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ABSTRACT

Modeling and analysis of multicomponent systems for gas mixtures

Stefanos Georgiadis

The aim of this thesis is to understand and analyze diffussive and thermal

effects in multicomponent systems for gas mixtures through the perspective of

partial differential equations. Starting from Class–II models of thermodynamics,

diffusion equations are derived formally by a Chapman–Enskog expansion and

the expansion is justified as a relaxation limit by means of the relative entropy

method. The resulting model is analyzed and compared with related models from

the literature and a comparison among thermomechanical theories is presented.

In the case of zero mean flow, the system reduces to a cross–diffusion system of

Maxwell–Stefan type. In the isothermal case, renormalized solutions are employed

to prove the uniqueness of weak solutions and an energy study is performed,

showing the absence of anomalous dissipation. In the nonisothermal case, the

global–in–time existence of weak solutions is studied, using the boundedness–by–

entropy method and it is shown that strong solutions are unique in the class of

weak solutions, a property known as weak–strong uniqueness.
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Chapter 1

Introduction

Multicomponent fluid systems are prevalent in both natural and industrial set-

tings. Examples include Earth’s atmosphere with its diverse composition of ni-

trogen, oxygen, argon, carbon dioxide, and other gases, as well as natural gas

composed of hydrocarbons like methane, ethane, and propane. The ubiquity

of such multicomponent fluids underscores the importance of comprehensively

modeling and predicting their behavior.

The complexity of models for these systems can vary based on the specific

phenomenon and application, with a trade–off between detailed modeling and

practical limitations in obtaining experimental data. Finding the right balance is

crucial; a theory must be detailed enough to accurately describe a phenomenon

yet not overly intricate to hinder comprehension. The modeling of multicom-

ponent fluids has been extensively explored, and interested readers can refer to

[1, 2, 3, 4, 5, 6] for diverse approaches.

Analytical results on multicomponent flows extend in various directions. We

refer to [7, 8, 9, 10, 11, 12] for existence and uniqueness studies of strong and/or

weak solutions for Maxwell–Stefan systems of mass diffusion, situations that in-

volve no mean flow and pertain to the general area of parabolic systems. By

contrast, situations that involve mean flow lead to questions in the realm of

hyperbolic or hyperbolic–parabolic systems. There are available analyses for

isothermal viscous flows of multicomponent systems [13] and even for multicom-

ponent compressible Euler flows [14, 15, 16, 17]. For analyses of nonisother-

mal multicomponent systems that include effects of heat–conduction we refer to

[18, 19, 20, 21, 22, 11]. The above works concern the mathematical structure of
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multicomponent systems and existence of solutions for steady and dynamic prob-

lems. There has been recent interest in the convergence from compressible multi-

component Euler equations in the high–friction limit to Maxwell–Stefan systems,

a problem pertaining to the subject of relaxation approximations. A number

of studies have appeared regarding isothermal flows [23, 24, 25, 15] achieving in

the limit the classical Maxwell–Stefan system [23], or (for more general chem-

ical potentials) porous media variants or even fourth order diffusions [25, 15].

For nonisothermal flows, the results are limited [26] and achieve in the limit

the nonisothermal analogue of the Maxwell–Stefan system, known as Maxwell–

Stefan–Fourier.

This thesis focuses on presenting modeling and analysis results for multicom-

ponent systems. The approach involves developing general theories (Class–II

models) consistent with thermodynamic laws. Asymptotic techniques are then

employed to transition to approximate (Class–I) models, balancing accuracy and

analytical tractability. The transition is achieved through asymptotic expansions

(Chapman–Enskog expansion), which are formal, but can be made rigorous if

we see them as relaxation processes and exploit the dissipative structure of the

models (Relative entropy method). The resulting (Class–I) model fits into a spe-

cific class of problems (hyperbolic–parabolic type), which provides a well–posed

theory. This makes possible the development of a hierarchy of models among ther-

momechanical theories. The thesis further delves into the parabolic part of the

model, addressing issues such as the existence and uniqueness of weak solutions

and the absence of anomalous dissipation.

The thesis structure is as follows: Chapters 2 to 4 introduce the modeling of

multicomponent systems. Chapter 2 focuses on the thermodynamics of Class–II

models (Section 2.1) and their derivation (Section 2.2). In chapter 3 we per-

form some formal asymptotics to derive a Class–I model (section 3.1) and we

justify the process (Section 3.2) by means of the relative entropy method. Chap-

ter 4 analyzes the resulting Class–I model, demonstrating its fit into the theory
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of hyperbolic–parabolic composite type systems (Section 4.1), and presenting a

hierarchy of thermomechanical theories for strong solutions (Section 4.2). Chap-

ters 5 and 6 delve into the analysis of parabolic systems of gas mixtures, focusing

on the Maxwell–Stefan cross–diffusion system. Chapter 5 studies the isothermal

Maxwell–Stefan system, discussing uniqueness issues (Section 5.1) and the ab-

sence of turbulence (Section 5.2). Finally, Chapter 6 explores the non–isothermal

analogue, known as Maxwell–Stefan–Fourier, showing the global–in–time exis-

tence of weak solutions (Section 6.2) and their weak–strong uniqueness (Section

6.3).
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Chapter 2

Modeling of multicomponent systems of fluids

This chapter is an extended version of [22, App. A and B]. It presents the natural

modeling framework of multicomponent models and outline its thermodynamic

structure. In section 2.1, following [27], we describe the fundamentals of the

thermodynamic theory in equilibrium, known as thermostatics. In section 2.2 we

present the results of [6] through the scope of thermodynamic reduction, which

allows for the derivation of closures that are consistent with the second law of

thermodynamics in the form of the Clausius–Duhem inequality.

2.1 Equilibrium thermodynamics

Thermostatics seeks to describe the equilibrium states to which systems eventu-

ally evolve. We assume that these states exist and are characterized completely

(at least macroscopically) by the internal energy of the system E, the volume

V and the mole numbers M1, . . . ,Mn of the components of the system. These

quantities are called extensive parameters.

As in many physical theories, the criterion for determining the equilibrium

state is an extremum principle. More precisely, we postulate that there exists a

function H of the extensive parameters, called entropy, defined for all equilibrium

states, so that the values assumed by the extensive parameters in the absence of

internal constraints, are those that maximize the entropy over the manifold of

constrained equilibrium states. Note that the existence of the entropy is pos-

tulated only for equilibrium states. For nonequilibrium thermodynamics, we do

not have information regarding what happens exactly, so we need to place some

further assumptions. For the moment we deal with equilibrium, but we will come
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back to this in section 2.2.

Based on our setting above, any problem in thermodynamics can be com-

pletely solved by the extremum principle provided that the entropy of the system

is known as a function of the extensive parameters. The relation that gives the

entropy as a function of the extensive parameters is known as fundamental rela-

tion

H = H(E, V,M1, . . . ,Mn) (2.1)

and contains all thermodynamic information about the system.

The next postulate, as we are expecting, is that the entropy of a composite

system is additive over the constituent subsystems. Moreover, it is differentiable

and increasing as a function of the internal energy. Interestingly enough, the

additivity property implies that the entropy is homogeneous of first order, i.e.

H(λE, λV, λM1, . . . , λMn) = λH(E, V,M1, . . . ,Mn) ∀λ ∈ R. (2.2)

The differentiability of the entropy, along with the fact that it is an increasing

function of the internal energy suggest that (2.1) can be inverted with respect to

the energy. Thus, the energy is a differentiable function of H, V,M1, . . . ,Mn and

an alternative form of the fundamental relation is

E = E(H, V,M1, . . . ,Mn), (2.3)

for which the homogeneity of first order applies as well.

The last postulate is that the entropy of any system vanishes in the state for

which

∂E

∂H
= 0, (2.4)

that is, as we will see in a few lines, at zero temperature (third law of thermody-

namics).

With the aforementioned postulates we are ready to proceed to the thermo-
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dynamic analysis. Since the energy is a quantity that is easier to understand

intuitively and also to measure in experiments, we prefer to use the energy rep-

resentation (2.3) of the fundamental relation, instead of (2.1). In this case, the

extremum principle is no longer the maximization of the entropy in equilibrium,

but rather the minimization of the energy. The condition that guarantees the

equivalence between the two principles is the fact that the entropy is an increas-

ing function of the energy.

2.1.1 Equations of state

Using (2.3) we write down the differential of the internal energy E:

dE =
∂E

∂H
dH +

∂E

∂V
dV +

n1
j=1

∂E

∂Mj

dMj. (2.5)

The partial derivatives in (2.5) are called intensive parameters and occur so fre-

quently that we introduce special symbols for them:

∂E

∂H
= θ the temperature,

∂E

∂V
= −p the negative (total) pressure,

∂E

∂Mi

= µi the chemical potential of the i–th component.

(2.6)

(2.7)

(2.8)

We briefly mention here that in the (equivalent) entropy representation (2.1) the

intensive parameters are

∂H

∂E
=

1

θ
,

∂H

∂V
=

p

θ
,

∂H

∂Mi

= −µi

θ
(2.9)

as in [6].

With the notation of (2.6)–(2.8), (2.5) reads:

dE = θdH − pdV +
1
j

µjdMj. (2.10)
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In the special case of constant mole numbers (2.10) reduces to

dE = θdH − pdV, (2.11)

which compared to the conservation of energy

dQ = dE + pdV, (2.12)

where Q is the heat flux, gives

dQ = θdH, (2.13)

which says that flux of heat into a system is associated with an increase of entropy.

(2.13) is another relation that holds only in equilibrium and as we will see in

section 2.2, the entropy flux far from equilibrium contains extra terms related to

diffusion of matter.

Relations (2.6)–(2.8) define a set of functional relations known as equations

of state

θ = θ(H, V,M1, . . . ,Mn),

p = p(H, V,M1, . . . ,Mn),

µi = µi(H, V,M1, . . . ,Mn).

(2.14)

(2.15)

(2.16)

Knowledge of all the equations of state is equivalent to knowing the fundamen-

tal equation. Furthermore, the homogeneity of first order of the fundamental

equation implies that the equations of state are homogeneous of order zero.

By exploiting the extremum principle in either of its form, we observe that

the intensive parameters can be seen as potentials for fluxes: the temperature can

be looked upon as a potential for heat flux, the pressure for volume changes and

the chemical potentials for matter flow (diffusion). In other words, a difference

in temperature provides a generalized force for heat flow, a difference in pressure
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provides a generalized force for change of volume and a difference in the chem-

ical potential provides a generalized force for matter flow, phase transition and

chemical reactions. In fact, further analysis, shows that the direction of the flows

agrees with our intuitive concept: heat flows from regions of high temperature to

regions of low temperature. Likewise, matter tends to flow from regions of high

chemical potential to regions of low chemical potential.

2.1.2 Gibbs–Duhem relation

Further exploitation of the first–order homogeneity of the fundamental equation

E(λH, λV, λM1, . . . , λMn) = λE(H, V,M1, . . . ,Mn) ∀λ ∈ R (2.17)

provides an essential relation that will be used later in section 2.2. Differentiation

of (2.17) with respect to λ gives

∂E

∂(λH)
H +

∂E

∂(λV )
V +

1
j

∂E

∂(λMj)
Mj = E. (2.18)

By choosing λ = 1 and using (2.6)–(2.8), we obtain

E = θH − pV +
1
j

µjMj. (2.19)

Equation (2.19) is known as Euler equation, even though many authors refer to

it as Gibbs–Duhem relation and throughout this text we keep this name so as

to not have any misunderstandings with other texts. Taking the infinitesimal

variation of (2.19) we find

dE = θdH +Hdθ − pdV − V dp+
1
j

µjdMj +
1
j

Mjdµj, (2.20)
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which after comparison with (2.5) yields (the real) Gibbs–Duhem relation

Hdθ − V dp+
1
j

Mjdµj = 0. (2.21)

The (real) Gibbs–Duhem relation provides the relations among the intensive pa-

rameters in differential form. Integration of (2.20) gives the relation in explicit

form, provided one knows the equations of state. If two equations of state are

given, one can integrate the Gibbs–Duhem relation (2.20) to obtain the third

one up to an undetermined constant of integration. In other words, two equa-

tions of state are sufficient to determine the fundamental equation, except for an

undetermined constant.

Back to the homogeneity of (2.17), we can choose λ = 1
V

and by introduc-

ing the partial mass densities ρi =
Mi

V
and thus the total mass density ρ = 1

V

(normalizing the total mass
2

i Mi = 1), (2.3) reads

ρe(ρη, ρ1, . . . , ρn) =
1

V
E(H, V,M1, . . . ,Mn), (2.22)

where ρe is the specific internal energy and ρη the specific entropy. Then

θ =
∂E

∂H
= V

∂(ρe)

∂(ρη)

∂(ρη)

∂H
=

∂(ρe)

∂(ρη)
(2.23)

and

µi =
∂E

∂Mi

= V
∂(ρe)

∂ρi

∂ρi
∂Mi

=
∂(ρe)

∂ρi
. (2.24)

Using this notation, equations (2.19) and (2.21) read

ρe = ρηθ − p+
1
j

ρjµj (2.25)

and

ρηdθ − dp+
1
j

ρjdµj = 0 (2.26)
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respectively.

2.1.3 Thermodynamic potentials

In thermodynamics, we often need to pass from a set of variables that contains

only extensive parameters to another that contains some intensive parameters as

well. For instance, in the analysis of later sections we assume that the temperature

is one of the prime variables instead of the entropy that we have considered so far

(mainly for reasons related to the measurability of the prime variables). To do

so, we use partial Legendre transforms of the internal energy that replace some

extensive variables by the corresponding intensive ones. These partial Legendre

transforms are called thermodynamic potentials. A well–known example is the

enthalpy: the enthalpy is the partial Legendre transform of the internal energy E

that replaces the volume V by the pressure p as an independent variable. Thus,

the enthalpy h is a function of H, p,M1, . . . ,Mn, defined by

h = E + pV, (2.27)

where the replacement is achieved by first solving the relation

∂E

∂V
= −p (2.28)

with respect to V and then eliminating V from (2.27).

Another famous example is the Gibbs free energy G, which is the partial

Legendre transform of the internal energy E that simultaneously replaces the en-

tropy H by the temperature θ and the volume V by the pressure p as independent

variables. The Gibbs free energy is given by

G = E − θH + pV (2.29)

and depends on the variables θ, p,M1, . . . ,Mn. Note that the sign in front of
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the product pV is plus, because the intensive parameter is −p! As before, the

replacement of the extensive parameters is done by first solving the relations

∂E
∂H

= θ with respect to H and ∂E
∂V

= −p with respect to V and eliminating H

and V from (2.29).

In our case, we are interested in passing from the set {H, V,M1, . . . ,Mn} to

{θ, V,M1, . . . ,Mn}, i.e. to replace the entropy by the temperature. The thermo-

dynamic potential that allows us to do so is the Helmholtz free energy defined

by

Ψ = E −Hθ. (2.30)

The replacement is achieved by solving

∂E

∂H
= θ (2.31)

with respect to H and eliminating H from (2.30). Using the homogeneity of the

fundamental equation as in (2.22) we obtain the specific Helmholtz free energy

ρψ = ρψ(θ, ρ1, . . . , ρn) with ρψ = ρe−ρηθ, where e(θ, ρ1, . . . , ρn) = −θ2
!
ψ
θ

(
θ
and

(2.25) reads

ρψ + p =
1
j

ρjµj. (2.32)

2.1.4 Thermodynamic stability

Our first postulate stated that the entropy attains its maximum in equilibrium.

This is translated as follows: the first variation must vanish and the second one

must be negative. The second condition in particular, determines the stability

of the predicted equilibrium states and suggests that the entropy is a concave

function. More precisely, the concavity of the entropy reduces to the following

relations:

∂2H

∂E2
≤ 0,

∂2H

∂V 2
≤ 0,

∂2H

∂E2

∂2H

∂V 2
−
"

∂2H

∂E∂V

)2

≥ 0. (2.33)
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A byproduct of the first inequality of (2.33) is that the specific heat at constant

volume cv := eθ(θ, ρ1, . . . , ρ2) is positive, since

∂2H

∂E2
= − 1

T

∂θ

∂E
= − 1

NT 2cv
≤ 0,

while the remaining stability conditions place analogous restrictions on other

physical quantities.

Should we reformulate the stability criteria in the energy representation, we

see that the energy attains its minimum in equilibrium, hence it is a convex

function, i.e.

∂2E

∂H2
≥ 0 ,

∂2E

∂V 2
≥ 0 and

∂2E

∂H2

∂2E

∂V 2
−
"

∂2E

∂H∂V

)2

≥ 0. (2.34)

These conditions can be extended to the thermodynamic potentials. In particular,

the Helmholtz free energy is a concave function of the temperature and a convex

function of the volume, with the relations

∂2Ψ

∂θ2
≤ 0 and

∂2Ψ

∂V 2
≥ 0. (2.35)

2.2 Derivation of multicomponent models

We are interested in modeling multicomponent mixtures of fluids, i.e. systems of

gases or liquids that are composed of more than one constituents. Our framework

is the one of continuum mechanics, in which bodies are modeled as continuous

media and their behavior is governed by (i) balance laws, in the form of partial

differential equations that describe the behavior of the basic variables that char-

acterize our physical system, and (ii) constitutive relations, that complement our

system of balance laws, by connecting the various quantities and characterizing

the material response. For more details we refer to [28] which presents the topic

from the point of view of elasticity theory and [3] and [4] from the perspective of

fluid mechanics.
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The primitive variables in consideration are the mass densities, the velocities

and the temperatures of the constituents. Depending on the level of precision we

would like to have, we distinguish among three types of models: in Class–I models,

each of the constituents is described by its own mass density ρi, a common velocity

v, which is the barycentric velocity of the mixture and a common temperature

θ, which is the temperature of the mixture. In Class–II models, each of the

constituents is described by its own mass density ρi, its own velocity vi and a

common temperature θ. Finally, in Class–III models, each of the constituents

has its own mass density ρi, its own velocity vi and its own temperature θi. For

a short discussion on motivations and reasons to employ each model we refer to

the introduction of [6].

To this extend, we consider a Class–II model. We employ the field equations

of the basic extensive quantities, i.e. partial mass, partial momentum and partial

energy balances respectively:

∂tρi + div(ρivi) = mi,

∂t(ρivi) + div(ρivi ⊗ vi) = div(Si) + ρibi + fi,

∂t(ρiei +
1

2
ρiv

2
i ) + div((ρiei +

1

2
ρiv

2
i )vi) = div(vi · Si) + div(qi)

+ ρibi · vi + ρiri + ℓi,

(2.36)

(2.37)

(2.38)

where ρi is the mass density of the i–th component, mi the production of mass,

vi the velocity, Si the partial stress tensor, bi the body forces applied to the i–th

component, fi the momentum production, ei the specific internal energy, qi the

heat flux, ri the heat supply in the form of radiation and ℓi the internal energy

production. Moreover, we define the total mass ρ :=
2

i ρi and the barycentric

velocity of the mixture v such that ρv =
2

i ρivi.

Here are some remarks on the model:

(a) The unknown quantities are the primitive variables and are functions of

space and time (x, t), with the temperature being a positive function, since
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it represents the absolute temperature. The rest of the quantities of the

model depend on the primitive variables and their derivatives, in a way

that is compatible with the principle of material frame indifference and

Galilean invariance.

(b) The production of mass is often due to chemical reactions, but in this paper

we consider non–reactive fluids, i.e. we take mi = 0. For a treatment of the

same model but with chemical reactions we refer to [6].

(c) The momentum production fi can be present because of mass production,

but even more important due to the binary interactions between the species,

e.g. friction. Likewise, we also consider energy production, which however

is not important, because as we will see in a moment we eventually consider

only the total energy balance.

(d) Even though we allow for mass, momentum and energy production, we

require that the total mass, total momentum and total energy be conserved,

thus having the constraints

n1
i=1

mi =
n1

i=1

fi =
n1

i=1

ℓi = 0, (2.39)

where n ∈ N is the number of constituents.

(e) The consideration of the terms bi and ri is not essential, since both are

external factors and can be modified accordingly (e.g. they can be taken

equal to zero), however their presence allows for a better understanding of

the mechanics of the model, as well as for measurements and experiments.

(f) The nature of a Class–II model implies that we are interested only in a single

energy equation, which is the balance of total energy, since we consider one

temperature, the temperature of the whole mixture. For this reason, we

sum up equations (2.38) over i ∈ {1, . . . , n} to obtain the total energy
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balance

∂t(ρe+
1
i

1

2
ρiv

2
i ) + div

 
(ρe+

1
i

1

2
ρiv

2
i )v

'

= div

 
q −

1
i

(ρiei + pi +
1

2
ρiv

2
i )ui

'
− div(pv)

+ div(vi · σi) + ρb · v + ρr +
1
i

ρibi · ui,

(2.40)

in which we have introduced the diffusional velocities ui := vi − v and we

denote ρe :=
2

i ρiei, p :=
2

i pi, q :=
2

i qi, ρb :=
2

i ρibi and ρr :=2
i ρiri. Notice that

2
i ρiui = 0.

(g) The partial stresses are decomposed as Si = −piI + σi, where −piI is the

elastic part of the stress tensor, with pi the partial pressures and I the

identity tensor and σi the viscous part. Here, for simplicity, we take σi = 0

and thus div(Si) reduces to −∇pi. For the treatment of the theory with

viscosity we refer to [6].

2.2.1 Consistency with Clausius–Duhem inequality

In order for our system to be thermodynamically complete, we add the imbalance

of entropy in the form of the Clausius–Duhem inequality:

∂t(ρη) + div(ρηv) ≥ divΦ +
ρr

θ
, (2.41)

where η stands for the specific entropy, Φ for the entropy flux and θ for the tem-

perature. The fact that we have an inequality signifies that there is an additional

entropy production ζ, which is not specified a priori in the context of this theory.

The only information available is that according to the second law of thermody-

namics, the entropy production must be nonnegative. We note here that in the

case of one species the entropy flux is the heat flux divided by the temperature,

however there is no available information for the multicomponent case, hence we

write Φ and it needs to be determined along with the entropy production. As

opposed to the balance laws of mass, momentum and energy, which determine

15



the thermodynamic process from assigned body force b, heat supply r, boundary

and initial conditions, the Clausius–Duhem inequality plays the role of an ad-

missibility criterion for thermodynamic processes that already comply with the

balance laws [29].

Having said these, we write down our model:

∂t(ρi) + div(ρivi) = 0,

∂t(ρivi) + div(ρivi ⊗ vi) = −∇pi + ρibi + fi,

∂t

 
ρe+

1
i

1

2
ρiv

2
i

'
+ div

 
(ρe+

1
i

1

2
ρiv

2
i )v

'
= −div(pv) + ρb · v

+div

 
(q −

1
i

(ρiei + pi +
1

2
ρiv

2
i )ui

'
+ ρr +

1
i

ρibi · ui,

∂t(ρη) + div(ρηv) = divΦ +
ρr

θ
+ ζ.

(2.42)

(2.43)

(2.44)

(2.45)

The next step is the so–called thermodynamic reduction, which aims to deter-

mine the rest of the quantities in our model, apart from the unknown quantities

(ρi)i, (vi)i, θ and the external fields (bi)i, (ri)i. To do so, we first introduce the

Helmholtz free energy ψ := e−ηθ, which we postulate to be a function of the mass

densities, the temperature and the temperature gradient. In general, ψ cannot

depend on the velocities vi, otherwise it is incompatible with Galilean invariance,

but it can depend on the differences vi − vj and the velocity gradient ∇vi. It can

also depend on the gradients of the mass densities, as well as higher derivatives of

them, which however make our model extremely complicated. For an extensive

discussion on the dependence of Helmholtz free energy on further quantities and

its implications we refer to [1].

After plugging into (2.45) the free energy, carrying out the differentiations
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and using the balance laws (2.42)–(2.44) we obtain:

(ρψ)· + ρηθ̇ + (ρψ + p)divv + div

 
θΦ− q +

1
i

(ρiei + pi)ui

'

+
1
i

ui · (fi −∇pi)− Φ · ∇θ ≤ 0,

(2.46)

where the dot stands for the material derivative, i.e. θ̇ = θt + v · ∇θ. At this

point we use an information that comes from thermostatics in the form of the

Gibbs–Duhem equation (2.32), according to which in thermodynamic equilibrium

there holds:

ρψ + p =
1
i

ρiµi, (2.47)

where µi are the (electro)chemical potentials. Then, after introducing the chem-

ical potentials and performing some further calculations, we obtain the so–called

dissipation inequality:

− [(ρψ)θ + ρη]θ̇ − (ρψ)∇θ(∇θ)· −
1
i

[(ρψ)ρi − µi]ρ̇i

− θdiv

 
Φ− q

θ
+

1

θ

1
i

(ρiei + pi − ρiµi)ui

'
+

1

θ
q · ∇θ

−
1
i

ui ·
"
fi −∇pi + ρi∇µi +

1

θ
(ρiei + pi − ρiµi)∇θ

)
≥ 0.

(2.48)

It is now clear from what we noted above, that by controlling the body forces

bi and heat supplies ri we can construct smooth processes that satisfy the mass,

momentum and energy balances and attain at some point (x, t) arbitrarily pre-

scribed values of ρi, θ, ρ̇i, θ̇ [29],[3]. Hence, (2.48) is violated unless the following

relations hold:

ψ = ψ(ρ1, . . . , ρn, θ),

η = −ψθ,

µi = (ρψ)ρi ,

Φ =
q

θ
− 1

θ

1
i

(ρiei + pi − ρiµi)ui,

(2.49)

(2.50)

(2.51)

(2.52)
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and moreover

1

θ
q · ∇θ −

1
i

ui ·
"
fi −∇pi + ρi∇µi +

1

θ
(ρiei + pi − ρiµi)∇θ

)
≥ 0. (2.53)

The last inequality is essentially the requirement θζ ≥ 0 which indicates that

ζ =
1

θ2
q · ∇θ − 1

θ

1
i

ui ·
"
fi −∇pi + ρi∇µi +

1

θ
(ρiei + pi − ρiµi)∇θ

)
, (2.54)

i.e. the entropy production contains a term due to heat conduction and another

one due to diffusion, which verifies that energy gets dissipated because of heat

conduction and diffusion and this dissipation, in turn, results in production of en-

tropy. In case we considered chemical reactions and viscosity, we would also have

their contributions to the entropy production (as well as an extra contribution to

the diffusion term due to chemical reactions).

The problem with (2.53) is that it is too complicated to allow for investigating

necessary and sufficient conditions so that it holds everywhere. Therefore, a

technique that is usually employed is to ask for each one of the terms to be

nonnegative. According to this, a sufficient condition for the heat conduction

term to be nonnegative is the ansatz:

q = κ∇θ, (2.55)

with κ = κ(ρ1, . . . , ρn, θ) ≥ 0, which reminds us of the standard Fourier’s law.

Likewise, but following a much more sophisticated process employing the con-

straint (2.39), the Gibbs–Duhem relation (2.32) and certain properties of the

second term of (2.53), we obtain the ansatz

fi = ∇pi − ρi∇µi − 1

θ
(ρiei + pi − ρiµi)∇θ − θ

1
j ̸=i

bijρiρj(vi − vj), (2.56)

where bij = bij(ρi, ρj, θ) are symmetric, nonnegative binary–type interactions.

18



For the full derivation we refer to [6]. After plugging the two closures (2.55) and

(2.56), (2.54) reads due to the symmetry of bij:

ζ =
1

θ2
κ|∇θ|2 + 1

2

n1
i=1

1
j ̸=i

bijρiρj|ui − uj|2. (2.57)

Another interesting comment is that even after determining the constitutive

relations (2.49)–(2.56) via the thermodynamic reduction, our model is not fully

closed. Indeed, even though we can compute the thermal energy from the formula

e = −θ2
"
ψ

θ

)
θ

, (2.58)

and the total pressure from the Gibbs–Duhem equation

p = −ρψ +
1
i

ρiµi, (2.59)

it turns out that if we are just given the free energy density ψ there is no way

to determine the partial pressures pi and partial internal energies ei. In other

words, for a Class–II model it is not sufficient to be given solely the Helmholtz

free energy, as it is for a Class–I model [6], or in elasticity theory [29]. Therefore,

we require some more information: a first approach is to ask for the constitutive

function of (ei)i and (pi)i. In fact, since we can compute the total pressure and

thermal energy by (2.59) and (2.58) anyway, the fact that they are defined as the

sum of the partial pressures and internal energies respectively, allows us to ask

for n− 1 of them, as the last one can be computed by a simple subtraction.

Another approach that is often used (and will be employed in the next sec-

tions) is the so–called simple mixture: this is a simplification of the thermo-

dynamics of the model, in which we assume that each component has its own

thermodynamics, i.e. behaves as if it were on its own. This is denoted by assum-

ing that each component is described by its own free energy density ψi = ψi(ρi, θ),
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thus obtaining the following relations:

ei = ei(ρi, θ) = −θ2
"
ψi

θ

)
θ

,

µi = µi(ρi, θ) = (ρiψi)ρi ,

pi = pi(ρi, θ) = −ρiψi + ρiµi.

(2.60)

(2.61)

(2.62)

This also has the implication that ρψ =
2

i ρiψi. For an extensive discussion on

simple mixtures we refer to [1], while for special cases of simple mixtures to [6].
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Chapter 3

High–friction limit

This chapter consists of the work from [22] and [26]. As mentioned in chapter

2, in a multicomponent theory with primitive variables mass density, velocity

and temperature, one distinguishes among three classes of models: In a Class–I

model, each component is described by its own mass density, but the components

move with a common velocity and have a common temperature. In Class–II

models, each component is described by its own mass density and velocity, but

the components have a common temperature. Class–III models (which are not

considered here) are described via the individual densities, velocities and temper-

atures of each component. For information regarding Class–III models we refer

to [5], while for a short discussion on motivations and reasons to employ each

model we refer to [6].

It is useful to have systematic ways of passing from a detailed theory to a less

detailed one, which is mathematically easier to handle and experimentally easier

to measure. Previous works trying to pass from a Class–II to a Class–I model are

already known, for example in [6] in which the authors investigate the reduction

of a non–isothermal model using an entropy invariant method, or in [25], in which

the reduction is done using asymptotic methods, but for the isothermal case and

for a simple mixture.

The objective of this chapter is to derive a Class–I model using the asymptotic

method of [25], but for the non–isothermal, non–simple mixture model treated in

[6]. The model consists of equations (2.42)–(2.45), and the constitutive relations

(2.49)–(2.52), (2.55)–(2.57), i.e.
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∂tρi + div(ρivi) = 0, (3.1)

∂t(ρivi) + div(ρivi ⊗ vi) = ρibi − ρi∇µi − 1

θ
(ρiei + pi − ρiµi)∇θ

− θ

ϵ

1
j ̸=i

bijρiρj(ui − uj),
(3.2)

∂t

 
ρe+

1
i

1

2
ρiv

2
i

'
+ div

  
ρe+

1
i

1

2
ρiv

2
i

'
v

'
+ div(pv)

= div

 
κ∇θ −

1
i

(ρiei + pi +
1

2
ρiv

2
i )ui

'
+ ρb · v + ρr +

1
i

ρibi · ui.

(3.3)

Notice, that the last term of (3.2), which corresponds to friction, has been

scaled by a small positive parameter ϵ, which in the kinetic level represents the

time between two consecutive collisions. As ϵ → 0, friction becomes more dom-

inant and the partial velocities tend to average and align to a common velocity.

This idea, which gives the intuition behind this chapter, is known as the high–

friction limit.

The resulting system reads

∂tρi + div(ρiv) = −div(ρiui), (3.4)

∂t(ρv) + div(ρv ⊗ v) = ρb−∇p, (3.5)

∂t

"
ρe+

1

2
ρv2

)
+ div

"
(ρe+

1

2
ρv2)v

)
= div

 
κ∇θ −

1
i

(ρiei + pi)ui

'

− div(pv) + ρr + ρb · v +
1
i

ρibi · ui,

(3.6)

where ui is determined by solving the constrained linear system

−
1
j ̸=i

bijθρiρj(ui − uj) = ϵ

"
ρi
ρ
(ρb−∇p) + ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ

)
1
i

ρiui = 0.

(3.7)

System (3.4)–(3.7) contains a common velocity v, instead of n partial veloci-
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ties vi, thus the name Class–I. Nevertheless, the diffusional velocities ui survive

the asymptotic process as O(ϵ) terms and are determined by solving (3.7); it is

due to them, that the limiting system describes diffusive phenomena, despite it

containing no partial velocities.

3.1 The Chapman–Enskog expansion

The goal of the asymptotic procedure is to obtain from (3.1)–(3.3) a Class–I

model via a Chapman–Enskog expansion that will provide an approximation of

the initial system of order ϵ2. The resulting system will consist of n partial

momentum balances, a single (total) momentum balance and one total energy

balance. It will also be complemented by the constraint
2

i ρiui = 0 (at least up

to order O(ϵ2)) and a linear system for determining the diffusional velocities ui.

The resulting system should contain no partial velocities. Using the defini-

tion of the diffusional velocities ui = vi − v we perform the change of variables

(v1, . . . , vn) �→ (v, u1, . . . , un). Then system (3.1)–(3.3) reads:

∂tρi + div(ρiui + ρiv) = 0, (3.8)

∂t (ρi(ui + v)) + div(ρi(ui + v)⊗ (ui + v)) = ρibi − ρi∇µi

− 1

θ
(ρiei + pi − ρiµi)∇θ − θ

ϵ

1
j ̸=i

bijρiρj(ui − uj),
(3.9)

∂t

�
ρe+

1
i

1

2
ρi(ui + v)2

&
+ div

 �
ρe+ p+

1
i

1

2
ρi(ui + v)2

&
v

'
− ρr

= div

 
κ∇θ −

1
i

(ρiei + pi +
1

2
ρi(ui + v)2)ui

'
+
1
i

ρibi · (ui + v),

(3.10)

subject to the constraint 1
i

ρiui = 0. (3.11)
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3.1.1 Hilbert Expansion

Observe that, as ϵ → 0, we formally obtain the equation

−θ
1
j ̸=i

bijρiρj(ui − uj) = 0 .

In [25] it was proved that the system

−
1
j ̸=i

Bij(ui − uj) = di, i = 1, . . . , n subject to
1
i

ρiui = 0, (3.12)

under the hypotheses:

(i) d1, . . . , dn ∈ R3 satisfy
2

i di = 0,

(ii) ρ1, . . . , ρn > 0,

(iii) (Bij) ∈ Rn×n is a symmetric matrix with Bij ≥ 0 for i, j = 1, . . . , n and

(iv) all solutions of the homogeneous system
2

j ̸=i Bij(ui−uj) = 0, i = 1, . . . , n

lie in the space spanned by (1, . . . , 1) ∈ Rn,

has the unique solution

ρiui = −
n−11
j,k=1

(δijρi − ρiρj
ρ

)τ−1
jk dk, i = 1, . . . , n− 1,

ρnun = −
n−11
j=1

ρjuj,

(3.13)

where (τ−1
ij ) ∈ R(n−1)×(n−1) is the inverse of a regular submatrix, obtained by

reordering the matrix (τij) ∈ Rn×n of rank n− 1 with coefficients

τij = δij

n1
k=1

Bik − Bij .

Our case is simpler since the coefficients bij are symmetric and strictly positive.

We also require that θ > 0, which means that hypotheses (iii) and (iv) are

automatically satisfied for ρi > 0, i = 1, . . . , n.
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Next, introduce the Hilbert expansion

ρi = ρ0i + ϵρ1i + ϵ2ρ2i +O(ϵ3), (3.14)

ui = u0
i + ϵu1

i + ϵ2u2
i +O(ϵ3), (3.15)

v = v0 + ϵv1 +O(ϵ2), (3.16)

θ = θ0 + ϵθ1 + ϵ2θ2 +O(ϵ3). (3.17)

Inserting this into ρ =
2

i ρi and the constraint (3.11) we obtain

ρ = ρ0 + ϵρ1 +O(ϵ2), (3.18)

where we set ρ0 :=
2

i ρ
0
i and ρ1 :=

2
i ρ

1
i and

1
i

ρ0iu
0
i + ϵ

1
i

(ρ1iu
0
i + ρ0iu

1
i ) +O(ϵ2) = 0. (3.19)

Equating terms of the same order gives

1
i

ρ0iu
0
i = 0 and

1
i

(ρ1iu
0
i + ρ0iu

1
i ) = 0. (3.20)

Next we insert the expansion (3.14)–(3.17) into system (3.8)–(3.10) and identify

terms of the same order:

(i) The terms at the order O(1/ϵ) give:

−θ0
1
j ̸=i

bijρ
0
i ρ

0
j(u

0
i − u0

j) = 0. (3.21)

For the expansion we assume ρ0i > 0 and note that (3.21) is of the form (3.12)

with di = 0 and Bij symmetric and strictly positive, which implies that the null–
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space of the homogeneous system is span{(1, . . . , 1)}. This, along with (3.13),

gives u0
i = 0 for i ∈ {1, . . . , n}. This is incorporated in the remaining expansions.

For the expansion of 1
θ
we use the Taylor series 1

1+x
= 1− x+ x2 +O(x3) and

thus

1

θ
=

1

θ0(1 + ϵ θ
1

θ0
+ ϵ2 θ

2

θ0
+ · · · ) =

1

θ0
− ϵ

θ1

(θ0)2
+ ϵ2

(θ1)2 − θ2θ0

(θ0)3
+O(ϵ3). (3.22)

For the expansions of the thermodynamic functions we use

ei = êi(ρ
0
1 + ϵρ11 +O(ϵ2), . . . , ρ0n + ϵρ1n +O(ϵ2), θ0 + ϵθ1 +O(ϵ2))

= e0i + ϵe1i + ϵ2e2i +O(ϵ3),

(3.23)

where e0i , e
1
i , e

2
i , . . . are computed by using the Taylor theorem, for instance

e0i = êi(ρ
0
1, . . . , ρ

0
n, θ

0) , e1i =
n1

j=1

∂êi
∂ρj

(ρ01, . . . , ρ
0
n, θ

0) ρ1j +
∂êi
∂θ

(ρ01, . . . , ρ
0
n, θ

0) θ1 ,

e2i =
n1

j=1

∂êi
∂ρj

(ρ0, θ0) ρ2j +
∂êi
∂θ

(ρ0, θ0) θ2 +
n1

k,l=1

∂2êi
∂ρk∂ρl

(ρ0, θ0) ρ1kρ
1
l

+
n1

k=1

∂2êi
∂ρk∂θ

(ρ0, θ0) ρ1kθ
1 +

∂2êi
∂θ2

(ρ0, θ0) (θ1)2

and so on. A similar expansion is used for the functions ei, pi and κ all of which

only depend on (ρ1, . . . , ρn) and θ. We then obtain:

(ii) Terms of order O(1):

∂tρ
0
i + div(ρ0i v

0) = 0, (3.24)

∂t(ρ
0
i v

0) + div(ρ0i v
0 ⊗ v0) = ρ0i b

0
i − ρ0i∇µ0

i −
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

− θ0
1
j ̸=i

bijρ
0
i ρ

0
j(u

1
i − u1

j),
(3.25)
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∂t

�1
i

ρ0i e
0
i +

1
i

1

2
ρ0i (v

0)2
&
+ div

  1
i

ρ0i e
0
i +

1
i

1

2
ρ0i (v

0)2

'
v0

'

= −div(p0v0) +
1
i

ρ0i r
0
i +

1
i

ρ0i b
0
i · v0 + div

!
κ0∇θ0

(
.

(3.26)

(iii) Terms of order O(ϵ):

∂tρ
1
i + div(ρ0i (u

1
i + v1) + ρ1i v

0) = 0, (3.27)

∂t(ρ
1
i v

0 + ρ0i (u
1
i + v1)) + div

�
ρ1i v

0 ⊗ v0 + ρ0i (u
1
i + v1)⊗ v0

+ ρ0i v
0 ⊗ (u1

i + v1)
&
= ρ1i b

0
i + ρ0i b

1
i − ρ1i∇µ0

i − ρ0i∇µ1
i

+
θ1

(θ0)2
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0 − 1

θ0
(ρ1i e

0
i + ρ0i e

1
i + p1i − ρ1iµ

0
i − ρ0iµ

1
i )∇θ0

− 1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ1 − θ0

1
j ̸=i

bij

�
(ρ1i ρ

0
j + ρ0i ρ

1
j)(u

1
i − u1

j)

+ ρ0i ρ
0
j(u

2
i − u2

j)
�
− θ1

1
j ̸=i

bijρ
0
i ρ

0
j(u

1
i − u1

j),

(3.28)

∂t

�1
i

(ρ0i e
1
i + ρ1i e

0
i ) +

1
i

1

2
ρ1i (v

0)2 +
1
i

1

2
ρ0i 2v

0(u1
i + v1)

&
+ div

��1
i

ρ0i e
0
i +

1
i

1

2
ρ0i (v

0)2
&
v1 +

�1
i

(ρ0i e
1
i + ρ1i e

0
i )

+
1
i

1

2
ρ0i 2v

0(u1
i + v1) +

1
i

1

2
ρ1i (v

0)2
&
v0
&
= −div(p0v1 + p1v0)

+
1
i

(ρ0i b
0
i · v1 + (ρ1i b

0
i + ρ0i b

1
i ) · v0) +

1
i

ρ0i b
0
i · u1

i +
1
i

(ρ0i r
1
i + ρ1i r

0
i )

+ div

 
κ0∇θ1 + κ1∇θ0 −

1
i

�
(ρ0i e

0
i + p0i ) +

1

2
ρ0i (v

0)2
�
u1
i

'
.

