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Preliminaries

Let I be a Jordan arc of class C*". Let C,, = C U {oo}. We define
¢ : Co \[ = C,\D

to be the conformal mapping satisfying ®(oc0) = 0o and ¢'(oc
Since [ is an arc, ® extends to the two sides as ¢, and $_.
Let w,, be the harmonic measure of 2 = C, \I' and the point z, € Q.
All harmonic measures are absolutely continuous with respect to the
arclength dz. Let p,, be the corresponding density, i.e.

) > 0.

= pzdz.

Szego-function

We say that a positive and finite measure y = fdw,, + ps Where ps is
singular w.r.t. dz satisfies the Szego-condition if

/Iog f dw, > —o0.
-

In this case we can introduce the Szego-function for . Let

1 1
R.(z) = exp (i/rlog(fpzo) dw, 2/ X /rlog(fpzo) dwz>

where i x [ log(fp,)dw, is the harmonic conjugate such that R,(z) > 0.
Then R, is nonzero, analytic in Q and |R,(2)|? = f(2)p4(z) for z € T ae.

Similarly, we define Rr as nonzero, analytic in Q and |R¢|* = f on T a.e.
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The Hardy-space H*(, ;1)

Let U be the inverse of ®. If 1 satisfies the Szego-condition then the
corresponding Hardy space is defined by

R .
/o)

HA(Q, 1) = {F c Hol(Q) : F(V
with the norm

1/2 1/2

Pl = ( f1FPs ) = ([QF P+ IEPR,)

H?(Q, 1) is a reproducing kernel Hilbert space with the kernel

1 9(2) /O'(w 1

21 R,(2) R(W) d(2)d(

H*(Cx\D)

KM(Zv W) —

11

The H*(Q, 11) problem

If 1 satisfies the Szego-condition and zg € C,\I' we define

v(p, zp) := inf {%\F|2fdwzo - F € HY(Q, 1), F(z) = 1} .
[

K()

Ku(2o,

where the infinum is uniquely attained by F, =

) Then
RM(ZO)Z _ Re( 0)

¥'(2)] K, (20, 20)

i

v (1, 20) = 2m(1 — [®(20)] )

and

1 - [®(z)|
1 (0(2)8(=))

d'(z) Ru(20)
d'(2) RM(Z) |

FM(Z)
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The Christoffel-function

Let [ € C?" be a Jordan arc, i be a positive and finite measure with
supp(pt) C T infinite and zg € C\I'. Then we define

An(pt, 29) = inf {/\p|2d,u . p is a polynomial of degree < n, p(zy) = 1} .
r

The unique minimizer P, , is called the n-th minimizing polynomial
of the measure L.
For the point oo we define

An(p, 00) = inf {/|p\2d,u . p is a monic polynomial of degree n} .
r

The unique minimizer P, o is the n-th monic orthogonal polynomial
of the measure L.

For zyp € C\I' we define

C(l, z) := {

1/®(20)
1/®'(c0

, 2y 7 OO

, £ — OC.

)

Theorem (Szeg6-Widom asymptotics)

Let I € C°" be a Jordan arc, j1 = fdw,, + jis a positive and finite
measure supported on [ with singular part 11s and zy € C, \I'. Then
the limit Moo(1t, 20) := limp—o0 |C(T, 20)| 2" \o( 1, 20) exists and

Aoo(th, 20) # 0 <= /Iog f dw, > —o0.
r

If 11 satisfies the Szego-condition, then

‘ C(r7 ZO)‘_zn)‘n(:uv ZO) ”_>OO> V(:LLv 20)7
/ 1C(T, 20) "Pp g — Hol*fdw,, —— 0,
-
C(F, ZO)_n n— 00
CD(Z)” 'Dn,Zo(Z) ’ FM(Z)
locally uniform in €2, where
H,(z) = <I>+(z)”FJ(Z) + <|>_(Zo)”FM_(z).

Corollary

The harmonic measure w,, is the unique maximizer of \(u, zy) over all

| probability measures ji.
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