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ABSTRACT

Modeling and analysis of multicomponent systems for gas mixtures

Stefanos Georgiadis

The aim of this thesis is to understand and analyze diffussive and thermal
effects in multicomponent systems for gas mixtures through the perspective of
partial differential equations. Starting from Class—II models of thermodynamics,
diffusion equations are derived formally by a Chapman—FEnskog expansion and
the expansion is justified as a relaxation limit by means of the relative entropy
method. The resulting model is analyzed and compared with related models from
the literature and a comparison among thermomechanical theories is presented.
In the case of zero mean flow, the system reduces to a cross—diffusion system of
Maxwell-Stefan type. In the isothermal case, renormalized solutions are employed
to prove the uniqueness of weak solutions and an energy study is performed,
showing the absence of anomalous dissipation. In the nonisothermal case, the
global-in—time existence of weak solutions is studied, using the boundedness—by—
entropy method and it is shown that strong solutions are unique in the class of

weak solutions, a property known as weak—strong uniqueness.
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Chapter 1

Introduction

Multicomponent fluid systems are prevalent in both natural and industrial set-
tings. Examples include Earth’s atmosphere with its diverse composition of ni-
trogen, oxygen, argon, carbon dioxide, and other gases, as well as natural gas
composed of hydrocarbons like methane, ethane, and propane. The ubiquity
of such multicomponent fluids underscores the importance of comprehensively

modeling and predicting their behavior.

The complexity of models for these systems can vary based on the specific
phenomenon and application, with a trade—off between detailed modeling and
practical limitations in obtaining experimental data. Finding the right balance is
crucial; a theory must be detailed enough to accurately describe a phenomenon
yet not overly intricate to hinder comprehension. The modeling of multicom-
ponent fluids has been extensively explored, and interested readers can refer to
[1, 2, 3,4, 5, 6] for diverse approaches.

Analytical results on multicomponent flows extend in various directions. We
refer to [7, 8, 9, 10, 11, 12] for existence and uniqueness studies of strong and/or
weak solutions for Maxwell-Stefan systems of mass diffusion, situations that in-
volve no mean flow and pertain to the general area of parabolic systems. By
contrast, situations that involve mean flow lead to questions in the realm of
hyperbolic or hyperbolic—parabolic systems. There are available analyses for
isothermal viscous flows of multicomponent systems [13] and even for multicom-
ponent compressible Euler flows [14, 15, 16, 17]. For analyses of nonisother-
mal multicomponent systems that include effects of heat—conduction we refer to

[18, 19, 20, 21, 22, 11]. The above works concern the mathematical structure of
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multicomponent systems and existence of solutions for steady and dynamic prob-
lems. There has been recent interest in the convergence from compressible multi-
component Euler equations in the high—friction limit to Maxwell-Stefan systems,
a problem pertaining to the subject of relaxation approximations. A number
of studies have appeared regarding isothermal flows [23, 24, 25, 15] achieving in
the limit the classical Maxwell-Stefan system [23], or (for more general chem-
ical potentials) porous media variants or even fourth order diffusions [25, 15].
For nonisothermal flows, the results are limited [26] and achieve in the limit
the nonisothermal analogue of the Maxwell-Stefan system, known as Maxwell—

Stefan—Fourier.

This thesis focuses on presenting modeling and analysis results for multicom-
ponent systems. The approach involves developing general theories (Class—II
models) consistent with thermodynamic laws. Asymptotic techniques are then
employed to transition to approximate (Class—I) models, balancing accuracy and
analytical tractability. The transition is achieved through asymptotic expansions
(Chapman—Enskog expansion), which are formal, but can be made rigorous if
we see them as relaxation processes and exploit the dissipative structure of the
models (Relative entropy method). The resulting (Class—I) model fits into a spe-
cific class of problems (hyperbolic-parabolic type), which provides a well-posed
theory. This makes possible the development of a hierarchy of models among ther-
momechanical theories. The thesis further delves into the parabolic part of the
model, addressing issues such as the existence and uniqueness of weak solutions

and the absence of anomalous dissipation.

The thesis structure is as follows: Chapters 2 to 4 introduce the modeling of
multicomponent systems. Chapter 2 focuses on the thermodynamics of Class—II
models (Section 2.1) and their derivation (Section 2.2). In chapter 3 we per-
form some formal asymptotics to derive a Class-I model (section 3.1) and we
justify the process (Section 3.2) by means of the relative entropy method. Chap-

ter 4 analyzes the resulting Class—I model, demonstrating its fit into the theory
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of hyperbolic—parabolic composite type systems (Section 4.1), and presenting a
hierarchy of thermomechanical theories for strong solutions (Section 4.2). Chap-
ters 5 and 6 delve into the analysis of parabolic systems of gas mixtures, focusing
on the Maxwell-Stefan cross—diffusion system. Chapter 5 studies the isothermal
Maxwell-Stefan system, discussing uniqueness issues (Section 5.1) and the ab-
sence of turbulence (Section 5.2). Finally, Chapter 6 explores the non-isothermal
analogue, known as Maxwell-Stefan-Fourier, showing the global-in-time exis-
tence of weak solutions (Section 6.2) and their weak—strong uniqueness (Section

6.3).
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Chapter 2

Modeling of multicomponent systems of fluids

This chapter is an extended version of [22, App. A and BJ. It presents the natural
modeling framework of multicomponent models and outline its thermodynamic
structure. In section 2.1, following [27], we describe the fundamentals of the
thermodynamic theory in equilibrium, known as thermostatics. In section 2.2 we
present the results of [6] through the scope of thermodynamic reduction, which
allows for the derivation of closures that are consistent with the second law of

thermodynamics in the form of the Clausius-Duhem inequality.

2.1 Equilibrium thermodynamics

Thermostatics seeks to describe the equilibrium states to which systems eventu-
ally evolve. We assume that these states exist and are characterized completely
(at least macroscopically) by the internal energy of the system FE, the volume
V' and the mole numbers My, ..., M, of the components of the system. These
quantities are called extensive parameters.

As in many physical theories, the criterion for determining the equilibrium
state is an extremum principle. More precisely, we postulate that there exists a
function H of the extensive parameters, called entropy, defined for all equilibrium
states, so that the values assumed by the extensive parameters in the absence of
internal constraints, are those that maximize the entropy over the manifold of
constrained equilibrium states. Note that the existence of the entropy is pos-
tulated only for equilibrium states. For nonequilibrium thermodynamics, we do
not have information regarding what happens exactly, so we need to place some

further assumptions. For the moment we deal with equilibrium, but we will come

4
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back to this in section 2.2.

Based on our setting above, any problem in thermodynamics can be com-
pletely solved by the extremum principle provided that the entropy of the system
is known as a function of the extensive parameters. The relation that gives the
entropy as a function of the extensive parameters is known as fundamental rela-
tion

H=H(E,V,M,...,M,) (2.1)

and contains all thermodynamic information about the system.

The next postulate, as we are expecting, is that the entropy of a composite
system is additive over the constituent subsystems. Moreover, it is differentiable
and increasing as a function of the internal energy. Interestingly enough, the

additivity property implies that the entropy is homogeneous of first order, i.e.

HAE,AV,AM,, ..., \M,) = XH(E,V,M,,...,M,) VAeR. (2.2

The differentiability of the entropy, along with the fact that it is an increasing
function of the internal energy suggest that (2.1) can be inverted with respect to
the energy. Thus, the energy is a differentiable function of H,V, M, ..., M, and

an alternative form of the fundamental relation is

E=FE(H,V,M,...,M,), (2.3)

for which the homogeneity of first order applies as well.

The last postulate is that the entropy of any system vanishes in the state for

which
oF
— =0 2.4
aH Y ( )
that is, as we will see in a few lines, at zero temperature (third law of thermody-

namics).

With the aforementioned postulates we are ready to proceed to the thermo-
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dynamic analysis. Since the energy is a quantity that is easier to understand
intuitively and also to measure in experiments, we prefer to use the energy rep-
resentation (2.3) of the fundamental relation, instead of (2.1). In this case, the
extremum principle is no longer the maximization of the entropy in equilibrium,
but rather the minimization of the energy. The condition that guarantees the
equivalence between the two principles is the fact that the entropy is an increas-

ing function of the energy.

2.1.1 Equations of state

Using (2.3) we write down the differential of the internal energy E:

OF OF Y
dE = —dH + S=dV + ; G—deMj. (2.5)

The partial derivatives in (2.5) are called intensive parameters and occur so fre-

quently that we introduce special symbols for them:

OE
3 = ¢ the temperature, (2.6)
oF :
7 = P the negative (total) pressure, (2.7)
) . . .
oL =~ M the chemical potential of the i—th component. (2.8)

We briefly mention here that in the (equivalent) entropy representation (2.1) the

intensive parameters are

oH 1 oH p  OH _ (2.9)
OE ¢ ov g oM; 0 ‘
as in [6].
With the notation of (2.6)-(2.8), (2.5) reads:
dE = 0dH — pdV + > pi;dM;. (2.10)

J
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In the special case of constant mole numbers (2.10) reduces to

dE = 0dH — pdV, (2.11)

which compared to the conservation of energy

dQ = dE + pdV, (2.12)

where () is the heat flux, gives

dQ = 0dH, (2.13)

which says that flux of heat into a system is associated with an increase of entropy.
(2.13) is another relation that holds only in equilibrium and as we will see in
section 2.2, the entropy flux far from equilibrium contains extra terms related to

diffusion of matter.

Relations (2.6)-(2.8) define a set of functional relations known as equations

of state
0=0(H,V,M,...,M,), (2.14)
p=p(H,V,M,...,M,), (2.15)
i = pi(H,V, My, ..., M,). (2.16)

Knowledge of all the equations of state is equivalent to knowing the fundamen-
tal equation. Furthermore, the homogeneity of first order of the fundamental

equation implies that the equations of state are homogeneous of order zero.

By exploiting the extremum principle in either of its form, we observe that
the intensive parameters can be seen as potentials for fluxes: the temperature can
be looked upon as a potential for heat flux, the pressure for volume changes and
the chemical potentials for matter flow (diffusion). In other words, a difference

in temperature provides a generalized force for heat flow, a difference in pressure

7
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provides a generalized force for change of volume and a difference in the chem-
ical potential provides a generalized force for matter flow, phase transition and
chemical reactions. In fact, further analysis, shows that the direction of the flows
agrees with our intuitive concept: heat flows from regions of high temperature to
regions of low temperature. Likewise, matter tends to flow from regions of high

chemical potential to regions of low chemical potential.

2.1.2 Gibbs—Duhem relation

Further exploitation of the first—order homogeneity of the fundamental equation

EAH, AV, AM,, ..., AM,)) = AE(H,V, M, ..., M,) YAER (2.17)

provides an essential relation that will be used later in section 2.2. Differentiation

of (2.17) with respect to A gives

O
a(NH)

oFE OF
H V — M, =F. 2.18
oot 2 aoan (2.18)
j
By choosing A = 1 and using (2.6)—(2.8), we obtain

E=0H-pV+> ;M. (2.19)

J
Equation (2.19) is known as Euler equation, even though many authors refer to
it as Gibbs-Duhem relation and throughout this text we keep this name so as
to not have any misunderstandings with other texts. Taking the infinitesimal

variation of (2.19) we find

dE = 0dH + Hd — pdV — Vdp + > j;dM; + Y Mjdp;, (2.20)

J J
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which after comparison with (2.5) yields (the real) Gibbs-Duhem relation

Hd) — Vdp+ Y Mdp; = 0. (2.21)
J

The (real) Gibbs—Duhem relation provides the relations among the intensive pa-
rameters in differential form. Integration of (2.20) gives the relation in explicit
form, provided one knows the equations of state. If two equations of state are
given, one can integrate the Gibbs-Duhem relation (2.20) to obtain the third
one up to an undetermined constant of integration. In other words, two equa-
tions of state are sufficient to determine the fundamental equation, except for an

undetermined constant.
Back to the homogeneity of (2.17), we can choose A = % and by introduc-
ing the partial mass densities p; = % and thus the total mass density p = %

(normalizing the total mass > . M; = 1), (2.3) reads

1
pe(pnapla"'apn)ZVE(Ha‘/aMla"'aMn)a (222)

where pe is the specific internal energy and pn the specific entropy. Then

f=——=V - (2.23)

and
223 d(pe) dpi  O(pe)
= _ v - . 9.24
s oM, dp; OM,; p; ( )
Using this notation, equations (2.19) and (2.21) read
pe=pnd —p+_ i (2.25)
J
and
pndf — dp + Z pidp; =0 (2.26)

J
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respectively.

2.1.3 Thermodynamic potentials

In thermodynamics, we often need to pass from a set of variables that contains
only extensive parameters to another that contains some intensive parameters as
well. For instance, in the analysis of later sections we assume that the temperature
is one of the prime variables instead of the entropy that we have considered so far
(mainly for reasons related to the measurability of the prime variables). To do
so, we use partial Legendre transforms of the internal energy that replace some
extensive variables by the corresponding intensive ones. These partial Legendre
transforms are called thermodynamic potentials. A well-known example is the
enthalpy: the enthalpy is the partial Legendre transform of the internal energy E
that replaces the volume V' by the pressure p as an independent variable. Thus,

the enthalpy h is a function of H,p, My, ..., M,, defined by

h=E-+pV, (2.27)

where the replacement is achieved by first solving the relation

OF

with respect to V' and then eliminating V' from (2.27).

Another famous example is the Gibbs free energy G, which is the partial
Legendre transform of the internal energy F that simultaneously replaces the en-
tropy H by the temperature 6 and the volume V' by the pressure p as independent

variables. The Gibbs free energy is given by

G=FE—60H+pV (2.29)

and depends on the variables 6, p, My, ..., M,. Note that the sign in front of

10
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the product pV is plus, because the intensive parameter is —p! As before, the

replacement of the extensive parameters is done by first solving the relations

B
oOH

and V from (2.29).

