = JTul(®) -—%muo( ,1), 5)
s
1 . A, (1)
JiLny =J @) ==p 1 - max up(1, Duy (1,1), (6)
A ()
J5(0.1) = JO[ul(r) := —ﬂ2<1 - >u0(0, Nuy(0, 1), @)
A1)
J(1,0) = I} [ul@) = —ay e to(L,n - for >0, ®

where u = (u;,u,). Compared to [11], the boundary conditions (6) and (7) depend on u, to account for the resistance of entering
the growth cone and soma, respectively, for instance due to viscosity. There is also a mathematical reason for this choice, which is
explained below.

Finally, the change of vesicle numbers in the soma and growth cone is determined by the corresponding in- and outflow fluxes,

0 A, = Il + T ul, >0, A0 =A° )
oAy =+ J0m]) >0, A(0) =A% (10)

Inserting (5)-(8) into these equations, they become linear ordinary differential equations in A, and A,, coupled to Egs. (1)-(2).

Model (1)-(8) can be derived in the diffusion limit from the lattice model of [11]; see Section 2. A Fokker—Planck equation
for single-species vesicles with in- and outflow boundary conditions was analyzed in [7]. The work [4] models a limited transport
capacity inside the neurites by taking into account size exclusion effects for a single motor-cargo complex with and without vesicles.
Advection—diffusion equations for the bidirectional vesicular transport were derived in [5]. Dynamically varying neurite lengths are
allowed in [14], leading to drift-diffusion-reaction equations. A lattice model for the probability that a receptor traveling with a
vesicle is located at a given cell was analyzed in [2]. This model was generalized in [3] by allowing motor-complexes to carry
an arbitrary number of vesicles, which leads to Becker-Déring equations for aggregation—fragmentation processes. The size of the
cargo vesicles, which strongly influences the speed of retrograde transport, was taken into account in [16], and a free-boundary
problem for the radius of the vesicle has been formulated. We also mention the paper [1] for a related cross-diffusion system with
free boundary and nonvanishing flux boundary conditions.

The goal of this paper is to analyze model (1)-(8) mathematically. Egs. (1)-(2) are similar to the ion-transport model in [10].
The analysis of this system was based on the boundedness-by-entropy method [6,12] and a version of the Aubin-Lions compactness
lemma which takes into account the degeneracy at u, = 0 [17]. The main difficulty here is the treatment of the nonlinear Robin
boundary conditions. Linear Robin boundary conditions were considered in [8] but for stationary drift-diffusion equation for one
species only.
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1.2. Key ideas

The key idea of our analysis is to work with the entropy (or, more precisely, free energy)

E@w) = /(h(u) —u,Vy —u,V,)dx, where
Q

2
h(u) = Z u;(logu; — 1) + ug(loguy — 1) and  wug=1—u; — uy. an
i=1
Introducing the electrochemical potentials y; = §E/éu; = log(u;/uy) — V; for i = 1,2, system (1)—(2) can be written as a formal
gradient flow in the sense
2
du; =div ) B Vu;, where B = Dugu;
j=1

e = 1,2,

and §;; is the Kronecker symbol. The advantage of this formulation is that the drift terms are eliminated and that the new diffusion
matrix (B;;) is (diagonal and) positive definite. This formulation is the basis of the boundedness-by-entropy method [13, Chap. 4].
The use of the electrochemical potentials has another benefit. Inverting the relation (u;,u,) — (u;, 4,), we infer from

u = exp; + V) i=1,2
o 1+exp(uy + V) +expluy + V5)’ o
that
u=@,u) €D :={ueR? 1 u >0,uy>0,u +u, <1}, 12)

guaranteeing the physical bounds without the use of a maximum principle. Because of our approximation scheme, these bounds
are fulfilled by the approximate solutions only; in the de-regularization limit, the strict inequalities are lost and we obtain only
uy,uy >0, uy +uy < 1. This means that vacuum regions are allowed for the limit solution (u;, u,).

Furthermore, a formal computation (see the proof of (30)) shows that

2 2 x=1
dE u; U
—(u) + E Djugu;|V(log— —=V; )| dx=—- E J.-vllog— -V, s 13
dr ()] /.Q,-=1 itoU; <0gu0 1> x 4 [l V<Ogu0 [)] 13

i=1 x=0
where v(0) = —1 and v(1) = 1. The most delicate terms are J, - v(log(u; /ug) — V)| and J, - v(log(u, /uy) — V5)| ;. To estimate these
expressions, we exploit the fact that both terms factorize u,. For instance,

J ad
—Jyv{log-= —V,
0

is bounded from above since A > 0, —u log u, is bounded, and u log 4, is nonpositive due to 0 < u; < 1. Similarly, the other boundary
terms are bounded, and we conclude that the right-hand side of (13) is bounded from above. An estimation of the entropy production
term (the second term on the left-hand side of (13)) shows that (see, e.g., the proof of Lemma 6 in [10])

2 5 2 2
/QZD,.uOu,. V<logZ—’—V,->‘ dxzc/g<zu0|v\/u_,.|2+|V\/u_0|2>dx-c/92|VV,.|2dx. (14)
i=1 0 1 i=1

i=
Together with the L*(£2) bounds for u;, this provides H'!(£2) bounds for u, and uyu; for i = 1,2, which are needed to apply the
“degenerate” Aubin-Lions lemma [12]. Moreover, the bounds show that we can define the traces of uyu; and u,, which is needed to
give a meaning to the boundary conditions (5)—(8). At this point, we need the factor uyu; in (6) and (7). Indeed, without the factor
uy, we are not able to define u; and u, at x = 0, 1. This is the mathematical reason to introduce this factor.

