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Impact Analysis for the Planning of Targeted
Non-Slippage Impacts of Robot Manipulators

Annika Kirner and Christian Ott , Fellow, IEEE

Abstract—Some impact tasks for robot manipulators, like
stamping, demand that the end-effector does not slip off the target
at the contact transition. We refer to this class of impacts as targeted
non-slippage impacts and provide solutions to perform them. We
present a model-based analysis and provide impact configurations
and corresponding sets of joint space approach directions, under
which the targeted non-slippage impact can be obtained. We show
that the task space approach direction corresponding to a target
configuration is unique and refer to it as the non-slippage impact
direction (NSID). By means of an exemplary system, we demon-
strate the target dependence of the NSID. The analysis presented in
this work can be utilized for the planning of targeted non-slippage
impact applications. We address two aspects in more detail. First,
we discuss an NSID based choice of the impact target. Moreover, we
introduce non-slippage impact paths (NSIPs) as possible approach
paths of a target, which directly deduce from the proposed theory.
The theoretic results are validated in experiments with a torque
controlled robot.

Index Terms—Dynamics, contact modeling, impact-aware
planning and control.

I. INTRODUCTION

TRADITIONALLY, robot manipulation tasks involving
contact transitions have mostly been performed at van-

ishing contact velocities. There are two main reasons. First,
the impact introduces a fast change in the system velocities
which yields challenges for the control [1]. Second, conventional
robotic hardware may be damaged by the large impulsive forces
acting at the impact [2]. However, incorporating intentional im-
pacts at non-zero velocities can significantly improve the perfor-
mance of manipulation tasks. Moreover, some applications, like
hammering or stamping, explicitly require the occurrence of an
impact. With elastic robots, furthermore, robust hardware is now
available to perform such tasks [3]. Consequently, the field of
impact-aware robotics has recently gained increasing attention.
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Fig. 1. Classification of robotic impact scenarios based on the post-impact
task velocities. In the left case, the end-effector slips off the task space target
defined by its Cartesian coordinate x after the impact. In the right case, the task
coordinate is kept constant (targeted non-slippage impact).

Works include modeling of the impact event, e.g. [4], [5], [6],
[7], detecting them [8], planning, e.g. [9], [10] or impact-aware
control, e.g. [11], [12].

By means of the tangential relative velocity of two colliding
bodies during and after the impact, two modes can be distin-
guished. Depending on the pre-impact state of the bodies, their
inertial and elastic properties, and the friction coefficient, they
will either remain at zero relative tangential velocity, i.e. stick,
or they will slide, as has been analyzed in detail for rigid bodies
e.g. in [13] in two dimensions and in [14] and [15] for the
three dimensional case. Also, in impact experiments with robot
manipulators, sliding behavior of the end-effector was observed
after the impact [4], [7].

Several impact tasks require the end-effector to remain at the
target after the impact. If sliding is avoided, damage of the work
piece can be prevented (e.g. a stamping tool should not slide
along the surface after the stamping) and a force can be exerted
on the target as soon as contact is established. Thus, in this work,
we address, what we refer to as targeted non-slippage impacts.
A contact transition shall be performed with the end-effector
of a robot manipulator at a pre-defined task space target and
at non-vanishing pre-impact velocity, such that the end-effector
keeps the task coordinate after the impact (cf. Fig. 1).

We suggest to not handle the slippage by a feedback controller
only, as impact effects are ideally instantaneous by definition.
Instead, we propose to use an impact model to plan the approach
direction to an appropriately chosen target, such that post-impact
velocities can be avoided. For this work, we assume fully in-
elastic and frictionless impacts. We thus aim at obtaining the
non-slippage behavior solely based on inertial and kinematic
properties without relying on contact or joint friction. However,
the results are applicable for frictional contacts as well.
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The main contribution of this letter is a model-based solution
of the targeted non-slippage impact problem. We
� derive the non-slippage impact direction (NSID) associ-

ated with a given target configuration, under which it can
be impacted without slippage, and

� analyze the target dependence of the NSID for an exem-
plary system.

Further, we address two possible applications of the theoret-
ical results to the planning of impact tasks:
� a choice of targets based on the NSID, and
� approach paths, which are directly deduced from the

theory.
Our work is complementary to [11]. There, the impact in-

variant subspace was introduced to be the space of approach
velocities which remain unaffected by the impact. The space
was utilized to formulate a controller, which is less sensitive
towards uncertainties, such as the timing of the impact [11]. In
our work, the impact shall be exploited to stop task velocities.
Thus, we systematically choose approach velocities, which are
affected by the impact, in the following.

