Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

m Sibliothek,
Your knowledge hub

([ ]
Do« institute of

@ O® M iclecommunications

Advanced Bayesian Estimation in Hierarchical Gaussian

Models: Dirichlet Process Mixtures and Clustering Gain

MASTER’S THESIS

for obtaining the academic degree
Diplom-Ingenieur
as part of the study

Telecommunications

carried out by
Erik Sausa

student number: 1525267

February 2024

Supervision:

Ao.Univ.Prof. Dipl.-Ing. Dr.techn. Franz Hlawatsch
Dipl.-Ing. Thomas John Bucco

Institute of Telecommunications
TU Wien



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Statement on Academic Integrity

Hiermit erklédre ich, dass die vorliegende Arbeit geméfs dem Code of Conduct — Regeln
zur Sicherung guter wissenschaftlicher Praxis (in der aktuellen Fassung des jeweiligen Mit-
teilungsblattes der TU Wien), insbesondere ohne unzuldssige Hilfe Dritter und ohne Be-
nutzung anderer als der angegebenen Hilfsmittel, angefertigt wurde. Die aus anderen
Quellen direkt oder indirekt {ibernommenen Daten und Konzepte sind unter Angabe der
Quelle gekennzeichnet. Die Arbeit wurde bisher weder im In— noch im Ausland in gleicher

oder in dhnlicher Form in anderen Priifungsverfahren vorgelegt.

Vienna, February 2024

Author’s signature Supervisor’s signature



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Acknowledgements

I extend my gratitude to my supervisor, Ao.Univ.Prof. Franz Hlawatsch, whose mentor-
ship has been invaluable throughout this journey. His dedication to academic excellence,
unwavering support, and insightful suggestions have significantly shaped this thesis. T am
indebted to Dr.techn. Giither Koliander for his expertise in mathematical derivations and
proofs, which made this work possible. Additionally, I am grateful to Dipl.-Ing. Bernd
Kreidl and Dipl.-Ing. Thomas John Bucco for their valuable insights shared during our
collaborative meetings. A special acknowledgment goes to my family for their steadfast
encouragement and support. Their belief in my abilities has been a constant source of
motivation. Lastly, I express my deepest appreciation to my fiancée, Karen, whose sup-
port, motivation, and last but not least, assistance with graphics have been indispensable

throughout this endeavor.



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Abstract

This Master’s thesis explores the use of a Dirichlet process (DP) prior to enhance Bayesian
estimation of the parameters of multiple objects. Specifically, it focuses on a hierarchical
Gaussian model where each object is linked to one parameter of interest, one noisy measure-
ment, and one hyperparameter, and the hyperparameters are shared among objects within
the same cluster. The model permits the derivation of closed-form performance bounds,
enabling a quantification of performance improvements relative to the theoretically achiev-
able performance. Our primary objective is to estimate the parameter of interest for each
object based on its associated noisy measurement while leveraging the cluster structure of
the hyperparameters. Because a closed-form calculation of the posterior distribution is not
possible, we employ a Markov chain Monte Carlo sampling method to approximate the min-
imum mean square error (MMSE) estimator. This methodology yields an estimator that
exploits the inherent cluster structure and, as we show through simulations, consistently
achieves a mean squared error (MSE) that is lower than the MSE of the MMSE estimator
for a scenario without a cluster structure. Additionally, we derive a closed-form MMSE esti-
mator assuming known object-cluster associations and demonstrate its performance through
simulations. Our approach of combining estimation and clustering demonstrates superior
performance compared to the widely used method of first clustering and then performing
estimation within each cluster; however, this performance advantage comes at the cost of a

higher computational complexity.
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1 INTRODUCTION

1 Introduction

1.1 Motivation and Contributions

This Master’s thesis investigates the use of a Dirichlet process (DP) prior in the context of
Bayesian estimation. We focus on multiple-object estimation within a hierarchical Gaussian
model where each object is associated with one parameter of interest, one hyperparameter,
and one noisy measurement. The objects are assigned to clusters that are defined by shared
hyperparameters. The primary aim is to estimate the parameter of interest for each ob-
ject from the associated noisy measurement while leveraging the cluster structure of the
hyperparameters.

To solve this estimation problem, we present a technique where the measurements are
clustered simultaneously with estimating the parameters of interest. This integration of
clustering into estimation results in more precise estimates of the parameter of interest,
compared to traditional methods that perform clustering and estimation as separate steps.
We adopt a Bayesian approach, which makes it possible to seamlessly integrate prior knowl-
edge with observed measurements [1|. The resulting posterior distribution provides not only
estimates of the parameters of interest but also a detailed characterization of the uncertainty
associated with these estimates.

We consider four different scenarios of the Gaussian estimation problem that differ in
the prior distribution and the available prior knowledge; in particular, two of the four
scenarios involve a DP prior. For each scenario, we calculate the minimum mean square
error (MMSE) estimator and the corresponding MMSE. More specifically, we derive closed-
form expressions of the MMSE estimator and the MMSE for three scenarios and a Markov
chain Monte Carlo (MCMC) |2] approximation for the remaining scenario. These results
allow us to quantify the clustering gain (i.e., the reduction in MMSE due to the use of the DP
prior and the integration of clustering) and to establish performance bounds for our proposed
clustering-aided estimator. These results are complemented by a detailed introduction to
the theoretical foundations and statistical properties of the DP, which builds on [3]| and, in

contrast to the original definition in [4|, does not require measure theory.
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1 INTRODUCTION

1.2 State of the Art

In recent years, statistical modeling has shifted towards more flexible methods to capture
complex dataset structures. Dirichlet process mixtures (DPMs) have emerged as powerful
tools across various domains, including machine learning and Bayesian statistics [5]. In-
troduced by Ferguson in the early 1970s [4], the DP provides a non-parametric framework
for modeling uncertainty about the number of clusters in a dataset. Unlike fixed-size mix-
ture models, DPMs adapt dynamically to data complexity by accommodating an infinite
number of latent components, thereby eliminating the need to pre-specify the number of
clusters. DPMs facilitate a robust modeling of complex real-world datasets, making them
a compelling choice for tasks ranging from clustering and capturing latent structures to
density estimation in diverse applications, such as target tracking [6] [7], robotics [8] [9],
and medical imaging [10] [11].

Since the complexity of DPMs often renders direct analytical solutions intractable, Monte
Carlo methods [2] or variational inference (VI) methods [12]| are typically used to calculate
approximations to the posterior distributions. In particular, MCMC algorithms like Gibbs
sampling [13] and Metropolis-Hastings sampling [14] provide means to generate samples
from the posterior distribution. A detailed review of MCMC sampling algorithms is provided
in [6]. A VI-based coordinate ascent variational inference (CAVI) algorithm for the Gaussian

estimation problem is derived in [15].

1.3 Thesis Outline

Following the introductory Chapter 1, we provide an overview of Bayesian estimation and
consider the Gaussian distribution in Chapter 2.

In Chapter 3, we introduce and discuss the DP and the DPM. In particular, we focus
on the properties and distributions associated with the DP and derive four different proce-
dures that can be used for generating samples from the DP. Furthermore, we discuss the
DP’s relation to clustering and consider the Chinese restaurant process (CRP). Finally, we
introduce the DPM and the distributions associated with it.

In Chapter 4, we present our general statistical model and derive closed-form expressions
for the MMSE estimator and the MMSE for two benchmark scenarios that do not involve
the DP nor any classification or clustering.

In Chapter 5, we consider two scenarios that involve the DP and inherent clustering.

7
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1 INTRODUCTION

We provide MCMC approximations for the MMSE estimator with inherent clustering and
derive the distributions occurring in the Gibbs sampler. Furthermore, we derive closed-
form expressions for the MMSE estimator and the MMSE for the case where the cluster
association of each object is known.

Simulation results are presented in Chapter 6. We study the performance of the estima-
tors for the four scenarios using artificial data generated according to our Gaussian models.
Furthermore, we compare the performance of our estimators with the performance of esti-
mators that use two standard clustering algorithms (DBSCAN [16] and K-Means ++ [17]).

Chapter 7 concludes the thesis with a summary of the main results and some suggestions

for future research.

1.4 Notation

Table 1 provides an overview of the notation used in this thesis.
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1 INTRODUCTION

exp(-)

Table 1: Summary of notation

deterministic scalar

random scalar

deterministic vector

random vector

deterministic matrix

random matrix

deterministic set

random set

set consisting of single vector x

cardinality of set C

Fuclidean norm

matrix trace

matrix inverse

transpose

Kronecker product

cross-covariance matrix of x and y

variance of x

identity matrix of size N x N

all-ones vector of size N

column vector stacking vectors @, forn=1,..., N,
e, (z],...,zx)"

column vector stacking vectors «,, forn’=1,...,n—1,n+1,..., N,
Le, (zf,....zp_@p 1., xN)"

sample mean of ©1,..., &y, Le., 1 Y w,
probability density function (pdf)
probability mass function (pmf)
conditional pdf

conditional pmf

random pdf

Gaussian pdf with mean p and variance o
multivariate Gaussian pdf with mean p and covariance matrix X
Dirichlet process with concentration parameter o and base pdf fy
GEM distribution with parameter a
continuous uniform distribution on [a, b]
Dirac delta function

indicator function

convolution

expectation

natural logarithm

exponential function

raising factorial (Pochhammer symbol)

real numbers

natural numbers
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2 BAYESIAN ESTIMATION

2 Bayesian Estimation

In this chapter, we introduce the basics of Bayesian inference. Our presentation is based

on [1].

2.1 Fundamentals of Bayesian Estimation

We use observed data or measurements to infer an unknown quantity or parameter of inter-
est. As opposed to the classical or frequentist approach, in which the parameter of interest
is modeled as deterministic but unknown, both the parameter of interest and the measure-
ment are modeled as continuous random variables, i.e., we assign to them a probability
density function (pdf). This approach allows us to incorporate prior knowledge about the

parameter of interest into the estimation. Thus, we consider the following:

e The random parameter of interest x € R, with the pdf f,(x), or random parameter

vector x = (xq,...,xp)T € RP, with the pdf fy(x), which is called the prior pdf.

e The random data or measurement y € R, with the pdf f,(y), or random measurement

vector y = (y1,...,yn)" € RV, with the pdf f,(y), which is called the evidence.

e The likelihood function fy|x(y|x), which describes the statistical dependence of the

measurement y given the parameter vector x = x.

e The estimator Z(y) is a function that assigns a value (“estimate’) & € R® to each
realization y = y. Here, & is desired to be close to the true parameter x. The estimate
depends only on the observed data y and the statistical model. Because the estimate

x is a function of the random data y, it is also random.

e The estimation error e = x — x is the difference between the estimate x and the true

parameter of interest x.

Our goal is to find an estimator that minimizes the estimation error e, mapped to a
nonnegative scalar value by a cost function C'(e) (sometimes also called loss function or

objective function). We define the Bayes risk as

R 2 E[C(e)] = / / Cla(y) — ) fy xly, @)dady, (2.1)

10
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2 BAYESIAN ESTIMATION

which for fixed cost function C(e) only depends on the estimator &(-). The Bayesian
estimator @g(+), for the given cost function C(-), is now defined to minimize the Bayes risk

R among all possible estimators, i.e.,
#p(-) = argmin R = arg mln// —x) fyx(y, x)dzdy. (2.2)
&(-)

Here, the joint pdf fy «(y, ) can be obtained from the prior f(«) and the likelihood function
fyx(y | x) according to

fy,x(y>w) - fy|x(y|$)fx(m)' (23)

An alternative factorization is

fy,X<ya x) = fxly(a3 | y)fy(y) (2.4)

2.2 The MMSE Estimator

We now derive the most commonly used Bayesian estimator, the minimum mean square
error (MMSE) estimator, following the definitions in [1]. First we specify the cost function

as C(e) = 5le||?, i.e., the risk R becomes the mean square error (MSE),

R = E[C(e)] = SElllel]’] = SE[ — x|) = MSE. (25)

Using (2.4) in (2.2) and rearranging the terms, we obtain

() = axgomin | | [ oly) — 2l F (o )] fw)iy 26)
(- y x

where we note that fy,(y) > 0. This means that if we minimize the term in brackets

(conditional risk), the entire expression (2.6) will be minimized. Therefore for fixed y = y

we need to minimize the conditional risk with respect to the vector X = @ as opposed to the

function &(-). To this end, we calculate! the gradient of the conditional risk with respect

A

to x, i.e.,

v@/ I — |2,y ( | y)da / Vall# — 2| fi )y (@ | y)dz

"'We can apply the Leibniz integral rule and interchange the order of integration and differentiation in
(2.7) since both ||& — @[] fx|y(x|y) and Vg|& — x| f¢|y(x|y) are continuous in  and &.

11
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2 BAYESIAN ESTIMATION

~ [ 266 - )fu (e y)de
=2:%/fx|y<:c|y>dm—2/wfx|y(w|y>dw
=2(z—-E[x|y =1y]), (2.7)

where we used [ fx|y(x|y)de = 1. Setting the gradient in (2.7) equal to the zero vector

yields the critical point of the function, i.e.,
z=Ex|y=y] (2.8)

In order to prove that this point is a minimum we consider the Hessian matrix H, i.e., the
matrix of second order partial derivatives. It can be shown that the Hessian matrix is equal

to
H = 2Ip, (2.9)

where Ip is the identity matrix of size D x D. Since H is positive definite, the critical point

Z is a minimum. Therefore, the MMSE estimator is finally seen to be

vvse(y) = Elx |y =y = / 33fx|y(iB |y)dx, (2.10)

which is the posterior mean, i.e., the mean of the posterior pdf fy|y(x|y). The posterior
pdf fy|y(x|y), which is the pdf of the parameter x after the data y = y has been observed,

can be obtained by using Bayes’ theorem,

fy\x(y | iB)fX(ZL')
fy(y) 7

fy(@|y) = (2.11)

where the prior pdf fy(x) represents our knowledge of x before any data has been observed.
Before we discuss the choice of the prior pdf, we derive an expression for the MSE
achieved by the MMSE estimator &yse(y). Inserting (2.10) in (2.5) and briefly writing

the posterior mean E[x|y = y] as pt4 |4, we obtain

1
MSEuin = 5 Elll ks - x|)?]

12
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2 BAYESIAN ESTIMATION

[Zamse(y) — 2| fyx(y, z)dady

xr

5
/y </ T praly) (&= Hopy) fxy(wly)dw) f(y)dy
5

[/ % o) (@ —um|y>fo|y<w\y>dm] iy ()dy

UIH

UIH

tr[cov (x|y = y)] fy(y)dy. (2.12)

Il
S|~ @I
@\

where we used (2.4) and the identity a™b = tr [ab™]. Thus, the MSE achieved by the MMSE
estimator is the trace of the posterior covariance matrix averaged over the distribution fy(y)

of the measurements.

2.3 The Gaussian Distribution

We now discuss one of the most commonly chosen prior pdfs and likelihood functions, the
Gaussian pdf (also called normal distribution). For a scalar random variable z € R, the

Gaussian pdf is defined as

fo(2) = \/217r—0§eXp <—% (Z ;z,uz)2> : (2.13)

where g, is the mean and o? is the variance. In what follows, we will denote the Gaussian

pdf as N(z; p., 0?). In case of a D-dimensional random vector z € RP, the Gaussian pdf is

defined as

1 1 Tx—1
) = N B2) = e (-5 =), @

where X2, is the covariance matrix. In subsequent calculations, it will sometimes be advan-

tageous to use the precision matrix A, = X!, ie., the quadratic form in the exponent of

z

(2.14) can be written as

(2 = p) "2z = pa) = (2 — p2) T As(z — ) (2.15)

=2"Az —2"ALp, —pliAz+plAp, (2.16)

13



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 BAYESIAN ESTIMATION

2.3.1 Convolution Property

An important property of the Gaussian distribution is that the convolution of two Gaussian
pdfs is also Gaussian [18, Sec. 7.14]|. We consider two Gaussian pdfs, with generally different

means and covariance matrices,
ful®) = N(@; pa, Bz), - fy(y) = N(y; py, ). (2.17)
The convolution of fy(y) and fc(x) is defined as
(fy /fy z —x)fx(x)de = /N — I Py, D) )N (25 p, B ) d. (2.18)

As shown in [18, Eq. 7.49], two Gaussians convolve to make another Gaussian, the means

p and covariance matrices 3 being additive i.e.,
/N(z — T g, By N (X5 o, B )de = N (25 gy + oy, X + 2y). (2.19)

Next, we consider two independent variables x and y, distributed according to (2.17).

We are interested in the distribution of the sum of x and y, we define z as
A
z=x+y. (2.20)

The convolution of two, independent ? random variables is equal to the pdf of the sum of

the random variables [19, Eq. 6-43], i.e., we have

(fy * fx) (z) = fz(z)> (221)

The mean of z is equal to the sum of the means of the Gaussian random variables x and y,

le.,

Mz = Pg + [y (2'22)

Since we assume x and y are independent, the covariance matrix of z can be given by the

°If x and y are not independent then f,(2z) = [ fxy(z — @, x)dx

14



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2 BAYESIAN ESTIMATION

sum of the respective covariance matrices, i.e.,
Y, =3 +3, (2.23)
Using (2.22) and (2.23) we can write the pdf of z as
fo(z) = N(z; 1z, B2) = N (2 o + Hy, Bz + Zy). (2.24)

2.3.2 Posterior pdf for Jointly Gaussian Measurement and Parameter

The choice of a prior is a critical part of Bayesian estimation, as shall be illustrated in the
following example. In the expression (2.10) for the MMSE estimator, it may be impossible
to calculate the posterior pdf fy|y(x|y) in closed form, or we may have to compute the
integral using numerical methods. From (2.11), we conclude that the ability to calculate
the posterior pdf depends on the prior pdf fy(x), the likelihood function fy|x(y | ), and the
evidence fy(y) = [ fyx(y | ) fx(z)dz.

We now derive the posterior pdf fi|y(x|y) under the assumption that the parameter x
and the data y are jointly Gaussian. Our development is based on [20]. We consider the

stacked Gaussian random vector

X
z=2 : (2.25)

y
The mean p, and covariance matrix 3, of z can be partitioned according to

ne = H and X, = Y. (2.26)

Hy Yyz gy

We note that X, is a positive definite, symmetric matrix, which implies that both 3.,
and X, are positive definite symmetric matrices and 3,, = Z}Ey. The precision matrix

A, = 3! can be partitioned similarly to X, i.e.,

A, = . (2.27)

yxr

As the inverse of the positive definite symmetric matrix 3., the precision matrix A, is also

positive definite symmetric, which implies that A, and A, are positive definite symmetric

15
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2 BAYESIAN ESTIMATION

matrices and Ay, = AL, .
The posterior pdf fyy(z|y) can be obtained from the joint distribution fxy(x,y) by
fixing y and normalizing the expression to a valid pdf, i.e., by using Bayes’ theorem (2.11)

and the joint distribution fyy(x,y) = fy|x(y|x)fx(x) we have

_ fX7Y<w7y) -« T
fxiy(@|y) = A fry(,Y), (2.28)

with normalizing factor « so that [ fy|y(z|y)de = 1. Since we assume that x and y are
jointly Gaussian, using the stacked Gaussian random vector z (see (2.25)), the joint pdf

fxy(x,y) is given by (2.14), therefore we have

fx\y(m | y) = O_/fz(Z), (2'29)

which according to (2.14) is Gaussian. If x and y are jointly Gaussian, then the posterior

distribution fxy(x|y) is also Gaussian, i.e.,

iy(@|y) = N(@: |y, B ), (2.30)

with some posterior mean g, |, and posterior covariance matrix 3 .

We now take up the joint pdf fyxy(x,y) given by (2.14). First, we consider the quadratic
form in the exponent of (2.14), given in (2.15). Using (2.26) and (2.27), the quadratic form
in (2.15) becomes

(z— IJ’Z)TAZ<'Z —pz) = (T — Nm)TAww(w — M) + (¢ — ll’w)TAwy(y - Uy)

+ (Y — py) " Aya(® — ) + (Y — py) Ayy(y — py).  (2.31)

We now view the expression in (2.31), i.e., the exponent of the joint Gaussian pdf fyx,(z,y)

(up to the factor of —%), as a function of « and consider y fixed, i.e.,

(z — ,uz)TAz(z —py) = T Ay — ugAmw —x " Aga iy + a:TAwyy — a:TAwyuy

T T

+y Ay — p, Ay +const.
W—/ H/—/
QBTA%‘my wTAgm/"’y

=z Agx — 2acTAmugc - QwTAwyuy + 2wTAwyy + const.
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2 BAYESIAN ESTIMATION

=2 " Ape® — 22" (Apatte — Aay (Y — 11yy)) + const. (2.32)

The right hand side of (2.32) is recognized as a quadratic form in @, which can be written

as
(x — um|y)T2;|1y(a: — Pa|y) = wTE;lly:c - 2wTE;|1yuw|y + const. (2.33)

Comparing the quadratic terms in & occurring in (2.32) and (2.33), we obtain the posterior

covariance matrix as

Yoy = A (2.34)

Furthermore, by comparing the linear terms in @ occurring in (2.32) and (2.33), we obtain

for the posterior mean iz |,

E;‘lyll’my = Amzcll'ac - Azcy(y - ll'y>7 (235)

and therefore

Py = EaCIy (Azatts — Accy(y - “y))
= Mg — A;;Amy(y - M’y)a (236)

where (2.34) was used. The posterior covariance ¥, in (2.34) and the posterior mean in
|y (2.36) are expressed in terms of the partitioned precision matrix A, in (2.27); however,
using linear algebra it is possible to express them in terms of the partitioned covariance

matrix 3, in (2.26). We have X' = A, or equivalently

-1

Yy Dyy Aye Ay
One can show [20, Eq. 2.79] that,
Ave = (Zoz — Sy Ty 8ya) (2.38)
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Furthermore, using [20, Eq. 2.80] we have
Ary = — (Bao — Sy Tyt Bye) ' Say S,k (2.39)
Using (2.38) in (2.34) yields for the posterior covariance matrix
Sy = Dew — Ty Dy Ty (2.40)
Furthermore, using (2.38) together with (2.39) in (2.36) yields for the posterior mean

Hz|y = Haz + Emyz};;(y — Hy). (2.41)

To summarize, if x and y are jointly Gaussian, then the posterior distribution fey(x|y) is

also Gaussian, i.e.,

Fy(@y) = N(; pra |y, Bz py), (2.42)

with posterior mean fi|, given by (2.41) and posterior covariance matrix 3|, given by

(2.40).

