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Kurzfassung

Diese Arbeit widmet sich der Analyse der Fokker—Planck-Gleichungen aus der
kinetischen Gastheorie. Diese Gleichungen sind hilfreich bei der Untersuchung
des kollektiven Verhaltens von Vielteilchensystemen in verschiedenen Bereichen
(z.B. Physik, Biologie, Elektrotechnik und Sozialwissenschaften). Wir untersuchen
das Langzeitverhalten und hypoelliptische Regularisierungseigenschaften  von
Losungen. Im Speziellen untersuchen wir die kinetischen Fokker—Planck-Gleichungen,
das  Vlasov—Poisson—Fokker—Planck-System und die relativistische kinetische
Fokker—Planck-Gleichung. Fir jede der betrachteten Gleichungen gibt es ein eindeutiges
globales Gleichgewicht (oder einen stationdren Zustand). Aufgrund der dissipativen
Struktur dieser Gleichungen wird erwartet, dass die Losungen im Laufe der Zeit
gegen das entsprechende globale Gleichgewicht konvergieren.  Wir beweisen diese
Konvergenz und erhalten explizite und konstruktive Schétzungen der Konvergenzraten
in Abhéngigkeit vom Ausgangsdatum und den in den Gleichungen vorkommenden
Parametern. Untersuchungen iiber das Konvergenzverhalten zum Gleichgewicht sind
fiir Anwendungen in der Physik (z. B. Gleichgewichtsprozesse, numerische Simulationen)
unerlésslich. Sie geben Auskunft iiber die Zeitskala der Konvergenz zum Gleichgewicht
und damit iiber das qualitative Verhalten der Modelle sowie deren Giiltigkeit. Unsere
Beweistechnik basiert auf der Modifikation von Entropie-Entropie-Dissipationsanséatzen,
Hypokoerzividtsmethoden und der Konstruktion geeigneter Lyapunov-Funktionale.

Die Arbeit besteht aus vier Kapiteln. In Kapitel 1 wollen wir die Physik hinter
den Fokker—Planck-Gleichungen, ihre Herleitung und ihr Langzeitverhalten vorstellen. In
Kapitel 2 wird die kinetische Fokker—Planck-Gleichung mit einem EinschlieBungspotential
analysiert. Wir entwickeln eine modifizierte Entropiemethode, mit der wir hypoelliptische
Regularitat von Losungen und deren exponentielle Konvergenz zum stationaren Zustand
in einem gewichteten H!'-Raum mit expliziten konstruktiven Raten beweisen kénnen.
In Kapitel 3 wird fiir das nichtlineare Vlasov-Poisson—Fokker—Planck-System die
Wohlgestelltheit, die hypoelliptische Regularitdt von Loésungen und deren Konvergenz
zum stationdren Zustand bewiesen. In Kapitel 4 wird die relativistische kinetische
Fokker—Planck-Gleichung untersucht.
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Abstract

This thesis is devoted to the analysis of the Fokker-Planck equations coming from the
kinetic theory of gases. These equations arise in the study of the collective behavior
of many-particle systems in various fields (e.g., physics, biology, electrical engineering,
and social sciences). We study long time behavior and hypoelliptic regularizing
properties. The main models of interest are the kinetic Fokker-Planck equations, the
Vlasov-Poisson-Fokker-Planck system, and the relativistic kinetic Fokker-Planck equation.
For each equation there is a unique global equilibrium (or steady state). Because of the
dissipative structure of these equations, the solutions are expected to converge to the
corresponding global equilibrium as time goes infinity. We prove this convergence and
obtain explicit and constructive estimates on rates of convergence, in terms of the initial
datum and the parameters appearing in the equations. Studies on the trend to equilibrium
are essential for applications in physics (e.g., equilibration process, numerical simulations).
They give information on the time scale for relaxation to equilibrium, and therefore on
the qualitative behavior of the models as well as on their validity. The technique of our
proofs is based on modification of entropy-entropy dissipation approaches, hypocoercivity
methods, and construction of suitable Lyapunov functionals.

The thesis has four chapters. In Chapter 1, we aim to introduce the physics behind
the Fokker-Planck equations, their derivation and long time behavior. Chapter 2 analyze
the kinetic Fokker-Planck equation with a confining potential. We develop a modified
entropy method which lets us prove exponential decay of solutions to the steady state
in a weighted H' space with explicit constructive rates as well as hypoelliptic regularity.
Chapter 3 is devoted to establish well-posedness, hypoelliptic regularity, and convergence
to the steady state for the nonlinear Vlasov-Poisson-Fokker-Planck system. Chapter 4
studies the relativistic kinetic Fokker-Planck equation.
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Chapter 1

Introduction

This thesis is about the long time behavior and hypoelliptic regularizing properties of
Fokker-Planck equations which arise in the kinetic theory of gases. This introduction is
my own review of the background and the current literature. We first discuss how one can
study many-particle systems statistically using the kinetic theory of gases and the partial
differential equations in this field. Next, we explain how the Fokker-Planck equations are
derived to study the time evolution of many-particle systems. After this we show that the
Fokker-Planck equations have steady solutions and the solution is supposed to converge to
them as time goes infinity. Lastly we briefly describe the contents of each of the chapters.

1.1 Many-particle system

Consider the time evolution of N >> 1 particles of a gas (or any system made up of a large
number of particles) in some domain of RY. If we follow classical mechanics, the position
z;(t) € R? and the velocity v;(t) € R? of particle i, i € {1,..., N}, at time ¢ satisfy the
following Newton’s equations

) — ),
dvi(t) N (1.1)
mi—g =P+ >, Fy

where m; is the mass of particle 7. Fj; denotes the force acting on particle ¢ due to particle j,
and F' is an external force. The sum F + Zjvz 1,5 Fij € R? means the total force exerted
on particle i. To get information about the time evolution of the particles we need to
solve these equations, but we immediately face serious difficulties: A typical gas contains
approximately N ~ 10%% particles and solving N ~ 10?3 coupled differential equations
is extremely difficult. Secondly, the system (1.1) is deterministic and so we get different
solutions for different initial conditions. Before thinking about a solution, we need to
know the precise position and the velocity of each particle at ¢ = 0. This is practically
impossible. Therefore, it is generally impossible to solve the system (1.1). Moreover,
experimental evidences show that the trajectories of (1.1) are extremely complicated and
unstable with respect to minor changes of the initial conditions. However, the macroscopic
or statistical properties (e.g., density, pressure, average velocity, temperature) of a gas are
generally stable and largely independent of the precise initial conditions.

The kinetic theory (more generally nonequilibrium statistical mechanic), introduced
by Maxwell, Boltzmann, Gibbs and others at the end of the nineteenth century, describes
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2 CHAPTER 1. INTRODUCTION

a gas or any system made up of a large number of particles from a statistical point of view
forgetting about the individual trajectories. It makes the link between the fundamental
laws of mechanics which describe the motion of the particles and the time evolution of the
macroscopic properties of the system.

The calculations of the macroscopic properties of a gas requires the knowledge of the
distribution function of the particles. Hence, the main object in kinetic theory is the
distribution function f = f(¢,z,v) > 0 in the particle phase space. For an infinitesimal
volume dxdv around the point (x,v) of phase space, f(t,x,v)dzdv represents the number
of particles in the volume element dxdv. This distribution function allows to compute the
macroscopic quantities. For example, the local density n = n(t,x) is defined by

n(t,z) = f(t,x,v)dv.
R4

n(t,z)dr means the number of particles in the element dx. The total number N of the
particles in the gas is
N = flt, z,v)dzdv.
R2d
Similarly, the average velocity u(t, z) and the average temperature T'= T'(t,x) are defined
by
n(t, x)u(t, ) ::/ vf(t,z,v)dv,

R4
n(t, 2)(Jult, @) + dT(t,z)) = /Rd W2 f (¢, 2, v)do.

One of the important problems in kinetic theory is to derive a reasonable equation for
the time evolution of f. If we assume all particles have the same mass m and if we neglect
the interaction between particles (i.e., the forces Fj; are zero for all 4, j € {1,..., N}), then
one can easily obtain the following equation for f

(1.2)

Wf+v -Vof+LF-V,f=0
fit=0 = fo.

If the binary interactions between the particles are not described individually and if
each particle generate a global interaction force, then F' can be generated by the gas
particles and computed by the distribution function f. For example, in plasma physics,
the distribution function f of a dilute plasma (which is a gas of charged particles) satisfies
(1.2) with the force

F=-V.(V+¢), (1.3)

where ¢ : R? — R is defined by —A,¢ = / fdv and it means the self-consistent
Rd

electrostatic potential. V : R? — R is a given function which means an external
electrostatic potential. The equation (1.2) with the force defined in (1.3) is called the
Vlasov-Poisson system.
In reality, the particles do interact and collide with each other. In this case deriving
an equation for f is challenging. The equation generally should take the following form
{atfw'vxfmﬂvvf:@[f], (1.4)

f‘tZO = f07
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1.2. DERIVATION OF FOKKER-PLANCK EQUATIONS 3

where the operator Q[f] presents the effect of the collisions. Depending on the interaction,
various forms of Q[f] have been suggested, for example, the Fokker-Planck, Boltzmann,
Landau, and BGK collision operators. These collision operators allow that (1.4) admit
several local conservation laws: mass, momentum, and energy. We present Boltzmann’s
collision operator which is fundamental in kinetic theory: In 1872 Ludwig Boltzmann was
able to derive the following operator for single atomic dilute gases (assuming that elastic
binary collisions happen)

Q[f](t, z,v) :/ B(v—wv.,0)[f(t,x, V) f(t,x,v)) — f(t, 2, 0) f(t, 2, v.)]dvedo, (1.5)

Rd xSd—1

where B : R? x S9=! — R is a given non-negative collision kernel, v/ = v — o[(v — v,) -
o, v =wv.+c[(v—uy)-0o]. For a detailed presentation of the various models and their
derivation from the fundamental laws of physics, we refer to the books [21, 7, 24, 19].

In the following we explain how to derive the Fokker-Planck equations using the
Brownian motion theory.

1.2 Derivation of Fokker-Planck equations

A Fokker-Planck equation was introduced by Fokker [13] and Planck [20] to describe
the Brownian motion of particles. The Fokker-Planck equation usually describes the time
evolution of the distribution function f for a small subsystem of particles: As we discussed
in the section above let us consider the time evolution of N >> 1 particles in some domain
of R%. Assume N particles with N << N are considerable larger and heavier than the other
particles. If f is the distribution function of these N particles, then the time evolution of f
is often described by Fokker-Planck equations. In the following we explain with examples.
Let one particle of mass m be immersed in a dense fluid. We call it B—particle
(Brownian particle). Let the B—particle be larger and heavier than the fluid particles. If
the fluid has N >> 1 particles, then the B —particle and the fluid particles form a system
of N + 1 particles. Following classical mechanics we can write N 4 1 coupled differential
equation as in (1.1) to describe the time evolution of the B —particle and the fluid particles,
but we are more interested in the dynamics of the B—particle. Since there is a friction
force —fuv(t), 6 > 0, in the fluid by Stokes’ law, the position z(#) € R? and the velocity
v(t) € RY of the B—particle satisfy the following Newton’s equations (similar to (1.1))

dx(t) ;
Cgv(t) " N (1.6)
m— :—Hv(t)—i-F—i-jZle,

where F}; denotes the force acting on the ‘B—particle due to the fluid particle j and F
is an external force. As the fluid is very dense, the B —particle suffers a large number
of collisions with the fluid particles in a very short time. Hence, the collisions with the
B —particle are so frequent and irregular that we can not speak of separate collisions.
Since the B—particle is very heavy and large compared to the fluid particles, the effect of
each collision with a fluid particle produce a tiny deflection or fluctuation of B —particle.
Therefore, the total force Zjvz 1 F; of the fluid particle acting on B—particle is erratic and

fluctuates a lot. Since it is practically impossible to compute Zjvzl F}, we replace it with
a stochastic force A(t) (or stochastic process) which depends on some probability law. In
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4 CHAPTER 1. INTRODUCTION

this way we convert (1.6) into a stochastic differential equation [16, 18]

) _ o),

dr - (1.7)
mdz(tt) = —0v(t) + F + A(t).

This equation means the position z(¢) and the velocity v(t) are now stochastic processes
and depend on the probability law of A(t). In the literature (1.7) is called the Langevin
equation [14, 8, 9, 22]. To proceed further, one has to make reasonable quantitative
assumptions on the stochastic force A(t). The first assumption is its average (expectation)
is zero

E[A(t)] =0, Yt>0

because the fluctuations cancel each other on average. Next we assume
E[A(t1) ® A(te)] = 20kpTdo(t1 — ta)1,

where I € R¥*? is the identity matrix, do(t) is the delta function, kg > 0 is Boltzmann’s
constant, and 7" > 0 is the temperature. This condition expresses that the fluid particles
that strike the B —particle and give rise to the stochastic force A(t) behave independently
of one another except when they act at the same time. Finally, we require that all
higher-order moments can be expressed in terms of the second moments. More precisely,

one usually assumes that ﬁfl(t) is distributed according to a Gaussian law, which

is connected to the law of large numbers of probability theory. \/ﬁfl(t) is also called

white noise and formally denoted as the time derivative of the Brownian motion B(t), i.e.,

Al = 158
B

Let f = f(t,x,v) be the probability density that the B —particle has coordinates x, v
at time ¢. Because of the assumption on A(t), we can easily pass from the stochastic
differential equation (1.7) to a deterministic evolution equation for f using Kolmogorov’s
forward equation [16, Section 8], [18, Section 2]. This leads to the famous kinetic

Fokker-Planck equation

1 0 kT

Of+v-Vof + —F-Vof = div, <BVUf+vf>, 2 veERL >0,
m m m

f|t=0:f0a

where fy denotes the probability density of the B—particle at ¢ = 0. Note that (1.8) is a
particular case of (1.4) with the collision operator Q[f] = Zdiv, <v f+ %VU f> :

(1.8)

m

Instead of a single particle, we can consider a system containing N number of
B —particles with the same mass m which are immersed in a dense fluid. We assume
B —particles are larger and heavier than the fluid particles. We use the notation f =
f(t,z,v) to denote the joint distribution function of these B—particles, i.e., f(¢,z,v)dzdv
is the probable number of B—particles lying in the volume element dxdv around (z,v).
This implies fde fdxdv = N. Let the fluid have N >> 1 particles. If B—particles are
sufficiently dilute compared to the fluid particles (i.e., N << N ), then the collisions
between B—particles are negligible. We only need to take into account the collisions
between B —particles and the fluid particles. Similarly these collisions can be described
by (1.7) for each B—particle, and we can show that the Fokker-Planck equation (1.8)
remains valid for the joint distribution function f. As a concrete example, we consider a
dilute plasma in a thermal bath or reservoir. To deal with the collision effects of the plasma
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1.3. LONG TIME BEHAVIOR OF FOKKER-PLANCK EQUATIONS 5

with the particles of the reservoir, one considers the position and the velocities of each
individual particle of the plasma as a stochastic process and use the Langevin equation
(1.7) with the force F' defined in (1.3). Hence, we obtain the following equation, called
the Vlasov-Poisson-Fokker-Planck system, for the distribution function f of the plasma

1 0 kT
Of +v-Vof — —(ViV + Vud) - Vo f = —div, (vaf+vf> . z,0eRY >0
m m m
“Aeo= [ Fdv fieo = o
R4
(1.9)
The kinetic Fokker-Planck equation (1.8) is a special case of the following generalized
Fokker-Planck equation

d d
Ouf =Y e (aiif) = O, (bif) = dive (Dng + Ef) , EeRY >0,

ij=1 i=1 (1.10)
f|t=0 = f07
b1(£)
where b = b(§) = : is a vector function, D = D(§) = {a;; (5)};?{]-:1 is a symmetric
ba(§) .
positive semi-definite matrix function, and b := —b + diveD. (1.10) describes the time

evolution of distribution functions of, for example, diffusion processes and stochastic
differential equations, see [18, Chapter 2].

We note that we obtained (1.8) following the laws of classical mechanics. This equation
is inconsistent with relativistic mechanics because it has infinite speed of propagation: if
the particles are initially in a compact region (i.e., fo(x,v) has a compact support with
respect to x), then, after any short time ¢ > 0, we can find particles everywhere with
non-zero probability (i.e., f(t,z,v) > 0). If we study the dynamics of particles following
relativistic mechanics, we need to replace the equations (1.6) and (1.7) with relativistic
ones. This case was studied in [12, 4] by developing the relativistic theory of Brownian
motions. The following relativistic Fokker-Planck equation was obtained

Of + —— e Vof + F -V, f = 0divy(ksTmD(p)V,f +pf), @ peR? >0,
my/ 1+ n'fz'g
f‘t:() = f07
(1.11)
I+ 258
where p means the momentum, ¢ is the vacuum speed of light, and D(p) = %
1+ mecz

R4 is the relativistic diffusion matrix. If we formally let ¢ — oo, then we obtain (1.8)

with p = mw.
1.3 Long time behavior of Fokker-Planck equations

Let us consider the generalized Fokker-Planck equation (1.10) with smooth D and b. We
look for a steady solution foo = foo(§), which is a probability density satisfying

dive (Dv5 foo + foo) —0.
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6 CHAPTER 1. INTRODUCTION

It was proven in [11, Theorem 1] that a probability density f. is a steady state if and
only if .
b= —-DV¢log foo + G,

where G = G(¢) € R? satisfies
dive(Gfs) =0, VE€R? (1.12)

Let us assume that there is a steady state fa, and it is given as foo (€) = cge™ ©) for some

smooth function E. We assume () grows fast enough as |¢| — oo so that e~ € LY(R?).
Here cg = ([ga e*Eclg)_1 yields [pa foodé = 1. Then (1.10) can be written as

{atf:d% (D[Vef + fVeE]| +Gf), €€RY t>0, 113)

f\t:O = fo-

One of the important property of (1.13) is that it makes a certain entropy functional
decrease, and this entropy achieves its minimum value for some subfamily of Gaussian
distributions: Let ¢ € C[0,00) N C*(0, 00) satisfy (1) = ¢'(1) = 0, ¥" > 0 and (¢")? <
%w”d)lv on (0,00). The most typical examples of such functions are ¥(s) = slogs —s+1
and 9 (s) = (s — 1)%. We define a functional on the space of probability densities

Fo Hf] = /R y (Jf;) Foodt > 0. (1.14)

If f= f(t,€) is a (well-behaved) solution to (1.13), then integration by parts and (1.12)

show that
o= ()51 () ()

Since D is positive semi-definite, £H[f(t)] is nonpositive and so H[f(t)] is a decreasing
function of ¢ > 0. Because of this decay one may conjecture that this functional decays to
its minimum (which is zero) as ¢ — oco. Since this minimum is attained at f = fo, one
can argue that the solution f(¢) converges to fo as t — co. An interesting problem is now
to prove (or disprove) this convergence and to obtain explicit and constructive estimates
on the rate of convergence. When the matrix D = D(€) is positive definite for all £ € RY,
this problem has been comprehensively studied, see [5, 6, 2, 1]. One of the well-known
conditions which provides the exponential decay of the solution to the steady state is
called the Bakry-Emery condition (see (1.15) below), we state it for simplicity when D is
a constant matrix:

Theorem 1.3.1 ([1, Theorem 2.6]). Assume H[fo] < co, D € R¥*? s positive definite,
and

PE _ 1(0G [0G\"T J
IX >0 such that Da—gD ~3 (8& + <3§> ) > A\D, V¢ e R (1.15)
Then
Hf ()] < e H[fo]. (1.16)

Sketch of the proof. We have seen that %H[ f(t)] is non-positive. We define the dissipation
functional (or Fisher information)

1)) =~ ZH0) = [ v (J;(j) VI (JX)) bV (JX)) fodE> 0. (L17)
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1.3. LONG TIME BEHAVIOR OF FOKKER-PLANCK EQUATIONS 7

The key idea of Bakry and Emery is to estimate the time derivative of I[f(¢)]. Under the
assumptions of the theorem they proved that

d

SIIW)] < —2A11 (1)

holds with A from (1.15). Integrating this inequality from (¢, c0) and using the convergence
LH[f(t)] — 0 and H[f()] — 0 as t — oo (whose proofs are nontrivial), we obtain

d

SHF(H)] < ~2AH[F (1)

Then Gronwall’s lemma implies (1.16). As H[f] is zero if and only if f = f, it tell us
that f(t) converges to f exponentially as t — oo. Ol

We now return to the kinetic Fokker-Planck equation (1.8). First, we consider the very
simple homogeneous case, i.e., we assume F' = 0 and f does not depend on x :

{atf(t,v) = Sdiv, (2L, f(t,v) +vf(t0)), vERY E>0, L1s)

f(0,v) = fo(v)

This equation is a special case of (1.13) with £ = v, D = m;fQTI, E = gﬂ;;, and G = 0.

We can check they satisfies condition (1.15) with A = %. Hence, Theorem 1.3.1 implies

that the solution f(¢,v) converges to the steady state M(v) := (27r e %*pT
m

exponentially.
One can also similarly use Theorem 1.3.1 to obtain an exponential decay result for the
relativistic homogeneous Fokker-Planck equation

{c%f(t,p) = 0divy,(kgTmD(p)Vy f(t,p) + pf(t,p)), pE R t >0,

with D(p) as in (1.11). We discuss this equation with more details in Chapter 4.
Next, we consider the full kinetic Fokker-Planck equation (1.8) with the force

F=-V,V(x),

_1
where V : R — R is a given smooth function such that e BT ¢ L' (R%). This assumption

1 1 —1
ensures that there is a steady state foo = cye kBTVM(v) with ¢y = (fRd e ’“BTVdJ:) .

We denote ¢ := Cf) € R E(¢) = kB%V(m) + g}c‘gg. Then the kinetic Fokker-Planck

equation (1.8) can be written in the form of (1.13)
o f = dng(D[ng + ngE] + GYf)

with
0 0 2dx2d v 2d
D= R d = R=4. 1.1
<0 elﬁszI> S an G _%va S (1.19)
Since the matrix D in (1.19) is positive semi-definite, Theorem 1.3.1 unfortunately
does apply for the kinetic Fokker-Planck equation (1.8) and so it does not allow
to conclude the convergence f(t) — fo as t — oo. Similarly, we can write the
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8 CHAPTER 1. INTRODUCTION

Vlasov-Poisson-Fokker-Planck system and the relativistic kinetic Fokker-Planck equation
in the form of (1.13) with positive semi-definite matrices D. Hence, we also face the
same problem for these equations. However, the functional H[f(¢)] defined in (1.14)
still decreases under the evolution of the solution f(¢). Hence, we can still expect the
convergence f(t) — foo as t — oo. The degeneracy of D makes proving this convergence
challenging and requires to develop new techniques and methods. This is the main goal
of this thesis. We study the long time behavior of the kinetic Fokker-Planck equation
(1.8), the Vlasov-Poisson-Fokker-Planck (1.9), and the relativistic kinetic Fokker-Planck
equation (1.11). We provide a new method to establish exponential decay of solutions to
their corresponding steady states for a wide class of potentials V. Our method relies on the
construction of Lyapunov functionals by modifying the entropy functional. We provide
a formula to estimate easily the exponential decay rate depending on the parameters
of the equations. Moreover, our method lets us obtain estimates on the hypoelliptic
regularization of f(t).

1.4 Outline of the thesis

The rest of the thesis is divided into three parts:

Chapter 2: The kinetic Fokker-Planck equation
This chapter contains a work in collaboration with Prof. Anton Arnold (TU Wien) and is
taken from [3]. This paper was published in Journal of Statistical Physics.

We consider the kinetic Fokker-Planck equation (1.8) with the force F' = =V, V (z).

By changing V' to mV and denoting o := wfn%T and v 1= %, (1.8) can be written as

{8tf+v-vxf—vxv~va:ydivv(vf)+aAvf, z,vERL t >0 (1.20)

fir=0 = fo € L'(R*%)

The unique normalized steady state is given by

v 2
foolzyv) = cve_g[v(z)"'%], T,V € ]Rd,

where ¢y is a positive constant such that [pos foo(z,v)dadv = 1.

We develop a modified entropy method to establish the large-time convergence
towards the unique global equilibrium for the kinetic Fokker-Planck equation (1.20)
with a non-quadratic confinement potentials V. We introduce Lyapunov functionals
with non-constant weight matrices in the dissipation functional (a generalized Fisher
information). We establish exponential convergence in a weighted H'-norm with rates
that become sharp in the case of quadratic potentials. The presented method also gives
new hypoelliptic regularization results for the kinetic Fokker-Planck equation (from a
weighted L?-space to a weighted H'-space).

In the following we explain the main ideas in Chapter 2. As we discussed in the previous
section, when the diffusion matrix D is positive definite, the Bakry-Emery method (or
entropy method) lets us prove that the solution of (1.13) converges to the steady state as
t — oo. The key idea of Bakry-Emery is to estimate the time derivative of the dissipation
functional (see (1.17) with 1 (s) = (s — 1)?)

=2 [ V¢ (1) pwe (1) e
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1.4. OUTLINE OF THE THESIS 9

and to obtain

%I[f(t)] < =2XI[f(t)], Vt>0 (1.21)

for some A > 0. In the case of the kinetic Fokker-Planck equation (1.20), the diffusion

matrix (see (1.19))
_ (0 0 2dx2d
D=( o) <E

is positive semi-definite. Hence, in general, (1.21) does not hold for the dissipation function
I[f(t)] of the kinetic Fokker-Planck equation. Since the problem comes from the positive
semi-definite matrix D, we introduce a modified dissipation functional (a generalized
Fisher information) with a non-constant, positive definite matrix P :

SIF (1) :zg/ﬂw vr, <fi>P(t,:c)V <fi>foodxdv

We note this functional coincides with I[f(¢)] if P = D. Our goal is to choose a suitable
matrix P so that S[f(t)] satisfies the following differential inequality (like the dissipation
functional satisfied for non-degenerate equations):

d
dt

for some A > 0. We compute

d
dt

CSIF(6)] < —2AS[f(1)], Vt>0 (1.22)

—S[f(t)] = —2/ VT (foo> {QP—FPQT}V“, (fi) foodxdv 4 some terms,

0 1

where Q = Q(z) := 92V (2)
— 52 vl
Q(z) is positive stable. This lets us construct a positive definite matrix P such that

82

) We observe that, if 2V g4 positive definite, then

QP+ PQT > 2uP

holds for some constant p > 0. More precisely, the matrix

Pl) = 21 vl
= vl 28Vg)+2al

with a suitable constant a > 0 satisfies this inequality. This let us estimate

d
dt
The next step is to control "some terms” in the estimates above. This can be done under

some growth assumptions on V, and we obtain (1.22) with some A € (0, u]. Then Gronwall’s
lemma implies

—S[f(t)] < —2uS[f(t)] + some terms.

S[f(t)] < e MS[fy], Vt>0. (1.23)
We also show that S[f(t)] is equivalent to a weighted H!'—norm

/Rw <J;Z)— ) foodmdv+/ v, (J;Z)>
Lt () (B 0mm) (2

Foodadv
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10 CHAPTER 1. INTRODUCTION

where o := infpa a(z) and a(x) is the smallest eigenvalue of 82(9‘;‘293)' This equivalence
and (1.23) leads one of the main results of Chapter 2, which is the exponential decay of
the solution in the weighted H'—norm:

/]R2d <J;Z) — 1> foodxdv+/RZd Ve (J;(oi)>
Lt () (35 (1)

L e L[ (5]
Lt () G () ]

for some C' > 0. We also provide a formula to estimate the decay rate A explicitly and
we also check that it is sharp when V' is quadratic polynomial. Next, we choose a time
dependent matrix

Foodadv

< Ce M foodxdv

2343 e2t2]
P =Pt =
(t,2) ( 221 2etl + t(% + aI))

where € and a are some suitable constants. We prove that, with this matrix P, the modified
dissipation functional S[t, f(t)] is decreasing for ¢ € (0, o], to > 0. This lets us obtain the
following hypoelliptic regularity estimates:

) < (1) (2
/de Ve (foo foodrdv = 45 Jooi \ oo =) \[[ 022
and

[ (59) (5= o) (42 s

[ (o
=7 Jpa (foo 1) (‘

for all ¢ € (0, o] and some constants C; > 0 and Cy > 0.

In our arguments above, we assumed for simplicity that QQBVIQ” is positive definite. Our
results actually hold for a larger class of confining potentials V. For example, V' can be
any polynomial which grows as |z|?*, k > 1 when |z| — oc.

Perspectives. As we discussed in Section 1.3, the kinetic Fokker-Planck equation is
a special case of

+ 1> foodzdv

92V |?

X

{atf — dive (D[Vef + fVeE]| +Gf), €€RY ¢>0,
Jit=0 = fo-

Another special case of this equation is the Fokker-Planck equation of the generalized
Lagevin process [17, 15].

Hence, as a next problem one could extend our modified entropy method to this general
equation. The construction of a suitable matrix P plays important role in our method.
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1.4. OUTLINE OF THE THESIS 11

For this general equation, one can compute the time derivative of the modified dissipation
function and get the following term

d
—S[f(t)] = —2/ 4 (f) {QP +PQ"} v, (f) food€ + some terms,
dt R4 Joo Joo

where @ is some matrix depending on D, G, and F. This expression may help to construct
P :if Q is positive stable, there exists a positive definite matrix P such that QP + PQT >
wP, > 0.

Chapter 3: The Vlasov-Poisson-Fokker-Planck system
This chapter contains my own results and is taken from [23]. This paper was published in
Kinetic and Related Models.

We study the well-posedness and long time behavior of the nonlinear
Vlasov-Poisson-Fokker-Planck system (1.9) with a confining potential V' in the whole
space. By changing V + ¢ to m(V + ¢) and denoting ¢ := 8L and v := %, (1.9)
can be written as

Orf +v-Vaf — (VoV +Ve0) - Vo f = vdivy(vf) + 0Ayf, z,0 R >0

1.24
Ay = /Rd fdv,  fii=o0 = fo. (1.24)

If V grows fast enough as |z| — oo, the system has a unique normalized steady state or
global equilibrium

fOO(I7 U) = pOO(CC)M(U),

where
o LIV (@) 4900 ()] e~ slol/2
Poo() = fRd e~ # V(@) + oo (2/)] gt M(v) = W’

and ¢ is a solution of the Poisson-Boltzmann-Emden equation

o= LIV (@) + 600 (@)

- Jra e~ o V(@) Hdoo ()] gt

_Aac¢oo(x)

We establish existence and uniqueness of mild solutions, hypoelliptic regularization,
and exponential decay of solutions to the steady state. Our results hold for a wide class
of external potentials V' and the estimates on the rate of convergence are explicit and
constructive. New short and long time estimates for the semigroup of the linearized
system and fixed point arguments play an important role in our analysis.

f — f 00
foo

) w = (b_(boo

In the following we explain our results with more details. Let h :=

and hg 1= fO;foo' Then, we write the system (1.24) as
oo

Oih +v - Vuh — VoV + ¢oo) - Voh + 0 - Vot — 0Ayh 4 vv - Vyh = Vot - (Voh — Loh)

~Ast= [ hfdv. bico = o
R
(1.25)
It is obvious that the existence of a unique solution f(¢) to (1.24) and the convergence
f(t) = foo as t — oo are, respectively, equivalent to the existence of a unique solution
h(t) to (1.25) and the convergence h(t) — 0 as t — oc.
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12 CHAPTER 1. INTRODUCTION

The term V¢-V,h—2v-Vy1ph appearing on the right hand side of (1.25) is nonlinear.
If we drop it, we obtain the linearized Vlasov-Poisson-Fokker-Planck system around the
steady state foo

Oth+v-Vih =V (V4 ¢so) - Voh +0v-Votp —cAyh +vv-Vyh =0
A0 = [ hfedv, hog=ho.
Rd
We define an operator

Kh:=v-V;h=Vi(V+ )  Voh+v -Vt —cAyh + vv - Vyh.

(1.26)

Since V1 can be expressed by h as

1 x
Vot = ———— hfoodv,
v |Sd1|rm|d*/Rd Jootlt

we consider K as an operator acting only on h. With this operator (1.26) can be written

as
{ath+Kh:0, t>0

h|t=0 - h().
We first study this linearized system in dimension d > 3. We prove that K generates a

Co semigroup e % on L?(R??, f..) and has hypoelliptic regularizing properties. More
precisely, we obtain the following estimates in some weighted fractional Sobolev spaces

||6_tKh0||H%(R2d7foo) <C(+ t_%})e_)\ltnh(ﬂ’Lz(de’foo), vVt >0, a €0,1],
and )
He_tKhOHH%(RQd,fOO) < C(l + t_ﬁ)e_/\lt|’h0||L2(R2d’foo), Vvt > 0.
By defining an operator

R[R = Vatp - Vol — gv Vi,
the nonlinear system (1.25) can be written as

dh+ Kh=R[h], t>0
h|t=0 - ho.

Then the Duhamel principle suggests to convert this nonlinear system to an integral
equation

h(t) = e ho + / t e~ (K R[N(s)]ds. (1.27)
0

We mention that a function h satisfying (1.27) is called a mild solutions to (1.25). Using
the properties of e and fixed point arguments we prove that there is a unique solution
to this integral equation in C ([0, 00); H2(R®, fo))NC ([0, 00); H} (RO, f)) . We also prove
that the solution converges to 0 as t — oo.

Perspectives. The Vlasov-Poisson-Fokker-Planck system usually models the time
evolution of a plasma. As particles of a plasma are charged, besides the electrostatic field,
these particles often generate a magnetic field. The correct model is then

hf+v-Vof —(VeV+E+vxB)-V,f =vdivy(vf) + oAy f, t>0
6tE:VxXB+fRd’deU, 8tB+VwXE:O, t>0

—diVIE:/ fdv, div,B =0
Rd
fit=0 = fo, Ejt=0 = Eo, Bji=0 = Bo.
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1.4. OUTLINE OF THE THESIS 13

One can check that, if B = 0, this system coincides with (1.24). The steady state of
(1.24) is also the steady state for this system. Proving the convergence of the solution to
the steady state as t — oo is currently challenging for us, because we are lacking some
important estimates for the magnetic field B to apply our method.

Chapter 4: The relativistic kinetic Fokker-Planck equation
This chapter contains results obtained in collaboration with Prof. Anton Arnold and we
shall submit it soon for publication.

We study the long time behavior of the relativistic Fokker-Planck equation (1.11) with
the force F' = —V,V(x). For simplicity, we set all physical constants to unity m = ¢ =
0 = kp =T = 1. Therefore, we shall consider the normalized equation

b . d
Orf + —— -V f = V.V -V, f =div,(D(p)V,f +pf), z,peR® t>0
t h—l—|p|2 P p( () p )
Jii=0 = fo

I+p®p

(1.28)
with D(p) =

We prove the exponential time decay of solutions towards the global equilibrium in
the weighted L? and H' spaces. Moreover, we prove that the associated semigroup of
the equation has hypoelliptic regularizing properties and we obtain explicit rates on this
regularization.

Our first result is the exponential decay of the solution to the steady state in the
weighted L2(R??, f..), and its proof is based on the well-known L% —hypocoercivity method

[10): Let h:= =—=°° Then (1.28) can be written as

foo
8h+— Vih =V, V- -V,h = d1v DV hfs
hji—o = fo foo.
We define a Hilbert space
H = {h e LA(R*, f..) / hfsodxdp = 0}
R2d
with the scalar product (h,g) := [poa h1h2 foodzdp and the norm || p2(r2a f ) = /(B h).

We can present (1.29) as
Oth+Th=Lh, t>0

hji=o = ho
with
Th .= £ . Vih —V,V-Vpyh and Lh:= Ldivp(DVphfoo).
Do foo
We define
ITh = [h(zx) == /d h(z, p )M ()dp', heH
R

and

Ah = (14 (TI)*TH) " Y(TT)*h, h < H.

Using these operators we define the functional

1
Hs[h] == §\|hu§2mm,f&) +6(Ah,h)y, heH, §>0.
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14 CHAPTER 1. INTRODUCTION

Following the ideas of [10] we show that, under some growth assumption V| the functional
Hs[h(t)] is decreasing and satisfies

SHL(] < ~2NHy[A(1)], Vi >0

for some A > 0. As H;[] is equivalent to || - ||, (R2 [, , this inequality and Gronwall’s
inequality yield
-\
[P L2(R2a, 1) < Ce tHhOHLQ(RQd,fOQ)’ vt > 0.
Since (1.29) is degenerate parabolic, it is natural to expect some hypoelliptic

regularizing properties. We prove that the equation has such properties in a weighted
Sobolev space 1 (R??, f..) associated to the norm

pPXp

1
Al = | B fedad /VTh — ) Vehfecdd
[l H%ﬂ(Rm,fw) /R?d foodzdp + o VO3($)p8 x po foodxdp

1
+ VIWI + p @ p)Vph foodzdp,
/R?d%(x)p(] P ( p p) P f p

where Vo(z) := /1 + V.V (2)? and pg := /1 + |p]2. Let P = P(x,p) € R?¥*2 be a
symmetric, positive definite matrix depending on the variables z, p € R?. We define

T
V.h Vih
Splh| == /]R2d (Vph> P (Vph> foodzdp.

