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Zusammenfassung

In relativistischen Schwerionenkollisionen entsteht ein neuer Materiezustand, das Quark-
Gluon-Plasma. Eine Moglichkeit, dessen Eigenschaften zu untersuchen, sind Jets, in
der Kollision entstandene hochenergetische Teilchen, die mit den Quarks und Gluonen
wechselwirken und dann in einem Detektor gemessen werden kénnen. Die transver-
sale Impulsinderung eines solchen Teilchens kann mit dem jet quenching Parameter
q quantifiziert werden, fiir den ich in dieser Arbeit eine Formel aus der effektiven
kinetischen Beschreibung des Plasmas herleite. In unserer Beschreibung kann der Jet
hierbei beliebigen Impuls und Richtung relativ zur Strahlachse haben. Wenn man
den Grenzwert des Impulses gegen unendlich betrachtet, muss man einen maximalen
Impulsiibetrag definieren, damit ¢ endlich bleibt. Dann beschreibe ich die Implemen-
tierung dieser Formeln in einem C++ Code, der die Zeitentwicklung eines gluonischen
Plasmas simuliert. Die numerischen Resultate, die fiir isotrope Teilchenverteilungen
erhalten werden, werden mit bekannten analytischen Berechnungen im thermischen
Gleichgewicht und mit experimentellen Grenzwerten verglichen. Auflerdem berechne
ich ¢ fiir verschiedene skalierte thermische Verteilungen.
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Abstract

In relativistic heavy-ion collisions a new state of matter is created that is referred to
as the Quark-Gluon Plasma (QGP). To probe its properties one can use jets, which
are highly energetic particles that are formed in the collision and traverse the plasma,
while interacting with quarks and gluons, and can then be measured in a detector. The
rate of change of their transverse momentum squared is quantified by the jet quenching
parameter ¢, for which, in this thesis, I derive a formula for the effective kinetic theory
description of the plasma. In our framework the jet can have an arbitrary momentum
and direction with respect to the beam axis. When considering the limit of the jet
momentum going to infinity, we need to introduce a momentum cutoff in order to
render ¢ finite. I then describe the implementation of the corresponding formulae in a
C++ code that simulates the time-evolution of a gluonic plasma. The numerical results
obtained for isotropic particle distributions are finally compared with previous analytic
calculations in thermal equilibrium and with bounds from experimental observations.
Moreover, I also compute ¢ for different scaled thermal distributions.
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1. Introduction

A path to understanding the fundamental building blocks of nature is to study matter
under extreme conditions. This can be done, for example, in heavy-ion collision, where
highly energetic nuclei (e.g. Au 4+ Au or Pb + Pb) are accelerated in particle colliders
and then brought to collision. This has been done at high energies at the BNL Rela-
tivistic Heavy Ion Collider (RHIC) and the CERN Large Hadron Collider (LHC). In
these collisions a new state of matter is created, called the Quark-Gluon Plasma (QGP)
[

The Quark-Gluon Plasma can be described as a system of many interacting particles,
called quarks and gluons, which are the constituents of atomic nuclei. If energy becomes
high enough, the total particle number is no longer conserved, and real particles can
be created due to Albert Einstein’s famous formula E = mc?, which describes how
much energy F is needed for the creation of a particle with rest mass m, and c is the
speed of light in vacuum. A description of this interacting system is usually done using
quantum field theory, where also short-lived particles, called virtual particles, appear
in our formalism and need to be considered. In quantum field theory particles are
described as the excitations of underlying fields.

Another way to describe such an interacting system is kinetic theory, which is a
probabilistic approach, in which the fundamental object is the particle distribution
function that describes the particle density for a specific point in space-time and for a
specific range of momenta. This effective description is, of course, heavily related to
the more fundamental underlying quantum field theory.

This underlying theory needed to describe the Quark-Gluon Plasma is called Quan-
tum Chromodynamics (QCD), which is, in more technical terms, a non abelian gauge
theory with gauge group SU(3), in which the interaction between quarks is mediated
by the exchange of gauge bosons, the gluons. It is a generalization of the quantum the-
ory of electromagnetism, called Quantum Electrodynamics (QED), which is an abelian
gauge theory with gauge group U(1). In QCD, however, certain features that are not
present in QED exist, for example asymptotic freedom and self-interacting gluons.

Asymptotic freedom means that for high energy scales the interactions between the
particles become weaker and we can describe the theory in a perturbative way. This
will be the basis of the effective kinetic theory [3] description that is used in this Master
thesis.

Because of self-interacting gluons the gluonic sector of QCD is itself an interesting
theory and in this thesis mostly this gluonic sector of QCD is considered, but I will
give an overview of the quark sector as well.

At very early times after a heavy-ion collision, the system can be described using
a classical-statistical approximation, because of the the very large number of gluons.
When the system expands and cools, this approximation breaks down and the system
can then be described by kinetic theory and relativistic hydrodynamics , .

Highly energetic quarks or gluons that propagate through the Quark-Gluon Plasma,

13
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1.1. Outline

called jets, experience energy loss due to interactions with the QGP and can thus serve
as probes of its properties ﬂ§|, . This is known as jet quenching. In this Master
thesis, I will consider the momentum broadening of a jet due to its interaction with the
QGP. The rate of transverse momentum broadening is quantified by the jet quenching
parameter ¢, for which we give a formal definition in Section [3.1] This parameter is
also closely related to radiative energy loss and to the shear viscosity 7 .

G has been calculated for a QGP in thermal equilibrium analytically at leading
and next-to-leading order ﬂgﬂ We know, however, that an isotropic particle distribu-
tion like in thermal equilibrium does not capture the anisotropy coming from longi-
tudinal expansion along the beam axis . Anisotropic simulations for ¢ have been
done using classical statistical simulations . An effective kinetic theory description
of anisotropic systems becomes more complicated due to plasma instabilities .
A way to proceed is to use isotropic screening , , which we will also use in this
thesis and explain further below. However, it should be noted that anisotropic particle
distributions are shown to yield different results for the jet quenching parameter ¢ in
special cases .

At leading order, the processes of jet-medium interaction can be categorized as elastic
scattering and inelastic radiation. These processes can be restructured to allow for a
next-to-leading order treatment , but we will restrict ourselves to leading order here,
but not to thermal equilibrium.

In this thesis we will derive a formula for § for an arbitrary jet direction from effec-
tive kinetic theory in and out of equilibrium that is then implemented and its value
is extracted for different non-evolving plasmas. We compare its value in thermal equi-
librium with [8] and with experimental bounds using a momentum cutoff from the
CUJET model and then calculate numerically ¢ for different isotropic par-
ticle distributions.

1.1. Outline

This thesis is organized in the following way: In Chapter [2] we provide a summary of the
theoretical background, upon which this thesis is based. We give a short introduction
to Quantum Chromodynamics in Section [2.1] including a short overview of non equi-
librium field theory and in-medium cutting rules. We then present the effective kinetic
theory description of the QGP in Section [2.2] which will provide the basis for this the-
sis. Although we do not consider the time-evolution of particle distribution functions,
which is described by EKT, we nevertheless provide an overview of the EK'T, because
we do use parts of it, namely the elastic collision term, to derive ¢. This is followed
by a short introduction to the method of Monte Carlo integration in Section We
then derive a formula for ¢ in Chapter [3] where we also discuss its behavior for large jet
momenta p and how a cutoff can be implemented. After specializing our formula for §
for the case of infinite jet momentum in Section we discuss its relation to known
analytical results in the soft limit in Section 3.11}] We discuss the implementation in
Chapter [, where we first introduce momentum bounds to our integrals and then de-
scribe the way we implement the Monte Carlo integration. In Chapter [5] we provide
numerical results and compare them to known expressions in thermal equilibrium and
bounds obtained from experiments.

14
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Chapter 1. Introduction

1.2. Conventions

We use units in which ¢ = h = 1 for notational convenience. By setting ¢ = 1 we
effectively use the same units for length and time, by additionally setting h = 1 we
can now express length and time in inverse energy. The factors ¢ and & can always be
restored by dimensional analysis.

We use the mostly-plus or East coast metric convention, i.e. the Minkowski metric
N has the form

-1 0 0 O
0 1 00

m={ 0 o1 ol (1)
0 0 01

to be consistent with .
Boldface lower-case quantities denote 3-vectors, capital letters denote 4-vectors, while
non bold-face lower-case quantities give the modulus of the corresponding 3-vector, e.g.

P = (P°,p), P2:—(P0)2+p-p:—(P0)2+p2. (1.2)

A hat over a bold quantity denotes a unit vector, e.g. P points in the direction of p
and has unit length, |p| = 1.

Greek indices denote Lorentz indices and for them the position is important, an index
can be "pulled down” with the Minkowski metric ,

P, = guP". (1.3)

Latin indices denote indices in the color group, their position is not important and
will be at our convenience,

wa = wa- (1'4)

15
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2. Theoretical background

In this chapter I will summarize the theoretical background underlying the effective
kinetic theory description. We will start with a short overview of the QCD Lagrangian.
As it will turn out, the scattering rate is given by in medium self-energies [19], I, II<,
which can be most easily calculated by a cutting rule. For this, we need to introduce
a few concepts of the real-time formalism [20], especially the r/a basis, in which the
cutting rule has a very simple form . We will then proceed to present the effective
kinetic theory developed in and make it plausible by our previous formalism.

2.1. Introduction to QCD

No text concerning the quark-gluon plasma can, of course, omit a short introduction to
its underlying fundamental theory, Quantum Chromodynamics (QCD), the quantum
field theory of the strong interaction. Although in this thesis we need very little QCD
explicitly, some terms often pop up, so it is good to summarize them here.

A textbook treatment of QCD in vacuum is given in and in thermal

media in 19).

2.1.1. The QCD Lagrangian

A usual starting point for a relativistic quantum field theory is a Lagrangian density
L, for QCD it has the form [23]

L=d @Dy (F) —miv. (2.1)

This compact form hides some important structure and the rest of this section is devoted
to its explanation.

First, (Fﬁ,,)2 is a short notation for F;quzW-

1) is a spinor field, an element of an N¢ dimensional vector space and can be equipped
with an additional label f labelling different quark flavors. All together, this complex
object can be represented by its components using index notation,

w(X)a,a,fa (2-2)

where the three indices are its spinor, color and flavor index, respectively.

Let us begin with the first index, the spinor index. Because we want our theory to
be Lorentz invariant we need a way to apply a Lorentz transformation to our object.
There are different representations of the Lorentz group and as it turns out for fermions
we need an object 1, that lives in a vector space on which the Lorentz group acts in its

17
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2.1. Introduction to QCD

spinor representation, which can be represented by 4 x 4 dimensional matrices satisfying
a Clifford algebra relation,

{47} = A A = 2 (2.3)

Note that many of the signs are due to convention. The negative sign in this relation
agrees with , but not with , and is due to our choice of the Minkowski metric,
(L.1). Note that (), 5 are matrices with the indices c, 3, which are not Lorentz indices

but we call them spinor indices. ¢ in the Lagrangian is numerically defined to be
=1y, (2.4)
where T means complex conjugation and transposition. Ip is defined as
D =~"D,. (2.5)

The Lagrangian density (2.1)) was constructed in such a way that it is symmetric
under specific symmetry transformations, called gauge transformations under the gauge
group SU(N¢),

Y(x) = Ux)y(x), Ay(x) — U($)Au(m)UT(m) + ;U($)8NUT($), (2.6)

where U(x) is an element of the Lie group SU(N¢), the group of all No X N unitary
matrices with unit determinant. For QCD, N¢o = 3, but we will leave it arbitrary, since
it provides no additional complications. The gauge field A,,, which is a generalization of
the vector potential in electrodynamics , is an element of the Lie algebraEl su(N¢)
corresponding to the gauge Lie group. As such, it can be represented by No x Ng
matrices, which allows us to write (2.6). To distinguish physical degrees of freedom,
we can expand the gauge field in terms of the Lie algebra basis vectors t,,

A, = A%t (2.7)

The basis vectors, also called generators, can be represented by No X N¢ matrices and
satisfy the commutation relation

[t%, %) := t%° — bt = 4 fabee, (2.8)

where f%¢ are called structure coefficients. Note that we do not write the matrix indices
explicitly, (t%),. — t*.
The gauge field A, has thus N2 — 1 independent components A

@ which can be

M?
assembled in an N2 — 1 dimensional vector.
The quantity D, is called covariant derivative and is defined as
D, =0, —igAu(X). (2.9)

In principle, the Lie algebra commutation relations ([2.8)) define the abstract objects t“.
For practical purposes it is convenient to choose a matrix representation of the abstract

! An algebra is a vector space endowed with a product structure, in this case (2.8). A condensed
introduction to Lie groups and Lie algebras can be found in every QFT book, e.g. , for
a more precise mathematical treatment, see e.g. .

18
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Chapter 2. Theoretical background

elements t®. Previously, we have referred to all objects as No X Ngo matrices, this
representation is called the fundamental representation. (2.8)) can also be represented
by a different set of matrices, consisting of the structure constants themselves,

(ta)bc N (Ta)bc _ (—ifa) bc’ (2‘10)

which is called the adjoint representation. It consists of NG —1 (NZ — 1) x (N& — 1)
matrices that we denote as T, whereas the fundamental representation consists of
N(% — 1 N¢ x N¢ matrices that we denote as t%.

The covariant derivative can also be represented in the fundamental or in the
adjoint representation, depending on how the gauge field is represented, A, = Aft® or
A, = AUTe = —i Al fobe,

Then the covariant derivative acts on the components v, as

(Du)ab Py = (5abau - igAfL (tc)ab) by (2.11)

and on the gauge field components A, as
(D)o AL = (BacOu + g f*2 AL ) AL (2.12)

Thus, on the N¢-dimensional color vector v, the covariant derivative acts in its fun-
damental representation, and on the N% — l-dimensional color vector A, the covariant
derivative acts in its adjoint representation. Therefore, we often refer to ¥ as a field
in the fundamental representation and A, as a field in the adjoint representation. We
call the dimension of the vector space on which a representation acts its dimension d,
da and dr denote the dimension of the adjoint and fundamental representation. There
is another number that can be assigned to every representation, the quadratic casimir
Cg, defined to be t,t, = Crpll, T,T, = Cal, where I is the unit matrix. Furthermore,
the generators obey the relation Tr (t,tp) = trpdap, Tr (ToTy) = tadap, and tg, ta is
called the indez. For the fundamental and adjoint representation, those quantities take
the values

drp = Ca =1ta = Ng,

NZ -1
C’F = CN )
2N (2.13)
da = Ng — 1,
1

In the Lagrangian ([2.1]) there appears also a generalization of the field-strength tensor
F,,, of electrodynamics,

Fu =0,A, —0,A, —ig[Au, A, (2.14)
or, its components Fy,, = Fj, 1%,

FS, = 0,A5 — 0,A5 + gf** A% AY. (2.15)

19
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2.1. Introduction to QCD

We also define, for later convenience,

2
g
== 2.1
a= (2.16)
X :=g*Nc. (2.17)

The third index in 9(X)q,q,r denotes the flavor of the corresponding quark, i.e. we
consider a plasma consisting of different quarks (with in principle different masses).
The flavor index is just a label that labels these different quark fields. We will denote
the total number of quark flavors by Ny.

2.1.2. Quantization

One way of quantizing a classical theory is to take a Hamiltonian description, promote
(generalized) position ¢ and momentum variables p to operators, and then impose
canonical commutation relations,

(G, p] = i. (2.18)
The same can be done for fields, though we usually do not write the hat explicitly,
Y — 1), A— A (2.19)
Then the thermal expectation value of some operator A is given by
~ 1 ~ A
Ay = —— Tr (Ae PH). 2.20
(D = 5 T (A7) (2.20)
The trace can be represented as a path integral,
A 1 .
(A) = —/DqSeZSA, (2.21)
Z Je
Z = / Do e, (2.22)
¢

where we denote by ¢ a collection of fields and € denotes a path in the (complex) time
plane and suitable boundary conditions have to be imposed, for thermal equilibrium
and time-independent A, we can think of e # as a time evolution operator in negative
imaginary time, from tg to tg — i5. For the trace, we then need to have the boundary
conditions ¢(X%;x) = ¢(X° — iB;x) for bosonic fields and ¢(X%;x) = —p(X° —i3;x)
for fermionic fields.

S denotes the action, obtained from the Lagrangian density via

5 — /d4X L(X). (2.23)

For gauge theories, we factor out physically equivalent field configurations (related
by gauge transformations) by the Faddeev-Popov procedure, which results in two ad-
ditional "ghost” fields n, 7 and an additional term in the Lagrangian that depends on
the chosen gauge. For covariant gauges, we make the replacement in

L) () 215 (oma2)°

o 7(X) [02601 + 9 Fabe AL(X) Dy | (). (2.24)
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Chapter 2. Theoretical background

After the quantization procedure, we have the operators A,(x), 1/_1f(a:), Yy(x), with
which we then proceed to define different propagatorfEl or correlation functions,

D7(X)Y) = (A5(X)AY(Y)), (2.25)
D<[(X,Y) = (A} (V) A (X)), (2.26)
DFL(X,Y) = 0(X? = YO)([AL(X) A (Y))), (2.27)
DAL (X,Y) = —0(Y? — X )([A}(X) AL (Y))), (2.28)
Dab(X,Y) <7'Aa( )AL (Y)) (2.29)

_ 0 0 ab 0 0 ab
=0(X"-Y )D>W(X, Y)+0(Y " -X )D<W(X, Y).