We note that our method also works for more than two species and in several space dimensions. Thanks to the L*(£2) bounds, no
restriction on the space dimension due to Sobolev embeddings is needed. For more than two species, one may apply the techniques
elaborated in [10].

2

s

A
= “1W”o(l% up —logug — V1li=o
N

x=0

1.3. Main result

For the convenience of the reader, we summarize the model equations:

Oy +0,J; =0, Jy = =Dy (ugduy — uydyug — ugu 0 V1), (15)
Oy + 0,0y =0, Jy = =Dy (ugytty — upd,ttg — gt 0, V5), (16)
(.0 =u), w(,0)=u) inQ=(,1), a7
supplemented with the boundary conditions
J10,0) = JPu)() = a, %uo(o, . 18)
s
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1 ) 4,1
L0 = I = By (1 - W>uo(1,r)ul(1,z), 19)
A
50.1) = 2[ul(@) := —p, (1 - Am(') >uo(0, D0, 1), (20)
(1,0 = I ul@) = —azf\"T(:zuO(l,t) for t > 0, (21)

and coupled to the differential equations
oA, =Jlul+ JJul, t>0, A0 =47 (22)
0 A, ==+ Il t>0, A 0) =A% 23)
For our main result, we impose the following assumptions:

(A1) Domain: Q = (0,1), T > 0, 2y := Q2 x (0, T).

(A2) Parameter: a;, §;, D; >0 for i = 1,2 and AT, AT > 0.

(A3) Initial data: u(l),ug € L1(Q) satisfies (u(l),ug)(x) € D for a.e. x € 2 (see Definition (12) of D) and A%/AM*, A0/ Amax & [0, 1].
(A4) Potential: V;,V, € H'(Q).

Theorem 1 (Global Existence). Let Assumptions (A1)-(A3) hold. Then there exists a weak solution (u;,u,, A,, A,) to (15)—(23) satisfying
up,uy >0 and u; +u, <1in Qp,

ugtt;, \Jug € L0, T; H'(R)), du; € LX0,T; H'(Q)), i=1,2,

the weak formulation
T T T )
/ (O,u;, p;)dt — / / J;0,¢;dxdt + / [Ji(x. 00, (x, 0] Zydt =0
0 0 Q 0

where (-,-) is the dual product between H'(Q)Y and H'(Q), the fluxes are defined as

I = \Jugd (\Juguy) = 3+Jugu;0, \/ug — ugu;0,.V; € LA(Qr), =12,

the initial conditions (3) are satisfied in the sense of H'(Q2)', and Egs. (9)-(10) are fulfilled in the sense of L2(0Q).

As mentioned above, the regularity of u, and u; for i = 1,2 allows us to define the trace of u, and ugu; such that the boundary
conditions and the differential equations for A, and A, are well defined.

The idea of the proof is to apply the boundedness-by-entropy method of [12]. To this end, we regularize Egs. (15)—(16),
formulated in terms of the entropy variables w; = log(y;/u,) (which relate to the electrochemical potentials y; by u; = w; — V).
More precisely, we add a second-order derivative to obtain approximate solutions w; € H!(2) < L®() and replace the time
derivatives by implicit Euler approximations. The key step is the derivation of a discrete version of the entropy inequality (13).
Compared to the proof in [10, Lemma 5], the difficulty is the presence of the boundary terms, which is overcome by exploiting
their particular structure. In particular, uniform bounds follow from the boundedness of zlog z close to z = 0 and the negativity of
log z for z € (0, 1). The uniform estimates allow for an application of the Leray-Schauder fixed-point theorem, yielding the existence
of approximate solutions.

Next, we derive further uniform estimates from the discrete entropy inequality and prove the de-regularization limit. The
difficulty is that we do not obtain any gradient estimates for u; but only for |/ugu; (i = 1,2), which reflects the degeneracy of
the equations. The degeneracy is compensated by additional uniform estimates (mainly provided by the L*(£2) bounds), and the
“degenerate” Aubin-Lions lemma [13, Theorem A.6] yields the compactness of a subsequence of approximate solutions. This step
is similar to [10]. We also need the compactness for the sequence of approximate pool concentrations, which is obtained from the
Arzela —Ascoli theorem. Compared to [10,12], the treatment of the pool concentrations and the associated boundary terms is new.

The paper is organized as follows. We sketch the formal derivation of (1)—(8) from a lattice model in Section 2. Theorem 1 is
proved in Section 3. We present in Section 4 some numerical experiments and prove some new properties of stationary solutions.

2. Formal derivation of the model

Egs. (1)-(8) can be formally derived from discrete dynamics on a lattice, which takes into account the in- and outflow of vesicles
into the respective lattice cell. The derivation is similar to the presentation in [11]; we repeat it for the convenience of the reader
and to highlight the main difference to [11]. We divide the domain £ = (0, 1) into m cells K ; of length A > 0 and midpoint x ;= hj,
where j =0,...,m—1. The cell K; is occupied by anterograde vesicles with volume fraction u; ;() = u(x;,?) and retrograde vesicles
with volume fraction u, i) = up(x;,1).