We define a functional

E[h] == ||h]|22 (g2 5., + Hslh] + Sp[h].

2¢3 (I- p®p) 52
P = P(z,p) = <V03p8 . 0 K >
’ €
VOQI%I Vopo (I—i—p@p)

We choose

where ¢ is a suitable positive constant. We prove that E[h] is a Lyapunov functional and
satisfies

CE[h(0)] < ~2AB[(D)], V1> 0

for some A > 0. Gronwall’s inequality yields
E[h(t)] < e ?ME[hg).

As E[] is equivalent to || -||%,, (R2d f._y» We obtain the exponential decay of the solution in
%1 (RZd’ foo)

Hh(t)Hﬁfl(RQd,foo) < Ce_At"h0‘|f1(R2d7foo).
Next, we choose a matrix which depends not only on x and p but also on time % :

£2¢2

2e3¢3 PP

3.3 3(1— = ) 1
P=DP(t,az,p) = |"0P Po )
( p) < £2¢2 I 2¢et (I+p®p)>

Vi3 Vopo

We show that E[h(¢)] with this matrix is a decreasing function of ¢ € (0, ¢g], tog > 0. This
helps us to prove the following hypoelliptic estimates

Lo (G2) (-2 v (52 ) < 5 [ (P2 ) e
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1.4. OUTLINE OF THE THESIS 15

and

L iramvr ("38) I+pep)V, <°’}Z)> fudodp < 2 [ <W°>2 frodudp

for all ¢t € (0, o).
All of our results hold for a large class of potentials, e.g., V(z) = |z|¥, k > 1.
Perspectives. One can consider the relativistic versions of the Vlasov-Poisson
(Maxwell)-Fokker-Planck system [4]. Similar arguments as in Chapter 3 and Chapter
4 can be used to study the well-posedness and long time behavior of this system.
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Chapter 2

The kinetic Fokker-Planck
equation

2.1 Introduction

This chapter is devoted to the study of the long time behavior of the kinetic Fokker-Planck
equation

{8tf+v-fo—VzV-VUf:ydivv(vf)+aAUf, 2, vER, £ >0 1)

fit=0 = fo € L*(R*")
describing the time evolution of the phase space probability density f(¢,z,v), e.g. in a
plasma [31]. Applications range from plasma physics [29, 13] to stellar dynamics [17, 18].
Here V = V(x) is a given smooth, bounded below confinement potential for the system,

and v > 0, o > 0 denote the friction and diffusion parameters, respectively. This equation
is associated with the Langevin stochastic differential equation

d.iUt = ’Utdt
dvy = —vudt — V'V (x)dt + /20dBy,

where {B;}+>0 is a Brownian motion in R"™ with covariance (By, By) = ;.
Since the equation conserves mass, i.e.,

f(t,z,v)dzdv = folz,v)dzdv, t >0,
]R2n RQn

we shall always assume (without restriction of generality) that fo(xz,v)dzdv = 1. The
R2n
unique normalized steady state of (2.1) is given by

" 2
foo(z,v) = cve_g[v(xH%], xz,v e R", (2.2)

where ¢y is a positive constant such that ngn foo(z,v)dzdv = 1. The following equation
is also considered as the kinetic Fokker-Planck equation:

Oh+v-V,h—V,V -Voh=0A,h—vv-V,h, z,veR" t>0, (2.3)
and to switch from (2.1) to (2.3) it suffices to set h := f/fx.

19
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20 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

It was shown in [22] that, if V' € C*°(R"), (2.3) generates a C*° regularizing contraction
semigroup in L?(RY, foo) := {g: R? = R : g is measurable and [p, g focdzdv < oo}, d =
2n. For well-posedness with non-smooth potentials, we refer to [32, Theorem 6, Theorem
7].

The long time behavior and exponential convergence of the solution to the steady
state has been studied and there are various results: in [19], algebraic decay was proved
for potentials that are asymptotically quadratic (as |x| — oo) and for initial conditions
that are bounded below and above by Gaussians. The authors used logarithmic Sobolev
inequalities and entropy methods. In [24], exponential decay was obtained also for
faster growing potentials and more general initial conditions. That proof is based on
hypoellipticity techniques. By using hypoelliptic methods, Villani proved exponential
convergence results in H'(R?, f..) := {g € L*(RY, fx) : |[Vg| € L?(RY, fx)} [32, Theorem
35] and in L2(R?, f..) [32, Theorem 37]. The main conditions in Villani’s theorems above,
as well as in [20, 9, 10, 33, 14, 15], are the validity of the Poincaré inequality (2.5) and the
criterion

9%V
3C>0 : H 833(2“3) ‘ < C(1+|VV(z)]), VaeR", (2.4)
2 2
where OV(z) denotes the Frobenius norm of 9 V<m).
Ox? D2

When %27‘2/ is bounded, Villani also proved that the solution converges to the steady state
exponentially in the logarithmic entropy [32, Theorem 39]. This result was extended in
[16] to potentials V' satisfying a weighted log-Sobolev inequality and the condition that
V=2 ‘923}2/ is bounded for some 1 > 0. Even though Villani’s result allows for a general class
of potentials, the growth condition (2.4) is not satisfied by potentials with singularities.
This type of potentials, such as Lennard-Jones type interactions with confinement, are
considered in [10] and their method relies on an explicit construction of a Lypunov function
and Gamma calculus. In [20], Dolbeault, Mouhot, and Schmeiser developed a method to
get exponential decay in L? for a large class of linear kinetic equations, including (2.1).
Their method was also used to study the long time behavior of (2.1) when the potential V'
is zero or grows slowly as x| — oo, see [11, 12]. Based on a probabilistic coupling method,
Eberle, Guillin, and Zimmer [21] obtained an exponential decay result in Wasserstein
distance.

The associated semigroup of the kinetic Fokker-Planck equation has instantaneous
regularizing properties which is called hypoellipticity [26]. This hypoelliptic regularization
is obvious when the confining potential V' is zero or quadratic as the fundamental solution
can be explicitly computed (see [28], [26]). For potentials such that %27‘2/ is bounded,
Hérau [23] obtained short time estimates for a L2(R?, f.o) — H'(RY, f.) regularization
by constructing a suitable Lyapunov functional. Based on interpolation inequalities and
a system of differential inequalities, Villani [32, Appendix A.21] extended Hérau’s result
for potentials satisfying (2.4).

We provide a new method to establish exponential decay of the solution to the steady
state in H'(R?, f.,) for a wide class of potentials: Our method extends [32, 1, 3] by allowing
for more general Lyapunov functionals. Generalizing the previous approaches, the weight
matrix in the dissipation functional (a generalized Fisher information) may now depend on
x and v. This leads to a new criterion on the potential V. For this entropy method we need
the time derivative of the dissipation functional, but we also provide its (z,v)-pointwise
analog, in the spirit of the Gamma calculus [9]. We provide a formula to estimate easily
the exponential decay rate depending on the parameters of the equation, the constants
appearing in the Poincaré inequality (2.5) and the growth condition on the potential (see
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2.2. MAIN RESULTS 21

(2.6) below). As a test of the effectiveness of our method, we show that our estimate
on the decay rate is sharp when the potential is a quadratic polynomial. Moreover, our
method lets us obtain estimates on the hypoelliptic regularization for potentials that are
more general than in [23].

The organization of this paper is as follows. In Section 2, we define the assumptions on
the potential, state the main results, and present concrete examples of such potentials. In
Section 3, we present the intuition and explain our method. Section 4 contains important
lemmas about matrix inequalities which are important to construct suitable Lyapunov
functionals. The final section presents the proof of the main results.

2.2 Main results

We make the following assumptions.

Assumption 2.2.1. There exists a constant Cpy > 0 such that the Poincaré inequality

2
1
/ h? foodzdy — (/ hfoodxdv) < / (IV2h|* + |Voh|?) foodad (2.5)
R2n R2n Cpr Jp2n

holds for all h € H'(R?, f.).

Sufficient conditions on the potential appearing in f so that the Poincaré inequality
holds, e.g. the Bakry-Emery criterion, are presented in [8, Chapter 4].

Assumption 2.2.2. There are constants ¢ € R and 7 € [0,v) such that the following
R™*™ matriz, m :=n(n + 1),

u(@?a‘;gx) —|—cI> 0 0 _%w
0 v (328‘;(;@) n cI> 0 _%8 (8233‘2/(1))
(2.6)
? x 2 T T
0 0 v(ZA2 +er)  -32CE)
18205 V(@) 1070,V (@) 18P0, V(@) 1w (V@) | g
2 Oz? 2 Oz 2 Oz? 20 Ox? tc

is positive semi-definite for all x € R™, where I € R™*™ denotes the identity matriz.

Roughly speaking, Assumption 2.2.2 essentially means that the second order

2
derivatives of V' control the third order ones. It implies that 9 a‘;gx) + ¢l is positive

semi-definite for all x € R™, and hence the eigenvalues of % are uniformly bounded
from below. We note that, in contrast to the Bakry-Emery strategy [7], the eigenvalues

here may take negative values.

Let a(z) € R denote the smallest eigenvalue of 828‘;9) at © € R™. Then the following

condition implies Assumption 2.2.2. For its proof see Appendix 2.6.1.

Assumption 2.2°. There are constants ¢ € R and 7 € [0,v) such that 62322“”3) +cl is

positive semi-definite and?

2712 02(0,,V (x)) 2712
< L <
no (a2) + o) < Ox? ~V no

(a(x)+c)l (2.7)

!For two matrices A and B € R™*" A > B means that A — B is positive semi-definite.
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22 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

forall z €R™ andic{l,..,n}

We denote

= inf 2.
ap xleana(a:) (2.8)

and assume in the sequel that ag > —oo. Hence Assumption 2.2.2 can only hold for some
c > —aqp.
In the following results, we require that f% € L?(R?", f,) which implies fo € L*(R?)

because of the Hoélder inequality [zs. fodzdv < \/ (Jgen J{%dwdv)( Jg2n foodzdv) and
ngn foodxdv = 1. We now state our first result, i.e. exponential decay of a functional

that is a linear combination of the weighted L?—norm and a Fisher information-type
functional:

Theorem 2.2.3. Let V be a C*° potential in R™ satisfying Assumptions 2.2.1 and 2.2.2.
Let Cpy, c, T and ag be the constants in (2.5), (2. 6) and (2.8). Suppose the initial data

fo satzsﬁes = € H'Y(R*, f.) and vT (J{0> 5 Vo (J{O ) foodxdv < oo. Then there

are explicitly computable constants C > 0 and X > 0 (independent of fo) such that the
solution f(t) of (2.1) satisfies
t
. (20
foo

u@iﬁf-)@@@m+é%

+AMVW$S><ZQ+“ (M)v<gj>&dd
[ () e [ [ (2]
+A%w<ﬁ)< HlaW) <£>hmm]@m

for allt > 0. Moreover, we have:

Foodrdy

< Ce M foodxdv

2 2
(a) if ap > VI, CS—VZ, then 2\ = v — 1;

2
(b) if c=—ap= —Z then 2X\ =v —71 —¢ for any e € (0,v —71);

2 2
(c) z'fc>—%7 ¢+ 200 > , then

2
c+7 . L a2
V—T— ifv—1>A7 + 1
+ g - Vetao
22 = \/67 V2 )
(v—1)Vetao—(c+%)(V/1+sF—s1) PR et
Vet ag+ Arsi(e+ ”72) 1 VeFao
\ A 1+”72+c+a0+\/(”4—2+c+a0—1)2+1/2
where = 7
! 20’013]
Af(etg ) —ema0 o B
24 (c+22)v/oFao if (v—7)A; =2
S1 = 5 :
1 (v=1)A1-1 (c+22)? 1 ety .
voT (V*T>A1*2‘ \/ rao T2 —DAD — (v =T - o yveres | F (- A#2
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2 2
(d) if ¢ > —VZ, c+2ap < VZ, then

v—T— 12— 4ag ifV772A2_1+\/V274a0
A= v—7—Vv2—dag(\/1 + 53 — s2) )
ifv—1 < A7+ V12 —da
14+ AssoV/1?2 — 4oy / 2 0
R SR R
wnere Ay 1= ’
20Cpr
= = if (v =)y =2
82 1= v—7)As—1 — v2—4a - ;
ViT Mﬁ’\/1/274a0+2(V77)A217(y—T)27((V7V_j)A42_02) if (v—1)Ay #2

(e) if V(x) is a quadratic polynomial of x and %27‘2/ is positive definite, then Assumptions

2.2.1 and 2.2.2 are satisfied with 7 = 0, ¢ = —ag (this rules out the conditions in
the case of (¢)). Moreover, the decay rates A in (a) and (d) are sharp and, in the
case of (d), v > A" + /w2 —dag holds and so 2\ = v — \/v2 — dag. In the case of
(b), the decay rate 2\ = v — ¢ is sharp in the sense that (2.9) holds with the rate
2\ =v — ¢ for any small fized ¢ € (0,v), but it does not hold with the rate 2\ = v.

Remark 2.2.4. 1. It is possible to make weaker regularity hypothesis on the potential
V, but we maintain the assumption that V€ C™ to keep the presentation simple.

2. Since %27‘2/ + (1 — o)l > 1, (2.9) implies that the solution converges exponentially

to the steady state in H'(R?", f.). If the eigenvalues of %27‘2/ are uniformly bounded,
then (2.9) is equivalent to the exponential decay of the solution to the steady state in
H'(R?", f..). Due to the Poincaré inequality (2.5), the L>—term on the right hand

side of (2.9) could be omitted.

3. IfV satisfies Assumption 2.2.2 with some constants ¢ € R and T € [0,v), then V also
satisfies Assumption 2.2.2 with any ¢ > ¢ and T € [1,v). Therefore, these constants
are not unique. But the exponential decay rate X obtained in Theorem 2.2.3 depends
on the choice of ¢ and 1. To obtain a better rate, one has to optimize A = (¢, T)
with respect to all ¢ and T satisfying Assumption 2.2.2.

4. In Theorem 2.2.3 (b), the constant C in (2.9) depends on €, and C' = C(g) — oo as
e — 0.

5. The highest exponential rate is 5 which can be attained by the quadratic potentials

0 92V v?

When V' is a quadratic polynomial as in Theorem 2.2.3 (e), we prove the following
sharp estimates.

Proposition 2.2.5. Let V be a quadratic polynomial and %QTZ be positive definite. Let
ag > 0 be the smallest eigenvalue of 8827‘5, then?

_uy . LQ
e 2", if ag > 5
—1 _v .
17(8)/ fox HLQ(Rd’f‘X’) = (A +t)e 2, if g = VTZ as t — oo.
1#%€L2(Rd7foo) Hfo/foo - 1|‘L2(Rd,foo) e_l/*\/l/2274o¢0t Zf o - LQ
) 1
(2.10)

2For functions ¢ = ¢(t) and ¢ = ¢(t), ¢ < ¢ as t — co means ¢ = O(¢) and ¢ = O(p) as t — oo.
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24 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

We shall use this proposition to prove the sharpness of the decay rates in Theorem
2.2.3 (e). When V is a quadratic polynomial and —ag = —VTQ =: ¢, Theorem 2.2.3 (e)
shows that the decay in (2.9) can be e~ ¥~ for any small fixed e € (0,v), but it can not
be e~¥t. In this case, it is natural to expect a decay between e ** and e~ (*~9) : Proposition
2.2.5 shows that this is indeed the case for the square of the L?—norm, with the decay
(1+t)%2e7¥!. But an analogous extension of this result for the functional on the left hand
side of (2.9) (i.e., to replace the term Cee~("~9)* with C'(1+t)%e~"" ) has not been obtained
so far.

Remark 2.2.6. Under assumptions of Proposition 2.2.5, we can construct special
solutions fs(t) (see [3, Section 6]) which satisfy

e~ 2t if g > sz

1£s(®)/ foo = Ulrz@afoo) _ ) (14 8)e=5t,  ifag = Z e
||f0/f00 - 1||L2(Rd,foo) u—\/u2—4a0 2
e~ 2 L ifag < T

Our next result is about the estimates on the hypoelliptic regularization.

Theorem 2.2.7. Assume V is a C°° potential on R™ and there are constants ¢ € R and
7 > 0 such that the matriz (2.6) is positive semi-definite for all x € R™. Suppose the initial

2
data fo satisﬁes/ (J{O - 1) ( v
R27 S

922
are explicitly computable constants C1 = C1(tg) > 0 and Cy = Ca(ty) > 0 (independent of
fo) such that the inequalities

fu o G < [ (1) (15
and

Lo (M) (22 - aor) 9. (12) puras

= b / < 1) (H
t R2n
hold for all t € (0, o).

In Theorem 2.2.3 we assumed that the initial data fo/fs is in H'(R?, fu). If we use
the estimates in Theorem 2.2.7, this condition can be relaxed:

Corollary 2.2.8. Let V be a C*° potential in R™ satisfyz’ng Assumptions 2.2.1 and 2.2.2.
2 2
Suppose the initial data fo satisfies / (J{O - 1) ( il
R2n o)

+ 1) foodzdv < 0o. Then, for any tg > 0, there

1) foodzdv  (2.11)

1) foodzdv  (2.12)

Ox?
for any to > 0, there is an explicitly computable constant C = C(ty) > 0 (independent of

fo) such that
f (ﬂ)
v (5

L. (J;&)_l) frudado s [
Lot () (3 ) (42

< Ce M /Rzn < - 1) (H 1) foodzdv (2.13)

holds for all t > ty with A defined in Theorem 2.2.3.

+ 1) foodxzdv < co. Then,

Foodzdv
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Remark 2.2.9. 1. In contrast to Theorem 2.2.8, Theorem 2.2.7 holds even if the
Poincaré inequality (2.5) is not satisfied by fs. Also, T can be larger than v.

2. The exponents of t in (2.11) and (2.12) are optimal when V is a quadratic polynomial
(see [33, Appendiz A]).

To illustrate our result, we present concrete examples of potentials V satisfying our
Assumption 2.2.1 and Assumption 2.2.2:

Example 2.2.10 (Polynomial confining potentials). a) As mentioned in Theorem 2.2.3, if
V(z) = ITM%I‘T +p-x+q, x € R" with a positive definite covariance matrix M~ € R™*",
a constant vector p € R™ and a constant ¢ € R, the convergence rate is

2

L if ag > 4 (case (a))
A=< 55, if g = ”4—2, for any € € (0,v) (case (b)) ,
= VV;_MO, if ag < % (case (d))

and it is sharp for ag # ”;, where g is the smallest eigenvalue of M ~! (see Theorem 2.3

(€)).
b) More generally, we consider potentials of the form
V(z) = rlz* + Vo(z)

wherer > 0,k € Nand Vj: R™ — R is a polynomial of degree j < 2k. Since we have already
considered quadratic potentials, we assume k& > 2. V satisfies the Poincaré inequality (2.5);
this can be proven, for example, by showing that V' satisfies one of the sufficient conditions
given in [6, Corollary 1.6]. Concerning Assumption 2.2.2” we have

. x% r1x2 ... X1Tp

9 2

8@ = 2kr|z| 20 4 2k(2k — 2)r|z 2Rt | IR T2 S R 8
1Ty T2Tp ... xi

Since Vj has degree j < 2k, there is a constant A > 0 such that

_ V@)

2k—3
—A(L+ 2 < R

< AL+ |21

Therefore, we can estimate
0V (z)
Ox?
We also observe that there exists a positive constant B such that

9*(0x,V (2))
0x?

> <2kr!w[2k—2 — Alz[3 - A) 1. (2.14)

—B(1+ [a[** 7)1 < < B(L+ [2*%)1

for all i € {1,...,n}. (2.14) shows that the smallest eigenvalue of 62(,;;9) satisfies a(x) >
2kr|z|?* =2 — Alz|?)~3 — A. Since 2kr|x|**~2 — A|z|?* =3 — A grows faster than B(1+|z|?*~3)
as |x| — oo, there are constants ¢ and 7 € [0, v) such that (2.7) is satisfied. Thus, Theorem
2.2.3 applies to this type of potentials. In particular, it applies to double-well potentials
of the form V(x) = ri|x|* — ro|x|?, 71,72 > 0.




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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Remark 2.2.11. 1. Our decay and regularization results above extend those of [23],
where a stronger assumption, i.e. agiij € ﬂ;il WP(R"™) for all i,j € {1,...,n},
was made. By contrast, we did not require the boundedness of the second and higher
derivatives of V.

2. Most of the previous works on the exponential convergence f(t) — foo ast — o0
(e.g. [32, 20, 9, 10, 33, 14, 15]) used the growth condition (2.4) to get some weighted
Poincaré type inequalities (see [32, Lemma A.24]), which are crucial in these works
— and additional to the Poincaré inequality (2.5). Our technique is rather different,
based on construction of appropriate state dependent matrices and state dependent
matriz inequalities so that the (modified) dissipation functional (see (2.20) below)
decays exponentially.

3. Most of the previous methods for proving the exponential convergence do not give an
accurate decay rate, A is typically much too small there (see [32, Section 7.2], [20,
Section 1.4]). For example, in [32, Section 7.2], the exponential decay rate \ = 4—10

‘ 2

was obtained for V(x) = % and v = o0 = 1. Since our decay rates are sharp for
quadratic potentials, in this setting, the true rate A = % s given by Theorem 2.2.3
(a) and (e).

2.3 Modified entropy methods

We first consider the following degenerate and non-symmetric Fokker-Planck equation
2, 1]:

{atf:div(DVwa(DwLR)VEf)v EERT >0, (2.15)

ft=0)=foe LLRY), [pafodé=1

where D € R?*? is a constant, symmetric, positive semi-definite (rank(D) < d) matrix,
R € R%™? is a constant skew-symmetric matrix. E : R? — R is a function which only
depends on the state variable £&. We assume that E is confining (i.e. E({) — oo for
|| — oo) and smooth enough so that (2.15) has a unique and smooth solution. If F
grows fast enough, (2.15) has a normalized steady state fo, = cge™, cg > 0. The weak
maximum principle for degenerate parabolic equations [25] can be applied to (2.15) and
we can prove that f(¢,£) >0 for all t > 0, £ € R The divergence structure implies that
the initial mass is conserved and f(t,-) describes the evolution of a probability density

/ f(t,f)dfz/ fo(&)de =1, Yt >0.
R4 R4

We are interested in the large-time behavior of the solution, in particular, when rank(D)
is less than the dimension d. When D is positive definite (rank(D) = d), the large time
behavior and exponential convergence have been studied comprehensively (see [7], [4], [2]).
One of the well-know conditions which provides the exponential decay of the solution to
the steady state is called the Bakry-Emery condition (see (2.16) below) leading to:

2
Theorem 2.3.1 ([2, Theorem 2.6]). Assume / (fo - 1) food§ < 00 and
Rd

foo

2 2

OB . [PE Y L d
I\ > 0 such that a—SQ(IJrRD )+ G—Q(IJFRD )] =MD, VEeRY (2.16)
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) s ()

To prove the theorem above, one considers the time derivative of the L?—norm and
we see that it decreases

g (J;(@.? . ) fude=2 [ ¥ (ff;) DV (fi) Food€ = —I(f(8)| ) 5(20.1 )

I(f(t)|feo) is called the dissipation functional and since D is positive definite it vanishes
if and only if f = f.. It can be proven that, under the Bakry-Emery condition,

L H(FOf) < ~2M (O] ). (218)

Then

Integrating this inequality from (¢,00) and using the convergences I(f(t)|fsx) — 0 and

2
/ <J;(t)— > foodé — 0 as t — o0, it follows that
R4 0o
IO e (10 )
i Rd<foo )f“dgg 2 [, (e 1) e 219

and, by Gronwall’s lemma, we get the desired result.

When D is only positive semi-definite, i.e. rank(D) < d, one observes that I(f(t)|fso)
may vanish for certain probability densities f # fo. Hence the inequalities (2.18) and
(2.19) will not hold in general. Since the above problems stem from the singularity of D,
one can modify the dissipation function and define a modified dissipation functional (see
also [1, 3])

foo foo
where P : R? — R%? ig a symmetric positive definite matrix which will be chosen later.
Extending the approach of [1, 3], we allow the matrix P here to depend on { € R?. Our

goal is to derive a differential inequality similar to (2.18) (like the dissipation functional
satisfied for non-degenerate equations), i.e.

st =2 [ 91 (L) peove (L) reae (220)

d
5((1) = =2A5(f(1)), (2.21)
for some A > 0 and a ”good” choice of the matrix P. If this holds true, we would obtain
S(f(1) < S(fo)e ™.

If we can choose such P = P(£) > nI for some n > 0 and all ¢ € R?, under the validity of
the Poincaré inequality (2.5) for foo (&) = cpe &) (where <i> in (2.5) is replaced with
&) we have

/Rd (‘f;g—l>2fmd§§ Clpl/R v (ﬁ))

which implies the exponential decay of the L?—norm

f@t) ? 1 ot
/ < v 1) o < S (fo)e .

2 1
s0d€ <
Joodt 2Cpm

S(f(®));
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28 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

More generally, since the quadratic entropy is also a decreasing function of time ¢,
instead of proving (2.21), we can consider the functional

v = [ (42~ )Zfoods +S(/(1)

LY s 5 () e () e

and choose a suitable parameter v > 0 and a matrix P such that

dq)gt(t)) < —20P(f(1)) <0 (2.23)

for some A > 0. This idea and method were successfully applied in [3] to (2.15) when the
potential F is quadratic.

We shall apply this method to the kinetic Fokker-Planck equation with non-quadratic
V(z). First, we denote & := <i> € R*™, E(§) := L[V (z) + @], foo = ¢ F. Then the

kinetic Fokker-Planck equation (2.1) can be written in the form of (2.15),

8:f = dive(DVef + (D + R)V¢E) (2.24)
with
_ 0 0 2nx2n _ E 0 —I 2nx2n
D(O aI)eR and Ry([ 0 €eR . (2.25)

The rank of the diffusion matrix D is n < d = 2n. Thus, (2.1) is both non-symmetric and
degenerate and the arguments above apply to the equation.

We will develop a modified entropy method. We will choose £ —dependent matrix P
in the modified dissipation functional (2.20) so that (2.23) holds and A > 0 is as large as
possible.

We also mention that when the potential E is quadratic in (2.15), the question about
the long time behavior can be reduced to an ODE problem:

Theorem 2.3.2. Let 0 # D € R¥*? be positive semi-definite, R € R¥™4 be skew-symmetric
and R? 5 € — E(¢) = % for some positive definite matriz K. Assume (D + R)K 1
18 positive stable and there is mo non-trivial subspace of KerD which is invariant under
K=YD — R). If f is the solution of (2.15) and &(t) € R? is the solution of the ODE
£t) = —K~2(D + R)K~2¢ with initial datum £(0) = &, then

f @)/ foo = UlL2(re, 1) — sup €)1 ]2 +>0. (2.26)

175%6112(1[{‘1,][00) Hfo/fOO - 1HL2(Rd,foo) 0#£&HERY H&)HQ ’ N

Proof. See [5, Theorem 3.4]. O

One consequence of Theorem 2.3.2 is that the decay estimate of the ODE-solution
carries over to the corresponding Fokker-Planck equation.
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2.4. THE CHOICE OF THE MATRIX P 29

2.4 The choice of the matrix P

For future reference (in the proof of Theorem 2.2.7) we shall now also allow the matrix P
to be time dependent. Hence we shall next consider the generalized functional

S(t, f) = 2/Rd A (Jj;) P(t, &)V <J;’;) foodE.

The following lemmas will play a crucial role in our arguments.

Lemma 2.4.1. Let P : [0,00) x R?® — R?"*2% pe smooth and f be the solution of (2.1),
then

n

%S(t, f(t) = —4o /R N {Z(@Uiu)TPaviu} foodzdv—2 /]R . u" {QP + PQ"} ufoodzdy

=1

— 2/ ul {[VoV -V, —v-Vy+wvv-V, —0cA, — 0P} ufsdrdv, (2.27)
R2n

0

where u = Vg, (%@) , Q= Qx) = ( 92V () ,and [VizV -V, —v -V, +vv-

a0z VI
Vo —0A, — 0] denotes a scalar differential operator that is applied to each element of the
matriz P = P(t,x,v).

f

Proof. We denote u; := V, <ff> , U =V, <f> , then u; and wuy satisfy

n n n 0*V
Oy = o Ayuy — Vzviaviul + Z@xlv&hm - Zviaxiul + WU%

i=1 =1 i=1

n n n
Oug = o Ayug — v E 0Oy, U2 + E 0z, V Oy, un — E VO, Ug — U1 — VUD.
i=1 i=1 i=1

These equations can be written with respect to u = <u1> :
2

O = o Ayu — uiviaviu + Zn: 0z, V Oy, u — i: VO, U — QTu.

i=1 =1 i=1

It allows us to compute the time derivative of the modified dissipation functional

iS(t,f(t)) = 4/ u” Poyu foodrdu + 2/ u” 0y Pufoodady
dt R2n R2n

—40/ uTPAvufooda:dv—4z/Z/ uTP(?viuvifoodafdv
R2n — JR

2n

+4 Z /R% uTPaviuaxinoodﬂcdv —4 Z/R uTPaxiuvifoodazdv
i=1 i=1

2n

— 2/ uT{QP+ PQT}ufoodmdv + 2/ w0 Pufsodzdy. (2.28)
RZn ]RQn
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30 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

First, we consider the term in the second line of (2.28) and use 0y, foo = —20; foo :
n n
1o Z; /2n UTpaglfulufoodxd'U —4v Z /zn uT‘Pa’Uiuvifoodde

=—4 TPy ufse —4 . P)Oyufocdrdy. (2.2
UZ R2n8 u' POy, ufoodxdu O'Z R2n T (D, P) 0y, ufoodxdv.  (2.29)

By integrating by parts the last term of (2.29) we obtain
— 4o Z/ uT(aviP)aviufoodxdv

u” (Dy, P)Oy,ufoodrdv + 4o Z / Z_P)ufoodxdv

R2n

—41/2/ 8 - Puv; foodzduv

and we find

—402/ 8 P)Oy,ufocdrdy = 20/ uT(AvP)ufoodmdv

RQn
- 21/2/ Uzale U foodrdy.

If we use this equality in (2.29), we get

40/ u'PA wUfoodzdy — 41 Z/ TPviﬁviufoodafdv
R2n R

2n

(D, )T POy foodadv — 2/ u{[vv -V, — 0 A PYufoedrdy. (2.30)
R2n

Next, we integrate by parts in the terms in the third line of (2.28):
4 TP, udy,V foodad
Z /Rzn u U0z, V foodxdu
= —4 Z / TPE)vzu@szfoodxdv —4 Z / &)lP)u@szfood:cdv
=1 /R R2n

VZ/ uTPuaminifoodmdv, (2.31)
g e R2n

-4 Z/ uTP({)xiuvifood:cdv
i—1 RQn
= 42/}R U P@mluvzfoodl‘dv —|—4Z/R% (Or; P)uv; foodzdv
i=1

—VZ/ uTPu@cinifood:L’dv. (2.32)
g “ RQn
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2.4. THE CHOICE OF THE MATRIX P 31

(2.31) and (2.32) show that the third line of (2.28) equals

-2 Z/ 8  P)udy,V foodzdo + 2 Z 8 Puv; foodzduv

RZn

= —2/ ul{[V,V -V —v- Vo] PYufsdrdv. (2.33)
R2n

Combining (2.28), (2.30), and (2.33) we obtain the statement (2.27). O

Remark 2.4.2. We give now a (formal) generalization of the above result (2.27) to
Markovian evolution equations using the Gamma calculus, see, e.g., [8, 9, 10]:

First, let L be the generator of some Markovian evolution on R® with corresponding
invariant measure food&. Let P = P(§) be a smooth matrixz function (but it does not have
to be symmetric or positive definite). We define the first order bilinear form

I'7(g,h) :== Veg" PV¢h
and )
I (g,h) = §(LFP(97 h) =T"(Lg,h) = T" (g, Lh)) .
For a solution h(t) of Oth = Lh, these definitions give

%rp(h h) =TF(Lh,h) +TF(h,Lh) = —2TF(h,h) + LTP(h,h), Ve eRY.  (2.34)

We use T'T to define the modified dissipation functional

. P , _ 5
S(f) ._z/Rdr (1) fod. with = -
We obtain by integrating (2.34):
d
G = =4 [ TEhm) fe. (2.35)

where we used that [q LT (h, h) foodé = 0.
In particular, let L be the generator of the kinetic Fokker-Planck equation (2.3), and

we recall that & := (‘z) . Then, a straightforward (but lengthy) computation shows that

T3 (h,h) =20 Y (0y,u)" POyu+u” (QP + PQT) u+ u” (LP)u
=1

+2028 )18, Pu+4UZu (O, P) 0y, u

=1

One can check (by integrating by parts the term 4o [pa > iy ul' (0y, P)Oy,ufoodE in the
right hand side of (2.35)) that (2.35) coincides with (2.27). Hence, (2.35) reproduces
(2.27). But in contrast to (2.27), the preceding statement (2.34) is local in & and therefore
stronger.

The key question for using the modified entropy dissipation functional S(f) is how to
choose the matrix P. To determine P we shall need the following algebraic result:
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32 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

Lemma 2.4.3. For any fized matric Q € R et p = min{Re(p)
B is an eigenvalue of Q}. Let {3y : 1 < m < mg} be all the eigenvalues of Q with
= Re(B), only counting their geometric multiplicity.
(a) If B is non-defective for allm € {1,...,mg}, then there exists a symmetric, positive
definite matriz P € R¥>4 with
QP + PO > 2uP.

(b) If By, is defective for at least one m € {1,...,mo}, then for any € > 0 there exists
a symmetric, positive definite matriz P(g) € R with

QP(e) + P(2) Q" > 2(u — ) P(e).
Proof. See [3, Lemma 4.3]. O

We consider the matrix function

0 I
Qz) == <_62V(az) 1/[) , zEeR", (2.36)

Oz2

which appears in (2.27). We want to construct a symmetric positive definite matrix P(x)
such that Q(z)P(x) + P(x)QT (z) is positive definite and

Q(z)P(z) + P(2)Q" () > 2uP(x)

for some p > 0 and for all z € R™. We recall

2

afz) == le?lllﬂn} {ai(l‘) . a;(x) is an eigenvalue of g (;;(236) } ,
ao = inf a(z),

pe= inf {Re(Bi(x)) : Bi(x) is an eigenvalue of Q(x)}.

zeR”,ie{1,..,n}

Lemma 2.4.4. 1) The matriz Q(x) is positive stable at any fized x € R"™, if and only if
0%V (x)
Ox?

9V (x) ” ~ n .
2) Let =55~ be positive definite for some x € R™. Then:

18 positive definite.

(a) If ag > ”IQ, then p = 5 and there exists a symmetric positive definite matriz P(x)
such that
Q(z)P(x) + P(z)Q" (z) = 2P (x).

(b) If 0 < ap < ”;, then p = ZNV2 "% ”';2740‘0 and there exists a symmetric positive definite
matriz P(z) such that

Q(@)P(x) + P(2)QT (x) > 2uP ().

(c) If ag = ";, then p = § and, for any € € (0,v), there exists a symmetric positive

definite matriz P(xz,e) such that

Q(@)P(x,2) + P(z,6)Q" (2) > (21 — £)P(a, ).
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2.4. THE CHOICE OF THE MATRIX P 33

Proof. Part 1) Let x be any point of R, we compute the eigenvalues 3(z) of Q(x). If
B(x) # 0 we have the condition

—B(x)I 1
det(Q(z) — B(x)]) = 2V (2
(@) - A1) ‘_aa‘g(z) o s

B 1 —Bz(x)l i 0
T B |-5HE TV 4 (e (v - Bla))]

2 X
= (—=1)"det (—68‘;(2 ) +,8(:c)(u—,8(:v))l> =0.

9V (z)
3

Let a;(x) € R, i € {1,...,n} denote the eigenvalues of =5, then the above eigenvalue

condition reads
n

[1(8%@) - vB(z) + ai(x)) = 0.

i=1

Hence the non-zero eigenvalues of Q(x) are
2_ .

vEY©dai@) e 2 > da;(x)

B () = e
i vEVIG@ R e 2 ()

2

cie{1,..,n}, (2.37)

where i = v/—1. Moreover, 3(x) = 0 can be an eigenvalue of Q(x) iff one of the eigenvalues

of £V is zero. This shows that Q(x) is positive stable (i.e., the eigenvalues f3;(z) have

Ox2
e . 02V (x)
positive real part) iff =5~ > 0.

For Part 2) we shall construct matrices P(x), which relies on the proof of Lemma 2.4.3
(Lemma 4.3 in [3]).