(3.29)

Summing (3.25) over i and using the symmetry of bij we obtain

∂t(
1
i

ρ0i v
0) + div(

1
i

ρ0i v
0 ⊗ v0) =

1
i

ρ0i b
0
i −∇p0. (3.30)

The reason behind the simplification of the right–hand side comes from the
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thermodynamic relations of the problem. More precisely, we have:

1
i

�
ρibi − ρi∇µi − 1

θ
(ρiei + pi − ρiµi)∇θ

&
= ρb−

1
i

ρi∇µi − 1

θ
(ρe+ p−

1
i

ρiµi)∇θ

(2.32)
= ρb−

1
i

ρi∇µi − ρη∇θ

= ρb+
1
i

µi∇ρi −∇
 1

i

ρiµi

'
− ρη∇θ

(2.51)−(2.51)
= ρb−∇p.

Expanding both sides, we get:

1
i

"
ρ0i b

0
i − ρ0i∇µ0

i −
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

)
=

1
i

ρ0i b
0
i −∇p0 (3.31)

and

1
i

�
ρ1i b

0
i + ρ0i b

1
i − ρ1i∇µ0

i − ρ0i∇µ1
i +

θ1

(θ0)2
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

− 1

θ0
(ρ1i e

0
i + ρ0i e

1
i + p1i − ρ1iµ

0
i − ρ0iµ

1
i )∇θ0 − 1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ1

&
=

1
i

(ρ1i b
0
i + ρ0i b

1
i )−∇p1,

(3.32)

where p0 =
2

i p
0
i and p1 =

2
i p

1
i .

Equation (3.30) along with (3.24) and (3.26) provide a closed system for de-

termining (ρ01, . . . , ρ
0
n, v

0, θ0). Now, by (3.25) follows that (u1
1, . . . , u

1
n) satisfies the

linear system

−
1
j ̸=i

bijθ
0ρ0i ρ

0
j(u

1
i − u1

j) = d0i , (3.33)

where d0i = ∂t(ρ
0
i v

0) + div(ρ0i v
0 ⊗ v0)− ρ0i b

0
i + ρ0i∇µ0

i +
1
θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0.

Since u0
i = 0 the first constraint of (3.20) is satisfied trivially and the second one

becomes 1
i

ρ0iu
1
i = 0. (3.34)
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Moreover, due to (3.30) and (3.31) we see that
2

i d
0
i = 0. This guarantees the

solvability of system (3.33), since assumptions (i)–(iv) are satisfied according to

the analysis of system (3.12). Hence, there exists a unique solution (u1
1, . . . , u

1
n)

to system (3.33).

Similarly, summing (3.28) over i, using the symmetry of bij, the identity (3.32)

and the constraint (3.34) we get

∂t(
1
i

ρ1i v
0 + ρ0v1) + div(

1
i

ρ1i v
0 ⊗ v0 + ρ0v1 ⊗ v0 + ρ0v0 ⊗ v1)

=
1
i

(ρ1i b
0
i + ρ0i b

1
i )−∇p1,

(3.35)

which along with (3.27) and (3.29) provide a closed system for determining

({ρ1i }ni=1, v
1, θ1). Note that after using the constraint (3.34), (3.29) reads

∂t

�1
i

(ρ0i e
1
i + ρ1i e

0
i ) +

1
i

1

2
ρ1i (v

0)2 + ρ0v0v1
&
+ div

��1
i

ρ0i e
0
i

+
1
i

1

2
ρ0i (v

0)2
&
v1 +

�1
i

(ρ0i e
1
i + ρ1i e

0
i ) + ρ0v0v1 +

1
i

1

2
ρ1i (v

0)2
&
v0
&

=
1
i

(ρ0i b
0
i · v1 + (ρ1i b

0
i + ρ0i b

1
i ) · v0) +

1
i

ρ0i b
0
i · u1

i +
1
i

(ρ0i r
1
i + ρ1i r

0
i )

+ div

 
κ0∇θ1 + κ1∇θ0 −

1
i

(ρ0i e
0
i + p0i )u

1
i

'
− div(p0v1 + p1v0).

3.1.2 Reconstruction of the effective equations

Next, we reconstruct the effective equations that are valid asymptotically up to

order O(ϵ2). We add back (3.24) plus ϵ times (3.27), (3.30) plus ϵ times (3.35)

and (3.26) plus ϵ times (3.29) to obtain

∂t(ρ
0
i + ϵρ1i ) + div(ρ0i v

0 + ϵ(ρ0i v
1 + ρ1i v

0)) = −ϵdiv(ρ0iu
1
i ), (3.36)

∂t

�
ρ0v0 + ϵ(ρ1v0 + ρ0v1)

&
+ div

!
ρ0v0 + ϵ(ρ1v0 ⊗ v0 + ρ0v1 ⊗ v0

+ ρ0v0 ⊗ v1)
(
=

1
i

{ρ0i b0i + ϵ(ρ1i b
0
i + ρ0i b

1
i )} − (∇p0 + ϵ∇p1),

(3.37)
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∂t

�1
i

ρ0i e
0
i + ϵ

1
i

(ρ0i e
1
i + ρ1i e

0
i ) +

1
i

1

2
(ρ0i + ϵρ1i )(v

0)2)

+ ϵ
1
i

1

2
ρ0i 2v

0v1
&
+ div

�1
i

ρ0i e
0
i (v

0 + ϵv1) + ϵ
1
i

(ρ1i e
0
i + ρ0i e

1
i )v

0

+
1
i

1

2
ρ0i (v

0)2(v0 + ϵv1) + ϵ
1
i

1

2
ρ1i (v

0)2v0) + ϵ
1
i

1

2
ρ0i 2v

0(u1
i

+ v1)v0
&
= −div(p0v0 + ϵ(p1v0 + p0v1) +

1
i

(ρ0i r
0
i + ϵ(ρ0i r

1
i + ρ1i r

0
i ))

+
1
i

�
ρ0i b

0
i · v0 + ϵ(ρ0i b

0
i · v1 + (ρ0i b

1
i + ρ1i b

0
i ) · v0)

&
+ ϵ

1
i

ρ0i b
0
i · u1

i

+ div
�
(κ0∇θ0) + ϵ(κ1∇θ0 + κ1∇θ0)− ϵ

1
i

(ρ0i e
0
i + p0i )u

1
i

&
.

(3.38)

Now set

ρϵi = ρ0i + ϵρ1i +O(ϵ2) , ρϵ =
1
i

ρϵi , (3.39)

uϵ
i = u0

i + ϵu1
i +O(ϵ2), (3.40)

vϵ = v0 + ϵv1 +O(ϵ2), (3.41)

θϵ = θ0 + ϵθ1 +O(ϵ2). (3.42)

We also have the expansions obtained via (3.23) and reading

eϵi = e0i + ϵe1i + ϵ2e2i +O(ϵ3),

pϵi = p0i + ϵp1i + ϵ2p2i +O(ϵ3),

κϵ = κ0 + ϵκ1 + ϵ2κ2 +O(ϵ3).

(3.43)

Then equations (3.36)–(3.38) read

∂tρ
ϵ
i + div(ρϵiv

ϵ) = −div(ρϵiu
ϵ
i) +O(ϵ2), (3.44)

∂t(ρ
ϵvϵ) + div(ρϵvϵ ⊗ vϵ) = ρϵbϵ −∇pϵ +O(ϵ2), (3.45)
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∂t

"
ρϵeϵ +

1

2
ρϵ(vϵ)2

)
+ div

""
ρϵeϵ + pϵ +

1

2
ρϵ(vϵ)2

)
vϵ
)

= ρϵrϵ

+
1
i

ρϵib
ϵ
i · (uϵ

i + v) + div

 
κϵ∇θϵ −

1
i

(ρϵie
ϵ
i + pϵi)u

ϵ
i

'
+O(ϵ2).

(3.46)

Finally, we need to construct the formulas determining (uϵ
i)i. Using (3.33) we

deduce that

−
1
j ̸=i

bijθ
ϵρϵiρ

ϵ
j(u

ϵ
i − uϵ

j) = −ϵ
1
j ̸=i

bijθ
0ρ0i ρ

0
j(u

1
i − u1

j) +O(ϵ2)

= ϵd0i +O(ϵ2),

(3.47)

where from (3.24), summing (3.24) over i and (3.30):

d0i = ∂t(ρ
0
i v

0) + div(ρ0i v
0 ⊗ v0)− ρ0i b

0
i + ρ0i∇µ0

i +
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

= ρ0i
!
∂tv

0 + v0 · ∇v0
(− ρ0i b

0
i + ρ0i∇µ0

i +
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

=
ρ0i
ρ0

!
∂t(ρ

0v0) + div(ρ0v0 ⊗ v0)
(− ρ0i b

0
i + ρ0i∇µ0

i +
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0

=
ρ0i
ρ0

1
j

(ρ0jb
0
j −∇p0j)− ρ0i b

0
i + ρ0i∇µ0

i +
1

θ0
(ρ0i e

0
i + p0i − ρ0iµ

0
i )∇θ0.

This motivates us to define

dϵi :=
ρϵi
ρϵ

1
j

(ρϵjb
ϵ
j −∇pϵj)− ρϵib

ϵ
i + ρϵi∇µϵ

i +
1

θϵ
(ρϵie

ϵ
i + pϵi − ρϵiµ

ϵ
i)∇θϵ, (3.48)

which by (3.31)–(3.32) sums up to zero and thus the linear system for determining

{uϵ
i}ni=1 is

−
1
j ̸=i

bijθ
ϵρϵiρ

ϵ
j(u

ϵ
i − uϵ

j) = ϵdϵi +O(ϵ2) (3.49)

and is solvable according to the analysis of (3.12). Moreover, the constraint

becomes 1
i

ρϵiu
ϵ
i = O(ϵ2), (3.50)

which means that since the variables ρi and ui are defined up to order O(ϵ2) we

can set
2

i ρ
ϵ
iu

ϵ
i = 0 up to that order.
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Therefore, omitting the ϵ–notation and the higher-order terms, we conclude

that system (3.1)–(3.3) is approximated within O(ϵ2) by the system:

∂tρi + div(ρiv) = −div(ρiui), (3.51)

∂t(ρv) + div(ρv ⊗ v) = ρb−∇p, (3.52)

∂t

"
ρe+

1

2
ρv2

)
+ div

�
(ρe+ p+

1

2
ρv2)v

&
= ρr + ρb · v +

1
i

ρibi · ui

+ div

 
κ∇θ −

1
i

(ρiei + pi)ui

'
,

(3.53)

where ui are determined by solving the constrained linear system:

−
1
j ̸=i

bijθρiρj(ui − uj) = ϵdi,

1
i

ρiui = 0

(3.54)

and

di =
ρi
ρ
(−∇p+ ρb) + ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ
− ρibi.

Our system (3.51)–(3.54) agrees with the Class–I model obtained in [6] using

the entropy invariant method, in the case of an inviscid, non–reactive mixture

with zero thermal diffusivities [6, Section 8].

3.1.3 Asymptotic expansion of the entropy equation

Given the Class–II system (3.1)–(3.3), we have derived in section 2.2 the entropy

equation:

∂t(ρη) + div(ρηv) = div

"
κ∇θ −2

i(ρiei + pi − ρiµi)ui

θ

)
+

1

θ2
κ|∇θ|2

+
1

2ϵ

1
i

1
j

bijρiρj(ui − uj)
2 +

ρr

θ

(3.55)
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and the frictional dissipation has been appropriately scaled by ϵ > 0. There are

two approaches for deriving the entropy equation of the asymptotic limit system

(3.51)–(3.53): (i) to derive it by using the system and the constitutive relations as

was done in section 2.2 to obtain (3.55) and (ii) to expand the entropy equation

of the Class–II model and obtain its ϵ2–approximation the same way we obtained

system (3.51)–(3.53). Here we present the latter way, but it is easy to verify that

the two results coincide.

As in subsection 3.1.1, we introduce the same Hilbert expansion, insert it into

(3.55) and identify terms of the same order:

(i) Terms of order O(1/ϵ):

1

2

1
i,j

bijρ
0
i ρ

0
j(u

0
i − u0

j)
2 = 0, (3.56)

which is consistent with u0
i = 0 in subsection 3.1.1.

Next, using u0
i = 0, the expansion (3.22) for 1

θ
and

1

θ2
=

1

(θ0)2
− ϵ

2θ1

(θ0)3
+ ϵ2

3(θ1)2 − θ2θ0

(θ0)4
+O(ϵ3) ,

as well as the expansions (3.43) and

η = η̂
!
ρ01 + ϵρ11 +O(ϵ2), . . . , ρ0n + ϵρ1n +O(ϵ2), θ0 + ϵθ1 +O(ϵ2)

(
= η0 + ϵη1 + ϵ2η2 +O(ϵ3),

we obtain:

(ii) at order O(1):

∂t(ρ
0η0) + div(ρ0η0v0) = div

"
1

θ0
κ0∇θ0

)
+

1

(θ0)2
κ0(∇θ0)2 +

ρ0r0

θ0
, (3.57)
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(iii) at order O(ϵ):

∂t(ρ
1η0 + ρ0η1) + div((ρ1η0 + ρ0η1)v0 + ρ0η0v1) = div

� 1

θ0
(κ1∇θ0

+ κ0∇θ1)− θ1

(θ0)2
κ0∇θ0 − 1

θ0

1
i

(ρ0i e
0
i + p0i − ρ0iµ

0
i )u

1
i

&
− 2θ1

(θ0)3
κ0(∇θ0)2

+
1

(θ0)2
κ1(∇θ0)2 +

1

(θ0)2
κ02∇θ0∇θ1 +

1

2

1
i,j

bijρ
0
i ρ

0
j(u

1
i − u1

j)
2

+
ρ1r0 + ρ0r1

θ0
− ρ0r0θ1

(θ0)2
.

(3.58)

Moreover, using (3.33) in the entropy expansion, the third last term of (3.58)

reads

1

2

1
i,j

bijρ
0
i ρ

0
j(u

1
i − u1

j)
2

=
1

2

1
i

u1
i

1
j

bijρ
0
i ρ

0
j(u

1
i − u1

j)−
1

2

1
j

u1
j

1
i

bijρ
0
i ρ

0
j(u

1
i − u1

j)

= − 1

2θ0

1
i

u1
i d

0
i −

1

2θ0

1
j

u1
jd

0
j = − 1

θ0

1
i

u1
i · d0i .

Thus, in the reconstruction, we add (3.57) plus ϵ times (3.58), to obtain

∂t(ρ
0η0 + ϵ(ρ1η0 + ρ0η1)) + div(ρ0η0v0 + ϵ((ρ1η0 + ρ0η1)v0 + ρ0η0v1))

= div
� 1

θ0
κ0∇θ0 + ϵ

� 1

θ0
(κ1∇θ0 + κ0∇θ1)− θ1

(θ0)2
κ0∇θ0 − 1

θ0

1
i

(ρ0i e
0
i

+ p0i − ρ0iµ
0
i )u

1
i

&�
+

1

(θ0)2
κ0(∇θ0)2 − ϵ

� 2θ1

(θ0)3
κ0(∇θ0)2 − 1

(θ0)2
κ1(∇θ0)2

− 1

(θ0)2
κ02∇θ0∇θ1

&
− ϵ

θ0

1
i

u1
i · d0i +

ρ0r0

θ0
+ ϵ

�ρ1r0 + ρ0r1

θ0
− ρ0r0θ1

(θ0)2

&
,

(3.59)

which in turn gives

∂t(ρ
ϵηϵ) + div(ρϵηϵvϵ) = div

 
κϵ∇θϵ

θϵ
−
1
i

ρϵie
ϵ
i + pϵi − ρϵiµ

ϵ
i

θϵ
uϵ
i

'

+ κϵ (∇θϵ)2

(θϵ)2
+

ρϵrϵ

θϵ
− 1

θϵ

1
i

uϵ
i · dϵi +O(ϵ2).

(3.60)

Omitting theO(ϵ2) correction, the entropy equation for the Class–I system (3.51)–
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(3.53) reads

∂t(ρη) + div(ρηv) = div

 
1

θ
κ∇θ − 1

θ

1
i

(ρiei + pi − ρiµi)ui

'

+
ρr

θ
+

1

θ2
κ|∇θ|2 − 1

θ

1
i

ui · di .

A direct computation using (3.54) and the symmetry of bij, shows that

−1

θ

1
i

ui · di =
1
i

1
j ̸=i

bijρiρjui · (ui − uj) =
1

2ϵ

1
i

1
j ̸=i

bijρiρj(ui − uj)
2

and as a result we conclude that the order O(ϵ2) expansion of the entropy dis-

sipation structure (3.55) for the Class–II model yields the entropy dissipation

structure

∂t(ρη) + div(ρηv) = div

 
1

θ
κ∇θ − 1

θ

1
i

(ρiei + pi − ρiµi)ui

'

+
ρr

θ
+

1

θ2
κ|∇θ|2 − 1

θ

1
i

ui · di
(3.61)

for the emerging Class–I model.

3.2 Validation of the expansion

Having obtained formally the Class–I model (3.51)–(3.54), we proceed to justify

the expansion rigorously, following the work in [26]. To this direction, we develop

a relative entropy identity for Class–II models and use it to validate the high–

friction limit in the weak–strong solution context, i.e. we compare a weak solution

of the Class–II model with a strong solution of the Class–I model. We show that,

as ϵ → 0, the weak solution converges to the strong one, in the relative entropy

sense. Such a result assumes that a strong solution to the Class–I model truly

exists, which has been established near equilibrium, [4]. More precisely, there

exists a unique strong solution to Class–I models, which is local–in–time for

general initial data and can be extended for all positive times for initial data
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close to an equilibrium state (see [4, Chapter 8] for more details).

For ease of notation, we focus on the case of a simple mixture (cf. section

2.2). Then, the Class–II model reads

∂tρi + div(ρivi) = 0, (3.62)

∂t(ρivi) + div(ρivi ⊗ vi) = ρibi −∇pi − 1

ϵ
θ
1
j ̸=i

bijρiρj(vi − vj), (3.63)

∂t

�
ρe+

n1
j=1

1

2
ρjv

2
j

&
+ div

� n1
j=1

�
ρjej + pj +

1

2
ρjv

2
j

&
vj

&
= div (κ∇θ) +

n1
j=1

ρjbj · vj + ρr,

(3.64)

with the entropy equation

∂t(ρη) + div

 
n1

j=1

ρjηjvj

'
= div

"
1

θ
κ∇θ

)
+

1

θ2
κ|∇θ|2

+
1

2ϵ

n1
i=1

n1
j=1

bijρiρj|vi − vj|2 + ρr

θ

(3.65)

and the Class–I model reduces to

∂tρ̄i + div(ρ̄iv̄) = −div(ρ̄iūi), (3.66)

∂t(ρ̄v̄) + div(ρ̄v̄ ⊗ v̄) = ρ̄b̄−∇p̄, (3.67)

∂t

�
ρ̄ē+

1

2
ρ̄v̄2

&
+ div

�
(ρ̄ē+ p̄+

1

2
ρ̄v̄2)v̄

&
= ρ̄r̄ + ρ̄b̄ · v̄

+div
�
κ̄∇θ̄ −

n1
j=1

(ρ̄j ēj + p̄j)ūj

&
+

n1
j=1

ρ̄j b̄j · ūj,
(3.68)

where ūi is determined by solving the Maxwell–Stefan system:

−
1
j ̸=i

bij θ̄ρ̄iρ̄j(ūi − ūj) = ϵ

"
ρ̄i
ρ̄
(ρ̄b̄−∇p̄)− ρ̄ib̄i +∇p̄i

)
, (3.69)
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subject to the constraint
n1

i=1

ρ̄iūi = 0, (3.70)

and the entropy balance now takes the form

∂t(ρ̄η̄) + div(ρ̄η̄v̄) = div

 
1

θ̄
κ̄∇θ̄ −

n1
j=1

ρ̄j η̄jūj

'
+

1

θ̄2
κ̄|∇θ̄|2

+
1

2ϵ

n1
i=1

n1
j=1

bij ρ̄iρ̄j|ūi − ūj|2 + ρ̄r̄

θ̄
.

(3.71)

We consider the problem in T3 × (0,∞), where T3 denotes the three dimen-

sional torus, with space–periodic boundary conditions, but we note that the same

analysis can be performed in a bounded domain Ω, with no–flux boundary con-

ditions, i.e.

ρivi ·ν = 0, (ρivi⊗vi+piI)ν = 0,

 
n1

j=1

�
ρjej + pj +

1

2
ρjv

2
j

&
vj − κ∇θ

'
·ν = 0,

for all i = 1, . . . , n, on the parabolic boundary ∂Ω× [0,∞), where ν denotes the

outward vector that is normal to the boundary ∂Ω.

3.2.1 The relative entropy inequality for Class–II systems

Let ω = (ρ1, . . . , ρn, v1, . . . , vn, θ) and ω̄ = (ρ̄1, . . . , ρ̄n, v̄1, . . . , v̄n, θ̄) be two solu-

tions of the Class–II system. Motivated by [30] and [22], we define the relative

entropy of ω and ω̄ as follows:

H(ω|ω̄)(t) =
�
T3

 
1

2

n1
i=1

ρi|vi − v̄i|2 +
n1

i=1

(ρiψi)(ω|ω̄) + (ρη − ρ̄η̄)(θ − θ̄)

'
dx,

(3.72)

where

(ρiψi)(ω|ω̄) = ρiψi − ρ̄iψ̄i − (ρ̄iψ̄i)ρi(ρi − ρ̄i)− (ρ̄iψ̄i)θ(θ − θ̄).
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Throughout the thesis, we use the convention

f̄ = f(ω̄)

and therefore when we write ρ̄iψ̄i, we mean (ρiψi)(ω̄), while

(ρ̄iψ̄i)ρi =
∂(ρiψi)

∂ρi

55
ω=ω̄

and similarly

(ρ̄iψ̄i)θ =
∂(ρiψi)

∂θ

55
ω=ω̄

.

If ρiψi are C3 on the set

U = {0 ≤ ρi ≤ M, 0 < γ ≤ ρ ≤ M, 0 < γ ≤ θ ≤ M, for some γ,M > 0},

such that

(ρiψi)ρiρi > 0 and (ρiψi)θθ < 0, (3.73)

then according to [22], there exists C > 0 such that

n1
i=1

(ρiψi)(ω|ω̄) + (ρη − ρ̄η̄)(θ − θ̄) ≥ C

 
n1

i=1

|ρi − ρ̄i|2 + |θ − θ̄|2
'
. (3.74)

Therefore, the relative entropy defined in (3.72) can serve as a measure of the

distance between ω and ω̄. We note, that the conditions in (3.73) (known as

Gibbs thermodynamic stability conditions) are natural in thermodynamics, as

they follow from the basic assumptions that the temperature is a strictly positive

quantity and that the energy is a convex function of the entropy, satisfied for

example for the ideal gas (for more details see [22, Appendix A]).

Let

H(ω|ω̄) =
n1

i=1

�
1

2
ρi|vi − v̄i|2 + (ρiψi)(ω|ω̄) + (ρiηi − ρ̄iη̄i)(θ − θ̄)

�
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and

Q(ω|ω̄) =
n1

i=1

�1
2
ρivi|vi − v̄i|2 + (ρiψi)(ω|ω̄)vi

+ (ρiηi − ρ̄iη̄i)(θ − θ̄)vi + (pi − p̄i)(vi − v̄i)
�
.

We want to obtain an identity of the form:

∂tH(ω|ω̄) + divQ(ω|ω̄) = RHS. (3.75)

Carrying out the differentiations and using the equations (3.76), (3.80), (3.82)

and (3.79), along with the thermodynamic relations from chapter 2, we find that

RHS = − 1

2ϵ

n1
i=1

n1
j=1

θ̄bijρiρj|(vi − vj)− (v̄i − v̄j)|2 − θ̄κ|∇ log θ −∇ log θ̄|2

−
n1

i=1

pi(ω|ω̄) div v̄i −
n1

i=1

ρi(vi − v̄i) · ∇v̄i(vi − v̄i)

+
n1

i=1

ρi(bi − b̄i) · (vi − v̄i)−
n1

i=1

(ρiηi)(ω|ω̄)(∂sθ̄ + v̄i · ∇θ̄)

−
n1

i=1

ρi(vi − v̄i) · ∇θ̄(ηi − η̄i) +
�ρr
θ

− ρ̄r̄

θ̄

&
(θ − θ̄)

+ (∇ log θ −∇ log θ̄) · ∇ log θ̄(θκ̄− θ̄κ)

+ div
!
(θ − θ̄)

!
κ∇ log θ − κ̄∇ log θ̄

((
− 1

ϵ

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · (ρj − ρ̄j)(v̄i − v̄j)

+
1

ϵ

n1
i=1

n1
j=1

(θ − θ̄)bijρiρj(vi − v̄i) · (v̄i − v̄j)

+
1

ϵ

n1
i=1

n1
j=1

(θ − θ̄)bij(ρi − ρ̄i)ρ̄j(v̄i − v̄j) · v̄i

+
1

ϵ

n1
i=1

n1
j=1

(θ − θ̄)bijρi(ρj − ρ̄j)(v̄i − v̄j) · v̄i,
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where the relative quantities are given by

pi(ω|ω̄) = pi − p̄i − (p̄i)ρi(ρi − ρ̄i)− (p̄i)θ(θ − θ̄)

(ρiηi)(ω|ω̄) = ρiηi − ρ̄iη̄i − (ρ̄iη̄i)ρi(ρi − ρ̄i)− (ρ̄iη̄i)θ(θ − θ̄).

We proceed as follows: (i) First, we interpret a Class–I model as a Class–II

system with error terms. (ii) Using the relative entropy formula we compare an

exact solution to an approximate solution of a Class–II system. (iii) This needs

to be done at some prescribed level of solutions; this is made precise in section

3.2.3. (iv) Finally, the derivation of the convergence result is done in sections

3.2.4 and 3.2.5.

3.2.2 Reformulation of the Class–I model

First, we embed a solution of a Class–I model into an approximate solution of a

Class–II model. The equations of the Class–II model contain the partial velocities

vi, while the equations of the Class–I model contain the barycentric velocity v

and the diffusional velocities ui.

Let (ρ̄1, . . . , ρ̄n, v̄, θ̄) be a solution of (3.66)–(3.68). Then we set

v̄i = v̄ + ūi

and (3.66)–(3.68) and (3.71) read:

∂tρ̄i + div(ρ̄iv̄i) = 0, (3.76)

∂t(ρ̄v̄) + div(ρ̄v̄ ⊗ v̄) = ρ̄b̄−∇p̄, (3.77)

∂t

"
ρ̄ē+

1

2
ρ̄v̄2

)
+ div

� n1
j=1

(ρ̄j ēj + p̄j)v̄j +
1

2
ρ̄v̄2v̄

&
= div(κ̄∇θ̄) +

n1
j=1

ρ̄j b̄j · v̄j + ρ̄r̄,

(3.78)
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∂t(ρ̄η̄) + div

 
n1

j=1

ρ̄j η̄j v̄j

'
= div

"
1

θ̄
κ̄∇θ̄

)
+

1

θ̄2
κ̄|∇θ̄|2

+
1

2ϵ

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2 + ρ̄r̄

θ̄
.

(3.79)

Next, we rewrite (3.77) and (3.78) in a form that resembles the equations of

the Class–II model. We reformulate (3.77) as:

∂t(ρ̄iv̄i) + div(ρ̄iv̄i ⊗ v̄i) = ρ̄ib̄i −∇p̄i − θ̄

ϵ

1
j ̸=i

bij ρ̄iρ̄j(v̄i − v̄j) + R̄i, (3.80)

where

R̄i = ∂t(ρ̄iv̄) + ∂t(ρ̄iūi) + div(ρ̄iv̄ ⊗ v̄) + div(ρ̄iv̄ ⊗ ūi) + div(ρ̄iūi ⊗ v̄)

+ div(ρ̄iūi ⊗ ūi)− ρ̄ib̄i +∇p̄i +
θ̄

ϵ

1
j ̸=i

bij ρ̄iρ̄j(v̄i − v̄j).

Using (3.69), we obtain

R̄i = ∂t(ρ̄iv̄) + ∂t(ρ̄iūi) + div(ρ̄iv̄ ⊗ v̄) + div(ρ̄iv̄ ⊗ ūi)

+ div(ρ̄iūi ⊗ v̄) + div(ρ̄iūi ⊗ ūi)− ρ̄i
ρ̄
(ρ̄b̄−∇p̄)

and by virtue of ∂tρ̄+ div(ρ̄v̄) = 0, we see that

∂t(ρ̄iv̄) + div(ρ̄iv̄ ⊗ v̄) = (∂tρ̄i + div(ρ̄iv̄))v̄ + ρ̄i(∂tv̄ +∇v̄ · v̄)

= − div(ρ̄iūi)v̄ +
ρ̄i
ρ̄
(∂t(ρ̄v̄) + div(ρ̄v̄ ⊗ v̄))

= − div(ρ̄iūi)v̄ +
ρ̄i
ρ̄
(ρ̄b̄−∇p̄)

and thus

R̄i = − div(ρ̄iūi)v̄ + ∂t(ρ̄iūi) + div(ρ̄iv̄ ⊗ ūi)

+ div(ρ̄iūi ⊗ v̄) + div(ρ̄iūi ⊗ ūi).

(3.81)
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Similarly, we reformulate (3.78) as:

∂t

 
ρ̄ē+

n1
j=1

1

2
ρ̄j v̄

2
j

'
+ div

 
n1

j=1

"
ρ̄j ēj + p̄j +

1

2
ρ̄j v̄

2
j

)
v̄j

'

= div
!
κ̄∇θ̄

(
+

n1
j=1

ρ̄j b̄j · v̄j + ρ̄r̄ + Q̄,

(3.82)

where

Q̄ = ∂t

 
1

2

n1
j=1

ρ̄jū
2
j

'
+ div

 
1

2

n1
j=1

ρ̄jū
2
j ūj

'
+ div

 
3

2

n1
j=1

ρ̄jū
2
j v̄

'
, (3.83)

because due to (3.70)

1

2

n1
j=1

ρ̄j v̄
2
j −

1

2
ρ̄v̄2 =

1

2

n1
j=1

ρ̄jū
2
j

and

1

2

n1
j=1

ρ̄j v̄
2
j v̄j −

1

2
ρ̄v̄2v̄ =

1

2

n1
j=1

ρ̄jū
2
j ūj +

3

2

n1
j=1

ρ̄jū
2
j v̄.

The equations of the Class–I model are thus reformulated as equations of a

Class–II model (namely equations (3.76), (3.80), (3.82)), with the terms R̄i and

Q̄ given by (3.81) and (3.83), respectively. The latter are viewed as error terms.

The Maxwell–Stefan system

−
1
j ̸=i

bij θ̄ρ̄iρ̄j(ūi − ūj) = ϵ

"
ρ̄i
ρ̄
(ρ̄b̄−∇p̄)− ρ̄ib̄i +∇p̄i

)
,

n1
j=1

ρ̄jūj = 0,

(3.84)

is uniquely solvable [31, 25], which implies ūi = O(ϵ) and thus for smooth solu-

tions R̄i and Q̄ are of order O(ϵ) and O(ϵ2) respectively.
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3.2.3 Notions of solutions

In the following, we give the definitions of solutions that will be used. We use

the notation ω = ((ρ1, . . . , ρn, v1, . . . , vn, θ).

Definition 1. A function (ρ1, . . . , ρn, v1, . . . , vn, θ) is called a weak solution of

the Class–II model (3.62)–(3.64), if for all i ∈ {1, . . . , n}:

0 ≤ ρi ∈ C0([0,∞);L1(T3)), ρivi ∈ C0([0,∞);L1(T3;R3)),

ρivi ⊗ vi ∈ L1
loc(T3 × [0,∞);R3 × R3), pi ∈ L1

loc(T3 × [0,∞)),

ρibi ∈ L1
loc(T3 × [0,∞);R3),

0 < θ ∈ C0([0,∞);L1(R3)), (ρiei +
1

2
ρiv

2
i ) ∈ C0([0,∞);L1(R3)),

(ρiei + pi +
1

2
ρiv

2
i )vi ∈ L1

loc(R3 × [0,∞);R3), κ∇θ ∈ L1
loc(R3 × [0,∞);R3),

(ρibi · vi + ρr) ∈ L1
loc(R3 × [0,∞))

and (ρ1, . . . , ρn, v1, . . . , vn, θ) solves for all ψi, ξ ∈ C∞
c ([0,∞);C∞(T3)) and ϕi ∈

C∞
c ([0,∞);C∞(T3;R3)):

−
�
T3

ρi(x, 0)ψi(x, 0)dx−
� ∞

0

�
T3

ρi∂tψidxdt

−
� ∞

0

�
T3

ρivi · ∇ψidxdt = 0,

(3.85)

−
�
T3

(ρivi)(x, 0)ϕi(x, 0)dx−
� ∞

0

�
T3

ρivi · ∂tϕidxdt

−
� ∞

0

�
T3

(ρivi ⊗ vi + piI) : ∇ϕidxdt =

� ∞

0

�
T3

ρibiϕidxdt

− 1

ϵ

� ∞

0

�
T3

θ
n1

j=1

bijρiρj(vi − vj)ϕidxdt

(3.86)

and
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−
� ∞

0

�
T3

(ρe+
1

2

n1
j=1

ρjv
2
j )(x, 0)ξ(x, 0)dxdt

−
� ∞

0

�
T3

(ρe+
1

2

n1
j=1

ρjv
2
j )∂tξdxdt

−
� ∞

0

�
T3

n1
j=1

(ρjej + pj +
1

2
ρjv

2
j )vj · ∇ξdxdt

= −
� ∞

0

�
T3

κ∇θ · ∇ξdxdt+

� ∞

0

�
T3

(
n1

j=1

ρjbj · vj + ρr)ξdxdt.

(3.87)

Definition 2. A function (ρ1, . . . , ρn, v1, . . . , vn, θ) is called a dissipative weak

solution of the Class–II model (3.62)–(3.64), if it is a weak solution and moreover:

ρη ∈ C0([0,∞);L1(T3)), ρiηivi ∈ L1
loc(T3 × [0,∞);R3),

κ∇ log θ ∈ L1
loc(T3 × [0,∞);R3), κ|∇ log θ|2 ∈ L1

loc(T3 × [0,∞)),

ρr

θ
∈ L1

loc(T3 × [0,∞)),

for all i ∈ {1, . . . , n} and the integrated entropy inequality

−
�
T3

(ρη)(x, 0)χ(x, 0)dx−
� ∞

0

�
T3

ρη∂tχdxdt

−
� ∞

0

�
T3

n1
j=1

ρjηjvj · ∇χdxdt ≥ −
� ∞

0

�
T3

1

θ
κ∇θ · ∇χdxdt

+

� ∞

0

�
T3

1

θ2
κ|∇θ|2χdxdt+

� ∞

0

�
T3

ρr

θ
χdxdt

+
1

2ϵ

n1
i=1

n1
j=1

� ∞

0

�
T3

bijρiρj|vi − vj|2χdxdt,

(3.88)

holds for all test functions χ ∈ C∞
c ([0,∞);C∞(T3)).

Definition 3. A function (ρ̄1, . . . , ρ̄n, v̄1, . . . , v̄n, θ̄) is called a strong solution of

the Class–I model (3.66)–(3.70), if (3.66)–(3.71) hold almost everywhere in T3

and for all t > 0.
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3.2.4 Derivation of the relative entropy inequality

We, now, make the derivation of the relative entropy inequality rigorous:

Proposition 4. Let ω be a dissipative weak solution of the Class–II model (3.62)–

(3.64) and ω̄ a strong solution of the Class–I model (3.66)–(3.71). Then, the

following relative entropy inequality holds for every t > 0:

H(ω|ω̄)(t) + 1

2ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bijρiρj|(vi − vj)− (v̄i − v̄j)|2dxds

+

� t

0

�
T3

θ̄κ|∇ log θ −∇ log θ̄|2dxds ≤ H(ω|ω̄)(0)

−
n1

i=1

� t

0

�
T3

pi(ω|ω̄) div v̄idxds+
n1

i=1

� t

0

�
T3

ρi(bi − b̄i) · (vi − v̄i)dxds

−
n1

i=1

� t

0

�
T3

ρi(vi − v̄i) · ∇v̄i(vi − v̄i)dxds

−
n1

i=1

� t

0

�
T3

(ρiηi)(ω|ω̄)(∂sθ̄ + v̄i · ∇θ̄)dxds+
n1

i=1

� t

0

�
T3

R̄i · v̄idxds

−
n1

i=1

� t

0

�
T3

ρi(vi − v̄i) · ∇θ̄(ηi − η̄i)dxds

−
n1

i=1

� t

0

�
T3

ρi
ρ̄i
(vi − v̄i) · R̄idxds−

� t

0

�
T3

Q̄dxds

+

� t

0

�
T3

(∇ log θ −∇ log θ̄) · ∇ log θ̄(θκ̄− θ̄κ)dxds

− 1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bijρi(vi − v̄i) · (ρj − ρ̄j)(v̄i − v̄j)dxds

+
1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

(θ − θ̄)bijρiρj(vi − v̄i) · (v̄i − v̄j)dxds

+
1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

(θ − θ̄)bij(ρi − ρ̄i)ρ̄j(v̄i − v̄j) · v̄idxds

+
1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

(θ − θ̄)bijρi(ρj − ρ̄j)(v̄i − v̄j) · v̄idxds

+

� t

0

�
T3

�ρr
θ

− ρ̄r̄

θ̄

&
(θ − θ̄)dxds.

(3.89)

Proof. Multiply (3.76),(3.80),(3.82) and (3.79) by the test functions ψi, ϕi, ξ, χ

respectively, as in the weak formulation of the equations of the Class–II model,
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integrate them over T3 × (0,∞) and subtract them from (3.85)–(3.88), in order

to obtain:

−
�
T3

(ρi − ρ̄i)(x, 0)ψi(x, 0)dx−
� ∞

0

�
T3

(ρi − ρ̄i)∂tψidxdt

−
� ∞

0

�
T3

(ρivi − ρ̄iv̄i) · ∇ψidxdt = 0,

−
�
T3

(ρivi − ρ̄iv̄i)(x, 0)ϕi(x, 0)dx−
� ∞

0

�
T3

(ρivi − ρ̄iv̄i)∂tϕidxdt

−
� ∞

0

�
T3

(ρivi ⊗ vi − ρ̄iv̄i ⊗ v̄i) : ∇ϕidxdt

=

� ∞

0

�
T3

(ρibi −∇pi − ρ̄ib̄i +∇p̄i) · ϕidxdt−
� ∞

0

�
T3

R̄i · ϕidxdt

− 1

ϵ

� ∞

0

�
T3

 
θ
1
j ̸=i

bijρiρj(vi − vj)− θ̄
1
j ̸=i

bij ρ̄iρ̄j(v̄i − v̄j

'
· ϕidxdt,

−
�
T3

 
ρe+

1

2

n1
j=1

ρjv
2
j − ρ̄ē− 1

2

n1
j=1

ρ̄j v̄
2
j

'
(x, 0)ξ(x, 0)dx

−
� ∞

0

�
T3

 
ρe+

1

2

n1
j=1

ρjv
2
j − ρ̄ē− 1

2

n1
j=1

ρ̄j v̄
2
j

'
∂tξdxdt

+

� ∞

0

�
T3

(κ∇θ − κ̄∇θ̄) · ∇ξdxdt+

� ∞

0

�
T3

Q̄ξdxdt

−
� ∞

0

�
T3

n1
j=1

"
(ρjej + pj +

1

2
ρjv

2
j )vj − (ρ̄j ēj + p̄j +

1

2
ρ̄j v̄

2
j )v̄j

)
· ∇ξdxdt

=

� ∞

0

�
T3

 
ρr +

n1
j=1

ρjbj · vj − ρ̄r̄ −
n1

j=1

ρ̄j b̄j · v̄j
'
ξdxdt
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and

−
�
T3

(ρη − ρ̄η̄)(x, 0)χ(x, 0)dx−
� ∞

0

�
T3

(ρη − ρ̄η̄)∂tχdxdt

−
� ∞

0

�
T3

n1
j=1

(ρjηjvj − ρ̄j η̄j v̄j) · ∇χdxdt

≥ −
� ∞

0

�
T3

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)
· ∇χdxdt+

� ∞

0

�
T3

�ρr
θ

− ρ̄r̄

θ̄

&
χdxdt

+

� ∞

0

�
T3

 
1

2ϵ

n1
i=1

n1
j=1

bijρiρj|vi − vj|2 − 1

2ϵ

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2
'
χdxdt

+

� ∞

0

�
T3

"
1

θ2
κ|∇θ|2 − 1

θ̄2
κ̄|∇θ̄|2

)
χdxdt.