2.3.3 Posterior pdf for Multiple Jointly Gaussian Measurements and Parame-

ter

We now consider multiple measurements y, € R” n = 1,..., N, that are drawn indepen-
dently from identical Gaussian distribution with mean x € R” and covariance matrix X,

i.e., the likelihood function is given by
Ty, 1x(Un | @) = N(yp; 2,3,) for n=1,...,N. (2.43)

Let y,.y = (y7,...,¥x)" denote the stacked vector of measurements. Furthermore, the

prior pdf is also Gaussian, with mean p, and covariance matrix X, i.e.,
fx(®) = N(@; par, ). (2.44)

We are interested in the posterior pdf fy|y, (2 |y1.n), i-e., the pdf of x conditioned on

the measurements y,.,. First, since we assumed the observations to be independent and

18
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identically distributed (i.i.d.), using (2.43) we have
N
fY1:N |X<y1:N | CII) - HN(yn; x, Ey) (245)

n=1

Using Bayes theorem (2.11) together with (2.44) and (2.45), we obtain

_ (@) fy i x (Y [ @)
Feyiw @ y1v) = o (Wrn) (2.46)
N
= VY10 )N (@5 2, ) [ [N (i 2, 2y). (2.47)

The expression in (2.47) is recognized to be a product of Gaussian pdfs, which is another
Gaussian [18, 7.14]. We will now show that the posterior distribution is Gaussian. Using

the precision matrices A, = 3 Vand A, = 31, (2.47) can be written as

oo ) e (5 — A g ) Hexp (3~ 28y, @)

2
~exp (—% <<a: - ) Al — 1) + éwn @) A (Yo~ w>>)
~exp (—%E) | (2.48)
with
B2 (@ — ) Aule — i) + XA_::@n R ) (2.49)

We claim that F can be written as a quadratic form in «, while considering all remaining

terms as constant, i.e., it is equal to

E= (w_/"’m\’yl;N)TE |

m|y1N(w—um|y1:N)—a:T2 Log—2xTy !

z|y1.N x| y1.N

Mz |y,.n+const., (2.50)

with some mean pig |y, and covariance matrix ¥, . To show that F = FE and find

M|y and Xg iy o, we expand (2.49) as

E=x"A,x— mTAwum A T+ uwAmum—i-Z Ayyn - wTAyyn — ygAyzc + wTAy:c)
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2 BAYESIAN ESTIMATION

N
=ax Ay — 2 A g + Z(yVTLAyyn— 22" Ayy, + " Ayx) + const.

n=1
N
=xTA,x + N:cTAya: — QwTAwum -2 Z chAyyn + const.
n=1
N
=z (Ap + NAy)z — 22" (Appis + A, Z Yn) + const. (2.51)
n=1

Comparing the quadratic term in « in (2.51) with the quadratic term in (2.50), we obtain

2—1

w|y1:N

= A, + NA, or equivalently

1

> (Ax +NAy) ' = (S +NZ 1) (2.52)

w‘yl:N =

The last expression can be simplified using matrix identity (B.1) and an alternative expres-

sion can be obtained using (B.3), i.e.,

(B.1) (B.3)

> =%, (B, +NZ,) '8, =2, (2, +NZ,) 'S, (2.53)

m‘yl:N

Similarly, comparing the linear terms in @ occurring in (2.51) and in (2.50) yields

N
E;|1y1w”w|y1w =Azpiz + Ay Z Yn (2.54)
n=1
and thus
N
HPa|yin = E95|311;N (Awl-l’w + Ay Z yn)
n=1

= Ya|yin Bz e + NI, G1n)

= Ewlthzglﬂx + N2w|y1:N2;1g1:Na (2.55)

with the sample mean g,.y = + N . Finally, inserting the two alternative expressions
p y N n=1 y y g

in (2.53) into (2.55) yields
Pazlyy = Sy (By + N30) e + N2, (Z, + N22) ' g, (2.56)

which can be interpreted as a matrix-weighted mean of the prior mean p, and the sample

mean (mean of the measurements) y;.y. Using the covariance matrix in (2.53) and the mean
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in (2.56), we can finally write the posterior pdf in (2.47) as

fX|Y1:N :N(w;ﬂw\y1:N7zw\y1:N)' (257)

Note that by completing the square in (2.51) in terms of  and considering all remaining
terms as constant, the resulting expression in (2.57) is a normalized Gaussian pdf. We now

insert (2.57) into (2.47) and obtain

N
N<w; Ha|y.ns Em\yl:N) - ’Y(yl:N)NCB; M, Ew) HN(yn, T, Ey)a (258)
n=1
or equivalently,
N
N (@ o, Za) [ [N (i 2, 5y) = H0an )N (@5 s S yn) (2.59)
n=1
with
N
F@n) = fyun (W1n) = / N(@; o, Zo) [[ N (s @, 5y ) dav. (2.60)
T n=1

which as shown in Appendix C.2 is Gaussian and only depends on ;.. Using A — I,

B — Iy and p,, — 0, (C.35) reduces to (2.60), therefore we can use the result (C.36) and

obtain
:Y(ylzN) =N (?Jl:N; Pyyno 2~3yy> (2.61)
with mean fi,,.
Mo
Py = | (2.62)
Ha
and covariance matrix f]yy
Yy + 3, )3 . hI
- I X, X, . p I
Sy = _ g ‘ . : (2.63)
)N . Y. Xy+3,

Lastly, we discuss a special case, where only one measurement is available (N = 1). The
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likelihood function is still given by
fxy ) =N(y; z, Zy) (2.64)
and the prior pdf is also Gaussian, with mean p, and covariance matrix 3, i.e.,
fu(@) = N(; po, Top). (2.65)

Since this is a special case (N = 1) of the general result in (2.57), (2.69) is also Gaussian,

le.,

with posterior covariance matrix
Saly =Sy Sy +3e) B = 50 (By + 5a) ' 5, (2.67)
and posterior mean
Py =By (Zy +20) e + 20 (5, +22) 1y, (2.68)
where we adapted (2.53) and (2.56) using N = 1. Similar to (2.59), we have
N(@; pra, S )N (y; @, 5y) = J(Y)IN (@5 pa )y, T ) (2.69)
with

YY) =N (y; ptz, By + ) - (2.70)
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3 DIRICHLET PROCESS AND DIRICHLET PROCESS MIXTURE

3 Dirichlet Process and Dirichlet Process Mixture

We now introduce the Dirichlet process (DP). The DP is a stochastic process whose real-
izations (outcomes) are discrete probability distributions, i.e., the DP is a distribution over
distributions, as opposed to, e.g., the Gaussian distribution in (2.13), whose realizations are
real numbers. This means that drawing from the DP produces a discrete distribution.

The DP is an instance of a Bayesian nonparametric model. Let us consider a simple
example to illustrate the difference between a parametric model and a nonparametric model.
In order to model the weight distribution of people, we could choose the Gaussian distribu-
tion and estimate the mean and variance of the distribution from a set of measurements. If
we model the mean and variance as random, with a prior distribution, we are considering
a Bayesian model. Unfortunately, choosing only one Gaussian distribution would not yield
an accurate model, since the weight distributions of women and men differ. We could ex-
pand the model by using a mixture of two Gaussian distributions so that the mean weights
of women and men are modeled separately; however, there are still many other cases to
consider, such as athletes or children. Using this approach, it is necessary to know the
number of distributions beforehand. By contrast, if we decide to use the DP as a prior for
the mean and variance, we do not need to know the number of distributions. Using the
DP as a prior distribution in a mixture model is referred to as Dirichlet process mixture
(DPM). The DPM, just as the DP, is an example of a Bayesian nonparametric model, since
it cannot be parameterized by a finite number of parameters. This is a difference from
the Gaussian mixture model considered above, which is an example of a parametric model,
since it is parameterized by a finite number of parameters (the mean and variance for each
distribution).

In what follows, we first introduce the DP and study some of its properties. Subsequently,
we introduce and briefly discuss the properties of the DPM. The presentation is based on [21]
and [6].

3.1 Dirichlet Process Construction

The DP was introduced in [4] as a random probability measure. The formal definition of the
DP thus requires measure theory, which is beyond the scope of this thesis. We will therefore

adopt the definition in [3], which does not require measure theory and has the advantage of
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l

Figure 1: Random positions 0] visualized for P = 1 and represented by red bullets.

being constructive. We will show presently what this means.

3.1.1 Positions and Weights

We start by defining two random sequences: a random sequence of positions 0], | € N and a
random sequence of weights Q;, [ € N. The sequence of random positions (0;)7°; is defined
to be independent of the sequence of the weights (Q;)7°;. In the literature, this construction

of positions and weights is also referred to as homogeneous [21].

Random Positions

First, we consider a sequence of i.i.d. random vectors ©; € R” that are individually dis-

tributed according to a continuous distribution with pdf fy, i.e.,

103, ~iia fu, (3.1)

where fy is referred to as the base distribution of the DP. The random variables 6; can be

thought of as random positions, as shown in Figure 1 for the one-dimensional case (P = 1).

Random Weights: Stick-Breaking Process
We consider an auxiliary sequence V; € [0,1], | € N, where the V, are independent and
individually Beta distributed with shape parameters (1, a), i.e.,

V; ~iia. Beta(l, o), (3.2)

where a@ > 0. We note that the support of the Beta distribution is [0, 1], and for a@ = 1,
the uniform distribution on [0, 1] is obtained. Using the sequence V,, we define the weight

sequence Q; € [0, 1] by the following recursive construction:

-1
Q=Vi, Q=VJJa-V»), 1=23. ... (3.3)

I'=1
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=1 | Q | |

[ =2 | Q1 | Qo | |
1 - if_:llQl’

[>3 | Q | Q2 [ - | Qo | Q|

1

Figure 2: The stick-breaking process. The broken-off parts of the stick are represented by
gray rectangles.

It can be shown that Zfil Q; = 1 almost surely. The distribution of the Q; resulting from
this construction is called the GEM distribution (after Griffiths, Engen, and McCloskey [22]).
We shall briefly write

(Qu)i2y ~ GEM((QZ)?;W)- (3.4)

The construction in (3.3) is commonly referred to as the stick-breaking process [13].

Indeed, as shown in Appendix A.1, Eq. (3.3) can be reformulated as

-1
Q= Vi, Ql:Vl<1—ZQl/>, 1=2,3,.... (3.5)

r=1
Recalling that V; € [0, 1], this can be interpreted as follows. Consider a stick with length
1. Initially, for [ = 1, we break off a part of that stick whose length Q; is equal to Vq, i.e.,
Q; = V; € [0,1]. Subsequently, for [ = 2,3,..., we consider the currently remaining part
of the stick, whose length is given by 1 — Zﬁ,;ll Qr, and we break off a part whose length
Q; is proportional to V,, i.e., Q =V, (1 - i,_:ll Qy) . Thus, the random weights Q; are
constructed by repeatedly breaking off parts of a stick with length 1. This stick-breaking

process is visualized in Figure 2.
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Qi

Ls -

0;

Figure 3: Visualization of the broken-off parts Q; of the stick as vertical bars located at the
random positions 0; (red bullets).

Dirichlet Process Definition

Using the random positions 8; € RY and the random weights Q; € [0, 1] defined by the stick

breaking process, we now define the DP as a random pdf fpp, as follows:
fop(0) = Z Qz(se;‘(@)‘ (3.6)
I=1

Here, dg; (0) = 0(6 — 6;) denotes the Dirac delta function at random position 8;, the weight
sequence (Q;)2; is distributed according to GEM ((@Q,)7%;; ) with o > 0, and the position
sequence (07)52, is distributed i.i.d. according to the base distribution fy defined on RF.
Thus, fpp(@) is an infinite sum of Dirac delta functions at random positions 8; weighted by
random weights Q;, as schematically shown in Figure 3. Accordingly, each realization of the
random pdf actually describes a discrete distribution of 8: the random variable © assumes
the values 0, with probabilities Q;. We will denote the distribution of the random pdf fpp

as

po ~ ])P(O[7 fH), (37)

where we call « the concentration parameter and fy the base distribution.
Lastly, we note that the Dirichlet Process is homogeneous [21]. This means that the

random positions 0; are i.i.d. and independent of the weights Qy, i.e.,

for1(0 | Qi) = fo; (67) = fu(6]). (3.8)
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3.1.2 Generation of Random Vectors 0,,

Consider the following two-step generation of random vectors (samples) 0,, € RY, n € N.

1. First, we define a DP by generating a random sequence of positions (6;)72, that are
distributed i.i.d. according to a base distribution fy (see (3.1)), and a random sequence
of weights (Q;)°; (see (3.3)) that are distributed according to the GEM distribution

with parameter o. Hence, the DP is given by the random pdf (see (3.6))
fop(0) = > Qude; (6). (3.9)
=1

2. Then, given a realization fpp(@) of the DP fpp(@) (equivalently, given realizations
(0))2, and (Q;)72,), we define the random vectors 0,, n € N, to be distributed

conditionally i.i.d. according to fpp(8), i.e.,
01,0z, ... | (for = fop) ~iia. fop. (3.10)

From (3.10) and the fact that fpp(8) = >2°, Qide:(8), it follows that for all n € N
we have

0,, = 6; with probability Q. (3.11)

That is, conditioned on fpp = fpp or, equivalently, on (0;)72, = (6;)2, and (Q;)2, =

(Q1)24, 0, is chosen as 6] with probability @), for [ € N.

Empirical Reordering

Once the random vectors 0,, are generated, we can perform a reordering (6;)2, = (85)2,

of the random positions 6 as follows. For s = 1, we set
9 =0, (3.12)

For s = 2, we set 9, = 0,,, where 0,,, is the next sample within the remaining sequence
(0,)22, that is not equal to ©;. Similarly, for all subsequent new indices s = 3,4,..., we
set 97 = 0,,,, where 0,,, is the next random position that is not equal to any previously

used sample 0,,. Since the 0,, were randomly drawn from the sequence (0;)72,, the sequence
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(97)22, is a permuted version of the sequence of random positions (0;)°,, i.e.,

(0121 = Bsm)ita (3.13)

or individually

97 :19:;([), l: 1,2,..., (314)

corresponding to some index transformation (permutation)
s=o(l), 1=1,2,.... (3.15)

Since this index transformation does not change the i.i.d. property and individual distribu-
tion of the ©] given by (3.1), the permuted sequence of random positions (97)2°, is also

distributed according to

91,95, ... ~iid fu (3.16)

3.2 Properties of the Dirichlet Process

We now discuss the most important properties of the DP and the distributions associated

with it.

3.2.1 The The Rich Get Richer Property and the Pélya Urn Model

The the rich get richer property of the DP can be explained by the following procedure
of drawing colored balls from an urn [23|, which is based on the Polya Urn model [24].
Consider an urn that at time n contains various colored balls and o € N black balls. Balls
are drawn from the urn at random. If a black ball is drawn, we return it back to the urn,
together with an additional colored ball with a new color that is not contained in the urn;
for example, the color can be sampled from a continuous color distribution. If a colored ball
is drawn, we return it back to the urn, together with an additional ball of exactly the same
color, thereby increasing the number of balls with this color.

We assume that at time n = 0 the urn only contains « black balls, therefore the first
draw at time n = 1 results in a black ball, and a new colored ball is added to the urn (for
example orange). Next, at time n = 2, we can either pick the orange-colored ball or one of

the black balls. For larger «, we are more likely to pick a black ball, thus adding a new ball
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with a distinct new color to the urn. This means that for a large «, the number of uniquely
colored balls in the urn (i.e., the number of different colors) increases, as drawing a black
ball also adds into the urn a ball whose color is different from those of the already existing
balls. Conversely, for a small «, we are more likely to pick the orange ball, which results in
two orange balls and « black balls in the urn. This means that for a small «, we are more
likely to draw a colored ball from the urn and return it together with an additional ball of
the same color. As a consequence, for a small «, the balls in the urn are less likely to have
different colors. This is a manifestation of the the rich get richer property: for a small «,
we are most likely to draw a colored ball from the urn, more specifically, the ball whose
color is represented the most in the urn, i.e., an abundant or “rich” color. Drawing a colored
ball adds an additional ball of exactly the same color into the urn, thereby increasing the
probability that a ball with this abundant or “rich” color will be drawn again and further
increasing the number of such colored balls in the urn.

This is closely related to the DP. The colored balls inside the urn can be thought of as
random vectors 0,,, whereas the color of the ball corresponds to the distinct positions 9
and the number of black balls is related to the concentration parameter «, which is the only
parameter of the GEM distribution (see (3.4)) of the weights Q.

In the next subsection, we will discuss DP-associated distributions that describe the
drawing of the samples 0,, from the DP, and in Section 3.3, we will further discuss the the
rich get richer property. An expanded model presented in [23] also allows for & € R™, which

is what we assume in the definition of the DP.

3.2.2 Distributions Associated with the Dirichlet Process

We will now discuss the marginal pdf fg, (0,) of an individual 6,, the predictive pdf
Jon 011 (00| 01:n—1), and the joint pdf fo,  e,(01,...,0x) of the length-N sequence of

random vectors (0,,)Y_,, equivalently written as a vector 8.y = (8],...,05)". Further-

n:l?

more, we will discuss the posterior distribution and the conjugate posterior property of the

DP.

Marginal Distribution

According to our generation model described in Section 3.1.2 (see (3.10)), the random vectors

01, 02,...,0y are conditionally i.i.d. given the realization of the DP, i.e., given fpp = fpp
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or equivalently given the sequences of positions 0] and weights Q;, [ € N. Note that in
a practical sampling scheme, fixing the weights and positions is not feasible, as there are
infinitely many of them. In (3.1), we defined the random positions 6; as i.i.d. with pdf
fu(07).

To derive the marginal pdf fo, (8,), we recall that ©,, is chosen as 8; with probability
Q. Let A, ; denote the event that 0,, is chosen as 6}, i.e., A, £ {0, = 0;}, and note that

P(A,;) = Q, for n € N. Therefore, we can write
Jou(0n) = D fou  Aus(On | Ant) P(Ary). (3.17)
=1

Now fo, | 4,,(0n | Ant) = fu(6,) since A,; = {0, = 0/}, ie., given A, 0, equals 8 and
thus the pdf of 0,, (still given A,,;) equals the pdf of ©;, which is fi(6,). Furthermore,
P(A, ;) = Q. Therefore, (3.17) becomes

fo.(6r) = Z fu(0,)Q1 = fu(6,) Z Q= fu(6y). (3.18)

Thus, the marginal pdf of each 0, fq,(6,), equals the base pdf fu(8,,).

As an alternative to the above derivation, the marginal distribution can be derived as
follows. As discussed in |22, Theorem 14| and in [13, Sec. 2.2.1|, the sequence of random
vectors (0,,)N | generated according to (3.10) is exchangeable. This means that for any

permutation o(1),...,0(N) of the indices 1,..., N, the joint distribution of ©04,...,0y is

equal to the joint distribution of 0,1, ..., 05, i.e., we have
foron (015, O0N) = fo, 1.0, (015, ON). (3.19)
(We note that the joint distribution of 64,...,0y will be discussed in detail in a later

subsection.) As a consequence of de Finetti’s representation theorem, the exchangeability of
samples 0,, implies that the marginal distribution of any 0,, equals the marginal distribution
of any specific 0,,, say 01, i.e., fo,(0,) = fo,(6,) [25]. Furthermore, from the fact that 0,

equals 97, we conclude that fo,(01) equals fi(19¥;) which is the base distribution fy (see
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(3.16)). Thus, we obtain

fo.(0,) = fo,(8,) = fo: (8,) = fu(6,), forall ne{l,... N}. (3.20)

In other words, the marginal distribution of any individual 8,, is the base distribution fy.
The random vectors 6,, are identically distributed (see (3.18) or (3.20)) but, in con-
trast to the ©; or 9, they are not independent. Consider drawing 6, = 6, from the DP,
which consequently fixes 8] = 60y as well (see (3.12)). Then, when drawing 6,, we either
obtain 0, = 97 = 6y or another randomly chosen position &;. This shows that 0, is not

independent of ©;. The pdf of 0, given 0; will be discussed in the following subsection.

Predictive Distribution

Let us now consider the pdf of ©,, given the vector of previously drawn samples 0., 1 =
(07,...,0, )T, ie., fo, 01 1(0n|01.01), which is sometimes referred to as the predictive
pdf. In [4], it was shown that

fen | 91m_1(0n | Glzn—l) - ﬁfH(en) + ; Z 5971’(0”)' (321)

This is a mixture distribution involving the continuous base distribution fy(6,) and up to
n — 1 distinct discrete components dg ,(6,), n’ = 1,...,n — 1. We note that the 6, are not
necessarily distinct. The predictive pdf fo,|e,., (05 |01:m-1) in (3.21) can be interpreted

as follows: given the previously drawn 6., 1, the new 0,, is either drawn from the base

pdf fu(@,) with probability — ——7 or is equal to one of the previously drawn 6, n' €

{1,...,n— 1}, with probability aJﬂl%l (i.e., equal to 8 with probability ﬁ, equal to 6,
with probability ﬁ, etc.). Note however, that 6,, may take on identical values. We will
further discuss the predictive pdf fq, |e,., ,(6n | 61:n—1) in more detail, including a simulated
example, in Section 3.3.

Lastly, we consider a sequence of samples (0,)"_, from the DP and discuss the con-
ditional pdf of one sample 0,, n € {1,..., N}, given a subset of the remaining samples,
e, {Omtmem With M = {nna), .. syt € {1,..., N}\{n}, with [M]| denoting the
cardinality of the set M. As previously stated, the samples 0,,, n =1,..., N are exchange-
able. This implies that also the samples 0,,, m € M with M C {1,..., N} are exchange-
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able |26, Theorem 1]. Thus, in analogy to (3.19), the joint pdf of all ©,,, m € M satisfies

fem(l) ~~~~~ Om( M) (em(l)’ s 70m(|M|)> = fem(o'(l)) 77777 O (o (M) <9m(1)7 T 70m(\M|)>‘ (3.22)
Using [27, Proposition 6.7] and the exchangeability of the subset {0,,}mer, We can gener-

alize (3.21) to obtain

o 1
0,0 = —fu(0 _ g, (0 2
fenl(em)mEM( n|( m)mEM) Oé+|./\/l|fH( n)+a+|M|n§4 om( n)> (3 3)

forany n € {1,...,N} and M C {1,..., N}\{n}.

Generation of the Samples 0, Using the Predictive pdf

Let us consider the following recursive construction of a sequence of samples 6,,, (for n =

1,2,...):
1. Draw the first sample 0, from the base distribution fy.

2. Forn = 2,3,..., draw the next sample 0,, from the predictive pdf fo, 0,.._,(On | @1:n-1)
in (3.21).

We note this generation procedure of the samples 0,, does not involve the weights Q;. The
resulting sequence of random vectors 0,,, n € N is called a Polya sequence. A Poélya sequence
can be shown to be exchangeable, i.e., it satisfies the generalized permutation invariance
property (3.19) for N — oo. Therefore, as was shown in [5, Sec. 4.2.4], by de Finetti’s

theorem there exists a random pdf fpp such that

01,02, ... | (for = fop) ~iia fop, (3.24)

with fpp ~ DP(«, fg). A comparison with (3.10) shows that the considered recursive
generation based on the predictive pdf is equivalent to our previous generation procedure

described in Section 3.1.2.
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Joint Distribution

The joint pdf fe, , (01.8) = fo,...on(01,...,60xn) has a complicated mixture structure; how-

ever, it can be derived by applying the chain rule |5, Sec. 4.1.4|. Indeed, we have

f61 ..... GN(017--->0N):fGl(ol)f62|91(02’01)---f6N|61 ..... 9N71<0N’917-'-79N71>

N
= fo,(00) ] for 10101 (60 | B2 1) (3.25)
n=2

According to (3.20), we have
f0,(01) = fu(61). (3.26)

Using (3.26) and (3.21) in (3.25) finally yields

N n—1
Joron(01,...,0n) = fu(61) H <ﬁfh(0n) + ﬁ Z 59n/(0n)> . (3.27)
n’/=1

n=2

This is recognized to be a product mixture of the base distribution fy(6,) and discrete

@ _ and —1L

o powe— respectively.

components dg ,(6,) for n’ =1,...,n — 1, weighted by

We recall from (3.19) that the samples 0,, are exchangeable, i.e., for any permutation
o(1),...,0(N) of the indices 1, ..., N, we have fg, _o,(01,..., ON):fegu),---,ea(N)(eh o ON),
even though this is not obvious from expression (3.27). For further discussion of the joint

pdf, we refer to [28].

Posterior Distribution

Let us consider the random pdf fpp ~ DP(«, fy) and the random variables 0;.y. With
an abuse of language, the random variables 0,. are often referred to as samples from
the Dirichlet process, or as observations. The observations are sampled conditionally i.i.d.
(given fpp = fpp) from the distribution fpp, as stated in (3.10). The distribution fpp
was previously drawn from DP(«, fi). We will refer to the distribution of the random pdf
fop ~ DP(a, fu) as DP prior and to the distribution of the random fpp after we observed
01.n, i.e., fpp | (B1.8 = 01.n), as DP posterior. An important property of the DP prior is its

conjugate posterior [21]. Indeed, it was shown in [4] that the DP posterior is given by

po | (91;]\[ = 01;]\[) ~ DP(O[, f‘H)’ (328)
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where the base pdf fy is given by

Ju(0) = ——-fu(® Z (3.29)

We see that the posterior fpp | (01.5y = 61.x) in (3.28) is again a DP; however, the base
distribution is no longer fy but fy as given in (3.29). That is, given 0.y = 0;., the random
positions 8, are now drawn from fi with probability —~ and equal to 6, for n € {1,...,N}
with probability 044+N The conjugacy is similar to a Gaussian prior having a Gaussian
posterior (provided the likelihood function is Gaussian). In our case, the random pdf fpp ~

DP(a, fu) is the DP prior, whereas the likelihood function is given by ©4,...,0y | (fpp =
fop) ~iia. fop (see (3.10)).

3.3 Clustering Property and Chinese Restaurant Process

We now discuss the clustering property of the DP and the effect of the value of the concen-

tration parameter o on the samples 01.y.

3.3.1 Clustering Property and Random Partition

In what follows, let S(N) be the number of unique positions 97 within the N samples 0.y,
and let 97.¢ ) = (97, .. 195(N )T be the vector composed of these unique positions 9
we observe within 0;.5. We note that 1 < S(N) < N. Furthermore, m(/N) denotes the

number of times 9} is observed within 0.y, i.e.,
N
ms(N) £) 16, =97), s=1,...,S(N), (3.30)

n=1

where 1 denotes the indicator function, i.e., 1(6, = 9%) = 1 if 6, = 9% and 0 otherwise.
Since 19’{:5( ) comprises only positions ¥} that have been observed within 0.y and s €

{1,...,S(N)}, we note that m4(/N) = 0 is not possible. Using (3.30), we have

S(N)
> my(N) = N. (3.31)

We consider a simple simulated example, with a DP with dimension P = 2, i.e., 0] € R?,

and Gaussian base distribution fi(0;) = N (67;0,X) with ¥ = %I, where 0> = 2 and I,
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[e]
@

(a) a=0.1 (b) a=1 (c) a=10

Figure 4: Example of N = 10 samples 8,, drawn from the DP. The observed distinct positions
9% are represented by circles whose radius is proportional to the number m4(10) of samples
0,, that are equal to 9;.

is the identity matrix of size 2 x 2. To demonstrate the role of the concentration parameter
a, we consider three different values o = 0.1, 1, and 10. We draw N = 10 samples 0,
n =1,...,10 from the DP. Figure 4 shows realizations of the distinct 9% (or equivalently,
of the 6/, see (3.13)) observed within our N = 10 samples 6,,. Each realization of ¥ is
represented by a circle whose radius is proportional to m(10), i.e. the number of samples
0,, that are equal to ;. Evidently, for each s, this number is at least 1 and at most N = 10.

*

For o = 0.1, we observed only two distinct positions 97, i.e., 97 and 95, whereas for a = 10
there are nine distinct positions 97, ...,9;. This also shows that a strong concentration
of the 6,,, corresponding to a small number m4(10) of distinct values 9%, is obtained for a
small concentration parameter a.

