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Kurzfassung

Die mathematische optimale Kontrolltheorie, in den 1950er Jahren von Richard Bellman und Lev Pon-
tryagin ins Leben gerufen, kann als eine Erweiterung der klassischen Theorie der Variationsrechnung
angesehen werden. Sie befasst sich in ihrem urspriinglichen Sinne mit der Aufgabe der Optimierung
(Maximierung oder Minimierung) eines Kostenfunktionals. Das Kostenfunktional hangt im Allge-
meinen von Trajektorien ab, die durch Losungen von gewohnlichen Differentialgleichungen bestimmt
und zusétzlich von Kontrollfunktionen beeinflusst werden und weiteren Einschrankungen unterliegen.
Nach mathematischen Maflstdben ist die optimale Kontrolltheorie ein recht junges Gebiet, das aber
durch seine erfolgreiche Anwendung im Ingenieurwesen und vielen anderen Bereichen der Industrie und
Gesellschaft popular wurde. Mittlerweile ist sie ein aktives und stetig wachsendes Forschungsgebiet
im Bereich der angewandten Mathematik. Urspriinglich beschéftigt mit Problemen, bei denen die zu-
grunde liegende Dynamik durch gewohnliche Differentialgleichungen modelliert wird, wurde es in den
letzten Jahrzehnten aufgrund des zunehmenden Interesses an Modellen, die sich mit physikalischen,
chemischen und biologischen Fragen befassen, immer wichtiger, solche Probleme zu beriicksichtigen
bei welchen die zu Grunde liegende Dynamik durch partielle Differentialgleichungen bestimmt ist.

In dieser Arbeit betrachten wir solche PDG-beschrankten Optimalkontrollprobleme, bei denen die
Kontrolle im Optimalkontrollproblem héchstens auf affine Weise auftritt. Fiir diese Probleme unter-
suchen wir die Eigenschaft der Lisungsstabilitdt lokaler optimaler Kontrollen und Zusténde fir eine
gegebene Klasse von Kontrollproblemen, die bestimmte lokale Wachstumsbedingungen erfiillen. Unter
Lésungsstabilitat verstehen wir das Erhalten quantitativer Schitzungen des Abstands (in einer gegebe-
nen Metrik) zwischen einer lokalen optimalen Kontrollfunktion eines gegebenen Problems, und einer
Kontrollfunktion, die das System aus notwendigen Optimalitdtsbedingungen erster Ordnung einer
gestorten Version des Problems 16st. Genauer, ist die Schatzung des Abstands der optimalen Kon-
trollen in Abhangigkeit von der Grofle der Stérung méglich, so spricht man von Lésungsstabilitdt. Diese
Eigenschaft eines Kontrollproblems, ist eine wichtige Qualitéit, die ein optimales Steuerungsproblem
charakterisiert. Sie ist beispielsweise fiir die Schatzung des theoretischen Fehlers einer numerischen
Approximation eines Optimalsteuerungsproblems von Nutzen.

Fiir die Untersuchung der Losungsstabilitéat, ist es hilfreich Bedingungen an das optimale Kontroll-
problem zu finden welche Losungsstabilitat implizieren. Fiindig werden wir unter den aufireichenden
Bedingungen fiir strikte lokale Optimalitdt. Es stellt sich heraus, dass einige dieser Bedingungen
auch fiir die Losungsstabilitidt ausreichend sind. Eine solche haufig verwendete Bedingungen besteht
aus einer ausreichenden Optimalitdtsbedingung zweiter Ordnung, die eine starke positive Definitheit
der Zielfunktion in Bezug auf die Kontrolle erfordert. Da die Probleme in dieser Arbeit kontrollaf-
fin sind, kann eine so starke Koerzivitdtsbedingung nicht erfiillt werden. Um diese Schwierigkeit zu
berticksichtigen, betrachten wir eine lokale Wachstumsannahme, die durch eine Bedingung motiviert
ist, die in der affinen ODE-beschriankten optimalen Kontrolle auftritt, und gemeinsam die Variatio-
nen erster und zweiter Ordnung der Zielfunktion in Bezug auf die Kontrollfunktion umfasst. Um
die Untersuchung der Losungsstabilitat zu systematisieren, verwenden wir Ansétze aus dem Bereich
der Variationsanalyse, einem Bereich, der Methoden aus der Variationsrechnung und der konvexen
Optimierung kombiniert und einen Rahmen fiir die Behandlung von Optimierungsproblemen bietet.
Die Eigenschaft, der sogenannten starken metrischen Subregularitat, hat sich als hilfreich fiir die Be-
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handlung von Fehlerschatzungen fiir die numerische Approximation in ODE-beschrankten Optimals-
teuerungsproblemen erwiesen. Der Begriff starke metrische Subregularitdt erscheint im Zusammenhang
mit mengenwertigen Inklusionsabbildungen und beschreibt, eine bestimmte Regularitatseigenschaft
der mengenwertigen Abbildung. Damit meinen wir, dass wir den Abstand einer Losung der Abbil-
dung zu einer Losung der gestorten Abbildung anhand der Gréfle der Stérung schétzen kénnen, wenn
die mengenwertige Inklusionsabbildung an einem bestimmten Punkt stark metrisch subregular ist.
Das Ziel besteht darin, diese Eigenschaft fiir die Optimalitdtsabbildung des optimalen Kontrollprob-
lems zu beweisen. Die Optimalitdtsabbildung ist eine mengenwertige Inklusionsabbildung, welche
die notwendigen Optimalitdtsbedingungen erster Ordnung umfasst, ein System bestehend aus zwei
Gleichungen und einer Variationsungleichung (die die Optimalitdtsbedingung des zugehorigen Hamil-
tonians darstellt). Wenn die Optimalitdtsabbildung die starke metrische Subregularititseigenschaft
erfiillt, ermoglicht dies, die Losungsstabilitdtseigenschaft des Problems in Bezug auf lineare und nicht-
lineare Storungen unter einer Vielzahl von Storungen auf strukturierte Weise zu untersuchen. Das
erhaltene Subregularititsergebnis bildet eine Grundlage fiir die Untersuchung zur Konvergenz- und
Fehleranalyse fiir Diskretisierungsmethoden in zukiinftigen Arbeiten.

Die wichtigsten Resultate in dieser Arbeit ist die Untersuchung der Subregularititseigenschaft
der Optimalitdtsabbildung im Zusammenhang mit affinen semilinearen elliptischen und parabolischen
PDE-beschrankten Optimalsteuerungsproblemen und die Einfiihrung mehrerer neuer Annahmen, um
den Schwierigkeiten des affinen Falles Rechnung zu tragen. Diese Annahmen sind durch Wachstums-
bedingung an das Zielfunktional unter Einbezichung der ersten und zweiten Variationen in Bezug
auf die Steuerungen oder den linearisierten Zustand gegeben. Diese Annahmen sind schwécher als
die bisher in der Literatur beriicksichtigten und implizieren strikte lokale Optimalitdt. Alle Annah-
men implizieren Losungsstabilitat fiir die optimalen Kontrollen oder Zustinde und einer von ihnen
ist stark genug, um die starke metrische Subregularitdt der vollstdndigen Optimalitdtsabbildung zu
implizieren. Als Konsequenz unserer Untersuchung erhalten wir Losungsstabilitdtsschatzungen vom
Holder- und Lipschitz-Typ fiir elliptische und parabolische PDG-beschrankte optimale Kontrollprob-
leme. Abschlielend beweisen wir, dass diese Bedingungen ausreichend sind, um Fehlerschétzungen fiir
die numerische Ndherung zu erhalten, die durch ein Finite-Elemente- Approximationsschema erzeugt
wird. Zudem verbessern wir auch einige der in der Literatur vorhandenen Fehlerabschatzungen.

Diese kumulative Arbeit behandelt die genannten Themen in fiinf Veroffentlichungen.
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Abstract

Mathematical optimal control theory, an extension of the classical theory of calculus of variations,
is concerned initially with the task of the optimization (maximization or minimization) of a cost
functional that depends on trajectories corresponding to solutions of ordinary differential equations,
influenced by control functions satisfying some given constraints. By mathematical standards, con-
trol theory is a relatively young field. It was initiated in the 1950s by mainly Richard Bellman and
Lev Pontryagin and popularized by its successful application in engineering and many other areas
of industry and society. By now, it is an active and growing aspect of applied mathematics. Tradi-
tionally concerned with problems where the underlying dynamics are modeled by ordinary differential
equations, in recent decades, due to the increasing interest in models that are involved with specific
physical, chemical, and biological questions, it has become more and more important to consider
problems that are constrained by partial differential equations.

In this thesis, we consider such PDE-constrained optimal control problems where the control
appears at most affinely in the optimal control problem. For these problems, we investigate the
property of solution stability of local optimal controls and states for a given class of control problems
that satisfy certain local growth conditions. By solution stability, we understand the obtainment of
quantitative estimates on the distance (in some given metric) of a local optimal control corresponding
to a given problem and a control solving the system of first-order necessary optimality conditions
corresponding to a perturbed version of the problem. In other words, to obtain estimates on the
distance of the controls with respect to the size of the perturbation, in the sense that the size of the
perturbation dominates the distance of the controls, we speak of solution stability. This property is a
crucial property characterizing an optimal control problem. For instance, it is of interest for estimating
the theoretical error of a numerical approximation of an optimal control problem.

A way to investigate solution stability is to identify ”reasonable” conditions on the optimal control
problem that imply local optimality and then prove that they are also sufficient for solution stability.
One of these conditions consists of a commonly used second-order sufficient optimality condition
for PDE-constrained optimal control problems, which requires the strong positive definiteness of the
objective functional with respect to the control. Since the problems in this thesis are affine for the
control, such a strong coercivity condition cannot be fulfilled. To account for this difficulty, we consider
a local growth assumption motivated by a similar condition appearing in affine ODE-constrained
optimal control, which jointly involves the first and second-order variations of the objective functional.
We show that this local growth condition implies strict local optimality. Then, to systematize the
study of solution stability, we use methods from the field of Variational Analysis. This field combines
the Calculus of Variations and Convex Optimization, and provides a framework for the treatment
of convex and nonconvex optimization problems, including a property that is closely connected to
solution stability. This property, the so-called strong metric subreqularity, has proven to help treat
error estimates for the numerical approximation in ODE-constrained optimal control problems. Strong
metric subregularity appears in the context of set-valued inclusion maps and, as the name implies,
describes a certain regularity property of a set-valued map. By this, we mean that if the set-valued
inclusion map is strong metric subregular at a given point, we can estimate the distance of that point to
a solution of the perturbed map by the size of the perturbation. The goal is to prove this property for



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

the optimality map of the optimal control problem. The optimality map is a set-valued inclusion map
involving the first-order necessary optimality conditions written as a system of two equations and one
variational inequality (representing the optimality condition of the associated Hamiltonian), forming a
generalized equation. If the optimality map satisfies the strong metric subregularity property, it allows
us to study the solution stability property of the problem for linear and nonlinear perturbations under
various perturbations and in a structured way. The obtained subregularity result provides a base for
the study in future work of convergence and error analysis for discretization methods applied to the
optimal control problem.

The main novelties in this thesis are the study of the subregularity property of the optimality map
associated with affine semilinear elliptic and parabolic PDE-constrained optimal control problems, and
to account for the difficulties of the affine case, the introduction of several novel assumptions jointly
involving the first and second-order variations of the objective functional with respect to the control
or the linearized state. These assumptions are weaker than the ones considered in the literature on
affine problems but still imply strict local optimality. Besides, all of them imply solution stability for
the optimal controls or states, and one is strong enough to imply the strong metric subregularity of
the full optimality map. As a consequence of our investigation, we achieve solution stability estimates
of Holder and Lipschitz type for elliptic and parabolic PDE-constrained optimal control problems.
Finally, we prove that these conditions are also sufficient for obtaining error estimates for the numerical
approximation generated by a finite element approximation scheme. We also improved some of the
error estimates existing in the literature.

This cumulative thesis treats the mentioned topics in five papers. We provide a short but further
detailed summary of the papers’ content on the introduction’s first pages.
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Content of the thesis

This cumulative thesis consists of five papers. Below we list the individual papers and shortly comment
on the obtained results.

[1] A. Dominguez Corella, N. Jork, V. M. Veliov: Stability in Affine Optimal Control Problems
Constrained by Semilinear Elliptic Partial Differential Equations, ESAIM: COCV, 28(79) (2022).

[2] E. Casas, A. Dominguez Corella, N. Jork: New assumptions for stability analysis in elliptic
optimal control problems, SIAM J. Control Optim. 61(3), (2023).

[3] N. Jork: Finite Element Error Analysis and Solution Stability of Affine Optimal Control Prob-
lems, submitted.

[4] A. Dominguez Corella, N. Jork, V. M. Veliov: On the solution stability of parabolic optimal
control problems, Comput. Optim. Appl., (2023).

[5] A. Dominguez Corella, N. Jork, V. M. Veliov: Solution stability of parabolic optimal control
problems with fized state-distribution of the controls, Serdica, (2023).

In , the authors investigate the solution stability of affine optimal control problems constrained by
semilinear elliptic partial differential equations with a Robin-type boundary condition. The underlying
idea is to use a property from Variational Analysis, the so-called strong metric subregularity, and the
formulation of the system of first-order necessary optimality conditions as a set-valued map to study the
solution stability of the optimal control problem for strict local optimal controls that satisfy a specific
local growth condition. Due to the smooth setting, the authors use the Fréchet differentiability of the
control-to-state and the control-to-adjoint operator to establish an approach that provides the strong
metric subregularity of the optimality map and subsequently obtain solution stability of the optimal
controls and states under linear and nonlinear perturbation appearing in the objective functional and
the constraining PDE. This is then applied to obtain error estimates for the Tikhonov regularization.

In , the authors introduce two new sufficient conditions for strict local optimality of an affine
optimal control problem constrained by a semilinear elliptic non-monotone and non-coercive PDE
with Dirichlet boundary condition. These assumptions are the weakest so far considered in the context
of affine PDE-constrained optimization, which guarantee strong or weak strict local optimality and
that allow for solution stability estimates for the optimal controls or states. The authors demonstrate
this by discussing some related problems in the later sections. The proof of the main theorem uses a
synthesis of the approach established in 1| and of the approach established in the papers by E. Casas,
M. Mateos, A. Rosch, F. Troltzsch, D. Wachsmuth and G.Wachsmuth.

In , the author considers an affine optimal control problem subject to semilinear elliptic PDEs with
Dirichlet boundary condition. The main contribution of the paper is the proof of error estimates for the
numerical approximation obtained by a finite element scheme under the sufficient optimality conditions
introduced in and . The error estimates in the literature for the numerical approximation are
improved in the case of an assumed Hoélder-type growth of the joint first and second variation of the
optimal control problem. Additionally, it is shown that the assumptions also suffice for the error

15
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estimates for a variational discretization scheme, where already existing error estimates are obtained
under a simplified proof and weaker assumptions (than those being used before in the literature)
introduced in and . Finally, the author answers a question raised in |2| on the relationship
between a possible bang-bang structure of optimal controls and an assumption introduced in

In Eﬂ, the authors introduced the strong metric subregularity approach of proving solution stability
of the optimal controls and states for optimal control problems constrained by semilinear parabolic
PDEs. The higher dimensionality of the parabolic setting (compared to the elliptic one), demands
some adjustments of the proof strategy and relies on some technical new key lemmas that allow to
overcome the obstacles of the parabolic setting. Additionally, the assumptions introduced in are
considered in the parabolic setting. The major contribution of this paper is the formulation of a
modified strategy of proof of the strong metric subregularity property of the optimality map: This
strategy consists of arguments of [1] and |2] and further improvements thereof. For instance, we drop
some conditions on the feasible perturbations and provide a proof that does not rely on the linearization
of the control-to-adjoint operator and that allows for a straightforward generalization of the optimal
control problems. As a consequence, this will enable us to consider various other partial differential
equations as constraints of the optimal control problem (see, for instance, the two-dimensional Navier-
Stokes equation, [10]). To provide the reader with an overview of the restrictiveness of the used
assumptions on the joint growth of the first and second variation in and , we compare them
to other assumptions that appeared in the context of solution stability of PDE-constrained optimal
control problems. Finally, we prove the strongest Holder-type stability estimates for the optimal
controls and states so far (in the parabolic setting) and provide a Lipschitz stability result under an
assumption introduced in .

In 5], a companion paper to , the authors consider a control problem where the spatial distribution
of the controls is fixed. This allows for more general objective functionals, simplified proofs, and
stronger Lipschitz-type solution stability estimates that resemble the results of the elliptic case.

At the beginning of each section that contains a paper, we comment shortly on the author’s
contribution.

16
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1. Variational Analysis in Optimal
Control Theory

Mathematical optimal control theory is a theory on the optimization of functionals. Usually, the
functionals depend on a dynamical system, and the optimization is done under constraints on the
involved variables. For instance, an optimal control problem often consists of several components:
a control variable, a state equation, a cost functional to be minimized, and constraints that can be
posed on both the control and the state. Initially, the state equation that appears in the problem was
given by a possibly nonlinear ordinary differential equation. For the study of properties of optimal
control problems, it is crucial to obtain necessary and sufficient conditions for optimality. In this
regard, one of the central results in control theory is the famous Pontryagin maximum principle, a
necessary condition for optimality. The principle states that the optimal control and the corresponding
trajectory must satisfy coupled equations. These equations involve the system dynamics, the dynamics
of the adjoint variables, and the Hamiltonian function. The intuition behind Pontryagin’s maximum
principle is that if w is an optimal control, then there exists a solution p of the adjoint equation, a
kind of Lagrange multiplier associated with the state equation so that & maximizes point-wise the
Hamiltonian. A vital notion used in optimization theory is the notion of a set-valued mapping. Set-
valued mappings can be used to study systematically specific properties of optimization problems.
The set-valued mapping relevant to this thesis is related to first-order necessary optimality conditions
of affine PDE-constrained optimal control problems, which are given by the Pontryagin maximum
principle.

The property of solution stability, the main interest of this thesis, is implied by a regularity property

of the set-valued optimality mapping of the optimal control problem. This mapping is strongly related
to the first-order necessary optimality conditions of the optimal control problem. We study the
properties of this set-valued mapping in the framework of Variational Analysis. Variational Analysis
concerns optimization problems arising in various areas, using fix-point methods and techniques from
analysis and functional analysis, and further has deep connections to various branches of mathematics,
such as ODEs and PDEs, optimal control theory, and functional analysis.
As an implication of a certain regularity property of the optimality mapping and the implied solution
stability, we obtain error estimates for a finite element scheme. The numerical approximation can be
considered a perturbation of the original problem. Thus, the error estimates are a consequence of
the solution stability of the original problem. We expect additional error estimates for the numerical
approximation in further work.

To discuss the topic of solution stability for ODE-constrained optimal control problems, which is
the starting point and motivation of this thesis, we provide an overview of some notions and results

17
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from the field of Variational Analysis. Afterward, we provide an application to ODE-constrained
optimal control in the subsequent section. For a comprehensive and self-contained introduction to
control theory, we refer to [3] and [I7].

1.1 Regularity of Set-Valued Maps

Let us overview some concepts and results of Variational Analysis that are relevant to the topic of
this thesis. The presentation is based on the content and the structure provided in the excellent and
self-contained introduction to Variational Analysis by Asen L. Dontchev in [14].

We begin with the formal definition of a variational problem.

Definition 1.1.1 ([14] p.13). Let X be a Banach space and X* it’s dual. Given a function g : X — X*
and a set C C X, the problem to find x € X such that

(9(x),z—x) >0 forall ze€C, (1.1)
is called a variational problem.

To introduce the type of set-valued mapping we are interested in, we need the normal cone, defined
below.

Definition 1.1.2. Let C C X be a closed and convex. The normal cone to C at x is the set
{AEX* (A,z—az)SOfOTalleC'} ifv e,
0 ifx ¢ C.

The normal cone, defines the set-valued normal cone mapping x — Ne(z) on X with respect to C.
Using the normal cone, the variational inequality (1.1)) can be equivalently written as

0 € g(x) + No(z). (1.3)

Thus, g satisfying the variational problem (1.1]), defines a set-valued map ¥(z) := g(z) + N¢(z) and
the variational problem can be seen as the problem of finding z € X such that 0 € ¥(x).

A motivation for considering a variational inequality as , is given by its connection to necessary
first-order optimality conditions. To demonstrate this, let us take a Fréchet differentiable functional
J : X — R that is to be minimized over a closed and convex set C. By DJ(x) we denote the Fréchet
differential of J at x € X. For a local minimum z, it is necessary that

Ne(a) = { (1.2)

(DJ(z),z—x) >0 VzeC.

This can be written as 0 € DJ(x) + N¢(x) or 0 € ¥(z), with g := DJ. Now, Variational Analysis
provides a framework to study stability properties of under perturbations appearing in the
normal cone. Before stating further details, let us recall the meaning of Lipschitz continuity of a
set-valued map. For this, we remember the definition of the domain, graph, and range of a set-
valued mapping. The domain of a set-valued mapping F between the spaces X and Y is given by
dom F = {x € X| F(x) # (0}. The graph of F is defined as gph F' = {(z,y) € X x Y|y € F(z)}, and
the range of F is given by rge F' = {y € Y| there exists z € dom F with y € F(x)}.
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Definition 1.1.3 (Lipschitz continuity). Let (X, h) and (Y, p) be metric spaces. A set-valued mapping
F: X —Y is called Lipschitz continuous with respect to a set D # (0, D C X, if D C dom F, F(x)
is closed for all x € D and there exists a constant kK > 0 such that

hF(z), F(y)) < kp(z,y) forall z,y € D. (1.4)

There are several notions of regularity considered in the context of Variational Analysis. We
begin with metric regularity and introduce strong metric regularity afterward. Finally, we present a
property called strong metric sub-regularity, a version of strong metric regularity that is important to
this thesis.

Metric Regularity

Metric regularity is a central property of set-valued maps in Variational Analysis. Its goal is to estimate
the distance between approximate and exact solutions of inclusions with respect to a residual error.

Definition 1.1.4 (Metric regularity, [14] p.37). Let (X,d) and (Y, p) be metric spaces. A mapping
F: X —Y is called metrically regular at T for y, if y € F(Z), the graph of F' is locally closed at (z,7)
and there is a constant k > 0 and neighbourhoods U of T and V' of § such that

d(xz, F~Y(y)) < kp(y, F(x)) for all (z,y) € U x V. (1.5)

To rephrase, metric regularity states that if a set valued-map is metric regular at a point y € Y,
then one can estimate the distance of a point x € X of being a solution of y € F(x), by p(y, F(x)). It
is well known that for linear bounded map F' between Banach spaces, metric regularity is equivalent
to F' being surjective. Further, the metric regularity of a set-valued map is related to a Lipschitz-type
property of its inverse (the so-called Aubin property).

Definition 1.1.5 (Aubin property [14] p.39). Let (X,d) and (Y, p) be metric spaces. A set-valued
mapping F 1Y — X satisfies the Aubin property at y € Y for z € X, if y € F(&), the graph of F is
locally closed at (Z,y), there exists a constant k > 0, and neighbourhoods U of & and V' of y such that

d(G(y) NU,G(y)) < kp(g,y)  forally,geV. (1.6)

The following theorem connects the metric regularity of a set-valued function F' with the Aubin
property of its inverse F~1.

Theorem 1.1.1 ([I4] p.40). A set-valued map F : X — Y is metrically reqular at T for y with
constant k > 0, iff its inverse has the Aubin property at y for T with constant k > 0.

Let us consider a property related to Lipschitz continuity, the so-called calmness property. A
function f : X — Y between the metric spaces (X,d) and (Y, p) is called calm at = for D C X if
x € DN dom f and there exists a constant k > 0 such that

p(f(2"), f(x)) < kd(2',z) for allz € DN dom f. (1.7)

Given a function f : X — Y and a point z € domf, the calmness modulus of f at x, clm (f;x), is
defined as the infimum of the set of values x > 0 for which there is a neighborhood D of x such that
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(1.7) holds. The concept of calmness allows us to define the Fréchet differentiability of a function
f : X — Y between Banach spaces X and Y at a point = € intdom f as the existence of a linear
mapping Df(z) : X — Y such that

clm (e;z) = 0 for e(2’) := f(2) — [f(x) + Df(z)(z' — x)].

We call a function f : X — Y strictly Fréchet differentiable at a point z if there is a linear and
bounded mapping A : X — Y such that

Lip (e;2) = 0 for e(2’) = f(2') — [f(z) + A(z" — 2)].
Thus we have that for each € > 0 there exists a neighborhood U of x such that
1f(z") = [f(&') + Df(z)(z" — 2")]|| < ella” — || for every 2”,2" € U.

Strictly Fréchet differentiable functions are Fréchet differentiable and the continuously Fréchet differ-
entiable functions are strictly Fréchet differentiable functions, satisfying Lip (f;z) = || D f(z)||. Having
introduced the notion of metric regularity and the related terminology of calmness and strict Fréchet
differentiability, we can now present a well-known sufficient condition for metric regularity.

Theorem 1.1.2 (Lyusternik-Graves [14] p.47). Let f : X — Y be a single-valued map between Banach
spaces X andY . Suppose that f is strictly Fréchet differentiable at € dom f such that the differential
Df(z) is surjective. Then f is metrically reqular at T for f(x).

Strong Metric Regularity

The notion of strong regularity of a set-valued mapping relates to invertibility properties in the context
of set-valued maps between Banach spaces.

Definition 1.1.6 (Strong metric regularity, [14] p.80). A mapping F' : X — Y between Banach spaces
X andY is called strongly metrically reqular at T for , if (Z,9) € graph F and the inverse F~1 admits
a Lpischitz continuous single-valued localization around y for .

As before we can characterize Lipschitz continuity of a localization in terms of the Aubin property.

Proposition 1.1.3. Let G : Y — X be a set-valued mapping between Banach spaces X and Y. Given
a pair (Z,7) in graph G, it is equivalent.

1. G has a Lpischitz single-valued localisation g around y for T.
2. G has the Aubin property at § for T and a nowhere multi-valued localisation around ¥ for T.

The famous Robinson implicit function theorem gives a sufficient condition for strong metric reg-
ularity.

Theorem 1.1.4 (Robinson, [14] p.81). Let P and X be Banach spaces and X* be the dual for X.
For a function f : P x X — X* and a closed and convex set C in X, consider the parameterized
variational inequality

<f(p,l'),y—$> ZOfOT allye C,
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or equivalently,
0€ f(pvx) +N0(x)7

where p € P is a parameter, and N¢o : X — X™* is defined as the usual normal cone mapping. Denote
by S its solution mapping and let T € S(p). Assume that:

1. f(p,x) is Fréchet differentiable with respect to x in a neighbourhood of the point (xz,p), and both
f(p,z) and D, f(p,x) depend continuously on (p,x) in this neighbourhood. Also, f is Lipschitz
continuous in p uniformly in x around (p,T);

2. The inverse G=' of the set-valued mapping G : X — X* defined as
x— G(z) = f(p,T) + Do f(p, T)(x — T) + No(z), with 0 € G(T),
has a Lipschitz continuous single-valued localization around O for T.

Then S has a single-valued localization s around p for T, which is Lipschitz continuous around p.

Strong Metric Subregularity

Finally, we come to the property that plays a significant role in this thesis, the so-called strong metric
subregularity. While strong metric regularity allows comparing two points around a given point at
which the set-valued mapping is strongly metrically regular, the property of strong metric subregularity
allows only the comparison of points with the point where the map is strongly metrically subregular,
making it in a sense a one-point version of strong metric regularity and thus a weaker condition that
applies to the affine problems we investigate in this thesis.

Definition 1.1.7 (Strong metric subregularity, [I4] p.114). A mapping F : X — Y acting between
metric spaces (X, p) and (Y,d) is said to be strongly subregular at T for g if (Z,y) € gph F, and there
is a constant k > 0 along with neighborhoods U of x and V' of y such that

p(x,z) < kd(y, F(x)NV) forallxz e U.

The following subsection presents a sufficient condition for the strong metric subregularity of the
optimality map of affine ODE-constrained optimal control problems. It turns out that this condition
is also sufficient for the strong metric subregularity of the optimality map corresponding to PDE-
constrained optimal control problems.

1.2 Strong Metric Subregularity in ODE-Constrained Optimal Con-
trol

We discuss an approach developed by Osmolovskii and Veliov in [20] for deriving strong metric sub-
regularity of the optimality map for affine ODE constraint optimal control problems. These results
are the starting point and motivation of this thesis.

Consider the Lagrange-type optimal control problem

ueld

min { J(u) = /0 " Lt 2(0),u(t)) a}. (2.8)
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subject to
&= f(t,z(t),u(t), =(0)= o, (2.9)

u(t) e U, a.ete0,T]. (2.10)

The solutions to are denoted by z and take values in R™, the control u has values u(t) almost
everywhere in a given set U C R™. The initial state x¢ and the final time T > 0 are fixed. The
set of feasible controls U consists of all Lebesgue measurable and bounded functions u : [0,7] — U.
The states x, that are solutions of —, are Lipschitz continuous functions. The investigated
problem is assumed to be affine with respect to the control, that is, L and f have the following form:

flt,x,u) == a(t,z) + B(t,x)u, L(t,z,u):=w(t,z)+ (s(t,z),ut)), (2.11)

where B is a n X m matrix valued function, s is a vector valued function and w is a scalar valued
function. We make the following assumption on the optimal control problem. The set U is convex and
compact, the functions L and f are two times differentiable in x, the second derivatives are continuous
in x locally uniformly in ¢; and for every x € R™ and u € U, the functions L and f, and their first and
second derivatives in x are measurable and bounded in t.

The space LP([0, T],R"), with p = 1,2 or p = oo, consists of all Lebesgue measurable r-dimensional
vector-functions defined on the interval [0, 7], for which the standard norm || - || is finite. As usual,
WHL([0,T],R") denotes the space of absolutely continuous functions x : [0, 7] — R for which the first
derivative belongs to L([0, 7], R"). The norm in W11([0, T], R") is defined as ||z|y11 := |2(0)|+ ||| 1,
so that [|#[so < ||z||11. The Hamiltonian associated with problem (2.8)-(2.10)) as usual:

H(t,z,u,p) := L(t,z,u) + (p, f(t,x,u)) € R™. (2.12)

For a certain convex and compact set S (see [20, Remark 2.1]), we denote by Lip a Lipschitz con-
stant with respect to € S (uniformly in t € [0,T], v € U,p € S) of the functions f, L and
H, their first derivatives in x, and H,, and H,,. By M we denote a bound of the functions
[ fus for fue, Hyy Hygy Hyyy Hyzo, and Hoygy, for (t,z,u,p) € [0,T] x S x U x S. Further, we denote
by w the modulus of continuity of H,;, uniformly with respect to (¢,u,p) € [0,T] x U x S. Although
the feasible controls u € U are bounded, we consider the control-trajectory pairs (x,u) as elements of
the space Wh! x L' := Whi([0, T],R") x L'([0,T],R™). Applying Pontryagin’s maximum principle
for problem —, and using the definition of the normal cone,

{yER” <y,v—u>§0forallv€U} ifuel,
0 if u ¢ U,

Ny (u) = { (2.13)

we can formulate the following first-order optimality system for (x,u) and the absolutely continuous
function p: [0,7] — R™, for a.e t € R, the so-called adjoint state, by

0= —i(t) + f(t, 2(t),u(t)), z(0)— 20 =0, (2.14)
0= p(t) + Vo H(t, z(t), u(t), p(t)), (2.15)
0= p(T), (2.16)
0 € VoH(t, z(t),u(t), p(t)) + Nu(u(t)). (2.17)
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In [20], the authors define the linearized equation for (v —u) € U — u(t) a.e. in [0,7], of equation

(2.9):
Sx(t) = folt, (), a(t))0x(t) + fult, 2(t), a(t))(u — @)(¢), d2(0) = 0,t € [0,T]. (2.18)

Using the solution to the linearized state, we can calculate the first variation of the objective function
at @ in direction u — u:

T
J () (u — 1) 2/0 (Vo H(t,&(t),a(t), p(t)), (u — u)(t)) dt.

In what follows, let us abbreviate H (t) := H(t, Z(t), a(t), p(t)). The quadratic functional of (dz, u—u) €
Wl x L', coming from the second variation reads in the affine case as

T A~ ~
O(6z,u — @) = /O [1 J2( H o (£)52(E), 02(£)) + (Hua (£)02(2), (u — a)(t»} dt.

Let T be the set of all (6x,u — @) € Wh! x L! such that (u — a)(t) € U — 4(t) a.e. in [0,7] with éx
being the solution of the linearized equation. We make the following assumption on the joint growth
of the first and second variation.

Assumption 1.2.1 ([20]). There exists a constant co > 0 such that
T
/ (VuH(t), (= a)(t)) dt + Q0w u—a) > coflu — alf (2.19)
0

for all (6x,u—u)eT.

The authors show in [20], that assumption (1.2.1)) is sufficient for strict local optimality; we prove
in this thesis that this also applies to PDE-constrained problems.

Corollary 1.2.2 ([20]). Let § = (&,0,p) € Wht x U x WL be a solution of the part (2.14)-([2.16) of
the optimality system (2.14)-(2.17)). Let, in addition, Assumption (1.2.1)) be fulfilled. Then (&,1) is a
strict strong local solution of problem ([2.8)-(2.10). Consequently, inclusion (2.17)) is also satisfied.

By “strict strong local solution” the authors in [20] mean the following: there is a number ¢ > 0
such that for every u € U with ||u — @l < ¢ and u # 4 (in the sense of L') it holds that if the
corresponding solution of (2.9)) exists on [0, 7], then J(u) > J(1).

Define the spaces ) := I/Vol’1 xUx Whl Z .= L' x L' x R* x L>®. The optimality system
corresponding to problem (2.8)-(2.10) can be recast as the generalized equation 0 € ¥(y), where
y=(z,u,p) and V:Y — Z,

-+ f(-,x,u)
\I/(y) — p+ZZUJI:‘;(7y)

(2.20)

Here
Ny(u) == {v e L>®(0,T) : | v(t) € Ny(u(t)) for a.e. t € [0,T]}.

Finally, to prove the strong metric subregularity of the optimality map, the authors in [20] need the
following stronger version of Assumption (|1.2.1]).
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Assumption 1.2.3 ([20]). Let y = (z,4,p) € Y satisfy 0 € U(y) and let there exists a constant co > 0
such that

T
/ (VL H (), (u—a)(t)) dt + 2900z, u — @) > collu — a?, (2.21)
0
for all (6x,u—u)eT.
The main theorem of Osmolovskii and Veliov in [20] follows.

Theorem 1.2.1 ([20]). Let Assumption be fulfilled. Then the optimality mapping, associated
with problem —, is strongly metrically sub-reqular at § = (&,4,p) for zero. Moreover, the
parameters of SMsR can be chosen depending on the data of the problem — only through the
constants Lip, M and T, the modulus w, and the constant co in Assumption|1.2.5.

As an application of the achieved strong metric subregularity, Osmolovskii, and Veliov obtain error
estimates for the Euler discretization; we refer to [20, Theorem 5.1] for the statement of their result.
The approach outlined in [20] and the sufficient optimality assumptions introduced motivate us to
consider strong metric subregularity and solution stability in a more general context. The content
of this thesis, the investigation of solution stability properties of PDE-constraint optimal control
problems, is inspired by their result, builds upon and further extends it. As seen in the next chapter,
one of the main difficulties is the technical analysis needed for treating PDE-constrained problems
and achieving ”good” apriori estimates (especially for the parabolic case) and the right approach to
capitalize on them.
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2. Solution Stability in
PDE-Constrained Optimal Control

There are many appearances of PDEs in the modeling of phenomena in physics, chemistry, and biology.
Consequently, it has become increasingly important to consider optimal control problems where PDEs
appear as one of the constraints. Due to the complex analytical structure of PDEs, especially if the data
of the PDE is of low regularity, the investigation of existence, uniqueness, and regularity properties
of solutions, and subsequently, the treatment of PDE-constrained problems has to overcome many
difficulties. Often, tools used in the ODE setting do not apply to the PDE setting. Therefore, the first
difficulties of PDE-constrained optimal control already arise with the concise analysis of the involved
PDEs and the behavior of their solutions, building on apriori estimates and maximum principles.

Optimal control problems can be classified into convex and nonconvex ones. For an optimal control
problem, the property of being convex is strong, and many interesting problems do not satisfy it.
Indeed, if the constraining PDE is semilinear or, more generally, nonlinear, we cannot expect the
convexity of the problem. For convex problems, the first-order necessary optimality condition is
already sufficient, and under some properties of the objective functional, the existence of a unique
global minimizer is easily achieved. This is not true for nonconvex problems; here, we may guarantee
the existence of at least one global minimizer under some regularity assumptions on the problem, but
further local minimizers may exist. To guarantee the local optimality of a given control, it is necessary
to introduce additional conditions, so-called second-order sufficient conditions. Thus for the study of
nonconvex problems, it is important to consider second-order optimality conditions.

One of the pillars in PDE-constrained optimal control is the formulation of sufficient second-order
optimality conditions, which are as weak as possible and thus can be applied to many problems but
are still feasible for numerical implementation. In this regard, much progress was made in the last
decades, for instance by, among others, E. Casas, M. Mateos, A. Rosch, F. Troltzsch and G. and D.
Wachsmuth.

A central task in PDE-constrained optimal control is studying optimal controls’ so-called solution
stability property. This property quantifies the behavior of the optimal control problem at an optimal
control with respect to disturbances. Indeed, if the optimal control problem does not satisfy some kind
of solution stability property under a small perturbation of the data of the problem, the perturbation
may steer the optimal solutions of the perturbed problem far away from the optimal control of the
original problem. Of course, this behavior is bad for all numerical approximations as they can be seen
as a perturbation of the continuous problem. It is, therefore, essential to identify sufficient conditions
for solution stability and quantify their implication on the distance of optimal controls and states.
The investigation of stability properties of optimization problems, in general, is based on the study of
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the system of necessary optimality conditions. The first-order necessary optimality conditions consist
of two equations (primal and adjoint) and one variational inequality forming a generalized equation.
The concept of strong metric subregularity, see [9, [I5], of set-valued mappings, which we also employ
in this thesis, has shown to be effective in many applications, especially ones related to error analysis,

see [I].

We split the presentation of some results obtained in the publications encompassed by this thesis
into two sections, one for elliptic problems and one for parabolic problems.

2.1 The Elliptic Optimal Control Problem

Let us begin with a short overview of the notation, definitions, and the PDEs involved. Afterward,
we define the optimal control problem and present a general approach for obtaining solution stability
and related results. Finally, we discuss the application of solution stability to obtain error estimates
for the numerical approximation.

2.1.1 Facts on the involved PDEs

For a non-empty, bounded and Lebesgue measurable set X C R™, we denote by LP(Q), 1 < p < oo, the
Banach space of all measurable functions f : X — R for which the usual norm || f| z»(q) is finite. For
a bounded Lipschitz domain X C R", the Sobolev space H{(X) consists of functions that vanish on
the boundary and that have weak first-order derivatives in L?(Q2). The space H}(X) is equipped with
its usual norm denoted by || - || i) By H ~1(Q) we denote the topological dual of HZ (), equipped
with the standard norm || - || -1(q). We denote by C (€2) the space of continuous functions on that
can be extended continuously to €2 equipped with the || - || joc(q)-norm. The space Hg(€2) N C(Q) is

endowed with the norm

11l 5t @nc@) = 1¥llar @) + 1¥lle@):

A function 9 : 2 x R — R is said to be Carathéodory if ¥ (-,y) is measurable for every y € R, and
¥ (x,+) is continuous for a.e. z € . A function ¢ : 2 xR — R is said to be locally Lipschitz, uniformly
in the first variable, if for each M > 0 there exists L > 0 such that

¥z, y2) — ¥(z, 91)] < Lly2 — 1
for a.e. x € Q and all y1,y2 € [—M, M].

We consider an optimal control problem subject to the PDE used in [4]. A similar PDE was
considered in [I1]. The approach presented here applies to both of them. To formulate the problem,
let us define the differential operator A : H}(Q) — H~Y(Q) by

Ay = —div (A(z)Vy) + b(z) - Vy.
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Throughout this section, the following assumptions stand.
Assumption 2.1.1. The following statements are fulfilled.

(i) The set Q@ C R™, n = 2,3, is a bounded domain with a Lipschitz boundary T'. The mapping
A Q — R™" js measurable and bounded in 2, and there exists Ay > 0 such that €T A(z)¢ >
Aalé|? for a.e. x € Q and all £ € R™. The components a;j € L®(Q) of A are additionally
assumed to satisfy a;j € CYY(Q) (i.e. Lipschitz continuous on ) in the subsection on error
estimates for the numerical approrimation.

(ii) We assume that b € LP(;R™) with p > 3 if n =3 and p > 2 arbitrary if n = 2.

Assumption 2.1.2. We assume that f : @ x R — R is a Carathéodory function of class C? with
respect to the second variable satisfying:

£(-,0) € L"(Q) with r > g and gzjj(ﬂs,y) >0VyeR, (1.1)
of 0% f
VM >0 3Cy > 0 such that 8—y(:v,y) + 8—y2(m,y) < Crum Yyl < M, (1.2)
VM >0 and Ve > 0 35 > 0 such that
0% f 0% f (1.3)

<ceif ly1l, lye] <M and |y2 — y1| <6,

373/2(1”/2) - 37y2($7y1)

for almost every x € €.

Under the assumptions above it is known that A : H}(Q) — H~1(Q) is an isomorphism even
though the operator is neither coercive nor monotone; see [7], [I8, Theorem 8.3|, [25]. Consider a
weak solution y to

{ —div (A(z)Vy) +b(z) - Vy + f(z,y) =u in Q, (1.4)

y=0 on I.

That is y € Hg(Q) satisfies
(Ay, z) == / AVy - Vzdx—l—/ b-Vyzdz :/(u— f(,y))zdz Vz e HI(Q),
Q Q Q

where (-, -) denotes the duality pairing between H~1(Q) and HE ().

The next theorem regarding solutions to (|1.4) by E. Casas, M. Mateos, and A. Résch is central.

Theorem 2.1.3 ([6]). Let Assumptions|2.1.1) and|2.1.4 hold. If u belongs to L"(S2) for some r > n/2,
then there exists a unique weak solution y, € H}(Q)NC(Q) of (1.7). Moreover, there exists a constant
Ky, independent of u such that

1Yl ) + lvallc@) < Krr(lullr) + 1£C0)r@) +1)-

Further, if {ug}32, is a sequence converging weakly to w in L"(2), then yu, — yu strongly in Hg(Q)N
c(Q).
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For each r > n/2, we define the control-to-state operator G,. : L (Q) — HZ (Q)NC(Q), Gr(u) = yu.
To calculate the first and second variation of the objective functional, we need the following theorem.

Theorem 2.1.4. Let Assumptions |2.1.1] and |2.1.4 hold. For every r > 4 the map G, is of class
C?, and the first and second derivatives at u € L"(Q) in the directions v,v1,v2 € L"(Q), denoted by
Zuw = GL(uw)v and zyp, v, = G (u)(v1,v2), are the weak solutions of the equations

of _
Az + By (T, yu)z = v,
of _0*f
Az + 5y @ ¥z = =55 (@ b Zu 2

respectively.

The proof of Theorem (12.1.4]) can be obtained by similar arguments as in [7].

2.1.2 The control problem

Given —oo < u, < up < +o0 let us define the set of feasible controls
U={ucL*Q):us <u(z) <up foraa. zcQ}. (1.5)

We consider the following optimal control problem

(P) min J(u) := /Q L(z, yu(2), u(x)) e, (1.6)

subject to

{ —div (A(2)Vy) +b(z) - Vy + f(z,y) =u in Q, (1.7)

y=0 on T.

The next assumption on the objective integrand L is assumed to be satisfied for the remainder of this
chapter.

Assumption 2.1.1. The function L : Q x R?> — R is Carathéodory and of class C? with respect to
the second variable. In addition, we assume that

( L(ZE,y, U) = La(xay) +Lb(x7y)u with La('70) € LI(Q)7Lb(7O) € LOO(Q)v
VM >0 3Cp p > 0 such that

L 2L
S| + 52 )| < Coar Viulul <

Vo >0 and M > 0 de > 0 such that

‘82L 0L

aTP(ﬂC’yzau) - aiyg(xaylvu) < p |y1ls|y2] < M with |y2 — y1| < e,

for almost every x € €.
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By Theorem the assumptions on L, and the boundedness of U in L>(€2), the existence of
at least one global solution of (P) follows. The problem is nonconvex; thus, we consider the notion of
local minimizers.

Definition 2.1.2. We say that u € U is an L"(Q)-weak local minimum of problem —, if there

exists some € > 0 such that

We say that uw € U a strong local minimum of the optimal control problem if there exists € > 0 such
that
J(u) < J(u) Yu el with ||y, — yallLe() < e

We say that u € U is a strict (weak or strong) local minimum if the above inequalities are strict for

As a consequence of Theorem ([2.1.4]), Assumption and the chain rule, we obtain the Fréchet
differentiability of the objective functional.

Theorem 2.1.5. Suppose that r > 5. Then, the functional J : L"(2) — R is of class C?. Moreover,
given u, v, v, vy € L"(Q2) we have
oL
J (u)v = / [(pu + —(m,yu,u)]vdx,
Q 8u

8°L o2 f
T u)er) = [ {5 0w) = o5 )| a2 e,

where @, € HY(Q) N C(Q) is the unique solution of the adjoint equation

of oL )
* a_ u = 5 L Yu, 97
As0+ay(a:,y)<ﬁ ay(fvy u) in
p=0o0nl.

We obtain the following classical Pontryagin-type necessary optimality condition.

Theorem 2.1.6. L_et @ be a (strong or not) local minimizer of (P), then there exist two unique elements
U, € H (Q)NC(Q) such that

Ay + f(z,y) = u in Q,
{ y=0onl, —
of oL .
* 5 — y)o = — U, U Q
Ao+ 9y (@,9)¢ a9y (z,9,u) in €, (1.9)
p=0o0nT,
L
/ o+ i(x,ﬂ,a)} (u—)ds >0 Vuel. (1.10)
Q ou
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2.1.3 Sufficient optimality conditions

Let us discuss sufficient conditions for weak or strong local optimality.
Assumption 2.1.3 ([I1,19]). Let u € U, v € (n/(2+n),1] and B € {1/2,1} be given. There exist
positive constants ¢ and o such that
1~ ~ 1" (= —\2 +7
J'(a)(u—a)+ pJ"(a)(u —u)* > cl|ju— uHL1 (1.11)
for allw e U with [|u — |11 q) < .

In PDE-constrained optlmlzation, Assumption with § =1 and v € (n/(2 + n), 1], was first
introduced in [I1]. Tt originated from nonlinear affine ODE-constrained optimal control theory and
was first introduced in [21] (8 € {1/2,1} and v = 1). We mention that Assumption implies
the optimal controls to be bang-bang, see [I1]. In [4], two additional assumptions on the joint growth
of the first and second variation were introduced. They present a weakening of Assumption

Assumption 2.1.4 ([4]). Let u € U and § € {1/2,1} be given. There exist positive constants ¢ and
o with

J'(@)(u = @) + BJ" (@) (u — 0)? > ¢|lzau-all L2llu — @l o)
for all w e U with [|u — |11 o) < .

It was conjectured that Assumption 2.1.4] may be applicable for controls that are not bang-bang.
This was recently answered negatively in [19]. Still, if the optimal control is not bang-bang, we can
apply the next assumption.

Assumption 2.1.5 ([4]). Let u € U and € {1/2,1} be given. There exist positive constants ¢ and

o with
J'(@)(u—a) + 8" (@) (u - 0)* > cl|zau—al72q)

for all w € U with ||y — Jll 1~ < a.
All of these assumptions imply strict local optimality.
Theorem 2.1.6 ([12]). The following holds.
1. Let uw € U satisfy Assumption|2.1.5. Then, there exist € > 0 such that:
J(@) +1/2u = al 1) < J(u) (1.12)

for all w € U such that |[u — |1 (q) <e.

2. Let u € U satisfy Assumption |2.1.4| and guZ = 0. Then, there exist € > 0

J(@) +1/2|lyu — yall 2oyl — Gl ) < J(u) (1.13)

for all w € U such that ||u — 1) <e.