We choose the test functions ψi =
!
µ̄i − 1

2
v̄2i
(
ζ, ψi = v̄iζ, ξ = −ζ and χ =

θ̄ζ where

ζ(s) =

������������
1 0 ≤ s < t

t−s
δ

+ 1 t ≤ s < t+ δ

0 s ≥ t+ δ

,

and let δ → 0, to obtain:

−
�
T3

(ρi − ρ̄i)(x, 0)

"
µ̄i − 1

2
v̄2i

)
(x, 0)dx−

� t

0

�
T3

(ρi − ρ̄i)∂s

"
µ̄i − 1

2
v̄2i

)
dxds

+

�
T3

(ρi − ρ̄i)

"
µ̄i − 1

2
v̄2i

)
dxds−

� t

0

�
T3

(ρivi − ρ̄iv̄i) · ∇
"
µ̄i − 1

2
v̄2i

)
dx = 0,

−
�
T3

(ρivi − ρ̄iv̄i)(x, 0)v̄i(x, 0)dx−
� t

0

�
T3

(ρivi − ρ̄iv̄i)∂sv̄idxds

+

�
T3

(ρivi − ρ̄iv̄i)v̄idx−
� t

0

�
T3

(ρivi ⊗ vi − ρ̄iv̄i ⊗ v̄i) : ∇v̄idxds

=

� t

0

�
T3

(ρibi −∇pi − ρ̄ib̄i +∇p̄i) · v̄idxds−
� t

0

�
T3

R̄i · v̄idxds

− 1

ϵ

� t

0

�
T3

 
θ
1
j ̸=i

bijρiρj(vi − vj)− θ̄
1
j ̸=i

bij ρ̄iρ̄j(v̄i − v̄j

'
· v̄idxds,
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�
T3

 
ρe+

1

2

n1
j=1

ρjv
2
j − ρ̄ē− 1

2

n1
j=1

ρ̄j v̄
2
j

'
(x, 0)dx

−
�
T3

 
ρe+

1

2

n1
j=1

ρjv
2
j − ρ̄ē− 1

2

n1
j=1

ρ̄j v̄
2
j

'
dx

= −
� t

0

�
T3

 
ρr +

n1
j=1

ρjbj · vj − ρ̄r̄ −
n1

j=1

ρ̄j b̄j · v̄j
'
dxds+

� t

0

�
T3

Q̄dxds

−
�
T3

(ρη − ρ̄η̄)(x, 0)θ̄(x, 0)dx−
� t

0

�
T3

(ρη − ρ̄η̄)∂sθ̄dxds+

�
T3

(ρη − ρ̄η̄)θ̄dx

−
� t

0

�
T3

n1
j=1

(ρjηjvj − ρ̄j η̄j v̄j) · ∇θ̄dxds ≥ −
� t

0

�
T3

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)
· ∇θ̄dxds

+

� t

0

�
T3

 
1

2ϵ

n1
i=1

n1
j=1

bijρiρj|vi − vj|2 − 1

2ϵ

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2
'
θ̄dxds

+

� t

0

�
T3

"
1

θ2
κ|∇θ|2 − 1

θ̄2
κ̄|∇θ̄|2

)
θ̄dxds+

� t

0

�
T3

�ρr
θ

− ρ̄r̄

θ̄

&
θ̄dxds.

Then, summing everything up and by virtue of the computation

−
n1

i=1

(ρi − ρ̄i)

"
µ̄i − 1

2
v̄2i

)
−

n1
i=1

(ρivi − ρ̄iv̄i)v̄i

+

 
ρe+

1

2

n1
i=1

ρiv
2
i − ρ̄ē− 1

2

n1
i=1

ρ̄iv̄
2
i

'
− (ρη − ρ̄η̄)θ̄

= −
n1

i=1

(ρi − ρ̄i)µ̄i +
1

2

n1
i=1

(ρiv̄
2
i − 2ρivi · v̄i + ρiv

2
i ) + (ρe− ρ̄ē)

− (ρη − ρ̄η̄)θ̄ =
1

2

n1
i=1

ρi|vi − v̄i|2 −
n1

i=1

(ρiψi)ρi(ρi − ρ̄i) + ρe− ρ̄ē− ρηθ̄ + ρ̄η̄θ̄

=
1

2

n1
i=1

ρi|vi − v̄i|2 +
n1

i=1

(ρiψi)(ω|ω̄) + (ρη − ρ̄η̄)(θ − θ̄) = H(ω|ω̄),

one gets the inequality:

H(ω|ω̄)(t) ≤ H(ω|ω̄)(0) + I1 + I2 + I3 + I4 + I5 + I6 + I7,
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where

I1 = −
n1

i=1

� t

0

�
T3

(ρi − ρ̄i) · ∂s
"
µ̄i − 1

2
v̄2i

)
dxds

−
n1

i=1

� t

0

�
T3

(ρivi − ρ̄iv̄i)∂sv̄idxds−
� t

0

�
T3

(ρη − ρ̄η̄)∂sθ̄dxds,

I2 = −
n1

i=1

� t

0

�
T3

(ρivi − ρ̄iv̄i) · ∇
"
µ̄i − 1

2
v̄2i

)
dxds

−
n1

i=1

� t

0

�
T3

(ρivi ⊗ vi − ρ̄iv̄i ⊗ v̄i) : ∇v̄idxds

−
n1

i=1

� t

0

�
T3

(ρiviηi − ρ̄iv̄iη̄i) · ∇θ̄dxds,

I3 =
1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θbijρiρj(vi − vj) · v̄idxds

− 1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

− 1

2ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bijρiρj|vi − vj|2dxds

+
1

2ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bij ρ̄iρ̄j|v̄i − v̄j|2dxds,

I4 =

� t

0

�
T3

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)
·∇θ̄dxds−

� t

0

�
T3

"
1

θ2
κ|∇θ|2 − 1

θ̄2
κ̄|∇θ̄|2

)
θ̄dxds,

I5 = −
n1

i=1

� t

0

�
T3

(ρibi − ρ̄ib̄i) · v̄idxds−
� t

0

�
T3

�ρr
θ

− ρ̄r̄

θ̄

&
θ̄dxds

+

� t

0

�
T3

 
ρr +

n1
i=1

ρibi · vi − ρ̄r̄ −
n1

i=1

ρ̄ib̄i · v̄i
'
dxds,

I6 = −
n1

i=1

� t

0

�
T3

(pi − p̄i) div v̄idxds

I7 =
n1

i=1

� t

0

�
T3

R̄i · v̄idxds−
� t

0

�
T3

Q̄dxds.

We, now, want to rearrange the above terms. We start with I1 and carry out
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the following calculation:

I1 = −
� t

0

�
T3

n1
i=1

(ρi − ρ̄i)
!
(µ̄i)ρi∂sρ̄i + (µ̄i)θ∂sθ̄

(
dxds

−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i)∂sv̄idxds−
� t

0

�
T3

n1
i=1

(ρiηi − ρ̄iη̄i)∂sθ̄dxds

= −
� t

0

�
T3

n1
i=1

(ρi − ρ̄i)
!
(µ̄i)ρi∂sρ̄i + (µ̄i)θ∂sθ̄

(
dxds

−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i)∂sv̄idxds−
� t

0

�
T3

n1
i=1

(ρiηi)(ω|ω̄)∂sθ̄dxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)ρi(ρi − ρ̄i)∂sθ̄dxds−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)θ(θ − θ̄)∂sθ̄dxds

and since

(ρiηi)ρi = (−(ρiψi)θ)ρi = −((ρiψi)ρi)θ = −(µi)θ, (3.90)

we see that

I1 = −
� t

0

�
T3

n1
i=1

ρi(vi − v̄i)∂sv̄idxds−
� t

0

�
T3

n1
i=1

(ρiηi)(ω|ω̄)∂sθ̄dxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)θ(θ − θ̄)∂sθ̄dxds−
� t

0

�
T3

n1
i=1

(ρi − ρ̄i)(µ̄i)ρi∂sρ̄idxds

=: I11 + · · ·+ I14,
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where

I13 = −
� t

0

�
T3

∂s(ρ̄η̄)(θ − θ̄)dxds+

� t

0

�
T3

n1
i=1

(ρ̄iη̄i)ρi(θ − θ̄)∂sρ̄idxds

=

� t

0

�
T3

div

 
n1

i=1

ρ̄iη̄iv̄i

'
(θ − θ̄)

+

� t

0

�
T3

1

θ̄
κ̄∇θ̄ · ∇(θ − θ̄)dxds

−
� t

0

�
T3

1

θ̄2
κ̄|∇θ̄|2(θ − θ̄)dxds

− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2(θ − θ̄)dxds

−
� t

0

�
T3

ρ̄r̄

θ̄
(θ − θ̄)dxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)ρi(θ − θ̄)∇ρ̄i · v̄idxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)ρi(θ − θ̄)ρ̄i div v̄idxds

=: I131 + · · ·+ I137

and we have used (3.76) and (3.79) and an integration by parts in the term I132.

Moreover,

I131 =

� t

0

�
T3

n1
i=1

∇(ρ̄iη̄i) · v̄i(θ − θ̄)dxds

+

� t

0

�
T3

n1
i=1

ρ̄iη̄i div v̄i(θ − θ̄)dxds =: I1311 + I1312.
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Again using (3.76),

I14 =

� t

0

�
T3

n1
i=1

(ρi − ρ̄i)(µ̄i)ρi∇ρ̄i · v̄idxds

+

� t

0

�
T3

n1
i=1

(ρi − ρ̄i)(µ̄i)ρi ρ̄i div v̄idxds

=

� t

0

�
T3

n1
i=1

(ρi − ρ̄i)∇µ̄i · v̄idxds

−
� t

0

�
T3

n1
i=1

(ρi − ρ̄i)(µ̄i)θ∇θ̄ · v̄idxds

+

� t

0

�
T3

n1
i=1

(ρi − ρ̄i)(µ̄i)ρi ρ̄i div v̄idxds

=: I141 + · · ·+ I143.

We now write I2 as

I2 = −
� t

0

�
T3

n1
i=1

(ρivi − ρ̄iv̄i) · ∇µ̄idxds−
� t

0

�
T3

n1
i=1

ρivi · ∇v̄i(vi − v̄i)

−
� t

0

�
T3

n1
i=1

(ρiηivi − ρ̄iη̄iv̄i) · ∇θ̄dxds

= −
� t

0

�
T3

n1
i=1

(ρivi − ρ̄iv̄i) · ∇µ̄idxds−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · ∇v̄i(vi − v̄i)

−
� t

0

�
T3

n1
i=1

ρiv̄i · ∇v̄i(vi − v̄i)dxds−
� t

0

�
T3

n1
i=1

(ρiηivi − ρ̄iη̄iv̄i) · ∇θ̄dxds

and if we add and subtract the term with the relative pressure:

I2 = −
� t

0

�
T3

n1
i=1

(ρivi − ρ̄iv̄i) · ∇µ̄idxds−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · ∇v̄i(vi − v̄i)

−
� t

0

�
T3

n1
i=1

ρiv̄i · ∇v̄i(vi − v̄i)dxds−
� t

0

�
T3

n1
i=1

pi(ω|ω̄) div v̄idxds

−
� t

0

�
T3

n1
i=1

(p̄i)ρi(ρi − ρ̄i) div v̄idxds−
� t

0

�
T3

n1
i=1

(p̄i)θ(θ − θ̄) div v̄idxds

−
� t

0

�
T3

n1
i=1

(ρiηivi − ρ̄iη̄iv̄i) · ∇θ̄dxds+

� t

0

�
T3

n1
i=1

(pi − p̄i) div v̄idxds

=: I21 + · · ·+ I28.
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Now, I28 cancels out with I6, while

I27 = −
� t

0

�
T3

n1
i=1

(ρiηi − ρ̄iη̄i)v̄i · ∇θ̄dxds

−
� t

0

�
T3

n1
i=1

ρiηi(vi − v̄i) · ∇θ̄dxds

= −
� t

0

�
T3

n1
i=1

(ρiηi)(ω|ω̄)v̄i · ∇θ̄dxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)ρi(ρi − ρ̄i)v̄i · ∇θ̄dxds

−
� t

0

�
T3

n1
i=1

(ρ̄iη̄i)θ(θ − θ̄)v̄i · ∇θ̄dxds

−
� t

0

�
T3

n1
i=1

ρiηi(vi − v̄i) · ∇θ̄dxds

=: I271 + · · ·+ I274

and thus I272 cancels out with I142 and I1311 cancels out with I136 and I273. Fur-

thermore, due to

∇pi = ρi∇µi + ρiηi∇θ, (3.91)

which can be obtained by applying the gradient operator to (2.32) and using

(2.50) and (2.51), we have

I21 = −
� t

0

�
T3

n1
i=1

∇µ̄i · (ρi − ρ̄i)vidxds−
� t

0

�
T3

n1
i=1

∇µ̄i · ρ̄i(vi − v̄i)dxds

= −
� t

0

�
T3

n1
i=1

∇µ̄i · (ρi − ρ̄i)(vi − v̄i)dxds

−
� t

0

�
T3

n1
i=1

∇µ̄i · (ρi − ρ̄i)v̄idxds

+

� t

0

�
T3

n1
i=1

ρ̄iη̄i∇θ̄ · (vi − v̄i)dxds

−
� t

0

�
T3

n1
i=1

∇p̄i · (vi − v̄i)dxds

=: I211 + · · ·+ I214,

53



where I212 cancels out with I141 and

I213 + I274 = −
� t

0

�
T3

n1
i=1

(ρiηi − ρ̄η̄i)(vi − v̄i) · ∇θ̄dxds.

Regarding I11, using (3.80) we get

I11 =

� t

0

�
T3

n1
i=1

ρiv̄i · ∇v̄i(vi − v̄i)dxds−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · b̄idxds

+

� t

0

�
T3

n1
i=1

ρi
ρ̄i
(vi − v̄i) · ∇p̄idxds−

� t

0

�
T3

n1
i=1

ρi
ρ̄i
(vi − v̄i) · R̄idxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

ρi(vi − v̄i)θ̄bij ρ̄j(v̄i − v̄j)dxds =: I111 + · · ·+ I115.

Notice that I111 cancels out with I23 and

I214 + I113 =

� t

0

�
T3

n1
i=1

1

ρ̄i
∇p̄i · (vi − v̄i)(ρi − ρ̄i),

which combined with I211 gives, due to (3.91),

I214 + I113 + I211 =

� t

0

�
T3

n1
i=1

η̄i(ρi − ρ̄i)(vi − v̄i) · ∇θ̄dxds

and hence

I214 + I113 + I211 + I213 + I274 = −
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · ∇θ̄(ηi − η̄i)dxds.

Finally, (3.91) implies

(pi)ρi = ρi(µi)ρi ,

(pi)θ = ρiηi + ρi(µi)θ,

(3.92)

(3.93)

and due to (3.93),

I1312 + I26 = −
� t

0

�
T3

n1
i=1

ρ̄i(µ̄i)θ(θ − θ̄) div v̄idxds,
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which cancels out with I137, because of (3.90), while due to (3.92), I25 cancels

out with I143.

Putting together I1, I2 and I6, we get

I1 + I2 + I6 = −
n1

i=1

� t

0

�
T3

pi(ω|ω̄) div v̄idxds

−
n1

i=1

� t

0

�
T3

ρi
ρ̄i
(vi − v̄i) · R̄idxds

−
n1

i=1

� t

0

�
T3

ρi(vi − v̄i) · ∇v̄i(vi − v̄i)dxds

−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · b̄idxds

−
n1

i=1

� t

0

�
T3

(ρiηi)(ω|ω̄)(∂sθ̄ + v̄i · ∇θ̄)dxds

+

� t

0

�
T3

1

θ̄
κ̄∇θ̄ · ∇(θ − θ̄)dxds

−
n1

i=1

� t

0

�
T3

ρi(vi − v̄i) · ∇θ̄(ηi − η̄i)dxds

−
� t

0

�
T3

1

θ̄2
κ̄|∇θ̄|2(θ − θ̄)dxds−

� t

0

�
T3

ρ̄r̄

θ̄
(θ − θ̄)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

ρi(vi − v̄i)θ̄bij ρ̄j(v̄i − v̄j)dxds

− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2(θ − θ̄)dxds.

(3.94)

The plan for the rest of the proof is to combine I3 and I4 with the friction and

heat–conduction terms in (3.94) respectively, I5 with the terms containing forces

and heat supply and I7 with the term containing the remainder R̄i.

We start by noticing that

I3 =
1

ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θbijρiρj(vi − vj) · v̄idxds

− 1

2ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bijρiρj|vi − vj|2dxds.
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The reason is that due to the symmetry of bij

−1

ϵ

n1
i=1

n1
j=1

θ̄bij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds = − 1

2ϵ

n1
i=1

n1
j=1

θ̄bij ρ̄iρ̄j|v̄i − v̄j|2dxds

and thus the second and fourth terms of I3 cancel out with each other. Therefore,

for the friction terms, we have:

F := I3 +
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

ρi(vi − v̄i)θ̄bij ρ̄j(v̄i − v̄j)dxds

− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

bij ρ̄iρ̄j|v̄i − v̄j|2(θ − θ̄)dxds

=
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρj(vi − vj) · v̄idxds

− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj|vi − vj|2dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

ρi(vi − v̄i)θ̄bij ρ̄j(v̄i − v̄j)dxds

− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

bijθρ̄iρ̄j|v̄i − v̄j|2dxds

+
1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

bij θ̄ρ̄iρ̄j|v̄i − v̄j|2dxds

=: F1 + · · ·+ F5
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and we start by collecting only the terms that are multiplied by θ̄:

F2 + F3 + F5 =− 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj|vi − vj|2dxds

+
1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bij ρ̄iρ̄j|v̄i − v̄j|2dxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj(vi − vj) · (vi − v̄i)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj(vi − vj) · (vi − v̄i)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · ρ̄j(v̄i − v̄j)dxds

=: f1 + · · ·+ f5.

The last term can be written as

f5 = −1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · (ρj − ρ̄j)(v̄i − v̄j)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · ρj(v̄i − v̄j)dxds

=: f51 + f52

(3.95)

and f52 can be combined with f3, in order to give

f52 + f3 = −1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj(vi − v̄i) · ((vi − vj)− (v̄i − v̄j))dxds,

and because of the symmetry in the indices i, j

f52 + f3 = − 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj|(vi − vj)− (v̄i − v̄j)|2dxds.
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Now, we collect F1 and F4 with f1, f2 and f4 to obtain

F1 + F4 + f1 + f2 + f4 = −1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvj · (vi − v̄i)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvi · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvj · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj(vi − vj) · vidxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvi · (vi − v̄i)dxds

and, due to symmetry,

−1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvj · v̄idxds = −1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvi · v̄jdxds,

which implies that
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F1 + F4 + f1 + f2 + f4 =
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvi · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbijρiρjvi · v̄jdxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θbij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvi · vidxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvi · vjdxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvi · (vi − v̄i)dxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρjvj · (vi − v̄i)dxds

=
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρiρjvi · v̄idxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρiρj v̄i · v̄jdxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρiρj(vi − v̄i) · v̄jdxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bij ρ̄iρ̄j(v̄i − v̄j) · v̄idxds

=
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρiρj(vi − v̄i) · (v̄i − v̄j)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bij(ρi − ρ̄i)ρ̄j(v̄i − v̄j) · v̄idxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρi(ρj − ρ̄j)(v̄i − v̄j) · v̄idxds,
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so that

F = − 1

2ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρiρj|(vi − vj)− (v̄i − v̄j)|2dxds

− 1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · (ρj − ρ̄j)(v̄i − v̄j)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρiρj(vi − v̄i) · (v̄i − v̄j)dxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bij(ρi − ρ̄i)ρ̄j(v̄i − v̄j) · v̄idxds

+
1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

(θ − θ̄)bijρi(ρj − ρ̄j)(v̄i − v̄j) · v̄idxds.

Regarding the heat conduction terms,

I4 +

� t

0

�
T3

1

θ̄
κ̄∇θ̄ · ∇(θ − θ̄)dxds−

� t

0

�
T3

1

θ̄2
κ̄|∇θ̄|2(θ − θ̄)dxds

=

� t

0

�
T3

!
κ∇ log θ − κ̄∇ log θ̄

( · ∇θ̄dxds

−
� t

0

�
T3

(κ|∇ log θ|2 − κ̄|∇ log θ̄|2)θ̄dxds

+

� t

0

�
T3

κ̄∇ log θ̄ · (∇θ −∇θ̄)dxds−
� t

0

�
T3

κ̄|∇ log θ̄|2(θ − θ̄)dxds

= −
� t

0

�
T3

θ̄κ|∇ log θ −∇ log θ̄|2dxds−
� t

0

�
T3

(∇ log θ −∇ log θ̄) · ∇θ̄κdxds

+

� t

0

�
T3

(∇ log θ −∇ log θ̄) · ∇ log θ̄θκ̄dxds

= −
� t

0

�
T3

θ̄κ|∇ log θ −∇ log θ̄|2dxds

−
� t

0

�
T3

(∇ log θ −∇ log θ̄) · ∇ log θ̄(θκ̄− θ̄κ)dxds.

We, now, pass to the terms containing forces and heat supplies:

I5 −
� t

0

�
T3

n1
i=1

ρi(vi − v̄i · b̄idxds−
� t

0

�
T3

ρ̄r̄

θ̄
(θ − θ̄)dxds

=

� t

0

�
T3

n1
i=1

ρi(bi − b̄i) · (vi − v̄i)dxds+

� t

0

�
T3

�ρr
θ

− ρ̄r̄

θ̄

&
(θ − θ̄)dxds
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and finally,

I7 −
� t

0

�
T3

n1
i=1

ρi
ρ̄i
(vi − v̄i) · R̄idxds

=

� t

0

�
T3

n1
i=1

R̄i · v̄idxds−
� t

0

�
T3

Q̄dxds−
� t

0

�
T3

n1
i=1

ρi
ρ̄i
(vi − v̄i) · R̄idxds.

Putting everything together, we arrive at (3.89).

3.2.5 Validation of the high–friction limit

A careful estimation of the terms on the right-hand side of (3.89) implies the

following theorem:

Theorem 5. Let ω be a dissipative weak solution of the Class–II model (3.62)–

(3.64) and ω̄ a strong solution of the Class–I model (3.66)–(3.70). We assume

that the weak solution satisfies

0 ≤ ρ1, . . . , ρn ≤ M, 0 < γ ≤ ρ ≤ M, 0 < γ ≤ θ ≤ M

and the strong solution satisfies

0 < γ ≤ ρ̄1, . . . , ρ̄n ≤ M, |v̄1|, . . . , |v̄n| ≤ M, 0 < γ ≤ θ̄ ≤ M,

|∇v̄1|, . . . , |∇v̄n| ≤ M, |∂tθ̄| ≤ M, |∇θ̄| ≤ M,

for some γ,M > 0. Moreover, assume that κ and ρr
θ

are Lipschitz functions

of (ρ1, . . . , ρn, θ), with κ bounded away from zero, bi are Lipschitz functions of

(ρ1, . . . , ρn, v1, . . . , vn, θ), for all i ∈ {1, . . . , n} and the free energy functions

ρiψi ∈ C3(U) satisfy (3.73), for all i ∈ {1, . . . , n}. Then, if the initial data

are such that H(ω|ω̄)(0) → 0, as ϵ → 0, we have that H(ω|ω̄)(t) → 0, for all

t > 0, as ϵ → 0.

Remark 6. Notice that the assumption ρiψi ∈ C3(U) does not in general hold
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for all free energy functions. In the case of the ideal gas, for instance, ψi =

Riθ log ρi − ciθ log θ, where Ri, ci are constants, which fails to be C3, unless both

ρi and θ are bounded away from zero. In this case, Theorem 5 is still valid under

the additional assumption 0 < γ ≤ ρ1, . . . , ρn ≤ M (see [22, Section 5]).

Proof. Having obtained the relative entropy inequality (3.89), Theorem 5 is a

direct application of Young’s inequality and Grönwall’s Lemma. In particular,

we estimate each term on the right-hand side of (3.89), as follows:

We start by noticing that, according to [22, Lemma 4.1], due to the smoothness

of the free energy and the bounds on the strong solution, we have the following

bounds:

|pi(ω|ω̄)| ≤ C
!|ρi − ρ̄i|2 + |θ − θ̄|2(

and

|(ρiηi)(ω|ω̄)| ≤ C
!|ρi − ρ̄i|2 + |θ − θ̄|2( ,

which imply that

55555−
� t

0

�
T3

1
i=1n

(ρiηi)(ω|ω̄)(∂sθ̄ + v̄i · ∇θ̄)dxds

55555
≤ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 + |θ − θ̄|2
'
dxds

and

55555−
� t

0

�
T3

1
i=1n

pi(ω|ω̄) div v̄idxds
55555 ≤ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 + |θ − θ̄|2
'
dxds.

Again by the smoothness of the free energy, and thus the entropy, we obtain

|ηi − η̄i| ≤ C(|ρi − ρ̄i|+ |θ − θ̄|)
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and thus by Young’s inequality,

55555−
� t

0

�
T3

n1
i=1

ρi(vi − v̄i) · ∇θ̄(ηi − η̄i)dxds

55555
≤ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 +
n1

i=1

ρi|vi − v̄i|2 + |θ − θ̄|2
'
dxds.

Moreover, by Young’s inequality and the Lipschitz continuity of bi,55555
� t

0

�
T3

n1
i=1

ρi(bi − b̄i) · (vi − v̄i)dxds

55555
≤ C

� t

0

�
T3

n1
i=1

!
ρi|vi − v̄i|2 + ρi|bi − b̄i|2

(
dxds

≤ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 +
n1

i=1

ρi|vi − v̄i|2 + |θ − θ̄|2
'
dxds.

Furthermore,

5555− � t

0

�
T3

(∇ log θ −∇ log θ̄) · ∇ log θ̄(θκ̄− θ̄κ)dxds

5555
≤

� t

0

�
T3

|
0
θ̄
√
κ(∇ log θ −∇ log θ̄) · ∇ log θ̄(κ− κ̄)

θ√
θ̄κ

|dxds

+

� t

0

�
T3

|
0

θ̄
√
κ(∇ log θ −∇ log θ̄) · ∇ log θ̄(θ − θ̄)

√
κ√
θ̄
|dxds

≤ 1

2

� t

0

�
T3

θ̄κ|∇ log θ −∇ log θ̄|2dxds

+ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 + |θ − θ̄|2
'
dxds

by Young’s inequality, the lower bounds of θ̄ and κ and the Lipschitz continuity

of κ.

Also, 55555
� t

0

�
T3

 
n1

i=1

R̄i · v̄i − Q̄

'
dxds

55555 ≤ O(ϵ)
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and 55555−
� t

0

�
T3

n1
i=1

ρi
ρ̄i
(vi − v̄i) · R̄idxds

55555
≤ C

 � t

0

�
T3

n1
i=1

ρi|vi − v̄i|2dxds+
� t

0

�
T3

n1
i=1

ρi
R̄2

i

ρ̄2i
dxds

'

≤ C

� t

0

�
T3

n1
i=1

ρi|vi − v̄i|2dxds+O(ϵ).

Finally,

55555−1

ϵ

� t

0

�
T3

n1
i=1

n1
j=1

θ̄bijρi(vi − v̄i) · (ρj − ρ̄j)(v̄i − v̄j)dxds

55555
≤ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 +
n1

i=1

ρi|vi − v̄i|2
'
dxds

and C does not depend on ϵ, because 1
ϵ
(v̄i − v̄j) = O(1) and the remaining terms

are treated in a similar fashion.

Putting everything together, we obtain

H(ω|ω̄)(t) + 1

2ϵ

n1
i=1

n1
j=1

� t

0

�
T3

θ̄bijρiρj|(vi − vj)− (v̄i − v̄j)|2dxds

+
1

2

� t

0

�
T3

θ̄κ|∇ log θ −∇ log θ̄|2dxds ≤ H(ω|ω̄)(0)

+ C

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 +
n1

i=1

ρi|vi − v̄i|2 + |θ − θ̄|2
'
dxds+O(ϵ),

(3.96)

where by virtue of (3.72) and (3.74),

� t

0

�
T3

 
n1

i=1

|ρi − ρ̄i|2 +
n1

i=1

ρi|vi − v̄i|2 + |θ − θ̄|2
'
dxds ≤ C

� t

0

H(ω|ω̄)(s)ds.

The dissipation terms on the left-hand side of (3.96) are non-negative and thus

can be neglected, yielding

H(ω|ω̄)(t) ≤ [H(ω|ω̄)(0) +O(ϵ)] + C

� t

0

H(ω|ω̄)(s)ds,
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where C > 0 is independent of ϵ.

By Grönwall’s Lemma

H(ω|ω̄)(t) ≤ [H(ω|ω̄)(0) +O(ϵ)]eCt,

where C > 0 does not depend on ϵ. Letting ϵ → 0, H(ω|ω̄)(0) → 0 and thus

H(ω|ω̄)(t) → 0, for all t > 0 and the proof is completed.
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Chapter 4

Class–I systems

In this chapter, we first study the structure of the emerging Class–I model. It

turns out that it falls into the general theory of hyperbolic–parabolic composite

type systems, for which are locally well–posed. This allows us to study the zero–

diffusion limit for smooth solutions and develop a theory of convergence among

thermomechanical theories as the parameters ϵ and κ tend to zero. This theory

is based on a formal relative entropy computation that resembles the one from

section 3.2.4 and can be made rigorous following the same steps. At the end of

the chapter, we also present the case of a simple mixture of ideal gases.

4.1 Dissipative structure

For simplicity we select the external fields ri and bi to be zero and proceed to

study the mathematical structure of the Class–I model, which can be written as

follows:

∂tρi + div(ρiv) = div(−ρiui)

∂t(ρv) + div(ρv ⊗ v + pI) = 0

∂t

"
ρe+

1

2
ρv2

)
+ div

"
(ρe+

1

2
ρv2)v + pv

)
= div

 
κ∇θ −

1
i

(ρiei + pi)ui

'

(4.1)

(4.2)

(4.3)
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where ui are determined by inverting the constrained linear system

−
1
j ̸=i

bijθρiρj(ui − uj) = ϵ

"
−ρi

ρ
∇p+ ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ

)
1
i

ρiui = 0 .

(4.4)

(4.5)

Given the constitutive choices outlined in chapter 2 smooth solutions of (4.1)–

(4.5) satisfy the entropy identity

∂t(−ρη) + div(−ρηv) = div

 
1

θ

1
i

(ρiei + pi − ρiµi)ui − 1

θ
κ∇θ

'

− 1

θ2
κ|∇θ|2 + 1

θ

1
i

ui · di.
(4.6)

Notice we multiplied the entropy identity by minus one, because we want to

study the mathematical entropy, which is defined as the negative thermodynamic

entropy.

Next, setting U = [ρ1, . . . , ρn, v, θ]
⊤ with v = (v1, v2, v3), system (4.1)–(4.3)

can be written in the form:

∂t(A(U)) + div(F (U)) = div(εB(U)∇U) (4.7)

where

A(U) =



ρ1
...

ρn

ρv1

ρv2

ρv3

ρe+ 1
2
ρv2



(4.8)
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F (U) =



ρ1v1 ρ1v2 ρ1v3
...

...
...

ρnv1 ρnv2 ρnv3

ρv21 + p ρv1v2 ρv1v3

ρv1v2 ρv22 + p ρv2v3

ρv1v3 ρv2v3 ρv23 + p

(ρe+ 1
2
ρv2 + p)v1 (ρe+ 1

2
ρv2 + p)v2 (ρe+ 1

2
ρv2 + p)v3



(4.9)

Bκ(U) =



0 · · · 0 0 0 0 0

...
. . .

...
...

...
...

...

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 1



, ∇U =



∇ρ1
...

∇ρn

∇v1

∇v2

∇v3

∇θ



Bϵ(U) =



A11 · · · A1n 0 0 0 A1,n+4

...
. . .

... 0 0 0
...

An1 · · · Ann 0 0 0 An,n+4

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 0

0 · · · 0 0 0 0 02n
i=1

hi

ρi
Ai1 · · · 2n

i=1
hi

ρi
Ain 0 0 0

2n
i=1

hi

ρi
Ai,n+4


where we denote hi := ρiei + pi and write

−ρiui =
n1

j=1

Aij∇ρj + Ai,n+4∇θ, for i = 1, . . . , n
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and in (4.7) we set ε = (κ, ϵ) and B(U) = (Bκ(U), Bϵ(U)). We note that the coef-

ficients Aij and Ai,n+4 are determined by solving system (4.4)–(4.5), as explained

later in this section.

According to [30] system (4.7) fits into the class of hyperbolic–parabolic sys-

tems (see also [32]) provided the following conditions hold:

(i) A is a C2 and bijective map from its domain onto its range, with ∇A(U)

non-singular for any U in the domain of A

(ii) there is an entropy–entropy flux pair (H(U), Qi(U)), i = 1, 2, 3, generated

by a smooth (vector valued) multiplier G(U), such that

∇H = G · ∇A and ∇Qi = G · ∇Fi for i = 1, 2, 3 .

(iii) the matrix ∇2H −G · ∇2A is symmetric and positive definite

(iv) smooth solutions of (4.7) satisfy an additional conservation law (the so–

called entropy identity)

∂t(H(U)) + div(Q(U)) = div(G(U)εB(U)∇U)−∇U⊤∇G(U)⊤εB(U)∇U

(4.10)

with the matrices ∇G⊤B inducing entropy dissipation, i.e.

∇U⊤∇G(U)⊤εB(U)∇U ≥ 0 .

Let us check whether these conditions are satisfied in the case of system (4.1)–

(4.5). Indeed, setting

H(U) := −ρη(ρ1, . . . , ρn, θ) , Qi(U) := −ρη(ρ1, . . . , ρn, θ)vi , (4.11)

we see that (4.10) is precisely equation (4.6).
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Concerning (i), if U = [ρ1, . . . , ρn, v, θ]
⊤ and Ũ = [ρ̃1, . . . , ρ̃n, ṽ, θ̃]

⊤ we have

A(U) = A(Ũ) ⇔

��������
ρi = ρ̃i

v = ṽ

e(ρ1, . . . , ρn, θ) = e(ρ̃1, . . . , ρ̃n, θ̃)

where the last equality implies that θ = θ̃, provided the internal energy is an in-

creasing function of the temperature thus one-to-one. This follows from assuming

that eθ ≡ cv > 0, a property connected to the stability of equilibrium states (see

2.1.4 for more). Hence, if ψ ∈ C3 and ρ > 0, A is C2 and bijective in its domain,

with

det(∇A) = det



1 0 . . . 0 0 0 0 0

0 1 . . . 0 0 0 0 0

...
...

. . .
...

...
...

...
...

0 0 . . . 1 0 0 0 0

v1 v1 . . . v1 ρ 0 0 0

v2 v2 . . . v2 0 ρ 0 0

v3 v3 . . . v3 0 0 ρ 0

(ρe)ρ1 +
1
2
v2 (ρe)ρ2 +

1
2
v2 . . . (ρe)ρn + 1

2
v2 ρv1 ρv2 ρv3 ρcv


= ρ4cv > 0

For (ii) using the notation ρη̂ = ρη(ρ1, . . . , ρn, θ) and ρη̃ = ρη(ρ1, . . . , ρn, ρe)

and the thermodynamic relations from 2 we compute the partial derivatives of

the entropy

(ρη̂)ρi = (ρη̃)ρe(ρê)ρi + (ρη̃)ρi =
(ρe)ρi − µi

θ

(ρη̂)θ =

"
ρe− ρψ

θ

)
θ

=
[(ρe)θ − (ρψ)θ]θ − (ρe− ρψ)

θ2
=

ρeθ
θ

=
ρcv
θ

.

By virtue of the relation ∇(−ρη) = G · ∇A this determines the multiplier G to
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be

G(U) =

"
Gj(U)

)n+4

j=1

=
1

θ



µ1 − 1
2
v2

...

µn − 1
2
v2

v1

v2

v3

−1



(4.12)

while relations ∇(−ρηvi) = G · ∇Fi serve as a way of verifying that our calcula-

tions are correct; indeed, they hold for the G we found, using the properties

(µi)θ = ((ρψ)ρi)θ = ((ρψ)θ)ρi = (−ρη̂)ρi =
µi − (ρe)ρi

θ
(4.13)

Now, for (iii), note that G · ∇2A :=
n+41
j=1

Gj(U)∇2Aj(U). One easily sees that

∇2Aj = 0 for j = 1, . . . , n. Then a tedious but straightforward calculation, using

the thermodynamic relations (2.50)-(2.51) and

1

θ
(ρe)θ − (ρη)θ =

1

θ

!
(ρψ)θ + ρη

(
= 0

1

θ
(ρe)θθ − (ρη)θθ =

1

θ
(ρψ)θθ +

2

θ
(ρη)θ =

ρ

θ
ηθ =

ρ

θ2
eθ ,

implies

∇2(−ρη)−G · ∇2A =
1

θ



(ρψ)ρ1ρ1 · · · (ρψ)ρ1ρn 0 0 0 0

...
. . .

...
...

...
...

...

(ρψ)ρnρ1 · · · (ρψ)ρnρn 0 0 0 0

0 · · · 0 ρ 0 0 0

0 · · · 0 0 ρ 0 0

0 · · · 0 0 0 ρ 0

0 · · · 0 0 0 0 1
θ
ρcv



(4.14)
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Clearly, for ψ ∈ C3, ρ, θ > 0 and cv > 0, the latter will be positive definite

provided the matrix (ρψ)ρiρj is positive definite. Indeed, for any ξ ∈ Rn+4 \
{(0, . . . , 0)} we see that

ξ⊤(∇2(−ρη)−G·∇2A)ξ =
1

θ

n1
i=1

n1
j=1

(ρψ)ρiρjξiξj+
ρ

θ
(ξ2n+1+ξ2n+2+ξ2n+3)+

ρcv
θ2

ξ2n+4 > 0

The assumption that (ρψ)ρiρj is positive definite is a natural assumption in ther-

modynamics that is related to the convexity of the entropy (again we refer to [27]

regarding the stability of equilibrium states, or to [6]).

For the last condition, we need to show that ∇U⊤∇G(U)⊤εB(U)∇U ≥ 0, in

other words, the entropy production is non-negative:

ζ =
1

θ2
κ|∇θ|2 − 1

θ

1
i

ui · di ≥ 0. (4.15)

Clearly the first term is non-negative, since κ ≥ 0. For the second term we need

to invert system (4.4), in order to determine ρiui.

Various methods for the inversion of the Maxwell-Stefan system are available

in the literature, see for example [6, 25] and [4, Sec. 7.7]. In the present work,

we invert (4.4) using the Bott–Duffin inverse, following the analysis of [10]. The

advantage of this method is that it provides an explicit formula for the solution

of the linear system (4.4), (4.5), which is helpful to estimate the dissipation.

The need to introduce the Bott–Duffin inverse arises from the fact that the

desired inversion has to respect the constraint
2

i ρiui = 0, i.e. we invert within

the appropriate subspace. More precisely, we consider the solution of the generic

system

Mx+ y = w, x ∈ L, y ∈ L⊥ (4.16)

where M ∈ Rm×m, for some m ∈ N, is a matrix and L ⊂ Rm a subspace. Let PL

and PL⊥ be the projection operators onto the subspaces L and L⊥, respectively.

Then, the set of solutions of system (4.16) is the same as the set of solutions of
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the system

(MPL + PL⊥)z = w (4.17)

and [x, y]⊤ solves (4.16) if and only if x = PLz and y = PL⊥z = w−MPLz. Now,

if the matrix MPL + PL⊥ is invertible, we define the Bott–Duffin inverse of M

with respect to L by

MBD = PL(MPL + PL⊥)−1 (4.18)

so that the solution of (4.16) is given by

x = MBDd, y = w −Mx (4.19)

In our context, if we introduce the molar fractions

ci =
ρi
ρ

(4.20)

the left–hand side of (4.4) reads:

−
1
j ̸=i

bijθρiρj(ui − uj)

= −ρθ

 
√
ρi
1
j ̸=i

bijcj(
√
ρiui)−√

ρi
1
j ̸=i

bij
√
ci
√
cj(

√
ρjuj)

'

= −ρθ
√
ρi

n1
j=1

 1
k ̸=i

ckbikδij −√
cicjbij

'
√
ρjuj

= −ρθ
√
ρi

n1
j=1

Mij
√
ρjuj

where we introduce the matrix M = (Mij) given by

Mij =

��
2

k ̸=i ckbik i = j

−√
cicjbij i ̸= j

(4.21)

and we are interested in the constrained inversion Mx = w, x ∈ L, where wi =
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− ϵdi
ρθ

√
ρi
, using di from the end of section 3.1.2, xi =

√
ρiui and L = {(y1, . . . , yn) ∈

Rn :
2n

i=1

√
ρiyi = 0}. Moreover, the projection matrix PL on L is given by

(PL)ij = δij −
√
ρiρj

ρ
. (4.22)

In [10] it was proven that the matrix M from (4.21) satisfies the relation

z⊤Mz ≥ µ|PLz|2 ∀z ∈ Rn where µ = min
i ̸=j

bij (4.23)

which in turn implies that the Bott-Duffin inverse of M , namely MBD, is well–

defined, symmetric and satisfies

z⊤MBDz ≥ λ|PLz|2 ∀z ∈ Rn where λ =

 
2
1
i ̸=j

(bij + 1)

'−1

(4.24)

Therefore, system (4.4) is written

n1
j=1

Mij
√
ρjuj = − ϵdi

ρθ
√
ρi

(4.25)

and can be inverted

√
ρiui = −

n1
j=1

MBD
ij

ϵdj
ρθ
√
ρj

(4.26)

Plugging (4.26) into the last term of (4.15) we get

−1

θ

1
i

ui · di = −1

θ

1
i

√
ρiui · di√

ρi

=
ϵ

ρθ2

1
i

1
j

MBD
ij

di√
ρi

dj√
ρj

≥ 0

by (4.24). Hence, (4.15) is satisfied, which means that the matrices∇G⊤B induce

entropy dissipation as we wanted, concluding that system (4.1)–(4.3) along with

the linear system (4.4) subject to the constraint (4.5) is of hyperbolic–parabolic

type. In fact, condition (4.15) is the minimum framework inducing entropy dissi-
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pation along the evolution and at the same time allowing for degenerate diffusion

matrices (see [30]). In the next section we shall show that our problem enjoys

a stronger dissipative structure, which allows us to establish some convergence

results.