We will not need most of them here, they are just written down for completeness. Note
that in these expressions, the As are operators and thus cannot be simply exchanged.
D% is called retarded propagator, and D? is called advanced propagator. T is called
the time-ordering symbol, which orders the field operators according to their time
arguments. O(x) is the step function, defined to be

1, >0
Ox)=<" - 2.30
() {0, x <0 (2:30)

For completeness, we also give the corresponding propagators for fermionic fields,
but for notational convenience we suppress their spinor and color indices,

§7(X,Y) = (B(X)H(Y)), (2.31)
SX,Y) = —((Y)p(X)), (2.32)
SR(X,Y) = (X" - YO ({(X), DY)}, (2.33)
SAX,Y) = —O(¥" - XO)({u(X), H(Y)}), (2.34)

S(X,Y) = (TH(X)H(Y)) (2.35)

=0(X°-Y"S”(X,V)+0(Y" - X)S<(X,Y).

For the path integral it is convenient to define two different sets of fields, A1 and As:
Let us start by looking more closely at the definition for D> = Tr (D¢ (X)p(Y)),
which we have written in terms of arbitrary fields ¢ with arbitrary additional indices
and D = e P is the density operato The field operators ¢(X) and ¢(Y') are in the
Heisenberg picture and might have different time arguments X° # Y°. We can relate

them to the operators in the Schridinger picture via ¢(X) = ¢{X°~t0)H (4 x)e~{X ~t0)H
Ulto — X%)o(to, x)U (XY — tg), where
U(t) = e ¢ (2.36)

Instead of the Feynman propagator at zero temperature, we also need to define additional propaga-
tors. Note that there are different (metric) conventions in and , and we will stick to those
in [20].

3Following we use the symbol D for the density operator. It should not be confused with the
symbol D in the integration measure of path integrals.
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Imt

c.,
U — t) Uty Y°) Ret

Ut — X°) c. o UX° —tf)

to—iB

Figure 2.1.: Complex time-path for the propagator D~ (X,Y)

is the time-evolution operator, which evolves a state in time, [¢(t)) = U(t) [1(0)).
Therefore

D*(X,Y) = Tr (Dg(X)g(Y)) = Tr (De! X" 0 (1, x) ' =X (19, y) =10 ~10)MT)
(2.37)

where we can insert [ =", |m,t) (m,t|,

D>(X7Y) = Z <m,t0|D|n,t0> <n7tO|U(tO_X0)|07X0> <07X0‘¢(t07x) |an0>
m,n,o,p,q
< (p, X\ UX" = Y°) [q,Y°) (q,Y°| o(to,y) [r, YO) (r, YUY —tg) |m, to) -
(2.38)

The time evolution from state |m,ty) to ‘r, Y0> can be written as a path integral,

rY0) D! f ’O’Odt [d3xL(X)

U~ to) m) = [ (239

|m,to)
We can then plug these time-evolution operators together along a path, using the
multiplicative property U (t1)U(t2) = U(t1 +t2). We first go on C4 from an initial time
to to a final time ¢, which must be greater than X% and Y°, then we go back to the
initial time ?o on the time-path C_. The extension of the time-path to t; is possible
because U(X° —yo) = U(zo — tf)U(ty — YY).

We can interpret D = e as a time-evolution operator with an imaginary time,
therefore in this case we extend the time-contour integral to —i3, see also figure [2.1]
for the integration contour, for a more detailed description of the time path we refer to
29).

We can then give a more precise definition of the path integral along this time-path

(see [20]):
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Chapter 2. Theoretical background

We introduce two different sets of fields ("field doubling”) ¢; and ¢ on the different
time-paths C; and C_. In thermal equilibrium we have additional fields ¢ on the
time-path from £y to tg — ¢8. The full path integral partition function can then be
written as

7 — /DngeiS[@] /D(blp@ei[s[éﬂ—s[%ﬂ‘ (2.40)

In the path integral, the 1-fields and 2-fields do not mix, so we have 1-vertices, where
only 1-fields meet and 2-vertices for 2-fields only. But these 1-vertices and 2-vertices
can be connected by propagators.

We can then obtain four different correlation functions depending on the fields we
choose,

(@1(X)¢1(Y)) = D(X,Y) (2.41)

is the "normal” full (time-ordered) propagator, because the path-integral automatically
produces a time-ordering along the contour. Similarly,

(01(X)p2(Y)) = DV (X,Y), (2.42)

because the path-integral automatically orders ¢1(X)da(Y) — ¢o(Y)d1(X), because
the time-argument of any 2-field is later on the time-path than any time-argument of
any possible 1-field.

These propagators can be arranged in a matrix,

D(va):<<¢1<x>¢1<y>> <¢1<X>¢2<Y>>>:<D<X,Y> D<<X,Y>>_ (2.43)

(92(X)1(Y))  (92(X)ha(Y)) D>(X.Y) D(X,Y)

Here, D(X,Y) denotes the anti time-ordered correlation function.

These propagators are actually not independent of each other, of course, the time-
ordered D(X,Y’) and anti time-ordered D(X,Y") correlation functions can be expressed
in terms of D~ and D< with corresponding step functions.

Instead of working in the 1/2-basis, we can perform a linear transformation to arrive

at the r/a basifl

1 1 1
Or = 5 (¢1 + ¢2) s Qa=¢1— b2, P1=0¢r + §¢aa b2 = ¢r — §¢a- (2'44)

In this basis, we obtain vertices that mix the a- and r-fields, because we subtract the
actions,

1011 = Sloal = 8 [or + 36| — 8 [or = 504 (2.45)

For example, in our original Lagrangian (2.1) there is an interaction term

D1y (a5t — oy (A2)ft s, (2.46)

4The r/a basis is called physical representation in .
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which becomes (we suppress again all indices other than r/a)

P htba + Ur Agthr + Yadiipr + %QZQAQ%. (2.47)

Due to the form of the transformation , we obtain only vertices with odd number
of a-fields.

The propagators, e.g. D, now also carry these field indices and we shall represent
them pictorially by an arrow that points towards the r-field,

Dor(z,y) = a re

These propagators can be arranged in a matrix,
(D, D\ _(3(D>+D<) DE
D(X,Y) = (Dar Daa> = ( DA E (2.48)

The fact that Dy, = 0 reduces the number of diagrams one has to compute. Note also
that we obtain in this basis the retarded (and advanced) propagators that we defined
earlier.

The propagators can also be Fourier transformed,

D(P) = / dY(X —Y) e PE DX, Y. (2.49)

For non-homogeneous systems this needs to be replaced by a Wigner transform, for

details we refer to [28].

2.1.3. Self-energy

Up until now we have defined our propagators, but we have not actually talked about
if we can easily calculate them. As it turns out, for an interacting theory (QCD for
example) the path integral cannot be done in most cases. So what we usually do
in physics when a problem is too difficult to solve is to reduce it to a problem we can
solve: The free theory! Free meaning no interactions. It turns out that the path integral
becomes Gaussian and can be done in that case, which gives the free propagator Dy.
And for weak coupling we can apply perturbation theory to obtain the full propagator
D and other more interesting quantities. The difference between those two quantities
is in some sense - which we define below - given by the self-energy.
The self-energy II(x,y) is defined via the Dyson equatiorﬂ

DY (X,Y) =Dy (X,Y) +ill(X,Y), (2.50)

or, equivalently,

1
Dy Y(X,Y) +4TI(X,Y)’

D(X,Y) = (2.51)

5There are different conventions on how the signs and factor is are defined. Here we quote the
expression from .
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Chapter 2. Theoretical background

Figure 2.2.: The full propagator on the left-hand side is given by the sum of free propagators
with insertions of self-energies (hatched blobs).

which provides a relation between the full propagator D, the free propagator Dy and
the self-energy II. The fraction is a short notation for the geometric series

D(X,Y)=Dy(X,Y) + /d4Z1 d*Zy Do(X, Z\)1I(Zy, Zo)Do(Z5,Y)

+ / Do(X, Z)TI(Z1, Zs) Do(Za, Z5)T1(Zs, Z4) Do(Z0,Y) + - ..
Z1,22,23,24
(2.52)

which represents repeated insertions of II diagrams that are connected via free prop-
agators. Pictorially, this equation is represented in figure 2.2l We integrate over all
intermediate spacetime points and represent the individual pieces by diagrams. A
propagator is represented by a line, a self-energy via a hatched blob.

On the other hand, let us think of the full propagator as the fully connected two-
point function. We can build this function out of parts that are one-particle irreducible,
meaning that we have to cut through at least two lines for them to fall apart. Those one-
particle irreducible parts have to be connected by free propagators. By looking again
at figure 2.2] we realize that the self-energy is given by the one-particle irreducible
diagrams (to which we can attach two legs).

Similarly to the propagator, we can define I and II<,

I(X,Y)=0(X°-YHII™(X,Y) + (Y’ - XOHII<(X,Y). (2.53)

In the r/a basis, the in-medium self-energy f[>(k:) is given by the cutting rule (see

21} 20,

n 4.
> (K)= Y (H / égi) (2m)15Q1 + -+ Qu— K)
no vl (2.54)
X Mar...r(P; Q17 e 7Qn)Mm‘..Ar(_P; _Qh ey _Qn)
x D7(Q1) .- D7 (Qn)
(2.55)
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2.1. Introduction to QCD

where M, are fully retarded amplitudes, i.e. they represent a matrix element where
we have exactly one a-index, the sum runs over all the propagators D> (Q1)... that
are inserted between the two diagrams, or alternatively, over all the lines that are cut
and then replaced by D> (Q1)....

2.1.4. Perturbative expansion and hard thermal loops

Because we cannot solve QCD exactly, we need to use perturbation theory, which works
if the coupling ¢ is small enough. Luckily, for QCD, this is the case for high enough
temperatures, which is a property called asymptotic freedom. We can then expand
all quantities of interest in terms of free propagators Dy and obtain corrections that
are proportional to the coupling ¢, ¢2, .... This procedure is usually done in a loop
expansion, because every vertex comes with a factor g or ¢ and thus increases the
order in perturbation theory.

It turns out, however, that some diagrams that seem to be of higher order in the
coupling constant will actually have the same magnitude as tree-level diagrams for non
zero temperature [25]. This is due to hard thermal loops (HTL), important contri-
butions when the internal momentum is hard (~ 7') and the external lines are soft
(~ ¢gT). One needs to include the HTL self-energy in the propagator, for the retarded

propagator, this reads

1
[DE(P)]~1 + 17 (P)’
where II should be evaluated in the HTL limit, which means that one has to expand

for soft external momenta ) ~ g7 < P ~ T.
The resulting HTL propagators G in strict Coulomb gauge are given by

DR (Q) =

DE(P) = (2.56)

1

¢ +mi (1 - 500 (5555)) 257

(69— ')

2
oot (n - (G- gt
(2.58)

i

DY@ = (¥ — ) D@ =

where w = Q" and mp is the leading-order Debye mass, which reads in general (also
out of equilibrium) [3]

= Y2y 2p(%)gfs( ) (2.59)

where the sum runs over g (gluons) and all quark flavors in the plasma. dg and Cj
are the dimension and quadratic casimir of the corresponding representation of s, see
(2.13)).

The Debye mass reduces in thermal equilibrium to

272 N
m%zg?) (N + f> (2.60)

The HTL self-energies can also be constructed directly from kinetic theory without
using diagrammatic techniques, for a review see .
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Chapter 2. Theoretical background

2.1.5. A contribution to the self-energy diagram

Let us look at a specific term appearing in the self-energy, according to the cutting rule

E59).

naeH>

d*Qq d*Q2d*Qs
55/

271' 12

x D7,(Q1)D3,(Q2)D;

= (Q3)(2m)* 0 (Q1 + Q2 + Q3 — P)

(2.61)

p gl

A ¥
s Q2 e Q2

Q1 L Q1 N

This is, for simplicity, a diagram consisting only of gluons. The arrows denote propa-
gators in the r/a basis and the gray wavy-line in the middle is the only propagator that
is not amputated when computing the amplitudes. In the r/a basis a propagator with
one a and one r leg (or with one arrow) is a retarded propagator, in which we should
also include the retarded HTL self-energy, ([2.56)).

Now we can still massage this expression a bit. Let us insert the Kadanoff-Baym

ansatzﬂ ,
(@) = (1£ F(@Q) p(@Qu), (2.62)

where p(Q1) is called spectral function and f(Q1) will become the particle distribution,
when ()1 is on-shell. The upper sign is for bosons, the lower sign for fermions, which
corresponds to Bose enhancement and Fermi blocking factors. In the quasiparticle
approximation we obtain

p(@Q) = 2me(@")5 ((Q")° ~ E3) 9(Q), (2.63)
where ¢(@) might be an additional function of @, e.g. for fermions [19] ¢(Q) = @ +m,
for gluons (in Feynman gauge) g(Q) = —nw, and €(Q) = sign(Q°). Eq > 0 denotes
the energy of the quasiparticle that depends on q. We assume Fq = E_g. Inserting

this for the gluonic propagators in means that we can write the two diagrams as

‘Ml , if we define | M|? to be summed over all initial and final polarizations and colors.

Therefore for an ingoing particle with a definite spin and color state, we need to divide

5This is motivated by the fact that in thermal equilibrium we can use a thermal particle distribution.
Note that here we are more general, f (@) does not have to be the Bose-Einstein or Fermi-Dirac
distribution. This is a way to define the (time-dependent) particle distribution. In fact, these
quantities can also be position-dependent, then the Fourier transform should be replaced by
a Wigner transform, see also .
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by v, which is defined as the number of spin times color states for the ingoing particle

species. |[M|* is thus

|M |2 = NapMBrypNoe

P v
X A\ Uy

. Pl

"\ Q2 ey
Q1 u Q1
2
- Q3
_ P \//\/\ﬁ

e Q2

Q1

(2.64)

*

(2.65)

with the corresponding legs contracted and summed over all colors (and polarizations).

The delta function can be expanded,

p(Q) = 2mg(Q) 55— [0(Q° — Eq) = 6(Q" + Eq)] ,

2F,

with which we can write D> as

D>(Q) = p(@) [6(Q°) (1£ f(@) +6(-Q°) (1 £ /()]

With

we obtain

= 2m(Q) - [4Q° ~ Ea) (12 Q) +0(@° + E ()
= 29(Q) gy [2(@° ~ Ea) (1 £(@) + Q" + Eo) (-1

28
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(2.71)

(2.72)
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Chapter 2. Theoretical background

Now the Q" component in all f is always positive because of the delta function,
3(Q° — Eq) f(Q°,q) = 6(Q° — Eq) f(Eq, q), (2.74)
3(Q° + Eq) f(-Q", —q) = 6(Q° + Eq) f(Eq, —a). (2.75)
This allows us to define
fa = f(a) == f(Eq, ). (2.76)

The Q° integrals in (2.62) can now be performed, where for every D> the delta
function removes the Q¥ integral and yields two terms according to (2.73)),

1 d3q; d3qy d?
| GrsE ab ap 20 0"+ e a5 P)LMP

6v ) (27)92Eq,2Eq,2Eq;
x {6(Eqy + Bay + Bas — Bp) [(1 % fau)(1 £ fa) (1 £ foo)]

+0(—Eqy + Eq, + Eqy = Ep) [f-a1 (1 £ fap ) (1 £ fog5)]
+ similar with q; <> q2, q1 <> q3

+ 5(_EQ1 - EQ2 + EQ3 - Ep) [f—fn f—Q2(1 + f%)]
+ similar with q2 <> q3, q1 < q3

6(_Eq1 - EQQ - ECI3 - EP) [f,qlf,qu,qs] }

B 1/ d*q; d3qy d?qs
~ 6v ) (27)92E4,2Fq,2Eq,

4 pR—
X{5 (Q1+ Q2+ Qs P)‘(Qi)O:Eq
+0'(-Q1+ Q2+ Qs — P
(—Q1+ Q2+ Qs )‘(Qi)OZEqi
+ similar with q; <> q2, q1 < qs
+6M(-Q1 - Q2+ Q3—P
ot al g,
+ similar with q2 <> q3, q1 < q3

5 (= —Q2—Q3—P)‘( [fQIfQ2fQS]}

(2.77)

(2m)* | M]?

(1 fau ) (1 £ fau ) (1 £ fag5)]
[far (1% fau ) (1 £ fog3)]

(2.78)

[far fao (1 % fq5)]

Qi)OZEqi

Energy-momentum conservation can only be fulfilled for the second delta function,
which can be seen as follows:

The last term cannot contribute, because it contains §(Eq, + Eq, + Eq; + Ep) and
all £ > 0. For the first delta function, let us consider for a moment P to have a small
mass m. Then we can boost into its rest frame to obtain

P=0Q1+Q2+Q3 (2.79)

O-() () 6) o

which can never be fulfilled, because Ey, > m. For massless particles this could in
principle be fulfilled, if all particles are collinear, however since they acquire a small
thermal mass, this argument should hold.
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We thus obtain

1 d?q; d*qy dqs 4 g2
=% | @2k, 2B 28, ™) M
v./) (2m) q148qz44q3 ) (2.81)

X 5(=Q1 + Q2+ Qs — P)| [far (1 fao) (1 fa)]

(Qi)O:Eqi

2.2. Effective kinetic theory

In this section we give a brief introduction to the effective kinetic theory (EKT) de-
veloped in . A brief one-page overview, including also the isotropic screening pre-
scription we use can also be found in . Although we do not consider the
time-evolution of particle distribution functions, which is described by EKT, we do use
the elastic collision term introduced in Section and for completeness we provide
a complete introduction to the EKT, including also the inelastic collision term.