The joint pdf in (3.27) can be rewritten using (3.30) as

N S(n—1)
o 1 -
Jor.on (01, ... 0n) = fu(61) L[ par P CE) e s 2:: mis(n — 1)09:(6,) |

(3.32)

with S(n — 1) indicating the number of unique positions 9% observed within the sequence
01., 1, for 2 <n < N. Similarly, we can rewrite the predictive pdf (3.21) as

S(n—1)

D ig(n = 1)65:(6,).  (3.33)

s=1

a 1

f9n |81:n-1 (en | Hl:nfl) = me(en) + m

Note that in this mixture distribution, there are S(n — 1) discrete components at the posi-
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Figure 5: Example of the predictive pdf fo,,|e,.,(611|01:10) for P = 1, after n —1 = 10
samples 6.1 have been drawn from the DP. The discrete components of the pdf, i.e., the
Dirac delta functions dy-(611) located at the %, are represented graphically by their weights
ﬁ;iﬁg), shown in blue, whereas the continuous component (the Gaussian base pdf weighted

o N :
by —5), is shown in red.

tions ¥, s = 1,...,5(n — 1), and the probability that 0, = 9% (given 01.,,_1) is ﬁ;ﬁig:i),
i.e., proportional to the number mg(n — 1) of times 9% was observed within the sequence
0., 1. This is a manifestation of the the rich get richer property. Each time we observe
0, = 9%, the number my(n — 1) grows, therefore also the probability that the subse-
quent sample 0,, equals 9%, which is proportional to ms(n — 1), also increases. Figure 5
visualizes expression (3.33) for P = 1, ie., 0 € R, and a Gaussian base distribution
fu(0r) = N(67;0,0?) with 0> = 1. We consider three different concentration parameters
a = 0.5,1,and 10 and draw samples 0,,, n’ = 1,...,10. Figure 5 shows the predictive pdf
Jon 1011 (On | O1:0—1) = for1]01.10 (011 | B1:10), i.e., the pdf of the sample 0;; drawn after the
first n — 1 = 10 samples 6.1 have been observed. For the small concentration parameter
a = 0.5 (shown in Figure 5a), 01; will most likely be equal to either J5 or 93, as the weighted
base pdf (shown in red) is very small compared to the weights of the Dirac delta functions,
located at the ¥%. On the other hand, for the large concentration parameter o« = 10 (shown
in Figure 5¢), 017 will most likely be sampled from the base distribution, which means it
will be different from the previously drawn samples 9. Furthermore, we can also see that
for a = 0.5, there are only S(10) = 2 distinct positions J%, whereas for a = 10, there are

S(10) = 9 distinct positions ¥%. This is another manifestation of the the rich get richer

property.
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Number of Unique Positions

We consider N samples 0.y from a DP with concentration parameter a. As before, S(V)
denotes the number of the unique positions 97 within the samples 0;.x. Figure 4 suggests
that S(N) depends on the parameter «; however, Figure 4 only shows one realization of
S(N). Furthermore, S(N) also depends on the number of samples N. For a random
sequence of samples 01.5, S(N) is itself a random number. It can be shown [5, Prop. 4.§]

that the expected value of S(IV) can be approximated by
E[S(N)] ~ alog(N). (3.34)
This approximation is asymptotically exact as N — oo.

Random Partition

Let us consider an ordered random partition of N,

¢ = (b1, b, .. ), (3.35)

with an infinite number of subsets ¢; C N. Each n € N is contained in exactly one subset

lth

&, which we refer to as the [*" cluster. This means that

N=¢,UpoU... and ¢;Nd;=0 for i+#j. (3.36)

The random partition ¢ is constructed from an infinite sequence of DP samples 04, 0, . ..

by including in ¢, all n € N for which 6,, = 6], i.e.,
ned if 8,=0. (3.37)

By this construction, each n € N belongs to exactly one subset ¢;, and thus all ¢; are
disjoint and their union is N, i.e., we obtain a partition of N; furthermore, all the samples
0,, n € N that equal 0] are associated with the I'" cluster ¢;. Thus, our clustering of the
indices n € N into subsets ¢; corresponds to a clustering of the DP samples 0,,, n € N.

Since both 8; and 0,, are random, the partition ¢ defined by (3.37) is random as well. For
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a characterization of its probability distribution, we obtain using (3.11)
P(n € ¢ [ (7)) = (6))iZ1, (Q)iLy = (Qu)ity) = Qu. (3-38)

This means that the probability distribution of ¢ is induced only by the weights (Q;)52,

and is independent of the values of the positions (0])7°, [21, pg.17].

3.3.2 Cluster Assignment Variables

The assignment of the samples 0,, to distinct positions 0] (or equivalently the association of
the ©,, with clusters ¢,;) can be expressed in terms of cluster assignment variables Cy, Cy, ... €
N by setting

C,=11if o0, =06;. (3.39)

Note that we can also write

(3.40)

By (3.37), C,, = [ implies n € ¢;, and vice versa, i.e.,
n € ¢, if and only if C, =1. (3.41)

In other words, for each n € N, C,, equals the label [ of the subset (cluster) ¢, to which n (or
by association, ©,,) belongs. This implies that the random sequence of cluster assignment
variables C;, Cy, ... is equivalent to the random partition & = (b1, da,...) of N. We note
that the order of the C, is different from the order of the partition ¢ = (b1, do,...) since
according to (3.39) we have C,, = [ if 8,, = 0;. This means that since 0; is not necessarily
equal to 07, C; is not necessarily equal to 1, but may be any [ € N. In the last paragraph of
the current subsection, we will introduce an alternative definition of the cluster assignment
variables using the ordering implied by the 9.

We recall from (3.11) that 0, = 0] with probability Q;. Furthermore, 6, = 0; is
equivalent to C,, = [. Therefore, conditioned on fpp = fpp, or equivalently conditioned on

a sequence of positions (8;)pZ; = (0});Z, and weights (Qi)pZ; = (Qu)iZ,, we have

P(C =1](07)5%y = (0;)0%, (Qu)iey = (Qu)izy) = Qi (3.42)
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or equivalently formulated in terms of probability mass function (pmf),

pea @) @z, (L 00)r2y, (Qu)ity) = Q- (3.43)

Moreover, we conclude from (3.40) that, together with the sequence of positions (6;)52,,
the cluster assignment variables C,, are probabilistically equivalent to the DP samples 0,,.
Therefore, since the 0,, are conditionally i.i.d. given (8;)2, = (8])2; and (Q;)72; = (@))%,
also the cluster assignment variables C,, are conditionally i.i.d. given (8;)52, = (6;)2, and
(QEy = (Q1)i2; (equivalently, given fpp = fpp).

Lastly, as evidenced by the right-hand side of (3.43), the cluster assignment variables C,,
are conditionally independent of the positions (0;);°, given the weights (Q;)72; = (Q1)2;-
The weights (Q;);°; are by definition independent of the positions (0;)7°; (see 3.1.1).

Generation of Random Vectors 0,,

The two-step generation of the random vectors (samples) 0, n € N described in Sec-

tion 3.1.2 can be reformulated in terms of the cluster assignment variables C,, as follows:

1. As before, we generate a DP by generating a random sequence of positions (0;)7°;
that are distributed i.i.d. according to a base distribution fy (see (3.1)), and a random
sequence of weights (Q;)7°, that are distributed according to the GEM distribution

with parameter « (see (3.4)). Hence, the DP is given by the random pdf (see (3.6))
fDP(e) - Z Qz5e;‘(9)- (3'44)
=1

2. Next, we generate cluster assignment variables C,, n € N conditionally i.i.d. given
fop = fop (or equivalently given (0;)7°, = (6/);2, and (Q;);2, = (Q1)2,), using the
conditional pmf pe, (o35 (g (1 | (9)Fr. (Qu)ey) = Qi (see (3.43)).

3. Finally, for each n € N, we set the random vector 0,, equal to the position ©; with

[ = C,, i.e., the position determined by the cluster assignment variable C,:

0,=0:, nel (3.45)

Similarly to ms(N) defined in (3.30), we define m,; (V) as the number of occurrences of
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0; in the sample sequence 0.y, i.e.,

m(N) = i 1(6, = 6)). (3.46)

n=1

Using the cluster assignment variables C,,, this can be expressed as
mi(N) =Y 1(C, =1), 1€{Cy,...,Cn}. (3.47)

Note that in the sequence (C, ..., Cy), some of the C}, may be equal and that m;(N) = 0 is

not possible since [ € {C,...,Cy}. Furthermore, m;(N) is a permutated version of mg(N):
mi(N) = M,y (N) = mg(N), (3.48)

with same permutation s = o(l) as in (3.15). It will be convenient to define the random

vector of cluster assignment variables

CI:N £ (Clv R CN)T (349)

and the random set?
¢(N) ={Cin} £ {Cy,...,Cx}, (3.50)
which is the set containing all unique cluster assignment variables C,, for n = 1,..., N.

Similarly, for C;.y = C}.x we define
C(N)={Cun} £{C1,...,Cn}, (3.51)

as the set containing all unique observed cluster assignment variables C,,, forn =1,... N.

In analogy to (3.31), we obtain

> my(N)=N. (3.52)

leC(N)

Furthermore, based on (3.50), we define

My (v) = (My)iew (v (3.53)

3Note that in (3.50), and also subsequently, the notation {a} expresses the set composed of the compo-
nents of the vector a.
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as the vector of all cluster sizes m;, ordered in any convenient way, for example ascending.

Similarly, we also define

OZ;)(N) = (0] )icw(v) (3.54)

as the vector of all distinct ©; within the samples 0.y, again ordered in any convenient
way. We note that since the positions 0; are i.i.d. (see (3.1)), the conditional joint pdf of
the positions Ogy given Cp.x = Ci.y or, equivalently, ¢’(N) = C(NN), can be written as

foryey 10 B2y | Cun) = o, e Oy [COV) = [T (6. (3.55)
1EC(N)

The predictive pdf in (3.33) can be rewritten in terms of the set of cluster assignment

variables C(n — 1) = {C4,...,C,_1} as

Q 1
Joutores (On[O1nr) = ——— =7 fu(On) + ———— my(n — 1)de; (0n).  (3.56)
leC(n—1)
Similarly, the joint pdf in (3.32) can be rewritten as
N o 1
0,,..,0y)= o — (0, _— — 1)de+(0,,
for..on (61, ... 0x) = fir( ng O+ — 1160%@””(” )3o; (6n)

(3.57)

Cluster Assignment Variables Based on Empirical Reordering

Finally, we introduce a modified definition of the cluster assignment variables C,, in which
the indices [ are replaced by the empirically ordered indices s. That is, similarly to (3.39),

we now define the cluster assignment variable C,, using 97, i.e.,

C,=s if 8,="9" (3.58)
Note that this can equivalently be written as (see (3.45))

neN. (3.59)
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The number m4(V) of occurrences of 9% in the sample sequence 0.y, previously defined in

(3.30), can now be expressed using the cluster assignment variables C, as (see (3.47))
ms(N)=> 1(Cp=s), s=1,...,8(N). (3.60)

For completeness, we define the random vector of cluster assignment variables (see (3.49))

Cinv 2 (Cy,...,C0)7T (3.61)
and the random set (see (3.50))

F(N)={Cin} 2 {Cy,...,Cy} ={1,...,S(N)}, (3.62)
which is the set containing all unique cluster assignment variables Cn, formn =1,...,N.
Finally, based on (3.54), we define

‘9:;5(1\[) 2 (99)sez () (3.63)

3.3.3 Chinese Restaurant Process

We have mentioned that the DP, with continuous fy, induces a random partition of N. The
distribution over the partitions is called a Chinese restaurant process (CRP). The name
comes from the analogy to seating customers in a restaurant that has an infinite number of
tables and space for an infinite number of customers. Each time a new customer enters the

restaurant, he/she sits either at an already occupied table or at an empty table.

Let us reconsider the discrete part —%— ;92—1) ms(n —1)dy:(6,) of the predictive pdf
Jon 011 (00| 01:—1) in (3.33). We see that the probability that the next sample 0, equals
9% increases with mg(n — 1), i.e., the number of times 9% has already been observed. For
example, in Figure ba, out of the n — 1 = 10 samples that were observed, there are only
two distinct positions 97 or, equivalently, clusters, whereas in Figure 5c, there are nine
distinct positions 97 or clusters, i.e., only one cluster contains more than one sample. If we
were to sample from the predictive distribution shown in Figure 5a, the next sample would
most likely be equal to one of the two previous samples. On the other hand, in the case of

Figure 5c¢, the next sample would most likely be sampled from the base distribution. This
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is again a manifestation of the the rich get richer property of the DP.

Suppose now that 0, represents a customer that enters an empty restaurant (n —1 = 0)
and sits down at the first table. This customer is therefore assigned to cluster C; = 1.
Next, the second customer O, can either sit down at the already occupied table or at a
previously empty table, therefore there are two possible cluster assignments, C, = 1or
C, = 2. Continuing in this manner, let 0,, represent a customer entering the restaurant

with n — 1 customers 01, ; already inside and S(n — 1) tables occupied. The new customer

ms(n—1)

chooses to sit at the already occupied table s € {1,...,S(n — 1)} with probability ===,

or he/she sits at an empty table s = S(n — 1) 4+ 1 with probability ——2—. The customer is

assigned a cluster C,, = s according to his/her table. The predictive pmf of C,, i.e., given

the previous cluster assignment variables é1;n71 = (Cl, cee Cn,l)T, is thus obtained as

n—1 A
I :H-On’:

2 w1 L( ) for s=1,...,5(n—1) and n>2
a+n-—1
a

a+n-—1

p(:n I élm_l(s | él:n—l) -
for s=Sn—-1)+1 and n> 2,

(3.64)

where (3.60) was used. For the case n = 1, we obtain pg (s) = 1.

CRP-based Generation of the Samples 0,

The recursive construction presented in Section 3.2.2 can similarly be formulated using the

cluster assignment variables C,, and the predictive pmf of the cluster assignment variables

in (3.64), thus establishing a relation to the CRP:

1. Draw the distinct random positions 9, s € N i.i.d. from the base distribution fy, i.e.,

01,95, .. ~iia fu- (3.65)

2. Initialize the recursion by choosing the first cluster assignment C; as
C=1, (3.66)
and for n = 2,3. .., draw the next cluster assignment variable C, from the predictive

pmf pe (e, (5] Crn-1) in (3.64).
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3 DIRICHLET PROCESS AND DIRICHLET PROCESS MIXTURE

3. For all n € N, set

0, = G’én. (3.67)
We note that using this construction, we have C; = 1 and therefore also 0; = 9], as

postulated previously (see (3.12)). A remarkable feature of this recursive construction is

that it does not involve the weights Q.

CRP-induced Random Partition

Using an infinite sequence of DP samples 01, 0,,... generated according to the above-
described recursion, we can construct an ordered random partition ¢ = (&)1, do, . . ) of N

by including in the subset (cluster) ®, all n € N for which 0,, = 97, ie,
neo, if 8, =79 (3.68)

This random partition ¢ is equivalent to the sequence of cluster assignment variables (Cn);;o:l

because ¢, comprises all n € N for which C,, = s, i.e.,
n € ¢, if and only if C, = s. (3.69)

Note the analogy of (3.68) and (3.69) to (3.37) and (3.41), respectively. For n = 1 and
s =1, (3.69) reads 1 € ¢, if and only if C; = 1, and thus we conclude from (3.66) that
1€ ¢

According to (3.69), the CRP induces a partition of N that is independent of the positions
¥,. This is because the predictive pmf pe (¢, (5] Cim_1) in (3.64) that is used in the
recursive generation of the infinite sequence of cluster assignment variables (C,)22, does

not depend on the positions 9.

Joint pmf of the Cluster Assignment Variables

Next, we consider the joint pmf of the cluster assignment variables Cy.y. By applying the
chain rule, this can be formulated as a product of the conditional pmfs pénlélm_l(s\ém_l)

(see (3.64)), i.e.,

N
Pe, .y (é’lzN) = D¢, (él) Hpén | Cl:n71<é’” | él;nfl). (370)

n=2
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Following the results in [29, Eq. 8|, the joint pmf of the cluster assignment variables,

conditioned on the respective cluster sizes my.gv) = (M1(N),..., Mg (V)T is given by

- oS T2 (i (N) — 1)!
PE, x|y, Ciy|my. = = . 3.71
Cin| 1,S(N)( 1N | 1S(N)> Hﬁf:l(a -1 ( )

We note that this pmf depends only on the respective cluster sizes my.g(v), the total number
of distinct objects S(N), and the concentration parameter o. On the other hand, it does
not depend on the order of the cluster assignment variables C,,, which means the cluster

assignment variables are conditionally exchangeable given my.g(yy [29].

Exchangeable Random Partition

Let us consider the ordered random partition ¢ = ($q, o, ...) of N constructed from an
infinite sequence of DP samples (0,,)2° ; according to (3.37). From the fact that the DP sam-
ples (0,,)7°, are exchangeable, it follows that the random partition ¢ is also exchangeable.
This is proven using Kingman’s representation [30], which shows that for any exchange-
able infinite random partition, there exists an exchangeable sequence defined by (3.10) that
generates the infinite partition (see (3.37)) |5, Theorem 14.7].

Next, we reconsider the index transformation s = o(l),l = 1,2,... in (3.15). Using

(3.14) in (3.68), we have
n € doq if 0, =95, =6 (3.72)

Comparing (3.72) with (3.37) we conclude that

by = ¢, (3.73)

which implies that the random partition (i) is a reindexed version of ¢, i.e.,

(Do), Po@)s---) = (1, P2, ). (3.74)
Furthermore, using (3.73) in (3.69) and recalling that s = o(l), we obtain

n e ¢, if and only if C, = o(l). (3.75)
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3 DIRICHLET PROCESS AND DIRICHLET PROCESS MIXTURE

Comparing with (3.41), we conclude that

C, =o(l) = o(C,). (3.76)

Thus, the cluster assignment variable C,, is related to the cluster assignment variable C,, by
the permutation function o(-).

The random partition ¢ = (b1, do,...) implied by the random sequence of cluster
assignment variables (C,)>°; (see (3.41)) is (up to reindexing) equivalent to the random
partition ¢ = (1, Po, . ..) implied by the random sequence of cluster assignment variables
()22, (see (3.69)).

We note that the process of generating the cluster assignments by sampling from the
predictive pmf in (3.64) is called recursive partitioning |5, caption of Figure 14.1], and the

conditional pmf of the cluster assignment variables in (3.71) is also called the exchangeable

partition probability function |5, Eq. 14.6].

3.4 Dirichlet Process Mixture

The DP is widely used across a great variety of applications in Bayesian analysis, e.g., in
density estimation and data clustering. Due to its discrete nature, i.e., realizations of the DP
are discrete probability distributions, the DP alone is not suitable as a prior for estimating
a continuous density. However, the DP can be used as a prior distribution in a mixture
model. The resulting mixture model is referred to as a Dirichlet process mixture (DPM).

At the beginning of this chapter, we considered the DPM in the context of the simple
example of estimating the weight distribution of people from a set of measurements. Let
us denote the weight of person n by x, € RT. We argued previously that in a given
population, there are several different groups of people (clusters). Since it is very unlikely
that two people have exactly the same weight, even within the same cluster, the DP cannot
be used as a prior for the weight distribution.

Let the random position 07 € RT represent the mean weight of the I*® cluster. Using
the cluster assignment variable C, to assign person n to a cluster [, i.e., | = C,, we have
0, = 0¢, for all n (here, 6, denotes the mean weight of the cluster to which person n
belongs). Since the weight distribution we want to estimate is continuous whereas the DP

is discrete, we do not use 0, to model the weight x,, but instead, we use a continuous
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pdf fi. 10, (%n |0n) = O(2n|0,) to smooth out the DP. For example, we might consider
using ¢(x, | 0,) = N(z,;0,,0%). However, since this allows z,, < 0, we use for ¢(z, |6,)
a truncated Gaussian distribution, with mean 6, and some variance o? > 0, where the
truncation enforces x,, > 0. The advantage of the DPM model is that we do not need to
specify the number of clusters beforehand, i.e., the number of distinct weight means 6}, as
the underlying DP offers an infinite number of 0}, which are automatically chosen depending

on the observed data and the concentration parameter o.

Definition of the DPM

We now formally define the DPM, following [6] and |5, Sec. 5.1|. Consider a random position
0, € R” distributed according to the DP, i.e.,

0, | (for = fop) ~iia. fop, (3.77)

where fpp ~ DP(«, fi) with some concentration parameter av > 0 and base pdf fi(80) for
0 € R”. In addition, consider a random vector x,, € R”, and let the conditional distribution

of x,, given 0,, be described by a continuous pdf ¢(x |0) on R” for each 6 € R” | i.e.,

Jxn |00 (T [0,) = (| 0,). (3.78)

The DPM is now defined as the random pdf ¢(«, | 8,,) with random condition variable ©,,
distributed according to (3.77). Consistent with this hierarchical model for generating 6,
from fpp and x,, from 0,,, we further assume that x, is conditionally independent of fpp
given 0, i.e.,

fxn | fop,0n (mn ‘ fDP; 0n) - fxn | On (Ccn | On) (379)

Note that this corresponds to a Markov chain fpp — 0,, — X,,.

The conditional distribution of x,, given fpp can be calculated as [6, Eq. 3.34|

JanIpo(iUn’fDP)Z/19 Jxn | fo.00 (X0 | fOP: 0) fo,. 06 (O | foP)dO,
- /9 Few 10, (@ | 0,) for (6,,)d6,
_ /9 (@0 | 0,) fop(6,)d6,, (3.80)
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where we used the law of total probability as well as (3.79), (3.77), and (3.78). We recall
that a realization fpp = fpp corresponds to a realization of the position sequence (0])7°; =

(07)2, and a realization of the weight sequence (Q;)72; = (@Q;)2,, and by (3.6) we have
for(8) = Qide; (6), (3.81)
=1

for some (6;)7°, and (Q;);°,. Using (3.81) in (3.80) finally yields

P 10 (®n | foP) = /0 ¢(xy, | 6;) (Z Ql5e;(0n)> de,,
" =1
=2 | O(@n]8n)00; (6,)d0,
=1

=5 Qo |67). (3.82)

We note that (3.82) is an infinite mixture of continuous distributions ¢(x, | 0;), weighted
by Q.

We can equivalently express the random condition variable 0, using the cluster as-
signment variable C,, and the random position 0; as 6,, = 0¢_ (see (3.40)), therefore the

right-hand side of (3.79) can equivalently be written as

fxn | On (wn | Hn) = fxn | egn,cn (wn ’ a*cn, Cn) (383)

Finally, we consider a length-N sequence of random vectors (0,,))_,, equivalently writ-

ten as a vector 0.5 = (GlT, . 9%)T, where 0,, is conditionally i.i.d. given fpp = fpp (see

N

ne1, €quiva-

(3.77)). Furthermore, we consider a length-N sequence of random vectors (xy,)
lently written as a vector x;.x = (x{,...,x5)", where x,, is conditionally i.i.d. given 0.y,
ie.,

Xp | (018 = O1.8) ~iid fxn|91;N(mn |01.n). (3.84)

In addition, we assume that x,, is conditionally independent of all other 0, given 0,,, with

n' # n. Thus, the joint conditional pdf can also be factorized as

N N
le;N|91:N (mlzN | 91:N) = H fxn | 91:N(wn ‘ 01:N) = H fxn | 65 (wn ’ on) (385>
n=1 n=1
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Equivalently, (3.85) can be expressed using the cluster assignment variable C, and the

random position 0] by inserting (3.83) into (3.85), hence

N
fxlzN\GlzN(mlzN 101.n) = H fxn|egn,cn($n | 9?;”, Cp) = H H fxn\e;*,cn(mn 167,Ch),
n=1 leC(N) n:Cp=l
(3.86)
with C(N) = {C4,...,Cn} being the set of all unique cluster assignment variables (see

(3.51)) forn=1,..., N.
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4 General Gaussian Model, Benchmark Scenarios and
Estimators

This chapter will first introduce our statistical model and some fundamental assumptions
that are valid for each of the four scenarios. We then discuss two basic scenarios that do not
make use of any classification or clustering. These results will later be used as performance
bounds in Section 5, where we study two more sophisticated scenarios that make use of joint
clustering and estimation.

In each scenario, multiple objects are indexed by n € {1,..., N}, where N is the total

number of objects. For each object, we want to estimate a random parameter vector of

interest x,, = (X,.1,...,%,.p)T € R, which is statistically dependent on a hyperparameter
vector 0, = (0,,1,...,0,p)" € RP. Also, for each object, we observe a noisy measurement
Yo = (Y1, ¥Ynp)T € RP which in all four scenarios is considered known and generated

according to a stochastic dependence on our parameter of interest x,,.
Thus, object n is associated with a single x,,, a single 0,,, and a single y,,. The task is to

estimate the parameter of interest x,, for each object n, given the vector of all measurements

Yinv = (YT, ..., y&)T. We denote the vector containing all hyperparameter vectors as 0.y =
(07,...,0,)T and the vector of all parameters of interest as x;.y = (xI,...,xx)7T.

Representative Scenarios

For each scenario, we choose a different prior pdf of the hyperparameter 0, for all n €
{1,...,N}. In general, we do not necessarily assume independence of ©,, across the object
index n, which means that the hyperparameter 0, can be statistically related not only to

X, but also to x; with j # n. More specifically, we consider the following four scenarios:

1. 0, is i.i.d. across n and distributed according to a given prior fy, (6,,).

o

0,, is distributed according to fg,(6,) as in first scenario, but observed, i.e. 0,, = 6,,.
3. 0.y is distributed according to a DP as introduced in (3.7).

4. Similar to the previous scenario, 0.y is distributed according to a DP; however, we

assume that the cluster assignments Cy.y (see Sec. 3.3) are known.