This letter is structured as follows. The targeted non-slippage
impact is defined in Section II. Non-slippage impact approach
directions for a given target are derived in Section III. Section IV
analyses the target dependence of the approach directions in task
space for a planar example. Section V discusses consequences
of the presented results for the planning. The theoretic results
are validated experimentally in Sections VI and VII concludes
this work.

II. FUNDAMENTALS AND PRELIMINARIES

A. Constrained Robot Dynamics and Impact Model

Consider the robot dynamics in the form

M(q)q̈+ h(q, q̇) = τ + τ contact. (1)

Therein, the vectors of then joint positions, velocities and accel-
erations are denoted by q, q̇, q̈ ∈ Rn, respectively. The positive
definite, symmetric inertia matrix is denoted by M(q) ∈ Rn×n.
The Coriolis- and centrifugal terms and the gravity torques are
contained in h(q, q̇) ∈ Rn. The joint torques are denoted by
τ ∈ Rn. The external torques τ contact result from contact forces
with the environment.

The Cartesian task coordinate x ∈ Rm, withm ≤ n, is given
by the forward kinematics function x = f(q). The task ve-
locity ẋ = ∂f(q)

∂q q̇ = J(q)q̇ is computed via the task Jacobian
J(q) ∈ Rm×n. In this work, the end-effector is assumed to be
subject to one holonomic inequality constraintϕ(x) ≥ 0, where
ϕ = 0 specifies the contact surface. Thus,

φ(q) := (ϕ ◦ f)(q) ≥ 0, (2)

can be introduced as the joint space constraint, where ◦ refers
to the function composition operator. The constraint Jacobian
A(q) ∈ R1×n is given by A(q) = ∂φ(q)

∂q .
The transition from free motion (i.e. φ(q) > 0 and thus

τ contact = 0) to a constrained phase (i.e. φ(q) = 0 = const. and
τ contact = A(q)Tλ �= 0, where λ > 0 is the contact force) is

considered to be an impact. It is assumed that the joint velocities
jump from the finite pre-impact value q̇− to a finite post-impact
value q̇+, whileq is not affected by the impact [2]. By integration
of the dynamics (1) over the infinitesimal duration Δt→ 0 of
the impact, one obtains the impact equation [2], [16]

M(q)(q̇+ − q̇−) = AT (q)Λ, (3)

where Λ ∈ R is an impulsive force.
In this work, the impact is assumed to be fully inelastic, which

implies that all velocities normal to the constraint in Euclidean
space vanish after the impact, i.e. A(q)q̇+ = 0. Furthermore,
we assume a frictionless impact. The post-impact joint velocity
can then be derived (cf., e.g. [4]) from (3) as

q̇+ = (I−M−1AT (AM−1AT )−1A)︸ ︷︷ ︸
:=P(q)

q̇−, (4)

where P(q) can be identified to be a dynamically consistent
projector, which maps the pre-impact joint velocity q̇− to the
null space of the constraint Jacobian A(q).

Despite its idealized inelastic impulse, this model has been
commonly applied in robotics [11], [12]. Recently, several works
have addressed experimental evaluations and adjustments of
the model to account for elasticity introduced by serial elastic
actuators with high joint stiffness [4], [5], [6], [7]. Predictions
of the model have been reported to be less precise than pre-
dictions considering the robot as one composite rigid body for
kinematically controlled robots [6], [7]. However, the model (4)
can satisfactorily predict the post-impact response of torque
controlled robots [4], especially if a contribution of the apparent
motor inertia is added upon the inertia matrix M(q) [5]. Given
the results [4], [5], we expect that a solution to the targeted
non-slippage impact problem based on the model (4) can be
applied to common torque controlled robots.

B. Targeted Non-Slippage Impacts

Let x∗ be a target on the constraint surface, i.e. it holds
ϕ(x∗) = 0. We define a targeted non-slippage impact to be an
impact performed at x∗ at a non-vanishing pre-impact contact
velocity φ̇(q∗, q̇

−), such that any post-impact task velocities
ẋ+ vanish. For this work, we utilize the dynamics and impact
model defined in Section II-A. Thus, we focus on the worst-case
scenario of a perfectly frictionless contact and aim at preventing
slippage through the kinematic and inertial properties of the
robot. The configuration q∗ at the impact and the non-zero
pre-impact joint velocity q̇− then need to satisfy

ẋ+ = J(q∗)q̇
+ = J(q∗)P(q∗)q̇

−=0, (5a)

x∗ = f(q∗), (5b)

φ̇(q∗, q̇
−) = A(q∗)q̇

− < 0. (5c)

Here, (5c) ensures that the target is approached from the ad-
missible side. In the following, we use the term “slippage” for
both translational and rotational post-impact movements of the
end-effector with respect to the target.
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III. NON-SLIPPAGE IMPACT APPROACH VELOCITIES

In this section, (5) is solved for a given, fixed target configu-
ration q∗ satisfying (5b).