2.2.1. Overview

In the effective kinetic theory (EKT) description [3] of the quark-gluon plasma, quarks
and gluons are represented by their phase-space density or distribution functions fs(x, p,t)
for a single helicity and color state, where s labels the different species (quark flavors
and gluons). The time-evolution of these distribution functions is given by a Boltzmann
equation,

(5+v- V.) f. = =Culf) (2.82)

where Cy[f] is called the collision term, which can be split into two parts, elastic 2 <> 2
processes and effective collinear "1 <+ 2” processes,

Cslf] = C272[f] + C* [ 1. (2.83)

We will describe those two terms individually in the following sections.

2.2.2. 2 + 2 collision term

The first term is given by

o 1
C221(p) >

~ 4lplva £

2
MY (p,k;p'k)|” (2m)46*4(P+ K — P — K')

{F)£200) [1 £ £(0)] [1 & £1(K)]
— OV P [LES M) (289)

which represents a loss and gain term, respectively, and v; = 2dg is the number of spin
times color states for a given (quasi-)particle species. The particles are ultra-relativistic,
i.e. P2 =0 or P’ = |p| = p. The integral measures are defined as

/k:: /R3 (2?:‘))‘}:2]{ (2.85)
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ab|? /4
ab < cd M /g
Q192 <> 142,
?1(?2 > ({1@2, gCh (Sztﬁ)
9192 <> q1G2, da 2
71G2 < 192
DD DA I (st S L 16dpCr (Cp - G 8
Q1q1 < Q@1 da 2 2 )1
— _ d2 02
aq & aq 8L~ (52;;2“2 + t2:;“2> +16drCr (CF - %) w
— _ d2 02 t2+ 2
0G & eR | $%EE ( o )
e |wer(p 1) s (5
q19 < q19, 2 [ u s s2+u?
~ _ —8dpC% | L 4+ 2 8dpCrC
Qg9 < Q19 FF<5+“>+ FFA(E)
99 <+ 99 16d4C% (3 3% - % - 1)

Table 2.1.: Matrix elements from . Singly-underlined denominators indicate infrared-
sensitive contributions from soft gluon exchange, double-underlined denominators
from soft fermion exchange. The constants dp, Cr, da, C4 are given in ([2.13)).

2
correspond to elastic 2-particle scattering processes and

The matrix elements ’Mgg
are summed over the spins and colors of all incoming and outgoing particles. They
obey certain symmetry relations given in [3], out of which we will later need

Mk p.p’ k)| = [ Makp, Kk K, p)[

(2.86)

The matrix elements for the relevant scattering processes in vacuum are given in Table
They are functions of the so-called Mandelstam variables

—(P + K)?, t=—(P' — P)? u=—(K'— P)2. (2.87)

However, since a Quark-Gluon Plasma certainly differs from vacuum, these matrix
elements must be modified to include medium-dependent corrections. For leading order,
it turns out that these matrix elements are sufficient, except for the singly or doubly
underlined ones. In those matrix elements, medium-dependent self-energy corrections
need to be taken into account. A singly underlined denominator indicates a correction
for an internal virtual (soft) gluon, whereas a doubly underlined denominator for an
internal virtual (soft) fermion. We will only need to consider the singly underlined
terms, and we will do so in the following section.

2.2.3. Isotropic screening

As we have seen before, the free particle propagator is modified due to interactions
with the many-body system, which are quantified by the self-energy. We must therefore
replace it by the full propagator. In the EKT description this amounts to [3]
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2.2. Effective kinetic theory

su 1 1(s—u)? R , , ,
=11 — [DR(P -~ P) (P + Py (K + K'Y

(2.88)

where D' is the HTL retarded propagator, given by (2.57) and ([2.58)).

This prescription only becomes important when the momentum of the virtual particle
Q? becomes small with respect to II*?, otherwise we can use the free propagator, D(I)%(Q),
instead. Therefore, we only need to incorporate this screening prescription in the
underlined terms in Table 211

The reason that the retarded propagator (and not some other propagator) appears
here is because the in-media gain and loss rates in are proportional to II< and
I1~, respectively , where for gluons we need to take e.g. g“”HW and for fermions
eg. Tr [PH>]. As an example, we have calculated one of those terms contributing to
the loss term in in , where we have seen via the cutting rule that the
propagator that appears in the matrix element must be a retarded propagator.
has also the correct Bose enhancement and Fermi blocking factor incorporated.

Instead of incorporating the hard-thermal-loop (HTL) self-energy, we use a different
method presented in , which is leading order accurate for isotropic distributions and
amounts to replacing

>t — t(q* +26%m?), (2.89)

where ¢ = ¢5/6 /v/8 2 0.8135 and m is the gluonic effective mass || which for a gluonic
plasma reads

d3p f(p
— 2\ / ’p‘ (2.90)

with A\ = g?Nco. We can also represent this via the Debye mass, m2D = 2m?, as we can
easily compare with ([2.59)).

Example of how the screening is implemented

Let us illustrate this procedure by an example. Consider a matrix element ~ —73. As
we will show later (cf. (3.193)), we can write this, for k,p > ¢, w, as

su  4p*k*(1 — cos ¢)*t?

5= ot (2.91)
Applying our regularization procedure ([2.89) yields
_su _ 4p?k%(1 — cos ¢)? (2.92)

12 (2 + £2m% )2
Actually, we could have also replaced ¢* — ¢*(¢* + §2m2D) with another constant

¢. Every replacement that exhibits the same behavior is equally valid, albeit with a
different constant &.
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Chapter 2. Theoretical background

The exact HTL result for this matrix element would be, following ,

1 1(s—u)? 2
su_1_1ls—w” | ]DR(P — P (P + P (K + K')”

= 2.
2 4 4 2 (2.93)

The matrix element must be gauge invariant, so we can perform the calculation in
any gauge and use the retarded HTL propagator G in the strict Coulomb gauge (2.57))

and (259).

We then obtain

IDE(Q)(2P + Q). (2K — Q). (2.94)
= | DR (@Q)(2p +w)(2k - w) (2.95)
+(epra)ek-q - CEREDCEEDN pro) )

Using the parametrization of ([3.58)), (3.59) and (3.60), and also (3.98b]) and (3.98al),

we obtain

’D%O(Q)(Qp + w)(2k — w) + 4pk(sin Oy sin Oy, cos ¢kq)D£(Q) ’2 (2.97)
= DR (@ +w)(2k — w)? (2.98)

+ 16p> k> (1 - ((; + 2;%)2) (1 - (L; - 22(])2> cos%f)‘D%(Q)’Q +coso...,

which for p, k > ¢q,w > mp has exactly the same behavior as (2.91]), because ]D?;?(Q)‘2 —

2
matrix element by the simpler one. Note that we integrate over d¢, so we need not
consider the term ~ cos ¢.

This is the reason, why we could replace the full HTL

In the collision term we always integrate over g,w. For small w, we can expand the
distribution functions for small w as in and then obtain the condition that this
integral should vanish:

0 S 27 Approx HTL
dw wz/ d / d (‘MQ ‘ — ‘MQ
/—oo || I 0 ¢ $MD |k p>q D

If we split the w-integral in f‘w|>a dw and f|w|<a dw, with a > mp, then for the first case,
those two terms cancel each other, as we have shown before that they are identical in
this limit. And this is also the leading order behavior of the integrated matrix element.
Thus all further terms are of lower order. The integrated matrix element thus behaves
as [ w% + const, where the constant is given by the low-w region, i.e. by the region
where our approximated matrix element differs from the ”exact” HTL matrix element.
For the exact element the constant can only be given by a function f(mp), whereas
for the approximated matrix element g(émp). We can then adjust the value of &,
effectively rescaling the mass, such that g(émp) = f(mp), which leads to the value

reported above for &, see ([2.89)).

Exact HTL)

2.
k,p>q ( 99)
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2.2. Effective kinetic theory

2.2.4. Effective 71 + 27 collision term

C’ 1927 does not only describe a 1 <+ 2 particle process, but also includes 1+ N < 2+ N
processes and has the form |3 .

crerin=5ry ) L S
* {JalD) (1 A0'D)] [1£ £.KD)] ~ HE'D) LKD) 1+ fulo)]}
+<27T / dkdp' 6(p + k — p')ve (s P, kD) (2.100)
p Va b,c

x {fa(P) fo(kD) [1 £ fe(p'D)] — fe(®@'D) [L £ fa(P)] [1 £ fo(kD)]}

where ;' now represents the differential splitting/joining rates and includes all the
phase space integrations and the summation over V.

7. can be calculated as follows: Let i be a unit vector in the direction of propagation
of the splitting/merging. Then

2 2
NI U s 5
Vo (PR p'0, k1) = A (pi; p'ha, k) = qu (p, 7', k), (2.101)
k‘2 +p/2 .
I (- /B ER) — A
’Yq(j(pna 7k ) ka,2p3 Fq (ka D >p)7 (2102)
4 4 4
o a aa DA DPTHE 4
Vgg(pn;p’n, kh) = ng (p, v, k), (2.103)
where
5 dsCsa d%h .
Do p k) = 2 / 2h - ReF%(h;p, p, k). 2.104

« is given by (2.16)), h is a two-dimensional vector perpendicular to fi, and F;‘ is the
solution to the linear integral equation

a‘Q
(2m)*

1 ; .
X { Cs — 20A> F2(h:p/,p,k) — F2(h — kausp/,p, k)|

2h = 6 E(hi o' p, KIFR (09 po ) + 9 [ 55276 (0~ Q) ek (A, (QAL(Q))

+=Cy [F?(h;p/,p, k) —FX(h+paqi;p,p k)}

N = DN =

+ 5Ca [F2(h;p,p, k) — F2(h = pa1:p',p, k)] } (2.105)

a = (1,0) and q, is the part of q perpendicular to n, and ds, Cs given by (12.13]).
O0F is defined as

SEM;p pk) = Mty + Mot Mets - b’ (2.106)
. 2k 2p 2p/ 2pkp'’ ’
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Chapter 2. Theoretical background

where the effective mass meg,4 of gluons and fermions meg, s are given by

M, = ZQVS As 2p(27r)3f5() (2.107)

g =20°Cr [ 3P 21,(6) + £(0) + (o). (2:108)

Finally, (A,(Q)[A,(Q)]*) is the Fourier transform of the (non-equlibrium) HTL ap-

proximation to the Wightman gauge field correlator and is given by

(AQ[AQI) = DEHQTR (DI Q)" (2.109)

For consistency with the previous isotropic screening, we make the same assumption
here, which enables us to evaluate

4
o [ ar2nd (vn - Q) vk A (QIALQ )

d®q, (1 1

(2m) 1 a] +mp
with
3
ZVSngfdpfsp)
T, = ( 2 (2.111)
D5 Vs dA [ 35 %)3 p) [l f(p)]

We only consider a gluonic plasma, which means that we do not have any quarks in
the plasma, which allows us to simplify these expressions to obtain (see also , )

d2 1 1
2h = i&E(h;pCp, k)F (h7p D, k) + ng / u (q q2 + m2 )
1 1 D
Ca A A 4 A
x S {3FR(0) — FA(h — ka1) - FR(h+pan) - FR(h - pau)

(2.112)

2.2.5. Expansion term

For heavy-ion collisions we also should take into account expansion along the beam axis.
We assume that our distribution function does not depend on z,y, but can depend on
z. In the Boltzmann equation, (2.82)), we then have a term

of
2 2.11
v o ( 3)

We will now show that this reduces under the assumption of boost invariance and at

Z:Oto

3f _p*of
Y T T o (2.114)
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2.3. Monte Carlo integration

To show this, we follow and consider the distribution function to be dependent
ont, z, p,ie f(t,z,p1,p-). We then apply a Lorentz boost, parametrized by the

rapidity n,
t\ _ (coshn sinhn) (¢
(z) N (sinhn cosh 77) <2> ’ (2.115)

where ¢, Z are the components of the position vector in a different basis. The same
transformation applies to the 4-momentum, which yields

t = tcoshn + Zsinhn z = tsinhn + Z coshn (2.116)
p° = p" coshn + p* sinh p* = p'sinhn + p° coshn (2.117)
With boost invariance we mean that
0
o1 =0 (2.118)
677 n=0, z=0
This yields
9f _ (-0 o of
o = ( coshn + p* sinh 77) B
. 0
+ (tsinhn + Z coshn) 8—{
- . of
+ (tcoshn + Zsinhn) 5, 0, (2.119)
z
which at 7 = z = 0 reduces to
of 090f
t— = — 2.120
0z b op? ( )
Usin v, = L5, we obtain (2:114).
The Boltzmann equation (2.82)) then reads
Afs p* of
=-C — 2.121
2 —-alf+ 2L, (2121)
and we can formally define a new collision term,
p* of
CIPlf]l = —— 2.122
sl = -2 2L, (2122)

which captures the expansion of the system.

2.3. Monte Carlo integration

The numerical evaluation of multi-dimensional integrals can become quite costly when
using a deterministic method of numerical integration, e.g. a trapezoidal rule

[ H@)de o) + fo0) + flaz) +o o+ flowe) + 5 f v (2129

"This follows immediately from E = m~y and p = m~v in relativistic kinematics, see e.g. .
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Chapter 2. Theoretical background

where the integration interval (zg,zny_1) is discretized using N evenly spaced points
€Ty with h = Li+1 — L4

The Monte carlo method uses random samples from our integration region.

We can calculate an integral of a function f over a multidimensional volume V' via

[34]
/de ~ V(f), (2.124)
with (...) denoting the arithmetic mean over the N randomly chosen and uniformly

distributed sample points x;,

N-1

(f) = % > f(). (2.125)

1=

If we have a function f that is strongly peaked in a small region and almost zero
elsewhere, drawing samples x; from a uniform distribution is very inefficient, since most
samples that are drawn randomly do not contribute much. We can then generalize
for importance sampling, where we draw our samples from a probability density
p satisfying

/pdV — 1 (2.126)
Our integral can then be approximated as

/de—/Z{pdV% <£> (2.127)

with samples drawn from p and the volume factor yields 1 because of the normalization.
We can also generalize this, such that the probability distribution does not need to
be normalized to 1. Consider now a one-dimensional integral,

I= /ab flz)dx = /ab h(z)g(x)dz. (2.128)

We can perform a change of variables to g(z)dz = dy, with

y(@) =yo+ [ gla)do. (2.129)

Then our integral becomes

=

-1

= /y(b) h(a(y) dy = (y(b) — y(a)) ~ 3 hw(w) (2.130)
y(a) N : )

Il
o

with y; from a uniform distribution from (y(a),y(b)). This is exactly the same as before

with V' = y(b) — y(a) and h(z) = %.
In principle, this formula is exact and should work for any g(z) # 0 such that y(z)
of (2.129) is invertible, but the convergence can be rather slow if g(z) is not chosen

appropriately. The best case is that we can choose a g(x) such that h(xz) = 1, then
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2.3. Monte Carlo integration

(2.130) is exact. In this case, of course, it is best to perform the integral analytically.
The best choice of g(z) is such that h(x) becomes approximately constant.
For an example of how can be used in practice, we refer to Section m
Because this method is based on random numbers, it will deviate from the ”exact”
value of the integral. An exact estimation of the error is difficult since it depends on
the specific integrand, but it can be estimated to be proportional to TIN’ where N is

the number of samples |34].
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3. A formula for §

In this Chapter we derive a formula for § based on the effective kinetic theory description
introduced in In the derivation we consider a plasma consisting of both quarks
and gluons. Likewise for the jet we make no restriction, both a high energy gluon and
quark is considered. The jet direction is parametrized by an angle ¢, to account for
different jet directions in an expanding plasma. In Section [3:11] we will show that this
formula produces known analytical results in the soft limit in thermal equilibrium.

3.1. Definition of ¢

We use the definition of § from ,

dTy
AN A2q, @2 5L 3.1
q(p) /q L Taag (3.1)

with I'¢q; being the rate of elastic collisions of a high energetic jet particle with plasma
particles and ¢, is the transferred transverse momentum in such a single collision.
We use the expression ([2.84) from for the 2 «» 2 Collision operator,

2
M%(p, k; p'K)| (2n)*6*(P+ K — P' — K')

2432 _ 1
C22()(p) >

 4lplva £

{F®) "0 [1 4 72(p)]) [1 % F9()]
— F@) ) L ) [L £ )] (32)

which consists of a loss and a gain term. The first term thus must be proportional
to the decay rate (or rate of elastic collisions). The proportionality constant is exactly
one, which we will now make plausible.