A particular case of system (4.1)–(4.5) is the system without mass–diffusion

and heat–conduction, obtained by setting κ = ϵ = 0:

∂tρi + div(ρiv) = 0 (4.27)

∂t(ρv) + div(ρv ⊗ v + pI) = 0 (4.28)

∂t

"
ρe+

1

2
ρv2

)
+ div

"
(ρe+

1

2
ρv2)v + pv

)
= 0 (4.29)

equipped with the entropy identity

∂t(−ρη) + div(−ρηv) = 0 (4.30)

We would like to show that (4.27)–(4.29) is hyperbolic under the assumptions

(ρψ)ρiρj is positive definite and eθ > 0, as long as the total mass ρ remains away

from zero. To do so, one needs to rewrite system (4.27)–(4.29) in the form

∇A(U)∂tU +
31

α=1

∇Fα(U)∂xαU = 0

where A,Fα, U are as in (4.7). Since ∇A is non-singular, we proceed to find the

characteristic speeds of the system by solving, for any N = (N1, N2, N3) on the

sphere, the eigenvalue problem

�
31

α=1

∇Fα(U)Nα − λ(U,N)∇A(U)

�
r(U,N) = 0

75



where λ, r are the eigenvalues and eigenvectors respectively and

31
α=1

∇Fα(U)Nα − λ(U,N)∇A(U)

=



v ·N − λ · · · 0 ρ1N1 ρ1N2 ρ1N3 0

...
. . .

...
...

...
...

...

0 · · · v ·N − λ ρnN1 ρnN2 ρnN3 0

pρ1N1 · · · pρnN1 ρ(v ·N − λ) 0 0 N1pθ

pρ1N2 · · · pρnN2 0 ρ(v ·N − λ) 0 N2pθ

pρ1N3 · · · pρnN3 0 0 ρ(v ·N − λ) N3pθ

0 · · · 0 N1θpθ N2θpθ N3θpθ ρcv(v ·N − λ)


By using the property

det

A B

C D

 = det(A)det(D − CA−1B)

from [33, Sec. 5], for any block of matrices A,B,C,D, we determine the charac-

teristic equation:

ρ4cv(v ·N − λ)n+2

 
(v ·N − λ)2 − 1

ρ

1
i

ρipρi −
θp2θ
cvρ2

'
= 0

which yields the wave speeds

λ1 = · · · = λn+2 = v ·N, λn+3,n+4 = v ·N ±
/

1

ρ

1
i

ρipρi +
θp2θ
cvρ2

Therefore, system (4.27)–(4.29) is hyperbolic if all eigenvalues are real, which

holds under the hypotheses ρ, θ > 0, cv > 0 and the matrix (ρψ)ρiρj is positive

semi–definite. The last hypothesis ensures that the term
2

i ρipρi is non–negative,

since 1
i

ρipρi =
1
i,j

ρiρj(µi)ρj ≥ 0.

76



In fact, the eigenvectors corresponding to the repeated eigenvalues are given by

the formula

ξ = (ξ1, ξ2, . . . , ξn, ξn+1, ξn+2,−N1

N3

ξn+1 − N2

N3

ξn+2,− 1

pθ

n1
i=1

ξipρi)

for (ξ1, . . . , ξn+2) ∈ Rn+2 and thus the dimension of the eigenspace is n+ 2.

The reader should notice that hyperbolicity is not valid at ρ = 0 (as detA

vanishes) but strict hyperbolicity still holds when some of the ρi’s vanish provided

ρ ̸= 0.

4.2 The zero–diffusion limit

As in the previous section, we consider the hyperbolic–parabolic system

∂tρi + div(ρiv) = div(−ρiui) (4.31)

∂t(ρv) + div(ρv ⊗ v + pI) = 0 (4.32)

∂t

"
ρe+

1

2
ρv2

)
+ div

�
(ρe+

1

2
ρv2)v + pv

&
= div

 
κ∇θ −

1
i

(ρiei + pi)ui

'
,

(4.33)

where ui are determined by solving

−
1
j ̸=i

bijθρiρj(ui − uj) = ϵ

"
−ρi

ρ
∇p+ ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ

)
1
i

ρiui = 0 ,

(4.34)

(4.35)
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which is endowed with the dissipative structure

∂t(−ρη) + div(−ρηv) +
1

θ2
κ|∇θ|2 − 1

θ

1
i

ui · di

= div

 
1

θ

1
i

(ρiei + pi − ρiµi)ui − 1

θ
κ∇θ

'
.

(4.36)

Moreover, consider the system obtained when neglecting the mass diffusive

effects (ϵ = 0) but including heat conduction:

∂tρi + div(ρiv) = 0 (4.37)

∂t(ρv) + div(ρv ⊗ v + pI) = 0 (4.38)

∂t

"
ρe+

1

2
ρv2

)
+ div

"
(ρe+

1

2
ρv2)v + pv

)
= div (κ∇θ) (4.39)

endowed with the limiting dissipation structure

∂t(−ρη) + div(−ρηv) = div

"
−1

θ
κ∇θ

)
− 1

θ2
κ|∇θ|2 . (4.40)

Local existence results for smooth solutions are available for multicomponent

systems (see [34] and [4, Ch. 8]). For hyperbolic–parabolic systems like the

ones above with general initial data one can expect existence of a unique smooth

solution, which however can break down at finite time and the time of existence

in general depends on the diffusion constants ϵ and κ. More precisely, under

sufficient conditions on the initial data, the diffusion coefficients and the free

energy function, if QT = Ω× (0, T ), where Ω is bounded and T > 0, there exists

a τ ∈ (0, T ] such that the above problem possesses a unique solution

(ρ1, . . . , ρn) ∈ W 1
p (Qτ ;Rn

+), v ∈ W 2,1
p (Qτ ;R3), θ ∈ W 2,1(Qτ ;R+)
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where the spaces above are defined as follows:

W 2,1
p (QT ) = {u ∈ Lp(QT ) : ∂

β
t ∂

α
xu ∈ Lp(QT ) for all 0 < 2β + |α| ≤ 2}

W 1,0
p (QT ) = {u ∈ Lp(QT ) : ∂

α
xu ∈ Lp(QT ) for all |α| = 1}.

For more details we refer to [35].

In this section, we show that smooth solutions of (4.31)–(4.35) converge to

solutions of (4.37)–(4.40) as ϵ tends to zero, so long as the solutions of the latter

remain in the smooth regime and the theory developed should be understood as

indicating conditions for convergence of thermomechanical theories in the smooth

regime.

In order to show the convergence from (4.7) as ε → 0 we use the following

ingredients:

(a) The method of relative entropy introduced in [28], here employed in the

form proposed in [30] :

H(U |Ū) = H(U)−H(Ū)−G(Ū) · (A(U)− A(Ū)) . (4.41)

By [30, Appendix A], whenever conditions (i)–(iv) for (4.10) hold, the relative

entropy can be written as H(U |Ū) = Ĥ(A(U)|A(Ū)), where Ĥ(V ) is a strictly

convex function. Hence, H(U |Ū) vanishes if and only if A(U) = A(Ū) (and by

(i), U = Ū) and it can serve to measure the distance between two solutions.

(b) A second ingredient is the control of diffusion by dissipation (see [30],[29,

Sec 4.6]), that is a hypothesis that there exist constants ν1 > 0 and ν2 > 0 such

that 1
α,β

∇G(U)∂αUBκ
αβ(U)∂βU ≥ ν1

1
α

555551
β

Bκ
αβ(U)∂βU

55555
2

(4.42)

1
α,β

∇G(U)∂αUBϵ
αβ(U)∂βU ≥ ν2

1
α

555551
β

Bϵ
αβ(U)∂βU

55555
2

. (4.43)

Next, we list hypotheses used on the thermodynamic functions. For the in-
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ternal energy, when expressed in the form ρe = ρẽ(ρ1, . . . , ρn, ρη), we require

∂(ρẽ)

∂(ρη)
> 0 ,

∂2(ρẽ)

∂(ρη)2
> 0

∇2
(ρ1,...,ρn,ρη)

(ρẽ) > 0

(H1)

(H2)

Hypothesis (H1) is natural in thermodynamics stating that the temperature θ >

0 and ensuring convexity of the energy as a function of entropy. Hypothesis

(H2) implies that the system (4.27)–(4.29) is hyperbolic and excludes various

interesting models related to pressure laws of Van–der–Waals type.

Using (H1) one may invert the equation θ = ∂(ρẽ)
∂(ρη)

and define the inverse

function ρη = (ρη)∗(ρ1, . . . , ρn, θ). This yields the Legendre transform [27, Sec 5]

ρψ = ρẽ(ρ1, . . . , ρn, (ρη)
∗)− θ(ρη)∗ where

∂(ρẽ)

∂(ρη)
(ρ1, . . . , ρn, (ρη)

∗) = θ.

(4.44)

A computation shows that (H1), (H2) imply

∇2
(ρ1,...,ρn)

(ρψ) > 0 , (ρψ)θθ < 0 . (4.45)

The latter should be compared to (4.14) and property (iii).

An alternative is to define the Legendre transform through the direct formula

(ρψ)(ρ1, . . . , ρn, θ) = inf
0<ρη<∞

�
ρẽ(ρ1, . . . , ρn, ρη)− θρη



(4.46)

Under (H1) and

lim
ρη→0

∂(ρẽ)

∂(ρη)
= 0 , lim

ρη→∞
ρẽ

ρη
= ∞ (4.47)

this problem has at most one solution computed via (4.46). An advantage of

this approach is that the convexity conditions (4.45) follow directly from the

minimization formula (4.46). On the other hand to solve (4.46) requires the

assumption (4.47). This formulation and (4.47) is consistent with the third law
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of thermodynamics (that the entropy vanishes at the state of zero–temperature,

see [27, Sec 1.10]) but the popular model of the ideal gas (with constant heat

capacity) violates the third law and presents negative entropies. Nevertheless,

the relation (4.44) between internal energy ρe and Helmholtz free energy ρψ is

still valid.

The adaptation of the general framework to the system (4.31)–(4.35) requires

some computations, and it is remarkable that such a complicated system hides

a simple structure. Let U = (ρ1, . . . , ρn, v, θ)
⊤ be a solution of (4.31)–(4.36) and

Ū = (ρ̄1, . . . , ρ̄n, v̄, θ̄)
⊤ of (4.37)–(4.40). Using (4.11), (4.12) and (2.50)–(2.57),

(2.32) we arrive at

H(U |Ū) = −ρη + ρ̄η̄ − 1

θ̄

n1
j=1

(µ̄j − 1
2
v̄2)(ρj − ρ̄j)− v̄

θ̄
· (ρv − ρ̄v̄)

+
1

θ̄

�
ρe+ 1

2
ρv2 − ρ̄ē− 1

2
ρ̄v̄2

&
=

1

2θ̄
ρ|v − v̄|2 + 1

θ̄

��
ρψ − ρ̄ψ̄ −

n1
j=1

µ̄j(ρj − ρ̄j) + ρ̄η̄(θ − θ̄)
&

+ (θ − θ̄)(ρη − ρ̄η̄)
�

=
1

θ̄

"
1

2
ρ|v − v̄|2 + J(ρ1, . . . , ρn, θ|ρ̄1, . . . , ρ̄n, θ̄)

)
(4.48)

where we set ω = (ρ1, . . . , ρn, θ), ω̄ = (ρ̄1, . . . , ρ̄n, θ̄) and use (2.50) to write

J(ω|ω̄) := ρψ − ρ̄ψ̄ −
1
i

µ̄i(ρi − ρ̄i) + ρ̄η̄(θ − θ̄) + (θ − θ̄)(ρη − ρ̄η̄)

= ρe− ρ̄ē−
1
i

µ̄i(ρi − ρ̄i)− θ̄(ρη − ρ̄η̄)

I(U |Ū) := θ̄H(U |Ū) =
1

2
ρ|v − v̄|2 + J(ω|ω̄) .

(4.49)

(4.50)

Due to hypothesis (H2), the quantity J(ω|ω̄) will serve as a measure of the distance

between the states ω and ω̄, in analogy to the situation in single component fluids

[28]. This suggests to calculate the evolution of the quantity (4.50).

Subtracting the entropy identities (4.40) from (4.36) and multiplying by θ̄, we

81



obtain

∂t(−θ̄ρη + θ̄ρ̄η̄) + div(−ρηvθ̄ + ρ̄η̄v̄θ̄)

= div

 
θ̄

θ

1
j

(hj − ρjµj)uj − θ̄

θ
κ∇θ

'
− ∂tθ̄(ρη − ρ̄η̄)

+∇θ̄ · (−ρηv + ρ̄η̄v̄)− 1

θ

1
j

(hj − ρjµj)uj · ∇θ̄ +
1

θ
κ∇θ · ∇θ̄

− θ̄

θ2
κ|∇θ|2 + θ̄

θ

1
j

uj · dj + div

"
θ̄

θ̄
κ̄∇θ̄

)
− 1

θ̄
κ̄∇θ̄ · ∇θ̄ +

θ̄

θ̄2
κ̄|∇θ̄|2

(4.51)

Likewise, subtracting system (4.37)–(4.39) from system (4.31)–(4.33) and multi-

plying the result by −θ̄G(Ū), where G is the multiplier from (4.12), we obtain:

∂t

�1
i

"
1

2
v̄2 − µ̄i

)
(ρi − ρ̄i)− v̄(ρv − ρ̄v̄) +

�
ρe+

1

2
ρv2 − ρ̄ē

− 1

2
ρ̄v̄2

&&
+ div

�1
i

"
1

2
v̄2 − µ̄i

)
(ρiv − ρ̄iv̄)− v̄(ρv ⊗ v − ρ̄v̄ ⊗ v̄

+ (p− p̄)I) +
"
ρe+

1

2
ρv2 + p

)
v −

"
ρ̄ē+

1

2
ρ̄v̄2 + p̄

)
v̄
&

=
1
i

∂t

"
1

2
v̄2 − µ̄i

)
(ρi − ρ̄i) +

1
i

∇
"
1

2
v̄2 − µ̄i

)
· (ρiv − ρ̄iv̄)

−
1
i

"
1

2
v̄2 − µ̄i

)
div(ρiui)− ∂tv̄ · (ρv − ρ̄v̄)− ρv∇v̄ · v + ρ̄v̄∇v̄ · v̄

− (p− p̄)divv̄ + div

 
κ∇θ −

1
j

hjuj

'
− div(κ̄∇θ̄)

(4.52)

where we used the abbreviation hj := ρjej + pj.

Next, we add equations (4.51) and (4.52) and use the formula (4.48) and

Q(U |Ū) = −ρηvθ̄ + ρ̄η̄v̄θ̄ +
1
i

"
1

2
v̄2 − µ̄i

)
(ρiv − ρ̄iv̄)− v̄ρv2

+ v̄ρ̄v̄2 − v̄(p− p̄) +

"
ρe+

1

2
ρv2 + p

)
v −

"
ρ̄ē+

1

2
ρ̄v̄2 + p̄

)
v̄

= vI(U |Ū) + (p− p̄)(v − v̄)

(4.53)

to arrive at

∂tI(U |Ū) + divQ(U |Ū) = T1 + T2 + T3 + T4 (4.54)
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where

T1 :=
1
i

∂t

"
1

2
v̄2 − µ̄i

)
(ρi − ρ̄i)− ∂tv̄ · (ρv − ρ̄v̄)− ∂tθ̄(ρη − ρ̄η̄)

T2 :=
1
i

∇
"
1

2
v̄2 − µ̄i

)
· (ρiv − ρ̄iv̄)− ρv∇v̄ · v + ρ̄v̄∇v̄ · v̄

− (p− p̄)divv̄ +∇θ̄ · (−ρηv + ρ̄η̄v̄)

T3 := div

"
− θ̄

θ
κ∇θ

)
+

1

θ
κ∇θ · ∇θ̄ − θ̄

θ2
κ|∇θ|2 + div

"
θ̄

θ̄
κ̄∇θ̄

)
− 1

θ̄
κ̄∇θ̄ · ∇θ̄ +

θ̄

θ̄2
κ̄|∇θ̄|2 + div (κ∇θ)− div(κ̄∇θ̄)

T4 := div

 
θ̄

θ

1
j

(hj − ρjµj)uj

'
− 1

θ

1
j

(hj − ρjµj)uj · ∇θ̄ +
θ̄

θ

1
j

uj · dj

−
1
i

"
1

2
v̄2 − µ̄i

)
div(ρiui) + div

 
−
1
j

hjuj

'
.

Now

T1 = −ρ(v − v̄)∂tv̄ + ∂tθ̄(−ρη)(U |Ū)− (ρ̄η̄)θ(θ − θ̄)∂tθ̄

−
1
j

1
i

(µ̄j)ρi(ρi − ρ̄i)∂tρ̄j =: T11 + T12 + T13 + T14

where we have used the fact that (µi)θ = −(ρη)ρi and introduced the relative

quantity

(−ρη)(U |Ū) = −ρη + ρ̄η̄ +
1
j

(ρ̄η̄)ρj(ρj − ρ̄j) + (ρ̄η̄)θ(θ − θ̄).
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Using the entropy balance (4.40) we get

T13 = ∂t(−ρ̄η̄)(θ − θ̄) +
1
j

(ρ̄η̄)ρj∂tρ̄j(θ − θ̄)

= div(ρ̄η̄v̄)(θ − θ̄) + div

"
−1

θ̄
κ̄∇θ̄

)
(θ − θ̄)− 1

θ̄2
κ̄|∇θ̄|2(θ − θ̄)

−
1
j

(ρ̄η̄)ρj∇ρ̄j · v̄(θ − θ̄)−
1
j

(ρ̄η̄)ρj ρ̄jdivv̄(θ − θ̄)

=: T131 + T132 + T133 + T134 + T135

where

T131 = ∇(ρ̄η̄) · v̄(θ − θ̄) + ρ̄η̄divv̄(θ − θ̄)

=: T1311 + T1312.

Furthermore

T14 =
1
j

1
i

(µ̄i)ρj(ρi − ρ̄i)∇ρ̄j · v̄ +
1
j

1
i

(µ̄i)ρj(ρi − ρ̄i)ρ̄jdivv̄

=
1
i

∇µ̄i · v̄(ρi − ρ̄i)−
1
i

(µ̄i)θ∇θ̄ · v̄(ρi − ρ̄i)

+
1
j

1
i

(µ̄i)ρj(ρi − ρ̄i)ρ̄jdivv̄ =: T141 + T142 + T143.

Introducing the relative pressure

p(U |Ū) = p− p̄−
1
j

p̄ρj(ρj − ρ̄j)− p̄θ(θ − θ̄)

we get

T2 = −ρ(v − v̄)∇v̄ · (v − v̄)−
1
i

∇µ̄i · (ρiv − ρ̄iv̄)− p(U |Ū)divv̄

−
1
j

p̄ρj(ρj − ρ̄j)divv̄ − p̄θ(θ − θ̄)divv̄ + v̄ · ∇θ̄(−ρη)(U |Ū)

− v̄ · ∇θ̄
1
j

(ρ̄η̄)ρj(ρj − ρ̄j)− v̄ · ∇θ̄(ρ̄η̄)θ(θ − θ̄) +∇θ̄(−ρη) · (v − v̄)

− ρv̄∇v̄ · (v − v̄) =: T21 + · · ·+ T210
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where

T22 = −
1
i

∇µ̄i · (ρi − ρ̄i)v −
1
i

∇µ̄i · ρ̄i(v − v̄)

= −
1
i

∇µ̄i · (ρi − ρ̄i)(v − v̄)−
1
i

∇µ̄i · (ρi − ρ̄i)v̄ + (v − v̄)ρ̄η̄ · ∇θ̄

− (v − v̄) · ∇p̄ =: T221 + T222 + T223 + T224.

Now, T28 and T134 cancel with T1311 and the same holds for T141 with T222 and

T142 with T27. Moreover

T29 + T223 = −(ρη − ρ̄η̄)(v − v̄) · ∇θ̄

and by the momentum balance (4.38)

T224 =
1

ρ̄
(ρ− ρ̄)(v − v̄) · ∇p̄− ρ

ρ̄
(v − v̄) · ∇p̄

=
1

ρ̄
(ρ− ρ̄)(v − v̄) · ∇p̄− ρ(v − v̄) · ∂tv̄ + ρv̄∇v̄ · (v − v̄)

=: T2241 + T2242 + T2243

where T2242 cancels with T11 and T2243 with T210.

Differentiation of the Gibbs–Duhem relation (2.32) with respect to mass den-

sity and temperature, respectively, gives

pρi =
1
j

ρj(µj)ρi , pθ = ρη +
1
j

ρj(µj)θ . (4.55)

Hence T25, T1312 cancel with T135 and T24 with T143. Finally, taking the gradient

of the Gibbs–Duhem relation and using (4.55), we obtain the following identity

∇p = ρη∇θ +
1
j

ρj∇µj
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which allows us to write

− (ρη − ρ̄η̄)(v − v̄) · ∇θ̄ −
1
j

∇µ̄j · (ρj − ρ̄j) (v − v̄) +
1

ρ̄
(ρ− ρ̄)(v − v̄) · ∇p̄

= −(η − η̄)ρ(v − v̄) · ∇θ̄ −
1
j

∇µ̄j

"
ρj
ρ

− ρ̄j
ρ̄

)
· ρ(v − v̄)

Therefore

T1 + T2 = (∂tθ̄ + v̄ · ∇θ̄)(−ρη)(ω|ω̄)− p(ω|ω̄)divv̄

− (η − η̄)ρ(v − v̄) · ∇θ̄ −
1
j

∇µ̄j

"
ρj
ρ

− ρ̄j
ρ̄

)
· ρ(v − v̄)

− ρ(v − v̄)∇v̄ · (v − v̄) + T132 + T133.

(4.56)

Regarding T3, we have

T3 = −div

"
θ̄
1

θ
κ∇θ − θ̄

1

θ̄
κ̄∇θ̄

)
+ div

!
κ∇θ − κ̄∇θ̄

(
+∇θ̄

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)
− θ̄

"
1

θ2
κ|∇θ|2 − 1

θ̄2
κ̄|∇θ̄|2

)

and thus

T3 + T132 + T133 = div

�
(θ − θ̄)

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)�
− θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

−
"∇θ

θ
− ∇θ̄

θ̄

) ∇θ̄

θ̄
(θ̄κ− θκ̄)

(4.57)

As for T4, we have

T4 = −div
�1

j

ρjuj(µj − µ̄j) +
1

θ
(θ − θ̄)

1
j

(hj − ρjµj)uj

�
+

θ̄

θ

1
j

uj · dj −
1
j

∇µ̄j · ρjuj − 1

θ̄
∇θ̄

1
j

(hj − ρjµj)uj.

(4.58)

Then, by (4.53)–(4.54) and (4.56)–(4.58) we obtain the relative entropy identity

(4.59).
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The resulting relative entropy identity, then, reads:

∂tI(U |Ū) + div
�
vI(U |Ū) + (p− p̄)(v − v̄) +

1
j

ρjuj(µj − µ̄j)

− (θ − θ̄)

"
1

θ
κ∇θ − 1

θ̄
κ̄∇θ̄

)
+

1

θ
(θ − θ̄)

1
j

(hj − ρjµj)uj

�
+ θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

− θ̄

θ

1
j

uj · dj = (∂tθ̄ + v̄ · ∇θ̄)(−ρη)(ω|ω̄)

− p(ω|ω̄)divv̄ − (η − η̄)ρ(v − v̄) · ∇θ̄ −
1
j

∇µ̄j

"
ρj
ρ

− ρ̄j
ρ̄

)
ρ(v − v̄)

− ρ(v − v̄)∇v̄ · (v − v̄)−
1
j

∇µ̄j · ρjuj −
"∇θ

θ
− ∇θ̄

θ̄

) ∇θ̄

θ̄
(θ̄κ− θκ̄)

− 1

θ̄
∇θ̄

1
j

(hj − ρjµj)uj

(4.59)

where

p(ω|ω̄) = p− p̄−
1
j

p̄ρj(ρj − ρ̄j)− p̄θ(θ − θ̄)

(−ρη)(ω|ω̄) = −ρη + ρ̄η̄ +
1
j

(ρ̄η̄)ρj(ρj − ρ̄j) + (ρ̄η̄)θ(θ − θ̄).

In the sequel, let U ⊂ (R+)n+1 be a set in the positive cone (R+)n+1 with U
compact, and suppose that the states ω, ω̄ ∈ U satisfy

0 < ρj, ρ̄j ≤ M (4.60)

0 < δ ≤ ρ, ρ̄ ≤ M (4.61)

0 < δ ≤ θ, θ̄ ≤ M (4.62)

for some δ,M > 0.

Lemma 7. Let ω, ω̄ ∈ U satisfy (4.60)–(4.62) and suppose that ψ(ρ1, . . . , ρn, θ) ∈
C3(U) satisfies the thermodynamic relations (2.49)–(2.51), (2.32) and the hy-

potheses (H1),(H2) (and thus (4.45)). There exist constants c1, c2, c3 > 0 depend-
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ing on δ,M , such that for ω, ω̄ ∈ U we have

c1|ω − ω̄|2 ≤ J(ω|ω̄) (4.63)

|p(ω|ω̄)| ≤ c2J(ω|ω̄) (4.64)

|(−ρη)(ω|ω̄)| ≤ c3J(ω|ω̄) . (4.65)

Proof. Consider the form (4.49) and use (ρe)ρη = θ and the convexity of ρe =

ρẽ(ρ1, . . . , ρn, ρη) in the variables (ρ1, . . . , ρn, ρη) to obtain

J(ω|ω̄) = ρẽ− ρẽ−
1
i

"
∂ρẽ

∂ρi

)
(ρi − ρ̄i)−

"
∂ρẽ

∂ρη

)
(ρη − ρ̄η̄)

≥ c

 1
i

|ρi − ρ̄i|2 + |ρη − ρ̄η̄|2
' (4.66)

where c = inf(ρ1,...,ρn,ρη)∈U ∇2
(ρ1,...,ρn,ρη)

ρẽ > 0, for 0 < δ ≤ ρ < M . Next, the

map (ρ1, . . . , ρn, θ) �→ (ρ1, . . . , ρn, ρη) defined by η(ρ1, . . . , ρn, θ) = −ψθ can be

inverted on the set U and since ∂(ρη)
∂θ

= 1
θ
ρcv > 0, for ρ, θ > 0, the inverse map is

Lipschitz and

|θ − θ̄|2 +
1
i

|ρi − ρ̄i|2 ≤ C

 
|ρη − ρ̄η̄|2 +

1
i

|ρi − ρ̄i|2
'

(4.67)

where C depends on minU
∂(ρη)
∂θ

. Combining (4.66) with (4.67) gives (4.63).

The bounds (4.64)–(4.65) follow from the Taylor theorem, which provides

p(ω|ω̄) = (ω − ω̄)⊤
"� 1

0

� s

0

∇2p(τω + (1− τ)ω̄)dτds

)
(ω − ω̄) (4.68)

(−ρη)(ω|ω̄) = (ω − ω̄)⊤
"� 1

0

� s

0

∇2(−ρη)(τω + (1− τ)ω̄)dτds

)
(ω − ω̄) (4.69)

and the regularity of ψ implies that p, ρη ∈ C2(U).
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Let T3 = (R/2πZ)3 be the three–dimensional torus. We have the following

convergence result:

Theorem 8. Let Ūκ be a classical solution of (4.37)–(4.39) defined on a maximal

interval of existence T × [0, T ∗) and let U ϵ,κ be a family of classical solutions

of (4.31)–(4.33) defined on T3 × [0, T ] for some T < T ∗, which emanate from

smooth data Ūκ
0 , U

ϵ,κ
0 , respectively, and satisfy the uniform bounds (4.60)–(4.62)

for δ,M > 0. Moreover, assume that ψ ∈ C3(Ū) satisfies (H1), (H2), that

1
j

5555hj − ρjµj√
ρj

55552 ≤ α(ρe+ 1) (4.70)

for some α > 0 and that 0 ≤ κ(ρ1, . . . , ρn, θ) ≤ M . Then, there exist constants

c, C > 0 depending on δ,M, α but otherwise independent of ϵ such that

�
T3

I(U ϵ,κ|Ūκ)dx ≤ c

�
T3

I(U ϵ,κ
0 |Ūκ

0 )dx+ ϵC (4.71)

In particular, if
�
T3 I(U

ϵ,κ
0 |Ūκ

0 )dx → 0 as ϵ → 0, then

sup
t∈(0,T )

�
T3

I(U ϵ,κ|Ūκ)dx → 0 as ϵ → 0. (4.72)

Proof. We first integrate the relative entropy identity (4.59) to obtain

d

dt

�
T3

I(U ε|Ū)dx+

�
T3

θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx−
�
T3

θ̄

θ

1
j

uj · djdx

=

�
T3

(∂tθ̄ + v̄ · ∇θ̄)(−ρη)(U ε|Ū)dx−
�
T3

p(U ε|Ū)divv̄dx

+

�
T3

(η − η̄)ρ(v − v̄) · ∇θ̄dx−
�
T3

1
j

∇µ̄j

"
ρj
ρ

− ρ̄j
ρ̄

)
ρ(v − v̄)dx

−
�
T3

ρ(v − v̄)∇v̄ · (v − v̄)dx−
�
T3

1
j

∇µ̄j · ρjujdx

−
�
T3

"∇θ

θ
− ∇θ̄

θ̄

) ∇θ̄

θ̄
κ(θ̄ − θ)dx−

�
T3

1

θ̄
∇θ̄

1
j

(hj − ρjµj)ujdx

=: I1 + · · ·+ I8 .

(4.73)
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Our strategy is to control the terms I1 to I5 by the integral of I(U |Ū) and terms

I6 to I8 by the dissipation on the left–hand side. In particular, to control I1 and

I2, we use (4.65) and (4.64) respectively. For I3, using the regularity of ψ, and

thus η, we have

(η − η̄)ρ(v − v̄) · ∇θ̄ ≤ c
!
ρ|η − η̄|2 + ρ|v − v̄|2(

≤ c

 1
j

|ρj − ρ̄j|2 + |θ − θ̄|2 + ρ|v − v̄|2
'

Regarding I4, we have

1
j

∇µ̄j

"
ρj
ρ

− ρ̄j
ρ̄

)
ρ(v − v̄) ≤ c

 
ρ
1
j

"
ρj
ρ

− ρ̄j
ρ̄

)2

+ ρ(v − v̄)2

'

≤ c

 1
j

(ρj − ρ̄j)
2 + ρ(v − v̄)2

'

since the map fj : (ρ1, . . . , ρn) �→ ρj
ρ1+···+ρn

, for j ∈ {1, . . . , n} is Lipschitz under

the assumption 0 < δ ≤ ρ. Indeed

∂fj
∂ρi

=

����
− ρj

ρ2
, i ̸= j

ρ−ρj
ρ2

, i = j

hence 5555∂fj∂ρi

5555 ≤ c

ρ
≤ c

δ
.

As for I5

ρ(v − v̄)∇v̄ · (v − v̄) ≤ cρ|v − v̄|2

Now, since ui = O(ϵ), we can set ρjuj = ϵρjũj and we have, by Young’s

inequality and for µ = mini ̸=j bij > 0:

I6 ≤ ϵ

µδ

�
T3

1
j

ρj
ρ
|∇µ̄j|2dx+

ϵµδ

4

�
T3

ρ
1
j

|√ρjũj|2dx

≤ ϵC +
ϵµδ

4

�
T3

ρ
1
j

|√ρjũj|2dx =: I61 + I62
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Likewise, using assumption (4.70), we have that

I8 ≤ ϵ

µδ

�
T3

1

ρ

1
j

5555hj − ρjµj√
ρj

55552 5555∇θ̄

θ̄

55552 dx+
ϵµδ

4

�
T3

ρ
1
j

|√ρjũj|2dx

≤ ϵC +
ϵµδ

4

�
T3

ρ
1
j

|√ρjũj|2dx =: I81 + I82

Finally

I7 ≤ 1

2

�
T3

θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx+
1

2

�
T3

κ
|∇θ̄|2
θ̄3

(θ − θ̄)2dx

≤ 1

2

�
T3

θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx+ c

�
T3

(θ − θ̄)2dx =: I71 + I72

Using (4.63) we conclude that

I1 + · · ·+ I5 + I72 ≤ c

�
T3

I(U ε|Ū)dx .

The error terms I62, I71 and I82 are controlled by the dissipation on the left–

hand side of (4.73). This is due to the assumption that δ ≤ θ̄ and the following

estimate, in which we use (4.25) and (4.23):

−1

θ

1
j

uj · dj = ϵρ
1
i,j

Mij
√
ρiũi · √ρjũj

≥ ϵρµ|PL
√
ρũ|2

where
√
ρũ is the vector with components

√
ρiũi, whose projection is computed

as

PL
√
ρũ =

1
k

(PL)ik
√
ρkũk

=
√
ρiũi −

√
ρi

ρ

1
k

ρkũk

=
√
ρiũi
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Putting everything together we obtain:

d

dt

�
T3

I(U ε|Ū)dx+
δ

2

�
T3

κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx+
δϵµ

2

�
T3

ρ
1
j

|√ρjũj|2dx

≤ c

�
T3

I(U ε|Ū)dx+ ϵC

(4.74)

for appropriate constants c, C > 0 independent of ϵ. The dissipation terms are

neglected and we obtain the differential inequality

dφε(t)

dt
≤ cφε(t) + ϵC (4.75)

for

φε(t) =

�
T3

I(U ε(x, t)|Ū(x, t))dx

Then, (4.71) follows by Grönwall’s Lemma.

A particular case of the above analysis is the convergence to the adiabatic

theory, i.e. when also κ = 0. Consider the hyperbolic-parabolic system (4.31)–

(4.36) with the linear system (4.34) and the constraint (4.35) and its hyperbolic

counterpart (4.27)–(4.30). Then, following the same process as before, we can

obtain that the hyperbolic-parabolic system (4.31)–(4.36) converges as ϵ, κ → 0

to the hyperbolic system without diffusion and heat conduction (4.27)–(4.30):

Theorem 9. Let Ū be a classical solution of (4.27)–(4.29) defined on a maximal

interval of existence T3 × [0, T ∗) and let U ϵ,κ be a family of classical solutions of

(4.31)–(4.33) defined on T3 × [0, T ], for T < T ∗, emanating from smooth data

Ū0, U
ϵ,κ
0 respectively. Under the hypotheses of theorem 8, there exist constants

c, C1, C2 > 0 independent of ϵ and κ such that

�
T3

I(U ϵ,κ|Ū)dx ≤ c

�
T3

I(U ϵ,κ
0 |Ū0)dx+ ∥κ∥∞C1 + ϵC2 (4.76)

92



In particular, if
�
T3 I(U

ϵ,κ
0 |Ū0)dx → 0 as ϵ, κ → 0, then

sup
t∈(0,T )

�
T3

I(U ϵ,κ|Ū)dx → 0 as ϵ, κ → 0. (4.77)

Proof. The proof is identical to the proof of Theorem 8, with the only difference

that κ̄ = 0 (whereas in the previous case κ = κ̄) and thus I7 is controlled by:

I7 = −
�
T3

κ

"∇θ

θ
− ∇θ̄

θ̄

)
· ∇θ̄

≤ 1

2

�
T3

θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx+
1

2

�
T3

κ
|∇θ̄|2
θ̄

dx

≤ 1

2

�
T3

θ̄κ

"∇θ

θ
− ∇θ̄

θ̄

)2

dx+ ∥κ∥∞C1.

Next, we present a commentary on the hypotheses for Theorems 8 and 9. The

goal here is to discuss aspects of the theory of smooth solutions; the situation for

weak solutions presents serious challenges. The hypotheses on the bounds (4.61),

(4.62) reflect the loss of strict hyperbolicity (and even hyperbolicity) of the model

at ρ = 0. Also, we would expect that such continuum models are not valid for

very large temperatures or temperature near zero.

The hypothesis ψ ∈ C3(Ū) is a drawback as it does not hold at ρi = 0 for

realistic models and at the same time one would insist on the range (4.60) that

guarantees some of the components may disappear as an outcome of interactions.

The main problematic term is I3. Realistic models are discussed in section 4.2.1

dealing with the multicomponent ideal gas. The reader will notice that ψ ∈ C3(Ū)

holds on the restricted range

0 < δ ≤ ρj, ρ̄j ≤ M (4.78)

and gives convergence for solutions taking values in that range (4.78), (4.61),

(4.62).
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The need concerning (4.70) originates from a deficiency of the models dis-

cussed here. As mentioned at the end of section 2.2, for the general model,

the partial energies ei and pressures pi and thus the enthalpies hi are not de-

termined from the total free energy ρψ, yet they enter the balance equations

(3.4)–(3.7) and thus extra constitutive relations have to be supplied. Hypothesis

(4.70) concerns these extra constitutive relations. For the case of simple mixtures,

ρψ =
2

i ρiψi(ρi, θ), the need for extra constitutive relations does not arise; one

computes using the constitutive relations that 1√
ρj
(hj − ρjµj) = −θ

√
ρj

∂ψj

∂θ
and

the terms are bounded from (4.60)–(4.62).

4.2.1 Multicomponent ideal gases

We present the constitutive model of an ideal multicomponent gas and compute

the relative constitutive functions that appear in the relative entropy formula

(4.59). We refer to Callen [27, Sec 13] and Giovangigli [4, Sec 6] for details on the

multicomponent ideal gas laws. Here, we outline a constitutive model defined in

terms of densities ρi and temperature θ. The model is a simple mixture of ideal

gases where the free energy of each component is given by ρiψi = Riθρi log ρi −
ciρiθ log θ, where Ri > 0 is the engineering gas constant and ci > 0 the constant

heat capacity of the i-th component, and the mixture free energy is

ρψ =
1
i

ρiψi =
1
i

Riθρi log ρi −
1
i

ciρiθ log θ . (4.79)

We then have

µj =
∂(ρψ)

∂ρj
= Rj(1 + log ρj)θ − cjθ log θ

ρη = −∂(ρψ)

∂θ
= −

1
i

Riρi log ρi +
1
i

ciρi(1 + log θ)

ρe =
1
i

ciρiθ

p = −ρψ +
1
j

ρjµj =
1
j

Rjρjθ.

(4.80)
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The relative quantities are computed as follows: Using (4.49), we have

J(ω|ω̄) = θ̄
1
i

Ri

�
ρi log ρi − ρ̄i log ρ̄i − (1 + log ρ̄i)(ρi − ρ̄i)

&
+ θ̄

1
i

ciρi

�
− log θ + log θ̄ +

1

θ̄
(θ − θ̄)

&
= θ̄

1
i

Ri(x log x)
!
ρi|ρ̄i

(
+
1
i

ciρiθ̄(− log y)(θ|θ̄)

(4.81)

where (x log x)
!
ρi|ρ̄i

(
is the quadratic part of the Taylor expansion of x log x and

ditto for (− log y)(θ|θ̄). Due to the convexity of (x log x) and (− log y) both terms

are positive.

Similarly, we compute

p(ω|ω̄) =
1
j

Rj(ρj − ρ̄j)(θ − θ̄) (4.82)

and

(−ρη)(ω|ω̄) = −ρη + ρ̄η̄ +
1
j

∂(ρη)

∂ρj
(ρj − ρ̄j) +

∂(ρη)

∂θ
(θ − θ̄)

=
1
i

Ri

!
x log x

(!
ρi|ρ̄i

(
+
1
i

ciρi(− log y)(θ|θ̄)

−
1
i

ci
θ̄
(ρi − ρ̄i)(θ − θ̄).