The transition rate of a vesicle to jump from cell j to a neighboring cell j + 1 equals

u; jug jo1 EXpl=n;(Vi(x;01) + Vix;)l,  i=12,
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where #; > 0 is some constant and V; ; = V;(x;, -), taking into account that a jump is possible only if the cell ; is not empty (; ; > 0)
and the cell j + 1 is not fully occupied (. > 0). The dynamics of 4, ; is then given by

Vi o j = =y jug eV oy qug eV V) — g g VTV g e Ve ), 24
where y; > 0. The factor h> on the left-hand side corresponds to a diffusion scaling. By Taylor expansion, we have ™% =

L—nz+n?22/2+ 0 and V;; - V; ;_ = hd,V; ;_y o + O(h?), where V, ;,; ;» = Vi((j £ 1/2)h,-). Then
Vi =Vij- l>_I_rllhax ij— 1/2+7]h(ax ij— 1/2)2+O(h)
e_n’(l/”f" i) =14 y,h,V, ij-12 T 1; Zh*(0, i,j—1/2)2 +0(h).
In a similar way, we expand u, ;| = u; ;+hou; ;+(h*/2)0%u; ;+O(h?). Inserting these expansions into (24), we find after a computation
that
Yihzar“z:,j = (”O,ja)z(“i,j Ui j x“OJ)h = 2t g ;O Vi1 2 = OcVijm1 b
- n[(uo,jaxui,j Ui xuO/)(ax ij+1/2 + axV;/ l/Z)h2 + O(hz)
= (g j03u; j = u; jO3uq ))h* = 2nyu; jug ;03V; ;b
= 2, 0,1, ; + 1y 0,1y )0, V; h* + O(h),

where we expanded hd,V ;. /, = ho,V;; + + (h2/2)32V; ; + O(h). We divide this equation by 42, and pass to the formal limit 4 — 0:

x 7 ij
Vi0u; = (g0%u; — 1;0%ug) — 20,002 V; — 20, (ugOstt; + ;05100 V = 0, (g0t — ;0,19 — 20;ugut;0 V).

Setting n; = 1/2 and D; = 1/y;, we obtain (1)-(2).
At the points x = 0 and x = 1, there are reservoirs with concentrations A, at x = 0 and A, at x = 1. The in- and outflow rates
are given by
Ay Ay
Ai(Af) = aiuo_om, Bl(Af) = bi“(),m 1- W N = n,s,
¢ ¢
where a;,b; > 0. We have multiplied these rates by the factor 4, ; with j = 0 and j = m, respectively, which models the resistance of

entering the first and last cell. This is the main difference to the derivation in [11]. Taken into account the inflow and outflow of
vesicles at x = 0, the change of the fraction of the anterograde vesicles is given by

h2o iy = —uy, O(’)”O l(t)e—m(Vl(Xl) Vitxo) 4 up 1(’)”0 o(e” mViGo)=Vitx1) 4 4 ”0 o(Oh,

Amax
An expansion similarly as before, up to O(h?) instead of O(h?), leads to
R20uy g = —uy ot + hogtigo)(1 + 1ROV o) + () g + hosuty )ugo(1 = nhdL V] o) + O(h?)
= h(ug 0y o + g oOytig o) — 21 hug gy o0V o + @ h A, — Uoo T O(h?).
A
We divide the previous equation by 4 and perform the limit 4 — 0:
= (g0t 0 + U1 00xtg0) = 21U ot 005 V10 + @ A/,lmx Uo,0-
We set ; = 1/2 and «; = a;D; and multiply the equation by D;:

J1(0,-) = =D; (ug 00yt g + 11 0Oxtig o — g ot1 00xV10) = & ———1g(0, ),

& Amax

which equals (5). The boundary conditions (6)—(8) are shown in a similar way.
3. Proof of Theorem 1

After proving some auxiliary lemmas, we regularize system (1)-(2) in time and space and prove the existence of a solution to
this approximate problem by using the Leray-Schauder fixed-point theorem. The compactness of the fixed-point operator follows
from the discrete entropy inequality analogous to (13). This inequality also provides a priori estimates uniform in the approximation
parameters. The relative compactness of the sequence of approximate solutions then follows from a “degenerate” Aubin-Lions-type
result. Finally, we verify that the limit function is a solution to (2)—(8). To simplify the notation, we set A7** =1 and AT* = [ in
the analysis.

3.1. Auxiliary lemmas

The following lemma follows from a straightforward computation (also see [13, (4.61)]).
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Lemma 2. Let h(u) be given by (11) and let A = (A;;()) € R>? be defined by (4). Then, for any u € D and z € R?,
2 2 2

" . ZI ZZ . 1 2 Uy
z-h"(w)A@w)z =min{ Dy, D, }ug| — + —= | + min{D;, D, }{ — + 1 )(z; + 2,)" + |D, — D{|—=
Wy U L] Uy

1—u,

z1 = Z

U
Let w = h'(u), i.e. w; = 0h/du; = log(u;/uy) for i = 1,2, and recall that B = A(u)h" (u)~'. Then, by Lemma 2, for some ¢ > 0,

2

0w - Bo,w = () - h" () AW)(O,u) > ¢ Y g0y (/1) + (9, 1/ug)?

i=1

which provides gradient bounds; also see (32) below.

Lemma 3. Let f;,g € L%(0,T) be such that fi.8 =0 for i = 1,2. Then there exists a unique solution to
‘)rAn = ﬁ] (1 - An)f] (t) - a2AngI (t)’ (25)
0, A = r(1 — A fr() —ayAggyr (1), >0, (26)
with the initial conditions A,(0) = A € [0,1] and A,(0) = A° € [0, 1] satisfying 0 < A,(1), A,(1) < 1 for t > 0.
Proof. The existence of a unique absolutely continuous solution to the differential system (25)-(26) follows from a standard

application of Banach’s fixed-point theorem. We sketch the argument for the convenience of the reader.
Let T/ < T and

t
TIA) = A% + / [1(1 = A f1(s) — ;y A(s)g ()] ds, 1 €[0,T'].
0
Exploiting the linearity with respect to A, standard estimates show the Lipschitz continuity of I" : C%([0,T']) = C°([0,T"]):