We consider the first two scenarios as benchmarks providing theoretical performance

bounds relative to the third and fourth scenarios. As opposed to the first two scenarios,
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the third and fourth scenarios involve the DP prior, and they enable joint clustering and
estimation. Since in the first scenario the hyperparameter 0, is i.i.d. across n, we cannot
make use of any underlying cluster structure, and thus we expect the estimator in the first
scenario to have the worst performance in terms of MSE. On the other hand, in the second
scenario, the hyperparameter 0, = 6, is assumed to be known, therefore the estimator
in this scenario should have the best performance in terms of MSE. In the third scenario,
we make use of the cluster structure, therefore we expect better performance in terms of
MSE than in the first scenario but still poorer performance than in the second scenario.
Furthermore, as we will observe in Section 5.2, the MMSE estimator in the third scenario
cannot be expressed in closed form; however, it can be approximated by a Monte Carlo
(MC) evaluation of the posterior mean. Lastly, in the fourth scenario, we also make use of
the cluster structure; however, since the cluster assignments C;.y are given, the estimator is
provided with additional knowledge compared to the third scenario. Hence, we expect the
estimator in the fourth scenario to perform better than the estimator in the third scenario,

but still worse than the estimator in the second scenario.

4.1 General Model and Assumptions

We assume that the parameter of interest of each object n, x,, is related to the hyperpa-

rameter 0,, according to the additive-noise model
X, =0, +u,, (4.1)

where u,, will be called the parameter noise. We also assume that u,, is zero-mean Gaussian,
ie.,

Jun (Un) = N(u,;0, %), (4.2)

with some covariance matrix ¥,,. It follows from (4.1) and (4.2) that given 0,,, x,, is Gaussian

distributed according to

fxn10, (@0 6,) = N (x50, 3,). (4.3)

Thus, conditioned on the hyperparameter 0,,, the mean of x,, equals 6,, and the covariance
matrix of x,, is X,,.

Furthermore, we assume that the measurement y,, is x,, corrupted by additive Gaussian
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noise v, i.e.,

Yo = Xn + Vi, (4.4)

where v,, is zero-mean Gaussian, i.e.,
T, (0,) = N(v,;0,3,), (4.5)

with some covariance matrix X,,. It follows from (4.4) and (4.5) that y,, given x,, is Gaussian

with mean x,, and covariance matrix X, i.e,
By 10 (Yn [ Z0) = N(Yn; @0, o). (4.6)
Note also that combining (4.1) and (4.4) gives
Yy, =0, +u, +v,. (4.7)

We can also write (4.1), (4.4) and (4.7) using vector-matrix notation as

Yo en +u, +v, ID ID ID en
Xp, = en +uy, = ID ID 0 u, ) (48)

with identity matrix Ip of size D x D.

Independence Assumptions

For all scenarios, we furthermore assume the following;:

A1) The parameter noise u,, is i.i.d. across object index n. Therefore, the pdf of the

parameter noise vector of all objects, uy.y = (ul,...,ul)?, is
N N
Jurn (U1v) = H Jun (un) = HN<un§O> ). (4.9)
n=1 n=1

A2) The measurement noise v,, is i.i.d. across object index n. Therefore, the pdf of the
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measurement noise vector of all objects, vi.y = (vi,...,vy)T, is
N N
o (@in) = [ fou(0n) = [[ N (0050, ). (4.10)
n=1 n=1

A3) 0, u;, and v;, are mutually independent for any n, j, k € {1,..., N}. This means that

the joint pdf fo, vupyviy (01:8, U1.v, V1.x) can be factored as

N
for vy vy (018, win, vin) = fo,.n (01:1) H fu, (wn) fu, (V5)
n=1
N
= forn (O1n) [ [N (30, 20) N (0,30, 5,).  (4.11)
n=1

In general, except for the first scenario, we do not assume that 0, is independent

across object index n, hence fo, \ (61.n) is not necessarily equal to [[>_, fo, (8,).

General Factorizations of PDFs

The hierarchical model for generating x,, from 0,, (see (4.1)) and y,, from x,, (see (4.4)) is a
Markov chain, denoted as 0,, — x,, —y,,. That is, given x,, y,, is conditionally independent

of 8, or equivalently

Fyo 150,80 (Un | @0y 0) = fy 1, (Yn | T0). (4.12)

The conditional pdf on the right-hand side of (4.12) is recognized as the likelihood function.
We now factorize the joint likelihood function fy . |x,.v (Y1:n | Z1:n) using, in turn, (4.4),

(4.10), and (4.6) as follows:

(4.4)
fylzN \xLN(’yLN | 931:N) = vaN \xLN(yLN — L1:N | $1:N)

N
(4é0) HN(yn —x,;0, Ev)
n=1

N
= [[N(wnizn. Z0) (4.13)
" n;l
= 1L A ixa(n [220) (4.14)
n=1
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Hence, the joint likelihood function fy, . |x,.y (Y1:n | Z1:xv) is given for all scenarios by

N N
oo e Wrn [ 18) = [ Fon 130 @ [ 20) = T[N (Ui 0, Zo). (4.15)
n=1 n=1

Furthermore, we factorize fy . |x,.v.00.n (Y1:N | TN, O1:3) using, in turn, (4.4), (4.1), As-

sumption A3, and (4.10), as follows:

(4.4)
fyl:N \xl:N,Gl;N(ylzN ’ L1:N, 91:N) = fvl;N \xl:N,61:N<y1:N — LN | L1:N, 01:N)

(4.1)
= vaN \ 91;N+U1;N,91;N(y1:N — L1:N \ 01.n + Uui.N, 91:N)

A3
= fv1;N(y1:N - ml:N)

N
= [TV - 2.:0,%,)
n=1
N
= [[VN(wnizn, =) (4.16)
n=1

Thus, using (4.6) and (4.15), we also have

N

Fyow Ixew 0y Wiy [Ty, 01n) = [ fon 150 (W0 | 0) (4.17)
n=1

= fyl:N|X1:N (yl:N ‘ wl:N) (418)

Next, the conditional pdf fy, (e, (T1.n|61:n) can be factorized using, in turn, (4.1),

Assumption A3, and (4.9) as follows:

(4.1)
fxlzN \ 91:N(w1:N | 91;N) = fulzN \ elzN(CULN —0.n | 91;N)

2 @y — Ouy)

(4.9)

=

N<mn - Ona 07 Eu)

1

3
I

I
=

N(@n; 0, S). (4.19)

n=1

Using (4.3), we also have

N
fxl;N [01.N (:BI:N | 91:N) = H fxn |65 (wn ’ en) (420)
n=1
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Lastly, the conditional pdf fy1:N|ele<y1:N |61.5) can be written using the law of total

probability as

Syin 101y (YN [ O1:n) = / Tyin Ixtn 008 (YN | T1N s O1:8) fron (01 (T8 | O1:8) AT
T1N

Inserting (4.17) and (4.20) into (4.21), we obtain

N
fY1:N N (yl:N | 01:N) = / (H fyn | Xn (yn ’ CBn)fxn | On (wn ’ Hn)) dwl:N

- H Sy 1 (Un | 1) 0, (20 | 0)d .

=17 %n

Using (4.12) and again the law of total probability, this becomes further

fy1:N|61;N(y1:N |01N H fyn|xn yn |wn7 )fxn|6n(mn |0n)dmn

n=1Y%n
N
=11 #.10.(9160).
n=1
The equality of (4.23) and (4.22) also shows that
fyn | On (yn ’ 0n) = / fyn | Xn (yn ‘ mn)fxn | 65 (mn ’ en)dmn

Inserting (4.6) and (4.3) into (4.24) we obtain

fyn|9n Yn ’ 0 / N yna Ly, 'U)N(wn; Ona Eu)dmn

- / N(yn — Tp; 0’ Ev)N(wm Gm Eu)dwn

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

This integral is the convolution of two Gaussian pdfs. Therefore according to (2.19), it is

again a Gaussian pdf; its mean is the sum of the means, i.e., py, 0, = 6, +0 = 6, and its

covariance matrix is the sum of the covariance matrices, i.e., 3y |9, = Xy + X,. Thus, we

obtain

fyn\ﬁn(yn | en) - N(ym 0n7 Eu + Ev)a

95

(4.26)
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and by inserting (4.26) into (4.23)

N
Fovwtonn Win [ 01:8) = [ [N (Wa: 01, B + Z). (4.27)

n=1
4.2 First Scenario

In the first scenario, we assume that the hyperparameter 0, is i.i.d. across object index n

and Gaussian distributed.

4.2.1 Statistical Model

Because of this assumption, the pdf of the hyperparameter vector 0.y is given by

f91:N (elzN) - H fen (On)a (428)

where

f0,(0,) = N(0,,; po, Xp), (4.29)

with some mean pg and covariance matrix 3g. Using (4.3) and (4.29) we obtain

fon (@n) = /0 Feo 10 (@0 | 8) fo. (6)6,
= N<a:n7 Om Eu)N(em Mo, Eo)den
O
_ / N (@ — 0,0, Z0)N (8, 16, ) d6,
(5

= N(x,; o, Xo + ), (4.30)

where (2.19) was used. We conclude that

an (mn) = N(wm Mz, 29:) (431)
with mean
Mz = Mo (432)
and covariance matrix
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O
(=

Figure 6: Bayesian network for the first scenario, assuming three objects (N = 3). Observed
random variables are displayed in shaded disks.

Similarly, using (4.6), (4.30), and again (2.19), we obtain

Jo () = / For o (Un | @) (@) dz
= / N(ym L, E'U)N(a:n; Mo, 29 + 2J'u,)dagn

— / Ny, — x,; 0, Z,)N (,; o, Xo + Xu)dx,

=N (Yn; o, 2o + X0 + 2y), (4.34)
and thus
Fy(Un) = N(Yn; pry, Zy) (4.35)
with mean
Py = Mo (4.36)
and covariance matrix
3y =3+ 3, =3¢+ X, + X, (4.37)

where (4.33) was used. We can visualize the dependencies via the Bayesian network shown

in Figure 6.
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4.2.2 MMSE Estimator

We will now derive the MMSE estimator of x, for this scenario, denoted as :%,gl)(yl: N)-

According to (2.10), we have

i’f’bl)(ylzN) =E[X, |y;.xy = yun] = / T fx, ly1.n (xn [ Y1:n) dz,. (4.38)

Ln

The posterior pdf f, |y, (Xn|Y1:x) can be obtained from the joint posterior pdf

Jxon lyin (1N | Y1v) as

fx'n |YI:N (wn | le) = / fxlzN |YI:N (wlN | yl:N)dw_‘n7 (439)
where
Ty = (T}, T 1, Tpry e TN (4.40)

stands for all parameters of interest not associated with object n. Using Bayes’ theorem,

we can write the joint posterior as

fXI:N ly1.v (mlzN | yl:N) = fyl:Nl)(l:N (:y;yN ‘g/llz.]j\;))f)(lw (wLN) . (441)

In what follows, we will consider the individual factors in this expression.

e Using (4.20) and (4.28), the joint prior fy, ,(21.5) can be developed as

Jxan (z1.v) = 0 Jxin [01:n7 (1 | 01:N)f91=N (61:3)d61.n
LN N
= /0 (H fxn |6n (mn | en)fen (On)> deLN
LN \n=1

N
— H e, (). (4.42)

Inserting (4.31) into (4.42) gives

N N
fx1:N(w1¢N) = HN(mna Mz, Zz) = HN(wn; Mo, 29 + Eu) (443)
n=1 n=1
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e The likelihood function fy, |x,.y(Y1:n |®1:3) is by (4.15)

—1=

fY1;N|X1:N (yI:N | wl:N) = fyn | X, (yn | :Bn) (444)

3
Il
—

N (Yn; T, B (4.45)

—.

1

3
Il

e The evidence fy . (y1.n) can be written as

Foo (i) = / Fo e (o | T fay (@i AT (4.46)

Inserting (4.42) and (4.44) into (4.46), we obtain further

fyl:N (ylzN) = / (H fyn|xn (yn | xn)fxn (xn)> dwl:N

= H fyn|xn Yn | wn)fxn(wn)dwn
— H Fy (Yn) (4.47)

N
= HN(yn7u0a20+Eu+Ev)a (448)

n=1
where (4.34) was used in the last step.

We now insert (4.42), (4.44), and (4.47) into expression (4.41) and obtain for the joint

posterior pdf

N N
Jrin vy (ZLN | Y18) = H Uz Xn(g:; \(C;E'Jn))fxn(wn) = H Jxnly, (Tn | Yn). (4.49)

n=1

Using (4.49), we can now perform the marginalization in (4.39). We obtain

Jxnlyin (Tn | Y1:n) = / <H Sx 1y (T Iyn)> dx_,
= fxn|yn(wn | yn)/ (H fxn/|yn/(a:n’ |yn’)> dw—\n

In

= frty, (@ | wa) H/ Far g (Tt | )

n'#n
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= fxn|yn (wn | yn)7 (450)

where we used [ fx |y, (Tw |Yp)de, = 1. Note that the marginal posterior in (4.50)
only depends on y,, even though we have all measurements y;. available. Finally, we apply

Bayes’ theorem to (4.50) and use (4.6), (4.30), and (4.34), to obtain

Foty (@ o) = el @n[@0)fe (@n) N (Yo 2o, Zo) N (@0 o, Zo + Zu)
Xn | Yn n n fyn (yn) N(yn7 Mo, 29 + Eu + Ey) .

(4.51)

This must be a Gaussian pdf, since x,, and y, are jointly Gaussian, which follows from
(4.8) along with the fact that 0, u,, and v,, are statistically independent Gaussian random

vectors. Thus, we have

fxn\yn(mn|yn) :N(mMIJ’m\ynaEwly)? (4'52)

with some posterior mean fi|,, and posterior covariance matrix X,,. Using (2.40) and
(2.41), we obtain
Yiply = g — EmyEglEym (4.53)

and

|y, = Pao + oy Xy (Yo — Hy)- (4.54)

We have ¥, = ¥p + X, + 3, (see (4.37)) and X, = cov(X,,y,) = cov(X,, X, +V,) =
cov(X,,) + cov(Xy,, V) = cov(x,) = 3, = g + X, (see (4.33)) as well as p,, = p, = pg (see
(4.32) and (4.36)), so that the posterior covariance (4.53) becomes

Yoy =30+ Tu — (T + Tu)(To + T + Xp) (Zo + o). (4.55)
Using the matrix identity (B.4) with ¥ 4 = 3¢ + ¥, and X g = ¥, this becomes further
Yoy =S0(Zp+ By + p) (e + ). (4.56)
Similarly, (4.54) becomes

By, = Mo + (B + Bu)(Zo + B + ) (yn — p0). (4.57)
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Using (4.50) and (4.57) we can find a closed form expression for the MMSE estima-
tor :fcﬁ})(yw) in (4.38). According to (4.38), @511)(y1:N) is equal to the posterior mean
E[x, | Y.y = y1.v], which, due to (4.50), is equal to E[x, |y, = Yn] = Ha|y,, as given by
(4.57). Hence, the MMSE estimator is given by

& (Y1) = po + (Zo + Bu) (o + S+ B0) (g — ko). (4.58)

4.2.3 MSE

In order to compare the performance of 337(11) (y1.n) with that of other estimators in subsequent

sections, we consider the minimum MSE, i.e., the MSE achieved by the MMSE estimator.
As shown in (2.12), the minimum MSE is given by

1 1
MSEI(nl)n = E EYLN |:tI‘ [Zmn |y1:N] :| . (459)

Due to (4.50), the posterior covariance matrix 3, |4,., is equal to X |4, = 35|y, hence

we further obtain

1

1
MSEgl)n =Y Eh:N |:tI“ [2m|y] i| - 5 tr [Ew|y} y (460)

D

where we exploited the fact that, according to (4.56), the posterior covariance matrix X/,
is not functionally dependent on the measurements y,.,;. Note that this expression does
not depend on the object index n. Using (4.56), the minimum MSE for the first scenario is

finally obtained as

1
MSE(), = o 1 [Bo(Zo + T+ 30) 7 (B0 + )] - (4.61)

In particular, if 0,,, u, and v,, are random vectors with i.i.d. components, i.e., X9 = o71p,

¥, =o02Ip, and X, = 02Ip, then (4.61) simplifies to

L[] _ ool o)

MSE! = — ¢ - ,
min = 7y o8 + 02+ o2 P o8+ 02+ o2

4.3 Second Scenario

In this scenario, we observe the hyperparameter 0,, = 6,, for all n € {1,..., N}.
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OO C)
(&
OO

Figure 7: Bayesian network for the second scenario, assuming three objects (N = 3). Ob-
served random variables are displayed in shaded disks.

4.3.1 Statistical Model

The hyperparameter 0,, is still modeled as a random vector; however, in this scenario, we
treat it as observed data, just like y, = y,,. Otherwise, we use the same general model as
in the first scenario (see Section 4.1). Therefore, several conditional pdfs are the same and
we can use some of the previous results. The conditional dependencies in this scenario are

visualized in Figure 7.

4.3.2 MMSE Estimator

As in our first scenario, our goal is to calculate the MMSE estimator of x,,, denoted as
22 (y1.n,01.5). Since we consider both y,., and 0.y as our data, the MMSE estimator is

now given by (see (2.10))

*’%g)(yl;N, 01.x) = E[xn [ Y18 = Y13, 018 = O1.n] = T frolyin 00y (Tn | Y18, O01:8) dTn,
lyin
' (4.63)

with the posterior pdf fy, |y, v.00n (Tn | Y18, O1:8). Similar to the first scenario,
we can obtain the posterior pdf fy, |y, v.01.x (n|Y1:n, 01:7) from the joint posterior pdf

Jxin 1yin 018 (1N | Y1:v, O1:3) according to

fxn lyi1.nv:01:N (3371 | Yi:N, BlzN) = / fxlzN |y1.n:01:N (:Ul:N | Yi:N, 01:N)d:vﬁna (464)
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where x_,, was defined in (4.40). Furthermore, using Bayes’ theorem, we obtain for the joint

posterior

fle‘xlNelN(le’mleelN)fxmlelN(mlM91N)
fY1N\91N(y1N|01N)

fxl:N ly1.v,01:N (2131:N | Y1:N, 91:N) =
(4.65)

Next, we will work out the individual factors in this expression.

e The conditional pdf fy, e, (T1.n|O1:n) is still given by (4.19) and (4.20), i.e

N

fxl:N [01:n (mllN | 81 N H Xn | On ZBn | 0 (466)
N
H (@ 0, S,) (4.67)

e For the conditional pdf fy _ix.v.00.y (YN ]| TN, 01.8), We obtain by (4.16), (4.17),

and (4.18)
(4.16) N
fyliN [x1:n,01:v (yI:N | L1:N; 01!N) = H N(ym L, Ev) (468)
n=1
(4.17) N
= H Sy 1% (Yn | @) (4.69)
=1
(4.18)
fY1N\X1N(y1N|w1N) (4.70)

e The conditional pdf fy e, (¥1:n|01:n) can be factorized according to (4.23) and

(4.27), i.e
N
th\elN y1N|01N H y | On yn|0 (471)
e
:H (Yn; O, B + ). (4.72)

Next, we insert (4.66), (4.69), and (4.71) into the expression for the joint posterior pdf
(4.65), i.e

N
fyn|xn (yn | CEn)fxn | On (wn | en)
] A S

fxl:N |Y1:N791:N (wlN | y12N7 OIN) =
n=1
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Using (4.12), we obtain further

N
fy | Xn,0 (yn|mnaen)fx |6 ($n|0n)
X1. . 1.v \L1: : 70 : = e - 4.74
f; N |Y1n,9 .N( 1N|y1N lN) T];[l fyn|6n(yn|0n) ( )
N
= H fxn|yn79n (wn ‘ y’I’H 0n> (475)
n=1

We now insert the factorization (4.75) into (4.64) and obtain

N
(H fxn, Y0 (wn/ | Yn's en/)) A
n'=1
( H fxn/ |yn’7an/ ($n/ | yn’a 0n’)> dwﬁn

n’#n

fxnlyl;j\pel;N (wn ’ Yi:n, 01:]\7): /

L—n

= fxn |yn,9n(mn | Yn, On) /

L—n

- fxn|yn,9n(mn | ymen) H /

n/#n YT

= fxn |¥,,6n (mn | Yn, On) (476)

fxn/ |¥,10,, (mn’ | Yn's On’)dmn’
’VLI

Finally, we apply Bayes’ theorem to (4.76) and use (4.12) together with (4.3), (4.6), and
(4.26), to obtain

_ fyn | Xn,0n (yn | L, en)fxnwn(mn | On)

X. n n70n 4.77
fn\yn,9n<w ’y ) fyn|9n(yn|0n) ( )
_ fyn |xn(yn | mn)fxnmn(a:n | en)
fynlen(yn 10,,)
_ N(ni 0, Bo)N (Tn; 05, 3o (4.78)

N(yn;0n72u+zv) 7

which again is a Gaussian pdf, as y, and x,, are still jointly Gaussian. Similar to the first

scenario, we obtain

.fxn |¥,,0n (wn | Yn, On) - N(mrw Mz\yn,em ZJz|y,0) (479)
with (see (2.40))

E:c|y,9 = 2w|0 - Ewy|92;‘lgzyz|0 (480)
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and (see (2.41))

Mmlynagn :I""m|0n+2$y|92;‘19(y”_uyn|9n)‘ (481)

Using 3510 = Xy (see (4.3)), Xyj9 = Xy + 3y (see (4.26)), and Xgyj0 = Xyzjo =
cov(Xp, Y, | 0,) = cov(0, +u,,0, +u, +v,|0,) = cov(u,,u, + v,) = cov(u,) = X,. We

can write (4.80) as

Z)i’3|317‘9 - Eu - Eu(Eu _I_ Ev)_lzu (482)

B 5 (B + ) 'S (4.83)

Similarly, using ptz|e, = 6, (see (4.3)) and puy, 6, = 6, (see (4.26)). we can write (4.81) as
Py 0n = O + Zos(Z + ) My — 6,). (4.84)

According to (4.63), the MMSE estimator :33%2) (y1.n, 01.n) is equal to the posterior mean
E[x, | Y1.x = Y1.n, 01.8 = 01.n], which due to (4.76) is equal to E[x, |y, = yn, 0, = 0,] =
Mz |y,.0,- Using (4.84), we then obtain

27 (Y1, 01:8) = O+ Du(Su + 0) (Yo — 0,). (4.89)

4.3.3 MSE

According to (2.12), the minimum MSE is given by

9 1
MSEl(m)n = 5 EYl:Nvel:N [tr [an|y1:N791:Nj| } . (486)
Due to (4.76), the posterior covariance matrix X, |y, v.0..x i equal to Xz 4. 0, = Xa|y.0,

hence we further obtain

1 1
MSER, = = By, v oux 17 [Baiyo] | = 5 t1 [Zajyo] (4.87)

where we exploited the fact that the posterior covariance matrix X, ¢ is not functionally

dependent on y,. or on 01.y, as evidenced by (4.83). Using (4.83), the minimum MSE for
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the second scenario is finally obtained as

1
MSE®) = 5t [Bo(Su + ) 8] (4.88)
Again, this expression does not depend on the object index n.

In the special case where u,, and v,, are random vectors with i.i.d. components, i.e.,

3. = 02Ip and X, = ¢2Ip, expression (4.88) reduces to

2 9 2 9
2 1 0,0y 0,0,
MSE, [ = — tr {02 mn U2ID} = ot (4.89)

4.4 Comparison of MSESH)n and 1\/18131%)][l

It is interesting to compare MSEW i.e., the minimum MSE for Scenario 1, and MSE?

min? min’

i.e., the minimum MSE for Scenario 2. For simplicity, we restrict our discussion to the case

where u,,, v,, and in Scenario 1 also 0,, are random vectors with i.i.d. components, i.e.,
o . 1

Y. = 02Ip, B, = 02Ip, and Ty = 02Ip. For a quantitative comparison of MSE'") and

MSE?

min?

we develop our expression for MSE(!) in (4.62) to obtain

min

2 2
MSEW —02—09+U“
min — “Ywv 2+ 2+ 2
oy o5+ 07
W0g+ 02 +0l—0

v of+ol+o?
2
2 Uv
= l1—-— . 4.90
U”( 03+0§+a§> (4.90)

Similarly, we manipulate our expression for MSE”) in (4.89) to obtain

2
v

0.2

2) 2 [
MSE(. =0f—
min v _92 2
o, + oz
_ s0itoi—o;
) 2 2
o+ o;

2 ‘712}
=0t (157 ). (4.91)
Now
2 2
T <2 (4.92)

66



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

m Sibliothek,
Your knowledge hub

4 GENERAL GAUSSIAN MODEL, BENCHMARK SCENARIOS AND ESTIMATORS

and further

o o?
- v > 1- v 4.93
o5+ 02402~ 02 + o2 ( )

Together with expressions (4.90) and (4.91), this implies

MSE!) > MSE? (4.94)

min?

with equality, i.e., MSE!") = MSE®

min min’

if 03 = 0. Note that if 0 — 0 in Scenario 1, then

0,, — pg, which means that 0,, is known and thus Scenario 1 reduces to Scenario 2.
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5 Inherent Clustering Scenarios and Estimators

In the previous chapter, we considered Scenario 1 with unknown i.i.d. hyperparameters 0,,,
and Scenario 2, where the hyperparameters 0,, are assumed to be observed and thus known.
In this chapter, we consider two further scenarios, referred to as Scenarios 3 and 4. Their
difference from the previously discussed Scenarios 1 and 2 is that the underlying Bayesian
models involve a DP prior on the hyperparameters 0,,, which allows the estimators to exploit
the associated cluster structure to improve the estimation performance. In Scenario 4, we
assume that we know which objects belong to each cluster, whereas in Scenario 3, the cluster
assignment needs to be inferred and the estimator is only provided with the measurements.

This chapter is organized as follows. In Section 5.1, we present the statistical model for
this section, which still relies on the general model presented in Section 4.1. This means
that all independence assumptions and factorizations of pdfs described in Section 4.1 are
also valid for Scenarios 3 and 4.