(4.83)

Finally observe that the relative entropy (4.50) takes the form

I(U |Ū) = 1
2
ρ|v − v̄|2 + θ̄

1
i

Ri

!
x log x

(!
ρi|ρ̄i

(
+ θ̄

1
i

ciρi
!− log y

(!
θ|θ̄( (4.84)

Using the explicit formulas (4.81), (4.82) and (4.83) the facts (x log x)′′ = 1
x

and (− log x)′′ = 1
x2 we obtain an analog of Lemma 7 for the ideal gas:

Lemma 10. Let ω, ω̄ ∈ U satisfy (4.60)–(4.62) and let ρψ be given in (4.79).
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There exist constants c1, c2 > 0 depending on δ,M , such that

c1|ω − ω̄|2 ≤ J(ω|ω̄) (4.85)

|p(ω|ω̄)|+ |(−ρη)(ω|ω̄)| ≤ c2J(ω|ω̄) . (4.86)

The missing element to conclude the proof of an analog of Theorem 8 for the

multicomponent ideal gas is an estimate of the type

|(η − η̄)ρ(v − v̄) · ∇θ̄| ≤ C
�1
2
ρ|v − v̄|2 + J(ω|ω̄)

&

However, such an estimate is not valid for solutions that take value on the range

(4.60)–(4.62).
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Chapter 5

The Maxwell–Stefan system

The Maxwell–Stefan system describes diffusive phenomena in multicomponent

systems of gases. It appears in applications from various domains, for instance in

dialysis, ion exchange, sedimentation and electrolysis. It describes the evolution

of the vector function c = (c1, . . . , cn) where ci(x, t) is the concentration of the

i–th component, i = 1, . . . , n. Their dynamics is described by n equations for the

conservation of mass,

∂tci +∇ · Ji = 0 , (5.1)

with Ji = ciui, subject to a linear system for determining the molar fluxes Ji(x, t),

����������
−

n1
j=1,j ̸=i

cjJi − ciJj
Dij

= ∇ci i = 1, . . . , n ,

n1
i=1

Ji = 0,

(5.2)

(5.3)

where Dij = Dji > 0, i ̸= j, are the diffusion coefficients modeling binary inter-

actions between the components.

The Maxwell–Stefan system can be seen as the isothermal analogue of the

Class–I system that has been studied in chapter 4, under the hypothesis of zero

mean flow, i.e. system (4.31)–(4.35) for which θ is constant, v = 0 and we

set Dij = 1
bij

and ci =
ρi
ρ
. The reader will notice that system (4.31)–(4.35) is

written in terms of the mass densities ρi, while system (5.1)–(5.3) in terms of the

concentrations ci and one does not imply the other since the total mass density

ρ is not necessarily constant. Nevertheless, we ignore this inconsistency in order

to be consistent with the references that we follow.
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The first mathematically rigorous work studying the Maxwell–Stefan system

was probably in [34], where the authors showed local well–posedness of the prob-

lem in the whole space R3 for strong solutions. In particular, they proved that

for generic initial data, solutions can break down at finite time, unlike the case of

initial data close to an equilibrium state, in which the solution can be extended

globally in time. The problem in a bounded domain with no–flux boundary con-

ditions was later studied in [7], where local well–posedness of strong solutions was

shown. The key ingredient in the analysis of [7] was the characterization of the

spectrum of the linear system (5.2), which paved the way for existence of global–

in–time weak solutions, as was shown in [8]. For more details on the inversion of

the constrained linear system (5.2)–(5.3) we refer to [31] and [4, Chapter 7].

5.1 Uniqueness of weak solutions

Uniqueness of weak solutions to cross–diffusion systems, i.e. systems with non-

trivial interactions among the species, is in general a hard task. For this reason,

the best one can hope for is a weak–strong uniqueness property, meaning that

for any pair of weak and strong solutions emanating from the same initial data,

the weak solution will coincide with the strong one, as long as the latter exists.

In the case of the Maxwell–Stefan system strong solutions indeed exist (and as

we mentioned are unique), however they are, in general, only locally defined in

time and thus uniqueness of weak solutions can only be shown for small times,

until the strong solution collapses. The weak–strong uniqueness result for the

Maxwell–Stefan system was proved in [10].

In our work [12], we develop a theory based on the relative entropy method

that allows us to prove uniqueness of weak solutions in the three dimensional

torus T3.

A commonly used method for stability proceeds by exploiting the entropy

structure of the system and computing the evolution of the relative entropy; the

method is usually applicable when one of the solutions is a strong solution. It has
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been used in [10] to provide a weak–strong uniqueness result under the assump-

tions that the strong solution is sufficiently smooth and presents no anomalous

diffusion (concentrations in the entropy identity). The required smoothness of

the strong solution is considerably more than what is provided by the global ex-

istence result in [8] and regularity results for weak solutions (even if expected)

are currently not available.

The Maxwell-Stefan system is endowed with an entropy functional, which for

simple gases takes the form

H(c) =

�
T3

n1
i=1

ci(ln ci − 1)dx . (5.4)

To prove uniqueness under reduced regularity assumptions two new tools are in-

troduced: (i) the relative entropy is replaced by the symmetrized relative entropy

Hsym(c, c̄) :=

�
T3

n1
i=1

(ln ci − ln c̄i)(ci − c̄i) dx (5.5)

which satisfies a nice formal identity (see (5.26)). (ii) For the rigorous derivation

of the relative entropy identity we introduce renormalized solutions.

Renormalized solutions were introduced in the study of the Boltzmann equa-

tion [36] and extended to transport equations [37], nonlinear elliptic problems

[38], equations of fluid mechanics [39], nonlinear parabolic problems [40]. Closest

to the use here are the references [39, pp. 227], [41, Sec 4.1.5] concerning the

compressible Navier–Stokes system. To motivate the definition of a renormalized

solution, compute the evolution of a smooth function β(ci). Formal multiplication

of (5.1) by β′(ci) gives:

∂tβ(ci) +∇ · (β′(ci)ciui)− 2ciβ
′′(ci)∇√

ci · √ciui = 0 (5.6)

From the existence theory of weak solutions [8], we know that ∇√
ci · √ciui ∈ L1

and use this information to give meaning to (5.6).
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The formal identity (5.26) leads after integration to

d

dt

�
T3

�1
i

(ln ci − ln c̄i)(ci − c̄i)
&
dx

+

�
T3

1
i,j

1

2Dij

(cicj + c̄ic̄j)
55(ui − ūi)− (uj − ūj)

552
� �� �

Q

dx = E1 + E2
(5.7)

where E1, E2 are error terms. Renormalized solutions are used to give a precise

meaning to (5.7). The last step combines information on the spectral gap of an

operator associated to the frictional relative work Q between two solutions from

[10] with a delicate estimation of the error terms E1 and E2 to circumvent the

logarithmic singularities of the relative entropy. It leads to a uniqueness result

for renormalized solutions of the Maxwell–Stefan system, see Theorem 15.

We work on the torus T3 with initial data that satisfy

0 ≤ c0i ∈ L∞(T3) , i = 1, . . . , n ;
n1

i=1

c0i = 1 ; H(c0) < +∞ . (A)

The solution propagates from the data the constraint
2

i ci = 1. We recall the

notion of weak solution.

Definition 11. A function c = (c1, . . . , cn) is a weak solution of (5.1)–(5.3), if

for i ∈ {1, . . . , n}:

(i) 0 ≤ ci ≤ 1 and
n1

i=1

ci = 1,

(ii) ∇√
ci ∈ L2

loc(T3 × (0,∞)) ,
√
ciui ∈ L2

loc(T3 × (0,∞))),

(iii) for any test function ϕi ∈ C∞
c (T3 × [0,∞)), we have

�
T3

c0i (x)ϕi(x, 0)dx+

� ∞

0

�
T3

ci∂tϕidxdt+

� ∞

0

�
T3

ciui · ∇ϕidxdt = 0

(5.8)

and ciui satisfies (5.2)–(5.3).
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(iv) lim
t→0

�
T3

|ci(x, t)− c0i (x)|dx → 0.

Using [8] and spectral properties for the Maxwell–Stefan system (5.2)–(5.3) from

[10], property (ii) implies the regularity

ci ∈ C0
loc([0,∞);L2(T3)),

√
ciui ∈ L2

loc(T3 × (0,∞)) (5.9)

and gives meaning to the terms of (5.8).

The definition of renormalized solutions is motivated by the formal identity

(5.6) and the regularity information provided by the existence theory, notably

that ∇√
ci ·√ciui ∈ L1

loc(T3× (0,∞)). For test functions β(s) of class C2([0,∞))

we introduce the definition:

Definition 12. A function c = (c1, . . . , cn) is a renormalized solution of (5.1)-

(5.3), if for i ∈ {1, . . . , n} it satisfies:

(i) 0 ≤ ci ≤ 1 and
n1

i=1

ci = 1,

(ii) ∇√
ci ∈ L2

loc(T3 × (0,∞)) ,
√
ciui ∈ L2

loc(T3 × (0,∞))),

(iii) for any test function ϕi ∈ C∞
c (T3 × [0,∞)) and for β ∈ C2([0,∞))

�
T3

β(c0i )ϕi(x, 0)dx+

� ∞

0

�
T3

β(ci)∂tϕidxdt

+

� ∞

0

�
T3

√
ciβ

′(ci)
√
ciui · ∇ϕidxdt

+ 2

� ∞

0

�
T3

ciβ
′′(ci)∇√

ci · √ciuiϕidxdt = 0

(5.10)

and ciui satisfies (5.2)–(5.3).

(iv) lim
t→0

�
T3

|β(ci(x, t))− β(c0i (x))|dx → 0, for β ∈ C([0,∞)).

Renormalized solutions are often introduced to handle the behavior near infinity.

Here, the solution is bounded and the goal is to handle the behavior at ci = 0.

Within the regularity class of weak solutions and for β ∈ C2([0,∞)) all terms in

(5.10) are well defined.
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The objective is to derive an identity for the symmetrized relative entropy

(5.5). A formal derivation is presented in section 5.1.3 and leads to the formal

identity (5.26). At the same time (5.5) only allows for non-vanishing solutions

because of the logarithmic term ln ci. Thus, we introduce a symmetrized relative

entropy, which is regularized so as to also allow for zero concentrations:

F (c, c̄) :=

�
T3

n1
i=1

(ln (ci + δ)− ln(c̄i + δ))(ci − c̄i) dx (5.11)

where δ > 0 is a constant to be selected. The strategy will be to calculate a

Grönwall inequality for the functional F (c, c̄) > 0.

The first step is to derive an identity for the symmetrized relative entropy

between two renormalized solutions, using the method of doubling the variables.

This method, due to Kruzhkov [42], was further developed in [43], and allows

to treat one solution as a constant with respect to the evolution of the other,

in order to derive a relative entropy identity, overcoming the lack of regularity.

Compared to the use of doubling of variables in hyperbolic problems, we here

employ also the regularity properties emerging from the existence theory.

The work proceeds as follows: First we establish a symmetrized relative en-

tropy inequality between two renormalized solutions:

Theorem 13. Let c and c̄ be renormalized solutions of (5.1)–(5.2) emanating

from the same initial data. Then for any T > 0 and β ∈ C2([0,∞)), the following

identity holds:

n1
i=1

�
T3

!
β(ci)− β(c̄i)

(
(ci − c̄i) dx

555
t=T

=
n1

i=1

� T

0

�
T3

∇ (β(ci)− β(c̄i)) · (ciui − c̄iūi)dxdt

+
n1

i=1

� T

0

�
T3

�
∇�

(ci − c̄i)β
′(ci)

� · ciui −∇�
(ci − c̄i)β

′(c̄i)
� · c̄iūi

&
dxdt.

(5.12)

Now, the choice of β(s) = ln(s + δ), which is indeed in C2([0,∞)), in (5.12)
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implies the following result:

Corollary 14. Let c and c̄ be renormalized solutions of (5.1)–(5.2). Then, for

any T > 0 and δ > 0:

F (c, c̄)(T ) (5.13)

=
n1

i=1

� T

0

�
T3

(ci + c̄i + 2δ) ∇!
ln(ci + δ)− ln(c̄i + δ)

( · " ciui

ci + δ
− c̄iūi

c̄i + δ

)
.

We remark that up to Corollary 14 only the transport structure (5.1) was

used. The question becomes how the formal identity (5.25) is affected by the

introduction of the corrections in the logarithmic terms. To achieve this, a change

of variables is quite helpful, namely, the functions di = ci+δ and vi =
ciui

ci+δ
satisfy

an approximate Maxwell–Stefan system in the form (5.33). This motivates to

express the error estimate for the new system. A careful estimation of the terms

involved in (5.13) yields the uniqueness of nonnegative renormalized solutions:

Theorem 15. Let c and c̄ be renormalized solutions of (5.1)–(5.2) emanating

from the same initial data. Then, if ciui and c̄iūi are in L∞(T3 × (0,∞)), there

exists at most one nonnegative renormalized solution to the classical Maxwell–

Stefan system (5.1)–(5.2).

Remark 16. The regularity assumption ciui ∈ L∞(T3 × (0,∞)) implies, due to

the force-flux relation (5.2), that ∇ci ∈ L∞(T3× (0,∞)). We recall the regularity

offered by the existence theory of [8] is ∇√
ci ∈ L2

loc(T3× (0,∞)) and slightly less

than that required for uniqueness.

We, then, study the relation between weak and renormalized solutions and

show that our definition of renormalized solutions is implied by the definition of

weak solutions and, as a result, Theorem 15 holds for weak solutions as well.

Theorem 17. Let c be a weak solution of (5.1)–(5.2) in the sense of Definition

11 of regularity (5.9). Then c is a renormalized solution of (5.1)–(5.2).

As a consequence, the uniqueness of weak solutions follows:
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Corollary 18. Let c and c̄ be weak solutions of (5.1)–(5.2) emanating from the

same initial data and suppose that ciui and c̄iūi are in L∞(T3 × (0,∞)). Then,

c = c̄, i.e. weak solutions are unique.

5.1.1 Formal comparison of solutions of transport equa-

tions

The entropy (5.4) of the Maxwell-Stefan system plays an important role in the

existence theory of weak solutions [8], and the relative entropy

H(c|c̄) =
�
T3

n1
i=1

�
ci ln

ci
c̄i

− (ci − c̄i)
&
dx (5.14)

was used in [10] to estimate the distance between two solutions c and c̄. Here,

we will employ instead a symmetrized version of the relative entropy

Hsym(c, c̄) := H(c|c̄) +H(c̄|c) =
�
T3

n1
i=1

(ln ci − ln c̄i)(ci − c̄i)dx (5.15)

The quantity (ln ci − ln c̄i)(ci − c̄i) is positive for 0 < ci, c̄i < 1 when ci ̸= c̄i. It

takes the value ∞ when one out of ci or c̄i vanishes, and it can be defined to be

+∞ when both vanish. Hence, it can serve to measure the distance between two

solutions.

For a renormalized solution corresponding to (5.6), an entropy functional is

defined by

HB(c) =

�
T3

n1
i=1

� ci

0

β(s)ds dx . (5.16)

Setting B(s) :=
� s

0
β(τ)dτ , the symmetrized relative entropy of two renormalized

solutions c and c̄ is given by

Hsym
B (c, c̄) =

�
T3

n1
i=1

(β(ci)− β(c̄i))(ci − c̄i) dx . (5.17)

When β is a monotone map, the symmetrized relative entropy is nonnegative and
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offers a suitable tool to measure the distance between c and c̄.

5.1.2 Uniqueness for the heat equation

In this section we present a uniqueness/stability estimate for the heat equation.

The heat equation is first written in the form suggested by the so-called Otto

calculus [44]

∂tρ+ div ρu = 0 u = −∇ ln ρ. (5.18)

We present an identity based only on the transport equation, ∂tρ+div ρu = 0,

which yields a relative entropy comparison between two solutions of (5.18). Let

(ρ, u) and (ρ̄, ū) be two solutions of the transport equation and we write down

the identities

∂tρ+ div ρu = 0

∂t ln ρ̄+ div ū+∇ ln ρ̄ · ū = 0.

(5.19)

(5.20)

We multiply (5.19) by ln ρ̄ and (5.20) by ρ and add to obtain

∂t(ρ ln ρ̄) + div(ρ ln ρ̄ u+ ρū) +∇ ln
ρ̄

ρ
· ρū−∇ ln ρ̄ · ρu = 0. (5.21)

In particular, we have

∂t(ρ ln ρ) + div(ρ ln ρ u+ ρu)−∇ ln ρ · ρu = 0. (5.22)

Next, we add (5.22) with the corresponding equation for (ρ̄, ū), and then

from the result we subtract (5.21) and the analog of (5.21) with (ρ, u) and (ρ̄, ū)

interchanged. After re-arranging the terms we obtain

∂t
!
(ln ρ− ln ρ̄)(ρ− ρ̄)

(
+ div

!
(ln ρ− ln ρ̄)(ρu− ρ̄ū) + (ρ− ρ̄)(u− ū)

(
− (ρ+ ρ̄)∇(ln ρ− ln ρ̄) · (u− ū) = 0.

(5.23)

We emphasize that up to here we only used the transport equation (5.19).
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Now, consider the heat equation (5.18) and introduce the formula u = −∇ ln ρ

to (5.23). After an integration, we obtain the identity

d

dt

�
Ω

!
(ln ρ− ln ρ̄)(ρ− ρ̄)

(
dx+

�
Ω

(ρ+ ρ̄)|∇(ln ρ− ln ρ̄)|2dx = 0 (5.24)

which provides an alternative approach to show uniqueness and stability for the

heat equation, based on its entropy structure.

5.1.3 The symmetrized relative entropy identity for the

Maxwell–Stefan system

Consider next the Maxwell–Stefan system and return to the notation ci for the

densities and Ji = ciui for the fluxes. Using the transport equations (5.1) for the

individual components and following the derivation of section 5.1.2 we obtain the

identity

∂t

�1
i

(ln ci − ln c̄i)(ci − c̄i)
&

+ div
�1

i

(ln ci − ln c̄i)(ciui − c̄iūi) + (ci − c̄i)(ui − ūi)
&

−
1
i

�
∇(ln ci − ln c̄i) · (ci + c̄i)(ui − ūi)

&
= 0.

(5.25)

Next, we use the algebraic system (5.2),

−
n1

j=1

1

Dij

cj(ui − uj) = ∇ ln ci

and the symmetry of Dij to express

I = −
1
i

(ci + c̄i)(ui − ūi) · ∇(ln ci − ln c̄i) · (ci + c̄i)(ui − ūi)

=
1
i,j

1
2
cicj

1

Dij

55(ui − ūi)− (uj − ūj)
552 +1

i,j

(cj − c̄j)(ui − ūi) · ci
Dij

(ūi − ūj)

+
1
i,j

1
2
c̄ic̄j

1

Dij

55(ui − ūi)− (uj − ūj)
552 +1

i,j

(cj − c̄j)(ui − ūi) · c̄i
Dij

(ui − uj).
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Combining with (5.25) we arrive at the (formal) identity

∂t

�1
i

(ln ci − ln c̄i)(ci − c̄i)
&

+ div
�1

i

(ln ci − ln c̄i)(ciui − c̄iūi) + (ci − c̄i)(ui − ūi)
&

+
1
i,j

1

2Dij

(cicj + c̄ic̄j)
55(ui − ūi)− (uj − ūj)

552
= −

1
i,j

(cj − c̄j)(ui − ūi) · 1

Dij

�
ci(ūi − ūj) + c̄i(ui − uj)

&
.

(5.26)

The identity (5.26) will guide the analysis of uniqueness in the following sections.

It bears analogies to the identity used for weak–strong uniqueness in [10], but

here the evolution is computed for the symmetrized relative entropy and is com-

plemented with spectral properties of the matrix in (5.2) that will quantify the

effect of friction. It should be compared to Corollary 14 for δ = 0.

5.1.4 Derivation of the relative entropy identity

In this section we give a proof of Theorem 13. Let ci, c̄i be two renormalized

solutions and we proceed to establish Theorem 13. By the weak formulation for

the difference A(x, t) := ci(x, t)− c̄i(x, t), corresponding to β = id, we have

�
T3

A(x, 0)ϕ(x, 0)dx

+

� ∞

0

�
T3

[A(x, t)∂tϕ(x, t) + C(x, t) · ∇xϕ(x, t)]dxdt = 0,

(5.27)

where C(x, t) := ciui(x, t)− c̄iūi(x, t) and ϕ(x, t) ∈ C1
c (Q∞) a test function com-

pactly supported in Q∞ = T3 × [0,∞). Likewise, write the weak formulation for

the difference B(y, τ) := β(ci(y, τ))− β(c̄i(y, τ)), for a generic β, namely

�
T3

B(y, 0)ϕ(y, 0)dy

+

� ∞

0

�
T3

B(y, τ)∂τϕ(y, τ) +D(y, τ) · ∇yϕ(y, τ)]dydτ

+

� ∞

0

�
T3

E(y, τ)ϕ(y, τ)dydτ = 0,

(5.28)
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where ϕ(y, τ) ∈ C1
c (Q∞),

D(y, τ) = β′(ci(y, τ))ciui(y, τ)− β′(c̄i(y, τ))c̄iūi(y, τ)

E(y, τ) = 2
√
ciβ

′′(ci)∇√
ci · ciui − 2

√
c̄iβ

′′(c̄i)∇
√
c̄i · c̄iūi.

Let φ(z, s) ∈ C1
c (Q∞), that is ϕ is periodic in space and compactly supported

on T3 × [0,∞). Let ρ(σ) ≥ 0 be a symmetric mollifier, supported in the ball

centered at 0 with radius 1, with
�
ρ(σ)dσ = 1. Define

Φ(x, t; y, τ) = φ

"
x+ y

2
,
t+ τ

2

)
1

ϵ
ρ

"
t− τ

ϵ

) 3-
α=1

1

ϵ
ρ

"
xα − yα

ϵ

)
=: φ

"
x+ y

2
,
t+ τ

2

)
ϕϵ(x, y, t, τ)

(5.29)

and note that Φ ∈ C1
c (Q∞ × Q∞) and if z and s denote the first and second

argument of φ respectively, we have

(∇x +∇y)Φ = (∇zφ)
�x+ y

2
,
t+ τ

2

&
ϕϵ (5.30)

(∂t + ∂τ )Φ = (∂sφ)
�x+ y

2
,
t+ τ

2

&
ϕϵ. (5.31)

Φ is jointly periodic in space: if p ∈ R3 is a period then Φ(x+ p, t; y+ p, τ) =

Φ(x, t; y, τ).

Now, in (5.27) we employ the test function

ϕB(x, t) =

� ∞

0

�
T3

B(y, τ)Φ(x, t; y, τ)dydτ
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which is in C1
c (Q∞), since

ϕB(x+ p, t) =

� ∞

0

�
T3

B(y, τ)Φ(x+ p, t; y, τ)dydτ

=

� ∞

0

�
T3−p

B(y + p, τ)Φ(x+ p, t; y + p, τ)dydτ

=

� ∞

0

�
T3

B(y, τ)Φ(x, t; y, τ)dydτ

= ϕB(x, t).

The resulting identity is integrated over T3 × [0,∞) and gives, using (5.30),

� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)B(y, τ)(∂tΦ)dxdtdydτ

+

� ∞

0

�
T3

� ∞

0

�
T3

C(x, t)B(y, τ) ·
�
∇zφ

!
x+y
2
, t+τ

2

(
ϕϵ −∇yΦ

&
dxdtdydτ

= −
� ∞

0

�
T3

�
T3

A(x, 0)B(y, τ)Φ(x, 0; y, τ)dxdydτ .

Since B(y, τ) = β(ci(y, τ))−β(c̄i(y, τ)) ∈ H1(T3) for τ fixed, we can integrate by

parts in y and use the periodic boundary conditions to get

� ∞

0

�
T3

�
T3

A(x, 0)B(y, τ)φ
!
x+y
2
, τ
2

(
ϕϵ(x, y, 0, τ)dxdydτ

= −
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)B(y, τ)∂t
!
Φ(x, t; y, τ)

(
dxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

�
C(x, t)B(y, τ) · (∇zφ)

!
x+y
2
, t+τ

2

(
ϕϵ

+ C(x, t) · ∇yB(y, τ)Φ
�
dxdtdydτ.

Similarly, we choose the test function

ϕA(y, τ) =

� ∞

0

�
T3

A(x, t)Φ(x, t; y, τ)dxdt
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in (5.28), which is C1
c (Q∞) and follow similar steps to arrive at

� ∞

0

�
T3

�
T3

A(x, t)B(y, 0)φ
!
x+y
2
, τ
2

(
ϕϵ(x, y, t, 0)dxdydt

= −
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)B(y, τ)∂τ
!
Φ(x, t; y, τ)

(
+ A(x, t)E(y, τ)Φ dxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)D(y, τ) · (∇zφ)
!
x+y
2
, t+τ

2

(
ϕϵdxdtdydτ

+

� ∞

0

�
T3

� ∞

0

�
T3

D(y, τ) · ∇xA(x, t)Φdxdtdydτ.

Adding the two equations and using (5.31), we get

� ∞

0

�
T3

�
T3

A(x, 0)B(y, τ)φ
!
x+y
2
, τ
2

(
ϕϵ(x, y, 0, τ)dxdydτ

+

� ∞

0

�
T3

�
T3

A(x, t)B(y, 0)φ
!
x+y
2
, τ
2

(
ϕϵ(x, y, t, 0)dxdydt

= −
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)B(y, τ)φs

!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

C(x, t)B(y, τ) · ∇zφ
!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)D(y, τ) · ∇zφ
!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

C(x, t) · ∇yB(y, τ)φ
!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

D(y, τ) · ∇xA(x, t)φ
!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ

−
� ∞

0

�
T3

� ∞

0

�
T3

A(x, t)E(y, τ)φ
!x+ y

2
,
t+ τ

2

(
ϕϵdxdtdydτ.

We, turn to passing to the limit ϵ → 0. This is effected by standard approx-

imation results that are listed for the reader’s convenience. Lemma 20 indicates

the subtle role played by the initial trace.

Lemma 19. Let f(x, t) ∈ L1(Rd × (0,∞)). Then

� ∞

0

�
Rd

� ∞

0

�
Rd

f(y, τ)φ

"
x+ y

2
,
t+ τ

2

)
1

ϵ
ρ

"
t− τ

ϵ

)
1

ϵd
ρ

"
x− y

ϵ

)
dydτdxdt

→
� ∞

0

�
Rd

f(x, t)φ(x, t)dxdt ∀φ ∈ Cc(Rd × [0,∞)),
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where we denote

ρ

"
x− y

ϵ

)
=

d-
α=1

ρ

"
xα − yα

ϵ

)
.

Proof. Extend f by setting

f̄(x, t) =

����
f(x, t) t > 0

0 else

and set X = (x, t) and Y = (y, τ). Then, it is enough to show that for all

φ ∈ Cc(Rd × [0,∞))

� �
f̄(Y )φ

"
X + Y

2

)
1

ϵd+1
ρ

"
X − Y

ϵ

)
dY dX →

�
f̄(X)φ(X)dX.

Indeed, using the change of variables Y = X + ϵZ,

I =

5555� �
f̄(Y )φ

"
X + Y

2

)
1

ϵd+1
ρ

"
X − Y

ϵ

)
dY dX −

�
f̄(X)φ(X)dX

5555
=

5555� � "
f̄(X + ϵZ)φ

"
X +

1

2
ϵY

)
− f̄(X)φ(X)

)
ρ (Z) dZdX

5555
≤

� �
|f̄(X + ϵZ)− f̄(X)|

5555φ"
X +

1

2
ϵZ

)5555 ρ(Z)dZdX
+

� � 5555φ"
X +

1

2
ϵZ

)
− φ(X)

5555 |f̄(X)|ρ(Z)dZdX,

where both terms tend to zero by the dominated convergence theorem since f ∈
L1.

Lemma 20. Let f(·, t) ∈ L1(Rd) for all t > 0 and

lim
t→0

�
Rd

|f(x, t)− f(x, 0)|dx = 0.
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Then �
Rd

� ∞

0

�
Rd

f(y, τ)φ

"
x+ y

2
,
τ

2

)
1

ϵ
ρ
�
−τ

ϵ

& 1

ϵd
ρ

"
x− y

ϵ

)
dydτdx

→ 1

2

�
Rd

f(x, 0)φ(x, 0)dx ∀φ ∈ Cc(Rd × [0,∞)).

Proof. We compare the difference between Kϵ and K

Kϵ :=

�
Rd

� ∞

0

�
Rd

f(y, τ)φ

"
x+ y

2
,
τ

2

)
1

ϵ
ρ
�
−τ

ϵ

& 1

ϵd
ρ

"
x− y

ϵ

)
dydτdx

K :=
1

2

�
Rd

f(x, 0)φ(x, 0)dx

By the change of variables y−x
ϵ

= z and τ
ϵ
= σ, the symmetry of ρ, and

� 1

0

ρ(σ)dσ = 1/2

we have

|Kϵ −K|

≤
�
Rd

� 1

0

�
|z|≤1

5555f(x+ ϵz, ϵσ)φ

"
x+

1

2
ϵz,

1

2
ϵσ

)
− f(x, 0)φ(x, 0)

5555 ρ(σ)ρ(z)dzdσdx
≤

�
Rd

� 1

0

�
|z|≤1

|f(x+ ϵz, ϵσ)|
5555φ"

x+
1

2
ϵz,

1

2
ϵσ

)
− φ(x, 0)

5555 ρ(σ)ρ(z)dzdσdx
+

�
Rd

� 1

0

�
|z|≤1

|f(x+ ϵz, ϵσ)− f(x, 0)| |φ(x, 0)| ρ(σ)ρ(z)dzdσdx

=: J1 + J2,

where

J1 =

� 1

0

ρ(σ)

�
|z|≤1

ρ(z)

�
Rd

|f(x+ ϵz, ϵσ)|
5555φ"

x+
1

2
ϵz,

1

2
ϵσ

)
− φ(x, 0)

5555 dxdzdσ
≤ O(ϵ) sup

(z,s)

|∇(z,s)φ(z, s)| sup
|τ |≤ϵ

�
Rd

|f(y, τ)| dy

which goes to zero as ϵ → 0, provided lim supτ→0 ∥f(·, τ)∥L1(Rd) ≤ C, where C is

a constant independent of ϵ.
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For the second term, we have

J2 =

� 1

0

ρ(σ)

�
|z|≤1

ρ(z)

�
Rd

|f(x+ ϵz, ϵσ)− f(x, 0)| |φ(x, 0)| dxdzdσ

≤
� 1

0

ρ(σ)

�
|z|≤1

ρ(z)

�
Rd

|f(x+ ϵz, ϵσ)− f(x+ ϵz, 0)| |φ(x, 0)| dxdzdσ

+

� 1

0

ρ(σ)

�
|z|≤1

ρ(z)

�
Rd

|f(x+ ϵz, 0)− f(x, 0)| |φ(x, 0)| dxdzdσ

≤ sup
x

|φ(x, 0)| sup
0≤σ≤1

�
Rd

|f(y, ϵσ)− f(y, 0)| dydσ

+
1

2
sup
x

|φ(x, 0)|∥f(·+ ϵz, 0)− f(·, 0)∥L1(Rd)

Since limτ→0

�
Rd |f(y, τ)−f(y, 0)|dy = 0 and limz→0 ∥f(·+z, 0)−f(·, 0)∥L1(Rd) = 0

the last term goes to zero as ϵ → 0.

Using the lemmas we take ϵ → 0 to obtain

−
�
T3

A(x, 0)B(x, 0)φ(x, 0)dx =

� ∞

0

�
T3

A(x, t)B(x, t)φt(x, t)dxdt

+

� ∞

0

�
T3

[C(x, t)B(x, t) + A(x, t)D(x, t)] · ∇xφ(x, t)dxdt

+

� ∞

0

�
T3

[C(x, t) · ∇xB(x, t) +D(x, t) · ∇xA(x, t)]φ(x, t)dxdt

+

� ∞

0

�
T3

A(x, t)E(x, t)φ(x, t)dxdt.

Now, we choose

φ(x, t) =

������������
1 t ∈ [0, T ]

T−t
σ

+ 1 T < t ≤ T + σ

0 t > T + σ

(5.32)

for some σ > 0 and let σ → 0:�
T3

A(x, T )B(x, T )dx−
�
T3

A(x, 0)B(x, 0)dx

=

� T

0

�
T3

[C(x, t) · ∇xB(x, t) +D(x, t) · ∇xA(x, t) + A(x, t)E(x, t)] dxdt.

Finally, substituting back A,B,C,D and E, summing the resulting equation
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over i ∈ {1, . . . , n}, and using the same initial conditions for the two solutions,

we arrive at (5.12).

We, now, proceed with the proof of Corollary 14. Let β(s) = ln(s + δ), for

some fixed δ ∈ (0, 1). Note that β ∈ C2([0,∞)), since for all s ∈ [0, 1]:

|β(s)| = | ln(s+ δ)| ≤ max{| ln δ|, ln(1 + δ)}

|β′(s)| =
5555 1

s+ δ

5555 ≤ 1

δ
,

|√sβ′′(s)| =
5555 √

s

(s+ δ)2

5555 ≤ 1

δ2
.

Hence, we can choose it in (5.12) and carry out the following calculation:

∇�
(ci − c̄i)β

′(ci)
� · ciui −∇�

(ci − c̄i)β
′(c̄i)

� · c̄iūi

= ∇
"
1− c̄i + δ

ci + δ

)
· ciui −∇

"
ci + δ

c̄i + δ
− 1

)
· c̄iūi

= −∇
"
c̄i + δ

ci + δ

)
· ciui −∇

"
ci + δ

c̄i + δ

)
· c̄iūi

= −∇ ln

"
c̄i + δ

ci + δ

)
· ciui

c̄i + δ

ci + δ
−∇ ln

"
ci + δ

c̄i + δ

)
· c̄iūi

ci + δ

c̄i + δ

= ∇!
ln(ci + δ)− ln(c̄i + δ)

( · "ciui
c̄i + δ

ci + δ
− c̄iūi

ci + δ

c̄i + δ

)

Then,

∇!
ln(ci + δ)− ln(c̄i + δ)

( · "ciui
c̄i + δ

ci + δ
− c̄iūi

ci + δ

c̄i + δ

)
+∇!

ln(ci + δ)− ln(c̄i + δ)
( · (ciui − c̄iūi)

= ∇!
ln(ci + δ)− ln(c̄i + δ)

( · "ciui

"
1 +

c̄i + δ

ci + δ

)
− c̄iūi

"
1 +

ci + δ

c̄i + δ

))
= (ci + δ + c̄i + δ) ∇!

ln(ci + δ)− ln(c̄i + δ)
( · " ciui

ci + δ
− c̄iūi

c̄i + δ

)

Since the above calculation is purely algebraic, one would expect that it holds
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rigorously provided all the terms are well-defined. Indeed,

ci ∈ L∞(T3 × (0, T )),

∇ ln(ci + δ) =
2
√
ci

ci + δ
∇√

ci ∈ L2(T3 × (0, T )),

ciui

ci + δ
=

√
ci

ci + δ

√
ciui ∈ L2(T3 × (0, T ))

and thus (5.13) is justified.

We define, now, a new set of variables di(x, t) and vi(x, t) as follows:

di(x, t) = ci(x, t) + δ

vi(x, t) =
ciui

ci + δ

for some δ ∈ (0, 1). Note that the flux is preserved in the sense that ciui = divi,

i.e. the new flux also satisfies the constraint
2n

i=1 divi = 0 and if ciui ∈ L∞(T3 ×
(0, T )), then divi ∈ L∞(T3 × (0, T )) as well. Therefore, (5.1)–(5.2) reads:

∂tdi +∇ · (divi) = 0, (5.33)

∇di = −
n1

j=1

didj
Dij

(vi − vj) + δ
n1

j=1

1

Dij

(divi − djvj) (5.34)

for all i = 1, . . . , n and the initial conditions become:

d0i = c0i + δ on T3, i = 1, . . . , n. (5.35)

The new variables enjoy the properties:

δ ≤ di ≤ 1 + δ ≤ 2, (5.36)

n1
i=1

di = 1 + nδ (5.37)
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and

∥vi∥L∞(T3×(0,∞)) =

4444 ciui

ci + δ

4444
L∞

≤ 1

δ
∥cu∥L∞ , (5.38)

where ∥cu∥L∞ = max1≤i,j≤n{∥ciui∥L∞ , ∥c̄jūj∥L∞}.

Now, we introduce the two matrices

Aij(d) =

����
2

k ̸=i
dk
Dik

, i = j,

−
√

didj

Dij
, i ̸= j,

Bij(d) =

����
−2

k ̸=i
1

Dik
, i = j,

√
dj

Dij
√
di
, i ̸= j.

(5.39)

(5.40)

Note that Aij(d) is symmetric and its spectrum plays a significant role later, while

Bij(d) is not symmetric. The linear system in (5.33) can be expressed as

2∇
0
di = −

n1
j=1

�
Aij(d) + δBij(d)

&0
djvj (5.41)

for all i = 1, . . . , n. It is a perturbation of (5.2) and when δ = 0 we recover (5.2).

Let z ∈ Rn. The computation

(A(d)z)i =
n1

j=1

Aij(d)zj =
1
j ̸=i

dj
Dij

zi −
1
j ̸=i

0
didj

Dij

zj =
1
j ̸=i

0
dj

Dij

(
0

djzi −
0

dizj)

shows that

ranA(d) =
�
x ∈ Rn :

√
d · x = 0

�
=: L(d)

kerA(d) = span
�√

d
�
=: L(d)⊥

where by
√
d we denote the vector (

√
d1, . . . ,

√
dn) and the projection matrices

onto L and L⊥ are given by

(PL(d))ij = δij −
0
didj

1 + nδ
and (PL(d)⊥)ij =

0
didj

1 + nδ
(5.42)
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respectively.

Due to (5.37),
n1

i=1

di
1 + nδ

= 1

and using the scaling property

A(d) = (1 + nδ)A

"
d

1 + nδ

)

we can apply the Perron-Frobenius Theorem as in [10], in order to obtain the

estimate:

z⊤A(d)z = (1 + nδ) z⊤A
"

d

1 + nδ

)
z ≥ (1 + nδ)µ|PL(d)z|2 (5.43)

for all z ∈ Rn, where µ = min
i ̸=j

1
Dij

.

Using the variables di and vi, the relative entropy identity of Corollary 14

reads:

F (d, d̄)
555
t=T

=
n1

i=1

� T

0

�
T3

(di + d̄i) ∇(ln di − ln d̄i) · (vi − v̄i)dxdt.(5.44)

Using the linear system in (5.33), we can rewrite the integrand on the right–hand

side of (5.44) as follows:

n1
i=1

(di + d̄i)(vi − v̄i) · ∇(ln di − ln d̄i)

= −
n1

i=1

(di + d̄i)(vi − v̄i) ·
1
j ̸=i

1

Dij

!
dj(vi − vj)− d̄j(v̄i − v̄j)

(
+ δ

n1
i=1

(di + d̄i)(vi − v̄i) ·
1
j ̸=i

1

Dij

"
vi − dj

di
vj − v̄i +

d̄j
d̄i
v̄j

)
:= I1 + I2.
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We start with I1:

I1 = −
n1

i=1

di(vi − v̄i) ·
1
j ̸=i

1

Dij

!
dj(vi − vj)− d̄j(v̄i − v̄j)

(
−

n1
i=1

d̄i(vi − v̄i) ·
1
j ̸=i

1

Dij

!
dj(vi − vj)− d̄j(v̄i − v̄j)

(
and using the symmetry of Dij:

I1 = −
n1

i=1

1
j ̸=i

didj
2Dij

|(vi − v̄i)− (vj − v̄j)|2 −
n1

i=1

1
j ̸=i

di
Dij

(dj − d̄j)(vi − v̄i) · (v̄i − v̄j)

−
n1

i=1

1
j ̸=i

d̄id̄j
2Dij

|(vi − v̄i)− (vj − v̄j)|2 −
n1

i=1

1
j ̸=i

d̄i
Dij

(dj − d̄j)(vi − v̄i) · (vi − vj).

Regarding I2, we can split it into two parts:

I2 = δ
n1

i=1

�1
j ̸=i

1

Dij

&
(di + d̄i)|vi − v̄i|2

− δ
n1

i=1

1
j ̸=i

1

Dij

(di + d̄i)(vi − v̄i) ·
"
dj
di
vj − d̄j

d̄i
v̄j

)
.

This shows that

F (d, d̄)
555
t=T

+
n1

i=1

1
j ̸=i

� T

0

�
T3

1

2Dij

(didj + d̄id̄j)|(vi − v̄i)− (vj − v̄j)|2

= −
n1

i=1

1
j ̸=i

� T

0

�
T3

di
Dij

(dj − d̄j)(vi − v̄i) · (v̄i − v̄j) dxdt

−
n1

i=1

1
j ̸=i

� T

0

�
T3

d̄i
Dij

(dj − d̄j)(vi − v̄i) · (vi − vj) dxdt

+ δ
n1

i=1

�1
j ̸=i

1

Dij

&� T

0

�
T3

(di + d̄i)|vi − v̄i|2 dxdt

− δ

n1
i=1

1
j ̸=i

� T

0

�
T3

1

Dij

(di + d̄i)(vi − v̄i) ·
"
dj
di
vj − d̄j

d̄i
v̄j

)
dxdt

(5.45)

and we aim to control the terms on the right–hand side by the relative entropy

and the dissipation on the left–hand side.
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5.1.5 Estimation of the dissipation

Following the ideas of [10], we use the symmetry of Dij to rewrite the dissipation

terms as follows:

n1
i=1

1
j ̸=i

didj
2Dij

|(vi − v̄i)− (vj − v̄j)|2

=
n1

i=1

1
j ̸=i

didj
Dij

((vi − v̄i)− (vj − v̄j)) · (vi − v̄i)

=
n1

i=1

�1
j ̸=i

didj
Dij

|vi − v̄i|2 −
1
j ̸=i

didj
Dij

(vj − v̄j) · (vi − v̄i)

�

=
n1

i=1

�1
j ̸=i

dj
Dij

0
di(vi − v̄i) ·

0
di(vi − v̄i)

−
1
j ̸=i

0
didj

Dij

0
di(vi − v̄i) ·

0
dj(vj − v̄j)

�
=

n1
i=1

n1
j=1

Aij(d)
0

di(vi − v̄i) ·
0
dj(vj − v̄j).

where Aij(d) is the matrix in (5.39). Let Y = (Y1, . . . , Yn), where

Yi =
0

di(vi − v̄i).