ITTA T = LA N g0y < (@allgill oy + Bill fill i)l AL — Asll Lo o7y

Due to

”fl ”L‘(O,T’) + IIg] ||Ll(0,'rf) <V T’(”f] ||L2(O,T) + ||g1 ”LZ(O,T)) -0

as T’ — 0, there exists some T, < T such that

0‘2”g1 ”LI(OvTO) + 5 ”fl ”LI(QTO) <y To(az||g1 ”LZ((),T) + b ||f1 ”LZ((),T)) <1, (27)

i.e., I' is a contraction on C°([0, T,1). Banach’s fixed-point theorem yields a unique solution to (25) on [0, T;]. In view of (27), this
procedure can be repeated on intervals [a, b], satisfying 0 < a < b < T and b — a < T,. Hence, the solution can be progressively
extended to the whole interval [0, T]. Similarly, one proceeds for (26).
Multiplying (25) by A, :=max{0, 4,} yields
1d
24t
using f; > 0 and g; > 0. We conclude from A7 (0) = 0 that A,(t) > 0 for ¢ > 0. In a similar way, we infer after multiplication of (26)
by (A, — ) := max{0, 4, — 1} that

A% = B [10)(1 = ADA; = arg; (1(A;)* <0,

%%[(A,, - D' = =B /104, = DA, = DT — apg, (04,4, - DT <0,

which implies that A,(r) < 1 since A,(0) < 1. The proof of 0 < A; <1 is similar. []
3.2. Solution of an approximate system

The approximate system is defined by an implicit Euler discretization and a regularization in the entropy variable. Let T > 0,
NeN, t=T/N,t, =krfork =0,...,N,and € > 0. Let k > 1 and ¥*~! € L®(2;R?) be given. We wish to find a solution
wk = (wh, wh) € H'(2;R?) to

2
l/(u(wk)—uk_1)~¢dx+/6X¢.B(wk)axwkdx—/ Zuo(wk)u,.(wk)axmx(p,.dx
T Jo Q Q=1

2

+ 2 (T @b (1) = TP [ (0) + € / 0,k - 0.+ wk - Pp)dx =0 (28)
Q

i=1

for all ¢ € H'(2;R?). The function u;(w*) equals u;(w*) = expwt /(1 + expw + expwk), and the entries of the matrix B(w*) are
B ;(w*) = Dyug(w)u,(wh)s;; for i, j =1,2. We set u* := u(w*) to simplify the notation.

6



M. Fellner and A. Jiingel Nonlinear Analysis 241 (2024) 113494

The pool concentrations A’; and Af at iteration step k are defined by Aj? = A, for (k — 1)t <t < kr, where A j for j = n,s are
the solutions of the following fixed-point problem

k=2 (+Dr ) ) A+ .
A, =A%+ Z <[7] / (1 = A, () (1, Py (1, r)dr — / A,,(r)ué(l,r)dr)
j=0 J J

t

t
+ﬂ1/ (1 = A,)uf™ = (1L rydr - az/ A, (uf™ (1, rdr, (29)

(k=D)t (k=D

k=2
A(s) = A9 + Z(ﬂz /
j=0 i

T

(+Dr . . (I+j)r .
(1= AS(r))uf)(O, r)uJZ(O, rydr — a; / As(r)u{)(O, r)dr)
J

t

t
+ B, / (1 = A, )uf™H 0, b0, r)dr — ay / A, (uf™H0, r)dr.
(k=D)z (k=D

These equations can be interpreted as differential equations of the form
oA, =Pl —ANf1() — A8, (D),
oAy = Pr(1 = A)fr () — a1 Aggr (D), >0,

with suitable step functions f;,g;, i = 1,2. It follows from |u(’§|, |uf.‘| < 1 that f;,g; € L*0,T), and Lemma 3 guarantees a unique
solution to (29).

The variable wl’.‘ = log(u;(w*) /uy(w*)) can be interpreted as the chemical potential, different from the electrochemical potential
u; used in the introduction, which also includes the electric potential V;. The following analysis could also be carried out using y;
instead of w;.

Lemma 4. There exists a solution w* € H'(Q) to (28) satisfying the discrete entropy inequality
HW*) - HG Y + % / a,w* - Bw*)V, wkdx +e7:/(|6xwk|2 + |w*P)dx < Cr, (30)
Q Q
where ¢ = min{D,, D,} and C > 0 only depends on a;, 1;, D;, and the L*(2) norm of |0,V;|? for i = 1,2.

Proof. The proof is similar to that one of Lemma 5 in [10], and we highlight the differences only. By the Lax-Milgram lemma, for
any given y € H'(2;R?) and ¢ € [0, 1], there exists a unique solution to the linear problem a(v, ) = c F(¢) for all ¢ € H'(2;R?),
where

a(U,d)):/dx¢-B(y)6xvdx+s/(0xw~6x¢+w-¢)dx,
Q Q

2
F<¢)=—§ /Q w(y) —u*") - pdx + /Q () ()0, V;0, byd x
i=1

2
(TG (D) = (1) $;(0))  for v, ¢ € H'(2;R?).
i=1

This defines the fixed-point operator S : CO([0, T];R?)x[0, 1] - C°([0,T1;R%), S(»,0) = v, where v lies in fact in the space H!(Q;R?).
Compared to [12], we work with the space C°([0,T]; R?) instead of L*(£2;R?) to ensure that the evaluation on the boundary points
is well defined. By standard arguments (see, e.g., [12, Lemma 5]), S(»,0) = 0, S is continuous and compact, since the embedding
H'(Q) < C°([0,T]) is compact. It remains to prove a uniform bound for all fixed points of .S(-,c).

We choose ¢ = v in a(v, ¢) = 6 F(¢) to find that

z/(u(u)—u’<—1)~uabc+/ 0XU~B(U)0dex+£/(|6XU|2+|L)|2)dx
T Ja Q Q

=0 /Q 22: o (V)u; ()9, V;0,v;dx — & 22)(13 ()1t (1) = I [u())(t)v,(0)) (31)
The convexity of the entropy density 4 implies that
() — ") - v = @) = 1) - 1 W) = hu()) - AW ).

