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A B S T R A C T

The development of blood-handling medical devices, such as ventricular assist devices, requires
the analysis of their biocompatibility. Among other aspects, this includes hemolysis, i.e., red
blood cell damage. For this purpose, computational fluid dynamics (CFD) methods are employed
to predict blood flow in prototypes. The most basic hemolysis models directly estimate red
blood cell damage from fluid stress in the resulting flow field. More advanced models explicitly
resolve cell deformation. On the downside, these models are typically written in a Lagrangian
formulation, i.e., they require pathline tracking. We present a new Eulerian description of cell
deformation, enabling the evaluation of the solution across the whole domain. The resulting
hemolysis model can be applied to any converged CFD simulation due to one-way coupling with
the fluid velocity field. We discuss the efficient numerical treatment of the model equations
in a stabilized finite element context. We verify the model by comparison to the original
Lagrangian formulation in selected benchmark flows. Two more complex test cases demonstrate
the method’s capabilities in real-world applications. The results highlight the advantages over
previous hemolysis models. In conclusion, the model holds great potential for the design process
of future generations of medical devices.

1. Introduction

As the prevalence of heart failure continues to rise worldwide [1], the development of blood handling medical devices, such as
ventricular assist devices (VADs), has become paramount in improving patient outcomes and extending life expectancy. Nowadays,
the development process is supported by CFD. It allows for a comprehensive understanding of how the design and operating
parameters of a VAD influence the device’s hydraulic performance. Additionally, prototypes need to be assessed for biocompatibility.
Among other aspects, this involves the quantification of hemolysis, i.e., red blood cell (RBC) damage.

In the context of blood-handling medical devices, hemolysis occurs when fluid stresses induce excessive RBC deformation,
damaging or even rupturing the cell membrane. Modeling hemolysis has been subject of intense research over the past 40 years [2–
7]. Despite these efforts, there is still no universally accepted approach. In fact, a recent comparison has shown that computational
predictions are still frequently inaccurate [8]. This uncertainty, in combination with new findings on the clinical significance of
hemolysis [9], calls for the development of more reliable hemolysis models. Existing models can be categorized as stress-based
models and strain-based models.

Stress-based hemolysis models apply an empirical correlation for hemoglobin release directly to the instantaneous fluid stress
field. This approach has two downsides. First, such models assume implicitly that cells immediately deform to their steady state
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when encountering stress. This is because empirical hemolysis correlations are generally measured at constant stress, i.e., the cell
has time to adapt to this level of stress and reach a steady state. When encountering changing levels of stress, however, the cell
membrane exhibits viscoelastic behavior [10]. This means that short, high levels of stress may not lead to significant hemolysis
if the membrane does not have sufficient time to stretch in response. Stress-based models assume that the full instantaneous fluid
stress applies immediately. Second, it is unclear how the correlation should be applied to arbitrary three-dimensional stress states.
The empirical correlations [3,11] generally only relate shear stress to hemoglobin release. One generalization to arbitrary stress
states was proposed by Bludszuweit [4]. She defined a scalar stress that results from a weighted sum of the stress components.
However, the reduction to a representative scalar loses some information of the three-dimensional stress state, as a cell experiences
different loads depending on its alignment with the principal axes of stress. In particular, Goldsmith and Marlow [12] showed that
cells tend to align more with the flow direction at higher shear rates. More recently, it was suggested [13,14] that for certain
flows, extensional stresses have a larger effect on cell deformation than shear stresses. Overall, the proper weighting of the stress
components is still unclear and may depend on the flow regimes at hand. For these reasons, a first-principles model that explicitly
describes cell deformation as a result of flow forces is preferable.

Strain-based hemolysis models incorporate such cell deformation models into hemolysis prediction. The empirical correlations
or hemoglobin release are then applied to the causative membrane strain itself. There are different degrees of complexity for the
ell deformation model. On the simpler side, Chen and Sharp [15] proposed a scalar model for estimating membrane strain in
he context of cell rupture. However, this model was not originally intended for predicting sublethal hemolysis [16] and failed to
chieve satisfactory results for this purpose [17]. Arwatz and Smits [18] described a scalar viscoelastic model for cell deformation.
ts real-world applicability is limited, though, as it does not account for the complex three-dimensional flow forces and it was
ormulated only for constant shear flow. Thus, simple strain-based models tend to be valid only for specific applications.

On the more complex side, Ezzeldin et al. [19] and Sohrabi and Liu [20] developed models that resolve the cell membrane’s
hree-dimensional deformation. Porcaro and Saeedipour [21] employed a reduced-order model for the cell structure and modeled
he cells’ interaction with the flow and with each other. Moreover, there exists a wide array of cell deformation models that were
ot specifically intended for hemolysis prediction but could be used in this context [22–27]. These complex approaches all have
n common that their computational cost is too high to simulate large-scale VADs. Modern devices support flow rates of up to
0 L

min [28], corresponding to almost 1 trillion RBCs per second. This means that only a small fraction of all cells are chosen at the
nlet of the device and tracked until the outlet. Hemolysis is then averaged over these cells. This approach has two disadvantages.
irst, it is unclear how to pick the cells to achieve a representative average. Second, it gives a global index for hemolysis, but does
ot highlight critical regions inside the domain. In particular, it cannot be guaranteed that the selected cells will penetrate every
art of the domain, e.g., boundary layers and recirculation areas. In conclusion, such complex cell deformation models are not well
uited to aid the design process of VADs.

The aim of the present work is to develop a new model that combines the advantages of the different classes of models described
bove: the efficiency of stress-based and simple strain-based models, the characteristic cell response to three-dimensional stress of
ore complex strain-based models, and an Eulerian description, enabling evaluation across the entire domain.

For this purpose, the strain-based model by Arora et al. [5] serves as basis, as it provides a compromise between these degrees
f complexity, approximating RBCs as three-dimensional ellipsoids. However, it is based on a Lagrangian description of particle
otion. In consequence, its evaluation requires particle tracking and comes with the same drawbacks as the more complex cell
eformation models described above. Pauli et al. [6] introduced an Eulerian formulation. In the process, they neglected part of the
odel to achieve this formulation. As we will show in the present work, this may generally not be an admissible simplification in
any situations. Instead, we will derive a full-order Eulerian formulation that is analytically equivalent to the original model. In

ddition, we will present a modification to improve robustness and efficiency, thus making the model suitable for simulations of
ealistic VAD configurations.

The paper is structured as follows: In Section 2, we define the constitutive equations for our strain-based hemolysis model. We
ntroduce the original Lagrangian model formulation and derive the new full-order Eulerian formulation, contrasting it with the
revious Eulerian formulation. In addition, we present a novel model with improved efficiency and robustness. In Section 3, we
iscuss how we treat the model equations numerically. In Section 4, we show results for verification and benchmarking. Finally, we
ummarize our work, discuss the model’s limitations and give an outlook on future research in Section 5.

. Model equations

At rest, red blood cells are known to aggregate into stacks, so-called rouleaux. Under shear, these structures break up and the
ells move through the flow in a tumbling motion. At even higher shear rates, cells stop tumbling and start to assume a fixed
rientation. In this state, their shape resembles elongated ellipsoids, with their major axis aligned with the flow direction [12,29].
his motion has been termed tank-treading, as the cell membrane rotates around the cell contents like the treads of a tank [30].
his regime of high shear rates is of primary interest for hemolysis modeling.

In this section, we present different models to describe RBCs in this regime. In Section 2.1, we introduce the original Lagrangian
odel formulation that constitutes the basis for all further discussion. In Section 2.2, we derive an equivalent Eulerian formulation.

n Section 2.3, we present a new model that effectively replicates the original model behavior with better numerical performance.
inally, we contrast this with an older Eulerian model formulation in Section 2.4. In strain-based hemolysis modeling, any of these
BC models may be used to compute a scalar parameter that serves as input to empirical hemolysis correlations. This process is
2

escribed in Section 2.5.
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Fig. 1. Ellipsoidal cell representation in Arora morphology model.