We start with a textbook expression for the Boltzmann equation,

o iv.vi=c(p), (33)

ot
) = [l Kk k) - I PR ERER, (34

which is a classical (and non-relativistic) expression (no Bose enhancement or Fermi
blocking factors are present, no Lorentz-invariant integration measure), but this can be
generalized to quantum particles in a straightforward way. We use a condensed nota-
tion, in which f’ is dependent on K/. w contains an energy and momentum conserving
delta function.
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3.1. Definition of §

The quantity w(E’ , k~’1, k, El) is related to the differential cross section via

/.
do = YOI KD 4310 sy (3.5)
|v —vq]
which describes the collision of two molecules with k in a given range dk (similarly for
K1) that scatter into dk’ (similarly k).
This is, of course, all done in a non relativistic way, so we will compare this to a
textbook treatment of cross section and decay rates . The differential cross section
is given by

d ! IM*(27)*6* (K1 + K2 — K| — K3) 4%, Py
g = e — — .
(2B, ) (2B, [v1 — V2 L T R (2n)3 2By (273
(3.6)
We can now compare this to the non-relativistic expression,
o |M’2(27T)454(K1+K2*K{ *Ké) (3 7)

(2Ex,)(2Ex,)(2Ey) (2Ey,)

where we used that d3k = (‘;371)‘3 due to different conventions.

This is just the change from a transition matrix element to a Lorentz-invariant matrix

element .
Comparing with (3.2]), we ﬁncﬂ

2
Mab(p k: p/ k/)
2 ‘ cd ) Iy )
M = N (33)
The decay rate for a decay in two particles in vacuum is given by
1 d3k/ d3pl
ari? = — | MP>*@emn)**(P-K - K' — P :
vae 2Ep|M| (2m)73 )2Ek/(27r)3 2Ep (2m)3’ (3.9)
which we integrate over wﬁiz)g with the probability of finding a particle in state k,
f(k), and add Bose enhancement and Fermi blocking factors for the final states:
1 d3k A3k’ d3p’
dl' = — |MP*@2m)*%*(P - K - K'— P
2Ep|M| (2m)"o( )3 B @m) 3B (27)F 2By (27)°
x f(k)[1£ f(X)][1£ f(p)] (3.10)
We now insert (3.8)) to obtailﬂ
1
= / 2n)*6'(P+ K — P - K') (3.11)
4pl/a bed kp’k’

C o) [ £D] 1 o))

We can do this for every term in the sum over b, ¢, d, that means for a specific combination a, b, ¢, d.

2A more precise procedure would be to take the decay rate as = ﬁl’ﬁ(P)Wn’“’7 together with
, which yields the same result. This is also equivalent to taking only the loss term in
and setting f(p) = 1, i.e. having one jet particle.

‘Mﬁg(p, k;p, k)
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Chapter 3. A formula for §

Note that this expression is symmetric under the exchange p’ ++ k’ and ¢ <+ d. Adding
something to the integral like g2 breaks this symmetry! (Unless we define p’ > k')
Now there are two possibilities to proceed further:

1. Always define p’ > k’, which can always be done since we can just rename p’ <+ k’
if p’ < k’. This yields a factor 2 because we integrate over p’ and &', thus

/ g(k’,p’)z/ g, )oK —p )+ | gk, p)o( — k') (3.12)
/p/ k/p/ k/p/

=2 g(K',pHo(' — k), (3.13)
k/p/

with g(k',p") = g(p/, k'). However, then we need to be careful about the matrix
elements, because we obtain more than those shown in Table[2.1] We then always
have the lower momentum particle in k' ~ d-index. Thus if we consider qg — qg,
this becomes qg — gq for p’ < k’ (before renaming) and qg — qg for p’ > k’. If the
c and d species are identical, e.g. gg — gg, this provides no further complication.
This option basically means that we define the jet as the outgoing particle with
larger momentum.

2. Do not define p’ > k' but leave them arbitrary. Then we do not always have
p’ > k'. So far everything was symmetric under the replacement p’ <+ k' and
¢ <> d. However, for k¥’ > p/, t and u switch places and now u becomes the
smallest one.

We choose the formeif| and define p’ > k', or, viewed differently, rename p’ < k' if
p' < k'. This yields a factor 2, and additional matrix elements, see section
Using the symmetry (2.86|) of the matrix element,

2
Meh(p, k; p K| : (3.14)

= [ M (p, kK, D)

we can rename k'’ <+ p’, which yields the first term. Thus via this procedure we call p’
the "hard” outgoing momentum and obtain a factor 2,

p s K| (0 1+ 0]

(3.15)

I = §j/,,27r454(P+K P — K')
k
2pra bed ¥ > k!

By assumption the jet has a very large momentum, such that by energy conservation
p+k=p + Kk with p’ > k' the outgoing state with momentum p’ is unoccupied, i.e.
f') =o0.
Thus, withq=p'—p, g1 =p| —p1,
2
o) 1 £

(3.16)

Mcd(p7 ka p/7 k/)

i— 2py 3 AP o P 2m) (P K — P~ K)
@ bed o' >k

3§ is most often defined in a way that the outgoing jet particle has still very large momentum .
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3.1. Definition of §

which we can rewrite using 4-dimensional integrals,

4 4l 34 17!
1= g & | P K P K el )
x 6(K2)3(P?)5(K?)O(K")O(P)O(K™) f*(k) [1+ f(K)| O — k) (3.17)
4 4 p/
qA 2pl/ / d Kd P QJ_ ‘Mcd(pa k; pla k/) ’ @(p/ - k,)
@ bed
x 5(K2)5(P'2)5(K'2)@(K0)@(P’O)@(K’O) k) [14 1) (3.18)

where we integrated out the delta function. To ease notation we still write K’ or k’ as
a short notation for P + K — P’ or p+ k — p’. We will proceed similarly as in [37].
Now let’s introduce Q" = (w, q)* via

Q=P -P & q=p -p=k-¥ (3.19)
w=p —-p=k-F. (3.20)

Therf| d*Kd*P" = d*Kd*Q and thus

2
o' — k)

A dBKd4Q
q=3 / 5%$Mwnh#k5
Pra

x §(K2)5 ((P +Q)?) 0 ((K = Q)?) O(K)O(P* + w)O(K® - w) f*(k) |1+ f(K)] .
(3.21)

Note that @ is not light-like, i.e. Q? = —w? + ¢*> # 0. The delta functions can be
rewritten as

5((P+Q)6((K-Q?) =5 (Q*+2P-Q) 5 (Q*—2K-Q), (3.22)

where we have used the lightlikeness of the momenta P and K, i.e. P2 = K? =0. We

can now write the arguments of the delta function with 3-momenta, which yields the

same result in any metric convention (The factor —1 is irrelevant since 6(x) = §(—=x)).
Thus we obtain

§(—w? 4+ ¢* — 2wp + 2pq cos Hpq)é(—wQ + ¢% + 2wk — 2kq cos Orq) (3.23)
1 w  w?—g? w o w?—g?

=——0 Opg — — — 0 Opg — — + —— | . .24

I (cos b = o ) <cos ko T + g (3.24)

Because of this expression we decide to perform the ¢ integral in a coordinate frame in
which 6, is its polar angle and the k integral in a frame in which 6y, is its polar angle.
The delta function only contributes if its argument becomes zero, which restricts the

4We could have also decided to integrate out P’ first. Then we would have d*Kd*K’ = —d*Kd*Q,
but the minus sign cancels with the shifted integration boundaries, ffooo dK" = — f;oo dQ* for a
fixed k, which then yields the same result.
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Chapter 3. A formula for §

integration region. First we consider the first delta function. Because the cosine can
only take values between —1 and 1, we obtain the condition

w o w?—¢?
1< -+ <1 3.25
q 2pq (3.25)
—2pq < 2wp + w? — ¢ < 2pq (3.26)
w? — ¢ +2p(w+q) >0>w? —¢* +2p(w —q) (3.27)
W+ g)(w—q+2p) >0> (w—q)(w+q+2p) (3.28)
Let us first look at the left-hand side.
w+qg>0: w—q+2p>0<:>p>% (3.29)
wHq<0: w—q+2p<0<:>p<%. (3.30)
For the right-hand side we obtain
—w—gq
w>q: Ww+qg+2p<0 <= p< 5 (3.31)
w<q: w+q+2p>0<:>p>_w2_q. (3.32)

From the step function ©(w + p) we obtain w 4+ p > 0. We know that ¢ > 0 and p > 0
by construction. In (3.31), however, we obtain p < —%5-, which is negative for w > q.
This is in contradiction to p > 0 and thus we conclude that w < ¢. In (3.30) we have

—w I<zw Ce C . . .
p < 52 < —w. This is in contradiction with the ©(w + p) function, thus we know

that w > —¢. By comparing (3.29) and (3.32)), we observe that (3.32), p > 5 — & is
always fulfilled if (3.29) holds, p > 4 —%. Thus we obtain from the first § function the

conditions

lw| < ¢ p>—. (3.33)

We now repeat this procedure for the second delta function in (3.24): We obtain the

condition

2 2
1< % - wquq <1 (3.34)
—2kq < 2wk — w? + ¢ < 2kq (3.35)
—? + P 4 2k(wHq) > 0> —w+ ¢? 4 2k(w — q) (3.36)
W+ ) (~w+q+2k) > 0> (w—q)(—w— q+ 2k) (3.37)

Let us first look at the left-hand side. We know already from before that w + ¢ > 0,
thus

w—q

w+qg>0: —w+q+2k:>0<:>k:>T (3.38)
For the right-hand side with w < ¢ we obtain
w<q: —w—q+2k>0<:>k>wT+q. (3.39)
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3.1. Definition of §

By comparing (3.38) and (3.39)), we observe that (3.39) is the stronger restriction that
already includes (3.38)). Thus we obtain from the delta functions the conditions

q—w q+w

< > — k>——.

wl < g, P> 5

Now we can integrate out the K integral in (3:2I)), [dK®§(K?)O(K") = o, where

k = |k|, and we obtain

(3.40)

. d3kd3qdw 5 L2
1= 16p2 uaz/ 542k2 ql‘MCd p. k;p’ k')
w o w?—g? w w?— g
X 6 | cosbp, — — — 0 cosbp, — — + o — k'
< "y 2pq ) < M 2kq ( )
—w +w
0 ( - (12) © (k N q2) O(q — W) fP(k) [T+ f10)] . (3.41)

From the step function we obtain restrictions for our integration variables ¢, w, k that
can be expressed in different sets of integration bounds:

[e%S) q 00 _
/ dq/ dw [Hw dk © (p - q“’) o — k) (3.42)
/ dq/ dw/ dkO(p — k + 2w) (3.43)
max(—q,g—2p) at

p+2w
/ dq/ dw/ dk (3.44)
max(—q,q—2p) q;“

We also need the upper boundary of the k-integral to be always bigger than the lower
boundary, which yields w > % (¢ — 2p), and thus

- . 42w
[ w [ ] (3.45)
0 max(—q,q—QP%(q_Qp)) (H—Tw

Another set of integration bounds is

/ dk:/ dw dq@<p—q 2”)@(kz—q;”) oW — ) (3.46)
]
min(p+p’ k+k")
—/ dk:/ dw/ dgO(p — k) (3.47)
min(p+p’,k+k")
- / dk / dw / dg (3.48)

We also need the g-integral boundaries to be consistent, i.e. min(p + p/, k + k') > |w|.
If(i)p+p =2p+w<2k—w=k+k <= w<k—p, weobtain (ii) 2p + w > |w|,
which for w > 0 is already fulfilled and otherwise yields w > —p. If (i), w < k — p, is
not fulfilled, i.e. if w > k — p, but then w > —p automatically, since £ > 0. Similarly,
if 2k —w < 2p+w <= w >k — p, we obtain 2k — w > |w|, which is always true for
w < 0 and otherwise yields w < k. Again, if the initial condition does not hold and we
have instead w < k — p, this condition is always fulfilled.
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Chapter 3. A formula for §

Thus

o0 k min(p+p’ k+k')
/ dk / . dw / dqg. (3.49)
0 max(—p%,—p) |w]

Actually, the lower boundary of the w-integral is always —%, and thus

min(p+p’,k+k")
/ dk / dw / dq (3.50)

or

min(p+p’,k+k")
/ dk / / dg|. (3.51)
k—k|

We will use these different sets of integration bounds, (3.45)), (3.50) and (3.51)), fre-
quently.

3.2. Coordinate systems

Now we need to choose the coordinate systems in which we want to evaluate these
integrals. Since we have delta functions containing 6,, and 60, it makes sense to use
coordinate systems in which we integrate over 0, and 0;,. We choose coordinate frames
as in appendix A of . In our code, we store the phase-space distribution functions
f(k) in a specific frame, let us call it "lab frame”, see figure for an overview of the
different frames. The q integration is done in the "p-frame”, while the k integration is
done in the "qg-frame”. We write the coordinates with respect to a specific frame in a
vector p1, where the subscript labels the frame. The vector p in the lab frame has no
y-component because we assume cylindrical symmetry. We thus have

= p(sin b, 0,cos b)) (3.52)
= ¢(sin 8, cos ¢, sin O, sin ¢, cos O;) (3.53)
= k(sin 0y cos ¢y, sin O, sin ¢y, cos by,) (3.54)
:p(O 0,1) (3.55)
= (50 0y COS Ppg, SN Oy SN By, €OS Oy ) (3.56)
= k(sin O, cos @pi, sin Oy, sin ¢y, cos Oy, (3.57)
p3 = p(sin g, 0, cos Opy) (3.58)
as = ¢(0,0,1) (3.59)
ks = k(sin fiq cos @pq, sin Oiq sin ¢py, os iy ). (3.60)

We put a tilde on qNSpq to emphasize that it is not the same as ¢p, in ||

The relations between the different angles can be derived as follows: We construct
first the coordinate transformation between the different frames and then use those to
obtain the relations between the different angles.
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3.2. Coordinate systems

Z2

R,(6,) L Ru(d)Ry(0)

Figure 3.1.: The integration frames. The first frame (1) is called the ”lab frame”. In this frame
all vectors are parametrized by polar and azimuthal angles that only contain one
subscript, e.g. the vector q is uniquely determined by its length ¢ and the angles
6, and ¢,. We perform a rotation around the y axis to obtain the second frame,
"p-frame”, in which the p vector points into the z direction. The vector q is
determined by 6,, and quq. The third frame, ”g-frame”, is obtained by applying
a rotation to the "p-frame” such that q points in the z direction and p lies in the
r — z plane.

A coordinate transformation between orthonormal bases is a linear transformation
that is represented by an orthogonal matrix that can be defined by transforming the
basis vectors, e; — e,

e; = Tijej = Sjiej. (3.61)

The coordinated] then transform inverse,

v= vj,e;- = vj/Skjek = vPey, (3.62)
and thus
oF = §F 0 (3.63)
k .
o = (S_l) J (3.64)

Because we have orthonormal basesﬂ in Euclidean space, we can write this in matrix
notation simply asﬂ

S=1T, v =SV, v = 8Ty =Tw. (3.65)
5Here, v denotes an abstract vector of a vector space and v’ its components in a specific basis.
5Otherwise we would have to proceed with more care as R~* = RT is only true for orthogonal

matrices.
"The superscript 7' means transposition, i.e. (AT)Z_J_ = Aj;.
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Chapter 3. A formula for §

We shall label the rotation matrices as R, R =T, they read

1 0 0

Ry(a) =10 cosa sinal, (3.66)
0 —sina cosa
cosa 0 —sina

Ry(a) = 0 1 0 , (3.67)

sina 0 cosa

cosae  sina 0
R.(a) = | —sina cosa 0]. (3.68)
0 0 1

The components of vectors transform in a frame change as

Vo = AVl, A= Ry(ep), (3.69)
v3 = Bvy, B = Ry(6pg) R (pq)- (3.70)

The transformation matrices read

cosf, 0 —sind,

A= o 1 o |, (3.71)
sinf, 0 cosf),
€cos Opq cos gzgpq €0s Opq sin quq — sin @),

B = — sin dpg COS Ppg 0 (3.72)
COS hpg SiN By SIN By sin g COS By

We are also interested in anisotropic systems, thus we implement an anisotropic version
, of ¢, where we need all the components. For the definition of ¢, and the
components of ¢, we have two possibilities:

¢ Define it in the p-frame,

¢ = (d2)z = 50 0 cOS Py (3.73)
qy = (a2)y = gsin g sin ¢y (3.74)
7: = (q2)- = qcos by, (3.75)

Then the components of ¢ are always defined relative to p, thus the labels ¢, do
not refer to the z-axis in the ”lab-frame”.

e Define it in the ”lab-frame”, but then we need to express the angles in terms of

0pq and <Z~>pq,

cos 0, sin 0,4 cos (Z)pq + sin 0, cos O
a=ATq =¢ Sin O sin ¢pq . (3.76)
— sin 0, sin 0,4 cos ¢pq + cos O}, cos O

Because § measures the momentum broadening transverse to the jet, it makes more

sense to define it in the p-frame. The only caveat is that the z in ¢, means something
different than in the code.
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3.2. Coordinate systems

Actually, one can easily transform between those two definitions: Let us define

i 1 1 2 27 min(p+p’,k+k")
=D | [ don, [ ar / a [ g

o ab|2
dial S ) (L Falh -, 00) (3.77)
i 1 1 27 27 min(p+p’ k+k")
QQJ = %297(5[)2/ dopg d¢kq/ dk/ dw/ dg
G545 M p fb(k vg) (1% fa(k —w,vp)) (3.78)

With ¢4 = Aijq{ we obtain

Azg 2 min(p+p’,k+k")
- ~ s > / b [ b, / dk / dw / dg

0
O ) ’ ab|2
Ay A gt fo(k, o) (1% fa(k —w,vpr)) (3.79)
and thus
G = AL A @i = (A AT, (3.80)

In our integration we only have épq, kg, k, w, q, so we need to express all other
quantities in terms of them. cosf,,, for example, is actually set by the delta function,
but we can also rederive it easily:

To do this, we first find that the Mandelstam variable ¢ is given by t = w? — ¢% and
consider

NP = e = (k- (3.51)
q* — 2kq cos Oy = —2wk + w? (3.82)
w t
COS qu = 5 — qu (383)
Similarly, for p’,
Ip P=lp+a’=(p+w’ (3.84)
¢* + 2pq cos O,y = 2wp + w? (3.85)
w t
cos by = + kg (3.86)
We also need 0y,
\k|2 kK +q|* = (K +w)? (3.87)
q* 4 2K q cos 0,y = 20K + W? (3.88)
w t
cosOpqg = — + g (3.89)
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Chapter 3. A formula for §

In our expression for §, we have f(k) and f(k’), which we store in the "lab-frame”.
Thus we need to figure out how to express 0, and 6. The azimuthal angles ¢, and
¢y are not needed since we assume cylindrical symmetry.