(a) Let ap > ”zz. In this case, because of (2.37) the matrix Q(x) is positive stable and
p =5 > 0. We define the matrix

' 21 vl
P(z) = o1 28V@ |

Oz2

and for this choice, it is easy to check that

Q(@)P(2) + P2)Q" (x) = vP(x) = 2uP(x).

To make sure that P(z) is positive definite, we compute the eigenvalues n(z) of P(x) at
each z € R™ : For n(z) # 2 we have the condition

(2—n(z))l vi
det(P(z) — n(x)I) = T 2PV _ a1
1 (2 = ()1 0
@@y | vI @-n@) (2552 — @) - v

~ det <(2 (@) (28282 @) _ n(x)]) _ VQI) 0.
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34 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

n(z) = 2 is not an eigenvalue of P(z) and so the eigenvalues of P(x) satisfy

n

[T () — 2+ 204(2))n(@) + das(x) — v%) =0.
=1

We conclude that the eigenvalues are

nE(r) =14 ai(z) £ /(i) + 1)2 — (4ay(z) —v2), i € {1,...,n}.

Since we assumed a;(z) > a(x) > ag > % for alli € {1,...,n}, the eigenvalues are positive
and satisfy

n = inf nE (@) =14 ag — /(ao + 1)2 = (4ag — v2) > 0.
zeR™, ie{1,...,n}

Thus, P(x) is positive definite and P(z) > nl for all x € R™.

(b) — (c) Let 0 < ap < ”4—2. Then (2.37) shows pu = “ V2 "% ”1/22_4%. Let ¢ > 0 be a fixed
small number. We define ,
{Oéo, if ap < VT
w = 2

2,
agp— 5, ifag ="

and consider the matrix

Plr) = 21 vI
o \ur 2826‘/(36) + (V2 —dw)I ]’

2

We compute its eigenvalues n(z) by a similar computation as above:
(@) = 14 Gl2) £ V(G@) + 1)% - (4G(x) - v?), (2.38)

where (;(z) := a;(x) + % — 2w > ”742. We also have

V2 \/ 2
= inf ) =1 — — 2w — — —2w—1)24+12>0.
K xGR",;Iel{l,...,n} i (IL') taot 2 v (Oé() + 2 “ ) v

Thus, P(x) is positive definite and P(z) > nl for all x € R™. Then we compute
Q(x)P(z) + P(2)Q" (x)

B 27 (v + M)I
= (v—V12 — 4w)P(@)+ V12 — dw <(u V=) 28 T~ dw(v + VP — dw)]

(2.39)

Since %27\2/ > wl, the second matrix in the last line of (2.39) is bounded below by
21 (v+ V2 —4dw)l

(v + V2 —4w)] 2w+ V2 —dw(v + V2 — dw)l
B 21 (v + V2 —dw)l >0
S\ V2 —dw) L+ VR —dw)?T) T

Consequently, we get

Q(x)P(z) + P(x)QT (z) > (v — Vv2 — 4w)P(z) for all z € R™
O
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2.4. THE CHOICE OF THE MATRIX P 35

Lemma 2.4.4 shows that, if i o g ) is not positive definite at some z € R™ (and hence
ap < 0), then Q(z) is not positive stable. In this case, it is not possible to find a positive
constant x4 and a positive definite matrix P(z) such that Q(z)P(x)+ P(z)QT (z) > uP(z).

If g is just finite and not necessarily positive, we have the following modified inequality.

Lemma 2.4.5. Let ag > —o0. Then there exist v > 0, 0 € [0,v), and a symmetric positive
definite matriz function P(x) such that

Q(z)P(x) + P(2)QT (z) + vD > (v — 8)P(z), Vx € R, (2.40)
where D = (8 UOI) € R22" s the matriz defined in (2.24).

Proof. Let a > 0 be any constant such that a + ag > %4-. We consider the matrix

p o 21 vl
(z) := vl 26 V( ) + 2al

In analogy to (2.38) we find its eigenvalues as

nE(x) = 1+ Gi(2) £ V(G(x) — (4Gi(z) — v2),

where (;(2) := a;(x)+a > a+op > VZ? and «;(z) € R, i € {1,...,n} denote the eigenvalues
of ZV(2)

. We also have

2
4 _ v
ni= inf jE(a:) = (a+ao 4 )

= > 0. 2.41
zeR™ie{1,.. ,n}n 1+G+Oé()+\/(a+040—1)2+y2 ( )

Thus, P(z) is uniformly positive definite and P(x) > nI for all z € R,
Next we compute

T . 0 2@[
QP+PQ"+9D=vP+ <2a[ (2va + o)l

201 (V6 + 2a)l
=(w—-90)P+ ,
(v6 4 2a)I §(22% 3362 +2al) + (2va + o)l
where 0 € [0, v) will be chosen later. We compute the (real) eigenvalues 6 of the symmetric

matrix
251 (v6 + 2a)T (2.43)
(w6 +2a)] 522X + 2al) + (2va +yo)I '

(2.42)

which appears in (2.42):
For 0(z) # 26 we have the condition

(20 —0)I (V0 + 2a)l
(w6 +2a)] §(22% )+ (2va + yo — 9)1‘

1 (26 —0)1 0
T 200y |(v5 +2a)] (26— 6) (5(2?9% +2al) + (2va + o — 9)1) — (6 + 20)21

= ’(25 —0) <5(282V +2al) + (2va + vo — 9)1) — (V3 +2a)*T

0z2

0(25(ci(z) + a) + 26 + 2va + o] + 46%(ay(z) + a — v? /4) + 2670 — 4a*) = 0.

n

7 1
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36 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

Let us consider the following equations with i € {1,...,n} :
02 — 0[25(cvi(z) + a) + 20 + 2va + yo| + [40% (ei(x) + a — v?/4) + 2670 — 4a?] = 0, (2.44)

and we shall show that they have non-negative solutions for an appropriate choice of §
and . To this end we see first that

ov?
20(i(z) + a) + 20 + 2va + yo > 20(ap +a) + 25 > -t 26 > 0.

Next, we choose

1
§=0(a,7) == ————= ik +a2 — ik >0,
V2 v2 v?
\a+ag— dy/a+ oo — dy/a+ oo —
(2.45)
which satisfies
2
46%(a + ag — VZ) + 2670 — 4a2 = 0. (2.46)
Hence, the last term of (2.44) satisfies
2 v?
46% (i () + a — Z) + 260 — 4a* > 46%(a + o — Z) + 26y —4a* =0

for all i« € {1,..,n}. Therefore, the quadratic equations (2.44) have non-negative
coefficients and so their solutions, i.e. the eigenvalues of (2.43), are non-negative.
Consequently, we get (2.40).

We note that § from (2.45) satisfies, for any fixed a > 4 — ag, d(a,v) — 0 as v — oo.
Hence, choosing v large enough, we have ¢ € [0,v). O

Remark 2.4.6. If ag > 0, we can take v = 0 in Lemma 2.4.5. This follows by choosing
in the proof of Lemma 2.4.5

. 2 . 2
0, if ap > 0, if ag > 7
— 62 - _y2 _ £ . _l/2
a= 727 Zfao—z 2’ d = ﬁv Zfao_f 2’
—4 . .
L if0<ag < B V2 —dag, if0<ag <k

with any € € (0,v). Therefore, Lemma 2.4.5 includes the second part of Lemma 2.4.4.
Howewver, if ag < 0, we have to choose v > 0.

2.5 Proofs
2.5.1 Proof of Theorem 2.2.3

Proof. We denote uj := V, (ff> , Uy = Vy (f) ,and u = (

modified dissipation functional

) . We consider the
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2.5. PROOFS 37

for some symmetric positive definite matrix P = P(x,v) € R?"*?", By Lemma 2.4.1 (for
a t-independent matrix P) we have

d n

—S(f(t) = —do / {Z(@viu)TPamu} foodzdv — 2 / u" {QP + PQ"} ufoodzdy
dt R2n =1 R2n
- 2/ ul {[VoV -V — vV +vv-V, — 0A|P}ufsdrdo, (2.47)
R2n

) 0 I
with Q(x) = ( 92V (x) ) . Let ¢ € R and 7 € [0,v) are the constants such that

T 022 v
Assumption 2.2.2 is satisfied. Since (2.6) is positive semi-definite, 828‘;(276) +cl is also positive

semi-definite and so 828‘;9) > —cl for all x € R™. We define the matrix P depending on

the constant c.

Case (a):

V2 V2

Assume ¢ < —%, ag > 4. By Lemma 2.4.4 (2a) and by its proof, the matrix P(x) :=

21 vl .
> 2828‘;(;) satisfies

Q(x)P(x) + P(x)QT(x) =vP(z) and P(z)>nl

for all z € R™ and 7 := 14+ap— /(g + 1)2 — (4ap — v2) > 0. For this choice of the matrix
P,

0 0
VoV -V, —v-Vy+rvv-V, —0cA,P(z) = (0 262(v-VzV)> . (2.48)
B Ox2

Then (2.47) can be written as

d
G5 =0 [

R2n

{Z(aviu)TPf)viu} Joodzdv

i=1

T 7 (0 0
—2v u Pufsodzdv + 4 u 02(v-v,v) | Wfoodzdv
R2n R2n 0 —5—

Oz
. T (0 0
= —4o g (O, )" POy,u ¢ foodxdv—vS(f(t))+4 u 92(v-v,v) | ufoodzdv.

Ox2

(2.49)

We shall now consider each term of this equation. First we compute

9 OV
2|ur|* 4 2vug - ug + 2us WUQ foodxdv
x

sty =2 [

RQn
v v 2
= 4/R% lui + 5u2’2!}t’mdmdv + 4/Rzn u2T <a$2 vy > U9 foodxdv

2 2
> 4/ ud (i‘))x‘?f - 2]) ug foodzdv. (2.50)
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Then

4 1) PO, -
U/RQ” {g(@ .u)’ PO Zu} foodzduv
n 2

o°V
= 4o /R% {; <2](9viu1’2 + 200y, u1 - Oy, u2 + 2(aviu2)TW8Uiu2> } Sfoodxdy

14
= 80 /Rzn {Z Oy, u1 + 281)iu2|2} foodzdv

=1

- PV P
+8a /RQ {Z(%uz)T <ax2 - ”41) aqu} foodzdy

=1

- r(0?V 2
> 8o o Z(@vﬂ@) W_ZI Op,u2 ¢ foodxdv. (2.51)

i=1

Now we consider the last term in (2.49)

0 0 2(y -
4/]1%2” u® ( 32(1,_va)> U foodrdy = 4/ ugwuzfmdxdv

0 Oz R2n
n n
=4 Z ug,iv - VaVijuaj o foodzdv = 4/ Z U Uk Vijruz,j foodzdv
L= S
40_ n 40_ n
B Z U2, Vijku2,j (O, foo) ¢ dzdv = 1// Z Oy, (u2,iu2 ) Vi ¢ foodxdv
B2 k=1 Ren |
4o n
TR Z (O u2,i)u2,j Vi + u2,i(Ov,u2,) Vije ¢ foodzdv
B (igk=1
S n S0 d 10, V)
= 7 R2n ijg_l(avk'u?,i)u?,j‘/ijk foodxd'l} = 7 o {;(8vku2) 87;‘:‘;“2 fooda:dv,

(2.52)
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where we integrated by parts and used 0, foo = —Zvrfoo and the notations uz; =
Dy, (f%) Vi =02, V, Vige = 0%, V. By (2.49), (2.51), (2.52), and (2.50) we obtain

%S(f(t)) + (v —7)S(f(#) < —7S(F(1))

)
- B2V 12
— &0 /RQn { L (aviUZ)T (:172 — 4]) 81)1'“2} food$dv

{Z 1 TM g}foodxdv
1% R2n N

o2V 12
< —4r /Rzn <a 5 4[) U2f00d$dv
- 82V 2
T
— 80 /Rzn {iz:(avﬂw) (83}2 — 4I> 8111-112} foodzdv

n 2
+ 8£ { § (@viW)TWW} foodzdy
RQ’VL

v : Oz
=1

8a " T 82V V2 T82(8sz)
_7 ;/ {V(aviU’?) (8.732 - ZI aviUQ - (aviUQ) WUQ foodxdv

8o [ T<@2V v

v Jgr2n 20 2

The right hand side of this inequality is a quadratic polynomial with respect to 0,,u2, @ €
{1,...,n}, and wug. The corresponding matrix of this quadratic polynomial is

PV 2 19%(92,V)
2V 12 192(02,V)

(2.53)
9%V V2 19%(9z, V)
0 0 vigr =1 —55733
1870, V) _19%(92,V) _19%(0, V) v v
2 0z2 2 0x2 2 Ox2 Ox2 4

The assumption %27‘2/ — ”;I > TV + ¢l and the Assumption 2.2.2 imply that (2.53) is

positive semi-definite.

Thus we have obtained

d

5 ) + (v =7)S(f(t)) <0

and by Gronwall’s lemma

SU(1) < e 1Sy, (2.5)
The estimate P(z) > nl and the Poincaré inequality (2.5) imply

@_ )2 1 1 —(V—T)t
/Rz” <f<x> Joodzdv < 2CPmS(f(lt)) < 2CPme S(fo). (2.55)
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The matrix inequalities (see Lemma 2.6.1 in Appendix 2.6.2)

1 P<<I 0 > T+ ap++/(1—ap)? —{—1/2
l+ag++/([I—ag)2+2 —\0 BzQ V(1 —ag) dog — 12

show that S(f(t)) is equivalent to the functional

/R% V. <J;<Oi>)2food d */R%VT(";Q) <32v+( )1>v <J;io))food o

This equivalence, and (2.55) let us obtain (2.9).

(2.56)

Case (b):
Assume ¢ = —ag = —%. Then by Lemma 2.4.4 (2¢), for any € € (0, — 7), the matrix
) (2 vI
T \er 22V 2
satisfies
Q(z)P(z)+ P(z)QT (z) > (v —e)P(x) and P(x)>nl (2.57)

for all z € R™ and n:=1+ ”2‘2252 — \/( ”2'2252 —1)2 4+ v2 > 0. With this matrix we have

0’V 2e2 -2
S(f(t)) :4/ |y +”ug‘2foodxdv+4/ T< an g2 — vy I) i o dado
Ran 2 R2n ox 4
92V 2e2 — 2
> .
- 4/Rzn <8m2 + 4 I) ug foodxdv, (2.58)

n

40/ { g (o%iu)TPawu} foodxdv
LS ]
= / { E |0p;u1 + 3@¢U2|2} foodxdv
R2n "

= 0*V 22— 12
T
+ 80 /R?n {Z(ﬁmw) (8x2 + 1 I) an’UQ} foodzdv, (2.59)

i=1

and by using (2.48), Oy, foo = —%V; foo

— 2/ ul {[V:V -V, —v-Vy+vv-V, —0Ay|P}ufscdrdu
R2’n

n

2
_ % { g (8UiuQ)T8(8x;V)u2} foodzdv. (2.60)
R2n 8.'E

14 ;
i=1

(2.47), (2.57), (2.58), (2.59), (2.60), and similar estimates as for Case a) show that
d
d*S(f(t)) + (v —7—-¢)5(f(1))

= 82V 262 — V2 T82(6 V)
< —— e — , 07(0z,V)
v Z /Rgn { &Jzug (3 2 4 I) Oy, uz — (Oy,u2) ) } foodzdv

8o TV T<82V 262 — 12

972 + 1 I) U2 foodxdv.

1% R2n 20’ 2
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The right hand side of this inequality is a quadratic polynomial with respect to 0y,u2, i €
{1,...,n}, and wug. The corresponding matrix of this quadratic polynomial is

2

v (5% + 2520 0 0 —1 204 1)
92V | 2212 1 0%(82,V)

0 v (5% +E200) 0 2 oub
e %(0a,V
0 0 (W + 202 ~1805V)

_19%(8:,V) _19%(8x,V) _162(8“V) <82V 122 —1/ I
2 Ox? 2 0x? 2 Ox? Ox2
(2.61)

Because of %27\2/ 42t _” I> 8 V + cI and Assumption 2.2.2, (2.61) is positive definite and
we get

LS + v~ 7~ )S(7(1) <0

and by Gronwall’s lemma

S(f(t) < e TS f). (2.62)
Similar to (2.55), we have

@ - )2 1 1 —(v—r—e)t
/RQn < foo foodxdv < QCPIUS(f(t)) < 20P177€ S(fo)- (2.63)
The functional

[ 55 e 57 (22 (55 + 0 (42) st

and S(f(t)) are equivalent because of (see Lemma 2.6.1 in Appendix 2.6.2)

1 p< (I 0 >
9%V
1 + 12492 + \/(1 . l/2+252)2 n V2 0 x2 + (1 — aO)I
4 4

1 + VQ—ZQEQ + \/(1 _ 1/2—2282>2 + 1/2
<

- 22

P. (2.64)
This equivalence, and (2.63) imply (2.9).

Case (c) and (d), exponential decay:

2 . .
Assume ¢ > —VT. For some v > 0 to be chosen later, we consider the functional

e(7(0)) = | (f - 1)2 fredazdv + S(f(1)

RQn fOO
f 2
:fy/ < — 1) foodxdv + 2/ u! Pufsodzdu. (2.65)
R2n fOO R2n

Using (2.17) and (2.47) its time derivative reads

d@(ft(t)) — 4o /R {;(%)TW “} Fooddv—2 / W' {QP + PQ" + 7D} ufosdud
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42 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

— 2/ ul {[VoV - Vy =0V +vv-V,y — 0A P} ufsdrdy. (2.66)
R2n

Let a, to be chosen later, be any number such that a > ¢+ - > > 0anda+ ap > 2. We

consider the matrix
Plr) = 21 vl (2.67)
O \ur 22V 4 oar ) ‘

Then, by Lemma 2.4.5 we have
Q(x)P(z) + P(2)QT (z) + vD > (v — §)P(x), Yz € R, (2.68)

with a constant ¢ defined in (2.45). If v is large enough, (2.45) shows that ¢ € (0,v — 7).
The choice of the matrix P in (2.67), (2.66), and (2.68) lets us estimate

(M)(C{t(t)) < —do /]R2n {Z(auiu)TPaviu} foodxdv

i=1

0 0
ul ( 62(U~VIV)> Ufoodzdv. (2.69)

- 9)s(e) +4

R
Similar computations as for Case (a) as well as (2.58) (but with 2 = 2a) lead to

d
dtcb(f(t)) + (v —=0-7)S(f(t))

E 8 Vv 4a—1/ T82(83;.V)
s - _— Z\Tx T
v Z /Rzn { 61;1“2) <8$2 + 1 ) avZUZ (&Uzug) 022 Ug foodl'd’l)

=1

8o v o [(0?V +4a—y2
2 4

— I|u dxdv.
v Jren 20 2 > 2o

The two integrands of the right hand side are together a quadratic polynomial of 0,,us,
i € {l,...,n}, and ug, and its corresponding matrix is

4a v 1 82(8321 V)
v (an + I) 0 0 T2 922
9’V 4a—v? 102 (024 V)
0 V(W+TI) 0 3 o
i 4a 2 1 0%(0z, V)
1 82(811‘/) 1 82(812‘/) 1 aQ(aznv) 82V + 4(1 2 I
2 Oz2 2 0z2 2 Ox2 0z2

(2.70)
Because of a — % > ¢ and Assumption 2.2.2, the matrix (2.70) is positive semi-definite,
thus, we have

SB(0) + v~ 7~ DSF(D) <0 (2.71)

The estimate P(xz) > nl (n > 0 defined in (2.41)) and the Poincaré inequality (2.5) imply

/ <f—Q%fmm< L s(r))
r2n \ foo > — 2nCpy

1

and so

O(f(t)) < S(f(2))-

7
1+ 2nCpr
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This estimate and (2.71) let us conclude

d
Sa(f(1) +200(f(1) <0 (2.72)
for 5
n=2"T"2+y (2.73)
1+ 2nCpr
By Gronwall’s lemma we obtain
O(f(t) < e D(fo). (2.74)

One can check that (see Lemma 2.6.1 in Appendix 2.6.2)

1 I 0
ST
atag+1+/(a+tag—1)2+12 0 Gz + (1 —ag)l
- a+ap+1++/(a+ag—1)2+v2
- 4(a+ ap) — 12

P. (2.75)

Hence, S(f(t)) is equivalent to the functional
/ Ve (J;(t)) \%4 (J;(t)> <‘?;Z +(1- ao)I> 2 <J;(t)> foodmdv.
R2n 00 o) 00

Subsequently, ®(f(¢)) and the functional on the left hand side of (2.9) are equivalent.
This equivalence and (2.74) let us obtain (2.9).

2

foodxdv + /

R2n

Case (c¢) and (d), estimated decay rate:

Next, we shall estimate A from (2.73) explicitly, and we shall choose the parameters a and ~y
such that \ is (rather) large. By (2.41) and (2.46), n = n(a) and 6 = §(a, ) are functions
of a € [c+ ”Iz,oo) ﬂ(% — ap,00) and v € [0,00). Since 4 > 0, and 71 is monotonically
increasing up to 2, we have the following uniform estimate and choice of the decay rate:

v—T1—90(a v—
2\ = sup mgsuplT v—T
ae[c-i-%,oo)ﬂ(%—ao,oo),fyZO + 2n(a)Cpr yz0 1+ 4Cpy

Next, we shall estimate this supremum (in fact it is a maximum). First we introduce a
Yo
€ [0, 00), then

dar/a+ ag — %

d(a,v) = L(\/ 1+ s2—3).

2
\Ja+ag—

l+a+ag++/(a+ag—1)2+ 12

new variable s :=

With the notations A(a) > 0 and B(a) :=
a 20Cpr
> 0, we have
a+ oy — %
D 2 _
o) — s v—71—B(a)(V1+s 8).

1+ A(a)B(a)s

a€[c+%,oo) ﬂ(%fao,oo), s>0
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Next, we shall fix the parameter a. To estimate A\ as accurately as possible, we choose a
as the argmin of B(a) such that v — 7 — B(a)(v/1 + s? — s) is maximal with respect to a.
The minimal value of B(a) is

2
c+ 5 2
B(a)) = —=2=  if c+209 > —
, min B(a) = Vet ao 42 ,
a€let7,00) (-~ 0,00) Bl(ag) = Vv? —4ag if ¢+ 2ag < VZ
and this minimum is attained at a; = ¢+ % if ¢+ 209 > %2 (i.e. in Case (c)), and

as = 2(%2 —ap) if ¢+ 2ap < sz (i.e. in Case (d)).

2 . .
If ¢ + 209 > %, then ¢ > —ag and so a varies in

2 2 2

[c+ %,oo)ﬂ(yz — 0, 00) = [c+ V—,oo) = [a1, 00).

4
Since A(a) is increasing, both A(a) and B(a) attain their minimal values at a;. Thus, a;
is optimal, i.e.

v—1—Bla)WV1+s2—s) v—7—B(a1)(V1+s2—5)

max 1+ A(a)B(a)s N 1+ A(a1)B(ar)s

If ¢ + 209 < Z’TQ, as = 2(% — o) may not be optimal as A(a) does not attain its

minimum at this point, i.e.

maXV—T—B(a)(\/l—f—sQ—s) - v—1—B(a2)(V1+ s —35)
a 1+ A(a)B(a)s - 1+ A(az)B(a1)s ’

But it is the optimal choice when s = 0 and so it gives a good approximation if s is small.
From now on we assume that a is fixed as

(2.76)

a1:c+”z2 if c—|—2a0>%
a2:2(§—a0) if C+2OL0§V4T2

Note that this choice is independent of s.
- 77— B V1 2 _
Let A(a,s) :== — (0)(V1+5" —s)
1+ A(a)B(a)s

and we seek its maximum with respect to s €
[0, 00). We compute
0sA(a, s)

= B(a) —W—-7—= a a S - a a S - — S
— T AeBewryT (17 = 7= @)@V - A@B@(Vs +1-1) (2)%7)

If 1—(v—7—DB(a))A(a) <0, then 9sA(a, s) < 0 which implies that A(a, s) is a decreasing
function of s and the maximum in [0, c0) is attained at s = 0.

If 1 - (v—71—B(a))A(a) > 0, then dsA(a,0) = B(a)[l — (v — 7 — B(a))A(a)] > 0
and A(a, s) is increasing in a neighborhood of s = 0. We also see d;A(a, s) is negative if
s is large enough (since v — 7 > 0). This means that A(a, s) starts to grow at s = 0 and
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it decreases as s — oo. Therefore, there is a point in (0,00) at which A(a, s) takes its
maximum. Setting ds;A(a, s) = 0 we obtain

1—(v—7)A(a)]Vs?>+1—s+ A(a)B(a) = 0.

It has only one solution in (0, 00) given by

s if (v = r)A(e) =2
- v—1)A 1
v ([ VB@ 20 AT — 0 7 - ] (- ) AG) £2
(2.78)

and at this point A(a, s) attains its maximum with respect to s.
Considering the computations above, we conclude that the decay rate can be estimated
by:

N ) if v — 7> A" (a) + B(a) (2.79)
=\ vr-Ba)(y/15s*(a)~s(a)) . - ’ .
e T if v —7 < A Ya) + B(a)

where two cases correspond to the two cases discussed after (2.77). Moreover, a and s(a)
are defined in (2.76) and (2.78), respectively. If we denote A; := A(a1), A2 := A(az), s1 =
2

s(a1) and sy := s(az) and take into account that B(ai) = \;;;a and B(az) = Vv? — 4ay,

we obtain the explicit decay rates stated in the theorem.

Case (e):

2
Let V (z) be a quadratic function of x and %27‘2/ be positive definite. Then, 9 ((;9;; V) are zero

matrices for all i € {1,...,n}. Thus, V satisfies Assumption 2.2.2 with 7 = 0, —c = a9 > 0.

If o < ”4—2, then ¢ + 209 = ag < % which falls into Case (d). The constant in the
Poincaré inequality (2.5) equals Cp; = 2min{l,ao} (see [4]). It lets us compute A;"
explicitly:

2vmin{1, ap}

1—1—%—0404—\/(”72—040—1)2—1—1/2

Ayt =

In Appendix 2.6.3 we prove the following inequality:

v > Ayt + /12 — dag. (2.80)

Thus Case (d) implies
v — 1?2 — 4o

A= (2.81)

If ag > -, the decay rate is explicit by Case (a) and Case (b) :

\ = % ifOéo>L2 (282)
= , for any € € (0,v) ‘

We now prove that the decay rates in (2.81) and (2.82) are sharp: From Corollary
2.2.8

£ _ > <fo_ ) Hav
/RQn<foo foodxdv < Ce /R% I 1 52

+ 1) foodxdv, Yt >ty
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holds with the same A given in (2.81) and (2.82). Since H%QT‘Q/

implies

t oo T 1 ~
L&)/ HLQ(Rd,foo) <Ce ™M, Vt>t (2.83)

1¢%€L2(Rd,fw) ||f0/f00 - 1”L2(]Rd,foo)

for some constant C' > 0. On the one hand this means that the estimated decay rate A
can not be larger than the (true) decay rate of the propagator norm given on the left
hand side of (2.83). On the other hand, Proposition 2.2.5 gives the sharp decay rates
for this propagator norm. The decay rates in (2.81) and (2.82) coincide with the ones in
Proposition 2.2.5 except in the case of ap = "TQ. Thus, the exponential decay rates in Case
(a) and Case (d) are sharp. When oy = %, Proposition 2.2.5 provides the sharp decay
(1 + t)e~ 2t for the propagator norm. Hence, (2.9) can hold with rates A = “5<

small fixed € € (0,v), but it does not hold for ¢ = 0. O

2.5.2 Proof of Proposition 2.2.5

Proof of Proposition 2.2.5. Let V be a quadratic polynomial and a—v : M~ € R™™ be

positive definite. Then there are xp € R" and C € R such that V(z) = (z=20)" JVQI (e=20) 4
C, Vx € R™. Since the change x — x + xo does not affect the supremum in (2.10) and only
the gradient of V' appears in (2.1), without loss of generality we assume that zp = 0 and
C=0.

Step 1, reformulation as an ODE-problem:

To this end we use Theorem 2.3.2. We check the conditions of this theorem for the kinetic

Fokker-Planck equation. With the notation £ = (i) , We write

v |v]? Mt |uf? r(YM~t 0 B ETK—1¢
E@)—a(”w”g)—g(z*z)—zﬁ ( 0 1)5—2
(2.84)

?) . From (2.25) we see that KerD = {(v,0)T : ¢ € R"}. Let

SEN

M—l
0
(1,0)T € KerD, then its image under K (D — R) is

wo-n(0)- (% 40 () -(%)

and it is in KerD iff ¢p = 0. Therefore, there is no non-trivial K—!(D — R)—invariant
subspace of KerD. Next we compute the eigenvalues § of K~'/2(D + R)K—'/? =

0 —M1/2
<M—1/2 vl ):

M- 1/2
’M 1/2 (v—p)

with K1 = ¥ (

0
’M 1/2 (V—,@)I—ﬁflel

=det(B(B —v)[+ M) = H(ﬁ2 —vB+ ;) =0,
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where «;, i € {1,...,n} denote the eigenvalues of M ~!. By solving the latter equation, we

find that the eigenvalues of K~1/2(D + R)K~1/% are g, = V2 —* \/”22—4‘11" B = vhyvi—de \/"22—40‘1',
i € {1,...,n}. If ap > 0 is the smallest eigenvalue of M1, then

2

. . . ~1/2 —1/2 2 ooz
1= mim{Re(Bi) : 3; is an eigenvalue of K~ /*(D+R)K~"/*} = v—y/v2—4ag if op < 2
5 1

Hence p is positive, so K ~1/2(D+R)K~/? and (D+R)K ! are positive stable. Therefore,
Theorem 2.3.2 applies to the kinetic Fokker-Planck equation.

Step 2, decay rates of the ODE-solution:

We consider the ODE .
§(t)=—K (D +R)K %

with the initial data £(0) = &. Since K~/2(D 4+ R)K~'/2 is positive stable, the solution
&(t) is stable. To quantify the decay rate, we continue to analyze the eigenvalues of
K~'2(D + R)K~'/2. Let m; be the multiplicity of a; > 0 as an eigenvalue of M~ (now
the o with i € {1,...,72} are labeled without multiplicity). Since M ! is symmetric, there
are linearly independent eigenvectors t;; € R™, j € {1,...,m;} of M ~! corresponding to
«;. Then we can check that the vectors

ol/?
<_§L%> eR™ je{l,..,m} (2.85)
ij

are linearly independent eigenvectors of K~/ 2(D+ R)K —1/2 corresponding to B, i€
{1,...,n}. Moreover, these vectors form a basis of the space of eigenvectors corresponding

to 3;”. Similarly, the vectors

oll?
(‘@j%) eR™ je{l,..,m}. (2.86)
ij

satisfy the same property for ﬂ;r .

If o # %2 for all i € {1,...,a} (ie., B; # B;), the algebraic multiplicities of 3;
and Bj are equal to m;. Then 3 (resp. Bj ) has m; eigenvectors given by (2.85) (resp.
(2.86)). Thus, the geometric multiplicities of 8; and B; also equal m;. In particular,
K~'2(D 4 R)K~1/? is diagonalizable.

If oy = % for some ig € {1,...,7}, then the algebraic multiplicity of g; = 3;
& equals 2m;,. Since the vectors (2.85) and (2.86) coincide in this case, the geometric

+

multiplicity of § equals m;,. Thus, in this case, § is a defective® eigenvalue of K ~1/2 (D +

R)K ~1/2 with the corresponding eigenvectors

<_¢ioj> eR?™, je{l,...,ms}. (2.87)
qvbioj

By solving the following linear system (with respect to &)

—Y7  —M1/2 —tigj
KV2(D 4 R)K 2 - Z¢ = ( 2 ) = ( W) , £€R¥,

3An eigenvalue is defective if its geometric multiplicity is strictly less than its algebraic multiplicity.

»
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48 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

. 0 . : . .
we find that the solution £ = <2 " ) is a generalized eigenvector of § corresponding to
v Yiog

_¢i0j
¢i0j

the eigenvector < > . Since ¥y, j € {1,...,m;, } are linearly independent, the vectors

<12,1/(J)i0j> » J € {L "'7mi0} (2.88)

form a set of linearly independent generalized eigenvectors of §. Since the vectors in
(2.87) and (2.88) are linearly independent and their total number equals 2m;, (which
is the algebraic multiplicity of %), we conclude that each eigenvector of & has only one

generalized eigenvector. Therefore, all Jordan blocks associated to § have the same size

2 x 2. In particular, if ag = ”4—2, then the eigenvalue p = 3 is defective and the maximal

size of the Jordan blocks associated to 3 is 2.
Then, the classical stability theory for ODEs shows that

67%25, if ag > %

1/ ®)/foo = Ulr2ma p) _ sup 1E@M2 _ ) 1 +1)e 5, ifag=12

1# Jo EL2(Rd Hfo/foo - ]'HL2 Rd,foo) 07550€Rd ||§0”2 v 1/274aot . 2

foo e 2 , ifag <4
as t — oo.

]

Remark 2.5.1. With the eigenvalues of C := (D + R)K ! (see (2.24), (2.84)) obtained
at the end of Step 1 in the above proof, the sharpness of the decay rate p in the cases 1
and 8 of (2.10) would also follow from [3, Theorem 6.1].

2.5.3 Proof of Theorem 2.2.7 and Corollary 2.2.8

Proof of Theorem 2.2.7. Step 1, an auxiliary inequality:

As we assume the matrix (2.6) is positive semi-definite, then the following submatrices of
(2.6) are positive semi-definite:

TV+ oI 28(88 V)
= 2 2nx2n
2 89&2 20 a

Letting § > 0, we consider

I oI o’V el 0TY 4 dcl X
X = (51 521) ® (a 2 +d> (53% foer 820 L grer) €FT
X5 is positive semi-definite as it is the Kronecker product [27, Corollary 4.2.13] of two
positive semi-definite matrices. Hence, we have for all k € {1,...,n} :

2V ?
<63:2 + CI)

Tr(X, Y3 X, /%) = Tr(XsY2)

= w4+ 8T

20

92V 828, V)
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2.5. PROOFS 49
This implies

200 + 8371V

o2V 2
200 <a 2 +d)

and by minimizing the constant on the left hand side of (2.89) with respect to ¢ (i.e., by

S [ L)

choosing 0 = 4/22), we obtain
2 2 2 2 2
\/ 27——Z/Tr OV(z) + el > Tr OV(z) +ecl M for all z € R™.
o Ox? Ox? Ox?

(2.90)

Step 2, growth estimate for the r.h.s. of (2.11), (2.12):

We denote u1 := V, <f(t)> , U =V, <f(t)> ,and u := <u1> . Since @ — 1 satisfies
foo foo U2 Joo

() (e () e ()
)

and by integrating by parts, we obtain

d t ?
— (f() - ) foodzdv = —20/ |ug|? foodzdu. (2.91)
r2n \ Joo R2n
Next, we compute (with || - || denoting the Frobenius norm)

8 dxdv

4
dt R2n

/ 0 v I
/ (f ) () [ vt s
2
o (2 () v )5
R2n 00 [e’e) oo
| U R [ 88 e
+2/R%<foo 1 A, . 1 v-Vy . a2+I foodxduv.
(2.92)
Integrating by parts with respect to v, we obtain
2
o (520) o (32 ) e (2 5
R2n %) 00 0o
= 9 /R% ?;‘; +cl dxdv. (2.93)
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50 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

Next, we work on the term in the second line of (2.92):

2

2/R2H<JX)1>[ vx<€81>+vxv-vv(’;§31)]}§g+cl Foodzdy
-/ (—v v, (J;cii)—1>2+VzV-Vv (JX)— ) >‘?;2+01 et

2
:/ <J;(t)—1> v- Vg (‘ ?;Z-FCI >_va'Vv<‘ ?;Z—i—cf )]dmdv
R27 00
2 2
_/Rzn <J;ii) 1> vV (‘ ZZZ+CI )foodazdv
2
= 270 (J;(t) _ 1) s -V (‘ ?;Z +cl ) foodzdv
R27 00
2
= 270 ( ) ZUQ k:azvk <’ al + cl ) Joodzdv
R2n

:4:/1@ ( ){Zu Z LV G0, (&TkV)}foodxdv, (2.94)

i,j=1

where we integrated by parts twice, and used —Zvfw = V, foo and the notations

1 if i
U i= Oy, <f(t)) and ;5 := 1 Z ‘7
’ Joo 0 if i#j

Using the identity

n P% 02(0,, V)
2 2 _ w
E :(8351'35]"/ +0ij€)0;z, (O V) = Tt [( 92% CI) &ch } 7

ij=1

the estimate (2.90), and the discrete Holder inequality, (2.94) can be estimated as

4o (f(t) _ 1) { Z U2,k(8§¢x]~V + 51‘]‘0)8:%1,:]3], ((9ka)} foodzdy
R2n

Y Us i k=1

4 f(t = o’V %0,V
(A ] )
2
< 42071 (f—1> {Zy o] Tt ( V+c1>
R2n
2
< 4V201n ( - 1) |ug| Tr (?;‘2/ + cI> ] foodzdv
R2n
2
< 0/ |ug|*Tr (?9224-6[) ] foodxdv
R2n

f(t 2 92V 2
R (e

} foodxdv

foodzdv. (2.95)
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2.5. PROOFS ol

Combining the equations from (2.92) to (2.95) and the identity

0°V ? 0°V ?
’M+CI :TI' <83:‘2+CI> 5
we get
d £ R % 2
a o (foo > 781'2 +cl food:vdv
9°v ? t 2||0%V ?
< -0 /Rzn s |2 Dz +cl|| foodzdv + 8Tn /Rzn (J;;) — 1) Dz +cl|| foodzdv.
(2.96)
(2.96) can be reformulated as
d [ g / N ”
e EASTANEETS N | s o I
7 (e o <foo 972 +cl|| foodxdv
2 2
< —ge BT /R% |ug|? (?)a:‘g +cl|| foodzdv. (2.97)

Step 3, t—dependent functional V:

In order to prove the short-time regularization of (2.11) and (2.12) we introduce now an
auxiliary functional that depends explicitly on time. Our strategy is the generalization of
the approach in [32, Theorem A.12], [23, Theorem 1.1], [3, Theorem 4.8].