By (5.43),

n1
i=1

n1
j=1

Aij(d)
0
di(vi − v̄i) ·

0
dj(vj − v̄j) ≥ (1 + nδ)µ|PL(d)Y |2

≥ µ|PL(d)Y |2,

where

|PL(d)Y |2 = |Y |2 − |PL⊥(d)Y |2

with

|Y |2 =
n1

i=1

di|vi − v̄i|2
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and

(PL⊥(d)Y )i =
n1

j=1

0
didj

1 + nδ

0
dj(vj − v̄j)

=

√
di

1 + nδ

n1
j=1

(djvj − dj v̄j)

=

√
di

1 + nδ

n1
j=1

(d̄j v̄j − dj v̄j)

=

√
di

1 + nδ

n1
j=1

(d̄j − dj)v̄j

where we have used the fact that
2n

i=1 divi =
2n

i=1 d̄iv̄i = 0.

Then, by (5.38),

|PL⊥(d)Y |2 = 1

1 + nδ

 
n1

j=1

(d̄j − dj)v̄j

'2

≤ n

1 + nδ

n1
j=1

|dj − d̄j|2|v̄j|2

≤ n∥v̄j∥2L∞

n1
j=1

|dj − d̄j|2

≤ n

δ2
∥cu∥2L∞

n1
j=1

|dj − d̄j|2.

Therefore

n1
i=1

1
j ̸=i

didj
2Dij

|(vi − v̄i)− (vj − v̄j)|2 ≥ µ

n1
i=1

di|vi − v̄i|2 − µn

δ2
∥cu∥2L∞

n1
j=1

|dj − d̄j|2

and similarly

n1
i=1

1
j ̸=i

d̄id̄j
2Dij

|(vi − v̄i)− (vj − v̄j)|2 ≥ µ
n1

i=1

d̄i|vi − v̄i|2 − µn

δ2
∥cu∥2L∞

n1
j=1

|dj − d̄j|2.

Putting everything together, we find:
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F (d, d̄)
555
t=T

+ µ
n1

i=1

� T

0

�
T3

(di + d̄i)|vi − v̄i|2 dxdt

≤ 2nµ

δ2
∥cu∥2L∞

n1
i=1

� T

0

�
T3

|di − d̄i|2 dxdt

+

� T

0

�
T3

−
n1

i=1

1
j ̸=i

di
Dij

(dj − d̄j)(vi − v̄i) · (v̄i − v̄j)� �� �
J1

dxdt

+

� T

0

�
T3

−
n1

i=1

1
j ̸=i

d̄i
Dij

(dj − d̄j)(vi − v̄i) · (vi − vj)� �� �
J2

dxdt

+

� T

0

�
T3

δ
n1

i=1

�1
j ̸=i

1

Dij

&
(di + d̄i)|vi − v̄i|2� �� �
J3

dxdt

+

� T

0

�
T3

−δ
n1

i=1

1
j ̸=i

1

Dij

(di + d̄i)(vi − v̄i) ·
"
dj
di
vj − d̄j

d̄i
v̄j

)
� �� �

J4

dxdt

(5.46)

and we need to estimate the error terms J1, J2, J3 and J4.

We start with J3. Setting M = max
i ̸=j

1
Dij

, we get

J3 ≤ nδM

n1
i=1

(di + d̄i)|vi − v̄i|2. (5.47)

Regarding the terms J1 and J2, we have:

J1 ≤
n1

i=1

1
j ̸=i

di
Dij

|dj − d̄j||vi − v̄i||v̄i − v̄j|

=
n1

i=1

0
di|vi − v̄i|

1
j ̸=i

√
di

Dij

|dj − d̄j||v̄i − v̄j|
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and using Young’s and Jensen’s inequality

J1 ≤ µ

4

n1
i=1

di|vi − v̄i|2 + 1

µ

n1
i=1

 1
j ̸=i

√
di

Dij

|dj − d̄j||v̄i − v̄j|
'2

≤ µ

4

n1
i=1

di|vi − v̄i|2 + 8n2M2

µ
∥v∥2L∞

n1
j=1

|dj − d̄j|2,

where ∥v∥L∞ := max1≤i≤n ∥vi∥L∞ . Finally, by (5.38):

J1 ≤ µ

4

n1
i=1

di|vi − v̄i|2 + 8n2M2

µδ2
∥cu∥2L∞

n1
j=1

|dj − d̄j|2

and similarly,

J2 ≤ µ

4

n1
i=1

d̄i|vi − v̄i|2 + 8n2M2

µδ2
∥cu∥2L∞

n1
j=1

|dj − d̄j|2.

Hence, we see that

J1 + J2 ≤ µ

4

n1
i=1

(di + d̄i)|vi − v̄i|2 + C1

δ2

n1
j=1

|dj − d̄j|2 (5.48)

and C1 > 0 depends on n, µ, M , and ∥cu∥L∞ , but not on δ.

For J4, we first split it into two parts

J4 ≤ δM

n1
i=1

1
j ̸=i

(di + d̄i)|vi − v̄i|
5555djdi vj − d̄j

d̄i
v̄j

5555
≤ δM

n1
i=1

1
j ̸=i

di|vi − v̄i|
! 5555djdi vj − dj

di
v̄j

5555+ 5555djdi v̄j − d̄j
d̄i
v̄j

5555 (
+ δM

n1
i=1

1
j ̸=i

d̄i|vi − v̄i|
! 5555djdi vj − d̄j

d̄i
vj

5555+ 5555 d̄jd̄i vj − d̄j
d̄i
v̄j

5555 (
= δM

n1
i=1

1
j ̸=i

dj|vi − v̄i| |vj − v̄j|+ δM
n1

i=1

1
j ̸=i

di|vi − v̄i||v̄j|
5555djdi − d̄j

d̄i

5555
+ δM

n1
i=1

1
j ̸=i

d̄i|vi − v̄i||vj|
5555djdi − d̄j

d̄i

5555+ δM

n1
i=1

1
j ̸=i

d̄j|vi − v̄i| |vj − v̄j|
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and thus

J4 = δM
n1

i=1

1
j ̸=i

(dj + d̄j)|vi − v̄i| |vj − v̄j|

+ δM
n1

i=1

1
j ̸=i

(di|v̄j|+ d̄i|vj|)|vi − v̄i|
5555djdi − d̄j

d̄i

5555
=: J1

4 + J2
4 .

The first term is handled by Young’s inequality:

J1
4 =

n1
j=1

.
dj + d̄j|vj − v̄j|

 
δM

.
dj + d̄j

n1
i=1

|vi − v̄i|
'

≤ µ

4

n1
j=1

(dj + d̄j) |vj − v̄j|2 + 4nδ2M2

µ

 
n1

i=1

|vi − v̄i|
'2

then Jensen’s inequality in the second term:

J1
4 ≤ µ

4

n1
j=1

(dj + d̄j) |vj − v̄j|2 + 4n2δ2M2

µ

n1
i=1

|vi − v̄i|2

and finally we multiply and divide by di + d̄i:

J1
4 ≤ µ

4

n1
j=1

(dj + d̄j) |vj − v̄j|2 + 4n2δ2M2

µ

n1
i=1

(di + d̄i)|vi − v̄i|2 1

di + d̄i

≤ µ

4

n1
j=1

(dj + d̄j) |vj − v̄j|2 + 2n2δM2

µ

n1
i=1

(di + d̄i)|vi − v̄i|2

where in the last inequality we used that di + d̄i ≥ 2δ.

The second term is estimated in a similar way:

J2
4 ≤ δM max{∥v̄j∥L∞ , ∥vj∥L∞}

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
5555djdi − d̄j

d̄i

5555
(5.38)

≤ M∥cu∥L∞

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
5555djdi − d̄j

d̄i

5555
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and using triangle inequality

J2
4 ≤ M∥cu∥L∞

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
� 5555djdi − dj

d̄i

5555+ 5555djd̄i − d̄j
d̄i

5555 &
= M∥cu∥L∞

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
� dj
did̄i

55di − d̄i
55+ 1

d̄i

55dj − d̄j
55 &

≤ M∥cu∥L∞

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
� 2

δ2
55di − d̄i

55+ 1

δ

55dj − d̄j
55 &

because δ ≤ di, d̄i ≤ 2 and thus 1
did̄i

= 1
(ci+δ)(c̄i+δ)

≤ 1
δ2
. Then,

J2
4 =

2M∥cu∥L∞

δ2

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
55di − d̄i

55
+

M∥cu∥L∞

δ

n1
i=1

n1
j=1

(di + d̄i)|vi − v̄i|
55dj − d̄j

55 =: J2,1
4 + J2,2

4 .

Using Young’s inequality the first term gives

J2,1
4 =

2nM∥cu∥L∞

δ2

n1
i=1

(di + d̄i)|vi − v̄i|
55di − d̄i

55
=

n1
i=1

0
di + d̄i|vi − v̄i|2nM∥cu∥L∞

δ2

0
di + d̄i|di − d̄i|

≤ µ

8

n1
i=1

(di + d̄i)|vi − v̄i|2 + 16n2M2∥cu∥2L∞

µδ4

n1
i=1

|di − d̄i|2 .

Similarly, Young’s and Jensen’s inequalities give

J2,2
4 =

n1
i=1

0
di + d̄i|vi − v̄i|M∥cu∥L∞

δ

0
di + d̄i

n1
j=1

|dj − d̄j|

≤ µ

8

n1
i=1

(di + d̄i)|vi − v̄i|2 + 2M2∥cu∥2L∞

µδ2

n1
i=1

(di + d̄i)

 
n1

j=1

|dj − d̄j|
'2

≤ µ

8

n1
i=1

(di + d̄i)|vi − v̄i|2 + 8M2n2∥cu∥2L∞

µδ2

n1
j=1

|dj − d̄j|2.
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Summarizing,

J4 ≤
�µ
2
+ C2δ

& n1
i=1

(di + d̄i)|vi − v̄i|2 + C3

δ4

n1
j=1

|dj − d̄j|2 (5.49)

where C2 > 0 depends only on n, µ and M and C3 > 0 on n, µ,M and ∥cu∥2L∞

and neither of them depends on δ.

Finally, putting together (5.46), (5.47), (5.48) and (5.49), we obtain the dif-

ferential inequality

F (d, d̄)
555
t=T

+
�µ
4
− C4δ

& n1
i=1

� T

0

�
T3

(di + d̄i)|vi − v̄i|2 dxdt

≤ C5

δ4

n1
i=1

� T

0

�
T3

|di − d̄i|2 dxdt

where C4 and C5 are positive constants independent of δ.

Next, by selecting 0 < δ < min{1, µ
4C4

}, we obtain

F (d, d̄)
555
t=T

≤ C5

δ4

n1
i=1

� T

0

�
T3

|di − d̄i|2 dxdt, (5.50)

where

F (d, d̄) =
n1

i=1

�
T3

(ln di − ln d̄i)(di − d̄i)dx.

By Taylor’s theorem,

(ln di − ln d̄i)(di − d̄i) =
1

ξ
|di − d̄i|2,

for some ξ ∈ (min{di, d̄i},max{di, d̄i}) ⊂ (δ, 1 + δ), i.e.

(ln di − ln d̄i)(di − d̄i) ≥ 1

1 + δ
|di − d̄i|2. (5.51)
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Therefore, (5.50) and (5.51) imply that

n1
i=1

�
T3

|di − d̄i|2 dx
555
t=T

≤ C5
1 + δ

δ4

n1
i=1

� T

0

�
T3

|di − d̄i|2 dxdt

and a direct application of Grönwall’s Lemma gives

n1
i=1

�
T3

|di − d̄i|2 dx
555
t=T

≤ 0

i.e. di = d̄i and thus ci = c̄i, for all i = 1, . . . , n. This completes the proof.

5.1.6 Relation between weak and renormalized equations

It is evident from Definition 12 that weak solutions are a special case of renor-

malized solutions. Indeed, choosing β(s) = s (which is admissible) Definition 12

reduces to Definition 11. In this section, we investigate the other direction (weak

⇒ renormalized) and prove Theorem 17.

We, first, prove a result for generic transport equations, which is inspired by

[45, Lemmas 4 and 5] and which is used in the proof of Theorem 17.

Lemma 21. Let u ∈ C0([0, T ];L2(T3)), with u ∈ L2(0, T ;H1(T3)) and u0 ∈
L2(T3), and z ∈ L2(0, T ; (L2(T3))3), be such that for all ψ ∈ C∞

c (T3 × [0, T ))

−
� T

0

�
T3

u∂tψ dxdt−
�
T3

u0ψ(x, 0)dx =

� T

0

�
T3

z · ∇ψ dxdt. (5.52)

Let B = {β ∈ C2(R;R) s.t. |β(w)| ≤ C|w|2, |β′(w)| ≤ C|w|, |β′′(w)| ≤ C}.
Then, for β ∈ B and ψ ∈ C∞

c (T3 × [0, T )), there holds

−
� T

0

�
T3

β(u)∂tψ dxdt−
�
T3

β(u0)ψ(x, 0)dx

=

� T

0

�
T3

β′(u)z · ∇ψ dxdt+

� T

0

�
T3

ψβ′′(u)∇u · z dxdt.
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Proof. Let ρσ denote a standard symmetric mollifier with respect to space. We

choose the test function ρσ ∗ ψ in (5.52) and integrate by parts (in space) on the

right-hand side, to obtain for all ψ ∈ C∞
c (T3 × [0, T ))

−
� T

0

�
T3

(ρσ ∗ u)∂tψ dxdt−
�
T3

(ρσ ∗ u0)ψ(x, 0)dx = −
� T

0

�
T3

div(ρσ ∗ z)ψ dxdt.

(5.53)

Define the functions fσ, gσ : T3 × [−T, T ] → R by:

fσ(x, t) =

����
(ρσ ∗ u)(x, t), t > 0

(ρσ ∗ u0)(x), t < 0

(5.54)

and

gσ(x, t) =

����
div(ρσ ∗ z)(x, t), t > 0

0, t < 0

(5.55)

and notice that fσ, gσ ∈ L2(−T, T ;L2(T3)). Then, for all φ ∈ C∞
c (T3× (−T, T )),

fσ and gσ satisfy, due to (5.53),

−
� T

−T

�
T3

fσ(x, t)∂tφ dxdt = −
� T

−T

�
T3

gσ(x, t)φ dxdt. (5.56)

Let, now, ρτ be a standard symmetric mollifier with respect to time. Using

ρτ ∗φ as a test function in (5.56), we get for all φ ∈ C∞
c (T3 × (−T +2τ, T +2τ))

−
� T

−T

�
T3

(ρτ ∗ fσ)∂tφ dxdt = −
� T

−T

�
T3

(ρτ ∗ gσ)φ dxdt,

which implies that ρτ ∗fσ ∈ C1((−T + τ, T − τ);L1(T3)), with the representation

d

dt
(ρτ ∗ fσ) = −ρτ ∗ gσ, in the L1(T3) sense.

Now, for β ∈ B, we have by the chain rule
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−
� T

−T

�
T3

β(ρτ ∗ fσ)∂tφ dxdt = −
� T

−T

�
T3

β′(ρτ ∗ fσ)(ρτ ∗ gσ)φ dxdt (5.57)

for all φ ∈ C∞
c (T3 × (−T + 2τ, T − 2τ)).

Keeping σ > 0 fixed, we let τ → 0. For the term on the left–hand side, β is

continuous and ρτ ∗ fσ → fσ a.e., hence β(ρτ ∗ fσ) → β(fσ) a.e. and due to fσ

being in L2(−T, T ;L2(T3)) and the growth of β, we have

|β(ρτ ∗ fσ)∂tφ| ≤ C|ρτ ∗ fσ|2∥∂tφ∥∞ and

ρτ ∗ fσ → fσ, in L2(K) for any compact K ⊂ T3 × (−T, T ).

Similarly, for the right–hand side, since ρτ ∗ gσ → gσ a.e. and ρτ ∗ fσ → fσ a.e.

and β′ is continuous, we have β′(ρτ ∗ fσ)(ρτ ∗ gσ) → β′(fσ)gσ a.e. and due to the

growth of β′ and fσ, gσ being in L2(−T, T ;L2(T3)), we have

|β′(ρτ ∗ fσ)(ρτ ∗ gσ)φ| ≤ C|ρτ ∗ fσ||ρτ ∗ gσ|∥φ∥∞ and

ρτ ∗ fσ → fσ, in L2(K) for any compact K ⊂ T3 × (−T, T ),

ρτ ∗ gσ → gσ, in L2(K) for any compact K ⊂ T3 × (−T, T ).

Letting τ → 0 we can apply the dominated convergence theorem to deduce

that

−
� T

−T

�
T3

β(fσ)∂tφ dxdt = −
� T

−T

�
T3

β′(fσ)(gσ)φ dxdt,

for all φ ∈ C∞
c (T3 × (−T, T )) and because of (5.54)-(5.55) we recover

−
� T

0

�
T3

β(ρσ ∗ u)∂tφ dxdt−
�
T3

β(ρσ ∗ u0)φ(x, 0) dx

= −
� T

0

�
T3

β′(ρσ ∗ u) div(ρσ ∗ z)φ dxdt.

We, now, integrate by parts on the right–hand side
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−
� T

0

�
T3

β(ρσ ∗ u)∂tφ dxdt−
�
T3

β(ρσ ∗ u0)φ(x, 0) dx

=

� T

0

�
T3

β′′(ρσ ∗ u)∇(ρσ ∗ u) · (ρσ ∗ z)φ dxdt

+

� T

0

�
T3

β′(ρσ ∗ u)(ρσ ∗ z) · ∇φ dxdt

and let σ → 0. For the terms on the left–hand side, we have ρσ ∗ u → u

a.e. and the continuity of β implies that β(ρσ ∗ u) → β(u) a.e.. Moreover, by

u ∈ L2(0, T ;L2(T3)) and the growth condition on β, we see that

|β(ρσ ∗ u)∂tφ| ≤ C|ρσ ∗ u|2∥∂tφ∥∞, where

ρσ ∗ u → u in L2(K), for any compact K ⊂ T3 × (0, T ).

For the first term on the right–hand side, we have β′′(ρσ∗u)∇(ρσ∗u)·(ρσ∗z) →
β′′(u)∇u · z a.e. and use the growth condition |β′′(w)| ≤ C and the fact that

z,∇u ∈ L2(0, T ; (L2(T3))3) to get

|β′′(ρσ ∗ u)∇(ρσ ∗ u) · (ρσ ∗ z)φ| ≤ C|∇(ρσ ∗ u)||ρσ ∗ z|∥φ∥∞, where

∇(ρσ ∗ u) → ∇u and ρσ ∗ z → z in L2(K) for any compact K ⊂ T3 × (0, T ).

Finally, for the last term on the right–hand side β′(ρσ ∗ u)(ρσ ∗ z) → β′(u)z

a.e. and since |β′(w)| ≤ C|w|, u ∈ L2(0, T ;L2(T3)) and z ∈ L2(0, T ; (L2(T3))3)

we obtain

|β′(ρσ ∗ u)(ρσ ∗ z) · ∇φ| ≤ C|ρσ ∗ u||ρσ ∗ z|∥∇φ∥∞, where

ρσ ∗ u → u and ρσ ∗ z → z in L2(K) for any compact K ⊂ T3 × (0, T ).

By the dominated convergence theorem, taking the limit σ → 0, we conclude
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−
� T

0

�
T3

β(u)∂tφ dxdt−
�
T3

β(u0)φ(x, 0) dx

=

� T

0

�
T3

β′′(u)∇u · zφ dxdt+

� T

0

�
T3

β′(u)z · ∇φ dxdt.

If the solution satisfies the bounds 0 ≤ u ≤ M , for some M > 0, the growth

conditions on β and its derivatives are not needed:

Lemma 22. Let u ∈ C([0, T ];L2(T3)) ∩ L2(0, T ;H1(T3)), with 0 ≤ u(x, t) ≤ M ,

for some M > 0, u0 ∈ L2(T3) and z ∈ L2(0, T ; (L2(T3))3) satisfy for all φ ∈
C∞

c (T3 × [0, T ))

−
� T

0

�
T3

u∂tφ dxdt−
�
T3

u0φ(x, 0)dx =

� T

0

�
T3

z · ∇φ dxdt.

Let β ∈ C2([0,∞)). Then, for all φ ∈ C∞
c (T3 × [0, T )), there holds

−
� T

0

�
T3

β(u)∂tφ dxdt−
�
T3

β(u0)φ(x, 0)dx

=

� T

0

�
T3

β′(u)z · ∇φ dxdt+

� T

0

�
T3

β′′(u)∇u · zφ dxdt.

Proof. As in the proof of Lemma 21, we derive (5.57) and we pass to the limit

τ → 0. The limit is done via a similar (but simpler) argument using the bound

0 ≤ u ≤ M and the continuity of β, β′ and β′′. In particular, since u and u0 take

values between 0 and M , the same holds for ρτ ∗ fσ, and the continuity of β and

β′ implies that β(ρτ ∗ fσ) and β′(ρτ ∗ fσ) are bounded. This is enough to apply

the dominated convergence theorem to (5.57) and pass to the limit τ → 0. We,

then, proceed as in the proof of Lemma 21 and use the same idea for the limit

σ → 0.

Now, we are ready to prove Theorem 17:
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Proof. To this end, let c be a weak solution. Then it satisfies (i)–(iv) of Definition

11. In order to show that c is a renormalized solution, we have to prove that it

also satisfies (i)–(iv) of Definition 12. Conditions (i) and (ii) are automatically

satisfied and they imply that ci ∈ L2(0, T ;H1(T3)) and ciui ∈ L2(0, T ; (L2(T3))3).

Moreover, ci ∈ C([0, T ];L2(T3)) (see (5.9)). This allows for a direct application

of Lemma 22 with u = ci and z = ciui, which implies that c satisfies (5.10)

(notice that 2ci∇√
ci · √ciui = ∇ci · ciui). Finally, since β ∈ C2, we have β is

Lipschitz continuous, hence (iv) of Definition 12 follows due to condition (iv) of

Definition 11. Hence, (i)–(iv) of Definition 12 are satisfied and c is a renormalized

solution.

5.2 Absence of anomalous dissipation

Previous works [8, 10] have shown that weak solutions automatically satisfy the

entropy inequality:

H(c(T )) +
1

2

n1
i,j=1

� T

0

�
Ω

cicj
Dij

|ui − uj|2dxdt ≤ H(c0) (5.58)

where the dissipation term is understood as

1

2

n1
i,j=1

� T

0

�
Ω

1

Dij

|√ci(
√
ciui)−√

ci(
√
cjuj)|2dxdt

and thus is well–defined, since ci ∈ L∞(0, T ;L∞(Ω)) and
√
ciui ∈ L2(0, T ;L2(Ω)).

In [46] we prove that, in fact, weak solutions satisfy (5.58) as an equality, implying

that there is no anomalous dissipation, and thus the flow is not turbulent.

Theorem 23. Let c be a weak solution to the Maxwell–Stefan system with no–

flux boundary conditions and let the initial data be such that c0i (x) ≥ 0 and2n
i=1 c

0
i (x) = 1 in Ω. Then c satisfies the entropy equality

H(c(T )) +
1

2

n1
i,j=1

� T

0

�
Ω

cicj
Dij

|ui − uj|2dxdt = H(c0). (5.59)
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Proof. We first notice that, a–posteriori, the solution enjoys better regularity:

Lemma 24. Let c be a weak solution. Then

∂tci ∈ L2(0, T ;H1(Ω)∗) (5.60)

and thus

ci ∈ C([0, T ];L2(Ω)). (5.61)

Proof. Let ⟨·, ·⟩ denote the duality bracket between the spaces L2(0, T ;H1(Ω)∗)

and L2(0, T ;H1(Ω)). Then, the computation

� T

0

|⟨∂tci, φ⟩|dt =
� T

0

|⟨− div(ciui), φ⟩|dt

=

� T

0

|⟨ciui,∇φ⟩|dt

≤ ∥√ci∥L∞(ΩT )∥√ciui∥L2(ΩT )∥∇φ∥L2(ΩT )

shows that due to
√
ciui being in L2(0, T ;L2(Ω)),

∂tci ∈ L2(0, T ; (H1(Ω)∗).

Moreover, since

ci ∈ L2(0, T ;H1(Ω)) and ∂tci ∈ L2(0, T ;H1(Ω)∗)

and

H1(Ω) �→ L2(Ω) �→ H1(Ω)∗

is a Gelfand triple, it follows that ci ∈ H1(Ω × (0, T )), which is continuously

embedded in C([0, T ];L2(Ω)) and this proves (5.61).

We divide the proof of Theorem 23 in three steps:
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Step 1: We start by writing the weak formulation

�
Ω

ci(t)φi(t)dx−
�
Ω

ci(s)φ(s)dx−
� t

s

�
Ω

ci∂tφidxdτ −
� t

s

�
Ω

ciui · ∇φidxdτ = 0

for 0 < s < t < T , choose φi = (ln(cϵi + δ))ϵ, for some δ > 0, where vϵ denotes

mollification of v in time and let ϵ → 0. We note that admissible test functions

belong to the space C1([0, T ];C1(Ω̄)), but by a density argument, it is enough to

be in L2(0, T ;H1(Ω)). This yields for the first two terms:

�
Ω

ci(t)φi(t)dx =

�
Ω

cϵi(t) ln(c
ϵ
i(t) + δ)dx →

�
Ω

ci(t) ln(ci(t) + δ)dx

and

�
Ω

ci(s)φ(s)dx =

�
Ω

cϵi(s) ln(c
ϵ
i(s) + δ)dx →

�
Ω

ci(s) ln(ci(s) + δ)dx

as ϵ → 0 by the Dominated Convergence Theorem, since cϵi ln(c
ϵ
i+δ) → ci ln(ci+δ)

almost everywhere as ϵ → 0 and |cϵi ln(cϵi+δ)| ≤ max{| ln δ|, | ln(1+δ)|} uniformly

in ϵ and max{| ln δ|, | ln(1 + δ)|} ∈ L1(Ω), due to Ω being bounded.

The third term gives

� t

s

�
Ω

ci∂tφidxdτ =

� t

s

�
Ω

cϵi∂t ln(c
ϵ
i + δ)dxdτ

=

� t

s

�
Ω

∂tc
ϵ
idxdτ − δ

� t

s

�
Ω

∂t ln(c
ϵ
i + δ)dxdτ

=

�
Ω

cϵi(t)dx−
�
Ω

cϵi(s)dx− δ

�
Ω

ln(cϵi(t) + δ)dx

+ δ

�
Ω

ln(cϵi(s) + δ)dx

and thus

� t

s

�
Ω

ci∂tφidxdτ →
�
Ω

ci(t)dx−
�
Ω

ci(s)dx− δ

�
Ω

ln(ci(t) + δ)dx

+ δ

�
Ω

ln(ci(s) + δ)dx,
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as ϵ → 0 by the Dominated Convergence Theorem, since for the first two terms

cϵi → ci almost everywhere as ϵ → 0 and |cϵi | ≤ 1 uniformly in ϵ and 1 ∈ L1(Ω),

while for the last two terms ln(cϵi+δ) → ln(ci+δ) almost everywhere and | ln(cϵi+
δ)| ≤ max{| ln δ|, | ln(1 + δ)|} uniformly and max{| ln δ|, | ln(1 + δ)| ∈ L1(Ω).

Finally, for the last term

� t

s

�
Ω

ciui · ∇φidxdτ =

� t

s

�
Ω

(ciui)
ϵ · ∇ ln(cϵi + δ)dxdτ

=

� t

s

�
Ω

(ciui)
ϵ · ∇cϵi

cϵi + δ
dxdτ

=

� t

s

�
Ω

((ciui)
ϵ − ciui) · ∇cϵi

cϵi + δ
dxdτ

+

� t

s

�
Ω

ciui · ∇cϵi
cϵi + δ

dxdτ

→
� t

s

�
Ω

ciui · ∇ci
ci + δ

dxdτ

as ϵ → 0 because the first term gives

5555� t

s

�
Ω

((ciui)
ϵ − ciui) · ∇cϵi

cϵi + δ
dxdτ

5555 ≤ � t

s

�
Ω

|(ciui)
ϵ − ciui| |∇cϵi |

cϵi + δ
dxdτ

≤ 1

δ
∥(ciui)

ϵ − ciui∥L2(ΩT )∥∇cϵi∥L2(ΩT )

≤ 1

δ
∥(ciui)

ϵ − ciui∥L2(ΩT )∥∇ci∥L2(ΩT ) → 0

and the last term converges by the Dominated Convergence Theorem, since ciui ·
∇cϵi
cϵi+δ

→ ciui · ∇ci
ci+δ

almost everywhere as ϵ → 0 and |ciui · ∇cϵi
cϵi+δ

| ≤ 1
δ
|ciui|∥∇ci∥L2(0,T )

uniformly in ϵ, with 1
δ
|ciui|∥∇ci∥L2(0,T ) ∈ L1(ΩT ).

Putting everything together, we obtain:

�
Ω

ci(t) ln(ci(t) + δ)dx−
�
Ω

ci(s) ln(ci(s) + δ)dx−
�
Ω

ci(t)dx

+

�
Ω

ci(s)dx+ δ

�
Ω

ln(ci(t) + δ)dx− δ

�
Ω

ln(ci(s) + δ)dx

−
� t

s

�
Ω

ciui · ∇ci
ci + δ

dxdτ = 0.

(5.62)

134



Step 2: Now let t → T and s → 0. The first two terms are handled as follows:

�
Ω

ci(t) ln(ci(t) + δ)dx =

�
Ω

(ci(t)− ci(T )) ln(ci(t) + δ)dx

+

�
Ω

ci(T ) ln(ci(t) + δ)dx

=

�
Ω

(ci(t)− ci(T ))(ln(ci(t) + δ)− ln(ci(T ) + δ))dx

+

�
Ω

(ci(t)− ci(T )) ln(ci(T ) + δ)dx

+

�
Ω

ci(T ) ln(ci(t) + δ)dx

=

�
Ω

(ci(t)− ci(T ))(ln(ci(t) + δ)− ln(ci(T ) + δ))dx

+

�
Ω

(ci(t)− ci(T )) ln(ci(T ) + δ)dx

+

�
Ω

ci(T ) ln(ci(T ) + δ)dx

+

�
Ω

ci(T )(ln(ci(t) + δ)− ln(ci(T ) + δ))dx.

By the Taylor theorem,

ln(ci(t) + δ)− ln(ci(T ) + δ) =
1

ξ
(ci(t)− ci(T ))

for some ξ between ci(t) + δ and ci(T ) + δ and thus 1
ξ
≤ 1

δ
. Then

5555�
Ω

(ci(t)− ci(T ))(ln(ci(t) + δ)− ln(ci(T ) + δ))dx

5555 = 5555�
Ω

1

ξ
|ci(t)− ci(T )|2dx

5555
≤ 1

δ
∥ci(t)− ci(T )∥2L2(Ω)

→ 0 as t → T

because of (5.61). Moreover

5555�
Ω

(ci(t)− ci(T )) ln(ci(T ) + δ)dx

5555 ≤ ∥ ln(ci(T ) + δ)∥L2(Ω)∥ci(t)− ci(T )∥L2(Ω)

≤ |Ω|max{| ln δ|, ln(1 + δ)}∥ci(t)− ci(T )∥L2(Ω)

→ 0 as t → T
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because of (5.61). Finally

5555�
Ω

ci(T )(ln(ci(t) + δ)− ln(ci(T ) + δ)dx

5555 = 5555�
Ω

1

ξ
ci(T )(ci(t)− ci(T ))dx

5555
≤ 1

δ
∥ci(T )∥L2(Ω)∥ci(t)− ci(T )∥L2(Ω)

≤ 1

δ
|Ω|∥ci(t)− ci(T )∥L2(Ω)

→ 0 as t → T

again due to (5.61). Hence

�
Ω

ci(t) ln(ci(t) + δ)dx →
�
Ω

ci(T ) ln(ci(T ) + δ)dx

and �
Ω

ci(s) ln(ci(s) + δ)dx →
�
Ω

c0i ln(c
0
i + δ)dx.

The next four terms are treated in a similar way, since

�
Ω

ci(t)dx =

�
Ω

(ci(t)− ci(T ))dx+

�
Ω

ci(T )dx →
�
Ω

ci(T )dx

and�
Ω

ln(ci(t) + δ)dx =

�
Ω

(ln(ci(t) + δ)− ln(ci(T ) + δ))dx+

�
Ω

ln(ci(T ) + δ)dx

→
�
Ω

ln(ci(T ) + δ)dx

as above.

The last term converges after rewritting is as

� t

s

�
Ω

ciui · ∇ci
ci + δ

dxdτ =

� T

0

�
Ω

ciui · ∇ci
ci + δ

χ[s,t](τ)dxdτ

where χ denotes the characteristic function. Then ciui · ∇ci
ci+δ

χ[s,t] → ciui · ∇ci
ci+δ

χ[0,T ]
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almost everywhere as t → T and s → 0 and

5555ciui · ∇ci
ci + δ

χ[s,t]

5555 ≤ |ciui| |∇ci|
ci + δ

∈ L1(0, T ;L1(Ω))

since for fixed δ > 0, 1
ci+δ

is bounded above and ciui,∇ci ∈ L2(0, T ;L2(Ω)), where

the bound is uniform in s and t. By the Dominated Convergence Theorem we

obtain the convergence

� t

s

�
Ω

ciui · ∇ci
ci + δ

dxdτ →
� T

0

�
Ω

ciui · ∇ci
ci + δ

dxdτ as t → T and s → 0

and we conclude�
Ω

ci(T ) ln(ci(T ) + δ)dx−
�
Ω

c0i ln(c
0
i + δ)dx−

�
Ω

ci(T )dx

+

�
Ω

c0idx+ δ

�
Ω

ln(ci(T ) + δ)dx− δ

�
Ω

ln(c0i + δ)dx

−
� T

0

�
Ω

ciui · ∇ci
ci + δ

dxdτ = 0.

(5.63)

Step 3: Finally, we let δ → 0. The first term gives

�
Ω

ci(T ) ln(ci(T ) + δ)dx →
�
Ω

ci(T ) ln ci(T )dx

by the Dominated Convergence Theorem, since ci(T ) ln(ci(T )+δ) → ci(T ) ln ci(T )

almost everywhere as δ → 0 and |ci(T ) ln(ci(T ) + δ)| ≤ 1 uniformly in δ and

1 ∈ L1(Ω).

The second term is treated as the first one, yielding

�
Ω

c0i ln(c
0
i + δ)dx →

�
Ω

c0i ln c
0
idx

and the next two are independent of δ. Furthermore, δ ln(ci(T ) + δ) → 0 almost

everywhere as δ → 0 and |δ ln(ci(T ) + δ)| ≤ 1 uniformly in δ, with 1 ∈ L1(Ω),
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showing that

δ

�
Ω

ln(ci(T ) + δ)dx → 0

and

δ

�
Ω

ln(c0i + δ)dx → 0

as δ → 0, by the Dominated Convergence Theorem. We note at this point, that

as δ → 0, the logarithm might blow-up for small values of ci(T ) and c0i , however

since δ goes to zero faster that the logarithm blows up, the product converges to

zero without any problem.

Finally, for the last term we obtain

� T

0

�
Ω

ciui · ∇ci
ci + δ

dxdτ → 2

� T

0

�
Ω

√
ciui · ∇√

cidxdτ

by the Dominated Convergence Theorem, since

ciui · ∇ci
ci + δ

→ 2
√
ciui · ∇√

ci almost everywhere as δ → 0

and 5555ciui · ∇ci
ci + δ

5555 = |√ciui||2∇√
ci| ci

ci + δ

≤ |√ciui||2∇√
ci| ∈ L1(0, T ;L1(Ω))

since by the regularity of weak solutions
√
ciui and ∇√

ci are in L2(0, T ;L2(Ω))

and the bound is uniform in δ.

Therefore, letting δ → 0 we obtain the entropy equality

�
Ω

ci(T )(ln ci(T )− 1)dx− 2

� T

0

�
Ω

√
ciui · ∇√

cidxdt =

�
Ω

c0i (ln c
0
i − 1)dx.

(5.64)
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Finally, due to the linear system and the symmetry of Dij, we have

−
n1

i=1

2
√
ciui · ∇√

ci =
n1

i=1

n1
j=1

Aij
√
cjuj

√
ciui

= −
n1

i=1

1
j ̸=i

1

Dij

ciui · cjuj +
n1

i=1

1
j ̸=i

1

Dij

cjciu
2
i

=
1

2

n1
i=1

1
j ̸=i

cicj
Dij

|ui − uj|2.

Summing (5.64) over all i ∈ {1, . . . , n} and using the definition of the entropy

functional, we arrive at (5.59) and the proof is complete.

139



Chapter 6

The Maxwell–Stefan–Fourier system

The dynamics of multicomponent gaseous mixtures with vanishing barycentric

velocity and constant temperature can be described by the Maxwell–Stefan equa-

tions that were studied in chapter 5. In this chapter we deal with the nonisother-

mal analogue of the Maxwell–Stefan system, known as Maxwell–Stefan–Fourier.

The existence of local–in–time solutions was shown in [47], while [9] investigated

a special nonisothermal case. Here, we present our work [11] where we prove

the existence of global–in–time weak solutions and the weak–strong uniqueness

property for a rather general nonisothermal Maxwell–Stefan system. The novelty

of our approach is the consistent thermodynamic modeling.

The evolution of the mass densities ρi(x, t) of the ith gas component and the

temperature θ(x, t) of the mixture is described by the mass and energy balances

∂tρi + div Ji = 0, ∂t(ρe) + div Je = 0, i = 1, . . . , n,

Ji = ρiui, Je = −κ(θ)∇θ +
n1

j=1

(ρjej + pj)uj in Ω, t > 0,

(6.1)

(6.2)

where Ω ⊂ R3 is a bounded Lipschitz domain, Ji and Je are the diffusion and

energy fluxes, respectively, ui are the diffusional velocities, ρ =
2n

i=1 ρi is the

total mass density, pi the partial pressure with the total pressure p =
2n

i=1 pi,

ρiei the partial internal energy ρiei with the total energy ρe =
2n

i=1 ρiei, and

κ(θ) is the heat conductivity. Equations (6.1)–(6.2) are supplemented with the
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boundary and initial conditions

Ji · ν = 0, Je · ν = λ(θ − θ0) on ∂Ω, t > 0,

ρi(0) = ρ0i , θ(0) = θ0 in Ω, i = 1, . . . , n,

(6.3)

(6.4)

where ν is the exterior unit normal vector to ∂Ω, θ0 > 0 is the given background

temperature, and λ > 0 is a relaxation constant. The boundary conditions mean

that the gas components cannot leave the domain, while heat exchange through

the boundary is possible and proportional to the difference between the gas and

background temperatures. To close the model, we need to determine ui, ρiei, and

pi.

The velocities ui are computed from the constrained algebraic Maxwell–Stefan

system

−θ
n1

j=1

bijρiρj(ui − uj) = di for i = 1, . . . , n,
n1

i=1

ρiui = 0, (6.5)

where the constant coefficients bij = bji > 0 model the interaction between the

ith and jth components. The driving force di is given by

di = ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ
, i = 1, . . . , n, (6.6)

where µi is the chemical potential. The constraint

∇p = 0 in Ω, t > 0, (6.7)

is needed in order for our system to be thermodynamically consistent. We refer

to Section 6.1 for details.

The internal energies ρiei and chemical potentials µi are determined from the

Helmholtz free energy (see (6.17)), and the pressure is computed from the Gibbs–

Duhem relation. As shown in Section 6.1, these quantities are explicitly given
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by

µi =
θ

mi

log
ρi
mi

− cwθ(log θ − 1), ρiei = cwρiθ,

ρiηi = − ρi
mi

"
log

ρi
mi

− 1

)
+ cwρi log θ, pi =

ρiθ

mi

, i = 1, . . . , n,

(6.8)

where ρiηi is the entropy density of the ith component and cw > 0 is the heat

capacity. Then the driving force di and energy flux Je simplify to

di =
∇(ρiθ)

mi

, Je = −κ∇θ + θ
n1

i=1

ρiui

mi

. (6.9)

The matrix M associated to the algebraic system (6.5) is singular (since2n
i=1 di = 0) and thus not positive definite. However, we recall in Section 6.1.1

that it is positive definite on the subspace L = {y = (y1, . . . , yn) ∈ Rn :
√
ρ · y =

0} (here,
√
ρ is the vector with components

√
ρi). Therefore, the Bott–Duffin

inverse of M , denoted by MBD = MBD(ρ), exists and is symmetric and positive

definite on L. Moreover, we show in Section 6.1.3 below that the fluxes can be

expressed as a linear combination of the entropy variables (or thermochemical

potentials) µ/θ = (µ1/θ, . . . , µn/θ) and −1/θ,

$J

Je

+ = −Q(ρ, θ)

$ µ/θ

−1/θ

+ , where Q(ρ, θ) =

$ A B

BT a

+ , (6.10)

and A = (Aij) ∈ Rn×n, B = (Bi) ∈ Rn, a > 0 are given by

Aij(ρ) = MBD
ij

√
ρiρj, Bi(ρ, θ) = θ

n1
j=1

Aij

mj

, a(ρ, θ) = θ2
"
κ+

n1
i,j=1

Aij

mimj

)
.