We thus need to compute
sin 0y, cos P
k; = ATBTky = AT BTk | sin 0, sin ¢y, (3.90)

cos O,

The components of k; read

(k1),

= — c0s O sin ¢y, sin ¢ sin Oy,

k
+ cos O, (cos Opq sin 0, + cos quq cos 0, sin qu)
+ €OS Ppq sin O, (cos bpq €08 B, cos O, — sin B, sin 9pq) (3.91)
(kl )y 7 . . . 7 . . T .
= COS Qg SIN Qg SIN Opy + COS Py COS Uy SIN Py Sin Oy + €OS Oy SID P Sin O
(3.92)
k _
( ]i)z = sin P Sin ¢y sin Oy, sin 6,
+ €OS Prq sin Oy, (— COS hpg COS Oy sin 0, — cos 0, sin qu) (3.93)
+ cos O, (cos 0, cos Oy — cos d;pq sin 0, sin qu)
From (k). we can extract cos 0,
cos 0, = sin ¢, sin ¢~)pq sin O, sin 0,
+ COS Qg Sin Oy (— COS Ppg COS By i B, — cos B, sin qu)
+ cos Oy, (cos 0, cos Opq — COS ppy sin B, sin qu) ) (3.94)
which, for 6, = § (jet transverse to direction of expansion), reduces to
cos O, = sin ¢y, sin quq sin Oy,
— COS Ppq sin Oy, cos épq cos Opq
— €08 Oq COS Ppg SiN Oy (3.95)

A similar formula holds for &/, with & — &’

3.3. Formula for § for finite p

In summary, we obtain
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3.3. Formula for § for finite p

i 1 1 2T 2m
i :%2%5%/ Ay | d¢kq/ dk/
M |2

X qhqd < fiy(k,vr) (1 % fa(k —w,vp))

Nij 1 d 27fd " ke min(p+p/, k+k’)d
= s /%0 o [k [T [

| ab|2

X 453 fo(k, o) (1 £ fa(k —w,vpr))

/mm (2p4w,2k—w)

dq

(3.96a)

q

(3.96b)

p+2w

i Z/ a6y [ o /Ood /q d /
- W
Vq 297T bed = 0 ha 0 1 max(*q,fI*Qpiq_;p) ng

||2

X by fo(k, o) (1% fa(k —w,vpr))

A~

q=¢"+q"
with vy = cosf_ ), And the components g; are defined as

@ =q\/1— vgq cos &pq,
@ =q\/1— vgq sin gzgpq,

45 = qUpq-
The additional quantities are
w t
Vpg = — + —,
P g 2pg
w t
Vpg = — — ——,
M 2k
w n t
Vg = — + ——
k'q q Qk’q’

U = I g SiD g /1 — vF,1/1 — 02
+ 008 kg /1 — 03, (= €08 Dpgtpg /1 — 13 = v\ /1= 02))
+ Vkg (Vpvpg — 008 Bpgy /1 — 021 = 22,),

U = sin ¢pg Sin épq\/ 1 vg,q\/ 1—v2
+ 008 By /1 — Vg (= 008 Bpgtng /1 — 12 = vy /1 = 02,

+ Uk (Upqu o8 gg19‘1\/1 B vg\/l - vgq) 7

50

dk

(3.96¢)

(3.96d)

(3.97a)

(3.97b)
(3.97¢c)

(3.98a)
(3.98b)

(3.98¢)

(3.98d)

(3.98¢)



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 3. A formula for §

V=ptw (3.98f)
K=k-w, (3.98g)
t=w'— g, (3.98h)
5 = —222 ((p +p)(k+K)+¢* — \/(4pp/ 1) (4K'k + 1) cos(%)) : (3.98)
U= 27q2 <(P +p)(k+K) - P \/(4pp/ +1)(4k'k + 1) cos(gbkq)) , (3.98j)

and v, = 2dg, where dp is the dimension of the representation of the jet particle.
brq = Prq because they are defined in a coordinate frame in which ¢ = ¢(0,0,1) and

k' =k —q. In (3.964), (3.96b) and (3.96d) the upper sign is to be used when the d

particle is a boson (gluon), the lower sign if it is a fermion (quark). The expressions
for u, s can be found in and in Appendix

We will use these different parametrizations, (3.96a), (3.96b]) and (3.96¢)), which are
all equivalent, as a sanity check, because they should all give the same results.

3.4. Symmetries of ¢

If the particle distribution f(k,vy) is spherically symmetric, i.e. does not depend on
vk, the mixed components of g5 vanish, i.e.

" =q"=¢"=0. (3.99)

This is because the only ¢-dependence comes from g% and fo% dggpq cos quq sin quq = 0.
We can even take it a step further and generalize this for general f(k,vg). Let us
look at a general function dependent only on the angles

2 2

dq;pq 0 dowg | (quqa ¢kq) = /ﬂ;r dd;pq /7; dogg f (épq; ¢kq) . (3.100)

Then we can split the quq—integral to arrive at

/_07r dq?)pq /_7; dorg f (szqa ¢kq> + /oﬂ dquq /_7; dorg f ((j;pq, ¢kq) . (3.101)

In the first term, we perform a change of integration variables, quq — —quq, Orqg —

_¢kq7
/()Tr dépq /_7; d¢kq {f <_(£pQ7 _¢kq) +f (@qﬂbk‘q)} : (3-102)

In the expression for cj;j, Prq and épq only appear in vy ((bkq,épq), Vgt (¢kq,<5pq), in
g5 ~ cos gz;pq, and ¢§ ~ sin quqin the matrix elements via s(cos ¢pe) and u (cos ¢pq).
Because the cosine is an even function ¢, — —¢, does not change s and u. Similarly,
v and vy are not changed by simultaneously replacing ¢,, — —quq and ¢rg — Diqg,
because the cosines are, again, even, and the only odd functions, sin ¢, sin quq appear
in pairs, resulting in an even expression. The only change happens in ¢§ — —¢3, which
results in

Qv =gy =0. (3.103)
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3.5. Matrix elements

3.5. Matrix elements

We have started with the matrix elements in Table however, we chose p’ > k’,
which breaks the symmetry that is present in . Consider e.g. the process q1g <> q19.
Let us assign the incoming quark ¢; momentum p, the incoming gluon g momentum
k, the outgoing quark ¢; momentum p’ and the outgoing gluon momentum £’. In [3]
there is no restriction for k' and p’, but if we define p’ > &’ we must make a distinction
whether the quark or the gluon has the larger outgoing momentum. In table [2.1] there
is no explicit matrix element for ¢1g <> ¢gq1, because in the symmetric way one can
always relabel p’ <+ k’ and ¢ <+ d, which yields the same. In our case, however, we can
have q1g <+ q1g corresponding to a incoming quark with momentum p scattering of a
gluon with momentum k, where the outgoing quark has momentum p’, which is larger
than the outgoing gluon momentum &’. If the outgoing gluon has larger momentum,
we label it p’ and thus we call the process then ¢1g <+ gq1.

In table the Mandelstam variables s, t, u are defined with respect to a, b, ¢, d,

s=—(P+K)?, t=—(P - P)? u=(K'— P)> (3.104)

In our case, in the process q1g <+ q1g, where the gluon has a larger momentum, we
relabel P’ <+ K’ and thus obtain the substitution

$— s, t — u, u — t. (3.105)

The matrix elements are then given in Table 3.1]

We use again a regulator & for the t% matrix elements, as explained in Section [2.2.3
We will find, however, that this & will be different than the one used in Section [2.2.3
This is because previously the matching condition was formulated in such a way that
the longitudinal momentum diffusion is reproduced in the soft limit, and here we use
the transverse momentum diffusion. We will elaborate more on this in Section B.111

3.6. p dependence of §

In all our calculations before we always considered the jet momentum to be much
larger than all other momentum scales of the plasma. Now let us take this assump-
tion to its extreme limit and consider p — oco. Then, of course, all matrix elements

ab 2
Wc‘i;%t’uﬂvanish unless they are at least proportional to p?.

Let us now consider the Mandelstam variables individually, starting with t = w? —¢?,
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ab 2 4

ab < cd ‘Mcd /g
4192 < 4192,
N2 < 142, g5 Ch (SQE"Q)
0192 <> 4142, da U
01q2 < 1G2
192 <> 4241,
({1@2 Ans (12(%1, g 5Ch (Szttz)
0192 < ©2q1, da \
Q12 < @G
q191 < q141, d2.C? 24y 2442 C 2
Qq < Q1 e (S AT ) +16drCr (CF B TA> tu

— _ 2 2
nq < qq SdflfF (52;2“2 + t2;5“2> + 16dpCr (Cp - %) %

— _ d2 2
Qq < qq 8 ZSF (521;’52 + “Q;QtQ) + 16dpCr (CF — %) £
Qa1 < 422, g4ECh (t2+2uz)
Qq < G292 da s

<~ 2,2
mgeng | rCRGT 8Os (55)
H )

| (i) )

99 < 99 16d4C3 (3 3% — 2% — 1)

Table 3.1.: Matrix elements for ¢, obtained from the matrix elements from Tableby chang-

ing ¢ <+ d and t <> u. Singly-underlined denominators indicate infrared-sensitive
contributions from soft gluon exchange, double-underlined denominators from soft
fermion exchange. Note that - in contrast to [3] - only denominators with ¢ are
underlined. This is because the problematic regions are those where either —t or
—u is small while s is large [3]. However, for big enough incoming jet momentum
p, —u ~ s, so only regions with small ¢ can be problematic.
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3.6. p dependence of §

which is much smaller than p. For s we expand

5= —222 ((p +p)k+E)+ ¢* - \/(4pp’ +t)(4k'k + t) cos(qﬁkq)) (3.106)
_ _222 ((zp T+ w)(2k —w) — % — /(4p(p +w) + (Al — W)k + 1) cos ¢kq)
(3.107)
= —222 <2p(2k: —w)+ w2k —w) —¢* - \/(4p2 +dpw + ) ((2k — w)? — ¢2) cos (j)kq)
(3.108)
W) — a2
= pr [(% -+ S (3.109)
- \/<2k -t — gt (k- ) = )+ (k- w)t - q?)cosmq]
— " opl ok A 3.110
R (S U it o o
— 1/ (2k —w)? — ¢2 ++4;2605¢kq]

Now we need to find out if the terms ~ % are indeed small when p — oo. The naive
way to proceed would be to write

5= —2’2 {(zk—w)— (2k—w)2—q2cos¢kq+0(;>}, (3.111)

but are these O (%) terms really ~ % in the expression for ¢7

Let us define £ as the maximum momentum present in our plasma, ie. f(k) =
0 Vk > k. Then we take a look at w/p. From the parametrization of the integral
boundaries, , we know that 0 < k < &, —% < w < k. For positive w, this is
obviously fine, since p > k and thus % < % < 1. For w < 0, however, we seemingly

run into troubles, since

_ Y _ - (3.112)

‘w) —w p—k 1 k
p 2p 2 2

and thus the first term is independent of p, so we cannot make ‘%‘ arbitrarily small by
increasing p. Maybe, however, it works out under the integral, eventually, but for this
let us consider the whole matrix element. The gluonic matrix element, gg — gg, reads

Su st tu

MMH/4—Md023 ————— =
cd| /9" =16d4C} : (3.113)

2 w2 s?

Due to our choice of our regularization (see section [2.2.3)), the t-channel matrix element
is changed, which yields

2 t t
]M%/fzmm@<&ﬁ“q—s—“> (3.114)
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Chapter 3. A formula for §

In the expression for ¢, we need ‘Mgg’Q /(g*p?). Let us expand this expression in 1/p,
then the leading order term should be independent of p and the next-to-leading-order
(NLO) term should be ~ %. In s and u, p appears explicitly, thus they are at leading
order ~ p. Then, for the first terms in the %—expansion of the matrix element, we can
neglect all terms except for su/t2. Any explicitﬂ p-dependence can only come from the
su term, thus it is sufficient to consider su.

2,2 2 2 2\ /2
suz“i[(ka)<1+wq> (2kw)2q2<1+;+w q) cosqbkq]

q 2p  2p(2k —w) 4p?

2 2 2\ /2
w q w  wi—q
-y [1+ =+ —L ) Jek—w2-g2(1+2
[( w)( +2p+2p(2k‘—w)> ( w) q < +p+ 172 > cosd)kq]

(3.115)
2

2,2 w w
w 2 / w

(3.116)

2
N —— <2k; —w —/(2k —w)? — g% cos ¢kq> (3.117)

2 2
— w;p (2l<:w \ (2k — w)? q2cos¢kq)

Thus we obtain for the matrix element

2
2 2k —w — /(2k — w)? — ¢° cos ¢y, 1
Mg /p? = 16d4C3 ( ) (1 - % +0 ()) .

(@ + o) b
(3.118)
We now want to determine the behavior off]
1 1 2 21 0 k min(p+p’,k+k")
j— ——— d d dk d d
a Vg 2970 % 0 Ora 0 ¢kq/o /”‘2’“ w/w 1
s o M

(¢° — w?)—5 fy(k,v) (1 £ fa(k —w,vp)) (3.119)

with the matrix element given in (3.118)). First, we observe that the distribution
function f(k, vx) provides a natural upper boundary on the k-integral. Let us assume,
for simplicity, that the distribution function is of the form

f(k) = NO(k — k), (3.120)

8With explicit we mean that the p-dependence is already in the matrix element. In principle, after the
integration, we could also obtain a p-dependence without any explicit p-dependence in the matrix
element.

We use vpg = %, which is justified for large p, see also (3.163|).
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3.6. p dependence of §

ie. f(k) =0 Vk > k. Physically, £ is the maximum momentum of a particle in our
plasma.

By assumption, the jet momentum p > k. Thus the minimum of (p +p/,k + k) =
(2p + w, 2k — w) is always 2k — w, because

2k —w < 2p4w (3.121)
w>k—p (3.122)

is always fulfilled via the lower boundary of the w-integral, w > k—p

The second distribution function, f;(k — w) enforces k — w < k and thus yields a
lower bound for the w-integral, w > k — k. But any p-dependence of the integral (that
was not there in the matrix element) can only come from the lower boundary of the
w-integral. Therefore, f;(k — w) does not contribute to the p-dependence.

The p-dependence of ¢ can therefore be inferred from

k 2k—w
g~ I(p) :/pik dw/|| dg A(q,w, k,p, drq,m), (3.123)
’ 2
PN
A(q>w7k7p7 ¢kq>m) = (q —w )T (3124)

The p-dependence of ¢ can either come from the lower boundary of the w-integral or a
p-dependence of A. We can expand A in p,

1 1
A(p) = Ao + AIZ; +0 (p2> , (3.125)

where Ap and A; do no depend on p, but still depend on ¢,w, k, ¢rq, M, but for the
ease of notation we do not write this dependence explicitly. Comparing with (3.118]),
we obtain

(2k —w—/(2k —w)? - q2)2

Ay = 16g%d4C%(¢* — w?) &1 ) , (3.126)
A; = wA. (3.127)
We now split the w-integral,
I(p) = I(p) + IP(p), (3.128)
/ dw /Qk Luqu (q,w, k,p, Prg, M), (3.129)
2k—w
I’(p) = /_p;k dw /_w dq A(q,w, k, p, prg, m), (3.130)
3
with
k< &< p. (3.131)

Because of our expansion of A in p, (3.125), we can perform the limit p — oo for I¢,
leaving £ fixed. I€¢ is then independent of p, or constant, therefore labelled with the
index c¢. For large p, any p-dependence to ¢ can only come from I?.
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Chapter 3. A formula for §

Inserting (3.125)) into the definitions of /¢ and [P, we obtain an expansion of /¢ and
I? in p,

1
I¢(p) = I§ + ];If + ..., (3.132)
k 2k—w
182/ dw/ dq Ao(q,w, k, prg, ™), (3.133)
-
k 2k—w
1= [ [ dg Av(g ek dug ), (3.134)
£
14 p 1 P
I (p):IO(p>+;)Il(p>+..., (3.135)
£ 2k—w
Ig :/p—k dUJ/ quO(Qawak;7¢kqam)a (3136>
ek ),
£ 2k—w
Iy Z/p_k dW/ dq A1(q, w, k, drg, M), (3.137)
ek ),
and also
1
I(p) = Io(p) + 2311(10) +.n (3.138)

From (3.132)) we can see immediately that for p — oo I¢(p) becomes independent of
p, because I{ does not depend on p. The p — oo asymptotic behavior of I(p) =
I¢(p) + IP(p) comes, therefore, only from IP(p).