For t € (0,tp], we consider the following functional

t 2 2 2
(t, f(1)) 3:/ <f() - > <’y168mt 87‘2/ +el|| + ’yg) fooda:dv—i-/ u” Pufoodadv,
r2n \ foo ox R2n
(2.98)
with the t— and x—dependent matrix in R?"*?",
283131 e242]
P=Ptz)= : 2.99
(t,2) <52t21 2et] + t(%% T c[)) (2.99)

£, 71, and 7y, are positive constants which we shall fix later. We note that, for all ¢ € (0, t¢],

33T 0 > (53753] 0

P(t,z) > >0 2.100
(t.2) <0 HOY +cl) +et] 0 t(%i‘;JrcI)) (2.100)

as %27‘2/ + ¢l is positive semi-definite. Thus, (¢, f(t)) is non-negative and satisfies

weso= [ (10 1)2 <%e—8mt

2
+ 53753/ [u1|? foodzdu + t/ ud (aa‘; + (c+ 5)[) ug foodzdv. (2.101)
R2n R2n X

2

o0°V
—_— I
8x2+c

2
+ 72) foodzdv
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52 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

Our goal is to show that W(¢, f(t)) decreases. To this end we estimate the time derivative
of the second term in (2.98). First, (2.27) yields

d
— ! Pufsodzdo
dt R2n
= —20—/ {Z(@viu)TPaviu} foodzdv — / ul {QP + PQT — 8tP} U foodxdv
R2n i—1 R2n
- / ul {[VoV -V, —v-V, +vv-V, — 0P} ufsdrdy, (2.102)
R2n
. 0 I :
with @ = v ] We consider each terms of (2.102). Because of (2.100), the
T oz2 v

first term can be estimated as

n

— 20/ {Z(@viu)TPﬁviu} foodxdv
RQn i—1

o’V
T
< 2t /R2" { g (Oy,u2) <3:L‘2 +CI) aviUQ} foodzdv. (2.103)

=1

For the third term of (2.102) we have

0 0
VoV -V, —v-Vy+rvv-V,—0cA,P = (0 t82(’l)'VzV))
B 0x2

and using v foo = =7V, fo yields
- / u {[VoV -V — v Vo + 100V, — 0A|PYufocdzdy
R2n

n 2
_ 20 {Zmuz)TWw}foodxdv- (2:104)
R2n

v , 0z
=1

For the second term of (2.102) we compute

— / u" {QP + PQT — 9,P} ufsodzdv
R2n

u\ T 0 (t — 2631%) (%1%’ + cI) w
- _ / ( > ) , < ) foodzdv
ron \t2)  \ (£ — 22343 (gTz n cI) (=1 + 20t — 2242) (%TZ v cl) us

B my 2e2t2(1 — 3¢)1 [2ce3t3 +ve?t? +2(1 —e)et]I\ [(w Foodad
R2n \ U2 [2ce3t® + ve?t? + 2(1 — e)et]] [2ce?t? + devt — 2¢]1 uy ) S o4V
(2.105)

Using the estimates
3,3 v (O°V
— (t —2e°t”) o u { gz + ¢l | ug foodadv

|1 — 2e3t%| 2
— u
483 R2n

2

87V+CI

2
922 foodxdv

<321 - 2£3t2]/ lu1 |2 foodzdu +
R2n




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.5. PROOFS 53

and
o*V
—_ (_1 + 2vt — 252t2)/ uT <a 5 -+ CI) UQfoodxd’U
]RQn
2
<[l = 2wt +2e°] / ‘ Fooddy,
we get
- / u” {QP + PQT - 8tP} U foodxdv
R2n
2 2
o |11 —28%%] ||0°V b |82V
< /R2n |ua| 923 922 +cl|| + |1 —2ut 4 27| ) +eI||| foodzdv

_ ur\ " 2e%2(1 — 3e —e|1 — 2e282)1  [2ce3t® +vet2 +2(1 —e)et] I\ (w1 Foodad
R2n \ U2 [2ce3t% + ve?t? + 2(1 — e)et]I 2222 + devt — 2¢]1 uy ) foodTdv.
(2.106)

We fix € = ¢(t9) > 0 so that the element in the upper left corner of the matrix in (2.106)
is positive for ¢ > 0; more precisely we require

1—3c—ell —2e%% >0 forall tel0,t). (2.107)
Then, the matrix in the last line of (2.106) can be estimated as

2e%t2(1 — 3¢ — |1 — 2e2t2|)I  [2c3t® + vt + 2(1 — e)et]]
[2ce3t3 4+ ve?t? +2(1 — ¢)et] ] [2ce%t? + devt — 2e]1

0 0
> 20212 4 et 19(1—e )2 .
(O [2ce?t? + devt — 2|1 — [2c(€1j3jf§r1—~_7562t§)\]) I)

Using this matrix inequality, we obtain from (2.106):

— / u" {QP + PQT — 9, P} ufsodrdv
R2n

o | |1 — 2832 || 0%V
< |U2| 3
R2n 25

Ox?
—2ce%t? — devt + 2¢ +

2
+ 1 — 2ut + 2e%?|

2

\%4
+cl —Z—i—cf

[2ce?t? + vet +2(1 — €))?
2(1 — 3e — g|1 — 2e2¢?|)

] foodzdv. (2.108)

(2.102), (2.103), (2.104), and (2.108) show that

d T = Ay
— < — ) _— )
o /R%u Pufodrdy < —2to /R% { E (Op,u2) (83}2 +cl ) Opuz p foodzdy

=1

2to - 70%(0,V)
+ — o {Z(&’ZUZ) W’ILQ foodxd'l)

14 -
=1

+/ u? |1 — 2e3t%|
RZTL 2 283

—2ce?t? — devt + 2 +

2

o0*V
+ |1 — 2ut + 2£%#7|

0z2

%
72"1‘61

2
+cl ’

} foodzdv.

[2ce2t? + vet + 2(1 — ¢))?
2(1 — 3e —¢]1 — 2e2t2)
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54 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

As the matrix (2.6) is positive semi-definite, we have

—2750/ zn:(a ug) " az—V—FCI Op;u2 ¢ foodxdv
Ren | & v; U2 92 2 00

n 2
+ 2o {Z(aviUQ)TWUQ} foodzdv

v Jre | Ox?
2 2
< Tt/ u2T a—v +cl | ugfoodxdv < Tt/ oV foodxdu.
RQn 8:1:2 RZn 8
Subsequently,
d T
— u' Pufoodxdv
dt R2n
2 2
5 | |1 — 2832 || 02V 5.9 0*V
S/R%\uﬂ [ 523 8x2+CI + (|1 — 2vt + 2e°t°| + Tt) @%—cl

[2ce?t? + vet + 2(1 — €))?
2(1 — 3e — ¢|1 — 2e2¢2)

—2¢e2t? — devt + 2 + } foodzdv. (2.109)

Step 4, decay of the functional V¥:
We estimate the time derivative of (2.98): Combining (2.91), (2.97), and (2.109) yield

d 11— 28382\ || 92V 2
Yt f(1) < /R% |uz] [(U@ g 923 92 T ¢
—(11 = 2vt + 26%%| + t) H —i—cI‘

[2ce2t? + vet + 2(1 — €))?
2(1 — 3e —¢]1 — 2e2¢t?|)

+2079 + 2cet? + devt — 2 — } foodzdv. (2.110)

We fix y1 > 0 and 2 > 0 such that

1-2 3t2 2
0_6787'nt,.}/1 o ‘ € | o*V
2¢e3 Ox?

+ 2075 4 2c£%t? 4 devt — 26 —

2
— (| = 14 2vt — 26%%| + 1)

2

v
82+CI

[2ce?t? + vet +2(1 —€))?
2(1 — 3e — ¢|1 — 2e2¢2))

>0 (2.111)

for all z € R™ and ¢t € [0,t9]. We recall that we have fixed ¢ = £(tg) so that (2.107)
holds, which makes the above denominator positive. The existence of such ~; > 0 and
2 > 0 can be proven by the following argumentS' We can consider the left hand side of
(2.111) as a quadratic polynomial of H +cl H € [0,00). As time ¢ varies in a bounded
interval [0, to], the terms containing ¢ are bounded. Therefore, we can choose large values
for 41 = 71(to) and v2 = 72(to) so that this quadratic polynomial is non-negative for all
t €10, to].
Consequently, we obtain that

W(t, f(t) <0
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2.5. PROOFS 95

Hence U (t, f(t)) is decreasing and
U(t, f(t) < V(0, fo) forall te0,to] (2.112)
(2.101) and (2.112) show that

/ lu1|? foodzdv < (j{O — 1> ( ((93) Z +cl —|—'yz> foodzdv,  (2.113)

R R2n 00

/ ug|? foodzdv < / (J{O - 1) ( (27‘2/ +cl|| + 72) foodzdv,  (2.114)
R2n R2n 00

and

% 1 fo 2 % ?
/R% T(E) 5 +cI)u2fooda:dv< /R% <foo_1> Y el +cl|| + 72 | foodzdv.
(2.115)
It is clear that there is a positive constant C' such that
v 2 o2V ||?

(2.113), a proper linear combination of (2.114) and (2.115), and (2.116) imply the claimed
estimates (2.11), (2.12). O

Proof of Corollary 2.2.8. Theorem 2.2.3 and Theorem 2.2.7 show that, for t >ty > 0,

o () s o (52)]
e () (2o (42

< Qe 2Al—to) [/Rzn (‘ff(:) — 1) foodadv + /R% v, <J}(:)> i

* /RQ,L Vo <f}oo)) (82 +(1- o)I) 2 (f}:)) foodxdv} (2.117)

holds with the constant C' and the rate A given in Theorem 2.2.3. Using (2.11) and (2.12)

at t = 1o, we get
foodzdy < ﬁ <f0 — 1> '
0 R27 foo

NG

and

/R% 7 (fjgoo>> @V ‘a _%ﬂ) v, (f;;)) i dude

C’2 <fo_1>2 ’ 0’V
B R2n foo

Combining (2.117), (2.118), and (2.119), we obtain (2.13). O

foodxdv

foodxdv

92V ||?
Ox2

+ 1) foodxdv  (2.118)

2

922 +1> foodxdv. (2.119)
x
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2.6 Appendix

2.6.1 Proof that Assumption 2.2.2° implies Assumption 2.2.2

Assume Assumption 2.2.2" is satisfied. Let (u1,us,...,uns1)? be any vector in R+
where wu; is a vector in R” for all 4 € {1,...,n + 1}. We compute the quadratic form of the
matrix (2.6)

92V (x 1 62(81. V(w))
Uy T V( azg)JrcI) 0 0 1200 w"
2 2 -
2 0 v (G +el) 0 120V @) "
~ 0 0 v(%‘@&*wd) 1w .
’ d *(0s d 2 (0 T 9°V(x)

" PV () 020,V (x)) o (V)
= ; {Z/U;T < 02 +c]> U — uiTWunH} + = % Z+1 < 92 + cI) Upt1-

To show that (2.6) is positive semi-definite, it is enough to show the quadratic form above
is non-negative. Assumption 2.2.2’ implies

2712

u 20 @) 7 ((a)he) < o)t o (@) o)

Uu; Ox2 Un+1

< Juil|un41]

Therefore, we get the desired result

& *V(x 9%(0,.V(x TV %V (x
Z {yu{ ( &Bg ) + CI) lT(OZQ())unH + % £+1 <8:U(2) + CI> Un+1}

=1

> Z { < 8:;) — a(m)[) u; + % ul <82(;;(2x) — a(q;)[) un_H} > 0.

2.6.2 Matrix inequalities for Section 5.1

Lemma 2.6.1. Let ag > —oo be the constant defined by (2.8), a € R be some constant
2 21 vl

such that a + oo > -, and P := <1/I 2%27‘2/ N 2a[> . Then

I 0
P < < co P 2.12
ab= (0 2+ —ao>f> = (2:120)

: 1 \/ﬁ
holds with ci := 1 cy 1= atao+144/(aap—1)2+v

> =
atao+1++/(atag—1)2 402 ’ 4(a+ao)—v

Proof. We consider, for some k£ € R to be chosen later as ﬁ,

0
A:=P -2k
(0 8x2 +(1_00)I)

201 — k)I vl
:< vl 21— k) (%1‘/+(1—a0)1)+2(a+a0—1)1>'
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2.6. APPENDIX o7

We check the (real) eigenvalues 7 of the symmetric matrix A (depending on k). It is easy
to check that n = 2(1 — k) is not an eigenvalue of A. If n # 2(1 — k), then we have the
condition

2(1 = k)L —nl vI
det(A —nI) = vI 201 — k) (dm +( —aO)I) +2(a+ag— 1) —nl
1
ICEE e
21— k)T — I 0
vI (201 k) =) [200 = K) (5% + (1= ao)I) + 2(a+ag — DI — 51| —v*T

= det ((2(1 —k)—mn) [2(1 —k) (3815 +(1- a0)1> +2(a+ap— 1)1 — nl} - u2I> =0.

If oy, i € {1,...,n} are the eigenvalues of % V., then the eigenvalues n of A satisfy

I =201 = k) (i — 20 +2) + a + ag — 1] + 4(1 — k)*(c; — g + 1)
=1
+4(1—k)(a+ap—1) =) =0. (2.121)

Right inequality of (2.120): From (2.121), we see that A is positive semi-definite
(i.e., all n > 0) if the following three conditions hold:

1—k>0, (due to the first minor of A) (2.122)
(1—k)(vi—ap+2)+a+ap—1>0, Vie{l,..,n}, (2.123)
41— k) (i —ap+1) +4(1 —k)la+ag—1) —* >0, Vie{l,..,n}. (2.124)
We set 1
k= %y > 0.

Then, (2.122) holds:

L Vie+ag—1)2+12—(a+ap—1)

5 > 0. (2.125)

Using a; > ap for all ¢ € {1,...,n} we see that (2.123) also holds:

1—k)ai—ag+2)+at+ag—1>20—k)+a+ay—1=+/(a+ayg—1)2+12>0.

To verify (2.124) we estimate using «; > «ap for all i € {1,...,n} and (2.125)

401 — k) (i —ap +1) +4(1 — k)(a + ag — 1) — 1/
>4(1—k)? +4(1 - k)(a+ag—1) —v* =0.

Therefore, for k defined in (2.125), A is positive semi-definite. Hence, the inequality on
the right hand side of (2.120) holds.
Left inequality of (2.120): Similarly, A is negative semi-definite if the following three

conditions hold:
1-k<0, (2.126)

(1—k)(—ao+2)+a+ay—1<0, Vie{l,..n} (2.127)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

58 CHAPTER 2. THE KINETIC FOKKER-PLANCK EQUATION

41 —k)* (s —ag+ 1) +4(1—k)(a+ag—1)—1v? >0, Vie{l,..n} (2.128)
Setting
1
k= 5&’>0
we find

—V(a+ag =12 +v% = (a+ap—1)
2

1—k= <0 (2.129)

and

(1—k)(i—ap+2)+at+ay—1<2(1—k)+at+ag—1=—y/(a+ay—1)2+12<0.
Finally, we check using a; > ag for all i € {1,...,n} and (2.129)
41—k (s —ap+1)+4(1—k)(a+ao—1)—1* > 4(1 —k)? +4(1—k)(a+ag—1) — > = 0.

Therefore, for k defined in (2.129), A is negative semi-definite. Hence, the inequality on
the left hand side of (2.120) holds. O

Remark 2.6.2. Lemma 2.6.1 proves the following matriz inequalities from Section 5.1:
(a) If a =0 and ag > "742, then (2.120) is the matriz inequality (2.56).
(b) If a = 5— and ap = VZ then (2.120) is the matriz inequality (2.64).

(¢) (2.120) coincides with the matriz inequality (2.75).

2.6.3 Proof of inequality (2.80)

We recall the assumption ag < %-. We first rewrite

2vmin{l, ap}

l—l—%—ao—}—\/(%—ao—lﬁ—i—zﬁ

Ayt =

4min{l, ap}
v+2(1 —ap)v ! + /(12 — dag) + 4(ag + 1)2v2

and

4(10
v—y\1:—dag= — .
0 v+ V12 — 4ayg

Then (2.80) is equivalent to

Qg - min{1, o}
v+ V2 —dag T v+ 201 —ag)vt + /(2 — dag) + 4(ag + 1)22

If min{1, ap} = ap, then (2.130) is true because of

(2.130)

v+2(1—ao)v ™t + /(¥ — dag) + 4(ag + 1)202 > v + /12 — day,.

If min{1, ag} = 1, then (2.130) is equivalent to

aov — 2ap(ag — D)™t + ao\/ —4dag) + 4(ag +1)2072 > v+ V1?2 — day,



99

2.6. APPENDIX

or equivalently

(ap — 1) (12 = 200)v ™! + g/ (V2 — dag) + 4 + 1)2072 > /12 — day.

The last inequality holds since

u—lzo

(g — 1) (% = 2a0)v™ ! > (g — 1) (v? — 4ag)

and

a0/ (V2 — dag) + 4(ap 4+ 1)2072 > /12 — day,.

These two cases show that inequality (2.80) holds.
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Chapter 3

The Vlasov-Poisson-Fokker-Planck
system

3.1 Introduction

This chapter is devoted to the study of well-posedness and long time behavior of the
nonlinear Vlasov-Poisson-Fokker-Planck system

Ohf +v-Vaf — (VoV + Vo) - Vo f = vdivy(vf) + 0Avf, z,0 € R t>0

3.1
A= /]R Fdv, e = o (3.1)

The system is one of the fundamental models in plasma physics, for the derivation and
applications we refer to [18, 19, 45, 48]. The variables t > 0, € R? and v € RY,
respectively, stand for time, position, and velocity. The first unknown f = f(¢,z,v) > 0
describes the evolution of the phase space probability density of charged particles. The
second unknown ¢ = ¢(t, ) determines the self-consistent repulsive electrostatic potential.
Because of the Poisson equation in (3.1) we have

1 X
Vel = 15T [gfd * /R fv,

where |S97!| is the area of the unit sphere S~! in R?. V = V() is a given external
electrostatic confinement potential (i.e., V(z) — +o0 as |z| — 00). The operator v -V, —
(ViV +V,0)-V, is the transport operator. The Fokker-Planck operator vdiv,(v-)+ oA,
describes the collision effects of particles and the interaction with the environment. v > 0
and o > 0 denote respectively the friction and diffusion parameters.

In the literature there exists also the Vlasov-Poisson-Fokker-Planck system with the
self-consistent attractive electrostatic potential, and it is widely used in stellar physics [42].
For that case the self-consistent electrostatic potential ¢ is defined by a change of sign in
the Poisson equation. In this paper, we only consider the repulsive case.

We mention that, if there is an interaction with a fixed background of positive charges in
a plasma, then the self-consistent electrostatic potential ¢ is defined by —A,¢ = fRd fdv—
n, where n = n(x) is a given non-negative function which describes the background density
(e.g. of ions). In this case, we can still write the system in the form of (3.1) by replacing
¢ with ¢ defined by —Ay¢ = fRd fdv and replacing V with V := V + Vp, where V; is
defined by A,V = n. Therefore, without loss of generality, we assume n = 0.

65
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The system has several properties following standard physical consideration. First,
the Fokker-Planck operator acts only on the wvelocity v. It reflects the physical fact that
collisions are localized in space.

Whenever f(t,z,v) is a (well-behaved) solution, we have conservation of mass

f(t,x,v)dzdv = folz,v)dzdv, Vit > 0.
R2d R2d

Therefore, without loss of generality, we shall assume fy > 0 and / fo(z,v)dzdv = 1.
R2d
If V grows fast enough as |x| — oo, the system has a unique normalized steady state
or global equilibrium [24, 28|
Jfoo(,v) = poo(x) M (v),

where
=21V @)+ (@) o~ EIvP /2
T e EV@en@lgg M W)= g/’

Poo() :

and ¢ is a solution of the Poisson-Boltzmann-Emden equation [6]

o= LIV (@)+ oo (@)]
R LG

— Apdoo() (3.2)

The system is dissipative in the sense that the following relative entropy or free energy
functional decreases under time-evolution of f [10, 23]: let H be a functional defined on
the space of probability densities by

fotif)i= [ rnLdedos [ 9.0~ Vonfde

with ¢ given by the Poisson equation —A,¢ = [, fdv. By the Csiszér-Kullback-Pinsker
inequality [20]

1
HUf) 2 I = el + [ |1V = Vool 2 0,

the minimum of H is zero and it is attained at fo (i.e., H[f] > 0 for all probability densities
f and H[foo] = 0). If f = f(t,2,v) solves (3.1) and has sufficient smoothness and decay
properties (as |(z,v)T| = o0), we have

SHI(1)] < 0.

dt -

This decay of the functional H reminds us of the famous Boltzmann H —theorem stated for
the Boltzmann equation [17]. This similarity is expected since the Fokker-Planck operator
can be considered as a linear variant of Boltzmann’s collision operator [17, 49].

On the basis of the decay of the functional H, one can expect that H[f(¢)] decreases
to its minimum (which is zero) as ¢t — oco. Since this minimum is attained at f.,, one can
argue that f(¢) converges to the equilibrium distribution f as t — oo. Clearly, before
proving this convergence, we first need to establish the well-posedness of the system (3.1).
Therefore, we get an important problem: to prove existence and uniqueness of the solution
f, then to prove the convergence f(t) — foo as t — o0.
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If we have a reasonable solution f and if it satisfies some a-priori bounds, using the
decay of the functional H above and compactness tools, we can prove that f(¢) does
indeed converge to fs as t — oo [13, 23]. But this method based on compactness gives
no information on the rate of convergence and it is non-constructive. We are interested
in the study of rates of convergence and we want to derive constructive bounds for this
convergence, because explicit and constructive estimates are essential for applications in
physics (e.g. equilibration process, numerical simulations).

There are many works dealing with this problem. When the system (3.1) does not have
a confining potential (i.e., V' = 0) existence, uniqueness and asymptotic behavior have been
studied comprehensively: Degond considered the frictionless system (i.e., v = 0) in [21]
and showed global existence of classical solutions in dimension d < 2, see also [40, 41]. The
long time behavior of the frictionless system was studied in [16, 38, 14]. With non-zero
friction (i.e., v > 0), global existence of classical solutions in dimension d < 2 and local in
time existence in dimension d > 3 were obtained by Victory and O’Dwyer in [48]. Bouchut
[11] proved global existence of classical solutions in dimension d = 3. He also showed in
[12] that the system has smoothing properties. Then global existence of weak solutions in
dimension d = 3 was studied in [15, 47]. Using the micro-macro strategy Hwang and Jang
[37] obtained exponential decay in a close-to-equilibrium regime. There are recent studies
8, 46] on torus (i.e., z € T%) concerning the long time behavior and Landau damping in
a weak collisional regime, i.e. if v and o are sufficiently small.

When the equation has a non-zero confining potential V| there are only few studies:
When the self-consistent interaction is sufficiently small (i.e., the non-linear term V,¢-V, f
is replaced with eV, ¢-V,, f and ¢ is sufficiently small) and Qgiij € ﬂ;il WP foralli,j €
{1,...,d}, Hérau and Thomann [34] proved a global existence result in dimensions d = 2
and d = 3. They also showed that the solution converges to the steady state exponentially.
Their proof relies on the hypocoercive and hypoelliptic properties of the linear kinetic
Fokker-Planck equation obtained in [33, 32| and a fixed point argument. Recently,
Abddala, Dolbeault et al. [2] studied the linearized Vlasov-Poisson-Fokker-Planck system
around the steady state f. They used a hypocoercive method developed in [25, 26] and
proved exponential stability of the linearized system.

In this paper, we shall improve these previous results when there is a non-zero potential
V. For the full system (3.1) with a non-zero potential V' and the parameters v > 0, o > 0
we shall prove existence, uniqueness and convergence f(t) — foo ast — oo for a wide class
of potentials V. Moreover, our decay rates are explicit and constructive.

The organization of this paper is as follows. In Section 2 we present the assumptions
on the potential, define functional spaces and state the main results. In Section 3 we
show existence and regularity of the steady state, establish Poincaré type inequalities
and gather some estimates for the Poisson equation. Section 4 contains the analysis of
the linearized Vlasov-Poisson-Fokker-Planck system: existence, uniqueness, exponential
stability, and hypoelliptic regularity. The final section presents some estimates on the
semigroup of the linearized system and the proof of the main results concerning the
nonlinear Vlasov-Poisson-Fokker-Planck system.

3.2 Setting and main results

We make the following assumptions on the external potential V.

Assumption 3.2.1. (A1) V € C*®(R?) is bounded from below,

e oV e LMRY and |V,V]e sV € L"(RY), r > d.
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(A2) There exists a constant c; > 0 such that

o*V
@I <+ |VaV(@)), Vo eRY, (3.3)
oz2 ||,
where || - ||p denotes the Frobenius norm.

(A3) There exists a constant k1 > 0 such that the Poincaré inequality

2
hleoVdx — < he_gvdm> < /@1/ IV, h|?e =V da (3.4)
Rd

R4 R4

holds for all h with fRd h2esVdr < 0o and fRd ]Vxh|26_§vdx < 00.

There are a lot of studies and sufficient conditions implying the Poincaré
inequality (3.4). For example, if V' is uniformly convex (Bakry-Emery criterion) or
liminf|, 00 (a|VV(2)|* = AV (2)) > 0 for some a € (0,1), then the Poincaré inequality
holds, for more information see [7, Chapter 4], [5]. We note that Assumption 3.2.1 includes
the potentials V' considered in [2, 34]. It is possible to make weaker regularity hypothesis
on the potential V, but we maintain the assumption that V' € C'° to keep the presentation
simple. We note that the potentials of the form

V(z) = rlal* + Vo(z),

where r > 0, k > 1 and V45: R® — R is a polynomial of degree j < k, satisfy our
assumptions. In particular, it includes the double-well potentials of the form V(z) =
rilz|* — ro|z|?, 71,72 > 0.

We define the following weighted spaces

LY (R, f.0) = {g ‘R S R: / G faodzdv < oo}
R2d
and
HY (R, f) = {g e LR, f..) : / |V o g|? foodadu +/ Vog|? foodzdv < oo} .
R2d R2d

The corresponding norms are

lgll 2o gy = / ¢ Foodady
RQd

g1l o .0y = \/ [ ttdoto s [ (Vaglepdado [ 9,9 dodo
RQd de RZd

and

We define the generalized Sobolev space or the Bessel potential space [43, Section V.3],
[1, Section 1.2.6]

LPRY ={g:R'=R: (1-A)2ge PR}, 1<p<oo, ack,

where (1 — A,)2g = F! ((1+47r2|§|2)%}"g) with the Fourier transform Fg(§) :=
Jga 9(z)e"?™€dz. The norm on .Z% (R?) is

19112z @ay = 11 — A2) 2 gll Lo (ray-
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For a € N, ZZ(R%) coincides with the usual Sobolev space WP(R%), 1 < p < oco. Let
a0 €ER; 1 < py,pe < 00,0 € (0,1), = (1-60)a; +0ay and p = (1 — 6)p; + Op2, then
ZP(R?) is the complex interpolation space [9, Chapter 6] between .Z5 (RY) and .Z%2(R%),
Lo, ZE(RY) — (L0 (RY), L2 (R,
We define a weighted fractional Sobolev space
HY (R, foo) = {g € L*(R*, foo) : (1= A0)3 (9% € LX(R*)}, a€[0,1].
The corresponding norm is
191 o r2a g0y = |I(1 — Ax)%(gféo/z)HL?(R?dy
By the Plancherel theorem
191l rom2a, 10y = 91| L2(R24, 1.0

and

gl 2 (r2e g0y = \// ngoodde—l—/ V(g f2?)Pdado. (3.5)
R2d R2d

We also define
HY(R*, foo) i={g € L*(R*, fso) : |Vug| € L*(R*, foo)}

with the norm

19l r2a g0y = \// QQfOdedv—i—/ Vogl? foodzdv.
R2d R2d

Pt v amd g = P

Oh 4 v - Vih = VoV 4 doo) - Voh 4+ v - Vb — oAk +vv - Vyh = Vot - (Vyh — Loh)
—Agt :/ hfsodv, hj—o = ho.
R4

Let h := . Then, we write the system (3.1) as

(3.6)
We note that [poq fodzdv = [524 foodrdv = 1 implies

/ ho fsodzdv = 0.
R2d

It is obvious that the existence of a unique solution f(t) to (3.1) and the convergence
f(t) = foo as t — oo are respectively equivalent to the existence of a unique solution h(t)
to (3.6) and the convergence h(t) — 0 as t — oo.

The term V- Vyh—2v -V, 9h appearing on the right hand side of (3.6) is nonlinear.
If we drop it, we obtain the linearized Vlasov-Poisson-Fokker-Planck system around the
steady state foo

Oh+v-Vih =V (V4 ds)  Voh+v-Votb —cAyh+vv-Vyh =0

3.7
—A,ﬂp:/ hfsodv, hj—o = ho. (3.7)
R4

We first study this linearized system in dimension d > 3. We prove that the linearized
system (3.7) is well-posed in C' ([0, 00); L2(R?4, foo)) and has regularizing properties which
is called hypoellipticity [36]. More precisely, even if the initial data hg is in L2(R??, f..),
the solution h(t) is in H'(R?? f.,) for t > 0, and we obtain short time estimates for
this L2(R??, fo) — HY(R??, f..) regularization. We also prove that the solutions of (3.7)
decay exponentially to zero as t — oo in H'(R??, f.) :
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Theorem 3.2.2 (The linerized Vlasov-Poisson-Fokker-Planck system). Let d > 3
and hy € L*(R*, f.).

(i) Let V e C®°(R%) be bounded from below and e~ =" € L'(R%). Then, the system (3.7)
admits a unique mild solution

heC ([O,OO);L2(R2d,foo))

and .,
V0] € C ([o, o0); Lﬁ(u@d)) . Wpe (1,2

(i) Let the assumptions (Al) and (A2) hold. Then, for any ty > 0, there are explicitly
computable constants C1 > 0 and Cy > 0 (independent of hy) such that

/ |V oh(t)]? foodadv < % / hi foodady (3.8)
RQd RQd
and o
/ IVoh(t)? fosdady < =2 / h2 foodadv (3.9)
RQd t RQd

hold for all t € (0, to].

(i) Let [g2q ho foodxdv =0, the assumptions (A1), (A2) and (A3) hold. Then, there are
explicitly computable constants A > 0, C5 > 0 and Cy > 0 (independent of hgy) such
that

1Ol (g2, 1) < Cze™ ol 2m2a 1) (3.10)

and

HVW(OHL%( )+||Vz¢(t)|| vzt < Cae Mol gea gy (3.11)

Rd w

(R7)
hold for all t >ty >0 and p € (1,2].
Remark 3.2.3. 1. We think that Theorem 3.2.2(ii) is the first reqularity result for the

linearized system. This can be considered as a generalization of the reqularity results
for the linear kinetic Fokker-Planck equation [32, Theorem 1.1], [50, Theorem A.8].

2. Theorem 3.2.2(iii) extends the work of Abddala, Dolbeault et al. in [2, Theorem 1],
since they obtained the exponential decay only in L*(R%*, f..).

3. Theorem 3.2.2 holds for any parameters v > 0 and o > 0. It can be obtained when
x € T¢ by similar computation. Hence, Theorem 3.2.2 extends the result of Landau
damping for the linearized system in [[6, Theorem 3.1] where v and o are required
to be small.

Next, we pass to the nonlinear Vlasov-Poisson- Fokker-Planck system in dimension
d = 3. We define operators

Kh:=v-V;h =V (V+ ) - Voh +v-Vuh —0cAyh +vv- Vb

and y
R[h] := V¢ - Vyh — e Vatph.
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Since V1 can be expressed by h as

1 x
Ve = ————— hfaodv,
v |Sd1||x|d*/Rd Joottt

we consider K and R as operators acting only on h. It shows that K is linear and R is
nonlinear with respect to h. Then the linearized system can be written as

Oth + Kh =0,
while the nonlinear system (3.6) can be written as
Oth + Kh = RJ[h].

From Theorem 3.2.2 (i) we obtain that K generates a Cy semigroup e " on L2(R??, f..).
Then the Duhamel principle suggests to convert this nonlinear system to an integral
equation

h(t) = e ¥ ho + / t e IKR[A(s)]ds. (3.12)
0

We mention that a function h satisfying (3.12) is called a mild solutions to (3.6), see [44,
Section 6.1]. Using the properties of e % and fixed point arguments we show that there
is a unique solution to this integral equation:

Theorem 3.2.4 (Local well-posedness). Let d =3, o € (%, %) , the assumptions (A1)

and (A2) hold. Then, for every hg € HX(RS, foo) N HY (RS, f), there is a tpas € (0,00]
such that (3.6) has a unique mild solution

h € C ([0, tmaz); HE (RS, o)) N C ([0, tmaa); HY (RS, foo))

and
‘vrw, ecC ([Oatmam)Sgo?(RS)) .

Moreover, if tmar < 00, then at least one of the limits

Jim Bz g ond T (O]

18 infinite.

If the initial data hg is small (i.e. fy is close to fo), then there is a unique global
solution and it decays exponentially:

Theorem 3.2.5 (Global well-posedness). Let d = 3, a € (%,%), the assumptions
(A1), (A2) and (A3) hold. Let hy € HZ(R®, foo) N HE (RS, foo), [ge hofocdzdv =0,

|hollrre(ro o) < 01 and [[ho|m(re, 1) < 02

for explicitly computable constants d1, d2 > 0 (given in the proof). Then (3.6) has a unique
global mild solution

h e C ([0,00); H* (RS, fx)) N C ([0, 00); HL(R®, fo))

and

V2] € C ([0, 00); Z3(R?))
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72 CHAPTER 3. THE VLASOV-POISSON-FOKKER-PLANCK SYSTEM

Moreover, for any A1 € (0, ), there are explicitly computable constants Cs > 0, Cg > 0
and C7 > 0 (independent of hg, but depending on 61 and d3) such that

R e ro, o0y < Cse M,

1B 513 (15 ) < Coe ™™

and

IVt (8)|] s sy < Cre™™"

hold, where X is the decay rate obtained for the linearized system in Theorem 3.2.2.

In Theorem 3.2.5 we assume the initial data hg = fo—feo 0 f > is in a neighborhood of zero

in H*(R??, f..)) N HY(R?, f..), and the radius of this nelghborhood can be estimated
explicitly. We have to make this assumption because of the difficulties coming from the
nonlinearity of the system. The smallness of fozfee i5 g common assumption to study
various nonlinear kinetic equations (e.g. [3, 8, 46 0037 39, 22, 29]) and in some cases this
assumptions is necessary. It is often required the smallness of fo—Joo - I in more regular

Sobolev spaces, for example in H*(R??, f..) with s > d. While we require this assumption
in a larger and less regular space (i.e., HY(R??, f..)) N H}(R??, f..)) and so our result
improves the previous works in this respect. It would be interesting to generalize our
results for arbitrary large initial data, away from the steady state. Yet, this extension is
not within reach so far and will be a matter of further study.

We believe that Theorem 3.2.4 and Theorem 3.2.5 are the first well-posedness and
exponential stability results for a large class of potentials V' (i.e, the potentials satisying
Assumption 3.2.1). Most of the previous results were obtained when V' = 0. Our results
hold for any parameters v > 0 and o > 0, they do not need to be small or large as in
[31, 8, 46].

3.3 Preliminaries

3.3.1 Steady state

In this section, we show that there is a unique solution to (3.2) and we establish some
regularity estimates in the Sobolev spaces.