2.1. Lagrangian model formulation

Based on the fluid droplet model by Maffettone and Minale [31], Arora et al. [5] derived a Lagrangian cell deformation model.
Thereby, RBCs are assumed as neutrally bouyant ellipsoidal droplets carried with the flow. The limitations associated with this
assumption are discussed in Section 5. Ellipsoids can be described mathematically by a symmetric positive definite morphology
tensor 𝐒, whose eigenvalues 𝜆𝑖 represent the squared lengths of the ellipsoid’s semi-axes. In this work, they are assumed to be in
descending order, i.e., 𝜆1 ≥ 𝜆2 ≥ 𝜆3. Due to volume conservation, their product has to remain constant. The eigenvectors 𝐯𝑖 represent
the orientation of the ellipsoid’s semi-axes. They can be understood as a rotation matrix 𝐐 = [𝐯1, 𝐯2, 𝐯3] that rotates the global inert
coordinate system to the local rotating coordinate system of the cell. As derived in Appendix A, the rotation rate of the local frame
with respect to the inertial frame is quantified by the rotation tensor

Ω = d𝐐
d𝑡

𝐐𝐓. (1)

The cells in the Arora model [5] do not interact with one another and do not influence the flow field. The evolution equation for
the morphology of a single cell may be written along its pathline as follows:

d𝐒
d𝑡

− [Ω, 𝐒] = −𝑓1 (𝐒 − 𝑔 (𝐒) 𝐈) + 𝑓2 (𝐄, 𝐒) + 𝑓3 [𝐖 −Ω, 𝐒] , (2)

with tensor operations [Ω, 𝐒] ∶= Ω𝐒 − 𝐒Ω and (𝐄, 𝐒) ∶= 𝐄𝐒 + 𝐒𝐄, and coefficients

𝑓1 = 5.0 s−1, 𝑓2 = 𝑓3 = 4.2298 ⋅ 10−4. (3)

For details on the derivation of these coefficients, see [5]. The first term on the right-hand side describes shape recovery with the
scalar function

𝑔(𝐒) = 6 det𝐒
tr(𝐒)2 − tr

(

𝐒2
) .

The second term on the right-hand side describes the effect of fluid strain

𝐄 = 1
2
((

𝛁𝐮
)

+
(

𝛁𝐮
)𝐓) ,

which causes the cell to align with the principal axes of strain and to deform along those axes. The third term on the right-hand
side describes the effect of fluid vorticity

𝐖 = 1 ((

𝛁𝐮
)

−
(

𝛁𝐮
)𝐓) ,
3

2
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Fig. 2. Strain terms in full-order Eulerian formulation.

hich rotates the cell. These three effects are combined as linear superposition. The left-hand side of Eq. (2) represents a Jaumann
erivative that defines a co-rotating reference frame. Hence, the model employs a Lagrangian description of cell deformation, so its
valuation requires pathline tracking. The components of the model are visualized in Fig. 1.

.2. Full-order Eulerian morphology model

A direct reformulation of Eq. (2) towards an Eulerian description is challenging due to the implicit dependency between the
orphology tensor 𝐒 and the rotation rate of its eigenvectors Ω. In order to resolve this dependency, we derive an expression for
that does not involve derivatives of 𝐐. For this purpose, the spectral decomposition of the morphology tensor

𝐒 = 𝐐Λ𝐐𝐓, Λ = 𝐝𝐢𝐚𝐠(𝜆1, 𝜆2, 𝜆3), 𝐐 = [𝐯1, 𝐯2, 𝐯3], (4)

s employed. In the following, the model equation (2) is transformed to the eigenbasis of the morphology tensor by multiplying with
𝐓 from the left and with 𝐐 from the right. The transformed quantities are then defined as

𝐄̃ = 𝐐𝐓𝐄𝐐, 𝐖̃ = 𝐐𝐓𝐖𝐐, Ω̃ = 𝐐𝐓Ω𝐐. (5)

irst, the derivative of the shape tensor d𝐒
d𝑡 becomes

𝐐𝐓 d𝐒
d𝑡

𝐐 = 𝐐𝐓 d
d𝑡

(

𝐐Λ𝐐𝐓)𝐐 = 𝐐𝐓
(

d𝐐
d𝑡

Λ𝐐𝐓 +𝐐dΛ
d𝑡

𝐐𝐓 +𝐐Λ
d𝐐𝐓

d𝑡

)

𝐐
(1)
= 𝐐𝐓Ω𝐐Λ + dΛ

d𝑡
−Λ𝐐𝐓Ω𝐐

= dΛ
d𝑡

+
[

Ω̃, Λ
]

.

econd, the rotation term [Ω, 𝐒] becomes:

𝐐𝐓 [Ω, 𝐒]𝐐 = 𝐐𝐓Ω𝐒𝐐 −𝐐𝐓𝐒Ω𝐐 = 𝐐𝐓Ω𝐐𝐐𝐓𝐒𝐐 −𝐐𝐓𝐒𝐐𝐐𝐓Ω𝐐 = Ω̃Λ −ΛΩ̃

=
[

Ω̃, Λ
]

.

Third, the same transformation is applied to the right-hand side of Eq. (2) in analogous fashion to obtain the full transformed model:

dΛ
d𝑡

= −𝑓1 (Λ − 𝑔 (Λ) 𝐈) + 𝑓2
(

𝐄̃, Λ
)

+ 𝑓3
[

𝐖̃ − Ω̃, Λ
]

. (6)

Because Ω̃ and 𝐖̃ are antisymmetric and Λ is diagonal, the last term on the right-hand side contains no elements on the diagonal.
This lets us rewrite the equation only for the off-diagonal elements as follows:

[

Ω̃, Λ
]

=
𝑓2
𝑓3

(

𝐄̃, Λ
)

−
𝑓2
𝑓3

𝐝𝐢𝐚𝐠
(

𝐄̃, Λ
)

+
[

𝐖̃, Λ
]

.

Here, the 𝐝𝐢𝐚𝐠 operator leaves only the diagonal entries and sets all off-diagonal entries to zero. Applying the inverse coordinate
transformation yields:

[Ω, 𝐒] =
𝑓2
𝑓3

(

𝐄 − 𝐄̂, 𝐒
)

+ [𝐖, 𝐒] , 𝐄̂ = 𝐐𝐝𝐢𝐚𝐠
(

𝐐𝐓𝐄𝐐
)

𝐐𝐓. (7)

Finally, we obtain the full Eulerian morphology model by treating the morphology tensor 𝐒 as a field variable, hence
understanding the Lagrangian derivative as a material derivative. The expression (7) then allows us to rewrite the original model (2)
as follows:

𝜕𝐒 + (𝐮 ⋅ 𝛁)𝐒 = −𝑓1 (𝐒 − 𝑔 (𝐒) 𝐈) + 𝑓2
(

𝐄̂, 𝐒
)

+
𝑓2 (

𝐄 − 𝐄̂, 𝐒
)

+ [𝐖, 𝐒] . (8)
4

𝜕𝑡 𝑓3
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This constitutes an analytically equivalent Eulerian formulation of the original model. Intuitively, 𝐄̂ represents the component of
𝐄 that solely acts to deform the cell, computed as a projection on the morphology eigenvectors 𝐐. Consequently, 𝐄 − 𝐄̂ represents
the component of 𝐄 that solely acts to rotate the cell towards the principal axes of strain. The two different strain components are
visualized in Fig. 2.

We remark that there is still an implicit relationship between the morphology tensor 𝐒 and the deformational strain 𝐄̂, as the
latter is a function of the morphology eigenvectors 𝐐. In contrast to the original formulation, however, this formulation does not
involve the derivatives of these eigenvectors. The dependency is purely algebraic and can be resolved in the framework of the
numerical method, e.g., by means of Newton iterations.