A. Preventing Post-Impact Joint Velocities: The
Stop-on-Impact Direction

First, the special case of vanishing joint velocities is treated. It
is straightforward that a pre-impact joint velocity q̇− = q̇∗ �= 0
that fulfills q̇+ = P(q∗)q̇∗=0, also fulfills (5a). Every solution
q̇∗ of this sub-problem can be expressed as

q̇∗ = νM−1(q∗)A
T (q∗), (6)

with a scaling factor ν < 0.1 The velocity q̇∗ will be referred
to as the stop-on-impact (approach) direction in the following,
where the term direction is due to the fact that q̇∗ can be scaled
arbitrarily with ν < 0. The stop-on-impact direction is co-linear
to the one-dimensional2 null space of P(q∗). It describes the
unique direction along which velocity jumps occur [11] and
is considered to be the normal direction of the constraint with
respect to the kinetic metric [16].

It is notable that the desired value of the impulsive force Λ
can be directly set by the choice of the scale ν. As q̇+ = 0
holds, plugging q̇− = q̇∗ in (3) yields ν = −Λ. With the
condition ν < 0, (6) thus defines an approach velocity that
yields a positive impulsive force upon the impact. Hence,
the constraint is approached from the admissible side, which
can also be verified from plugging (6) in (5c): the inequality
φ̇− = νA(q∗)M

−1(q∗)A
T (q∗) < 0 is fulfilled for ν < 0.

B. Preventing Post-Impact Task Velocities

The stop-on-impact approach direction q̇∗ complements a
given, fixed q∗ to one particular solution of (5). For a redundant
robot manipulator with n > m, further approach directions for
the same q∗ exist.

Theorem 1: Given a configuration q∗ which fulfills (5b), any
corresponding pre-impact joint space velocity q̇− = q̇x of the
form

q̇x := q̇∗ + q̇n, (7)

yields a non-slippage impact at x∗, i.e. it fulfills (5). Therein,
q̇n ∈ Rn is an arbitrary vector in the (n−m)-dimensional null
space of the task Jacobian: q̇n ∈ ker(J(q∗)).

Proof: As the constraint has been imposed on the end-effector
coordinate, it holds: range(A(q)) ⊆ range(J(q)). Thus, every
q̇n ∈ ker(J(q)) is also in the range of the projector given by
range(P(q)) = (range(AT (q)))⊥. Consequently,

ẋ+ = J(q∗)q̇
+ = J(q∗)P(q∗)q̇x = J(q∗)q̇n = 0 (8)

holds and (5a) is fulfilled. For (5c) it can be shown that
φ̇− = νA(q∗)M

−1(q∗)A
T (q∗) < 0 holds, which concludes

the proof. �
From (8) it becomes evident that the non-slippage behavior

is obtained despite a remaining joint velocity q̇+ = qn. This

1Note that P(q∗)q̇∗ = 0 holds by definition of P(q∗) in (4).
2Remember that only one inequality constraint is considered.

Fig. 2. Planar system with three serial joints based on the “Franka Research
3” robot placed in front of a horizontal table of height h.

results from the null space velocity q̇n added to q̇∗ in (7), which
is retained over the impact. It can be shown that any joint space
approach velocity q̇− fulfilling (5) can be obtained from (7).

In order to plan the impact, the task space approach direction
corresponding to q̇x is of special interest. It can be shown to be

ẋ∗ = J(q∗)q̇x = J(q∗)q̇∗ = νJ(q∗)M
−1(q∗)A

T (q∗), (9)

where we define ẋ∗ as the non-slippage impact direction (NSID)
associated with q∗. It is thus the unique task space approach
direction yielding a non-slippage impact for a given q∗ and
cannot be modified by a null space movement q̇n. It is notable
that the NSID depends on q∗. Thus, in general, it is possible to
modify it by reconfigurations in the null space, or by shifting the
task space target.

C. Extension to Frictional Impacts

The presented approach directions yielding a non-slippage
impact at the target q∗ have been derived for a frictionless con-
tact. The corresponding impulsive contact force is perpendicular
to the contact surface. Intuitively, it can be understood that
contact friction is beneficial for the non-slippage task. Thus,
it seems plausible that the results of this work can be applied
directly to perform targeted non-slippage impacts of frictional
surfaces.