Lemma 3.3.1 ([24, Section 2]). Let d > 3 and e~ =" € LY(R?). Then (3.2) has a unique
solution ¢oo > 0 such that

boo € LT2®(RY)  and |Véoo| € LTTP(RY),
where LP>®(RY) := {g € L} (R?) : supy~( [\Pmeas({z € R : g(z) > A\})] < oo}, p>1.

As we have the existence by Lemma 3.3.1, we next establish some regularity for ¢s.
The important tool here is the Hardy-Littlewood-Sobolev inequality:

Theorem 3.3.2 ([27, Theorem 7.25]). Let p,q € (1,00), a € (0,d) such that %—%—f—% =0.
There exists a constant Cyrs > 0 such that, for all g € LP(R?),

1
|x|dfa

< Cusl|gllLrmay-

o+
La(R4)
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Lemma 3.3.3. Let d > 3,V be bounded from below and e~ =" LY(RY). Then the solution

boo of (3.2) satisfies
boo € W2I(RY)

for all q € (4%5,00). Moreover, if V. € CY(RY) and V.V]e =V e L'(RY) for some r €
(ﬁ,oo), then
Poo € W3 (RY).

In particular, if r > d, then ¢oo € W22 (RY).
Proof. The boundedness of V' from below, e sV e L' (R%) and ¢, > 0 imply that

e o VHo=l ¢ [P(RY),  Vp e [1, 0] (3.13)
and so

o~ LV+éod]

fpa e V@ s

— Apthoo = € LP(RY), Vpe[l, ). (3.14)

We present ¢, as

1 1 e~ o [VHoee]
O = a2\ e SV gy )
(3.13) and the Hardy-Littlewood-Sobolev inequality show
(R4 d

(3.14) and (3.15) yield —Aydoo + ¢oo € LI(RY) for all ¢ € (5%, 00). Thus, the elliptic
regularity [27, Section 7.2 and Section 7.3] shows

d
hoo € WZ’q(Rd), Vge | ——=,00 .
d—2
In particular, by the Sobolev embedding theorem

hoo € LP(RY), |Vidoo| € L¥(RY). (3.16)

We use the bootstrap argument. Because of the assumption |VzV|e_§V € L"(R%) and
(3.16), we have

_ o (03, V + azi¢m)e_§[v+¢°°} r(mod
_Ax(axﬂsoo) - fRd eig[v(x/)+¢°°(m/)]dq:’ €L (R )

for all i € {1,...,d}. Again using the elliptic regularity we obtain 0,,¢o € W2"(R%). If
r > d, then the Sobolev embedding theorem provides that ¢, € W2 (R?).
]

3.3.2 Poincaré type inqualities

In this section, we present some sufficient conditions on the potential V' such that ps
satisfies Poincaré type-inequalities.
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74 CHAPTER 3. THE VLASOV-POISSON-FOKKER-PLANCK SYSTEM

Lemma 3.3.4. Let V be bounded from below, e =" € L'(RY) and e~ sV satisfy the
Poincaré inequality (3.4). Then, there exists a positive constant ko such that

2
/ hzfoodmdv(/ hfood:vdv> g@/ (IV2h)? + |Voh|?) foodzdu (3.17)
R2d R2d R2d

holds for all h € H*(R*, f.).

Proof. ¢~ is bounded by Lemma 3.3.3. Then the Holley-Stroock perturbation argument
[35] implies that p., satisfies the Poincaré inequality

2
/ h? poodz — (/ hpoodac> < n'l/ |th\2pooda:
Rd Rd Rd

V2
for some constant ) > 0. Since the Gaussian distribution M (v) = % satisfies the
Poincaré inequality, [7, Proposition 4.3.1] shows that fo = poocM satisfies (3.17). O

Lemma 3.3.5. (i) Let V satisfy the assumptions (A1) and (A2). Then there exist
k3 > 0 and kg > 0 such that, for all g € H'(R?, pso),

L7
R4

/ GIVe(V + doo) Ppocdr < Ky (/ G pocd +/ |ng\2,ooodzb> . (3.19)
R4 Rd Rd

?(V + ¢o0)

2
52 Poodr < K3 </Rd G’ pocdr + /Rd |Vmg|2poodx> ,  (3.18)
F

(i) There exist k!y > 0 such that, for all g € H' (R, M),

/ v[?g*Mdv < K} (/ g*Mdv + / \vaIQMdU> : (3.20)
R4 Rd R4
Proof. (i) We first prove that there exists ca > 0 such that

v [[0%(V(z) + ¢oo()) v 4

J— < . ) ]

o 022 LSO (1 + Ve (V(2) + ¢oo(2)) y) , VzeR (3.21)

Lemma 3.3.3 provides ¢ € W2>(R?). Then, (3.21) follows by (3.3) and the following
estimates:

82(V + ¢oo) 0?doo . o*V
0z2 |l 022 || 0z? || &

O Poo

< 7=

< 922 F—i—cl(l-i-‘vaD
9% Poo

< 5 +Cl|vw¢oo|+Cl+cl|vz(v+¢00)|

ox P

<o (Z+IValV +0x0)l)

I 02 |F + 1| Vedoo| + 1 Loo®d) [

Then, (3.21) and [50, Lemma A.24] (by replacing V' with Z[V 4 ¢u]) provide (3.18) and
(3.19).
(ii) The proof follows from [50, Lemma A.24] (by replacing V with |v|?/2). O

where ¢o := max {cl, z
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Lemma 3.3.6. Let V' satisfy the assumptions (A1) and (A2). Then there is a positive
constant k5 such that, for all g € HX(RY, fo),

HgHHl(RQd foo) S /{5\// ngoodl‘dv —I—/ |Vrg’2foodxdv. (3.22)
® ’ R2d R2d
Proof. Using (3.5) we estimate

2 _ 2 12 ¥V 1/2 2
HQHH;(RM,foo) - /deg foodxdv‘i‘/de ’v:cgfoo Qavx(v+¢oo)gfoo dzdv

2

< / ¢ foodzdv + 2/ |V og|? foodzdv + GV (V + ¢o0) |2 foodzdv.
R2d ]R2d d

20'2 R2

Applying (3.19) to the last term we obtain

Kav?

2
2 < Kqv 2 2
HgHH%(RQd,fOO) = <1 + 2052 2 g foodxdv + 12+ 902 2 ‘vxg| food'rdv

2
< (2455 ) ([, o tdado s [ (Vg frdadv).
20'2 R2d R2d

Thus, (3.22) holds with k5 := /2 + 2% O

202 °

3.3.3 The Poisson equation

In this section, we present some estimates for the Poisson equation

—Agh = [ hfsdv. (3.23)
R4

We define LP(R*, o) :={g : R*™ = R [p04|9[F focdadv < 00} with the norm

1/p
ol oz ) == ( / Iglpfoodacdv> .
de

Lemma 3.3.7. Let V be bounded from below and e~ =V € L'(R%).

(i) Let p € [1,2] and h € LP(R?? f..). Then

‘ / hfoodv
Rd

(ii) Let h € L?(R%, f..). Then, we have h € LP(R??, f..) for all p € [1,2] and

1—1
< [1ool [ gy 1P| o g (3.24)
Lr(R4)

Pl o rea gy < 1P| p2(r2d g )- (3.25)

(iii) Let o € [0,1] and h € HY(R?*, f..). If V satisfies the assumption (A2), then there
is a constant A > 0 (independent of h) such that

'/Rdhfoodv

< ARl g g .- (3.26)
L2(RY)
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Proof. The assumptions on V provide that f., is well-defined and bounded.
(1) If p =1, (3.24) follows by

/Rd /Rdhfoodv

If p € (1,2], the Holder inequality implies

p p
/ / hfsodv| da = / / (hfYP) f1=1 Py
Rd |JRd Rd |JRd

1/p 1-1/p]P
g/Rd ( 9 Ih\pfoodv> </Rd foodv> a2 < lpscl 22 g 1RIF a -

(44) The Holder inequality and [poq foodazdv = 1 show

dmg/ |h| foodvda.
R2d

dx

P 2 17%
] ):</ (|h|pfo%);dxdv> < fooda:dv) 2/ IBJP foodady.
/0 R2d R2d R2d

(797) If @ = 0, then the Plancherel theorem and (3.24) with p = 2 yield (3.26) with
1
A= |’pm||zw(Rd) .If @ =1, by the Plancherel theorem

2 2 2
‘/ hfoodv :/ / hfoodv d:v—l—/ Vx/ hfsodv| dx. (3.27)
R4 ZIQ(Rd) Rd R4 R4 Rd
We estimate the second term on the right using V, 2= 55V (V + ¢oo) fod /2
2 y 2
/ V$/ hfoodv dx:/ / vx(hfolg?)f;g?dv—/ WV (V + boo) foodv| da
R4 Rd R |JRd 20 R4
2 2
<9 / o (hf ) £ 2| s WVo(V + boo) foodv| dz.  (3.28)
R4 | JRE 20’2 R4

We estimate the first integral in (3.28)

/Rd Qdm < /]Rd < y \V:s(hfi)/?)‘?dU) </dfoodu> dx

< ||Poo||L°°/R Vo (hf1?) 2 dzdv.

Vo (hfil?) f22dv
]Rd

We estimate the second integral in (3.28)

L. o< L (Lor22waw s snpa) ([ fua) as

= / (hFX2V IV (V + o) P pocdardo.
R2d
These estimates yield

J.

/ hV (V4 ¢o) foodv
Rd

2

do < 2lpulli [ | [Va(hf ) Pduds
RQd

V2

t 92

Ve / R foodv
Rd

(RSLVIVAV + 6oc) P pscdad.
R
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3.3. PRELIMINARIES 7

2
dz < 2||psoll e / V2 (h L) Pddy
RQd

Applying (3.19) to the last term we obtain
Kav?

/ Vm/ h foodv
R4 R4
s [ IV s

Ky
202
K 001/2 K °°V2
<4”p°°”2L/ W2 fuodvdv + ( 2| poc] | + TalPoellz=” / Va(hf3?) Pdedo.
20 R2d 20 R2d
(3.29)

+ / h? foo pocdzdy +
R2d

(3.27), (3.24) with p = 2 and (3.29) provide

2
'/ h foodv < (\’Poo\!LwﬂLI%HQLV)/ h? foodadv
R (Rd) 20' R2d

K 00 001/2
+ (2upw|ym 4 allpecllpoer” ) / [Va(hfL?) Pdady
R

2

27

202

illpslli=?
< (2lomlom + = iy o,

This estimate proves (3.26) when o = 1. By interpolation it holds for all & € (0,1). O

Lemma 3.3.8. Let d > 3, V be bounded from below and =¥ € LYR?). Let h €
L*(R% f..) and v satisfy (3.23). Then

(i) There is a positive constant 01 such that, for all p € (1,2],

chcT/JHLd%(Rd) < 01|17 Ler2a, gy < O1lP]L2(m2a 5oy (3.30)

(i) If h € HY(R?*, f..) for some o € [0,1] and V satisfies the assumption (A2), then
there is a positive constant 0o such that

HVWHX%(W) < Oo[ ] o r2a 1. ) (3.31)

Moreover, if d =3 and « € (%, 1], then there is a positive constant 63 such that
V2| | oo (r3) < O2||l| go®s, fo0)- (3.32)

Proof. (i) Applying the Hardy-Littlewood-Sobolev inequality to the right hand sight of

1
Vatp| = ST

T
— hfsodv| <
o | < e

we obtain that there is C' > 0 such that
/ h foodv
Rd

holds for all p € (1,2]. Then, (3.24) and (3.25) implies (3.30).
(i) (3.23) shows

Hvwa _pd_ < C
Ld=p (R4)

Lr(R4)

- AR A = -2, (1= 8)80) = (1= 8% [ hd.
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Applying the Hardy-Littlewood-Sobolev inequality with p = 2 to the right hand sight of

d 1 o
< 1-A,)2 hfoodv],
< e (L 207 [ b
we get
HW <(1 B Am)wﬂ 185 me) vauza%(w)

@

< cHu 88 [ o
R4

:c‘

L2(Rd) ZLZ(RY) '

/ h foodv
R4
Then, (3.31) follows by (3.26).
Let d = 3 and o € (3,1]. Since % = 6a > 3 for a € (1/2,1], the Sobolev embedding
[1, Theorem 1.2.4] provides (3.32).
U

3.4 The Linearized Vlasov-Poisson-Fokker-Planck system

In this section, we analyze the linearized Vlasov-Poisson-Fokker-Planck system (3.7). We
first show existence and uniqueness.

3.4.1 Existence and uniqueness

We write the linearized system (3.7) as

Oth+ Kh=0
hji=o = ho,

where Kh :=v-V,;h =V (V+¢s)  Vyh+v-Vyp —oAyh+vv-Vyh. Clearly, K depends
on V1. But we consider K as an operator acting only on h, since V1) can be expressed

by h as
1 T

Vatp

Theorem 3.4.1. Let V € C®°(R%) be bounded from below and e~ =" € L'(R?). Then K
generates a Co semigroup e~ on L2(R%?, f.0). In particular, for any ho € L?>(R??, f..),
the linearized system (3.7) has a unique mild solution

heC ([o,oo);LQ(RQd,foo))

and

V.| € C ([0,00);Ld%(Rd)) , Vpe(1,2].

Proof. By Lemma 3.3.3, we have oo € W29(R?) for all g € (5%, 00), and so ¢, € CH(R?).
Since we have V € C®(R?), we can show ¢, € C(R?) by a bootstrap argument, see
[27, Theorem 5.20]. We consider the following equation without the Poisson equation

{atmu-vxhvx(v+¢oo)-vvhaAvhﬂv.vvh:o (3.33)

h|t:0 - h().
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3.4. THE LINEARIZED VLASOV-POISSON-FOKKER-PLANCK SYSTEM 79

Let Lh:==v -V, ;h =V (V + ¢oo) - Voh — 0 Ayh + vv - Vyh. Then (3.33) can be written as

Oth+ Lh =0
h’|t:0 — h‘O'

Since we have V+¢o, € C*(R?), [30, Section 5.2] shows that L generates a C™ regularizing
contraction semigroup in L?(R?, f..). K differs from L in the term v - V¢ coming from
the Poisson equation. (3.30) with p = dQ—fQ shows

Lot VavPredsao < ([ WPy ) lpallie [ 1V.0P0
R2d Rd Rd
< 67/ pool| o> (/ \UIQM(v)dv)/ h? foodzdo.
Rd R2d

Therefore, we can consider h — v - V% as a bounded operator from L?(R%*/ f..) to
L?(R??, f..). This implies that K is a bounded perturbation of L in L?*(R??, f.,). Then
[44, Chapter 3] provides that K generates a Cy semigroup e~ ® on L?(R%, f..). Also,
e " hy € C ([0,00); L2(R?, f)) is the unique mild solution to (3.7) by [44, Chapter 4].
Then (3.30) implies that the absolute value of

1 T
(t) = ——— —— “Khg food
o0 = g+ [ ot
is in Ld%(]Rd) for all p € (1,2]. Moreover, ||V (t)|| %( ) is continuous function of ¢
La-2(R
as e Hhy e C ([0, 00); L(R?4, foo)) )
O
3.4.2 Exponential stability in H!'(R*, f..)

In this subsection, we shall construct a Lypunov functional for the linearized system
(3.7). This functional will help us to show that the solutions of (3.7) are exponentially
stable in H'(R%, f..).

We introduce a norm
||h)|? = / h? foodady +/ V1| d.
R2d Rd
Lemma 3.4.2. Let h be the solution of (3.7). Then, for all t > 0,
d
£||h(t)||2 = —20/ |Voh|? foodzdu.
R2d

In particular, we have ||h(t)|| < ||hol| for all t > 0.
Proof. First, we compute

4 h? foodadv = 2/

dt R2d R

-]

(
+ 2/ (cAyh —vv - Vyh)h foodzdo — 2/
RQd R2

hOih faodxdv
2d

0 Vah — VoV + ¢oo) - Voh) hfsodzdy

2d

=

v - Vapthhfoodrdy.
d
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Integrating by parts we get

— 2/ (v-Vzh = Va(V + ¢o) - Vyh) hfsodzdv
R2d

= —/ (v SV, h? — ViV + o) - Vth) Sfoodzdv = 0,
R2d

and

2/ (6Ayh — vv - Vyh)hfsdrdy = —20/ \Voh|? foodadu.
R2d R2d

Hence

d
— h? foodxdv = —20 / |Voh|? foodzdy — 2 / v - Vathh foodady. (3.34)
dt RQd RQd RQd

Secondly, we compute

4 / V1| 2da = 2 / Vo (0p1)) - Vathda
dt R4 Rd

~ 9 /Rd VAL(Op)da = 2/Rd " </Rd 8thfoodv> dz

=2 Y [Ve(V 4 ¢oo) - Voh —v - Vih + 0 Ayh —vv - Vyh — v - Vet)] foodzdo
RQd

= 2/ v - Vatbh foodzdv — 2/ YV th - v foodadv = 2/ v - Veohfoodxdv, (3.35)
R2d R2d R2d

where we integrated by parts and used Vi foo = =2V (V + ¢oo) foo and Vy, foo = =20 foo.
(3.34) and (3.35) provide the claimed equality. O

Let P € R?"*?" be a constant, symmetric, positive definite matrix. We define

set= [ (T000) P (Tt s)) e

_ [ (Ve )\ p (Valht )
_ /w( o ) PV ") fdade
Lemma 3.4.3. Let h be the solution of (3.7). Then, for all t > 0,
d V0, )\ T (Va(O0,h)
)= | {Zl (Som) * (5o } ootiudy

_ /R ) (vx(vhvz ¢)>T {QP+PQ"} <vm<vh£ w)> fdady

T
9 /R ) <vz<vhvz w>> p<vxoatw> fodods, (336

0 I
where Q = Q(r) := (_a%vw)woo(:c» ) :

Ox? vi
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Proof. Since ¢ does not depends on v, we write (3.7) as
8t‘(h + 1/}) =-U- vz(h + ¢) + Vﬂc(v + ¢oo) : vv(h’ + ¢)
+ oAy(h+ 1) —vv - Vy(h + 1) + O,

Va(h +9)

with —Ag) = /Rd hfxdv,  hj—g = ho. We denote u := <Vv(h + 1)

ug := Vy(h + ). Then u; and ug satisfy

> , Ul = vl(h+¢)7

d d d 82(V+§[)Oo)
Opuy = O'Avul_l/zviaviul"’_z 8xz(v+¢oo)avzul_z Uiaziul-Fiuz-i-anﬂﬁ,

Ox?
i=1 i=1 i=1

d d d
Oyug = o A\yug — I/ZUZOWUQ + Z O, (V 4 o) Oy, u2 — Z 0; 0, U2 — UL — VU2.

=1 =1 1=1

These equations can be written with respect to u = <u1) :
2

d d d \YORT
ou = o Ayu — Vzviawu + Zaxi(v + $oo) O u — Zvi&”u —Qu+ < JSOt ) '

i=1 i=1 i=1
It allows us to compute the time derivative

iSp[h(t)] = 2/ u® Posufoodady
dt R2d

d
= 20/ uTPAvufoodmdv — 21/2/ uTP(‘)Uiuvifoodxdv
R2d i—1 R2d

d d
*2) /de u POy udy,(V + oo) faodadv — 2 /R y u" POy, wv; foodmdy
= i=1

— / u'{QP + PQT Yufsodzdv — 2/
R2d

u''P <Vfa””> foodzdv. (3.37)
R2d

0

First, we consider the term in the second line of (3.37) and use 0y, foo = — 2 0; foo :

d d
20 Z /R2d quagiviufoodxdv — 2VZ /R2d uTPaviuvifoodxdv
i=1 i=1

d
= _QJZ/R% aviuTPﬁviufoodxdv. (3.38)
i=1

Next, we consider the terms in the third line of (3.37):
d
2 Z/ uTPBUiuaxi(V + ¢oo) foodzdv
i—1 R2d

d d
2
= -2 g / uTPBUiuaxi(V + Ooo) foodzdv + i g / uTPu&;i(V + oo )Vi foodzdv
i1 R2d g i1 R2d

(3.39)
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and

d
—2 T POy, uv; fosdrd
;/deu ,u; foodxdv

d
= QZ/R u” POy, uv; foodzdv — Z/R%u Pudy, (V + oo )Vi foodzdv. (3.40)
i=1

(3.39) and (3.40) show that the third line of (3.37) equals to zero. Combining (3.37) and
(3.38), we obtain the statement (3.36). O

Lemma 3.4.4. Let h be the solution of (3.7) and 1 be the solution of —Ayp = [pa hfsodv.
Then, for all t > 0,

2 UQHPooH%oo 2
V20| foodwdv < ————=— |Vuh|* foodzdu. (3.41)
R2d 1% R2d
Proof. We compute
—Am(atw) = &ghfoodv
R4
= / [—v-Vih+ VeV + ¢0) - Voh + 0 Ayh —vv - Vyh — v - V)] foodv
R4
= / [—v-Vih+ Vi (V 4+ ¢dso) - Vyh] foodv
Rd
- / [0 Vah + Lo Va(V + doo)h] frodv
Rd g
— _div, / vhfoodv = —Zdiv, / Vol foodo,
Rd 14 Rd
where we integrated by parts and used V, foo = —Zvfo. It lets us compute
[ 1VetniPdodo = [ V.00 pds < ol [ | 1V.00Pd
R2d Rd R4
— ol [ 008, (00)da
Rd
_9llpeolle= Bppdive (Vo foo)dady
14 R2d
- 7””%0”“" / Vo0 - Vph foodxdv

1

2
2/ V20| foodadv +”’)°°Z,HL°°/ \Voh|? foodzdu.
R2d 2v R2d

IN

By simplifying this inequality we get (3.41). O

Let v > 0. We consider a functional

E[h] := 7[[h]]* + Sp[h]

_ Volh + )\ o (Valh+ )
7[/Rgdhzfoodxdv—k/Rd\waFdx}+/Rw< o > P( v )foodxdv.

It is clear that E depends on the parameter v and the matrix P, we will fix them later.
We show that E is equivalent to the H'—norm.
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Lemma 3.4.5. Let V be bounded from below and e~V € L' (RY). Let py and py be the
smallest and the largest eigenvalues of P, respectively. Then, for all h € H'(R??, f.),

E[h] - E[h] (
max {7y + 63 (7 + 2pal | poo|| o), 2ps " i (o,

where 01 is the constants appearing in (3.30). Moreover, if eV

inequality (3.4) and [geq hfsodzdv =0, then

3.42)

} : HhH%”GR?d,ﬁm)
satisfies the Poincaré

p1+ VK2

Sp[h] < E[h] < s

Splhl, (3.43)

where ko is the constants appearing in (3.17).

Proof. As P is positive definite, we have 0 < p; < py. We estimate E[h]| from above by
using P < pol :

E[h] <~ [/ h? foodadv +/ |VI¢\2d:c]
R2d Rd
+ p2 [/ ]Vz(h+1/1)\2food:cdv+/ \Vvh\2foodxdv]
R2d R2d
< [ W hdado+ (o4 2allonlli) [ Vo0
R2d R4
+ 2p2 / Voh|? foodzdv + po / \Voh|? foodzdu.
R2d R2d
We use (3.30) with p = dz—fQ to get
E[h] < max{y + 6(v + 2p2||poo||ro=), 202} 2|71 (g2a .- (3.44)
We estimate E[h] from below by using p1I < P
E[h] >v { / h? foodadv + / |V$1/1\2dx]
R2d Rd

+p1 U !Vm(h+¢)!2fooda:dv+/ IV oh|? faodadv | .
R2d R2d

By the Holder inequality

/ V(b + )] foodzdv > fy/ |V 2h|? foodzdv
R2d ¥+ p1llpoollLe Jr2a

—7/ Vo2 fooddy
p1llpoc|lLee Jr2a

> 7/ |vxh|2foodxdv—7/ |V.tp|*da.
Y 4 p1lpool Lo Jr2d P1 JRrd

Using the last two estimates

E[h] 27/ hZfOdedv—i—m/ |Vxh]2fooda;dv—|—p1/ Voh|? foodady
R2d Y + p1llpoo]|oe Jrea R2d

> min {7, — L / h2foodmdv+/ |Vxh\2foodxdv+/ IV oh |2 fooddv
R2d R2d R2d

Y + p1llpoc|| Lo
; TP1 9
=min{y, ————— ||k . (3.45
{fy 7+p1|\poo|yLoo}H 151 m2a g,y (3:45)
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(3.44) and (3.45) provide (3.42).
We now prove (3.43). The definition of E implies Sp[h] < E[h|. Since P > pi1l, we
have

Splh] > p1 Uﬂw |Vm(h+w)!2fooda;dv+/ \VU(thw)]Qfooda:dv] .

R2d

Using the Poincaré inequality (3.17) and [poq hfoodzdv =0

2
Sp(h) > % [/Rm(h—kw)zfooda:dv - (/ﬂw z/ffoodxdv> ] :

The Holder inequality and —A,1) = [pq hfoodv imply

2
/ (h + )% foodzdv— < / 0 foodxdv> > / h? foodadv + 2 / hp foodzdv
R2d R2d R2d R2d

= / h? foodadv — 2 / VA Ydx
R2d Rd

:/ thOdede/ |V |?dx > ||R||.
R2d ]Rd

Thus, Sp[h] > %HhH2 and (3.43) follows. O

We now prove the main result of this subsection.

Theorem 3.4.6. Let h be the solution of (3.7) with an initial data hy € H'(R?*?, f)
such that [goq ho faodzdv = 0. Let the assumptions (A1), (A2) and (A3) hold. Then, there
exist a positive constant v and a constant, symmetric, positive definite matrix P such that

S B{h(n)] < ~20E[h(1)], 120 (3.46)

holds for some A > 0 depending v and P. In particular,
E[h(t)] < e PME[ho], t > 0.
Proof. Lemma 3.4.2 and Lemma 3.4.3 show that

LB = —20+ / V| foodado
R2d

dt
o [ S (Tl # (T) s

Z:1 3 3

_/de <Vx(h+w)>T{QP+PQT} (V’(V’ZZ w>> fodudy

Voh
Vx(h+¢)>T (@Wb)
—2 P sodxdv. (3.47
/R< o ') frdadv. (3.47)

31 2T

We choose the matrix P := (521 9]

> with € > 0 which will be fixed later. It is easy to
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check that P is positive definite. We denote W := V + ¢,. Then, we compute

—/ < (Vh?p) {QP+PQT}< h+¢>foodxdv
R2d

VQV

2

_ [ (Velhrw) —2e°I = (vs +2¢)1 <Vx(h+¢)>
= /RZd < Voh > ( 386W (ve? + 26)1 g ) foodzdv
2

Vyh
= —252/ |Vm(h+¢)’2foodxdv+2/ VI(h+1) (63%;;/ — (ve? + 25)[) Vyh foodzdv
R2d R2d

T 5 O*W
+ Vyh (28" —— —4dvel | Vyhfoodzdu. (3.48)
R2d ox

fng;’. We use the Holder inequality and (3.18) to get

2 2
2e3 VT(th})8 Wv whfoodzdy < 263 / v W |V oh| foodadv
R2d R2d F
82
§62/ ]Vx(h+¢)‘2fooda:dv+54/ ‘ 5 ]V h|? foodxdy
R2d 81’
< g2 / Vo (h+0) |2 foodzdvte* ks / |V oh|? foodadvte /632 / 2 (0, 1)|? foodzdu.
R2d R2d
(3.49)
Similarly,
82
2¢? / VIh=——-V,hfsdzdv < 2¢* / |Vvh\ foodxdv
R2d ox 2 R2d
82
S/ \Vvh\Qfooda:dv—FgA‘/ ’ ! ]V h|? foodzdv
R2d 8113
< (1+54,.€3)/ |Voh|? foodzdv + € ﬁgz/ 2 (0, 0)|? foodzdv.  (3.50)
R2d

Combining (3.48), (3.49) and (3.50) we get

_/de< (V}LZ¢> {QP+PQT}< ébzw))foodxdv

< 2 Iigz / (00, 1) |* foodzdv

Vo(h+ )\ —621 —(ve? + 2¢)1 Va(h+ 1)
i /uw ( Vuh ) (—(ve2 +26)] (1 —4dve+ 25%3)1) < Voh > foodadv.

(3.51)
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Next, we estimate the last term of (3.47):

Volh+ )\ (VaOith
—2/]1%201( V.h )P( 0 >fooda:dv

= —2¢3 Vi(h+ 1) - Vo0 foodzdv — 252/ Vol « V0 foodxdv
R2d R2d

< é74/ |Va(h+ w)|2food$d7) + &2 / |Vx3tw|2food:cdv
R2d R2d

52\// |Vvh|2food:r:dv\// |V 2041 |2 foodaduv
R2d R2d

2 2
§64/ ’vz(h—F@ﬁ)‘Qfoodl’dU—i-EQ <U ||po§||Loo +2O'HPOOHL >/ ‘Vvh‘2food.%'dv,
R2d v v R2d
(3.52)

where we used the Holder inequality and (3.41). We gather (3.51) and (3.52) to estimate
(3.47)

d
th[h( )< —20 /de { ;

where

P (e2 — eI (ve® +2¢)1
= 0.2 2 o .
! (ve? +2e)  (2y0 — 1+ 4ve — &%( Hp“;HL“’ + 2ollpeollr ) — 2etk3)

v v

We choose 7 > 0 and ¢ > 0 such that the matrices in the first and second lines of (3.53)

satisfy
4
G L AR d
P .
< 2] 2el ) — 0 an 1> 0

It is possible to choose such 7 and €, for example, if € is small enough and v is large
enough, then the conditions above are satisfied. Moreover, there is A = A(g,7y) > 0 such
that

Py > 2)P.
Using this estimate in (3.53) we get
d ~
ﬁE[h(t)] < —2ASp[h(t)]. (3.54)

By using (3.43)

SBIA(D)] < ~2XB[R(D)] for all £ >0

with \ := 5\}771 Then, the Gronwall inequality implies
D1+ VK2

E[h(t)] < e 2ME[hy].
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Remark 3.4.7.

1. We note that v and P such that Theorem 3.4.6 holds are not unique. But the decay
rate A depends on v and P. To get a better rate, one has to optimize A = A(y, P)
with respect to v and P.

2. The Poincaré inequality is essential to get the inequality (3.46) and so the exponential
decay. When the Poincaré inequality is not valid, we only get the bound E[h(t)] <
E[ho] by (3.54).

3.4.3 Hypoelliptic regularity

In this section we show that, for any initial data hg € L?(R??, f..), the solution h(t) of
the linearized equation is in H'(R??, f.) for all ¢ > 0.

Theorem 3.4.8. Let h be the solution of (3.7) with an initial data hg € L?(R??, f..).
Under the assumptions (Al) and (A2), for any to > 0, there are explicitly computable
constants C1 > 0 and Cy > 0 such that

1
/ |Voh(t) | foodzdv < 153/ hi foodxdy (3.55)
R2d R2d
and o
/ Vo h(t) 2 faodzdv < =2 / h2 foodadv (3.56)
R2d t Jgred

hold for all t € (0, t].

Proof. In order to prove the short-time regularization of (3.55) and (3.56) we consider
now the functional E with a matrix P which depends explicitly on time ¢, i.e.

343 242
et’l e*t°I
P=Pt):= <52t21 2@1)'

We shall fix € > 0 later. It is easy to check

e3t3
E~T 0
P(t) > ( 3 ) (3.57)

0 41
which implies that P(t) is positive definite for all £ > 0. Our goal is to show that E[h(¢)]
decreases. To this end we compute the time derivative of E[h(t)]. We follow the proofs of
Lemma 3.4.2 and Lemma 3.4.3 to compute the time derivative of E, but we need to take

into account that P depends on time ¢ :

%E[h(t)] — 20y /R VP fuedady
d
e [AS ) (Tt
- /R y (V”(thz w))T {QP+ PQ"} (V””(th; zb)) Foodmdv
, /R ) (vz(vhvz ¢)>T . (@Y)m> Fodad + /R ) (ng)T P (gj}f) fodidy
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We estimate the terms on the right as (3.49)-(3.52) (where we need to replace ¢ to et) and
obtain

th[h( t)] < —20 /de {zd; (%%Z;)T ((53753 2;24[ =) it;[f) (gjgg“g) } Foodady

(3

T
/ <Vw(v’”h‘¢)> P — 0,P] < h“/’) wdrdv, (3.58)
R2d v
where

(e2t2 — eMHI (ve*t? + 2et)1
P Py
! (ve®t? + 2et)I (270 — 1+ 4vet — 2152(”’0“ !L‘”U + QH’J‘”J,‘LC’W) - 2€4t4/€3) I

3,2 2
Since O, P = (32i2tt II 2§€§I> , we have
P, —o.P
([e2 — 3&3)t? — eI (ve?t? + 2[e — )1
— 2 2
(ve?t? + 2[e — 2)t)I (270 — 1 — 2e + dvet — £2t%( Hp‘x’lll,éma + 2||p°°l‘/|L°°U) — 254t4n3> I

We choose v and ¢ such that, for all ¢ € [0,¢g], the matrices in the first and the second
lines of (3.58) are positive semi-definite, i.e.

343 lray o 22
<( 2] ) 2etr ) =0 TP 20

It is possible to choose such v and ¢, for example, if 7 is large and ¢ is small enough, then
these inequalities hold. Then we get

SR <0, te(0,tL).

This yields that E[h(t)] is decreasing in [0,%9]. E[h(t = 0)] = 7||ho||* and (3.30) with
p= m show

E[h(t)] < 7llhol[* < v(1 4 67) / h{ foodadv, Yt € [0, ). (3.59)
R2d
On the other hand, we have by (3.57) that

Bl > v | h2(t) froddy + / V() P
RQd RQd

e3t3 9 et 9

+— |Voh(t) + Vap(t)]? foodzdv + — IVoh(t)|? foodzdu.

3 RQd 2 de

If we use the estimate

1
/ |V (h + )| foodzdv > 2/ |Vxh]2fooda;dv—/ |V o)|? foodzdv
RQd RQd RQd

1
> 5 [ IVaPhdado = llpwlli= [ Va0fdo,
R2d R4
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we get

343
B0) > 7 [ 10 fdod + (5= V=) [ 9P

e3t3 9 et 9
+— |Vah(t)|” foodadv + — [V oh(t)|* foodzduv.
6 R2d 2 R2d

343
If we take v large enough so that ~v — M%”’ > 0, then

343
BI0] > S [ Vb0 faodado + 5 / Voh(®) 2 facdadv, V€ (0,4]. (3.60)
R2d R2d

(3.59) and (3.60) show that the statement of the theorem holds with constants C :=
2 2
% and Cy := w‘ 0

Now we are ready to prove Theorem 3.2.2 concerning the linearized Vlasov-Poissson-
Fokker-Planck equation.

Proof of Theorem 3.2.2. The proofs of Theorem 3.2.2 (i) and Theorem 3.2.2 (i) follow
from Theorem 3.4.1 and Theorem 3.4.8.

We use Theorem 3.4.6 to prove Theorem 3.2.2 (iii). Let E be the functional in Theorem
3.4.6. Then, (3.46) can be written as

% (> Efh(0)]) <o0.

For any t > tg, we integrate this inequality in [to, t] to get

E[h(t)] < e”2AE0)E[h(tg)]. (3.61)

By (3.43) we have

Elh(te)] < 228 1 h(to)]
D1

sp(p”)[ [, [aht0) + Va0 frdado + [ IVvh(to)lzfoodedv]
p1 R2d R2d

< PO o [ ottt [ | Vbt ]
pl RQd R2d

+ YK
+2||poo||L°°p72(p1 7h2) / |Vx¢(to)|2da:dv,
P1 R2d

where p; and po are the smallest and the largest eigenvalues of the matrix P which we
defined in the proof of Theorem 3.4.6. Because of (3.30) with p = dQ—fQ and the Poincaré

inequality (3.17), the integral [gq |Vat(to)|*dz is bounded by [god [Vah(to)|? facdzdv +
Jg2a |Voh(to)? foodadv. Thus, there is a constant C' > 0 such that

E[h(t)] < C [/ |V oh(to)|? foodzdv +/ |Voh(to) | foodzdv | |
R2d R2d
and by Theorem 3.4.8

ElA(to)] < Cmax{C1t5%, Cats ') / B2 foo dud. (3.62)
R2d
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If we combine (3.61), (3.62) and (3.42), we obtain
/ R2(t) foodxdv + / |V oh(t)]? foodzdv + / |V h(t)|? foodxdv
R2d R2d R2d
Elh(1)] e 2 )E[A(to)]
<
; Yp1 : p1
i {’77 Y FpillpseToe } i {7’ Y FpillpoeToo }
062’\t0 maX{Clt(;S, CQt[;l}efQ)\t / h%foodl“dv
R2d

; Yp1
L {% ¥+p1llpoollLoo }

IN

Ce2Mo max{Cyty 3, Coty '}

3 YP1
in {% Y+p1llpec| oo }

This proves (3.10) with the constant Cs :=

We now prove (3.11). We have from (3.30)

I\Vzw(t)l\mpfdp(w) < O[lh@DlL2ea pp) < Ol r2a gy, Yp € (1,2].