2.3. Tank-treading cell deformation model

An approach to resolve this dependency analytically is to rewrite the model explicitly in terms of the eigenvalues and eigenvectors
of 𝐒. For this purpose, we consider the diagonal terms and the off-diagonal terms of Eq. (6) separately and use the definitions (1)
and (5):

𝜕𝜆𝑖
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝜆𝑖 = −𝑓1
(

𝜆𝑖 − 𝑔(Λ)
)

+ 2𝑓2𝜆𝑖𝐸̃𝑖𝑖, (9a)

𝜕𝐐
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝐐 = 𝐐 Ω̃(𝐐), 𝛺̃𝑖𝑗 (𝐐) =
𝑓2
𝑓3

𝐸̃𝑖𝑗
𝜆𝑗 + 𝜆𝑖
𝜆𝑗 − 𝜆𝑖

+ 𝑊̃𝑖𝑗 . (9b)

quations (9a) and (9b) describe the deformation and rotation of cells, respectively. In particular, the deformation equation (9a)
ontains the effects of the recovery term (see Fig. 1(c)) and the deformational strain (see Fig. 2(a)). The terms are transformed to
he eigensystem of the morphology tensor to act directly on the eigenvalues 𝜆𝑖, which represent the ellipsoid’s semi-axes. Similarly,
he rotation equation (9b) describes the effects of the rotational strain (see Fig. 2(b)) and the vorticity (see Fig. 1(e)) on the
igenvectors 𝐐 = [𝐯1, 𝐯2, 𝐯3], which represent the ellipsoid’s orientation.

The rotation equation (9b) exhibits a singularity at 𝜆𝑖 = 𝜆𝑗 . This corresponds to a circular cross-section of the ellipsoid, which
makes the eigenvectors immediately align with the principal axes of strain in that plane. The eigenvectors may thus be computed
as solution to 𝐸̃𝑖𝑗 = 0 in this degenerate state.

The formulation (9) is challenging to solve numerically due to the rotation equation (9b). On the one hand, the rotational source
erm (9b) is three orders of magnitude larger than the deformation source term (9a) and can become arbitrarily large due to the
ingularity at 𝜆𝑖 = 𝜆𝑗 This creates a discrepancy of timescales and requires prohibitively small time steps. On the other hand, the
rthogonal matrix 𝐐 is impractical to handle numerically as a field variable, as it contains 9 entries and its columns need to remain
rthonormal. These issues lead to large computational effort and a high number of numerical constraints, making direct numerical
imulation unfeasible for realistic geometries.

To alleviate these issues, we derive a model for the behavior of the rotation equation (9b) on the slower timescale of the
eformation problem. For this purpose, we assume that rotation happens infinitely fast compared to deformation and distinguish
etween two states: tank-treading and tumbling.

A tank-treading cell is oriented such that the moments of strain and vorticity are in equilibrium, i.e., Ω̃ = 𝟎 in Eq. (9b). The
orientation that satisfies this condition is termed 𝐐⋆ and depends on the cell deformation Λ and the flow quantities 𝐄 and 𝐖. It
aries on the same scale as the flow quantities.

A tumbling cell is too deformed to assume an equilibrium orientation for the local flow state. In consequence, it will keep
otating and experience tensile and compressional stresses to approximately equal amounts. The source term 𝐄̃ in the deformation
quation (9a) thus tends to zero in the long timescale. This can be ensured by setting 𝐐 = 𝟎.

In sum, the tank-treading morphology model (TTM) becomes:
𝜕𝜆𝑖
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝜆𝑖 = −𝑓1
(

𝜆𝑖 − 𝑔(Λ)
)

+ 2𝑓2𝜆𝑖𝐸̃𝑖𝑖, 𝐄̃ = 𝐐𝐓𝐄𝐐, (10a)

𝐐 =

{

𝐐⋆(Λ,𝐄,𝐖), tank-treading,
𝟎, tumbling.

(10b)

This formulation reduces the rotation equation (9b) to an algebraic equation (10b), avoiding the associated time step limitations.
The approach to solve the algebraic equation is detailed in Section 2.3.2. Moreover, the deformation equations can be simplified
as well; due to volume conservation, the product of the eigenvalues has to remain constant and can be set to unity without loss of
generality. Thus, we only need to solve Eq. (10a) for 𝜆1 and 𝜆3 and can compute 𝜆2 =

1
𝜆1𝜆3

. This reduces the number of differential
variables from six in the full-order model (8) to just two in the TTM (10). As demonstrated in Section 4.4, this results in significant
improvements in efficiency and robustness.

2.3.1. Logarithmic formulation of tank-treading morphology model
For additional robustness, we employ a logarithmic transformation as presented by Haßler et al. [32] to ensure positive

eigenvalues in the correct order. We define the following transformation:

𝜆1 = 1 + 𝑒𝜆̂1 ∈ (1,∞), 𝜆3 =
1 ∈ (0, 1). (11)
5

1 + 𝑒𝜆̂3
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We rewrite the material derivative of the deformation model (10a) in terms of the transformed eigenvalues:

𝜕𝜆̂1
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝜆̂1 =
1(Λ)
𝜆1 − 1

,
𝜕𝜆̂3
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝜆̂3 =
3(Λ)
𝜆23 − 𝜆3

, 𝑖(Λ) = −𝑓1
(

𝜆𝑖 − 𝑔(Λ)
)

+ 2𝑓2𝜆𝑖𝐸̃𝑖𝑖. (12)

This is the logarithmic formulation of the tank-treading morphology model (TTLM). The model is thus solved for the transformed
eigenvalues 𝜆̂1 and 𝜆̂3. The original eigenvalues 𝜆1 and 𝜆3 are obtained from the transformation (11). The right-hand side source
terms are computed using these original eigenvalues.

2.3.2. Determining the equilibrium orientation of the cell
The algebraic equation (10b) requires us to solve the equation Ω̃(𝐐⋆) = 𝟎. We will derive the solution analytically in 2D first

and then generalize it numerically to 3D. In 2D, we assume without loss of generality that any rotation happens in the plane that
contains the ellipsoid’s first two axes 𝐯1, 𝐯2 and that 𝜆1 ≠ 𝜆2 (otherwise the cross-section is circular and the orientation is arbitrary).
Then we only need to consider 𝐄,𝐖,Λ,𝐐,Ω ∈ R2×2. In particular, the two-dimensional orientation 𝐐 = [𝐯1, 𝐯2] can be expressed as
a rotation 𝐑 of the reference orientation 𝐈 by an angle 𝜃:

𝐐 = 𝐑(𝜃) =
[

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]

. (13)

This allows us to write the rotation rate (9b) as a function of this scalar 𝜃:

𝛺̃21(𝜃;Λ,𝐄,𝐖) =
𝑓2
𝑓3

𝜆1 + 𝜆2
𝜆1 − 𝜆2

(

𝐸12 cos(2𝜃) +
1
2
(𝐸22 − 𝐸11) sin(2𝜃)

)

−𝑊12. (14)

For ease of notation, we define the coefficients

𝑎(Λ,𝐄) ∶=
𝑓2
𝑓3

𝜆1 + 𝜆2
𝜆1 − 𝜆2

𝐸12, 𝑏(Λ,𝐄) ∶=
𝑓2
2𝑓3

𝜆1 + 𝜆2
𝜆1 − 𝜆2

(𝐸22 − 𝐸11), 𝑐(𝐖) ∶= 𝑊12. (15)

The equilibrium orientation angle 𝜃⋆ is a solution to the equation 𝛺̃21(𝜃⋆) = 0. Mathematical analysis of Eq. (14) reveals that such
a solution exists only if

𝑎2 + 𝑏2 ≥ 𝑐2. (16)

This condition weighs the aligning effects of strain against the rotational effects of vorticity. If the vorticity is too strong, the strain
cannot keep the cell at equilibrium and the cell tumbles instead. If an equilibrium orientation exists, there are always two solutions.
We demand that the equilibrium is stable, i.e., the cell returns to equilibrium after small perturbations. This corresponds to the
condition 𝜕𝛺̃21

𝜕𝜃 < 0. Analysis of Eq. (14) shows that the only solution that satisfies this condition is

𝜃⋆(𝑎, 𝑏, 𝑐) = arctan

(

𝑎 +
√

𝑎2 + 𝑏2 − 𝑐2

𝑏 + 𝑐

)

. (17)

This corresponds to the solution where the longest semi-axis of the cell experiences tension and the shortest semi-axis experiences
compression. The equilibrium orientation may then be computed from Eq. (13) as 𝐐⋆ = 𝐑(𝜃⋆). This is illustrated in Fig. 3(a).