We conclude from Lemma 2 that

2 2 2
0,0+ B)Aw = 0,u(v) - B (u(0)) Au(v))du(v) > c<2 oy 12O | 1940 > (32)

i u;(0) ug(v)
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where ¢ = min{D;, D,} > 0. For the first term on the right-hand side of (31), we observe that the derivative of v; = log(y; /u,) equals
0,U; = 0,u; (V) [u; (V) — O, uy(v) /uy(v). Therefore, for any 6 > 0,

2
1< [ 3 (@0, + 100 0,4 1d5
Q=1

2 2
< 5/ (@101, + w;(0) |0, (v)? ) dx + C(S)/ PACAARE:
2= Qi

2

2 2
55/<Zu0(u)|a"”"(y)| 4 19 >dx+C(5),
Q

i u;(v) uy(v)

where we used u;(v) < 1, uy(v) < 1, and the assumption V; € H'(£2) in the last step. Choosing § = c¢/2, the first term on the
right-hand side can be absorbed by the second term on the left-hand side of (31), thanks to (32). Finally, using definitions (5)-(8)
and v; = log(u;(v)/uy(v)),

__ _ uy (u(1)) uy (v(0))
I, = —op(1 — A uy(v(1)u; (v(1)) log w0 + oa; Aug(v(0)) log 2000
(v(1)) (v(0))

+ oy A, ug(v(1)) log :z (Z(l)) — 6hy(1 = A g0 (1(0)) log Z;(Z(O)).

Since z — zlogz is bounded for z € [0,1] and A, < 1, A; < 1 by Lemma 3, the first and fourth terms on the right-hand side are
bounded from above. Furthermore, we deduce from the fact that log u;(v(x)) is nonpositive for i = 1,2 and x = 0,1 that the second
and third terms are nonpositive. This shows that I, < C for some constant C > 0 which depends only on «; and g;.

Summarizing, (31) becomes

H@u(v) - H ) + % / a,v- B(v)d,vdx + g/(|axu|2 + |v%)dx < Cr,
Q Q

and C > 0 only depends on «;, fi;, D;, and the L?(2) norm of |9, V;|* for i = 1,2. In view of the positive semidefiniteness of B(v),
this inequality provides a uniform bound for v in H'(£2;R?) (also being uniform in ¢ € [0, 1], but not uniform in ¢). Hence, we can
apply the fixed-point theorem of Leray and Schauder to conclude the existence of a fixed point of S(-, 1), which is a solution to (28).
Defining w* := v, this fixed point satisfies (30). []

Summing the discrete entropy inequality (30) over k leads to the following result.

Lemma 5. There exists C > 0 independent of (e, t) (but depending on T) such that

j 2 i2
H(u/)+czr/ (Zu(l;ldx(uff)l/2|2 + 10l + |ax(ug)n/z|z>dx+ €Yy ||wf.‘||21(9) <HW)+C.
k=1 72 \i=] k=1 =1

Proof. We infer from (30) and Lemma 2 that

2 2
k k—1 k kN1/212 k2 kN1/212 k2
Hw*) - H(u )+cr/9(2u0|ax(ui)/ 1 + [0,k 12 + 10, )2 >dx+ erzfnwi 1) < €7
P

i=1

where ¢ > 0 depends only on D, D, and C > 0 is independent of ¢, and k. We sum this inequality over k = 1, ..., and observe
that zj < T to conclude the proof. []

3.3. Uniform estimates

We introduce the piecewise constant in time functions ufr)(x, 1= uf and w,@ = w".‘ for x e 2,1t e (k- Dr,kz], i =1,2,. We set
u®(-,0) = u® and w®(-,0) = A'(u°) at time ¢ = 0. Furthermore, we introduce the shift operator (c,u™)(-,t) = u*~! for ¢ € (k- 1)z, kz].
Summing (28) over k = 1,..., N and using the definitions of B(w®) and w'?, we infer that the pair (u®, w”) solves

T T
% / / " - o,u)pdxdt + € / / 0wV, ¢; + W' p)dxdt (33)
0 Q 0 Q
T T
+D; / / @Pou™ —uP 0y — ul"uP 0, V)0, dxdt + / (I D10, (1,1) = TN p; (0, 1)) dt = 0,
0 Q 0

where ¢; : (0,T) » H'(Q) is piecewise constant, i = 1,2, and J[.j [4](t) is evaluated at the time points [t/7]r, which means, for
instance,

TOO)@) = ay Ak (1,1) - for 1 € ((k — Dz, k.

The discrete entropy inequality gives the following uniform bounds.
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Lemma 6 (Gradient Bounds). There exists C > 0 independent of (e, ) such that

2
)RR .
i=1

(t\1/2 <
L2(0,T;H‘(.Q))+ Ity ™) ”L2<0,T;H1<:2>> =

(7)

2

(7) (7)
z:, lty "2t 2o 1 s + W0 20 1 (2 = €
i=

Proof. The first estimate follows from the bound 0 < ul(.T) < 1 and (30) since

|0 (@ 72u™)| < | 20, | + |ul”

o, ).
We deduce from the first estimate and from

Iax(ugr)ugr))l < ‘(uf)r))l/Zax((uér))l/2u§r))

+ ‘(uf)r))l/Zugr)ax(uE)r))l/z| < |ax(uf)r))1/2ugr)

o],
the second estimate. []

Lemma 7 (Discrete Time Bounds). There exists C > 0 independent of (e, t) such that