3. Let u € U satisfy Assumption|2.1.5 and gug = 0. Then, there exist € > 0

J(@) +1/2]lyu — yal 7o) < J(u) (1.14)

for allu € U such that ||y, — ya”LOO(Q) <e€.
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2.1.4 Strong metric Holder subregularity
We begin with the system representing the necessary optimality conditions for problem (|1.5)—(1.7):

0 = Ay—f('ayau)a
0 = A'p—Hy(-,y,p,u), (1.15)
0 € Hu(a yap) + NU(u)a

If uw € U is a local solution of problem ((1.5)—(1.7), then the triple (yu,pu,u) is a solution of (1.15)).
The mapping defined by the right-hand side is called the optimality mapping. To formally introduce
the optimality mapping, we fix a number r > n/2, define the set

D(A) = {y € HH(Q) N LOO(Q)( Ay € L™(Q),y = 0 on r}, (1.16)

and consider A : D(A) — L"(R2). Similarly, to address the adjoint equation, we define the mapping
A*: D(A*) — L"(Q2), where

D(A") = {p € H}(Q) N LOO(Q)‘A*p € L"(Q),p=0on r}.
Now, we can define some metric spaces:
Y:=D(A) x D(A*) xU and Z:= L*(Q) x L*(Q) x L>(Q),

The spaces Y and Z are endowed with the following metrics. For ¢; = (y;,pi,u;) € Y and (; =
(5177717/%) € Zv (&S {172}7

dy (Y1, ¥2) = lly1 — yell2) + IP1 — P2llL2@) + llur — w2l (o).

dz(C1, C2) = (1§ — &lle) + [Im — m2llz2@) + o1 — p2llL=(q)-

We denote by By (); «) the closed ball in ), centered at 1) and with radius a.. The notation for the
ball Bz ((; «) is analogous. Let us remind the definition of the normal cone to the set U at u € L*(Q):

S {reL®)| [qrvlv—u)dz <0 YvelU} ifuel,
Nuu(u) = { 0 ifugU.
Then the optimality mapping is defined as the set-valued mapping ® : Y — Z,
Ay - f(7 Y, U)
O(y,p,u) = A*p — Hy(-,y,p,u) . (1.17)

Hu('a Y, p, u) + NM(U)
The optimality system ([1.15]) can be recast as the inclusion
0€ ®(y,p,u). (1.18)

We denote ¢ := (¢, p, @) = (ya, pa, @) , where @ is the fixed local solution of problem (1.5)—(1.7)).
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Definition 2.1.1. The optimality mapping ® : J — Z is called strongly Hélder subregular with
exponent v > 0 at (1, 0) if there exist positive numbers a1, as and k such that

dy (1, 9) < kdz((,0)7 (1.19)
for all 1 € By(¢);a1) and ¢ € Bz(0; az) satisfying ¢ € ®(v)).
More explicitly, the inequality ((1.19) reads as

v
ly — yallL2@) + lp — pallL2@) + lu —4llp1@) < “(||§HL2(Q) +lmllr2 @) + ”PHLOO(Q)) -

For technical reasons, let us make an assumption on the feasible perturbations of the optimality
mapping that stands for the whole section.

Assumption 2.1.7. For a fized positive constant C, the admissible perturbation ( = (§,n,p) € Z
satisfy the restriction

€L, Ml zr @) < C. (1.20)

One of the main theorems in this section is the following.

Theorem 2.1.2 ([1]). Let Assumption [2.1.4 hold for some v € (n/(2 4 n),1] and 8 = 1. Then the
optimality mapping ® is strongly Holder subregular at (1,0) with exponent ~y.

To demonstrate the application of the obtained strong metric Hélder subregularity of the optimality
mapping, let us consider the perturbed problem:

glelgll{JC(u) = /QL(:E,yu,u) + pu + Ny dm} (1.21)
subject to (1.5 and
{ Y =0 on 0f). (1.22)

The existence of a globally optimal solution to — is guaranteed by the assumptions on
the optimal control problem and the direct method in the calculus of variations. Let the optimality
mapping be strongly metrically Holder subregular at « with exponent v and numbers «, @ and
. Given a solution @¢ of the system of first-order optimality conditions of the perturbed problem
such that ||z — @[ 1) < o1, it holds

7€ —all ) + 17¢ = T2 + 118° = Pllrz@) < &1€lz2@) + Inllz2(@) + lollzeo@)-

Under condition (2.1.3) (8 = 1/2), and the additional assumption that the second derivatives of L
and f are Lipschitz with respect to the y-variable, we can prove another stability result as well.

Theorem 2.1.8 ([19]). Let @ satisfy Assumption[2.1.38 = 1/2) for some v € (n/(n+2),1]. There
exist positive constants ¢ and « such that

2 — @l L) + 15¢ = Fllr2) + 18° = Bllrz) < c(l€ll 2@ + Inllzz@) + ol o)
for any minimizer (3¢, p¢,u¢) of (1.21)-(1.22) with ||a¢ — 1) < a.
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We obtain solution stability of the optimal control problem with respect to perturbations also
under the Assumptions 2.1.4] and 2.1.5] In the theorems below, we need to additionally assume that
Li(z,y)u := gu, for some function g € L>°(Q).

Theorem 2.1.7 ([4]). Let u be a local minimizer of (P) satisfying Assumption |2.1.4 Consider

perturbations of the form ¢ = (&,1,0). Then, there exist positive constant k and o« such that

a¢ — ul[ 1) + 17 — Yll2) + 1p¢ —Dllz2@) < Fﬂ(Hf”L?(Q) + H77HL2(Q))7
for all triple (ﬁc, gjc,pc) that solve the first-order necessary optimality condition of the perturbed problem
and satisfy ||a¢ — il 1) < @

If the objective integrand of the perturbed problem is of the form

&
Le(z,y,u) = Lo(z,y) + ny + pu+ §u2, e>0,

we obtain the following state stability result.

Theorem 2.1.8 ([4]). Let @ be a local minimizer of (P) satisfying Assumption |2.1.4 Then, there
exist positive constant k and o such that

15 = e + 15 = Bl ey < #(1€ll 2@y + Il 2@y + ol +2)),

for all triple (aS, g, p°) that solve the first-order necessary optimality condition of the perturbed problem
and satisfy ||u¢ — @10 < a.

Theorem 2.1.9 ([4]). Let @ be a local minimizer of (P) satisfying Assumption [2.1.5 Consider
perturbations of the form ¢ = (§,7n,0). Then, there exist positive constant k and « such that

1 = Sz + 16 = Plzzcay < (€] + Il

for all triple (aS, g, p°) that solve the first-order necessary optimality condition of the perturbed problem
and satisfy ||7¢ — YllLoo(o) < .

2.1.5 Error estimates for the numerical approximation

We consider the problem

min{J(u) ::/QL(:E,y(:U),u(x))dx}, (1.23)

uel

subject to
Ay+ f(hy) =u  in €,
{ y=20 on I (1.24)

In this section, we assume that the term b in the operator A is zero.
We derive error estimates for the numerical approximation under Assumptions [2.1.3] 2.1.4] and 2.1.5]
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The finite element scheme is close to the one in [6]. We also refer to [2] for an overview of the
finite element method. In this section, Q is convex and {73 },~¢ denotes a quasi-uniform family of
triangulations of Q. Denote Q) = Urer, T and assume that every boundary node of (), is a point
of I'. Further, suppose that there exists a constant Cr > 0 independent of A such that the distance
dr satisfies dr(z) < Crh? for every z € I'), = 99y,. The finite-dimensional space of discrete states is
defined by

Y ={2n € C(Q) : zpyp € PI(T) VT € 7, and z;, =0 on Q\ Qp},

where P;(T) denotes the polynomials in T of degree at most i. For u € L?(2), the associated discrete
state is the unique element y,(u) € Y}, that solves

a(yn, zn) + f(z,yp)zpde = / uzpdr Yz, €Yy, (1.25)
Qp Qp

where

aly,z) = Z /Qaij(?xiyaszdx Vy,z € HY(Q).

ij=1
The existence and uniqueness of a solution for ([1.25]) follows standard arguments. We define the set
of discrete controls for the discrete problem by

Uy, := {up, € L= (Qp,) - Up|T € Py(T) VT € 73}

By IIj, we denote the linear projection onto Uy in L?(£2;,), that is

1
(Mpu) i = / wdr, VT € 1.
7| Jr

Altogether, defining Uy, := U, NU, we state the discrete problem:

min {Jh(uh) ::/Q L(z,yn(u),u) daz}. (1.26)

up €U h

The set U, is compact and nonempty, and the existence of a global solution of (|1.26)) follows. For
u € L?(Q), the discrete adjoint state pj(u) € Y}, is the unique solution of

0 OL
a(zn, pn) + —f(x,yh(u))phzh dz = —(z,yp(u),u)zpdz Vzp € Yy,
o, 0y 0, 0y

One can calculate that 5L
T(we) = [ o) + 5 () w)ods.
Q u
A local solution of (|1.26)) satisfies the variational inequality
T (@n) (up — 1) >0 Yuy € Up,.

Now, we can formulate our main theorem on error estimates for the numerical approximation.
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Theorem 2.1.9 ([19]). Let u be a local solution of (P). Consider the constant o corresponding to
the Assumptions[2.1.3, [2.1.7) or[2.1.5. Consider a sequence of discrete optimal controls u, € Uy of
(1.26) that satisfy ||up — il L1 (q,) < o We recall that § is the solution of (1.2) and y(iup) denotes the

solution of (1.25|) for up,.

1. Let Ly = 0 in the objective functional and let @ satisfy Assumption[2.1.5(8 = 1/2). Then, there
exists a positive constant ¢ independent of h such that

ly(an) = 9ll 2@y < eVh. (1.27)

2. Let Ly = 0 in the objective functional and let u satisfy Assumption|2.1.4(8 = 1/2). Then, there
exists a positive constant c independent of h such that

ly(@n) = yllr2(a) < ch. (1.28)

3. Let aa—Lyb = 0 in the objective functional and let u satisfy Assumption|2.1.58 = 1/2). Then, there
exists a positive constant c independent of h such that

un — @l + ly(@n) — gllp2) < ch?. (1.29)
If %—Zb # 0 we obtain the estimate

(+min{l/r1/7})y
v+1 .

[an =@l 1@, + ly(n) = Gllr2 (@) < ch (1.30)

If a variational discretization scheme generates the discrete optimal control uj, we obtain a stronger
result.

Theorem 2.1.10 ([19]). Consider the constant o corresponding to the Assumptions or
. Let {up}n be a sequence of solutions to the first-order optimality condition of the discrete
problems such that | — ul[p1(q,) < .

1. Let Assumptions[2.1.5 be satisfied by € U. There exists a positive constant ¢ independent of h
such that

ly(@n) = yllz2) + llp(@n) = pllr2(0) < ch.

2. Let Assumptions[2.1.4] be satisfied by w € U. There exists a positive constant ¢ independent of h
such that

ly(an) — §llz2 () + lp(@n) — bl r2@) < c(h|log k).

3. Let Assumptions be satisfied by u € U for some v € (n/(2+ n),1]. There exists a positive
constant ¢ independent of h such that

= @l oy + ly(an) = gllz2g) + Ip(@n) = Bll2() < c(hllog hl)*.

35



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.1.6 Solution stability and variational discretization

In this subsection, let us motivate a link between the property of solution stability and the obtainment
of finite element error estimates. In this sense, Theorem below shows that a property related to
solution stability implies estimates for a finite element variational discretization scheme. The intuition
may be, that once solution stability is achieved under certain growth conditions, we may expect error
estimates for a variational discretization scheme under the same conditions and of similar strength.

Let us now define a property that we will call strong solution stability.
Definition 2.1.11 (Strong solution stablility). We call the optimal control problem (|1.5)-(1.7)) strong
solution stable at u for V.C U, with positive parameters k,~v and o if

ol
@ — @l L) + 15 = 82y + 1P — Pl ooy < K(HfHL?(Q) + Inllz2@) + ”PHLOO(Q)) (1.31)

for all triples (S, 3¢, p¢) related to the perturbed problem (1.21)-(1.22) that satisfy ||a — aCHLl(Q) <«
and

Jé(ﬁc)(v — @) >0 forallveV.

Assumption [2.1.3] implies strong solution stability. This can be observed in the proof of the strong
metric subregularity property of the optimality map provided in [12].

Theorem 2.1.12. Let the optimal control problem be strong solution stable at u for {u} with positive
constants 7, k, and «. Let {up}, be a sequence of solutions to the discrete problems (1.26) with
Hu‘h - Z_L||L1(Q) < a. Then

[tn =l 1(0p) + Ny (@n) = Gllz2g) + 1p(@R) = Bl (@) < K(h|log h|)*7. (1.32)

Proof. Given a minimizer uj, of the discrete problem (1.26]), let ¢ = (0,0, p), with p := p(an) — pa, -
Then we define the perturbed optimal control problem

wig {Jcw) = [ Loyt u@) a4 [ olm) - pouds),

ueU

subject to
Ay+f(7y):u in Qv
Y= on I'.

It is easy to see that
JE(ap) (@ — ap) = / p(ap)(u — ap) dz > 0. (1.33)
Q
But that is all we need of uy to apply the strong solution stability at u. That is, we obtain
ln — 1) < Al PLER) — D) e -

From here, the claim follows from estimates relating the discrete state and adjoint state with the
continuous ones. O
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2.2 The Parabolic Optimal Control Problem

In this section, we introduce the strong metric Hélder-subregularity property of the optimality mapping
of a parabolic problem. The higher dimensionality of the parabolic problem demands a more involved
analysis.

2.2.1 Facts on the involved PDEs

First, we recall the standard definitions in the parabolic setting. Given a real Banach space Z, the
space LP(0,T; Z) consist of all strongly measurable functions y : [0,7] — Z that satisfy

T 1
o 2= ([ I at)” <o it 1<p <,
or, for p = oo,
Iyl oo (0,1, 7y = Inf{M € R | |[y(t)]|z < M for a.e t € (0,T)} < oo.

The Hilbert space W (0,T) consists of all of functions in L?*(0,T; H}(2)) that have a distributional
derivative in L2(0,T; H=1(Q)), i.e.

W(0,T) := {y e L*(0,T; HL(Q)) % e L*0,T; H—l(Q))},

which is endowed with the norm
lyllw o) = lyllz20,m:m1 ) T 109/ Ot 20,111 ()

The space W (0, T) is compactly embedded in L?(Q) and continuously embedded in C([0,T]; L?(f2)),
the Banach space of all continuous functions y : [0, 7] — L*(92) equipped with maxcjo7y [|y(t)]l 12(0)-
The dual pairing between a Banach space X and its dual is denoted by (-, -) x, for details on the spaces,

see [26, [14) 16, 22].

Let Q C R", 1 < n < 3, be a bounded domain with Lipschitz boundary 0. Given a finite time 7" > 0,
we denote by @ := Q x (0,T) the space-time cylinder, and its lateral boundary by ¥ := 9Q x (0,T).
We define the elliptic operator A : H} () — H~(Q) appearing in our parabolic PDE by

n
Ay = — Z &cj (aij(z)0y),
ij=1
where a; ; € L>(Q) satisfy the uniform ellipticity condition
n
A >0 Aule? < ) aig(2)&g; for all € € R and aa. x € Q.
ij=1
The functions f, Lo : @ x R — R of the variables (z,t,y), and the “initial” function yo have the

following properties.
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1. For every y € R, f(-,-,y) € L"(Q) with r > 1+ 1/n, Lo(-,-,y) € LY(Q), and yo € L>=(Q).

2. For a.e. (z,t) € @ the first and the second derivatives of f and Ly with respect to y exist
and are locally bounded and locally Lipschitz continuous, uniformly with respect to (z,t) € Q.
Moreover, g—i(m‘,t, y) > 0 for a.e. (z,t) € Q and for all y € R.

Let u € L"(Q), r > 1+ 1/n. We consider solutions of the following semilinear variational equality for

y € W(0,T) with y(-,0) = yo:

T b T ‘
| G+ A0yt = [ = 1)) (2.31)

for all v € L%(0,T, H}(Q)), that is, weak solutions of

y=0on%, y(-,0)=yo on

The next theorem provides the existence and uniqueness of solutions to (2.34])). The first part of
the next theorem can be found in [4, Theorem 2.1], and the second in [5, Theorem 2.1].

Theorem 2.2.1 ([4, B]). For every uw € L9(0,T; LP(QY)) with % + 9, < 1 and q,p > 2 there ezists a
unique solution y,, € L(Q) NW(0,T) of (2.34). Moreover, the following estimates hold

yull oo @) < nlllullzao,r;zr)) + £ ¢ 0)llLao. 1 o)) + W0l L (@)

lyulleqorizz@) + vull2ommi @) < Kllullze@) + 11/ 02 + 1yollzz@)

for a monotone non-decreasing function 1 : [0,00) — [0,00) and some constant K both independent
of u. Finally, if up — u weakly in L1(0,T; LP(Q)), then

Yoy, — yuHLOO(Q) + Yy, — yuHL2(0,T;H3(Q)) — 0.

The achievement of strong metric Holder subregularity of the parabolic optimality mapping is
possible due to the following lemma.

Lemma 2.2.2. Letu € L"(Q), r > 1+4+n/2, and 0 < ag € L>(Q). Let hy, be the unique solution of
(12.34) with f(-,y) = ap and let p, be a solution of the problem

~® L Aptagp=u in Q,
p=0onX%, p(-,T)=0 on Q.

Then, for any s, € [1, ”TJFQ) there exists a constant Cg > 0 independent of u and ag such that

max{||hull Lon (@), [Pullsn (@)} < Cst [lull ()

Here s, denotes the Hélder conjugate of sy,.
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We denote the control-to-state operator G, : L"(Q) — W(0,T) N L>(Q), r > 1+ n/2, assigning
to each u, the unique state y,, by G,(v) := y,. The differentiability of the control-to-state operator
under the assumptions in this section is well known, see [8, Theorem 2.4].

Theorem 2.2.3. The control-to-state operator is of class C? and for every u,v,w € L"(Q), it holds
that z,, := G|.(u)v is the solution of

& o
7T A+ fy(@tyu)z=v in Q, (2.35)
z=0 on X, z2(,0) =0 on Q,

and wy, (v = Gy (u)(v,w) is the solution of

% + AZ + fy(xvtayu)z = _fyy(xatvyu)zu,vzu,w ZTL Q7 (236)
z=0 on X, z2(-,0) =0 on .

2.2.2 The control problem

For functions ug, up € L>(Q) with u, < up a.e in @, the set of feasible controls is given by
U:={ueLl>®Q)| ug <u<u foraa. (z,t) € Q}. (2.37)

The optimal control problem reads

(P) min{J(u) - /Q L(:U,t,y(a:,t),u(x,t))d:rdt}, (2.38)

ueU

subject to

o+ A+ f(y) =u in Q, (2.39)
y=0on, y(-,0)=yo onQ. )

For a number m and a function g € L*°(Q), the objective integrand in (2.38]) is defined as
L(z,t,y,u) := Lo(x,t,y) + (my + g)u. (2.40)

By the direct method of the Calculus of Variations, we can prove that there exists at least one global
minimizer, see [24, Theorem 5.7]. As in the elliptic case, due to the nonconvexity of the control
problem, we need to consider the notion of local minimizers.

Definition 2.2.4. We say that u € U is an L"(Q)-weak local minimum of problem (2.37))-(2.39), if

there exists some € > 0 such that
J(@) < J(u) Yu €U with ||u—a g < e

We say that uw € U a strong local minimum of the optimal control problem if there exists € > 0 such
that
J(w) < J(uw) YuelU with ||y, — yallL=(q) < €

We say that u € U is a strict (weak or strong) local minimum if the above inequalities are strict for

U # U.
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A relation between these notions of optimality is discussed in [5l Lemma 2.8]. Let us calculate the
first and second variation of the objective functional.

Theorem 2.2.5. The functional J : L"(Q) — R is of class C%. Moreover, given u,v,vi,vs € L"(Q)
we have

dLo

J (u)v = /Q <@($7 t,yu) + mu) Zuw + (Mmyy + g)vdadt

= / (pu + myy + g)vdz dt,
Q

0*L 0?
J//(u)(/Ulv/UQ) - /;2 [Tzﬂ(xatvyvnu) - puay];(:r7ta yu) Zu,’U1Zu,U2 dCC dt

—|—/ M2y, V2 + Zup,v1) da dt.
Q

Here, p,, € W(0,T)NC(Q) is the unique solution of the adjoint equation

dp ., Of ) ,
E‘FA p+ 8y(x7t7yu)p_ 8y (x7t7yU7u) m Q’

p=0on%, p(-,T)=0 on Q.

We introduce the Hamiltonian corresponding to our parabolic optimal control problem @ x R x
RXxR> (z,t,y,p,u) — H(z,t,y,p,u) €R, by

H(z,t,y,p,u) := L(x,t,y,u) + plu — f(z,t,y)).

The definition of the Hamiltonian allows us to write compactly the local form of the first-order
Pontryagin-type necessary optimality conditions for problem (2.37))-(2.39)), see e.g. [5, [8, 23].

Theorem 2.2.6. If @ is a weak local minimizer for problem (2.37)-(2.39), then there exist unique
elements y,p € W(0,T) N L>(Q) such that

Wt Ag+ f(z.t,9) =1 in Q, (2.41)
=000, §(-0)=yo on Q. '
dp . OH .

—E+Ap—87y(xvt7y7p7u) mn Q’ (242)
p=0onX%, p(-,T)=0 on Q.

OH o )

(.t g, p,0)(u— @) dedt >0 YuelU. (2.43)
Q au

2.2.3 Saufficient optimality conditions
We adapt the sufficient optimality conditions introduced in [4, [I1] to the parabolic setting.

40



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Assumption 2.2.7 ([12]). Let u € U be given. There exist positive constants ¢ and « such that
J@)(u— @)+ (@) — 1) > clu— a2, (2.44)

for allw e U with [|u — 1|11 gy < a.

Assumption 2.2.8 ([12]). Let u € U be given. There exist positive constants ¢ and « such that

J'(@)(u—a) + J"(@)(u — 0)* 2 e|lzau-allL2@)llu — all L@

for allw € U with [|u — 1|11 q) < a.

Assumption 2.2.9 ([12]). Let u € U be given. There exist positive constants ¢ and « such that
J'(@)(u — @) + J"(@)(u — @)* > cllzau-alF2(q)

for all w e U with ||y, — ¥l =) < o

The next theorem states that the Assumptions [2.2.7, 2.2.8, and [2.2.9] are again sufficient for strict
local optimality.

Theorem 2.2.10 ([12]). The following holds.

1. Let u € U satisfy Assumption[2.2.7. Then, there exist € > 0 such that:
_ _ 141
J(@) +1/2u = al 1) < J(u) (2.45)

for all uw € U such that ||u — |1 (q) <e.

2. Let u € U satisfy Assumption |2.2.8 and g% = 0. Then, there exist ¢ > 0

J(@) +1/2|lyu = yall 2o llu — @l () < J(u) (2.46)

for all w € U such that ||u — 1) <e.

3. Let uw € U satisfy Assumption|2.2.9 and g% = 0. Then, there exist € > 0

J(@) +1/2llyu = yallz2(q) < J(w) (2.47)
for all w € U such that ||yu — yallr~(q) < &

2.2.4 Strong metric Holder subregularity and further stability results

We study the strong metric Holder subregularity property (SMHSr) of the optimality map. Similar
to the elliptic case, we need to make some preliminary definitions. Given the initial data yg appearing

in (2.39)), we define the set

D(L) = {y e W(0,7T)nN LOO(Q)’ (% + .A)y € L"(Q),y(-,0) = yo}. (2.48)
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We define £ : D(L) — L"(Q), L := % + A. By writing (% + A)y € L"(Q) we understand that there
exists a function ¢ € L"(Q) such that

/ (iy i Ay>¢ dz dt = / ¢ da dt, for all o € L*(0,T, HY(Q)).
o \dt Q

Of course, this is satisfied if y solves a corresponding PDE with data ¢. To address the adjoint
equation, we define the mapping £* : D(L*) — L"(Q), L* := (—% + A*), where

D) = {p e WO, 1) L*(Q)|( - % + A )p e L(Q)p(-T) = 0},

Using the mappings £ and £*, the semilinear state equation (2.39) and the linear adjoint equation
(2.42) can be written in a short way:
Ly=u—[f(y)

x 0OH
L b= Ly(', Yu, u) - pfy('a yu) = aiy(v Yu, D, u)
We remind the definition of normal cone to the set U at u € L'(Q):

[ {reL=Q)| [prv—u)dzdt <0 YoeU} ifuel,
Nu(w) '_{ T it u g U

The first order necessary optimality condition for problem (2.37))-(2.39) in Theorem read as

0 = L* —%—I;(-,y,p,u), (2.49)
0 ¢ Hu(‘uyap) +NZ//(U)

We define the sets

YV:=D(L)x D(L)xU and Z:=L*Q) x L*(Q) x L™(Q), (2.50)
and the set-valued optimality mapping of problem ((2.37)-(2.39)), ®: Y — Z, by
y Ly+ f(y) —u
o p | = L*p — %—g(-,y,p, w) . (2.51)
u %%(,y,p,u)JrNu(u)

Using the abbreviation ¥ := (y, p, u), the system ([2.49) can be rewritten as the inclusion 0 € ®(1)). To
study the stability of the system ([2.49) under perturbations £, € L"(Q) and p € L>(Q), we consider
the perturbed system

n = E* _%%(’ay,P,u), (252)
P

€ 86%(7y7p)+NU(u)’
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which is equivalent to the inclusion ¢ := (&, 7, p) € ®(¢). Given a metric space (X, dy), we denote by
Bx(c, @) the closed ball of center ¢ € X and radius o > 0. The spaces ) and Z, introduced in (2.50)),
are endowed with the metrics

dy (Y1, v92) = lly1 — v2llr2(@) + Ip1 — P2l 22(@) + llur — w2l L1 (@) (2.53)
dz(C1,¢2) = 161 — &llz2@) + Im — m2lle@) + o1 — p2llz=(q):

where ©; = (i, pi,u;) and G = (&,mi,pi), i € {1,2}. From now on, we denote v := (ya, pa, @) to
simplify notation.
We remember the definition of strong metric Holder subregularity.

Definition 2.2.11. Let ¢ satisfy 0 € ®(¢). We say that the optimality mapping ® : Y — Z is
strongly metrically Holder subregular (SMHSr) at (¢,0) with exponent 8 > 0 if there exist positive
numbers ay, oy and k such that

dy(l/% QZ) < 5612((7 0)0

for all 1 € By(3; 1) and ¢ € Bz(0; ag) satisfying ¢ € ®(1)).

We make a restriction on the set of admissible perturbations, call it I', which is valid for the
remaining part of this section.

Assumption 2.2.12. For a fized positive constant C, the admissible perturbation ¢ = ({,n,p) €' C 2
satisfy the restriction

1€l 2@y Inllr @) < C. (2.54)

The main result in this section on parabolic optimal control problems is the following theorem.

Theorem 2.2.13 ([12]). Let Assumption be fulfilled for the reference solution ¥ = (ya,pa, )
of 0 € ®(1p). Then the mapping ® is strongly metrically Holder subregular at (1,0). More precisely,
for every e € (0,1/2] there exist positive constants o, and ky, (with a1 and k1 independent of €) such
that for all 1 € ¥ with [|u — | 11(g) < an and ¢ € T satisfying ¢ € (), the following inequalities
are satisfied.

1. In the case m =0 in (2.40):

)
lu = gy < fn (ol i@y + 1€l 2@ + Inllzag))

[4
195 — vall 2@y + IS = pallzei) < wn (ol e@) + Il 2@y + Illz2e) )

where
Op=60=1 if n=1,
Op=60=1—¢ if n=2,
10 9 .
Qo—ﬁ—E,Q—ﬁ—E if n=3.
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2. In the general case m € R:

= allr(g) < (ol @) + IEllzri@) + Illzr (@),

Oo
IS — vallzaa) + 195 — pall 2y < in (@) + Il i) + Il )

To obtain stability results under the assumption for k& € {1, 2}, we either don’t allow perturbations
p (appearing in the inclusion in (2.52))) or they need to satisfy

p e D(LY). (2.55)

Theorem 2.2.14 ([12]). Let m = 0 and let some of the Assumptions be fulfilled for the
reference solution 1V = (ya,pa, ) of 0 € ®(¢). Let, in addition, the set I of feasible perturbations be
restricted to such ¢ € I' for which the component p is either zero or satisfies . The numbers ay,,
Kn and € are as in Theorem . Then the following statements hold for n € {1,2,3}:

1. Under Assumption [2.2.8, the estimations

lu =l ) < k(10N z2(q) + €20y + Inlz2(e) )
¢ ¢ - %
v — vallz2o) + 165 — pallzz@) < Fn (1€ Pl z2(@) + IElz2@) + Illzaey)

with By as in Theorem hold for all u € U with ||u—u| 11(g) < an and ¢ € T satisfying ¢ € ®(¢)).
2. Under Assumption the estimation

15 — vallz2(Q) + IpS — pallz2(g) < /‘in(Hﬁ*PHL?(Q) + 11l 2 () + ||77||L2(Q))

hold for all w € U with ||yu — yall L~ (@) < an and ¢ € ' satisfying ¢ € ®(v).

2.2.5 Strong metric subregularity for OCPs with fixed-spacial distributed controls

If the controls appear in the PDE with a fixed spacial distribution, we can improve the estimate and
recover estimates resembling the elliptic case. To state the result, we define shortly the optimal control
problem.

The set of admissible controls is
U:={ue L>0,7)"| ugj <uj <up; forae tel0,7], 1 <5< m}, (2.56)

where uq,up € L0, 7)™ and uq j(t) < up j(t) a.e. in [0,77, 1 < j < m. We define the optimal control
problem by

(P) 211615{1 {J(u) = /Q[Lo(:r,t,y(x,t)) + (Li(z, t, y(z, 1), u(t))] do dt}, (2.57)

subject to

{ F o+ Ay+ [, ty) = {g(@),u()) i Q, (258
y=0onX%, y(-,0)=uwo on . :
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As before, y : @ — R is the state, u : [0,7] — R™, is the control, m € N, (-, -) is the scalar product
in R™ the functions Lg, L1, f, g are of corresponding dimensions, A is an uniformly elliptic operator.
Moreover, g := (g1, ..., gm) with g; € L*°(Q) satisfies supp(g;) Nsupp(g;) = 0 for all i,j = 1,...,m,
i # j and meas(supp(g;)) > 0 for at least one 1.

We make the following adaption of the sufficient optimality conditions if the controls appear with
a fixed spacial distribution.

Assumption 2.2.15 ([I3]). Let uw € U be given. There exist positive constants ¢ and « such that
7)o~ )+ (@) — 1) > ellu 3 g 1y (2.59)
for alluw € U with ||u — al g1 rym < .

Assumption 2.2.16 ([I3]). Let uw € U be given. There exist positive constants ¢ and « such that
J'(@)(u—a) + J"(@)(u — @) > el zau-all 2(@)llu — @ll 1o zym
for alluw € U with ||u — a1 ym < .

Under condition (Bp) we can formulate the version of Theorem [2.2.13| for problem ([2.56))-(2.58).

Theorem 2.2.17 ([13]). Let Assumption be fulfilled for the reference solution ¢ = (g, p, @) of
0 € ®(vp). Then, the mapping ® is strongly metrically subregular at (1,0). More precisely, there exist
Qn, ki > 0 such that for all ¢ € Y with |[u — ul[r1orym < an and ¢ € T' satisfying ¢ € ®(¢), the
following inequality is satisfied:

1@ — ull g o.rym + lya — vl z2@) + llpa — pilli2(@)
< o max il + [Eli20) + Iz )-

To obtain results under the assumption for k € {1,2}, we need the restrictions that the perturba-
tions p appearing in the inclusion satisfy
p = po (2.60)
where p = [ gdz € R™ and 0 € W'2(0,T) with o(T') = 0.

Theorem 2.2.18 ([13]). Let some of the Assumptions|2.2.16] and [2.2.9 be fulfilled for the reference
solution 1 = (7, p, ) of 0 € ®(vp). Further, let Ly be affine with respect to y. In addition, the set T of
feasible perturbations is restricted to such ( € I' for which the component p is either zero or satisfies
(12.60). The numbers oy and Kk, are as in Theorem . Then the following statements hold for
n e {1,2,3}:

1. Under Assumption [2.2.10], the estimation

_ do
@ —ull 10, 7ym + |lya — ngLQ(Q) + [|pa _ngLQ(Q) < Kn(HEHB(O,T) + 1€l 2y + HWHL2(Q)>>

hold for all w € U with ||u — || L1 rm < an and ¢ € I' satisfying ¢ € ().
2. Under Assumption[2.2.9, the estimation

_ _ do
15— vl 2@y + 115 = Pillzzc@) < k(I 57 201y + IEllz2c) + 2oy
hold for all w € U with |[yy — Yl 1 (q) < an and ¢ € ' satisfying ( € ®(1).
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I.1 Abstract

This paper investigates stability properties of affine optimal control problems constrained by semilin-
ear elliptic partial differential equations. This is done by studying the so-called metric subregularity
of the set-valued mapping associated with the system of first-order necessary optimality conditions.
Preliminary results concerning the differentiability of the functions involved are established, espe-
cially the so-called switching function. Using this ansatz, more general nonlinear perturbations are
encompassed, and under weaker assumptions than the ones previously considered in the literature on
control-constrained elliptic problems. Finally, the applicability of the results is illustrated with some
error estimates for the Tikhonov regularization.

1.2 Introduction

We consider the following optimal control problem

min{/Q {w(m,y)—l—s(m,y)u} dx}, (2.1)

ueU
subject to

—div (A(2)Vy) +d(z,y) = B)u in Q
(2.2)
A(x)Vy-v+b(x)y =0 on 0.

The set 2 C R™ is a bounded domain with Lipschitz boundary, where n € {2,3}. The unit outward
normal vector field on the boundary 0f2, which is single-valued a.e. in 0f2, is denoted by v. The
control set is given by

U :={u:Q — R measurable : bi(z) < u(x) < by(z) for a.e. z € Q},

where b; and by are bounded measurable functions satisfying bi(x) < be(x) for a.e. = € Q. The
functions w : QO XR >R, s : O XR >R, d: QxR =R, 5:Q—=Randb: 00 — R are real-valued
and measurable, and A : Q — R™*" is a measurable matrix-valued function.

There are many motivations for studying stability of solutions, in particular for error analysis
of numerical methods, see e.g., [30, BI]. Most of the stability results for elliptic control problems
are obtained under a second-order growth condition (analogous to the classical Legendre-Clebsch
condition). For literature concerning this type of problems, the reader is referred to [19} 22, 23] 25|
26 B5] and the references therein. In optimal control problems like 7, where the control
appears linearly (hence, called affine problems) this growth condition does not hold. The so-called
bang-bang solutions are ubiquitous in this case, see [4, [10] [I1]. To give an account of the state of the
art in stability of bang-bang problems, we mention the works [T, 28|, 29] 33], 37] on optimal control of
ordinary differential equations. Associated results for optimization problems constrained by partial
differential equations have been gaining relevance in recent years, see [5, 9} [10, [IT], 13| 34]. However,
its stability has been only investigated in a handful of papers, see e.g., [13, 32, 34]. From these works,
we mention here particularly [34], where the authors consider linear perturbations in the state and
adjoint equations for a similar problem with Dirichlet boundary condition. They use the so-called
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structural assumption (a growth assumption satisfied near the jumps of the control) on the adjoint
variable. This assumption has been widely used in the literature on bang-bang control of ordinary
differential equations in a somewhat different form, see, e.g., [1l 28] 33| 37].

The investigations of stability properties of optimization problems, in general, are usually based
on the study of similar properties of the corresponding system of necessary optimality conditions. The
first order necessary optimality conditions for problem — can be recast as a system of two
elliptic equations (primal and adjoint) and one variational inequality (representing the minimization
condition of the associated Hamiltonian), forming together a generalized equation, that is, an inclusion
involving a set-valued mapping called optimality mapping. The concept of strong metric subreqularity,
see [12], [17], of set-valued mappings has shown to be efficient in many applications especially ones
related to error analysis, see [2]. This also applies to optimal control problems of ordinary differentials
equations, see e.g., [16] 2§].

In the present paper, we investigate the strong metric subregularity property of the optimality
mapping associated with problem 7. We present sufficient conditions for strong subregular-
ity of this mapping on weaker assumptions than the ones used in literature, see Section [[.7] for precise
details. The structural assumption in [34] is weakened and more general perturbations are considered.
Namely, perturbations in the variational inequality, appearing as a part of the first-order necessary
optimality conditions, are considered; which are important in the numerical analysis of ODE and
PDE-constrained optimization problems. Moreover, nonlinear perturbations are investigated, which
provides a framework for applications, as illustrated with an estimate related to the Tikhonov regu-
larization. The concept of linearization is employed in a functional framework in order to deal with
nonlinearities. The needed differentiability of the control-to-adjoint mapping and the switching func-
tion (see Section is proved, and the derivatives are used to obtain adequate estimates needed in
the stability results. Finally, we consider nonlinear perturbations in a general framework. We propose
the use of the compact-open topology to have a notion of “closeness to zero” of the perturbations. In
our particular case this topology can me metrized, providing a more “quantitative” notion. Estimates
in this metric are obtained in Section [L.6

1.3 Preliminaries

The Euclidean space R® is considered with its usual norm, denoted by |- |. As usual, for p € [1,0),
we denote by LP(Q2) the space of all measurable p-integrable functions ¢ : Q@ — R® with the norm

s 1
ooy = (3 [ el ae)”.
i=1
The space L>(2) consists of all measurable essentially bounded functions v : 2 — R*® with the norm
[¥] oo (@) = esssup [h(x)].
xeQ)

We denote by C(Q) the space of continuous functions on €2 that can be extended continuously to
equipped with the L>-norm. We denote by H'(Q) the space of functions 1 € L?(Q) h_aving all first
order weak derivatives in L?(2) endowed with its usual norm. The space H'(Q2) N C(Q) is endowed
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with the norm

[V @nc@) = Wl + [¥le@)-

A function ¢ : @ x R — R is said to be Carathéodory if ¢(-,y) is measurable for every y € R, and
¥ (x, ) is continuous for a.e. x € Q. A function ¢ : 2 xR — R is said to be locally Lipschitz, uniformly
in the first variable, if for each M > 0 there exists L > 0 such that

(@, y2) — ¥(z,y1)| < Lly2 — v
for a.e. x € Qand all y1,yy € [-M, M]|. In order to abbreviate notation, we define f,g: @ xRxR — R
by
f(xa Y, u) = B(.%’)U - d(l‘, y) and g(l‘, Y, u) = ’LU(I’, y) + 8(1‘, y)u

The following assumption is supposed to hold throughout the remainder of the paper. It ensures that
the mathematical objects related to problem (2.1)—(2.2) that we consider are well defined. Assumption
is quite standard in the literature, see the book [39].

Assumption 1.3.1. The following statements are assumed to hold.

(i) The set @ C R™ is a bounded Lipschitz domain. The matriz A(x) is symmetric for a.e. x in €,
and there exists o > 0 such that & - A(x)€ > alé]? for a.e. x in Q and all £ € R™.

(ii) The functions w, s and d are Carathéodory, twice differentiable with respect to the second variable
and their second derivatives are locally Lipschitz, uniformly in the first variable.

(i11) The functions A, 3,b,d(-,0),dy(-,0),wy(-,0) and s,(-,0) are measurable and bounded.

(iv) The function dy(-,y) is nonnegative a.e. in S for all y € R. The function b is nonnegative a.e.
in O and |b] e 50) > 0.

Items (i) and (iv) of Assumption ensure that the partial differential equations appearing in
this paper have unique solutions in the space H'(€) N L>(1).

1.3.1 The elliptic operator

We consider the set D(L) of all functions y € H'(2) N L>(Q2) for which there exists h € L?(£2) such
that

/A(a:)Vy-Vgoda:+/ b(x)yp ds(z) :/hgoda: Vo € HY(Q). (3.3)
Q o0 Q

As usual, ds denotes the Lebesgue surface measure. It is easy to see that for each y € D(L) there
exists a unique element h € L?(Q) such that holds. We define the operator £ : D(L) — L?(f)
by assigning each y € D(L) to the function h € L?(2) satisfying . By definition, a function
y € HY(Q)N L>®() belongs to D(L) if, and only if, it is the weak solution of the linear elliptic partial
differential equation

—div (A(z)Vy) = h in Q,

A(x)Vy-v+bzx)y = 0 on 00

for some h € L?(€). The following lemma is of trivial nature.
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Lemma 1.3.2. The set D(L) is a linear subspace of H'(2) N L>=(Y). Moreover, the operator L :
D(L) — L*(Q) is a well-defined linear mapping.

If D(L) is endowed with the norm of L?(2), then £ is an unbounded operator from D(L) to L?(€2).
Since A(z) is symmetric for a.e. x € 0, by (3.3]) we have

/Eynpdx:/yﬁgoda: (3.4)
Q Q

for all y,p € D(L), the so-called integration by parts formula.

Remark 1.3.3. If 09 is of class C™!, A is Lipschitz in €, and b is Lipschitz and positive in 9, then
D(L) ={y € H*(Q): A(-)Vy v +b(-)y = 0},
and Ly = —div (A(-)Vy) for all y € D(L), see [20, Theorem 2.4.2.6].

The following lemma shows the inclusion D(£) C C(Q). Its proof can be found in [39, Theorem
4.7) and follows the arguments in [4, [3§].

Lemma 1.3.4. Let o € L>®(Q) be nonnegative and h € L*(Q). There erists a unique function
y € D(L) such that

Ly+a()y=nh (3.5)

and this function belongs to C(Q)). Moreover, for each r > n/2 there exists a positive number ¢ such
that

Yl @ne@) < bl @)
for all a € L>=() nonnegative, y € D(L), and h € L*(Q) N L"(Q) satisfying .

The following technical lemma can be deduced from Lemma see the proof of [11, Lemma 3.4].
Its use in optimal control of elliptic partial differential equations dates from the paper [10, Lemma
2.6]. It has shown to be useful for diverse estimates, see [10, [34].

Lemma 1.3.5. There exists a positive number ¢ such that
1Ylr20) < clhlri)
for all nonnegative a« € L>(Y), y € D(L) and h € L*(Q) satisfying .

The proof of the next result can be found in [8, Theorem 2.11] in the case of a Dirichlet problem,
see also [21, Lemma 6.8]. Here we adapt the argument below Theorem 2.1 in [7, p. 618].

For
be
).

Lemma 1.3.6. Let a € L>(Q) be nonnegative, {hm}55_; be a sequence in L*(Q) and h € L?(1).
each m € N, let y,, € C(Q) be the unique function satisfying Lym + a(-)ym = hm, and let y € C(£2)
the unique function satisfying of Ly + a(-)y = h. If hy, — h weakly in L*(2), then y,, — y in C(Q

56



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

ProofL. et p € (2n/(n+2),n/(n —1)). Then W1P(Q) is compactly embedded in L?(f2) and conse-
quently, by Schauder’s Theorem, L?(§2) is compactly embedded in W1P(Q)*. By the latter compact
embedding, every weakly convergent sequence in L?(Q) converges also in W1P()* to the same limit.
Define K : L2(2) — C(2) by Kh := y, where y € C(f) is the unique function satisfying Ly +a(-) = h.
The result follows from [27, Theorem 3.14], since that theorem asserts that the linear operator I is
continuous from L?(§2) endowed with the norm of W1?(Q)* to C(Q). O

Remark 1.3.7. Using the definitions of the set D(L) and the operator £, we can write in a shorter
way the partial differential equations involved in this paper. For example, given v € U, to say that y
belongs to D(L£) and satisfies Ly+d(-,y) = B(-)u is equivalent to say that y belongs to H(£2) N L>®(£2)
and satisfies the weak formulation of , that is

/Q A(2)Vy - Veds + /Q d(z,y)pdz + /a ROEEOR /Q B(x)ugp da

for all ¢ € H'(€2). This weak formulation makes sense since, by (i) and (4ii) of Assumption for
any y € L*°(9), the function d(-,y) belongs to L>°(2).

1.3.2 The control model

Having in mind Remark given a function u € U we say that y,, € D(L) is the associated state
tou el if

Eyu = f(v Yu,s u) (3'6)

The following proposition shows that the mapping v — v, from U to D(L) is well-defined. Its
proof can be found in the standard literature; it follows from [39, Theorem 4.8], see also [39, p. 212].

Proposition 1.3.8. For each u € U there exists a unique state y, € D(L) associated with uw € U.
Moreover, {y, : u € U} is a bounded subset of H*(Q2) N C(Q) and for each r > n/2 there exists ¢ > 0
such that

[Yuo = Yur | 1 (@)no@) < clue — ui|pr @)
for all ui,us € U.

We call the function G : U — H'(2) N C(Q) given by G(u) := y, the control-to-state mapping.
The functional J : U4 — R given by

T(u) = /Q o2,y ) da

is called the objective functional of problem (2.1)—(2.2]).
Definition I.3.9. Let @ belong to U.
(i) We say that @ is a global solution of problem (2.1)—(2.2) if J(a) < J(u) for all u € U.
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(ii) We say that u is a local solution of problem ([2.1))—(2.2) if there exists 9 > 0 such that J(u) <
J (u) for all u € U with |u — |71 () < o

(iii) We say that u is a strict local solution of problem (2.1)—(2.2) if there exists g > 0 such that
J(u) < J(u) for all w € U with u # @ and |u — @) < €o.

Under Assumption problem ([2.1)—(2.2)) has at least one global solution. The proof is routine
and can be obtained by standard arguments; namely, taking a minimizing sequence and using the
weak compactness of U in L?(Q).

Lemma 1.3.10. Problem — has at least one global solution.

In order to make notation simpler, from now on we fix a local solution @ € U of problem ([2.1)—(2.2)).
We call the function H : 2 Xx R x R x R — R, given by

H(z,y,p,u) == g(z,y,u) + pf(z,y,u),

the Hamiltonian of problem (2.1)—(2.2]). Given u € U, we say that p, € D(L) is the costate associated
with v € U if
ﬁpu - Hy('a Yus Pus ’LL)

The following proposition shows that the mapping u — p,, from U to D(L) is well defined. We give
the proof of this elementary result because it seems not to be explicitly stated in the literature.

Proposition 1.3.11. For each u € U there exists a unique costate p, € D(L) associated with u € U.
Moreover, {p, : u € U} is a bounded subset of H'(2) N C(Q) and for each r > n/2 there exist ¢ > 0
such that

Puz — Pl (@)nc@) < cluz — wilpr )

for all uy,us € U.

ProofT. he existence and uniqueness follows from Lemma[[.3:4] Given u € U, the function p,, satisfies

Lpu +dy (- yu)pu = 9y (5 Yu, ).

By (i7), (#i7) and (iv) of Assumption for each u € U, the function dy(-,y,) is nonnegative and
belongs to L>°(2). By (i) and (iii) of Assumption :I.3.15 for each v € U the function gy (-, yu,u)
1.3

belongs to L>(2). Furthermore, since by Proposition [[.3.8| the set {1, : u € U} is bounded in C(1),
there exists M7 > 0 such that

19y (5 Yus W) | oo () < My

for all w € Y. By Lemma [[.3.4] there exists a positive number ¢; such that for all u € U

‘pU‘Hl(Q)ﬁC(Q) < cl’gy('ayuau”L‘X)(Q)-
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Thus, My := c¢; M is a bound for the set {p, : u € U} in H*(Q) N C(Q). Let uy,uz € U and r > n/2.
We have then

*C(puz _pu1) + dy('7yu2)(pu2 _pul) = Hy('ayuz’pul’l@) - Hy('7yu17pu1’u1)'

By Lemma there exists a positive number ¢z (independent of u; and usy) such that
|Pus _pU1|H1(Q)ﬂC(Q) < CQIHy(Hyugvpuuu?) - Hy('aym’pulvul)’L’”(Q)-

By (ii) of Assumption and the boundedness of the set {p, : u € U} in C(£), there exists
L > 0 such that

’Hy('ayuzapuuU&) - Hy('7yulapu17u1)| < L(|yuz - yu1’ + |u2 - U1|) a.e. in €.
Consequently,

Pus = Pur [ @)no@) < 2L([Yur = Yus| L) + 1 — w2l @)
1
< C2L<(meaSQ)’ [Yus = Yur | oo () + U2 — Ul!LT(Q))-
By Proposition there exists a constant c3 > 0 (independent of u; and wug) such that

|Yuz — yu1|C(Q) < czlug — wifpr ().

Thus,
1
Pus = Pur | @)nc@) < c2L(1 + ca(meas Q)7 ) |ug — ui|pr(o)-
The estimate follows defining ¢ := c2L(1 + c3(meas Q)%) O

We call the function S : U — H'(Q2) N C(Q) given by S(u) := p, the control-to-adjoint mapping.
The following proposition gives us another useful estimate; it can be easily proved employing Lemma
and the argument in the proof of [39, Theorem 4.16].

Proposition 1.3.12. There exists ¢ > 0 such that

[Yuz — Yur[12(0) + [Puz — Pus[12(0) < €luz — w1 (q)
for all uy,us € U.
We close this subsection with the following result.

Proposition 1.3.13. Let {u,;,}5°_; be a sequence in U and u € U. If u,, — u weakly in L*(Q), then

Yuy — Yu and py,, — py in C(82).

ProofW. e prove only the convergence p,,, — p, in C(Q2), the convergence y,, — v, in C(Q) is
analogous. Let {pu,, }32, be an arbitrary subsequence of {py,,}n_;. By the compact embedding
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H'(Q) — L?(Q), there exists a subsequence of {Pun, }7Z1, denoted in the same way, and p € L*(Q)
such that py,, — pin L?(9). Since Yupm,, — Yu In C(Q), one can deduce that

Hy('ayumkapumkaumk) - Hy('ayuapv ’l,L) Weakly in LQ(Q)

By Lemma , we have py,, — pyinC (€). The result follows, since every subsequence of {p,,,, }5°_;

has a further subsequence that converges to p, in C(Q2). 0

I.4 Differentiability of the mappings involved

In this section, we prove some preliminary results concerning the differentiability of the control-to-
state mapping, the control-to-adjoint mapping and the switching mapping (to be defined later). Some
of these properties are well known for the control-to-state mapping; see, e.g., [5, 10, 11}, 34, 39]. Never-
theless, we require more specific estimates than the ones in the literature. The differentiability of the
control-to-adjoint mapping and the switching mapping has not been studied before in the literature on
elliptic control-constrained problems, therefore we devote this section to obtain appropriate estimates
needed in the study of stability in the next section.