Next, we will present an approach to apply this analytical two-dimensional solution in a three-dimensional setting, i.e., 𝐄,𝐖,Λ,𝐐,
Ω ∈ R3×3. For this purpose, we define the projection operator

 𝑘 ∶ R3×3 → R2×2,  𝑘(𝐀) = (𝐴𝑖𝑗 )𝑖≠𝑘,𝑗≠𝑘.

It projects a three-dimensional state to the plane normal to the 𝑘th coordinate axis by deleting the 𝑘th row and the 𝑘th column of
the tensor 𝐀. For each axis 𝑘, we obtain two-dimensional flow quantities 𝐄(𝑘) =  𝑘(𝐄), 𝐖(𝑘) =  𝑘(𝐖) and a two-dimensional cell
deformation Λ(𝑘) =  𝑘(Λ) for the respective cross-section of the ellipsoid. We can then treat each cross-section according to the
two-dimensional findings from above. This allows us to determine the equilibrium angle 𝜃𝑘 in that cross-section 𝑘. This is illustrated
in Fig. 3(b).

All required steps are listed in Algorithm 1. We iteratively approximate the equilibrium orientation 𝐐⋆ by successively applying
rotations 𝜃𝑘 around the ellipsoid’s axes 𝐯𝑘. The current approximation is stored in 𝐐 = [𝐯1, 𝐯2, 𝐯3]. Each iteration works as follows:
First, we use the current orientation 𝐐 to transform the fluid strain and vorticity tensors to the coordinate system of the ellipsoid
according to Eq. (5) (see line 5). The transformation ensures that the subsequent projection (see line 6) gives us information in
a plane that contains two of the ellipsoid’s axes 𝐯𝑖, 𝑖 ≠ 𝑘. This is important because the deformation Λ(𝑘) =  𝑘(Λ) is given in
this plane. Next, we treat this cross-section according to the two-dimensional results; we compute the coefficients 𝑎𝑘, 𝑏𝑘, 𝑐𝑘 using
Eq. (15). Based on the condition (16), we determine if an equilibrium orientation exists. If it does, we compute the equilibrium
angle 𝜃𝑘 according to Eq. (17) (see line 9). Analogous to Eq. (13), we define an elementary rotation matrix 𝐑𝑘(𝜃) ∈ R3𝑥3 to perform
a rotation around the 𝑘th axis. We apply the rotation to the current orientation 𝐐 by multiplying from the right (see line 10). This
is because we want to rotate around the 𝑘th axis of the ellipsoid 𝐯𝑘, rather than the 𝑘th axis of the reference coordinate system. If
the equilibrium orientation does not exist, the cell is tumbling. According to Eq. (10b), we set 𝐐 = 𝟎 (see line 13).

In case of unstable convergence behavior, an underrelaxation factor may be added to the update of the orientation in line 10. In
the underlying study, Algorithm1 converged for over 99.9% of quadrature points, mostly within fewer than 10 iterations of the outer
loop. The algorithm converges towards a state where the longest axis of the cell experiences tension and the shortest axis experiences
6
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Fig. 3. Determining equilibrium orientation in 2D and 3D.

Algorithm 1: Equilibrium orientation algorithm in 3D
Input: A cell deformation Λ, fluid strain 𝐄 and fluid vorticity 𝐖
Output: A cell orientation 𝐐 for the TTM within an accuracy of 𝜀.

1 𝐐 ← 𝐈 ;
2 do
3 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑑 ← 𝑡𝑟𝑢𝑒 ;
4 for 𝑘 ← 1 to 3 do
5 𝐄̃ ← 𝐐𝐓𝐄𝐐 , 𝐖̃ ← 𝐐𝐓𝐖𝐐 ;
6 𝐄(𝑘) ←  𝑘(𝐄̃) , 𝐖(𝑘) ←  𝑘(𝐖̃) , Λ(𝑘) ←  𝑘(Λ) ;
7 𝑎𝑘 ← 𝑎(Λ(𝑘),𝐄(𝑘)) , 𝑏𝑘 ← 𝑏(Λ(𝑘),𝐄(𝑘)) , 𝑐𝑘 ← 𝑐(𝐖(𝑘)) ;
8 if 𝑎2𝑘 + 𝑏2𝑘 ≥ 𝑐2𝑘 then // cell is tank-treading
9 𝜃𝑘 ← 𝜃⋆(𝑎𝑘, 𝑏𝑘, 𝑐𝑘) ;
10 𝐐 ← 𝐐𝐑𝑘(𝜃𝑘) ;
11 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑑 ← (𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑑 ∧ |𝜃𝑘| ≤ 𝜀) ;
12 else // cell is tumbling
13 𝐐 ← 𝟎 ;
14 return ;
15 end
16 end
17 while not converged;

compression, i.e., 𝐸̃11 ≥ 𝐸̃22 ≥ 𝐸̃33. This is in agreement with the two-dimensional results. Overall, we find that Algorithm 1 reliably
and efficiently produces a unique solution.

An alternative is numerically integrating the transient equation d𝐐
d𝑡 = 𝐐Ω̃ up until steady state. This is computationally inefficient,

as it requires on the order of 100,000 time steps and does not allow for the detection of tumbling. It is used only as a fallback solution
in case Algorithm 1 does not converge.

2.4. Simplified Eulerian formulation

Previously, another formulation was obtained by Pauli et al. [6] by neglecting the eigenvector rotation Ω in Eq. (2). This enables
a more direct Eulerian description:

𝜕𝐒
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝐒 = −𝑓1 (𝐒 − 𝑔 (𝐒) 𝐈) + 𝑓2 (𝐄, 𝐒) + 𝑓3 [𝐖, 𝐒] . (18)

Applying the same transformation as in Section 2.2 yields

[Ω, 𝐒] = 𝑓
(

𝐄 − 𝐄̂, 𝐒
)

+ 𝑓 [𝐖, 𝐒] . (19)
7
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The eigenvector rotation rate Ω is three orders of magnitude smaller than that in the full-order model (7). The simplified model (18)
is thus not equivalent to the original formulation. Furthermore, Eq. (19) shows that the simplified model still contains eigenvector
rotation, despite initially neglecting the associated terms. These findings indicate that the simplified Eulerian formulation is
inconsistent. The effects of this inconsistency will be discussed in Section 4.

2.5. Strain-based hemolysis modeling

Following Arora et al. [5], any of the cell deformation models from above may be employed to compute the cell distortion 𝐷
and the resulting effective shear rate 𝐺eff :

𝐷 =

√

𝜆1 −
√

𝜆3
√

𝜆1 +
√

𝜆3
, 𝐺eff =

2𝐷𝑓1
(1 −𝐷2)𝑓2

. (20)

This effective shear rate may then serve as input to an empirical correlation relating shear stress to hemoglobin release [3,11]. The
release rate can be interpreted as source term for an advection–diffusion equation that describes the free hemoglobin concentration
in the blood. This has been described in detail in previous works [6,33]. The focus of the present study will be the cell morphology
model itself, as it constitutes the defining feature of strain-based blood damage models.