= 0 with respect to H and 3—5 = —p with respect to V' and eliminating H

In our case, we are interested in passing from the set {H,V, My,..., M,} to
{6,V,My,..., M,}, ie. to replace the entropy by the temperature. The thermo-
dynamic potential that allows us to do so is the Helmholtz free energy defined
by

U =F — Hf. (2.30)

The replacement is achieved by solving

oE

o 0 (2.31)

with respect to H and eliminating H from (2.30). Using the homogeneity of the
fundamental equation as in (2.22) we obtain the specific Helmholtz free energy

p = p(0, p1,. .., pn) With pi = pe—pnb, where e(0, py, . .., pn) = —6? (%)9 and
(2.25) reads

o= pi (2.32)

2.1.4 Thermodynamic stability

Our first postulate stated that the entropy attains its maximum in equilibrium.
This is translated as follows: the first variation must vanish and the second one
must be negative. The second condition in particular, determines the stability
of the predicted equilibrium states and suggests that the entropy is a concave
function. More precisely, the concavity of the entropy reduces to the following

relations:

(2.33)

<0,
OE? 0V? OEOV

O H 02H 0?°H 0*H O2H \?*
OF2 =7 9vZ B =0

11
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A byproduct of the first inequality of (2.33) is that the specific heat at constant

volume ¢, := eq(6, p1, ..., p2) is positive, since

O*H 100 1 <0
OF2  TOE  NT2?c, —

while the remaining stability conditions place analogous restrictions on other
physical quantities.

Should we reformulate the stability criteria in the energy representation, we
see that the energy attains its minimum in equilibrium, hence it is a convex

function, i.e.

> —_— > .
0, >0 and SOV (2.34)

0°E 0*E PEPE (BN
OH> =" 7 0V OH? OV -

These conditions can be extended to the thermodynamic potentials. In particular,
the Helmholtz free energy is a concave function of the temperature and a convex
function of the volume, with the relations

0?v o}

2.2 Derivation of multicomponent models

We are interested in modeling multicomponent mixtures of fluids, i.e. systems of
gases or liquids that are composed of more than one constituents. Our framework
is the one of continuum mechanics, in which bodies are modeled as continuous
media and their behavior is governed by (i) balance laws, in the form of partial
differential equations that describe the behavior of the basic variables that char-
acterize our physical system, and (ii) constitutive relations, that complement our
system of balance laws, by connecting the various quantities and characterizing
the material response. For more details we refer to [28] which presents the topic
from the point of view of elasticity theory and [3] and [4] from the perspective of

fluid mechanics.

12
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The primitive variables in consideration are the mass densities, the velocities
and the temperatures of the constituents. Depending on the level of precision we
would like to have, we distinguish among three types of models: in Class—I models,
each of the constituents is described by its own mass density p;, a common velocity
v, which is the barycentric velocity of the mixture and a common temperature
f, which is the temperature of the mixture. In Class—II models, each of the
constituents is described by its own mass density p;, its own velocity v; and a
common temperature #. Finally, in Class—III models, each of the constituents
has its own mass density p;, its own velocity v; and its own temperature ;. For
a short discussion on motivations and reasons to employ each model we refer to
the introduction of [6].

To this extend, we consider a Class—II model. We employ the field equations
of the basic extensive quantities, i.e. partial mass, partial momentum and partial

energy balances respectively:

1 1

+ pibi - vi + piri + 4,

where p; is the mass density of the —th component, m; the production of mass,
v; the velocity, S; the partial stress tensor, b; the body forces applied to the i—th
component, f; the momentum production, e; the specific internal energy, ¢; the
heat flux, r; the heat supply in the form of radiation and ¢; the internal energy
production. Moreover, we define the total mass p := . p; and the barycentric
velocity of the mixture v such that pv = . p;v;.

Here are some remarks on the model:

(a) The unknown quantities are the primitive variables and are functions of

space and time (z,t), with the temperature being a positive function, since

13
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it represents the absolute temperature. The rest of the quantities of the
model depend on the primitive variables and their derivatives, in a way
that is compatible with the principle of material frame indifference and

Galilean invariance.

The production of mass is often due to chemical reactions, but in this paper
we consider non-reactive fluids, i.e. we take m; = 0. For a treatment of the

same model but with chemical reactions we refer to [6].

The momentum production f; can be present because of mass production,
but even more important due to the binary interactions between the species,
e.g. friction. Likewise, we also consider energy production, which however
is not important, because as we will see in a moment we eventually consider

only the total energy balance.

Even though we allow for mass, momentum and energy production, we
require that the total mass, total momentum and total energy be conserved,

thus having the constraints

i=1 i=1 =1

where n € N is the number of constituents.

The consideration of the terms b; and r; is not essential, since both are
external factors and can be modified accordingly (e.g. they can be taken
equal to zero), however their presence allows for a better understanding of

the mechanics of the model, as well as for measurements and experiments.

The nature of a Class—II model implies that we are interested only in a single
energy equation, which is the balance of total energy, since we consider one
temperature, the temperature of the whole mixture. For this reason, we

sum up equations (2.38) over i € {1,...,n} to obtain the total energy

14
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balance

1 ) 1
O (pe + Z 5/%'11?) + div <(pe + Z 5piU?)U>

1
= div (q — Z(piei + pi + 50,1112)“2) - diV(pU) (240)

%

+ div(v; - ;) +pb-v+pr+2pibi-ui,

in which we have introduced the diffusional velocities u; := v; — v and we

denote pe := 37 piei, p = 3Py ¢ = D, pb = 32 pibi and pro=
>, piri. Notice that Y. pju; = 0.

(g) The partial stresses are decomposed as S; = —p;I + 0;, where —p;I is the
elastic part of the stress tensor, with p; the partial pressures and I the
identity tensor and o; the viscous part. Here, for simplicity, we take o; =0
and thus div(S;) reduces to —Vp;. For the treatment of the theory with

viscosity we refer to [6].

2.2.1 Consistency with Clausius—Duhem inequality

In order for our system to be thermodynamically complete, we add the imbalance
of entropy in the form of the Clausius-Duhem inequality:

O(pn) + div(pnv) > div® + %, (2.41)
where 7 stands for the specific entropy, ® for the entropy flux and @ for the tem-
perature. The fact that we have an inequality signifies that there is an additional
entropy production ¢, which is not specified a priori in the context of this theory.
The only information available is that according to the second law of thermody-
namics, the entropy production must be nonnegative. We note here that in the
case of one species the entropy flux is the heat flux divided by the temperature,
however there is no available information for the multicomponent case, hence we
write ® and it needs to be determined along with the entropy production. As

opposed to the balance laws of mass, momentum and energy, which determine

15
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the thermodynamic process from assigned body force b, heat supply r, boundary
and initial conditions, the Clausius—Duhem inequality plays the role of an ad-
missibility criterion for thermodynamic processes that already comply with the

balance laws [29].

Having said these, we write down our model:

O(pi) + div(piv;) = 0, (2.42)

1 1
O (pe + Z §piv?> + div ((pe + Z 5,0,-1}?)1}) = —div(pv) + pb-v  (2.44)

. 1,
+div <(q — Z(piei + p; + PV )uz> + pr+ Zpibi Cu,

pr

¢ (pn) + div(pnv) = div® + 7

+¢ (245)

The next step is the so—called thermodynamic reduction, which aims to deter-
mine the rest of the quantities in our model, apart from the unknown quantities
(pi)i, (v3)i, 0 and the external fields (b;);, (r;);- To do so, we first introduce the
Helmholtz free energy v := e—n#f, which we postulate to be a function of the mass
densities, the temperature and the temperature gradient. In general, ¢/ cannot
depend on the velocities v;, otherwise it is incompatible with Galilean invariance,
but it can depend on the differences v; — v; and the velocity gradient Vv;. It can
also depend on the gradients of the mass densities, as well as higher derivatives of
them, which however make our model extremely complicated. For an extensive
discussion on the dependence of Helmholtz free energy on further quantities and

its implications we refer to [1].

After plugging into (2.45) the free energy, carrying out the differentiations

16
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and using the balance laws (2.42)-(2.44) we obtain:

(o) + pnb + (p¥ + p)dive + div <9<I> —q+ ) (piei+ pi)u@)
i (2.46)

—l—Zul —Vpi) — - VO <0,

where the dot stands for the material derivative, i.e. 6 = 6, + v - V0. At this
point we use an information that comes from thermostatics in the form of the
Gibbs-Duhem equation (2.32), according to which in thermodynamic equilibrium

there holds:
p+p =Y pipi, (2.47)

where p; are the (electro)chemical potentials. Then, after introducing the chem-
ical potentials and performing some further calculations, we obtain the so—called

dissipation inequality:

— [(pv)o + pn)0 — (p)vo(VO) = [(p),, — il

i

: q 1 1

1
- (7 — Vi + piVi + (piei +pi — pipi) VO ) > 0.
0

It is now clear from what we noted above, that by controlling the body forces
b; and heat supplies r; we can construct smooth processes that satisfy the mass,
momentum and energy balances and attain at some point (z,t) arbitrarily pre-
scribed values of p;, 0, p;, 0 [29],[3]. Hence, (2.48) is violated unless the following

relations hold:

Y =1Y(p1,...,pn,0), (2.49)
n = —, (2.50)
i = (p¥) i (2.51)
1
¢ = g 2 Z(Pz‘ez‘ + i — pitti)ui, (2.52)

%

17



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

and moreover
1 1
gq Vo — Zul . <fZ — Vpi + pZ-Vui + 5(&‘6@' +pi — pl,ul)V0> > 0. (253)

The last inequality is essentially the requirement ¢ > 0 which indicates that

1 1 1
¢= s Vo — g ;uz . (fi — Vpi +piV; + E(piei +p; — pmﬁV@) , (2.54)

i.e. the entropy production contains a term due to heat conduction and another
one due to diffusion, which verifies that energy gets dissipated because of heat
conduction and diffusion and this dissipation, in turn, results in production of en-
tropy. In case we considered chemical reactions and viscosity, we would also have
their contributions to the entropy production (as well as an extra contribution to

the diffusion term due to chemical reactions).

The problem with (2.53) is that it is too complicated to allow for investigating
necessary and sufficient conditions so that it holds everywhere. Therefore, a
technique that is usually employed is to ask for each one of the terms to be
nonnegative. According to this, a sufficient condition for the heat conduction

term to be nonnegative is the ansatz:

q=rV9, (2.55)

with Kk = k(p1,...,pn,0) > 0, which reminds us of the standard Fourier’s law.
Likewise, but following a much more sophisticated process employing the con-
straint (2.39), the Gibbs—Duhem relation (2.32) and certain properties of the

second term of (2.53), we obtain the ansatz
1
fi=Vpi = piVp; — é(piei +pi— pi)) VO — 0 bijpip;(vi —v;),  (2.56)
JFi
where b;; = b;;(pi, pj,0) are symmetric, nonnegative binary-type interactions.
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For the full derivation we refer to [6]. After plugging the two closures (2.55) and

(2.56), (2.54) reads due to the symmetry of b;;:

1 1 ¢
¢ = 9—2/{|V0|2 t3 SN bipipslu; — ugl (2.57)
i=1 j#i

Another interesting comment is that even after determining the constitutive
relations (2.49)—(2.56) via the thermodynamic reduction, our model is not fully

closed. Indeed, even though we can compute the thermal energy from the formula

e = —0* (f)e, (2.58)

and the total pressure from the Gibbs-Duhem equation
p=—p¥+ Z Pitli (2.59)

it turns out that if we are just given the free energy density 1 there is no way
to determine the partial pressures p; and partial internal energies e;. In other
words, for a Class—II model it is not sufficient to be given solely the Helmholtz
free energy, as it is for a Class—I model [6], or in elasticity theory [29]. Therefore,
we require some more information: a first approach is to ask for the constitutive
function of (e;); and (p;);. In fact, since we can compute the total pressure and
thermal energy by (2.59) and (2.58) anyway, the fact that they are defined as the
sum of the partial pressures and internal energies respectively, allows us to ask

for n — 1 of them, as the last one can be computed by a simple subtraction.

Another approach that is often used (and will be employed in the next sec-
tions) is the so—called simple mixture: this is a simplification of the thermo-
dynamics of the model, in which we assume that each component has its own
thermodynamics, i.e. behaves as if it were on its own. This is denoted by assum-

ing that each component is described by its own free energy density v; = 1;(p;, 0),
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thus obtaining the following relations:

ei = e;(pi,0) = —0° (%) : (2.60)
0/

pi = pi(pi, 0) = (piti)p, (2.61)

pi = pi(pi, 0) = —pitbi + pipui. (2.62)

This also has the implication that py» = ), p;1);. For an extensive discussion on

simple mixtures we refer to [1], while for special cases of simple mixtures to [6].
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Chapter 3

High—friction limit

This chapter consists of the work from [22] and [26]. As mentioned in chapter
2, in a multicomponent theory with primitive variables mass density, velocity
and temperature, one distinguishes among three classes of models: In a Class-I
model, each component is described by its own mass density, but the components
move with a common velocity and have a common temperature. In Class—II
models, each component is described by its own mass density and velocity, but
the components have a common temperature. Class—III models (which are not
considered here) are described via the individual densities, velocities and temper-
atures of each component. For information regarding Class—III models we refer
to [5], while for a short discussion on motivations and reasons to employ each

model we refer to [6].

It is useful to have systematic ways of passing from a detailed theory to a less
detailed one, which is mathematically easier to handle and experimentally easier
to measure. Previous works trying to pass from a Class—II to a Class—I model are
already known, for example in [6] in which the authors investigate the reduction
of a non—isothermal model using an entropy invariant method, or in [25], in which
the reduction is done using asymptotic methods, but for the isothermal case and

for a simple mixture.