1.4.1 The state and adjoint mappings

We begin this subsection recalling the definition of directional derivative, see [I8] pp.2-4] or [24], p.171].
Let Y be a normed space and F : i/ — Y a mapping. Given v € Y and v € U — u, if the limit

dF(u;v) == lim Flutev) = F(u)

e—0t 15

exists in Y, we say that F(u;v) is the (Gateaux) differential of F at u in the direction v. Note that
by convexity of U, u + ev belongs to U for every u € U, v € U — u and € € [0,1]. We will restrict
ourselves to this simple definition of directional derivative, as further differentiability properties are
not needed in our analysis of stability.

Recall that u € U is a fixed solution of problem f. As it is well-known, the differential
of the control-to-state mapping at @ is related to the linearization of the system equation around .
Bearing this in mind, given v € L?(£2), we denote by z, the unique[l solution of the equation

[’Z’U — fy('vyﬂua)zv + fu(a Ya, a)’l) (47)

The proof of the following estimate can be found in the standard literature, see the proof of [39]
Theorem 4.17] for the case of a Neumann boundary problem (the proof is the same for Robin or
Dirichlet boundary). It can also be deduced by the same arguments given in the proof of Proposition
1.4.2]

'The uniqueness follows from Lemma and the fact that equation (4.7)) can be rewritten as

Lzy +dy (- ya)zo = B()v.
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Proposition 1.4.1. For each r > n/2 there exists ¢ > 0 such that

|Yu — Ya — zu—ﬂ|H1(Q)mC(Q) < c\u - a’%r(g) Yu e U.

One of the first things that can be deduced from Proposition is the differentiability of the
control-to-state mapping G. Given v € L?(Q) satisfying @ 4+ v € U, the differential of the control-to-
state mapping G at @ in the direction v exists and is given by dG(u;v) = z,. For further differentiability
properties of the control-to-state mapping, we refer the reader to [8, Theorem 2.12].

In order to study the differential of the control-to-adjoint mapping we introduce the following
notations. Given v € L?(), we denote by g, the uniqueﬂ solution of the equation

Eqv = Hyy('vyﬂ7pﬁvﬂ)zl) + Hyp('7yﬁ7pﬂ7 a)qv + HyU(H?Jﬁ’pﬂa a)v' (48)

The following estimate is concerned with the differentiability of the control-to-adjoint mapping.
To the best of our knowledge, this result does not appear in the literature; therefore we present its
proof, although it is standard.

Proposition 1.4.2. For each r > n/2 there exists ¢ > 0 such that

|Pu — Du — Qu—ﬂ|H1(Q)m(j(Q) < C!U - fLﬁ—JT(Q) Yu € U.

ProofG. iven u € U, we define 1, : Q — R* by 1, () := (z,yu(x), pu(z),u(z)). For each u € U, we
denote by ¢,z the unique solution of the equation

Lgu—a = Hyy(wﬁ)(yu —Ya) + Hyp(wu)(ju—a + Hyu(l/fa)(u — ).

Let u € U and r > n/2 be arbitrary. Using the Taylor Theorem (integral form of the remainder) and
(49)-(4i7) of Assumption [I.3.1} one can find oy, ag, a3 € L*°(€2) such that

Hy(¢U) :Hy(wﬂ) + Hyz;(d’ﬂ)(ié’u - ya) + Hyp(q/’ﬂ)(pu - pa) + HyU(wﬁ)U

+ o1 () (yu — ya)® + @2(-)(Yu — va) (pu — pa) + as(-) (yu — ya)v,

where v = u — u. Hence
L(pu — pa — Gv) = Hyp(¥a)(pu — Pz — Gv) + [al(‘)(yu —ya) + a2(-)(Pu — pa) + as(-)v] (Yu — Ya)-
By Lemma Proposition and Proposition there exists ¢; > 0 such that
[Pu — Pa — Gol g1 @)nc@) < 01|U|%7-(Q)-
Now,
L(Gy — (Jv) = Hyy(@/’ﬁ)(yu —Yu — Zv) + Hyp(¢ﬁ)(6v - Q).

2The uniqueness follows from Lemma and the fact that equation (4.8)) can be rewritten as

Laqy + dy(',ya)(h = Hyy('vyﬂvpﬂa a)zv + Hyu('a Yu, Pa, ﬁ)v-
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By Lemma and Proposition there exists co > 0 such that
- 2
Gv — @11 ()o@ < c2lvliro)-
Finally, by the triangle inequality
[Py — Pa — Gl @)nc@) < 1Pu = Pa — @lo@nc@) + @ — @l @)ne@)-

The result follows taking ¢ := ¢1 + co. O

Given v € L*>(2) satisfying u + v € U, the differential of the control-to-adjoint mapping S at @ in
the direction v exists and is given by dS(@;v) = .
We now state further properties concerning the mappings v — z, and v — q,.

Proposition 1.4.3. The following statements hold.
(i) For each r > n/2 there exists a positive number ¢ such that
|20l i @)nc@) + 19l m@)nc@) < elvlir@ Yo € LAH(Q) N LT(Q).
(ii) There exists a positive number ¢ such that
|20l r20) + |0l r2() < clvlpg)y Vv € L*(Q).
(iii) Let {vi}3, be a sequence in L3(Q) and v € L*(Q). If vp — v weakly in L*(Q), then z,, — 2y

and gy, — ¢ in C(£2).

Proofl. tems (i) and (ii) follow from Lemma and respectively. Item (iii) follows from
Lemma [[.3.6] U

1.4.2 The switching mapping

Let us begin this subsection by recalling the first-order necessary condition (Pontryagin principle in

integral form) for problem ([2.1)—(2.2). If v € U is a local solution of problem (2.1)—(2.2)), then
/ [s(m,yu) + B(x)pu] (w—u)de >0 Ywel. (4.9)
Q
The variational inequality (4.9)) motivates the following definition. For each u € U, define

Oy = 8('7 yu) + 5()pu

Observe that o, = Hy(+, Yy, pu). The mapping Q : U — L>(Q) given by Q(u) := oy is called the
switching mapping. Given v € L%(Q), we define

Ty 1= Huy('7yﬂ7pﬂ)zv + HUP(" ya,pa)%-

This definition is justified by the following estimate.

62



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Proposition 1.4.4. For each r > n/2 there exists ¢ > 0 such that

|Uu—Uﬂ—7ru_ﬁ|Loo(Q) < C‘U—H’%T(Q) Yu € U.

ProofG. iven u € U, we define 9, : Q — R3 by ¥, (2) := (2, y,(z), pu()). For each u € U, we denote

Ty— i= uy(wﬂ)(yu - yﬂ) + Hup(wﬁ)(pu - pﬂ)-

Let w € U and r > n/2 be arbitrary, and abbreviate v = u — 4. Using the Taylor Theorem (integral
form of the remainder) and (4i)-(4i) of Assumption one can find o € L*>(Q) such that

Hy(u) =Hu($a) + Huy(Va) (Yu — ya) + Hup(Va) (pu — pa) + () (yu — ya)*.

Therefore, by Proposition [.3.8] there exists ¢; > 0 such that

|ow — 00 — Tl () < c1lvlir )
Now,

|Tw — Tl Leo (@) < [ Huy (s Ya, Pa) (Yu — Ya — 20) + Hup(, Ya, pa)(qu — qa — qv)| 1o ()-
Hence, by Proposition and there exists ¢y > 0 such that
7o = Mol (@) < e2lvl?o(q)-
Finally, by the triangle inequality,
0w = 0a — Mol 1eo(e) < 0w — 0a = To|peo () + [To — TolLo (@)

The result follows defining ¢ := ¢ + co. O

Proposition yields immediately that the differential of the switching mapping Q at « in any
direction v € U — u exists and is given by dQ(u;v) = m,.
One of the important features of the mapping v — m, is the following.

Proposition 1.4.5. For all v € L?(2), we have

/ Ty dr = / [Hyy(x,ya,pﬁ, ﬂ)zg + 2Huy(a:,yﬁ,pu,ﬂ)zvv] dzx.
Q Q

Proofl. n order to simplify notation, we write ©z(x) = (z,ya(x),pa(x),u(x)) for each z € Q. Let
v € L%*(Q) be arbitrary. By the integration by parts formula (3.4) and the concrete form of the
Hamiltonian, we get

/QHup(wu)QUU dz = /Q (»CZU + dy(x7yﬁ)zv)Qv dr = /Q (£Q’U + dy(xa yﬁ)‘]v)zv dx

= /Q (Hyy(wﬂ)zv + Huy(¢ﬁ)v)zv = /Q [Hyy(wﬁ)zg =+ Huy(1/1ﬁ)zvv] do.
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The result follows since
/TI'U’U dx = / Hyy(Va)zpv dx + / Hyp(Va)guo de.
Q Q Q
O

We give further properties of the mapping v — m, in the next proposition, its proof follows trivially
from Proposition [[.4.3

Proposition 1.4.6. The following statements hold.

(i) For each r > n/2 there exists a positive number ¢ such that

7ol Lo () < clvlpr) Yo € L(Q) N L7 ().

(ii) There exists a positive number ¢ such that

’771)’[,2(9) < C‘U‘LI(Q) Yv € LQ(Q)

(iii) Let {vg}2, be a sequence in L*(Q) and v € L*(Q). If vy — v weakly in L*(2), then m, — m,
in L>(2).

Proposition motivates the following definition. For each v € L?(Q), define
A(v) ::/ [Hyy(x,ya,pﬂ,ﬁ)zg+2Huy(x,yﬁ,pa,ﬂ)zvv dx. (4.10)
Q

Remark 1.4.7. We mention that the quadratic form A : L?(Q) — R is the second variation of the
objective functional 7 : i/ — R at u. By Proposition we also have the following representation

Alv) = /Qwvv dr Vv e L*(Q).

We close this section with a result concerning the quadratic form (4.10)).
Proposition 1.4.8. Let {v;}32, C L*(Q) and v € L*(Q). If vy — v weakly in L*(Q), then A(vy) —
A(v).

Proof. By Proposition Ty, — Ty 10 L°(Q), therefore

A(vk)—/g(m,k —Wv)vkdx+/ﬂ7rﬂvkdx—>/ﬂ7rvvd:r.
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I.5 Stability

In this section, we study the stability of the optimal solution of problem f with respect to
perturbations. As usual in optimization, the stability of the solution is derived from stability of the
system of necessary optimality conditions. The investigated stability property of the latter is the so-
called strong metric Holder subregularity (SMHSr), see e.g., [17, Section 3] or [12), Section 4]. After
introducing the assumptions we study the SMHSr property of the variational inequality (9). Then the
result is used to obtain this property for the whole system of necessary optimality conditions

I.5.1 The main assumption

We begin the section recalling that u € U is a local minimizer of problem ([2.1))—(2.2)), and the definition
of the quadratic form A : L?(Q) — R in (4.10)).

Assumption 1.5.1. There exist positive numbers ag,~yo and k* € [1,4/n) such that
/ou(u—u) dz + Au — 1) > yoyu—avg‘lg), (5.11)
Q

for all w € U with [u — [ o) < ap.

Assumption resembles the well-known L?-coercivity condition in optimal control, with two
substantial differences: (i) the left-hand side of involves a linear term (not only the quadratic
form in the L?-coercivity condition); (ii) the L'-norm appears in the right-hand side of (5.11). We
mention that the standard L?-coercivity condition cannot hold in affine problems. Assumption
in the particular case k* = 1 has been used before in the literature on optimal control problems
constrained by ordinary differential equations, see [28, Assumption A2’] or [29, Assumption A2]. A
similar assumption was used in [I5, Assumption 2].We first point out that if @ satisfies Assumption
then it must be bang-bang. A control u € U is bang-bang if u(x) € {b1(x),b2(x)} for a.e. z in
Q. The proof of this result follows the arguments given in the proof of [I1, Theorem 2.1].

Proposition 1.5.2. If i € U satisfies Assumption [[.5.1], then @ is bang-bang.

ProofL. et ap and 7 be the positive numbers in Assumption Suppose that there exists € > 0
and a measurable set E C €) of positive measure such that

u(z) € [bi(x) +e,ba(x) — ] for ae. z € E.

Define ¢* := min{ag(meas )1, e}. Let {v,,}2_; C L?(Q) be a sequence converging to zero weakly
in L?(Q) such that for each m € N, v, (z) € {—¢*,&*} for a.e. x € Q. For each m € N, define

U (x) =
u(z) +vm(z) if ze€kFE.
Clearly, for each m € N, u,, belongs to & and

U, — U| 1 () = " meas E.
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Hence, by Assumption
k*+1
/ a(Um — @) dz + A(uy, — @) > v (a* meas E) (5.12)
Q

for all m € N. Since u,, — @ weakly in L?(Q), we have by Proposition that the left hand side of
(5.12)) converges to 0; a contradiction. O

Proposition makes the following lemma relevant. The proof follows the argument used in the
proof of [6l, Theorem 4.4]. Alternatively, as argued in the proof of [34, Theorem 4.3], one can also use
[40l, Theorem 1] and the fact that for a.e. z € Q, u(x) is an extremal point of conv({uy(x)}72, Uu(x))
if u € U is bang-bang.

Lemma 1.5.3. Let u € U be bang-bang, and {uy}3>, C U be a sequence. If up, — u weakly in L'(9),

then uy, — w in L' (£2).

ProofL. et Q; := {z € Q : u(z) = b;j(x)}, i = 1,2. Let xq, : & — {0,1} denote the characteristic
function of the set €;, ¢ = 1,2. Now, by definition of weak convergence

/|uk—u|dx:/Xgl(un—ﬂ)dx—/XQQ(un—ﬂ)d$—>O.
Q Q Q
O

The next proposition shows that the switching mapping satisfies a growth condition. The proof
consists of two steps. The first one is to show that Assumption [.5.1] implies this growth condition for
the linearization of the switching mapping. The second step is to adequately use the linearization as
an approximation of the switching mapping.

Proposition 1.5.4. Let Assumption 2 be fulfilled. Then there exist positive numbers o and ~ such
that

_ Y]
/Qo'u(u - u) dx > 7|u - U‘LI(Q)

for all w e U with [u — [ ) < .

Proof. Let agp,v and k* be the positive numbers in Assumption Fix r € (n/2,2/k*). Using
Proposition [[.4.4], a constant ¢ > 0 can be found such that
low — 07 — Tu—alree() < clu— a|i/1’"(m Yu elU. (5.13)

From Proposition and Assumption [[.5.1] we have

/ [0 + | (= ) da = / ol — @) do + Au— ) > yolu— alfiF (5.14)
Q Q
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for all u € U with |u — u|f1 () < ap. Define v := 40/2 and
o 1= min {ao,'y%z*rc*%?’;*r} .
Then, by (5.13)
2 o, s ik
0w = 0u = Tu—al () < clu—alpy q) = clu— U}y g)lu = |11 ) < |u—alLq) (5.15)

for all u € U with |u — |1 () < a. We have for all u € U

/ oy(u—1u)dr = / |:O'ﬁ + ﬂu_ﬁ} (u—u)dr + / [au — 05— Ty—g|(u—1u)dz.
Q Q Q
Consequently, by (5.14) and (5.15)),

/Qau(u ) de > qolu— al5iHL — 0w — 00 — Tusalpe(@lu— o)
k¥4l —1k*+1
> (y0 —7)|u — U|L1—(~_Q) = v|u - u|L1-(’_Q)

for all u € U with |u — 1) < a. O

1.5.2 Some existence and stability results

We now pass to some preparatory lemmas concerning the existence of solutions of inclusions (also
called generalized equations, see [36]) related to the first order necessary condition of problem (2.1)—
(2.2). Given r € [1,00], we denote by By-(c;a) the closed ball in L"(£2) with center ¢ € L"(€2) and
radius o > 0.

The variational inequality can be written as the inclusion

0 € oy + Ny(u), (5.16)

where the normal cone at u to the set U is given by

Nyg(u) = {0 € 1) : /

o(w—u)de <0 VwGZ/{}.
Q

Lemma 1.5.5. For all p € L>®(2) and € > 0 there exists w € U N By1(u;¢€) satisfying

pEoy+ NZ/{Q]BLl(ﬁ;E) (u).

ProofL. et p € L*(Q2) and € > 0. Consider the functional 7, : Y N B1(u;e) — R given by

Tp(u) = /Q [Q(ymu) - ,OU] de = J(u) — /qudx.
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The functional J, has at least one global minimizer u, € U NBp1(u;e) since U NBr, (u;€) is a weakly
sequentially compact subset of L?(f2) and J, is weakly sequentially continuous. By the Pontryagin
principle,

Q

We have then that u, satisfies p € ou, + Nynp, , (a:e) (Up)- O

Lemma 1.5.6. Let V; and Vs be closed and convex subsets of L' () such that Vi NintVy # (). Then
Nyyav, (w) = Ny, (u) + Ny, (u) (5.17)

for allu e Vi NVs.

ProofG. iven a set W C L'(Q), let sy : L>°(Q2) — RU {400} denote the support function to W, that
is

sw(h) := sup / hw dz.
weW JQ

By [3, Proposition 3.1], the set Episy, + Episy, is a weakly* closed subset of L*°(€). Then the
representation ([5.17]) holds according to [3, Theorem 3.1]. O

We can now prove existence of solutions of the inclusion p € o, + Ny(u) that are close (in the
L'-norm) to i whenever p is close to zero (in the norm L>-norm). The proof follows the arguments

in [14, p. 1127].

Lemma I.5.7. Let Assumption[L.5.1] hold. Then for each ¢ > 0 there exists § > 0 such that for each
p € Br(0;9) there exists u € U NByi(use) satisfying p € oy + Ny(u).

ProofL. et a and 7 be the numbers in Proposition Define g := min{e, a} and § := £ v/2. Let
p € L>*(Q) with [p|e ) < d. By Lemma there exists u € U NB1(4;e0) such that
pE Ty, + NL{O]BLl(TL;so)(u)'
Since trivially o € U Nint B (@, ep), by Lemma we have
NuﬂBLl(ﬂ;ao)(u) = Ny(u) + NBLl(a;aO)(U)- (5.18)
Thus there exists v € Np_, (a,)(u) such that
p—oy—vE Ny(u).

By definition of the normal cone,

0> /Q (p—ou)(a—u) dw—/gu(fa—u) dx. (5.19)
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As u € Bri(u;e0) and v € Np_, (;e0) (), we have

/V(ﬂ—u)d:vgo.
Q
Consequently, by (5.19) and Proposition m
0> /Q (p— 0u) (@ —w) d = ~|pl eyl — s oy + 7 — alfify,
which implies

> _1
p’zoo(ﬂ) < 27w €0 < €o-

1
lu—tlpi) <77F

As u € int B (u;e0), we have Np , (aeq)(u) = {0}. Thus by (5.18),
pET,+ NMﬂBL1(ﬂ;60)(u) = oy + Ny(u). (5.20)

0

The following lemma shows how Proposition (and consequently Assumption |.5.1)) is related
to Holder- stability.

Lemma 1.5.8. Let Assumption[[.5.1] hold. There exist positive numbers a, & and ¢ such that for every
p € Br(0;9) there exists u € By1(u,a) satisfying p € oy + Nyy(u). Moreover,

1
lu— ﬂ|L1(Q) < C’P|£oo(g) (5.21)

for all p € L>®(2) and u € By (u; o) satisfying p € oy + Ny(u).

ProofT. he existence part follows from Lemma Let o and v be the positive numbers in Propo-
sition [L5.4} Since p — o, € Ny(u), we have

/(p—au)(u—u)da: <0.
Q

By Proposition [[.5.4]

02/(p—au)(ﬂ—u)d:c:/Uu(u—a)dx—i—/p(a—u)dg:
0 0 0
E*+1
>'y</ ]u—ﬂ]dw) —|,0\Loo(g)/\u—ﬂ]dx.
0 Q

Hence

_ 1 YL U ¥
[ o=l < Clolom@) " =% olfa
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The result follows defining ¢ = qfki*. O

For inequality to hold, Lemma requires that the controls are close in the L'-norm to
the reference solution (by Lemma the existence of such controls is guaranteed). This closeness
assumption on the controls can be removed if the solution of inclusion is unique. In particular,
if has a unique solution, then problem (2.1])-(2.2) has unique optimal control (minimizer).

Lemma 1.5.9. Let Assumption hold, and suppose additionally 0 € o, + Ny(u) has a unique
solution w € U. There exist positive numbers § and ¢ such that

1
|’LL - ﬂ|L1(Q) < C|p|£oo(Q)

for all p € Br(0;9) and u € U satisfying p € o, + Ny(u).

ProofL. et o and ¢ be the positive numbers in Lemmall.5.8] First we prove that there exists § > 0 such
that if u € U and p € L*°(Q) satisfy p € oy + Ny(u) and |p|pe(q) < §, then u € B (u; ). Suppose
not, then there exist sequences {p}72; C L>(Q) and {uy}32, C U such that py € oy, + Ny(ug),
pr. — 0 in L*°(2), and |uy — @|p1(q) > a. Since U is weakly sequentially compact in L?(92), there
exists a subsequence of {uy}32,, denoted in the same way, and u* € U such that u, — u* weakly
in L2(Q). Using Proposition one can see that py — o,, — o, in L*(Q). Consequently, as
pi € ou, + Ny(ug) for all n € N, we obtain 0 € o« + Ny(u*). Then, by assumption, u* = u, so u*
is bang-bang. By Lemma we have uj, — u* in L'(Q); a contradiction. The result follows from
Lemma [[5.8 O

1.5.3 Strong metric subregularity

Let us begin considering the following system representing the necessary optimality conditions (Pon-

tryagin principle) for problem ([2.1)—(2.2):

0 = Ey—f('ayvu)a
0 = Lp—Hy(-,y,p,u), (5.22)
0 € Hu('ayap) +NU(U)>

If w € U is a local solution of problem ([2.1)—(2.2), then the triple (yy,pu,u) is a solution of (4.66]).
Therefore, the mapping that defines the right-hand side is referred to as the optimality mapping. In
order to give a strict definition and recast system (4.66|) in a functional frame, we introduce the metric
spaces

YV:=D(L)x D(L)xU and Z:=L*Q) x L*(Q) x L=(Q),
endowed with the following metrics. For v; = (yi,pi,w;) € Y and ¢; = (&,m:, pi) € Z, 1 € {1,2},
dy (Y1, 92) = [y1 — v2lr2(0) + [p1 — P2lL2() + w1 — u2|L1(q),

dz(C1,C2) = |§1 — &lr2() + Im — m2lr2) + |p1 — p2lr=(q)-
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Both metrics are shift-invariant. We denote by By (1; ) the closed ball in ), centered at ¢ and with
radius o. The notation for the ball Bz((; ) is analogous. Then the optimality mapping is defined as
the set-valued mapping ® : ) — Z given by

Ey - f(ayau)
(I)(yap7 U) = Ep - Hy('7y7p7 'LL) . (523)
Hu('ayapa U) +Nu(u)

Then the optimality system (4.66]) can be recast as the inclusion
0€ P(y,p,u). (5.24)

Our purpose is to study the stability of system , or equivalently of inclusion (5.24]), with respect
to perturbations on the left-hand side. From now on, we denote ¥ := (y,p, @) = (ya, pa, 4) , where @

is the fixed local solution of problem (2.1)—(2.2]).

Definition 1.5.10. The optimality mapping ® : J — Z is called strongly Hélder subregular with
exponent A\ > 0 at (1, 0) if there exist positive numbers a1, as and & such that

dy (¥, V) < kdz(¢,0)* (5.25)
for all 1 € By(¢);a1) and ¢ € Bz(0; az) satisfying ¢ € ®(v)).

More explicitly, the inequality (5.25) reads as

A
[y = val @) + Ip — palza@) + lu = @) < K (1€l + 2@ + loleee) ) - (5.26)
Hence, if the optimality mapping is strongly Holder subregular, all solutions of the system

5 = [’y_f(7y7u)7
n o= [‘p - Hy('ayvpv U), (527)
p € Hu(,y,p)+ Nu(u).

that are near (yg,pas,u) satisfy the Holder estimate (5.26) with respect to the perturbations ( =
(&,m, p), provided they are small enough. The subregularity property is weaker than the well known
strong regularity (see [I7, pp. 178-179]); this allows to relax the assumptions to prove stability.

Remark I.5.11. If @ is strongly Holder subregular at 7(15, 0), then from ([5.25) applied with ¢ = 0
we obtain that 1) is the unique solution of (5.24) in By (1; a1), hence @ is the unique local solution of
problem (2.1)—(2.2)) in this ball. In particular, @ is a strict local minimizer.

We are now ready to state our main result.

Theorem I.5._12. Let Assumption hold. Then the optimality mapping ® is strongly Holder
subregular at (1,0) with exponent X = 1/k*.
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ProofL. et a and c be the positive numbers in Lemma Let ¢ = (&,n,p) € Bz(0;1) and
Y = (y,p,u) € By(¢; o) such that ¢ € ®(¢)). By a standard argument, we can find ¢; > 0 (independent
of ¥ and () such that

9= yul ey + P = puleq) < o1 (€l + Inlzay)- (5:28)

Since H, is locally Lipschitz uniformly in the first variable, and the sets {y, : u € U}, {pu : u € U}
are bounded in C(f), there exists co > 0 (independent of ) such that

|Hu(+,y,p) — Hu(, yUapu)‘Loo < 02(|y yu|L°° )+ Ip _pu|L°°(Q)) (5.29)

Define v := p+ Hy (-, Yu, pu) — Hu(-,y,p). By (#.81) and (5.29), there exists c3 > 0 (independent of v
and () such that

Vlzeqoy < ea( 1€l + iz + plie)) = cald]z.
As p e Hy(-,y,p) + Ny(u), we have v € Hy (-, Yu, pu) + Nu(u). Then by Lemma
1
lu — u|L1 ) < c|1/|Loo(Q < cc’“* |C| = c|Cly . (5.30)

Now, by Proposition |I 3.12] there exists ¢; > 0 (independent of 1) such that |y, — ya|r2q) < cslu —
|1 (q). Consequently, by 5.30'}

1y — valr2) <Y — Yulr2) + [Yu — valz2 ()
1 _
< cimeas 22 <]£|L2(Q) + ]n\Lz(Q)> + eslu — af 1 (q)
Bl Bl
< (c1meas 0z + cseq)|ClE =i c6lC]l .

Analogously, there exists ¢; > 0 (independent of ¢ and () such that

P — palr2(o <C7!C\

Putting all together,

1
|y — valrz) + P — palrz) + [u —tlpiq) < (ca+c6 +c7)[C]5

Finally, let a1 := «, az := 1 and k := ¢4 + ¢ + 7. Since_ the constants c4, cg and ¢y are independent
of ¢ and ¢, so is k. Thus we have ([5.25) for all 1 € By(¢; ;) and ¢ € Bz(0; az) satisfying ¢ € ®(1).
O

The strong subregularity property defined above does not require existence of solutions of the
perturbed inclusion (4.61)) in a neighborhood of the reference solution 1. The next theorem answers
the existence question.

Theorem 1.5.13. Let Assumption [L.5.1] hold. For each ¢ > 0 there exists § > 0 such that for every
¢ € Bz(0;0) there exists 1 € By(v;¢) satisfying the inclusion { € ().
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ProofF. or each v € U and ( = (§,7,p) € Z, define vy, ¢ := p + Hy(", Yu, Pu) — Hu("; Yu,c, Puc), Where
Yu,c and p, ¢ are the unique solutions of

Ey = f('?y)u)+£,
{ﬁp = Hy(y,p,u)+n. (5.31)

By a standard argument, one can find positive numbers ¢; and ¢z such that

[Y.c = Yulz2@) + 1Puc = Puliz@) < e (1€l + Inlze) ) (5.32)

and [vy ¢|peo(q) < 2|Clz for all w € U and ¢ € Z. Let ¢ > 0 be arbitrary. By Lemma the exists
dp > 0 such that for each v € Br(0;0p) there exists u € U N By (u;e/2) satistying v € oy, + Nyy(u).
Define ¢ := min{c, 'dp, (2¢1) "'} and let ¢* € Bz(0;6) be arbitrary; we will prove that there exists
u* € U NBpi(a;e/2) such that vy ¢« € oy + Ny(u*). First, observe that

|Vu7C*|Loo(Q) < 02|<*|Z <& VYuel.

Therefore, by Lemma we can inductively define a sequence {uy}3°, C U such that v, ¢ €
Oupy + Nu(uggr) and Jug — il < €/2 for all k € N. Since U is weakly compact in L2(9),
we may assume that uy — u* weakly in L?(Q) for some u* € U. Weak convergence in L?({2)
implies weak convergence in L'(Q) and B (w;e/2) is weakly sequentially closed in L!(f2), therefore
u* € Bri(u;e/2). Using Proposition one can see that vy, ¢« — 0y, | — Vyr ¢cx — 0y in L(0),
and consequently that vy« € oy + Ny(u*). We conclude then that (* € ®(3*), where ¢* :=
(Yur ¢, Pur ¢+, w*). Finally, by definition of § and

" —dly < eillz +e/2 <e.
Thus, ¢* € ®(*) and ¥* € By(i; ), which completes the proof. O
The next theorem claims that all solutions of the perturbed optimality system (4.61]) are arbitrarily

close to the solution of the unperturbed optimality system, provided that the solution of the latter is
globally unique, Assumption holds, and the perturbation is sufficiently small.

Theorem 1.5.14. Let As§umpt7j0n hold and suppose additionally that v is the unique element
of Y that satisfies 0 € ®(1)). For each € > 0 there exists § > 0 such that if ( € Bz(0;0) and v € Y

satisfy ¢ € ®(¢), then 1 € By(1);¢).

ProofL. et §y and cg be the positive numbers in Lemma Let ( = (&,n,p) € Zand ¥ = (y,p,u) €
Y be such that ¢ € ®(v). Define v := p+ Hy (-, Yu, Pu) — Hu (-, y, p). Arguing as in the proof of Theorem
we can find positive numbers ¢; and ¢y (independent of ¢ and () such that |v|p~q) < e1]C]z
and

|y — valr2() + P — palrz@) < 02(\C|Z + Ju— @|L1(Q))~

Let § := min{cl_lég, (2coca) ™ ¢] Tk (2¢9) e} and suppose that ¢ € Bz(0;6). As p € Hy(-,y,p) +
Ny(u), we have v € Hy (-, Yu, pu) + Nu(u). By Lemmam

lu — |1 <co|1/|Lm(Q <coc |C| <cyle/2.
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Thus,

|y — valr2) + [P — palrz) + v — @) < e (5 + 02_16/2) <e.

I.6 Nonlinear Perturbations

In this section, we apply the subregularity results in Section for studying the effect of certain
nonlinear perturbations on the optimal solution. We consider the following family of problems

min { /Q (ot ,u) + n(z, v, ) dx} , (6.33)

uel
subject to

—div (A(2)Vy) + d(z,y) + &(z,y) = Blz)u in  Q
(6.34)
A(x)Vy-v+b(x)y =0 on 9.

In order to specify the perturbations £ and n under consideration and their topology, we begin the
section by recalling some elementary notions of functional analysis.

As usual, C'(R®) denotes the space of all continuous functions w : R® — R. For each m € N, let
K, denote the closed ball in R® centered at zero with radius m. Consider the metric on C(R®) given
by

N w1 — wal oo (k)
2m 1 + |wy — w2|Loo(Km) ’

do(wi,ws) = Z
m=1

This metric induces the compact-convergence topology on C(R®). In this topology, a sequence
{wm}tm=1 C C(R®) converges to w € C(R®) if and only if |w — w|pe(x) — 0 for every compact
set K C R®. This topology is also known as the compact-open topology, see [?, Chapter 7] The
following lemma is straightforward and follows from the definition of d¢.

Lemma 1.6.1. For each compact set K C R® there exists m € N such that
]wl - w2|Loo(K) < dec(wl, wQ)
for all wy,we € C(R?®) such that do(wy,ws) < 27,
ProofL. et K be a compact subset of R®. There exists ¢ € N such that K C K;, where K; denotes the
closed ball in R® centered at zero with radius 7. Now, by definition of the metric d¢,

|wlreo (K,

< 2do(w,0) Yw e C(R?).
TR p— c(w,0) (R?)
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Hence,

2ide(w, 0)
oo < —
e = T 50 w,0)

for all w € C(R?) with do(w,0) <270+, Let m =i + 1. Then

< 2i+1d0(w7 O)

’wg — w1’Loo < ‘WQ — Wl’Loo K;) < dec(WQ — w1, 0) = 2mdc(w2,w1)

for all wy,ws € C(R?) with dc(wl,wg) <27™, O

1.6.1 The perturbations

We begin describing the space of perturbations appearing in equation . Let T be the set of all
continuously differentiable functions £ : R” x R — R such that dy(z,y) + &,(z,y) > 0 for all z € Q
and y € R. The set T does not constitute a linear space, but it allows to have well-defined states for
each perturbation.

Proposition 1.6.2. For each u € U and & € T there exists a unique function yﬁ € D(L) satisfying
Lyt +d(-y5) +&C, ) = BC)u.
Moreover, there exist positive numbers M and § such that |y5‘Loo(Q) <M foralluel and £ € T,
with dc(€,0) < 0
ProofT. he existence follows from [39, Theorem 4.8]. Moreover, also from this theorem, there exists
¢ > 0 such that
’yg‘L‘X’(Q) < C‘B()u —d(-,0) - é—('?O)‘LOO(Q)
for all u € U and & € Y. Let K := Q x {0}, then by Lemma 1{ there exists m € N such that
Y5 Lo () < C(WLOO a)lulpe (@) + 1d(+,0)[L () + |§!L<><>(K))
< C(|B|Loo(sz) sup [ul oo () + [d(-, 0)| oo () + 2mdc(£,0)>
ue
< (18] 5P [ul < () + (- 0)] v ) + 1)
uel
for all u € U and £ € T4 with do(€,0) < 27™. The result follows defining ¢ := 27™ and
M = e (|8]%() 5P [ul o ) + (-, 0)] oy + 1))

ueU

g

We now proceed to describe the perturbations appearing in the cost functional . Consider
the set Y. of all continuously differentiable functions 7 : R™ x R x R — R such that n(z,y,-) is convex
for all x € Q and y € R. We have the following result concerning the adjoint variable of the perturbed
problem. Its proof is similar to the one of Proposition
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Proposition 1.6.3. For each u € U, £ € T, and 1 € Y, there exists a unique function p3" € D(L)
satisfying

Ep%?? + [d ( yu) +§y( )]pgn = gy('7y1€uu) + ny('7y1€7u)‘

@ <M foralluel, § €T, and

Moreover, there exist positive numbers M and § such that |p§’77
n € Y. with dc(€,0) + dc(&y,0) + de(ny, 0) < 0.

We denote Y := YT, x T, and write ¢ := (£, n) for a generic element of Y. We endow YT with the
pseudometric dy : T x T — [0, 00) given by

dv (¢, (") == de(&,&) + do(&y, &) + da(ny,m,) + de(nu,m,,).

1.6.2 The stability result
We are now ready to state the problem (6.33)-(6.34) in a precise way. Given ¢ € T, problem P is
given by

wig {20 = [ [0 + s ] o . (6.35)

uel

Due to the convexity of the cost in the control variable, each problem P, has at least one global
solution. For each ¢ € T, we fix a local minimizer @, € U of problem P;. By the local minimum

principle, for each ( = (§,n) € T, the triple (¢, pe,Uc) = (ygc, pif t¢) satisfies the system

0 = Ly-— f( su) —&(-,y),
0 = Lp— Hy(oyopou) +my(rysu) — E( )P, (6.36)
0 € Hu(vy p)+77u( )+NU( )

As a consequence of Theorem we have the following result.
Theorem 1.6.4. Let Assumption hold. There exist positive numbers o, o’ and ¢ such that
l9¢ — Yalr2() + 1B — Palr2i) + ¢ — @l piq) < edy(C,00VF
for all ¢ € Y such that |i; — 1) < o and dy(¢,0) < o
ProofB. y Theorem [[V.4.9] the mapping @ is strongly Hélder subregular at (1), 0) with exponent 1/k*.

Let a1, a3 and k be the positive numbers in the definition of strong subregularity. By Proposition
and there exist positive numbers M and gy such that

Y& Lo () + D5 | L) < M

for all u € U and ¢ € T with dy(¢,0) < dp. Let K := Q x [-M, M]. By Lemma there exists
m € N such that

1€(-, yu)]Lz < meas Q2\§]Loo ) < QmmeasQ2dc(§ 0) < 2’”measQ2dT(( 0)
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for all u € U and ¢ € T with dv(¢,0) < min{27",dp}. Repeating this argument, we can find positive
numbers ¢ and ¢y such that

’f(vyg)\L?(Q) + 18 (L yS)p5" r2(Q) + [y (-, Vs )| 220 + (- 5, 1) e < codr (¢, 0) (6.37)

for all w € U and ¢ € T with dy((,0) < §. Using Proposition [[.3.12| and Lemma one can find
positive numbers o and ¢’ such that

19¢ — Yalr2(q) + [Pc — palreq) + |4 — Ul ) < a1

for all ¢ € T with [i¢ — @|p1() < o and dy((,0) < ¢'. Observe that by (6.36]), we have

_ny(vyC7uC)+§y(>yC)pC € (I)(yCapQuC)
_nu('7yC7uC)

for all ¢ € Y. Let o/ := min{c, 'az,d,d'}. Then by Holder subregularity of ® and (6.37),
. . . _ = 1
[9¢ — Yulr2(q) + [Pc — palre(q) + |Ue — Ul ) < keg™ dr(C,0)F

1
for all ¢ € T such that |d¢ — |1 (q) < o and dy(¢,0) < . The result follows defining ¢ := kcf™. O

1.6.3 An application: Tikhonov regularization

In what follows we present an application of the theory derived in the previous chapters, namely the
so-called Tikhonov regularization. For a more detailed description and an account of the state of the
art, the reader is referred to [32, 42, [41]. We derive estimates on the convergence rate of the solution
of the regularized problem when the regularization parameter tends to zero. The results that appear
in the literature require the so-called structural assumption and positive-definiteness (in some sense)
of the second derivative of the objective functional. Using Theorem[[V.4.9] we can obtain these results
under weaker assumptions than those used in the literature so far. One can compare these results with
[32, Theorem 4.4] (where a tracking problem with semilinear elliptic equation is considered) when it
comes to the stability of the controls. In Section [[.7] we give more details on how the assumptions in
the literature interplay with Assumption [.5.1}
We consider the following family of problems {P:}c>0.

. £ 2
ggg{l{/gg(x,y,u) dx+2/9u d:n}, (6.38)

subject to

—div (A(2)Vy) + d(z,y) = Bx)u in Q
(6.39)
A(x)Vy - v+ b(x)y =0 on S
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Lemma 1.6.5. Let Assumption [[.5.1) be fulfilled. For every o > 0 there exists eo > 0 such that for
every € € (0,e,) problem P- has a local solution t. € U N By (u; ).

ProofL. et o > 0 be arbitrary. By Remark u is a strict local minimizer, hence there exists
o < a such that J(u) < J(u) for all u # u € U NBpiqy(u;a*). Consider the family of problems P}
given by

. 9 2
e T+ Sl (6.40)

Each problem P} has a global solution .. There exists * > 0 such that |i. — u|p1(q) < o*/2 for all
e € (0,€*). Suppose the opposite. Then there exists a sequence {e5}7°, converging to zero such that
|tle,, — | 1) > a* /2 for all k € N. Since U NBp1(4; a*) is weakly compact in L?(2), we may assume

without loss of generality that u., — u* for some u* € U N B (u; ). Since ya,, — yur in C(Q), we
obtain that

% .. “ €k~ .. _ €k, _ _
I () < timinf | J (ie,) + iy 2| < limint | 7(@) + Sfaffaq) | = T @),

k—o0

Therefore u* = @ since u* € U N B1(q)(4; ) and 4 is strict local minimum. By Proposition m
u* = @ is bang-bang. Weak convergence in L?(Q) implies weak convergence in L!(Q); consequently,
by Lemma fie, — u* in L'(Q), which is a contradiction. We can see that for all ¢ < *, 4. is a
local solution of problem P.. Indeed, if u € U N Briq)(tie; a*/2), then

lu —t|p1q) < |u—telpg) + e — UL <
and consequently, as 1. is a global solution of problem P},
. € . €
T(be) + 5 lte|2() < T () + Slul2(0)-
The result follows defining ¢, := €*.

0

Theorem 1.6.6. Let Assumption[[.5.1) be fulfilled. Then there exist positive numbers o, k and ey such
that for every € € (0,e9) problem P has a local solution G- € By (u;a). Moreover,

e (6.41)

for every local solution . of problem P- such that € € (0,e9) and |4 — |1 ) < .

ProofT. he first claim follows from Lemma Let a, o’and ¢ be the positive numbers in Theorem
Define 7. : R — R by ne(u) := eu?/2 and (. := (0,7.) € T for each ¢ > 0. Note that

p o =1 em?/2 B 1 m? - = m? B
0(775,0) T Z 2m1+€m2/2 —52 2m 9 1 o2 —62 om+1 =3¢
m=1 m=1 m=1
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for all € > 0. Analogously,

877 =1 em
Aoy, :ZW1+sm<€Z2m_

m=
for all € > 0. We conclude that dy((.,0) < 5e < o for all € € (0,eq), where gy := o’/5. By Theorem

6.4
|12€ — l_L|L1(Q) < 57%‘051%‘

for all e € (0,&0) such that |4 — @) < o O

1.7 Assumptions related to subregularity

In this section, we gather some results concerning Assumption in order to provide sufficient con-
ditions under which it is fulfilled. Furthermore, we analyze related assumptions and their relationship
between themselves. Recall that u € U is a local solution of problem f. Since u € U satisfies
the variational inequality , we have

) bi(z) if oa(z)>0

u(z) =
ba(z) if og(x)<O.

We introduce the following extended cone suggested in [5]. For a fixed 7 > 0 define

=0 if |og(z)| > 7 ora(zr) € (by(x),ba(x))
Cr=Svel?Q):v(x){ >0 if |og(z)] <7 and a(x) = by (x)
<0 if |og(x)| <7 and u(z) = be(x)

We introduce the following modification of Assumption

Assumption 2'. There exist positive numbers ag and -y such that
/ oa(u—u)dr + Au —ua) > yolu — u|k +1
Q
for allu e U with u —u € CF NBri(q)(4; ap).

This assumption is seemingly weaker than Assumption However, we will prove that the two
assumptions are equivalent. Before that, for technical purposes, we introduce the bilinear form I' :
L2(Q) x L*() — R given by

1
[(vy,v9) = 2/ [Trvlvg + 77,,21)1] dx. (7.42)
Q

The bilinear form is particularly useful because of the following property.
A(vy 4 v2) = T'(v1,v1) + 20 (w1, v9) + D(vg,v9)  Vor,vs € L2(Q). (7.43)

We will require the following technical lemma.
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Lemma 1.7.1. For every positive number M, there exists a positive number ¢ such that
1/2
ID(vr,v2)| < clor|ig vl 1)

for all vi,ve € B (0; M).

ProofB. 'y Proposition there exist c1,ca > 0 such that [my[r ) < c1|v]r2q) and |m|r2() <
calvlpi(q) for all v € L?(Q). Let M > 0 be arbitrary. Observe that

1 1
‘/9%1”2 dﬂ«“‘ < o oo (@2l i) < clM 2|1l g2l (),
and that

11
‘/Q%ﬂl dl" < |7fv2|L2(Q)|Ul\L2(Q) < oMz ’1)1|21(Q)|U2\L1(Q)

N
U

for all vy, ve € Bros(0; M). There result follows defining ¢ := 27 (¢; + co)M2.
Proposition 1.7.2. Assumptions and 2’ are equivalent.

Proof. Clearly Assumption implies 2. Let ap and 79 be the numbers in Assumption 2. Let
u € U and define

u(z) —u(x) if loa(z) <7
vi(z) =
0 if |oa(z)| > T,

and

0 if oa(z)| <7
va(x) =
u(z) —u(z) if |oa(z)| >

Clearly v1 € Cf and vy +v2 = u — 4. Let M be a bound for ¢ in L>(2), and let ¢ be the positive
number in Lemma corresponding to 2M. By Assumption 2/,

/ oa(u—u)dr = / ogv1 dx + / oU2 dx
Q Q |O'a|>T
= / ogvrdr + A(vy) — A(vr) + / o dx
Q

|oa|>T

> yolvr | + Tlva|p1(a) — Avy),
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and

Alu —a) = A(vy) + 2I'(v1, v2) + A(va)
> A(v1) = 2evr] i [val ey — elval g lval ey
> A(v1) = 3clva|praylu — \1/2 @)
for u € U with |u — |1y < ap. Thus
/Qou(u — @) dx + A(u — @) > yolvy [T + Tlva|p1 () — 3eve|p1ylu — ‘Ll(Q)

= oo + Jeali ey (7 = 3elu - al )

for u € U with |u — 4 (@) < ao. Now, by the reverse triangle inequality and Bernoulli’s inequality
(consider without loss of generahty u# u)

a2

k1
|U1|k+1 @) = |(u — u) ’U2|k+1 ) > (|’LL — ﬂ|L1(Q) — ‘U2|L1(Q))
b [v2lL1@) \RH? b [v2|21(@)
=lu—1u L > |u—1u 1—(k+1)————
| LI(Q)< !u—ulm)) | |L1(“)( ( )\“—“!Ll(m)
= |u— \Ll(g) (k+1)|u— a|II€,1(Q)’v2‘L1(Q)
Consequently,
[ oat =) da+ A=) 2 s0fer 7+ oala o (7 = 3elu — al} 13, )
> volu — ’L_”‘]Z—IHQ —y(k+ 1)|u— ayﬁl(g)’UQ‘Ll(Q) + ”1)2‘[/1(9) (T — 3clu — Ul (o)

> qolu —alf gy + o2l oo (T — 0k + 1)u — @lf1(q) — 3clu — |1/2 )>-
Choosing a small enough, one can ensure
/Qaﬁ(u — ) da + Au— @) = qolu — 5T + vl (7 = 00k + Dlu = alfs ) = 3elu —al}T)
> Yolu — ﬁ\lff(l ’U2|L1 > Yolu — |]ZJ1F(IQ)

for all u € U with [u — t|p1(q) < @
U

Proposition [[.7.2] allows splitting Assumption into two parts, as it follows in the next theorem.

Theorem 1.7.3. Let there exist numbers uy, p2 € R and o > 0 such that

/Qaﬂv dx > Ml\v\’;'&%) (7.44)
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and
Afv) > M2’U|]ZZJ(F5) (7.45)

for every v € (U —u) N CG N Bryqy(a;a). If py + p2 > 0, then Assumption 2 is fulfilled, hence the
optimality mapping @ (see ) of problem f 1s strongly Holder subregular with exponent
A = 1/k* at the reference point (y,p,u).

The proof consists of summation of ([7.44)) and (7.45) and utilization of Proposition and
Theorem [V.4.9]

The splitting of Assumption 2 has the advantage that the inequalities in (7.44) and ([7.45) can be
analyzed separately. The next proposition is related to (|7.44).

The following assumption has become standard in the literature on PDE optimal control problems
with bang-bang controls, see, e.g., [?]

Assumption 1.7.4. There exists a positive number ug such that

1
=

meas{x € Q : |og(x)| < e} < poe* Ve > 0.

Proposition 1.7.5. The following statements hold.

(i) If Assumption is fulfilled then there exists puy > 0 such that holds for every v € U —1.

(ii) Suppose there exists v > 0 such that ba(z) — bi(x) > v for a.e. x € Q. If holds for every
v €U — u then Assumption [[.77] is fulfilled.

ProofT. he proof of the first claim follows [34, Proposition 3.1], see also [10, Proposition 2.7]. It
has been also proved several times in the literature on ordinary differential equations in a somewhat

stronger form; see, e.g., [1, 28, 133} [37].
Let us prove the second claim. For each ¢ > 0, define

(a(x) if loa(x)] > €

wo(@) = { (@) i oa(@) <e and a(z)€ |

bo(z) if |oa(z)| <e and a(z) € [bl@c),
Clearly each u. belongs to U, and

1
|ue(z) — a(@)] 2 S lb2(2) — bi(2)] (7.46)

for a.e z € {s € Q: |og(s)| < €}. From (7.44) we have
k+1
,ul(/ |ue — al da:) < / og(ue —u)dr < 5/ |ue — ul dz.
loa|<e loa|<e loal<e
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(7.47)

_ -5 1
|de < p, *ek.

|ue — @
|<e

u

/

Using (7.46)) and (7.47) we obtain that

This implies

2
/ |b2—b1|d:v§—/ |ue — ul dz
|ou|<e V Jjou|<e

1
v

vdx <

/|Uu|S€

1
v
Thus Assumption is fulfilled with pg :

meas {x € Q: |og(z)| < e} =

-
I
A
|
|
. —~
e —
!
n N
N |
e
|
—
—
3
~—
(o]
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Abstract

This paper is dedicated to the stability analysis of the optimal solutions of a control problem associated
with a semilinear elliptic equation. The linear differential operator of the equation is neither monotone
nor coercive due to the presence of a convection term. The control appears only linearly, or even it can
not appear in an explicit form in the objective functional. Under new assumptions, we prove Lipschitz
stability of the optimal controls and associated states with respect to perturbations in the equation
and the objective functional as well as with respect to the Tikhonov regularization parameter.