It should be noted that despite its name, the effective shear rate 𝐺eff accounts for both shear and extensional fluid stress, as
it is computed directly from the instantaneous cell distortion 𝐷. In fact, it provides a natural way to incorporate experimental
observations on the significance of extensional stress [13,14]. In simple shear flow, RBCs assume a tank-treading orientation that
is generally not aligned with the principal axis of strain [12]. Thus, the cells experience only a fraction of the total fluid stress. In
extensional flow through a contraction, RBCs align with the principal axis of extension [14]. As a result, the cells experience the
full stress. The predicted distortion 𝐷 and the resulting effective shear rate 𝐺eff are thus higher.

3. Numerical method

Our simulations consist of two components: the flow problem and the morphology problem. The flow problem is solved first
and information about the flow field is then transferred to the morphology problem in a one-way coupling. In this section, we first
present the mathematical definitions of these two problems in Sections 3.1 and 3.2. The computational frameworks that implement
these problems are described in Section 3.3.

3.1. Flow problem

Whole blood is assumed to be an incompressible, Newtonian fluid, which is generally valid for blood at high shear rates [34].
High shear regions are the most significant in this context, since this is where the majority of hemolysis occurs. Fluid flow is thus
governed by the incompressible Navier–Stokes equations:

𝜌
( 𝜕𝐮
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝐮
)

= −𝛁 ⋅ 𝝈 in D,

𝛁 ⋅ 𝐮 = 0 in D,

𝝈 = −𝑝𝐈 + 2𝜇𝐄 in D,

𝐮 = 𝐮in on 𝛤in,

𝐮 = 𝐮wall on 𝛤wall,

𝝈 ⋅ 𝐧 = 𝟎 on 𝛤out ,

for the fluid domain D. The domain boundary 𝜕D is partitioned into inflow 𝛤in, no-slip walls 𝛤wall and stress-free outflow 𝛤out . As
material parameters for blood, we select a density of 𝜌 = 1.054 g cm−3 and a viscosity of 3.5 cP. The problem is discretized with
stabilized finite elements. For details on the stabilization terms, we refer to Pauli and Behr [35]. To simulate rotating systems at
steady state, we employ the moving reference frame (MRF) approach [36]. For our applications involving an impeller, we define
a rotating inner domain Drot and a fixed outer domain D ⧵ Drot . The inner domain rotates along with the impeller at an angular
velocity Ωimp.

3.2. Morphology problem

Fundamentally, the morphology models (8), (10) and (18) represent advection-reaction equations. Aggregating the respective
differential degrees of freedom in a vector 𝝓 , each of them can be written in the following form:

𝖬(𝝓;𝐮,𝛁𝐮) ∶=
𝜕𝝓
𝜕𝑡

+ (𝐮 ⋅ 𝛁)𝝓 − 𝐟 (𝝓,𝛁𝐮) = 𝟎 in D, (21a)

𝝓 = 𝝓in on 𝛤in, (21b)

𝛁𝝓 ⋅ 𝐧 = 𝟎 on 𝛤wall ∪ 𝛤out . (21c)
8
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At the inlet 𝛤in, we impose some cell morphology, e.g., an undeformed cell. At walls and at the outflow, there is no component of
advection velocity from the boundary into the computational domain. Consequently, we apply no-flux boundary conditions at all
remaining boundaries 𝛤wall ∪ 𝛤out = 𝜕D ⧵ 𝛤in.

Using the MRF approach, the governing equations (21a) are transformed to the same reference frames as the flow problem. In
particular, RBCs are advected by the relative velocity field 𝐮̃ = 𝐮 − Ωimp × 𝐫 in the rotating frame. The flow forces acting on the
cells, i.e., the velocity gradients, are transformed accordingly:

𝖬(𝝓; 𝐮̃,𝛁𝐮 −Ωimp) = 𝟎 in Drot .

This formulation holds true for model formulations that are objective, i.e., invariant under rotation. This is the case for models (8)
and (10). The simplified model (18) is not objective, however, as cells do not rotate with the full fluid vorticity 𝐖. This particular
model thus requires the addition of another term that accounts for the rotating reference frame:

𝜕𝐒
𝜕𝑡

+ (𝐮̃ ⋅ 𝛁)𝐒 = −𝑓1 (𝐒 − 𝑔 (𝐒) 𝐈) + 𝑓2 (𝐄, 𝐒) + 𝑓3 [𝐖, 𝐒] −
[

Ωimp, 𝐒
]

in Drot .

For the finite element discretization, we consider the stabilized weak Galerkin formulation of the problem: Find 𝝓ℎ ∈ ℎ ⊂
[𝐻1(D)]𝑛dof such that:

𝐷𝖬(𝝍ℎ,𝝓ℎ) + 𝐸𝖬(𝝍ℎ,𝝓ℎ) + 𝐽𝖬(𝝍ℎ,𝝓ℎ) = 0 ∀𝝍ℎ ∈ ℎ ⊂ [𝐻1
0 (D)]𝑛dof , (22)

where 𝐻1(D) denotes the set of functions with square-integrable first derivatives on D and 𝐻1
0 (D) is a subset of those functions

atisfying a homogeneous Dirichlet boundary condition on 𝛤in. The first term represents the constitutive model equations:

𝐷𝖬(𝝍ℎ,𝝓ℎ) = ∫D⧵Drot
𝝍ℎ ⋅𝖬(𝝓ℎ,𝐮,𝛁𝐮) d𝐱 + ∫Drot

𝝍ℎ ⋅𝖬(𝝓ℎ, 𝐮̃,𝛁𝐮 −Ωimp) d𝐱.

he second term 𝐸𝖬 represents stabilization. We are using Galerkin/least-squares (GLS) stabilization [37]. For details on the
ormulation for multi-dimensional variables, we refer to Pauli [34]. The third term represents 𝑌 𝑍𝛽 discontinuity capturing [38],
omputed element by element:

𝐽𝖬(𝝍ℎ,𝝓ℎ) =
𝑛el
∑

𝑒=1
∫D𝑒

𝜈DC𝛁𝝍ℎ ∶ 𝛁𝝓ℎ d𝐱.

.3. Implementation

The Eulerian problems presented in Sections 3.1 and 3.2 are solved using our in-house multiphysics finite element code XNS.
etails on the implementation can be found in Appendix B.

In order to verify the Eulerian model formulations and their numerical discretization, we compare them to their Lagrangian
ounterparts. This is achieved in five steps, all of which are available as part of our open-source Python package HemTracer.1 First,
e use the same Eulerian flow field determined by the flow problem (see Section 3.1) to compute pathlines, i.e., trajectories of

luid particles. They are obtained by integrating the following ordinary differential equation (ODE) starting from a given initial
osition 𝐗0:

d𝐗
d𝑡

=

{

𝐮(𝐗, 𝑡), 𝐗(𝑡) ∈ D ⧵Drot ,
𝐮̃(𝐗, 𝑡), 𝐗(𝑡) ∈ Drot ,

𝐗(0) = 𝐗0, (23)

Second, we compute the velocity gradients of the flow field and interpolate them to the pathlines 𝐗(𝑡) to obtain 𝛁𝐮(𝑡). Third, we
rewrite the morphology problem in the Lagrangian frame by substituting the derivatives with respect to space and time with the
material derivatives along the pathline, i.e., the morphology problem (21) becomes:

d𝝓
d𝑡

=

{

𝐟 (𝝓,𝛁𝐮(𝑡)), 𝐗(𝑡) ∈ D ⧵Drot ,
𝐟 (𝝓,𝛁𝐮(𝑡) −Ωimp), 𝐗(𝑡) ∈ Drot ,

𝝓(0) = 𝝓0.

We match the initial condition 𝝓0 to the Eulerian morphology field at the initial position 𝐗0. Fourth, we solve the Lagrangian problem
numerically by integrating the above ODE in time. We use the scipy.integrate.solve_ivp routine with an adaptive Runge–
Kutta 45 scheme. Fifth, we interpolate the Eulerian morphology results to the same pathline and compare them to the Lagrangian
results.