The objective of this chapter is to derive a Class—I model using the asymptotic
method of [25], but for the non—isothermal, non—simple mixture model treated in
[6]. The model consists of equations (2.42)—(2.45), and the constitutive relations
(2.49)—(2.52), (2.55)—(2.57), i.e.
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. 1
3t(PiUi) + le(Pz’Ui ® Ui) = pibi — piV; — 5(;01‘6@' +pi — piﬂi)ve

) (3.2)
- > bijpip;(u; — uy),
JF#i
1 1
Oy <p6 + Z §Pi"0¢2> + div ((pe + Z 5Pi%’2> U) + div(pv)
i i (3.3)

1
= div <nV0 — Z(piei + pi + §plvf)uz> +pb-v+ pr+ Z pib; - u;.

i

Notice, that the last term of (3.2), which corresponds to friction, has been
scaled by a small positive parameter €, which in the kinetic level represents the
time between two consecutive collisions. As € — 0, friction becomes more dom-
inant and the partial velocities tend to average and align to a common velocity.
This idea, which gives the intuition behind this chapter, is known as the high—
friction limit.

The resulting system reads

Opi + div(piv) = —div(p;u;), (3.4)
O (pv) + div(pv ® v) = pb — Vp, (3.5)

1, , 1, ,
Oy (pe + Sl ) + div <(pe + SPv )v) = div (mVG — ;(piei —l—pz‘)ui)

(3.6)
— div(pv) + pr +pb-v + Z/%bi -,
where u; is determined by solving the constrained linear system
(P i 1
i7 (3.7)

System (3.4)—(3.7) contains a common velocity v, instead of n partial veloci-
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ties v;, thus the name Class—I. Nevertheless, the diffusional velocities u; survive
the asymptotic process as O(e) terms and are determined by solving (3.7); it is
due to them, that the limiting system describes diffusive phenomena, despite it

containing no partial velocities.

3.1 The Chapman—Enskog expansion

The goal of the asymptotic procedure is to obtain from (3.1)—(3.3) a Class-I
model via a Chapman-Enskog expansion that will provide an approximation of
the initial system of order €. The resulting system will consist of n partial
momentum balances, a single (total) momentum balance and one total energy

balance. It will also be complemented by the constraint ) . p;u; = 0 (at least up

to order O(e?)) and a linear system for determining the diffusional velocities w;.

The resulting system should contain no partial velocities. Using the defini-
tion of the diffusional velocities u; = v; — v we perform the change of variables

(V1 ..., v) = (V,u1, ..., u,). Then system (3.1)—(3.3) reads:

Opi + div(piu; + piv) =0, (3.8)

O (pi(w; +v)) + div(p;(u; +v) @ (u; +v)) = pib; — piV i

1 0 (3.9)
- E(Piei +pi — pipts) VO — p Z bijpip;(ui — uy),
J#i
1 . 1
é%Qm%—§:§pxur+vf>+ﬂhv((pe+p4—§:§pxur+vf>v>-—pr
' ! (3.10)

)

1
= div (/fVG — Z(piei +pi + §p2(ul + 0)2)%) + Z pibi - (u; +v),
subject to the constraint

}:mmzo. (3.11)
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3.1.1 Hilbert Expansion

Observe that, as € — 0, we formally obtain the equation

—9 Z szp,p](ul — U]’) = O .
j#i

In [25] it was proved that the system

— Z Bw(uz — Uj) = di, 1= 1, o n Subject to szuz = 0, (312)
J#i i
under the hypotheses:
(i) di,...,d, € R? satisfy >, d; = 0,
(11) Ply---yPn > 0,
(iii) (B;;) € R™™ is a symmetric matrix with B;; > 0 for 4,5 =1,...,n and
(iv) all solutions of the homogeneous system ), Byj(ui—u;) = 0,i=1,...,n
lie in the space spanned by (1,...,1) € R",
has the unique solution
n—1 0ip;
piwi =— Y (6;pi — ’pf)fj;ldk, i=1,...,n—1, (3.13)

Jk=1

n—1
Pnllp = — E Pilj,
Jj=1

where (7

reordering the matrix (7;;) € R™*" of rank n — 1 with coefficients

n
Tij = 0ij g Bix — Bij .
k=1

~1) € R(=Dx(=1) ig the inverse of a regular submatrix, obtained by

Our case is simpler since the coefficients b;; are symmetric and strictly positive.

We also require that # > 0, which means that hypotheses (iii) and (iv) are

automatically satisfied for p; > 0,7=1,...,n.
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Next, introduce the Hilbert expansion

pi = py +ep; + €2p; + O(€), (3.14)
u; = u) + euj + €ui + O(e?), (3.15)

v=1"+ev' +O(e), (3.16)
0 =0+ e + 20> + O(%). (3.17)

Inserting this into p = ), p; and the constraint (3.11) we obtain

p=p"+ep' +0(), (3.18)

where we set p? := 3", p? and p' := >, p; and

Zp°u°+e§j piuf + plui) +O() = 0. (3.19)

Equating terms of the same order gives

}:é’__Oam1§:pﬂ,+mz )=0. (3.20)

Next we insert the expansion (3.14)-(3.17) into system (3.8)(3.10) and identify

terms of the same order:

(i) The terms at the order O(1/e) give:
—0° " biipl o) (u) — uf) = 0. (3.21)
J#

For the expansion we assume p{ > 0 and note that (3.21) is of the form (3.12)

with d; = 0 and B;; symmetric and strictly positive, which implies that the null-
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space of the homogeneous system is span{(1,...,1)}. This, along with (3.13),

gives u? = 0 for i € {1,...,n}. This is incorporated in the remaining expansions.

For the expansion of % we use the Taylor series H—x =1—z+2?+O(2?) and

thus

1 1 1 6! L (012 — 626°
0 1 2 =5 "¢ +e +0(e%). (322
0 90(1+Eg_0 +622_0+,,_) /o (69)2 (6°)3 (€). ( )

For the expansions of the thermodynamic functions we use

= &(p) +ep1 + O(), .., oo+ epy, + O(),0° + 0 + O(e?)) (3.23)

= e + ee; + 2} + O(€%),

where €Y, e}, €?,... are computed by using the Taylor theorem, for instance

77

K 0é; 0e;
e =e&(pd,....p0.0%, el —Z pl,...,p2,90)0§+%(p({,---,pﬁﬁ")@l,

" 0é; 86 "
6? — 1 ( 0 80) 0> Z O 00 92 + 0 )plpl
“— Op; it o ,;1 8pk8pl H
—~ 0%, 0 90y plot 1 D¢ 0 0\ /9132
+Zm( P, 07) pr0" + 892( ,0°)(0°)

and so on. A similar expansion is used for the functions e;, p; and x all of which

only depend on (p1,...,p,) and 6. We then obtain:

(ii) Terms of order O(1):
9,p0 + div(p®) = 0, (3.24)

1
(pi0”) + div(pie” @ o) = pib) = Vi — o5 (el + p] = piui) VO

_eozbmpzp] 1):

J#i

(3.25)
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oSt + Y gp?@%?) va (St 3 Joterr) )

(3.26)
—div(p +Zp —l—z,oobo v +d1v( OVGO).
(iii) Terms of order O(e):
upy + div(pf (uj +v") + pjv°) =0, (3.27)
Ou(po® + p)(uk + ")) + div(ple @ v + p(ul +0') @0
0 @ (ul +0')) = pl) + ) — pl Vil = IV
1
1
0.0 0 0,0 0 1.0 0,1 1 0
0 ¢ 0 _ 0NV — —(ple Dl L b0 — A\
+ (o e+ = PV = glpiel + ples - pl = pipl = AV g
1
— el 10 = )0 = 0> bii{ (ol o8 + oo} (ut — u))
J#
+ 0 (uf — } 08> byl 2 (uf — ub),

J#i

1

2 006,0/7,,1 1
(S0t + k) + 5 Yttt +.0)
+ dlv(<2p J ggpg(vo)z)vl + (;(pgeg + piey)

1
0 0 1 1 1/,,0\2 0oy __ : 0,1 1,0

—i—;épi?v (ui+v)+;§pi(v))v)——dlv(pv +p ) (3.29)
+ DA (i)l )+ 3Dk 3 Gk )

1
+ div (#vel +r'V00 =) {(p?e? +p7) + §p?(v0)2} u}) .

i

Summing (3.25) over i and using the symmetry of b;; we obtain

Z pIv?) 4 div( Z v @ v° Z pIb) — (3.30)

The reason behind the simplification of the right—-hand side comes from the
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thermodynamic relations of the problem. More precisely, we have:

; <pibi — PV — %(piei +p; — pmi)v9>
=pb— Zpivﬂi - %(pe +p— ZPiMz’)VG

(2.32)
=T pb— > iV — pnVo

= pb+ Z wiVp; —V (Z Piﬂi) — Vo

(2.51)—(2.51)

pb — Vp.

Expanding both sides, we get:

1
Z(p?b?—p?vu?—@(p?e? + ) — oy WO) Zp“bo v’ (3.31)

i
and
1

0
> (P80 + o6} — oIVl = Vit + oy (Piel 0 = ) Ve’

%

1 1
— i (phel + el + pl = plul = ) VO = S5(plel + bl = Aud)V')  (3:32)

_ Z plbo Obl vpl’

where p° = 3. p? and p' =Y, p;.
Equation (3.30) along with (3.24) and (3.26) provide a closed system for de-
termining (p?, ..., p%, 0% 6%). Now, by (3.25) follows that (uf,...,u.) satisfies the

linear system

- Z bweopz pg 1) = d?? (333>
J#i

where df = 9;(pfv°) + div(pfv® @ v°) — p0b7 + p)V il + g (pfed + ) — p)ud) V6"
Since u? = 0 the first constraint of (3.20) is satisfied trivially and the second one

becomes

Z plui = 0. (3.34)
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Moreover, due to (3.30) and (3.31) we see that Y. d? = 0. This guarantees the
solvability of system (3.33), since assumptions (i)—(iv) are satisfied according to
the analysis of system (3.12). Hence, there exists a unique solution (u},..., ul)
to system (3.33).

Similarly, summing (3.28) over ¢, using the symmetry of b;;, the identity (3.32)

and the constraint (3.34) we get

szv ~|—pv +d1VZplv ® v° —i—pv ®v° —i—pv ®v)
(3.35)
_Zplbo Obl Vpl,

which along with (3.27) and (3.29) provide a closed system for determining

({p}}r,,v',0'). Note that after using the constraint (3.34), (3.29) reads

8,5(2(0162 + piel +Z Zpl(v +povov1) +diV<<Zpge?
" Z oT% ) (Z(pge} + pied) + p"o v + Z lp} 0) 2)1)0)

= Z (P8 - v pibd 4+ pib}) - %) + Zpobo u; + Z piri + pird)

+ div (KOVQI + k'V° — Z(pge? —i—p?)u}) — div(p®v! + p'0?).

3.1.2 Reconstruction of the effective equations

Next, we reconstruct the effective equations that are valid asymptotically up to
order O(e?). We add back (3.24) plus € times (3.27), (3.30) plus € times (3.35)

and (3.26) plus € times (3.29) to obtain
DU+ epl) + div(p00 + (00! + plu)) = —ediv(plul),  (3.36)

o, (povo + e(p"” _i_pOUl)) —|—div(pﬂvo +e(p? ® 00 + Pt @1°
(3.37)
+ " @ 0! Z{pobO +e(pt] + b))} — (VP° + €Vph),
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8t<zp060+62 (plel + piey) +Z (0 + epy) (0°)?)
+«§: L 090 )4«m(§:p (" + ev! +e§]d§+w?bw
1
+Z —pd(v v+ev)+ez2 20+EZ p??v
i (3.38)
+U1)UO> = —diV(pOUO +€(p1UO +p 'U +Z Pﬂ“@ +€ pzrz +pz z))

+ Z (pobo 00 4 e(p00) - vt + (V) + pit?) - ) + eZpObO !

+ div((/ﬁOVQO) + (k'Y + K'VE) — € Z(pge? + p?)u%)

Now set
pi=pl el +O(E), P =)0 (3.39)
u§ = u) + euy + O(e?), (3.40)
v =" +ev' + O(e), (3.41)
0° =0+ €0 + O(e%). (3.42)

We also have the expansions obtained via (3.23) and reading

el =€) +ee} + el + O(e),
pi = pi +ep; +€p; + O(e), (3.43)

kS =K’ +er' + k1 + O().

Then equations (3.36)—(3.38) read

0upf + div(pive) = —div(pfu;) + O(€?), (3.44)

O (p“v°) + div(pv® @ v¢) = pb° — Vp° + O(?), (3.45)
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1 1
O, (peee + Epe(vE)Z) + div ((,oee6 +p + épe(ve)2> v6> = pre
(3.46)

+) P - (uf +v) + div (mvee =) (ptes + pi»)u;) + O(e?).

Finally, we need to construct the formulas determining (uf);. Using (3.33) we

deduce that

=D by pipyus —uf) = =€y bytplp)(ui — uj) + O(c?)
i j#i (3.47)

= ed) + O(€?),

where from (3.24), summing (3.24) over ¢ and (3.30):

1
@(p?e? +p) — plud)ve°

1
=i (0 + 0" Vo) = i} + Vil + 5 (pjed + b = pid) V"

d; = 0,(p;v°) + div(pfv® @ ) — pRb] + P Vi +

0
Pi . 1
=5 (9:(p"0°) + div(p°0° @ v°)) — pdb0 + pIV i) + @(p?ei-) +p) — pIud)Ve°

0
Pi 1
=5 (P20 — V) — pib? + p)V i + @(p%? +p) — pipg) Ve

J

This motivates us to define

€ pi € ].€ € €]1.6€ € € 1 € _€ € €, € €
di = > (o5t — V) — pibi + piV koo (el + pf — pip) VOS, (3.48)
J

which by (3.31)—(3.32) sums up to zero and thus the linear system for determining
{ui}i, is

=37 by i (uf — ) = ed + O(€) (3.49)
j#i

and is solvable according to the analysis of (3.12). Moreover, the constraint

becomes

> bt = O(), (3.50)

which means that since the variables p; and u; are defined up to order O(e?) we

can set y . psuf = 0 up to that order.
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Therefore, omitting the e-notation and the higher-order terms, we conclude

that system (3.1)—(3.3) is approximated within O(¢?) by the system:
Orpi + div(pv) = —div(piu;), (3.51)

Oi(pv) + div(pv ® v) = pb— Vp, (3.52)

1 _ 1
) (pe + Epv2> + dlv((pe +p+ Epv2)v> =pr+pb-v+ Zpibi U

+ div (/@V@ — Z(piei + pz)uz) )

where u; are determined by solving the constrained linear system:

(3.53)

s (3.54)

and

; i 1

Our system (3.51)-(3.54) agrees with the Class-I model obtained in [6] using
the entropy invariant method, in the case of an inviscid, non-reactive mixture

with zero thermal diffusivities [6, Section §].