II.1 Introduction

In this paper, we study the following optimal control problem

(P) min J(u) := / L(z,yy(z),u(z)) dz,
ueU Q

where U = {u € L*(Q) : uq < u(x) <up for a.a. v € Q}, —00 < uy < up < +00. Here, y,, denotes the

solution of the semilinear elliptic equation:

{ —div (A(z)Vy) + b(z) - Vy + f(z,9) =u in Q, (1.1)

y=0 on I.

Assumptions on the data of the control problem (P) will be given below. The aim of this paper is
to prove stability results for the local minimizers of (P) with respect to perturbations in the data of the
control problem. There are quite a few previous papers devoted to this issue [14], [15], [16], [17], just to
mention some of them. In all these cases, the second derivative of L with respect to u is bounded from
below by a positive constant. This is the case where the Tikhonov term is involved in the objective
functional. Under this condition and assuming sufficient second-order optimality conditions (SSOC),
the Lipschitz stability of the optimal controls is proved. Here, we assume that u appears linearly in
L(x,y,u) or even it does not appear at all. Therefore, the previous results do not apply. In this case,
under (SSOC) for optimality, Lipschitz stability of the optimal states can be proved; see [7]. In Section
we obtain analogous estimates for the optimal states replacing (SSOC) by a weaker condition; see
(3.29). Tt is weaker because (SSOC) implies our assumption, but they are not equivalent. In addition,
our assumption implies strict local optimality of the control; see Theorem [[I.3.5]

In order to prove stability of the optimal controls when they are not explicitly involved in the
objective functional, besides (SSOC) an additional structural hypothesis is usually assumed. This
situation was studied in [21], where the authors proved Lipschitz stability of the control with respect
to linear perturbations simultaneously appearing in the state equation and the objective functional.
The drawback is that the additional hypothesis is satisfied only by bang-bang controls. Here, we obtain
analogous estimates changing the mentioned assumption by a weaker one, see . Though this
second assumption is stronger than , it can be satisfied by optimal controls independently
if they are bang-bang or not. Moreover our assumption is satisfied if the (SSOC) and the
additional hypothesis are assumed.

Finally, under the assumption , Lipschitz stability is established for the optimal states with
respect to simultaneous perturbations in the equations and in the objective functional with respect to
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the state and the control, and with respect to the Tikhonov regularization parameter. The stability
with respect to the Tikhonov regularization has been studied in [7] and [20]. In [7], Holder stability
of the states is proved. In [20], stability of the control is proved under (SSOC) and the structural
assumption. The reader is also referred to [23], [24], [25] for the case of linear partial differential
equations.

In this paper, besides providing some new sufficient conditions for Lipschitz stability for the optimal
control and associated states, we deal with a semilinear elliptic state equation that is neither monotone
nor coercive. Though some crucial results for this state equation are taken from [6], some estimates
have been proved that are not available in the literature.

The plan of this paper is as follows. In Section we analyze the state equation. First, we
establish some properties of the linear differential operator of the state equation, and the full semilinear
equation is analyzed in the second part of the section. The control problem (P) is studied in Section
We prove that our assumption (|3.29)) is a sufficient condition for strong local optimality. Section
[[T4) is dedicated to the proof of Lipschitz stability of the optimal states. In Section we introduce
the stronger condition ([5.47|) replacing that allows us to establish the Lipschitz stability of the
optimal controls. Finally, in Section [IT.6] the Tikhonov regularization is considered.

I1.2 Analysis of the partial differential equation

In this section we analyze the equation (|1.1)). We split the section in two parts. In the first part, we
establish the results concerning the linear operator of the elliptic equation. In the second subsection,
the nonlinear equation will be studied.

Analysis of the linear differential operator
We define the differential operator A : H}(Q) — H~(Q) by
Ay = —div (A(z)Vy) + b(z) - Vy.

The following assumptions are supposed to hold throughout the paper. They ensure that the mathe-
matical objects under consideration are well-defined.

Assumption 11.2.1. The following statements are fulfilled.

(i) The set Q@ C R™, n = 2,3, is a bounded domain with a Lipschitz boundary I'. The mapping
A Q — R™ " s measurable and bounded in Q, and there exists Ay > 0 such that €T A(z)¢ >
AAl€? for a.e. x € Q and all £ € R™.

(ii) We assume that b € LP(;R™) with p > 3 if n =3 and p > 2 arbitrary if n = 2.

Under these assumptions it is known that A : H}(Q) — H~!(Q) is an isomorphism despite the
fact that the operator is neither coercive nor monotone; see [6], [I3, Theorem 8.3|, [22]. The following
identity is satisfied

(Ay,z)—/AVy-Vzdx—i—/b-Vyzdx Yy, z € HY(Q),
Q Q
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where (-, -) denotes the duality pairing between H~1(Q) and HE ().

Along this paper, we will set
1
2 2
Wl = ([ IVoP )

The next lemma states some properties of A that will be used later.
Lemma I1.2.2. The following statements are fulfilled:

(i) There exists a constant Cy ,  such that Garding’s inequality holds
Ay 2 2 1
(A1) > 2ol @y~ Crnsllvliaey Vo € HA(Q). (2.2)
(i) Let a € L>(Q) be a nonnegative function and h € H=1(Q). If y € H}(Q) satisfies Ay +ay = h
and h is a nonnegative linear form, then y is a nonnegative function as well.

(iii) Let a be as above and h € L™ () with v > 5. Then, the solution y of the above equation belongs
to H} () N C(Q). Moreover, there ezists a constant C,. independent of a and h such that

19l 2 ) + Wllo@) < Crllhllr)- (2.3)

Proof. The proof of can be found in [6]; see also [I3], Lemma 8.4]. For the proof of (ii) the
reader is referred again to [6] and [I3, Theorem 8.1]. The H{(Q2) N C(Q2) regularity of y for functions
h € L"(9) is well known; see [I3], Lemma 8.31]. It remains to prove the estimates for a constant
C, independent of h and a. Let us denote by y,, € H}(2) N C(Q) the solution of Ay + ay = h. With
Yo, we denote the solution corresponding to a = 0. Then, the estimate [|yo,nl|c(q) < C||hllLr () s well
known for a constant C' depending on 7, but independent of h. Let us write h = ht — h~. From (ii)
we know that y, ,+ > 0 and y, 5~ > 0. Now, since A(y, pn+ — Yo n+) +a(Yan+ —Yopt) = —aYo p+, again
by item (ii), we obtain 0 < y, + < Yo+ and consequently ||y, n+llc@) < [Yon+llo@). Analogously,
by the same argument 0 < y, ,- < y;,- and consequently ||y, 1, HC(Q) < lvon- ||C(Q)- Therefore,

[Yarllc@ < Wantllo@ + Wan-llo@) < 1op+llc@ + 1von-lle@)
< C(IB* ey + 10 lry ) < 2C 0l @),
where C' is independent of a and h. To prove the corresponding estimate in H&(Q) we use Garding’s
inequality (2.2) and the above estimate:
Ay 2 < (A C 2 < (A 2.d C 2
T”ya,h”H&(Q) <A ya,hvya,h> + AA,b”ya,hHL2(Q) <{ ya,h;ya,h> + Qaya,h T+ AA,bHya,hHm(Q)

r—1

2l @) lyapllc@) + Cna bl Ya,n

= /tha,h dz + Cp y plYanllZ2(q) < 19 le@)

r—1
SQC(‘Q| ; —|—ZCCAA,b|Q‘)HhH%T(Q)’
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where || denotes the Lebesgue measure of €. Since the above constants are independent of a and h,
the inequality completes the proof of ([2.3)). O

Now, we consider the adjoint operator A* : H}(Q) — H(Q) of A. Since A is an isomorphism, A*
is also an isomorphism. It is obvious that A*¢p = — div (ATVQO) —div (gob). The operator A* satisfies
the same properties established in Lemma[[[.2.2] Indeed, the Garding’s inequality is a consequence of
and the identity (A*p, p) = (Ap, ). The proof of the estimate is the same for the operator
A*. We only prove the statement (ii). Let h € H~'(2) be a nonnegative linear form. This means
that (h,y) > 0 for every nonnegative function y € H} (). Let ¢ € H}(Q) satisfy A*p + ap = h.
Now, given a nonnegative function w € L?(Q) we take y € H}(Q) satisfying Ay + ay = w. By Lemma
(74) we have that y > 0. Then, we obtain

/Qwsodsv = (Ay +ay, p) = (A*0 +ap,y) = (h,y) > 0.

Since w is an arbitrary nonnegative function of L?(§2), this inequality yields ¢ > 0.
We finish this subsection by proving an L*(€2) estimate.

Lemma I1.2.3. Assume that s € [1, 15), s is its conjugate, and let a € L*°(2) be a nonnegative

function. Then, there exists a constant Cy independent of a such that
lynllzs ) < Csllhll L1 (@), 1 1
YVhe H (Q)NL(Q), 2.4
Ll < e 0L 24

where yn, and @y, satisfy the equations Ayp + ayp, = h and A*pp + app, = h, respectively, and Cy is
given by (2.3) with r = s'.

Proof. We prove the estimate (2.4)) for ¢, and n = 3, the proof being identical for y;, and analogous for

n = 2 with minor modifications. First we observe that H}(Q) C L5(Q) C L3(f2), hence ¢y, € L¥(Q).

As a consequence we obtain that || 'sign(pp) € L¥(Q). Moreover, s < 3 implies that s’ > 3.

According to Lemma [[1.2.2}(iii), the solution of Ay + ay = |¢p|* sign(ps) belongs to H} () N C(Q)
and satisfies [yl < CS/H|cph]5_lsign(g0h)\|Ls/(Q) = CS/HLthf.;(lm, where Cy is independent of a and
h. Using these facts we infer

lenllzs ) = /Q pn® dz = (Ay + ay, pn) = (A'pn + apn, y)
= /thdx < Al ¥lle@) < Csllhll@llenllis g

This proves ([2.4) for ¢p,. O

Analysis of the semilinear equation

In this subsection, we formulate some results concerning the semilinear equation (1.1]). For this purpose
we make the following assumptions on the nonlinear term of the equation.
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Assumption I1.2.4. We assume that f : Q@ x R — R is a Carathéodory function of class C? with
respect to the second variable satisfying:

f(-,0) € L"(Q) with r > g and g;j(x,y) >0VyeR, (2.5)
of 0% f
VM >0 3Cy > 0 such that a—y(w,y) + a—yQ(af,y) <Crm Yyl <M, (2.6)
VM >0 and Ve > 0 35 > 0 such that
0% f o0 f (2.7)

<e€ Zf‘y1|7’y2‘ S M and ‘?JQ _yl‘ S 57

aiyg(wva) - @(mayl)

for almost every x € (.

Theorem I1.2.5. Let Assumptions |I1.2.1 and |I1.2.4) hold. If u belongs to L"(S2) for some r > n/2,
then there exists a unique solution y, € HE(Q) N C(Q) of (L.1). Moreover, there exists a constant
Ky, independent of u such that

lyall ) + lvulle@) < Epar(lullr@) + 1£¢5 0)lr(9) +1)- (2.8)

Further, if {ug}32, is a sequence converging weakly to w in L"(2), then yu, — yu strongly in Hg(Q)N
c(Q).

The reader is referred to [6] for the proof of this result. As a consequence of (2.8)) we get

3Ky > 0 such that [[yullg1q) + vullo@ < Kv Vu e lU. (2.9)

For each r > n/2, we define the map G, : L"(Q) — HE(Q) N C(Q) by G (u) = y,.

Theorem I1.2.6. Let Assumptions[IL.2.1] and [II.2.7] hold. For every r > % the map G, is of class
C?, and the first and second derivatives at u € L"(Q) in the directions v,vy,v2 € L"(Q), denoted by
zuw = GL(u)v and zy ., v, = G (u)(v1,v2), are the solutions of the equations

af _

Az + @(x,yu)z =, (2.10)
af B 0% f

Az + ay (:E, yu)z = - 8]./2 (:L'a yu)zu,vl ATRIE (2'11)

respectively.
The proof of this theorem is an easy application of the implicit function theorem; see [6].
Lemma I1.2.7. The following statements are fulfilled.

1) Suppose that r > Z and s € [1,-25). Then, there exist constants K, depending on r and M
2 n—2
depending on s such that for every u,u € U

190 = ya — zuu-allo@ < Krllyu = yallZ2r @) (2.12)
Hyu —Yu — Zﬂ,u—ﬁHLS(Q) < Ms”yu - ya”%2(g)- (2-13)
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(ii) Taking Cx = K2+/|Q| if X = C(Q) and Cx = My if X = L?(Q), the following inequality holds

|zu0 — zawl|x < COxllyu — vallx||zapllx Yu,u € U and Vv € L2(Q). (2.14)

(iit) Let X be as in (i1). There exists € > 0 such that for all u,u € U with |y, — yalc@) < € the
following inequalities are satisfied

1 3

Sl = yallx < leaaallx < Sllv = vallx, (215)
3
2

1
Slzasllx < llzuollx < Sllzavllx Vo€ L2(9). (2.16)

Proof. Let us set ¢ = yy — ya — 2uu—a € H3(Q) N C(Q). From the equations satisfied by the three
functions and using the mean value theorem we get

of _[9f
y - Loy

0
46+ S0 =[S o) - ] - v,
where yp(z) = ya(z) + 0(z)(yu(z) — ya(x)) with 0 : Q@ — [0, 1] measurable. Using again the mean

value theorem we deduce
of *f
dy Oy?

with yg(2) = ya(x) + 9(x)(ye(z) — ya(x)) and ¥ : Q@ — [0, 1] measurable. By Lemma [IT.2.2}(ii7) and
taking into account (2.6) and (2.9)) we infer the existence of C, independent of u,u € U such that

A¢ + (.%', yﬂ)¢ = -0 (1’, yﬁ)(yu - yﬂ)2

I9llc@) < CrCr kol (Wu — ya)?llir@) = CrCricy 1Yu — vallZor (),
which proves (2.12) with K, = C,C} k. To prove ([2.13)) we use Lemma [I1.2.3| to obtain
Il s (@) < CoCrrepll(Wu — ya)?llr) = CoCricy |y — vall 720

Taking M, = CyCr xy, (2.13) follows.
Now we prove (2.14) for X = C(2). Setting ¢ = 2y, — zu,, and subtracting the corresponding
equations we infer with the mean value theorem

0 0 0 0?
A+ 5 @) = [ w0 = G )2 = 55 w0 e = )50

Ay
Taking r = 2 in (2.3]) and using (2.6 and (2.9) it follows from the above equation

[Ylle@) < CoCr ey 1(Ya — yu)zuollL2) < Ko/ QU ye — vallo@)llzallc@)

which proves (2.14]) for X = C(€). The proof for X = L?(Q) is analogous, we use the estimate ([2.4)
for s = 2 instead of ([2.3).
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To prove (2.15)) for X = C(Q) we use (2.12)) with r = 2 to get

1yu = yallo@) < 18lle@y + llzau—allo@ < Kallyu = valliaq) + lzau-allo@)
< Ko/ 1Qllyu — yﬂ”%’(g‘)) + llzau—allc@)-

Choosing €1 = [2K2+/[|Q] 7! the first inequality of (2.13)) follows if ||y, — yalc@q) < €1 To deal with
the case X = L?(Q) we use (2.13) with s = 2 and obtain

yu = vallz2@) < 1Dllz2) + zau—allL2@) < Mallyu — yﬂH%Q(Q) + [l2a,u-allL2 ()
< Mo/ [Qyu — Yallo@yllve — vallz) + zau—allL2@)-

Hence, taking g9 = [2M3+/|Q2]] 7! we obtain the first inequality of (2.15) with X = L2(Q) if ||y, —
yallo@) < e )
To prove the second inequality of (2.15)) for X = C(£2), we proceed as follows

leau-allew) < Il + v = vallow < E2v/19v = vallgq) + v = vallow)
3 .
< iuyu - yaHC(Q) if ||y, — yﬂHC(Q) < el

Similarly the second inequality of (2.15]) follows if X = L?(2) with &5 replacing &.
Finally, we prove ([2.16)). Using (2.14) we obtain

lzuollx < 2w = zaplx + lzanllx < Cxllyu = val xllza0llx + 230l x,
lzaollx < llzue = zawllx + lzupllx < Cxllyu = val xllza0llx + 200l x-

Therefore, selecting ¢ = [205] 7! for X = C(Q) and € = [2C2/|Q[] 7! for X = L?(Q), (2.16) follows if
lyu = vallc@) < e O

I1.3 The Control Problem

In this section, we make assumptions on the objective functional J so that (P) has at least one solution
and the first and second-order conditions for local optimality can be established. Since the problem is
not convex, we will consider not only global minimizers, but also local minimizers. Throughout this
paper, we will say that @ is a local minimizer of (P) if 4 € U and there exists a ball B,(u) C L?()
such that J(a) < J(u) for every u € U N B,(u). We will also say that @ is a strong local minimizer of
(P) if u € U and there exists € > 0 such that J(u) < J(u) for every u € U with [y, — yalc@) < e
If the previous inequalities are strict whenever u # @, then we say that @ is a strict (strong) local
minimizer. As far as we know, the notion of strong local minimizers in the framework of control of
partial differential equations was introduced for the first time in [I]; see also [2].
We make the following assumptions on L.
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Assumption I1.3.1. The function L : Q x R? — R is Carathéodory and of class C? with respect to
the second variable. In addition, we assume that

L(z,y,u) = Lo(x,y) + g(x)u with Ly(-,0) € L*(Q) and g e L¥(Q), (3.17)
VM >0 3y € L3(Q) and Cppr > 0 such that

oL 0L (3.18)
5 )| < nle) and | Fey.)] < Car iy < M,
VM >0 and Ve > 0 35 > 0 such that
(3.19)

0%L 0L )
‘ <eif [yl lyel < M, |y2 — 1| <9,

Tyg(%y%u) - Tyg(fbayl?u)

for almost every x € ().

Using Theorem the assumptions on L, and the boundedness of U in L*({2), the existence
of at least one solution of (P) follows. Indeed, if we take a minimizing sequence {uy}72,, we can
assume that uy, — @ in L>(Q). Then Theoremimplies that y,,, — ya strongly in H} (Q)NC(Q).
Further, using and with M = Ky we infer with the mean value theorem

[ Lo(, yuy, (2))] < [Lo(z, 0)| + ¥re, (2) Ky

Then we can apply Lebesgue’s dominated convergence theorem to pass to the limit in the objective
functional and to obtain J(ug) — J().

In order to derive the first-order optimality conditions satisfied by a local minimizer we address
the issue of the differentiability of the objective functional J.

Theorem I1.3.2. Suppose thatr > 5. Then, the functional J : L"(2) — R is of class C?. Moreover,
given u,v,v1,v2 € L"(2) we have

J (u)v = /(cpu + g)vdz, (3.20)
Q
9L 9?2
JH(U)(UMU?) = /Q [ain(%yu,u) - ‘Puay];(fva Yu) Zu,u, Zuyvs AT, (3.21)

where @, € HE(Q) N C(Q) is the unique solution of the adjoint equation

. of e .
p=0onT.

This is a straightforward consequence of Theorem Assumption [[I.3.1 and the chain rule.
The only critical issue is the existence, uniqueness, and regularity of ¢,. But this is an immediate
consequence of Lemma(iii) that, as already mentioned, applies to the operator A* as well. From
this theorem, the optimality conditions follow in the classical way.
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Theorem I1.3.3. Let @ be a (strong or not) local minimizer of (P), then there exist two unique
elements 4, p € HE(Q) N C(Q) such that

Ay + f(z,y) = u in Q,

{QZO on T, (3.23)
af oL .
* — —J NA — —— [ — Q

AGt @ 0)p =5 (@.5.1) in© 520

p=0o0nT,
/(so+g)(u—U)dx20 Yu € U. (3.25)
Q

The derivation of sufficient second-order conditions for local optimality is more delicate. First, we
introduce the cone of critical directions on which we formulate the necessary second-order conditions
for optimality: if 4 € U is a local minimizer of (P) we define

Cy={veL*Q):J(a)v=0 and v satisfies the sign conditions (3.26)},

>0 if a(z) = ug,

v(z) { <0 if u(x) = up. (3.26)
As usual, from (3.25) we deduce that (¢ + g)(z)v(z) > 0 for almost all z € Q if v € L*(Q) satisfies
(3.26). Therefore, the condition J'(u)v = 0 for v satisfying (3.26)) is only possible if v(z) = 0 for
almost every x € (2 such that (¢ + ¢g)(x) # 0. Therefore, Cy can be written

Cy = {v € L*(Q) : satisfying (3.26) and v(z) = 0 if |(¢ + g)(x)| > 0}.

It is well known that every local minimizer u satisfies the second-order necessary optimality condi-
tion: J”(@w)v? > 0 for all v € Cg; see, for instance, [§]. However, based on Cj it is not possible to get
sufficient second-order conditions for local optimality. The reader is referred to [12] for a counterex-
ample. A procedure suggested by several authors consists in extending the cone of critical directions
Cy; see [10) 11} 18, 19]. Two possible extensions of Cy seem natural after the above comments: for
7 > 0 we define the extended cones

DT = {v € L*(Q) : satisfying (3.26) and v(z) = 0 if |(@ + ¢)(x)| > 7},

GT = {v € L*(Q) : satisfying (3.26) and J'(@)v < 7|20l L1 () }-
On any of these cones, we can formulate sufficient second-order conditions for local optimality. Obvi-
ously, both are extensions of Cy. In [3], the authors introduced the cone C7 = D7 N GE, which is also

an extension of Cy. They proved that the first order optimality conditions (3.23)—(3.25)) along with
the condition

36 > 0 such that J”(@)v? > 5sz||2Lg(Q) Yv e Cf (3.27)
imply the existence of k > 0 and € > 0 such that
_ R _ _
J(u) + EHyu - yH%Q(Q) < J(u) Yu €U such that ||y, — yllo@) <& (3.28)
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Actually, the proof of [3] was carried out for a parabolic control problem with g = 0. However, the
same proof works for the elliptic case and g # 0. Here, we formulate a new assumption leading to the

same result (3.28) as (3.27) does.

Assumption I1.3.4. There exist numbers o > 0 and v > 0 such that

J'(@)(u —a) + J"(@) (u — 0)* > | zau-all72) Yo €U with |yu — Fllc@) < o (3.29)

It was proved in [4] that (3.27) implies (3.29). Therefore, (3.29)) appears as a weaker assumption.
However, the next theorem proves that it is sufficient to imply ((3.28)).

Theorem I1.3.5. Let u € U satisfy the optimality conditions (3.23)—(3.25) and Assumption |I1.3.4).
Then, there exist € > 0 and k > 0 such that (3.28]) holds.

Before proving this theorem we establish some lemmas.

Lemma I1.3.6. Let u € U be fixed with associated state y. Then, the following inequality holds for
all® € [0,1] and u e U

Yarou—a) — Ulle@) < (C2Crry VIUYe — Ylle@) + Dllve — Ul (3.30)

where Cy is the constant of (2.3) with r =2 and Cy g, is the one deduced from (2.6) and (2.9).

Proof. The proof of this lemma is based on the analogous result for parabolic control problems
established in [5]. We take 6 € [0,1] and u € U. We set ¢ = yy19(u—a) — [ +0(yu — 7)]. Then, we have

Applying the mean value theorem, we obtain measurable functions 6; : Q@ — [0, 1], i = 1, 2, such that

0
(@, Yarou—a)) — f(z,9) = 85(?3, Y1) Waro(u—a) — ¥) and y1 = § + 01 (Yago(u—a) — )

flx,yu) — f(2,9) = gz(az,m)(yﬂ —7) with y2 = 7+ 62(yu — 9)-

Inserting these identities in the above partial differential equation we infer

o 0
Ad + &ic(%yl)(yuw(uu) —y) - Hég(xa y2)(yu —y) = 0.

Noting that yz4gu—a) — ¥ = ¢ +0(yu — ), the above equality and a new application of the mean value
theorem lead to
of 0*f

($7y2) - @(%,yl) (yu - g) - eaizjg(xvyfi)(yu - §)2>

of
Jy

of

Adp + N

(x7y1)¢ =0
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where y3 = y1 + 03(y2 — y1). Using (2.3) with r» = 2, (2.6)), and (2.9)) we infer
lollo@ < CoCrico lwa — 9220 < CoCric v/l — T2 00
This implies

lvatrow—a) — Ullo@w) = 16+ 0w — Dlle@) < (C2Crxp VIV — Yllo@) + Dy — lle@)-

O
Lemma I1.3.7. There exists a constant My > 0 such that
lpullo@y < Mu Yuel. (3.31)
Moreover, given u € U with associated state y and adjoint state o, we have
learow—a) — Pllo@) < Cllve —Flle@ V0 €10,1] and Yu e U, (3.32)

where C' depends only on f, L, U, and €.

Proof. For the proof of (3.31]) we use (2.3) with » =2, (2.9)), and (3.18]) as follows

oL
leullo < Oy @), o < Mo = Callby 2

L2(Q)

Let us prove (3.32). Given v € U and 0 € [0,1] let us denote ug = @+ 6(u — @), Yo = Yu,, and
Yo = Pu,- Subtracting the equations satisfied by ¢y and ¢ we get with the mean value theorem

(o — ) + Ziw 7)o — 3) = ‘f;j(a:,ye,ue) - Zj(:c,y,u)
2 2
+ G ) = G o = [ 55 o) = o 5 o) (0~ )

where yy = y + ¥(yp — y) for some measurable function ¥ : @ — [0, 1]. Now, we apply (2.3) with
r=2,(2.9), (3.31), (2.6), and (3.18) to get from the above equation

o — @l < Co(CLxy + MuCr i, ) VIQUYe — Fllo@)-

Then, (3.32) follows from Lemma O

Lemma I1.3.8. For every p > 0 there exists € > 0 such that if u € U and |y, — ¥llc() < € then

17" (@ + 0(u— @) — " (@)% < pllzaslZegqy Vo€ LA(Q) and V8 € [0,1). (3.33)
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Proof. First, let us denote ug, yg, and @y as in the proof of Lemma From (3.21) we get
~ ) -~ 62L o*L,
|[J”(’LL+9(U*U)) - J”(u)]v2| < / ‘ W(xayeaue) - Tyg(xayau)}zgg,v

/ ‘ Py — P (z,90) 70 0 d:c+/ ‘90 T,Yp) — 22];@ y)]
v [ |G saffﬁ(w D

Let us estimate the terms I;. For I we deduce from , , and that for every p > 0
there exists ¢ > 0 such that [; < sza,UH%Q(Q) if |yu — ¥llcq) < e The same estimate can be deduced
for I using , , , and . The estimate for I3 follows from , , , ,
and . Finally, we estimate Iy by using , , ©.14), .16), (3.18), (3.30), and (3.31)) to

infer that

dx

de =1L+ 1o+ I3+ 14.

Iy < (CL iy + MuCy i) 2ugw + zawll L2l 2uew — 2all2(0)
5 1 _
< 5(Crky + MuCr ey )Cra()| Q2 Izl 2@ 196 — Yllo@llzanliz2)

2 . _
< szﬂfUHLQ(Q) if [|yu — yHC(Q) <e.
Hence, (3.33) is a straightforward consequence of the above estimates. O

Proof of Theorem|I1.5.5 Let us take u € U with ||y, — ||y < . By performing a Taylor expansion
and using that J'(@)(u — 4) > 0 we obtain

Ty = J @)+ (@)~ 1) + 7" (ug) (s — 0)?

1

ZJ(ﬂ)+§[J’(ﬁ)(u—ﬂ)+<]”(@)(u—u}] [ (ug) — J" (@) (u — u)?

1
2
> J(a) + quuuumm ![J"(w) J"(@)](u — a)?|.

Lemma [[1.3.8| implies the existence of ¢ € (0, a] such that |[J" (ug) — J" (@)](u — u)?| < %Hza,u_aH%Q(Q)
for every u € U with |y, — yllc@) <e. Inserting this estimate in the above expression and taking e
still smaller if necessary, we can apply ) to deduce

_ Y _
J(u) = J(u) + ZHZ@,u—ﬂHm(Q) 2 J(@) + g6 llya = 9l%20)

This inequality yields (3.28) with x = . O

II.4 Stability of the states

In this section, we consider the following perturbations of the control problem (P)

(Pe) min Jo(u) := /Q[L(w,yi(w),U(x)) + e (2)yy (2)] dz,

ueU
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where y¢, is the solution of the equation

{ —div (A(2)Vy) +b(x) - Vy + f(z,y) =u+& in (4.34)

y=0 on I.

Here we assume that {£.}.~0 and {7.}.~¢ are bounded families in L?(f2) satisfying that (¢-,7.) — (0,0)
in L?(Q)? as ¢ — 0. As a consequence of Theorem we get the existence and uniqueness of a
solution y5 € H{(Q) N C(Q) of (4.34). Moreover, using with » = 2 and the boundedness of
{&.}e>0 in L%(Q) we infer that the set {y5 : u € U and € > 0} is bounded in H () NC(Q). Therefore,
increasing the value of Ky, if necessary, we can assume that and the inequality

1Yallmz ) + 1Yalle@ < Kv Yuel and Ve >0 (4.35)

hold. We will prove that the solutions of problems (P.) converge to the solutions of (P) in some sense
to be made precise below. Conversely, we will also prove that any strict strong local minimizer of (P)
can be approximated by strong local minimizers of problems (P.). Finally, the Lipschitz stability of
the optimal states with respect to the perturbations is established. We start analyzing the difference

between the solutions of (1.1)) and (4.34)).

Theorem I11.4.1. The following inequalities hold for every € >0

195 — vull g ) + 19 = vullo@ < Colléelliz) Yu € L2(9), (4.36)
1250 — Zuwll2i) < C3CH Ky 1€ L2(0) 2wl L2() V(u,v) € U x L*(Q), (4.37)

where Cy is the constant given in (2.3) for r =2, Cy i, is the constant Crar of (2.6) with M = Ky
given in (2.9) or (4.35), and 2, denotes the solution of (2.10) with y;, replacing y.,.

Proof. Subtracting the equations (4.34) and (1.1)) and using the mean value theorem we obtain

0
Alys, — yu) + a‘;c(ﬂx Y0) (Yo, — Yu) = &e-

Then, (2.3) implies (4.36). To prove (4.37) we subtract the equations satisfied by 2, and z,, to

obtain o7 o/ of
A(zu,v - Zu7v) + ?y(xv yu)(zu,v - zu,v) = [aiy(wvyu) - @(%,yu) Zu,v-

Now, using (2.4) with s = 2, (2.6)), (2.9), and (4.36]) we obtain from the previous equation with the

mean value theorem

of of
5 = 2uallzz@) < O [ 50 (@) = 5 (0900 2u

i) < CoCf iy 1Y, — Yu) 2uwll L1 ()

< CoCy ke W = vull 2@l zuoll z2) < C3C+ k0 el 2@ | 2uwll 22(0)-

Now we analyze the convergence of problems (P.) to (P).
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Theorem 11.4.2. Let {u.}.>0 be a family of solutions of problems (P.). Any control u that is a weak*
limit in L>(Q) of a sequence {ue, }32, with e — 0 as k — oo is a solution of (P). Moreover, the
strong convergence yik — ya in H(Q)NC(Q) holds.

Proof. The existence of the sequences {u., }32, converging to u weakly* in L>°(Q2) is a consequence

of the boundedness of & in L>(2). From Theorem [[T.2.5| and (4.36]) we infer

et — vallm o) + lval, — vallo)
< vk, = Yue, Nz + 1928, = vue, lo@) + 19ue,, — vallmy ) + 19u., — vallo@)

’LLEk

< Coll&ellr2(0) + Ivue, — vallmi @) + 1Yu., — vallo@ — 0 as k — oo

Using this fact, the convergence 1. — 0 as ¢ — 0, (3.18)), the optimality of u., for (P. ), and again

[30), we get
J(u) = lim J;, (ue,) < lim Jg, (u) = J(u) Yuel,
k—o0 k—o00

which proves that @ is a solution of (P). O

Now, we establish a kind of converse result.

Theorem 11.4.3. Let u be a strict strong local minimizer of (P). Then, there exist eg > 0 and a
family of strong local minimizers {us}ece, of problems (P.) such that u. NITRTD L>(Q) and y;,_ — ya
strongly in H3(Q) N C(Q) as e — 0.

Proof. Since 1 is a strict strong local minimizer of (P), there exists p > 0 such that @ is the unique

solution of the problem

(Py) min J(u),

where U, = {u € U : [|yu — vallc) < p}. Now, for every € > 0 we define the problems

(Ppe) gelg’l) Je(u).

Using Theorem [I1.2.5{ we deduce that U, is weakly* closed in L>(€2), hence the existence of a solution
ue of (P,.) can be proved as we indicated for (P). Moreover, arguing as in the proof of Theorem

11.4.2) we deduce the existence of sequences {u., }7°, converging weakly* to a solution u of (P,) in

L>(Q) and such that Yf, = Yu strongly in HE(Q) N C(Q). Since @ is the unique solution of (P,), we

conclude the convergence u. — @ in L®(2) and y_ — yg in H} ()N C(Q) as e — 0. Therefore, there
exists €9 > 0 such that [ly;_ — ?JEHC(Q) < p for every € < gg. This implies that u. is a strong local
minimizer of (P.) for every £ < gy, which completes the proof. O

Now we establish our main theorem of this section.

101



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Theorem I1.4.4. Let u be a local minimizer of (P) satisfying Assumption|l1.3.4] and {u.}-<, a family
of local solutions of problems (Pg) such that us = @ in L=(Q) as € — 0. Then, there exist & € (0, &)
and a constant C' > 0 such that

Ya. — Ullz2@o) < C(er”L?(Q) + ||77€HL2(Q)> Ve <&, (4.38)

where § = yg.

Let us observe that Assumption implies that u satisfies . Hence, u is a strict strong
local minimizer of (P) and, consequently, Theorem ensures the existence of a family {u}e<s,
of strong local minimizers of problems (P.) satisfying the conditions of the above theorem. Before
proving this theorem we establish the following lemma.

Lemma I1.4.5. Let @ satisfy the assumptions of Theorem[II.[.J. Then, there exists € > 0 such that
T -)> Ll By € U with [y, — Hlos < (4.3

where 7y is given in Assumption [II.5.7.

Proof. We denote by H : 2 x R® — R the Hamiltonian associated with the control problem (P):
H(z,y, o,u) = L(x,y,u) + plu— f(z,y)].
For every u € U and v € L*(2), we define 1,., € Hi(Q) N C(Q) as the function satisfying

. of e
A zpu,v + @(xv yu)wu,v = TyQ(wv Yu,s (Puyu)zu,v-

We split the proof into two steps.
Step I.- Here we prove that for every p > 0 there exists € > 0 such that for every u € U with
[y — Yllo@) < € we have

| [ (ou =@ = banadlu = @) da] < pllzasaliaay (4.40)

Setting m = ¢y, — ¢ — Yau—qa and subtracting their respective equations it follows with the mean value
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theorem

A+ gj;(a:,y)ﬂ = %Z(x,yu,sou,w - %Z(w,y,%w
B @;yH< 9080z gjgpu,y,wm—w
= %Zyi[(x, Yo, 2o, ug) (Yu — J) — %2;3(%@ P, ) Za,u—a
+ {g;gp(x,yg, ©p, Ug) — g;gp (z,7, 9577«_‘)] (0u — @)
= 332;21(% Yo, 6, u6) (Yu — Y — Zau—a)
[8;1;[@ Yo, 0, Up) — 8;2[(90 Y, P, U )] Zau—u

il )~ 2 5.5, (00— 9
8y8<p Z, Yo, Lo, U 8y8<p z,Y,eY,u Pu ®)-

This implies
_ of ,
m(u —u dx:/w Azgu—a + = (2,9 zgu—z | dz
[ rtu=ws = [ #(Asmat o D0ns)
_ N e U
—/Q<A 7T+ay(x,y)7r>zu,u_udx

82
= a 9.9 (Jf Yo, L0, ue)(y y - Zﬂ,ufﬁ)zﬁ,ufﬂ dx

0*H OH, 1,
+/§; [TyQ(xvyevgoe)ue) - TyQ(aj’y’%u)} ﬂ,u—ﬂdx

0’H 0’H
+/Q [m(%ye,@o,ue) oy (2,9, 9, ﬂ)} (ou — P)zau—ade = I + 1o + I3.

We estimate every term I For the first term we use (2.6), (2.9), (2.13) with s = 2, (2.15) with
X = L*(Q), (3.18), and ( as follows
|| < (CL Ky t MUCvaU)HyU — Y~ Zuu— UHL2 HZE,U*EHL?(Q)
< (CrLiy + MUCf,KU)M2||yu — G720l 7u—all 2
< 2(Cr iy + MuCrry ) Ma/ Q20— 72 () -

The second term is estimated with (2.7), (2.9), (3.19), (3.30), (3-31), (3.32), leading to |Io| <
pllzau— all? 120 for p arbitrarily small if ¢ is taken accordmg to p. Finally, for the last term we

use the same 1nequaht1es as for I, that estimate ) holds true for L?(€) instead of C(Q) and
additionally (2.16) with X = L?(Q) to get

3] < pllow — @l 2@ lzau—all2) < pC2ACLky + MuCrxy)lyu — Yl L2 1za,u—all L2
< 2pCo(Cr iy + MuCr i) 2au-all 72 ()
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where again p is arbitrarily small if € is chosen according to it. Thus, (4.40]) follows from the proved
estimates.

Step II- Now, we prove (4.39)). First, we observe that for every v € L?(Q)

of
ﬂvvd$—/ ,v AZ@U—F*%, Ziv dx
[ v [ (A + 5 (007
_ * af — _ 82H — = —\.2 _ 7= 2
= /Q <~A wuﬂf + @(%?JW@W)Zu,v dz = o TyQ(xvyv(pvu)zﬂ,v dz =J (u)v )

where the last inequality follows from (3.21)) and the definition of the Hamiltonian. Let ¢ > 0 be
such that (4.40) holds with p = . Then, using Assumption [I1.3.4] and (4.40)) we get for u € U with

19 = Fllo@) <e

7' (u)(u — ) = /Q (o + 9)(u — @) da
:/(‘Pu—<P—wa,u—a)(u—u)dw+/(<p+g+¢a7u_a)(u—u)dm
Q Q

0 - _ - _ Y
_§||Zﬁ,u—ﬁH%2(Q) + [T (@) (u — ) + J" (@) (u — )%] > 5”271,11—71“%2(9)'

v

O

Remark 11.4.6. Let us notice that if u is a local minimizer of (P) satisfying Assumption
then there exists € > 0 such that there is no stationary point 4 of (P) different from u such that
llya — QHC(Q) < e. We say that @ is a stationary point of (P) if it satisfies the first-order optimality
condition. In particular, if 4 is a stationary point then J'(u)(a — @) > 0. This contradicts if

lya = Gllo@) < e

Proof of Theorem [IT.].] Using the local optimality of u. we get

_ _ oL oL
0> Jé(ua)(ua —u) = JI(UE)(Ua — ) +/Q {Biy(%?/igv ug) — 87y(55= yumUE)}Zus,ue—ﬂ dz
b G 0~ ) et [ e e (4a)
a e’ e,Ue ’ Q e,Ue

We estimate each one of these four terms. First, we observe that the convergence u. — 4 in L?(£2)

implies that [|yu. —¥l/c(q) — 0; see Theorem|I1.2.5. Hence, from Lemma l1.4.5/we deduce the existence
of €1 > 0 such that
I (ue) (ue — u) > qus,us UHL2 @ Ve<er (4.42)

For the second term, we use Schwarz’s 1nequahty, the mean value theorem, (2.9)) and ({ -, -,

e (30

0L
[ i) = ) el o < o, = sl

< CLxy VIO 2 @)l 2uc ue—all L2y (4.43)
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Now we estimate the third term with (3.18) and (4.35)), Schwarz’s inequality, and (4.37))

| 5 @t 1]l = Svcmeal 40 < [ Gl el
Q
< x| 2y C3C 1k 1€ L2 () | 2uc e —all L2 () - (4.44)
For the last term we use again (4.37) and the fact that {£.}.~¢ is bounded in L?(Q)

/ ‘778 RUe e — u|dx < HnEHLQ (H R ue—1 Zug,ug—ﬂHL?(Q) + que,ue—ﬁHLQ(Q))

< (CBC ko Neelzaey + 1) el @) 2 -all 2y < Cllnllzolzueeallio@:  (4.45)

Inserting the estimates (4.42)—(4.45) in (4.41)) we obtain for some constant C’ > 0 and every € < ¢;

oucse-alza@) < € (€ + Inellza) )-

Finally, using (2.15)) and (4.36]) we deduce the existence of e2 € (0, 1] such that for every ¢ < g9 we
have

Ve, — llz2) < 1¥a. — vullzz) + 1u. — Ullze@) < CovV 1€ 2 0) + 2[1 200 we—all L2(0)
< Co/IQU€e | 2() + 20/<H§sHL2(Q) + H776”L2(Q)>7

which proves (4.38]). O

II.5 Stability of the controls

In the previous section, we established Lipschitz stability for the optimal states with respect to state
perturbations in the objective functional and to the force in the state equation. In order to obtain
stability of the optimal controls an additional assumption is usually required. The reader is referred
to [21] for the following assumption

3C > 0 such that [{z € Q: [(p+g)(z)| <e}| < Ce Ve > 0. (5.46)

Using this assumption and sufficient second-order optimality conditions they proved Lipschitz stability
of the controls in the L'(2) norm. However, the assumption implies that @ is bang-bang. As
far as we know, there is no proof for stability of the optimal controls when they are not bang-bang.
Assumption [[T.3:4] that we have considered in the previous sections is applicable for the case of optimal
controls that are not bang-bang. Nevertheless, it leads only to Lipschitz stability of the optimal states.
Here, we modify Assumption as follows

Assumption I1.5.1. There exist numbers o > 0 and y > 0 such that for allu € U with ||y, =¥l o) <
a the following inequality is fulfilled

J'(@)(u—a) + J"(@)(u — @)* > | zau—all 20 lu = @l p0)- (5.47)
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Under this assumption, we will prove Lipschitz stability of the optimal controls. It has been
proved in [9] that the sufficient second order conditions plus the structural assumption (5.46|) imply
the existence of positive numbers v and « such that

J(@)(u—a) + J"(@)(u— )% > ~|ju— ﬂH%l(Q) Vu € U with [[u —l[11q) < a. (5.48)
But we have the next equivalence:

Proposition I1.5.2. The statement (5.48)) is equivalent to the existence of positive numbers v and
o such that

J(@)(u—a) + J" (@) (u—u)* >~ |lu— ﬂﬂil(m Yu € U with |y, — Fllo@) < o (5.49)

Proof. Let us assume that (5.48]) holds, but (5.49) is false. Then, for every integer k > 1 there exists
an element uy € U such that

_ _ _ i 1 _ i 1
J' () (ug — 1) + J" (@) (up, — @)* < 7l = 1) and [lyu, — Fllo@) < T (5.50)

Since {uy}72; C U is bounded in L*°(2), we can extract a subsequence, denoted in the same way, such
that up — u in L>°(Q). On one side, implies that y,, — ¥ in C(Q). On the other side, from
Theorem the convergence y,, — ., in C(Q) follows. Then, y, = § and, consequently, u = i
holds. But implies that @ is bang-bang and, hence, the weak convergence uj — @ yields the
strong convergence uy — @ in L*(Q); see [, Proposition 12 and Lemma 6]. Then, contradicts
(15.48)).

Let us prove the converse implication. First, we observe that given u € U we get with the mean
value theorem

Now, using ([2.3) with » = 2 we get
1
Iy = Flo@) < Callu = all 2oy < Cov/up = uallu = @l -

Then, taking o = =2~ we obtain that (5.49) implies (5.48) with v = ~'. O
C3(up—uq)
2 a

From (2.4]) we infer that (5.49)) implies (5.47)). Hence, the combination of sufficient second-order
conditions plus (5.46)) is a stronger assumption than ([5.47]).

Theorem I1.5.3. Let @ be a local minimizer of (P) satisfying Assumption|I1.5.1] and {uc}-<, a family
of local solutions of problems (Pg) such that us — @ in L=(Q) as € — 0. Then, there exist & € (0, &)
and a constant C' > 0 such that

e = llae) < C (€ ey + Inellzey) - Ve < 2, (5.51)

where § = yg.
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The proof of this theorem follows the steps of the one of Theorem [[T.4.4) with Lemma[[T.4.5| replaced
by the following:

Lemma I1.5.4. Let u satisfy the assumptions of Theorem[II.5.3. Then, there exists € > 0 such that
J'(u)(u—u) > ||,zuu allz@llu — ullp) Yu € U with [|yu — Yllo@w) <& (5.52)

where 7 is given in Assumption [I1.5.1]

Proof. We use (4.40) with p = ~, Assumption [[1.5.1} and . to deduce for € > 0 small enough

(sou +9)(u—u)dx

~
S
=
é
— O\Q

pu) (1 — @) dz + /ﬂ (@ + 9+ baua)(u— 1) da

> — 20 lzau-allZagy + [7(@)(u — @) + J" (@) (u — @)’

Il
:o\
5

IS
|
i
|
<

Y

_§”Zﬂ7u—ﬁ”L2 ollu = allpye) + Yllzau-all2@llv = @l ),

which proves (5.52]). O

Proof of Theorem|I1.5.5. We follow the proof of Theorem replacing the estimate (4.42)) by (5.52))
to deduce with (4.41]) and (4.43)—(4.45) the inequality

_ i _
02> JL(ue) (e = @) 2 2 l2uceall2q@ e = @l o) = Cullzuswall 2y (Il 2@ + Il p2qey)-
Then, dividing this inequality by ||zu. u.—allr2(q) we get

2C1
- <
[ue — 11 (q) 5 (”fs”LQ(Q +||?75||L2(9)>

which proves (5.51]) with C' = % O

II.6 Some final state stability results

In this section we see how Assumption allows us to prove Lipschitz stability for the optimal
states for more general perturbations of (P). Here, we consider simultaneous perturbations on the
control and state variables of (P):

uel

(P.) min J.(u) = /Q Lo(a, 4 (), u(z)) dz,
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where yZ is the solution of (4.34) and for every € > 0

Lé‘(xa y? u) = LO(x, y) —"_ T’Sy + gEu —"_ gu2'

As in Section we assume that {&:}e~o and {n:}c~0 are bounded families in L?(Q) satisfying
that (&,7:.) — (0,0) in L*(Q)? as ¢ — 0. Moreover, we suppose that ||g: — gl[pe0() — 0 as ¢ = 0.
Under these assumptions, it is immediate to check that (P.) is an approximation of (P) in the sense
of Theorems [[1.4.2] and [[I.4.3] Moreover, we have the following Lipschitz stability property for the
optimal states:

Theorem I1.6.1. Let @ be a local minimizer of (P) satisfying Assumption|l.5.1] and {u.}-<, a family
of local solutions of problems (Pg) such that us = @ in L=(Q) as € — 0. Then, there exist & € (0, &)
and a constant C' > 0 such that

1Ya. — Ullz2@@) < C<||€a||L2(Q) + Imell2@) + l9e — gllLe @) + 5) Ve <€, (6.53)

where § = yg.

Proof. Similarly to (4.41]) we have
02 J2(uc) (e — 1) = I~ 1) + [ (e + g2 = 9)(ue — ) do

oL . oL
[ 5y v = G ) e

oL
+/ 8 (‘T?st?uE)(z’Zg,ug—ﬂ - ZUE,UE—'E) dx + / nEz’lig,us—ﬂ dl’
oy Q

Then, using (5.52)) and (4.43))—(4.45)) we obtain with (2.4))
i _ _
02 Uiz, we—all 2oy lue = @l @) = (cllucllo @) + g = gl ) e =l
i _
= Ctllzu, a2y (€l 2@ + Inellzzg@)) = 3120 we-all 2oy lue = @ll o)
— O (e + 119 = gl + el @) + Inellzzqey ) e = @l o).

where C" = max{1, |ug|, [up|, C1C2}. Dividing the above expression by [[us — @/ 1) and using ([2.15])

we infer ,

_ 4C
[Yue = YllL2(0) < 7<5 + 119 = gllLeo() + €l z2(0) + HUSHL?(Q))

Now, the rest follows as in the proof of Theorem [[1.4.4] O
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Abstract

We consider affine optimal control problems subject to semilinear elliptic PDEs. The results are two-
fold; first, we continue the investigation of the solution stability of control problems with respect to
perturbations appearing jointly in the objective functional and the PDE. We prove that a certain
modification of a coercivity-type property, that appears in the context of optimal control problems
where the optimal control is of bang-bang structure, is sufficient for solution stability estimates for
the optimal controls and states. The second result is the achievement of error estimates for the
numerical approximation generated by a finite element and a variational discretization scheme. The
error estimates for the optimal controls and states are obtained for the first time under new assumptions
of different strengths on the joint growth of the first and second variation of the objective functional.
These assumptions appeared recently in the context of solution stability. Additionally, under one of
these assumptions, which assumes a Holder-type joint growth of the first and second variation, we can
provide an improvement of error estimates for a finite element scheme for both, the optimal controls
and the states .