4. Numerical results

In order to compare the models presented above, we apply them to a selection of benchmark problems. In Sections 4.1 and 4.2,
we consider two simple flows to verify the new Eulerian model formulations (8) and (10) and show the deficiencies of the simplified
model (18). We discuss two more realistic configurations in Sections 4.3 and 4.4 to show practical advantages of the tank-treading
morphology model (TTM) (10) over the full-order model (8).

1 https://github.com/nicodirkes/HemTracer
9
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Fig. 4. Comparison of morphology models under simple shear.

.1. Simple shear

First, we consider planar two-dimensional Couette flow. This configuration is visualized in Fig. 4(a). The channel height is set
o ℎ = 2.5 ⋅ 10−5 m and the top wall moves at 𝑈 = 1m s−1. The channel has a streamwise length of 2m. The computational domain

is discretized with 10,000 rectangular finite elements. At the inlet, the elements have a streamwise length of 5 ⋅ 10−6 m to capture
cell behavior in the entry region. The length progressively increases downstream. At the inlet, red blood cells are introduced with
an initial shape of (𝜆1, 𝜆2, 𝜆3) = (2, 1, 0.5). The angle between the flow direction and the major axis is defined as 𝜃. At the inlet, the
orientation is imposed such that the major axis is orthogonal to the flow direction, i.e., 𝜃in = 90◦. The solutions for the Eulerian
models (8), (10) and (18) are obtained by solving the steady state morphology problem (22).

From a Lagrangian point-of-view, planar Couette flow produces simple shear, i.e., unidirectional flow with a constant gradient
perpendicular to the flow direction. Fluid strain and vorticity are of equal strength in simple shear. Their magnitude is defined by
the fluid shear rate 𝐺f = 40,000 s−1. If we align the 𝑥-axis with the flow direction and the 𝑦-axis with the gradient direction, the
flow gradients can be written as follows:

𝛁𝐮 =
⎡

⎢

⎢

⎣

0 𝐺f 0
0 0 0
0 0 0

⎤

⎥

⎥

⎦

.

For this flow field, pathlines are straight lines with 𝑦 = const. We evaluate the Lagrangian Arora model along these pathlines as
described in Section 3.3. The initial condition is equivalent to the inlet boundary condition then. If we choose the pathline at the
top, i.e., 𝑦 = ℎ with 𝑈 = 1m s−1, the time coordinate 𝑡 in the Lagrangian formulation corresponds one-to-one to the spatial coordinate
𝑥 in the Eulerian formulation. The solution of the Lagrangian model can thus be compared directly to the Eulerian solution.

Fig. 4(b) shows the evolution of the major axis angle 𝜃. Starting from the imposed initial angle of 90◦, the cell rapidly assumes
an orientation 𝜃 = 26.6◦. As visualized in the inset in Fig. 4(b), the initial alignment happens within the first 0.1ms according to
the Arora model (2). The resulting angle corresponds precisely to the equilibrium orientation for the initial deformation and the
given flow state, i.e., 𝜃⋆ = 26.6◦ according to Eq. (17). Downstream, the cell remains at equilibrium orientation 𝜃⋆, which decreases
asymptotically towards 0 with increasing cell deformation. This steady orientation represents a tank-treading state. The alignment
of the major axis with the flow direction at high shear rates agrees with experimental observations [12,29].

The Eulerian models differ in their ability to predict the initial rapid alignment. As shown in the inset, the full-order model (8)
predicts the alignment perfectly. The TTM does not resolve the initial alignment, as the cell is assumed to be at equilibrium
permanently. However, it predicts the orientation accurately after the initial alignment, i.e., 𝑥 > 1 ⋅10−4 m. In contrast, the simplified
model (18) predicts a slower alignment with the tank-treading orientation. This is due to the lower rotation rate of cells (cf.
Section 2.4). The final orientation is predicted accurately by the simplified model. This is because it represents an equilibrium
between the rotational effects of strain and vorticity. The strength of these effects relative to one another is the same in the simplified
model as in the full-order model. The absolute rotation rate is lower, however, causing slower transient behavior.

Fig. 4(c) shows the evolution of the major axis length
√

𝜆1. Starting from the initial deformation, the cell deforms towards
a steady state deformation of (𝜆 , 𝜆 , 𝜆 ) = (10.5, 0.43, 0.22). According to Eq. (20), this corresponds to an effective shear rate of
10
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Fig. 5. Comparison of morphology models under short exposure times 𝜏 = 𝑥∕𝑈 .

Fig. 6. Comparison of morphology models under rotating shear.

eff = 40,000 s−1 = 𝐺f . This is expected behavior, as the effective shear rate is constructed precisely to predict an equivalent simple
hear flow that induces the instantaneous cell deformation at steady state. The Eulerian models agree in the prediction of this final
eformation, but they differ in their prediction of transient behavior. The full-order model predicts the evolution of deformation in
ull agreement with the Arora model. The TTM provides an equivalent approximation. The discrepancy with respect to the initial
ell orientation is limited to such small timescales that it does not affect deformation, which occurs over longer timescales. The
implified model, on the other hand, significantly overpredicts intermediate deformation. This is due to the slower alignment with
he tank-treading state, which causes the cell to be more aligned with the direction of shear for longer. The steady deformation is
redicted correctly due to the correct prediction of the final orientation.

To investigate the behavior under shorter exposure times, we modify the configuration in Fig. 4(a) by increasing the top wall
elocity to 𝑈 = 200m s−1 and increasing the bottom wall velocity to 𝑈bot = 100m s−1. With a gap width of ℎ = 1⋅10−4 m, this results in
fluid shear rate of 𝐺f = 1,000,000 s−1. We compare the models’ predictions in Fig. 5 over the exposure time 𝜏 = 𝑥∕𝑈 of cells moving

along the top wall. Because of the short exposure time, the total deformation in Fig. 5(b) is lower than in the previous configuration.
This is a feature of strain-based hemolysis models, which take into account the viscoelastic behavior of the cell membrane. Due to
the higher levels of shear stress, the initial alignment of the cell with the tank-treading orientation in Fig. 5(a) happens faster than
in the previous configuration. In particular, it still takes up only a miniscule fraction of the total exposure time. As a result, the TTM
is again able to predict orientation and deformation accurately in the relevant timescales, as evidenced by Fig. 5(b). In contrast, the
alignment with the tank-treading state is much slower in the simplified mode. As a result, this model fails to predict any significant
deformation over this exposure time.

Overall, this test case verifies the full-order Eulerian reformulation (8), which agrees perfectly with the Lagrangian model (2).
The TTM (10) only deviates slightly for the initial orientation, but agrees for the deformation. Since deformation is the primary
quantity of interest, the TTM is a good approximation for the full-order model. The simplified model (18), on the other hand,
deviates significantly for the transient cell deformation. This demonstrates the effects of the lower rotation rate.

4.2. Rotating shear

In order to explore transient cell behavior in more detail, we consider two-dimensional circular Couette flow. This test case is
visualized in Fig. 6(a). We choose 𝑅 = 0.701 cm, 𝛥𝑅 = 0.0001 cm and counter-rotating walls with 𝜔i = 1 rad s−1, 𝜔o = −1 rad s−1.
This system produces a nearly constant shear rate of 𝐺f = 14,021 s−1 across the domain. We define a non-dimensionalized radial

∗ 𝑟−𝑅 ∈ [0, 1]. The domain is discretized with 8 elements in radial direction and 3560 elements in azimuthal direction.
11
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Fig. 7. Morphology results for square stirrer.

Due to the two-dimensional nature of the problem, the Taylor–Couette instability does not affect the flow. We simulate all Eulerian
morphology models on this domain up to steady state.

The pathlines are closed circles with 𝑟∗ = const. Along each pathline, a cell experiences simple shear flow with a rotating direction
of shear:

𝛁𝐮(𝑡) = 𝐑𝑧(𝜔𝑡)
⎡

⎢

⎢

⎣

0 𝐺f 0
0 0 0
0 0 0

⎤

⎥

⎥

⎦

𝐑𝑧
𝐓(𝜔𝑡), 𝐑𝑧(𝜑) =

⎡

⎢

⎢

⎣

cos𝜑 − sin𝜑 0
sin𝜑 cos𝜑 0
0 0 1

⎤

⎥

⎥

⎦

.