3.1.3 Asymptotic expansion of the entropy equation

Given the Class—II system (3.1)—(3.3), we have derived in section 2.2 the entropy

equation:

VO — > (piei + pi — piti)ui 1
O¢(pn) + div(pnv) = div (li 20 68+p pitt)u > + §/<L|V6’|2

1 pr
+ % ZZ: ZJ: bijpip;(ui — uj)* + )
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and the frictional dissipation has been appropriately scaled by ¢ > 0. There are
two approaches for deriving the entropy equation of the asymptotic limit system
(3.51)—(3.53): (i) to derive it by using the system and the constitutive relations as
was done in section 2.2 to obtain (3.55) and (ii) to expand the entropy equation
of the Class-II model and obtain its e2-approximation the same way we obtained
system (3.51)—(3.53). Here we present the latter way, but it is easy to verify that

the two results coincide.

As in subsection 3.1.1, we introduce the same Hilbert expansion, insert it into

(3.55) and identify terms of the same order:

(i) Terms of order O(1/e):

= Z bizptp(uf — ul)? =0, (3.56)

which is consistent with u{ = 0 in subsection 3.1.1.

Next, using uf = 0, the expansion (3.22) for 5 and

1 1 20! 0Y)?% — 626°
- = —€ +623( )

02 (00)2 (00)3 (Q0>4 + O(G ) ’

as well as the expansions (3.43) and

n="1(p) +ep1 + O(),....pn + epy + O(6°),6° + 8" + O(e?))

=" +en' + 20 + (’)(63),

we obtain:
(ii) at order O(1):

. 1
01 (p°1°) + div(p°n°0®) = div ( 70 OVGO) - Wﬂf’(veo)? +, (357
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(iii) at order O(e):

. /1
Ai(p'n’ + p"n') + div((p'n® + p"n" )0’ + p"n’0t) = le(g(leo

1 261
ovply — 0yg" 060 4 0 _ 10,,0y,1 90
+ W0 = VO = g5 3OO0 + vl = ) = e (V)"
L4 o002 1 00709l 1,2 (3.58)
+(QT)QK (V6°)% + e VAV + - Zb,]pzpj —u})
plro +pOT1 B pO,,nOel
90 (90)2

Moreover, using (3.33) in the entropy expansion, the third last term of (3.58)

reads

_szjpng )2
= — Z Zb”pzp] - . Z ZbZ]prj )
1
= 5 L~ 5 =~ >l

J

Thus, in the reconstruction, we add (3.57) plus € times (3.58), to obtain

(e + elp'n” + p"n")) + div(p"n’” + (o'’ + p'n')” + p"n0"))
B dlv[eo KV + 6(90(“ Ve© + V6 — %”vovgo ~ 0 zi:(ﬂgeg
+1i = p?u?)u})] 1 i)zno(veo)Q - < Zflgﬁo(wo)z B (9i>2ﬁl(V90)2 (3.59)
IO — o Sk (P ).
which in turn gives
B,(p°) + div(pfot) = div (/-ff Vf -3 pies + 1; — pius u)
' (3.60)

<+ 0().

Omitting the O(€?) correction, the entropy equation for the Class-I system (3.51)—
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(3.53) reads

at(ﬂn) + le(PUU) = div <§"€ve Y Z pi€i + pi — pzﬂl) z>

+—+— IVO? — quz

A direct computation using (3.54) and the symmetry of b;;, shows that

= b (- 19) = & 5 bt~

[ (N

and as a result we conclude that the order O(e?) expansion of the entropy dis-
sipation structure (3.55) for the Class—II model yields the entropy dissipation

structure

at<p77) + le(W?U) = div <§HV9 Y Z Pi€i "‘pz pl/’tz) z)
(3.61)

+—+—H]V9|2——Zul ;

for the emerging Class—I model.

3.2 Validation of the expansion

Having obtained formally the Class-I model (3.51)—(3.54), we proceed to justify
the expansion rigorously, following the work in [26]. To this direction, we develop
a relative entropy identity for Class—II models and use it to validate the high—
friction limit in the weak—strong solution context, i.e. we compare a weak solution
of the Class—II model with a strong solution of the Class—I model. We show that,
as € — 0, the weak solution converges to the strong one, in the relative entropy
sense. Such a result assumes that a strong solution to the Class—I model truly
exists, which has been established near equilibrium, [4]. More precisely, there
exists a unique strong solution to Class—I models, which is local-in—time for

general initial data and can be extended for all positive times for initial data
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close to an equilibrium state (see [4, Chapter 8] for more details).

For ease of notation, we focus on the case of a simple mixture (cf. section

2.2). Then, the Class—II model reads

Opi + div(pv;) =0,

. 1
O(pivy) + div(p;v; @ v;) = pib; — Vp; — 29 Z bijpip;(vi — vj),
J#i

0y (pe + Z §ij]2-) + le( Z (pjej +pj+ Epjvf-)vj>
j=1

j=1

= div (kV0) + Z pib; - v; + pr,

J=1

with the entropy equation

[ . (1 1
Oi(pn) + div (Z pjnjvj) = div (EI{V0> + @/@|V9|2

i=1
+ 2 g g bijpipslvi — vjl* + b

i=1 j=1

and the Class—I model reduces to

Opi + div(p;v) = —div(p;u;),

O (pv) + div(pv @ v) = pb — Vp,
o (ﬁé + 1pv2> + div<(pé +p+ 1;w?)v) =pr+pb-v
2 2

div(RVO = (s + 7)) + D piby - .
j=1

j=1
where u; is determined by solving the Maxwell-Stefan system:
e = - - Pi, 7 7 _
- Z bi0pip;(u; — ;) = € (g(ﬂb — Vp) — pibi + Vpi) :
J#i
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subject to the constraint

> pitis =0, (3.70)
i=1
and the entropy balance now takes the form
O(57) + div(pp) = div [ 7VE " 5 L 5|V
d(pm) + div(pnv) = div | ZRVE — ;pmjuj + RV

1 n n o ) ;57:
+ iZmeplp]]uz — Uj‘z -+ 7

i=1 j=1

(3.71)

We consider the problem in T? x (0, 00), where T? denotes the three dimen-
sional torus, with space—periodic boundary conditions, but we note that the same
analysis can be performed in a bounded domain €2, with no—flux boundary con-

ditions, i.e.
& 1
pivi-v =0, (piv;@uvi+pl)v =0, (Z (Pjej +pj+ 5:03'“]2) vj — KV@) v =0,

Jj=1

for all i = 1,...,n, on the parabolic boundary 02 x [0, 00), where v denotes the

outward vector that is normal to the boundary 0.

3.2.1 The relative entropy inequality for Class—II systems

Let w = (p1,.+ s Py V15,0, 0) and @ = (p1, ..., Pn, U1, ..., 0pn,0) be two solu-
tions of the Class—II system. Motivated by [30] and [22], we define the relative

entropy of w and @ as follows:

Hlo)) = | (% S lus = w2+ 32 ) wl) + (on — )6 — é)) d,

where

(pithi) (w|@) = ps — pithi — (i), (pi — i) — (Pinbi)a (0 — 0).

37



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Throughout the thesis, we use the convention
f=f@®)

and therefore when we write p;;, we mean (p;;)(w), while

- I pii
(Pihi)p; = %}w:w

and similarly

_ _a(Piwi)
(Pihi)o = 50 o

If psp; are C® on the set
U={0<p, <M, 0<~y<p<M, 0<~y<6O<M, forsome-~y, M >0},

such that

(Pithi)pips >0 and  (pithi)es < O, (3.73)

then according to [22], there exists C' > 0 such that

> (o) (wl@) + (pn — p)(0 - 0) > C (Z lpi = pil* + 16 — 9_|2> . (314)

i=1 i=1

Therefore, the relative entropy defined in (3.72) can serve as a measure of the
distance between w and w. We note, that the conditions in (3.73) (known as
Gibbs thermodynamic stability conditions) are natural in thermodynamics, as
they follow from the basic assumptions that the temperature is a strictly positive
quantity and that the energy is a convex function of the entropy, satisfied for

example for the ideal gas (for more details see [22, Appendix Al).

Let

H1) = 3 | 3ol = 0 + (o) + (o — 0 —

i=1

38



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

and
11l
QUolm) = Y [Gowlvs = il + () (i)

i=1

+ (pimi = pii) (6 = 0)v; + (ps — ) (v — 1) .

We want to obtain an identity of the form:

O H (w|w) + div Q(w|w) = RHS.

(3.75)

Carrying out the differentiations and using the equations (3.76), (3.80), (3.82)

and (3.79), along with the thermodynamic relations from chapter 2, we find that

1 n.on_ ) ) - -
RHS = ~5 Z Zgbijpipﬂ(vi — ;) — (0 — 9;))* — Ok|V1og§ — Vlog f|?

i=1 j=1

- Zpi(“)@) divo; — Zpi(vi — ;) - Vi (v; — ;)
=1 i=1

=3 it =0 - Vi — ) + (5= ) 0 - 0)

=1

+ (Vlogf — Vlogh) - Vlog 0(0k — 0k)

+div ((6 — 6) (kV1ogd — EV 1logh))

- % > Obipivi = ) - (p; — py) (B — Ty)

i=1 j=1

+ % Z Z(@ — 0)bijpip;(vi — U;) - (0; — V)

i=1 j=1

+ % DD (0= 0)bii(pi — pi)p; (v — 1)) - v

i=1 j=1

+ % D (0= 0)biipilp; — pj) (0 — ) - Wi,

i=1 j=1
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where the relative quantities are given by

piw|w) = pi = Pi = (Pi)oi (pi = pi) = (Pi)o (6 = 0)

(pini)(w|w) = pimi — pitl — (Pilli)p, (pi — Pi) — (Pifli)o (6 — 0).

We proceed as follows: (i) First, we interpret a Class—I model as a Class—II
system with error terms. (ii) Using the relative entropy formula we compare an
exact solution to an approximate solution of a Class—II system. (iii) This needs
to be done at some prescribed level of solutions; this is made precise in section
3.2.3. (iv) Finally, the derivation of the convergence result is done in sections

3.2.4 and 3.2.5.

3.2.2 Reformulation of the Class—I model

First, we embed a solution of a Class—I model into an approximate solution of a
Class—II model. The equations of the Class—II model contain the partial velocities
v;, while the equations of the Class—I model contain the barycentric velocity v

and the diffusional velocities w;.

Let (p1, ..., pn,v,0) be a solution of (3.66)—(3.68). Then we set

Uizl_)‘i‘ﬂi

and (3.66)—(3.68) and (3.71) read:

0(pv) + div(pv ® v) = pb — Vp, (3.77)
S P N2 e TN S
o | pe + 5Pv + div (;(ﬂjej +p;)vj + 5P? v)

§ (3.78)
= div(RVO) + > pib; - v; + pr,
j=1
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(3.79)
1 T
T2 bispips|0; — " + -

Next, we rewrite (3.77) and (3.78) in a form that resembles the equations of

the Class—II model. We reformulate (3.77) as
0x(pi;) + div(piv; ® v;) = — Z bi;pip; (Vi — v;) + Ry, (3.80)
Nfl
where
R = 0,(psv) + 0y(piti;) + div(piv @ ) + div(piv @ ;) + div(pst; @ 0)

. _ 0
+ le(ﬁﬂ_Li & l_b,;) — ﬁzbl + Vﬁz + g Z szﬁzﬁ](@z — T)j).
J#i

Using (3.69), we obtain

R; = 0y(piv) + O4(piti;) + div(p;v ® ) + div(piv @ ;)

+ div(pi; © 7) + div(pa © 4;) — %(pb —vp)
and by virtue of 0;p + div(pv) = 0, we see that

Oy(ps0) + div(piv ® ©) = (O + div(ps0))v + ps(040 + VT - 0)

= — le(ﬁlﬂz)?_) + Ej(&f(ﬁz_)) + dlv(ﬁ@ ® 1_}))

S

= —div(p;)0 + 2 (b — Vp)

s

and thus

R; = — div(ps; )0 + Oy(piti;) + div(piv @ ;)
(3.81)
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Similarly, we reformulate (3.78) as:

n

Lo . N s
O (pe + Z 5/)]-11]2.) + div (Z (pjej +p; + épjv?) vj>
j=1

= . (3.82)
= div (RV0) + > _ pjb; - v + pr + Q,
j=1
where
A Ig~ . s (I~ o (3N~ o
Q =0, 3 ijuj + div 5 Uy |+ div 5 2 Pitsv ) (3.83)
=1 =1 j=1
because due to (3.70)
Igm 5 1, I~
PO Tt DI
j=1 j=1
and
I~ 5, L, I 5 3~ o
3 ijv]%] - épv% = ' ]ufuj + 5 jugv.
J=1 j=1 j=1

The equations of the Class—I model are thus reformulated as equations of a
Class—1I model (namely equations (3.76), (3.80), (3.82)), with the terms R; and
Q given by (3.81) and (3.83), respectively. The latter are viewed as error terms.

The Maxwell-Stefan system
(pb — V) — pibs + Vpi> :

= biOpip; (s — ;) = € (
i
> Pty =0,

< | D!

(3.84)

is uniquely solvable [31, 25|, which implies u; = O(¢) and thus for smooth solu-

tions R; and Q are of order O(¢) and O(€?) respectively.
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3.2.3 Notions of solutions

In the following, we give the definitions of solutions that will be used. We use

the notation w = ((p1, .., Pn, V1, -, Un, 0).