3.7. Analysis of the integrand

We shall now analyse a general integrand of the form in (3.135), e.g. I} or I7. Let us
define a general I,,,,,

—£ 2k—w
Lum(p) = / - dw/ dg Anm(q,w), (3.139)
_pck w
for
Anm(q,w) = q"w™, n# -1 (3.140)
To get rid of additional minus signs, we define z = —w,
% 2k+x
Lum(p) = (—1)’”/ da:/ dgq™z™, (3.141)
& T
—k
e i / 7 dpam [(2k +2)+t =2t (3.142)
n+1 Je

It will be useful for later to also go to next-to-leading order. We expand the first term
in a power series using the Binomial series ,

[e.9]

(x+y) = Z (2) 2 FF zyeR, |zl >y, recC. (3.143)
k=0
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3.7. Analysis of the integrand

We thus obtain

Lm = (_I)T /g 7 dpgm [i (" + 1) 2" (2k)T — x"“] . (3.144)

n -+ —o\ J

The first term with 7 = 0 cancels, so we can start the sum at j =1,

(-1)m™ /1’2’C 00 <n+1> gl .
Inm = dz C 2T (2k), (3.145)
n+1 Je le J
tmt2—j |52
—1)ym oo n+m-+2—j 2 )
_ (=D 3 n+l T T (kY
n+1 e J n~|—m+2—jm:£
j#En+m+2
o ) (B oy (3.146)
n+m+2 2 ’ '

We only want to get the leading (and next-to-leading) order behavior in p, thus we
need not consider the lower boundary x = £, and we only need to take into account
the leading terms, i.e. the terms with the largest exponents in p. The largest exponent
is obtained for j = 1, for which the (generalized) binomial coefficient yields n + 1. As
hinted earlier, it will be useful to also consider the next-to-leading order (NLO) terms.
We obtain

—)™(2k n+m+1
IO — %(%) ; n+m+1#0 (3.147)
o (—=1)™(2k)In(p) + const, n+m+1=0
—ymk? (ntl ntm
M( ) )(5) L nemA0
lin® = 1 (3.148)
—_1ym (N
(n}r)l ( 9 ) (2k)2In(p) + const, n+m = 0.
(3.149)
Now we need to find out n and m for our specific integrand of If], Ag:
2
2%k —w— 2k - W) = F)
Ao = 16d4C(¢" — ( 3.150
0 ACA(¢" — w?) (2 + m2)? ( )
2 (1 oy W)Q
=16d4C%(q" — w*) : (3.151)

()

4k(k— 22
%—)O&ndqw;} <

By assumption |w| > & > k and ¢ > |w|, thus %k - 0,

(%_‘:)22_“2 = 4k(5;“’) — 0 for big enough &.

We then have Ag = « (‘;—j — “;—:), o = 16d4C 4, thus
I(p) = a(I22 =1 44). (3.152)
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Chapter 3. A formula for §

The leading order term depends only on n + m and (—1)™, and behaves like p"+™+1L,
A closer look, however, reveals that the leading order terms cancel and we need to take
into account the NLO terms,

I oo—1I_44= (__11>2 <_21> (2k)?In(p) — (__13)4 (‘;’) (2k)? In(p), (3.153)

thus
I5(p) ~ In(p), (3.154)

To(p) = a + bln(p) + O (;) | (3.155)

which diverges logarithmically.
For I? we find

I(p) =a(l-23—1I-44), (3.156)
(—1)°(2k) (p>2 (-1)* (-1 2P
[ 93=—""|% 2k)“= 1
23 2 2) Trom (2 ) PR (3.157)
(—1)°(2k) (p>2 (-1)° (-3 2P
I y5=—""7""|% 2k)°= 1
o 2 2) Temm 2 ) PP (3.158)
and thus
I{(p) ~p (3.159)
1
Li(p) :c+ep+(9<p) . (3.160)
Taking only the leading order term is a good approximation if IlT@ < Iop(p), which we
can now easily show:
Lo 1 1+ =
p+c € e 1
z - bpl( ) _ (1+5) ~ (3.161)
0o b)) ta pn@p) (14 ) )

We have now learned two important facts:

e For p — o0, § is given by its leading order contribution in p

e ( grows logarithmically with p.

Actually, it is not always the case that the NLO term is negligible. If we consider
Ay = ¢"w™ with n +m > 0, A} = wAy, we obtain Iy ~ p"™+! and I; ~ p"™*2 and
thus

— ~
T cpntmtl 4e c

1 1 n+m+2

le_p(ap +b) g (’)<1>
which means that the NLO term does not get smaller than a/c with larger p. Luckily,
for our case, these leading order terms cancel and we effectively obtain n + m < 0, so
we have convergence. This example is to show that an expansion in 1/p of A does not
necessarily mean that all higher-order terms do not contribute.
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3.8. UV-cutoff for q |

3.8. UV-cutoff for ¢,

In the previous section we have seen that § exhibits a logarithmic divergence in the
limit of p — oo. Therefore, we need to impose some cutoff, which is typically @ﬂ
implemented as a ¢ -cutoff.

We only consider processes up to a maximum ¢q; < A,

w? 2
/ —q
L =q 1—qu—q\/ - — — 2% <AL (3.162)

For p — oo,
2 _ W2 4k (k k k k
oW _dkkzw) kR, kw (3.163)
2pq 2pq P q P q
~—~ ~— =~~~
<1 <1 €[-1,1]

The second term clearly becomes 0 for p — oco. The first term — 0 for g # 0. Let us
look at the case ¢ = 0 separately. From (3.45) we see immediately that ¢ > |w]|, and
thus ¢ — 0 can only happen for w = 0. Then,

qg% 2pq w0 qli% 2pq 0 (3.164)

For p — oo, the ¢ -cutoff can therefore be implemented by requiring
¢ —wr< A3 (3.165)

We can implement this in the different parametrizations, (3.45), (3.50) and (3.51).
For ([3.50)) and (3.51)), this can easily be implemented via

mln k+k’ k k)2 +A2)
g ~ / dk / dK’ / dg (3.166)

and

mln 2k —w, w2+A2)
q~/ dk/ dw/ dq. (3.167)

For ([3.45) we need to implement the condition (8.165) in the w-integral, w? > ¢* — A3 .
If ¢ < A, this leads to no new condition, but if ¢ > A, we need to have a lower
boundary for |w|, which we write symbolically as

AL q2—A2 q 00
g~ / dq/ dw—l—/ dg / dw + dw dk. (3.168)
AL —q Va2-A3 ate

2

3.9. p — oo behavior of § with a ¢, cutoff

Previously, we have seen that ¢ diverges for p — co. We shall now show that, this is
no longer the case for a ¢ cutoff.
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Chapter 3. A formula for §

We can now perform, again, a similar analysis of the integrand as in (3.139f), but
with different integration boundaries,

—£ min(Qk—w,\/m)
Lo (p) :/ dw/ " dg Apm(q, w). (3.169)

—w

Actually, we can simplify the minimum, because it is always the second item for £ big

enough,
Vw2 + A2 <2k —w (3.170)

w? + A% < 4k(k — w) + w? (3.171)
A2
—w>—t 172

but since —w > &, we can just choose a ¢ that is big enough such that this expression
is fulfilled, i.e. if

AQ
£€> E — k. (3.173)

Thus we may rewrite (3.169)) to

—¢ JPTAT
Lom(p) = [ e [ S dg gl (3.174)

Similarly as before, with = —w, we obtain
ek Va2 +AZ
Inm(p) = (—1)m/ ’ dm/ Cdgqta™, (3.175)
13 T
—k
ng—1 (=)™ P T, NS
= T /6 dzx (:c +A¢) —x . (3.176)

For the convergence of (3.143) we need to know if A2 < 2?. From (3.173)) we know
that A2 < 4k¢ (1 + 5) ~ 4k¢ and thus A3 /€2 < 4 <« 1, which makes A, < € and
thus A| < z.

j / [ ((n + 1)/2> R I mn+1] (3.177)
7=0

n+ 1 J
-y™ & <n+1/2> Fm41-2j 2
= dx " T(AL), (3.178)
n+1 Je ]221
- (_Um i (n + 1)/2 $n+m+2f2j 2 9
on+1 = j n+m+2-2
J#(n+m+2)/2
(n + 1)/2 p—- k n+m+2
+ ((n+m+ 2)/2 In 725 AJ_ . (3.179)
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3.9. p — oo behavior of § with a q; cutoff

We now obtain

—1)™A3 n+m

ILO — (2(n)+m)l (g) * ; n-+m 7é 0

" (=1)™A?% In(p) + const, n+m =0

(=1)™A1 (n + 1)/2 n+m—2
D (ntm=2) (%) . n4+m—2%#0

JNLO _ 2
(;Bl ((n +2 )/ > A4 In(p) + const, n+m —2=0.
Therefore,

¥ (p) ~ =,
0(p) pg
1

I’ (p) ~ =,

1(1?) »
1

IO(p):a+])2+O(l):),)7
1

(3.180)

(3.181)

(3.182)
(3.183)
(3.184)

(3.185)

The leading order term to ¢, ~ Iy is then independent of p, the NLO term, ~ % — 0,

or, more precisely,

Il/p:%(c—{'%) 1

Iy a-l—l% p'

Thus, now § converges, and the NLO terms for finite p are also small.
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Chapter 3. A formula for §

3.10. g in the limit p — oo

Previously, we have seen that in the limit p — oo we can take the leading order term
in the expansion in p of the matrix element. The formula for § then reads

l] 27 27 mln Qk—w 2+A2)
F(AL) = ” 297752 / dp, ; dor, / dk / dw / dg

o ab|2
< b el k) (14 falk — w,o0), (3.187)
i 1 1 o q2m min (k+k',\/(k—K)2+A%)
QQJ(AJ_) = %2971_5%/ dopg . dd’kq/ dk/ dk’ / dg
2
x q2q2| p2 folk, o) (1 £ fa(k',op)) (3.187h)

_ 2w
AZ](AL) 2971'5 Z d¢pq 0 d¢kq

</AL A2 q
X dq/ dw+/ dq[/ dw + dw])
Ay —q VaP—A2
i j
X /‘ZJg” dk g5q5

q=a"+a", (3.187d)

¢ = qy/1 —vZ, cos By (3.188a)
g5 = qy/1 — v, sin Bpgs (3.188b)

fb(k7 or) (L£ fa(k —w,ue)),  (3.187¢)

with

45 = qUpq; (3.188¢)
Vpg = % (3.188d)
Vkg = % - ;}w (3.188¢)
Vg = g %t,q (3.188¢)

U = I g ST g /1 — F,1/1 — 02

+ 008 g\ /1 — 03, (= €08 Dpgtpg /1 — 13 = v\ /1 =02,

+ Ukg (0ppg — €08 g1 — 02\ /1—12,) (3.188g)
U = S Gpg SIN Gpg \/ 1 vg,q\/ 1 -2

+ Virq (vpqu — o8 gzgpq\/l — vg\/l — v%q) , (3.188h)
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3.11. Soft limit

ab <> cd limy, o0 [MP?/ (p%g")
q19i <7 q14;
014G < Q145 16 BCE (2b—w—/A(k =)+t cos(dq) )
q91Gi < Q1qi da (g+2¢3m?)?
q19i < Q1Gi
919 < Q19 (2k—w—/A(—w)kt L cos(1y))”
2
2k—w—/4(k—w)k+t cos( ¢
99 > g9 16dAC,24( mz (90))

Table 3.2.: Matrix elements for ¢ in the limit p — oo.

K=k —w, (3.188i)

t=w?— ¢, (3.188j)
1

5= —thp {ka —\/4(k —w)k +tcos(¢py) + O (p)} , (3.188k)

u=—s+ O(1), (3.1881)

2
and the only nonvanishing matrix elements with lim, . % are given in Table
The upper sign, again, is for bosonic (gluons) d particles, the lower sign for fermionic
particles (quarks). Previously, we have only shown the limiting behavior of —%; for

p — oo, but the behavior of 5225“2 must be similar, since from s +¢+u = 0 we can
deduce
t? = (s +u)? = 5% + 2us + u? (3.189)
2 2
s“4+u 2us

Note that we have some freedom of choice regarding the regularization in the de-
nominator. All choices that reproduce the same behavior for ¢,w > mp are equally
acceptable. We then need to fit the constant &y such that it reproduces the exact matrix
element or known analytical results to leading order.

3.11. Soft limit

We now take the soft limit of the ¢ formula in thermal equilibrium, i.e. the limit in
which A < T, or A| < k, where k denotes the largest momentum in our plasma.
This restricts the maximum transverse momentum ¢ that can be transferred to the jet
particle, but not its longitudinal momentum transfer. But we will make the additional
assumption that also w < k, which also restricts g.

Our assumptions are

1

A T T k)= ——+—.
LT, w <L Jo,a(k) T £ 1

(3.191)
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Chapter 3. A formula for §

We will denote the Bose-Einstein distribution as npg (k) = (¢*/T —1)~! and the Fermi-
Dirac distribution as npp(k) = (e*/7 +1)~!
Let us consider a generic process with a matrix element

2

M3 2k —w — 4k — w)k + t cos(¢rg)
lim M - A< : ) , (3.192)
poe p2gh (¢% + 262m?2)?

where A is some constant.
With our approximations the matrix element becomes
M i 4k2A
lim —° 5 (1= cos dg)”. (3.193)

We then obtain for §

“ 1 1 2 2m 00 q 00
Q(AJ_) = 7&2977r5 Z/O d¢pq 0 d¢kq/() dq /q dw /M dk @(q2 — wg — Ai)
bed 2
2.2, Mgl
g~ sin® 6, pe fo(k,vg) (1 £ fa(k —w,vr)), (3.194)

441
v, 2975 Jo

2T 2 00 q 00
dop, | dor, / dg / dw / dkO(q* —w? — A?)
0 0 —q JEE

2 1— (Z) 2
qfq(z n 22%;;;’2) K2 fo(ky ve) (1% fa(k = w,vp)) - (3.195)

Currently, we integrate over the modulus of g = (q,¢,). From the definition of ¢,
(3.75)), we see that for p — oo we have

4 = W. (3196)
Thus we can write
= + 47 (3.197)

with qi =g ]?=¢+ qZ. Note that the labels x, y, z are with respect to the direction
of p, i.e. in a frame in which p points in the z-direction. We now perform a change of
integration variables from (q, ¢pq,w) — (G2, @y, w). The transformation is given by (see

(3.13%a)), (3.188D) and (B3.188d)),

w? ~

Gz = qy/1 — Z COS Gpyq, (3.198)
w? -

q=qy/1— 7 sin ¢pq, (3.199)

w=w. (3.200)

We obtain a Jacobian factor of ¢,

1

N

- 1
dgdgpg dw = — dg, dgy dw = d*qy dw. (3.201)
q
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3.11. Soft limit

The transformation yields
R 4A4 1 27 A 9 [eS) )
i) = s | d¢kq/0 d qL/Oodw/q;wdk

q? (1 — cos ¢kq)2

V@ +w? (d +w? + 26m?)

where we have used that f(k —w) =~ f(k). We have also implemented the integration

RSk (1 falk)) (3.202)

intervals for w, —¢ = —/¢3 +w? < w < 1/¢3 + w?, which yields no restriction to the
w-integral. Actually, our assumption was that w is small, but we will check later that
performing the integral from —oo to co does not significantly change the result.

We have now several possibilities to proceed. As discussed in section [2.2.3] we have a
certain freedom of how to implement the screening. We will check this fact here, again.
For now, let us make a different choice for the regularization,

4 q
. 2 1 — . 5/2i . - (3.203)
\/ql+w2 (QJ_ +w2+2§0m2) (qL"i_w ) (qL+mD)

This choice will be justified a posteriori, when we compare to known analytical results.
There it will turn out that this mass mp is indeed the Debye mass, and we can then
via this change fit the value of &.

We can now shift the lower boundary of the k-integral to 0, a fact that we will later
check, then the integral can be factorized,

4A 1 2
A=A L
q(A) v, 297° Jo

x / Ak K2y (k) (1% fa(k)) (3.204)
0
Al 4 oe] 1
w [ / do—0"
0 (¢ +mp) /- (42 + w2)5/2

doprg (1 — cos gbkq)z

The first integral can be easily evaluated, fo% dopg (1 — cos qﬁkq)z = 3m. The second
integral can also be analytically evaluated. For the case of gluons, we use for f the
Bose-Einstein distribution function npg(k), whereas for quarks, we use the Fermi-Dirac
distribution, npp(k):

1 273
) _ (3.205)

0 S ]{:2
dk k? k) (1 k :/ dk —— (1
/0 npe(k) (1+npe(k)) 0 Bk _ 1 + Bk _q 3
fo%) 2

/Oodkkz () (1 = nen () = [ dkk<1— ! )”2T3 (3.206)

Now let us look at the contribution from the lower boundary, i.e. let us split the
integral,

gtw
2
0

o FO ) = [ p0) (1 £ = [T sy @ s @207
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Chapter 3. A formula for §

1.0
0.8
0.6 1 — Knpp(k) (4 npp(k) L~

== Knep(k) (Lt npp(k) JEEEEE
044 """ anFD(k)(l—nFD(k)) ”’,— “““““““““““

zz,f' .............
,/’ ______
0.2 1 ’/’ “““““““
/,’ ________
0.0 A T T
T T ! | | | I
0.00 0.25 0.50 0.75 1.00 1.95 1.50 o 0

Figure 3.2.: Plot of the integrand k% f(k) (1 & f(k)) for 3 = 1. The cases nrp(k)(1+npr(k))
and npr(k)(1 — npp(k)) are identical. npp(k) and npgr(k) denote the Fermi-
Dirac and Bose-Einstein distribution, respectively.