IV. TASK SPACE IMPACT ANALYSIS

In this section, we focus on the NSID from (9) and analyze
how it can be modified by reconfiguring the robot in the feasible
configuration space for an exemplary system.

A. Planar System With Three Degrees of Freedom

To keep the results of the analysis condensed, the planar, non-
redundant system, depicted in Fig. 2 is addressed as an example.3

It corresponds to the “Franka Research 3” robot, however, only
the second, fourth and sixth joints are included in this planar case
study. Their joint positions are stacked in the vectorq ∈ R3.The
remaining joints of the original robot are assumed to be rigid and
in their zero configuration. The official kinematic parameters
of the robot are taken from [17]. An impact tool is mounted

3The analysis can be performed with systems featuring more degrees of
freedom or a three-dimensional task space accordingly. In case of redundancy,
the null space parameters need to be varied, besides the task space target, to
analyze their effects on the NSID.



KIRNER AND OTT: IMPACT ANALYSIS FOR THE PLANNING OF TARGETED NON-SLIPPAGE IMPACTS OF ROBOT MANIPULATORS 2753

at the end-effector flange, yielding an offset of the tool center
point (TCP) of 0.0825 m (cf. Fig. 2). The mass of the tool is
assumed to be negligible. For the dynamic parameters of the
robot, the estimates determined in [18] are utilized. However,
the apparent reflected motor inertia is added to the inertia matrix
M̃(q) obtaining the total inertia matrix M(q) = M̃(q) +B
with B = diag([0.6 0.45 0.2]) [5].4

The task coordinate x = [x z ψ]T ∈ R3 contains both the
position and the orientation ψ of the end-effector, as defined
in Fig. 2. A table of height h ∈ R with a surface normal in
z-direction acts as an inequality constraint on the end-effector
and enforces that it remains above the surface of the table. It
holds φ(q) = z − h = [0 1 0]f(q)− h.

In the following, it is assumed that the robot is always in an
“elbow up” configuration. Thus, given x∗, the solution q∗ of
(5b) is unique out of kinematic singularities. Consequently, we
can focus on x∗ and analyze the effects on the NSID in place of
q∗ in the following. Approaches under the NSID always yield
q̇+ = 0 for this non-redundant example.

B. Effects of Varying the Task Space Target on the NSID

In the following, every component of the target x∗ = [x∗
z∗ ψ∗]T , where z∗ = h holds, is varied and the effects
on the NSID are analyzed. For comparison, the NSIDs
are evaluated at a constant pre-impact kinetic energy
of T− = 1

2 q̇
T
∗ M(q∗)q̇∗ = 0.2 J, which provides the target-

dependent scale ν = (2T−(A(q∗)M(q∗)−1A(q∗)T )−1)
1
2 .

The NSID of the considered system can be split into the
rotational part ψ̇∗ and the translational part [ẋ∗ ż∗]T .

1) Rotational Component of the NSID: The distribution of
the rotational component of the NSID over the relevant task
space is depicted in Fig. 3.5

Fig. 3(a) shows the variation of ψ̇∗ with ψ∗ at various values
for x∗ and at constant z∗ = 0.0 m, whereas x∗ = 0.4 m is kept
constant for the results in Fig. 3(b). There z∗ is varied. Note
that ψ̇∗ is considerably affected by ψ∗ for every target position.
Adjusting the target position at a constant value of ψ∗ shows
comparably smaller effects.

2) Translational Component of the NSID: Fig. 4 depicts the
translational approach angle α∗ defined by tan(α∗) = − ẋ∗

ż∗
which describes the translational part of the NSID. Again, the
effects of ψ∗ on α∗ are considered at various x∗ in Fig. 4(a),
while z∗ is varied in Fig. 4(b). Graphical representations of
the translational approach directions for varying x∗, z∗, and ψ∗
are provided in Fig. 4(c)–(e), respectively. We notice that α∗ is
clearly affected by ψ∗ for every considered target position. As
compared to the rotational component, the effects of varying the
position at a constant ψ∗ are stronger.

3) Summary: We summarize the following properties for the
given system: The NSID can be modified by every component
of the target x∗. However, effects of the target position predom-
inantly appear towards the boundaries of the considered task

4The additional contribution B also improves the conditioning of M(q∗),
which is beneficial for the inversion required for (6).

5Only feasible configurations which do not violate joint space boundaries are
included in every following plot.

Fig. 3. Rotational component ψ̇∗ of the NSID for varying
x∗ = [x∗ z∗ ψ∗]T : (a) variation over ψ∗ and x∗ and (b) variation over
ψ∗ and z∗.

space and for the translational part of the NSID. In contrast,
the NSID clearly varies with the target orientation ψ∗ for every
considered target position.