The angular frequency depends on the radius of the pathline:

𝜔
(

𝑟∗
)

= 𝜔i +
(

𝜔o − 𝜔i
) (

2𝑟∗ − 1
)

.

We evaluate the Arora model for three radii 𝑟∗ ∈ {0, 0.5, 1} by integrating the Lagrangian morphology model along the circular
pathlines up until steady state.

In Fig. 6(b), we compare the different morphology models. With the Lagrangian Arora model, the effective shear rate 𝐺eff is
nearly constant across the range of 𝑟∗ and corresponds to fluid shear 𝐺f . As cells travel along their pathlines, they constantly realign
themselves with respect to the rotating direction of shear. In the Arora model, this realignment occurs so rapidly that cells practically
experience only simple shear. For simple shear, 𝐺eff = 𝐺f holds in steady state, as discussed in Section 4.1.

Out of the Eulerian models, the full-order model again agrees perfectly with the Lagrangian model. The TTM agrees very well
with the full-order model for these parameters. The simplified model, on the other hand, deviates significantly from the full-order
model. It underpredicts cell deformation at the inner wall and overpredicts it at the outer wall. It agrees with the full-order model
only at the centerline 𝑟∗ = 0.5. This is due to the lower rotation rate of cells in the simplified model, which causes a phase lag in
their orientation as they travel along the circular pathline. At the inner wall, this phase lag causes the major axis to be less aligned
with the principal axis of strain, leading to lower deformation. At the outer wall, the phase lag causes the major axis to be more
aligned with the principal axis of strain, leading to higher deformation. At the centerline, cells are at rest, so they do not experience
a rotating direction of shear, 𝜔(𝑟∗ = 0.5) = 0. This is equivalent to simple shear, where the simplified model agrees with the full-order
model at steady state.

This test case serves as further verification for the Eulerian full-order model and the TTM, both of which agree with the Lagrangian
Arora model. Furthermore, it demonstrates that the simplified model deviates from the full-order model not only in transient
behavior (see Section 4.1), but also at steady state. In general, the simplified model is not suitable for any flows with non-constant
gradients along its pathlines, as this requires cells to realign. This realignment incurs modeling errors due to the lower rotation rate
in the simplified model. As this test case demonstrates, these errors can lead to both overprediction and underprediction of effective
shear rate.

4.3. Square stirrer

In order to test the morphology models’ performance in more complex flows, we consider a two-dimensional square domain
with a stirrer. The geometry and mesh are identical to those presented in previous works [32,34]. We set a stirrer frequency of
12
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Fig. 8. Effective shear rate in simplified three-dimensional blood pump in the plane 5mm above the impeller blades.

Table 1
Execution times for the simple pump test case on 192 cores.
Simulation Time

CFD (MRF) 20 h
Full-order morphology (est.) 4000 h
Simplified morphology 45min
TTLM 4min

𝜔stir = 100 rad s−1 and use the MRF approach for the rotating stirrer. The interface is visualized as a dashed line in Fig. 7(a). The
computational domain is discretized with 92,262 triangular elements. The initial condition is an undeformed cell. We simulate the
Eulerian morphology models up to steady state.

The model predictions are compared in Fig. 7. The solution in Fig. 7(a) matches previous results using the simplified model [32].
In comparison with the full-order model in Fig. 7(b), however, it deviates significantly. In particular, it underpredicts effective shear
rate close to the stirrer by two orders of magnitude. The TTM in Fig. 7(c) agrees well with the full-order model, but lacks some of
the finer details of the solution in the region close to the stirrer. Finally, the three models are compared along the profile line 𝜉 in
Fig. 7(d). The results for the simplified model agree qualitatively with those presented by Haßler et al. [32]. However, this agrees
with the full-order model only close to the outer walls. In that region, flow velocities are lower, so cells do not have to respond
to changing velocity gradients as quickly. The simplified model is thus able to predict the effective shear rate accurately. Closer to
the center, cells rotate more quickly, so the modeling error due to the lower rotation rate of the simplified model becomes more
significant. This causes the underprediction in that region. Conversely, the TTM agrees well with the full-order model across the
whole domain.

4.4. Simple blood pump

The final test case involves a three-dimensional geometry. It was designed by Pauli et al. [6] to represent a simplified version
of the FDA benchmark pump [8]. In particular, it is lacking the central cone element of the impeller. The domain is discretized
with a total of 6,618,708 tetrahedral elements. We simulate fluid flow through the pump with the MRF approach at a flow rate of
0.5 Lmin−1, with a rotation rate of 1000 rpm. The Reynolds numbers in the inflow tube and impeller region are Re = 𝜌𝑢̄ 𝑑 ∕𝜇 = 320
13
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Fig. 9. Selected pathlines in the simple blood pump.

Fig. 10. Eulerian and Lagrangian model formulations compared along four sample pathlines in the simple blood pump.

and Reimp = 𝜌𝜔rot𝑟2imp∕𝜇 = 25,712, respectively. Since this corresponds to a laminar flow regime [39], we do not employ a turbulence
model. For the Eulerian morphology models, we set undeformed cells as initial condition and as boundary condition at the inlet. We
employ the logarithmic formulation of the tank-treading morphology model (TTLM) for additional robustness. We perform unsteady
simulations until we reach a quasi-steady state, i.e., the flow field and cell deformation do not change significantly over time.

The execution times to obtain the respective solutions are listed in Table 1. The CFD simulation requires 833 time steps of size
𝛥𝑡 = 5 ⋅ 10−4 to produce a steady solution. Each time step takes 86 s on 192 cores. In this complex flow, cells exhibit unsteady
tumbling behavior even in quasi-steady state. The two morphology models (8) and (18) require us to resolve this rotation. For
the simplified morphology model, we require 60 time steps, which take 45 s each on 192 cores. As the rotation rate of cells in
the full-order model is larger by a factor of 1∕𝑓3 (comp. Eqs. (7) and (19)), we would require at least 142,000 time steps for the
full-order model. Each step takes more than 100 s due to the eigenvector operations, leading us to an estimated total execution
time of at least 4000 h, two orders of magnitude larger than the CFD simulation. For this reason, we do not perform the Eulerian
full-order morphology simulation for this test case. Finally, the TTLM does not need to resolve cell rotation and thus only requires
30 time steps. Additionally, each time step only takes 7 s due to the lower number of degrees of freedom.

Fig. 8 shows the effective shear rate on a plane parallel to the impeller disk. The plane is located 0.5mm above the blades. The
simplified model in Fig. 8(a) again underpredicts the effective shear rate severely compared to the TTLM in Fig. 8(b). The relative
14
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eff is shown in Fig. 8(c). Close to the outer wall and close to the inflow in the center, the two models

gree. This can be explained by the same reasoning as in the square stirrer test case (cf. Section 4.3): The simplified model is able to
redict the effective shear rate accurately in regions with low flow velocity, where cells do not have to respond to changing velocity
radients as quickly. Everywhere else, the simplified model underpredicts the effective shear rate by up to 98%.

For verification, we compare the Eulerian and Lagrangian model formulations as outlined in Section 3.3. Four particular pathlines
re selected and visualized in Fig. 9. The pathlines provide good coverage of the area around the impeller. However, only one of the
our pathlines exits the domain through the outlet. The other pathlines terminate at walls or at the impeller. This is an artifact of
he discrete nature of the velocity field and the explicit time stepping scheme used to integrate the pathlines. It presents a principal
imitation of the Lagrangian approach, as it is not possible to track every cell through the whole domain, especially in complex
eometries, where cells can get trapped in recirculation zones. This limitation does not apply to the Eulerian models, as they are
olved on the whole domain.