In Section 5.2, we derive the MMSE estimator for Scenario 3. This estimator takes
into account the DP prior on the hyperparameters 0,. Because the estimator cannot be
calculated in closed form, we provide a Monte Carlo (MC) approximation.

In Section 5.3, we derive the MMSE estimator for Scenario 4. While we still impose
the DP prior, we now assume that we know which objects belong to each cluster, i.e., the
estimator is provided with the cluster assignment variables Cy.y = (Cy,...,C N)T as defined

in (3.39). We obtain a closed-form expression of this estimator.

5.1 Statistical Model for Scenarios 3 and 4

We assume that 0,, € {1,..., N} is distributed according to a Dirichlet process (DP) as
introduced in Chapter 3. We have (see (3.10))

01,....0n | (for = for) ~iia fop, (5.1)

where fpp ~ DP(a, fu) (see (3.7)) with concentration parameter o > 0. The base distribu-

tion of the DP is assumed to be Gaussian, i.e.,

fu(07) = N(0%; o+, 3o+ ), (5.2)
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with some mean pg- and covariance matrix 3g+«. The random cluster hyperparameters 0;

are i.i.d. and each is distributed according to the base pdf (see (3.1)), i.e.,
1,05, ~iia fa (5.3)

As opposed to the first scenario, discussed in Section 4.2, the hyperparameters 0,, are not
independent across the object index n; however, they are conditionally i.i.d. given fpp = fpp
as stated in (5.1).

The random parameters of interest x,, are parametrized by the respective hyperparam-

eters 0,, according to (3.78), i.e.,

Jxnl0,(Xn |0,) = O(2,,10,), ne{l,... N} (5.4)

with some continuous pdf ¢(x,, | 6,). Hence, the x,, are distributed according to a DPM as

discussed in Section 3.4 and x,, is conditionally i.i.d. given 0.y, i.e.,

Xn \ (91:N = 91:N) ~iid. fxn|91;N (wn ’ 91:N)- (5-5)

We recall that given 0,,, x,, is conditionally independent of all other hyperparameters 0,

with n’ # n, i.e.,

fxn|91;N (mn | 01:N) - fxn | On (mn | en) (56)
and
N N
fx12N|91;N(m1:N | 01:N) - H fxn\el:N(wn | 01:N) = H fxn\en(mn | en) (57)
n=1 n=1

Furthermore, still assuming the Gaussian additive-noise model in (4.1), we have (see (4.3))

(x| 0,) = fx, |0n (x| 0,) = N(mm 0,,%.), (5.8)

with some covariance matrix 32,,.

The measurements y,, are generated according to (4.4), i.e.,

y'n, = XTL + Vna (59)

69



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

where v, is i.i.d. and zero-mean Gaussian. Therefore (see (4.6))

Fyo 0 U | Tn) = N (s T, B), (5.10)

with some covariance matrix XJ,.
We will use the cluster assignment variables Cy.y = (Cy,...,C N)T to express the assign-

ment of objects to clusters, i.e. (see (3.39))

C,=1if o, =06;. (5.11)
We can also write (see (3.40))
0, =0¢,, (5.12)
which means that
Oy = (07,...,00) " = (0, ...,08)". (5.13)

In other words, for all objects n that share the same cluster hyperparameter 6; we assign
cluster C,, = [. For example, let us consider three different objects with parameters of
interest x;, x; and x;, and let us assume that two parameters of interest belong to the same
cluster, i.e., x; = 0} + u; and x;, = 0; + uy, whereas x; = 0, + u;, with p # t. This means
that the cluster assignment variables are given by C; = C;, =t and C; = p. We use my(N) as
defined in (3.47) to denote the number of objects that belong to the same cluster [. Finally,

we recall from Section 3.3.2 the notation

which is the set containing all unique cluster assignment variables C,, n =1,..., N, and
we define
0%y = (8] Jicw () (5.15)

as the vector composed of all cluster hyperparameters ;.

5.2 Third Scenario

In this section, we will develop an MMSE estimator for Scenario 3, using the general model

introduced in the previous section. We assume that the cluster assignment variables C,,, n =
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O OSOTO NG

OaOnOn0
™
OaOmOii0

Figure 8: Bayesian network for the third scenario, assuming three objects (N = 3). Random
variables displayed in shaded disks are observed. The cluster assignment variables {C, },en
and the cluster hyperparameters {0; };,cn are generated from the DP. Each cluster assign-
ment variable C, is then related to exactly one hyperparameter 0,,; however, the cluster
assignment variables may be equal for two different objects and thereby also relate these
objects to the same cluster hyperparameter ©;.

1,..., N are unknown to the estimator (as opposed to Scenario 4 discussed in Section 5.3).
The statistical model for this scenario is shown in Figure 8.
5.2.1 MC Approximation of the MMSE Estimator

Similarly to our first and second scenarios, we want to calculate the MMSE estimate

2D (y1n) = Bl |y1x = yrn] = / o fealysn (Ta | Y1) dz,. (5.16)

Tn

Due to the prior (5.1) imposed on the hyperparameters 0,,, we cannot calculate the posterior

pdf fx, |y, (@n |y1:n) in closed form as in the other scenarios. We can, however, generate
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a set of samples 2 for qg=1,...,Q from fy, |y, (®Tn|y1:n), where @ € N denotes the
number of samples, and use these samples to obtain the following MC approximation of the

MMSE estimator in (5.16):

Q

) 1

20 (yen) ~ >zl (5.17)
q=1

It follows from the law of large numbers that this approximation is accurate for sufficiently
large @ and is exact for Q — oo [2]. However, as it is impossible to sample directly
from the posterior distribution fy, |y, \(%n |y1:x), we will adapt the Markov Chain Monte
Carlo (MCMC) approach; concretely, we will develop two different variations of the Gibbs
sampler [21]. The Gibbs sampler can be viewed as a special case of the Metropolis-Hastings
algorithm with kernel cycles, with the acceptance probability for each proposal equal to
one [2]| [6]. The Gibbs sampler is an iterative algorithm that generates samples from “full
conditional pdfs”.

The posterior pdf fy, |y, (@ |y1.n) can be obtained from the joint posterior pdf

Jxvn lyi.n (®n | Y1:3) according to

fxn |Y1:N (wn | le) = / fxlzN |y1:N (wlN | le)dw_‘n (518)

As a result of our statistical model and, in particular, the DP prior imposed on the hyper-
parameters 0,,, the x,, are dependent across the object index n; indeed, x,, and x,, belong
to the same cluster if 0, = 0,, for n # n/. Therefore, it is again impossible to sample

from (5.18) directly. We can expand the integrand in (5.18), i.e., the joint posterior pdf

fX1:N [yi:n (wlzN | yl:N) = / le:N791:N|y1:N (CCl;N, 01;]\/ | ylzN)dGhN. (519)
ol:N
By inserting (5.19) into (5.18) we obtain

Fo o (@ | Y1) = / /9 Fonoin g (@i Oy [ Y1) dOundzr.  (5.20)
L—n 1:N

We will show that by using the Gibbs sampler, we can obtain samples w%q) from the
joint pdf fu, v 01n ly.n (®1:3, O1:8 | Y1:3); however, we will also need to obtain samples Bﬁf),

even though we are only interested in z. The approach of sampling an additional random
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variable 0,, allows us to obtain a closed-form expression for both full conditional pdfs of x,

and 0,,, which are needed in the Gibbs sampler algorithm. Sampling an additional random

variable (in our case 0,,) to facilitate sampling of the parameter of interest (in our case x,,) is

sometimes referred to as linchpin variable sampler [31]. Once we obtain ) pairs of samples

2 and 6 for n = 1,..., N, the marginalization in (5.20) is done simply by discarding

all samples of the linchpin variable, i.e., 0\ for n = 1,..., N, and keeping only the samples
()

@y, which are then used in (5.17). For each random variable (in our case 27 and 0%), we

will derive the full conditional pdf in what follows. During each iteration ¢ € {1,...,Q},

the Gibbs sampler “loops” over the object index n = 1,..., N and calculates new samples
2 and 0 for each n = 1,..., N, using the samples from the previous iteration ¢ — 1 or,

if already available, it uses the samples from the current iteration q.
We will consider two versions of the Gibbs sampler: a “simple” Gibbs sampler that
samples 2 and 6% for each object indexn =1, ..., N separately, and a more sophisticated

Gibbs sampler that uses the cluster assignment variables Cy.y.

5.2.2 Simple Gibbs Sampler

In each iteration q of the “simple” Gibbs sampler algorithm, we obtain the samples 051) and
29 for each n = 1,..., N by sampling from their respective full conditional pdfs. The full
conditional pdf of 0,, is the pdf of ©,, conditioned on all the other random variables, i.e.,
the remaining hyperparameters, 0, = (67,...,0,_, 0., ,...,0})", the parameters of in-
terest, xy., and the measurements, y.n, i.e., fo, |6 xinypn (On | O-n: T1:n, Y1:v). Similarly,
the full conditional pdf of x, is the pdf of x,,, conditioned on the remaining parameters of
interest X, = (X{,...,Xp_1,Xp,1,...,Xy)T, the hyperparameters 0.y, and the measure-
ments Y., -, fx, [xon01.8y1n (Zn | - O1:8, Y1.v). These full conditional pdf are evaluated
using samples from the previous iteration ¢ — 1 or, if already available, from the current
iteration q. We accordingly define

T
0us £ (07", 0WT 00, ey T (5.21)

as the vector containing the hyperparameter samples 07(;?) from the current iteration ¢ for

0(11—1)

all n’ =1,...,n—1 and the hyperparameter samples 8,; ’ from the previous iteration for
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n’=n+1,...,N. Similarly, we define

T
xa-l) & (az&q)T,...,a:flf,mﬁ@”?. x§3 LT ) . (5.22)

In each iteration ¢ of the simple Gibbs sampler algorithm, we will sample the random

variables in the following order:

1. Obtain samples 0\? of the hyperparameter 0,, for all n according to

97(;;) ~ fen\em,xlzmyw( 6" | e(qq b wngv )7 Y. N) (5-23)

using %77 (see (5.21)) and the samples z\’y" from the previous iteration.

2. Obtain samples 29 of the parameter of interest x,, for all n according to

X’I(’Lq) ~ fxn|x—\nu91:N,y1;N< (q ’w i 1) 01 N’yl N) (524)

using o2 (see (5.22)) and samples the Hfj)v from the current iteration g.

Full Conditional pdf of 0,

We will now derive the full conditional pdf fo, 6_, xi.xyix (On | O-n: T1:n, Y1:n) (see (5.23)).

By Bayes’ theorem, we have

fen | Gﬁn,xltN,ylzN(en | 0, xi.N, yl:N) X foN,yI:N | en,eﬁn(fBl:N; Yi:n | 0,, Hﬁn)f9n|9ﬁn(0n ’ Oﬁn)-

(5.25)
Here, the first factor in (5.25) can be factorized as
fxle,ylzN | Gn,eﬁn (wl:Na yl:N | 07’17 0—%)
= fleN |x1;N,9n,eﬁn(y1:N | 1N, On, Bﬁn)fxlzN 101,00 (5131:N | 0,, Hﬁn)- (5-26)

Noting that (8,0 )" = 0.y and using (4.18) and (4.20), we obtain further

fx1 NoY1:N | On,0-n (wl:N7 Yi:N | 0n7 Bﬁn)

(4 18)
fy1 N X1 N(yl N ’ Zy. N)fx1 ~N|6n,0 ﬁn(a’z‘l N \ 9n7 Oﬂn)
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(4.20

)
=7 o s v [ n) fr 0, (0 100) [T o, (@ | Or). (5.27)
el NY\(n)

Next, we note that only the second factor fy,|e, (x| 6,) in (5.27) is functionally dependent

on 6, therefore we have

fxlzN,yle [0n,0-n (wlzN7 Yi:N ‘ 0n> oﬁn> X fxn | On (wn ‘ 011) (528>

Inserting (5.28) into (5.25), we obtain

fen [ ©—n,X1:N,Y1. N <0n ’ OﬁTw €T, yl:N) X fxn | On (wn ‘ 0n>f9n |0 (On | eﬁn). (529)

We now consider the second factor in (5.29). By adapting expression (3.23), we obtain in a

straightforward manner

o 1
f9n [0-n (0n | 0—\11) - me(0n> + m Z 5071’ (On) (530)
n’e{l,...,.N}\{n}

Finally, using (5.30) in (5.29), the full conditional distribution can be given by

fen [ ©—n,X1:N,Y1: N (9"1 | 9—%7 L1:N, ylzN)

o 1
X halen @ [0 fa(0n) 4 ——— > fajeu(@a]60)00,,(6)
n'e{1,..,N\{n}
X aferon(@n 02 fa(0n)+ D frujou(@n|6w)s,, (61). (5.31)

ne{l,..N\{n}

This expression shows that the full conditional pdf of ©,, does not functionally depend
on the measurements y;.5. This follows from the hierarchical Markov chain generation
0, — x, — vy, and also can be seen in our statistical model shown in Figure 8. Fur-
thermore, the full conditional pdf (5.31) is seen to be a discrete-continuous mixture dis-
tribution; more specifically, 0,, is either drawn from the continuous mixture component
Jxn 0 (@0 | 0y) f11(0;,), which means ©,, belongs to a newly created cluster, or ,, equals to
one of the N —1 previously drawn 6, constituted by discrete mixture components dg_,(8,,),

weighted by o —— fu, 0, (®n | O).
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Using (5.2) and (5.8), the continuous component of the mixture in (5.31) is given by
fxn | On (mn | On)fH(On) = N(-’En, en; Eu)N(em Mo+, 20*)’ (532)

Using the identity established by (2.69) with the substitutions  — 0,,, e — He+, e —

Yo+, y = x, and X, — X, we see that (5.32) is proportional to a Gaussian pdf in 6, i.e.,

Jxn 80 (X0 | On) f1(0n) = (20N (0; o 2, X 2) (5.33)

with covariance matrix (see (2.67))

Yoz = Zu (S + o) Do (5.34)
and mean (see (2.68))
1012 = S (Zu + Zor) " tor + Sor (B + o-) ' . (5.35)
Furthermore, we obtain
V(@) = N (@0 o, Xy + Zp+) (5.36)

which is independent of 0,,. Inserting (5.33) and (5.8) into (5.31), the full conditional pdf

of @,, is thus finally obtained as

fo. | Gﬁn,xlzN,yle(gn | 0, xi.N, yl:N)

X (1/5/(33,1)./\/’(0”, Ho |, 29 | a:) + Z N(mnv 0n’7 Eu)éﬂn/ (On)7 (537)
n/e{l,...,.N}\{n}

with 3¢, and pg|4 as given by (5.34) and (5.35).
For use in the Gibbs sampler, we need to evaluate expression (5.37) at the already

available samples (see (5.23)). We obtain

— —1
fen | e—\n7x1:N7y1:N (07(1(1) | eg\qﬁq 1)7 wgqN )7 le)
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o (@I IN(OD; g o1, Doja) + Y N(@P;0007, 50)5 5000 (0,
n'e{l,...N\{n} o
(5.38)

with 07(;5:;’;1) defined as

(9) r_
paaD) & 0, for n'=1,....,n—1 (5.30)
7 053_1) for n =n+1,... N.

and

pg Y = By (Bu + Be:) " prg- + S (B + Bpe) 2, (5.40)

n

Lastly, we normalize (5.38), i.e.,

q)‘g(qq 1) ,.(¢—1) )

fen‘e“n7X1:N7y1-N( "'BlN s Y1:N

=T, N( ,I_Le‘m(q 1),29| )+ Z T/ 50(qq 1)(0(q 1)), (541)

n/€{L,.. N1\ {n} e

with )
a—
o (xy,
Tn = = ( /\)f (a-1). plaa—1) (5.42)
oA(@i )+ 32, et N N (@07 )
and
Nm(q 1),9(qq 1) B>
Ty = ( n'n w) , for n" e {1,...,N}\{n}.

1 ) 1)
057( - ))+Zne{l N}\{n}N( (q 797(531 Eu)

.....

(5.43)
The pseudocode for sampling from a discrete-continuous mixture distribution is given in

Algorithm 1. For a detailed discussion of mixture distributions, we refer to [32].

Full conditional pdf of x,

Next, we will derive the full conditional pdf of x,,, given all the other random variables, i.e.

Jxn (%m0 8 yin (T | s 018, Y1) (see (5.24)). Using Bayes’ theorem, we obtain

fxn | X-n,01:N,¥1. N (fL‘n ‘ L—p,s 01:N; yl:N)

= fyl:le"’xﬁ"’eliN (ylzN | Ly L, eliN)an [X-n,01: N (wn | L—n, 01:N)
fY1:N [X-n,01:N (yl:N | L—n, 01:N)

(5.44)
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Algorithm 1 Discrete-continuous mixture sampling

Input: 05?1;1), a:(l?g,l), YN

foralln=1,...,N do
sample b'¢ from U (b;q); 0,1)
if B9 ¢ Z::l i, Z:il 7ri> then
set B9 equal to 01(5:‘1_1) as defined in (5.39)

n

else
sample 0@ from N(H%q); Ko |wta-1), 20 |x)
end if
end for

Output: 6'%,

Noting that (xI,x™ )T = x;.y as well as using (4.17) and the conditional independence of

nytn

X, (see (5.6)), the denominator of (5.44) simplifies to

Hyin 1% 018 (Y1n [T, O1:n) = / Syiw 1x0n .00 (Yyiv | 1N, O1.8) fx, | 0. (T | O1.n)dT,
- / Fyn W ) Fa 100 (182000 T Fo 1 (W | )
Tn n'#n
= fyn100Wn100) 1T foor 10 (W [ 0. (5.45)
n’#n

Using (4.17) to factorize the nominator of (5.44) and inserting (5.45) into (5.44), we obtain

fxn [ X-n,01:N,Y1. v <$n | Lps 01:]\/7 yl:N)

fyn|Xn (yn | wn) <Hn’7£n fyn/ [ X,/ (yn’ | mn’)) an|x—\n791:N (wn | Lps 01:N)
fyn |0n (Yn | 0n) Hn’;ﬁn fyn/ | X,/ (Yn | 20r)

_ fyn|xn(yn | wn)anIGLN (CEn ’ Hl:N)
- Sy.10.(Yn | 02) ' (5.46)

where in the last step (5.5) was used. Finally, using (4.12) and (5.6) we obtain

Jyo 150,00 (Yn | Ty O0) f K (x0,)
fxn X—n,01.N,Y1. (wn ’ wﬁn,elzNyyl:N) - n L
oy Fon 10 (Ya | 6,)

= fxn \yn,en (.’.Cn ’ Yn, en)
= N (@i B |y 6,5 | ,0); (5.47)
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where Bayes’ theorem and (4.79) were used. By (5.47) the full conditional pdf of x, is a

Gaussian pdf with covariance matrix (see (4.83))

Yo iy0 = Zu — Tu(Tu + 3p) 'S,

B 5 (B + 2,) 715, (5.48)

and mean (see (4.84))
Hoa | yn.6n = On + Z0(Zu + E0) " (yn — 00). (5.49)

By evaluating (5.47) at the already available samples (see (5.24)), we finally obtain

fxn | x—\nvel:N7Y1:N( | m(q o 0§qj)\[7 Y. N) N<w£LQ); Nc(cq\)ynﬂna pI | y,e), (550)
with
1o, = O + Zu(Bu + 20) (g — 617). (5.51)

Pseudocode for the Simple Gibbs Sampler

Finally, based on (5.23) and (5.24) we can formulate the Gibbs sampler for our scenario,
using (5.37) to generate samples 0( and (5.50) to generate samples 2@ for all n = 1,...,N.
The pseudocode for the ¢th iteration of the Gibbs sampler is given in Algorithm 2.

Algorithm 2 Naive Gibbs sampler

Input: 0\%,", %V 4.y

foralln=1,...,N do
sample 05{1) from fen‘gﬁmxl:NnyN( |0(qq Y :ngNl), y1.nv) as given by (5.37)
end for
foralln=1,...,N do
sample :1:7(1 ‘from Fen o 01 yin ()|
end for
Output: 6\, z!%,

2%, 9§?}V,y1;N) as given by (5.50)

The algorithm is initialized for ¢ = 0 by sampling the hyperparameters 01(20) from the

Gaussian base distribution (5.2), i.e

O N0V pg-, Tg+), n=1,...,N, (5.52)
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and by calculating the parameter samples z” based on the measurements y,,- More specif-

ically, inspired by (4.58), we set
0 = pge + (Zge + 20)(Zox + B + Bo) Y — po+), n=1,...,N. (5.53)

Unfortunately, this Gibbs sampler algorithm exhibits a rather slow convergence towards
the posterior distribution. This is because the algorithm does not update the cluster hy-
perparameters 0], which are independent of each other, but rather the individual hyper-
parameters 0,,. Therefore, to improve the convergence of the Gibbs sampler algorithm, we
will next modify it using the cluster assignment variables Cq.y and cluster hyperparameters

0% (n) (see (5.15)).

5.2.3 Gibbs Sampler Using Cluster Assignment Variables

The Gibbs sampling algorithm using the cluster assignment variables Cy.n was presented
by MacEachern in [33| and [34] and also by Escobar and West in [35]; in the literature,
it is sometimes referred to as MacEachern’s algorithm. This algorithm updates samples
of the cluster hyperparameters 0;, as opposed to the simple Gibbs sampler presented in
Section 5.2.2 that updates samples of the hyperparameter 0,,. In each iteration ¢ of this

algorithm, we will need to sample three random variables in the following order:
1. Obtain samples O of the cluster assignment variable C,, for all n

1A If Cflq) is distinct from other previously obtained samples, i.e., CQ({]) = 1w, Obtain

sample 6, )(fw_l) of the new cluster hyperparameter 0;
2. Obtain samples Bl*(q) of the cluster hyperparameters 0; for all [ (including l,cy)
3. Obtain samples 29 of the parameters of interest x,, for all n

In what follows, we will derive the full conditional pdfs and pmfs necessary for this Gibbs

sampler.

Full Conditional pmf of C,

First, we calculate samples C9 of the cluster assignment variables C, foralln=1,..., N,

using the full conditional pmf of C, given the cluster assignment variables C,, = C), of the
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other objects (n’ # n), i.e.,
C..2(C,....,Ch1,Crir,. ., ON)", (5.54)

as well as all cluster hyperparameters 0 _ ) = Hé(ﬁn) of the other objects (n' # n), where

-mn

we define

C(-n) = {C.} 2 {C1,....Cor, Cosr .., O} (5.55)

as the set comprising all unique elements of the vector C_,, (cf. (5.14)), as well as x;.x and
Yin i-e-acn ~ PC, | Cﬁn,e’c‘g(ﬁn),xer,yLN (l ’ Cﬁna 02(_.”)7 Li:N, yl:N)-

We will consider two distinct cases:

e (), is equal to one of the cluster assignment variables of the other objects, i.e., C), €

C(—n).

e (), is different from all cluster assignment variables of the other objects, i.e., C, &
C(—n).

For C,, = [, the full conditional pmf is thus given by

. bo, for 1 e€C(—n)
Pc, |Cﬂn79%(_‘n)7X1:N7Y1;N (l | C—\n7 9(,'(—%)’ L1:N, yl:N) = (556)
b for 1 & C(—n),

nvlnew

with

bn,l = P (Cn =1 | C—m - Cﬂ’ru e%(—.n) - eé(—\n)a Xi:N = L1:N,¥Y1.N = yl:N) 5 le C(_W’L)
(5.57)
as defined in [21, Eq. 2.34] and

Drtuew 2P (Coo = lnew | Con = Crny 0Ly = 08 (s XN = 1N Y1y = Y1N) 5 lnew & C(-1)

(5.58)
as defined in |21, Eq. 2.35]. We will now derive the conditional probabilities b, ; and b, ;..
First, to calculate b,; we assume that [ € C(—n), i.e., [ is equal to one of the cluster

assignment variables of the other objects. Using (5.11), we have that C,, = [ implies 0,, = 6],

and thus we can equivalently write (5.57) as

bn,l =P (en - 91* | C—\n - Cﬂna e%(—.n) - eé(ﬁn)u Xi:N = T1:N, ¥Y1.:N = yl:N)
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= (o) fen | Cﬁn,efg(ﬁn),xl:N,yl:N (en ’ C—ma eé(ﬁn)a L1:N, yl:N)dOn- (559)
!