14 = o u N 2o @yy < Cro =12,

Proof. Let ¢; : (0,T) — H'(f2) be piecewise constant. Then, by (33) and the L®(£2;) bound of uf.f),

T
/0 / " - 6,u”)pdxdt (34)
Q

< D (1) 20,07 200, + 19365 L 20y + 10 Vil 200y ) 19511l 20y
1

+ Z ||J,-j [u(r)]”LZ(o,T)”(ﬁi||L2(0,T;Hl(_(2)) + 5”“’57)||L2(0,T;H1(.(2))||¢i||L2(0,T;H1(Q))
Jj=0

1
T

< Cligill 20.7:m1 2y

The last step follows from the boundedness of Jl.j [u®], since 0 < ul(.T) (x,n<1forxe[0,1]and 0 < A, /s < 1. Inequality (34) holds
for all piecewise constant functions ¢; : (0,T) - H'(£2). By a density argument, we obtain

! ||ul(.T) — O—Tu’(»r)”LZ(OyT;Hl(Q)/) <C,
concluding the proof. []
3.4. Limit (e,7) - 0
Lemmas 6 and 7 allow us to apply the Aubin-Lions lemma in the version of [9], giving the existence of a subsequence, which
is not relabeled, such that as (¢,7) — 0,
W > uy in L2(Qp),

and because of the uniform L*(£2;) bound, this convergence holds in any L?(2;) for p < co. Moreover, we conclude the following
weak convergences (up to subsequences):

ul(.T) —u; weakly* in L*(2r),
r‘l(u,(.” - o-ruf.r)) — 9,u; weakly in L2(0,T; H'(Q)),
ewgf) — 0 strongly in L*(0,T; H'(2)).

Since both (ul(.’)) and (axu(()’)) are only weakly converging, we cannot obtain the convergence of the product. However, the uniform
bounds for ((uf)”)l/ 2ul(.r)) and ((ug’))‘/ 2yin L2(0,T; H'(©)) allow us to apply the “degenerate” version of the Aubin-Lions lemma [6,12]
so that (for a subsequence)

(uff))lﬂuf.r) — \/%u,- strongly in LP(2;), p < o as (¢,7) - 0.
This shows that
u(()r)axugr) _ uir)axuér) - (ME)T))I/ZaX ((“E)T))l/zugT)) _ S(MBT))I/2M§T)ax(ug))l/2
Vi) — 3o i

weakly in L'(2;), and since this sequence is bounded in L*(£2;), the convergence holds true in that space.
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It follows from the linearity and continuity of the trace operator H'(£2) — L?(d2) that this operator is weakly continuous and
therefore,
() = ug(x ), @ u")x, ) = (ugup)(x, ) weakly in L2(0,T), x =0, 1.

In fact, these sequences are even bounded in L* (0, T) because of the embedding H'(Q) < CO(Q) & L®(0RQ). Let A;T) be the solution
to (9) if j = n or (10) if j = s with u replaced by u™. Then A solves the integral equation

t 1
AD = 4,(0) + /0 (1 = Ao, @)1, dr - a /0 AP ul (1, r)dr.

Since the integrand is uniformly bounded, this gives |A§,T)(t) —AE,T)(S)| < C|t-s| for s,t € [0,T). Thus, (Aﬁ,f)) is uniformly bounded and
uniformly equicontinuous. By the Arzela—Ascoli theorem, there exists a subsequence (not relabeled) such that AE,’) — A, uniformly
in [0,T]. In a similar way, we prove that AE,” — A, uniformly in [0, 7]. We need to identify the limits A, and A; as the solutions to
(9) and (10), respectively.
Set GO(1) := AP (kr) for t € ((k — 1)z, kr]. Then, for instance,

TN = (0 = GOl (1w (1) for t € (k= D, kr).
It holds for s € ((m — 1)z, mr] and ¢ € ((k — 1)z, kz] that

|G @) — GD(s)| < Clmt — k| < C(|t — s| + 7).
Therefore, since GO([t/7]7) = AP([t/7]7),

1GP @) = A,(0] <1670 = GO[1/710)] +|AT([1/217) = AV D] + | A7 @) = A, (1)

< Clt=[t/z]7l + Co+ 1AD®) — A, Lo o) = O

as (g,7) — 0, and this convergence is uniform in [0,7]. Hence, for instance,

JIDT = B = ADug(1, Ju(1,-) =2 J![u] strongly in L*(0,T).

To establish that A, satisfies (9) it is sufficient to show that o-,(ué”uj” )x, ) = (uu))(x, ), & (T)(x -) = uy(x, -) weakly in L?(0,T) for
x =0, 1. In fact, this result can be proved by straightforward arguments. Then the convergence of uj” (1,-) in L*(0,T) implies that
A, solves (9). In a similar way, we prove that A(’> — A, uniformly in [0,T], and A, solves (10).

It remains to show that u;(0) = u;(-,0) satisfies the initial datum. Let u T) be the hnear interpolant u T)(t) = u — (kT — t)(u - uk Y/r
for (k — 1)t <t < kr, i = 1,2. The uniform bound (34) shows that

||‘3 u; ||L2(0T Hi@Q) S ||”§T)||L2(0;T;H1(.Q)') <C
This implies a bound for @?) in H'(0,T; H'(£2)’). Hence, there exists a subsequence such that @ "”) — w; weakly in H(0,T; H'(2)") &
C%([0,T]; H'(2)) and, consequently, Afr)(O) — w;(0) weakly in H'!(22)". We deduce from

~(1) (7) (1) (1)
;™ =W 2@y < Mg = oct Nl 20r:m @) < 7€ = 0

as T — 0 that w; = u; and u¥ = 7 (0) — u;(0) weakly in H'(22)'. We infer that the initial condition is satisfied in the sense of H'(Q)'.
This finishes the proof.