The model results along these particular pathlines are given in Fig. 10. The two Lagrangian solutions for Arora model and TTM
re practically identical, underlining the validity of the TTM to approximate the full-order behavior. Out of the Eulerian models, the
implified model again underpredicts the effective shear rate significantly. For systems with higher rotation rates of the impeller,
e expect this discrepancy to grow further, as cell rotation becomes more significant. The Eulerian formulation of the TTM agrees
verall well with its Lagrangian formulation. The Eulerian formulation is more diffusive due to the finite element discretization in
pace. The Lagrangian formulation does not require any mesh, as its discretization is only governed by the integration step size
long its pathline. This causes some local discrepancies between the solutions. However, if we integrate empirical hemolysis models
long a larger set of 36 pathlines, the averaged results agree within 5%. Overall, this comparison demonstrates that the Eulerian
ormulation of the TTM is a valid approximation of the Lagrangian Arora model for the given application.

. Conclusion and outlook

We have demonstrated the capabilities of our new Eulerian strain-based hemolysis model, the tank-treading morphology model
TTM), in a variety of benchmark flows. Presently, its largest limitation is the underlying assumption of ellipsoidal cell shape.
ore complex dynamics and morphologies have been shown to occur in various flow conditions [19,40–42]. We argue that the

resent model nevertheless provides practical predictions for two reasons. First, fully resolving small-scale cell behavior requires a
ore complex structural model for the cell membrane. Such models currently only allow for simulation of small ensembles of cells,
any orders of magnitude away from the total number of cells in realistic configurations. They are thus not suitable for the design
rocess of VADs. Second, scale-resolving simulations by Lanotte et al. [41] at physiological hematocrit (volume fraction of RBCs) and

physiological plasma viscosities indicate that at high shear rates, elongated flattened cells with tank-treading dynamics dominate.
Even though their shapes may feature irregularities compared with pure ellipsoids, orientation and characteristic deformation time
should behave similarly. We thus expect the TTM to still describe the deformation of such cells adequately.

In the future, we will examine if the effects of the aforementioned morphology irregularities can be incorporated into the model
phenomenologically, e.g., by adapting the model parameters 𝑓1, 𝑓2, 𝑓3. Additionally, we are aiming to obtain experimental data for
ell deformation. This will allow for model validation and provide a basis for the calibration of the model parameters, especially in
ight of new results for relaxation time [43] and methods of varying the parameters [44]. Finally, we intend to apply the TTM to
ore realistic VAD geometries and compare its hemolysis predictions with computational and empirical reference results, e.g., for

he FDA benchmark blood pump [8]. In this context, we are also planning to investigate the effects of turbulence modeling and
ariable hematocrit on strain-based hemolysis predictions.

Overall, we are confident that the TTM represents an excellent compromise between accuracy and practicality. In contrast to
ulerian stress-based models, the TTM is able to capture the viscoelastic behavior of the cell membrane by resolving cell deformation
ime. Compared to Lagrangian strain-based models, the TTM is computationally more efficient and does not require tracking
ndividual cells. Compared to a previous Eulerian strain-based model [6], the TTM more accurately captures the original Lagrangian
odel behavior. These qualities will make it a valuable tool for the design process of future generations of medical devices.
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ppendix A. On the definition of the rotation term

The left-hand side of the Arora model (2) is meant to represent a Jaumann derivative. The defining feature of a Jaumann
erivative is that it is objective under rotation, i.e., in a purely rotational flow and neglecting shape recovery, it has to hold that

d𝐒
d𝑡

− [Ω, 𝐒] = 𝟎.

Again employing the spectral decomposition (4) and noting that the eigenvalues are constant in the case of pure rotation, we find
that

d𝐒
d𝑡

= d𝐐
d𝑡

Λ𝐐𝐓 +𝐐Λ
d𝐐𝐓

d𝑡
,

[Ω, 𝐒] = Ω𝐐Λ𝐐𝐓 −𝐐Λ𝐐𝐓Ω.

hus, objectivity is ensured if

d𝐐
d𝑡

= Ω𝐐 and d𝐐𝐓

d𝑡
= 𝐐𝐓Ω.

These equations are only satisfied by the definition (1). In contrast, Arora et al. [5] employed the definition

Ω̃ = −d𝐐𝐓

d𝑡
𝐐 = 𝐐𝐓 d𝐐

d𝑡
= 𝐐𝐓 d𝐐

d𝑡
𝐐𝐐𝐓 = 𝐐𝐓Ω𝐐,

which corresponds to a change of basis to the coordinate system of the cell. In tensor notation, the two definitions are equivalent.

Appendix B. Finite element code

Our in-house multiphysics finite element code XNS is written in Fortran and parallelized by the in-house EWD communi-
cation library using the Message Passing Interface (MPI). This allows us to exploit the potential of modern high performance
computing (HPC) architectures, especially for large-scale problems. XNS supports semi-discrete as well as space–time finite element
formulations [35] and entails a number of advanced methods for moving and deforming grids [45–48]. It also provides capabilities
to perform parametric model order reduction [49,50] using the RBniCS2 library [51].

The design of XNS adheres to the object-oriented programming (OOP) paradigm. Here, we employ encapsulation to structure
the code in a modular fashion, which comes with increased data security and promotes a more intuitive understanding of the code’s
design. In particular, the code is organized to separate the numerical discretization aspects, including computational mesh and time
discretization, from the formulation of physical field equations and the incorporation of features such as stabilization schemes or
discontinuity capturing. Furthermore, the design also facilitates coupling, e.g., between multiple field problems, which requires
exchanging the corresponding solution fields. Here, XNS provides functionality to couple field problems both weakly and strongly,
according to one-way or mutual dependencies.

The OOP approach also enables the usage of inheritance and polymorphism. On the one hand, inheritance is leveraged throughout
the code to create a hierarchy of classes, allowing the derived classes to inherit properties and behaviors from parent classes.
Thereby, common functionality can be efficiently implemented by reusing and sharing existing code. For example, the distribution
of temperature or concentration can be governed by the same scalar transport equation, but with different material parameters or
source terms. Using the concept of inheritance, this unified equation structure allows us to encapsulate the common functionality
while still addressing the specific variations.

On the other hand, polymorphism is implemented, enabling objects of different classes to be treated as objects of a common
superclass. As an illustrative example, the use of polymorphism allows the assembly process in the finite element procedure to
be implemented only once for different field problems derived from a common superclass. This design approach allows seamless
interchangeability and coupling of different problem types and avoids code duplication.

The above concepts are also particularly useful in the context of this work. Due to the modular design, it was straightforward
to create an additional module for the morphology problem and integrate it into the existing framework of field problems.

All field problems are derived from a common parent class FieldProblemT. The flow problem is implemented as a subclass
INSProblemT. For the different Eulerian models from Section 2, we followed the concept of inheritance to reflect their common

2 RBniCS — reduced order modeling in FEniCS, https://www.rbnicsproject.org/.
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Fig. B.11. Inheritance structure of Eulerian field problems in XNS.

properties. We introduced a new parent class MorphologyProblemT related to the generic formulation (22). From this, we derived
classes for the specific models that differ in number of degrees of freedom and in definition of the source term. MorphologyTen-
sorProblemT is the parent class for the morphology models that involve the morphology tensor 𝐒. The full-order model (8) and the
simplified model (18) are implemented as subclasses MorphologyFullOrderT and MorphologySimplifiedT, respectively.
MorphologyEigProblemT implements the problems that operate directly on the eigenvalues 𝜆𝑖 of 𝐒. The TTM from Eq. (10)
and the TTLM from Eq. (12) are implemented as subclasses TankTreadingT and TankTreadingLogarithmicT, respectively.
Fig. B.11 gives an overview of the classes and their inheritance.

As has been mentioned above, the flow and morphology problems are coupled in a weak manner. Thereby, the solution of the
flow problem, i.e., the velocity field and its gradient, is used in the morphology problem.
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