The conditional pdf fenICﬂmGtg(w),XLN,yl:N(en | Cﬁn,Gé(ﬁn),mLN,yl;N) can be obtained by
invoking (3.83), i.e., conditioning fe, |o-,xi.ny..x (On|O-n, Ti.n,Yy1:n) on Co,, and Gi‘g(ﬁn)

instead of ©_,. We then obtain from (5.31)

fan | cﬁnye%<ﬁn)»x1:N9y1:N (On | C"”’ 02(_‘77/)7 ml:N? le)

ne{l,..N})\{n}

Furthermore, we define analogously to (3.47)

n—1 N
mi(-n) £ 1(Cw =1+ Y 1(Cw=1), 1€C(-n), (5.61)
n/=1 n’=n+1

which denotes the number of cluster assignment variables C, of the other objects, n’ # n,

C(—n) that are equal to [. Using (5.61) in (5.60), we obtain

fen | C—\nvefg(ﬂn),xl:val;N (OTL | C—'n7 02’(—%)7 L1:N, ylzN)

X @ fx, 10, (@Tn [ 0n) f1(6) + Z mi(—n) fx, 0, (Tn | 9?)505 (6,). (5.62)
leC(—n)

Finally, inserting (5.62) into (5.59) gives

bn,l X / afxn | 6n (mn | On)fH(On) + Z ml’(_‘n)fxn | On (wn | 01*/)60;‘, <0n)d0n
{67}

r'eC(-n)

= | Felou@a 0@+ 3 meton), o, 67) / 595 (6,)d6,

{6 vegiom) {67}
(5.63)

Assuming that fy, e, (2, |0,) and fu(6,) do not contain any discrete (Dirac) components,
the first integral in (5.63) is equal to 0. Furthermore, using our earlier assumption that

[ € C(—n), the second integral in (5.63) is 1 for I’ ={ and 0 for I’ # [, i.e., the sum becomes

> mw(on) fa 0, (®n | 07)00 1 = mu(=n) f, 0, (Tn | 6]) (5.64)

rec(-n)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

Thus the expression (5.63) becomes
by o< my(—n) fx, 0, (T | 07). (5.65)

Finally, using (5.8) and (5.61), we obtain

N

by o Z w=0+ Y LCw=DN(z,;6;,%,), 1€C(-n). (5.66)

n'=1 n'=n+1
We now consider the second case, lyew & C(—n), and provide an expression for by, ., in
(5.58). In this case, C,, is different from all the other cluster assignment variables, which

bl

implies that a new cluster /e is created. According to (5.11), C,, = Iy implies 0,, = =07
therefore the new cluster hyperparameter 6;  is not equal to any other cluster hyperpa-
rameters 6 with [ € C(—n) i.e., it needs to be sampled from the subset RD\{Oaﬁn)}D.
Here, {67, }p is the set? that contains all cluster hyperparameters 0, € R? for [ € C(—n).

Similar to (5.59), we can rewrite (5.58) equivalently as

b =P (9 =0, . |1C..=C, e%ﬁn) = eé(ﬁn), Xi:N = LN, Y1.N = yl:N)

X1:NHY1:N (077« | C—"rh 02(—%)7 L1:N, le)den (567)

nvlnew new

fo ez,
RD\{eé(ﬁn)}D

-n)

Using (5.62) in (5.67), we obtain further

b o / 100 (0| 0) i (02) + 3 1a(-1) o 0, (@0 | 670 (6,)6,
RP \{ec(ﬂm}D

leC(—n)

RD \{ec(ﬁn)}D

+ 3 mon / fur 100 (@0 67)05: (6,)d6), (5.69)

1eC(—n) REA{6 )}
In the second integral (5.69), the points excluded in the integration domain RD\{OZ(W)} D
are exactly the locations of the Dirac components dg- (6,,) in the integrand, and therefore the
second integral (5.69) is equal to 0. Furthermore, we assume that fy, e, (%, |6,) and fu(6,)

do not contain any discrete (Dirac) components, we can replace the integration domain of

4Here we use {-}p to note that the set contains vectors of size D and not the individual components as
used in Chapter 3.
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

the integral (5.68) by R”. Thus, we obtain

bt / raton(®10.)u(6,)d6,. (5.70)
R
Recalling (5.8) and (5.2), this becomes

b <o [ N(zp; 0, 2 )N (0n; po-, Xo-)d6,

RD

= N(iL‘n - 0n7 07 ZU)N(Ona Mo+, 29*)d0n

RD

n7lnew

= OéN($n; Mo+, Eg* + Eu), (571)

where we used the identity (2.19). Lastly, we need to normalize b, for all [ € C(—n) and

b so that

M, lnew

> b =1 (5.72)

VeC(—n) U {lnew}

Finally, to obtain samples CY of the cluster assignment variable, we evaluate the full
conditional pmf pc, | Coan B ) XLN Y1 (1| C-n, 07 (n)> TLN y1.nv) at the samples already avail-
able in the ¢ iteration of the Gibbs sampler algorithm. Similarly to (5.21) and (5.22), we
define a vector of already available cluster assignment variables samples of other objects as
(cf. (5.54))

Cclaa) & (c{‘”, L CW ol C}@‘”)T (5.73)

n—1

and a corresponding set, comprising all unique elements of the vector C(q’q_l)(—'n), as (cf.

(5.55))
@ (—n) = {CUr VY 2O, O oY, oY (5.74)

At each iteration ¢, the cluster assignment variables C,, are sampled first, therefore we will

use the cluster hyperparameter samples 01*(

D from the previous iteration; however, we
must use the already available cluster assignment variables Ciq,;qfl). Similar to (5.15), we
define

*(g—1 *(g—1
chg,q—)l)(ﬂn) 2 (91 N ))leC@,q—l)(ﬁn)» (5-75)
as well as the vector of the samples of all the parameters of interest from the previous

iteration, i.e.,

T
2D 2 (a;gq*m, . ,wgg*m) . (5.76)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

By evaluating (5.56) at the available samples given in (5.73-5.76) we obtain

b for € @I ()
— *(g—1 —1 n7l

PCh|Con By X1in V1w (1| Cla, chgﬁq—)n(ﬂn)’ mg?N )’ yiv) = (a)
bl for 1 ¢ C@rV (=),

N,ylne
(5.77)

with (see (5.66))

n—1 N
o (S0 =04 3 0l <0 el 0 ). e e,

n'=1 W =nt1
(5.78)
and (see (5.71))
) o aN(27; pge, Soe + B,). (5.79)
For later use, we define
CON) ={CiR} 2 {C{?,...,C{} (5.80)

as the set of all unique cluster assignment variables samples CY obtained in the q'" iteration
of the algorithm.
Lastly, if C,Sq) = lhew Was obtained, we also need to sample a new cluster hyperparameter

0"V We note that if O\ = I,..,, we set

new

lhew = max{ max }C’ff) =Dy 41, (5.81)
n’ 1

/) Ymax
e{1,....n—

and we include lyey in C@(N), i.e., lew € CO(N).

Full Conditional pdf of 6]

The samples 01*((]) of the cluster hyperparameters 0; are obtained from the full condi-
tional pdf of ©; given the other cluster hyperparameters gy, the cluster assign-
ment variables Ci.y, the parameters of interest x;.ny, and the measurements y,., i.e.,

* *
er‘ 108 (3 (13 CL:N XN Y1 N Cn QC(N)\{[}a Ci.N, 1N, Y1:N)-

We first derive the full conditional pdf and then evaluate it at the samples available at
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

the ¢'" iteration. Using Bayes’ theorem, we obtain

* *
fe; 10% (v (1) CLN XLN Y1 (91 ! OC(N)\{I}, Cin, Ty, y1:N)
* * * *
X fX1IN7y1:N | 9?79%(N)\{l}7C11N (wliNJ yl:N | 0[ ) GC(N)\{Z}J (;11:]\7).]09?< ‘ 9%(N)\{l},cl;]\] (el | 0C(N)\{l}7 Cl:N)

(5.82)

We recall from Section 5.1 that we can express the hyperparameter 0, equivalently using
the cluster assignment variable C, and the corresponding cluster hyperparameter ©; as

0, = O¢, (see (3.40)). Accordingly, we can express the hyperparameter vector 0.y as
Oy = (0¢,...,08) . (5.83)

Restricting to the set of distinct random variables ©¢ , this is equivalent to the random

vector Oy = (Gf)le%,(N). Therefore, we obtain for (5.82)
fe;( ‘ e%(N)\{l}7C1:N7X1:N7y1;N (el | OC \{l}? Cl N ml N yl N)

x fxle,yLN|9%<N>7C1:N(w1:N,y1:N|OZ(N)7CI:N)fSZ‘|9’%(N)\{l},C1;N(01*|02(N)\{l}7CI:N>‘ (5.84)

The first factor in (5.84) can be factorized as

le;N,yl;N | 9%(N)’c1¢N (wlzNa Yi:N | eé(N)a CI:N)

= Syrn a8 ) oo (Y13 | 183, 02 () Ouin) fra (05, ) Coy (B1v [ 02y, Criw)- (5.85)

By invoking (5.83), i.e., conditioning on 0.y instead of Cy.y and 92;(]\,) and in turn using

(4.17) and (3.86), (5.85) can be simplified to

fxl.N,yl N 183y Crn (mlzNa Yi:N | Qé(N Cl:N)

(5.83)
fy1N|x1N,91N(y1N | $1N701N>fx1N|91N(m1N | 0. N)

—7) (H fyn|x" (y” | m”)) le;N [01.N (wliN | 01:]\/)

n=1
N
n=1 LEC(N) n/:Cr=1

We now take up the second factor in (5.84). We recall that the cluster hyperparame-
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

ters O] are i.i.d. with pdf fo-(07) = fu(0;) (see (5.3)). Using (3.55), the conditional pdf

fez* | 9%(1\7)\{1}7C1:N( l | 0* \{l}’

C.n) becomes

Inserting (5.86) and (5.87) into (5.82) yields

* *
fﬂZ‘ 19% (a1} CLNX1N Y1 N (67 | HC(N)\{l}a Cin, 1N, Y1:N)

X (H fynxn(yn|$n)> H H fx w1 077,Cpr "Bn |0l’ ’) fH<92k) (5'88)

VeC(N) n':Cp=l!

Lastly, all factors in (5.88) that do not functionally depend on ©; are considered as constant;

therefore, we obtain the final expression for the full conditional pdf of O] as

* *
faf 102 (M 1y LN XN Y1 (o | OC(N)\{Z}’ Crn, T1N, Y1N)

< [ [T fewrorc.(@al6;.C ))fH(Gz*)

n:Cp=l

= H fxne*cnycn(wn|02'n70")) fH(01*>

n:Cp=l

= 11 fxnen(wnleik)) fu(6;) (5.89)

n:Cp=l

where (3.83) was used. Finally, using (5.2) and (4.3), we obtain a product of Gaussian pdfs:

* *
fo; 102 )\ 13 CL:N XN Y 1N (67| Oc vy (13> Crin, T, Yun)

x ( H N(z,; 65, Zu)> N(6]; pg+; Xg+). (5.90)

n:Cp=l

Finally, expression (5.90) is a product of Gaussians, hence using the identity (2.59) with
the following substitutions & — 60}, pz — pe+, Xz — g+, Y, — T, and 3, — X, the

expression (5.90) is also Gaussian, i.e.,

oz 102y Convxin v (00 102 1y Crins v, Y1w) o< INAOT; 1oy | 21,3,C1ovs 267 [21.8.Crin)-
(5.91)
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Here, the covariance matrix is given by (see (2.53))
291* |21.n,Cr:n = Eu (Eu + ml(N)EO*)_l 20* = 20* (2u + ml(N)EO*)_l Eu, (592)

where

m(N) =Y " 1(C, =1) (5.93)

n=1
denotes the number of objects n for which C\” = . Furthermore, the mean 167 | 21,5.Croy 1

given by (see (2.56))
/,l,gl* |z1.n,C1.N — Eu (Eu + ml<N)29*)_1 Mo + ml(N)Eg* (Eu -+ ml(N)Eg*)_l 3_31 (594)

where x; denotes the sample mean

1
x = x, (5.95)
" mu(N) nczzl

of all &, belonging to cluster [. Here we note that both the mean and the covariance matrix
depend on the cluster index [.

We note that similar to (5.31), expression (5.91) does not functionally depend on the
measurements y;.y. Furthermore, (5.91) does not functionally depend on the other cluster
hyperparameters 02( NN We also note that only parameters of interest @, that belong to

the same cluster (x,,) are used.

n:CﬁLq):l
In order to obtain the cluster hyperparameters samples Ol*(q), we have to evaluate the full

conditional pdf fo: 02y, 1y CLN XLN Y1ix (07| Bé(N)\{l}, Ci.n,T1.n, Y1.y) at the samples already

available at ¢'® iteration, i.e., the samples of the cluster assignment variables C’}zq])v, the

samples of the parameters of interest :1:5(:1;,1) (see (5.76)), and the vector of already available

samples Ozgg)"&;i{l}, whose elements 9;57"]_1), I' € CW(N)\{l} are defined as

RPRINA OZE?) for I € CO(N)\{I} already sampled at the ¢ iteration
Ll =

(5.96)

9;551_1) for 1’ € C(N)\{I} not yet sampled at the ¢'" iteration.

Here, we refer to the values of the cluster hyperparameters 0;(‘1) that have been sampled in

the ¢'" as all the cluster assignment variables C9 have already been sampled previously.
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Using (5.91), we obtain
1) 1
fe* |9%(N)\{l}7C1:N7X1:NaY1;N( | ec(g)q NO\{IP C§q])\77 wgqN )7 Y. N)

o< N(6,"; ”9*)\w1 NCLN Sy ). (5.97)

Bl I :Bl:chl:N

with
-1 -1
S0 a1 Con = S (Eu +my? (N )20*> So- = - (2 + m(‘”(N)zg*) Y., (5.98)
and .
m”(N) =Y UCY =1). (5.99)
n=1
Furthermore,
(9) (9) - (q) (9) -1
B 0o = B (Bu+ P (N0 ) o+ mP(N)Zo- (S +mf?(N)Zo- ) &

and

z\? = > alh, (5.101)

( ) C(q)l

Sampling of 6]

We recall that if CQ({]) = l,ew Was obtained, we need to sample a new cluster hyperparameter
Ofn(fw_l). This is done directly after sampling the cluster assignment variable C\?, which

means we have available the cluster assignment variable samples C(¢9~Y)(—n) (see (5.74)),

and from the previous iteration the cluster hyperparameter samples 02((3;% (om) (see (5.75)),

and the samples of the parameters of interest wg?x,l) (see (5.76). We can easily adapt (5.97),
and obtain
G (¢,9-1) . (¢—1)
fe?new ‘e%(N)\{lnew}7C1=NvX1:N=Y1;N( njw | Oc(q 4= (N)\{lnew}’ Clq C'31 N Y N)
o N (6,17, uéﬁ;& Bo;  Jwa)- (5.102)
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By definition, the only parameter of interest associated with the cluster [, is @,, which
()

lnew

means that m;”’ (N) = 1. Therefore the covariance matrix is given by (see (5.92))

So-

lnew

zn = S (B + ) Tge = - (B, + Tpe) ' B, (5.103)

n

and the mean ugi_l)

Inew

|, 15 given by (see (5.94))

(¢=1)

Ky =3y (Bu+Ze:) " s 4 o (T + X )0, (5.104)

lnew ‘ mn

Full Conditional pdf of x,
Lastly, samples 29 of the parameters of interest x,, are obtained from the full conditional

pdf of x,, given the parameters of interest of the other objects, x_,, the cluster hyper-

parameters 92( n)» the cluster assignment variables C,.n, and the measurements y,.y, i.e.,

Fan 103y G (@ |G 000 L CL yry). Using 0, = 0, (see (3.45)) and the

fact that conditioning on 01.y is equivalent to conditioning on Cy.5 and 9;}( Ny We obtain

fxn | xﬁn,efg(N),CltN,yLN (wn ‘ L, Hé(N)v Cl:Na yl:N) = fxn [ X=n,01.N,¥1. N (a:n ’ L—p, 01:N7 yl:N)-

(5.105)

We can therefore adapt the result of (5.47) so that

fxn |xﬁn,9’<‘g(N),C1;N,y1:N (mn | L—n, OE(N)a Cl:N7 yl:N) = fxn \yn,eén (mn | Yn, eé'n)

= N(®0; o |y, 07, Salyo)  (5.100)
with (see (5.48))

Ew|y,0 - z]u - Eu(zu + Ev)_lzu

B 5 (B + 2,) 718, (5.107)

and (see (5.49))

o lyn0s, = 00, + Bu(Bu + ) " (Yn — 607,)- (5.108)
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By evaluating (5.106) at the already available samples, we finally obtain

fxnlxﬂme%m)vcnwvyl;w( e 1)’0C(q>(N C£N=y1N> Nz gt)““’:(nql)y 05, X |y.0)

(5.100)
with 224~ previously defined in (5.22) and
(a) *(q) _
B s, = 90;) +2u(Zu +20) (Yo — ec(q)) (5.110)

Pseudocode for the Gibbs Sampler Using Cluster Assignment Variables

The pseudocode for the ¢' iteration of the Gibbs sampling algorithm, using the cluster

assignment variables Cy.y is given in Algorithm 3.

Algorithm 3 Gibbs sampler using cluster assignment variables

Input: 01 N , C’f:q];l), lr(r[faxl)y wﬁqu), Yi:N

foralln=1,...,N do
sample C’ from PCo | Con 0% X1 31, Les (¢:0-1) 6,2((3(11)1)(%)7 mg ~ b y1.v) as given
by (5.77)
if O = l,e, then
set lnew = max{max, e, n-1} C @ 1501 +1 (see (5.81)) and sample @ n(jw b

from for er i Crvxinyiy (0 jla= ]0253q11>(N)\{lnew},C(qq Vol )
as given by (5.102)
end if
end for

set 119, = max{maxei,.. N} o e }
for all [ € C9(N) do

sample 0, @ from forte 01*@) !9252)’?71) quj)v, w§ N R N)

NN

(N {13 CLN XN Y1 N(
as given by (5.97)
end for
foralln=1,...,N do
assign 07 = 0*0(7(?)
end for
foralln=1,...,N do
sample 2 from fxnlxﬁn,e%(N),ClzN,yl;N(
(5.109))
end for

Output: 6\, C'%, 110, '\,

1 * .
(| glaa= ),BCEZ))(N),Cf?J)\,,yLN) as given by

Similarly to the “simple” Gibbs sampler (see (5.52)), the Gibbs sampling algorithm using

the cluster assignment variables Cy. is initialized for ¢ = 0 by sampling the hyperparameters

91



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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07(10) from the Gaussian base distribution, i.e.,
09 ~ N(09: g, Bg.), n=1,... N. (5.111)
Moreover, the cluster assignment variables C,, are initialized according to
CO—=n, n=1,...,N. (5.112)

This means that in the zeroth iteration of the algorithm, each object is assigned to an
individual exclusive cluster. Finally, the parameter samples 2 are again initialized using

the measurements y,, as in (5.53), i.e.,
2 = pge 4+ (Zge + T) (Bow + o + o) " (Yn — po=), n=1,..., N. (5.113)

5.2.4 MSE

No closed-form expression, but can be estimated by empirical MSE, as described in Sec-

tion 6.2.

5.3 Fourth Scenario

In our final scenario, we assume that we know the cluster assignment variables Ci.y =
(Cq,...,Cxn)T. We recall that the statistical model for this scenario was introduced in
Section 5.1. The cluster assignment variables Cy.n together with the measurements y,., are
now considered as data that are known to the estimator; however, we still model them as
random variables. Since 6,, = O¢_ (see (3.40)), we know that objects n, for which C,, = [ are
associated with cluster hyperparameter 0;; however, we do not know the realization|(value)
of ©;. The statistical dependencies for this scenario are visualized in Figure 9. Note that
the only difference from Figure 8 is that the cluster assignment variables are considered
known to the estimator.

Contrary to Scenario 3, where we had to approximate the MMSE estimator using nu-
merical methods, the present Scenario 4 admits a closed form solution. Since the cluster
assignment variables C,, are known, the estimator can now use all the measurements y,,,
that are associated with the same cluster, i.e., for all n such that C, = [, instead of just

using one measurement y, as in Scenario 1. Therefore, we expect a lower MSE than in the
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O OSOTO NG

Figure 9: Bayesian network for the fourth scenario, assuming three objects N = 3. Random
variables displayed in shaded disks are observed. The cluster assignment variables {C, },en
and the cluster hyperparameters {0; },cy are generated from the DP. Each cluster assignment
variable is then related to exactly one hyperparameter 0,,; however, the cluster assignment
variables may be equal for two different objects and thereby relate these objects to the same
cluster hyperparameter 0;.

first scenario; however, since the cluster hyperparameters 8; are unknown, the MSE will
be higher than in Scenario 2. In Scenario 3, the estimator also uses clustering to improve
the estimate; however, since the cluster assignment variables C;.y need to be inferred (see
(5.77)), the MSE is higher than in the present Scenario 4.

5.3.1 MMSE Estimator

As in our previous scenarios, we are interested in the MMSE estimator, i.e.,

@14)(?/1:1% Cin) = E[x, [y1.n = yun, Cy = Crn] = / Tn fxo ‘YI;chl;N(mn | Y1, Crv) dn.
' (5.114)
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Here, the posterior pdf fy, |y1;N7c1;N(wn | y1.nv, C1.v) can be obtained from the joint posterior

pdf fxl:N ly1.nv,C1:n (mlzN | Yi:N, Cl:N) as

fxn ly1,n:C1n (mn | Yi:N, C'I:N) - / fxl:N ly1.nv,C1:v (wlzN | Y1:N, CI:N)dmﬂna (5115)
L—n
where we recall that @, = (z7,..., 2. _,@.,.,,...,2y)". In order to calculate the joint

posterior pdf, we first condition on the cluster hyperparameters 0 ny» which results in

fx1;N ly1.nv:C1:Nv (wl:N ‘ Yi:N, C'1:N)
= foN |y1:N,9%(N),C1:N(w1:N | Yi:N, QZ(N), C1:N)fe:g<N) |y1:N,C1;N(92(N) ‘ Yi:N, C1:N)d9£§(N)

bc(n)

(5.116)

First factor of integrand (5.116)

Let us consider the first factor of the integrand in (5.116). As discussed in Section 3.3.2,
the cluster assignment variables C;.y together with the cluster hyperparameters 0% (v are
statistically equivalent to the hyperparameters 0.y, since 8, = 8¢ (see (3.45)). This also

means

Jxin ‘Y1:N79*<€(N)’C1:N($15N | Y1.v, 0c s Cin) = fxin lyin00n (T1N | Y18, O1:v)- (5.117)

This posterior distribution was already derived in Section 4.3.2, and since our assumptions
about the noise vectors uy.y and vq.y are the same as in the previous cases, the result in

(4.75) is still valid, yielding
N
fxl:N|y1:N,91:N<m1:N | y1.n, O1.v) = H fxn|yn,9n(mn | Yn, On). (5.118)

Inserting this expression into (5.117) and rewriting the product Hgil using Cy.y and 9%( NYs

we obtain

fX1N|Y1 (N> %(N)vcl N(wlN ‘ Y. N?OC(N)aclN H H fxn\yn, -’13n ’ yn,Ol) (5119)
leC(N) n:Cp=l
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

Using (4.79) we obtain

Fxn 190.05.Co (@ | Yns 07, Cn) = N(T; B .07 5 X | ,6) (5.120)
with (see (4.83))
o iyo = o (Tu + ) By, (5.121)
and (see (4.84))
B |y 0; = 07 + Zu (B + o) " (yn — 6)), (5.122)
or equivalently
B, |yn0s, = 00, T Zu(Ba + o) (Y. — 65). (5.123)

Finally, inserting (5.120) into (5.119), we obtain

Sxin 1913005 oy €1 (LN [ Y1en, 00y, Crin) = IT 11 V@ eiy.or Seiye)- (5.124)
1€C(N) n:Cp=l

Second factor of integrand (5.116)

We now take up the second factor of the integrand in (5.116). Using Bayes’ theorem, we

have

fe;(N) |y1:N,c1:N(05(N) | y1:nv, Crin) X fy1:N|GE<N>,C1:N(y1:N | GE(N), C1;N)fe;(N) |c1:N(9é(N) | C1.v).
(5.125)

By conditioning on 0.y instead of 9%( N) and Cy.y, the first factor in (5.125) can equivalently

be written as

fyl:N 19% vy Crv (yLN ‘ Oé(N)’ CLN) - fY1:N [01:n7 (yliN | 01:1\7)) (5'126)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

which, using the result in (4.27), yields
N

fY1:N 105 vy Cr:n (ylzN | OZ’(N)v Cl:N) = HN(yna OZ‘n’ Eu + Ev) (5‘127)

n=1

Similar to (5.119), we rewrite the product H;V:1 in terms of Cy.y and 0pyy and obtain

Fyrn 102 0 o (Y1n | O3y, Crin) = IT II N@.:6; .2+ 0). (5.128)
1€C(N) n:Cr=l

The second factor in (5.125) is given by (3.55) as

oz, o 1cn (Bc(vy | Crin) = I ra6r) = ] N6} po-, Zo-), (5.129)

IC(N) IEC(N)
where in the last step (5.2) was used. Inserting (5.128) and (5.129) into (5.125), we obtain

for ) lyin Con 020wy [ Y18, Crn) o H ( H N(yn; 07,3, + 21})) N(6]; o+, 3o+ ).

leC(N) \n:Cp=l
(5.130)

We note that the product ([T,.c. ;N (yn: 0}, 0 + £4)) N(6]; pro-. Lo-) in (5.130) is of the
same format as left-hand side of the identity (2.59), i.e., with the following substitutions

T — 0], py — Ho-, Xy — X+, and X, — X, + X, we obtain

( H N(yn; 977 3u+ 21})) N<Ol*; Ho+; 29*) = 5/-/\/'(077 ey |y1.n,Crno 297 |y1:N,C1:N)7

n:Cp=l
(5.131)
with the covariance matrix given by (see (2.53))
Z0; yiw Crn = (Bu+ o) (B + By + 1u(N)Zg:) ' So- (5.132)
=g (Bu + By + mu(N)2g-) ' (B + o) (5.133)
and mean (see (2.56))
K6; |y1.n,.Crin = (B +3p) (B + 2y + 7”'11(]\[)219")71 Ho+
+my(N) e (B + B + 1u(N)Zg-) "' 4. (5.134)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

Here, m;(N) denotes the number of objects for which C,, = [, as defined in (3.47), and g,

denotes the sample mean of all measurements (y,,)n.c,, =1, i-€.,

(5.135)

n:Cp=l

We note that both the mean and the covariance matrix depend on the cluster index [.
Lastly, with the aforementioned substitutions, according to (2.61) the multiplicative factor