_2d
The relation £/ 2 (R%) = W2 (R%) (see [1]) and (3.31) with a = 1 show

Ve @] 124, ) < O2llR )|y g2a po) < Q2R ()] 1 24 1)

(R7)

for all ¢ > 0. These estimates and (3.10) imply
Hvzwtm%m VPO s oy < O+ OO 11 g21, 1)

< C3(0y + 02)e ol p2(g2a 5.

for all t > to. This proves (3.11) with the constant Cy := C3(6;1 + 62).
O

3.5 The nonlinear Vlasov-Poisson-Fokker-Planck system in
3D

In this section we work on the nonlinear Vlasov-Poisson-Fokker-Planck system (3.6) in
dimension d = 3. We mention that we get (3.6) from (3.1) by taking h := f% — 1 and
Y = ¢ — dpoo. To prove Theorem 3.2.4 and Theorem 3.2.5, we will consider the integral
version of the system (3.12), and then apply a fixed point argument to find a candidate
for a solution, then prove existence, uniqueness and stability.

3.5.1 Semigroup estimates

We recall that the linearized system (3.7) can be written as
Oth +Kh =0

with the operator Kh := v -V h — Vi(V 4+ ¢oo) - Voh +v - Vb — 0 Ayh + v - Vyh. By
Theorem 3.4.1 K generates a Cy semigroup e on L2(R?¢, f..). We define a subspace of
L*(R*, foo)

o= {ge PR 1) [

gfoodxdv = 0}.
R2d



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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Here the norm of A is the norm of L*(R??, f..). Let ho € H, then h(t) = e ¥ hg, t > 0is
the solution of (3.7) and it is in H!(R??, f..) by Theorem 3.2.2 (ii). By integrating (3.7),
we obtain

/ e ho foodadv = / ho fsodxdv = 0.
R2d R2d
Therefore, =% maps H into H N H'(R??, f.) for all t > 0.

We will need the following estimates on e~*X.

Lemma 3.5.1. Let d > 3, a € [0, 1], top > 0, the assumption (Al) and (A2) hold. There
are positive constants 61, 6, 63, €4 and 65 such that

(1)
17 Rollr2(gan, ge) < Gllholl 2o gy VE € [0,t0], Vho € LR, foc).  (3.63)
(ii)
€™ holl g 24, 7.c) < Callhol g (g2 f)» VE € [0, 0], Yho € HE(R*, foo). (3.64)
(iii)
1™ ollgg 21y < FoC1+~ ) ol g1y, VE € (O,t0], Vo € L2(R ).
(3.65)
(iv)
le™ hollpry rea,gcy < Calloll iy (e gy, VEE€ [0 t0], Vho € Hy(R*, foo).  (3.66)
(v)
et hol ry gz gy < G(1+ )[Rl 2z gy, V€ (O00], Vho € L2(RP, fuc).
(3.67)
Proof. (i) Lemma 4.4.1 shows that
lle™* hol| < |lhol|, t=0.
The inequality ||e_tKh0||L2(R2d,foo) < |le™" ho|| and (3.30) with p = dQTdZ yield
lle™  hollp2(gza 1) < \/1+ 620l 2@oa pe)s €2 0. (3.68)

Thus, (3.63) holds with the constant €} := /1 + 62.

(ii) Since et generates a C semigroup on L?(R??, f..) and e "5 hg € H'(R??, f..)
for all t > 0, (see Theorem 3.2.2 (44)), we conclude e ¥ also generates a Cp semigroup on
H(R? f..) (see [4, Theorem 0.1]). By the semigroup property [44, Theorem 1.2.2] there
exist constants w > 0 and C > 1 such that

—tK
1™ ol g 20,1 < CeIlRoll s o 1.

for all ¢ > 0. This implies that (3.64) holds with % := Ce®'.
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(i7) (3.65) coincides with (3.63) when av = 0. We prove (3.65) when o« = 1. By Theorem
3.2.2 (i1) we have, for all hg € H,

C
/de Ve ho|? foodadv < ?31 /de h foodxdu, t € (0,to).

We add the square of (3.68) to this estimate to get

Ll ol pdodo s [ Vs nop daao < (14684 5 ) [ iipedoas
R2d R2d R2d

gmax{uef,cl}(ut—i)?/ he foodzdv, Wt € (0,t0].
R2d

Then by (3.22)

_ _3
e holl o rea ) < H5\/max{1 + 07, Ci} (1 +t72) ol | L2 g )-

This proves (3.65) when o = 1. The complete proof follows by interpolation.
The proofs of (iv) and (v) follow by similar arguments which we did in (¢7) and (i7i). O

Lemma 3.5.2. Let d > 3, the assumption (Al), (A2) and (A3) hold. Let o € [0,1],
A > 0 be the constant appearing in Theorem 3.2.2 (iii) and A\ € (0,\). There are positive
constants Cy, Ca, C3, C4 and Cs such that

" lle X hollp2gea ..y < Cre™ M ||hollpo(ed p oy, VE >0, Vhe € H. (3.69)
(i)
1™ Rol g (w2a, 1) < Coe™[hollpra (et )y Y8 >0, Vho € HNHF(R™, foo).
(3.70)
(iii)
e ol g o .y < Ca(1 415 )e ol 2 g0y, VE >0, Vho € H. (3.71)
(iv)
le™ Rl 3 w2 g0y < Cae ™ lhol 3o gy, V620, Vho € H N HL(R™, foo):
(3.72)
(v)

e hollry ot gy < Co( 417 2)e  [Iho|paqgad . V2> 0, Vho € H. (3.73)

Proof. (i) Let tg > 0. Theorem 3.2.2 (ii¢) implies, for all hg € H,
He_tKhOHB(R?d,foo) < He_tKht)HHl(R?d,foo) < 036_/\t‘|h0”L2(]R2d,foo)v t > to.
We combine this inequality and (3.63) to get
lle X hollpo(ea s,y < max{Cs, €1} e | |hol| p2(rea 5.

for all ¢ > 0. This inequality implies (3.69) with the constant C; := max{Cs, € }.
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(i) (3.70) coincides with (3.69) when ae = 0. Let o« = 1. (3.64) lets us write for ¢ € [0, o]
HG%K}ZOHH;(R?d,fOO) < %26)\t067)\t||h0‘|H;(R2d,foo)-
For t > ty, we use (3.22) and Theorem 3.2.2 (ii) to get
He_tKhOHH%(R?d,foo) < “5H€_tKh0HH1(R2d,foo)

< k5Cse Mol | p2(rea ) < w5C3 M holl gy ed p.o -

The combination of these estimates imply (3.70) with Cy := max{%2e’°, k5C3} when
a = 1. The case of a € (0,1) follows by interpolation.
(7i7) By (3.65) we have

3o

He_tKhOHHg(RQd,foo) < %36A1toe_Alt(1 =+ t_T)HhOHLZ(RZd,ﬂX})? vt € (0, to). (3.74)

For t > ty, we have by (3.70)
HeftKhOHHg(R?d,foo) < CzefktHhOHHg(R?d,foo)
Since A > A1 > 0, there is a constant C' > 0 depending 3, A1 and A such that
Coe™ < O(L+173 )™, Wt > ¢,
Thus, we obtain
_ _8a, _
||€ tKhOHHg(RQd,fOO) S 0(1 + t 2 )6 Alt||h0||H%(R2d7foo), Vt Z t(). (375)

(3.74) and (3.75) show that (3.71) holds with the constant C := max{C, 3e 1’0},
The proofs of (iv) and (v) follow by similar arguments as we did in (i77) and (iv).
O

3.5.2 Local well-posedness

In this subsection we prove Theorem 3.2.4 i.e., the existence of a unique solution to (3.12)
in a (possible short) time interval. We use v, below to denote the solution of —A,1) =

Jra hfsodv.

Proof of Theorem 3.2.4 . Let tyg > 0 be a fixed constant as in Lemma 3.5.1. For a
given hg € HX(RS, foo) N HL (RS, f+) we define a mapping

F:C ([077-]; Hg(Rﬁa foo))mC ([07 T]? H1}<R67 foo)) = C ([Oa T]? Hg(Rfiv foo))mc ([077-}3 H&(Rﬁa foo))

by

t
Flh] = e K hy +/ e~ (t=9)K (vzwh Voh—Zu. wahh) ds, te0,7],
0 g
where 7 € (0, o] will be fixed later. We want to show that F' has a unique fixed point if
7 is small enough.
We define

1]l = Sup]{Hh(t)HHg(RG,foo)}7

te(0, T

[[Rl]72 == sup {||h()[|m1(Rs, 1) }-
te[0,7]
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We use
[|2]|7 := max{][|h[|,1,

as a norm in C ([0, 7]; HY(R®, foo)) N C ([0, 7]; HH(R®, fso)) . (3.32) shows that V(1) is
bounded for all ¢ > 0. Hence

Vatn(t) - Vuh(t) = Zv- Vot (h(t) € (R, foc)

for all t € [0, 7]. Using the Holder inequality, (3.32) and (3.20)
[[Vathn(t) - Voh(t) —v/ov - Vb (E)h(t)]| L2 rs f.0)
< \/QHVﬂ/Jh(t)H%oo / (IVoh(D)|? + v?/0?|v[?[h2(1)) foodwdv
R6

< Crl|h|] e s, ) 1M 71 (RS 7o) (3.76)

for some constant Cr > 0. We estimate F[h] in C ([0, 7]; HY(R®, fs)) :

F TR 1o 6, 1) < 1€ hol| e ®o 1.0

t
+/ le™E K (Vathy - Voh — v/ov - Vatbuh) || oo r.yds.  (3.77)
0

(3.65) and (3.76) let us estimate

t
/ le= =K (V- Vb — v/ow - Vi h) [ rrg (rS, 1) A
0

t
< (53/ (I+(t— s)_%)”wah(s) “Vyph(s) —v/ov - Van(s)h(s)||L2ms, f.0)ds
0
t
_ 3a
<GCr [ (14 (=9 D)z o B o pds (378)

t .
< GCRI Ml [F] 2 / (14 (t— 5)" % )ds.
0

Then, (3.64), (3.77) and (3.78) provide

t _3a
F Il < ol ol s e g + GCrllAllea Al sup { JACERCE z)ds}. (3.79)
te|0,7 0

We estimate F[h] in C ([0, 7], H} (R, fx)) :

RO 1 (re, o) < HeitKhOHH%(RG,fOO)

t
+/ e UK (W athy, - Voh — v/ov - Votyh) || i es 4. yds. (3.80)
0

(3.67) and (3.76) let us estimate

/ le™ K (Vatn(s) - Vioh(s) = v/ov - Vatn(s)h(s)) [ 3z, .0 ds

< ‘55/0 (T+(t— s)_%)]\vxwh(s) “Vph(s) —v/ov - Van(s)h(s)||L2ms, 1.y ds
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t
1
< GCr / (L (= ) 510 o s g 11 () L gy s

< G5CR||b]|ral|h]r2(t + 2V1), (3.81)
where we used

t
/ (14 (t—s)"2)ds =t + 2V/1.
0
(3.80), (3.81) and (3.66) show
IERON 13 5 o) < Callhol| 3 g5, 1) + GORIRINRI2(E + 2V2),

and so

IE[lr2 < Callhollizy s, o) + CoCrIlRI 71 [Al[r2(T + 2V/T). (3.82)
Let h,g € C ([0, 7]; HX(RS, foo)) N C ([0, 7]; HL (RS, fos)) . We consider

Flh) - Flg) = /0 e~ OIK (T, - V(b — g) — v]ov - Vatbn(h — g)) ds

t
- /0 e~ IE (W aby, — Vi) - Vg — v/ov - (Vatby — Vatby)g) ds

As we did in (3.76), we can show by using the Holder inequality, (3.32) and (3.20) that

IVaeton(t) - Vo (h(t) — g(t) — v/ov - Veon () (h(t) — 9(0)L2(rs, 1.0)
< Crlh®)|l g @, p0) [11(8) = 9O Hp(ro 1) (3-83)

and

(Vatbn(t) = Vatog () - Vog(t) = v/ov - (Vatbn(t) = Vet (8)g(t)]] L2 (w5 f.0)
< Crl[h(t) = 9(®)l| g rs, 1) 19O 1 R0, 10y (3-84)

hold for all t € [0,7]. Using (3.67), (3.83) and (3.84) we estimate F[h] — Fl[g] in
C ([0, 7]; HY (RS, fo))

IER®)] = Flg®)]l| a3 ms, 1)

/ |le™ K (Vo - V(b — g) — v/ov - Vb (h = 9)) |1 (go 1.0y ds
+ /0 ==K (Vytbn — Vatby) - Vg — v/ov - (Vatbn — Vabg)g) |l @ oy ds
< %Cr /Ot(l + (t - 5)_%)||h(5)||Hg(R6,foo)||h(5) — 9($)|| g1 (rs, 1.0)ds
+ ¢5Cr /Ot(l +(t—s)72)||h(s) — () e ®s, o)1 [9(8) | 1 (m6 50y ds-
This shows that
[IF[h(t)] — Flg(O)]|| g1 (rs 5.0y < CCRIIBI|r1]h — gll72 /Ot(l +(t—s)72)ds

t
1
+ GOl — glleallgllr / (14 (t— ) 3)ds.
0
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Therefore, we get

IF[h(t)] = Flg(®)]llr2 < GCRl R/ 1llh—gllr2(7 +2v/7) + G5CrlIh = gllzallgllr2(T +2V/7).
(3.85)
Similarly, we estimate F'[h] — F[g] in C ([0, 7]; HY(R®, fs)) using (3.65), (3.83) and (3.84):
[IE[h ()] = Flg@)]l g (ro, 1.0
t
< /0 e =K (Votpy, - V(b — g) — v/ov - Vabn(h — 9)) || gaes. 1) ds
t
+ /0 le™ K (Vatbn = Vatby) - Vog = v/ov - (Vatbn = Varog)g) |l @s 1.0)ds
t

_3a
< %CR/O L+ (=) 2)h(S)| e ®s, o)l [R(s) = g()|| 11 (RS, fo0) DS
¢
_3a
+ %CR/O L+ —s)" 2)[|h(s) — 9(s)|| e rs, 1) [19(S) | 11 (RS, 10 ) d-

This shows that

t q
[[F[h(t)] = Flg®)]|| ge s, f.0) < C3CRI|]|1l[h — gHT’Q/o (1+ (t—s)" % )ds

o [ =97

+@3CR|[h = gllrallg

We take the supremum in time

t
IEH] = Flgllla < %Callhlloallh — gllna sup { / (1+<t—s>—‘°’z>ds}
0

tel0,7]

t
+ 6Crllh = gllrallglla sup { / <1+<t—s>%>ds}. (3.86)
0

te[0,7]

Let 7 := 2max{%6a||hol|go®s,f..)> €allhollm1ms, o)} We choose a small 7 € (0,%p] such
that

t
g + €3Cpr?* sup {/ (1+(t— s)sg)ds} <, % + C5CRrr2 (T +2/7) < 7.
0

te[0,7]
Then, (3.79) and (3.82) show that
|EAl]l7 <7 for [|h]lr <.

We choose a smaller 7 € (0, ¢o] such that

?

N —
N | —

¢
265Crr(T+2V7) < =, 263CRr sup {/ (1+(t— 3)_32(1)ds} <
1 Wo

tel0,7

then (3.85) and (3.86) show

1
1E[R] = Flglll- < Sllh =gl for [|hllr <, flgllr <.
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By the well known contraction principle F has a unique fixed point in
C ([0,7], HX(R®, foo)) N C ([0, 7], Hy(R®, fx)) . This fixed point is the desired solution
of the integral equation

t
h(t) = e Ehg + / e K (T, - Voh — v - Vbph) ds, t € [0,7].
0

We note that 7 depends on ||ho|| gra(re f..) and [[hol| g1 (rs, £, )- From what we have just
proved it follows that if & is a mild solution on the interval [0, 7] it can be extended on
the interval [0, 7 + 7] with 71 € (0, o] by defining on [r,7 + 1], h(t) = h1(t) where hi(t)
is the solution of

hi(t) = e DK p () 4 / t eI (T 4y, (5) - Vihi(s) — v - Vi, (s)h1(s)) ds.

Moreover, 71 € (0,to] depends on ||h(7)|| g (rs,f.o) and [[R(7)|[m1(rs,1.0)-

Let [0, tnas) be the maximal interval of existence of the solution. If ¢,,,, < oo then at
least one of the limits

im0y gy and L ([ g

is infinite. Otherwise there is a sequence t,  tymqeq, 7 € N, such that [[h(tn)|| gomee 1. )
and ||h(ty)|| 1 (r2a,z.. ) is bounded. This would imply what we have just proved that for
each t,, near enough to t,,4,, the solution h on the interval [0,%,] can be extended to the
interval [0, %, + d], where § € (0,%p] is independent of ¢, and hence h can be extended
beyond t,,,4.. This contradicts the definition of ¢,,4:.

Then (3.31) completes the proof. O

3.5.3 Global well-posedness and exponential stability

Let A > 0 be the constant appearing in Theorem 3.2.2 (iii), A1 € (0, A) and « € [0, 1]. We
define

X = {h € C ([0,00); HZ (R, fo0)) : jglg{eMtHh(t)HHg(RG,foo)} < OO},

Y = {h e C (o, OO)?Hz}(RG,fOO)) : sup {e’\1t||h(t)||Hg(R6,foo)} < oo}
>0

with the norms
[BlLx = sup { MR g g g |
t>0

h|ly = sup { eM||h(t 6 .
[l 5= sup { IR0z oo 10}

We denote
! —3ay _Xis ! -1y —\is
I :=sup (I+(t—s)"2)e Mdsy, Iy:=sup (I+(t—s) 2)e s p.
t>0 0 >0 0

Here I is finite, but I; is finite if a € (0, 2).
We need the following Gronwall type inequality.
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Lemma 3.5.3. Let a and b be positive constants, and y : [0,00) — [0,00) be a continuous
function satisfying

t
y(t) <a+ b/ (1+(t— s)*%)e*)‘lsy(s)ds, Vit e [0,00).
0
Then there is a positive constant A depending only on A1 such that
y(t) < (a+ ably)e”?, Vt € [0,00). (3.87)
Proof. We observe
t 1
v0) Satb [ (14 -9 he eyl
0
t
<a+ ab/ (1+(t— s)_%)e_)‘lsds
0
t s
+ 52/ (14 (t—s)"2)eMs [/ (14 (s— T)—é)e—mymdf] ds.
0 0
By Fubini’s theorem for computing multiple integrals, we obtain
t 1
y(t) <a+ ab/ (1+(t—s)"2)e Mds
0
¢ t
+ b2/ e My (1) [/ (1+(t— s)*%)(l + (s — T)é)eh(sﬂds] dr. (3.88)
0 T
The integral in the brackets can be written as
¢ 1 1 A
/ (L4 (t—s) 3)(1+ (s — 7) 3)e 167 ds
t—1
:/ (1+(t—T—s)fé)(l—Fs*%)e*)‘lsds
0
t=7 1 1 1 1 Y
= / (I+(t—7—s5)24+s 24+ (t—7—5) 25 2)e "°ds. (3.89)
0

We show this integral is bounded by a constant depending only on A;. We first compute

/tT @7)‘15d3 _ i(l . ef)q(t*T)) < i
0 A1 A
and
t—7 t—T 26 — (t — .
/ (t—T—s)*%s*%e*/\lsds < / (t—T—s)*%S*%ds:arcsinM g =7
0 0 t—T1
If t — 7 <1, then
t—1 1 t—T 1 1
/ sT2e Mds < / s 2ds=2(t—71)2 <2. (3.90)
0 0

If t —7 > 1, then

1 1
/ sT2e Mg < / s72ds = 2 (3.91)
0 0
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and

t—r t—1 —A1 1— —/\1(t—’7'—1) -1
/ sT2e M < / eMsds = & (1—e ) < . (3.92)
1 1 A1 AL

(3.90), (3.91), and (3.92) show

t—T1 1 e—/\l
/ sT2e MSds < 2+ , Vt—7>0.
0 At

Similarly, if t — 7 < 1, then
t—1 Ly t—r 1 1
/ (t—7—38) 2e Mds < / (t—71—8)"2ds=2(t—71)2 <2. (3.93)
0 0

Ift—7>1, then

t—7—1 L t—7—1 1
[ amrsterass [T e L (3.94)
0 0 M
and
t—7 1 t—7 1
/ (t—T—S)igei/\lst < / (t—T—S)iQdS: . (395)
t—1—1 t—7-1

(3.90), (3.91), and (3.92) show

t—T1 1
/ (t—T—s)*%e*)‘lstSQ—F—, Vt—12>0.
0 A1

The estimates above shows that the integral in (3.89) is bounded by 67?\711” +m+4. Then
we get from (3.88)

-1 9 t
y(t) < a+ ably + b? <e)\1—i— +7+ 4> / e Ty (1) dr.
0

The Gronwall inequality yields

2/e M 42 t —2\T ﬁ e M 42
y(t) < (a+ ablg)eb () Jo e rdr < (a+ ab[2)€2)‘1( o ),
This proves (3.87) with the constant A := ﬁ(ei%” +7m+4). O

Lemma 3.5.4. Let hg € HY (RS, f.o)NHL(RS, fx), the assumptions (A1), (A2) and (A3)
hold. Then, for any h € X, there is a unique w € X NY satisfying

w(t) = e hy + / t e K (T hn(s) - Voyw(s) — v - Vap(s)w(s)) ds, Vt>0. (3.96)
0
Proof. Let 7 > 0. We define a mapping
G : C([0,7); Hy(R®, foo)) = C ([0, 7]; Hy (R, foo))

by
t
Glw] = e hg +/ e K (Vi - Vow — v/ov - Vapw) ds, t € [0,7].
0
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w is a solution of (3.96) if and only if it is a fixed point of G. We first show that, if 7 > 0
is small enough, then there is a unique fixed point of G in C ([O, 7); H (RS, foo)) . We use
the norm |[|A[|72 = supcpo {||h(t)”H11}(R6’foo)} in C ([0,7]; H:(R%, fx)) . As we assume
h € X, (3.32) shows that V1, (t) is bounded for all ¢ > 0. Therefore,
V(1) - Vow(t) = v/ov - Voyn(t)w(t) € L* (R, foo)
for all w € C ([0, 7); H} (R, fx)) and ¢ > 0. Using the Holder inequality, (3.32) and (3.20)
[Vaton(t) - Vow(t) — v/ov - Ve (Hw(t)| L2 (s f.0)
< \/2|\wah(t)!\%oo/ (IVow@)[? + v?/o?|v*|w?(t)) foodudv
R6

< Crl|hM®)|| e ®s, o) |0 )| 3 (mS 1) (3:97)

for some constant Cg > 0. Also, we can check by integration by parts that
Vaton(t) - Vow(t) — v/ov - Vb (t)w(t) € H (3.98)

for all ¢t > 0.
We estimate G[w] in C ([0, 7]; H} (RS, fx)) :

G Tw ()]l ro, £y < e ol |1 ro g0

t
+ / e K (Vatpy, - Vow — v - Votbuw) ||y gs f.yds. (3.99)
0

(3.73), (3.98) and (3.97) let us estimate the second term on the right side of (3.99)

t
/0 e EK (Vi (s) - Vow(s) — v/ov - Vb (s)w(s)) || o f.0)ds
t

< 05/ (14 (t — 8)72)e M) | Von(s) - Vow(s) — v/ov - Vatn(s)w(s)]| p2(rs 1. ds
0
t
§C5CR/O (1+(t_5)_%)e_>\1(t_8)‘|h(s)||Hg(R6,foo)||w(3)||H5(R6,foo)d5 (3.100)

t
< C5CRe‘*ltHthHwHT,2/ (14 (t = 5)"2)ds = CsCre ™| b x|[wllra(t + 2V2),
0

where we used

t
/ (1+ (t—s)"2)ds = t + 2V4.
0
The estimates above show
NGTw ()]l gs, o) < lle™ " hol | gs 1) + C5Cre™ M| |R]|x ||[w]|2(t + 2V2),

and so

|Glwll|-2 < [le”" hollr2 + C5Crl|hl | x]|w]|2(T + 2V/7), (3.101)

Let 7 := 2||e "% hg||,2. If 7 is small enough so that

(3.102)

1
CsCrl|hl|x (T +2v/T) < 3
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then (3.101) shows that

[|Glw]||;z2 <r forany ||lw||;2 <. (3.103)

Similar computations show
1G[w] = Glul|l-2 < C5CRIIR|x|[w — ullr2(T + 2v/7)

for all w,u € C ([0, 7]; H}(R®, fs)) . If 7 satisfies (3.102), then
1
1G] = Glulllr2 < Sllw = ullrs. (3.104)

We fix 7 so that (3.102) holds. Then, (3.103) and (3.104) shows that F' has a fixed point w
in C ([0,7]; H} (R, fx)) . We note that 7 only depends on the product C4Cr||h||x < occ.
From what we have just proved it follows that if w is a solution of (3.96) on the interval
[0, 7], it can be extended to the interval [0,27] by defining on [7,27], w(t) = w1 (t) where
w1 is the solution of the integral equation

t
wy(t) = ey (1) +/ e K (T - Vowr — v/ov - Vabpw: ) ds, € [1,27].

T

After that, we extend this solution to the interval [0,37] and so on. Thus, we can prove
that there is a unique global in time solution.
Next, we show that the solution w is in Y :

[l @e, ) < e hollmy e, 1)
t
+ / e~ (Vo - Vow — v/ov - Vabpw) | F1 (RS, £ ) A5
0
Then, (3.72) and similar estimate as we did in (3.100) show that

w1 (6, p) < Cae™ Rl 111 RS 1.0
t
1
+C5CR/O (1+ (- 8)_§)€_Al(t_s)\|h(S)HHg(R6,foo)Hw(s)HHg(Rﬁ,foo)dS

t
_ _ 1
< Cye /\ltHhoHHg(RG,foo) + C5Crl|h||xe Alt/o (1+ (= 5)72)[|w(s)|| 1(re, ) d5-
It yields
M w( )| rs pooy < Calllol i rs fo)
t
+ C5CR”h||X/ (L+ (= 5)72)e 5N Juw(s)| |y o . ds-
0
Using Lemma 3.5.3 we obtain
22 2
M w(t) | (ro foy < Ca(l+ C5CRI2Hh|’X)ecE’CRAHhHX||hOHH,}(RG,fOO)
After taking the supremum in time

[wl|ly < Ca(1+ CsCrlIz||hl[x)eSECEMAI | ho|| g1 gs 10y < o0 (3.105)
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We show that the solution w is also in X :

lw()| e s 1.0y < lle™ hollgo s 1.0

t
+ / le= 9K (V4 - Vow — v/ov - Vaibpw) | o (RS, £, )ds- (3.106)
0

(3.71) and (3.97) let us estimate

/|| K (T - Vo — /o0 - Vathnto) | g @,y

gcg/ (1+(t—s)"%)e *M(t*s)wwh.vvw—y/au-vwhwum(mfw)ds
0

t
< C3CR/O (I+(t— 3)737)67)\1@78)Hh(S)HHg(R6,foo)Hw(s)‘|H7}(R6,foo)dS (3.107)

t
gcgcRe—AlthHXkuy/ (14 (t— 5)~ 5 )e—N13ds.
0

Then, (3.106), (3.70) and (3.107) provide

t
_sa. _
M w(t)|| gas gy < Callhollma(rs 1) +(730R’|h||XHwHY/O (14 (t—s5)"2 )e Mds.
We take the supremum in time and use (3.105)

lJw||x < CZHhO|’Hg(RG,foo)+CSC4CRII(‘|hHX+C5CRI2Hh"?X)ec‘%c}g{AHhH%(|’hOHH1}(R6,fOO) < o0.
(3.108)
Finally, (3.105) and (3.108) show that w € X NY. O

Proof of Theorem 3.2.5 . We construct a solution to (3.12) with a fixed point
argument, and therefore we define the mapping U : X — X such that U[h] (which is
the value of U at h) is the solution of

t
Ulh(t)] = e Ehg + / e~ IK (T (s) - Vo U[h(s)] — v/ov - Vbn(s)UR(s)]) ds.
" (3.100)
Lemma 3.5.4 provides that, for any h € X, there is a unique U[h] € X N'Y which satisfies
(3.109). Therefore, this mapping is well-defined. h € X solves (3.12) if and only if
h = U[h]. We will show that U has a unique fixed point in X.
The estimates (3.105) and (3.108) provide

TRy < Ca(1 + CsCrIa|[h]|x)e “TMM o | 1y e ... (3.110)
NUR]||x < Collholl e (gs sy + C3CaCRI(|[R][x + C5sCRIa||R|[%) e CRAIM || Ro|| 11 go 1.0 -

(3.111)
For h,g € X, we have

Ulh] - Ulg) = /0 e~ (T 4y, - Vo (UR] = Ulg)) = v/ow - Vathn(U[R] - Ulg))) ds

t
- /O e K (Vothy, — Vi) - VoUlg] — v/ov - (Vathn — Vi) Ulg)) ds



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.5. THE NONLINEAR VLASOV-POISSON-FOKKER-PLANCK SYSTEM IN 3D 103

As we did in (3.97), we can show by using the Holder inequality, (3.32) and (3.20) that

IVatpn(t) - Vo (UTh(t)] = Ulg(8)]) — v/ov - Vapn () (U[A(H)] = Ulg(O)DI| 2(rs 1)
< CrlIM®)| g s, 1) IUTR(E)] = Ulg@)]l| 1y rs gy (3-112)

and

(Vatbn(t) — Vatig(0)) - Vulg(0)] — v/ow - (Varin(t) = Vatby () UTg(O] | e 1)
< Crllh(t) = 9(0) |2 o, so UL () [y o,y (3:113)

hold for all ¢ > 0. Integrating by parts we can check
Vathn(t) - Vo(U[R()] = Ulg(1)]) = v/ov - Vb () (URE)] = Ulg()]) € H - (3.114)

and
(Vathn(t) = Vatyg(t) - VoU[g(t)] — v/ov - (Votbn(t) — Varhy(t))Ulg(t)] € H (3.115)

for all ¢ > 0. Using (3.73), (3.114), (3.115), (3.112) and (3.113) we estimate U[h] — Ulg| in
Y :

U ()] = U[()]HHlRS,foo)

/ le™ K (Vothp - Vo (UR] = Ulg)) = v/ow - Vatbp(U[R] = Ulg) || 13 gs g0y ds
/||6 K (Vathn = Vardg) - VoUlg) = v/ov - (Vatbn = Vatg)Ul)) || 2 (ro, 1. ds

1y _
SCsCR/O (14 (t = )7 2)e |0 (s)|| g o, poo) 1T [P(5)] = Ulg(9)]] 13 @ e 5

+C5Cr /Ot(l + (= 5)72)e ™I h(s) = g(5)l g o 1) 1U [9(5)] | 3 20, 1) -
This shows that
MU = UlgO)ll s .
< GCrl|h]|x /Ot(l + (t = 5)"2)e MU [A(s)] - Ulg(s)]] 1y g0, s
+CsCrllh = glIx[Ulg]lly /Ot(l + (= 5)"2)e M ds
< esCllhllx | 1+ (= 5) DM U(S)] — Ulg() e s

+ CsCrlal|h — g x[|U[g]l]y-
We apply Lemma 3.5.3 to this inequality
AU)] = Ulg()]|] i3 s, £.0)
< CsCrIa(1 + CsCral|hl|x)e RN M [ — g |x|[U[g]llv-
We take the supremum in time to get

|U[R] = Ulgllly < C5CrIx(1+ CsCrI||R||x)eSE RN |B — || [|UTg]||v -
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The estimate on ||U]g]|]y in (3.110) shows

|UTR] = Ulgllly
< CiCsCRI(14C5CrIz| k|| x ) (14+C5Cr ol g x ) eSS CRAUMBANII | g | 1 o 1) || h—gl | x
(3.116)
Using (3.71), (3.112) and (3.113) we estimate U[h] — U[g] in X :
1UTR(2)] = Ulg(t ]HHa(R6 Joo)
/ le™ K (Vothn - Vo (U] = Ulg)) = v/ov - Vot (UTh] = Ulg) || g gs 1.0y ds

/ 17T ((Vaton = Vatg) - VoUlg) = v/ov - (Vatbn = Vatbg)Ulg]) Il g s, )05
< CgCR/O (L+ (¢ =)~ 2)e O In(s) gz, 1UT()] = Ulg()] |y o, gy s

t
_Ba. _y (s
+6303/0(1+(t—8) 2 )e M h(s) = g(5)|| e s, o) 1T [9(9)] | 12 (0 g s

This shows that
t
_3a. _y\g
MUTR()] = Ulg()]l e g6, 1.0 SC:‘»C’Rl\hIIXIIU[h]U[g]IIY/0 (1+(t—s)"2)e Mods
t
+C30R||thIXHU[g]HY/ (14 (t— )" 3 )e Mods.
0

We take the supremum in time and obtain
[UTR] = Ulglllx < CsCrA||A|x/[U[R] = Ulgllly + C3Crli|[h — gllx[[Ulg]lly-
The estimates (3.110) and (3.116) provide
|UTR] = Ulgllx
< [6364C5Céfllz(y\hux + CsCrls||h]|%) (1 + C5Crlal|g||x ) CrAUIMI HIgll%)
+C3CaCrI(L + C5Cr1allg||x)e RMx | [l g ro . 12 = gllx (3.117)
Let r > 0, then there exist 6; = d1(r) > 0 and J2 = d2(r) > 0 such that

Coby + CsC4CRIL (1 + CsCrlar?)eCiCRA® 5y <
[630405012%11[27“(1 + C5CRIr) 22 ECRA 4 CoCy ORIy (1 + C5CRI27")€C"2’C%M2} 9y < 1.
(3.118)

If hg satisfies
[holl e (s, ) < 01 and  |[hol| g (re, g ) < 02, (3.119)

then (3.111), (3.117) and (3.118) show
|UR]||lx <7 forall [|hl|x <7

and
IIU[R] = Ulglllx < ellh —gllx, forall [[h]lx <r, [lgllx <,
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where € := [C3C4C5CI2%11]27'(1 + C5CRIQT’)262C§C%AT2 + C3C4CRI (1 + C5CRIQT)6C§C%AT2:| 5y €
(0,1). Then, the contraction principle yields that U has a unique fixed point h € X such
that ||h||x < r. Moreover, (3.110) shows the fixed point h is also in Y and

1lly < Ca(1 + CsCrIa|Ih|x )eSCRAMI ||| g1 o 1) < Ca(l + C5CrIar) eSS CRAT 5y,

Therefore, Theorem 3.2.5 holds with C5 = r, Cg = Cy(1 + C5CRI2r)eC§CI2%AT262 and
C7 := br by (3.31).

Here, r can be any positive number and there always exist §; = 01(r) > 0 and dy =
02(r) > 0 such that (3.118) holds. To have the condition (3.119) with larger ¢; and d2, we
fix r > 0 so that 6; = d1(r) > 0 and Jy = d2(r) > 0 are as large as possible. O
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Chapter 4

The relativistic kinetic
Fokker-Planck equation

4.1 Introduction

In this chapter, we study the long time behavior of the relativistic, spatially inhomogeneous
Fokker-Planck equation [22, 2]

o f+ % Vaof — ¢V, V(x) -V, f =div,(eD(p)Vypf +vpf), =z, pe€ Rd, t>0
my/1+ p22

fit=0 = fo-

(4.1)
This kinetic model describes the time evolution of a system with a large number of particles
(e.g. in a plasma) undergoing diffusion and friction. The unknown f = f(¢,z,p) > 0
represents the evolution of the phase space probability density of particles. The left
hand side is the transport operator with force field —V,V(x), while the right hand side
describes the diffusion of particles and the interaction with the environment. The positive
physical constants denoted by m, ¢, q, o, and v are respectively the particle mass, the
vacuum speed of light, the particle charge, diffusion and friction coefficients. D(p) is the
relativistic diffusion matrix given by

I+ PRp
D(p) _ m2c? c Rdxd7

1 + |p‘2

m2c?

where T € R%? is the identity matrix and ® denotes the Kronecker product.