Definition 1. A function (p1,...,pn,V1,...,0n,0) is called a weak solution of

the Class—II model (3.62)—(3.64), if for alli € {1,...,n}:
0 < p; € C°([0,00); LY(T?)),  piv; € C°([0, 00); L(T* R?)),

pivi @ v; € Li (T? x [0,00); R®* x R?), p; € L. (T? x [0, 00)),
pibi € Ly, (T? x [0, 00); R?),
1
0 <0 eC(0,00); L'(RY)),  (pies + 5pivy) € C°([0,00); L'(R?)),

1
(pie; +pi + épwf)vi € L (R®> x [0,00);R?), kVO € L (R® x [0,00); R?),

(pibi - vi + pr) € Lypo(R? x [0,00))

and (p1,- -+, Py V1, - - -, U, 0) solves for all ;& € C(]0,00); C=(T?)) and ¢; €
C>([0,00); C>(T3; R3)):

_/1T3Pi<l’,0)wi($,0)dx—/ooo/T3 pidudadt

P (3.85)
0 T3
- / (pivi)(x,0)i(z, 0)dz — / / pivi - Opgidadt
T3 0 T3
I o
— —/ / 0 bijpip;(vi — vj)didadt
€ 0 T3 j=1

and
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- /0°° /Ts (pe + % > pvd) (@, 0)¢(x, 0)dadt

j=1

&) L

oo n 1 (3.87)
- / / > (pjes +pj+ 5po})v; - Védadt
0 T3 =1 2
= — / / kVO - Vedadt + / / (Z pibj - v; + pr)édadt.
o Jr3 o Jr
Definition 2. A function (p1,...,pn,V1,.-.,0n,0) is called a dissipative weak

solution of the Class—II model (3.62)—(3.64), if it is a weak solution and moreover:
pn € C°([0,00); LY(T?)),  pynivs € Lige(T? x [0, 00); R?),

KVIOge < L110c<T3 X [O,OO);R3), K|VIOg9|2 € Llloc(q]:‘3 X [OJOO>>7

B € LT x [0,00)),

foralli € {1,...,n} and the integrated entropy inequality

T3 0 T3
[e%¢) n ) 1
- / / ijnjvj - Vxdadt > —/ / —kVO - Vxdaxdt
0 T3 j=1 0 T3 0

1 9 pr
—i—/ / —k|VO|*xdzdt —i—/ —xdaxdt
0 T3 82 0 T3 0
1 n n o
+ — Z Z/ / bz-jpipj|vi — Uj|2XdZ)3dt,
26 =1 j=1 0 T3
holds for all test functions x € C°([0,00); C°°(T?)).
Definition 3. A function (p1,...,pn,01,...,0n,0) is called a strong solution of

the Class—I model (3.66)—(3.70), if (3.66)—(3.71) hold almost everywhere in T?

and for all t > 0.
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3.2.4 Derivation of the relative entropy inequality

We, now, make the derivation of the relative entropy inequality rigorous:

Proposition 4. Let w be a dissipative weak solution of the Class—II model (3.62)—
(3.64) and @ a strong solution of the Class—I model (3.66)—(3.71). Then, the

following relative entropy inequality holds for every t > 0:

ZZ/ / Obs;pipsl(vi — v;) — (0; — v;)Pdaeds

=1 j5=1

+/ / 0k|V log 6 — Vlog #|*dzds < H(w|@)(0)
T3

_Z/ / pi(w|@) dlvvldxds—i—Z/ / v; — v;)dads
T3
i=1 /0 JT?

n t n t
- Z/ / (pini)(w|@) (050 + v; - VO)dads + Z/ / R; - v;dzds
— Jo Jr3 — Jo J13

i=1
nooat
- Z/ / pi(vi = 0;) - VO(1; — 7;)dds
- T3

t
- Z/ / — ;) - Rydads —/ Qdxds (3.89)
T Pi 0 JT3

+ / (Vlog# — Viogf) - Vlog 0(0k — Or)dads
T3

__ZZ/ /Tgebwpz vi = ;) - (pj — pj) (i — v;)dads

=1 j=1

T ZZ/ / 0)bijpip;(vi — ;) - (0; — v;)dads

=1 j=1

T ZZ/ /T — 50)p;(0; — v;) - Bdxds

=1 j=1

te ZZ/ T39 0)bijpi(ps — p;)(0i — 7;) - Tidads

i=1 j=1

//TS ——_—_ (0 — 0)dxds.

Proof. Multiply (3.76),(3.80),(3.82) and (3.79) by the test functions ;, ¢;, &, x

respectively, as in the weak formulation of the equations of the Class—II model,
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integrate them over T® X (0, 00) and subtract them from (3.85)—(3.88), in order

to obtain:

_/1T3(Pi — pi)(x, 0)i(,0)dw — /Ooo /1I‘3<pi ) Ondadt
- /0"/ (pivi — pivi) - Vipydadt = 0,
0 T3

T3

- / / (pivi @ v; — Piv; ® v;) : Vydadt
o Jr3

= / / (pib; — Vp; — pib; + Vp;) - ¢idadt — / / R; - ¢;dzdt
0 T3 0 T3

1 [ - - )
0

i j#i
1 — s . I~
-/, pe + 3 ijvj —pe—3 ijvj (x,0)¢(x,0)dx
j=1 j=1
h Ly > e LN, 0&dxdt
-/ pet 5 D Pl —pE— 5> Pt | dgde
Jj=1 j=1
+ / / (kVO — £V0) - Vedadt + / Q¢dadt
0 T3 0 T3

oo n 1 o ) e
_ /0 /11'3 Z ((Pjej +p;+ épjvf-)vj — (pje; +pj + 5/)]-@]2.)@].) - Veédadt
j=1

I/ (wj

n

pibj v —pr =Y pib; - 179’) dxdt
=1 j=1
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and

- / (pn — pn)(x,0)x(z,0)dz — /OOO /Tg (pn — pn) Oy xdadt

T3

—/ / > (pimyv; = pyigo;) - Vxdadt

o 1 1 _ 00 __
> —/ / —kVO — =gV | - Vxdxdt +/ / (ﬂ _ P__T) ydadt
0 T3 0 0 0 T3 2 ]
0o 1 n n ] 0 n - )
+ /0 /1r3 (2_6 Z Z bijpipslvi — v — % Z Z bijpip;|vi — vj|2> ydzdt

i=1 j=1 i=1 j=1

> 1 2 Lo
+/0 /TS (@/@|V0| — 9_—2/<0|V9| ) xdzdt.

We choose the test functions ¢); = (ﬂi — %2722) ¢, Yi=v(, £=—C and y =

0¢ where

.
1 0<s<t

8) =955 +1 t<s<t+4d

0 s>t+90

\

and let 6 — 0, to obtain:

t
- / (pi — pi)(,0) (ﬂz’ - lﬁ?) (x,0)dz — / / (i — Pi)Os (ﬂi - lf_}f) dzds
T3 2 0 T3 2
_ _ 1 _9 ¢ — - — 1 —2
+ | (pi—pi) | i — =0; ) deds — (pivi — pivy) -V | @ — =07 | de =0,
T3 2 0 T3

t
T3 0 T3

\)

t

+ / (szz — ﬁz?jl)ljldl' — / / (pzvz X v; — ﬁi,Di & @i) : V@idl'dS

T3 0 JT3

t t
= / / (pzbl - sz- - ﬁzl_% + VﬁJ : @idxds - / Rz : @idIdS
0 JT3 0 JT3

I _ I T
- = / / 0 Z bljpzp]('lfz — Uj) — 9 Z bzypzpj(vz — 1}]' . vl-d:vds,

€Jo JT N\ g i
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1< I
/ <pe+52pjv?—pe—52pjv]2-> (x,0)dx
T8 j=1 j=1
I~ o, o I~
-1, pe+§ijvj—pe—§ijvj dx

/ / (pr—l—ijb SV — pr—Zp] v]> d:vds—i—/ / Qdzds
T3 T3

7j=1

/(pn pi)(x,0)6(x, 0) Odw—/ /T3 pn — pif) s deder/ (pn — pi7)fda

/ / Z PV — PiNiv;) - Vldzds > — / / ( V6O — —HVG) - VOdads
TB T3
/ /,11‘\3 <2€Zsz]psz”U1 U]‘Q — _ZZbl]pr]|/UZ ’U]‘ > edxds

=1 j=1 =1 j=1

//( K| VO — _K|v0|2) 0dxds+// ﬂ--)edxds
T3 T3 0

Then, summing everything up and by virtue of the computation

n

- Zn:(m = pi) (Mz’ - %%2) - Z(Pﬂ’i — Pil;)0;

=1

<pe+ szv —pe——Zp@ ) (pn — pi)0

n

1 __
= - Z pz i + Z(pz = 2piv; - U; + piv ) + (pe - pe)

=1

—(pn — p)d = Z pilvi — oi|* — Z(p1¢2)pz( — pi) + pe — pe — pnd + pif

i=1

IR ) ) _ )
LS = P+ S 1) + o — 76— 0) = M),
i=1 i=1
one gets the inequality:

H(w|w)(t) < H(w|@)(0) + I + I + I3 + Iy + Is + I + I,
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where

i=1
nooat t -
— Z/ / (pivi — piv;)0sv;dxds — / / (pn — pn)0sfdzds,
— Jo J13 o Jrs

n t
_ 1,
]2 = - ;/{; /Ts(pﬂ)i — pﬂ)z‘) -V (/ULZ - EUZ) dzds
n t
=170 JT?

n t
- Z/ / (pvini — pivsi;) - VOdads,
i=1 0 T3
1 n n t
= IS [ Bt ) -naas

i=1 j=1

LS [
e Z Z/ / 0b;;pipj(v; — v;) - vidads
€ 0o J13

i=1 j=1

1 n n t B
by Z Z/O /TS 0bijpipjlvi — vj[*dads
i=1 j=1
1 n n t . .
+ % Z Z/o /TS 0bi;pipj|v; — v;|*dads,

i=1 j=1

t 1 1 _ B t 1 1 ) i
I, = 1 op_ Loog). B FU T
4 /0 /T3 <9HV9 HHVQ) Vodzds /0 /Ts (92/<]V9| 92/-€|V9| ) Adxds,

n t t __
- pr pry =
Iy = — / / pibi — pib;) - v;drds — / / (— — T> fdzds
b zzl 0 11‘3( ) 0 T3 e 0
t n n
—I—/ / (pr + Zpibi v — pF — Z;’)J)i : vi) dads,
0 JT3 i=1 i=1
noopet
= Jo J18

n

t t
I; = / / R; - v;dxds — / Qdzds.
! Z 0 JT3 0 JT3

=1

We, now, want to rearrange the above terms. We start with /; and carry out
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the following calculation:

/ / Z Nz pﬁspz (ﬂ,)@@sé) dzds
’]I‘S
// sz 3vzdxds—/ / Z PN — Pifli) 89dxds
T3 ']1*3
/ /3 (/v‘l)pzaspz (/17;)95’39_) dxds
T
t n -
—// Zpi(vi—@)as@idzds—/ / Z(pmi)(w@)asedxds
I T 5
/ / Z PiNi) pi (pi — Pi)0 deds—/ / Z 0(0 — 0)0,0dxds
T3 % T3

and since

(i) o = (= (pithi)o) o, = = ((pihi) )0 = —(pi)o, (3.90)

we see that

/ / 8vzdxds—/ / pmz)( |@)0,0dxds

T3 T3

/ / o(0 — 0)0,0dxds —/ / (f1:) p; Os pidads
T3 T3

=i+ + L,
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where
t n B
L3 = — / / L(77) (0 — 0)dxds + / / > (PiMi)p, (0 — 0)Dspidacds
T3 0o J13 5
t n
2/ / div (Zﬁiﬁz‘@) (6 —0)
0 JT i=1
t 1 _ B
+// =kVO - V(0 — 0)dzds
’]1‘3
/ / R|V8| (0 — 0)dads
’]I‘3

/0 /Tszzbwﬂnglvz U]| (60— Q)dxds

=1 j=1

—//Tgﬁ(ﬁ—ﬁ_)dmds

/ / Z )i (0 — 9 YV p; - v;dxds
T3 4
0 T3 i=1

=t hig1 + -+ Liar

and we have used (3.76) and (3.79) and an integration by parts in the term [;35.

Moreover,

I3 = / / 0;(0 — 0)dads
TS
—|—/ / Zﬁlﬁl div @Z(Q — é)dl‘dS = 11311 + ]1312.
0 JT oy
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Again using (3.76),

Iy = 0 Vi - vidad
14 //T3Z pi - v;ATAS
// — 0i) (i) pi pi div v;dzds
']1'3
//Z — pi)Vii; - v;dxds
'I[‘B
/ / Z — ) (1) V8 - vydads
T3

/ / — pi)(fi;) p; pi div v;dzds
’]I‘3

=: Iyg1 + -+ Tas3.

We now write Iy as

PiVi — plvl V,uldxds - / / PiV; VT_}i U; — 1_)1'
/ I Z Z (v: — )
0 JT oy
t n t n
0 JT o ]
t n t n -
0 JT g 0 JT

and if we add and subtract the term with the relative pressure:

t n t n
0 JT i 0 JT o
t n t n
— / / Z piU; » VUi (v; — v;)deds — / / Zpi(w]cv) div v;dzds
T3 “ il
/ / Z )i (i — pi) div v;dads — / / o(0 — ) div v;dzds
TS % yche
/ / ,omzvZ PiTji0;) - VOdzds + / / — p;) div v;dads
TS TS 5

=t loy + -+ + Ios.
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Now, I»s cancels out with I, while

t n
127:—/ / Z(pmz—ﬁ,ﬁl)@zvedxds
T %
/ / mez - Védads
TB
—/ / Z(pmi)(w|@)ﬁi~ve_dxds
']1*3 X
/ / szm oi(pi = pi)0; - VOdzds
TS
/ / Z 0(0 — 0)7; - VAdads
TS
/ / mez v — ;) - Vodads
'[r?)