4. Numerical experiments and stationary states
4.1. Numerical scheme and parameters
We discretize Egs. (1)-(2) by an implicit Euler finite-volume scheme. Let n,m € N and set ¢ = T'/n, h = 1/m. We divide 2 = (0, 1)

into m cells (x 2 Xj1) for j = 0,...,m — 1, where x ;= jh (Note that the notation is different from Section 2.) We approximate
h=t [ uy(x, kr)dx by uf.‘j, which solves for k =1, ...,n,
J %

k _ k=1 T gk k _ o
W, =u ;o + Z('Ii.j+l/2 - "i,j—l/z)’ i=12 j=1..,m-1,
D,
k __ Pk k k ak
Jijr1p __7(u0,j+1/2(ui,j+l ” )+”u+l/2(”0,+1 “o,j)) Diity ;1110 Ij+1/2 0, Vi(xj11/2);
where u i (u* wig Tt u /2 for i = 0, 1,2. At the boundary points x = 0 and x = 1, we replace "k1/2 and J¥ L1/ respectively,
by the correspondmg boundary condition, evaluated at x, = 0 or x,, = 1 and at time kz. For instance, J1 = A, (kr)u’éo. The

differential Eqgs. (9)—(10) are discretized by the implicit Euler scheme, for instance,

Ak Ak
k _ k-1 sk s\ k 4k
As - As - Amax u0,0 + Tﬁz <1 - Amax >u0,0u2,0'
s s
The nonlinear discrete system is solved by using a damped Newton method. More precisely, let F : R3"+2 — R3"+2 be given by
k .
Fimi-y ) =t + ( itz = o) T Visma-r 1=1.2,

10
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Table 1

Numerical parameters.
a 0.2666 A 0.0029 D, 0.0004
a, 0.2666 AS 0.0015 D, 0.004
Vs 3 AT 0.175 Vi(x) 1.75x
b 3 A0 0.12 Vy(x) ~15x

Fivom) = Yjvom = Yjem = ¥j»
Yim+2

Yim+2
17 Amax -
As

Fiiomn() = A —7a A =yome) + 255 (1 e >(1 = VomtDVm+1 = Yim+2s

s
where y = (31,....¥3u42) € R¥*2 and Fy,,,(») is defined similarly from the implicit Euler scheme for AX. The damped Newton
method reads as

1
r+1) _ y0 4 yreb

——————, reN,
(r+ 134 |5+ D]

y
where 77+ solves F/(y)(3"+D — y) = —F(y). The exponent 3/4 was determined from numerical experiments. We stopped the
Newton iterations when ||F(y")||,, < & with € = 1073 is reached. The numerical scheme is implemented in Python version 3.7.1.
We collect the values of the parameters, inspired from [11], in Table 1. If not otherwise stated, we set 2 = 0.0025 and = = 10~*.

4.2. Numerical experiment 1

We choose the initial data u‘l’ = ”(2) = 0.1. Fig. 1 presents the vesicle concentrations at times 7 = 0, 1, 10 and the evolution of the
number A, (7) of vesicles in the growth cone. The anterograde vesicles (species 1) are leaving the soma, leading to an increase of the
concentration near x = 0, while it is decreasing near the tip of the neurite at x = 1 because of the small value of A,. The retrograde
vesicles (species 2) are leaving the growth cone at x = 1, leading to an increase of the concentration, while it is decreasing near the
soma. The number A, is decreasing over time, which can be explained by the difference of magnitude of the parameters «; and g,
governing the outflow rate.

The behavior of the vesicles at r = 10 in our model and the model of [11] is similar; see the middle row of Fig. 1. The difference
is largest near the growth cone at x = 1 (see the bottom left panel), which comes from the different boundary conditions at this
point. Since the boundary value J, ]] [4] contains the factor u; < 1 in our model, the number A, is decreasing at a faster rate compared
to the model of [11] (see the bottom right panel).

4.3. Numerical experiment 2

In this example, we choose piecewise constant initial data:

Wy [ 09 for0I<x<04 o (09 for06<x<09,
710 else, 270 else,

The numerical results at times 7 = 0, 1, 10, 100 are shown in Fig. 2. We observe a smoothing effect (due to diffusion) and a drift of the
vesicles profiles towards the middle. The drift of the anterograde vesicles is stronger compared to the retrograde vesicles because
of |0, V;| > |0,V,|. Since the boundary values of the vesicles are very small, the results of our model are almost identical to those
from the model of [11]; see Fig. 2 bottom for A, and A, up to ¢ = 10.

4.4. Convergence rates

We test our numerical scheme by computing the spatial and temporal convergence rates. We choose the initial data u(]’ = ug =0.1
and the parameters from Table 1. Furthermore, we set T' = 1. We define the mean error as the discrete L2 norm |lu—u"f ||, /1/2(m + 1),
where u = (u;,u,, A, A) and uref = (u'lef,urzef, Afff, Azef) is the reference solution.

Fig. 3 (left) shows the discrete L2 error for time step sizes r = 1072.27% for k = 1, ..., 7 with fixed h = 1073. The reference solution
is computed with ~ = 1073 and = = 107>. The convergence is of first order for rather large values of z, while it is between first
and second order when the time step size is closer to the step size of the reference solution. The spatial convergence is illustrated
in Fig. 3 (right) for grid sizes h = 1072 - 27% for k = 1,...,7 with fixed = = 1073. The reference solution is calculated by using the
parameters & = 107 and = = 1073, The convergence is of first order (if = is not too large), which is expected for the two-point
approximation finite-volume scheme.