I11.1 Introduction

For the consideration of optimal control problems where the control appears at most linearly in the
objective functional, it is common to add a Tikhonov regularization term. This is done due to the
fact that by including such a term, the optimal control problem becomes in some sense coercive and
the analysis of the control problem is then substantially easier. On the other hand, adding such a
term represents a distortion of the original problem. Thus if possible, one wants to execute a thorough
analysis of the properties of the optimal control problem without this distortion. To perform the study
of solution stability and error estimates for finite element approximation schemes of affine optimal
control problems, we need certain assumptions on the joint grwoth of the first and second variation.
These growth-type assumptions are weaker than the coercivity-type growth of the second variation
of the objective functional with respect to the L2-distance of the controls guaranteed for Tikhonov
regularized problems. In this paper, we consider several coercivity-type conditions on the joint growth
of the first and second variation of the objective functional. In regard to solution stability of optimal
controls and states under perturbations appearing in the objective functional and the state equation
simultaneously, the result of this paper is a continuation of the investigation in [4, 11l [12]. Here, we
consider a growth condition that is similar to the one in [II], but weaker and that still allows for a
Lipschitz-type estimate for the optimal controls with respect to the perturbations. Further we address
a claim made [4] on the structure of optimal controls satisfying an assumption introduced in [4]. The
afterward, the main part of this paper deals with error estimates for the numerical approximation for
problems where the control appears at most in an affine way in the PDE and the objective functional
and builds upon the papers [, 8, 10, 13]. In comparison to the results therein, we obtain error
estimates for the optimal controls under the assumptions introduced in [4, [11], which are weaker than
the ones assumed in [7, 8, [10, [13]. For instance, we do not need to demand that the so-called structural
assumption on the adjoint state is satisfied together with the second variation being strict positive on
a certain cone, see [0, 12] for a comparison. Instead, we work with the unified conditions established
in [4, 1T, [I2]. To be precise, one of the growth assumptions we assume for the optimal control problem
is the following assumption: Given a reference optimal control 4 and a number v € (0, 1], there exist

112



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

positive constants a and ¢ such that

T — J(@) > elu—al 1.1
()= (@)  cllu—alls1 5 (1.1)

for all controls u with [|u — 1|1 (o) < o and (u —u) € DF.

Here, D] denotes a cone, that extends the cone of critical directions commonly used PDE-constrained
optimal control and will be specified later on. See also [3], where it was first introduced.

Conditions of type arise naturally in the characterization of strict bang-bang optimal controls,
appearing as a consequence of sufficient second-order optimality conditions and the structural as-
sumption on the adjoint state, see [I0]. A slightly stronger assumption that implies was first
considered in [I8] for affine ODE optimal control problems and [I1] for PDE optimal control prob-
lems. Recently appeared in [I6] [I7] in the context of eigenvalue optimization problems. There
it was shown that for a certain type of eigenvalue optimization problem, condition is implied by
a growth of the second order shape derivatives. To relate with the classical assumptions used
in affine PDE-constrained optimal control problems we refer to Theorem in Section To
apply condition in the context of solution stability, we need that the controls corresponding to
the perturbed problems are minimizers. This is not the case under the slightly stronger condition in
[11], where it is sufficient that the controls corresponding to the perturbed problem satisfy a necessary
first-order optimality condition.

Finally, we do not consider a sparsity-promoting term appearing in the objective functional, but the
proofs in this paper can be easily adapted to include such a term. Also one can consider a semilinear
elliptic non-monotone and non-coercive state equation as in [9] without any changes of the results in
the section on solution stability. The sections on error estimates can be adapted to the case of a non-
monotone and non-coercive state equation using the results in [5]. To the author’s best knowledge,
the assumptions considered in this paper are the weakest so far that still allow error estimates for
the numerical approximation for problems where the control appears at most in an affine way in the
objective functional.

Let us list the novelties in the paper. In respect to solution stability, we prove that condition (|1.1))
is sufficient for solution stability for affine distributed control problems in Theorem [[IL.5.2] Further,
in Propositionwe answer a question raised in [4] on the structure of optimal controls satisfying
one of the assumption introduced in [4]. Under conditions similar to the one introduced in [4] in
the context of solution stability and conditions , we derive error estimates for a finite element
scheme in Theorem For this, we provide some lemmas that allow us to circumvent the use of
the structural assumption on the adjoined state. Then in the proof of the main theorem, Theorem
we argue similarly as in the first steps of the proof of [7, Theorem 7], but in contrast to the
proof therein, we subsequently use the approximation property of the linearized state to conclude the
proof. This new approach allows us to obtain error estimates for bang-bang optimal controls similar
as in [7, Theorem 9], but under weaker assumptions, further we improve the error estimates for the
optimal controls for v € (0, 1), from |y — | 11(q) < ch?” to ||ay — || 1) < ch? (and similarly for
the states). Finally using the assumptions in [IT], 4], we prove error estimates for a variational dis-
cretization scheme in Theorem [[T1.6.8 and discuss a relationship of solution stability and finite element
error estimates afterward. We believe this approach to be feasible also for the achievement of error
estimates for the numerical approximation for a 2-dimensional Neumann boundary control problem,
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but postpone this analysis to future work.

The paper is structured as follows: In the remainder of this section, we state the main assumptions
that hold throughout the paper and state some additional remarks on the notation. In Section
we collect results on the involved PDEs, and in Section [[TL.3] the optimal control problem is discussed.
In Section [[TT.4] we investigate the sufficient conditions for local optimality and provide the result that
one of the assumptions introduced in [4] implies the bang-bang structure of optimal control. Section
is concerned with solution stability. In Section we define the discretization schemes and
prove error estimates.

Let Q C R™, n € {2,3}, be a bounded domain with Lipschitz boundary. Given functions u,, u €
L>(Q) such that u, < up a.e in €2, define the set of feasible controls by

U:={ueL>®Q)| us <u<u, foraa. zecQ} (1.2)

and consider the optimal control problem

(P) min{J(u) ::/QL(:r,y(:U),u(m))dx}, (1.3)

ueU

subject to
Ay+f(7y):u in Qa
{ y=20 on I (1.4)

Denote by y,, the unique solution of the state equation that corresponds to the control u. The
objective integrand L appearing in (1.3) satisfies additional smoothness conditions, given below in

Assumption [[.7.4]
II1.1.1 Main assumptions and notation

The following assumptions, close to those in [4, [6l [7, [10], are standing in all of the paper.
Assumption III.1.1. The following statements are fulfilled.

(i) The operator A : H}(Q) — H1(Q), is given by

Ay = — Z axj (ai,j(ﬁ)awiy)v

ij=1
where a;; € L>(). In Section we additionally assume that a;; € CO1(Q). Further, the
a; ; satisfy the uniform ellipticity condition

N> 00 Ml <> aij(@)6&; for all§ €R™ and a.a. x € Q.
ij=1
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(ii) We assume that f : Q@ x R — R is a Carathéodory function of class C? with respect to the
second variable satisfying:

( f(-,0) € L*>®(Q) and %(az,y) >0VyeR,

0 0?
o (@.0)| + G| < Cpar ol < .
Vp >0 and VM >0 3 ¢ >0 such that

O*f 0 f
aTJz(x,yz) - Tyg(xayl)

VM >0 3Csy >0 s. t.

< p Yyl ly2l £ M with [y2 —y1| <¢,

for almost every x € €.

Assumption II1.1.2. The function L : Q x R? — R is Carathéodory and of class C? with respect
to the second variable. In addition, we assume that

( L(x,y,u) = La(-’f,y) + Lb(ﬂ?,y)u with La(',O),Lb(',O) € Ll(Q)v
VM >0 3Cp a > 0 such that

L 2L
S )| + |G )| < Coar Vil <

Vp >0 and M >0 3¢ > 0 such that

0L 0L

Tgﬂ(x,me)—afyg(x,yl,u) < p lyls ly2| £ M with [y2 — 1| <,

\

for almost every x € €.

II1.2 Auxiliary results for the state equation

We collect properties of solutions to linear and semilinear elliptic PDEs. The results in this section
are standard by now, we refer to [4, [7]. Let ap € L>°(£2) be a nonnegative function. We consider the
properties of solutions to the linear equation

Az+apz=vinQ, z=0onT. (2.5)

Theorem III.2.1. [J, Lemma 2.2] Let v € L"(Q2) with r > n/2. Then the linear equation has
a unique solution z, € H}(Q) N C(Q). Further there exists a positive constant C,. independent of ag
and v such that

Izoll 5 () + l20lle@) < Crllollr@)- (2.6)

Lemma II1.2.2. [/l Lemma 2.5] Assume that s € [1, -"5), s’ is its conjugate, and let ag € L>(§2) be

' n—2
a nonnegative function. Then, there exists a constant Cy independent of ag such that

lynllLs) < Collhlli), YheH™H(Q)NLYQ), (2.7)

where yy, satisfies the equation (2.5), and Cy is given by (2.6) with r = §'.
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For the semilinear state equation, we cite the following regularity result.

Theorem III.2.3. [, Theorem 1] For every w € L"(Q) with r > n/2 there exists a unique y, € Y =
HE(Q) N C(Q) solution of (1.2]). Moreover, there exists a constant T, > 0 independent of u such that

vl @) + lvullo@) < Te(llullr@) + 11 (5 0)[ Lo @)
If up, — w weakly in L"(Q2), then we have the strong convergence
9y — yUHH&(Q) + 1Y — Yullo@y = 0

Further if u € L>(Q) and {a; ;} € COY(Q) we have y, € W2 () for all r < oo and

lyallwer ey < Mor (Ilullo @) + £ (50l (@) )
for a positive constant My independent of u and r.
For each r > n/2, we define the map G, : L"(Q) — HZ(Q) N C(Q) by G, (u) = y,.

Theorem III.2.4. [/, Theorem 2.6] Let Assumption hold. For every r > % the map G, is of
class C?, and the first and second derivatives at u € L"(Q) in the directions v,v1,ve € L"(Q), denoted
by zuw = GL(w)v and zyw, v, = GL(u)(v1,v2), are the solutions of the equations

Az + gf(a;, yu)z =vin§, z=0onT, (2.8)
Y
2
Az + gg(sﬂ, Yu)z = gyJ; (T, Yu) 2,01 Zup, 0 2y 2 =0 on T, (2.9)

respectively.

Lemma II1.2.5. [j, Lemma 2.7] The following statements are fulfilled.

n

1) Suppose that r > 2 and s € [1,-2). Then, there exist constants K, depending on r and M
2 n—2
depending on s such that for every u,u € U

lyu — va — zau-allLs (@) < Msllyu — yﬂH%Z(Q)- (2.10)

12) Taking Cx = Ko 1 =C(Q) and Cx = M i = , the following inequality holds
Taking C Ko/ |Q if X =C(Q acC M, if X = L*(Q), the foll lity hold

2w — zaollx < Ox||1yu — vall x|l 2a0llx Yu, @ € U and Vv € L*(Q). (2.11)

(iit) Let be X as in (i1). There exists € > 0 such that for all u,u € U with |y, — yalc@) < € the
following inequalities are satisfied

1/2llyu = val x < llzau-allx <3/2lyu — vallx, (2.12)
1/2l|za0llx < llzuollx <3/2)za0llx Yo € LX(Q). (2.13)
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II1.3 The optimal control problem

The optimal control problem (1.2)-(T.3) is well posed under Assumptions [[IL.1.1] and [[I[.1.2] By the
direct method of calculus of variations we obtain the existence of at least one global minimizer, see
[20, Theorem 5.7]. In this section, we discuss the some aspects of the optimal control problem.

Definition IT1.3.1. We say that uw € U is an L"(2)-weak local minimum of problem (1.3)-(1.2)), if
there exists some positive € such that

J(a) < J(u) Yu el with |[u—1lrrq) <e.
We say that w € U is a strong local minimum of (P) if there exists € > 0 such that
J(@) < J(w) V€U with |y~ yalloq) < <
We say that u € U is a strict weak (strong) local minimum if the above inequalities are strict for u # 4.
Relations between these notions of optimality are obtained in [0, Lemma 2.8].

Theorem II1.3.2. For every r > %, the functional J : L"(2) — R is of class C?. Moreover, given
u,v,v1,v2 € L"(2) we have

oL oL oL
! _ - _ — _—
J (u)v = /Q [ay (337 Yu, u)] Zuw T [au (:c, Yu, u)} vdx /Q [ w du (l’, Yu,y u)]v dx»

0%L 0% f 0*L
1 — i _
J (U) (Ub v?) — /Q [83;2 (.’E, Yuy U) Du ayg (.’E, yu)} Zu,v1 Au,vo dz + /Q [8’[1,83/ (.’E, Yuy u)} (zu,m vy + Zu,vzvl) dx.

Here, p, € H} () NC(Q) is the unique solution of the adjoint equation

of 0L .
p =0 on ON.

We introduce the Hamiltonian @ x R x R x R 3 (z,y,p,u) — H(x,y,p,u) € R in the usual way:

The local form of the Pontryagin type necessary optimality conditions for problem ([1.3)-(|1.2)) stated
in the theorem below, is well known (see e.g. [2, 6l 20]).

Theorem I11.3.3. If u is a weak or strong local minimizer for problem (1.3))-(1.2), then there exist
unique elements §,p € HE(Q) N L>®(Q) such that

Ay + f(z,y) = u in Q,
{ y =0 on 9. (3.16)
_ OH, _ _ __ .
Ap - aiy(mﬂ/’p: U) m Q7 (317)
p =0 on 0.
H
/ %(az,gj,ﬁ,a)(u—a)dwzo Yu e U. (3.18)
Q
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I1I.4 Sufficient assumption for local optimality

In this section, let us recall three assumptions of different strength that are sufficient for strict local
optimality and that appeared recently in the context of affine optimal control problems in [4] 11]. We
provide some supportive lemmas concerning these assumptions that are helpful in the later section on
finite element error estimates. Let us begin with the strongest of these three assumptions.

Assumption IIT.4.1. Let u € U, v € (n/(2+n),1] and B € {1/2,1} be given. There exist positive
constants ¢ and « such that

J'(@)(w— ) + A" (@) (u — 1) > clfu—al 1 5 (4.19)

for all w e U with [|u — |11 ) < .

Assumption ﬂ = 1) was considered in the context of elliptic PDE-constrained optimization
in [II]. If @ satisfies the first-order optimality condition , Assumption ,8 = 1) implies
Assumption [[IL4.I[8 = 1/2). If the second variation of the objective funcional is nonnegative, the
cases € {1/2,1} are equivalent. Indeed, the second variation can be negative for box-constrained
optimal control problems, see for instance [12, Example 2]. Let @ satisfy the first-order optimality
condition, then in regard to solution stability the formulation of with 8 = 1 allows for a stronger
and more general result that is also easier established. By this we mean that solution stability holds
for the controls corresponding to a perturbed problem if they satisfy the corresponding first-order
necessary optimality condition, see [II]. In this paper, we prove for the first time, that Assumption
111.4.1(5 = 1/2), is also sufficient for a solution stability. Here, it is necessary that the control
corresponding to the perturbed problem is a global minimizer of said problem. For the achievement of
finite element error estimates, this is not a constraint, here, we consider minimizers of the discretized
problems, which can be interpreted as a perturbed version of the continuous problem. Let us consider
two assumptions on the optimal control problem that were first introduced in [4] for 5 = 1. Due to

(2.7), they present a weakening of Assumption [[11.4.1

Assumption I11.4.2. Let u € U and B € {1/2,1} be given. There exist positive constants ¢ and o«
with
J'(@)(u—a) + BJ" (@) (u — 0)* 2 cllzau-all L2 v — ull 1) (4.20)

for all w e U with ||y, — yﬂHC(Q)'

Assumption I11.4.3. Let u € U and B € {1/2,1} be given. There exist positive constants ¢ and «
with
7)) + B (@) ~ 0)? > ellzaal Fa (4.21)

for allu € U with ||y, — yallc@) < @

Assumption [[IT.4.3]is the weakest of the three Assumptions [[T[.4.T} [TT.4.2] and [[I.4.3] Assumption
I11.4.3|is applicable for optimal controls that may not be of bang-bang structure. In [4] it was conjec-
:y n 1

tured that Assumption [[I1.4.2 may also hold if the optimal control is not bang-bang. If %’Jb =0, we
the following proposition.

can answer this negative
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Proposition 111.4.4. Let aa—Ly" = 0 in the objective integrand and let u € U satisfy Assumption|IIl. 4.2
Then u is bang-bang.

Proof. Assume that u is not bang-bang and let it satisfy Assumption [[I1.4.2] Since @ is not bang-bang,
there exists a set of positive measure E C €2, such that H, = 0 on E. Let vg denote a control with
vgp = u on E° Then the first variation in direction vy — @ is zero and by (4.20) we find

BJ"(u)(ve — @,vg —0) > cllzawy—allL2@)lve — @l L1q)- (4.22)

By the affine structure of the optimal control problem, we can infer the existence of a positive constant
C independent of the control vy such that

BJ"(@)(vp — @, v — @) < BO|zaup-all2(q)- (4.23)
Thus, using (4.22) and (4.23]), we conclude for all controls vg with vg = u on E°
1@ — vl ) < BC/cllzuvg-allL2()- (4.24)

Since @ is not bang-bang, we can select an £ > 0 and a set of positive measure F such that u(x) €
[uo(7) +&,up(z) — €] for a.e. x € E. Now consider a sequence {v¥}2° | with v} € {—¢,e} a.e. on Q and
vF —* 0 in L°°(Q). Finally, define a sequence {o¥}2° | by o¥ := @ on E€ and v* := & +v¥ on E. It is
clear that ¥ —* @ in L>(Q) and ||oF — | 1) = €|E| for all k € N. On the other hand, by Theorem
ok —* @ in L°°(Q) implies that Hzﬂjg_aﬂLz(Q) — 0 as k — co. This contradicts (4.24). O

As a consequence we obtain that the notion of strong and weak local minimizer is equivalent if
Assumption or Assumption is satisfied.
Lemma II1.4.5. Let w € U and v € (0,1) be given. It is equivalent:

1. There exist positive constants ¢ and « such that

7@ = )+ 4" @) — 0 2 lfu (4.25)

for all w € U with ||u — |11 < .

2. There ezist positive constants ¢ and « such that (4.25)) holds for all u € U
with ||yu — vallo@) < a-
Further, if the objective integrand satisfies %—Ly” =0 it is equivalent

1. There exist positive constants ¢ and « such that
J'(@)(u—a) + BJ"(@)(u — 10)* > ellu —ul ol zau-all 2@ (4.26)
for all uw € U with |[u — |11 < .

2. There exist positive constants ¢ and o such that (4.26) holds for all u € U
with ||yu — yallo@) < a-
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Proof. Let us remark that the statement of Lemma for Assumption with v = 1 was
proven in [4, Proposition 5.2]. The proof relies on the fact that implies the bang-bang structure
of u. Butify € (0,1), still implies the bang-bang structure and the arguments in [4, Proposition
5.2] hold true for v € (0,1). By Proposition the Assumption implies the control u to
be bang-bang, thus the results can be obtained by similar arguments as in [4, Proposition 5.2]. U

The next lemma is crucial for the estimations later on. It is well known for objective functionals
with varying generality and was proven in several publications for case v = 1, see . The proof for
v € (n/(2+n),1) follows by exactly the same arguments.

Lemma IT1.4.6. Giveny € (n/(24n),1] and u,u € U. Define ug := u+ 0(u—1u) for some 6 € [0,1].
For all € > 0 there exists 6 > 0 such that

1+
T (@) (= )? = J" up) (= 02| < ellu— |

for all [[u — [ 1) < 4.
Further, we have the following result.
Proposition I11.4.7. Let u € U and v € (n/(2+ n),1] be given. It is equivalent:

1. The control u satisfies Assumption ([I1.4.1(f = 1) and the first-order necessary optimality con-
dition.

2. There exist positive constants ¢ and « such that

T (@) — @) + T (@4 0w — ) (u— 1) > clju— a1

for allw € U with ||u — |1 ) < a and 6 € [0, 1].

3. There exist positive constants u,d, such that

1

_ 1+
T =) = pllu =l 1 (1.21)

for all w € U with [|u — 1|11 q) < 6.

Proof. The direction from |1| to |3| was proven in [I1, Lemma 12]. The direction from 3 to 1 follows by
using Taylor’s theorem and Lemma [[I1.4.6; Define up : @ + 0(u — @) for some 6 € [0,1]. By Talyor’s
theorem, there exists 6 such that

J(w)(u—a) — J(@)(u—a) =J" (ug)(u — @)%
By Lemma [[TT.4.6] we obtain:
J(@)(u—a) + J"(@)(u—a)? = J (u)(u—a)+ J @) (u—=a) —J u)(u—a)+ J"(@)(u—a)?

e _ _ _
> pllu — @l gy — | (@) (= a)* = " (ug) (u — @)?|.
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Select o < min{d, f}, such that p > . Then defining ¢ := p — € the claim follows for controls u € U
with [Ju — @ 11q) < a. The case 2 to 1 is trivial and the argument from 1 to 2 follows again by using
Taylor’s theorem and Lemma [[T11.4.6] O

The reformulation of Assumption [[11.4.1(8 = 1) to (4.27) is useful to provide short proofs for the
error estimates for the variational discretization later on. It appeared first in [14] in the context of
ODE optimal control.

Proposition I11.4.8. Let u € U be given. It is equivalent:

1. Assumption |II1.4.1(8 = 1/2) holds.

2. There exist positive constants ¢ and a such that

1

~ ~ 1 B B B g1tz
J(@) () 5"+ B — ) (= ) > elfu— a1

for allw € U with [|u — || ;1q) and 6 € [0,1].

3. There exists a positive constants ¢ and o such that

- 14t
T(w) = J(@) = ellu — 1y (4.29
for allu e U with ||u — ul| < a.
Proof. The proof follows by the same arguments as in Theorem [[I1.4.7] O

For assumptions [[IT.4.3] and [[IT.4.2] we can formulate an analog to Theorem [[II.4.7] For a proof,
we refer to [4, Lemma 4.5, Lemma 5.4].

Proposition I11.4.9. [J, Lemma 4.5, Lemma 5.4] We have the following equivalence.
1. Assumption |l11.4.5B = 1) holds for u € U.

2. There exist positive constants ¢ and o such that
T (w)(u—1a) 2 ¢l zau-all e
for allw € U with |lya — yullc@) < @

Further, it is equivalent

1. Assumption|[I1.4.%B = 1) holds for u € U.

2. There exist positive constants ¢ and o such that
J'(w)(u — @) = cllzau-—allL2(@)lle — ullLyq) (4.29)

for allw € U with ||a — ul ;1) < a.
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III.5 Solution stability

We investigate stability under perturbations appearing in the objective functional and the PDE si-
multaneously. This was also considered for instance in [4] [IT], [19] under Assumptions [II1.4.1{(5 = 1),
[11.4.3(8 = 1) and [[I1.4.2(5 = 1). In this section we provide the first solution stability result under

Assumption [[11.4.1( 8 = 1/2), [[11.4.3(8 = 1/2) and [[11.4.2(3 = 1/2). For this, we need to additionally

assume that the second derivatives of L and f are Lipschitz with respect to the y variable. Let us fix
a positive constant M and define the set of feasible perturbations by

2= {Ci= (€ mp) € L2Q) x LA(Q) x LZ(Q)] €]l 2() + Inllz2() + o]l <o) < M.

The perturbed problem is given by

min {Jg(u) = /QL(;U, Yu, W) + pu + Ny dx} (5.30)
subject to ([1.2]) and
Ay+f(hy) =ut+&  in L,
{ Y =0 on 0f). (5-31)

The existence of a globally optimal solution to (5.30)-(5.31)) is guaranteed by the assumptions on the
optimal control problem and the direct method in the calculus of variations. We define

C = max{ oot (@) (532
We need the next technical lemma, for a proof we refer to [4, Theorem 4.1].
Lemma II1.5.1. Given ¢ € L3(Q), u €U and v € L*(Q), it holds

195 = vullr2) < Calléllrz ),

” ZS,’U - Z’U,,’U

L) < CC3 1€l 2@ vl pr -

Theorem II1.5.2. Let @ satisfy Assumption[[IL4. (5 = 1/2) for some vy € (n/(n+2),1]. There exist
positive constants ¢ and a such that

a¢ — allpia) < c(ll€ll 2@ + Inllz2@) + ol L)
for any minimizer (3¢, p¢, ) of (5.30)-(5.31) with ||a¢ — |l 1) < a.
Proof. Denote by y5 the solution ding to the perturbati dd
) y yu the solution to [5.31| corresponding to the perturbation £ and data u and define
Je(u) == /QL(x,yg,u) dz.
Let @¢ be a minimizer of the perturbed problem with perturbation ¢ = (£, 7, p) and denote by 7° the

corresponding state and p¢ the corresponding adjoint state. We notice that yéc = ygg if £ is as in (.
In this case, it holds

Jé(ac)Jr/paCJrnng dxgjg(a)+/pﬂ+ny§dw-
Q Q
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Therefore,
() = Je(@) < [ pta =) + (6§ = o) do < (plliioy + Callalzo) i = ey (539

We estimate the term on the left side. For this let us define uy := @ + 6(u — @) for some 6 € [0, 1]
and denote by v,, and p,¢ the corresponding state and adjoint state.

1
Je () — Je() = Jg(u)(a® — @) + §Jé'(w9)(ﬂc —u)?
NP NP 1 o - o -
= [t @ =) = 7 @)@~ )] + [507 (wo) (@€ = 0)* = T (wg) (€ — 0)%)
1
+ [V@ @ -0+ 5" (o) (@ 02| =0+ L+ I,
We estimate the terms I, I3, and I3. By Theorem there exist positive constants ¢ and « such

that
Is > c||lu — u||L1(1§/2)7 for all u € U with |lu — @l 1) < a.

By assumption, this is satisfied by 4¢. We continue with the term I;:

o€ oL

|| < ac—a éTy(x’ Yau, a)zﬁ,ﬂC—a dz

()@~ 0 - S@ 0| < | [ Sk

‘ / (z yu, gﬁ(m,ya,ﬂ)} (11C — 1) d:c’ =J + Jo.

The term J; is estimated using Assumption [[.7.4] the mean value theorem and Lemma 77

oL
|J1| < ‘/ (z yu, ~ —(z,ya,u ]Zgﬂc _dx‘ + ‘/ o (z,yz,u zﬂﬁ< fzﬁ,ﬁgfﬁ] daz‘
< CL,MCQH&HL%Q)||Zﬁ7u(_ﬂ||L2(Q) + WMHL?(Q)Hzmc_ﬂ — zgac—allL2 @)
< Co(Crm + CoCrmllom 2 @) €l 2o 17 — @l L1 g
The term Jy is estimated by again using Assumption the mean value theorem and Lemma

L5

OL

S| 3 = all o) < CoCraliElz A = all o)

oL ~
1l < | G i) - o
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To estimate [y we write

’L 9*L
= = € _ 3 2
I = /Q g2 o 00) = G s w0)| (5, )

0 f ¢ O :
+/Q [pueaiyz(l'ayug) puea 2( yﬁg)}( ug,ﬁ€—a)2 dz
0L 0*f
+/ [8 2(:6 yu.97u9)+puea 2($ y'ug) [( 59

oL oL
- £ - = 3 .
+ 2/9 |:8’LL (CU, yu07u9) 8u (f]}', Yuy U9)i| Zug,ﬂgfﬁ(u u) dx

5
oL _ _
Q/Q %(l‘ayumu@) [zig,ﬁc—ﬂ B zue,ﬁ<—ﬂ:| (UC - u) da = ZKZ
=1

For the first term, we find by Assumption Theorem Lemma and Lemma
| K| < Lipy, 3 CaCoollus| roe o 1€l 2 (|5 — EH%I(Q)-
The estimate for the second and third terms follows by Assumption [[IT.1.2)and [[T[.1.T], Theorem [[TT.2:T]

Lemma [[I1.2.2] Lemma [[IL5.1] and (5.32)
Ko < Co(CpuCoo + L s C ) Il 2oy 1€ = 1310,
i3] < 2(Crt + CCrun ) €l 2oy 18 — il ey
For the fourth and fifth terms using the same arguments, we find
|K4| < CLyC2.C|¢ | L2y llas — @l 11 (o
| K5] < 2CCF |l oo (o)1 Lo (- Yug (Dl poo () 1€l 220 186 = @l £1(0)

Summarizing, we conclude the existence of a positive constant ¢ such that

11| < clléll 2@l — allpi)
and

5
L] < YKl < elléllpaoa® = all o)
i=1

Further by (5.33)), it holds
Is — || = [T < (llpll (e + Il 2) 1@ — @€l 21 (q)-

Thus by the estimates on terms I, Is and I3 we conclude the existence of a positive constant ¢ with

1

|z UIILl(Q c(llpllzoe(e) + Inll2() + €]l 2@)lla = @l 1q),

for all @¢ € U satisfying ||u¢ — @110y < a. O

Similar argumentation as done in the proof of Theorem [[T[.5.2]yields estimations under Assumption

[1.4.2( 3 = 1/2) and [[IL.4.3| 8 = 1/2).
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Proposition II1.5.3. Let % = 0 and let u satisfy Assumption |II1.4.%5 = 1/2). There exist
positive constants ¢ and o such that

a¢ — ull o) < e(lléllz@) + Imllz2@),
for any minimizer (3¢, p¢,a¢) of (5.30)-(5.31) (for p = 0) with ||a¢ — il 1) < @

Proposition II1.5.4. Let gjgy = 0 and let u satisfy Assumption |II.}.55 = 1/2). There exist
positive constants ¢ and a such that

lyac — vallr2@) < elléll2@) + Inllz2);

for any minimizer (5,5, of (E30)-E3D) (for p = 0) with lyae — valloqa < o

II1.6 Discrete model and error estimates

We come to the main part of this manuscript. The goal is to prove error estimates for the numerical
approximation under Assumption [[IL4.1]for v € (n/(n+2),1] and Assumptions[[1.4.2] and [[IL.4.3] In
a remark at the end of the next subsection, we mention assumptions that allow us to admit v € (0, 1].

I11.6.1 The finite element scheme

The finite element scheme we consider, is close to the one in [7], we also refer to [I] for an overview of
the finite element method. In this section, we assume 2 to be convex. Let {71, }x~0 be a quasi-uniform
family of triangulations of 2. Denote ), = Ure,, T and assume that every boundary node of €, is
a point of I'. Further, suppose that there exists a constant Cr > 0 independent of h such that the
distance dr satisfies dr(z) < Crh? for every x € T'j, = 9Q. Under this assumptions, we can infer the
existence of a constant Cq > 0 independent of h such that

1\ Q4| < Coh?, (6.34)
where | - | denotes the Lebesgue measure. We define the finite-dimensional space
Vi ={2,€C(Q): zpr € P(T) VT €7, and 2, =0 on Q\ Q4},

where P;(T') denotes the polynomials in 7" of degree at most .
For u € L?(f2), the associated discrete state is the unique element g (u) € Y}, that solves

a(yn, zn) + f(z,yp)zp dedt = / uzpdr Vzp, € Yy, (6.35)
Qp Qp

where

n
aly,z) = Z /Qaijaziyﬁmjzda: Vy,z € HY(Q).

ij=1
The proof of the existence and uniqueness of a solution for (6.35]) is standard.
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Lemma II1.6.1. [7, Lemma 3]. There exists a constant ¢ > 0, which depends on the data of the
problem but is independent of the discretization parameter h, such that for every u € U

lyn(u) = yull2) < ch?, (6.36)

lyn (@) = yullLo=() < ch?|log h[*. (6.37)
The set of feasible controls for the discrete problem is given by
Up = {un € L(Q) : upr € Po(T) VT € 71}

By IIj, we denote the linear projection onto Uy, in the L?(Qy) given by
1
(Mpu)r = / udx, VT € 7.
Tl Jr
By up — u weak™ in L°(£2) we mean, as in [7], the following
/ upvde — / wwdr Yo e LY(Q).
Q Q

Lemma II1.6.2. [7, Lemma 4] Given 1 < p < oo there ezists a positive constant K, that depends on
p and £ but is independent of h such that

= Tl < Kphllullzog) ¥ u € L(9).

We define
Jn(u) :—/ L(z,yp(u),u)dz.
Qp

Let us define Uy, := U, NU. Then the discrete problem is given by

min Jp(up). (6.38)

upEUR

The set U, is compact and nonempty and the existence of a global solution of (6.38)) follows from
standard arguments. For u € L?(2), the discrete adjoint state py(u) € Y}, is the unique solution of

0 oL
a(znspn) + / O o @pnznde = [ 2Z (@yn(w), u)zn da Yz € Y, (6.39)
o, 0y o, 9

One can calculate that
T(@) = [ (Lo onlw) + () da.
h
A local solution of ([6.38]) satisfies the variational inequality

Jh(@n) (up, — ap) >0 Yuy, € Up,.
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I11.6.2 Discretization with piecewise constant controls

The main goal of this section is to prove that Assumptions [[T1.4.1], [IT.4.2] and [[IT.4.3] allow finite

element error estimates. Before stating the main theorems, let us consider two preliminary lemmas.

Lemma II1.6.3. Consider a bang-bang control u € U satisfying the first order optimality condition
and define & := pg + Ly(z,yz). Assume that & is Lipschitz on 2, then

J'(@)(Tpu — @) < Lipshla —pal| g g)-

Proof. For the convenience of the reader, we present a proof which follows the arguments in [7, Lemma
7]. Let T be an element such that & changes its sign. Since & is Lipschitz, there exists a point xg € T
with 6(z¢) = 0. For x € T we obtain

|o(x)| =|o(x) — a(xo)| < Lips|z — xo| < Lipsh. (6.40)

Let us denote by S the union of elements 7' such that ¢ changes the sign. Then on the set S, we
have the estimate [|G|| 1 (s) < Lipsh. If & does not change the sign on an element 7', the bang-bang
structure implies ITu = u on 2\ S. As a consequence we obtain the estimate

J'(@)(Iyi — @) = /Q o(Iyii — @) do < 5] oo ) [0 — ] 1) < Lipoh|[ T4 — all 1 s).
h

O

The next lemma is crucial to obtain error estimates for the numerical approximation without
assuming the structural assumption.

Lemma II1.6.4. We assume that ¢ = pg + Ly(x,yz), corresponding to the reference solution u, is
Lipschitz continuous on Q. Let u € U satisfy Assumption |[I1.4. 15 = 1/2), here we allow v € (0, 1].

There exists a positive constant ¢ independent of h, such that for h sufficiently small
|u — Mpallpq,) < ch?. (6.41)

The assumption that pg + Ly(z, yz) is Lipschitz, is not a big constraint. By the assumptions on the
control problem in this section, it is already guaranteed that the adjoint state is Lipschitz continuous.

Proof. We begin with (6.41]). If u € U satisfies Assumption [l11.4.1] then there exist positive constants
c and « such that for h with |[II,@ — /1) < @

J' (@) e — @) + 1/2J" (@) (i — ) > ¢|Hpa — ﬂHlJ(lg/zZy
By Lemma [[T1.6.3] we obtain

J' () (Mt — 1) = /Q(pu + Ly(x, ya)) (pu — @) dz < Lipsh|[Tha — a1 (o)
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The right-hand side is further estimated employing the Peter-Paul inequality for some € < ¢, where ¢
is the constant appearing in Assumption

(Lipsh)* n e|[na — a||%1(m

Lipzh||Iyu — ’L_LHLl(Q) < 9e 5 (6.42)
Given n < p, using [7, Lemma 1, Lemma 4], the second variation is estimated by
0*L 0% f
_ _ —\2 2
J”(U)(Hhu - U) < H@Ty(’ya) - pﬁaTy('a ya) LOO(Q)HZﬁ,Hhﬁ—ﬂHL?(Q)
< Cp(C_'Cf,M + Cp,m) ||y a — ﬂ”%,v_l,p < CpKz(C_'CﬁM + CL7M)h2.
The claim follows by absorbing the second term of ((6.42)). O

Now we are ready to state the main theorem of this section.

Theorem IIL.6.5. Let u be a local solution of (P). Consider the constant o corresponding to the

Assumptions [IIT.7.1, [TTII.7.2 or [IIT.1.3. Consider a sequence of discrete optimal controls uy € Uy, of
(6.38) that satisfy ||up — |1 (q,) < a. We recall that § is the solution of (1.4) and y(uy) denotes the

solution of (6.35)) for uyp,.

1. Let Ly = 0 in the objective functional and let u satisfy Assumption|ll1.4.38 = 1/2). Then, there
exists a positive constant ¢ independent of h such that

ly(an) = ¥llz2) < cvh. (6.43)

2. Let Ly = 0 in the objective functional and let u satisfy Assumption|II1.4.X 5 = 1/2). Then, there
exists a positive constant ¢ independent of h such that

ly(in) — 9l 2() < cmin {\/ﬁ, \/m 4 h|a — aumh)}. (6.44)

3. Let 88—5” = 0 in the objective functional and let u satisfy Assumption [[II.4.1(5 = 1/2). Then,
there exists a positive constant ¢ independent of h such that

[an — ull ) + ly(@n) = Gllr2@) < ch? (6.45)
If BTI; # 0 we obtain the estimate

(A4min{1l/ry})y

lan — allpre,) + ly(un) = Gllz@) <ch o5t (6.46)

Proof. Let us consider a discrete control uy that satisfies the assumptions of the theorem. We first
prove the existence a positive constant ¢ such that

J(ap) — J(@) < |J(an) — Jn(tn)| + Jp(tn) — Jpn(Mpa) + |J (Mpa) — J(I,a)|
+ |J(Mpa) — J(@)| = [I1] + 0 + |I3] + | I4] < ch'H7,
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To estimate the first term, we use the estimates in Lemma [[I1.6.1] and (6.34]), to obtain

|11] =

/ L(x,yuh,uh)dx—i-/ L(xﬂy(ﬁh)aﬂh)_L(x7yﬂhaﬁh)dx
Q\Qh Qp

< 12(]| Gt o) + Cal L,y 1) ) )

L2(9) * H%Lyb(x’ yﬁ)ahHm(Qh)

For the second term, I, we have I < 0 since uy is a minimizer of the discrete problem. The third
term, I3, can be estimated by similar arguments as used for the first term,

’I3| - ‘/L(x7yﬂhuanhﬂ) d.’IJ—/ L(xuya_lha)anhﬂ') dz
Q Qp,

/ L(x, ym,u, Iyu) dz + / L(z,ym,a, Ipu) — L(z, y(yu), u) de
Q\Qy, Qp

< hQ(H%I;(iE»ye)’ +CQ”L(xayﬁ,Hha)HLOO(Q))-

L2(Q) + H%I;(x,yﬁ)ﬂha‘ L2(Q)

Finally, to estimate the last term, let us denote by L, and L, the derivatives of L, and L by y. In
the subsequent estimates, we use Lemma, and the fact that by Lemma [[T1.6.2]

lym,a — llz2) < e[yt — ally-12 < Kohl[u]| 2 (q)-

Now we prepare for the estimation. By Taylor’s theorem
T(@) = 7@ = [ L., o T(@) = Ly @) o = [ Ly a0)om = o) do
+ [ Loyt i) — v Made + [ LaGo.ye) Ty — 1) da
= [ Lasfove)omya = va)do+ [ Loy, va) s = yi)ida
+ /Q(La,y(% Y6) — Lay(7,ya))(yn,a — ya) do + /Q(Lb,y(% Yo) — Ly (2, ya))(ym,a — ya)llpude

+ /Q Ly (2, ya)(ym,a — ya) Iyt — a) dz + /Q Ly(z,yz)(Ipu — ) dz.
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Thus,

J(Ip(a)) — J(a) = /Q(L y(@ya) + Ly (2, ya)W) za,m,a—a do + /QLb(x,ya)(Hhﬁ— u)dx

+ / (La,y($7 ?Jﬁ) + Lb,y(% yﬂ)Hhﬂ)(thﬂ — Yu — Zﬂ,Hhﬂ—ﬂ) dx
Q
+ /Q(La,y(x7 Yo) — La,y(x7 yﬁ))(ynha — ya) dw

+ /Q(Lb,y(337 yo) — Loy (z,ya)) (ym,a — ya)pu de
6

+ /QLb,y(fv, va) (s — ya)(Mpi — 0) de = Y K.

=1

We provide the estimates for (6.45)) under Assumption [I[I1.4.1(3 = 1/2). Integration by parts, Lemma
and Lemma guarantee the existence of a positive constant ¢ such that

Ky + K| — / (pa + Lo(, ya)) (it — @) dae < ek,
Q

The term K3 can be estimated using and ( -

|Ks| < [[¥amllz2oyllym,a — yuHLz < ch?.

For the terms K4 and K35, we use (6.41) and the local Lipschitz property of L, , and L;, to infer the
existence of a constant ¢ such that

|K4|7 |K5| < CHthu yu”Lz < Ch2

Finally, for some number r > n/2 and a positive constant ¢, we estimate |Kg| < ¢||II;u — u||1+1/r <

ch*1/7_If the term Kg is absent, we obtain estimate , if not 1|6 46]) holds. To continue the proof

of ([6.45]), we conclude from the estimates of the terms I,, by Theorem _HI.4.8| and Theorem the
existence of a positive constants ¢,k and « such that

1

1
kRYTY > J(ay) — J(@) > ¢l — fa||LJf(”m for all @y, with [|u), — /1) < a. (6.47)
But this is equivalent to
(¢/k)TFTRY > ||y, — @]l 1oy for all ay, with [[ay — | 1) < o

Using the estimate of the distance of the controls and (6.36)), we estimate the distance of the states
and the adjoint states, which completes the proof. The proof of the claims (6.43) and (6.44]) follows
by similar arguments. O
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Remark II1.6.6. Assumption |[I1.4.1(f = 1/2) with v € (n/(n + 2),1], is used to guarantee the
existence of positive constants ¢ and o such that

1

1+1 o
J(up) — J(u) > c||lap, — ﬁHLl&), for all up with ||ty — 1) < a. (6.48)

If % = 0 holds for the objective integrand, then the growth can be obtained by considering
Assumption[II1.J.1(8 = 1/2, v € (0,1]) together with Assumption[[IL].J3 = 1/2). To see this, let c
and o be positive constants for that Assumption [IT1.1.1] and [IT1.7.3 are both satisfied simultaneously.
Then, applying Taylor’s theorem, the assumptions, and an estimate on the distance of the second
variations yields

J(ay) = J(@) 4+ J'(a)(ay — ) + 1/2J" (ug) (ap — w)?
> J(a) 4+ 1/2J'(a)(ay — @) + 1/4J" (@) (ay, — @)*
+ 1/2J (a)(ay, — @) + 1/4J" (@) (@), — a)?
—1/2|J" (wg) (@, — w)* — J" (@) (an — @)°

_ R _ 142
> c/2lan — ll 1y + /4 zn.0—all 2@y > /20T — Al 1 -

Thus, the constraint v € (n/(2 +n), 1] can be weakened to vy € (0, 1] for the cost of making both the
assumptions [IT1.7. 1 and [ITT.7.3 at the same time.

I11.6.3 Variational discretization

We prove that Assumptions [[TT.4.7], [[TT.4.2] and [TTT.4.3| with 3 = 1 are sufficient for approximation error
estimates for a variational discretization. We refer to the [I5] for the idea and introduction of varia-
tional discretization. Although we consider weaker conditions than the ones in [7], the estimates given
in Theorem below agree with the estimates in [7, Remark 7] for the variational discretization.

Theorem II1.6.7. [7, Theorem 9]. Let uy, denote a solution to (6.38). We denote by ya, and pg, the
solution to the continuous state equation and to the corresponding adjoint equation with respect to uy,.
By p(uy) we denote the discrete adjoint equation corresponding to uy and pgh denotes the solution to
the following equation

p =0 onT.
Then the following estimates hold
Ipa, — P, |1 () < ch? (6.49)
lp(an) — pthLw(Q) < ch?|log h|*. (6.50)

We come to the error estimates for the variational discretization.

Theorem II1.6.8. Let {uy}n, be a sequence of solutions to the first-order optimality condition of the
discrete problems such that ||t — ||y (q,) < a. Here, a is the constant appearing in Proposition
[[IT2].7] or Proposition [III.].9 depending on the selected growth assumption.
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1. Let Assumption|II1.4.53 = 1) be satisfied by u € U. There exists a positive constant ¢ indepen-
dent of h such that

ly(@n) — 9ll2e) + Ip(@n) — llpe ) < ch. (6.51)

2. Let Assumption|[I1.4.4 B = 1) be satisfied by u € U. There exists a positive constant ¢ indepen-
dent of h such that

ly(an) = gllz20) + Ip(an) = bl (@) < c(hlloghl)*. (6.52)

3. Let Assumption ([II.4.1(5 = 1) be satisfied by u € U for some v € (n/(2+n),1]. There exists a
positive constant ¢ independent of h such that

[t — al| g1 () + ly(n) = Gl 2@ + 11p(@R) = pll o) < c(h|log h|)*. (6.53)

Proof. We consider (6.53|). Since @y satisfies the first-order necessary optimality condition of the
discrete problem, it holds

0 > Jj(an) (@n — 1) = J'(an) (@ — @) + Jp, (@) (@ — w) = J' () (@n — @),
and by Proposition
el =l < ) — ) = Ty () — ),
We use that @, = @ on Q\ Q4 by definition and write

i) o, = ) = ) in =) = [ (o) + Lo @) (o0 — ) do

_/Q (pﬁh + Lb(xayﬂh»(ah - ﬂ) dz = 1.

To estimate the term I, we follow similar reasoning as in [7], using (6.37), (6.49)), (6.50) and also using
the local Lipschitz property of L; with respect to y, to infer

I < Cpym(llp(an) = pay, lne@) + 1y(@n) = yay, [ Lo @) |1Un — @l L1 (@)
< Cru(lIp(@n) — pl, lLee@) + 1ok, — pan |l oo @) 1an — @l 1o

+ Crmlly(an) — yay, || Lo (@) llin — @l L1 (o)

< CCp v (h? + 2h%|log h|?) |y, — Ul 11(q),

for some positive constant C. Altogether, we obtain

[, — ll 1) < CCLar(h* + 2h*[log h[?)". (6.54)
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Applying the estimates (6.36]), (6.49) and (6.50)) the claim (6.53)) holds for the controls. For the states
we use (6.37)) to find

ly(an) — yallz2y < ly(@n) — vay L2 ) + v, — vallzz@) < cb® + [lun — @l gy

and the estimate follows from (6.54). For Assumption [[11.4.2] by (4.29) of Proposition [I11.4.9

cllan = all o lya, — vallpi) < J'(@n)(@n — @) — J;(an) (an — a).
Estimating as before, we obtain the existence of a positive constant ¢ that satisfies
lya, — vall2@) < e(h® + h?[log h|?).

By again (6.36)), (6.49) and (6.50]) the claim (6.52)) holds. Finally, consider Assumption [I11.4.3] To
estimate the term I, we use (6.49)-(6.50) to find

I <|lp(an) — pay |l 2o [1tn — @l £2(q)
< (lIp(an) — pf, 2@ + 1Pk, — Panllz2@)lan — Gllr2) < 2¢h®|uq — upl| o (q),
for some positive constant c. Taking the root, this leads to the estimate ||ya, — yallz2(q) < ch, and by

(6.36)), (6.49) and the claim (6.51]) holds. O

For a numerical example supporting the theoretical error estimates achieved in this paper, espe-
cially for the case v < 1, we refer to [7].

I111.6.4 Solution stability and variational discretization

In this subsection, we aim to provide a link between the property of solution stability and the obtain-
ment of finite element error estimates. In this sense, Theorem below shows that a property
related to solution stability implies estimates for a finite element variational discretization scheme.
The intuition is that once solution stability is achieved under certain growth conditions for an affine
optimal control problem, we expect error estimates for a variational discretization scheme under the
same conditions and strength.

Let us now define a property, which we will call strong solution stability.

Definition II1.6.9 (Strong solution stablility). We call the optimal control problem (1.2)-(1.4]) strong
solution stable at u for V. . C U, with positive parameters k,~v and o if

_ B - _ B » ol
@ — @l o) + 15 = 8l o) + 15 = Pl ooy < H(HfHL?(Q) + Inllz2e) + HPHLoo(Q)) (6.55)

for all triples (S, 5<,p¢) related to the perturbed problem (5.30)-(5.31) that satisfy ||a — aCHLl(Q) <«
and

Jé(ﬂc)(v —a%) >0 forallveV.

Assumption implies strong solution stability. This can be observed by investigating the
proof of the strong metric subregularity of the optimality map in [12].
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Theorem II1.6.10. Let the optimal control problem be strong solution stable at u for {u} with positive
constants v,k and «. Let {up}p be a sequence of solutions to the discrete problems (6.38)) with ||wu;, —
1) < a. Then

[t — al| 2 () + Iy (an) — Gl 2@ + 1p(ER) — pll L) < w(h|log h])>. (6.56)

Proof. Given a minimizer 4y, of the discrete problem (6.38)), let ¢ = (0,0, p), with p := p(an) — pa, -
Then we define the perturbed optimal control problem

min {Jc(u) = /QL(x,y(:c),u(a:))da: + /Q(p(uh) —pﬁh)ud:c},

uel

subject to

Ay+ f(hy)=u in Q,
y=20 on I

It is easy to see that
Je(ap) (@ — ap) = / p(ap)(a — ap) dz > 0. (6.57)
Q
But that is all we need of uy to apply the strong solution stability at u. That is, we obtain
lin — 21y < Al PLER) — P e -

By Theorem [[TI.2.T], Lemma [[T[.2.2] Lemma [[T[.6.1] and Theorem [[T1.6.7] the claim follows. O
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II1.7 Appendix

For the reader’s convenience, we collect some facts that relate the assumptions made in this paper to
the usual assumptions in the literature. Also we relate the cases § € {1/2,1} of Assumption [[II.4.1

Proposition II1.7.1. Let Assumption|[II.4.1(8 = 1/2) be satisfied with constants ¢ and c. Let there
exist i such that ¢ > @ and

1

14+ =
J"'(a) > —pllu — HHLT(”Q) for alluw € U with ||u — |11 o) < a. (7.58)

Then Assumption |[I11.4.1(5 = 1) is satisfied with constant ¢ :=~y — /2.