In Figure [3.2] we plot the integrand for different distribution functions. We see that if
at least b or d is fermionic, the low k-behavior does not contribute much. If the plasma
particles are gluonic, we can approximate the integral

/Oa dk f(k) < af(k*), (3.208)

where k* is the k value for which f(k) reaches its maximum. For us this is the case at
k=0,

k? 1 k2 1
lim——— (11— ——— | =lim—— (1 - ———— ) =T7. 2
) ( . 1> W0 BE T Ok ( Bk 1 O(k2)> (3:209)
The largest error we make by shifting the lower integration boundary to 0 is thus

T%(q +w)

.21
re) (3210)

which is always < ”23T 2

Now we turn to the w-integral, which can be performed analytically and yields

0 1 4
dw ——— = —. 3.211
[ o = 2

As discussed before, our assumption w < 1" actually forbids us to push the integration
boundaries to oo, but we can analyse the integrand for different boundaries and we
find no change of the integral value if the boundary is sufficiently large, see Figure |3.3
We thus obtain
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3.11. Soft limit

1.325 A

1.300 A

1.275 1

1.250 A

1.225 +

1.200 A

1.175 1

.00 1.25 150 175 2.00 225 250 275 3.00
¢layL

Figure 3.3.: Plot of the integral ffg dw W for different boundary values ££. For w >
€L

q. , the integral roughly stays the same, which permits us to push the boundaries
to +o0.

A T M 1
G(A)) = —7/ Pq, o, 3.212
W)= s )y T 5212

with s = 1 for scattering off gluonic particles and s = 2 for fermionic particles. The
integral can be performed,

AL 1 AL qL

d?q,—— =27 dg, —— 3.213
/0 qL qi i m2D 0 q1 qi T m2D ( )

A2 +m? 1
—x  Tdz= (3.214)

m2D X

A2 2 A
=7ln <L+2mD> ~ 271 In (J'> . (3.215)
m2 mp
We then arrive at

AT3 Al
j~ ——In|—— ). 3.216
q 3. 247sy, n(mD> ( )

Let us now start with a quark jet, thus v, = 2No. We take the matrix elements
from Table We can thus either scatter with a quark or with a gluon. We have 2n;
quarks to scatter from (ny quarks and ny antiquarks), so this yields a factor 2ny,

16d%.C%.g" 1 4 1 A

Hj— | —E£ 8T L +16d — |73 — . 21

0= | P g o+ 1047 CeCag! g | T0n (25 (321)
A
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Chapter 3. A formula for §

The Debye mass in thermal equilibrium is given by (2.60)),

Ne N
<4 f) . (3.218)

2 22
= g*T
mp =g <3 6

We then use dp = C4 = N, Cp = ;TAC and dyq = N(QJ — 1 to arrive at

T3g4 N(%C'FnF ) AJ_
G = N&ECE | In | — 3.219
4 3-2nN¢o ( 2N¢o +Aetr | (mD) ( )
2
_9CFrT , 2<”F NC) (Ai>
=" 9 T 5 + 3 In ) (3.220)
my,

For a gluonic jet we have v, = 2d 4,

1 1 Ay
5= | 16d Y omp e —— 4 16d4C% g ———— | T3] () 221
1= | L6drCrOag 2nr - ggs gy T 100aChg g | T Gy ) 3220
A A
CAdAnF CANC AL
=73 4( )1 () 3.222
9\3 2rds T 327 ) gy (3.222)
2
gCAT 2 2<TLF Nc> (AJ_)
— I A 2 (BB VO (2R ) 3.993
o Y 6 "3 ), (3.223)
m3,

This is the same as the known result .

Instead of we could have also chosen to calculate ¢ in our original regulariza-
tion. We can do this for arbitrary &y and we find that the choice £y = 0.698 correctly
reproduces this soft limit result. This is in contrast to the original screening factor
¢ = 0.8135. In fact, this soft limit result is only valid for mp < A} < T. We can only
see this behavior in our simulation if the 't Hooft coupling A is very small. Only then
we can have a region with mp < A} < T'. If we perform our simulations with &, we
find that we obtain a similar behavior as in , but with a constant shift of about
8%. If we use & instead, we obtain the correct behavior, which we take as evidence
that our prediction here for & is valid.

The difference in £ # & is a result of the different matching procedure. In [12],
effectively a matching of §;, is performed, which we can do as well when we replace
qi — w? in , then we obtain the same result. However, since we are interested
in the transverse momentum transfer, it makes more sense to perform the matching in
a way such that the transverse momentum is reproduced in the soft limit.
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4. Implementation

We do not implement the effective kinetic theory description from scratch, but use
the C++ code for the time evolution of the gluonic plasma corresponding to ,
described in [13].

The particle distribution function for gluons f(p) = f(p,vp) is discretized on a 2D
grid and the integrals in the collision term are evaluated using the Monte Carlo method,
see Section In our simulation we want our results to be insensitive to the number
of grid points, which we check by varying this number.

To this existing code we append a routine that calculates ¢ at different times, i.e. a
routine that performs the integral numerically. We describe our implementa-
tion in this chapter.

4.1. Finite integral boundaries

4.1.1. Introducing k,,;, and k..

In our code we store the distribution function only on a finite interval, i.e. only in the
interval Ky < k < kmaz. There are two possibilities to account for that

1. Sample according to (3.187al), (3.187b)), (3.187c|), and evaluate the expression to
0 if k or k" is out of range.

2. Already include the finite boundaries k;;, and k4. in the integral boundaries,
such that k, k' is already in the desired form.

In the first case we will have samples in our sampling region that yield zero and do not
contribute to the integral.

In the second case, though a bit more tedious to work out, every sample will yield a
contribution. Thus we stick to the second case.

For the Monte Carlo importance sampling, see Section we need the probability
density or volume factor, which is dependent on the exact boundaries of the integral.
We thus cannot simply generate a random number and accept or reject it if it is in our
integration region, because the weight depends on the integration boundaries.

We will consider the integralsﬂ in the p — oo limit,

o) k 2k—w

I :/ dk/ dw/ dqg, (4.1)
0 —0o0 |w]
oo oo k+k'

Ty = / dk / ar’ / dg, (4.2)
0 0 k—k'|
oo q 0o

P :/ dq/ dw/ dk . (4.3)
0 —q q-&-Tw

'For the remaining integrals over the angles we do not need any additional boundaries kmin, kmaz-
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4.1. Finite integral boundaries

Now let us insert boundaries for numerical integration,
kmin < k < kmaa, Emin < K < kmazs EF=k—w. (44)

For (4.2]) this is most easily implemented as

kmu,z kmaz k+kl
/ dk / / dg|. (4.5)

m'Ln m'Ln k k/|
For (4.1) we can implement this easily by knin < bk —w < kpax <= —kmin+k > w >
_kmax + k

kmaz k—kmin 2k—w
/ dk dw / dq | (4.6)

k—Ekmax W‘

For (4.3]) we use kpin < k < kmaz to obtain

kmazx
/ dq/ dw/ dk . (4.7)
aX S kmzn

We then enforce kpin < bk — w < kmar <= kmin + w < k < kpmas + w,

min kmazykmaz+w)
/ dq/ dw/ dk. (4.8)
max 5 k‘mznykmzn+w)
The k&’ condition also gives us a restriction for the w integral, k—kper < w < k—Ekmin —
Emin — Emaz < w < Emaz — Emin:

o min(Q7kmaz _kmzn) min(kmaz ,kmaz ‘HAJ)
/ dq / dw / dk (4.9)
0

max(—¢,kmin—kmaz) maX(ﬁvakmin,kmin‘HU)

Now we also need to enforce max (“’JFT”, Emin, kmin + w) < min(kmaz, kmaz + w),

w>0/\q+Tw>w+kmm: w < 2kmaz — q
w>0ATY <w+ kit w < Kmag — kmin already fulfilled
w<0/\Q+T°J>kmm: w > q— 2kmax
w<0A ‘JJFT” < kpmin W > kmin — kmae already fulfilled

(4.10)

We thus need for ¢ > 2k + |w| that ¢ < 2kp,e — |w|, which gives an upper boundary
on q, ¢ < 2kmaz. Additionally, for big enough ¢, such that this condition is fulfilled, we
need additionally w < 2k;4: — ¢ and w > ¢ — 2kmqz-

2kmaz min(ka’maw_kmin72kmaz —Q) min(kmakamaz+w)
/ dg / dw / dk (4.11)
0

max(_Q7kmin_kmaz7q_2kmam) max(q+ Krmin,k mzn‘HU)

But could we also have cases in which this condition is not fulfilled, ¢ is not big enough?
L.e. where we impose the latter condition |w| < 2k;,q. —¢ although we would not need it
because ¢ < 2kpmn+|w|? Let us think of the case when we have the 2k, —¢ boundary.
This is the case if ¢ > Koz + kmin- We would impose this condition wrongly if we
could find an w with |w| > ¢ — 2kpin, but |w| > ¢ — 2kmin > kmaz — kmin, which we do
not allow. Thus we can always impose the latter boundary.
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Chapter 4. Implementation

4.1.2. ¢, cutoff for k,,;, and k,,..

We take now and implement the ¢ cutoff, ¢ —w? < A?,

k—k!|

min

kmax kmax min(k+k/, (k*k/)2+/\i)
/ dk / K’ dq |
kmin k |

Now we adapt (4.11)),

2kmax min(‘Iakmax_kmin72kmax_q) min(kmamykmax‘i‘w)
/ dq / . du / atw . .
0 maX(_Q7kmzn_kmam7q_2kmaac) maX(Tykmzmk‘mzn"rw)
_ 2_A2 .
. . vV ¢4 1 min(q,kmaz —kmin 2kmaz—q)
if g>AL: fmax(*qykmin*kmaz,Q*kaaz)dw+ /q2_Ai dw

(4.12)

dk,

(4.13)

but we must ensure that for ¢ > A | the upper boundaries of the w integral are always
larger than the lower boundaries. Thus we obtain, for knee — kmin < ¢ < kmaz + Kmin:

kma:p - kmzn > \Y; q2 - Aiv

(kmax - kmzn)z > q2 - Aﬁ_

q < \/(kmax - kmin)2 + Ai

This condition is also fulfilled in (4.12)), which is a nice cross-check.

(4.14)
(4.15)

(4.16)

We also need 2ky0: — q > 1/q? — Ai, which gives an additional upper boundary for

2
the q integral, ¢ < kpaz + 41?%'

We thus obtain, for arbitrary A |,

A2
min (2kmaz 7kmaz+m 7\/(kmaz _kmin)z—"Ai)
/ dg
0

min(qvkmaz *k‘min,2kmaz 7(1)
/ dw

maX(7Q»k‘min —kmaz 7q72kmaz)

ax(=aq,kpmin—kmaz,4—2kmax) /qQ,Ai

min(kmuz 7kmaz +W)
/ k.

maX(HTw Kmin »kmin‘HU)

—/g2—A2 .
. q N —Kkpnin 2k —
if g>A fm € dw+ min(g.kmaz —kmin:2kmaz—=a) 4

(4.17)

One might ask if the upper boundaries on the g-integral are the most general, because

we got them out of the conditions:

« FOr maz — Kmin < @ < Kmaz + kmin we need that ¢ < \/(kmaz — kmin)? + A2

2
o For q > kmax + kmin we need that ¢ < kpmas + zlli\ﬁ‘
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4.1. Finite integral boundaries

It might be that by enforcing ¢ to be smaller than both, we are too restrictive. We will
find that this is not the case and the boundaries are fine.
To show this, we need to show that, if ¢ < knaz + kmin the minimum is always given

by the square root, i.e. \/(kmaw — kmin)? + A3 < Koz + 4k . On the other hand, if

A2
¢ > kmaz + Kmin, then we need \/(kmaz — kmin)? + A2 > s + T

This can indeed be shown:

o First assume that the upper g-boundary is given by the square root and that it
is smaller than k,.;p + kmaz,

\/(kmax - kmin)Q + AQL < kmin + kmaa: (4'18)
*2kmamk‘min + Ai < 2kmazkmin (419)
A% < 4k pmazkmin. (4.20)

We then need to show that the minimum comes always from the square root,
which can easily be shown via

A2
\/(kmax - kmm)2 + Ai < kmaaz + Ak L (421)
1 At
~2kminkmaz + K + AT < 5AT + 1o (4.22)
1 16k2, k2
*A2 max''min 4.23
<M ez, (423)
Ai < 4kmakain' (424)

o Next, if the upper g-boundary is not given by the square root, i.e. if kpqz+Ekmin <
q< kmaz + 4I~c

max

2

4kmax
A% > Ak pinkmaz- (4.26)

kmam + > kmin + kmax (4'25)

Then the square root must not be smaller than the other term, which it indeed
is, as we can see via

A2
\/(kma,x - kmm)2 + Ai > kmam + Ak L (4'27)
1 At
—2kminkmaz + k2m + A2 > iAi T (4.28)
1 16]{:7%7/(127]{;7%11/77/
A% > 4k mazkmin. (4.30)

Thus the conditions and the minimum in the integral boundary match perfectly!

74



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 4. Implementation

4.2. Phase-space sampling

The implementation of ¢ in the code is done in the p — oo limit using and its
discretized version for k, k', q, ; and and for k,w, q . The integrals
are evaluated using the Monte Carlo method with importance sampling, . Asa
cross-check, we also implemented a deterministic trapezoidal rule, , but this is
rather slow.

For another cross-check, we implement both (4.12)) and (4.17). The w-sampling and,
of course, the integral boundaries vary.

4.2.1. Sampling ¢
Because the matrix element is strongly peaked for small ¢, we need to use importance

sampling, see (2.130)), and we choose

9(q) = ( ! (4.31)

where m = {ymp is the rescaled mass, see Section So we write the integral

/a dg f(q) = /a dg Wh(@, (4.32)
with h(q) = f(q) (g +m)*.
From
dq
dy = TEEDE (4.33)
we obtain, see ([2.129)),
1
y(@) =yo — e (4.34)
With the choice yo = - im we can invert this expression,
1 .
9=T _—m (4.35)
atm Y
Thus,
b e
dg f(q) = /0 dy h(q(y)) (4.36)
1 1 1
~ - ~ 2 hla(y: 4.37
L+m b+m]N§ (a(v:)) (4.37)
b—a 1 5
= a6 v 2= T a) (alw) +m)°%, (4.38)
i=1
with y; € (0, Wrﬁz)—%) sampled uniformly and ¢(y) = aﬁi - .
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4.3. Statistics and Plotting

4.2.2. Sampling k, £’

The particle distribution is peaked for small k, thus we sample from a probability
distribution ~ 1. We sample k this way in both (£.12) and ({£.17) and ¥’ in (&.12).

We use again (2.130)) with

1
g(k) = T (4.39)
We write
b b 1
/ dk f(k) = / k7 h(k), (4.40)
with h(k) = kf(k).
From
dk
dr = — 4.41
r=9 (1.41)
we obtain, see ([2.129)),
r(k) =ro+Ink =Sy (4.42)
Thus,
b b1
JE ORI SH )] (4.43)
@ i=1

r

with r; € (O, In 2) sampled uniformly and k(r) = ae’.

4.2.3. Sampling w, ¢k, &pq
For w in (4.17)), ¢re and ¢pq We do not use importance sampling, g(z) = 1,

b
/a dz f(z) ~ (b— a)% > fa), (4.44)

with x; € (a,b) sampled uniformly.

4.3. Statistics and Plotting

Because the Monte Carlo method for evaluating the integrals is stochastic, it will be
important to quantify the error or amount of fluctuations.

To do this, we perform the integration several times and then use the sample mean
and standard error [39):

We generate n values for the integral, I;, then take the sample average I and sample

variance s2,

_ noT
7o i (4.45)
n
-\ 2
o (n-T
2 =1 ( ‘ )
== 7/ 4.4
s ] (4.46)
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Chapter 4. Implementation

The standard error ¢ is then calculated as
52

o=/ (4.47)

The data analysis is done using the Python NumPy library and the plots are
generated with the Matplotlib package [41].
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5. Results

In this section we give the numerical results of our implementation.

We assume a fully gluonic plasma, and also use a gluonic jet with p — oo. The value
of ¢ for a gluonic jet can easily be transferred to a quark jet by Casimir scaling. This
can easily be seen from Table 3.2} The matrix elements for the two processes, gg <> gg
and gq19 < q1g differ only by a multiplicative constant. The factor dr cancels with
Vo = 2dpR in , then they only differ in C'4, Cg, which provides exactly Casimir
scaling: quuark = Cii(jgluonic-

All simulations were done using a temperature 7' = 1GeV, but actually T gives
the only energy scale in the plasma (apart from ki, and kpyqq, which should anyway
be chosen in a way such that the result does not depend on them). Thus another
way of thinking about this is that all results are scaled with respect to temperature,
i.e. by changing T = 1GeV — 2GeV we change e.g. A = 5GeV — 10GeV and
G =0.5GeV? — 4GeV3.