11
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t=20 t=1
0.8 o 0.8 e e e e i
0.6 1 —— species 1 0.6 1 .;":
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- 2 g
0.4 1 0411
3 = g 3 i
[a) P [a) i
\
0.2 0.2 \ ,
0.0 . 0.0 1S
0.00 0.25 050 0.75 100 125 0.0 0.2 0.4 0.6 0.8 1.0
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t=10 t = 10, model of [11]
081 0.8] s,
0.6 1 0.6
2 2
€041 _ 2044 _
3 N, ot N,
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02{ 02{ N
\'\, B “\
0.0 » 0.0 »
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
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oy 2
£0.10 g
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@ o]
a] a]
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-4
0.00 2
0.0 0.2 0.4 0.6 0.8 1.0 0 2 4 6 8 10

Fig. 1. Experiment 1: Concentrations of anterograde vesicles (species 1) and retrograde vesicles (species 2). Top row: ¢ = 0, 1. Middle row: r = 10. Bottom left:

t =10, only species 2. Bottom right: Evolution of A, (7).

4.5. Stationary states

In this section, we derive some properties of stationary solutions, i.e., solutions (u, u,, A,, A,) to (1)-(10), where d,u; = d,u, =0
and 9,4, = 9,A; = 0. The former condition implies that the fluxes J; and J, are constant, and we deduce from the latter condition
that the total flux vanishes, J;, + J, = 0. Consequently, J := J, = —J,. Moreover, if u,(1) > 0 and u,(0) > 0, the stationary solution

to (9)-(10) is given by

_ Bruy (1) A= Bru,(0) ) (35)
" Bu (D) + e A (ORSS

We assume that a stationary solution exists and that u;,u, € W*(2). Then
J = =D (ug0,uy — u 01y — ugu 0,V ) = Dy (ug0ytty — upd,ttg — gt 0, V5). (36)

12
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t=20 t=1
10 d seeeq
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206 : —— species 2 2
0 s | ] [Eees up 0
; | ;
A04 : As 2
i
1
>
P
‘W
b
7]
o

—_— A
....... As, model [3]

107!

Fig. 2. Experiment 2: Concentrations of anterograde vesicles (species 1) and retrograde vesicles (species 2). Top and middle rows: 7 =0, 1, 10, 100. Bottom row:

evolution of A, (left) and A, (right).

The following situation is approximately satisfied in numerical experiment 1 for large times.

Lemma 8. Let uy(1) > 0 and uy(0) > 0. Then A, = 0 if and only A; =0, and u,(1) = 0 if and only of u,(0) = 0. In this situation, the flux
vanishes, J = 0.

Proof. Let A, = 0. Then, by (35), u;(1) = 0. We insert expressions (35) into the boundary conditions (5)—(6):
a1 fruy(0) afyu (1)
J=J,0)= ————uy(0) = J;(1) = ———uy(1) = 0. 37)
! Potir(0) + ay ° ! (D +ay °
This shows that u,(0) = 0 and consequently, again by (35), A; = 0. Moreover, we infer from (37) that J =0. [J

If the parameters are the same for both species, the solution is symmetric around x = 1/2, as proved in the following lemma.

13



M. Fellner and A. Jiingel Nonlinear Analysis 241 (2024) 113494

1072
- 5 107
& 1073 — o
c ) c
o 3
= 104{ — FError = —— Error \\\
—— Reference=Tt ) 10-3{ 7~ Reference =h N
10-54 " Reference = 12 T Reference =hV/4 s
7 o o 7
A S A A A FEEEEEE
Stepsize T, T, = 1072 Stepsize h, hy = 1072

Fig. 3. Left: Discrete L? error versus time step size 7 for fixed h = 107, Right: Discrete L? error versus space step size h for fixed r = 1073.

o8y —mm
i == species 1 o6{ "
—— species 2
....... U
As 2044
7]
[m]
0.2
L R
1.0 15 00 02 04 06 08 10

Fig. 4. Concentrations of anterograde and retrograde vesicles. Left: J = 0. Right: J # 0.

Lemma9. Leta; = ay, fi = fp, A7 = AT, D, = D,, and V,(x) = V|(1-x)+const. for x € Q. Then (u,u,, A,, A;) with uy(x) = u; (1-x)
for x € Q and A, = A, is a stationary solution to (1)—(8).

Proof. Let u; be a solution to (36) with uy = 1 —u;(x) — u;(1 — x) and u,(x) := u;(1 — x) for x € Q. Taking into account that
Oxtp(x) = —0,u (1 — x) and 9, V,(x) = =0, V;(1 — x), we deduce from uy(x) = uy(1 — x) that
—J /Dy = up(x)0,uy(x) — uy (x)0,uy(x) — g (x)uy (x)0, V7 (x)
= —up(1 — x)0,uy(1 — x) + up(1 = x)0,up(1 — X)
+ up(1 — x)uy (1 = x)0, Vo (1 — x).

Thus, (u;,u,) solves (36). We infer from u;(1) = u,(0) and (35) that A, = A,. Furthermore, since u;(0) = uy(1), the boundary
conditions (5)-(8) are satisfied. []

This situation is illustrated in Fig. 4. We have chosen A1 = AT = 0.175, Ag = A(S) = 0.12, with potentials V;(x) = 1.5x,
V,(x) = —1.5x, and initial data “(1) = ug = 0.1. The left panel shows the concentrations at 7 = 1000 using the parameters «;, §;, and D;
as in Experiment 1. The solution is approximately stationary (the modulus of the flux is less than 0.01). Since u,(0) = 0, Lemma 8
shows that the stationary flux vanishes. In the right panel, we present a case where the stationary flux does not vanish. Here, the
solution is computed up to T = 100, the parameters are ; = f; = D; = 1 for i = 1,2, and the flux equals J = 0.118.

Data availability
No data was used for the research described in the article.
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