(6.11)

Here, variables in bold font are n–dimensional vectors. The Onsager matrix Q

turns out to be positive semidefinite (see (6.34)), which reveals the parabolic

structure of equations (6.1)–(6.2).

The isothermal Maxwell–Stefan equations can be derived from the multi-
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species Boltzmann equations in the diffusive approximation [48]. The high–

friction limit in Euler (–Korteweg) equations reveals a formal gradient–flow form

of the Maxwell–Stefan equations [25], leading to Fick–Onsager diffusion fluxes

instead of (6.5). In fact, it is shown in [49] that the Fick–Onsager and gener-

alized Maxwell–Stefan approaches are equivalent. A formal Chapman–Enskog

expansion of the stationary nonisothermal model was given in [50]. Another non-

isothermal Maxwell–Stefan system was derived in [51], but with a different energy

flux than ours.

Maxwell–Stefan systems with nonvanishing barycentric velocities can be for-

mulated in the framework of hyperbolic–parabolic systems, which allows one to

perform a local–in–time existence analysis [34]. Global–in–time regular solutions

around the constant equilibrium state were found to exist in [52]. An existence

analysis for Maxwell–Stefan systems coupled to the Navier–Stokes equations for

the barycentric velocity can be found in [53] for the incompressible case and in

[13] for the compressible situation. For steady–state problems, we refer to, e.g.,

[21, 18].

Concerning the nonisothermal equations, we refer to [9], where an existence

analysis for global–in–time weak solutions was presented. However, this model

has some modeling deficiencies explained below. Therefore, our aim is to prove

(i) global existence for a thermodynamically consistent nonisothermal model and

(ii) that strong solutions are unique in the class of weak solutions, which is known

as the weak–strong uniqueness property.

Let us detail the main differences of our work compared to [9]:

(i) The most important difference is the lack of validity of the Onsager reci-

procity relations in the model of [9]. The relations imply the symmetry of

the coefficients of the Onsager matrix; see (6.10). The choice in [9] leads

to a cancelation in the entropy inequality, thus simplifying the estimation.

Our results do not rely on this simplification; see Remark 30 for further

details.
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(ii) The constraint (6.7) on the pressure is not taken into account in [9]. This

condition is not necessary mathematically, but its lack creates an incon-

sistency with the assumption of vanishing barycentric velocity. Indeed, a

difference in pressure induces a force difference, which can result in an ac-

celeration according to Newton’s second law, if there is no additional force

to balance it.

(iii) According to Onsager’s reciprocity relations, the Onsager matrixQ in (6.10)

has to be positive semidefinite. We show that Q is in fact positive definite

on the subspace L = {y ∈ Rn : y · √ρ = 0}. In [9], is is assumed that

this subspace equals {y ∈ Rn : y · 1 = 0}. This is not consistent with the

thermodynamic modeling.

(iv) We consider different molar masses mi, while they are assumed to be the

same in [9]. When we assume equal molar masses, the cross–terms cancel,

and we end up with the simple heat flux Je = −κ∇θ (see (6.9) and the

constraint in (6.5)), thus decoupling the equations.

We impose the following assumptions:

(A1) Domain: Ω ⊂ R3 is a bounded domain with Lipschitz boundary, and T > 0.

We set ΩT = Ω× (0, T ) and R+ = [0,∞).

(A2) Data: ρ0i ∈ L∞(Ω) satisfies ρ0i ≥ 0 in Ω and 0 < ρ∗ ≤
2n

i=1 ρ
0
i ≤ ρ∗ in Ω for

some ρ∗, ρ∗ > 0 and for all i = 1, . . . , n; θ0 ∈ L∞(Ω) satisfies infΩ θ0 > 0.

(A3) Coefficients: bij = bji > 0 for all i, j = 1, . . . , n.

(A4) Heat conductivity: κ ∈ C0(Rn
+×R+) satisfies cκ(1+θ2) ≤ κ(θ) ≤ Cκ(1+θ2)

for some cκ, Cκ > 0 and all (ρ, θ) ∈ Rn
+ × R+.

The lower bound for the total mass density ρ is needed to derive uniform

estimates for the temperature. The proof of Lemma 10 in [10] shows thatMBD
ij (ρ)

is bounded for all ρ ∈ Rn
+. The growth condition for the heat conductivity is used
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to derive higher integrability bounds for the temperature, which are needed to

derive a uniform estimate for the discrete time derivative of the temperature. We

may also assume reaction terms Ri in (6.1) with the properties that the total

reaction rate
2n

i=1 Ri vanishes and the vector of reaction rates Ri is derived from

a convex, nonnegative potential [54, Section 2.2].

The first result we present is the existence of weak solutions.

Theorem 25. Let Assumptions (A1)–(A4) hold. Then there exists a weak solu-

tion to (6.1)–(6.8) satisfying ρi > 0, θ > 0 a.e. in ΩT = Ω× (0, T ) and

√
ρi ∈ L∞(ΩT ) ∩ C0([0, T ];L2(Ω)) ∩ L2(0, T ;H1(Ω)), ∂tρi ∈ L2(0, T ;H1(Ω)∗),

θ ∈ C0
w([0, T ];L

2(Ω)) ∩ L2(0, T ;H1(Ω)), ∂t(ρθ) ∈ L16/11(0, T ;W 1,16/11(Ω)∗),

θ2, log θ ∈ L2(0, T ;H1(Ω)), i = 1, . . . , n,

the weak formulation

� T

0

⟨∂tρi, ϕi⟩H1(Ω)∗dt+

� T

0

�
Ω

n1
i,j=

MBD
ij

!
2∇√

ρj + ρj∇ log θ
(
dxdt = 0,

� T

0

�
Ω

⟨∂t(ρθ), ϕ0⟩W 1,16/5(Ω)∗dt+

� T

0

�
Ω

κ∇θ · ∇ϕ0dxdt− λ

� T

0

�
∂Ω

(θ0 − θ)ϕ0dsdt

+

� T

0

�
Ω

n1
i,j=1

θMBD
ij

mimj

√
ρi
!
2∇√

ρj +
√
ρj∇ log θ

( · ∇ϕ0dxdt = 0

holds for all ϕ1, . . . , ϕn ∈ L2(0, T ;H1(Ω)) and ϕ0 ∈ L16/5(0, T ;W 1,16/5(Ω)∗), and

the initial conditions (6.4) are satisfied in the sense ρi(0) = ρ0i in L2(Ω) and

θ(0) = θ0 weakly in L2(Ω).

The idea of the proof is to apply the boundedness–by–entropy method, which

automatically yields L∞(ΩT ) bounds [55]. More precisely, we formulate system

(6.1)–(6.2) in terms of the relative entropy variables (µi−µn)/θ for i = 1, . . . , n−1

and log θ. We show in Lemma 27 that this defines the mass densities and temper-

ature uniquely as a function of (w1, . . . , wn−1, w). We introduce the mathematical
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entropy density

h(ρ′, θ) =
n1

i=1

ρi
mi

"
log

ρi
mi

− 1

)
− cwρ log θ,

where the nth partial mass density is computed from ρn = ρ − 2n−1
i=1 ρi, i.e.,

h depends on ρ′ = (ρ1, . . . , ρn−1) and θ. Gradient estimates for (ρ, θ) are first

derived from the entropy equality

d

dt

�
Ω

h(ρ′, θ)dx+

�
Ω

κ

θ2
|∇θ|2dx+

n1
i,j=1

�
Ω

MBD
ij

di
θ
√
ρi

dj
θ
√
ρj
dx = 0,

which becomes an inequality for weak solutions. Second, as in [9], the energy

balance equation (6.2) yields a bound for θ2 in L2(0, T ;H1(Ω)). As mentioned

before, the derivation of the entropy inequality differs from that one in [9], because

the cross–term

I5 = 2

�
Ω

n−11
i=1

Bi

θ
∇µi − µn

θ
· ∇ log θdx,

which cancels out in [9], needs to be controlled. (We recall definition (6.11) of Bi.)

This is done by observing that the sum I4 + I5 + I8 (see (6.41)) is nonnegative,

I4 + I5 + I8 =

�
Ω

n1
i,j=1

Aij∇
"
µi

θ
+

1

mi

log θ

)
· ∇

"
µj

θ
+

1

mj

log θ

)
dx ≥ 0,

as (Aij) is positive semidefinite due to (6.34).

From a technical viewpoint, we approximate equations (6.1)–(6.2) by replacing

the time derivative by the implicit Euler discretization to avoid issues with the

time regularity and by adding a higher–order regularization to achieve H2(Ω)

and hence L∞(Ω) regularity for the entropy variables. The approximation is

chosen in such a way that a discrete entropy inequality can be derived, yielding

uniform estimates for both the compactness of the fixed-point operator (to obtain

a solution to the approximate problem) and the de–regularization limit (to obtain

a solution to the original problem).
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Our second result concerns the weak–strong uniqueness property.

Theorem 26. Let the assumptions of Theorem 25 hold, let λ = 0 in (6.3), let

(ρ, θ) be a weak solution and (ρ̄, θ̄) be a strong solution to (6.1)–(6.8). We assume

that there exist m,M > 0 such that

0 < ρi ≤ ρ∗, 0 < θ ≤ M, 0 < ρ̄i ≤ ρ∗, 0 < m ≤ θ̄ ≤ M in ΩT .

Furthermore, we suppose that ūi, |∇ log θ̄| ∈ L∞(ΩT ) for i = 1, . . . , n and that

the thermal conductivity κ is Lipschitz continuous. If the initial data of (ρ, θ)

and (ρ̄, θ̄) coincide then ρ(x, t) = ρ̄(x, t) and θ(x, t) = θ̄(x, t) for a.e. x ∈ Ω and

all t > 0.

By a strong solution, we understand a solution that has sufficient regularity

to satisfy the entropy equality stated in Lemma 38; see Section 6.3. Observe that

we require the boundedness of the temperature θ, which is not proved in Theorem

25. The proof of Theorem 26 is based on the relative entropy, defined by

H(ρ, θ|ρ̄, θ̄) =
�
Ω

h(ρ, θ|ρ̄, θ̄)dx

=

�
Ω

� n1
i=1

1

mi

"
ρi log

ρi
ρ̄i

− (ρi − ρ̄i)

)
− cwρ

"
log

θ

θ̄
− (θ − θ̄)

)�
dx,

(6.12)

where

h(ρ, θ|ρ̄, θ̄) = h(ρ, θ)− h(ρ̄, θ̄)−
n1

i=1

∂h

∂ρi
(ρ̄, θ̄)(ρi − ρ̄i)− ∂h

∂E
(ρ̄, θ̄)(E − Ē)

and E = cwρθ and Ē = cwρθ̄ are the internal energy densities. The idea is to

compute the time derivative:

dH

dt
(ρ, θ|ρ̄, θ̄) + c

�
Ω

n1
i=1

ρi|ui − ūi|2dx+ c

�
Ω

|∇(log θ − log θ̄)|2dx

≤ C

�
Ω

" n1
i=1

(ρi − ρ̄i)
2 + (θ − θ̄)2

)
dx,
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where c > 0 is some constant and C > 0 depends on the L∞(ΩT ) norms of θ,

ūi, and ∇ log θ̄, i = 1, . . . , n. The difficulty is to estimate the expressions arising

from the time derivative of the relative entropy in such a way that only ūi and

θ̄ need to be bounded. Thanks to the positive lower bound for θ̄, we can bound

the right–hand side in terms of the relative entropy,

�
Ω

" n1
i=1

(ρi − ρ̄i)
2 + (θ − θ̄)2

)
dx ≤

�
Ω

H(ρ, θ|ρ̄, θ̄)dx.

Then Gronwall’s lemma shows that H((ρ, θ)(t)|(ρ̄, θ̄)(t)) = 0 for t > 0 and hence

(ρ, θ)(t) = (ρ̄, θ̄)(t). Compared to [10], we include the temperature terms and

combine them with the entropy variables wi in such a way that the positive

semidefiniteness of MBD can be exploited.

6.1 Thermodynamic structure

We consider the following system of equations modeling the dynamics of a non-

isothermal gas mixture of n components with mass diffusion and heat conduction:

∂tρi + div(ρi(v + ui)) = 0, i = 1, . . . , n,

∂t(ρv) + div(ρv ⊗ v) = ρb−∇p,

∂t

"
ρe+

1

2
ρ|v|2

)
+ div

""
ρe+

1

2
ρ|v|2

)
v

)
= div(κ∇θ)

− div
n1

j=1

(ρiei + pi)ui − div(pv) + ρr + ρb · v +
n1

i=1

ρibi · ui.

(6.13)

(6.14)

(6.15)

Besides of the variables introduced in the introduction, v denotes the barycentric

velocity of the mixture. The quantities ρibi are the body forces, where ρb =2n
i=1 ρibi is the total force exerted on the mixture, and ρr is the total heat supply

due to radiation. The diffusional velocities ui are determined by solving the linear

system (6.5) with driving forces given by (6.16), while the partial internal energy

densities ρiei, and the partial pressures pi are determined from the free energy;

see below.
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Equations (6.13)–(6.15) correspond to a so-called class–I model. They can be

derived either via an entropy invariant model reduction [6] or in the high-friction

limit [22] from a class–II model, in which each component has its own velocity

vi. Equations (6.13) are the partial mass balances, (6.14) is the momentum bal-

ance, and (6.15) the energy balance. As proved in [22], system (6.13)–(6.15) and

(6.5) fits into the general theory of hyperbolic–parabolic composite-type systems

introduced in [56] and further explored in [57].

As mentioned in the introduction, system (6.1)–(6.2) and (6.7) is supple-

mented by the constrained Maxwell–Stefan system (6.5) for the velocities ui.

These equations can be derived from a class-II model in the diffusion approxima-

tion [6, Section 14, (210)] or in the high-friction limit [22, Section 2, (2.50)] with

the driving forces

di = −ρi
ρ
∇p+ ρiθ∇µi

θ
− θ(ρiei + pi)∇1

θ
+ ρi(b− bi), (6.16)

where µi is the chemical potential of the ith component. Since the pressure is

uniform in space, ∇p = 0, and we have neglected external forces, the driving

force becomes (6.6). Then equations (6.1)–(6.2) and (6.7) are obtained by setting

v = 0 and r = bi = 0.

The internal energy densities ρiei, partial pressures pi, and the chemical po-

tential µi are determined from the Helmholtz free energy. We assume that the

gas is a simple mixture, which implies that these quantities can be calculated

from the partial free energy densities ψi(ρi, θ), i = 1, . . . , n. We have

µi =
∂ψi

∂ρi
, ρiηi = −∂ψi

∂θ
, ρiei = ψi + θρiηi, pi = ρiµi − ψi,

where ρiηi is the entropy density of the ith component and the equation for pi is

called the Gibbs–Duhem relation. Defining the partial Helmholtz free energy as

ψi = θ
ρi
mi

"
log

ρi
mi

− 1

)
− cwρθ(log θ − 1), i = 1, . . . , n, (6.17)
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the thermodynamic quantities are given by (6.8). Moreover, the driving force di

and enthalpy hi := ρiei + pi read as

di =
∇(ρiθ)

mi

, hi =

"
cw +

1

mi

)
ρiθ, i = 1, . . . , n. (6.18)

This corresponds to equations (6.9).

6.1.1 Inversion of the Maxwell–Stefan system

We discuss the inversion of the Maxwell–Stefan system (6.5) following [22] and

[10, Section 2]. We write (6.5) equivalently as

−θ
√
ρi

n1
j=1

Mij
√
ρjuj = di, i = 1, . . . , n, (6.19)

where the matrix M(ρ) = (Mij) ∈ Rn×n is given by

Mij =

����
2n

k=1, k ̸=i bikρk if i = j,

−bij
√
ρiρj if i ̸= j.

(6.20)

We wish to invert Mv = w, where vi =
√
ρiui and wi = −di/(θ

√
ρi). Since

(bij) is symmetric, 0 = (Mv)i =
2

i ̸=j bij
√
ρj(

√
ρjvi − √

ρivj) shows that the

kernel of M consists of span{√ρ}. Thus, we can invert M only on the subspace

L = {y ∈ Rn :
√
ρ · y = 0}. We define the projections PL on L and PL⊥ on L⊥

by

(PL)ij = δij − ρ−1√ρiρj, (PL⊥)ij = ρ−1√ρiρj for i, j = 1, . . . , n,

where δij is the Kronecker symbol. The matrix M = (Mij) is positive definite on

L [10, Lemma 4]:

zTMz ≥ µM |PLz|2 for all z ∈ Rn, (6.21)

where µM = mini ̸=j bij > 0. Since the matrix MPL + PL⊥ is invertible [10,

Lemma 4], we can define the Bott–Duffin inverse of M with respect to L as
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MBD = PL(MPL + PL⊥)−1. Hence, we can invert (6.19) by

√
ρiui = −

n1
j=1

MBD
ij

dj
θ
√
ρj
, i = 1, . . . , n. (6.22)

The matrix MBD = MBD(ρ) is symmetric and positive definite on L [10, Lemma

4],

zTMBDz ≥ µ|PLz|2 for all z ∈ Rn, (6.23)

where µ = (2
2

i ̸=j(bij + 1))−1.

6.1.2 Entropy variables

The mathematical analysis becomes easier when formulating the system in terms

of the so-called entropy variables. To this end, we introduce the mathematical

entropy density

h = −
n1

i=1

ρiηi =
n1

i=1

ρi
mi

"
log

ρi
mi

− 1

)
− cwρ log θ, (6.24)

which is the negative of the physical (total) entropy density (6.8). Summing the

mass balances (6.1) over i = 1, . . . , n and using the constraint
2n

i=1 ρiui = 0 from

(6.5), we obtain ∂tρ = 0. Thus, the total density is determined by the initial

total density, ρ(x, t) =
2n

i=1 ρ
0
i (x) for x ∈ Ω, and is independent of time. This

suggests to compute only the first n− 1 mass densities, since the last one can be

determined by ρn = ρ −2n−1
i=1 ρi. Then we interpret the entropy density h as a

function of (ρ′, θ) := (ρ1, . . . , ρn−1, θ):

h(ρ′, θ) =
n−11
i=1

ρi
mi

"
log

ρi
mi

− 1

)
+

ρn
mn

"
log

ρn
mn

− 1

)
− cwρ log θ

with the partial derivatives

∂h

∂ρi
=

1

mi

log
ρi
mi

− 1

mn

log
ρn
mn

, i = 1, . . . , n− 1,
∂h

∂θ
= −cw

ρ

θ
.
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The Hessian matrix

D2h =

$R 0

0T cwρ/θ
2

+ ∈ Rn×n, where Rij =
δij
miρi

+
1

mnρn
,

is positive definite, showing that the entropy is convex.

According to thermodynamics [6], there exists another set of variables, known

as entropy variables and are (µ1/θ, . . . , µn/θ,−1/θ). We set

qi =
µi

θ
=

1

mi

log
ρi
mi

− cw(log θ − 1) for i = 1, . . . , n. (6.25)

Since the nth partial density is determined by the densities ρ1, . . . , ρn−1, we prefer

to work with the relative entropy variables

wi = qi − qn =
µi − µn

θ
=

∂h

∂ρi
, i = 1, . . . , n− 1. (6.26)

Setting additionally w = log θ, our new set of variables is (w1, . . . , wn−1, w). The

following lemma states that the mapping (ρ1, . . . , ρn, θ) �→ (w1, . . . , wn−1, w) is

invertible.

Lemma 27. Let (w1, . . . , wn−1, w) ∈ Rn and ρ > 0 be given. Then there there

exists a unique (ρ1, . . . , ρn, θ) ∈ Rn+1
+ with ρi > 0 for i = 1, . . . , n satisfying2n

i=1 ρi = ρ, wi = ∂h/∂ρi for i = 1, . . . , n− 1, and w = log θ.

Proof. The proof is similar to [53, Lemma 6] with some small changes. Given

w ∈ R, the temperature equals θ = exp(w) > 0. The function

f(s) =
n−11
i=1

mie
miwi

"
ρ− s

mn

)mi/mn

for s ∈ [0, ρ],

is strictly decreasing and 0 = f(ρ) < f(s) < f(0) for s ∈ (0, ρ). By continu-

ity, there exists a unique fixed point s0 ∈ (0, ρ). Then ρi := mi exp(miwi)((ρ −
s0)/mn)

mi/mn for i = 1, . . . , n satisfies ρi > 0 and
2n−1

i=1 ρi = f(s0) = s0 < ρ. Con-
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sequently, ρn := ρ−2n−1
i=1 ρi = ρ− s0 > 0 and ρi/mi = exp(miwi)(ρn/mn)

mi/mn

is equivalent to

wi =
1

mi

log
ρi
mi

− 1

mn

log
ρn
mn

=
∂h

∂ρi

for i = 1, . . . , n− 1, which finishes the proof.

6.1.3 Formulation of the fluxes and parabolicity

We can compute the fluxes as a linear combination of ∇(w1, . . . , wn−1, w) or

∇(q1, . . . , qn,−1/θ).

Lemma 28. It holds for i = 1, . . . , n that

Ji = −
n−11
j=1

Aij∇wj − Bi

θ
∇w = −

n1
j=1

Aij∇qj − Bi∇
"
−1

θ

)
,

Je = −κθ∇w −
n−11
j=1

Bj∇wj − θ
n1

i,j=1

Aij

mimj

∇w

= −
n1

j=1

Bj∇qj − θ2
"
κ+

n1
i,j=1

Aij

mimj

)
∇
"
−1

θ

)
,

(6.27)

(6.28)

where the coefficients

Aij = MBD
ij

√
ρiρj, Bi = θ

n1
j=1

Aij

"
cw +

1

mj

)
= θ

n1
j=1

Aij

mj

(6.29)

for i, j = 1, . . . , n depend on (ρ, θ) and satisfy the relations

n1
i=1

Aij =
n1

j=1

Aij =
n1

i=1

Bi = 0. (6.30)

Proof. We wish to express the driving force dj = ∇(ρjθ)/mj from (6.9) in terms

of ∇qj = ∇ log ρj/mj − cw∇ log θ. A computation, using w = log θ, yields

dj = ρjθ∇qj + ρjθ

"
cw +

1

mj

)
∇w. (6.31)
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Therefore, by (6.22), for i = 1, . . . , n,

Ji = ρiui = −√
ρi

n1
j=

MBD
ij

dj
θ
√
ρj

= −
n1

j=1

MBD
ij

√
ρiρj

�
∇qj +

"
cw +

1

mj

)
∇w

�

= −
n1

j=1

Aij∇qj −
n1

j=1

Aij

"
cw +

1

mj

)
∇ log θ = −

n1
j=1

Aij∇qj − Bi

θ
∇ log θ.

This shows the second relation in (6.27). The first relation then follows from

(6.30) (which is proved below), since, using qj = wj + qn for j = 1, . . . , n− 1 (see

(6.26)),

n1
j=1

Aij∇qj =
n−11
j=1

Aij(∇wj +∇qn) + Ain∇qn =
n−11
j=1

Aij∇wj. (6.32)

Next, we compute the energy flux defined in (6.2). We use (6.18), (6.22), and

(6.31):

Je = −κθ∇w +
n1

i=1

√
ρiθ

"
cw +

1

mi

)√
ρiui

= −κθ∇w − θ
n1

i,j=1

√
ρi

"
cw +

1

mi

)
MBD

ij

dj
θ
√
ρj

= −κθ∇w − θ
n1

i,j=1

"
cw +

1

mi

)
MBD

ij

√
ρiρj

�
∇qj +

"
cw +

1

mj

)
∇w

�

= −κθ∇w −
n1

j=1

Bj∇qj − θ
n1

i,j=1

Aij

"
cw +

1

mi

)"
cw +

1

mj

)
∇w

= −κθ∇w −
n1

j=1

Bj∇qj − θ

n1
i,j=1

Aij

mimj

∇w,

where the last equation follows from (6.30). Moreover, because of

n1
j=1

Bj∇qj =
n−11
j=1

Bj∇(wj + qn) + Bn∇qn =
n−11
j=1

Bj∇wj, (6.33)

we have proved (6.28).

It remains to verify (6.30). We recall the property PL(MPL+PL⊥)−1PL⊥ = 0

from [58, Lemma 2], which implies that MBDPL⊥ = 0. Hence, L⊥ ⊂ kerMBD

154



and since L⊥ = span{√ρ}, we conclude that
2n

j=1 M
BD
ij

√
ρj = 0. This shows

that, by the definition of Aij,

n1
j=1

Aij =
√
ρi

n1
j=1

MBD
ij

√
ρj = 0.

The symmetry of (Aij) immediately gives
2n

i=1 Aij = 0. Finally, by the definition

of Bi,

n1
i=1

Bi = θ

n1
i,j=1

MBD
ij

√
ρiρj

"
cw +

1

mj

)
= θ

n1
j=1

"
cw +

1

mj

) n1
i=1

Aij = 0.

This finishes the proof.

The previous proof shows that we can formulate the diffusion fluxes in different

ways.

Corollary 29. It holds for i = 1, . . . , n that

Ji = ρiui = −
n1

j=1

Aij∇
"
qj +

w

mj

)
= −√

ρi

n1
j=1

MBD
ij

dj
θ
√
ρj
.

We claim that the Onsager matrix Q ∈ R(n+1)×(n+1) in (6.10) is positive

semidefinite. Let a = θ(κ+
2n

i,j=1 Aij/(mimj)). We compute for ξ ∈ Rn+1:

ξTQξ =
n1

i,j=1

Aijξiξj + 2
n1

i=1

Biξiξn+1 + aξnn+1

=
n1

i,j=1

Aijξiξj + 2θ
n1

i,j=1

Aij

mj

ξiξn+1 + θ2
"
κ+

n1
i,j=1

Aij

mimj

)
ξ2n+1

=
n1

i,j=1

Aij

"
ξi +

θξn+1

mi

)"
ξj +

θξn+1

mj

)
+ κθ2ξ2n+1 ≥ 0,

(6.34)

where the nonnegativity follows from the positive semidefiniteness (6.23) of MBD.

This reveals the parabolicity of our system in terms of the entropy variables.
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6.2 Existence of weak solutions

In this section we prove Theorem 25. The previous subsection shows that we

can write our system as the mass and energy balances (6.1)–(6.2) with the fluxes

(6.27)–(6.28). The weak formulation in the relative entropy variables (6.26) reads

as

� T

0

⟨∂tρi, ϕi⟩dt+
� T

0

�
Ω

" n−11
j=1

Aij∇wj + e−wBi∇w

)
· ∇ϕidxdt = 0,

� T

0

⟨∂tE, ϕ0⟩dt+
� T

0

�
Ω

ew
"
κ+

n1
i,j=1

Aij

mimj

)
∇w · ∇ϕ0dxdt

+

� T

0

�
Ω

n−11
j=1

Bj∇wj · ∇ϕ0dxdt = λ

� T

0

�
∂Ω

(θ0 − θ)ϕ0dsdt

(6.35)

(6.36)

for test functions ϕ1, . . . , ϕn ∈ L2(0, T ;H1(Ω)) and ϕ0 ∈ L∞(0, T ;W 1,∞(Ω)).

According to (6.8), the energy is given by E = cwρθ. Moreover, ρi, Aij, Bi, and

E are interpreted as functions of (w1, . . . , wn−1, w).

The proof follows the lines of [9, Section 3], which is based on the boundedness–

by–entropy method [55], but some details are different. We approximate equa-

tions (6.35)–(6.36) by replacing the time derivative by the implicit Euler scheme

and adding a higher-order regularization in wi. The existence of solutions to

the approximate system is shown by means of the Leray–Schauder fixed–point

theorem, where the compactness of the fixed–point operator is obtained by the

approximate entropy inequality. This inequality yields estimates uniform in the

regularization parameters, allowing for the de–regularization limit via the Aubin–

Lions compactness lemma.

Let ϵ ∈ (0, 1), N ∈ N, and τ = T/N . We set w0 = log θ0 and w =

(w1, . . . , wn−1, w). Let w̄ = (w̄1, . . . , w̄n−1, w̄) ∈ L∞(Ω;Rn) be given. We de-
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fine for test functions ϕi ∈ H2(Ω), i = 0, . . . , n− 1, the approximate scheme

0 =
1

τ

�
Ω

!
ρi(w)− ρi(w̄)

(
ϕidx+ ϵ

�
Ω

!
D2wi : D

2ϕi + wiϕi

(
dx

+

�
Ω

" n−11
j=1

Aij∇wj + e−wBi∇w

)
· ∇ϕidx

0 =
1

τ

�
Ω

!
E(w)− E(w̄)

(
ϕ0dx+

�
Ω

n−11
i=1

Bi∇wi · ∇ϕ0dx

+

�
Ω

ew
"
κ(ew) +

n1
i,j=1

Aij

mimj

)
∇w · ∇ϕ0dx− λ

�
∂Ω

(ew0 − ew)ϕ0ds

+ ϵ

�
Ω

ew
!
D2w : D2ϕ0 + |∇w|2∇w · ∇ϕ0

(
dx

+ ϵ

�
Ω

(ew0 + ew)(w − w0)ϕ0dx,

(6.37)

(6.38)

where D2wi is the Hesse matrix of wi, the double point “:” denotes the Frobenius

matrix product, we recall that E(w) = cwρθ, and Aij and Bi are interpreted as

functions of w. The higher-order regularization yields solutions wi, w ∈ H2(Ω),

and the W 1,4(Ω) regularization allows us to estimate the higher-order terms when

using the test function e−w0−e−w (see the estimate of I11 below). The lower-order

regularization (ew0 − ew)(w − w0) provides an ϵ-dependent L2(Ω) bound for w.

6.2.1 Solution of the linearized approximate problem

Let w∗ ∈ W 1,4(Ω; Rn) and σ ∈ [0, 1]. We want to find a solution w ∈ H2(Ω;Rn)

to the linear problem

a(w,ϕ) = σF (ϕ) for ϕ = (ϕ1, . . . , ϕn−1, ϕ0) ∈ H2(Ω;Rn), (6.39)

where

a(w,ϕ) =

�
Ω

κ(ew
∗
)ew

∗∇w · ∇ϕ0dx+ ϵ

�
Ω

n−11
i=1

!
D2wi : D

2ϕi + wiϕi

(
dx

+ ϵ

�
Ω

(ew0 + ew
∗
)wϕ0dx+ ϵ

�
Ω

ew
∗!
D2w : D2ϕ0 + |∇w∗|2∇w · ∇ϕ0

(
dx,
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F (ϕ) = −
�
Ω

n−11
i,j=1

Aij(w
∗)∇w∗

j · ∇ϕidx−
�
Ω

ew
∗

n1
i,j=1

Aij(w
∗)

mimj

∇w∗ · ∇ϕ0dx

−
�
Ω

n−11
i=1

Bi(w
∗)e−w∗∇w∗ · ∇ϕidx−

�
Ω

n−11
i=1

Bi(w
∗)∇w∗

i · ∇ϕ0dx

− 1

τ

�
Ω

n−11
i=1

(ρ∗i − ρ̄i)ϕidx− 1

τ

�
Ω

(E∗ − Ē)ϕ0dx+ λ

�
∂Ω

(ew0 − ew
∗
)ϕ0ds

+ ϵ

�
Ω

(ew0 + ew
∗
)w0ϕ0dx,

where we abbreviated ρ∗i = ρi(w
∗), ρ̄i = ρi(w̄), E∗ = cwρe

w∗
, and Ē = cwρe

w̄.

The bilinear form a is clearly coercive on H2(Ω;Rn), and both a and F are

continuous on this space. By the Lax–Milgram lemma, there exists a unique

solution w ∈ H2(Ω;Rn) to (6.39).

6.2.2 Solution of the approximate problem

The solution w ∈ H2(Ω;Rn) to (6.39) defines the fixed-point operator

S : W 1,4(Ω;Rn)× [0, 1] → W 1,4(Ω;Rn), S(w∗, σ) = w.

Because of the compact embedding H2(Ω;Rn) �→ W 1,4(Ω;Rn), the operator is

continuous, compact, and it satisfies S(w∗, 0) = 0 for all w∗ ∈ W 1,4(Ω;Rn). It

remains to find a uniform bound for all fixed points of S(·, σ). Let w ∈ H2(Ω;Rn)

be such a fixed point. Then w solves (6.39) with w∗ = w. We choose the test
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functions ϕi = wi for i = 1, . . . , n− 1 and ϕ0 = e−w0 − e−w in (6.39):

0 =
σ

τ

�
Ω

n−11
i=1

(ρi − ρ̄i)widx+
σ

τ

�
Ω

(E − Ē)(−e−w)dx

+
σ

τ

�
Ω

(E − Ē)e−w0dx+ σ

�
Ω

n−11
i,j=1

Aij(w)∇wi · ∇wjdx

+ 2σ

�
Ω

n−11
i=1

Bi(w)e−w∇wi · ∇wdx+

�
Ω

κ(ew)|∇w|2dx

+ ϵ

�
Ω

n−11
i=1

!|D2wi|2 + w2
i

(
dx+ σ

�
Ω

n1
i,j=1

Aij(w)

mimj

|∇w|2dx

− σλ

�
∂Ω

(ew0 − ew)(e−w0 − e−w)ds

+ ϵ

�
Ω

(ew0 + ew)(e−w0 − e−w)(w − σw0)dx

+ ϵ

�
Ω

!|D2w|2 −Dw : (∇w ⊗∇w) + |∇w|4(dx =: I1 + · · ·+ I11.

(6.40)

We estimate the terms I1, . . . , I11 step by step. First, by the convexity of the

entropy and arguing similarly as in [9, Section 3, Step 2],

I1 + I2 =
σ

τ

�
Ω

n−11
i=1

"
(ρi − ρ̄i)

∂h

∂ρi
+ (θ − θ̄)

∂h

∂θ

)
dx

≥ σ

τ

�
Ω

!
h(ρ1, . . . , ρn−1, θ)− h(ρ̄1, . . . , ρ̄n−1, θ̄)

(
dx,

where we have set θ = ew and θ̄ = ew̄. Definition (6.26) of wi, definition (6.29) of

Bi, and the relations

n−11
j=1

Aij(w)∇wj =
n1

j=1

Aij(w)∇qj,
n−11
i=1

Bi(w)∇wi =
n1

j=1

Bi(w)∇qi

from (6.32)–(6.33) allow us to rewrite the sum I4 + I5 + I8 as

I4 + I5 + I8 = σ

�
Ω

n1
i,j=1

Aij(w)∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
dx. (6.41)
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This expression is nonnegative because of the positive semidefiniteness of Aij =

MBD
ij

√
ρiρj; see (6.23). Furthermore, since sinh(z)/z ≥ 1 for z ∈ R, z ̸= 0,

I9 = σλ

�
∂Ω

e−w−w0(ew − ew0)2dx ≥ 0,

I10 = 2ϵ

�
Ω

sinh(w − w0)(w − σw0)dx = 2ϵ

�
Ω

(w − w0)(w − σw0)
sinh(w − w0)

w − w0

dx

= ϵ

�
Ω

w2 sinh(w − w0)

w − w0

dx+ ϵ

�
Ω

!
w2 − 2(1 + σ)ww0 + 2σw2

0

(sinh(w − w0)

w − w0

dx

≥ ϵ

�
Ω

w2dx+ ϵ

�
Ω

!
w2 − 2(1 + σ)ww0 + 2σw2

0

(sinh(w − w0)

w − w0

dx.

We claim that there exists m = m(w0, σ) > 0 such that for all w ∈ R,

g(w) =
!
w2 − 2(1 + σ)ww0 + 2σw2

0

(sinh(w − w0)

w − w0

≥ −m,

where w0 ∈ R and σ ∈ (0, 1] are given. Indeed, this follows from g(w) → ∞ as

|w| → ∞ and g((1 + σ)w0) < 0 (unless w0 = 0). We conclude that

I10 ≥ ϵ

�
Ω

w2dx− ϵm.

Finally, we can estimate

I11 =
ϵ

2

�
Ω

!|D2w|2+ |D2w−∇w⊗∇w|2+ |∇w|4(dx ≥ ϵ

2

�
Ω

!|D2w|2+ |∇w|4(dx.
Summarizing these estimates, we find that

σ

τ

�
Ω

!
h(ρ1, . . . , ρn−1, θ) + Ee−w0

(
dx+ ϵC

!∥w∥2H2(Ω) + ∥∇w∥4L4(Ω)

(
+

�
Ω

κ(ew)|∇w|2dx ≤ σ

τ

�
Ω

!
h(ρ̄1, . . . , ρ̄n−1, θ̄) + Ēe−w0

(
dx+ ϵm.

(6.42)

The right–hand side is bounded since w̄ ∈ L∞(Ω;Rn) by assumption, imply-

ing that (ρ̄1, . . . , ρ̄n−1, θ̄) ∈ L∞(Ω;Rn). The first term on the left–hand side is
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bounded from below since, by definition (6.24) of h and Ee−w0 = cwρθ/θ0,

h(ρ1, . . . , ρn−1, θ) + Ee−w0 =
n1

i=1

ρi
mi

"
log

ρi
mi

− 1

)
− cwρ

"
log θ − θ

θ0

)
.

Thus, we obtain a uniform bound for w in H2(Ω;Rn) and consequently also in

W 1,4(Ω;Rn). We can apply the Leray–Schauder fixed–point theorem to conclude

the existence of a fixed point of S(·, 1). This, in turn, shows that w is a weak

solution to the approximate problem (6.37)–(6.38).

Remark 30 (Treatment of the cross–terms). In the paper [9], the fluxes are given

by $J

Je

+ = −

$M −G

GT κθ2

+∇

$ µ/θ

−1/θ

+ ,

where M = M(ρ, θ) ∈ Rn×n and G = G(ρ, θ) ∈ Rn. A multiplication of this

equation by ∇(µ/θ,−1/θ) shows that the cross-terms cancel out,

−∇

$ µ/θ

−1/θ

+
T

:

$J

Je

+ =
n1

i,j=1

Mij∇µi

θ
· ∇µj

θ
+ κ|∇ log θ|2 ≥ 0,

since M is assumed to be positive semidefinite in [9]. In the present work, we

have $J

Je

+ = −

$ A B

BT a

+∇

$ µ/θ

−1/θ

+ ,

and the cross–terms do not cancel.

This is compensated by the sum
2n

i,j=1 Aij/(mimj). Indeed, a computation

shows that (also see (6.41))

−∇

$ µ/θ

−1/θ

+
T

:

$J

Je

+ =
n1

i,j=1

Aij∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
+ κ|∇ log θ|2 ≥ 0,

since A is positive semidefinite because of (6.34).
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6.2.3 Discrete entropy inequality

We derive some estimates from (6.40) with σ = 1, which are uniform in (ϵ, τ), by

exploiting the sum I4 + I5 + I8, which we have neglected in (6.42). Taking into

account that the estimate of I10 becomes for σ = 1

I10 = 2ϵ

�
Ω

sinh(w − w0)(w − w0)dx ≥ 2ϵ

�
Ω

(w − w0)
2dx ≥ 0,

we obtain the discrete entropy inequality

σ

τ

�
Ω

!
h(ρ1, . . . , ρn−1, θ) + Ee−w0

(
dx+ ϵC

!∥w∥2H2(Ω) + ∥∇w∥4L4(Ω)

(
+

�
Ω

κ(ew)|∇w|2dx+

�
Ω

n1
i,j=1

Aij∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
dx

≤ σ

τ

�
Ω

!
h(ρ̄1, . . . , ρ̄n−1, θ̄) + Ēe−w0

(
dx.

(6.43)

Lemma 31. It holds that

�
Ω

n1
i,j=1

Aij∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
dx ≥

�
Ω

n1
i=1

µ

m2
i

|2∇√
ρi +

√
ρi∇w|2dx,

(6.44)

where µ > 0 is defined in (6.23).

We deduce from Assumption (A4) that κ(ew)|∇w|2 ≥ cκ|∇w|2, and in view of

(6.43), this quantity is bounded in L2(Ω). Therefore, Lemma 31 yields a gradient

bound for
√
ρi in L2(Ω), since

4|∇√
ρi|2 ≤ |2∇√

ρi +
√
ρi∇w|2 + ρi|∇w|2.