In the code I have implemented the anisotropic version of ¢, ¢;; from and
(3.187¢|). We have checked that the two different integral parametrizations give the
same results and that the off-diagonal elements ¢, vanish, as predicted from .

As a sanity check we compare the output of our code with something that has been
analytically calculated: ¢ in thermal equilibrium.

5.1. Thermal equilibrium

In thermal equlibrium, the particle distribution function of the gluonic plasma is given
by the Bose-Einstein distribution

1
5.1.1. Analytical results

For ¢ in thermal equilibrium, we compare our simulation with analytical results from

For mp < A; < T, Arnold and Xiao find

2,2
. g TmpCr <AJ_ >
A)z—F—In|— 5.2
q(AL) o g (5.2)
and for A| > T
g4T3
4(AL) = Cr[STL(AL) + E/T-(AL)] = (5.3)
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5.1. Thermal equilibrium

with
A
Ty~ Qj:(B) In ( L) + AZy, (5.4)
2w mp
AIi:M{ln<T)+l—ny+ln2}—a+, (5.5)
2w mp 2 2w
o4+ = 0.386043817389949. . ., o_ =0.011216764589789, (5.6)

where (4 (z) = ((s) is the Riemann ¢ function and

(- (s) = (1= 2"7°)((s), (5.7)
Dy = 2t 4, (5.8)
2 = 4Nytp, (5.9)

and in the case of Ny-flavor QCD, &, = 6, Zy = 2N;. This result ignores running of
the coupling constant, which can be accounted for using the replacements described in
, but we also do not consider a running coupling constant in our EKT code. g is
the Euler-Mascheroni constant with numerical value ,

~vE = 0.5772156649 . .. (5.10)
and ((2) and ((3) are given by
2
62 =7 ¢(3) = 1.2020569031 . . .. (5.11)

It should be noted that Arnold and Xiao [8 . make the assumptlorﬂ that one can choose
a momentum scale A with mp < A < T. This is only valid for small coupling .

5.1.2. Comparison

In thermal equilibrium, the collision term identically vanishes (without longitudinal
expansion), thus we do not need to solve the kinetic equations for the distribution
function numerically. The distribution function is initialized once and stays the same.
Effectively, we only need to evaluate the integral (3.187al), (3.187b]) or (3.187¢|). We
use a finite k,;, and ke and a Monte Carlo method for evaluating the integral as
described in Chapter @] The results of the numerical integration procedure are then
compared with the analytical results quoted in the previous section.

In Figure we plot the results of our Monte Carlo integration for A = 0.01, T =
1 GeV for different g cutoffs A .

Our integration results are compatible with and (5.3), see Figure a). In (b),
(c) and (d) we plot the obtained value for § for different ki, kmaz. In (b) we observe
that the results are all compatible with one another, whereas in (c) and (d) we look
explicitly at the low and high A behavior. As we might naively expect, changing k.,in

1See (3.24) in @ We write A instead of A in , because in our case \ is reserved for the cou-

pling A = ¢°N¢, (2.17). The scale is introduced in the evaluation of the integral Zi(AL) =
I a%q) Ii(a/T) [ . d®q; _1+(0) I d’q Ix(a1/T)
g1 <AL (2m)? ¢ +m3 a1 <A (2m)% ¢ +m? A<qi<Ay (M2 q%
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Chapter 5. Results
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Figure 5.1.: Numerical integration results of § for A = 0.01, "= 1 GeV. The numerical values
for kpin and kyq. are also given in GeV. In (a) the analytical results for A} < T,
; A>T, ; and the result of our numerical integration is shown. The
results agree well with and . In (b) different ki and kg, are used.
As shown in the plot, they agree very well. In (c) we look at different k,;, and
kmaz in the small A region. In this region we see a weak dependence on k.
In (d) we look at different k,q, in the large A region, where we see a weak

dependence on kg
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5.1. Thermal equilibrium

%10~5 g forT'=1GeV and A = 0.0125
------- -—_"*"'
g4 == AL>T e e -=3 X
AL<T | et ‘——‘Y_ _-y —y -*-
X ¢=o0814 “.:"———51{
. + £=0.698 _‘?‘5’
°”> 2 "4)5 X
) %"
< l
i g{{_%(
O T T T T T T
0 1 2 3 4 5
x10~° x107°
2.0 PR
Pt R |
st LA 32
1.5 - 2T X -
— /,,.;-“‘ X - o7 X 1 3.0
0:’3> /, :F‘x ,". /j’ X
é)v 1.0 A 7= X . i
N / S 7’ X
r X - L 2.8
0.5 1 3
I X ’,_// X
,';k‘ - 2.6
0-0 T T T Y T T T
0.0 0.2 0.4 0.6 0.8 2 3 4 5
Ay (GeV) Ay (GeV)

Figure 5.2.: Behavior of ¢ for small A = 0.0125, T'= 1 GeV and different A . Different values
for the screening mass have been used. £ = 0.814 is from , whereas & = 0.698
is chosen such that our result matches the soft limit. A, > T denotes ,
while A} < T denotes .

influences especially the low A behavior, while changing k4, influences the large A |
behavior. In we want A to dictate the integral boundaries, not k4., thus we
see immediately that, if k.. is too small, we lose a part of our integration region,
which can explain the deviations.

In Figure [5.2] we plot ¢ for A = 0.0125 for different regularization parameters &,
which also matches well with and for £ = 0.698. We obtained this value
from matching the soft limit result to analytic calculations, but we see that this value
also reproduces , which is valid for A} > T. The parameter £ = 0.814 from
also quoted in Section [2.2.3] yields slightly different results.

A comparison of different A is given in Figure [5.3] For A = 1 we have no region in
which our results for ¢ follow . This is no surprise, because ((5.2)) is only valid for
mp < A < T. From we can calculate the Debye mass, mp = % ~ 0.58 GeV.
Thus the required condition is not fulfilled.

We find that for different values of A\ we need to use different values of & — £()\)
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Chapter 5. Results

if we want our result to match with the analytical result , although the different
values of £ only slightly change the result. As mentioned earlier, the formulae and
(5.3) were derived under the assumption mp < T', which is only satisfied for small .
Thus we use the constant &y = 0.698, which reproduces the analytic formulae for small
couplings A.

In Figure [5.4) we summarize these behaviors in one plot. We calculate and plot ¢ for
A = 10, where we see that neither of the two screening masses, & or &y, agrees with .
The dependence on k4, can also clearly be seen. We use A = 10 because as we will
see later in Section [5.1.3] a comparison with experimental bounds yields approximately

A & 10. This value is also used frequently in the literature [13] [43] [44].

Effect of discretization

We now study the effects resulting from the discretization of our particle distribu-
tion function f(k). For the numerical time evolution via the Boltzmann equation we
need a discretized version of the particle distribution function. In thermal equilibrium,
however, we know and therefore can use its exact form and study the effect of the
discretization on §. We now study this effect at the ¢, cutoff A; = 11 GeV. We use
this cutoff because we expect the effects to be largest for larger values of A; and for
A = 11 GeV our results match the analytic calculation for k.., = 80GeV. The nu-
merical results for § are plotted in Figure On the left-hand side, the exact form
for f was used, whereas on the right-hand side we used the discretized version of f.
We observe that the discretized version behaves differently than the continuous version
for different values of the lower momentum cutoff, k,,;,. Whereas for A = 0.01 the be-
havior is qualitatively similar, for A = 1 the value for § increases with increasing ki,
in the discretized version, while it decreases in the continuous version. We believe this
is a result of the different Debye masses used. For the continuous version we used the
exact Debye mass for the screening mp = \/gT , in the discretized version we calculate
the Debye mass from the discretized distribution function f(k) via (2.59). In our case,
f(k) is given by the Bose-Einstein distribution, which is sharply peaked for small k.
Thus enforcing a non-zero k,,;, changes the outcome of the numerical integral for mp,

which changes the screening mass and therefore changes ¢. The error bars in the plot
denote the standard error (4.47)).

5.1.3. Comparison with RHIC and LHC data

After these simple checks we now compare with constraints for § obtained from the
measurement of single hadron nuclear modification factors at RHIC and LHC (quark
jet energy E = 10GeV) [7]:

(5.12)

q  [35+09, T~370MeV (RHIC)
CrT®  |28+1.1, T~470MeV (LHC)

We now have to establish which cutoff A; and coupling A to use. For the cutoff we
decide to use values also used in the CUJET model : In CUJET2.0 , A, =V4ET
is used, whereas in CUJET3.0 , AL =+V6ET.
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Figure 5.3.:
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Behavior of § for different A, T'= 1 GeV and different A . Different values for the
screening mass are used. £ = 0.814 is from , whereas £ = 0.698 is the result
such that we match the soft result. In (b) both screening masses yield different
results than the analytic calculation. A; > T denotes , while A}, < T

denotes (5.2).
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Figure 5.4.: Behavior of § for A = 10, T = 1GeV, kp;n, = 0.01 and different k4, and
screening masses, £. The blue dashed curve, labeled A > T is the analytic

result (5.3)).
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Figure 5.5.: Numerical integration results of § for T'=1GeV, A; = 11 GeV and different A.
The dependence on ki, is shown. (Left) Here we use a continuous form for the
distribution function f and the exact value for the Debye mass mp. We see that
for the smallest values, kp,;n < 0.1 and A = 0.01, the results are compatible with
(5.3) (dashed line). (Right) Here we use a discretized form for the distribution
function f and the Debye mass is calculated as a numerical integral.
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Figure 5.6.: Comparison of § with bounds obtained from RHIC and LHC, (5.12)). The cutoffs
used are given in physical units in (5.13]). Different screening masses are used,
denoted by & = 0.814 and &y = 0.698. We used ki, = 0.01 and k;p,q = 200.

Thus we use for A |

V6ET = 4.71 GeV
VAET = 3.85GeV
V6ET = 5.31 GeV
VAET = 4.34GeV

T ~ 370 MeV {
A= (5.13)

T ~ 470 MeV {

Because the only scale in our calculation is the temperature T', we can rescale everything
with T,

A T ~ 370 MeV {13;2
oL ' : (5.14)
T 11.30
T ~ 470 MeV
{9.23

We compare our results for different A with these bounds in Figure We find that
A ~ O(10). A value of A\ = 10 corresponds to a = 0.27, see (2.16). The difference
between the different regularization masses is about 8 %.

5.2. Scaled thermal distribution

Let us consider a rescaled thermal distribution,

f(p; B, No) = eﬁf,v%l (5.15)
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5.2. Scaled thermal distribution

and calculate § without time evolution, i.e. at initial time .
As independent parameters we have

« the coupling A = ¢>N¢,
o Temperature T' = 1/4,
e Np.

Let’s assume that f = 1GeV ™!, i.e. we scale everything with the temperature. Then
we have two independent parameters, on which ¢ will depend. Every matrix element
comes with a factor g* ~ A2, which we could factor out. Since the Debye mass scales
with NgA, the scaled matrix element then depends only on Ny,

2 ab 2
22| hrgh Ng)\‘ M (No, V)| (5.16)
Then ¢ becomes
1 1 27 2m 2k— w
q:zﬁ% 9w | dqﬁkq/ dk/ dw/

| Mg (NoX)
2

¢” sin® O, N fok,vp) (1% fa(k —w,vp)). (5.17)

We can now consider the two terms separately and write
4 = Aqy(NoA) £ qrr(NoA), (5.18)
with
1 1 2T 27 2k—w
ANjf=———= d d dk d
qf Ve 995 %/O ¢pq 0 ¢kq/ / w/ q

Mab No 2
PLd N2 5 1, (5.19)

2 21 2k—w
arr = Vg 297T5 Z/ depq d¢kq/ dk/ dw/ dq

!MS(?(NOA)F
2

2 2
q° sin® 0,

q*sin® 0, N fy(ky vp) fa(k — w, vpr). (5.20)
Note that f also contains a factor Ny, which, together with A combines to the NgA
behavior in . Thus we can simulate ¢y and §ys with one independent parameter,
NoA, and then add the second independent parameter later.

The behavior of ¢ for different A and Ny is plotted in Figure We have used
different values for A\, Ny in the code and checked that the result depends only on its
product A - Ny. We have seen in thermal equilibrium that there are different values for
the screening mass constant, £. We plot the difference in Figure We find that the
difference is about 3 %.
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Figure 5.7.: Behavior of ¢ for a scaled thermal distribution, , for different A, Ny and
different A; for T' = 1GeV, ki = 0.001 GeV, ke = 80GeV. The screening
mass used is §y = 0.698 obtained previously. The curves have been normalized
to its maximum value at A| = 5GeV.
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Figure 5.8.: Behavior of ¢ for a scaled thermal distribution, (5.15)), for different A\, Ny and &
as a function of A; for T'=1GeV, kypin = 0.001 GeV, ke = 80 GeV.
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6. Conclusion, summary and outlook

In this thesis I have derived a formula for the jet quenching parameter ¢ that de-
scribes transverse momentum broadening of jets traversing the Quark-Gluon Plasma,
a state of matter that is created in heavy-ion collisions. The formula for § is derived
from a framework called effective kinetic theory (EKT), of which we presented a short
overview. First, we derive the formula for finite jet momentum p and then take the
limit p — oo, where we then need to introduce a cutoff in order to render § finite.
The formula reproduces correctly the known soft limit in thermal equilibrium, but its
scope goes beyond that, as it can be used for different and even anisotropic distribu-
tion functions f(p). I have implemented the formula for § in a C++ code simulating
the evolution of the distribution function f in effective kinetic theory. The formula is
implemented for anisotropic distributions. The code reproduces the analytic formulae
in thermal equilibrium and the off-diagonal elements §,, are zero. By comparison with
bounds obtained from RHIC and LHC experiments, we find that the coupling A\ ~ 12.
We have then extracted ¢ for a scaled thermal distribution.

We have found that the regularization parameter ¢ in ¢ differs from its counterpart in
the matrix elements that describe the evolution in the EK'T. This difference originates
from a different matching condition, and § differs from the value of § that employs the
usual isotropic screening prescription of the EKT by only a few percent (~ 8 %).

The formula I have implemented in the code assumes infinite jet momentum, p — oo,
and needs a momentum cutoff, but we also derived a formula for finite jet momentum p,
which in future can be used to compare these two approaches. Additionally, the code
can be used to extract ¢ in anisotropic systems, for example in systems undergoing
Bjorken expansion. However, both in the time evolution and in ¢ the assumption of
isotropic screening will produce an error which is yet to be quantified. A further pos-
sibility is to work on extending the derived ¢ formula and the current EKT framework
to take anisotropies into account.
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A. Mandelstam variables

Here we derive a formula for the Mandelstam variables defined in (2.87)),

s=—(P+K)?, t=—(P' — P)? u=—(K'— P)?, (A1)

and use (3.58), (3.60), (3.98a)) and (3.98b|) to express them in terms of p, k, ¢, w, ¢p,-
Also, we use that P2 = K2 = P'? = K'* = 0.

First we start with ¢. Recall that we introduced @ = (w,q) in (3.19) in such a way
that

a=p —p, w—7p —p. (A.2)

For ¢, we then insert

t=—(P' —P)?=(p -p*—@-p7 (A3)

from which we immediately obtain

t=w?—¢* (A.4)
Next we insert for s,
s=—(P+K)>=—-2P-K =2pk —2p-k. (A.5)
Using ([3.58)) and ([3.60]), we obtain
s = 2pk — 2pk [sin O}, sin Oy, cos Pq + €OS Opq cos O] , (A.6)
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in which we can insert (3.98a) and (3.98b)),

W 1/2 O 2\ 1/2
s=2pk—2pk|[1—|—— 1—1—++ cos ¢
2 2 2 2
w ¢C—w w o ¢ —w
+{=- =+ AT
(q 2pq )(q 2kq )] (A7)

1/2
= 2pk [1 — COS Ppq (1 _ (112 <w2 _ c«J(q2 _ w2) + (q2 _;;)2))

_ wa B w(q2 - UJ2) + W(QQ - WQ) + (q2 - w2)2 (A.8)
q? 2pq? 2kq? 4pg® '
P-?l@-w? W w ¢ —uw?
=2pg— 2_ .2 op oK
q Q¢ —w 2p 2k 4pk
2 2\ 1/2 2 o\ 1/2
W —w w g —w
— COS Ppq <1 + P ) (1 > ) ] (A.9)
2(¢* - v?) wk wp 1.,
- k- 2y (-
1 1/2 1 1/2
— COS Pq (p2 + wp + Z(wz - q2)> (k2 —wk + Z(w2 - q2)> ] (A.10)
We obtain
t
s = “op [(Zp +w)(2k — w) + ¢* — cos gbkq\/{(Qp + w)Q _ QZ} [(Qk - w)2 _ qzw ,
(A.11)
which can also be rewritten as
s = 32 [(p +p)(k + k) 4+ ¢* — cos ¢kq\/[4pp’ + t] [4kE' + t]} . (A.12)
Using
s+t+u=0, (A.13)
we find
t
u= 37 (p+p)(k+E)—q*— cos ¢kq\/[4pp’ + t] [AkK' + t]| | (A.14)
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