Of course, the effects of each component of the target x∗
or q∗ on the NSID strongly depend on the considered robotic
system and the definition of the task coordinate. The analysis,
exemplified for the three pitch axes of the Franka Emika robot
in this section, can identify relevant components, which can be
useful for the planning of impact tasks.

V. CONSEQUENCES FOR THE PLANNING OF TARGETED

NON-SLIPPAGE IMPACT TASKS

The analysis presented in the previous sections allows a multi-
tude of applications and provides a basis to plan specific targeted
non-slippage impact tasks for robot manipulators. In this section,
we focus on two important aspects: an NSID based choice of the
target in Section V-A and a class of possible approach paths in
Section V-B. A more comprehensive application of the presented
theory to targeted non-slippage impact problems is subject to
future work.

A. NSID Dependent Choice of the Target

In this section, again the planar system from Section IV
is considered. We address an NSID based choice of a target
location x∗, i.e. we discuss solutions of (9) for x∗ = f(q∗),
where the desired NSID is, at least partially, given by the task.6

In order to remain in a reasonable part of the task space, the
bounds 0.3 m ≤ x∗ ≤ 0.5 m and −0.2 m ≤ z∗ ≤ 0.4 m for the
target position are defined and it is assumed that small |ψ∗| are
desired. Two common cases are discussed: a vertical approach to
the surface of the table and an approach at constant end-effector
orientation.

1) Vertical Approach: Assume a hammering task shall be
performed. The nail can be placed arbitrarily on the surface
of the table of adjustable height. To not bend the nail, it shall

6Note that it has been assumed that x∗ uniquely maps to q∗ for the planar
system. Thus, we express the NSID ẋ∗(x∗) as well as its components α∗(x∗)
and ψ̇∗(x∗) directly as functions of x∗ in the following.
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Fig. 4. Translational component of the NSID expressed via the translational approach angle α∗ for varying components of x∗ = [x∗ z∗ ψ∗]T .

Fig. 5. Targets x∗ yielding an NSID such that the table surface can be
approached vertically (a). The exemplary choice x∗,1 in (c) minimizes ψ∗,⊥,
whereas x∗,2 minimizes |ψ̇∗| from (b).

be impacted vertically, i.e. in z-direction. Moreover, the end-
effector shall not slip off the nail after the impact. To achieve
these goals, a targetx∗ needs to be chosen yielding an NSID with
α∗(x∗) = 0.0 ◦. The rotational component ψ̇∗(x∗) is not pre-
defined. Still, we assume that a small absolute value of ψ̇∗(x∗)
is preferred, if feasible.

From the results of Section IV, it can already be concluded
that targets exist that correspond to suitable NSIDs (cf. the roots
of α∗(x∗) in Fig. 3). In order to choose suitable ones, first,
all possible targets x∗ yielding an NSID with α∗(x∗) = 0.0 ◦

are determined. Therefore, the position [x∗ z∗]T is varied in
the feasible range and the corresponding roots ψ∗,⊥ of α∗(x∗ =
[x∗ z∗ ψ∗,⊥]T ) are approximated numerically. Every resulting
x∗ as depicted in Fig. 5(a) yields the desired vanishing transla-
tional approach angle. The corresponding ψ̇∗(x∗) are plotted in
Fig. 5(b).

We choose two targets x∗ based on the criteria for ψ∗ and
ψ̇∗(x∗). They are visualized in Fig. 5(c). The first target x∗,1 ≈
[0.3 m − 0.2 m 30.1 ◦]T minimizes ψ∗,⊥ in the considered
task space. The second one x∗,2 ≈ [0.5 m 0.30 m 38.9 ◦]T

features a larger target orientation, however, this orientation can
be kept constant for the approach as ψ̇∗(x∗,2) = 0.0 ◦/s holds.

Fig. 6. Targets corresponding to a NSID with ψ̇∗ = 0.0 ◦/s for the planar
system (a). The three specific choices in (c) are chosen such that they minimize
ψ∗,const, minimize the corresponding |α∗| as depicted in (b) (cf. Fig. 5), and
qualitatively trade-off between both quantities, from top to bottom, respectively.

2) Approach at Constant End-Effector Orientation: Appli-
cations, such as stamping or tapping two components together
with the bottom surface of a flat impact tool, require a targeted
non-slippage impact under a given, constant end-effector ori-
entation. Fig. 6(a) shows the ψ∗,const for the planar system that
complement the vector x∗ = [x∗ z∗ ψ∗,const]

T for varying x∗
and z∗, such that the corresponding ψ̇∗(x∗) vanishes. An impact
under the orientation imposed by the tool can only be performed,
if it is contained in the range of 26.0◦ ≤ ψ∗,const ≤ 40.4◦.