=t Iop1 + -+ Ion

and thus Iy79 cancels out with 149 and [i3;; cancels out with I35 and Iy73. Fur-

thermore, due to

Vpi = piVpi + piniV0, (3.91)

which can be obtained by applying the gradient operator to (2.32) and using
(2.50) and (2.51), we have

t n t n
0 JT =y 0 JT? oy
t n
== [ [V o= (v - s
0 JT iy
t n
- / / Z Vi - (pi — pi)vidads
0 JT? iy
t n ~
+ / / Z piniV - (v; — v;)dads
0 JT% oy
t n
- / / Z Vp; - (v; — v;)dzds
0 JT? =y

=t Ioy1 + -+ + Do,
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where I5;5 cancels out with /14, and

t n
I3+ Iy7y = —/ /3 Z(pmi — pii)(v; — U;) - VOdxds.
0 Js =

Regarding 117, using (3.80) we get

t n
1 :/ / piv; - VU; v;)dxds —/ / b;dzds
w= ] 2; (v » 7 -
t n p p _
T3 Z ( ) 0o JT3 ; Pi< )

/ /11.3 Z sz Yi ‘%mpg( —vj)dads =: Iy;g + -+ - + Lss.

=1 j=1

Notice that I11; cancels out with I>3 and

Loy + I3 = / / —sz vi — 0;)(pi — Pi),
']1*3
which combined with I51; gives, due to (3.91),
¢ n B
Ioyg + Iz + Io = / / Zﬁi(ﬂi — pi)(v; — 0;) - VOdads
0o JT3 %
and hence
¢ n B
Ioia + Tig + Ionn + Ioaz + Lora = —/ / Z pi(vi — ;) - VO(n; — 7;)dzds.
0o JT3 %

Finally, (3.91) implies

(i) p: = Pi( i) i (3.92)

(pi)o = pini + pi(ki)o, (3.93)

and due to (3.93),

t n
Lizig + Iys = —/ / Z pi(fii)e(0 — 0) div v;dzds,
0 JT iy

o4
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which cancels out with I137, because of (3.90), while due to (3.92), I55 cancels

out with ]143.

Putting together I, I, and I, we get
n t

L+ 1+ Ig=— Z/ / pi(w|w) div v;dzds
X T3

—Z/ / v; — U;) Ridxds
T3 Pi
— Z/ / pi(v; — v;) - Vu;(v; — v;)dads
T3
-/ zpz v — 1) - Bdads
'[r?)

-3 [ [ el 0+ - oy

St
+ / / E—RV@ V(0 — 0)dxds
0 T3 9

- Xn: /t /TS pi(v; — 0;) - VO(n; — 7;)dads

// K‘V@’ (6 — deds—//
T3 T3

//WZZPZ i — 0:)0bi;p;(0; — 0;)dads

i=1 j=1

/0 /Tszzbwpzﬂglvz U]| 60— Q)dxds

=1 j=1

(3.94)

A

0 — 0)dads

The plan for the rest of the proof is to combine I3 and I, with the friction and
heat—conduction terms in (3.94) respectively, 5 with the terms containing forces

and heat supply and I; with the term containing the remainder R;.

We start by noticing that

1 n n t -
I3 = . Z Z / O0bijpip;(vi — v;) - vidxds
i=1 j=1 /0 JT?
1 n
2 Z / / Obijpip;|vi — v;|*dds.
€
i=1 j=1
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The reason is that due to the symmetry of b;;

n n n n

1 Ly 1 — . _
—g Z Zﬁb,]pzpj(vz — ’Uj) : vidxds = —2—6 Z Z%Uplpjm — Uj| dzds

i=1 j=1 i=1 j=1

and thus the second and fourth terms of I3 cancel out with each other. Therefore,

for the friction terms, we have:

1 t n on o )
F = 13 + Z/O /ﬂ-g Z sz(’l}z - vi)gbijpj(vi - Uj)d[EdS

i=1 j=1

1 t n n )
2 /0 /T > D bupipslvi — o0 — )duds

i=1 j=1

1 t n n
T e / / Z Z Obiipipj(vi — vj) - Vidads
€ Jo Jt3

i=1 j=1

1 t nono
— E/O /11‘3 Z Zebwplpﬂvz — 'Uj|2d$d8

i=1 j=1

1 t n n o - )
’ g/0 /11‘3 Z Zpi(vi — ;)0b;;p;(v; — v;)dzds

i=1 j=1

1 t n o n - )
— 2_6/0 /TS Z wagplp]h}l — Uj|2d27d8

i=1 j=1

1 t n n - )
- 2_6/0 /Eg Z wa‘gpzpﬂ?}z - 'Uj‘zdl'ds

i=1 j=1

:ZF1+"'+F5
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and we start by collecting only the terms that are multiplied by 8:

1 t n no
F2+F3+F5:—2—6/ / Zz%ijpipﬂvi—vjfdxds
0 JTs

i=1 j=1
1 /t/ n n B - o
T 5 0bi;pip;|v; — v|"dwds
2¢ J, T3;; iPiPj | il
1 t n n B
B _/ / Z Zebijpipj(vi —v;) - (v; — v;)dads
€Jo Jm T 5T
1 t n n B .
+ E/o /1r3 Z Z 0b;pip;(vi — ;) - (v; — v;)dads
i=1 j=1
1 t n n B ) o .
e[S gt ) e~ manas
0 JT? oy j=1
= f1++f5

The last term can be written as

1 ¢ non_
Is = _E/o /1r3 Zzﬁszm(w — ;) - (p; — pj) (i — v;)dads

i=1 j=1

1 t n n - 7 ) )
T /0 /T 2 2 Obigpilvi = ) - p; (0 — 7y)dwds (3.95)

i=1 j=1

= fs1 + f52

and f5o can be combined with f3, in order to give

1 t noono
2 = Obijpip;(vi — ;) - ((vs — vj) — (Vs — V; ;
fs2+ f3 E/O/TBZZ biipip;(vi — 0;) - ((v; — vy) — (9; — v;))dads

i=1 j=1

and because of the symmetry in the indices i, j

1 t n n B B B
Js2 + f3= —2—6/0 /TS ZZ@bijpipA(Ui — ;) — (0; — v)|*dads.

i=1 j=1

o7



Now, we collect I} and Fy with fi, fo and f; to obtain

1 t nono )
F1+F4+f1+f2+f4=—z/0 /TSZZ%ijpipjvj-(vi—vi)dwds

i=1 j=1

1 t n n )
i E A /]1*3 Z Z ebijpipjvi - v;dxds

i=1 j=1
n

1 t n
N _/ / Z Z 0bjpipjv; - v;dads
€Jo Jrs3

i=1 j=1
n

1 t n
€ / / Z Z 0bi;pipj(v; — v;) - v;dads
€ Jo T3

i=1 j=1

1 t n n B
Y et ) wdnds
€Jo Jr3

i=1 j=1

1 t n n - - ) )
i E/(; /IF3 Z Z ebl]plp](vz - ’Uj) - v;dxds

i=1 j=1

1 t n n B )
* Z/o /1r3 Z Zebijpipjvi : (vi — Ui)dxds

i=1 j=1

and, due to symmetry,

1 t n n ) 1 . n n )

==t i=1 j=1

which implies that
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Fi+Fi+ i+ fat fa=— //ngzebmpzpjvl v;dzds

zljl

e / /11-3 Z Z Obijpipjvi - v;dxds

7,—1] 1

1 t
- _/ / Z Z 0bi;pip; (0; — ﬁj) - v;dzxds
€Jo Jms i S

1/t L
T / / Z Z Obijpip;v; - vidads
€Jo Jm T o

1 /[t no
i € /0 /11*3 Z Z Obijpipjvi - vjdrds

=1 j=1

1 /[t LB
- 0b;;pip;(0; — v;) - v;dxd
+€/O /WZZ ;i (B = 0) - Bdads

=1 j=1

1 t n n - )
i E/o /TS Z Zebijpz’ﬂjvi - (v; — 0;)dads

i=1 j=1

1 [t L L
- _/ / Z Zgbijpz’pjvj - (v; — v;)dxds
€Jo Jrs

i=1 j=1

//ngz 9 9 ijlpjvz v;dxds

=1 j=1

o _/ /TBZZ 9 9 szlpﬂ)@ Ujd.TdS

1,1]1

- _/ /]1‘3 ZZ 8 0 szzp] ) . @jdxds

11]1

o _/ /’[[‘3 ZZ 0 0 Z]plp] ) . @id{L‘dS

i=1 j=1

_ //T — O)byypups (v — B) - (B — B,)dads

=1

/ / Z Z 0)bij(pi — pi)p;(U; — ;) - vidads
/ / 21 Zl 0)biipi(p; — p;)(0; — U;) - Bydads,
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so that

1 t n n _ 3 _
F= _2_6/0 /T3 DD Obypipsl(vi = vy) = (8 = v;)Pdads

i=1 j=1

1 t nono
[ it =) - ) — s
€ 0 T3 =

i=1 j=1

1 t n n - i i .
T / / DD (0= Obypips(vi =) - (0 — v;)dads
0o JT3

i=1 j=1

1 t n n -
+ € / /T Z Z(Q — 0)bi;(pi — pi)pj(v; — v;) - v;dads
0 3

i=1 j=1

1 t n n -
Te / /T DD (0= 0bispip; — pi) (0 — ;) - Vidads.
0 3

i=1 j=1

Regarding the heat conduction terms,

t t
14+// lwé-vw—é)dxds—// L5IV012(0 - 0)dxds
0 T3 9 0 T3 9
t
:// (mVIog@—RVIogé)~V§dxds
0 J13
t
—/ / (k|V1og0|* — &V log0]*)0dxds
0 J13
t t
+/ / nge‘-(ve—vé)dxds—/ / 71V log 62(0 — B)dwds
0 JT3 0o JT3
t t
——/ / 0/<;|V10g9—V10g9|2da:ds—//(VlogH—Vlog9)~V6/£dmds
0 JT3 o J13
t
+/ / (Vlogh — Vlogh) - Vlog 0rdrds
0 J13
t
:—//§/$|V10g8—v10g§|2dxds
0 J3

t
— / / (Vlog# — Viogf) - Vlog (0k — Or)dxds.
0 Jr3

We, now, pass to the terms containing forces and heat supplies:

t n t __
_ pr -
I—// pivi—vi-bidxds—//TH—GdJ:ds
’ 0 11‘3; ( o Jrs 0 ( )
t n t __
= / / Zpi(bi —b;) - (v; — v;)dads + / / (ﬁ - p__7’> (0 — 0)dxds
0 JT3 5 0o Jt13 0 0
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and finally,
¢ n i ~
I; — / / TZ V; — U;) - RZdZL‘dS
! 0 Jm3 ; Pi( )
t noo t - t n p; -
= / / Z R; - v;dxds — / Qdxds — / / Z (v; — v;) - Rydads.
0o Jm 0 JT3 o Jrs =] Pi

Putting everything together, we arrive at (3.89).

3.2.5 Validation of the high—friction limit

A careful estimation of the terms on the right-hand side of (3.89) implies the

following theorem:

Theorem 5. Let w be a dissipative weak solution of the Class—II model (3.62)—
(3.64) and w a strong solution of the Class—I model (3.66)—(3.70). We assume

that the weak solution satisfies
0<p,...,pn <M, 0<y<p<M, O0<y<O<M
and the strong solution satisfies
0<y<pr,eospn <M, |0i],. o] <M, 0<y <0< M,

Vil VB < M, (98] < M, |V6] < M,

for some v, M > 0. Moreover, assume that x and % are Lipschitz functions
of (p1,---,pn,0), with k bounded away from zero, b; are Lipschitz functions of
(P1s s Prs V1, U, 0), for all i € {1,...,n} and the free energy functions
pibi € C3(U) satisfy (3.73), for all i € {1,...,n}. Then, if the initial data
are such that H(w|w)(0) — 0, as € — 0, we have that H(w|w)(t) — 0, for all

t>0, ase— 0.

Remark 6. Notice that the assumption pyb; € C3(U) does not in general hold
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for all free energy functions. In the case of the ideal gas, for instance, V; =
R;01og p; — c;0log 8, where R;, c; are constants, which fails to be C3, unless both
pi and 0 are bounded away from zero. In this case, Theorem & is still valid under

the additional assumption 0 <y < p1,...,pp < M (see [22, Section 5)).

Proof. Having obtained the relative entropy inequality (3.89), Theorem 5 is a
direct application of Young’s inequality and Gronwall’s Lemma. In particular,

we estimate each term on the right-hand side of (3.89), as follows:

We start by noticing that, according to [22, Lemma 4.1], due to the smoothness
of the free energy and the bounds on the strong solution, we have the following

bounds:

pi(wle)] < C (lps — pil* +10 — 0F)

and

|(pimi) (w|@)] < C (|pi — il + 16 — 6]?)

which imply that

‘— / t / , D (pin)(wl@)(@.0 + 0 VO)dads

t n
sc/ / (Z Ipi—pil2+|0—0|2> dzds
0 JT \ i=1

and

+ n
< 0/ / <Z|pz~—pil2+|0—0_l2> dads.
0 JT \ =1

Again by the smoothness of the free energy, and thus the entropy, we obtain

¢
—/ / Zpi(w@) div v;dxds
0 J13

i=1n

i — il < C(lpi — pil + 10 —0))
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and thus by Young’s inequality,

t n
0 JT
n n n
SC/ / (Z |pi—p¢|2+2pi|vi—vi|2+|9—9|2> dzds.
0 JT? \j=1 i=1

Moreover, by Young’s inequality and the Lipschitz continuity of b;,

t n
0 JT oy
t n
0 JT =
t n n
SC/ / (lez—P¢’2+szy’l}l—UZ’2—|—|9—9‘2> dxds.
0 JT? \ =1 i=1

Furthermore,

t
’— / / (Vlog — Viogf) - Viog0(0k — Or)dzds
0 Js

t
S// |\/§\/E(Vlog9—V10g§)-Vlog@(n—/%)i_mmds
0 Jr3 ok
t
+// |\/5\/E(V10g9—V10g9)-Vlog@(@—@)%ﬂmds
0 Jr3

1/t - -
< —/ / 0k|V log — Vlog 0|*dzds
2 0 T3

t n
+O// (lei—m|2+|9—9‘|2)dmds
0 JTP \ =1

by Young’s inequality, the lower bounds of # and s and the Lipschitz continuity

of k.