7 in (5.131) does not depend on 6}, therefore inserting (5.131) into (5.130) yields

fec*g(N) [yi:n,Cri:n (OZ(N) | Yi:N, CI:N) X H /\/(91*, [l,gl* | y1:n,C1:N Zgl* |'y1:N,Cl:N)' (5136)
leC(N)

Evaluation of (5.116)

Inserting (5.124) and (5.136) into (5.116) yields

fxl:N lyi.nCi:nv (wlzN ’ Yi:n, CI:N)

/ H ( H N(x,; Kz |y,.07, 2m|y9)> N(67; M6 | y1.n,Crin s Egl* |y1:N,C1;N)d0é(N)

C(N) leC(N n:Cp=I

- 1] / ( [ N@n: pay0: mye)) N(67; 167 | y1.n,Crn s 267 |y1.n,Crx )40

1EC(N) n:Chn=l
(5.137)

To simplify the notation, we write the mean pig |y, o+ (see (5.123)) as

/’l’m\yn,el* = 01* + 2u, (Zu + zv)_l Yn — 2u (Eu + Ev)_l 0;
= (Eu + Ev) (Eu + E'v)il 9? + Eu (Eu + Ev)il Yn — Eu (211, + 2'0)71 91*
- Eu (Eu + Ev)_l Yn + (Eu + E'u - Eu) (Zu + Z'v)_l 01*

with

M 2%, (2, +3%,)" (5.139)
and

M, 2%, (S, +3%,) ", (5.140)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

where the size of both matrices is D x D. Furthermore, we group all the parameters of

interest «,, that belong to the same cluster C,, = [, and thus define

m\Ifl é (wn)n:Cn:l = ($$l(1)7 A 7mr\£l(ml(N)))T? <5141)

where the function ¥; maps each index p € {1,...,m(N)} to the corresponding index

n € {1,...,N}. Similarly, we define
Yy, £ (Yn)n:Cp=t = (yglu), e >y$l(ml(N)))T' (5.142)
Using (5.139 - 5.142) we can rewrite (5.137) as

fxlzN ly1.n,C1:N (mlzN | Yi:n, Cl:N)

my(N)
x [] /e T N @) 1y, 05 S iw0) | V(67 1467 yn o S 1 1..Con )46
)T p=1

lec(N
my(N)
= H/ [TV (@w,): Miya, )+ Mo, S y.0) | N (675 1267 | s, o> B | 1. Crn )16 -
lee(N)’ 0\ p=1

(5.143)

Furthermore, with the following substitutions in (C.35) A — My, B — M, * — 6],
yn _> m‘lll(p)a lJ'ac _> “Bf\yLN,Cl;N’ 2:1: _> 201*|y1:N,CLN, Ey _) Ez‘y,ea N _) ml(N)7 the

expression (5.143) for the joint posterior is given by

fxlzN \ylzN,C1:N<$1:N ‘ YN, Cl:N) X H N ("B‘I’l; ,amq,l |y1.n,C1:N Em‘l’l |’y1:N7C'1:N> , (5144)
IeC(N)

with the mean ﬂmq/l ly1:n,Cr:nv (See (C37>>

Mly\lfl(l) + MQIJ’OT ‘ylzNaCI:N
: (5.145)

Bazy, |y.n,Ci.v =

MYy, (my(v)) + Mapror | yy.n.Cr.n

and covariance matrix 29@% lyrn,Cry (s€e (C.30) and (C.38))

Eﬂﬂ\pl ly1:n,C1.N — Iml(N) ® Ew\y,e + 1ml(N)131;(N) ® MQEBI* |y1:N7C1:NMg
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

=L, @ Xg|ye + ]‘ml(N)]'ETZ(N) ® X,

S yo + Sas, s . s,
o Solvo - San S
_ M ‘y"f M: ‘ M : (5.146)
ot o Salye + Eam

where I,,,(v) denotes the identity matrix of size m;(N) x my(N), 1,,,(v) denotes the all-one

vector of size my(N) x 1 and
M = MQEGZ* Iyl:N,CLNMQT' (5'147)

Finally, we obtain the posterior of x,, by inserting (5.144) into (5.115) and perform the
marginalization, using the results [20, Eq.2.92 and Eq.2.93], i.e.,

fxn ly1,n:.Cun (@0 [ Y1y, Crin) H N<w\1’l; ﬂch,l ly1:n,Crno qu,l |y1:N701:N)dw_‘n
Ton 1eC(N)
- N(wm Kz |yi.n,Cino 2m|y1:N»C1:N>? (5'148)

where the posterior mean is obtained from (5.145) using the index ¥;(p) equal to n, and

using C, =1, i.e.,
Ba|yn.Cin = M1y, + sz’eén ly1.n,Crin s (5.149)
and the posterior covariance matrix 3|y, v .c,.y 1S obtained from (5.146) as
S lyin Con = Baly0 + XMy = Za|yo + Moo, |ynv.crn My (5.150)

Inserting (5.139), (5.140) and the expression (5.134) (with C,, = [) into (5.149), we obtain

for the posterior mean

Rz |y.n,Cin
— 2u (Eu + Ev)_l Yn + Ev (Eu, + Ev>_1 (Zu + Zv) (Eu + Ev + mC’n(N)EB*)_l Ho+
+me, (N) Sy (Bu + 20) 7 Be- (Zu + By + me, (N)Ze-) ™ g,

- ZDu (Eu + Ev)il Yn + Ev (Eu + Ev + me, (N)EG*)il Ho+
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

+me, (N)Zy (B + o) Bor (Bu 4+ 2o +me, (N)Zg:) ' g, (5.151)
with
N
me, ) £ 1(C (5.152)
n/=1

and gy, (see (5.95))

mC

N
gj Z n/ = yn/ (5153)
Similarly, inserting (5.140), (5.121), and (5.132) into (5.150), the covariance matrix

pX

@|y.n,Cry 15 Obtained as

) Y (Bu 20 A 2 (B + 3 (B4 ) (B + By 4 me, (N)Zee)

:l:|y1:N7C’1:N:
X Sge (B (Bu+ Bo) )"
=3, (Bu + Ev)_l Yy + 2, (B + 2, +mge, (N>29*)_1 o+ (3o + Ev)_l DI

(5.154)

Final expression for :I;il)(yl ~, C1.n)

According to (5.114), the MMSE estimator ﬁc%‘l)(yl;N, C,.v) is equal to the posterior mean
Ex, |¥1.xv = ¥1:8: Ciinv = Ciin] = M| y1.n,C1y- Using (5.151), we thus obtain

ED (Y1.n, CLy) = Bo (Bu + 20) " U + By (B + Zo +me, (N)Ze:) ™ po-

+me, (N (B 4+ ) o (Bu 4+ o +me, (N)Ze:) " ge,
(5.155)

with the sample mean y¢, (see (5.153)) and m¢, (N) (see (5.152)). We can see that (5.155)
consists of three additive terms, the measurement y,,, multiplied by 3, (X, + Ev)_l, the
prior knowledge pg-, multiplied by 3, (2, + X, + mg, (N)Zg.) " and the sample mean
Yo, of all measurements that are in the same cluster C,, as the object x,, weighted by

me, (N)Ey (Bu + 2u) ' Zoe (B + 2y +me, (N)Zg:) !
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

5.3.2 MSE

According to (2.12), the minimum MSE is given by
(@ _ 1
MSEmin = BEYLN,CLN [tr [Ewlyl:N,C’1:N] }7 (5'156)

where X3y, 15 given by (5.154). This expression involves mg¢, (IV) (see (5.152)) and
is thus functionally dependent on the cluster assignment variables Cy.. On the other hand,
expression (5.154) is not functionally dependent on y,.5. Therefore, the minimum MSE for

Scenario 4 is finally obtained as

1
MSEgl)n = 5 ]E'CI:N |:tl" [Ew‘yl:Nycl:N] ] (5157)
1

= = Ec,.y [tr 2y (B + 20) ' B + By (B + By + me, (N)Ep:) !

X Bor (T + 3y) 1 3] ] (5.158)

We note that (5.158) functionally depends on mc¢, (N) (see (5.152)), hence the expectation

in (5.158) with respect to Cy.y can be expressed as

1
MSE® ——
min D

X B (S + ) ' 5] H . (5.159)

Ec,.x | mc,, (V) [Emcn(N) [tr [Ev (B + Ev)_l DI EDINYO I D WHEE an(N)EO*)_l

The pmc, (v)(m) of the cluster size mc,(NV), i.e., the number of objects for which C,, = C,
(see (5.152)), is shown in Appendix A.2 to be given by

aN (N —1)!
a+ 1NN —m)!

Pme, (v) (M) = ( , for me{l,...,N}, (5.160)
with a™ 2 a(a +1)---(a + m — 1) denoting the Pochhammer symbol (with o = 1 and
ol = ) [36, Eq. 13.154]. Next, by exploiting the fact that given mc,(N) = m, the posterior
covariance matrix gy, v.cy.y i independent of Cy.x, we can write (5.159) as
1
MSEL, = 5 Eme, () [t [Zo (S + o)™ B + 2o (Zu + By + me, (V) Zo:) ™!
X Bge (B + )" zv}] : (5.161)
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5 INHERENT CLUSTERING SCENARIOS AND ESTIMATORS

which using (5.160) becomes

N
MSEIﬁl)n Z tr [293|y1:N,C1;N] Pmc,, (N) (m)

:—Ztr[ (Sut o) 'S+ By (B + Sy + mTge) !

X B (Sy + )" zv] P, () (). (5.162)

In the special case where 0], u, and v,, are random vectors with i.i.d. components, i.e.,

Yo = 03.1p, ¥y, = 02Ip, and X, = 02Ip, expression (5.162) reduces to

N o2 2\2 2
o? 02)0,.
MSEgBn = Z [ uTv p+ (9,)"0% 3 ID:| Prme, () (M)

+oy (o +ap)(of + of +may.)

mi( o202 (02)%02. ) N (N —1)! (5.163)

2+ 02 (02 +02)(02+ 024+ moj.)) (a+ 1)N-L(N —m)!
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6 SIMULATION RESULTS

6 Simulation Results

In this section, we evaluate and compare the performance of the estimators introduced in
Sections 4 and 5. We will discuss the generation of the data, the simulation parameters, the

performance metrics, and the obtained performance results.

6.1 Simulation Setup

For each object n, we consider a parameter of interest x, = (X,1,%,2)" € R? a hy-
perparameter 0, = (0,1,0,2)7 € R? and a measurement y, = (y,1,yn2)" € R? In
each simulation run, we generate 0,, from a DP assuming a Gaussian base distribution
fu(60;) = N(6;; po-, Xo+), where prg- = 0 and X« = 0.1, with oj. = 5. In the first simu-
lation, we consider three different values a = 0.5, 1, 5 of the concentration parameter. Later,
we will investigate the performance in terms of the MSE and how the MSE depends on the
concentration parameter «, and we will consider a = 0.1,0.5,1...,5. We recall that the hy-
perparameter vector 0,, and the parameter of interest x,, are statistically related according
to (4.1), where we assume that the parameter noise u, is zero-mean Gaussian (see (4.2))
with 3, = 021, where 02 = 1. Similarly, the measurement vector y,, and x,, are statistically
related according to (4.4), where we assume that the measurement noise v,, is zero-mean
Gaussian (see (4.5)) with ¥, = ¢2I, where 02 = 1. To investigate the performance in
terms of the MSE and how the MSE depends on the total number of objects N, we simulate
up to N = 50 objects, i.e., N = 1,2...,50. Each simulation result for one value of N is
averaged over J = 500 simulation runs, where in each run, we create new hyperparameters
01.n, parameters of interest x;.y, and measurements y;.5. We create () = 1000 samples

z\? from the posterior distribution fy, |y, . (%, | y1:n) by means of the Gibbs sampler using

Table 2: Simulation parameters.

’ Parameter Value ‘

Mo~ 0

pIP 51,

Y I,

Yo I,
« {0.1,0.5,1...,5}
N {1,2,...,50}
Q 1000
J 500
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(c) Scenario 4.

Figure 10: One realization of the data available to the estimator for each of the four scenarios,
for N=20 and a=1. In (a) (Scenarios 1 and 3), these data are only the measurement vector
y1.n- In (b) (Scenario 2), the data are the measurement vector y;.y and the hyperparameters
01.n, or, equivalently because 6, = 6, , the hyperparameters 6, and cluster assignment
variables C,, for n = 1,...,N. Using the cluster assignment variables C,,, we group all
measurements y,, for which C,, = [, i.e., (Y, )n:c, =1, which we denote as yy, (see (5.142)). The
cluster assignment variables C), are represented by the color of the respective cluster. Lastly,
in (c) (Scenario 4), the data are the measurement vector y;.y and the cluster assignment
variables C, for n=1,..., N. Similar to (b), we group all measurements of the [*! cluster
into yy, .
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6 SIMULATION RESULTS

cluster assignment variables (see Algorithm 3). The simulation parameters can be seen in
Table 2. Figure 10 shows one realization of the data available to the respective estimator

for N = 20 objects and a = 1.

6.2 Performance Metrics

In this subsection, we discuss the metrics we use to analyze the performance of the estima-

tors.

MSE

In order to quantify and compare the performance of the estimators for our four scenarios,
we calculate their respective MSEs under the assumption that ©,,, u,, and v,, are random
vectors with i.i.d. components. For the first, second, and fourth scenarios, the MSE is
given in closed form (see (4.62), (4.88), and (5.163), respectively). In the third scenario, no

closed-form expression for the MSE or the estimate is available. Therefore, we calculate the

empirical MSE, by averaging the squared estimation error over all times n = 1,..., N and
all simulation runs j =1,...,J, i.e.,
1 J N
3

We can approximate the posterior mean (see (5.16) and (5.17)) as

Q
~ ~(3 j
CBS)) (ylzN,j) ~ wgzg\/l yl:N é Z ,]7 (62)

W) denotes the measurement vector yi.n obtained in the j* simulation run. Sim-

ilarly, @, ; stands for the true parameter in the j™ simulation run and aﬁﬁlghc(y? ) is the

where y;

estimate of the parameter of interest, calculated using the measurements created in the ;%

simulation run. Table 3 lists the MSE expressions for the four scenarios.

Clustering Gain

Since we expect an improved MSE performance due to clustering, we introduce a new perfor-

mance metric called clustering gain (CG), which will allow us to quantify such improvement.
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6 SIMULATION RESULTS

op(of+ai)

Sror1o7) A5 A baseline since it does

We consider the MSE in the first scenario, MSEI(];)n =
not make use of the cluster structure and only uses the measurement vector y;.,, which is

available to all estimators. The CG is therefore defined as

MSE(})

A min
CG =10 lOglO (W s (63)
where MSE(“sterine) is an MSE of the estimator that uses clustering, i.e., MSEI(\?C or MSEI(ﬁi)n.
The clustering gain for the third scenario (CG(3)) has to be approximated, whereas for the

fourth scenario, the clustering gain can be obtained in closed form by inserting (4.62) and

(5.163) into (6.3), i.e.,

03(032—1—052)
s oI toito?
CG( ) é 10 loglo N 0202 ?02)202 am(]\/fl)l . (64)
w%v _|_ v 0* .
m=1 (o—z+o—3 (aﬁ+o%)(a%+vﬁ+m0§*)> (@t V1 (N—rm)

We note that this expression depends on the number of objects N; in particular, for N =1

we obtain CG®W = 0.

6.3 Performance Evaluation

First, we compare the performance of the four estimators in terms of MSE. Subsequently,
we will compare the performance in terms of MSE and CG achieved by the estimators in
Scenarios 3 and 4 as opposed to modification of the estimator in Scenario 4, which uses a

clustering algorithm followed by a pure estimation algorithm.

Table 3: MSE expressions for the four scenarios.

’ Scenario ‘ MSE Estimator uses clustering
1 % (see (4.62)) no
2 % (see (4.89)) no
J N .03 j
3| R gy T Xl I #neily) — @l (see (6.1)) yes
N oho} (03)%07 o= (N-1)!
4 2me (03+03 * (05+05)(03+;%+mo§*)> (a+1)N—T(N—m)! yes
(see (5.163))
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6 SIMULATION RESULTS

1.1 T T T T T
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Figure 11: MSE of the four estimators as a function of the number of objects N. Closed-form
expressions are shown using solid lines, whereas Monte Carlo simulation results (MSEI(\?[)C)
are shown using dashed lines. The shaded regions indicate the empirical standard deviation
of the simulated MSE.

6.3.1 MSE of the Four Scenarios

Figure 11 presents the MSE as a function of the number of objects NV for all four scenarios.
As expected, the MSE achieved by the first estimator, MSES?H in (4.62), is higher than
the MSE of any of the other estimators, as the first estimator makes no use of the cluster
structure. On the other hand, the MSE achieved by the second estimator, MSEEI?n in
(4.89), is the lowest of all MSEs, since in Scenario 2 the hyperparameter 6,, is known. Note
also that, in line with (4.62) and (4.89), MSEY and MSE®). do not depend on N. By

contrast, l\/ISEl(\?I)C and MSE'"

min

depend on N and on the concentration parameter . As
the number of objects N increases, 1\/ISE1(\?I)C and MSEfﬁi)n decrease. This can be explained
by the fact that with more objects, more measurements associated with each cluster are
available to the estimators and more objects share the same hyperparameter 0", which
results in an improved estimation. For the small concentration parameter value a = 0.5,
the hyperparameters are more concentrated; in other words, there are fewer distinct clusters
and more objects share the same hyperparameter . Here, we observe a strong decrease of
the MSE with increasing N. On the contrary, for the large concentration parameter value
a = 5, there are more clusters and fewer objects share the same hyperparameter ©0*; here,
the decrease of the MSE is less strong. Finally, MSEfji)n is seen to be lower than 1\/ISE1(\‘Z’)C
This is an expected result, since in the fourth scenario the cluster assignment variables C;.y

are considered to be known, and thus the estimator can use more measurements than in the
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6 SIMULATION RESULTS
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(a) MSE versus the number of objects NV, for o« = 0.5.
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(b) MSE versus the concentration”parameter a, for N = 20 objects.

Figure 12: MSE of estimators 1 through 4 as well as of two versions of estimator 4 using
estimates of C.nx (1\/[8]:741(\]/?(]33 ) and MSEI\Z%). Closed-form expressions are shown using solid

lines, whereas the Monte Carlo simulation results (MSEI(\?[)C, 1\/ISE1(\1/I)(133 ), and MSE&%) are
shown using dashed lines. The shaded regions indicate the empirical standard deviation of
the simulated MSE.

third scenario.

6.3.2 Comparison with Other Clustering Algorithms

The fourth estimator outperforms the third estimator because it exploits knowledge of the
cluster assignment variables Cy.n. Let us now consider a modification of the fourth estimator
that uses an estimate CA’L ~ of Ci.y. The estimate (3’1: ~ is provided by two standard clustering
algorithms, namely, the DBSCAN algorithm [16] and the K-Means ++ algorithm [17]. The
resulting MSEs, denoted as MSEI(\?(? ) and MSEI(\?C), respectively, are shown in Figure 12 along
with MSE!)  MSEZ) | MSE(Y,, and MSE")

min? min?’ min*
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6 SIMULATION RESULTS
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(a) CG versus the number of objects N for a = 0.5.
3 T T T T T T T
cG? (N =20)
L ----CG® (N =20)
25 - 0G® (N = 20)
[N --=.CGPY (N = 20)
ik |
O e R e
O i
N A -
) PSS e i
1 1 1 1 1 1 1 1 1
0.5 1 15 2 25 3 35 4 4.5 5

(b) CG versus the concentration parameter o for N = 20 objects.

Figure 13: CG of estimators 3 and 4 (CG® and CG™®) as well as of two versions of estimator
4 using estimates of Ci.y (CG(DB) and CG(K)). The shaded regions indicate the empirical
standard deviation.

We can observe in Figure 12a that MSEﬁ)C is lower than MSEI(\/]IDé3 ) and (for N > 5) also
MSESFC), i.e., the third estimator outperforms both versions of the modified fourth estimator;
furthermore, MSES[% is lower than 1\/[SE1(\/]?(]33 ). The latter result can be explained by the
fact that the K-Means ++ algorithm uses knowledge of the number of clusters, whereas
the DBSCAN algorithm does not. Furthermore, Figure 12b shows that for concentration
parameter o > 1.5, MSEI(\/I[)(? ) is higher than MSESi)n. This can be explained by the incorrect
clustering performed by the DBSCAN algorithm, which for larger values of « tends to assign
all samples into one cluster. Note that in Figure 12b, N = 20 is assumed; however, a similar
performance was observed for both larger and smaller values of objects N.

In Figure 13a, we show the CG versus the number of objects N (see (6.3)). As in

Figure 12a, the concentration parameter was chosen as o« = 0.5. As expected, the fourth
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6 SIMULATION RESULTS

estimator achieves the largest CG, followed by the third estimator. It is also seen that the
modified versions of the fourth estimator using the K-Means ++ and DBSCAN clustering
algorithms achieve a considerably lower CG. Lastly, Figure 13b shows the GC versus the
concentration parameter . Similar to Figure 12b, we note that for approximately o > 1.5,

the CGP®) is negative due to incorrect clustering performed by DBSCAN algorithm.
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7 CONCLUSION

7 Conclusion

In this Master’s thesis, we investigated the application of DPMs in the Bayesian estimation
framework, specifically exploring their use for estimation within a simple hierarchical Gaus-
sian model. By considering a DP prior, we overcame the limitations of fixed-size models
and thus avoided the need to pre-specify the number of clusters. Because the posterior dis-
tribution cannot be calculated in closed form, we used a Monte Carlo approximation of the
MMSE estimator and derived a Gibbs sampling algorithm for our estimation problem. A
notable distinction from prior works, such as [6] and |7], is that our model yields closed-form
performance bounds. This feature facilitates the quantification of improvements in estima-
tion performance due to the use of the DP prior in relation to the theoretically achievable
performance.

We commenced with an introduction to the Bayesian framework of estimation and a
discussion of key properties of the Gaussian distribution. Building on this foundation and
on [21] and [6], we explored the basic theory of DPs and DPMs. In particular, we discussed
certain distributions associated with a DP. Furthermore, we presented four procedures for
generating samples from a DP, and we studied the clustering property intrinsic to DPs.

Shifting the focus to our Gaussian estimation problem, we introduced our general Gaus-
sian model and associated independence assumptions. Within this general statistical frame-
work, we considered four different scenarios. In Scenario 1, the hyperparameters are assumed
to be i.i.d. and Gaussian distributed. In Scenario 2, they are still modeled as i.i.d. and
Gaussian distributed but are now considered to be known. For both scenarios, we derived
closed-form expressions for the MMSE estimator and the corresponding MMSE. Scenario
3 features a DP prior for the hyperparameters. Because the complexity of the DP prior
does not allow for closed-form solutions, we developed two Gibbs sampling algorithms that
provide Monte Carlo approximations of the MMSE estimator. In contrast to the estimators
for Scenario 1 and 2, the estimator for Scenario 3 leverages the cluster structure induced by
the DP prior. In Scenario 4, the hyperparameters are still distributed according to a DP
prior but the object-cluster associations are now considered to be known. Here again, we
derived closed-form expressions for the MMSE estimator and the corresponding MMSE.

The closed-form MMSEs of Scenarios 1, 2, and 4 provide lower and upper bounds on the
MSE of Scenario 3. Through simulations, we demonstrated the effectiveness of the Gibbs

sampler-based estimator in leveraging the cluster structure induced by the DP prior. Our

111



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

7 CONCLUSION

proposed Monte Carlo approximation of the MMSE estimator in Scenario 3 consistently
achieves a lower MSE than the MMSE estimator in Scenario 1, which makes no use of the
cluster structure; that is, in all simulation settings within Scenario 3, we always obtained a
reduction in MSE due to clustering, or equivalently, a positive “clustering gain”. Moreover,
this clustering gain is only 0.5dB lower than the bound in Scenario 4, which uses knowledge
of the object-cluster associations. Finally, our simulations showed that our approach of
joint estimation and clustering outperforms the conventional approach of using a clustering
algorithm (K-Means ++ or DBSCAN) followed by an estimation algorithm.

On the other hand, the computational complexity of the proposed Gibbs sampling algo-
rithm is considerably higher than that of the other methods. This issue was addressed in [15]
by using the CAVI algorithm instead of the Gibbs sampler to approximate the posterior dis-
tribution. For a small concentration parameter o = 0.5, the CAVT algorithm proposed in [15]
achieves a clustering gain that is only 16% lower than that achieved with our method, while
the computational complexity is considerably smaller. However, for a = 5, the clustering
gain achieved with the CAVI algorithm is negative, which means that the algorithm per-
forms worse than the MMSE estimator without clustering (Scenario 1), whereas our method
consistently achieves a positive clustering gain for any «. Thus, our proposed method is
most suitable for applications where the data is spread across a larger number of clusters
(corresponding to a large concentration parameter «), and for applications that require a
high accuracy of estimation even at the cost of a higher computational complexity.