We exemplarily depict three configurations, for which
no specific value of ψ∗ is assumed to be given.7 Target
x∗,3 ≈ [0.3 m − 0.2 m 26.0 ◦]T minimizes ψ∗,const in the
considered task space. The angles α∗(x∗) belonging to every
x∗ are provided in Fig. 6(b). Target x∗,2 has already been
mentioned for the previous application, as it yields an approach
at constant end-effector orientation that is vertical. It thus min-
imizes |α∗(x∗)|. Finally, x∗,4 ≈ [0.5 m 0.0 m 33.2 ◦]T was

7In practice this would require that the tool can be mounted in various
orientations.
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Fig. 7. Sequential illustration of the stop-on-impact path corresponding to the
target x∗ = [0.4 m 0.0 m 20.0◦]T , which is reached in the last frame.

chosen manually such that it qualitatively trades off between the
approach angle and the end-effector orientation.

3) Conclusion: Starting from the results of Section IV, show-
ing that the desired NSIDs with α∗ = 0.0◦ and ψ̇∗ = 0.0 ◦/s are
feasible for the planar system, we performed a more detailed
analysis here, to qualitatively select and discuss optimal targets.
Such an analysis can be an important element of a future plan-
ning framework.

B. Non-Slippage Impact Approach Paths

Given a target and an approach direction in joint or task space,
suitable approach paths can be planned. In the following, we
discuss one class of paths, which directly deduces from the
proposed theory.

1) Definition of Non-Slippage Impact Paths: Consider (7) as
a differential equation in q(s), i.e.

∂q(s)

∂s
= q̇∗(q(s)) + q̇n(q(s)), (10)

where s is a time parametrization. Numerical integration back-
wards in time with initial condition q∗ yields a non-slippage
impact path (NSIP) approaching q∗. Thus, a NSIP of a target
q∗ is defined by two properties. First, the constraint function
φ(q∗(s)) monotonically decreases to φ(q∗) = 0 along the path
(cf. (5c)). Second, x(s) = f(q(s)) is tangential to the instanta-
neous NSID for every s.

For a non-redundant system, the NSIP approaching a given
target q∗ is unique and can be considered a stop-on-impact path.
However, it cannot be adjusted to meet requirements, including
joint limits, which might restrict its practical relevance. Introduc-
ing null-space contributions q̇n(q(s)) for a redundant system
modifies the NSIP in joint space. However, the re-configuration
of the robot along the path also affects the NSID and, thus, the
tangent of the task-space path. Hence, the null-space motions can
shape the NSIP in joint and task spaces. This shall be exemplified
in the following.

2) Examples: Consider again the planar system. Assume a
non-slippage impact shall be performed at a target x∗ = 0.4 m
on the table surface with h = 0.0 m. We assume ψ∗ = 20.0◦

for the target orientation and compute the stop-on-impact path
of the resulting target by backwards integration. A sequential
illustration is provided in Fig. 7. Note that a non-slippage impact
would be yielded along the path for a collision with a table of
arbitrary height. However, x∗ would not be reached in that case.

As a second example, x∗ = 0.4 m shall be impacted without
slippage in x-direction. The end-effector orientation ψ is thus
considered to be a null space parameter for this application. The

Fig. 8. Sequential illustration of the vertical NSIP of a target x∗ = 0.4 m, on
a table of unknown height.

height h of the table is assumed to be unknown. In order to reach
x∗ despite the uncertainty, a vertical approach path [x∗ z(s)]T

is chosen. Aψ(s) shall be found, such that it holdsα∗(s) = 0.0◦

for every s along the path. Consequently, null space movements
shall align the NSID with the vertical approach path to turn the
path into an NSIP.

We can directly utilize the results from Section V-A1. There,
theψ∗,⊥ complementing the positions [0.4 m z∗]T to a three di-
mensional targetx∗ yieldingα∗(x∗) = 0.0◦ have been computed
numerically for discrete values of z∗ (cf. orange line in Fig. 5(a)).
The path formed by the resulting x∗ leading toward decreasing
z-values represents the desired vertical NSIP. The sequential
illustration in Fig. 8 demonstrates that the NSID remains vertical
and thus aligned with the path.