Also,
< O(e)

/ot /Ts (Zn: Ri -0 — Q) dzds

=1
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and

t n Di B
o Jr3 =] Pi

t n t n RQ
<C / / pilv; — v;*dads +/ / pi—~dxds
( 0 T3; | | 0 11‘3; p;

t n
0 J13

Finally,

1 t n.on_
‘—— / / D Obipi(vi —0i) - (p; — py) (0 — v;)dads
€ Jo T3

i=1 j=1

t n n
<o [ [ (Smear e o Jase
0 JT? \ =1 i=1

and C' does not depend on ¢, because 1(9; — v;) = O(1) and the remaining terms

are treated in a similar fashion.

Putting everything together, we obtain

H(w|w)(t) + 2% > Z/O /T Obs;pip;l (vi — v;) — (T; — 0;)|*dads

i=1 j=1

L . _
+ 5/ / 0k|V log 6 — Vlog 0*dzds < H(w|w)(0) (3.96)
0 JT3
t n n
+ c/ / (Z = S prlve — 2+ 10— §|2> drds + O(e),
0 JT \ =1 i=1

where by virtue of (3.72) and (3.74),

¢ n n t
/ / (Z\pl —ﬁiIZ—l—Zpilvi — u]* + \9—9\2> dads < C/ H(w|w)(s)ds.
0 JT8 \i=1 i=1 0

The dissipation terms on the left-hand side of (3.96) are non-negative and thus

can be neglected, yielding

H(w|@)(t) < [H(w]@)(0) + O(e)] + C/O H(w|w)(s)ds,
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where C' > 0 is independent of e.

By Gronwall’s Lemma

H(w|@)(t) < [H(w]@)(0) + O(e)]e,

Letting € — 0, H(w|@)(0) — 0 and thus

where C' > 0 does not depend on e.

H(wl|w)(t) — 0, for all t > 0 and the proof is completed.
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Chapter 4

Class—I systems

In this chapter, we first study the structure of the emerging Class—I model. It
turns out that it falls into the general theory of hyperbolic—parabolic composite
type systems, for which are locally well-posed. This allows us to study the zero—
diffusion limit for smooth solutions and develop a theory of convergence among
thermomechanical theories as the parameters € and x tend to zero. This theory
is based on a formal relative entropy computation that resembles the one from
section 3.2.4 and can be made rigorous following the same steps. At the end of

the chapter, we also present the case of a simple mixture of ideal gases.

4.1 Dissipative structure

For simplicity we select the external fields r; and b; to be zero and proceed to

study the mathematical structure of the Class—I model, which can be written as

follows:
Opi + div(p;v) = div(—psu;) (4.1)
O(pv) +div(pv @ v + pl) =0 (4.2)
1 1
O (pe + §pv2) + div ((pe + §pv2)v —|—pv> (4.3)

= div (/@Vﬁ — Z(piei +pi)ui>
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where u; are determined by inverting the constrained linear system

_ Z biiOpipj(ui —uj) =€ (—%Vp + pZHV% — 0(pie; —I—pi)V—) (4.4)
i

Z pitt; = 0. (4.5)

Given the constitutive choices outlined in chapter 2 smooth solutions of (4.1)—

(4.5) satisfy the entropy identity

)

1 1
O(—pn) + div(—pnv) = div (5 Z(piei + pi — pifti)u; — 5/€V9)
. . (4.6)
Notice we multiplied the entropy identity by minus one, because we want to

study the mathematical entropy, which is defined as the negative thermodynamic

entropy.

Next, setting U = [p1,. .., pn,v,0]7 with v = (v1, v, v3), system (4.1)—(4.3)

can be written in the form:
H(AU)) + div(F(U)) = div(eB(U)VU) (4.7)

where

P1

Pn
AlU) = pU (4.8)

P2

PUs

pe + %pv2
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p1U3

PnU3
pU1U3
PU2V3

pui +p

(pe + 3pv* + p)us |

Vi

Vo,
VU = |V,
Vg
Vs
\Y

Al,n+4

Apnga
0
0
0

o o o o o o o
o o o o o o o

P1U1 P1V2
PnU1 PnU2
FU)= pvi +p pPU1V2
PULVs pus+p
P13 PL2VU3
_(pe + 3002 + p)ur (pe + 5p0* + p)ua
0 00 0O00O0
0 00 0O0O0
B*U) = |0 0000 0f,
0 00 0O0@O0
0 00 0O00O0
0 00 0O01
Aqy A, 0
Anl Ann 0
BY(U) = 0 0 0
0 0 0
0 0 0
Do An Yo A 0

n  h;
Zi:l p_zAi,n+4_

where we denote h; := p;e; + p; and write

n
—pPil; = Z vapj -+ Aiyn+4v9, for i = 1, oo,

Jj=1
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and in (4.7) we set ¢ = (k, €) and B(U) = (B*(U), B°(U)). We note that the coef-
ficients A;; and A; 14 are determined by solving system (4.4)—(4.5), as explained

later in this section.

According to [30] system (4.7) fits into the class of hyperbolic-parabolic sys-

tems (see also [32]) provided the following conditions hold:

(i) A is a C? and bijective map from its domain onto its range, with VA(U)

non-singular for any U in the domain of A

(ii) there is an entropy—entropy flux pair (H(U), Q;(U)), i = 1,2, 3, generated

by a smooth (vector valued) multiplier G(U), such that

VH=G-VA and VQ;=G-VF, fori=123.

(iii) the matrix V2H — G - V2 A is symmetric and positive definite

(iv) smooth solutions of (4.7) satisfy an additional conservation law (the so—

called entropy identity)

O(H(U)) +div(Q(U)) = div(G(U)eB(U)VU) — VU 'VG(U)"eB(U)VU
(4.10)

with the matrices VG ' B inducing entropy dissipation, i.e.

VU'VG(U) eB(U)VU > 0.

Let us check whether these conditions are satisfied in the case of system (4.1)-

(4.5). Indeed, setting

HU) == —pn(pr, ..., pn,0), Qi(U) :=—pn(p1,...,pn,0)v;, (4.11)

we see that (4.10) is precisely equation (4.6).
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T we have

Concerning (i), if U = [p1, ..., pn,v,0]" and U= [P1,. ..  Pn, 0,0

I
=

Pi
AU)=AU) v

Il
[S41

e(ﬂb s 7pn79) = 6(1617 s 7ﬁn79)
where the last equality implies that 6 = 6, provided the internal energy is an in-
creasing function of the temperature thus one-to-one. This follows from assuming
that ey = ¢, > 0, a property connected to the stability of equilibrium states (see
2.1.4 for more). Hence, if ¢ € C3 and p > 0, A is C? and bijective in its domain,

with

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0
det(VA) = det

U1 Uy o Uy p 0 0 0

V9 (%) C (%] 0 P 0 0

U3 V3 e V3 O O P O

(pe)py + %1)2 (p€)ps + %v (P€)p, + %UZ pur pPuv2 PU3 PCy |

= ple, >0

For (ii) using the notation pn = pn(p1, ..., pn,0) and pi = pn(p1,. .., pn, pe)

and the thermodynamic relations from 2 we compute the partial derivatives of

the entropy

(o) ps = (P71 pe(p€) p; + (PT1) i = w
o (pe=p0\ _ [(pe)o — (p1)o]0 — (pe — pb)  pes  pe,
(Pﬂ)9—<T>9_ ! e

By virtue of the relation V(—pn) = G - VA this determines the multiplier G to
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be

-Ml - %U2-
nHd pin = 5V
6o =(6w) =5| (112)
Jj=1 "
U3
L _1 .

while relations V(—pnv;) = G - VF; serve as a way of verifying that our calcula-

tions are correct; indeed, they hold for the G we found, using the properties

~ Hi — (pe) i
()o = ((00)o)o = ((P¥)o)pi = (=) = =5 (4.13)
n+4
Now, for (iii), note that G - V2A := Z G;(U)V?A;(U). One easily sees that
j=1
V?A; =0for j =1,...,n. Then a tedious but straightforward calculation, using

the thermodynamic relations (2.50)-(2.51) and

1 1
(0o = (pm)o = 5 ((p¥)o + pn) = 0
1 1 2
5(Pedn = (omhas = 5o+ 5pm)o = G = e
implies
(p¢)Plpl (pd})mpn 00 0 0
(pw)pnpl (Pw)pnpn 000 O
1
V(=) =G-VA=21 0 0O p 00 0 (4.14)
0 0 0 p0 0
0 0 00p 0
I 0 0 0 00 épcv_
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Clearly, for ¢ € C3, p,0 > 0 and ¢, > 0, the latter will be positive definite
provided the matrix (pi)),,,, is positive definite. Indeed, for any & € R™*\

{(0,...,0)} we see that

n n

= 5 2 20 &t G G+ i) g € > 0

=1 j5=1

¢ (VA(=pn)—G-V?A)g

CblH

The assumption that (pv),,,, is positive definite is a natural assumption in ther-
modynamics that is related to the convexity of the entropy (again we refer to [27]

regarding the stability of equilibrium states, or to [6]).

For the last condition, we need to show that VUTVG(U)"eB(U)VU > 0, in

other words, the entropy production is non-negative:
! |V6)? ! > wid; >0 (4.15)
= —K - = U; - a; = V. .
02 0 -

Clearly the first term is non-negative, since k > 0. For the second term we need

to invert system (4.4), in order to determine p;u;.

Various methods for the inversion of the Maxwell-Stefan system are available
in the literature, see for example [6, 25] and [4, Sec. 7.7]. In the present work,
we invert (4.4) using the Bott-Duffin inverse, following the analysis of [10]. The
advantage of this method is that it provides an explicit formula for the solution

of the linear system (4.4), (4.5), which is helpful to estimate the dissipation.

The need to introduce the Bott—Duffin inverse arises from the fact that the
desired inversion has to respect the constraint ), p;u; = 0, i.e. we invert within
the appropriate subspace. More precisely, we consider the solution of the generic

system

Mx+y=w, z€L, yelL* (4.16)

where M € R™™ for some m € N, is a matrix and L C R™ a subspace. Let Py,
and P, . be the projection operators onto the subspaces L and L+, respectively.

Then, the set of solutions of system (4.16) is the same as the set of solutions of
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the system

(MP, +P;)z=w (4.17)

and [z,y]" solves (4.16) if and only if z = Py .z and y = P12 = w — MP;z. Now,
if the matrix MP;, + P;. is invertible, we define the Bott—Duffin inverse of M

with respect to L by

MBP =P (MP, + P, )™ (4.18)

so that the solution of (4.16) is given by

r=MPPd, y=w— Mz (4.19)
In our context, if we introduce the molar fractions

Pi
p )

the left-hand side of (4.4) reads:
= > bibpip;(u; — ;)
JF

= —pf <\/EZ bije;(v/pits) — /i Y bij\/c_i\/c_j(\/P_j“j>>

JF JF

= —pb\/pi » (Z crbirdij — \/Cicjbij> Vit

J=1 \ ki

NN N
j=1
where we introduce the matrix M = (M,;) given by

Mo, = 3 2 O =] (4.21)

ij
—\/CiCibij i F# ]

and we are interested in the constrained inversion Mz = w, x € L, where w; =
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PG\F’ using d; from the end of section 3.1.2, x; = \/pju; and L = {(y1,...,yn) €

R™ : "  \/piyi = 0}. Moreover, the projection matrix P, on L is given by

VPiPj
(PL)ij = 0ij — e 3 (4.22)

In [10] it was proven that the matrix M from (4.21) satisfies the relation

2" Mz > p|Ppz* Vz € R" where u = n;m bij (4.23)
i

which in turn implies that the Bott-Duffin inverse of M, namely MP? | is well-

defined, symmetric and satisfies

-1
2T MBP 2 > \Ppz> Vz € R" where \ = (2 Z(bij + 1)) (4.24)
i#]

Therefore, system (4.4) is written

- Edi

jEZl Mij\/pju; = N (4.25)
and can be inverted

oy = — > MEP 4.26

e j=1 Y pe\/ Pi ( )

Plugging (4.26) into the last term of (4.15) we get

1 1 d;
9 % Ui'di:_a E VPilli o
p92§ § p ¢_ p]zo

by (4.24). Hence, (4.15) is satisfied, which means that the matrices VG B induce
entropy dissipation as we wanted, concluding that system (4.1)—(4.3) along with
the linear system (4.4) subject to the constraint (4.5) is of hyperbolic—parabolic

type. In fact, condition (4.15) is the minimum framework inducing entropy dissi-
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pation along the evolution and at the same time allowing for degenerate diffusion
matrices (see [30]). In the next section we shall show that our problem enjoys
a stronger dissipative structure, which allows us to establish some convergence

results.