Proof of Lemma 31. It follows from (6.25) and (6.30) that

n1
i,j=1

Aij∇qi =
n1

i,j=1

Aij
∇ log ρi

mi

− cw

n1
i,j=1

Aij∇w =
n1

i,j=1

Aij
∇ρi
miρi
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and therefore, in view of the definition Aij = MBD
ij

√
ρiρj and the positive defi-

niteness (6.23) on the subspace L,

n1
i,j=1

Aij∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
=

n1
i,j=1

Aij

" ∇ρi
miρi

+
∇w

mi

)
·
" ∇ρj
mjρj

+
∇w

mj

)

=
n1

i,j=1

MBD
ij

1

mi

"∇ρi√
ρi

+
√
ρi∇w

)
· 1

mj

"∇ρj√
ρj

+
√
ρj∇w

)

≥ µ

5555PL

"
1

mi

"∇ρi√
ρi

+
√
ρi∇w

))n

i=1

55552.
We insert the definition of the projection matrix PL:

�
PL

"
1

mj

"∇ρj√
ρj

+
√
ρj∇w

))n

j=1

�
i

=
n1

j=1

"
δij −

√
ρiρj

ρ

)
1

mj

"∇ρj√
ρj

+
√
ρj∇w

)

=
1

mi

"∇ρi√
ρi

+
√
ρi∇w

)
−

√
ρi

ρ

n1
j=1

1

mj

(∇ρj + ρj∇w) =
1

mi

"∇ρi√
ρi

+
√
ρi∇w

)
.

The last step follows from the pressure constraint (6.7). Indeed, by (6.8),

n1
j=1

1

mj

(∇ρj + ρj∇w) =
1

θ

n1
j=1

∇(ρjθ)

mj

=
1

θ
∇p = 0. (6.45)

We have shown that

n1
i,j=1

Aij∇
"
qi +

w

mi

)
· ∇

"
qj +

w

mj

)
≥

n1
i=1

µ

m2
i

552∇√
ρi +

√
ρi∇w

552,
which equals (6.44) after integration over Ω.

Remark 32. We observe that the sum (6.45) vanishes even without requiring

the constraint (6.7). Indeed, by (6.18),

n1
j=1

1

mj

(∇ρj + ρj∇w) =
1

θ

n1
j=1

1

mj

∇(ρjθ) =
1

θ

n1
j=1

dj = 0.

The fact that
2n

j=1 dj vanishes is a necessary condition for the invertibility of the

linear system (6.19).
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In view of Lemma 31 and the lower bound κ ≥ cκ(1 + θ2), we conclude from

(6.43) the following discrete entropy inequality.

Lemma 33 (Discrete entropy inequality). It holds that

1

τ

�
Ω

!
h(ρ1, . . . , ρn−1, θ) + Ee−w0

(
dx+ ϵC

!∥w∥2H2(Ω) + ∥∇w∥4L4(Ω)

(
+

�
Ω

!|∇w|2 + |∇θ|2(dx+

�
Ω

n1
i=1

µ

m2
i

552∇√
ρi +

√
ρi∇w

552dx
≤ 1

τ

�
Ω

!
h(ρ̄1, . . . , ρ̄n−1, θ̄) + Ēe−w0

(
dx.

Finally, we derive an estimate for the temperature.

Lemma 34. There exists a constant C > 0, only depending on λ, Ω, ∂Ω, and θ0

such that

cw
2τ

�
Ω

ρθ2dx+
cκ
2

�
Ω

(1 + θ2)|∇θ|2dx ≤ C + C

�
Ω

n1
i=1

|∇√
ρi|2dx+

cw
2τ

�
Ω

ρθ̄2dx.

Proof. We use θ as a test function in the approximate energy equation (6.38).

Observing that ∇wi = ∇ρi/(miρi) − ∇ρn/(mnρn) by (6.26) and
2n

i=1 Bi∇wi =2n
i=1 Bi(miρi)

−1∇ρi by (6.30), we find that

0 =
cw
τ

�
Ω

ρ(θ − θ̄)dx+

�
Ω

κ(θ)|∇θ|2dx+

�
Ω

n1
i,j=1

Aij

mimj

|∇θ|2dx
�
Ω

n1
i=1

Bi

miρi
∇ρi · ∇θdx− λ

�
∂Ω

(θ0 − θ)θds+ ϵ

�
Ω

(θ0 + θ)(log θ − log θ0)θdx

+ ϵ

�
Ω

"
|D2θ|2 − 1

θ
D2θ : (∇θ ⊗∇θ) +

|∇θ|4
θ2

)
dx = J1 + · · ·+ J7.

We deduce from Young’s inequality and Assumption (A4) on κ that

J1 ≥ cw
2τ

�
Ω

ρ(θ2 − θ̄2)dx, J2 ≥ cκ

�
Ω

(1 + θ2)|∇θ|2dx.

Furthermore, J3 ≥ 0. Definition (6.29) of Bi and Aij as well as the bound ρj ≤ ρ∗

164



show that

J4 = θ
n1

i,j=1

Aij

mimjρi
∇ρi · ∇θdx = θ

n1
i,j=1

MBD
ij

mimj

√
ρj√
ρi
∇ρi · ∇θdx

≥ −cκ
2

�
Ω

θ2|∇θ|2dx− C

�
Ω

n1
i=1

|∇√
ρi|2dx.

The integrals J5 are J6 are bounded from below since

J5 ≥ −λ

4

�
∂Ω

θ20ds ≥ −C(λ, ∂Ω, θ0),

and the dominant term in J6 is θ
2 log θ, which is bounded from below by a negative

constant. Finally, J7 is nonnegative:

J7 =
ϵ

2

�
Ω

"
|D2θ|2 + |∇θ|4

θ2
+

5555D2θ − 1

θ
∇θ ⊗∇θ

55552)dx ≥ 0.

Collecting these estimates finishes the proof.

6.2.4 Uniform estimates

Let (wk
1 , . . . , w

k
n−1, w

k) be a solution to the approximate scheme (6.37)–(6.38)

with (wk−1
1 , . . . , wk−1

n−1, w
k−1) = (w̄1, . . . , w̄n−1, w̄). We set θk = exp(wk) and

ρki = ρi(w
k) determined from Lemma 27. Furthermore, we set Ek = cwρθ

k,

recalling that ρ =
2n

i=1 ρ
0
i . We introduce the piecewise constant in time functions

ρ
(τ)
i (x, t) = ρki (x), q

(τ)
i =

1

mi

log
ρki
mi

− cw(log θ
k − 1) for i = 1, . . . , n,

θ(τ)(x, t) = θk(x), E(τ)(x, t) = Ek(x), w
(τ)
i (x, t) = wk

i (x) for i = 1, . . . , n− 1,

where x ∈ Ω, t ∈ ((k − 1)τ, kτ ], and k = 1, . . . , N . At time t = 0, we set

ρ
(τ)
i (0) = ρ0i and θ(τ)(0) = θ0. Furthermore, we introduce the shift operator
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(στρ
(τ)
i )(x, t) = ρk−1

i (x) if t ∈ ((k − 1)τ, kτ ]. Then (ρ(τ), θ(τ)) solves

0 =
1

τ

� T

0

�
Ω

(ρ
(τ)
i − στρ

(τ)
i )ϕidxdt

+ ϵ

� T

0

�
Ω

!
D2w

(τ)
i : D2ϕi + w

(τ)
i ϕi

(
dxdt

+

� T

0

�
Ω

" n−11
j=1

Aij(w
(τ))∇w

(τ)
j + e−w(τ)

Bi(w
(τ))∇w(τ)

)
· ∇ϕidxdt,

0 =
1

τ

� T

0

�
Ω

(E(τ) − στE
(τ))ϕ0dxdt+

� T

0

�
Ω

κ(θ(τ))∇θ(τ) · ∇ϕ0dxdt

+

� T

0

�
Ω

n−11
i=1

Bj(w
(τ))∇w

(τ)
i · ∇ϕ0dx− λ

� T

0

�
∂Ω

(θ0 − θ(τ))ϕ0dsdt

+

� T

0

�
Ω

n1
i,j=1

Aij(w
(τ))

mimj

∇θ(τ) · ∇ϕ0dxdt

+ ϵ

� T

0

�
Ω

(θ0 + θ(τ))(log θ(τ) − log θ0)ϕ0dxdt

+ ϵ

� T

0

�
Ω

θ(τ)
!
D2 log θ(τ) : D2ϕ0 + |∇ log θ(τ)|2∇ log θ(τ) · ∇ϕ0

)
dxdt.

(6.46)

(6.47)

The discrete entropy inequality in Lemma 33 and the temperature estimates in

Lemma 34 yield, after summation over k = 1, . . . , N ,

sup
0<t<T

�
Ω

"
h(ρ

(τ)
1 (t), . . . , ρ

(τ)
n−1(t), θ

(τ)(t)) +
cw
θ0

ρθ(τ)(t)

)
dx

+

� T

0

�
Ω

!|∇ log θ(τ)|2 + |∇θ(τ)|2(dxdt
+ ϵC

� T

0

!∥w(τ)∥2H2(Ω) + ∥∇w(τ)∥4L4(Ω)

(
dt

+

� T

0

�
Ω

n1
i=1

µ

m2
i

552∇(ρ
(τ)
i )1/2 + (ρ

(τ)
i )1/2∇ log θ(τ)

552dxdt
≤

�
Ω

!
h(ρ01, . . . , ρ

0
n−1, θ

0) + cwρθ
0
(
dx,

cw sup
0<t<T

�
Ω

ρ(θ(τ))2dx+ cκ

� T

0

�
Ω

(1 + (θ(τ))2)|∇θ(τ)|2dxdt

≤ C(T ) + C

� T

0

�
Ω

n1
i=1

|∇(ρ
(τ)
i )1/2|2dxdt+ cw

2

�
Ω

ρ(θ0)2dx.

(6.48)

(6.49)
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Lemma 35. There exists C > 0 not depending on (ϵ, τ) such that

∥ρ(τ)∥L∞(ΩT ) + ∥θ(τ)∥L∞(0,T ;L1(Ω)) ≤ C,

∥ log θ(τ)∥L2(0,T ;H1(Ω)) + ∥θ(τ)∥L2(0,T ;H1(Ω)) ≤ C,

ϵ1/2∥w(τ)∥L2(0,T ;H2(Ω)) + ϵ1/4∥∇w(τ)∥L4(ΩT ) ≤ C,

(6.50)

(6.51)

(6.52)

Proof. Estimates (6.50) and (6.52) are an immediate consequence of (6.48) and

ρ ≥ ρ∗ > 0. Bound (6.48) also shows that sup(0,T )

�
Ω
(− log θ(τ) + θ(τ))dx is uni-

formly bounded from above. Thus, log θ(τ) is uniformly bounded in L∞(0, T ;L1(Ω)).

Then the uniform bounds for∇ log θ(τ) and∇θ(τ) as well as the Poincaré–Wirtinger

inequality yield bounds for log θ(τ) and θ(τ) in L2(ΩT ), proving (6.51).

Lemma 36. There exists C > 0 not depending on (ϵ, τ) such that for i = 1, . . . , n,

∥(ρ(τ)i )1/2∥L2(0,T ;H1(Ω)) + ∥ρ(τ)i ∥L2(0,T ;H1(Ω)) ≤ C,

∥θ(τ)∥L∞(0,T ;L2(Ω)) + ∥(θ(τ))2∥L2(0,T ;H1(Ω)) + ∥θ(τ)∥L16/3(ΩT ) ≤ C.

(6.53)

(6.54)

Proof. We infer from (6.48) that

� T

0

�
Ω

|∇(ρ
(τ)
i )1/2|2dxdt ≤ C

� T

0

�
Ω

552∇(ρ
(τ)
i )1/2|2 + (ρ

(τ)
i )1/2∇ log θ(τ)

552dxdt
+ C

� T

0

�
Ω

|∇ log θ(τ)|2dxdt ≤ C,

and the L∞(ΩT ) bound (6.50) gives for i = 1, . . . , n,

∥ρ(τ)i ∥L2(0,T ;H1(Ω)) ≤ 2∥ρ(τ)i ∥1/2L∞(ΩT )∥∇(ρ
(τ)
i )1/2∥L2(ΩT ) + ∥ρ(τ)i ∥L2(ΩT ) ≤ C.

Therefore, the right–hand side of (6.49) is uniformly bounded, which proves the

first two estimates in (6.54). The remaining one is a consequence of the Gagliardo–
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Nirenberg inequality with η = 3/4:

∥(θ(τ))2∥8/3
L8/3(ΩT )

≤ C

� T

0

∥(θ(τ))2∥8η/3H1(Ω)∥(θ(τ))2∥8(1−η)/3

L1(Ω) dt

≤ ∥θ(τ)∥4/3L∞(0,T ;L2(Ω))

� T

0

∥(θ(τ))2∥2H1(Ω)dt ≤ C.

This finishes the proof.

The following lemma can be proved as in [9, Lemma 9].

Lemma 37. There exists C > 0 not depending on (ϵ, τ) such that

∥ρ(τ)i − στρ
(τ)
i ∥L2(0,T ;H2(Ω)∗) + ∥θ(τ) − στθ

(τ)∥L16/15(0,T ;W 2,16(Ω)∗) ≤ Cτ. (6.55)

6.2.5 The limit (ϵ, τ) → 0

The bounds (6.51), (6.53), and (6.55) allow us to apply the Aubin–Lions lemma

in the version of [59]. There exist subsequences, which are not relabeled, such

that as (ϵ, τ) → 0,

ρ
(τ)
i → ρi, θ(τ) → θ strongly in L2(ΩT ), i = 1, . . . , n− 1.

The convergence also holds for i = n since ρ
(τ)
n = 1 −2n−1

i=1 ρ
(τ)
i . Thanks to the

L∞(ΩT ) bound for ρ
(τ)
i and the L16/3(ΩT ) bound for θ(τ), we have

ρ
(τ)
i → ρi strongly in Lr(ΩT ) for all r < ∞,

θ(τ) → θ strongly in Lr(ΩT ) for all r < 16/3.

We claim that ρi > 0 and θ > 0 a.e. in ΩT . The positivity of ρi is proved

as in [9, p. 16]. The strong convergence of (θ(τ)) implies a.e. convergence and

in particular log θ(τ) → Z a.e. Thus, θ(τ) → exp(Z) a.e. We conclude that

θ = exp(Z) > 0 a.e. in ΩT .
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It follows that log θ ∈ L2(ΩT ) and estimate (6.51) yields

∇ log θ(τ) ⇀ ∇ log θ weakly in L2(ΩT ). (6.56)

Furthermore, in view of (6.51), (6.53), and (6.55), up to subsequences,

ρ
(τ)
i ⇀ ρi, θ(τ) ⇀ θ weakly in L2(0, T ;H1(Ω)),

τ−1(ρ
(τ)
i − στρ

(τ)
i ) ⇀ ∂tρi weakly in L2(0, T ;H2(Ω)∗),

τ−1(θ(τ) − στθ
(τ)) ⇀ ∂tρi weakly in L16/15(0, T ;W 2,16(Ω)∗),

and the bounds (6.52) show that

ϵ log θ(τ) → 0, ϵw
(τ)
i → 0 strongly in L2(0, T ;H2(Ω)).

The embedding H1(Ω) �→ L2(∂Ω) is compact, giving θ(τ) → θ strongly in

L2(0, T ;L2(∂Ω)).

These convergences are sufficient to pass to the limit (ϵ, τ) → 0 in (6.46)–

(6.47), showing that (ρ, θ) solves the weak formulation (6.35)–(6.36). We only

detail the limits in the terms A
(τ)
ij = Aij(w

(τ)) and B
(τ)
i = Bi(w

(τ)). We know

that ∇(ρ
(τ)
i )1/2 ⇀ ∇ρ

1/2
i weakly in L2(ΩT ) and

A
(τ)
ij

mj(ρ
(τ)
j )1/2

= MBD
ij (ρ(τ))

(ρ
(τ)
i )1/2

mj

→ MBD
ij (ρ)

ρ
1/2
i

mj

=
Aij

mjρ
1/2
j

strongly in Lγ(ΩT ) for all γ < ∞. Using (6.32) and (6.25), this implies that

n−11
j=1

A
(τ)
ij ∇w

(τ)
j =

n1
j=1

A
(τ)
ij

mj

∇ log
ρ
(τ)
i

mj

= 2
n1

j=1

MBD
ij (ρ(τ))

(ρ
(τ)
i )1/2

mj

∇(ρ
(τ)
j )1/2

⇀ 2
n1

j=1

MBD
ij

ρ
1/2
i

mj

∇ρ
1/2
j weakly in Ls(ΩT ), s < 2.

Since the sequence is bounded in L2(ΩT ), this convergence also holds in this
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space. Similarly,

B
(τ)
i e−w(τ)∇w(τ) =

n1
j=1

A
(τ)
ij

mj

∇ log θ(τ) ⇀
n1

j=1

Aij

mj

∇ log θ weakly in L2(ΩT ),

A
(τ)
ij ∇θ(τ) = MBD

ij (ρ(τ))(ρ
(τ)
i ρ

(τ)
j )1/2∇θ(τ) ⇀ Aij∇θ weakly in L2(ΩT ),

and using θ(τ) → θ strongly in Lr(ΩT ) for r < 16/3,

n−11
i=1

B
(τ)
i ∇w

(τ)
i = 2

n1
i,j=1

MBD
ij (ρ(τ))

mimj

θ(τ)(ρ
(τ)
j )1/2∇(ρ

(τ)
i )1/2 ⇀ 2

n1
i=1

Bi

miρ
1/2
i

∇ρ
1/2
i

weakly in Ls(ΩT ) for s < 16/11, and since the right–hand side lies in L16/11(ΩT ),

this convergence also holds in L16/11(ΩT ).

Next, we claim that ρi(0) and θ(0) satisfy the initial data. The time derivative

of the linear interpolant

3ρ(τ)i (t) = ρki −
kτ − t

τ
(ρki − ρk−1

i ) for (k − 1)τ < t < kτ

is bounded since, because of (6.55),

∥∂t3ρ(τ)i ∥L2(0,T ;H2(Ω)∗) ≤ τ−1∥ρ(τ)i − στρ
(τ)
i ∥L2(0,T ;H2(Ω)∗) ≤ C.

Thus, 3ρ(τ)i is uniformly bounded in H1(0, T ;H2(Ω)∗) �→ C0([0, T ];H2(Ω)∗) and

we conclude for a subsequence that ρ0i = 3ρ(τ)i (0) ⇀ ri weakly in H2(Ω)∗ for some

ri ∈ H2(Ω)∗. It follows that ri = ρ0i . As 3ρ(τ)i and ρ
(τ)
i converge to the same limit,

∥3ρ(τ)i − ρ
(τ)
i ∥L2(0,T ;H2(Ω)∗) ≤ ∥ρ(τ)i − στρ

(τ)
i ∥L2(0,T ;H2(Ω)∗) ≤ Cτ → 0,

this shows that ρ0i = ri = ρi(0) in H2(Ω)∗. In an analogous way, we verify that

θ(0) = θ0 in W 2,16(Ω)∗.

The initial data are satisfied in better spaces. Indeed, going back to (6.35)–

(6.36), the regularity of ρi implies that ∂tρi ∈ L2(0, T ;H1(Ω))∩H1(0, T ;H1(Ω)∗) �→
C0([0, T ];L2(Ω)) and thus ρi(0) = ρ0i in the sense of L2(Ω). The temperature sat-
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isfies θ ∈ L∞(0, T ;L2(Ω))∩C0([0, T ];W 2,16(Ω)∗), which gives θ ∈ C0
w([0, T ];L

2(Ω)).

Consequently, θ(0) = θ0 weakly in L2(Ω). Moreover, we deduce from |κ∇θ| ≤
Cκ(|∇θ| + θ|∇θ2|) ∈ L16/11(ΩT ) that ∂tθ ∈ L16/11(0, T ;W 1,16/11(Ω)∗). This com-

pletes the proof.

6.3 Weak–strong uniqueness

In this section we prove Theorem 26. Let (ρ, θ) be a weak solution and (ρ̄, θ̄) be

a strong solution to (6.1)–(6.8). We introduce the entropy

H(ρ(t), θ(t)) =

�
Ω

" n1
i=1

ρi
mi

"
log

ρi
mi

− 1

)
− cwρ log θ

)
dx.

Lemma 38 (Entropy equality for strong solutions). Let (ρ̄, θ̄) be a strong solution

to (6.1)–(6.8) (in the sense mentioned after Theorem 26) with λ = 0. Then

H(ρ̄(t), θ̄(t)) +

� t

0

�
Ω

κ(θ̄)

θ̄2
|∇θ̄|2dxds

+
1

2

� t

0

�
Ω

n1
i,j=1

bij ρ̄iρ̄j|ūi − ūj|2dxds = H(ρ̄(0), θ̄(0)).

Proof. We use (6.1) and (6.2) and integrate by parts to obtain

dH

dt
=

�
Ω

" n1
i=1

∂tρ̄i
mi

log
ρ̄i
mi

− cw
ρ
∂t(ρθ̄)

)
dx

=

�
Ω

� n1
i=1

ρ̄iūi

mi

∇ log
ρ̄i
mi

+
∇θ̄

θ̄2

"
−κ̄∇θ̄ + θ̄

n1
i=1

ρ̄iūi

mi

)�
dx

= −
�
Ω

κ̄

θ̄2
|∇θ̄|2dx+

�
Ω

n1
i=1

ūi

mi

· (∇ρ̄i + ρ̄i∇ log θ̄)dx

= −
�
Ω

κ̄

θ̄2
|∇θ̄|2dx+

�
Ω

n1
i=1

1

θ̄
ūi · d̄idx,

where κ̄ = κ(θ̄) and we used (6.18) in the last step. By the algebraic system (6.5)
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and the symmetry of (bij),

n1
i=1

1

θ̄
ūi · d̄i = −

n1
i,j=1

bij ρ̄iρ̄j(ūi − ūj) · ūi = −1

2

n1
i,j=1

bij ρ̄iρ̄j|ūi − ūj|2. (6.57)

This shows the claim.

Lemma 39 (Entropy inequality for weak solutions). Let (ρ̄, θ̄) be a weak solution

to (6.1)–(6.8) with λ = 0. Then

H(ρ(t), θ(t)) +

� t

0

�
Ω

κ

θ2
|∇θ|2dxds

+
1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj|ui − uj|2dxds ≤ H(ρ0, θ0).

Proof. Let (ρk, θk) for k = 1, . . . , N be a solution to the approximate problem

(6.37)–(6.38), constructed in Section 6.2.2. According to (6.43), this solution

satisfies

H(ρk, θk) + τ

�
Ω

κ(θk)|∇ log θk|2dx

+ τ

�
Ω

n1
i,j=1

Ak
ij∇

"
qki +

wk

mi

)
· ∇

"
qkj +

wk

mj

)
dx ≤ H(ρk−1, θk−1),

where the superindex k denotes the kth time step. By Corollary 29 as well as

relations (6.22) and (6.57),

n1
i,j=1

Ak
ij∇

"
qki +

wk

mi

)
· ∇

"
qkj +

wk

mj

)
=

n1
i,j=1

(MBD
ij )k

dki
θk(ρki )

1/2
· dkj
θk(ρkj )

1/2

= −
n1

i=1

1

θk
dki · uk

i =
1

2

n1
i,j=1

bijρ
k
i ρ

k
j |uk

i − uk
j |2.

Therefore,

H(ρk, θk)+τ

�
Ω

κ(θk)|∇ log θk|2dx+τ

2

�
Ω

n1
i,j=1

bijρ
k
i ρ

k
j |uk

i−uk
j |2dx ≤ H(ρk−1, θk−1).

We sum over k = 1, . . . , j with t ∈ ((j − 1)τ, jτ ] and use the notation of Section
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6.2.4:

H(ρ(τ)(t), θ(τ)(t)) +

� t

0

�
Ω

κ(θ(τ))|∇ log θ(τ)|2dxds

+
1

2

� t

0

�
Ω

n1
i,j=1

bijρ
(τ)
i ρ

(τ)
j |u(τ)

i − u
(τ)
j |2dxds ≤ H(ρ0, θ0)

(6.58)

for a.e. t ∈ (0, T ).

It remains to pass to the limit (ϵ, τ) → 0 in (6.58). We deduce from the strong

convergence of (ρ(τ)) and (θ(τ)) that

H(ρ(t), θ(t)) ≤ lim inf
(ϵ,τ)→0

H(ρ(τ)(t), θ(τ)(t)).

We deduce from the strong convergence ρ
(τ)
i → ρi in Lq(ΩT ) for any q < ∞ and

the boundedness of MBD
ij that MBD

ij (ρ(τ)) → MBD
ij (ρ) strongly in any Lq(ΩT ). In

view of the weak convergences ∇ log θ(τ) ⇀ ∇ log θ from (6.56) and ∇(ρ
(τ)
i )1/2 ⇀

∇ρ
1/2
i from (6.53) weakly in L2(ΩT ), we have

2∇(ρ
(τ)
i )1/2 + ρ

(τ)
i ∇ log θ(τ) ⇀ 2∇ρ

1/2
i + ρi∇ log θ weakly in L2(ΩT ).

Hence, using (6.22),

(ρ
(τ)
i )1/2u

(τ)
i =

n1
j=1

MBD
ij (ρ(τ))

1

mj

!
2∇(ρ

(τ)
i )1/2 + ρ

(τ)
i ∇ log θ(τ)

(
⇀

n1
j=1

MBD
ij (ρ)

1

mj

!
2∇ρ

1/2
i + ρi∇ log θ

(
= ρ

1/2
i ui.

weakly in L2(ΩT ), where the last identity is the definition of ui. Then, taking

into account the boundedness of ρ
(τ)
i in L∞(ΩT ), for any i, j = 1, . . . , n,

(bijρ
(τ)
i ρ

(τ)
j )1/2u

(τ)
i ⇀ (bijρiρj)

1/2ui weakly in L2(ΩT ).
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As the L2(ΩT ) norm is weakly lower semicontinuous,

� T

0

�
Ω

n1
i,j=1

bijρiρj|ui − uj|2dxds

≤ lim inf
(ϵ,τ)→0

� T

0

�
Ω

n1
i,j=1

55(bijρ(τ)i ρ
(τ)
j )1/2(u

(τ)
i − u

(τ)
j )

552dxds
= lim inf

(ϵ,τ)→0

� T

0

�
Ω

n1
i,j=1

bijρ
(τ)
i ρ

(τ)
j |u(τ)

i − u
(τ)
j |2dxds.

Finally, κ(θ(τ))1/2∇ log θ(τ) → κ(θ)1/2∇ log θ weakly in L1(ΩT ) and, because of

the uniform bounds, also in L2(ΩT ). Hence,

� t

0

�
Ω

κ(θ)

θ2
|∇θ|2dxds ≤ lim inf

(ϵ,τ)→0

� t

0

�
Ω

κ(θ(τ))

(θ(τ))2
|∇θ(τ)|2dxds.

Thus, applying the limit inferior (ϵ, τ) → 0 to both sides of (6.58) yields the

result.

Lemma 40 (Relative entropy inequality). Let the assumptions of Theorem 26

hold and let ρi(0) = ρ̄i(0) for i = 1, . . . , n and θ(0) = θ̄(0). Then

H((ρ, θ)(t)|(ρ̄, θ̄)(t)) + µM

2

� t

0

�
Ω

n1
i=1

ρi|ui − ūi|2dxds

+
cκ
2

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds

≤ C

� t

0

�
Ω

" n1
j=1

(ρj − ρ̄j)
2 + (θ − θ̄)2

)
dxds,

(6.59)

where the relative entropy H(ρ, θ|ρ̄, θ̄) is defined in (6.12).

Proof. We use the test functions ϕi = m−1
i log(ρ̄i/mi) − cw log θ̄ and ϕ0 = −1/θ̄

in the weak formulations satisfied by ρi − ρ̄i and ρ(θ − θ̄), respectively,

�
Ω

(ρi − ρ̄i)(t)ϕi(t)dx =

� t

0

�
Ω

(ρi − ρ̄i)∂tϕidxds+

� t

0

�
Ω

(ρiui − ρ̄iūi) · ∇ϕidxds,
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�
Ω

cwρ(θ − θ̄)(t)ϕ0(t)dx =

� t

0

�
Ω

cwρ(θ − θ̄)∂tϕ0dxds

−
� t

0

�
Ω

(κ∇θ − κ̄∇θ̄) · ∇ϕ0dxds+

� t

0

�
Ω

n1
j=1

(hjuj − h̄jūj) · ∇ϕ0dxds,

where hj = (cw + 1/mj)ρjθ, h̄j = (cw + 1/mj)ρ̄j θ̄, and κ = κ(θ), κ̄ = κ(θ̄).

Strictly speaking, we cannot use ϕi as a test function since log ρ̄i and 1/θ̄ may be

not integrable. However, we can use a density argument similarly as in the proof

of [10, Lemma 8]. Then, summing over i = 1, . . . , n,

�
Ω

� n1
i=1

(ρi − ρ̄i)(t)

"
1

mi

log
ρ̄i
mi

− cw log θ̄

)
(t)− cwρ

θ − θ̄

θ̄
(t)

�
dx

=

� t

0

�
Ω

� n1
i=1

"
(ρi − ρ̄i)

∂tρ̄i
miρ̄i

+ (ρiui − ρ̄iūi) · ∇ρ̄i
miρ̄i

)
+ cwρ(θ − θ̄)∂t

"
−1

θ̄

)�
dxds−

� t

0

�
Ω

(κ∇θ − κ̄∇θ̄) · ∇
"
−1

θ̄

)
dxds

+

� t

0

�
Ω

n1
j=1

(hjuj − h̄jūj) · ∇
"
−1

θ̄

)
dxds.

We subtract this identity and the entropy equality from Lemma 38 for (ρ̄, θ̄)

from the entropy inequality for (ρ, θ) obtained in Lemma 39 and insert equations

(6.1)–(6.2) to replace the time derivatives ∂tρ̄i and ∂t(−1/θ̄). A computation

shows that

H((ρ, θ)(t)|(ρ̄, θ̄)(t)) ≤ K1 · · ·+K5, (6.60)

where

K1 = −
� t

0

�
Ω

!
κ|∇ log θ|2 − κ̄|∇ log θ̄|2(dxds+ � t

0

�
Ω

κ̄∇θ̄ · ∇
"

θ

θ̄2
− 1

θ̄

)
dxds

+

� t

0

�
Ω

(κ∇θ − κ̄∇θ̄) · ∇
"
−1

θ̄

)
dxds,

K2 = −
� t

0

�
Ω

n1
i=1

ρ̄iūi

mi

· ∇
"
ρi
ρ̄i

)
dxds−

� t

0

�
Ω

n1
i=1

∇ρ̄i
miρ̄i

· (ρiui − ρ̄iūi)dxds,
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K3 = −
� t

0

�
Ω

n1
i=1

h̄iūi · ∇
"

θ

θ̄2
− 1

θ̄

)
dxds

−
� t

0

�
Ω

n1
i=1

(hiui − h̄iūi) · ∇
"
−1

θ̄

)
dxds,

K4 = −1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj|ui − uj|2dxds

and

K5 =
1

2

� t

0

�
Ω

n1
i,j=1

bij ρ̄iρ̄j
55ūi − ūj

552dxds.
The term K1 can be rewritten as

K1 = −
� t

0

�
Ω

1

θ̄
(κθ̄ − κ̄θ)∇(log θ − log θ̄) · ∇ log θ̄dxds

−
� t

0

�
Ω

κ
55∇(log θ − log θ̄)

552dxds
+

� t

0

�
Ω

θ − θ̄

θ̄
∇ log θ̄ · (κ∇ log θ − κ̄∇ log θ̄)dxds =: K11 +K12 +K13.

The algebraic system (6.5) with di = ∇(ρiθ)/mi can be formulated as

−mi

n1
j=1

bij ρ̄iρ̄j(ūi − ūj)− ρ̄i∇ log θ̄ = ∇ρ̄i.

This allows us to rewrite K2:

K2 =

� t

0

�
Ω

n1
i,j=1

bijρiρj(ui − uj) · ūidxds−
� t

0

�
Ω

n1
i,j=1

bijρiρ̄j(ūi − ūj) · ūidxds

+

� t

0

�
Ω

n1
i,j=1

bijρiρ̄j(ūi − ūj) · uidxds−
� t

0

�
Ω

n1
i,j=1

bij ρ̄iρ̄j(ūi − ūj) · ūidxds

+

� t

0

�
Ω

n1
i=1

1

mi

ρi∇ log θ · ūidxds−
� t

0

�
Ω

n1
i=1

1

mi

ρi∇ log θ̄ · ūidxds

+

� t

0

�
Ω

n1
i=1

1

mi

ρi∇ log θ̄ · uidxds−
� t

0

�
Ω

n1
i=1

1

mi

ρ̄i∇ log θ̄ · ūidxds

=: K21 + · · ·+K28.

Furthermore, it follows from hi = (cw + 1/mi)ρiθ and
2n

i=1 ρiui =
2n

i=1 ρ̄iūi = 0

176



that

K3 = −
� t

0

�
Ω

n1
i=1

h̄iūi · ∇
"

θ

θ̄2

)
dxds−

� t

0

�
Ω

n1
i=1

hiui · ∇
"
−1

θ̄

)
dxds

= −
� t

0

�
Ω

n1
i=1

"
cw +

1

mi

)
θ̄ρ̄iūi · ∇

"
θ

θ̄2

)
dxds

−
� t

0

�
Ω

n1
i=1

"
cw +

1

mi

)
θρiui · ∇

"
−1

θ̄

)
dxds

= −
� t

0

�
Ω

n1
i=1

ρ̄iθ̄

mi

ūi · ∇
"

θ

θ̄2

)
dxds−

� t

0

�
Ω

n1
i=1

ρiθ

mi

ui · ∇
"
−1

θ̄

)
dxds

= −
� T

0

�
Ω

n1
i=1

ρ̄iūi

miθ̄
· ∇θdxds+ 2

� T

0

�
Ω

n1
i=1

ρ̄iūiθ

miθ̄2
· ∇θ̄dxds

−
� T

0

�
Ω

n1
i=1

ρiuiθ

miθ̄2
· ∇θ̄dxds.

We reformulate K4 as

K4 = −1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj
55(ui − ūi)− (uj − ūj)

552dxds
+

1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj|ūi − ūj|2dxds

−
� t

0

�
Ω

n1
i,j=1

bijρiρj(ui − uj) · (ūi − ūj)dxds =: K41 +K42 +K43.

A long but straightforward computation shows that

K21 +K22 +K23 +K24 +K42 +K43 +K5

= −
� T

0

�
Ω

n1
i,j=1

bijρi(ρj − ρ̄j)(ui − ūi) · (ūi − ūj)dxds =: L1

177



and

K25 +K26 +K27 +K28 +K3 =

� T

0

�
Ω

n1
i=1

1

mi

(ρi − ρ̄i)(∇ log θ −∇ log θ̄) · ūidxds

+

� T

0

�
Ω

n1
i=1

1

mi

ρ̄iūi · (∇ log θ −∇ log θ̄)

"
1− θ

θ̄

)
dxds

+

� T

0

�
Ω

n1
i=1

1

mi

ρi(ui − ūi) · ∇ log θ̄

"
1− θ

θ̄

)
dxds

+

� T

0

�
Ω

n1
i=1

1

mi

(ρi − ρ̄i)ūi · ∇ log θ̄

"
1− θ

θ̄

)
dxds

=: L2 + L3 + L4 + L5.

Inserting these expressions into (6.60), putting K12 on the left–hand side, and

rearranging the terms, we find that

H((ρ, θ)(t)|(ρ̄, θ̄)(t)) + 1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj
55(ui − ūi)− (uj − ūj)

552dxds
+

� t

0

�
Ω

κ|∇(log θ − log θ̄)|2dxds ≤ K11 +K13 + L1 + · · ·+ L5.

(6.61)

The second term on the left–hand side can be bounded from below. Indeed,

it follows from the symmetry of (bij), definition (6.20) of Mij, and the positive

definiteness (6.21) of M on L that

1

2

n1
i,j=1

bijρiρj
55(ui − ūi)− (uj − ūj)

552
=

n1
i=1

" n1
j=1, j ̸=i

bijρj

)
ρi|ui − ūi|2 −

n1
i,j=1, i ̸=j

bijρiρj(ui − ūi) · (uj − ūj)

=
n1

i,j=1

Mij
√
ρi(ui − ūi) · √ρj(uj − ūj) ≥ µM |PLY |2,

where Yj =
√
ρj(uj − ūj). The norm of the projection is computed according to

|PLY |2 = |Y |2 − |PL⊥Y |2 =
n1

i=1

ρi|ui − ūi|2 −
n1

i=1

ρi
ρ2

5555 n1
j=1

ρj(uj − ūj)

55552
=

n1
i=1

ρi|ui − ūi|2 − 1

ρ

5555 n1
j=1

(ρj − ρ̄j)ūj

55552 ≥ n1
i=1

ρi|ui − ūi|2 − C1

n1
j=1

(ρj − ρ̄j)
2,
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where we used
2n

i=1 ρiui = 0 in the third equality, and C1 > 0 depends on ρ∗ and

the L∞(ΩT ) norms of ūj, j = 1, . . . , n. Consequently,

1

2

� t

0

�
Ω

n1
i,j=1

bijρiρj
55(ui − ūi)− (uj − ūj)

552dxds
≥ µM

� t

0

�
Ω

n1
i=1

ρi|ui − ūi|2dxds− C2

� t

0

�
Ω

n1
j=1

(ρj − ρ̄j)
2dxds.

(6.62)

We turn to the estimation of the terms on the right–hand side of (6.61). By

the Lipschitz continuity of κ and Young’s inequality, K11 is estimated as

K11 = −
� t

0

�
Ω

1

θ̄

!
κ(θ̄ − θ) + (κ− κ̄)θ

)
∇θ̄ · ∇(log θ − log θ̄)dxds

≤ cκ
8

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds+ C3

� t

0

�
Ω

(θ − θ̄)2dxds,

and C3 > 0 depends on cκ (see Assumption (A4)), and the L∞(ΩT ) norms of θ

and ∇ log θ̄. A similar estimate shows that

K13 = −
� t

0

�
Ω

θ − θ̄

θ̄

!
κ∇(log θ − log θ̄) + (κ− κ̄)∇ log θ̄

( · ∇ log θ̄dxds

≤ cκ
8

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds+ C4

� t

0

�
Ω

(θ − θ̄)2dxds,

L2 ≤ cκ
8

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds+ C5

� t

0

�
Ω

n1
i=1

(ρi − ρ̄i)
2dxds,

L3 ≤ cκ
8

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds+ C6

� t

0

�
Ω

(θ − θ̄)2dxds,

observing that C4 depends on cκ, δ and the L∞(ΩT ) norms of θ, ∇ log θ̄, and ūi,

C5 depends on the L∞(ΩT ) norms of ūi, and C6 depends on cκ, ρ
∗, δ, and the

L∞(ΩT ) norms of ūi (i = 1, . . . , n). Moreover, by Young’s inequality again,

L1 ≤ µM

4

� t

0

�
Ω

n1
i=1

ρi|ui − ūi|2dxds+ C7

� t

0

�
Ω

n1
i=1

(ρi − ρ̄i)
2dxds,

L4 ≤ µM

4

� t

0

�
Ω

n1
i=1

ρi|ui − ūi|2dxds+ C8

� t

0

�
Ω

(θ − θ̄)2dxds,

where C7 depends on ρ∗, µM , and the L∞(ΩT ) norms of ūi (i = 1, . . . , n), while
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C8 depends on δ, ρ∗, and the L∞(ΩT ) norm of ∇ log θ̄. Finally,

L5 ≤ C9

� T

0

�
Ω

n1
i=1

(ρi − ρ̄i)
2dxds+ C10

� T

0

�
Ω

(θ − θ̄)2dxds,

where C9 > 0 depends on the L∞(ΩT ) norms of ūi (i = 1, . . . , n), and C10 depends

on δ and the L∞(ΩT ) norm of ∇ log θ̄.

Summarizing the previous estimations, we infer from (6.61), (6.62), and the

lower bound for κ (see Assumption (A4)) the conclusion.

It remains to estimate the right–hand side of (6.59) in terms of the relative

entropy. For this, we observe that, by [10, Lemma 16],

�
Ω

n1
i=1

1

mi

"
ρi log

ρi
ρ̄i

− (ρi − ρ̄i)

)
dx ≥ C

�
Ω

n1
i=1

(ρi − ρ̄i)
2dx.

Furthermore, for all functions f ∈ C1(R) with f ′(1) = 0,

f(s)− f(1) = (s− 1)

� 1

0

f ′(σ(s− 1) + 1)dσ = (s− 1)

� 1

0

f ′(τ(s− 1) + 1)
55σ
τ=0

dσ

= (s− 1)2
� 1

0

� σ

0

f ′′(τ(s− 1) + 1)dτdσ.

This yields, choosing f(s) = − log s+ s− 1 and s = θ/θ̄,

�
Ω

cwρ

"
− log

θ

θ̄
+

1

θ̄
(θ − θ̄)

)
dx ≥

�
Ω

cwρ
(θ − θ̄)2

max{θ, θ̄}2dx ≥ C

�
Ω

(θ − θ̄)2dx,

where C > 0 depends on the lower bound for θ̄ in ΩT . By definition of the relative

entropy, we conclude from Lemma 40 that

H((ρ, θ)(t)|(ρ̄, θ̄)(t)) + µM

2

� t

0

�
Ω

n1
i=1

ρi|ui − ūi|2dxds

+
cκ
2

� t

0

�
Ω

|∇(log θ − log θ̄)|2dxds ≤ C

� t

0

H(ρ, θ|ρ̄, θ̄)ds.

Gronwall’s lemma shows that H((ρ, θ)(t)|(ρ̄, θ̄)(t)) = 0 and hence ρ(t) = ρ̄(t)

and θ(t) = θ̄(t) = 0 in Ω for t > 0. This finishes the proof.
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