3) Conclusion: NSIPs demonstrate core statements of this
work: they represent the evolution of the NSID over the task
space, which can be adjusted by re-configurations in the null
space but not by instantaneous null space velocities. A more
comprehensive and application-oriented treatment of approach
paths and trajectories for targeted non-slippage impact tasks is
beyond the scope of this letter and subject to future work.

VI. EXPERIMENTAL VALIDATION

A. Experimental Setup

To demonstrate the practical relevance of the impact anal-
ysis, experiments are performed with a “Franka Research 3”
robot [17] under torque control, which impacts a horizontal
table. The surface with h = 0.0 m is melamine-coated, and the
tip of the tool is made from PLA. To protect the robot, the tool
contains a central part made of TPU. It is assumed that the
diameter of the tool is negligible and that the impact always
occurs between the tip of the tool and the table.

To approximate a planar system with three degrees of free-
dom, the joints 1, 3, 5, and 7 are regulated in their initial
positions. Task space trajectories towards the targets are tracked
utilizing the torque control interface of the robot. To visualize
the uncontrolled slippage effects, the controller contributions for
the x- and ψ-directions are switched to gravity compensation
before the tip impacts the table based on the z-position of the
end-effector.

We conduct experiments in two target configurations and
two translational approach directions as depicted in Fig. 9.
For both target configurations it holds x∗ = 0.4 m. “Config. 0”
features an upright end-effector, i.e.ψ∗ = 0.0◦. “Config.⊥” with
ψ∗ = 44.4◦ has been chosen, such that it holds α∗ = 0.0◦. Fur-
thermore, we distinguish if the experiments have been performed
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Fig. 9. Impact configurations and translational approach directions utilized in
the experiments. For Config. 0, the translational component of the NSID aligns
with the skew direction, whereas it is vertical for Config. ⊥.

Fig. 10. Results of experiment #1. Post-impact velocities ẋ can be reduced
for a vertical impact of Config. ⊥ and a skew impact of Config. 0.

under the “vertical” or “skew” translational approach direction.
The vertical approach direction aligns with the translational
NSID of Config. ⊥, while the skew direction is defined by the
translational approach angle α∗ = 53.4◦ of Config. 0. Every
desired approach velocity ẋd utilized in the following aligns
with either of the two directions. It is chosen, such that it holds√
ẋ2d + ż2d = 0.2 m/s for the desired translational velocity at

the impact. The rotational component ψ̇d is specified separately.

B. Experiment #1: Avoiding Translational Slippage

In the first set of experiments, we aim at avoiding translational
slippage, while a post-impact angular velocity is assumed to be
acceptable. Thus, ψ can be considered a null space parameter
for this set. We perform the vertical and skew approach for each
configuration. The pre-impact angular end-effector velocity is
regulated at ψ̇d = 0.0 ◦/s. From the presented theory, we expect
post-impact velocities in x-direction to be suppressed if the
approach angle corresponds to α∗.8 More precisely, a vertical
impact of Config. 0 should provoke translational slippage, while
it should be suppressed for Config. ⊥. The opposite is expected
for skew impacts.

The recorded velocities ẋ are depicted in Fig. 10 in a short time
window around the impact time t∗. The t∗ has been determined
manually as a post-processing step based on the drop in the
total kinetic energy. Furthermore, the predicted value ẋ+ at t∗
calculated from the measured values q(t∗) and q̇(t∗) via (4) and
the kinematics is marked.

1) Vertical Approach: No component ẋ exists before the
impact for vertical approaches. Still, as expected, a slippage

8As ψ is treated as a null space parameter, the NSID is uniquely described
by α∗.

effect in this direction is provoked by the impact of Config. 0.
We observe an increase of ẋ up to almost the prediction ẋ+

and an oscillatory decay afterwards. Conversely, ẋ remains
approximately constant and at the prediction ẋ+ ≈ 0.0 m/s
for Config. ⊥. Note that the prediction ẋ+ only approximately
vanishes for the approaches under α∗ due to tracking errors and
uncertainties, e.g., introduced by the unmodeled diameter of the
tooltip.

2) Skew Approach: The skew approaches feature a pre-
impact velocity in x-direction. For Config. ⊥ the end-effector
slides along the surface of the table after the impact and the
component ẋ is only gradually reduced. A faster decay of ẋ after
the impact can be observed for Config. 0. Damped oscillations
around ẋ ≈ 0.0 m/s occur, which approximately corresponds
to the prediction ẋ+ at the impact time.

3) Discussion: The results of this experiment demonstrate:
i) that a target configuration (here Config. ⊥) can be chosen to
realize a desired approach direction (here a vertical approach) for
a targeted non-slippage impact and ii) that post-impact velocities
in x-direction can be significantly reduced, if the translational
approach is under α∗.