Let us define cones appearing in affine PDE-constrained optimal control.
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Definition III1.7.2. We consider the set
{U € L2(Q)‘v >0 a.e. onlu=uy] andv <0 a.e. on [u= ub]}. (7.59)

Given T > 0, we define the sets

D] := {v € Lz(Q)‘v satisfies and v(z) =0 if ’%i’(x)’ > 7'},

GT .= {v e L3(Q)|v satisfies (7.59) and J'(@)(v) < 7||zavll 110
@ ; )

Cr = DiNGL.

Here, H denotes the Hamiltonian ([3.15)) corresponding to the reference control .

Assumption [[T[.4.T] can be considered as acting only on the cone DJ. For § = 1, a proof for elliptic
problems was done in [IT], Proposition 6.2] and for parabolic problems in [4, Corollary 14]. Thus, to
ask for Assumption [[IL.4.1] to be satisfied on cones considered in the context of second-order sufficient
optimality conditions is not relaxation.

Proposition II1.7.3. [I1, Proposition 6.2]. Assumption |[II.4.1, 5 € {1/2,1}, is equivalent to the

assumption:
Let uw € U be given. There exist positive constants ¢ and o, such that

7)) + 8" () (w — 0)? 2 ellu— all) (7.60

for allu € U with (u—u) € Df and |lu — ul|p1(q) < a.

Further, we have the following theorem that relates Assumption to assumptions made in
[T, Theorem 9.

Theorem II1.7.4. Let %—I;f = 0 and let u satisfy the following conditions: There exist positive con-
stants ¢, k and o with k < ¢ such that

1

1+=
J'(@)(u —a) > ellu—all g for all u €U, (7.61)
and )
14+ =
J"(@)(u—u) > —k|ju— ﬂ||;1_(z)) for all (u —u) € CF with |lu — 1) < a. (7.62)

Then Assumption|II1.4.1], B € {1/2,1}, holds for some appropriate constants.

Proof. By Proposition [[I.7.3] it is sufficient to prove the statement for the Assumption [[IT.4.1] on the
cone DZI. Thus, we only need to consider the case (u — u) ¢ GEL. But by definition of (u — u) ¢ G,
J'(@)(u — @) > 7||zgu-allr1 (). We estimate for some constant d independent of u

J"(@)(w — 02| < dllzgu-al o) lza0-allo o)
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By the assumption of the theorem, it also holds

Tl s _71+%
(@) (u— 1) > elju— a1 .

Thus combining the estimates we obtain for [[u — (|1 () sufficiently small

1 1
J'(@)(u —a) + J" (@) (u — u)* > 37 (@ =) + (57 = dllzau—allL= @) 7au-allLr @)
o141 1 14l
> c/2llu — all 1y + (57 — dllzacallzoe (o)l zmacall L1y > ¢/20u — @l 1 .

2

136



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

1]

2]

S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods, volume 15 of
Texts in Applied Mathematics. Springer-Verlag, New York, second edition, 2002.

E. Casas. Pontryagin’s principle for optimal control problems governed by semilinear elliptic
equations. In Control and estimation of distributed parameter systems: nonlinear phenomena
(Vorau, 1993), volume 118 of Internat. Ser. Numer. Math., pages 97-114. Birkh&user, Basel,
1994.

E. Casas. Second order analysis for bang-bang control problems of PDEs. SIAM J. Control
Optim., 50(4):2355-2372, 2012.

E. Casas, A. Dominguez Corella, and N. Jork. New assumptions for stability analysis in elliptic
optimal control problems. SIAM J. Control Optim.,, —(—), 2023.

E. Casas, Mariano M., and A. Rosch. Numerical approximation of control problems of non-
monotone and non-coercive semilinear elliptic equations. Numer. Math., 149(2):305-340, 2021.

E. Casas and M. Mateos. Critical cones for sufficient second-order conditions in PDE constrained
optimization. SIAM J. Optim., 30(1):585-603, 2020.

E. Casas and M. Mateos. State error estimates for the numerical approximation of sparse dis-
tributed control problems in the absence of tikhonov regularization. Vietnam Journal of Mathe-
matics, 49:713-738, 2021.

E. Casas, M. Mateos, and A. Rosch. Error estimates for semilinear parabolic control problems in
the absence of Tikhonov term. SIAM J. Control Optim., 57(4):2515-2540, 2019.

E. Casas, M. Mateos, and A. Rosch. Analysis of control problems of nonmontone semilinear
elliptic equations. ESAIM Control Optim. Calc. Var., 26:Paper No. 80, 21, 2020.

E. Casas, D. Wachsmuth, and G. Wachsmuth. Second-order analysis and numerical approximation
for bang-bang bilinear control problems. SIAM J. Control Optim., 56(6):4203-4227, 2018.

A. Dominguez Corella, N. Jork, and V. Veliov. Stability in affine optimal control problems
constrained by semilinear elliptic partial differential equations. ESAIM Control Optim. Calc.
Var., 28(79), 2022.

A. Dominguez Corella, N. Jork, and V. Veliov. On the solution stability of parabolic optimal
control problems. Comput. Optim. Appl., -(-), 2023.

K. Deckelnick and M. Hinze. A note on the approximation of elliptic control problems with
bang-bang controls. Comput. Optim. Appl., 51(2):931-939, 2012.

A. Dominguez Corella and Vladimir M. Veliov. Holder regularity in bang-bang type affine optimal
control problems. In Large-scale scientific computing, volume 13127 of Lecture Notes in Comput.
Sci., pages 306-313. Springer, Cham, [2022] (©)2022.

137



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

[15]

[16]

[17]

M. Hinze. A variational discretization concept in control constrained optimization: the linear-
quadratic case. Comput. Optim. Appl., 30(1):45-61, 2005.

1. Mazari. Quantitative inequality for the eigenvalue of a Schrodinger operator in the ball. J.
Differential Equations, 269(11):10181-10238, 2020.

I. Mazari. Quantitative estimates for parabolic optimal control problems under L> and L' con-
straints in the ball: quantifying parabolic isoperimetric inequalities. Nonlinear Anal., 215:Paper
No. 112649, 48, 2022.

N. P. Osmolovskii and V. M. Veliov. On the regularity of Mayer-type affine optimal control
problems. In Large-scale scientific computing, volume 11958 of Lecture Notes in Comput. Sci.,
pages 56-63. Springer, Cham, [2020] (©)2020.

N. T. Qui and D. Wachsmuth. Stability for bang-bang control problems of partial differential
equations. Optimization, 67(12):2157-2177, 2018.

F. Troltzsch. Optimal Control of Partial Differential Equations: Theory, Methods and Applica-
tions, volume 112 of Graduate Studies in Mathematics. American Mathematical Society, Philadel-
phia, 2010.

138



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

IV. On the Solution Stability of
Parabolic Optimal Control Problems

Outline
V.1 Introduction|. . . . . . . . . . o e 140
IV.1.1 Preliminaries| . . . . . . . . . . . . . 142
IIV.1.2 Facts regarding the linear and the semilinear equation| . . . . . .. ... .. .. 143
[[V.1.3 Estimates associated with differentiability| . . . . . . . .. ... ... ... ... 146
([V.2 The control problem| . . . . . . . . . .. . . 147
[[V.2.1 Sufhcient conditions for optimality and stability] . . . . . ... ... ... ... 148
([V.3 A unified sufficiency condition|. . . . . . . . . . . ... 150
[IV.3.1 Sufhficiency for optimality of the unified condition| . . . . . . . . . ... ... .. 151
IIV.3.2 Some equivalence results for the assumptions on cones| . . . . . . . . . ... .. 153
[[V.4 Strong metric Holder subregularity and auxiliary results| . . . . . . .. ... ... ... 158
[[V.4.1 The optimality mapping| . . . . . . . . . . . . . . 158
[IV.4.2 Strong metric Holder subregularity: main result| . . . . .. ... ... ... .. 160
[[V.5 Stability of the optimal solution|. . . . . . . . . .. ... ... ... . L 167
([V.6 Examples| . . . . . . . . e 169
([V.7 Appendix] . . . . . . . . e 171
Bibliography| . . . . . . . e e 178

Bibliographic Information

The content of this chapter was published by the author together with co-authors in:

A. Dominguez Corella, N. Jork, V. M. Veliov: On the solution stability of parabolic optimal
control problems, Comput. Optim. Appl., (2023).
Author’s contribution

The publication is a joint work of the three authors, each contributing substantially. The author of
this thesis contributed crucially in all proofs throughout all the sections.

139


https://doi.org/10.1007/s10589-023-00473-4
https://doi.org/10.1007/s10589-023-00473-4

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Abstract

The paper investigates stability properties of solutions of optimal control problems constrained by
semilinear parabolic partial differential equations. Holder or Lipschitz dependence of the optimal
solution on perturbations is obtained for problems in which the equation and the objective functional
are affine with respect to the control. The perturbations may appear in both the equation and in
the objective functional and may nonlinearly depend on the state and control variables. The main
results are based on an extension of recently introduced assumptions on the joint growth of the first
and second variation of the objective functional. The stability of the optimal solution is obtained as a
consequence of a more general result obtained in the paper — the metric subregularity of the mapping
associated with the system of first-order necessary optimality conditions. This property also enables
error estimates for approximation methods. A Lipschitz estimate for the dependence of the optimal
control on the Tikhonov regularization parameter is obtained as a by-product.

IV.1 Introduction

Let 2 C R", 1 < n < 3, be a bounded domain with Lipschitz boundary 0€2. For a finite 7" > 0,
denote by @ := Q x (0,T) the space-time cylinder and by ¥ := 9Q x (0,7 its lateral boundary. In
the present paper, we investigate the following optimal control problem:

(P) min{J(u) ::/QL(x,t,y(a:,t)m(x,t))dwdt}, (1.1)

ueU

subject to
y=0onX%, y(,0)=y onf.

Here y : Q — R is the state, u : Q — R is the control and A is an elliptic operator. For functions
Ug, Up € L°(Q) such that u, < up a.e in @, the set of feasible controls is given by

U:={ue L™®Q)| ug <u<u foraa. (z,t) € Q}. (1.3)

Denote by v, the unique solution to the semilinear parabolic equation (1.2) that corresponds to the
control u € L"(Q), where 7 is a fixed number satisfying the inequality » > 1 + 5. The objective
integrand in (1.1} is defined as

L(z,t,y,u) := Lo(z,t,y) + (my + g)u, (1.4)

where m is a number, g is a function in L*°(Q) and Lg satisfies appropriate smoothness condition (see
Assumption in Subsection .

The goal of the present paper is to obtain stability results for the optimal solution of problem
f. The meaning of “stability” we focus on, is as follows. Given a reference optimal control
@ and the corresponding solution 7, the goal is to estimate the distance (call it A) from the optimal
solutions (u,y,) of a disturbed version of problem f to the pair (@, y), in terms of the size of
the perturbations (call it §). The perturbations may enter either in the objective integrand or in the
state equation, and the meaning of “distance” and “size” in the previous sentence will be clarified in
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the sequel in terms of appropriate norms. If an estimation A < const.d? holds with 6 € (0, 1), we talk
about Holder stability, while in the case § = 1 we have Lipschitz stability.

A powerful technique for establishing stability properties of the solutions of optimization problems
is based on regularity properties of the system of first-order necessary optimality conditions (see
e.g. [18]). In the case of problem 7, these are represented by a differential variational
inequality (see e.g. [25], [I5]), consisting of two parabolic equations (the primal equation and
the corresponding adjoint equation) and one variational inequality representing the condition for
minimization of the Hamiltonian associated with the problem. The Lipschitz or Hoélder stability
of the solution of problem f is then a consequence of the property of metric subreqularity
(see [18, [16]) of the mapping defining this differential variational inequality. An advantage of this
approach is that it unifies in a compact way the study of the stability of optimal solutions under a
variety of perturbations (linear or nonlinear). Therefore, the main result in the present paper focuses on
conditions for metric subregularity of the mapping associated with the first-order optimality conditions
for problem f. These conditions are related to appropriate second-order sufficient optimality
conditions, which are revisited and extended in the paper. Several results for stability of the solutions
are obtained as a consequence.

The commonly used second-order sufficient optimality conditions for ODE or PDE optimal control
problems involve a coercivity condition, requiring strong positive definiteness of the objective functional
as a function of the control in a Hilbert space. We stress that problem — is affine with respect
to the control variable and such a coercivity condition is not fulfilled. The theory of sufficient optimality
conditions and the regularity theory for affine optimal control of ODE systems have been developed
in the past decade, see [24] and the bibliography therein. Sufficient conditions for weak or strong local
optimality for optimal control problems with constraints given by elliptic or parabolic equations are
developed in [3], 12} 10} 2 17, [5, B]. A detailed discussion thereof is provided in Section In
contrast with the elliptic setting, there are only a few stability results for semilinear parabolic optimal
control problems. Results in this regard for a tracking type objective functional were obtained for
instance in [10, [9] where stability with respect to perturbations in the objective functional was studied,
and in [I1], where stability with respect to perturbations in the initial data was investigated. We
mention that for a linear state equation and a tracking type objective functional, Lipschitz estimates
were obtained in [30] under an additional assumption on the structure of the optimal control. A more
comprehensive discussion about the sufficiency theory and stability can be found in Section [[V.2]

The main novelty in the present paper is the study of the subregularity property of the optimality
mapping associated with problem —. In contrast with the case of coercive problems, our
assumptions in the affine case jointly involve the first and second-order variations of the objective
functional with respect to the control. These assumptions are weaker than the ones in the existing
literature in the context of sufficient optimality conditions, however, they are strong enough to imply
metric subregularity of the optimality mapping. The subregularity result is used to obtain new Holder-
and Lipschitz estimates for the solution of the considered optimal control problem. An error estimate
for the Tikhonov regularization is obtained as a consequence.

The obtained subregularity result provides a base for convergence and error analysis for discretiza-
tion methods applied to problem —. The point is, that numerical solutions of the discretized
versions of the problem typically satisfy approximately first-order optimality conditions for the dis-
cretized problem and after appropriate embedding in the continuous setting —, satisfy the
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optimality conditions for the latter problem with a residual depending on the approximation and
the discretization error. Then the subregularity property of the optimality mapping associated with
— provides an error estimate. Notice that the (Lipschitz) stability of the solution alone is
not enough for such a conclusion, and this is an important motivation for studying subregularity of
the optimality mapping rather than only stability of the solutions. However, we do not go into this
subject, postponing it to a later paper based on the present one.

The paper is organized as follows. The analysis of the optimal control problem - begins
in Section We recall the state of the art regarding second-order sufficient conditions for weak
and strong (local) optimality, as well as known sufficient conditions for stability of optimal controls
and states under perturbations. In Section [[V.3| we formulate and discuss the assumptions on which
our further analysis on sufficiency and stability is based. The strong subregularity of the optimality
mapping is proved in Section [[V.4] In Section [[V.5] we obtain stability results for the optimal control
problem under non-linear perturbations, postponing some technicalities to Appendix [V.7} Finally,
we support the theoretical results with some examples.

IV.1.1 Preliminaries

We begin with some basic notations and definitions. Given a non-empty, bounded and Lebesgue
measurable set X C R", we denote by LP(X), 1 < p < oo, the Banach spaces of all measurable
functions f : X — R for which the usual norm || f[[zr(x) is finite. For a bounded Lipschitz domain
X C R" (that is, a set with Lipschitz boundary), the Sobolev space H{(X) consists of functions
that vanish on the boundary (in the trace sense) and that have weak first-order derivatives in L2(X).
The space H}(X) is equipped with its usual norm denoted by || - a1 (x)- By H~1(X) we denote the

topological dual of H{(X), equipped with the standard norm || - || a-1(x)- Given a real Banach space
Z, the space LP(0,T; Z) consist of all strongly measurable functions y : [0,7] — Z that satisfy

1

T 1
191l e .1 2) = (/0 Hy(t)H%dt)p <oco if 1<p<oo,
or, for p = oo,
Y|l oo (0,1, 7y == Inf{M € R | [[y(t)||z < M for a.e t € (0,T)} < oo.

The Hilbert space W (0,T) consists of all of functions in L?(0,T; HZ(£2)) that have a distributional
derivative in L2(0,T; H=(Q)), i.e.

W(0,T) := {y € L*(0,T; HA(Q)) % e L*0,T; H—I(Q))},

which is endowed with the norm

lyllw o) = Yl L2011 () + 109/ Ot L2 (0,111 ()

The Banach space C([0,T]; L?(2)) consists of all continuous functions y : [0,7] — L*(Q2) and is
equipped with the norm maxe(o 77 [|y(t) | £2(q)- It is well known that W (0,T) is continuously embed-
ded in C([0,T]; L*(Q2)) and compactly embedded in L?(Q). The duality pairing between a Banach
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space X and its dual is denoted by (-,-)x. For proofs and further details regarding spaces involving

time, see [311, [14] 20} 28].

The following assumptions, close to those in [2] 10} 111 [8, 5, 6], [12] 13], are standing in all the paper,
together with the inequality

r>max{2,1—|—g} (1.5)

for the real number r that appears in some assumptions and many statements below (we also remind
that n € {1,2,3}). Although for n = 1 it is admissible to have r = 2 (instead of r > 2), we keep the
above restriction in order to treat all the cases in a unified way.

Assumption IV.1.1. The operator A : H} () — H=Y(Q), is given by
Ay == 0, (aij(x)0ny),
ij=1
where a; j € L>(8) satisfy the uniform ellipticity condition
g >0 Mglé)? < Z a;j(x)&&;  for all € R™ and a.a. x € Q.
ij=1

The functions f, Ly : @ x R — R of the variables (z,t,y), and the “initial” function yy have the
following properties.

Assumption IV.1.2. For every y € R, the functions f(-,-,y) € L"(Q), Lo(-,-,y) € LYQ), and
yo € L>®(Q). For a.e. (x,t) € Q the first and the second derivatives of f and Lo with respect to y
exist and are locally bounded and locally Lipschitz continuous, uniformly with respect to (z,t) € Q.
Moreover, %i(IE,t,y) >0 for a.e. (z,t) € Q and for all y € R.

Remark IV.1.3. The last condition in Assumption [IV.1.3 can be relazed in the following way:
of
ICr eR: a—(w,t,y) >Cf a.a. (z,t) € Q and Vy € R,
Yy

see [8, [B]. However, this leads to complications in the proofs.

IV.1.2 Facts regarding the linear and the semilinear equation

Let 0 < a € L™(Q) and u € L?(Q). We consider solutions of the following linear variational equality
for h € W(0,T) with h(-,0) = 0:

T oh T
<§ + Ah, ¢>H01(Q) dt = [ (u—ah,¥)p2q)dt (1.6)
0 0

for all ¢ € L*(0,T, H}(Q)), that is, for weak solutions of the equation (1.2]) with f(z,t,h) := a(z,t)h
and zero initial datum.
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Theorem IV.1.4. Let 0 < o € L™°(Q) be given.

1. For each u € L?(Q) the linear parabolic equation (1.6) has a unique weak solution h, € W(0,T).
Moreover, there exists a constant Cy > 0 independent of u and « such that

1hull 20,712 () < Collullz2(g)- (1.7)

2. 1If, additionally, u € L™(Q) (we remind (1.5)) then the weak solution h, of (1.6)) belongs to

W(0,T)NC(Q). Moreover, there ezists a constant Cy > 0 independent of u and « such that

1hull 20,72 () + 1Pullog) < Crllullirg)- (1.8)

Besides the independence of the constants Cs, and C, on « all claims of the theorem are well
known, see [29, Theorem 3.13, Theorem 5.5]. A proof of a similar independence statement can be
found in [2] for a linear elliptic PDE of non-monotone type. We further remark that item 2 of Theorem
is true in dimension n = 1 even for r = 2, see |21} Section II1.7].

Proof. For the convenience of the reader, we prove that the estimates are independent of a. This is
done along the lines of the proof of [2, Lemma 2.2]. By hg, we denote a solution of ([1.6)) for a = 0.
It is well known that in this case there exist positive constants C,., Cs such that

1ho.ullc@@) < Crllullr@),  1houllz2@) < Callullr2(g)-

To apply this, we decompose u in positive and negative parts, u = u* —u~, u™,u~ > 0. By the weak
maximum principle [14, Theorem 11.9], it follows that h, ,+, 4~ > 0. Again by the weak maximum
principle, the equation

0

5
implies 0 < ho y+ < hot, thus [[hgu+lle@) < I1houtllc@)- By the same reasoning, it follows that
0 < hau < hou- and [|hou-llo@y < lhow-llo(g)- Hence,

h’oz,u7L - hO,u*) + *A(hoz,u+ - hO,u*) + a(hoe,qu - hO,u*) = _Oéh’O,u?L

lhaulle@) € 1hau+ lo@) + 1hau- @) < how+lle@) + 1Rou-lo@
< Cr(llullor@) + v llr (@) < 20 |lullpr@)-

The estimate for L2(0,7, H}(£2)) can be obtained by similar arguments as in [2]. O

The next lemma is motivated by an analogous result for linear elliptic equations [2, Lemma 2.3],
although, according to the nature of the parabolic setting, the interval of feasible numbers s, is smaller.
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Lemma IV.1.5. Let u € L"(Q) and 0 < o € L>®(Q). Let hy be the unique solution of (L.6) and let
Py be a solution of the problem

—%—l—fl*p—kap:u mn Q, (1.9)
p=0onX%, p(-,;T) =0 on Q. :

Then, for any s, € [1, ”TH) there exists a constant Cs > 0 independent of u and o such that
max{||hull Lon (@), [Pullsn (@)} < Cst [lull1(g)- (1.10)
Here s}, denotes the Holder conjugate of sy,.

Proof. First we observe that by Theorem [[V.1.4 m hy € C(Q) N W(0,T) and as a consequence,

|ho|*»sign(hy) € L°n(Q). Moreover, s, < "TH implies that s, > 1 + 5. By change of variables, see

for instance [29, Lemma 3.17], a solution of equation (|1.9) transforms into a solution of (|1.6). Thus
according to Theorem the solution ¢ of

~% 4 A*q+ ag = |y sign(hy) in Q,
g=0onX%, ¢(-+,7)=0 on Q.

belongs to W(0,T) N C(Q) and satisfies

Sn—1

lallog) < Cop llhul* ~ sign(hu)ll o ) = Cop Ihulln )
where Cy is independent of a and v. Using these facts we derive the equalities

Ohy,
ot

el / halen de = (= 90 4 4% + g, hu) = { )

Sn—1

=/Quqdw< lullzv@lldllic@) < Cs, llullyglhull e g

This proves (1.10)) for h,. To obtain (1.10|) for p,, one tests (1.9) with a weak solution of

% + Ah + ah = |g,|*" " Isign(q,) in Q,
h=0on%, h(-,00=0 on €,

and argues in an analogous way. O
Below we remind several results for the semilinear equation (|1.2]), which will be used further. The

first part of the proof of the next theorem can be found in [4, Theorem 2.1], and the second in [5]
Theorem 2.1].

Theorem IV.1.6. For every u € L9(0,T; LP(Q)) with * 7 + o 2 <1 and q,p > 2 there exists a unique
solution y,, € L>®(Q)NW(0,T) of (1.2 . Moreover, the followmg estimates hold

yullee (@) < nlllull Lao, ;e )y + I1F G5 0l ao, e )y + 1Yol Lo () (1.11)
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lyulleqorizz@) + 1vullL2ommi@) < Kllullze@) + 11/ 02 + 1yollz2@) (1.12)
for a monotone non-decreasing function n : [0,00) — [0,00) and some constant K both independent
of u. Finally, if up — u weakly in L1(0,T; LP(Q)), then

1Y, — Yull (@) + 19y, — Yull 20,712 (02)) — O- (1.13)

The differentiability of the control-to-state operator under the assumptions [[V.1.1] and [IV.1.9] is
well known, see among others [8, Theorem 2.4].

Theorem IV.1.7. The control-to-state operator G : L"(Q) — W(0,T)NL>(Q), defined as G(v) := yy,
is of class C* and for every u,v,w € L"(Q), it holds that z,, := G'(u)v is the solution of

& o
di +AZ+ fy(l'at)yu)z =v n Q’ (114)
z=0 on X, z(-,0) =0 on

and wy, (v.w) = G" (u)(v,w) is the solution of

% + AZ + fy(l‘at’yu)z = _fyy(xatvyu)zu,vzu,w Zn Qv (115)
z=0 on X, z(-,0) =0 on Q.

In the case v = w, we will just write wy,, instead of wy, (y.4)-

Remark IV.1.8. By the boundedness of U in L*=°(Q) and by Theorem there exists a constant
My > 0 such that

max{HuHLoo(Q), HyuHLoo(Q)} < My VYu€el. (116)
IV.1.3 Estimates associated with differentiability

We employ results of the last subsection to derive estimates for the state equation ((1.2)) and its
linearisation ([1.14]). These estimates constitute a key ingredient to deriving stability results in the
later sections. The next lemma extends [2, Lemma 2.7] from elliptic equations to parabolic ones.

Lemma IV.1.9. The following statements are fulfilled.

(i) There exists a positive constant My such that for every u,u € U and v € L"(Q)
l2uw — 2zawllL2(Q) < Ma2llyu — vall e @)llzawll L2(Q)- (1.17)

(ii) Let X = L*>®(Q) or X = L*(Q). Then there exists ¢ > 0 such that for every u,u € U with
lyu — vallL=(q) < € the following inequalities are satisfied

19 = yallx < 2lzau-allx <3llyu — yallx, (1.18)
lzallx < 2flzuplx < 3[lzallx- (1.19)

The proof is a consequence of Lemma given in Appendix A.
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IV.2 The control problem

The optimal control problem — is well posed under assumptions [[V.1.1] and [[V.1.2] Using
the direct method of calculus of variations one can easily prove that there exists at least one global
minimizer, see [29, Theorem 5.7]. On the other hand, the semilinear state equation makes the optimal
control problem nonconvex, therefore we allow global minimizers as well as local ones. In the literature,

weak and strong local minimizers are considered.

Definition IV.2.1. We say that u € U is an L"(Q)-weak local minimum of problem (1.1)-(1.3)), if
there exists some € > 0 such that

J(a) < J(u) Yu el with [lu—1ilrrq) < e.
We say that uw € U a strong local minimum of (P) if there exists € > 0 such that
J(u) < J(uw) YueU with ||yu — yallL=q) < e

We say that w € U is a strict (weak or strong) local minimum if the above inequalities are strict for
Relations between these types of optimality are obtained in [5, Lemma 2.8].

As a consequence of Theorem and the chain rule, we obtain the differentiability of the
objective functional with respect to the control.

Theorem IV.2.2. The functional J : L"(Q) — R is of class C?. Moreover, given u,v,vy,vs € L"(Q)
we have

dL

J (u)v = / (d—yo(a:, t,yu) + mu) Zuw + (Mmyy + g)vdadt (2.20)

Q
= / (Pu + myy + g)vda dt, (2.21)

Q

% 0L 0*f

J"(u)(vy,v9) = : [W(x,t,yu,u) —pua—yQ(az,t, Yu) | Zu,v1 2w, do dt (2.22)
+/ M2y, V2 + Zup,v1) da dt, (2.23)

Q

Here, p, € W(0,T)NC(Q) is the unique solution of the adjoint equation

—q TAPT g @t e = 5o (@ ) in Q. (2.24)
p=0onY, p(-,T)=0 on Q.

We introduce the Hamiltonian @ x R x R x R 3 (x,t,y,p,u) — H(z,t,y,p,u) € R in the usual
way:

H(z,t,y,p,u) = L(x,t,y,u) +pu— f(z,t,y)).

The local form of the Pontryagin type necessary optimality conditions for problem ([1.1])-({1.3)) in the
next theorem is well known (see e.g. [8 5 29]).
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Theorem IV.2.3. If u is a weak local minimizer for problem (1.1 , then there exist unique
elements y,p € W(0,T) N L>(Q) such that

Wt Ag+ f(z.t,9) =1 in Q, (2.25)
§=00n%, g(-,0) = yo on Q. |
dp . 0H .
+AD 99 ——(z,t,9,p,0) in Q, (2.26)

_:O onX, p(+,T)=0 on Q.

oH , _

“ (.t g, p, ) (u— @) dedt >0 Vu €U (2.27)
Q 8U

IV.2.1 Sufficient conditions for optimality and stability

In this subsection we discuss the state of the art in the theory of sufficient second-order optimality
conditions in PDE optimal control, as well as related stability results for the optimal solution. For
this purpose, we recall the definitions of several cones that are useful in the study of sufficient condi-
tions. Given a triplet (y,p, u) satisfying the optimality system in Theorem and abbreviating

%{{ (z,t) := Ij(:r, t,y,p, ), we have from (2.27) that almost everywhere in @

OH OH
u=u, if — >0 and uw=1u, if — <0.
ou ou
This motivates to consider the following set
{v € LQ(Q)‘U >0 a.e. on [u=1u, and v <0 a.e. on [u= ub]}. (2.28)

Sufficient second-order conditions for (local) optimality based on ([2.28]) are given in 8,5, [10]. Following
the usual approach in mathematical programming, one can define the critical cone at @ as follows:

MZ(x,t)) >o}.

Cgz:= {v € LQ(Q)”U satisfies (2.28)) and v(x,t) = 0 if

Obviously, this cone is trivial if %—5(3}, t) # 0 for a.e. (x,t) (which implies bang-bang structure of @)
thus no additional information can be gained based on Cy. To address this issue, it was proposed in
[19, 22] to consider larger cones on which second-order conditions can be posed. Namely, for 7 > 0
one defines

DI = {v e L2(Q) ‘v satisfies and v(z,t) = 0 if %Zl(x,t)‘ > T}, (2.29)
Gr = {v € L2(Q) ‘v satisfies and J'(a@)(v) < THZE,UHU(Q)}, (2.30)
El = {v e L3(Q) ’v satisfies and J'(u)(v) < THzamHLz(Q)}, (2.31)
Cr .= DI NGE. (2.32)
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The cones D, ET and G, were introduced in [3|, [10] as extensions of the usual critical cone. It was
proven in [3 9] 10] that the condition:

36 > 0,7 >0 such that J"(a)v? > 5Hzaﬂ,”%2@) Yo e @ (2.33)

is sufficient for weak (in the case G = DY) or strong (in the case G = ET) local optimality in the
elliptic and parabolic setting. Most recently, the cone C7 was defined in [5] and also used in [6]. It
was proved in [5], that with G = C7 is sufficient for strong local optimality.
Under it is possible to obtain some stability results. In [I0] and [9] the authors obtain Lipschitz
stability in the (L? — L°)-sense for the statesﬂ, under perturbations appearing in a tracking type
objective functional and under the assumption that the perturbations are Lipschitz. Further, they
obtain Holder stability for the states under a Tikhonov type perturbation. Hélder stability under
with exponent 1/2 was proved in [I1] with respect to perturbations in the initial condition.
To improve the stability results an additional assumption is needed. This role is usually played by
the structural assumption on the adjoint state or more general on the derivative of the Hamiltonian
with respect to the control. In the case of an elliptic state equation, [26] uses the structural assumption

i
3% > 0 such that ergz‘%u‘gs}]gm Ve > 0. (2.34)

In the parabolic case this assumption (with Q replaced with @) is used in [II]. We recall that the
assumption (2.34) implies that @ is of bang-bang type. Further, (2.34]) implies the existence of a
positive constant & such that the following growth property holds:

J' (@) (u—u) > k\|u—ﬂH%1(Q) Yu el. (2.35)

For a proof see [1], [23] or [27]. If the control constraints satisfy u, < up almost everywhere on 2, both
conditions, and are equivalent, see [I7, Proposition 6.4]. In [26], using and
with G = DZ, the authors prove L' — L2-Lipschitz stability of the controls for an elliptic semilinear
optimal control problem under perturbations appearing simultaneously in the objective functional and
the state equation. Assuming , condition may also be weakened to the case of negative
curvature,

36 < &, 37 > 0 such that J"(@)v? > —5||v||%1(9) Vv e CF. (2.36)

This was done in [12], [I3] where it was proved that together with implies, for the
semilinear elliptic case, weak local optimality. Lipschitz stability results were also obtained in [I7]
in the elliptic case. Finally, for a semilinear parabolic equation with perturbed initial data, [IT]
Theorem 4.6] obtains, under and (2.34), L? — L? and L' — L?-Holder stability (see Footnote [L)),
with exponent 2/3, for the optimal states and controls respectively. Additionally, L' — L° Lipschitz
dependence on perturbations is obtained.

! For p,r € [1, 0], we speak of stability in the L — L"-sense for the optimal states 4 with respect to perturbations
(may appear in the equation or the objective) &, if there exists a positive constant & such that ||y* —llero) < Bl @)
for all £ that are sufficiently small. Here, 3¢ denotes the state corresponding to the perturbation €. We use this expression
analogously for the optimal controls.
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IV.3 A unified sufficiency condition

In this section, we introduce an assumption that unifies the first and second-order conditions presented
in the previous section.

Assumption IV.3.1. Let u € U. For a number k € {0,1,2}, at least one of the following conditions
is fulfilled:
(Ay): There exist constants o,y > 0 such that

J(@)(u— ) + I (@) (u — 0 2 wellzaallia gyl — @l (3.37)

for all w € U with ||yu — yallL=(q) < -
(By): There exist constants éu, x> 0 such that (3.37)) holds for all u € U such that |[u—1u| 11(gy < ak-

In the context of optimal control of PDEs the conditions (Ap) and (By) were first introduced in
[17] and for k£ = 1,2 in [2]. Condition(By) originates from optimal control theory of ODEs where it
was first introduced in [24] to deal with nonlinear affine optimal control problems. The cases k = 1,2
are extensions, adapted to the nature of the PDE setting, while the case k = 0 can be hard to verify
if a structural assumption like is not imposed. The conditions corresponding to k£ = 1,2 are
applicable for the case of optimal controls that need not be bang-bang, especially the case k = 2 seems
natural for obtaining state stability. Condition (Aj) implies strong (local) optimality, while Condition
(By) leads to weak (local) optimality. As seen below, in some cases the two conditions are equivalent.

For an optimal control problem subject to a semilinear elliptic equation the claim of the next
proposition with k£ = 0 was proven in [2, Proposition 5.2].

Proposition IV.3.2. For any k € {0,1,2}, condition (Ay) implies (By). If u is bang-bang (that is,
u(z,t) € {ug(x,t),up(z,t)} for a.e. (z,t) € Q) then conditions (Ay) and (By) are equivalent.

The proof is given in Appendix A.

Remark IV.3.3. We compare the items in Assumption |[[V.5.1| to the ones using (2.34) and ([2.36]
or (2.33).

1. Condition (Ag) is implied by the structural assumption (2.34]) and also allows for negative cur-
vature, similar to (2.36)). For details see [17, Theorem 6.3].

2. Let g = 0. Condition (A1) is implied by the structuml assumption ([2.34) together with -,
that is, by the conditions assumed in [11]. by (2.35)) and by using v and w as defined in Lemma
§ and argumg as in Corollary[IV.53.9, For the convenience of the reader, this is proven in

Proposition [IV.3.11]

3. Let m,g = 0. Condition (Ay) is implied by ([2.33|) together with the first order necessary opti-
mality condition. This is a consequence of Corollary[IV.3.10
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IV.3.1 Sufficiency for optimality of the unified condition

In this subsection we show that conditions (Ay) and (By) are sufficient either for strict weak or strict
strong local optimality, correspondingly.

Theorem 1V.3.4. The following holds.

1. Let m =0 in (L.4)). Let u € U satisfy the optimality conditions (2.25) ~(2.27) and condition (Ay)
with some k € {0,1,2}. Then, there exist ey, ky, > 0 such that:

_ Kk k 12—k
J(@) + S llyu = yallreg)llu — allzig) < J(w) (3.38)

for all w € U such that |[yu — yal (@) < &k-

2. Let m € R and let u € U satisfy the optimality conditions (2.25)—(2.27) and condition (By) with
some k € {0,1,2}. Then, there exist ey, ki, > 0 such that (3.38) holds for allu € U such that ||u—

|1 gy < ek

Before presenting a proof of Theorem we establish some technical results. The following
lemma was proved for various types of objective functionals, see e.g. [I0, Lemma 6],[9, Lemma 3.11].
Nevertheless, our objective functional is more general, therefore we present in Appendix A an adapted
proof.

Lemma IV.3.5. Let w € U. The following holds.
1. Let m = 0. For every p > 0 there exists € > 0 such that
" (@ + 0(u — @) = J"(@)](u — 0)°| < plleau-all2q) (3.39)
for allw € U with ||yy — yullL=(Q) < € and 6 € [0,1].
2. Let m € R. For every p > 0 there exists € > 0 such that holds for all uw € U with

lu =1l <€ and 0 € [0,1].

For the assumptions with & € {0,1}, we need the subsequent corollary, which is also given in
Appendix A.

Lemma IV.3.6. Let u € U and let m = 0. Then
1. For every p > 0 there exists € > 0 such that
[T (@ + 6(u — @) — J"(@))(u — 2)*| < pllrau-allL2@)llu — all1(g) (3.40)
for all w € U with ||yu — yallL=(q) < € and for all 6 € [0,1].
2. For every p > 0 there exists € > 0 such that
" (@ + O(u — @) = J"(@)](w — @)*| < pllu— a7 q) (3.41)

for all u € U with ||y, — §ll(q) < € and for all 6 € [0,1].
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The same assertions hold true for any m € R with the inequality ||y, — yallL~(Q) < € replaced with
|lu — ’a”Ll(Q) <e.

The next lemma claims that Assumption [IV.3.1] implies a growth similar to (3.38)) of the first
derivative of the objective functional in a neighborhood of .

Lemma IV.3.7. Let u € U. The following claims are fulfilled.

1. Let m = 0 and u satisfy condition (Ag), for some k € {0,1,2}. Then, there exist ax,Jx > 0
such that
T ) = 0) > Fellmalagolu — a2, (3.42)

for every u € U with ||yu — yallL=(q) < -

2. Let m € R and let u satisfy condition (By) for some k € {0,1,2}. Then, there exist ay, 7y, > 0
such that (3.42)) holds for every u € U with
||u — ﬂHLl(Q) < Q.

Proof. Since J is of class C? we can use the mean value theorem to infer the existence of a measurable
function 6 : Q — [0, 1] such that

J'(w)(u — ) — J (@) — @) = J” (@ + 6(u — @))(u - )’

Select k € {0,1,2} such that condition (Ay) is satisfied, we infer the existence of positive constants
v, and ay such that

J'(w)(u—a) = J' (@) (u—a) + J" (@) (u—0)* + [J'(u)(u— ) = J' (@) (u—a) — J" (@) (u— )’
> Yillzau—allfz g llv — ﬂHiT(kQ) — |[J" (@ + 6(u—u) — J"(w)](u—u)?,
for all u € U with ||y, — yq]HLoo(Q) < ay,. Using Lemma [IV.3.5, we obtain that
T =) > (= ) zncallaoylu — 1255

for all u € U with [|yu — yallpe(@) < @ and &y := min{ay, e}, where g5 > 0 is chosen such that
Yk := Yk — pr > 0. This proves the first claim of the lemma. Using the last statement of Lemma [[V.3.6]
concerning the general case m € R and the estimate

r—

r—1 L
[y — yﬂHLOO(Q) < Cr(2My) 7 |lu - uH£1(Q)
we obtain the second claim. O
Finally, we conclude this subsection with the proof of Theorem [[V.3:4]

Proof of Theorem [IV.5.4) Using the Taylor expansion and the first-order optimality condition
satisfied by u we have

T) = J (@) + (@)~ ) + 37" (ug) (s — 0)?
> (@) + ' (8) o — ) - () — )

152



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

where ug := @ + 0(u — u) for a measurable function 6 : @ — [0,1]. We select k& € {0, 1,2} such that
the corresponding condition in Assumption is satisfied. Then we continue the last inequality,
using that, according to the condition, there exist positive oy, y; such that (3.38) holds:

Tu) 2 )+ 31" 0) (o~ 0) + (@) — )]+ 5[ (g) — I ()] — )]
> 1) + 2zl lu — allky, — 317" (us) — " @)](u — )

for all u € U with either ||y, —yall (@) < ar or |[u—1ul[11(g) < ok, depending on the chosen condition
(Ag) or (Bg). Let m = 0, by Lemma V 3 IV.3.5/or Lemma[IV.3.6 3 IV.3.6| (depending on the condition) there exist
e > 0 and 4 < v, such that

17" (ug) — " (@) (0~ 0] < Fellzaumallfagy e — a2,

for every u € U with ||y, —yall L) < &. We may choose & > 0 and 7, > 0 according to Lemma
and depending on the chosen condition therein. Inserting this estimate in the above expression and

applying (TI8) gives

3(Yk — Vi)

1 _
J(u) 2 J(@) + 5 (e — T)llzau-allfaglu — allFiiy = J(@) + v valli2illu — all73 ()

> 1) + 5
for all u € U with [|yy — yallL=(@) < min{e, @y} and condition (Ay) follows. For condition (By), we
use that

r—1 .
yu — yﬂHLOO(Q) < Cr(2My) 7 |lu — UH£1(Q)
to apply Lemma [IV.3.5[ or Lemma [IV.3.6| depending on k € {0,1,2}. Finally, for m € R and under

(By) the claim follows by the above arguments applying Lemma or Lemma [IV.3.6| depending
on k € {0,1,2}.

IV.3.2 Some equivalence results for the assumptions on cones

In this subsection, we show that some of the items in Assumption[[V.3.I]can be formulated equivalently
on the cones D] or C7 respectively. This applies to (By) or to (Ax) depending on whether the objective
functional explicitly depends on the control or not. The results in this subsection are important to
compare the conditions introduced in Assumption with other conditions in the literature. We
need the next lemma, the proof of which uses a result from [7].

Lemma IV.3.8. Let u € U satisfy the first order optimality condition (2.25))-(2.27) and let u € U be

given. For any positive number T, we define

v::{o Coon [1BE>r,
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and w:=u—u—v. Let € > 0 be given. Then there exists a positive constant C such that

()} < Cmax{e,ev} (3.43)

max{||zawllzeq), II7av

for all w € U with ||u — llp1(q) < e. If additionally, € is such that (1.18) holds. and the control does

not appear explicitly in (1.1) (that is, m = g = 0 in (L1.4])), then (3.43) holds for all w € U such that
u—1u € GY and ||zau—alr~) <e-

Proof. We define @, u € U by

s u on [|%—5]>T], g uw on []%—ZI\>T],
u else. u  else.

Observe that v =4 —u, w =4 — u and u — u = v + w. It is trivial by construction that

vllzr@y lwllizigyt < llu —allpyg)-

On the other hand, by (L.18), [|2au-allL=(@) < € implies ||yu — yallr=(q) < 2¢. If m,g = 0, we can
argue as in [7] using u — u € G, and the definition of w, to estimate

Tlwlzyg) < J(@)(u - @) < 7llzau-alr (@) (3.44)

r—1

Thus by Theorem [IV.1.4] (1.16), and with M := C,.(2My) = ,

1

M || zau—allF oo if  m,g=0, u—ueG]
‘|Zﬁ7w|’Lw(Q) < U, _u lL (@) ) ) u’
MHu—uHil(Q) else.
For z, we estimate with C := 2(M + 1)

1
12,0l (@) < l[Za,04wllLoo(@) + 1| = Zawll Lo (@) < € max{e, e }.

In the second case, the estimate holds trivially. O

Now we continue with the equivalence properties.

Corollary IV.3.9. For k € {0,2}, condition (By,) is equivalent to the following condition (By): there
exist positive constants o,y and T such that

J'(@)(u— @) + J" (@) (u — @) = llzau-allfo g llu — @) (3.45)

for allw e U for which (u —u) € DF and [ju — 1|11y < ak.

Proof. Let k € {0,2}. If (By) holds then (B},) is obviously also fulfilled. Now let (Bj) hold. The
numbers aj and 4% will be chosen later so that assumption (Bj) will hold with these numbers. For
now, we only require that 0 < dj < aj. Choose an arbitrary u € U with [lu — al[11(g) < dx. We only
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need to prove (3.37)) in the case u — @ ¢ DF. Take v and w as defined in Lemma [[V.3.8] Clearly by

definition v € DZ. As a direct consequence of (2.22))-(2.23) and Assumption [[V.1.1] and [[V.1.2] there
exists a positive constant M such that

| T (@) (w)?] < M||za,0
7" (@)(w, v)| < M|zal L= @)llwllz(q)- (3.47)
Since &y < ap and v € DI we may apply (3.45)) with v instead of u — u. Using also (3.46)) and (3.47)),

we estimate
J (@) (u—a) 4+ J" (@) (u —a)* = J(a)(v+w) + J"(@)(v+w)?
> J'(@)(v) + J' (@) (w) + J"(@)(v)? + J"(@)(w)? + 2J" (@) (w,v)
> llzanl 2 o770 + Tlwlloig) — 3M(lzawll e @) + Izaell=@)llwll (@)

Iz @) llwll ), (3.46)

> Yellzasllfag ety + gl
In the last inequality we use that by choosing &y > 0 sufficiently small we may ensure that
7= 3M(||zawl 1~ (@) + lIZanll 1) > 7 — 3MC max{a,ar} > %
This holds because by Lemma there exists a positive constant C' such that

1
maX{HZﬁ7wHLoo(Q), HZ{L7U”LOO(Q)} < C'max{ag, a3 }. (3.48)

Further, we use that |[u — @l p1(q) < 2My for all uw € U, (1.8) and (1.10) in Lemma [IV.1.5for s = 1,
to estimate

1
1220) < lzawll @) llzawllLr (@) < 2CeCrMul Q|7 w11 (q) (3.49)

|2a,w

By this, we find

3.50
1 Hzﬂ,w”%/Q(Q). ( )

1 2
o LA

|z > { IR S
2COOCTMZ/{|Q‘?

Finally, we make the estimations for the different cases.

For k = 0:
T (@) (u — @) + J"(a) (u — 1) = ollv] 20 + meHil@)
2 min {20, 5350l o) + lelifag)
> %min {70, m}(ﬂu —ll71(q):
For k = 2:
T (@) (u — @) + J"(@) (u — 1) > ol zaull2aq) + g”w”Ll(Q)
i e sl
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This proves that (3.37) is satisfied with an appropriate number . O

If the control does not appear explicitly in the objective functional, we obtain a stronger result.

Corollary IV.3.10. Let m,g = 0. Then condition (As) is equivalent to the following condition (As):
there exist positive constants oo, o, T such that

T (@) — ) + (@) (u— 0)° = allzau-alleg) (3.51)

for allw e U for which (u —u) € CF and |[yu — yall L= (@) < a2

Proof. Tt is obvious that (Ag) implies (As). For the reverse, if u — @ € CZ the estimate holds trivially.
We need to consider the cases u —u ¢ G, and v —u ¢ D], with u —u € Gf. For the first, we argue as
follows. Since u — u ¢ GL it holds

.

J(@)(w— @)+ J"(@)(w—a) > Slzau-alig > ———— sl
2 4CT'MZ/{‘Q|% @

For the second case u —u € G, and u —u ¢ D7, let & > 0 be smaller than ag, so that (3.51)) and the
prerequisite of Lemma [[V.3.8] is satisfied. We define w,v as in Lemma By the choice of oo,
Lemma [IV.3.8| gives the existence of a positive constant C' such that ||zgy—al/r < ao implies

1
max{||zawl Lo (@)s [2awllre(Q)} < Cmax{az,aj }.

Now we can proceed by the same arguments as in Corollary
/(~ — 1 (~ —\2 /(= 1~ 2 2 T
J(@)(u—a) +J7(@)(u—a)” = J(a)(v+w) + J(a) (v +w)” 2 2llza0liz2q) + 5llwlieg-

Finally, we use (3.50) to obtain that

J'(@)(u—a) + J"(@)(u — @)* > %llza0l7zq) + . [[wll 1
L2(Q) QCooCrMu|Q|% LHQ)

T

T

> min {72, }(HZEWH%?(Q) + llza.0l172(q)

> min {1, J(E e

for all (u —u) € CF with |y, — yall=(@) < a2 O

Although we can not prove a similar equivalence property for the condition (A4;) in Assumption
1V.3.1) below we show that it is implied by the structural assumption (2.34) and a second-order
sufficient condition.

Proposition IV.3.11. Let m,g = 0. Then the structural assumption (2.34) and the second order
sufficient condition (2.33) (for G = C7 ) imply condition (A1).
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Proof. Let u be an arbitrary element of /. We consider several cases.
1. If u—u € C] we employ the structural assumption (2.34)) that implies the existence of a positive

constant 7 such that
J (@) (u—u) > y|lu— ﬁH%l(Q) for all w e U. (3.52)

Further since u — u € CI, by the second order sufficient optimality condition (2.33]) there exists a
positive constant o such that

J"(@)(u— )" 2 vellzau-al7zq)- (3.53)
Altogether, using the inequality a? 4+ b> > 2ab we obtain that
J'(@)(u—a) + J"(@)(u —)* > 2yl zau-all 2@ llu — @l Lyq) (3.54)

which implies (A4;) with v = 2,/7172 and any a1 > 0.
2. Now we consider the case where u — u ¢ GZ. it holds that

J'(ﬁ)(u - 7]) > THZ’E,U—’EHLl(Q)' (355)

On the other hand by the structural assumption ([2.34]) we have (3.52)). Further for a positive constant
M such that for all w € U we have

1" () (u — @)?] < M||zau—all Lo @)l zau—all 1 (@)- (3.56)

Splitting the first variation into two parts and applying either (3.52)) or (3.55) we conclude also using

(3.56) and taking ||y — yall e (g) sufficiently small, such that by (1.18), ||zz,u—allr~(q) is sufficiently
small, that

J'(@)(u—u) + J" (@) (u—u)?* > < (nflu— ﬂHil(Q) + Tllzau—allL1(@) — Mllzau—all L~ @)llzau-allL1 (@)

— N =

3 T
> S (nllu=allL g + 5 lzau-allr@)-
Applying the estimate
1
Izau-allZ20) < lzau—allL=@)lzau-allLr (@) < 2C-Mu|Q|* || zau-allL1 (@)

and the inequality a® + b* > 2ab, the claim follows.