Equation (4.1) has several properties following standard physical considerations.
Whenever f(t,z,p) is a (well-behaved) solution of (4.1), one has global conservation of
mass

) f(t,z, p)dxdp = /M fo(x,p)dzdp, ¥t > 0. (4.2)
R R

Therefore, without loss of generality, we shall assume fy > 0 and / fo(x,p)dxdp = 1.
R2d

If V' grows fast enough, (4.1) has a unique normalized steady state or global equilibrium
[2, Section 3.4] given by

Joo(,p) = poc(x) M (p), (4.3)

111
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where

@ e "V (@) M) o= /M2 A
PoolT) = ey , p) = .
T fpae V@ dgy Joua € 5N M g

(4.1) is dissipative in the sense that the relative entropy or free energy functional decreases
[2, Section 3.3]: let H be a functional defined on the space of probability densities by

f— H[f] = flnf‘,fd:cdp

R2d ')

1
(f is not necessarily the solution). We note that H|fs] = 0 and H[f] > §||f - foo”%l(Rgd)

by the Csiszar-Kullback-Pinsker inequality [15]. Hence, the minimum of H is zero and it
is attained at f. If f = f(t,z,p) is a smooth solution of (4.1), we have

L hipw) <o,
dt -
This decay of the functional H is a version of Boltzmann’s H—theorem stated for the
Boltzmann equation [12, 30].

On the basis of the decay of the functional H, one can guess that H[f(t)] decreases
to its minimum (which is zero) as t — oo. Since this minimum is obtained at fo, one
can conjecture that f(t) converges to the equilibrium distribution f as t — oo. We shall
therefore tackle the interesting problem which is to prove (or disprove) that solutions of
(4.1) converge towards this equilibrium as ¢ — oo and to estimate the convergence rate.
We are interested in the study of rates of convergence and we want to derive constructive
bounds for this convergence. Such explicit and constructive estimates are essential for
applications in physics (e.g., equilibration process, numerical simulations).

Equation (4.1) was introduced in [22, Eq.(47)] and [2, Eq.(8)] as a relativistic
generalization of the classical kinetic Fokker-Planck equation [13, 14, 29]

{atf + % Vaf =qVaV - Vpf = divy(oV,f +vpf), @, p€R’ >0 (4.4)

fit=0 = fo

This classical equation can be obtained from (4.1) by formally taking the Newtonian
limit ¢ — oo. In [21], this formal limit was justified in the sense that solutions of (4.1)
converge to the solutions of (4.4) in L' as ¢ — oo. The equation (4.4) is inconsistent
with relativistic mechanics because it has infinite speed of propagation: if the particles
are initially in a compact region (i.e. fo(x,p) has compact support with respect to x
and p), then, after any short time ¢ > 0, we can find particles everywhere with non-zero
probability (i.e. f(¢,z,p) > 0), see [31, Appendix A.22]. This property contradicts the
law of special relativity that particles can not move faster than light. While Equation
(4.1) is compatible with this physical law as it exhibits finite speed of propagation w.r.t.
the x variable [2, Section 3.2]. Note, however, that the degenerate parabolicity of (4.1)
does entail infinite speed of propagation w.r.t. p € R%

While the equation (4.1) is compatible with this physical law as it exhibits finite speed
of propagation [2, Section 3.2].

The classical equation (4.4) has been studied comprehensively: well-posedness and
hypoelliptic regularity were obtained in [28, 24, 31]. The long time behavior of (4.4)
was studied in [25] for fast growing potentials. By using hypocoercivity methods, Villani
proved exponential convergence results in [16, 31]. This result was extended in [8] for
potentials with singularities. In [18], Dolbeault, Mouhot, and Schmeiser developed a
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method to obtain exponential decay in L? for a large class of linear kinetic equations, and,
as an application, an exponential decay in L? was proven for (4.4). Their method was
also used to study the long time behavior of (4.4) when the potential V' is zero or grows
slowly as |z| — oo, see [9, 10]. Based on a probabilistic coupling method, Eberle, Guillin,
and Zimmer [19] obtained an exponential decay result in Wasserstein distance. We also
refer the recent work [5] where sharper exponential rates were obtained using a modified
entropy method.

Concerning the relativistic equation (4.1), there are few studies: global existence and
uniqueness were proven in [2]. The long time behavior of spatially homogeneous solutions
of (4.1) was studied [3, 21], where the authors used logarithmic Sobolev inequalities and
entropy methods [4, 27]. When (4.1) is supplemented with periodic boundary conditions
(ie. z € Td) and V = 0, exponential decay of solutions to the steady state was proven in
[11] by using the hypocoercive method developed by Villani [31].

In this paper, we shall improve these previous results when there is a non-zero potential
V. For the full system (4.1) with a non-zero potential V' we shall prove the exponential
convergence f(t) — foo as t — oo for a wide class of potentials V. Our rates on
this convergence are explicit and constructive. We show that, although the equation
is degenerate parabolic, the equation has instantaneous regularizing properties which is
called hypoellipticity [26]. We provide explicit rates on this regularization. We believe our
results are the first convergence and regularity results for (4.1) with a non-zero potentials
V.

The organization of this paper is as follows. In Section 2, we define the assumptions
on the potential and state the main results. Section 3 and 4 are devoted to prove the
convergence f(t) — fo as t — oo in the weighted L? and Sobolev spaces. We study
regularity properties of the equation in Section 5.

4.2 Setting and main result
We use the notations

Vo(z) == /1+|V,V2 and po(p) := /1 + [p|2.

For simplicity, we set all physical constants to unity m = ¢ = ¢ = ¢ = v = 1. Therefore,
we shall consider the normalized equation

atf+p£-vxf— VoV - Vyf = divy(D®)V,f +pf), z,peRL t>0
0
fit=0 = fo

(4.5)

I
with D(p) = w We define weighted spaces L?(R%, poo), L?(R% M), and

Po
L?(R??, f..) as the Lebesgue spaces associated, respectively, to the norms

1911 22(Rd o) = /gzpoodw, 1911 L2 (e, a0y = /g2Mdp,
R4 Rd
92 m2e 1) = /ngooda:dp.
R2d

and
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=V 1+Ip?
Jrae™V PP gy

[21, Theorem 3]: there is a positive constant x; such that

We note that M(p) = gives rise to a the following Poincaré inequality

2
1
/R ) h2Mdp — < /R ) thp) < = /R ) VIhDV ,hMdp (4.6)

R1

holds for all h € L*(R?, M) with [q VIhDV,hMdp < cc.
er(a:)

= Jaa e V@ da?
Also, we shall assume some growth conditions on V :

We shall assume that poo() also gives rise to a Poincaré inequality.

Assumption 4.2.1. i) Let V € C*(R%) be such that e=V € LY(RY), and there exists a
constant kg > 0 such that the Poincaré inequality

2
1
/Rd h? pooda — </Rd hpoodx> < @/Rd \Voh|? pocdi (4.7)

holds for all h € L*(R%, pso) with |Vh| € L2(RY, poo).

ii) There exist constants c¢; > 0, co € [0,1), and c3 > 0 such that

2
AV (z) <+ %|V$V(x)\2, Hag;g‘”) ‘ <es3(1+ VoV (2)]), Vo eR? (4.8)
F
*V(x)|| d _ _ 82V ()
where 922 ' = Z (Oz,2;V (x))? is the Frobenius norm of e

ij=1

There are a lot of studies and sufficient conditions implying the Poincaré inequality
(4.7). For example, if V' is uniformly convex (Bakry-Emery criterion) or if

liminf (a|VV (z)> — AV (z)) >0

|z|—o0

for some a € (0,1), then the Poincaré inequality (4.7) holds. For more information see [6],
[7, Chapter 4]. We note that the potentials of the form

V(x) = rlal™ + V(a),

where > 0, k > 1 and V: RY — R is a polynomial of degree j < 2k, satisfy our
assumptions.
We now state our first result:

Theorem 4.2.2 (Exponential decay in L?*(R%*, f.))). Let }%’o € L2(R% ) and V
satisfy Assumption 4.2.1. Then there are explicitly computable constants Cv > 0 and
A > 0 (independent of fy) such that
Hf(t)—foo Jo— Jeo
foo Joo

S Cle—kt
L2 (R2d7f00)

L2 (R2d7foo)

holds for all t > 0.
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Theorem 4.2.2 shows that the solution f(t])c%;f"o converges exponentially to zero in
L?(R?%? f..) as t — oco. Next we want to obtain this convergence result in a more regular
space. Hence, we define the following weighted Sobolev space 2 (R??, f..) associated to
the norm

1 p®p
mns — [ Wfedud ———5Vih Vehfoodrd
|| ||%1(R2d7foo) /]RQd f v p+ R2d V3( )pO pO f o

1
+ VIR(I +p @ p)Vyhfsodrd
/Rmvo(li)po » (I +p ®p)Vph foodzdp

1 lp - V.h|?
= W&M@+/ <vm2&d®
/Rw R2d %3(1')1?8 ‘ | po

1
Vph!? + |p - Vph|?) foodadp. (4.9
| e (VR + o Vo) ey, (49)

1 1
This norm is well-defined since the matrices —s— <I _P @;p) nd — (I +p®p) are
Vo Do Do Vopo
positive definite for all z, p € R%. Clearly, s (R??, o) € L*(R*?, £..).
f(t)_foo
foo

Our second result shows that the solution converges exponentially to zero in

AR, ) ast — 0o

Theorem 4.2.3 (Exponential decay in J#'(R??, f..)). Let %’O € AR fo) and V
satisfy Assumption 4.2.1. Then there are constants Co > 0 and A > 0 (independent of fo)

such that
‘V@—Bﬁ fo— h‘

S

A (R, foo)

%1(R2d7foo)
holds for all t > 0.

Our next result is about the estimates on the hypoelliptic regularization:

Theorem 4.2.4 (Hypoelliptic regularity from L?(R%, f..) to s#1(R??, f..)). Assume
J{% € L?(R?, f..) and that there exists a constant c3 > 0 such that

92V (x)
0x?

‘ < e3(1+|VeV(2)]), VaeRL
F

Then, for any to > 0, there are explicitly computable constants C5 > 0 and Cy > 0
(independent of fo) such that

[t (1) -2 (1) = (1425

(4.10)
and
1 f(t)> (f(t)> Cy (f(t)—foo>2
/de Vo(x)povp (foo I+p®p)V, I foodxdp < O S foodxdp
(4.11)
hold for all t € (0,t0]. In particular,
f(t)—fooH - (C5 4+ Catd) ' || fo — foo 412
H jfl(R%l’foo) o t3/2 foo L2(R2d7foo) ( ’ )

holds for all t € (0, to].
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Theorem 4.2.4 shows that, for any initial data ]{% € L*(R%*, f..), the solution % €

AR, f..) for any time ¢ > 0. Compared to Theorem 4.2.2 and Theorem 4.2.3, we do
not require the validity of a Poincaré inequality in Theorem 4.2.4. It is also important
to note that the regularization rates for the x derivative and the p derivative are not the
same: the regularization rate in the p derivative is faster, as it also is for the classical
kinetic Fokker-Planck equation [24, 31, 5]. This difference is expected since (4.5) can
be considered as a transport equation with respect to the x variable and as a parabolic
equation with respect to the p variable.

In Theorem 4.2.3 we assumed that the initial data fo/ fxo is in 21 (R?9, f..). If we use
the regularity estimates from Theorem 4.2.4, this condition can be relaxed:

Corollary 4.2.5. Let J{% € L2(R%, f..) and V satisfies Assumption 4.2.1. Then, for any
to > 0, there is explicitly computable constant Cs > 0 (independent of fo) such that

fO_foo

Joo

holds for all t > tg > 0, where A > 0 is the constant appearing in Theorem 4.2.3.

P, 20

AR, foo)

L2(R?4, foo)

Remark 4.2.6. If one considers (4.5) on a torus as done in [11], our results also hold in
this setting since the method which we use can be adapted without difficulty.

4.3 Exponential convergence in >

4.3.1 The first Lyapunov functional

Let us consider the relativistic homogeneous Fokker-Planck equation

dro = div,(DVpo +po), p€RL >0,
Olt=0 = Qo-

This equation is a case of (4.5) when we do not have dependence on z and V' = 0. The

6_ V 1+|p‘2
unique normalized global equilibrium for this equation is M (p) = . The

Jrae™V L gy

convergence
o(t) > M as t —

can be easily proven using the Poincaré inequality (4.6):

d ||e(t) = M| / T (@(ﬂ) (@(t))

— || =-2 Vo | ==~ | DV, | =) Md

dt H M 2 warn re D\ M "\ M P
— M2

< -2k 79(15) , Vt>0.
M || L2 (ra,ary
By Gronwall’s lemma we obtain the exponential decay
H@(t)—M < oat||@0 =M viso.
M L2(R4, M) M L2(R4,M)

On the contrary, we do not obtain easily such exponential decay for the relativistic,
spatially inhomogeneous Fokker-Planck equation (4.5). As the Fokker-Planck operator on
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the right hand side of (4.5) acts only on the variable p, we only have

f(t)_foo 2 . T f(t) f(t)
e L2(R24,f..) =2 /]Rgd Vp <foo> DVP (M) Joodzdp < 0. (4.13)

a
dt R2d

foo

The integral on the right hand side only gives information on the p—derivative and it is
lacking information on the x—derivatives. Hence, in general, the integral on the right hand
2
t —
‘M for some A > 0.
foo L2 (RQd,foo)
The idea to overcome this difficulty is to construct an appropriate Lyapunov functional

which is equivalent to the L?—norm and satisfies a Gronwall type differential inequality
under the evolution of the solution. A method in Hilbert spaces was introduced by
Dolbeault, Mouhot and Schmeiser in [17, 18] for proving exponential stability for a large
class of linear kinetic models confined by an external potential. We will apply this method
for (4.5) and it is crucial to obtain our results. In the following we explain this method.
We consider linear kinetic equations of the form

side of (4.13) is not bigger than 2\

Of+Tf=Lf t>0 (4.14)

in a Hilbert space H with an initial data f;—g = fo € H. Here, T and L are closed linear
operators such that L — T generates the strongly continuous semigroup e=T% on H. Let I
be the identity operator, IT be the orthogonal projection on the null space N'(L) of L, the
domains of T and L are denoted by D(T) and D(L) respectively. We define the operator

Af = I+ (T)*TI) " Y(TO)*f, feH

and a functional )
H(S[f] :inH2+5<Af7f>7 fGH, 6>0> (415)

where (-, -) denotes the scalar product in #, and || - || denotes the norm on H associated
with the scalar product. We assume the following conditions are satisfied:

e (microscopic coercivity) L is symmetric and there exists \,;, > 0 such that

—(Lf, f) > A |@=TDI)f||*> for all fe D(L). (4.16)

e (macroscopic coercivity) T is skew symmetric and there exists Ay; > 0 such that

||TTLF||? > Ap||TIf||? for all f € H with TIf € D(T). (4.17)

e (parabolic macroscopic dynamics)

IITII = 0. (4.18)

o (boundedness of auziliary operators) The operators AT (I —IT) and AL are bounded,
and there exists a constant C'y; > 0 such that, for all f € H,

[[AT(I —II) f|| + [|AL|] < Cpr||(T—TI) f]]. (4.19)

We define IV
o := min 2. \ mZ2M . 4.20
v min {2 g ) (120

Under the validity of these conditions and for § € (0,dp), one can show that Hs is a
Lypunov functional for (4.14) and it decays exponentially:
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Theorem 4.3.1 ([18, Theorem 2]). Assume (4.16)-(4.19) are satisfied and § € (0,dp).
Then,

i) H and || - ||* are equivalent, more precisely,

2—9 249
SR < Hslf) < RSP for all f € H.
i1) There exists a positive constant \, which is computable in terms of \p,, Apr and Cyy,
such that, for any initial data fo € H,
d

aH[e(L_T)t fo] < —=2XH[eE"Df] ¢ > 0.

In particular, we have

e < 250N ol for ittt > 0. (1.21)

This method has been successfully applied to study the long time behavior of various
linear kinetic models, see [18, 9, 20, 1]. In particular, in [18, Theorem 10|, the exponential
convergence f(t) — fs in L2(R%* f,) as t — oo was proven for the classical kinetic
Fokker-Planck equation (2.1).

4.3.2 Weighted Poincaré inequalities and an elliptic regularity result

In this section we consider the elliptic equation

———divy(Vou(z)poo(2)) = w(z), =€ RY (4.22)

u(z) — (@)

where u is unknown, a is a positive constant, and w is a given function. We will establish
some regularity estimates for this equation in L?(R?, pso) :

Theorem 4.3.2. Let w € LQ(Rd,poo) and fRd Wpeodr = 0. Assume that the potential V
satifies Assumption 4.2.1. Then, there are positive constants C1 and Cy such that

/Rd \Vf,;umVxV\onodm < /Rd w? pood, (4.23)
2ul[?

/Rd a—xg Pocdr < Co /Rd w2 poode. (4.24)
F

To prove Theorem 4.3.2, we need the weighted Poincaré inequalities (4.25) and (4.26)
below. We mention that these inequalities were obtained in [18] in a general setting, but
we provide proofs for being self-contained.

Lemma 4.3.3. Assume that Assumption 4.2.1 holds. Then

i) There exists k3 > 0 such that
1
/ W2V, V2 pooda < / |V oh|? poodax (4.25)
Rd R3 JRd

holds for all h € L*(R?, pog) with |Vzh| € L*(RY, pog) and [a hpsedz = 0.
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ii) There ezists kqy > 0 such that
2 2 2 1 2 2
(14 |V V)| ViV poodr < — |V2h|“(1 4+ V2V %) poodz (4.26)
Rd R4 JRd

holds for allh € L*(R%, po) with |Vh|(14|V.V]) € L2(RY, poo) and [pa hpscdz = 0.

Proof. i) By the identity /poocVah = Vi(hy/pso) + h‘/QﬁszV and integrating by parts

1
/ |V$h\2pooda:24/ h2|VxV|2poodx+/ h/pooV e (hy/poo) - ViV dx
R4 R4 R4

1 1
= / hQIVgCV]QpOde—/ h2 ALV paodie.
4 Rd 2 Rd

This estimate and the first condition in (4.8) show

1—co

/ IV oh|poda > / h2|V$V|2poodx—cl/ h2pocda.
Rd Rd 2 Rd

Then, (4.7) lets us obtain (4.25) with the constant r3 := %.

ii) We recall Vy := /14 [V,V[2. Let h:= [pq hVopoodz, then by (4.25)
- 1
/ (WVo — h)?| V4V |?poodz < / IV (Vo) | pocd.
Rd R3 JRrd
This leads
1 _
/ R2VE VLV P pocdr < / |Vx(hV0)|2poodx+2h/ Vo VeV 2 peodz.  (4.27)
Rd R3 JRd R4

Next, we estimate the terms on the right hand side of (4.27):

92V Vv,V |2
2 — A A
/Rd Vo (hV0)] pooda:—/Rd VahVo + hog mn pooda
PV [* VLV
<92 T Vg 00 2/ 2 a 0o
< /Rd|Vh|V0p dx + Rdh a7, 2 Pood

< 2/ ]Vxh|2V02pood:c—|—4c§/ W2V .V | poodix
R4 Rd
27,2 4cj 2
<2 |Vih|*Vy pocdr + —2 |Vah|*pocdz, (4.28)
R R3 JRd

where we used the second condition in (4.8) and (4.25). By the Holder inequality and

(4.7)
- 1
|h] < [IVoll L2 e, poo) | Pl L2(re poy < \/T—QHVM’LZ(Rdmw)Hvthm(Rd,pw)-

We note here [|[Vpl|12(ga ) is finite, because the first condition in (4.8) yields:

/ (V. V|?pood :/ ALV poodr < c1 + 02/ ]VmV]onodac,
Rd R4 2 R4
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hence [pa VoV [2pocdr < 2 Then, the Holder inequality shows

2—co’

- 2[|Voll} 1
2h/ hVo VoV |2 pocda < Wm/ ]Vxh|2poodx+/ h2V2IV,V 2 peoda.
R4 ) Rd 2 Rd

(4.29)
(4.27), (4.28), and (4.29) yield
/d R2VE VLV P pocdr < /d(4“51‘%”i2<w,pm) +8c2rg ! + AV | Vah > pod.
R R
Therefore, we obtain (4.26) with ;' := 4/<U'Q_IHV|]‘£2(R4 o) T 8c2rg ! + 4.
O

Proof of Theorem 4.3.2. Multiplying (4.22) by po, and integrating by parts we obtain

/ UPoodT :/ Wpoodr = 0.
Rd Rd

We multiply (4.22) by up~ and integrate by parts

/ u2poodx+a/ \quIZpoodx—/ UW Pood.
Rd Rd Rd

The Holder inequality provides
/ u? poodr + 2a/ \Vmu|2poodac < / w?poodz. (4.30)
R4 Rd R4
We start proving (4.23): we multiply (4.22) by u|V.V|?ps and integrate by parts
/ 2|V, V| poodx + a/ |V oul?| Vo V|2 pooda
Rd Rd
= / wu|V V2 pocdr — a/ uV ot - Vo (|VaV|?) poodr.  (4.31)
R4 R4
Using the Holder inequality we estimate the terms on the right hand side of (4.31)
1 )
/ wu|V V| poodr < / w? poodi + / 2|V, V| pooda (4.32)
Rd 2(5 Rd 2 R4

and

o’V
— a/ uV - Vx(|VxV\2)poode’ = —2a/ uVath - | =5 V.V | poodz
Rd Rd 8.%‘2

o*V
< 2a/ | Vo] || 22 || V2V ]poode
Rd ox F
2 o2V ||?
Ss/ |V ou2| VoV [} pocdz + @ u? ] Pocdr, (4.33)
R4 € JRrd X la
where 6 >0, ¢ > 0. (4.31), (4.32), and (4.33) show that
/ |V V | pood + (a — €) / IVoul2 ViV | pood
R4 Rd
adls

2
a
u2|VmV\4pood:L‘ + — u?
d g Rd

1 )
< — wzpoodm + 2/

wodz. (4.34
% . | peoda (4.34)

a2
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The Poincaré inequality (4.26) and (4.30) imply

1
/ u2\VxV]4poodx§/ |Voul?(1+ VoV (2) ) pocd
Rd KR4 Rd

<
2akK4

1
/wzpoodx—l—/ IVoul2| ViV [2poodz.  (4.35)
R4 R4 JRd

To estimate the last term in (4.34), we use the second condition in (4.8), (4.30), and the
Poincaré inequality (4.25)
82

2 2
/Rdu el poodx <2c3 /Rdu (14 ViV |*)pocdx

1
< 2c§ (/ prOOdac + / ]Vmu|2pood:v> < 20% <1 + ) / wpood. (4.36)
Rd R3 JRd 2(1/4,3 Rd

(4.34), (4.35), and (4.36) show that

/ 2|V, V| poodx+(a—e—5)/ V2|V Ppuda
R4 2/‘i4 R4

1 5 2c2a? 1
< |= 3 1 2 poodz. (4.
< [25+4M4+ . < +2M3>]/Rdwp z. (4.37)

We choose ¢ and ¢ such that a — e — ﬁ > 0. Then, (4.37) shows that (4.23) holds with

1 1 5 2c2a? 1
Cl = 75 |:—}— + 3 <1+ >:|
a—€— g 20  4daky € 2ak3

Next, we prove (4.24): We integrate by parts

62
/]Rd axg pood$ = / Auagizjupoodx
7,7=1
d
= — Z /Rd T;T5T Uaxzupoodx—’— Z / ; ]uaxluax]Vpoodx
i,j=1 ij=1
d
-y /R 02, 02, i z /R d uawzuazlv/)wmz / o, 0B,V poslt

ij=1 i1 5

/ ]Axu| Poodr — / AyuVau -V, Vpsodr + / VT V 2V poodr. (4.38)
We multiply (4.22) by Azu to get
a|A9Eu\2 = Ayu(u —w) + aAzuVau -V, V. (4.39)
We use (4.39) and the Holder inequality to estimate (4.38)

J.

2
9%u

922 pocdr = a~t A su(u — )pood:c—i—/ VT V 2V Poodx
F

SRS o e
\//Rd pood:n\//Rd |V ul?| Vi V2 poode.

Ox2
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0%u|?
This inequality and |Aul?> < d Hag show that
o

\// pood:z<a \/ / u—w poodx—i-\// |Voul?| VeV 2poodx.  (4.40)
Rd Rd

Finally, (4.40), (4.30), and (4.23) yield (4.24).

8:1:2

0
4.3.3 Proof of Theorem 4.2.2
Let h := /- foo. Then (4.5) can be written as
1
ah—i——Vh ViV - Vph = —divy(DVyphfso
' foo Wp(DVphfoc) (4.41)

h|t 0= fof Jo—foo
We shall apply Theorem 4.3.1 to (4.41). To do that, we first define a proper Hilbert space
e {h € L@, )i [ hfdudp = 0}
R2d

with the scalar product (h,g) := [poa h1ha foodzdp and the norm ||| p2(g2a ;) = /(B h).
We note that if h(t) is the solutlon of (4.41), then the conservation of mass (4.2) shows
h(t) € H for all ¢ > 0. We can present (4.41) in the form of (4.14) with

Thi=2 . V,h - V,V-V,h (4.42)
Po
and
Lh := - dlvp(DV hfso)- (4.43)

T can be defined in C(R??), and L can be defined in the space of continuous functions
which have compact support and continuous second order derivatives with respect to
p. These operators can be extended using the Friederichs extension, but we omit details
concerning domain issues and extensions as we need only properties that apply to solutions
of the evolution problem (4.41).

We define

ITh = 1Ih(x) = ) h(z,p YM(p')dp', heH. (4.44)
R

It is easy to check that II is a symmetric operator in H and Il o IT = II.

In the following proposition we show that the operators defined in (4.42)-(4.44) satisfy
the conditions (4.16)-(4.18):

Proposition 4.3.4. Assume that Assumption 4.2.1 holds. Then we have
i) T and L are, respectively, skew-symmetric and symmetric operators in H.

ii) 11 is the orthogonal projection on the null space N (L) of L. Microscopic coercivity
(4.16) holds with X\, = ki1, where k1 is the constant appearing in the Poincaré
inequality (4.6).
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~1
ii1) Macroscopic coercivity (4.17) holds with Ay = Ko (fRd WMdp) , where Ko

is the constant in the Poincaré inequality (4.7).
i) TITII = 0.

Proof. i) Let h, g € H be smooth functions with compact support. The equations
p
v;tfoo = _vxvfom vp oo = _ZTOfom

and integration by parts yield

(Th, g) :/ < -Vh =V, V-V h) g foodxdp
R2d \ PO

— _/ ( Vg — Vi V- Vp9> hfeodadp = —(h, Tg).
R2d \ Po

Then, integrating by parts we show that L is symmetric:

(Lh,g) = /de div,(DVph fso)gdzdp = — /R?d VghDVpgfoodxdp = (h,Lg). (4.45)

ii) As D = D(p) is positive definite for all p € R?, (4.45) implies
(Lh,h) = — » Vy hDVph fedadp < 0.

This shows that LA vanishes if h is constant with respect to p, in particular LIIh = 0.
Moreover, the Poincaré inequality (4.6) shows

2
— (Lh, h) zm/ (/ h:Mdp — (/ thp> )poodx
R4 R4 R4
= k1 / (h — T2 focdardp = it | (1 — TR 22 g ;-
R2d )

This justifies that I is the orthogonal projection on the null space N(L) of L.

ii1) Using TIIh = Ly V. ITh we compute
bo

[N Z / i 0, 1T 0, TUh fog dazdp
ij=1 R2d PO

= — Z / O, P00z, 1Th 9, TThO,,, focdadp

i,j=1

d
*po

We have

2
87)0_1(1—])@]’)211, (4.47)
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where I € R%*? is the identity matrix. (4.46) and (4.47) yield

I TIIA] 2 ea g ) > < PR Mdp)/ |V ITh [ pocdir.
0

Then, the Poincaré inequality (4.7) provides the claimed result.

iv) Using V,M = P and integrating by parts with respect to p
Po

[ITTTh = / L v IhMdp = — | V,ITh-V,Mdp = 0.
Re PO R4

We now show that the condition (4.19) holds.

Lemma 4.3.5. Assume Assumption 4.2.1 holds. Then, the operators AT(1 —II) and AL
are bounded, and there exists a constant Cpy > 0 such that, for all h € H,

IAT(T = TOA| 2qgon gy + 1AL 2z gy < Carll(T = TOR| ogan, .

Proof. Step 1, boundedness of AT (I — II):
The operator AT(I — II) is bounded if and only if its adjoint

[AT(I — I)]* = —(I — I)T2[I 4 (TH)*(TI)] !

is bounded. Let h € H and ¢ := (I + (TI)*TI)'h. Since II is self-adjoint and T is
skew-symmetric, we have

[AT(I — I)]*h = —(I — I)T*Ig.

We compute

d

T 52
o P Ollg p 7,0%p0 pzp]2 2
Ty = a2 po ~ VeV e Velld MJH — Z 02,V 8y, p00u; Tlg.
0 0 i,7=1 i,7=1
(4.48)
We note that / plp] Mdp / 812)ip_p0Mdp = 0if i # j, and we denote a :=
RY DG re
/ pl 5 Mdp 1 P Mdp. Then, using (4.48) we compute
R DY T d Jpa 1+ [pP? ’
T2y = al,Ilg — aV,V - V,Ilg = —dive(VaIlgpe), (4.49)
Poo
hence

h =g+ (TN)*Tlg = g — OT%Ig = g — OT*Ih = aA,V, g — V,V - V,Ilg.
Applying the operator II to this equation we get

g — 2 divy(V,Ilgps) = ITh.

o0
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Then, by Theorem 4.3.2 we have

32Hg
0z2

pooda: < Cg/ (Hg)2poodx.
R4
(4.50)

/ |Vng|2\V$V\2pood:c§Cl/ (TTh)? poodx, /
R4 R4 R4

Using (4.48) we estimate
AT = IDJh[72gea gy = 10 = )T Hgl[72gea 5y < || T*Hgl[72moa ..

pT 0%y p T 9*po
— P Mg fsdzd
/de(po e = VIV () Y. g>f vdp

2
T 52 1 2
<2 / p 0y p food:rdp+2 / va(a:)ai VIEIPPG 1) fododp.
R2d \ PO 8%2 Po R2d 8]72
(4.51)

Using the Holder inequality and (4.50) we estimate the last two terms of (4.51):

T 02 2 2
p' 9%Ilg p / Ip|

2 — — dxdp < 2

/]RQd <P0 Ox? po) fooddp < r2d 1+ [p?

321?0
2 / VIV(2) =5V, g foodxdp <2 /
R2d 8 2 R2d

82Hg
0x2

foodxdp < adCh / (ITh)? poodez,
]Rd
(4.52)

32}00

op?

VoV VoTlgl facdadp
F

<Ky / (TTh)? poodiz, (4.53)

R4
9%po
where K := 2C; (fRd H—Q FMdp) )
(4.51), (4.52), and (4.53) show that
AT = TR e sy = AT = D] Bl 22 g 4

< (adCQ + Kl)HHhH%z(RM,fOO) < (adc2 + Kl)HhH%Q(R?d,foo)‘

This shows that AT(I — IT) is bounded. Moreover, replacing h with (I — II)h and using
(I —II)? = (I — II) we obtain

[|[AT(I — )]hHLQ(R?df ) SV adCy + Kq||(I-11 h||L2 R2d,f )

Step 2, boundedness of AL:
Let h € H and g := ALA. Then

(TI)*(Lh) = g + (TM)*(T)g <= g = —1T(Lh) + IT*Ig.
This shows that g = IIg. Using (4.49) we obtain

g— pidivx(vmgpoo) = —IIT(Lh). (4.54)

Integrating by parts we find

IIT(Lh) = / ) Lfo -V (Lh) — VIV-VP(Lh)] Mdp

o0

- [ vaan v 2] vy = i, [ [ Zana]. 1)
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Then, for k € {1,...,d} and p = (p1,...,pq)", we compute

/‘m@m&@z/mm@wpww@@
R Re PO

d Po
T [ Pk Pk
= —/ Vp <> DVphfoodp = —/ [DVP ()] -Vphfoodp
R4 Do Rd Po

1 Dk, 2Dk
- _ — Oy, hfsodp = _/ ( + > hfsodp. (4.56
/]Rd g R \P§ D (4.56)

0 0
(4.54), (4.55), and (4.56) show that
a . 1. p o 2p
g — —divy(Vigpeo) = —div, 5+ | hfsodp| . (4.57)
Poo Poo Rd \ Pp Dy

We multiply this equation by gpo, and integrate by parts

p o, 2p
/ 9% pocda +a/ V2gVagpecds = —/ Vg - [/ <3 + 4> thp} Pocd
Rd R Rd R \Pyp Do

1 2 2
< a/ V9] pocdr + — / (}?3 + f) hMdp
R4 RrRd \ Py Py

dx,
4e Rd Poo
where € > 0 is small enough so that a — € is positive. Then by the Holder inequality

1 2 |?
/ G’ poodr + (a —¢) / VEgVigpeods < — / % + LZ Mdp / h? foodadp.
Rd Rd 4e Rd pO pO R2d

This equation implies

gl L2(mea sy = [|ALA[L2(m2a 5y < Kollhl|12r2d 5. )

2
Mdp. This implies that ALh is bounded. Moreover,

: ._ 1 2
with Ky = \/zlafRd %4—%
replacing h with (I — IT)h in the equation above and using LII = 0, we obtain

[ALR[| L2 (g2a g0y < Fol|(I — DR[| 12 (g2a 5, )-
O
f — foo

[e.9]

satisfies

Proof of Theorem 4.2.2. Let f be the solution of (4.5). Then h :=

dh+Th=Lh,  hyo = ho, (4.58)

where T and L operators defined in (4.42) and (4.43), respectively. If IT is defined as in
(4.44), Proposition 4.3.4 and Lemma 4.3.5 show that these operators satisfy the conditions
(4.16)-(4.19). Therefore, Theorem 4.3.1 holds for (4.58), and (4.21) provides the claimed
result. O

4.4 Exponential convergence in 7!

In this section, we shall study the long time behavior of (4.41) in /7! (R??, f.,). To this end
we construct another Lyapunov functional (rather than Hy which was used in Theorem
4.2.2).
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4.4.1 Preliminaries
Lemma 4.4.1. Let h be the solution of (4.41). Then, for all t > 0,

d
— h? foodadp = —2 / VL hDVph fsodadp.
dt Jgea R2d

In particular, we have [|h(t)||p2m2a 5.0y < [|hollp2(r2a sy for allt > 0.

Proof. We integrate by parts and use V, foo = —p%foo and Vi foo = — ViV foo

d
— h? foodzdp = 2 / hdyh fsodzdp
dt Jp2a R2d

:—2/ ( -Veh =V, V- Vh)hfoodzndp
R2d \ PO
—|—2/ divy(DVph foo) hdxdp
R2d
T
= —2/de Vp hDV ph foodzdp.
]

Let P = P(x,p) € R?¥2? he a symmetric, positive definite matrix depending on the
variables z, p € R%. We define

T
Splh] := /de (g;g) P (g;};) foodxdp. (4.59)

For i,j € {1,...,d}, we use the notation

1, if i=3j
0ij := e
0, if i#j

Lemma 4.4.2. Let h be the solution of (4.41). Then, for all t > 0,

d B L V@ \T L (Va(0y,h)
sl =2 [ 2 (Grtn) 7 (S oo [ £z
Vb 0
+2 /R y (v h) P <Z” | Vpais02, )foodxdp
—/ (V h> {QP+PQT}< )foodxdp
R2d

AR P 9
—l—/RQd (Vph> Z< O, P — 3zZV3p1P> Z f Op; (Op, Paj foo) (V,,h) foodzdp,

i=1 i,j=1
(4.60)

0 pi( -2 dij + pipj
where Q@ = Q(x,p) = v g Oi Po and a;; = —2—""L (which are the

el Po (I o %) Po
1
elements of D = D(p) = w)
Do
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Proof. We write (4.41) as

1
Qb = vy [ DV o] - L Vh+ V.V Vyh

Po
d
= 3" o2, h Zampla h+Za 50 h — 2 Vh VLV - Vyh
i,j=1 i,j=1 i,j=1
d
d
=3 aydd, h—p-Vyh+ i’ Vyh — p% Vo + V.V - Vyh, (4.61)
ij=1

where we used
d ” d dp.
7 J
a7:p7 alazi_ 4.62
; i =P ; b = (4.62)

th) , w1 = Vh, ug := Vph. We get from (4.61) that u; and us satisfy

We denote u := (Vph

2

d
0 V
8tu1 = Z aijazipj ijap]ul—i—Z—@p]u —ZpéazjulJrZ@%VGp]ul—k or U

2,7=1 J=1 7j=1
d d d dp‘ d D d
8,571,2 = Z aijagiijQ — ijaijQ + Z ijanW — Z p—éazqu + Zazjvap]ltg
7j=1 7j=1 j=1 j=1

ij=1
d pPRD 1 pPRp
+ V,a; (I—<I— >)u2—<l— Uq.
”21 - plp] Po I Po I

These equations can be written with respect to u = <u1> :
2

d d d d d
dp; Pj
_ 2 j j
dpu = E : O, p, U — E :pjapj“+ § :]TOGPJU - § :1708%“"‘ § :8zjvapju
j=1 Jj=1 j=1 j=1

ij=1
0
—QTu+ .
Z’L] 1 vpaz] aglpj h

It allows us to compute the time derivative

isp[h( t)] =2 / u® POy foodadp
R2d

dt
=2 Z / TP@f)ipjuaijfoodxdp

5,j=1

d d
T T by
_QE/RMU P(‘)pjupjfoodxdp—i—ZdZ/RQdu Papjup—gfoodxdp

d
-2 Z/ u? PO, u foodajdp +2 Z/ TPGPJ u0y,V foodxdp

0
B T T
/deu {QP + PQ }uﬂmd:t;dp—f—2/R2 ul'P <Z” 1Vpa”82 h) foodzdp. (4.63)
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First, we consider the term in the second line of (4.63), and we integrate by parts using
(4.62) and Op, foo = —L: foo

d d
2 Z /R?d uTPG;.p]. uai; foodxdp = —2 Z RQd(apiu)TPapjuaijfoodl'd’U
b=l i,j=1

d d
—9 T Pd, ud, ai; faodzdp + 2 TP, uay; L foodad
Z/deu p; UOp, @i foodzdp + Z/deu p]ua]pof xdp

=1 ij=1
d d
-2y » u" By, POy, uaj foodadp = —2 3 RQd(apiu)T POy, uay fudinde
=1 ij=1

d d
dp;
E T J § T
_ 2J:1 /I;miu Pap]uprmd$dp+ 2]:1 /R2du Pap]up]foodxdp

d
- 21‘;1 /de UTapi POy uaj foodzdp. (4.64)

We now compute the last integral in (4.64) by integrating by parts

d
-2 Z /RM uTapiPﬁpjual-jfoode‘dp

,j=1

d d
=2 Z /RQd(ﬁpju)TapiPuaijfoodxdp +2 Z /RM ’LLTapj (Op, Paij foo )udxdp.
i,j=1 t,j=1

Since P is symmetric and a;; = aj;, this equation implies

d
-2 Z /R?d uTapiPapjuaijfoodxdp = /

d
1
T
i,j=1 R2d Y ;1 f;apj (api Paijfoo) ufoodxdp.