Even though the predictions ẋ+ calculated from the mea-
surements at t∗ almost vanish under approaches at α∗, the
slippage cannot fully be suppressed. This might be caused by
several modeling errors. First, the idealizing assumption of a
fully inelastic impact is not fully valid. We observed a slight
bouncing behavior of the end-effector tip during the experiments
and the impact responses are oscillatory in general. This can be
attributed to elasticity of the joints or the contact (cf. e.g. [4]).
The predictions ẋ+ correlate with the oscillatory responses,
which is in line with the findings in [4], [5].9 This matches
the observation that slippage can still clearly be reduced using
the proposed approach direction. Finally, model uncertainties,
e.g. in the estimate of B, might have resulted in an inaccurate
planning of the NSID and the target.

C. Experiment #2: Including the Angular Velocity

In a second set of experiments, slippage in ψ shall be avoided
on top of the translational slippage. Thus, for each configura-
tion, we perform an approach under the full, three-dimensional
NSID. As a baseline, we consider the approaches under α∗ from
experiment #1, i.e. the vertical approach for Config. ⊥ and the
skew approach for Config. 0. Thus, the baseline approach and the
approach under the full NSID for each configuration only differ
in ψ̇d. The value ψ̇d = ψ̇∗ to fully align ẋd with the NSID is
evaluated to be ψ̇∗ ≈ −20.5 ◦/s for Config.⊥ and ψ̇∗ ≈ 32.8 ◦/s
for Config. 0.

1) Results: Fig. 11(a) and (b) show the recorded velocities ẋ
and ψ̇, respectively. The slippage in x-direction for the approach
under the full, three-dimensional NSID is small and closely
corresponds to the baseline for each configuration. However, less
slippage in ψ̇ appears for the experiments under the full NSID.
As expected, the predictions ψ̇+ approximately vanish. Also,
the maximum peaks of the oscillatory responses are reduced.

9For quantitative comparisons between rigid body predictions and recorded
oscillatory impact responses refer to [4], [5].



KIRNER AND OTT: IMPACT ANALYSIS FOR THE PLANNING OF TARGETED NON-SLIPPAGE IMPACTS OF ROBOT MANIPULATORS 2757

Fig. 11. Velocities ẋ (a) and ψ̇ (b) recorded for experiment #2. The baseline
approaches correspond to the ones underα∗ of experiment #1 depicted in Fig. 10.

2) Conclusion: The results verify that approaches under the
NSID reduce slippage effects in all task space directions. Slip-
page in distinct task directions (here: the x-direction) can be
selectively suppressed by reducing the non-slippage task coor-
dinate. The value of the pre-impact velocities in the remaining
(null space) directions (here: theψ direction), does not affect the
slippage in the relevant directions. Note that, for each configu-
ration, ψ̇− = ψ̇∗ of the approach under the full NSID approxi-
mately corresponds to the negative prediction ψ̇+ of the slippage
induced by the baseline approach. This is consistent with the
result that the deviation q̇n from q̇∗ in q̇− = q̇x is retained over
the impact. Asψ can be shown to uniquely parameterize the null
space, this can be directly transferred to the angular end-effector
velocities. For the null space contribution ψ̇n corresponding to
q̇n of the baseline approaches it holds: ψ̇+ = ψ̇n = ψ̇− − ψ̇∗
(cf. (7)) which reduces to ψ̇+ ≈ −ψ̇∗ given ψ̇− ≈ ψ̇d = 0.0
◦/s.

VII. CONCLUSION

In this letter, targeted non-slippage impacts have been defined
and solutions to perform them have been proposed. We provided
the space of joint space approach directions resulting in a non-
slippage impact at a given targetq∗. The NSID, i.e. the task space
representation of these directions, is unique for a q∗ and cannot
be modified by null space velocities. However, we demonstrated
a strong target dependence of the NSID for an exemplary system.
Motivated by these results, we discussed an NSID based choice
of impact targets for two applications. Moreover, we introduced
NSIPs as possible approach paths, which directly deduce from
the theoretical analysis.

Experiments validated that an approach under the proposed
NSID can clearly reduce slippage effects despite assuming a
fully inelastic and instantaneous impact. More comprehensive
models could be utilized in the future to improve the pre-
diction and to leverage stiction to yield non-slippage behav-
ior systematically. There, data-driven approaches also seem
promising.

Safety requirements of the robot restricted the pre-impact
velocities in the experiments of this work. For elastic robots,
larger approach velocities are feasible, which will potentially
increase the slippage. Future works will thus examine targeted
non-slippage impacts for elastic robots.
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