The primary limitation of our approach lies in the computational complexity of the
Gibbs sampler. This complexity can be reduced by adopting advanced sampling techniques
such as the Hogwild Parallel Gaussian Gibbs Sampler [37] or the Fast Asynchronous MCMC
Sampler [38]. Furthermore, our current model is limited in that it assumes that each object is
associated with a single latent variable and thus cannot belong to more than one cluster. In
certain applications, it would be advantageous to extend our model to accommodate objects
belonging to multiple clusters defined by different features. Such an extension, described
in [39], is constituted by a distribution that enables the construction of probabilistic models
for objects with an infinite number of binary latent variables, and that can be seamlessly
combined with priors on the latent variables’ values. This distribution is based on a Bayesian
non-parametric model known as the Indian buffet process, which is somewhat analogous to

the Chinese restaurant process considered in this thesis.
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A  PROOFS

A  Proofs

A.1 Proof of (3.5)

We prove that the recursive construction of weights sequence (Q;);°; as presented in (3.5)
is equivalent to the definition in (3.3). Thus, in this proof, we can take (3.5) as being true,

but not (3.3). For [ = 1, (3.5) states that
Q=V; (A1)

This is also stated in (3.3), and thus (3.5) is equivalent to (3.3) for [ = 1.
For | > 2, we use mathematical induction. We claim that the expressions stated in (3.3)
and (3.5) for [ > 2 are equal, i.e.,
-1 -1
villa-vi)=v (1 - Zm) (A2)
=1 =1
or, equivalently,
-1 -1
[[Ta-viy=1-> Q. (A.3)

=1 =1

For the base case [ = 2, (A.3) gives
1—V1:1—Q1, <A4)

which is clearly true because of (A.1). In the induction step (I — [+ 1), we assume that
(A.3) is true and wish to show that it remains true when [ is replaced by [ + 1, i.e., we have

to show
! !
[[Ta-viy=1-> Q. (A.5)
=1 =1
The left hand side of (A.5) becomes
-1

[Ja-viy=a-v)]Ja-Vvi). (A.6)

'=1
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Using (A.3), we obtain further

ﬁ(l_vl’): 1-Vy) (1_ZQI’>

I'=1 U'=1

-1 -1
=1-V _ZQZ’ +VZZQ1'

U'=1 U'=1

-1 -1
=1-V (1—2@) -

I'=1 I'=1

(A7)

Using (3.5), this finally becomes

l -1

[Ta-v=1-Q->

I'=1 I'=1

=1-> Q, (A.8)

I'=1

which is seen to be equal to the right-hand side of (A.5).

A.2 Proof of (5.160)

Let us consider N samples from a DP with concentration parameter . We wish to derive

expression (5.160) for the probability of the cluster size m;(N), i.e.,
Pmyvy(m) = P(my(N) =m), for 1<m<N. (A.9)

We recall that 0,, can equivalently be written using the cluster assignment variable C,
as 0, = ¢ (see (3.67)). Let s = C,, i.e., the sample 0, belongs to the s™ cluster. The

number of samples 0,, belonging to the s'® cluster, is denoted as m,(NNV), and given by
N
=> 16, =97), s=1,...,S(N), (A.10)
n=1

or equivalently, using the cluster assignment variables C,,, we obtain

_iﬂ(én—s), s=1,...,5(N). (A.11)
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Since the DP samples (0,,)"_; are exchangeable, for simplicity, we assume s = 1, i.e., we
consider the first cluster, according to the empirical ordering of the observed clusters (see

(3.12)). Thus we want to derive an expression for the probability size P(m;(N) = m).

A.2.1 Recursive Construction

Consider once more the CRP analogy to seating customers in a restaurant, presented in
Section 3.3.3. We recall that each customer n is assigned to a table (cluster), i.e., C, = s.
The conditional pmf of the C,, is given in the expression (3.64).

We now examine the n'" customer entering the restaurant, with n — 1 customers already
seated and S(n — 1) tables occupied. Using (3.64) we conclude that the customer sits at a
new table S(n — 1) + 1 with probability

~ (0%

]P)(Cn =Sn—-1)+1| Cin1 = él:n—l) S a1 (A.12)

or at an already occupied table, s = 1,...,S(n — 1), with probability proportional to the
number of customers already seated at the table,

n—1 ~ ~
- - - L 1(C, =s mg(n —1
P(CnZS‘CLnfl :Cl:nfl) - Zn(;1+§l_1 ) = Oé—ﬁn—l) (Alg)

We note that the probability of the n'™ customer sitting at a new table in (A.12) only
depends on n and concentration parameter «, and is independent of Cips. Moreover, we
note that the right-hand side of (A.13) only depends on the table size ms(n — 1) and «, i.e.,

_ ms(n _ 1)

P(Cn:s|rﬁs(n—1):ms(n—1)) i1

(A.14)

We can now calculate the joint probability of my(n), and C,,. If the customer sits at the first
table, we set C, = 1 and the number of customers seated at the first table (s = 1) increases

by one, i.e., mi(n) = my(n — 1) + 1. This probability is given as

On the other hand, if the n'" customer sits at another table (s # 1), the number of customers

seated at the first table remains y(n) = my(n — 1) and we set C, # 1. This conditional
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probability is given as
P(mi(n) =m,C, #1) =P(C, # 1|mi(n — 1) = m)P(m(n — 1) = m). (A.16)

This means we can write a general recursion for the table size P(m;(n) = m), by using the

total probability theorem, i.e.,

P(mi(n) =m) = ]P’(Cn =1|mi(n—1)=m—1)P(mi(n—1)=m—1)
+P(C, # 1| Mi(n— 1) =m)P(mi(n — 1) = m). (A.17)

Using (A.14) and P(C,, # 1| mi(n—1) =m) = (1— T = Fn=lom) ipy (A17), we obtain

a+n—1 a+n—1

a recursive probability

at+n—1—m
a+n—1

m—1

P(m(N) =m) = p—

P(mi(n—1)=m—1)+ P(mi(n —1) =m).

(A.18)

We also note that 1 < m < n, therefore we need to consider two special cases of (A.18),

specifically m = 1 and m = n. For m = 1 we obtain

P((n) = 1) = %P(ﬁn(n —1)=1), (A.19)
and for m = n,
P(fy(n) = n) = %P(ml(n 1) =n-1), (A.20)

since P(my(n — 1) = n) = 0 due to the condition 1 < m < n.

A.2.2 Proof by Induction

We claim that the probability P(m;(N) = m) is given by

(N —1)lalN=m

P(mi(N) =m) = (N —m)! (a+ )N

for 1<m < N. (A.21)
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We prove this claim using mathematical induction. For N = 1 we also obtain m = 1, since

1 <m < N, therefore

P(m(1) =1) = % ~ 1. (A.22)

This is trivial, since for one sample N = 1, there exists only one cluster and the sample
must belong to this cluster. In the induction step N — N + 1, we have to prove that from

the induction assumption (A.21), it follows that

N aN+1—m
P(my(N +1) =m) = — for 1<m<N+1L (A.23)
(N+1—m)! (a+1)N

Since the cluster sizes mg(n) are exchangeable and mg(n) is a permuted version of m;(n),
the recursive probabilities (A.18) and (A.20) are also valid for m;(N). Using (A.18) (with
m;(N) instead of my(n)), the left hand side of (A.23) becomes

m— 1
a+ N

a+N—m
o+ N

P(m(N +1) =m) = P(mi(N) =m) + P(m(N)=m—1), (A.24)

for 1 <m < N and

P(m(N +1)=m) = Zb_i__]\l[IP(rﬁl(N) =m—1), (A.25)

for m = N + 1. Substituting (A.21) into (A.24) yields

- —DlaN—m — 1\ g NFL—m
a+N (N—m)(a+1) 1T a+N(N+1—m) (a+1)N-1
(A.26)

Now a¥"(a 4+ N —m) = a™ " and (a« + 1)V Yo+ N) = (o + 1), so that we further

obtain
oy (V=i (N — 1)l oNHimm B
PN+ 1) =m) = s T i @rpr Y
(N — 1)l oNHimm (N — 1) oNF1mm

Niiomi@rny Y

= ’ )N(N +1—m+m—1)

(N=—m+1)!(a+1
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N N+1-m
- a _ (A.27)
(N—=m+ 1! (a+1)N
which is seen to be equal to the right-hand side of (A.23).
Finally, for the case m = N + 1, (A.23) becomes
Nlab NI
P(m(N +1)=N+1) = < - . (A.28)
O (a+ 1N (a+ 1)V
Substituting (A.21) and m = N + 1 into (A.25) gives
m—1 (N — 1)l oVHimm
Pm(N+1)=N+1) = —
(ma( ) ) a+N(N+1—m)(at)i1
N (N-Dla°
Ca+ N(0) (a+ 1)NT
N!
= (A.29)
(a+1)N

which is seen to be equal to (A.28).

A.2.3 Further Considerations

To prepare the ground for a general case n € N, we first consider the cases n = 1,2, 3,4.
n=1
Consider n = 1, i.e., a customer is seated in an empty restaurant and therefore occupies

one table. Evidently, then, m;(1) = 1 and

n=2

Let a new customer enter the restaurant so that n = 2. The new customer either sits at

a new table and the first table remains occupied by one customer (m;(2) = 1), i.e.,

P(mi(2) =1) = : (A.30)

P(mi(2) =2) = (A.31)
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a+1 a-+1

a+2 a+2 at2 at2

a+2 1 a+1 2 a+1 2 _a 3
a+3 a+3 a+3 a+3 a+3 a+3 a+3

Figure 14: Probability tree diagram describing the events and probabilities related to the
number of customers mq(n) at the first table (s = 1). Each customer sitting at the first
table is represented by a gray square.

usin my = =1 an my = = 0. e probability of the second customer
ing P(my(1) = 1) = 1 and P(my(1) = 2) = 0. The probability of th d

n = 2 joining the first table is given by IP’(CQ =1 rﬁl(l) =1) = +1’ whereas the probability

of not joining is given by P(CQ #1]my(l) = 1) . These exclusive events are depicted
in the probability tree diagram in Figure 14.
n=3

For n = 3, the first table can remain occupied by one customer, which occurs when the
third customer does not sit down at the first table, i.e., P(Cg #1|mi(2) =1) and only one
customer is seated at the first table, i.e., P(m(2) =

side of the Figure 14. Using (A.31), the probability P(m;(3) = 1) is therefore given by

1), as can be seen on the very left-hand

P(my(3) = 1) = P(C3 # 1| my(2) = 1)P(my(2) = 1)

_a—i—l Q

Ca+2a+1

N (A.32)
a4 2 )

Secondly, the first table can be occupied by two customers m;(3) = 2. This happens
when the third customer joins the first table with probability equal to P(Cg =1/m(2) =1)

and the first table is occupied by only one customer with probability IP’(rﬁl(2) = 1), or the
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first table is already occupied by two customers IP’(rﬁl(Q) = 2) and the third customer one

does not join the first table P(Cg #1|my(2) = 2). This means that

P(mi(3) =2) =P(Cs = 1]m(2) = 1)P(Mi(2) = 1) + P(C3 # 1M1 (2) = 2)P(My(2) = 2)

(A.33)
As can be read from Figure 14, the probability of this event is given by
1 @ « 1 2c
P(my(3) =2) = = A.34
(M(3) =2) at2atl at2atl (@i(arl) (A.34)

where we used (A.30) and (A.31).

Lastly, all three customers can be seated at the first table, i.e., m;(3) = 3. This event
only occurs when the third customer joins the first table ]P)(Cg = 1|m(2) = 2) that is
already occupied by two customers P(my(2) = 2), i.e., using (A.31) we obtain

P(mi(3) =3) =P(Cy = 1| m(2) = 2)P(m,(2) = 2)
2 1
Ca42a+1
2

" (a+2)(a+1) (4.35)

n=4

From Figure 14 we can see that for n = 4, there is only one path leading to m;(4) = 1 and
my(4) = 4; however, there are three paths leading to m;(4) = 2 and m;(4) = 3. In order not
to calculate each path separately, we can use the general recursion (A.18), together with the
previous results for n = 3 to calculate the probabilities for n = 4. First, for P(m;(4) = 1),

we insert (A.32) into (A.19) (for n = 4 and m = 1) and obtain

P(mi(4) = 1) = = j: ?)P(ml(?,) —1)
at+2a+1 o

a+3a+2a+1

«Q
— . A.
a+3 ( 36)

Similarly, in order to obtain an expression for P(m;(4) = 2), we insert (A.32) and (A.34)
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A  PROOFS

into (A.18) (for N =4 and m = 2), i.e.,

P (4) = 2) = Zi; P((3) =2)+ - i S B((3) = 1)

a+1 2a 1 Q

a+3(a+2)(a+1) +Oz+3a+2

B 3ala+1)

(a3 (a+2)(a+1) (4.37)

and for P(m;(4) = 3), we insert (A.34) and (A.35) into (A.18) (for n =4 and m = 3), i.c.,

P(m(4) =3) = aj‘_?)P(ml(s) =3)+ ai31@(~1(3) = 2)
o« 2 2 2a
S a+3(a+2)(a+1) +a+3(a—|—2)(a+1)

6a
e CE (A.38)

Lastly, to obtain P(m;(4) = 4), we insert (A.35) into (A.20) (for n =4 and m = 4), i.e.,

R =)

3 2 1

a+3a+2a+1

6
CEECEDICESI (A.39)

General n € N

We now consider n € N customer entering the restaurant. From Figure 14 we conclude
that only the path on the left edge leads to my(n) = 1. This means that this event occurs

only if no other customer joins the first table, i.e.,

P(ii(n) =1) =P(Co # 1| mi(1) = D)P(m (1) = 1)P(Cs # 1| mi(2) = 1)P(my(2) = 1) - --
x P(C, # 1| mi(n—1)=1)P(i(n—1) =1), (A.40)

which as can be seen on the left-hand side of Figure 14 is given by

o a+l a+n—-2  o"!
a+la+2 a+n—-1 (a+1)» 10

(A.41)

with @™ = a(a+1) - (a4+m —1) (a® = 1 and o' = ), denoting the rising factorial, also
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A  PROOFS

called the Pochhammer symbol. On the other hand, the probability P(m;(n) = n) of the
first table being occupied by n customers, i.e., all customers that entered the restaurant are

seated at the first table is given by

xP(C,=1|mi(n—1)=n—1P(mi(n—1)=n—1), (A.42)

which as can be seen on the right-hand side of Figure 14.i.e.,

1 2 n—1 (n—1)!

P(r — ) — — AN
(M) =n) = s agnoi (a+ 1)1

(A.43)

We can now formulate a general expression for ]P(rﬁl(n) = m) for 1 <m <n, m € N. From
Figure 14 we note that there are (:;11) possible paths leading to event my(n) = m. Since
the DP samples (0,,)",_; are exchangeable, the order in which the customers sit down at
the first table does not affect the probability P(ﬁn(n) = m) and each of the paths leading
to the event m;(n) = m is equally likely. Let A denote a scenario, where m customers join

the first table, and subsequently, n — m customers join another table. The probability of

this scenario is given by

P(my(n) = m|.A) =P(Cy = 1|my(1) = )Py (1) = 1) ---P(Cpo = 1 [ My (m — 1) = m — 1)
x P(my(m—1) =m— 1)P(Cm+1 #1|mi(m) = m)P(mi(m) =m)---

x P(C, # 1|y (n — 1) = m)P(fy(n — 1) = m)
1 2 m — 2 m—1 o a+1
a+la+2 a+m-2a+m—la+tma+m+1
at+n—m-—1
a+n-—1
" (m — 1)!

(a+ 1)1

(A.44)

The probability IP’(rﬁl (n) = m) is finally obtained by considering the number of paths leading

n—1
m—1

to the event my(n) = m, given by ( ) and the probability of one path, given in (A.44),

ie.,

n—1\a"™(m—1)!
) (+ 1)1

P (o) =) =

m— 1
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_ (n—1)! Ozmw
(m—1)(n —m)! (a+ 1)1
n—1 o™ ™
- ((n - m))! (a4 1)1 (A.45)

In [5, Proposition 4.11], it was shown that the cluster sizes my(n) are exchangeable and the

joint pmf is given by

ST (@) [12% T (1 (n))

I'(a+n) (4.46)

pﬁn:S(n)(n)(ml?S(") (n)) =

We note that the joint pmf (A.46) is a product in ms(n) and is invariant to permutations
(see (3.19)). Due to the exchangeability of the cluster sizes mg(n), we now conclude that

the marginal distribution of any cluster size mg(n) is given by

(n—1)! o™

(n m)|( +1) 77 for 521,...,5(71)7 and for mzl,n (A47)
_ '« n—

Since the cluster size m,(n) is a permuted version of m;(n) (see (3.48)), the pmf pm,v)(m)

is finally obtained for n = N samples as

(N—-1)! ofNm

N —mi@snys "o (A48)

Pmy(N) (m) =

for any l € C(N) and 1 <m < N.
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B  MATRIX INVERSION IDENTITIES

B Matrix Inversion Identities

We consider two positive definite matrices 3 4 and X g. Since positive definiteness implies
nonsingularity, 2;‘1 and 2; exist, and we have EZ‘IE a4 =1Tand E;E B = L. Therefore,

we obtain

1

(S +35) " = (45625 + 248a55)

= (221 (23 -+ EA) Egl)_l

=35 (ZA+35) 24 (B.1)
Equivalently, since the addition of matrices is commutative, we also have
(B4 +35) = (Z5' +24) =Za(Zp+34) ' S, (B2)
where (B.1) was used with 34 and ¥p interchanged. Combining (B.1) and (B.2) gives
Yp(Za+Ep) 'Za=24(Za+35) =5 (B.3)
Furthermore, we have

(A +3R) ' EA=24—24+ 32524+ 32E) '
=XA—(Ba+XB)(Xa+ EB)_IEA +3Xp(Xa+ EB)_le
=34 — (EA +3X5 — EB)<EA -+ EB)_IEA

= EA_EA<2A+EB>712A- (B4)
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C PRODUCT OF GAUSSIAN PDFS

C Product of Gaussian pdfs

We consider a Gaussian prior,
(@) = N(2; s, o), (C.1)
and a Gaussian likelihood function
Sy, 1x(yn | ®) = N'(yn; Az + By, , 5y), for n=1,...,N, (C.2)

with square D x D matrices A and B. Let y;.y = (y{,...,yx)" denote the stacked vector of
measurements. We assume the measurements to be independent and identically distributed

(i.i.d.), using (C.2) we have
N
fY1:N \X(yliN | m) = HN<yn; Az + B/J'yna Zy)- (03)

n=1

In what follows we derive an expression for the joint pdf of the measurements y,., and the

parameter of interest x, i.e., fxy, . (2, y1.v) as well as the marginal pdf fy = (y1.v).

C.1 Joint pdf

fX7Y1;N (w, yliN) = fx<m)fY1:N |X<y1:N | CL‘) (C4)
N
ZN(w;uz,Ew)HN(yn;Aw+Buyn,2y). (C.5)
n=1

The expression in (C.5) is recognized to be a product of Gaussian pdfs, which is another
Gaussian [18, 7.14|. We will now calculate this expression. Using the precision matrices

Ayy =3, and Ay, = 2,1, (C.5) can be written as

fx(a})fyl:N lx(yliN | )

N

1 1
X eXp (—5(33 - /J'ac)TAacac(m - ”m)) H exp <_§<yn — Az — B/J’yn)TAyy(yn — Az — B“’yn))
n=1
1 N
= eXp(-- ((fv — o) A (T — pz) + > (Y — Az — By, ) Ay (y, — Az — Buyn)»
n=1
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C PRODUCT OF GAUSSIAN PDFS

~ exp (—%E) , (C.6)

with
N

E = (CB - ﬂ'ac)TAacoc(m - M:c) + Z(yn — Ax — B#’yn)TAyy(yn — Ax — B/J’yn)' (07)

n=1
We claim that E can be written as a quadratic form (see (2.31) and [20, Eq. 2.70]), i.e.,

N N

E£ (Z(’yn — fy,) Ay (yn — ﬁyn)) + Z(yn — fiy,) " Aya (T — fio)
+ (@ = f12) Ay Y (Yn — fiy,) + (@ — ftz) " Aga(@ — fiz), (C8)

with unknown means fi,, and fi,, precision matrices Az, and Ay, as well as unknown

cross-precision matrices Ag, and Ay,.

Completing the Square

By expanding the expression (C.7) into a quadratic form we obtain

N N
E= ( > (yn — Bpay,) " Ayy(yn — Buy")) — > (yn — Biy,)"Ayy Az + 3 A i
n=1 n=1

N
— :L'TATAyy Z(yn — Bpy,) + NmTATAyyAa: + 2 Agpx — MEAMJ:L' — a:TAmmum

n=1
N N N
= (Z(yn - Bﬂyn)TAyy(yn - Bﬂyn))_Z('yn - Bﬂyn)T AyyAx — mTATAyy Z('yn — Bpy,)
n=1 n=1 n=1

+ 2T (Ape + NATAyyA)x — pl (Agy + NATAyyA)x + pi NATAyy Az — 27 (Age

+ NATAyy A)pg + T NATAyy Ay + py (Mg + NATAyy At — ps NATAyy Apty
N N
= ( > (yn— By, — Apiz) " Ayy(yn — By, — Am:)) > (Un— By, — Apia) " Ayy A — prz)

n=1 n=1

N
—(z— #w)TATAyy Z(yn —Bpy, — Apg) + (x— pa)' (Aga + NATAyyA)(x — a).

n=1

(C.9)
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Comparing Coefficients

By comparing the coefficients in (C.8) with (C.9), so that F = E we obtain

[l’yn = Bﬂ’yn + Apg,

and

For the precision matrices, we obtain

>

yy — Ayy7

and

Ape = Age + NATA,, A
For the cross-precision matrices, we obtain
Aye = —Ay A,
and
Apy = —ATA,,.

Next, using (C.10) we define the vector of the means

:a‘yl;N é (11517 e 7’1yN)T?

so we can write (C.8) as

~ ~ ~

E=(y.ny — ﬂylzw)TAyy(ylsN - .aymv) + (Yyr.v — llyl:N)TAya:(m — fiz)

+ (33 - ﬁ’w)TAwy(yllN - ﬂ’yLN) + (m - ﬁw)TAwa:(m - ﬂm)»

with (see (C.12))

Ayy =In® Ayy =Iv® Ayy7

and (see (C.13))

~

Ape = Ago = Agw + NATA, A
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C PRODUCT OF GAUSSIAN PDFS

Furthermore, using a all-ones vector 1y of size N x 1, we obtain (see (C.14))

~

Aye =1y @ Ayw = 1y @ Ay, A, (C.20)
and (see (C.15))
Apy =15 @ Ay = 15, @ ATA,,. (C.21)

Finally, since £ = E, we can write (C.6) and thus also the right hand side of (C.5) as a

joint Gaussian distribution in terms of y;.5 and x, i.e.,

N ~ ~ ~
: : Ayy Ay
N (@; po, Za) [ [N (Wn; Az + Bpy,, By) = N YN : Frys.n [P A |
n=1 T jr. Awy Ape
(C.22)
or equivalently,
- . . . -1
o Ty ) _ (Aw A (€2

A o ~ o « o -1 o
Sy = Ay + Ayihye (Ave = AuyAygAye)  Auyh,l. (C.24)

Inserting (C.18)-(C.21) into (C.24) we obtain

1

(Am - NATAyyA - (1% ® ATAyy) Iy ® Ayy)_1 (Iv ® AyyA) )7
(_

2yy - (IN &® Ayy)_1 + (IN ® Ayy)_1 (_1N ® AyyA)
1% ® ATAyy) (IN ® Ayy)_1

Iy® A, +1y1y ® AA AT

=Iy®3%,+ 1yl @ AS, AT, (C.25)

where in the last step A, = X, and A} = X, was used (see (C.5)). Similar to (C.24),

the covariance matrix 3, is given by [40, Eq. 2.2]

2AJ:::::: = <Amc - A:cyA_lAyw)l : (C'26)
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Inserting (C.18)-(C.21) into (C.26) finally gives

Sae = (Agw + NATAL A — (=15 0 ATAL,) (Iy © Ayy) (—1x @ Ayy A)) 7

— (Agw + NATA,A— NATA,, A)"
=3, (C.27)
where in the last step AL = X, was used (see (C.5)). Furthermore, we have
; A A A4 Y TR Al
Sy = = (Aue — Auyhyghye)  Auyh,,, (C.28)
and
: A—1A A AoA-1a )
Sye = ~AyiAye (Aae — Auyhyphye) (C.29)
By inserting (C.18), (C.21) and (C.26) into (C.28) we obtain
zA]acy = _ﬁlwm (_1% ® ATAyy) (IN ® A:';;)
=3, (1y®A"), (C.30)

where in the last step (C.27) was used. Similarly, inserting (C.18), (C.20) and (C.26) into
(C.29) yields

~ A~

Yye=—(IN@A,)) (—1y @ AyyA) oy
= (Iy® A) %, (C.31)

Lastly, we can write (C.4) using (C.22) and (C.23) as a joint Gaussian, i.e.,

Yi:N ll 1. 2 2 x
Fronayin, @) =N S G I IR I (C.32)
xXr [jlzm Emy Emm

with means fi,, , and fi, given in (C.16) and (C.11) respectively. The components of the
partitioned covariance matrix are given in (C.25), (C.27), (C.30) and (C.31).
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C.2 Marginal pdf

We are now interested in the marginal distribution, given by

fy1:N(y1:N):/fx,yl:N(iL',yl;N)dCB
_/fx<w)fY1;N|X<y1:N|w)dw

N
— /N(w, Py o) H/\/(yn, Az + By, ,2,)dx.
z n=1

Using (C.32) and [20, 2.98|, the marginal pdf f, . (yi.n) is obtained as

fyLN(yl:N) = N (ylzN; l]’ylzN7 2'!!3/) )

with mean fi,, , (see (C.16) and (C.10))

Bpy, + Ape
I]'ylzN = :
Bﬂ'yN + AIJ’:B7
and covariance matrix 3, (see (C.25))
3, + AX AT AX AT . AY AT
. A, AT ¥, +AY, AT . A AT
vy - . . . .
A AT . A AT B, + AT AT
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