3. Finally, we consider the case u — u € G, and u — u ¢ D]. We select v, w as defined in Lemma
By definition v € C]. We proceed by splitting the first and second variation accordingly and
applying (3.44),(3.52), (3.56) and taking || zg,u—all 1 (q) sufficiently small to estimate

J' (@) (u—a) + J"(@)(u—a)? = J'(a)(v) + J' (@) (w) + J"(@)(v)* + J (@)(w)? + 2" (@) (v, w)

il T
> ol q) + B el + el +velzaol?a g

— M max{||za,u | o (0) [12a,wll Lo (@) Hl zaw L1 (@)
P
71 —12 2 T
2 24/ o lu = allzy ) +22llzallzeg) + vl

Then (A;) follows from the second estimation in (3.50)) and the inequality a® + % > 2ab. O
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IV.4 Strong metric Holder subregularity and auxiliary results

We study the strong metric Holder subregularity property (SMHSr) of the optimality map. This is an
extension of the strong metric subregularity property (see, [I8, Section 3I] or [16, Section 4]) dealing
with Lipschitz stability of set-valued mappings. The SMHSr property is especially relevant to the
parabolic setting where Lipschitz stability may fail.

IV.4.1 The optimality mapping

We begin by defining some mappings used to represent optimality in a more convenient way. This is
done analogously to [I7, Section 2.1]. Given the initial data yo in (1.2)), we define the set

D(L) := {y e W(0,T)N LOO(Q)‘ (% + A)y e L"(Q),y(-,0) = yo}. (4.57)

To shorten notation, we define £ : D(£) — L"(Q) by L := % +A. Additionally, we define the mapping
L*: D(L*) — L"(Q) by L* := (=% + A*), where

D(LY) = {p e W(0,T) N LOO(Q)] ( - % + A*)p e L'(Q),p(-, T) = o}.

With the mappings £ and L£*, we recast the semilinear state equation ([1.2)) and the linear adjoint

equation (2.26)) in a short way:
Ly=u—f(,y)

0H
ﬁ*p = Ly('7 Yus ’U,) - pfy(‘a yu) = aiy(v Yus D ’LL)
The normal cone to the set U at u € L'(Q) is defined in the usual way:

[ {ver®@Q)| f,vw-udzdt <0 YoelU} ifucl,
Nl '_{ T if u & U.

The first order necessary optimality condition for problem ([1.1)-(1.3)) in Theorem [IV.2.3| can be

recast as
0 = £y+f§}}y)—u,
0 = Lp—5,(ypu), (4.58)
0 € Hu(‘uyap)—i_NU(u)'

For (4.58) to make sense, a solution (y, p,u) must satisfy y € D(L), p € D(L*) and u € Y. For a local

solution @ € U of problem (|1.1))-(1.3)), by Theorem [IV.2.3| the triple (yz, pa, ) is a solution of (4.58)).
We define the sets

YV:=D(L)x D(L)xU and Z:=L*Q) x L*(Q) x L™=(Q), (4.59)
and consider the set-valued mapping ® : ) — Z given by
y Ly+[(y) —u
P D — LEp — %(_’ng’ 'LL) . (460)
u 98 (- y, p,u) + Ny(u)
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With the abbreviation ¥ := (y,p, u), the system can be rewritten as the inclusion 0 € ®(1)).
Our goal is to study the stability of the system , or equivalently, the stability of the solutions of
the inclusion 0 € ®(¢)) under perturbations. For elements £, 7 € L"(Q) and p € L*°(Q) we consider
the perturbed system

£ = Ly+f(hy) —u,
n = L* _%('ay7p7u)7 (461)

p € %%(7y7p)+NU(u)7
which is equivalent to the inclusion ¢ := (§,n, p) € ®(¢).

Definition IV.4.1. The mapping ® : Y — Z is called the optimality mapping of the optimal control

problem —.

Theorem IV.4.2. For any perturbation ¢ := (£,n,p) € L"(Q) x L"(Q) x L*™(Q) there exists a triple
Y= (y,p,u) € Y such that ¢ € ().

Proof. We consider the optimal control problem

min{j(u) +/ ny dxdt —/ U dxdt},
Q Q

ueU

subject to

Ly+ f(z,t,y) =u+§ in Q,
y=0 on X, y(-,0) =yp in Q.

Under assumptions[[V.1.1land [[V.1.2] we have by standard arguments the existence of a global solution
@. Then @ and the corresponding state y; and adjoint state pg satisfy (4.61). O

Given a metric space (X,dy), we denote by By(c,«) the closed ball of center ¢ € X and radius
a > 0. The spaces ) and Z, introduced in (4.59), are endowed with the metrics

dy (Y1, 92) == [ly1 — yall2(@) + Ip1 — p2llL2(@) + lur — uzllL1(g), (4.62)
dz(C1,C2) = [1&1 — &llr2@) + Im — m2llz2@) + o1 — p2ll = (@),

where ¢1 = (y’upuul) and Cl = (€l7nl7p2)v (S {172} From now on, we denote ,(Z = (yﬂvpﬂva) to
simplify notation.

The following extension of the previous theorem can be proved along the lines of [I7, Theorem
4.12].

Theorem IV.4.3. Let condition (Ag) hold. For each € > 0 there exists 6 > 0 such that for every
¢ € Bz(0;6) there exists 1) € By (1;€) satisfying the inclusion ¢ € ®(¢).
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IV.4.2 Strong metric Holder subregularity: main result

This subsection contains one of the main results in this paper: estimates of the difference between the
solutions of the perturbed system and a reference solution of the unperturbed one, , by
the size of the perturbations. This will be done using the notion of strong metric Holder subreqularity
introduced in the next paragraphs.

Definition IV.4.4. Let v satisfy 0 € ®(¢). We say that the optimality mapping ® : Y — Z is
strongly metrically Holder subregular (SMHSr) at (1,0) with exponent 6 > 0 if there exist positive
numbers aq, s and k such that

dy(wa QZ) < K/dZ(C7 0)0

for all ¢ € By(v; a1) and ¢ € Bz(0; o) satisfying ¢ € ®(1)).

Notice that applying the definition with ¢ = 0 we obtain that ¢ is the unique solution of the
inclusion 0 € ®(¢) in By(¢; a1). In particular, @ is a strict local minimizer for problem (L.1])-(L.3).

In the next assumption we introduce a restriction on the set of admissible perturbations, call it T',
which is valid for the remaining part of this section.

Assumption IV.4.5. For a fized positive constant Cpe, the admissible perturbation ¢ = (§,1,p) €
I' C Z satisfy the restriction
1€l L @ys Inllzr@) < Cpe- (4.63)

For any v € U and ¢ € I' we denote by (yg,pg, u) a solution of the first two equations in (4.61)).
Using (1.11]) in Theorem [IV.1.6{ we obtain the existence of a constant K, such that

Y5l e(@) < Ky YueU V¢ eT. (4.64)

Then for every u € U, every admissible disturbance ¢, and the corresponding solution y of the first
equation in (@.61) it holds that (y5(z,t),u(z,t)) € R = [—K,, K,] X [uq, up).

Remark IV.4.6. We apply the local properties in Assumption to the interval [-K,, K,], and
denote further by C' a positive constant that majorates the bounds and the Lipschitz constants of f and
Lo and their first and second derivatives with respect to y € [—Ky, K,].

By increasing the constant K, if necessary, we may also estimate the adjoint state:

D8] () < Ky(1+ [Inllrr@) YueU V¢ eT. (4.65)

This follows from Theorem [IV.1.4 with o = —g—g(x, t, yf’;) and with %(m, t, yg, u) at the place of u.

We need some technical lemmas before stating our main result.

Lemma IV.4.7. Let u € U be given and v,n € L"(Q), £ € L>(Q). Consider solutions Y, Pu, Zuv
and yg,pz, zﬁﬂ, of the equations

Ly+ f(-y) = u, Ly+f(y) =u+¢,
Lp — %%(U:Uu;}% u) =0, ‘C*p - %("yg’p’ u) = (466)
EOZ“‘fy(',yu)z = 0. EOZ“‘fy(',yg)z =v.
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Here, Ly is defined as L, but on the domain (4.57)) with yo = 0. There exist positive constants K, Ko
and Rs, independent of ( € I, such that the following inequalities hold

195 = wullz2(g) < Colléllz2(g), (4.67)
1250 — 2uwllr2@) < Kalléllnr@)llzuwllz2(Q)s (4.68)
1250 — 2uwllno@) < Kslléllrzlzuvllr2q)s (4.69)
1P — pull2 < Ra(ll€llz2(q) + [Inllr2(@)); (4.70)

. . . 2
where Cy is the constant given in (L.7) and s € [1, %£2).

Proof. Subtracting the state equations in (4.66]) and using the mean value theorem we obtain

0
G0 = )+ AGE = )+ 5ot 0~ ) = €

Then, (1.7) implies (4.67)). To prove (4.68) we subtract the equations satisfied by zﬁﬂ, and z,, to
obtain

d of of of
Bl OV SN & Z V(L6 - _ &
dt (Zu,v ZU,U) + A(Zu,v Zu,v) + 8y (.CC, tv yu)(zu,v Zuﬂ)) |:ay (.’L‘ 13 yu) ay (‘Tv t? yu)} Zuvv‘

Now, using ([1.7]), the mean value theorem and (4.63)), with regard to Remark we obtain
that

of

3 ) < _ 3

lziw = 2uoliz CQH[ (2t 30) =y ) e o
< G0 (5, — yu)zu,uHmQ) < CoCllys, = wull oo @

< CoC CllE | r ) 12wl L2() -

Defining K := C2C,.C, (4.68)) follows. The proof for estimate (4.69)) follows by the same argumentation
but using ([1.10)) and defining the constant K accordingly. Finally, we subtract the adjoint states and
employ the mean value theorem to find

d of
_ * (0 EN(T _
dt(pu pu) + A*(pl — pu) + 9y (z,t,95) (P — Pu)

2L 92
=92 (. t,90) (U5 — yu) + 9 ‘é(:v t,90) (Y5 — Yu)Pu + 1.

The claim follows using (1.7), (1.16) and (4.64), (4.65) for Remark to estimate

IP% = pullr2i@) < (C3C + MuC3C + Co) (€l r2(q) + Imllz2(@))-
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Lemma IV.4.8. Let s € [1 7““L2) N[1,2]. Let u € U and let y,, p, be the corresponding state and

adjoint state. Further, let yu and p be solutions to the perturbed state and adjoint equation in
for the control w. There exist positive constants C, C, independent of C € ', such that for v € Z/{, the
following estimates hold.

1. Form =0 in (1.4):

OH oH
el _ ¢ ¢ _
|| (G totmom) = Gt 3o )0 — )
< ClEllz2q) + Il z2@)) ll2u,u— UHL2(Q) (4.71)
N s—2
< C(ll€llr2@) + lInllzz@)llv — UHL (4.72)

2. For a general m € R:

OH OH
il _ = ¢ 6 —

< C(Ellzr @) + Inllzr@)llv = ullp1(g)- (4.73)

Proof. We consider the first case, m = 0. We begin with integrating by parts

0OH
_ 2= ¢ e _
[ (Gt = G o)) 0 = ) e
Lo
‘/ O (2, t, Yu) Zuu v—aay( z,t, yg) }dxdt‘—i—‘/ Zgu—pnda dt
/ \ ot ) = o (@1 )| 2o do

+ /Q ’Ty('f?tvyu) + 77’ Ruu—v Zi,u—v

+| / Mo dxdt) — L+ L+
Q

For the first term we use the Holder inequality, the mean value theorem, (1.10)), (1.16)), Remark [[V.4.6
and (4.67) to estimate

dLo dLo
I S/ . :L'ata w) T T l’,t, $
1< | [Tyt = G @)

_ 2 s) 1452
< COa€ll 2@l 2uusllzz(g) < CCC,T = (20) 1€l 2@l = vl pa )

|Zuu—o|dzdt < C’Ilyi — Yull2 (@ l7uu—ollz2 (@)

Here we used that by Theorem and Lemma [T.10] it holds

2—s s 14-2z8 (s'=1)(2—s) 545
||Zu,u7v||L2(Q) < ||Zu,u7vHL§o(Q)||Zu,u7v‘|zs(Q) < Cs/ 2 (2Mu) 26’ H ||L1IQ)27
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and noticing that 22;,3 +5=1- % The second term is estimated by using (1.16)), Holder’s inequality,

Remark |IV.4.6| and 1|4.68|):

I < /Q ‘%Lyo(x,tyyﬁ) +n(

Zg,u—v — Zyu—v| dzdt < QKSC(HEHB(Q) + H77HL2(Q))qu,u—v”L%Q)

1452
< K(€ll2@) + Inll2@)llu = vl 5y »

2—s (s'=1)(2—s

_ )
where K := 2KSC’C;,+ 2 (2My)" 2~ . For the last term, we estimate
B < | [ wewams ded] < fouamal) ey
Q

We prove the second case (4.73). By applying (1.8) and arguing as in the proof of (4.67) and (4.70)

but for r, we infer the existence of a positive constant, denoted by C', such that:
H H
‘ / <8—(az,t,yu,pu) — a—(az,t,yi,pﬁ)) (v—wu)dz dt’ = ‘ / [pu — S+ m(y, — yg)} (v—wu)dz dt’

Ipu = P5, + m(yu — ys) | e (o llu — ll 12 )
< CUlEllzr@) + Inllr @) llv = ull L1 (-

IN

g

The main result in the paper follows.

Theorem IV.4.9. Let condition (Ag) be fulfilled for the reference solution 1 = (yg, pa, @) of 0 € ®(1)).
Then the mapping ® is strongly metrically Hélder subreqular at (1,0). More precisely, for every
e € (0,1/2] there exist positive constants o, and ky, (with aq and k1 independent of €) such that for
all € Y with ||lu—1l[11(q) < an and € T satisfying ¢ € (), the following inequalities are satisfied.

1. In the case m =0 in (L.4)):

0o
lu = llrg) < (ol (@) + IEllz2g) + Inllzag)) (4.74)
0
15 — vallze(g) + Ips — pallz2g) < /‘Gn(HPHL‘”(Q) + 1€l 2y + HUHLQ(Q)> : (4.75)
where
o=0=1 if n=1, (4.76)
Op=0=1—¢ if n=2, (4.77)
10 9
= — — = — — ) = . 4'
o T 0 ¢ if n=3 (4.78)

2. In the general case m € R:

= allr(g) < (ol o) + IEllzrie) + Illzr@)), (4.79)
¢ ¢ o
ya, — vallL2(@) + lIPa — pallz2@) < nn(HPHLw(Q) + [1€ll2r @) + ||n||Lr(Q)) : (4.80)
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Proof. We begin with the proof for m = 0. We select oy < ép according to Lemma [[V.377 Let
¢ = (€n.p) € Z and ¢ = (5, phu) with u— |1 (g) < a1 such that ¢ € D(), i

5 = ['yu + f( Y ) —u,
n o= E*pu 8 ( yuvpuv )7
p G (s yu, p5) + Nu(u).

Let vy, and p, denote the solutions to the unperturbed problem with respect to wu, i.e.

m

OH
0="Lyu+ f(,yu) —uwand 0= L7p, — Ty(',yu,pu,U)-
By Lemma [[V.47] there exist positive constants Cs, Ry independent of ¥ and ¢ such that
195 — yullz2(Q) + IDS — Pullz2(g) < (Co + R2) <”§HL2(Q) + H’?HL?(Q))- (4.81)

By the definition of the normal cone, p € %—ZI(-, . 5,p§) + Ny(u) is equivalent to

OH
0= [ (0 G Cosbepiw—w) vueu
Q u

We conclude for w = u,
OH OH OH
> (.. _ (.. _Z e S SV (1 —
0_/Q G (o Yus Pu)(u u)+/Q(p+ G (oo YusPu) = 5= (s g p)) (1 = w)

> J'(u)(u—u) = [lplle@lla — ull i)

OH OH
— (... — S oS ( —

By Lemma [[V.4.8, we have an estimate on the third term. Since ||u — @|z1(g) < do, we estimate by
Lemma [V.3.7 and Lemma [V.4.§

_ ~ _ ~ 1452
=l )7 < T = @) < C(Ilgllzag) + Inll 2@y ) e = all i Z) + ol (eIl = ullzr

and consequently for an adapted constant, denoted in the same way

2s
s+2

I = wll i) < € (Iollz=(o) + €l 20 + Ill o))

To estimate the states, we use the estimate for the controls. We notice that (2 — s)/(2s') + s/2 =
1+ (s —2)(2s) and obtain

2—s s 2—s 145==
1ya = yullL2@) < llya — vull L2 (@) lva — vullfs(g) < Cr* llu— UIILl(Ej : (4.83)

Thus, for a constant again denoted by C and with

s—2. 2s _38—2

1 —
(L+ 2s )s+2 2+s

)
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3s5—2
2+s

Iy = wull @) < C(Nell 2@ + Il + lelli=(@)
Next, we realize that by Lemma [IV.4.7] and (IV.4.2)

lya — ¥Slr2@) < l1va — vullzz@@) + Ilve — ¥l 22 ()

3s—2
2+s

< max{C, o} (€l 2@ + Wl 2@y + Pl (@))

Using [|pz — pullr2(@) < C2llya — Yull2(@) and (4.70), the same estimate holds for the adjoint state

Hpa _ngLQ(Q) < Hpa - pu”L2(Q) + Hpu - ngLQ(Q)

3s—2
2+s

< (€ + Ra) (el 2oy + Illzaey + ol @ )

subsequently we define x := max{é’ , Co}. Finally, we consider the case m # 0. Using estimate in
(4.82) and arguing from that as for the case m = 0, we infer the existence of a constant C' > 0 such
that

lu =gy < C(lpllei@) + €l @) + Inllzre) ).
This implies under (4.83) the estimate for the states and adjoint-states

s—2
~ ~ 2s
lya — yg”LQ(Q) + [|pa _pi”LQ(Q) < max{C, C2C + R2}(H§||L2(Q) + ||77||L2(Q) + HPHLOO(Q))
To determine 6 and 6y we notice that the functions
s—2 35 —2
s — and s —
s 2+s
are monotone. Inserting the value for (n + 2)/2 for each case n € {1,2,3} completes the proof. O

To obtain results under Assumption [IV.3.1| for k& € {1,2}, we need additional restrictions. We
either don’t allow perturbations p (appearing in the inclusion in (4.61])) or they need to satisfy

pe D(LY). (4.84)

Theorem IV.4.10. Let m = 0 and let some of the conditions (A1), (B1) and (Asz), (B2) be fulfilled for
the reference solution 1 = (ya,pa,@) of 0 € ®(x)). Let, in addition, the set T' of feasible perturbations
be restricted to such ( € I' for which the component p is either zero or satisfies . The numbers
Qp, Ky and € are as in Theorem . Then the following statements hold for n € {1,2,3}:

1. Under Assumption[IV.3.1] cases (A1) and (B1), the estimations

|u —al[r1q) < ﬁn(!\ﬁ*ﬂﬂm(cz) + 11l 2 (@) + H77||L2(Q)>7

0o
v — vallz2(o) + 165 — pallzz@) < Fn (1€ 2l (@) + IElz2@) + Illzaey)

with 0y as in Theorem IV.4.9, hold for all u € U with ||y, — yallL(q) < an, in the case of (A1), or
|u =l @) < an in the case (By), and for all ¢ € T' satisfying ¢ € ®(1).
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2. Under Assumption|IV.3.1], cases (A2) and (Bz), the estimation

H?Jg —YallL2 (@) + 15, — pall2g) < Hn(HE*PHB(Q) + 1€l 2 () + H77HL2(Q)>

hold for all uw € U with ||yu — YullL= (@) < on, in the case of (Az), or ||u — il (g) < an in the cases
(B2), and for all ( € T" satisfying ¢ € ®(v).

Proof. We first notice that if the perturbation p satisfies (4.84]), it holds

d
[ plu=aydedt = [ (5 + Azns + fylaitie)snuapdo

d
- / (=L A%+ 1, (st ya)p) 2ama da dt.
o dt

Thus
‘ /QP(U —u)dz dt’ < lzau-allz2@) (1L Pl 2@y + Ify (2, ts ya) Lo (@ ol L2(@))-

Under Assumption (A;), we can proceed as in the proof of Theorem [IV.4.9| using Lemma and
(4.71)) in Lemma [IV.4.8] to infer the existence of positive constants «, x such that

- o) < m (1€l (@) + IEllza@) + Il 2@ )
and by standard estimates and using ([1.18]) the existence of a positive constant C' such that

lva — Yull2(@) + IPa — Pullz2(@) < Cllya — vullz2(@) < 2C|2uu—allL2(Q)

2s
s+2

2 *
< 205592 (12l 2) + 1€l 2@y + Ml ) ™

for all u € U with |[yy — yallLe(@) < @ or |lu — | ;1) < o depending on the assumption. From here
on, one can proceed as in the proof of Theorem [[V.4.9) and define the final constant x > 0 and the
exponent 0y accordingly. Finally, by similar reasoning, under condition (As) with Lemma and
Lemma [[V.4.8] one obtains the existence of a positive constant x such that

lya — vullz2(@) + 1Pz — pullz2(@) < '1(||£*PHL2(Q) + 1€l 2y + ||77”L2(Q)>’

for all u € U with [|yy — yallp~(Q) < @ or [[u —l[11(g) < a. Again, proceeding as in Theorem [[V.4.9
and increasing the constant k if needed proves the claim. U

Remark IV.4.11. Theorems[IV.7.9 and[IV.Z7.10 concern perturbations which are functions of x and
t only. On the other hand, [16, Theorem | suggests that SMHSr implies a similar stability property
under classes of perturbations that depend (in a non-linear way) on the state and control. This fact
will be used and demonstrated in the next section.
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IV.5 Stability of the optimal solution

In this section, we obtain stability results for the optimal solution under non-linear perturbations in
the objective functional. Namely, we consider a disturbed problem

(P¢) IunelgllJc(u) = /Q[L(x,t,y(:n,t),u(:v,t)) + p(z, t,y(z, t), u(z, t))] de dt, (5.85)

subject to

@+ Ayt faty) =utg in Q (5.86)
y=0 on X, y(-,0) = yo in O,

where ¢ := (&, p) is a perturbation. The corresponding solution will be denoted by yg. In contrast

with the previous section, the perturbation p may be state and control dependent. For this reason,
here we change the notation of the set of admissible perturbations to I'. However, Assumption |[[V.4.5
will still be valid for the set I'. The notations Cf., K, and R used below have the same meaning as

in Subsection (see Assumption [[V.4.5[ and the subsequent the paragraph).
In addition to Assumption we require the following that holds through the remainder of the

section.

Assumption IV.5.1. For every ¢ := (&, ) € I, it holds that p € L*(Q x R). For a.e. (x,t) € Q the
function p(x,t,-,-) is of class C* and is convex with respect to the last argument, u. Moreover, the

functions ?TZ and 227’2‘ are bounded on Q X R, and the second one is continuous in (y,u) € R, uniformly
with respect to (t,z) € Q.

Due to the linearity of (5.86]) and the convexity of the objective functional ([5.85)) with respect to
u, the proof of the next theorem is standard.

Theorem 1V.5.2. For perturbations ¢ € r satisfying Assumption |[V.5.1), the perturbed problem (P)
has a global solution.

In the next two theorems, we consider sequences of problems {(P¢,)} with ¢, € T. The proofs
repeat the arguments in |2, Theorem 4.2, Theorem 4.3].

Theorem IV.5.3. Let a sequence {(, € T'}y converge to zero in L*(Q) x L*(Q x R) and let uy, be a
local solution of problem (P, ), k =1, 2,.... Then any control u that is a weak™® limit in L>(Q) of
this sequence is a weak local minimizer in problem (P), and for the corresponding solutions, it holds
that yu, — ya in L2(0,T; H}(Q)) N L®(Q).

Theorem IV.5.4. Let {(;}r be as in Theorem|[V.5.5 Letu be a strict strong local minimizer of (P).
Then there exists a sequence of strong local minimizers {uy} of problems (P, ) such that uy X ain
L>®(Q) and y,, converges strongly in L*(0,T; HL(Q)) N L>®(Q).

The next theorem is central in this section.

Theorem IV.5.5. Let condition (Ag) be fulfilled for the reference solution vV = (yg, pa, @) of 0 € ®(1).
Then there exist positive nAumbers C and « for which the following is fulfilled. For all yp € Y with
|u — |1y < a and ¢ € T satisfying ¢ € ®(v) it holds:
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1. If m =0 in (1.4):

lu = allag) < € [I€lz2()

)
MHLOO QXR)} ’

+ deuHLOO(R L2(Q)) Hdu

195 ~ vallz@ < €[z + | T msmion + el o o)

2. For m € R:

I~ 210y < C[llellri) + Hiy“”m(&ﬂ(@)) " H@MHL“’(Q“’LJ’

d

LOO(QxR)rO'

158 = valzio) < €1l + | o] e ey + I

Here 0y and 0 are defined as in Theorem [IV.].9

Proof. The reference solution (yz, @) satisfies, together with the correspondmg adjoint variable, the re-
lations . Similarly, (yu, u) satisfies, together with the corresponding pu the perturbed optimality
system 1} with the left-hand side given by the triple

£()
2 (5 () () (5.57)
Ly (), ul)).
Since it is assumed that [|u — || ;1(g) < @ we may apply Theorem (here we choose the same «
as in this theorem) to prove the inequalities in the theorem. O

The proof of theorems [[V.5.6] and [[V.5.7] follows in the same spirit but using Theorem
instead of Theorem [[V.4.9. We make an additional assumption for the perturbation x in the objective

functional, namely, that p == -L (u(, y5(),u(-)) satisfies [I.84), i.e.

d *
(a0 u0) € DL, (5.89)
For an explanation of the condition (5.88)), we refer to the proof of Theorem [IV.4.10

Theorem IV.5.6. Let m = 0 and let condition (A1) be fulfilled for the reference solution 1) =
(ya, pa,u) of 0 € ®(v). Then there exist positive numbers o and C' for which the following is fulfilled.
For all ¢ € YV with |[yu — yallL=@) < @ and ¢ € [ satisfying ¢ € ®(¢) and the following
estimates hold:

d d
- < * 7l S (- . hall
Ju =l < (1L S s OuCD iz + Wz + | o)

and

d d %o
C s < - uS (- . il
I~ vall 2@ < O (1" 7, 0050w ey + ez + | o] pnir)

where Oy is defined in Theorem[IV.].9
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Theorem IV.5.7. Let m = 0 and let condition (As) be fulfilled for the reference solution 1) =
(Ya, pa,u) of 0 € @(+p). Then there exist positive numbers C' and a for which the following is fulfilled.
For all ¢ € Y with |[yu — yallL~@) < @ and ¢ € T satisfying ¢ € ®(y) and (5.88) the following
estimate holds.

d ¢

d
C s < * (- . . el
165~ vallz@) < (1€ SO uD iz + Wz + | T snion)

Remark IV.5.8. The constraint that u; needs to be close to the reference solution u in the theorems
above is not a big restriction. This is clear, since Assumption implies that u satisfies .
Hence, u is a strict strong local minimizer of (P) and, consequently, Theorem ensures the
ezistence of a family {uc¢, }, G € T, of strong local minimizers of problems (P¢) satisfying the conditions

of Theorem[IV.7.9 or[IV.Z.10

IV.6 Examples

Here, we present three examples that show particular applications in which different assumptions are
involved.

Example IV.6.1 (Tikhonov regularization). We consider the optimal control problem

(Py) glelg{l{])\(u) ::/QL(:c,tjy(x,t)ju(ﬂz,t))—f—;\/Qu(w,t)2dxdt,

subject to and . As before, u denotes a strict strong solution of problem (P)= (Py). We
assume that u satisfies condition (Ag). From Theorem we know that for every sequence A\, > 0
converging to zero there exists a sequence of strong local minimizer {uy, }32, such that uy, — @ in
LY(Q) for k — oo, thus for a sufficiently large ko we have that for all k > ko and a positive constant
C

6
||yﬁ — Yuy, HLQ(Q) + Hpﬂ — DPuy, ||L2(Q) < C()\k;) )

[u —ux L) < Ok,
where 0 is defined in Theorem [IV].9

Example IV.6.2 (Negative curvature). We consider an optimal control problem, that has negative
curvature. The parabolic equation has the form

dy -
o TAy+exply)  =u i Q, (6.89)
y=0onX%, y(-,00 =0 onQ.

Let0 < g € L?(Q) be a function satisfying the structural assumption, i.e. g satisfies (2.34]) in place
of %—IJ We consider the optimal control problem

min {J(u) = /Q(yu + gu) dzx dt}

uel
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subject to (6.89)) and with control constraints
U:={uecLl™®Q)0<u, <u<uy fora.a. (z,t)€Q}. (6.90)

By the weak maximum principle, Yy, —y, < 0 for allu € U and u := u, constitutes an optimal solution.
Further, by the weak maximum principle, the adjoint-state py and the linearized states zy—q for all
u € U, are non-negative. Moreover, we have

J’(u)(u—u):/Q(puﬂ—g)(u—u)dxdtzo,

J"(@)(u—a)* = / Wyy—g drdt = / —Pa exp(g)z%U_ﬁ dzdt <0,
Q Q

for alluw € U\ u. Since g satisfies the structural assumption, there exists a constant C' > 0 such that
/Qg(u —u)dxdt > C|lu — a||%1(Q) Yu € U.
On the other hand, integrating by parts we obtain
/qu(u —u)drdt = /Q Zgu—g dz dt. (6.91)

If for w e U, |lyu — yallpe () is sufficiently small such that

1
2||pa exp(ya) |l o= (@)

> ||2a,u—all L~ (@)

we can absorb the term J"(u)(u — w)? by estimating

J (@) (u—a) + J" (@) (u—u)* = / Zau—a(1 — paexp(Ya)za,u—a) de dt (6.92)
Q
> 3 /Q Ziu—a dordt > EHZa,u—qu(Q)a (6.93)

where the last inequality is a consequence of the boundedness of U C L>(Q) that implies the existence
of a positive constant K such that

lzau-all1 @) > Kllzau-alZ2(o)
for all w € U. Altogether, we find
J'(@)(u—a) + J"(@)(u —a)* > Cllu— a7 g + EIIZ* all?
= LY@Q) " o lImuu—ullL2(Q)

CK _
> THU’_uHLl(Q)”Z@U—ﬂHL2(Q) Yu € U.

Thus, condition (A1) is fulfilled, and we can apply Theorem |IV.4.10 to obtain a stability result.
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Example IV.6.3 (State stability). We will discuss (Aa) for an optimal control problem with tracking
type objective functional where the control does not appear explicitly in the objective functional:

min {J(u) = ;/Q(yu —yg)*dx dt}

ueU

subject to (1.3) and equation (6.89) and a given function yq eﬁLT(Q). As perturbations, we consider
functions ¢ := (&,m,p) € L"(Q) x L"(Q) x D(L*). Denote by ¥ = (ya, pa,u) the reference solution of
0 € () satisfying (A2) and consider the perturbed problem

min {J(u) = ;/Q(y(m,t) — ya(z,t))*dadt +/

ueU Q

subject to (L.3)) and

nydxdt—i—/ pud:cdt},
Q

%%—Ay—i—exp(y) =u+& in Q,
y=0on%, y(,0) =0 on Q.

Condition (Ag) implies that u is a strong local minimizer of the unperturbed problem (¢ =0), thus it
holds

J (a)(u—u) = /Q(yu(a:,t) —ya(z,t))2Zgu—n dzdt >0 Yuel,

J" (@) (u— 1) = /Q(yu(a:, t) — ya(z,t))wgu—a + z%u_a dzdt

= / (1 — paexp(ya))zs y_q dzdt Vu €U,
Q
where pg solves

_% + A*pﬁ + exp(yﬁ)pﬂ =Yz — Yd m Q’
pa:OOnZ, pﬂ(aT):O on €.

If the optimal state tracks yq such that |lya — yallLr(@) < CT||exp(ylﬂ)HLOO(Q> we find that (As) holds.
From Theorem [IV.5.6 we obtain the existence of positive constants « and k such that

llya — ngLQ(Q) + |lpa —p2HL2(Q) < /i(HfHL?(Q) + 7l 2y + Hﬁ*PHB(Q)),

for all (yg,pg,u) =1 € T with ||yu — yallr~(@) < o and ¢ € T satisfying (4.84) and ¢ € ®(v).

IV.7 Appendix

Lemma IV.7.1. Suppose r > 1+ %5 and s € [1, ”T“) N[1,2]. The following statement is fulfilled for
all w,u € U. There exist positive constants K,, My and N, s depending on s and r such that

Yu — ya — zﬁ,u—ﬂ”Lm(Q) < Killyu — yﬁH%ﬂr(Q); (7.94)
I = Vi — -l o) < Mall — w20l — vl (7.95)
2 2
9_ s~ Eind
Yyu — ya — zﬂ,U*TLHLQ(Q) < Nesllyu — yﬁHLoo?Q)Hyu - ya\lfs@)- (7.96)
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Proof. Let us denote ¢ := y, — ya — zau—a € W(0,T7) N L>(Q). From the equations satisfied by the
three functions and by the mean value theorem ¢ satisfies
d¢ of of

dt +A¢+ 7@/( ’tayﬂ)qs: @(x,t7yﬂ)_

g.;(xvtva) (yu - yﬁ)v

where yg(z,t) = ya(z,t) + 0(x, ) (yu(z,t) — ya(z,t)) with 6 : Q — [0, 1] measurable. Applying again
the mean value theorem we obtain

d¢
dt

with yy(z,t) = iiui:c ) +9(z, ) (yo(2, 1) —ya(z,t)) and ¥ : Q — [0, 1] measurable. By Theorem [[V.1.4]

and Remark [IV.4.6{ we infer the existence of constants C,., C' independent of u,u € U and af (@, yu)
such that

0 0?
A0+ F w100 = 05T (0t 0) 0 - 00)”

18l (@) < CrCll(wa — v)*lir(@) = CrCligu — vallar o,

which proves (7.94) with K, := C,.C. To prove (7.95), we use Lemma [[V.1.5, Remark [[V.4.6 and
(1.16) to obtain that

191125 (@) < CoCll(yu = ya)*ll11(@) < CsCllyu — yall 7= Q)Ilyu yal!is(Q)

Taking M, := CyC, - follows. The inequality, ((7.96] - follows from and ( of Lemma
[[V.7.1] by estimating

2-s s 2-s 22— (2—s)s 2
H¢‘|L2(Q) < ||¢||L30(Q)H¢HI2/5(Q) < Kr ? ||yu yu||L2r M ”yu yﬂHLoc?(Q)Hyu - yﬁ||L25(Q)

@=s) s g, 9 st 2= 2
<K, ? Ms2|Q‘ 2 Hyu yuHLoos @) 2 ||yu _yﬁHLzs(Q)

—S

Defining N, ¢ := K M2 |Q] - and noticing that

(2—-s)s 52

9 _ -
S+ 5 5

proves the claim. Il

Proof of Lemma|[V.1.9 We prove (1.17)) by applying Theorem [1|to © := 25 — 2u,,, that solves

dy of _[of of
dt +Aw+ y( ’tayﬁ)w - [ay(xatayug) - 8y(x7tvyﬁ):|zug,ﬂ
0% f
08 2 (z,t,y9)(Ya — yue)zue,v' (7.97)

To prove (1.18)), we use (7.96) with s = /2 to estimate

19 = vallL2@) < 9ll2@) + zaw—all2@) < N, yallyu — vallLoo@) lvu — vall pvag) + lzau—all2(q)
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1 1
Using fact that by the Holder inequality ||y, — yﬂHLﬁ(Q) <1Q[v2 2| lyu — val r2(), the claim follows.
For the other direction, we select again s = /2 in (7.96)) and find

1za,u—allL2@) < 19ll2(@) + lyu — vallL2(@) < N, yallvu — vall L@ lvu — vall pva(g) + 19u — vallL2(@)

11
< (Nr,ﬁ\m 1y — vl + 1) e — vall 2o

Finally, for (1.19)) we use (|1.17)) and estimate

lza,0llL2(Q) < lIza0 — 2uwll2@) + ll2uwllL2(Q)
< Ko/ 1QMyu — vallL @) 1zall 2(0) + 2wl 22(0)-

Choosing ¢ = [2K5 ¢/|Q|]~! proves the first part. The second inequality follows in a similar way. The
estimates with respect to the || - || () follow by similar reasoning, using (7.94)). O

Proof of Proposition|IV.3.2. Let us prove first the implication (A;)=(By) for any k € {0, 1,2}. Given
u € U, by the mean value theorem
of

+ A(yu — ya) + afy(x, Ya + 0(Yu — Ya))(Yu — Ya) = v — U.

d(yu - yﬁ)
dt

Using (1.8)) in Theorem [IV.1.4] we obtain that

r—1

1
19 = yallLoe(@) < Crllu —tllr@) < Cr(2My) = |lu —ul 11 )

Then, by ay := ng)hl, we obtain that (Ay) implies (By) with v, = .
To prove the converse implication, (By)=-(Ag), we assume that (Bj) holds, but (Ay) fails. Then
for every integer [ > 1 there exists an element u; € U such that

~| =

_ _ _ _ 1 -
J' () (ug — w) + J" (@) (wy — w)* < 7l = T lzau—allFaig) and Ilyu — yallz=) < (7.98)
Since {u;};°, C U is bounded in L>(Q), we can extract a subsequence, denoted in the same way,
such that u; = u in L®(Q). On one side, (7.98) implies that Yu, — Yg in L(Q). On the other
side, u; = u in L>(Q) implies weak convergence in L"(Q). From (|1.13]), the convergence y,, — y, in
L>°(Q) follows. Then, y, = yz and, consequently, v = @ holds. But condition (Bp) implies that @ is

bang-bang, and hence the weak convergence u; — @ in L>(Q) yields the strong convergence u; — @ in
LY(Q); see [17, Proposition 4.1 and Lemma 4.2]. Then, for k = 0, (7.98)) contradicts (Bp). The same
argument holds for (Bp) and (Bz) under the additional condition that @ is bang-bang and noticing

that ||2a,u—allze Q) < 3/2llyu, — vallL=(g) by Lemma[IV.1.9
U

A proof of the following lemma can be found in [8, Lemma 3.5].

173



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Lemma IV.7.2. Given u € U with associated state yg. Then, the following estimate holds
|Yato(u—a) — YallLeo @) < Bllyu — yallLeq) 0 €1[0,1] and Yu €U, (7.99)
where B := (2C,C/|Q|My+1), C, is the constant of Lemma@ and C'is the one from Remark|IV.4.6,

We prove an analogous statement for the adjoint state. For an elliptic state equation, a similar
result is proved in [2, Lemma 3.7].

Lemma IV.7.3. Given u € U with associated state yz and adjoint-state pg, there exists a positive
constant B such that

- 1
IPato(u-a) = PallLe@) < B(llyu — yallLe(q) + Imlllu —ul ;1 q)); (7.100)

for all 0 € [0,1] and u € U.

Proof. Let us prove (7.100). Given u € U and 6 € [0,1], let us denote up = @+ 6(u — @), Yo = Yu,,
and pg = py,. Subtracting the equations satisfied by py and p; we get with the mean value theorem

4 (oo — pa) + A" (D — pa) + gjjmt,y)(pe — pa)

i

— aL 8L = ai N 871:'

= gy Db vere) = 5 (@ hyn )+ [ay (@t 5a) = 3, (Sv,t,ye)]Pe
0*L O2f ]

where yy = yz + ¥(yg — ya) for some measurable function 9 : @ — [0, 1]. Now, we can apply again
Theorem and Remark to conclude from the above equation

1o — pall Lo (@) < Cr(C + MyC)/1Qllye — yall Loo(q) + Im|0C||u — | - )

1

< B(lyu = yall (@) + Imlllu — @l 1))

where B := C,.((C + Mué)]QﬁB + (QMM)%), with B being the constant from Lemma [IV.7.2 O

Proof of Lemma[IV.3.5, The second variation of the objective functional is given by Theorem
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Let us denote ug, yp, and py as in the proof of Lemma [IV.7.3] From (2.23) we obtain

7" (u + H(U — ) = J"(@)](u — @)’

0%Lg
/ ‘ ‘T t y@) ayQ (:I:)tuyﬂ)] UGU a d:l:dt
0% f
/Q (Pa P9)62(1’ty9) wou—u| dzdt
o2 92
/ o°f
"‘/Q pﬂ[ﬁ(xat,ya) 3y 5 (@t ya)} Zyou—a| d dt

dx dt

9 Lo O f ) 2
+/Q |:8 2 (l‘ 13 yu) pﬂaiyg(xatayﬁ)] (Zue,ufﬂ,_ (TR} ﬂ)

+ 2‘ / (u—u)m [Zug,u—a — z@u_@] dz dt’
Q

:Il+I2+13+I4—|-I5.

Let us estimate the terms I;, i € {1,..,5}. For I, we deduce from Remark [IV.4.6] (7.99), (1.10|) and
(1.19) that for every p; > 0 there exists €1 > 0 such that

h < pillzaw-alZz) i vu = valle) < e1-

We consider Ip. Let m = 0, we use Remark [IV.4.6] (1.10)), (1.16), (1.19), and (7.100]) to obtain for
every ps > 0 the existence of a €9 > 0 such that

I < pollzau-alZo) i Iy = vallLe(g) < e2-

For the general case m € R, we use Remark [[V.4.6], (1.10]), (T.16)), (1.19), and (7.100)), to infer for any
p2 > 0 the existence of a €9 > 0 such that

_ o~ 1
Iy < CB(CH M) T + m) [ — s o 2macal22(0)

< P2H2a,u—aHL2(Q) if flu—allpyq) < e

The estimate for I3 follows from (1.10]), (1.16[), (1.19) and Remark Thus for every pz > 0,
there exists €5 > 0 with

I < psllzau-alZz) i Ny — valle(g) < e3-

For I we infer by Remark [[V.4.6] (7.96)), (1.10), (1.16)), (1.17), (1.19) and (7.99) that for every ps > 0
there exists 4 > 0 such that

< (C + MyC)||zugu—a + zau—all 12(Q) 1 2ugu—a — zau—all L2(Q)
5C5
< 7(0 + My O)lzau—all .20 1y — val (@)l zau—all 12(Q)

< pallzmu-alzg) i lvu = yalleg) < s
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The term I5 must only be considered in the general case m € R. We recall that in this case, we assume
|u — 1|1 gy to be sufficiently small. To estimate I5 we use that 2z, satisfies equation (1.14) and that

V= Zgu—a — Zugu—a solves (7.97). Then, by Remark [[V.4.6] applying (1.10) to (7.97), (L.16), (L.19),
Lemma [[V.1.5] and (7.99) we estimate

2| [ (u @m [y~ 2] o ] < 2mllu = a1l gy s — 2n0-all )
Q
s-1 _n
< 2im|(2My) " |lu = all 7y o [12up.u—a — Zu,u—all s (@)

_ s'—1 B L,
< 2[m|CCy B(2My) < |lu — all 13 o) 1yu — vallL2(@)lzap.u—allL2(q)-

We remark that to make the last step, we used that (7.99)) holds also if the || - || o (g)-norm is exchanged
with the [ - ||2()-norm. This can be seen in the proof of [2 Lemma 3.5]. Thus we infer that for every
ps > 0 there exists a e5 > 0 such that

Is < psllzaw-alZzg if llu—allLyg) < es

Now if m = 0 the validity of the estimates for I; for ¢ € {1,...,4} holds under the condition that
|Yyu — YallL(q) is sufficiently small. For general m € R the validity of the estimates holds under
the condition that ||u — |51 gy is sufficiently small by the additional arguments given above for the

terms I and I5 and for the other terms by the fact that by (L.8)), [Ju — |11y < #, implies
Cr(2My) =

|Yu — Yall (@) < €. Taking e := minj<;<5 &;, completes the proof. O

Proof of Lemmal|IV.3.6. Let s € [1,2£2)N[1,2]. We first consider the case m = 0. Using that Ly and
[ satisfy the assumption in Remark and arguing as in the proof of Lemma there exists
€ > 0 and a positive constant P such that

7" (@ + 6(u — @) = J"(@)](u = 0)?| < Pllyu = yall o)l 2au-all72(q)

for all u € U with ||y, — yﬁHLoo(Q) < e. To prove (3.40)), we select l1,lo > 0 with I; + 12 = 1 and use
the estimate

2—s s
”Zﬂ,u—ﬁHLQ(Q) < ||ZE,U—EHL30(Q)HU - a”il(@)' (7.101)
By (7.101)), (1.8), (1.10), (1.16]) and (1.18) we find

2—s s
1yu = yallzeo @ lza,u-all72(g) < 1u = vall Le(@) l2au-all 12 lau-all 2 gy e = @l 71 )

1 2—
: li+l2 57 T2

< Cy S‘;{p |u — ﬂ||LT<>/<>(Q)Hyu - ?JﬂHLoo(Q) ”Zﬂ,u*ﬂHB(Q) |u — ﬂ||L1(Q)

Iy s 2—s

Y ! A o1 2
< C?’MMH.UU - yﬂHLloo(Q) HZ’L'L,U—ﬁHLQ(Q) |u — uHLl(QQ)Hu - u”fl(@)v

1t 25%)

with M := MMT . We select [5 such that

ly 2—s s

s’jL 2s’ +§
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We have that 1/s' =1 — 1/s is equivalent to (14 l3)(1 —1/s) +s/2(1 — 1+ 1/s) = 1. Thus we find

lo=5"/2—1.

1
Defining ¢ := 021](4,0? proves the first claim. For the proof of (3.41)) we use (7.101)), (1.8), (1.10)),
(T.16) and (T.18) to infer

2— _
I — vall Lol 20320y < Corllv — vall ooy |zl iy 1 = ll31 g

s'—1 2—s

e L1+l — s _
< CEMT g = vall iyl = 7 g lu = @l g (7.102)

Iy 2—s

v

y I - 5 _
< CS’MHyu - Q/EHLloo(Q) |u — uHLl(Q)Hu - uHLl(Q)Hu - uHsLl(Q)7

(s=1)(Ia+2—5)

with M := M, . Select l5 such that
lQ 2—s
? " + s = 2.
1
By 1/s' = 1 — 1/s, this is equivalent to ly = (2 — s)/(s — 1). Setting € := —-—ph proves the case

C3 M
for m = 0. For m € R, we recall that the L!(Q)-distance of the controls is assumed to be sufficiently
small. This is used to estimate the terms where the difference of the controls appears explicitly. For
the terms where the controls do not appear explicitly, we use the estimations for m = 0 above and
apply the estimate to Yy — ya to conclude that the L°(Q)-distance of the states is close if the
L'(Q)-distance of the controls is close. O
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Abstract

The paper presents results on strong metric subregularity of the optimality mapping associated with
the system of first-order necessary optimality conditions for a problem of optimal control of a semilinear
parabolic equation. The control has a predefined spatial distribution and only the magnitude at any
time is a subject of choice. The obtained conditions for subregularity imply, in particular, sufficient
optimality conditions that extend the known ones. The paper is complementary to a companion one
by the same authors, in which a distributed control is considered.

V.1 Introduction

Let T € R and let  C R™, 1 < n < 3, be a bounded domain with Lipschitz boundary 0f2. Denote by
Q = Q x (0,7T) the space-time cylinder and by 3 := 9Q x (0,T) its lateral boundary. In the present
paper, we investigate the following optimal control problem:

ueld

(P) min {J(u) = /Q[Lo(:v,t,y(ac,t)) + (Li(z, t,y(z,t)),u(t))] dz dt}, (1.1)

subject to

{ B+ Ay [ ty) = (o) u(®) i Q, 12)
y=0onX%, y(-,0)=uwo on . :

Here y : @ — R is the state, u : [0,7] — R™, is the control, m € N, (-,-) is the scalar product in
R™, the functions Lg, L1, f,g are of corresponding dimensions, A is an elliptic operator. Moreover,
g = (91, ..., gm) With g; € L>(Q) satisfies supp(g;) Nsupp(g;) = 0 for all 4,5 = 1,...,m, i # j and
meas(supp(g;)) > 0 for at least one i. The set of admissible controls is

U:={ueL>®0,T)" usj <uj <up; forae te[0,T], 1<j5<m}, (1.3)
where ug,u, € L*°(0,T)™ and uq;(t) < up;(t) a.e. in [0,7], 1 < j < m.

In the stability analysis and approximation methods for optimization problems, in general, an impor-
tant role is played by several regularity properties of the system of first-order necessary optimality
conditions, see e.g. [I5]. The Strong Metric subRegularity (SMsR) property, [15, [12], of the mapping
associated with this system, the so-called optimality mapping, is especially relevant to the analysis of
numerical methods. This property of the optimality mapping associated with problem f is
the subject of investigation of the present paper.