(4.65)
(4.63), (4.64) and (4.65) show that the sum of the terms in the second and third lines of
(4.63) equals

d
2 Z /R2d uTPﬁzipjuaijfooda;dp

ij=1

d d
1
-2 E / uTP(?pj upj foodzdp + 2d E / uTPapjupj—foodacdp
j=1 /R =1 /R Po

d
by flapj(apipa,-jfoo) wfsodadp.

ij=1

d
=-2> /R Qd(apiu)TPapjuaij foodzdv + /

ij=1 R2d
(4.66)
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We consider the term in the fourth line of (4.63)
d o d
—2 TPO, u= foodadp + 2 / PO, udy,V foodrd
) B Y I

d
Z (O u) TPup] food:cdp—}—QZ/ ul'o, Pu food:cdp

1 RQd
—22/ (Op;u) T pud, JV foodxdp — 22/ u 8 Pudy,V foodzdp.

Since P is symmetric, we get

d
—22/ u!' P, Ju— foodxdp—{—QZ/ U PE) U0z, V foodxdp
— /R

d
Z/ ul (0, P2 — 8, PO, V) ufsedudp. (4.67)
o R * po o

(4.63), (4.66) and (4.67) yield the claimed equality. O

4.4.2 The second Lyapunov functional

Let Hs and Sp be, respectively, the functionals defined in (4.15) and (4.59). Let v > 0.
We define the functional

B[] := ||Al2egen 4., + Halh] + Splhl.

It is clear that E depends on the parameters v, § and the matrix P. Let dy be given in
(4.20) and choose any § € (0,0p). Then the decay estimates of Theorem 4.3.1 holds for
the relativistic Fokker-Planck equation (4.41). Our goal is to choose v > 0 and a suitable
matrix P so that E[h] is equivalent to HhHi,fl(RQd’ fooy And satisfies a Gronwall inequality

(see (4.70) below) for the solution h of (4.41). We choose

2¢3 p®p g2
I-—EBEp ot |
P=P(z,p) = | V0% A LT ) G (4.68)
Gl EU+ren)’
where ¢ is a positive constant which will be fixed later. We note the matrices I — 222 and

0

-1
I + p ® p are positive definite and (I — p};@) = I + p® p. This helps to check that P is

0
positive definite for all z, p € R? and

g _ pQp 3¢e? _ p®p
0< | V5P (7 g ) 0 <P < | VoS (I g ) 0
0 Vops (L TP @) 0 e (I+pp))’
(4.69)

We now state the main result of this section.

Theorem 4.4.3. Let Assumption 4.2.1 hold and h be the solution of (4.41) with initial
data hg € 1 (R?, foo) such that [goq ho foodadp = 0. If € > 0 in (4.68) is small enough,

then
d

ZER®)] < —2AE[R(1)], V>0 (4.70)
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holds for a positive constant A (independent of hy). In particular,
E[h(t)] < e *ME[ho], Vit > 0. (4.71)

Proof. Theorem4.3.1 provides

SHsin) < —2sfn(w) < 20 [ a2 gdsap

This estimate, Lemma 4.4.1, and Lemma 4.4.2 show that

L piny) < ~22=9 / h2 fosdzdp — 27 / VIhDV b foddp
2 ]RZd RQd

A (G) (G

J
T
Vih 0
2 x P %)
* /R?d (vph> ZZj:l Vpawa h) feoddp

— Vah {QP+ PQ"} foodadp
LG ( )

d
V.h v,
+/RQd (vph) Z < 81:1P a:(;zvaplp> Z f pj 8pZPaz]foo) (Vph> foodflfdp

=1 4,j=1

(4.72)

Step 1, estimates on the second order derivatives:
We first consider the term in the third line of (4.72):
T
Vzh 0
2 P odrd
/R?d <vph> <Z -1 Vp awaz%m] ) foctiudy
d
2
=2 ”21 /R o TR 55 Vah - Va0, hfsodadp
T 2
+ 4e Z /2d Wpov h(I —|—p®p)Vpaij8pipjhfoodzdp. (4.73)
V(0 1) Vel Vo
o Vxh Vpalg o
Let w := : € R and z := , € R¥. Using the the relation
vp(apdh) Vxh . vpadd

(D® D)™ = D' @ D! > 0 (see [23, Corollary 4.2.11] ) and applying (4.100) (from
Appendix) to w and z, we obtain

d
1
2¢? § j/ v h-V,ai;0% _hfoodxdp:252/ 2 - W faodxdp
52 Jrea Vi vt e VD3

3 1 1
<& / s—2' D' @ D7z fuodudp + 677/ ——w' D & Dw fodudp, (4.74)
n Jr2a V§'pp red Vopo
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where 1 > 0 will be fixed later. We use D~ = p, (I = @) and (4.101) (from Appendix)
to estimate

d
IDlen 2= Y p <5m p’“p’) (@j p’“) (Voh - Vpay) (Vah - Vyag)
ki j=1 pO pO

d
= Vgh Z <6kl pkpl) ((Sij — pd;j) Vpalj & Vpaki V.h
klig=1 & Po
<av'h (1 - p@;p> V,h.
Po
(4.74) and the last estimate imply

2
2e MZI / T pov oh - VpaijOp, b fooddp

e3d 1
<=2 v < p@;p> Vo h foodzdp + 677/ — "D ® Dwfsodadp,
n Jr2d Vo Py r2d Vopo
(4.75)
We now work on the last term of (4.73). We define
Vgh([ + P & p)Vpall
VIh(I+p®p)Vya
L | Ve ( | )Vparz -
VER(I +p®p)Vpaa
Similar to (4.74), we estimate
T 2 —
e Z /M ngv h(I +p ® p)Vpai0y,, hfsodudp = e /de a1 cw faodadp
2 1 g 1
< — D' @ D712 foodadp + 2en ——w' D ® Dwfsxdxdp. (4.76)
7 Jaza Vopo ! k24 Vopo
(4.105) (from Appendix) lets us estimate
AD ' @Dz

d
-2 5 (= P41) (85 = P50 ) (VIR 490, (TERT 4 910 9) V)
=1 0 0

d
= Vgh Z <5kl p;?) ((5,‘]‘ p;)]:) ((I +p® p)Vpalj) & ((I +p ®p)Vpaki) Vph
ki j=1

<dVIh(I+p®p) Vph.
(4.76) and the last estimate imply

T 92 _ .
4e Z /Qd ngv h( I+p®p)VpaZ]8pipjhfood:rdp =4e /de 7o 21 - W foodxdp
2ed T 1o
— ——V,h (I +p®p) Vyhfodrdp + 2en ——w" D ® Dw foodxdp.
Rz Vopo k24 Vopo

(4.77)
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4.4. EXPONENTIAL CONVERGENCE IN #*! 133

Then (4.73), (4.75), and (4.77) imply

T
Vah 0
2/ < v > P ~odzdp
Rr2d \ Vph ZZ;‘:1 Vpaijaz%ipjh /

T [ d (7 _ p®p
< / (th> V5P (Z P ) 9ed ’ <th) foodzdp
r2d \ Vph 0 vops L +P @ p) Vph

1
+ 3en / ——w!' D ® Dwfodxdp. (4.78)
r2d Vopo

Va(Fpy h)
Vp(apl h) N CLHP s aldP
Let u := : eR and P:=DoP=|[ - . .. € R24*x2d°
Vi (0p,h) aglP -+ a4l
Vp(Opah)

Then we can write

d T
Vi (Op;h) Vo (0p,h) / T
—2 Pi P & i dxdp = —2 P dxdp.
/Rgd Zzl (wmm V(0 h)) (T o™ © oot
(4.79)
Since P and D are positive definite, D ® P is also positive definite, see [23, Corollary
4.2.13]. Moreover, P can be written as a sum of two positive semi-definite matrices:

2e3 _ p®p e?
p- (W) i + (O - ) .
I = (I+pRp) 0 yx+p®p)

Viipd Vopo

This implies

- 0 0
P=D®P>D® .
(0 VOEPO (I+p®p)>

This inequality and (4.79) show that

d T
N vac(ap"h)) <vx (Op, h)) y
2 /R2d z; <vp(6p, h) P vp(apj h) aij ¢ foodxdp

0 0 1
< —_ T = — —_— T .
< 2/ w'D® <0 V05p0(1+p®p)> U foodxdp 26/de Ow D ® Dw foodxdp
(4.80)




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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We choose 7 € (0, 3] so that 2 — 21 >0 for all p € R Then (4.78) and (4.80) yield
d T
— V(9 ) Va(Op;h)\
2/11%% z:: (%(%ﬂ)) " <v (D)) foodudp
T
Vih 0
+2 / < ‘ ) P _dad
r2a \ Vph (Zgj 1vpa1]82 )f p

T e3d _ p®p
< / (th) e~ ) 9ed ’ (Vxh> foodadp
Rr2d \ Vph 0 2ed (1 4+ pp)) \Vph

nVopo
1
R2d pO ‘/0
T Esd PRP
_ga_ (5 _p¥p 0
< / (Va:h> nVOSPS( P2 ) . <V ) fodzdp. (481)
R2d Vph 0 e (I + » ® p) \VA h

Step 2, Gronwall type inequality:
(4.72) and (4.81) show

d A2-=6 T
th[h( )] < —(22) /R y h? foodxdp — /R y @ZZ) P (g h) foodzdp, — (4.82)

where

d

Py ::27<0 D>+(QP-|-PQT Z( O, P — 6x1V8p2P> Zf i (Op; Paij foo)

i=1 t,j=1

e3d _ p®p
_<nV03p8(I %) 0 ) (4.83)

2ed
0 LU+

The first two terms can be rewritten as

0 0 T
27( )+QP+PQ =
0 D
2 ® 2 Qp\(2e 92V
( (-5 i~ PG 5+l + <V“+V°”°”).

2 2e 9%V ® 2 2 22 9%y 4 Tipe ed
71 (v aer T ADU =520 + (v + )1 Ve aar T (G 207 — v

- V02 p3 VOP()

Then, using Lemma 4.6.4 (from Appendix) for the forth term of (4.83) and Lemma 4.6.5
(from Appendix) for the third term of (4.83), we can show that there exist constants

01, 0o, 03, 64 > 0 such that
X Y7
> .
P1—<Y Z)’ (4.84)

22
X = <1—935—015—5d>§3<1—p@;p>,
Vo 20/ Vi )

2 (2 0%V pPRp £ €
Yi=——— == +dl ) (I - —+2 | ==
%2p8<%3w2+ )( p3>+<Vo+>Vop3’

where
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4.5. HYPOELLIPTIC REGULARITY 135

7 = I.

22 0%V (4 — 209)e 2¢d\ I +p®@p 4ded
V2.2 9.2 +2y = 2008 = T2

Vo Ox Vo Vo Po Vorg
We choose a sufficiently small £ > 0 such that

015 _ ed
Vo(z)  2nVo(x)

>

1
1—035— 5

for all z € R%. It is possible to choose such £ > 0 because % is uniformly bounded for

x € R%. Then we have

2
X > 23<I—p@;p>>o (4.85)
0Po Py

for all z, p € R?. Since the elements of the matrix Vio %?2/ are bounded (due to Assumption

(4.8)) and 1% (I — p}%) < I%I, if we (possibly) choose € > 0 even smaller, we have
0 0 0

€ 3e
— I <Y< —I 4.86
Vo~ ~ Vord (4.86)

for all z,p € R? Similarly, since the elements of the matrix VLO?;T‘?/ are bounded and

% < piO(I + p ® p), if we (possibly) choose £ > 0 even smaller,we have

27— 1
Z> 7p (I+p®p)>0 (4.87)
0

for all z,p € RY. (4.85), (4.86), and (4.87) show that, if ¢ > 0 is small enough and 7 is
T

large enough, then <§/( YZ > is positive definite and there is a constant C' > 0 such that
X vTr
> 8 .
<Y 7 ) >CP (4.88)

We fix £ > 0 such that this condition holds. Then (4.82), (4.84), and (4.88) imply

d A2-9) 9 V:h Vzh
_ < = 7 — .
tE[h(t)] 5 /2d h* foodxdp — C 5y (Vph> P V,h fsodxdp

fde h?fsdzdp and Hg[h] are equivalent by Theorem 4.3.1. Hence, from the equation
above we conclude that there is a constant A > 0 such that (4.70) holds. O

We now ready to prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Hs is equivalent to the square of the L?—mnorm by
Theorem4.3.1 (). This fact and the inequalities (4.69) show that E is equivalent to the
' —norm. Then the proof follows from (4.71). O

4.5 Hypoelliptic regularity

In this section, we prove Theorem 4.2.4, i.e., we show that, for any initial data hg €
L2(R?? f.), the solution h(t) of (4.41) is in J#*(R??, f.) for all t > 0. Then, we shall
prove Corollary 4.2.5.
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136 CHAPTER 4. THE RELATIVISTIC KINETIC FOKKER-PLANCK EQUATION

Proof of Theorem 4.2.4. Let h := f;foo. Then h solves (4.41). We define a

E[] = ||hll72mea f ) + Splh],

functional

where Splh| is defined in (4.59). In order to prove the short-time regularization of (4.10)
and (4.11) we consider this functional with a matrix P which depends not only on z and
p but also on time ¢, i.e.

283t3 (I . @) 2t2 I
P = P(t7$7p) = <v03pg £242 7 %t )
WI Voro (I +P ®p)
where £ > 0 will be fixed later. Compared to (4.68), ¢ was replaced by et. It is easy to
check
e3¢3 PRP
J_ p®p
Va”pé( P ) 0 <P, (4.89)

which implies that P(t,z,p) is positive definite for all £ > 0 and =, p € R% Our goal is
to show that E[h(t)] decreases. To this end we compute the time derivative of E[h(t)].
We follow the proofs of Lemma 4.4.1 and Lemma 4.4.2 to compute the time derivative of
EJh(t)], but now we need to take into account that P depends on time ¢ :

ig[h(t)] = —2y / VEhDV ph fsodadp
RQd

dt
2o ;( é:é:i) @pszp;z;)

+2 /R y ( S Va2, h) foodadp

- /]R y @iZ) {QP +PQ" - 0,P} (;Z) foodzdp

V. T d 3
+ . E 20, P—0, V0, P
/R2d (Vph> <p0 ‘ o >

Vh
Z f p] 8pzpaz]foo) <Vph> foodl‘dp.

i=1 i,j=1
(4.90)
We estimate the terms on the right as in (4.74)-(4.81) (where we need to replace € to &t)
and obtain
d A v
L et < — P - dzdp, 4.91
a0 < /Rgd (vph> ’ <vph> feodadp (4.91)
where
0 0 a
Py =2y <0 D>+(QP+PQT—6t Z( Oy, P — awlvaplp> Z f O, (Op, Paij foo)
=1 2,7=1
3t3d . M
_ <nv03p3 U= 0 ) (4.92)
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4.5. HYPOELLIPTIC REGULARITY 137

The first two terms can be rewritten as

2y (8 g) + QP + PQT —

2 _
(- )25 - o) — S5 *%)(Q‘fgangdI)Jr(“ S o) st
= 2t? 2t 0%V p®p et—2e t 2 22 92V 4st 2¢ I+p®p 4etd )
“VZp O(VEO 522 +d1)(1* P )+(7V0 +2) Vngl VEQ v 022 + (55 A+ 2y) 2R VEPQI

Lemma 4.6.4 for the fifth term of (4.92) and Lemma 4.6.5 for the forth term of (4.92)
(where we need to replace € to et) show that there exist constants 6y, 02, 36, > 0 such

that -
XY
> .
Py > (Y Z> (4.93)
where . )
2
X::(13€«93 <L 5td> - <1p§2p>,
Vo Vo o 20V ) Vipg o
2,42 2
et 2et 0°V PRp et — 2e et
Y = — — dr) (I - 2 —=1I
V&p%(%@:r?* )( p3)+( Vo +)V0p(2)’
2e%t2 9%V 4 —209)ct — 2 2etd\ 1 4etd
Z=-="7_ <( 2l 22 o ofyet — > TrEp  feld )
Vipd Ox Vo nVo Po Vory
We choose a sufficiently small £ > 0 such that
3¢ Ot etd 1
1— — —O3et — — — > —
BT T T v

for all z € RY, t € [0, to]. It is possible to choose such gy > 0 because % is bounded for

x € R% and ¢ varies in a bounded interval. Then we have

2t2
XzEH(I—p@;p)zo (4.94)
0Po Po

for all z,p € R%, t € [0,%]. Since the elements of the matrix ‘} ‘?9 V. are uniformly bounded

by Assumption (4.8) and 1% ( — %) < I%I , if we (possibly) choose € > 0 even smaller,
0 0 0

then we have 3t
<y <2 (4.95)

V()p() V()p()

for all 2,p € R, t € [0, to]. Similarly, since the elements of the matrix 7%—‘/ are bounded

and # < pio(f + p®p), if we choose smaller ¢ > 0, we have
0

2y -1
7> 7p (I+p®p)> 00 (4.96)
0
for all z,p € RY, t € [0,t0]. (4.94), (4.95), and (4.96) show that, if € > 0 is small enough,
then .
XY
> 0. .
<Y 2 > >0 (4.97)

We fix € > 0 such that this condition holds. Then (4.91), (4.93), and (4.97) imply
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138 CHAPTER 4. THE RELATIVISTIC KINETIC FOKKER-PLANCK EQUATION

This yields that E[h(t)] is decreasing in [0, 9] and therefore
Eht)] < E[R0)] = lholT2gza 5y, ¥t € [0,t0]. (4.98)

Moreover, we have by (4.89) that

VTh() ( p?) V() faodadp

+fﬁ/ L GTh@) (T 4 p @ p)Vh(t) frodidp.  (4.99)
r2d Vopo

Eh(t)] > 33 /

R2d ‘/03

(4.98) and (4.99) show that

T _p®p v

and

T Y 2
/R ) Wpov BT +p © P)Vph(t) foodadp < L Ihol 2 gau s

Hence, (4.10) and (4.11) hold with constants C3 := % and Cy := 1. (4.12) follows easily
by adding these estimates. O

Proof of Corollary 4.2.5. Let tg > 0. Theorem 4.2.4 and Theorem 4.2.3 show that
% c A (R*, f..) and

Hf(t)_foo

H 'f to) — foo H
AR fo0) HL(R24f)

holds for all £ > ¢y > 0 with the constant C5 and the rate A given in Theorem 4.2.3. Using
(4.12) at t = to, we get

’V@&H (JM@+@@W&%Aﬂhh
HL(R24, f) o tg/Q foo L2(R24 f..)
2\1/2 At
This proves the claimed estimate with the constant Cy := CQ(C3+(;§;§) <0 O

0

4.6 Appendix

Lemma 4.6.1. Let A € R¥? be a symmetric, positive definite matriz. For any u, v € R,

we have
2ul Av < ul Au+vTAv  and 2u-v < ul Au+ vl A7 o, (4.100)

1 -1
Proof. Since the matrices A € R¥¢ and (_1 1 > € R?*2 are positive semi-definite,

their Kronecker product (_AA _A> is also positive semi-definite, see [23, Corollary
4.2.13]. Hence,
W\T [ A A\ (u
T T Aoy — 90T Ay — -
uw Au+ v Av — 2u” Av (v) <—A A><v)20.
The second inequality follows by replacing v with A~ 1w, O
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Lemma 4.6.2. Let a;; := %, p € RE Then

ki, j=1 0

holds for all p € R?.

Proof. We compute the element which is in the intersection of the m

column

0

:f:pg zd:<5ij_

1i=1 j=1

k7l7i7j 1

We first compute the sums in the brackets

L[]~
A/
Sg
<.
|

IS
NS
~
“@QJ

3
S
<

J=1

d
S b (5k, pkp’) <5ij p”’ﬂ) Vpay ® Vypag < d <I P %p> (4.101)
I 3

Py

th row and the nt®

d
PrD1 pip;
) bij — —=L ) 0y, aridy, a
2 <kl P0><] p>p Hn
PiDj d Drpl
;;) Dp, a1 (Z <5k1 )apmak,-).
0

k=1

(4.102)

_ Z ( Png> (pz5nj +pion (0 +pzpj)pn>
Po P
_ pl(5m‘ +pidu (i + pipi)pn  Pi (plpn + P (p +pl!p\2)17n>
Po p; P Po P
_ i+ pidu (G Ppi)pu _ pipipn + PilpP o pipipn
Po I P P
_ P0ni +Dibut (St + pupi)pn pilp|* O
Do 25 P
_ P0ni_ (O +pupi)pn | pidui
bo P P
Oni 01 0,
_ Pi0n; _ pnglz + pi 3nl plpzpn (4103)
Do Do Py P
Similarly, we can show
d 0 i | o
3 < 5y — pk§l> Oy g = PiOml _ Pl | piOmi. _ pipibm, (4.104)
Po Po Py Py po

k=1

Next, we sum the product of (4.102) and (4.104) with respect to ¢ and [

d
3 <p15m‘ _ Py . Pidni  PIPiPn

~\p P P P

> <pi5ml _ PmOui n Pi0mi plpipm>

Po e e Joi

—1 Po

d
= [pz (pn i _ PmOin  Pidmn pzpnpm> _Pn (pzémz _ P POt p?pm)
Po P P P

3 3

o\ po P} D o

N <<5nz B pzm) (!pl25mz B
e Do

_l’_

PPl PiPm Ppmlpl? ) ]
3 3 3
Do Po Do
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_ <pnpm __ PmpPn n

’p‘Qémn _ pnpm’p‘2> - (pnpm dpmpn PmPn pnpm‘p’2>
2 4
Do Do

- +
P % P P S S

N (Ipl25mn B pnpmlp!2> B (pnpmlp\2 B pnpm!pl4)
% I P4 I

_ 2|p‘25mn i (d_ 2)pmpn . pnpm|p’2 . pnpm|p|2 + pnpm|p|4

s P P i P
_ 25mn 25mn (d - 2)pmpn PnPm PnPm PmDPn 3pmpn 2pmpn
- 5 — 1 T 6 B 7 T T T 2 Tt 6
Do Do Py Do Do Do Po Do
26 20 d 2 2 2 d—2
_ T;LTL _ :er + pn”épn . pn:lpn _ ﬁ(émn - pngm) . j(émn . pn];m) + ( zipmpn ‘
Do Po Py Do Po Po Po Po Po
This shows

d
PrDI pip;
> w (5kl - 2) <6¢- - 12j> Vpaij @ Vpagi
klig=1 Po Po

2 d—2
:2<I_p<£zp>_2<l_p62p>+( ip®p.
Po P Py Dy

The claimed inequality follows from

M=2p®p d=2; ;o <I—p®p>.

e e 3

Lemma 4.6.3. Let a;; := %, p € RE Then

d
> i (= 22 (55— B2 (14000 Vi) (1 +p9) V) < dlT-+p5)
klij=1 Po Po

(4.105)

holds for all p € R,

h

Proof. We compute the element which is in the intersection of the m! row and the n*®

column

d
DPEDL Dbipj
Z p(2] <5kl - 2> <5zj - 12J> (apnalj + Pnp - Vpalj)(apmaki + Pmp - Vpaki) =
klii=1 Po P

d d d
AP (52‘1 - p;];]) (Op,a1j + pnp - Vpai;) <Z <5m - p;?) (Opp, Wi + P - Vpaki)) :
0

li=1 j=1 k=1 0

We want to compute the sums in the brackets. We first compute

d
1(5+ '(5[ 51-—|—plp-p 2pipi 6l'+plp' p2
by = > op (Pt RO Qutvmery  2oey Gyt op)p

Do % Po I

r=1



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.6. APPENDIX 141

and so
D0 + i (01 + Dipj)Pn . 2DiDsP 815 + pup; )pnp|?
apnal]+pn(p vpalg) nj Jn ( J 5 J) n + Jrn _( J 3]) n, |
Po Po Po Py
_ DiOnj + PjOni — 015Dn | PupiPn
Pbo Po

This help us to compute

d

d
DiD DiD; \ ( PiOnj + Pjoni — 01jPn . DIDjPn
Z<5ij p]>(3pnazJ+PnPVpaly) Z(%— p2]>< — =+ = >
0

_ PtOui + Pidut = Sibn | PP _ Pi (|P\25nz n Plpn|p!2> _ Puni = Oupn (6nt + Pupn)pi
Po po Ppy\ D Po Po )
Similarly, we compute

=]

d
5 St — 61 Smi + Di
( 5t — pk}?l) (O i+ Prop - Vpans) — Pidmi = OiiPm. (Omi ];zpm)pl
=1 Po Po 2

We sum the product of the last two equations with respect to ¢ and j

d

d d
Sy (% p;pj> (Op a1 + pup - Vpar;) (Z <5k - p;”) (Dpy i + Prop - vpa,ﬂ)>
0 0

li=1 j=1 k=1

2 (pl5m — 01iPn . (0ni +plpn)pz'> <pz'5ml — 01iPm . (Omi +pz‘pm)pz>
0 Po % Po v

- Zpg |:pl <pn5ml - 5lnpm + <6mn +pnpm)pl> _ DPn (pléml — Pm + <5ml +plpm)pl>
0 o P Po o vy

N (601 + Pipn) <Ip!25mz —ppm (P + Ip\2pm)pz>}

+
o

Po Py
(5mn + pnpm) |p’2 PnPm + pnpm|p|2 |p|25mn pnpm‘p|2

= (d — 1)pmpn - 3 + 3 + 5
po Po Py Py
2(6mn + pnpm)
I

= d((smn +pnpm) - (d - 2)5mn -

This shows

d
Z <5k1 pkpl) <5z‘j pzp]> (I +p®@p)Vpar) @ (I +p@p)Vyar;)
k=1 pO po

2(I +p®p)

=dIl+p®p)—(d—2)] - 5
Py

<d{I+p®p).
O

Lemma 4.6.4. Let P be the matriz defined in (4.68). Then there are constant 61 > 0
and 03 > 0 such that

ma vy d
(Op; Pajjfoo) < | Y0P0 Po , Va,peR%
;1 foo PJ P 1j.J 00 0 ‘2/2;‘2([—1-])@]9)
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Proof. We have

Z f Op; (Op, Paijfoo) = Z Op;p; Paij + Zc’?szZ <6pj aij — alﬁ“a)

3,j=1 3,j=1 Po

Since a;; = ”Tflp], we have

d d
aijpj\ _ Pi+0ipj  Oij + pipj (dij +pipj)pi\ _ ( d

= Po = Y2

We denote €1 = ¢1(z) 1= % > 0 which is uniformly bounded for z € R?. Then

— B3
T R
bi - i 2 i 2
fp%ff *%g?’(l+p®p) 300 (p® p)

The last two equations show

i=1 j=1 Po Po i1
_ 20,12
d 6515‘P| I — 451p Q@p+ 10€1|p‘ pPRp _251|f| I
= — =1 Po Po 2 9 0 2 Py
Do E;LM I 6;|P\ (I+p®p)+4€1p®p
d @(I P®P) + 1051p®p 651[ 281_[ o 261]
= (1 _ > P po po Py P2
2 2 2 4
Po ;01[ ;01[ —SL(I+p®p)+ ﬁ[—ﬁ([%—p@p)

Since ‘1 - p% is uniformly bounded for all p € R?, this computation shows that there are
constants C; > 0 and Cy > 0 such that

PP ) 0

d d aip: 26’16?(1_7
S0, (05 -2 ) < (T Vo peRt
=1 = Po 0

I+ p@p)
(4.106)

Next, using the computation above for 9, P we compute

2 25, 8
) XZ] €1 7,] I 4 5119117] I
8 _ p() p
pgpz 25 5”1 + 851p1p]I Y ’
ij

po

~ 26[30;,1 + 351,3 (p@p)] N 103 [3pip; I + pjOp,(p @ p) + iy, (p @ p) + dijp @ p]
7
po 20

70e3pip;p ® p
_ DEpbpOPp
Po

Y

8ij  3pipj 2e1[piOp, (p @ p) + POy, (P ® 2
j pp]>(1+p®p)_ 1[pidp, (p p)3 PiOp (PO P)] pfla;pj(@p)
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4.6. APPENDIX 143

The identities
d d
Z 810 (0@ p) =21, > pipjOy, (p@p) =2p@p, > piOp(p®p) =2p@p
ij—1 Q=1 i—1

will be used in the following computations:

d d Cmem - .2
Yoo Z Xijaij _ Z 251[352]1 + (Szya (p ®p) ‘;63513]91]9][ +plpjapipj (p ®p)]
0

3,j=1 1,j=1

d
n Z 1063 [36;pip; I + 6:jpjOp, (p @ p) + 8ijpiOp, (p @ p) + 6ijp @ )

3
ij=1 Po

d
I Z 105?;0@;0]‘ [3pipjl + p;Op, (p®@p)+ piapj (p®p)+ 0ijp @ P

8
ij=1 Po

- Z 70305 + pipslpipip © P
10

3,j=1 Po

2e3[3(d — 14 p3)I +2(I +p @ p)] N 10£3[3[p|*p3 + 4pdp @ p + (d — 1+ pd)p @ p]

- P S
W0eipPpep _ 24t ([, pep) _ H(28+6d)  H(60 + 10d)
- B =1 I I+ 3 P ®p,
0 V2 Py po Po

d

Siypip;  30ipip; Vi

Yi= ) Yjaj=— ) 2a ﬂ - - (I+p®p)
z]z; ;1 0 pé pg pg

B Z 2€1[6ijpiOp, (p ® p) + 6ijp;Op, (p @ p)] + 2e1pip; [PiOp, (p © p) + P;Op, (p @ )]

5,j=1 po

d
+ Z 2 [(5 8;1,] (p®p)+ pipjagi-pj (p@p)]

ij=1 10

4eq 2e1(d + 2 8e1 4eq
=<2(4 )>(I+p®p)2p®p+2(1+p®p)
V%) Do V6] Dy

8¢ 2e1(d + 2
= —11—¥U+p®p),

I o
d 25%51' j 8€%pip j
Z:Z<— 4JI+ G ]I>az]
ij=1 Po Po
9 2,2 2
_ Z 251 iy 8515137']91'ij+ 25151]1’1?3[ 851p1p3 I
ij=1 Po po po

651] B 5%(d+3)1.

% 5
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According to our notations, we have

d
X Z
Z apipjpaij = <Z Y>

ij=1
3 2
2;;1 (I— pﬁp) (2§+6d)l n l(Gi—é—lod)p 2 p (j;ll 281;?3)]
= ! 0 2 262 (d+3) ’ % (d+2) .
Sl - G Spp— 282 (14 pap)
0 Py Py Po

The explicit computations above show that the elements of X and Y respectively decay
3

faster than the elements of Z%(I — T%) and }%(I +p®p) as |p| — oo. The elements of Z
0 0 0

2

decay faster than the elements of ;—5[ . Therefore, there are constants ¢ > 0 and C > 0
0

such that

d 2C1€% (1 _ p%p) 0
Z apip.Paij < P 75 2C , VpGRd.
g 0 LI+ p@p)
This estimate and (4.106) provide the claimed result. O

Lemma 4.6.5. Let P = P(x,p) be the matriz defined in (4.68). Assume there exists a
constant cg > 0 such that

82V(JU)
0x2

‘ < e3(1+|VeV(2)]), VoeRL (4.107)
F

Then there are constant 03 > 0 and 04 > 0 such that

= (pi e (1 - 25F) 0
> (WMP —~ awivapip> < | Vori o . Vaz, peR
i=1 \Po 0 TSI+ p®p)

Proof. We compute

d d 6e3 ® —2¢2

Z Pio p— |3 VoV - Va (00, V)p; (— v (= 5F) Tl )
. 2 —2¢2
i—1 p i—1 VE) Po V02;g 1 Vopo (I +p® p)
2 _ 63 _ p®p —2¢2
— [ vy 2V ] VoS (212 ) v . (4.108)
V() Po Ox ;—02;(2) I Vopo (I +p® p)
Since (4.107) implies Ha—v < V2c3Vp, we have

1 . 0%V d
Vo \Y V8x2 !p| <V2c;, Yz, peR

This uniform bound and (4.108) show that there are constants C7 > 0 and Cs such that

d 2C &
> b pe (U0
— Po 0 VO;E(Ier@p)
20,2 I— p®p
< VOQpS( P ) e 0 , Vz,peR% (4.109)
0 e (I +p@p)
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4.6. APPENDIX 145

Next, we compute

d
= 0., VO, P =
i=1
d 3 [ 50z, Vpi _ pRpy\ _ 9,V T 262811.\/[)1-
Z (28 [ o ! pg2)2a \‘//03178 =) 20, eV Yos 218 v ) .
e 0y, i . €V D, 0y .
i=1 %27;)8;0] ‘;opgp (I+p®p) h Vo;l;o aPi(p@p)
(4.110)
P P1
Pi—1 Pi—1
We denote §; := | p; — 1| and p; := | p; +1 | fori € {1,...,d}. Let E; € R?*? denote
Pi+1 Pi+1
Pd Pd

the matrix whose element in the intersection of the i—th column and the i—th row equals
1 and other elements are zero. Then one can check

1 ® 1 1 1 . N -
3 <I— ])2p> — —=(2pil =0y, (p®p)) = = Ei+ = (5il’I —pi @ pi) > 0
Po Po Po Po Do

and

1 ® 1 1 1 o
- (I— pf) + =il = 0,(p©P) = B+ (5"l — i @ 5:) 2 0.
Do Do Do Do Do

From these equations we obtain

1 PRP 1 1 pPRp
L <I ' )s L opl —0,pop) < = (f .
V25 Po Po

2

0.V
i ‘and p
PO

Vo
we conclude that there is a constant C] > 0 such that

50z, V pi pRp 05,V
3,5 I— 2 T /3.0
Vo'po 5 510

are bounded for all z,p € R?,

Using these inequalities and the fact that

2013 (I_p®p> Vr.p € RY
P) ’ ’ .

(2] — 0, (p ®p>>] <
0 (4.111)

~ Ve
The inequalities
I+p®p—0p,,(p®p)=pi@pi+1—E; >0

and
I+p@p+0,p@p)=pi@p+1—E; >0

imply
~([+p®p)<dp(pep) <I+pp.

Using these inequalities and the fact that a“‘”/%’ and ;% are bounded for all z,p € R?,
we conclude that there is a constant C, > 0 such that

20,V pi 20,V 2C%e

= Pt pop) - =0, (pep) < —2 (I +pep). (4.112)

Vord Vopo
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146 CHAPTER 4. THE RELATIVISTIC KINETIC FOKKER-PLANCK EQUATION

4.110), (4.111), and (4.112) show that there are constants C} > 0 and C% > 0 such that
1 2

- Za.’ﬂzvaplp S VO pO po 20//5 3 vx, p G Rd.
i=1 0 = +p®p)
This inequality and (4.109) yield the claimed estimate. O
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