Sufficient conditions for the SMsR property are usually formulated as strong positive definiteness
(coercivity) of the second derivative of the objective functional with respect to feasible control vari-
ations (or on the so-called critical cone) with respect to the L2norm of the controls. Conditions
of this type are also sufficient for optimality. In the paper, we present several sufficient conditions
for SMsR of the optimality mapping of problem 7, combining in a unified way strong and
weak coercivity requirements relative to the L'-norm. Due to the affine structure of the problem with
respect to the control, the conditions involve simultaneously the first and the second derivative of the
objective functional. The importance of including the first derivative in the coercivity condition in L'
is known from the existing works on ODE affine optimal control problems (see e.g. [16]). Moreover,
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the coercivity condition involves not only a quadratic function of the L'-norm of the control variation;
instead it involves a more general homogeneous function of second order jointly depending on the
control and the corresponding state variation, therefore we call it “unified”.

The sufficient conditions for SMsR are proved in the paper to imply sufficiency of the first-order
optimality condition (the Pontryagin principle). Moreover, these conditions are then equivalently
reformulated in terms of several “critical cones” that appear in the literature (see e.g. [4]), showing
the generality of the former.

In the recently submitted companion paper [14], we consider a similar problem where the con-
trol, u(x,t), depends on the spacial position x and the time. In the present paper, following [5], the
control function u(t) depends only on the time, and each control component u;(t) has a fixed spacial
distribution given by the function g;(x), j = 1,...,m. For the reader’s convenience, here we repeat
several auxiliary results from [I4] in a slightly modified form. The main results—the strong subreg-
ularity theorems in Section are also similar to the ones in [I4]. However, there are important
differences: (i) the objective functional is more general (in the companion paper, it is essential that
the function L; in the objective functional is affine in y or even independent of y in some of the
results); (ii) the hierarchy of the sufficient conditions for optimality and subregularity introduced in
Section [V.4] is similar to that in the elliptic case. However, this hierarchy is not true for parabolic
problems with controls depending on space and time; (iii) in contrast to the present paper, several
of the results about SMsR in [14] have the weaker form of Holder SMsR. We refer to the companion
paper [I4] for comprehensive discussions about the relationship between conditions for SMsR, second-
order sufficient optimality conditions, and stability analysis of optimal control problems for elliptic
and parabolic equations, which we do not repeat here.

The optimal control problem considered in this paper resembles the one in [Iﬁl]ﬂ First-order
Pontryagin-type necessary optimality conditions, as well as second-order sufficient optimality con-
ditions for strong local minimum, are established in this paper. In the present paper, we build upon
a-priori estimates for the linearized states established in [6] and study metric subregularity of the
optimality mapping, hence also the stability of the solution.

The paper is organized as follows. Section presents notations, assumptions, and known facts
about semilinear parabolic equations. Preliminary results about the optimal control problem ([1.1])—
are given in Section The unified conditions for SMsR, are introduced in Section and
their sufficiency for optimality is discussed. Section presents the main results — two theorems
claiming that the SMsR property of the optimality mapping holds under several sets of conditions.
Some technical auxiliary results and proofs are given in Appendix.

V.2 Notations, assumptions, and known facts

We begin with some notations and definitions. Given a non-empty, bounded and Lebesgue measurable
set Q C R", we denote by LP(Q2), 1 < p < oo, the Banach spaces of all measurable functions  — R
for which the usual norm || - [|z»(q) is finite. For a bounded Lipschitz domain © C R" (that is, a
set with Lipschitz boundary), the Sobolev space H{ () consists of all functions  — R that have
weak first order derivatives in L?(£2) and vanish on the boundary of  (in the trace sense). The space

We are thankful to Eduardo Casas, who brought to our attention the problem with control depending only on time.
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HE(Q) is equipped with its usual norm denoted by || - || i) By H ~1(Q) we denote the topological

dual of H{ (), equipped with the standard norm | - || H-1(q)- Given a real Banach space Z, the space
LP(0,T; Z) consist of all strongly measurable functions y : [0,7] — Z that satisfy

T » 1/p .
Wlwor s = ([ lOa)" <o i 1<p<,
Iyl o,r; z) = Wmf{M e R [ |ly(t)]z <M for ae. t € (0,7)} < oco.

The Hilbert space W (0,T) consists of all functions in L?(0,7; HZ(Q)) that have a distributional
derivative in L?(0,T; H~1(9)), that is

W(0,T) := {y € L*(0,T; H} (Q)) g?z € L*0,T; Hl(Q))},

and is endowed with the norm
HyHWKOJUZZZHyHL2uur¢%(Qn + [10y/ 0t L2 (0,711 (02))-

The Banach space C([0,T]; L?(2)) consists of all continuous functions y : [0,7] — L*(Q) and is
equipped with the norm maxc(o 77 [|y()[| L2(q)- It is well known that W (0, T') is continuously embedded
in C([0,T]; L*(Q)) and compactly embedded in L?(Q). We use the notation (-,-)x for the duality
pairing between a Banach space X and its dual.

The following assumptions, close to those in [2, [4] [5] 6] [8, [0} 10} 11] are standing in all the paper.
Assumption V.2.1. The operator A: H}(Q) — H=Y(Q), is given by

A=-— Z 81’j (aiyj(x)aﬁvz‘)v
ij=1
where a; j € L>(2) satisfy the uniform ellipticity condition

A >0 Aléf <D ai(@)6 VEER™ and a.a. x € Q.
ij=1

The matriz with components a; ; is denoted by A.

Assumption V.2.2. For everyy € R, the functions f(-,-,y) € L"(Q), Lo(-,-,y) € L'(Q), L1,,(-,-,y) €
LYQ) 1 <j<m, and yo € L=(Q), where r is a real number satisfying the inequality

7’>max{2,1+n/2}. (2.4)

We remark that the constraint v > 1 4 n/2 on the number appearing through the paper is used to
guarantee the boundedness of solutions to the PDEs. We use to fix a number r that is feasible
for all dimensions n € {1,2,3}. For a.e. (x,t) € Q the first and the second derivatives of f,Lo and
L1 ; with respect to y exist and are locally bounded and locally Lipschitz continuous, uniformly with

respect to (x,t) € Q. Moreover, g—i(x,t, y) >0 for a.e. (x,t) € Q and for ally € R.
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Next, for the reader’s convenience, we remind some facts about linear and semilinear parabolic equa-
tions.

By definition, the function y is a weak solution of the semilinear parabolic initial-boundary value
problem if y € W(0,T) with y(-,0) = 0, and

T

T o T
/0 (57 + Ay, ) gy dt = /O (FCo9)s ) 120 dE + /0 () p2(g) dt (25)

for all v € L2(0,T, H}(2)), where h(x,t) := (g(z),u(t)).
A proof of the next theorem can be found in [4, Theorem 2.1].

Theorem V.2.3. For any u € L*(0,T)™ the initial-boundary value problem (1.2]) has a unique weak
solution y,, € W(0,T). If uw € L™(0,T)™ (see (2.4)) then y,, € W(0,T) N L>(Q). Moreover, there

exists a positive constant D,., independent of u, g, f and yy, such that
19ull L2013 (2)) + Il o= @) < Dr (1w, 9llr(@) + 1 (- 0)ler (@) + HyollLoo(Q))- (2.6)
Finally, if up, — u weakly in L"(Q), then

1Y, — YullLo(@) + 19, — Yull 20,712 (02)) = O- (2.7)

Below we remind some results concerning the linearized version of (|1.2)) and its adjoint equation.
We consider weak solutions (in the same sense as above) of the following linear parabolic equation:

W Ay+ay=h in Q, (2.8)
y=0on3%, y(,0)=yo onQ.

Lemma V.2.4. Let 0 < a € L*(Q) be given.

1. For each h € L*(Q) equation (2.8) has a unique weak solution y, € W(0,T). Moreover, there
exists a constant Cy > 0 independent of h and o such that

lynll 20,751 () < C2llbllz2(q)- (2.9)

2. If, additionally, h € L"(Q) (we remind [2.4)) and yo € C(Q), then the weak solution y of (2.8)
belongs to W(0,T) N L>°(Q). Moreover, there exists a constant C, > 0 independent of h and «
such that

lynll 20,712 ()) T 19nllL=(@) < Crllhllr@)- (2.10)

All claims of the lemma are well-known, see |21, Theorem 3.13, Theorem 5.5] for the first statements
of the two items; for a proof of the independence of the constants Co and C, on « see [2] for a linear
elliptic PDE of non-monotone type, and [14] for the parabolic setting.

The differentiability of the control-to-state operator under Assumptions [V.2.1] and [V.2.2] is well
known, see [0, Theorem 2.4].
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Theorem V.2.5. Let ¢ > 1. The control-to-state operator G : L4(0,T)™ — W (0,T) N L>(Q), given
by G(u) := yu, is of class C* and for every u,v,w € L4(0,T), it holds that zy, := G'(u)v is the solution
of

&+ At Sy ty)z = (g,0) in Q, 2.11)
z=0 on X, z(-,0) =0 on, '

and wy, (vw) = G" (u)(v,w) is the solution of

% + Aw + fy(ﬂj, t, yu)w = _fyy(fa t, yu)zu,vzu,w m Q7 (2.12)
w=0 on X, w(-0)=0 on Q.

Lemma V.2.6. ([6, Lemma 2.5]) Let ag € L=(Q), u € L*(0,T)™, and let z € L>(0,T; L*(Q)) N
L%(0,T; HL(2)) be the solution of

Wt Aytow  =(g)u(n) i Q, 213
y=0o0n3%, y(0) =uwo on Q. '

Then, the following inequality holds:

el 0.7:22()) < 2exp(laollze()T) max flgjllzzc@llullzr o) (2.14)

Remark V.2.7. By the boundedness of U in L>(0,T)™ and Theorem there exists a constant
My > 0 such that
max{||ul| e 0, 7ym |Yull Lo} < My Vu € U. (2.15)

The estimates in the next lemma constitute a key ingredient to deriving stability results in the
later sections. It extends [2, Lemma 2.7] from elliptic equations to parabolic ones and was proved in

[14].
Lemma V.2.8. ([T], Lemma 5]) The following statements are fulfilled.

(i) There exists a positive constant My such that for every u,u € U and v € L"(Q)

r2(Q) < Mallyu — yallog)llzavll 2 (@)- (2.16)

”Zu,v — Zav

(ii) Let X = L>=(Q) or X = L*(Q). Then there exists € > 0 such that for every u,u € U with
Yu — vallL=(q) < € the following inequalities are satisfied

19u = vallx < 2[zau-allx < 3llyu — vallx, (2.17)
lzavllx < 2lzuollx < 3llza0lx- (2.18)
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V.3 The optimal control problem

The optimal control problem f has a global solution due to the linearity with respect to
the control, the convexity and closedness of the set of admissible control values, and Theorem [V.2.3]
(see e.g. [2Il Theorem 5.7]). On the other hand, the semilinear state equation makes the optimal
control problem possibly nonconvex, therefore it may have local minimizers. We recall the following
definitions of local optimality.

Definition V.3.1. The control u € U is called weak local minimizer of problem ((1.1)—(L.3)), if there
exists a number € > 0 such that

J(a) < J(u) VYu el with [[u —al Lo rym < &
u € U is called strong local minimizer of (P) if there exists ¢ > 0 such that

J(u) < J(u) Yu €U with ||y, — yallL=(@) < €
Moreover, u € U is called strict (weak or strong) local minimizer if the above inequalities are strict for
every admissible u # 4.

Due to the boundedness of the set of admissible control values, one can equivalently replace the
inequality [|u — /110, rym < € in the definition of weak local optimality with ||u — @|peorm < €,
where ¢ is any (finite) number > 1 (see |4, Lemma 2.8]).

The analysis below involves first and second-order optimality conditions for problem f.
Further, we use the abbreviation

L(z,t,y,u) := Lo(x,t,y) + (Li(x,t,y),u).

The next theorem provides a basis for obtaining such conditions. It is a consequence of Theorem [[V.1.7]
and the chain rule, and adapts [6, Theorem 2.7] to the more general objective functional considered
in the present paper.

Theorem V.3.2. Given, ¢ > 1, the functional J : L1(0,T)™ — R is of class C?. Moreover, given
u,v,v1,v9 € L1(0,T)™ we have

0L 0lq
/ _ Yo bt
J(u)v = /Q ( i (x,t,yu) +< i (x,t, yu),u>)zu’v + (Li(z, t, yy),v) dedt (3.19)
/(pug—i- Li(x,t,y,),v) dxdt, (3.20)
0% f
J" (u) (v, v9) / { (z,t, yu,u) — pua—yQ(:lc,t,yu)}z'umz*w,2 dzdt (3.21)
/ < (x,t, yu), V22u0 +v1zwj2> dx dt, (3.22)
Here, p, € W(0,T) N C(Q) is the unique solution of the adjoint equation
dp . Of oL oL, |

p=20 onX, p(-,T)zO on €,
where A* is the adjoint operator to A.
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We introduce the Hamiltonian @ x R x R x R™ > (z,t,y,p,u) — H(z,t,y,p,u) € R in the usual
way:

H(x,t,y,p,u) == L(x,t,y,u) + p((u, g) — f(x,t,9)).

We denote the derivative at @ in direction v € L™(0,7)™ of H by (l‘ t,y,p,u)(v ) = (Ly(z,t,y) +
p(z,t)g(z),v(t)) and further abbreviate %—g(x,t) = %u (z,t,9,D, ) Notice that 2 S H (gt 4,p, 1) is
actually independent of the last argument. The Pontryagin type necessary optimality conditions for
problem ([I.1)-(L.3) appearing in the next theorem are well known (see e.g. [4, [6, 21]). For a problem
with controls depending only on time, we refer to [6, Theorem 3.3].

Theorem V.3.3. If u is a weak local minimizer for problem (1.1)-(1.3), then there exist unique
elements y,p € W(0,T7) N L>*(Q) such that

B+ Ag+ f(x,t,9) = (.g) in Q, o
g=0on3%, y(-0)=yp on Q. .
_dp | . OH .
o + A*p oy —(x,t,9,p,u) in Q, 3.35)

p=0on3% p(-,T)=0 on Q.
OH o ,
; au]( 4y, pyu)de (u; —aj(t) >0 Vie{l,...,m},Vu; € [uqj,up ], and for a.e. t € [0,T].
(3.26)

As a consequence of - for any triplet (y,p,u), j € {1,...,m} and for a.e. t € [0,7] it holds

that
ai(t) = uq;(t) if fQ t)dz > 0,
! up;(t) if fQ t)dz < 0.

V.4 Sufficient optimality conditions

In this section, we present a second-order sufficient optimality condition, which is a version of [14]
Assumption 3] adapted to the case of controls depending only on time. Below, @ is an admissible
reference control and g is an element of W (0,7") N L>(Q) (presumably the solution of (1.2))).

Assumption V.4.1. For a number k € {0,1,2}, at least one of the following conditions is fulfilled:
(Ay): There exist constants o,y > 0 such that

J'(@)(u— @) + J"(@)(u — @) 2 wllzau-allfe (g llu — TN 1ym (4.27)

for all w € U with ||yu — §l Q) < -

(Bi): There exist constants éu, yi > 0 such that (4.27)) holds for alluw € U such that ||u— L1 mym <
Q.
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Assumption [V.4.1( By) was first introduced in [I7] in the ODE optimal control context, and was
extended to parabolic PDEs in [2], where also (Ag) was introduced.

As it is proved in [I4] Proposition 8], for any k£ € {0, 1,2}, Assumption (Ay) implies (By); if @
is bang-bang (that is, u(t) € {uq(t),up(t)} for a.e. t € [0,7]) then assumptions (Ax) and (By) are
equivalent.

Next, we obtain growth estimations for the objective functional, which show, in particular, that
assumptions Ay) and (By) are sufficient either for strict weak or strict strong local optimality,
correspondingly.

Theorem V.4.2. The following statements hold.

1. Let the function Ly in the objective functional be independent of y. Let u € U satisfy the

optimality conditions (3.24)—(3.26) and Assumption |V.4.1)(Ay) with some k € {0,1,2}. Then,

there exist positive constants €, and ci such that:
- _ 12—k
T(@) + callya — 9l gyllu — @2k rym < () (4.28)
for all w € U such that ||y, — Yl L~ (Q) < €k-

2. Let the function Ly in the objective functional be affine with respect to y. Let u € U satisfy

the optimality conditions (3.24]) —(3.26|) and Assumption|V.4.1(By) with some k € {1,2}. Then,
there exist ey, ¢, > 0 such that (4.28) holds for all u € U such that |[u — ul| g1, pym < €k

3. Let w € U satisfy the optimality conditions (3.24)—(3.26) and Assumption |V.4.1(By). Then,
there exist eo,co > 0 such that (4.28) holds for all w € U such that [|u — |1 1ym < €0

A proof of Theorem in the case of a less general objective functional can be found in [I4].
It is a consequence of the next two lemmas, which will be used also in Section The first of them
has been proved for various types of objective functionals, see e.g. [8 Lemma 6],[7, Lemma 3.11] or
[14, Lemma 10]. Due to the more general objective functional in the present paper and for readers’
convenience, we present a proof in the Appendix.

Lemma V.4.3. Let u € U. The following holds.

1. For every p > 0 there exists € > 0 such that
[T (@ + 6w — @) — J"(@)(u — 2)*| < pllu =@l F1 (g gym (4.29)
holds for all w € U with ||u — | 11 rym < € and every 0 € [0, 1].

2. Let the function Ly in the objective functional be affine with respect to y. For every p > 0 there
exists € > 0 such that

17" (@ + 0(u —w) = J"(@)](w — @)?| < pllegu-allf2(g)- (4.30)

holds for all w € U with ||u — @l 11 mm < & and 6 € [0,1].

189



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3. Let the function L1 in the objective functional be independent of y. For every p > 0 there exists
e > 0 such that (4.30) holds for all w € U with ||y, — Y|~ (q) < & and 6 € [0,1].

The next lemma shows that Assumption implies a growth similar to (4.28) of the first
derivative of the objective functional in a neighborhood of .

Lemma V.4.4. The following claims are fulfilled.

1. Let the function Ly in the objective functional be independent of y. Let u satisfy assumption
(Ag), for some k € {0,1,2}. Then, there exist ay, 7y > 0 such that

J() (0 - @) > Telznacalaggllu — T2 gy (431)
for every u € U with ||y, — Yl (@) < Q-

2. Let the function Ly in the objective functional be affine with respect toy. Let u satisfy assumption
(By) for some k € {1,2}. Then, there exist ay, 5, > 0 such that (4.31) holds for every u €
U with ||’LL - aHLl(O,T)m < Q.

3. Let u satisfy assumption (By). Then, there exist &g,y > 0 such that (4.31) holds for every
u € U with Hu — 'ELHLI(O’T)m < Qp.

Reformulations of Assumption 3 using cones.
We recall that some of the items in Assumption can be formulated equivalently by restricting
the admissible control variations v = w — @ to appropriate cones. This applies to (By) or to (Ag)
depending on whether the objective functional explicitly depends on the control or not.

Obviously any admissible control variation v = u — @, u € U, satisfies the conditions

v e L*0,T)™, wj(t) >0 whenever u;(t) = u,;(t) and v;(t) <0 whenever @;(t) = uy;(t).
(4.32)
Then, for 7 > 0 define

H
D] = {v € LQ(O,T)m‘v satisfies (4.32) and vj(x,t) =0 if ‘g—(x,t)‘ >7,1<j5< m}, (4.33)
Uj
GL := {v € LQ(O,T)m’U satisfies (.32)) and J'(u)(v) < THZ»&W”LI(Q)}, (4.34)
El = {v € L*(0,T)™|v satisfies ([#.32) and J'()(v) < T‘|Zﬂ7v||L2(Q)}, (4.35)
CT = DINGE. (4.36)

The cones D, E] and G, were introduced in [3], [§] as extensions of the usual critical cone. Most
recently, the cone C7 was defined in [4] and also used in [5]. In the ODE control literature, a cone
similar to D7 has been in use for a long time, see [I§].

Theorem V.4.5. 1. Fork € {0,2}, Assumption|V.4.1(By) is equivalent to the following condition
(By): there exist constants ag, Vi, T > 0 such that

J'(@)(u — @) + J"(@)(u — @)* 2 llzau-al Fagllu — @l ryms (4.37)

for allw € U for which (u —u) € Df and |lu — |1 ,mym < ak.
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2. Let the function Ly in the objective functional be independent of y, then Assumption |V.4.1(As2)
is equivalent to the following condition (As): there exist constants ag,v2, 7 > 0 such that

T (@) — ) + J"(@) (- ) > 1l maalag (438)
for all w € U for which (u —u) € CF and ||yu — Yl 1 (q) < a2

The proof goes along the lines of [14, Corollary 14,15].
By Theorem the conditions (4.37) and (4.38]) constitute sufficient conditions for strict weak or
strong local optimality.

Sufficient second-order conditions for (local) optimality based on (4.32))-(4.36]) are given in [6l 4, [§].
For instance, it was proved in [3| [7, 8] that the condition:

30> 0,7 >0 such that J"(@)v? > dl|zal3ag) VoG (4.39)

is sufficient for weak (in the case G = D) or strong (in the case G = ET) local optimality in the
elliptic and parabolic setting. It was proven in [4], that with G = C7 is sufficient for strong
local optimality. To obtain and improve stability results, an additional assumption is usually imposed,
called the structural assumption. Adapted to the problem considered in this paper, it reads

oH
Jdk > 0 such that meas {t €[0,7] : ’/ a—(m,t) dx‘ < 5} <ke Ve>0,j=1,..,m.  (4.40)
Q ou;
It is known that the assumption (4.40) implies that u is of bang-bang type and the existence of a
constant £ > 0 such that the following growth property holds:
J'(@)(u— 1) > &llu— |71 pym Yu€U. (4.41)

For a proof see [1], [16] or [20]. For stability results under these and additional conditions, see
718, 9, 19, 10, 0T, 14].

Remark V.4.6. We compare the items in Assumption to the ones using (4.39) and (4.40)).

1. Assumption |V.4.1(Ag) is implied by the structural assumption (4.40) and possible negative cur-
vature as in [10, [11]. For details see [13, Theorem 6.3].

2. Assumption|V.4.1|(Ay) is implied by the structural assumption (4.40|) together with

J"(@)(u—u)* 2> =8|l zau-al 2@ lu — all L1 01ym
for allw € U and any 6 > 0 sufficiently small. This is clear by LemmalV.Q.a and (4.41)).
8. By item two in Theorem [V.4.5, Assumption|[V.{.1(As) is implied by ([4.39).

V.5 Strong metric subregularity and auxiliary results

In this section we study the strong metric subregularity property (SMSr) of the optimality mapping
(see, [15), Section 31I] or [12] Section 4]), beginning with a precise definition of the latter.
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The optimality mapping

We begin by defining some mappings used to represent the optimality map in a convenient way. This
is done by a sight modification of [I3 Section 2.1] and [I4] Section 4.1]. Given the initial data yo in
(1.2)), we define the set

zxﬁy:{yequIQmLW«m‘Q%+wgyeLmQLy@oy:m}. (5.42)

To shorten notation, we define £ : D(L£) — L"(Q) by L := % +A. Additionally, we define the mapping
L*:D(L*) — L"(Q) by L* = (— % + A*), where

zxﬁ):{peWmﬂnmy%QﬂQ7%+Aﬂpeym»mgﬂ:m}

With the mappings £ and L£*, we recast the semilinear state equation ((1.2)) and the linear adjoint

equation (3.25)) in a short way:
Ey = <u,g> - f(u '7y)7
. OL of _0H
L'p= ayb s Yu, W) pay(,  Yu) = ay(7 s Yu, D ).

The normal cone to the set U at u € L*(0,T)™ is defined in the usual way:

Ny(u) ;:{ {v e L=(0,1)"| foTVév—u)dtSO Yoel} ifuel,

if u g U.

The first order necessary optimality condition for problem (1.1])-(1.3) in Theorem can be recast
as

0 = Ly+f(,»y) —(ug)
0 = ‘C*p - %715() Y, D, U), (543)
0 € Q%—g(aﬁ,-,y,p,u)dijNu(u).

For (5.43)) to make sense, a solution (y, p,u) must satisfy y € D(L), p € D(L*) and u € Y. For a local

solution @ € U of problem (1.1))-(1.3)), by Theorem the triple (ya, pa,u) is a solution of ([5.43]).
We define the sets

YV:=D(L)x D(L*) xU and Z:= L*(Q) x L*(Q) x L>(0,T)™, (5.44)

and consider the set-valued mapping ® : ) — Z given by

y £y+f(8-}{~,y) — (u, 9)
P p = L*p — Ty(’ 5 Y, Dy U) : (545)
u fQ %%(x7ay7p7u)dx+NU(u)

With the abbreviation ¢ := (y,p, u), the system (5.43) can be rewritten as the inclusion 0 € ®(1)).
Therefore, the mapping ® : JV — Z is called the optimality mapping of the optimal control problem
(1.1)-(1.3). Our goal is to study the stability of the system (5.43]), or equivalently, the stability of the
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solutions of the inclusion 0 € ® (7)) under perturbations. For elements £,n € L"(Q) and p € L*>(0,7)™
we consider the perturbed system

§ = _£y+f(7ay)_<g7u>7
n o= —L*p + %71;[('7'7:97]77“)7 (546)
p€ Jo%E(z,,y,p)de + Ny(u),
or equivalently, the inclusion ¢ € ®(v), where ¢ := (£,n,p) € Z.
The next theorem is a consequence of the fact that ([5.46)) represents the Pontryagin maximum

principle for an appropriately perturbed version of problem (|1.1])-(1.3]), for which a solution exists by
the same argument as in the beginning of Section [V.3]

Theorem V.5.1. For any perturbation ¢ := (§,m,p) € L"(Q) x L"(Q) x L>*(0,T)™ there ezists a
triple ¢ := (y,p,u) € Y such that ¢ € ®(¢).

Given a metric space (X, dy), we denote by By(c,«) the closed ball of radius a > 0 centered at

¢ € X. The spaces Y and Z, introduced in (5.44]), are endowed with the metrics

dy (1, ¥2) = [lyr — vall2(@) + lp1 — p2llr2(Q) + llur — w2l 1oy, (5.47)
dz(C1,G2) = 161 — &llz2@) + lm — m2llL2@) + o1 — p2ll Lo (0.7)m

where ¥; = (y;, pi, u;) and ¢; = (&, ni, pi), © € {1,2}. Further on, we denote )= (Ya, Pa, @).

The following extension of the previous theorem can be proved along the lines of [13, Theorem
4.12).

Theorem V.5.2. Let Assumption Ap) hold. For each ¢ > 0 there exists § > 0 such that for
every ¢ € Bz(0;0) there exists ¢ € By(v;¢) satisfying the inclusion ¢ € ®(1).

Strong metric subregularity: main result

This subsection contains one of the main results in this paper: estimates of the difference between the
solutions of the perturbed system and a reference solution of the unperturbed one, , by
the size of the perturbations. This will be done using the notion of strong metric subregularity recalled
in the next paragraphs.

Definition V.5.3. Let ¢ satisfy 0 € CIz(z/;) We say that the optimality mapping ® : Y — Z is strongly
metrically subregularity (SMsR) at (1,0) if there exist positive numbers oy, oo and k such that

dy(@b, d_}) < HdZ(Ca 0)

for all 1 € By(3; 1) and ¢ € Bz(0; ag) satisfying ¢ € ®(z)).

Notice that applying the definition with ¢ = 0 we obtain that 1 is the unique solution of the
inclusion 0 € ®(1) N By(¢; aq). In particular, @ is a strict local minimizer for problem (L.I))-(L.3).

In the next assumption we introduce a restriction on the set of admissible perturbations, call it T,
which is valid for the remaining part of this section.
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Assumption V.5.4. For a fized positive constant Cpe, the admissible perturbation ( = (§,1,p) € I' C
Z satisfy the restriction

1€l (@) < Che- (5.48)

For any v € U and ¢ € " we denote by (yg,pg, u) a solution of the first two equations in ([5.46]).
Using (2.6 in Theorem we obtain the existence of a constant K, such that

ISl 2o (@) < Ky Yu el V¢ eT. (5.49)

Then for every u € U, every admissible disturbance ¢, and the corresponding solution y of the first
equation in (5.46) it holds that (y5(z,t), u(t)) € R := [— Ky, Ky| X [ug, up]™.

Remark V.5.5. We apply the local properties in Assumption to the interval [—Ky, K|, and
denote by C' a constant that majorates the bounds and the Lipschitz constants of f, Lo and Li and
their first and second derivatives with respect to y € [—K,, K,].

By increasing the constant K, if necessary, we may also estimate the adjoint state:

P81 poo (@) < Ky(L+ [Inllzrg) VuelU V¢ eT.

This follows from Theorem [V.2.4| with o = —g—i(m, t, yg) and with %(x,t, yg, u) at the place of w.
The main result of this paper follows.

Theorem V.5.6. Let assumption (Bo) be fulfilled for the reference solution v = (y,p,u) of
0 € ®(zp). Then the mapping ® is strongly metrically subregular at (1,0). More precisely, there exist
O, ki > 0 such that for all ¢ € Y with |[u — ul[z1orym < an and ¢ € T' satisfying ¢ € ®(¢), the
following inequality is satisfied:

@ —ull L0, ym + lya — ngL?(Q) + [|lpa —poLHL?(Q) (5.50)
< ﬁn(lggl il o0,y + €l 2(Q) + HUHL?(Q))- (5.51)

To prove Theorem we need some technical lemmas.
Lemma V.5.7. ([1j, Lemma 18]) Let u € U be given and v € L"(0,T)™, {,n € L"(Q). Consider

solutions Yy, Pu, Zaw and yg,pz, zgyv of the equations
£y+f(7?y) = <gau>> £y+f(77y) = <gvu>+§7
‘C*p - %715() Y Yu, Dy U) = 07 'C* - %71‘7;[(7 '79572?7“) = 1, (552)
[’Oz—l_fy('a’uyu)z = <gav>a £OZ+fy(')'7yg)Z = <97/U>7

Here, Ly is defined as L, but on the domain (5.42)) with yo = 0. Then for every s € [1, ”T*Q) there
exist constants Kg, Ko, Ry > 0, independent of ¢ € I', such that the following inequalities hold

95 — YullL2(0) < C2lléllr2(0)s (5.53)
1250 — Zuwllr2@) < Kalléllor@)llzuwllz2(0), (5.54)
1250 — 2uwllro@) < Kslléllrz)lzunllr2q)s (5.55)
1P = pull2 < Ra(ll€llz2(q) + [Inllz2(@)); (5.56)

where Cy is the constant given in ([2.9)).
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Lemma V.5.8. Let u € U and y,, py be the corresponding state and adjoint state. Further, let yfb
and pg be solutions to the perturbed state and adjoint equation in (5.46)) for the control u.

1. Let the function L1 in the objective functional be independent of y. There exists a constant
C > 0, independent of ¢ € T', such that for all v € L"(0,T)™, the following estimate holds:

0OH
| (Gt = Gl 50,0 dra] < el + Izl iz (550

2. There exists a constant C > 0, independent of ¢ € T, such that for all v € L"(0,T)™, the
following estimate holds:

0H .
|| (Gt = G050, 0) dod] < el + Ilzi@lvlisn- 59)

Proof. We begin with integrating by parts

H L Lo
‘ / xvtayuap’u) - %(x,t,yg,pi),v> dz dt‘ S ) / b(ajvta yu)zu,v - aay (:C t yu) u } dz dt}
L L
[ @@,t,yu),wzw (O ), 0) 25, | +\/ (L1, tya) = Lol t,0),v) dedt]
o\ 9y ’ 0y
+ ‘/ nzgmdxdt‘ =L +DL+ I3+ 14
Q
For the first term, we use the Holder inequality and the mean value theorem to estimate

Ly

_H (o) H ol il 2o

’zuw - zg’v‘ dx dt

2w dodt + / B0 o)
Q

80
y(?’)

||5HL2 ||Zu,v||L2(Q)

where L* is the dual space to L. By the mean value theorem, Assumption |§22|, [.15)), (5.53) and
(5.68), we can infer the existence of a constant By > 0 such that

I < Bil€llze@)llzunll z2(q)- (5.59)

The second term is estimated by using Assumption (2.15)), Holder’s inequality, and ([5.54)):

I < ‘/Q<8ali;1(x,t,yu) — 88[;/ (x,t yu) >zuvdxdt‘ + ‘/ 8L1 (z,t, yu) >[zu,v —zgyv} dxdt‘

“(z,t, y6,)vi I — ¥5ll 22 (@) 2wl 22 (@)

s <88Lyl (z,£,95), >) @

< Ky max

L>(Q)
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By the mean value theorem, Assumption [V.2.2] (2.15)), (5.53) and (5.68]), we can infer the existence
of a constant By > 0 such that

Iy < Ba|€l[ 2 () llzuwllL2()- (5.60)
Applying the mean value theorem m times, we obtain for the third term
b | [ @it - e ty), o) do]
Q
0

< max H

9 (2, t, yp,
1<jem || By (@, yo,)

— 51 7 oo m
el — =0zl

and infer by Assumption[V.2.2] ([2.15)), (5.68)) and (5.53)), the existence of a constant Bz > 0 with

I3 < Bsll€ll 2@ llvll 0,7y
For the last term, we estimate by Assumption |[V.2.2} (5.68)), (2.15)), (5.54) and (5.53))

In < lnllz2 (@) (lzuwllz2@) + 120 = 2uwllz2i@) < (1 + K2Cpe) 1l 2@y |20l 2@

and define By := 1 + K2C). If the function L; in the objective functional is independent of y, the
term I3 does not appear and the first estimate (5.57)) holds for C' := 4maxj<;<4 B;. For the other

case, (p.58)), we use that by Theorem and Lemma it holds

of
luellzz) < 20 (|50 (O] o T) s sl ezl oy

and define C' in a similar way. O

Proof of Theorem . We select o < &g according to Lemma Let ¢ = (§,m,p) € Z and
= (yg,pi,u) with [[u —l[z1oym < a be such that ¢ € ®(1), i.e.

£ = Lya+f(um) —u
n = L*pg - %721(’ 'aygap1€7u)7
poe Jo B, yhph) dz + Ny(u).
Let v, and p, denote the solutions to the unperturbed problem with respect to u, i.e.

. oH
<U,g> = Eyu + f(v ’yu) and 0 = L Pu — ?y('?'?yuvpuvu)'

By Lemma [V.5.7] there exists Cy, Ry > 0 independent of ¢ and ¢ such that
155 = vullz2@) + 165 = pullzz) < (Co+ Ro) €2y + 2@ )- (5.61)

By the definition of the normal cone, p € fQ %—5(:1;, ° yg,pg) dz + Ny(u) is equivalent to

H
02/Q<P—%u(x,t,ygmg),w—u>dxdt Yw € U.
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We conclude for w = 1,

OH _ OH OH _
OZ/Q<au<xvtayu7pu)au_u> dwdt+4<p+%(x7t7yuvpu)_&L(xataygapg)7u_u>dmdt

> J'(u)(u —a) — lg}égfn 151l Los 0,7y 1 =l L1 (0, 7)m

- ‘/Q<aalj(x,t7yu’pu)—?j($,t,yg,pg),u—u>dIdt‘.

By Lem we have an estimate on the third term. Since ||u — 4|/ z1(9,rym < a, We estimate by
Lemma [V.4.4] and Lemma [.5.§
12 _ _
Ju— UHLl(o,T)m’YO < J'(u)(u — )

< O(llélx@ + Il 2@ ) o = allagorym + mas llpsllom o) 18— ull oo,y

and consequently for an adapted constant, denoted in the same way

& —ullzomym < O max lojllimor) + €l 2@ + Iz )

To estimate the states, by Lemma we use the estimate for the controls and obtain

af , _
lya = yullzz@) = 2explig (5 9O @T) max lg;lla @ = vl omy (5.62)

Thus, for a constant again denoted by C

Iy = vullzz@) < O max lojlli=cor) + €l 20y + Inll 2@ )

Next, we realize that by Lemma and
lya — ¥sllz20) < llva — vullzz@) + llvu — ¥5lr2q)
< max{C, Co} ( max [lpsllo=oar) + €l 2y + i)
Using [|pa — pullz2(@) < C2llya — yullL2(@) and (5-56), the same estimate holds for the adjoint state
lpa — Pellr2@) < llpa — pulli2(@) + IPu — Pillr2(o)
< (Comax{C.Co} + Ro) ( max llpslli=oim) + €12 + Il 2())-

subsequently we define x := Cy max{é’ ,C2} + Rs. O

To obtain results under Assumption [V.4.1for k € {1,2}, we need additional restrictions. We either
don’t allow perturbations p (appearing in the inclusion in ([5.46))) or they need to satisfy

p = po (5.63)

where p = [ gde € R™ and 0 € W'2(0,T) with o(T') = 0.
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Theorem V.5.9. Let some of the assumptions (A1), (B1) and (Az),(B2) be fulfilled for the reference

solution 1) = (y,p,u) of 0 € ®(xp). Further, for (A1), (As) let the function Ly in the objective functional

be independent of y. For (By),(B2) let Ly be affine with respect to y. In addition, the set I of feasible

perturbations is restricted to such ¢ € I' for which the component p is either zero or satisfies . The

numbers oy, kn and € are as in Theorem . Then the following statements hold for n € {1,2,3}:
1. Under Assumption|[V.4.1] cases (A1) and (By), the estimation

do
|2 —ullprorym + llya — HL2(Q) + [|pa —P1€HL2(Q) < KN<”E”L2(O,T) + 1€l 2y + HUHL2(Q)>7

hold for all w € U with ||y, — Y|l (@) < an, in the case of (A1), or |u — g1 rym < an in the case
(B1), and for all ¢ € T satisfying ¢ € ®().
2. Under Assumption cases (Ag) and (Bsg), the estimation

1y — vz, HL2 o) *+ 1P - Pu||L2(Q < ’in(H 20,1y + 1€l 2(0) + ||77||L2(Q))
hold for all w € U with ||yy — Y|l (q) < an, in the case of (As), or [|u—al|p1orym < an in the case

(Bz), and for all ¢ € T' satisfying ¢ € ®(1).

Proof. If the perturbation p € L?(0,T, H ()) satisfies (5.63)), it holds

/0T<P,u—a>dt:V/OT<J,u—a>dt:/0T/Qg<g,u_a>dxdt

T
= / / (£2ﬂ7u_ﬂ -+ fy(', t, yﬂ)z»ﬁ’u_ﬂ)a— dx dt

/ / + fy t, yﬂ)U)Zra’u_ﬁ dx dt.

T 3 do
[ o= dt\ < K(H*HLQ(O,T) + 1y sty @ ol z20m) sl 2o

do
L I z2(0,7)) |za,u—all L2 ()

Thus we can estimate

(II ||L2 o) T Collfy(@, 8 ya)llL=(q

Under Assumptions (A1), (Bj), we can proceed as in the proof of Theorem using Lemma
and (5.57) in Lemma to infer the existence of constants oy, > 0 such that

I8~ wll oz < (15 iz + Iellzzc) + Iz )

for all u € U with |lyu — §llp=(@) < a1 or [[u — l[p1)m < a1 depending on the assumption. By
standard estimates, using (2.17)), there exists a constant E > 0, such that

lva — YullL2@) + lIPa — Pull2@) < Ellva — yulr2(@) < 2Bl 2uu—allL2()

do
<2 B(I1 2o + €l 2@) + Inll 2@ )
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for all u € U with [|yy — ¥l p~(@) < a1 or [|u — /11 rym < 1 depending on the assumption. From
here on, we can proceed as in the proof of Theorem [V.5.6|and redefine the constant 1 > 0 accordingly.

Finally, by similar reasoning, under Assumption (Asg), (B2) with Lemma and Lemma|V.5.8] one
obtains the existence of a constant xo > 0 such that

do
lva — yullL2(@) + IPa — Pullz2(@) < H2<||EHL2(O,T) + 1€l z2(q) + HUHL2(Q)>,

for all u € U with [[yy — Jlre(Q) < a2 or |lu — a1 rym < az. Again, proceeding as in Theorem
[V:5.6] and increasing the constant xs if needed, proves the claim. O

Remark V.5.10. Theorems[V.5.6 and [V.5.9 concern perturbations which are functions of x and t
only. On the other hand, [12, Theorem | suggests that SMSr implies a similar stability property under
classes of perturbations that depend (in a non-linear way) on the state and control. We refer to [14),
Section 5] for a detailed discussion on this. By straightforward adaptations, the results therein hold
also for the problem considered in this paper.

Appendix
A proof of the following lemma can be found in [2, Lemma 3.5] or [6], Lemma 3.5].

Lemma V.5.11. Let X = L>®(Q) or L*(Q). Given u € U with associated state i, there exists a
constant Bx > 0 such that the following estimate holds

lYatou—a) — ¥llx < Bxllyu —9llx VO €0,1] and VuelU. (5.64)

We prove the analogous statement for the adjoint state. For an elliptic state equation, a proof is
given in [2, Lemma 3.7].

Lemma V.5.12. Let X = L*(Q) or L?(Q). Given @ € U with associated state §j and adjoint-state

P, then there exists a constant Bx > 0 such that

~ 1
IPasotu—a — Pllx < B (v — 7l + = a1 g ) (5.65)

for all @ € [0,1] and w € U. If the function Ly in the objective functional is independent of y, then

there exists a constant Bx > 0 such that
1Paso(u—a) — Pllx < Bxllyu — 7l x, (5.66)

for all 0 € [0,1] and u € U.

Proof. Let us prove (5.65)). Given u € U and 6 € [0, 1], let us denote ug = 4+ 60(u — @), Yo = Yu,, and
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Do = Pu,- Subtracting the equations satisfied by py and p we get with the mean value theorem

d T PR ) oL,
— e —p)+ A'(p —p) + @(w,t,y)(pe -p) = ny(w,t,ye,w) By (z,t,9,u)
of . of
+ [@(xatay) - ?y(x7tay9):|p9
_ 0Ly 0Lg _ 0Ly 0Ly _
= 5 oty) = ) + (Tt g) = G (t9), o)
0Ly i af . of
+< 3y (1’ 3 y) UQ—'LL>+ [@(watay)_%(xatayG)]pﬁ
_ L _
52 (@t ya,) (o — @) + Z (@, T, y9;)ujo(yo — J)
Y 1<j<m
0Ly N\, O*f _
(G ot ) e = B) + 55 (60, )T~ o),

where yy, = y + Vi(yp — y) for some measurable functions ¥; : Q — [0,1], i = 0,...,m + 1. Now, we
can apply Theorem and Remark to conclude from the above equation the existence of a
constant C'x > 0 such that

r—1 o1
Ipe — Pllix < Cx(llye — ¥llx + llu— llr(@)) < Cx (Bxllyu — ¥llx + [21(2Me) = |lu = |71 (g 7ym)-

Defining By := Cx(Bx + \Q|(2Mu)%), with By being the constant from Lemma , concludes
the proof of the first claim. The second claim follows by the same argument and the fact that the
right-hand side of the equation satisfied by pg — p does not depend on Lj. Il

Below we shall use the next lemma, the proof of which can be found for linear elliptic equations
in |2, Lemma 2.3] and for parabolic equations in [14].

Lemma V.5.13. Let u € L"(Q) and 0 < o € L>®(Q). Let y, be the unique solution of (2.5) and let
Py be a solution of the problem

—%+A*p+ap:u in Q, (5.67)
p=0onX, p(-,T)=0 on Q. '

Then, for any s, € [1, nT“) there exists a constant Cg > 0 independent of u and a such that

max{||yull sn (@), [PullLon (@)} < Cs llullpr(g)- (5.68)

Here s!, denotes the Holder conjugate of sy, .

Proof of Lemma[V.4.3 The second variation of the objective functional is given by Theorem [V.3.2
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Let us denote ug, yp, and @y as in the proof of Lemma From (3.22]) we obtain that

7" (@ + O(u — @) — J" (@)} (u — @)?|
82[/ 0L N P
< / ‘ W(:Uat)ye)ue) - 872]2(3:7157 Y, U):| Rugu—1u

_ O*f
dz dt + ’(«p )8 5 (2,1, Yo)Zay uq| dz dt
Q

dx dt

/‘90 5 (2,1, y) — 22‘2(:315%)} Zugu—a

dx dt

8 f 2 2
/‘821"75,1; soay (fﬁf?/)}(ug,u—a_ﬁ a)
+2/ ‘ %({L’,t, y@) - %Ll(x7t7y)7zu8,u_u(u_u)>‘dxdt
Yy

+ 2/ ‘ (x,t,9), (Zugu—a — Zau—a) (U — U)>’ dz dt
—h+b+k+h+k+k

The first term, I7, can be estimated as
82L0 %Ly _
L < / ’ x 2 y@) ayg ($,t,y)] Rug,u—i

Al 82“ (ot~ S i) ) + (G o= )]

=11+ -71,2 + 11 3.

dx dt

— | dxdt

For the first two terms, we deduce from Assumption[V.2.2] Remark [V.2.7 Remark|[V.5.5] (5.64)), ([2.17)

and (2.18]), that for every p;; > 0 there exists £1,; > 0 such that

I < prillzau-allizg) i 19u = Flloe) <e14 i=1,2.

For I; 3 we estimate under Assumption Remark Remark |V.5.5|, (5.64), @.14), 2.17),

(2.18), that for [y — ¥llo(q) sufficiently small

LG et =)t

< Nlzugu—allZo (0,722 110 — @l L1 0,y jMpax H

—| dx dt

-

1 of _ _
< [me exp(l|, -,y>um(@>>ny — tull (@ 1t = @21 g 7y

2(a,1,9)|

max H9j||Lo<>() max

i=lm 1,...m H ay L°°(Q)]

We can therefore infer, that for every p; 3 > 0 there exists €13 > 0 such that
L < pillu—aliorym i lye = dloe@) <e1s-
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For the term I, we first consider the general case. Using Assumption Remark Remark

V5.5 (5.64), (5.65), (2.17) and (2.18]), we find for any ps > 0 a g2 > 0 such that

1
I < JCBC,(2My) ) Ju - u||,;1(0,T)muzﬂ,ufaniwSmnz@,ufauim it Jlu =l ym < 22

In the case that aLl = 0, we deduce from Assumption Remark Remark , (15.64]),
t at

-, and 2.18]), that for every pa > 0 there exists €2 > 0 such

I < ,Oj‘|zﬁ,u—ﬁ”%2(Q) it lyu — gHLO"(Q) < &2

For the term I3 we deduce from Assumption Remark Remark|[V.5.5] (5.64), (5.65)), (2.17)

and ([2.18)), that for every ps > 0 there exists €3 > 0 such that

Iy < psllzau-aliag) i Ilyu = Flle(q) < e
For I, we define ¢ := 24 y—a — Zuy,u—a- ¥ solves the equation

dip of _[9f of
E+Aw+ ( 7tuyﬂ)¢_ |:87y(x7t7yu9)_87y

0% f
(xv tv yﬂ)] Zug,u—ﬁ - 87y2(x7 ta Z/ﬂ)(yﬁ - yu.g)zug,u—ﬁa

where we used the mean value theorem to infer the existence of a function ¥ such that the above holds.
We apply (2.9)) to 1) and estimate

L< ng?(w,t,y) - «ﬁg?;(:v,t,@)H

3M> _
< 5 llye — 7l @ llzau-allZ2 (o)

Q) | 2ug,u—a + 2au—allL2(Q) | 2upu—a — 2zau—allL2(Q)

Then by Assumption Remark Remark [V.5.5] (5.64)), (2.17) and (2.18)), for every ps > 0
there exists €4 > 0 such that

L < pallzaw-alZz) i lye = Fll(q) < es. (5.69)

The term I5, can be estimate similar as I; 3, therefore under under Assumption Remark
Remark [V.5.5 (5.64)), (2.14)), (2.17)), (2.18), for every ps > 0 there exists 5 > 0 such that

Is < psllu = allzuorym i llygu = Fll=(o) <es.

To estimate I, we select s as in Lemma and apply (5.68) to ¢ and estimate for ||y, — ¥l r= (@)
sufficiently small

o<1 oL 17] = al|?
Is < 2Mu m,a),{m H A HLOO(Q)Hfu - U“Ll O,T)mHZug,u—ﬁ - Zﬂv“_ﬂ”LS(Q)
s'—1 2f
< [2Mus 15,2 @ tuo)l=) P%aXmH By g('))HLw@)

1
Mw —=all 2y pym llyue — gHLQ(Q)||zﬂ9,ufﬂ||L2(Q)} :
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Thus, depending on the chosen estimation, under Assumption Remark Remark
(5.64)), (2.17) and (2.18]), for every pg > 0 there exists eg > 0 such that

Is < p6“zﬂ,u—ﬁ”%2(Q) if flu—ullpiorm < e

We remark that by (2.10)),

67'

lu —al| 1 o,7ym < f =1
(CrlQf (gl Lo @ym 1ua = bl 130 (g ym )"

implies ||yu — ¥l = (q) < €

If the function Lp in the objective functional is independent of y, the problematic parts in the terms
1,15, I5 and Ig are absent. Further, if the function L, is affine with respect to y, the problematic
parts in the terms I, I, I5 and Ig are either absent or can be estimated under the condition that
|lu — |1 o,rym is sufficiently small. If this is not the case, we only obtain item [l of the Lemma

Depending on the terms in the objective functional, by taking p; so small that I; < & for every

i €{l,..,6} and setting £ = minj<,;<¢ &;, we complete the proof. O
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