A particular case of system (4.1)—(4.5) is the system without mass—diffusion

and heat—conduction, obtained by setting x = € = O:

Opi + div(piv) =0 (4.27)
Or(pv) +div(pv @ v+ pl) =0 (4.28)
1, ) 1
O | pe+ Slad + div | (pe + Sl Jo+pv | =0 (4.29)

equipped with the entropy identity

Oy (—pn) + div(=pnv) =0 (4.30)

We would like to show that (4.27)—(4.29) is hyperbolic under the assumptions
(PV) pip, is positive definite and ep > 0, as long as the total mass p remains away

from zero. To do so, one needs to rewrite system (4.27)—(4.29) in the form

3
VAWU)ORU + > VFE,(U)0,,U =0

a=1

where A, F,,,U are as in (4.7). Since VA is non-singular, we proceed to find the
characteristic speeds of the system by solving, for any N = (N7, Ny, N3) on the

sphere, the eigenvalue problem

i VF(U)N, — MU, N)VAU)| r(U,N) =0

a=1
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where A, r are the eigenvalues and eigenvectors respectively and

Y VF,(U)Na — AU, N)VA(U)

v-N—X - 0 p1 Ny p1V2 p1 N3 0
0 oo - N — A P N1 PrnNo PnN3 0
= puNv o po N1 p(v-N—=X) 0 0 Nipg
P N2 o ppNo 0 p(v-N =) 0 Napy
PpNg o Dy N3 0 0 p(v-N =) N3pg
|0 e 0 N160pyg Nybpy N30pyg pcy(v - N — A)

By using the property

A B
det = det(A)det(D — CA™'B)
C D

from [33, Sec. 5], for any block of matrices A, B, C, D, we determine the charac-

teristic equation:

4 n+2 s 1 Op;
picy(v- N —A) (v-N—=X) —;Zpippi— =0

2
Cop

which yields the wave speeds

0pj
Cop?

1
Alz...:)\n+2:U-N, An+37n+4:/U'Nj:\/;Zpippi+

Therefore, system (4.27)—(4.29) is hyperbolic if all eigenvalues are real, which
holds under the hypotheses p,0 > 0, ¢, > 0 and the matrix (p),,,, is positive
semi-definite. The last hypothesis ensures that the term ), p;p,, is non-negative,

since

> 0ipp =Y pipi(ii)s, > 0.
i i
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In fact, the eigenvectors corresponding to the repeated eigenvalues are given by

the formula

N
é - (517 527 BRI f’m §n+17 §n+2a : §n+1 fn+27 Z fzppl

for (&,...,&12) € R™2 and thus the dimension of the eigenspace is n + 2.

The reader should notice that hyperbolicity is not valid at p = 0 (as det A

vanishes) but strict hyperbolicity still holds when some of the p;’s vanish provided

p # 0.

4.2 The zero—diffusion limit

As in the previous section, we consider the hyperbolic—parabolic system

Opi + div(piv) = div(—p;u;) (4.31)

O(pv) +div(pv @ v + pll) =0 (4.32)
Loy - Loy
o | pe+ =pv +d1V((p€+ 5PY )v—l—pv)

2
= div (FLVG — Z(piei =+ pz)uz> )

where u; are determined by solving

(4.33)

i i 1
=D bibpipi(ui —u;) = e (—%Vp + pzﬂv% — 0(pie; + pi)V5> (4.34)
J#i
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which is endowed with the dissipative structure

1
Oi(—pn) + div(—pnv) + —k|VOP* — =Y u; - d; (4.36)

) 1 1
= div <§ Z(plez —i—pi — pl/L@)uz — 5%V0> .

7

Moreover, consider the system obtained when neglecting the mass diffusive

effects (e = 0) but including heat conduction:

Opi + div(pv) =0 (4.37)

O(pv) + div(pv @ v + pl) =0 (4.38)

1 1
O (pe + 5,0112) + div ((pe + 5/)1)2)11 + pv) = div (kV0) (4.39)

endowed with the limiting dissipation structure

1 1
O (—pn) + div(—pnv) = div <—§mv9) — §ﬁ|v9|2. (4.40)

Local existence results for smooth solutions are available for multicomponent
systems (see [34] and [4, Ch. 8]). For hyperbolic-parabolic systems like the
ones above with general initial data one can expect existence of a unique smooth
solution, which however can break down at finite time and the time of existence
in general depends on the diffusion constants ¢ and «. More precisely, under
sufficient conditions on the initial data, the diffusion coefficients and the free
energy function, if Q7 = Q x (0,7), where €2 is bounded and T" > 0, there exists

a 7 € (0,T] such that the above problem possesses a unique solution

(p1, - on) €W (QrRY), v e W2HQAR?), 0 € W(QrsRy)

78



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

where the spaces above are defined as follows:
W2 Qr) = {u € L(Qr) : 9/ 0%u € LP(Qr) for all 0 < 28 + |a| < 2}

W(Qr) = {u € L(Qr) : 9¢u € LP(Qr) for all |a| = 1}.

For more details we refer to [35].

In this section, we show that smooth solutions of (4.31)-(4.35) converge to
solutions of (4.37)—(4.40) as € tends to zero, so long as the solutions of the latter
remain in the smooth regime and the theory developed should be understood as
indicating conditions for convergence of thermomechanical theories in the smooth
regime.

In order to show the convergence from (4.7) as ¢ — 0 we use the following
ingredients:

(a) The method of relative entropy introduced in [28], here employed in the

form proposed in [30] :

H(U|T) = HU) — H(U) — G(U) - (AU) — A(T)). (4.41)

By [30, Appendix A], whenever conditions (i)—(iv) for (4.10) hold, the relative
entropy can be written as H(U|U) = H(A(U)|A(U)), where H(V) is a strictly
convex function. Hence, H(U|U) vanishes if and only if A(U) = A(U) (and by
(i), U = U) and it can serve to measure the distance between two solutions.

(b) A second ingredient is the control of diffusion by dissipation (see [30],[29,

Sec 4.6]), that is a hypothesis that there exist constants v; > 0 and v, > 0 such

that )
Y VG0 UB,(U)0U > 11> | Big(U)dsU (4.42)
a,B a B
2
> VGU)0UBL(U)0U > 12> | Bis(U)dsU (4.43)
a,f « B

Next, we list hypotheses used on the thermodynamic functions. For the in-
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ternal energy, when expressed in the form pe = pé(p, ..., pn, pn), we require

d(pe) 0% (pe)
o) v o)~ ! ()
V?Pl ~~~~~ J20)) (pé) >0 (H2>

Hypothesis (H;) is natural in thermodynamics stating that the temperature 6 >
0 and ensuring convexity of the energy as a function of entropy. Hypothesis
(Hy) implies that the system (4.27)—(4.29) is hyperbolic and excludes various
interesting models related to pressure laws of Van—der—Waals type.

d(pé

Using (H;) one may invert the equation 6 = ng and define the inverse

function pn = (pn)*(p1, ..., pn,0). This yields the Legendre transform [27, Sec 5]

X (pe)
= pé(p1,...,Pn, ) —0 *  where s Prs ) =4.
pib = pé(ps, .-, pn; (pn)") — 0(pn) B(pn) 1P (P))
(4.44)
A computation shows that (Hy), (Hy) imply
Vs (P) > 0, (p)os < 0. (4.45)

The latter should be compared to (4.14) and property (iii).
An alternative is to define the Legendre transform through the direct formula

0<pn<oco

Under (H;) and

%08 o him 2~ o (4.47)
pn=0 O(p) P00 i)

this problem has at most one solution computed via (4.46). An advantage of
this approach is that the convexity conditions (4.45) follow directly from the
minimization formula (4.46). On the other hand to solve (4.46) requires the

assumption (4.47). This formulation and (4.47) is consistent with the third law
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of thermodynamics (that the entropy vanishes at the state of zero-temperature,
see [27, Sec 1.10]) but the popular model of the ideal gas (with constant heat
capacity) violates the third law and presents negative entropies. Nevertheless,
the relation (4.44) between internal energy pe and Helmholtz free energy pi is

still valid.

The adaptation of the general framework to the system (4.31)—(4.35) requires
some computations, and it is remarkable that such a complicated system hides
a simple structure. Let U = (py, ..., pn,v,0)" be a solution of (4.31)—(4.36) and
U= (p1,--pn,0,0)7 of (4.37)-(4.40). Using (4.11), (4.12) and (2.50)—(2.57),

(2.32) we arrive at

n

H(UIO) = ~pn + 0~ 5 (5= 50%) oy = p3) = &+ (po = p0)

0 o
1
+ 5 (pe+ 4pv* — e — 4p0*)
1 1 E— -
= spplv— o+ 2| (o0 = 50 = D islps — 7)) + (6 — ) (448)
j=1

+ (0= 0)(pn — p)]

1

1 B _ B _
=3 (§p|v—v|2 + J(pl,~--,pn,9\p1,---,pn>9))

where we set w = (p1,...,pn,0), @ = (p1,- .., pn,0) and use (2.50) to write

J(wlw) == ptp — pp — Z fii(pi — pi) + (0 — 0) + (0 — 0)(pn — pip) ~ (4.49)
= pe — pe — Zm(m — i) — 0(pn — pi)
[(U|0) == GH(U|TT) = %pw — o T(wlw). (4.50)

Due to hypothesis (Hs), the quantity J(w|w) will serve as a measure of the distance
between the states w and w, in analogy to the situation in single component fluids

[28]. This suggests to calculate the evolution of the quantity (4.50).

Subtracting the entropy identities (4.40) from (4.36) and multiplying by 6, we
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obtain

0y (—0pm + 0pi) + div(—pnud + pijod)
(0 4 . __
=div | > (hy = pipg)uy — Vo | = 06(pn — pi)
! (4.51)

_ 1 _
(hj — pj,uj)uj . VQ + gﬁlvg . Vé’

_ 1
+ V0 (—piv + pip) — 5

J
0 0 o -\ 1 _- - 0
— ﬁ/ﬂVGIQ +3 Zuj - d; + div <5RV9> — ERVG - Vo + ﬁﬁ-yve\?
i

Likewise, subtracting system (4.37)—(4.39) from system (4.31)—(4.33) and multi-

plying the result by —0G(U), where G is the multiplier from (4.12), we obtain:

1 1
oY (5172 - u) (= ) — oo — 70) + (pe + v —

%

- %pv2>> + div(Z (%1)2 - m) (piv — piv) —V(pr @ v — PU® U

1 1
+ (p—p)) + (pe + §p112 +p> v— (ﬁé—i— 5@72 +p> @)

= Z ) G@? — m) (pi — pi) + Z \Y (%@2 - ﬂi) “(piv = piv)

1
— Z (5222 — ui) div(p;u;) — 00 - (pv — pv) — pvVo - v + poVo - v

(4.52)

— (p — p)divo + div </£V9 — Z hjuj> — div(EV@)

J
where we used the abbreviation h; := p;e; + p;.

Next, we add equations (4.51) and (4.52) and use the formula (4.48) and
- ~ = 1
QUIU) = —pnud + piod + (562 - u> (piv — piv) — Dpv*
1 1
+op0% — 5(p — ) + (pe + 5o +p> v— (pe + 500’ +p> g (4.53)

=vI(U|U) + (p — p)(v — )

to arrive at

82



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

where

1
T = Zat (51)2 - Mi) (pi = pi) —

= ;V Gz‘ﬂ — /17;) - (pv

o0 - (pv — pv) — 9,0(pn — piy)

— piv) — poVo - v+ poVu - v

— (p = p)divo + VO - (—prv + pijo)

7

T3 = le (—Qﬁjve) + GHVG VG — —/£|V9]2 + le (gﬁV@)

1 _ _
~ 5AVE- VO + %n\veﬁ + div (kV0) — div(7V0)

(0 1 _ 9
T, := div (5 > (hy - Pj#j)uj) =5 2_hi = pipg)uy - VO + 5 > uy-d,
j j

J

4

Now

B (%qﬂ _ ,%) div(psus) + div ( > h u]> -

Ty = —p(v — )30 + 0,0(—pn)(U|U) — (577)(0 — 6)0;0

- Z Z — pi)Op; =T +Tho +Tiz+ Ty

where we have used the fact that (u;)y =

quantity

(—pm)(UIU) = —pn+ pi+ > _(p1),,(p; — ) + (p7)e (0 — 0).

J
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Using the entropy balance (4.40) we get

Tig = 0u(=pn)(0 = ) + > (p11),,0up3(0 = )
= div(pno) (0 — 0) + div <—

- Z —0) — Z 1), 0;divo(6 — 0)

J

||~

mvé) (00) ~ ZAIVOP(0 1)

=:T31 + Ti32 + Tizs + Thsa + 1135

where

Tys1 = V(pi) - v(0 — ) + piydivo(6 — 6)

=: Ti311 + Th312.

Furthermore

Ty = Z Z(ﬂi)pj —pi)Vp; -0+ Z Z i) p, (pi — pi) i dive
J i
= Z Vi - v(pi — pi) — Z(,ul)eve v(p; — pi)

+ Z Z [ii)p; (pi — pi) p3dive =: Tyag + Tiao + Thas.

Introducing the relative pressure

p(U|U) :p—ﬁ—Zﬁpj(/)j — pj) — Do — 0)

Ty =—pv—2v)Vo-(v—17) Z Viii - (piv — piv) — p(U|U)dive

_ pr] — p;)divo — pa(0 — 0)divo + v - VO(—pn)(U|U)

~ 0.Vl Z P)e, (05 — ;) — - VO(p)e(0 — ) + VO(—pn) - (v — D)
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where

T = —Zvﬁi (pi — pi)v — Zvﬂi'ﬁi(v—@)

— (v =) - VD =: Tog1 + Thoy + Too3 + Toou.

Now, Tys and T334 cancel with Ti3;; and the same holds for Ti4 with 755 and

T142 with T27. Moreover

Tog + Toa3 = —(pn — pij)(v — ) - VO
and by the momentum balance (4.38)

Tyos = <p—p><v—v>-w—§<v—v>-w

TR

— ~(p— )0 —75)-VB—plv—7) - A7 + ppV5 - (v — 7)

=

=1 Thog1 + Thoa2 + Thous

where Th49 cancels with 17 and Thay3 with Thg.

Differentiation of the Gibbs—Duhem relation (2.32) with respect to mass den-

sity and temperature, respectively, gives

Do = 0o Do=pm+ > pi(s)o- (4.55)
J J
Hence Tbs, Th312 cancel with T35 and Ty, with Ti43. Finally, taking the gradient

of the Gibbs-Duhem relation and using (4.55), we obtain the following identity

Vp=mVO+ Y pVu

J
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which allows us to write

—(/m—ﬁﬁ)(v—ﬁ)'W_—Zvﬂj'(pj—ﬁj)(v—@)Jr%(p—ﬁ)(v—@)‘Vﬁ

J

—(n—m)p(v—10) - VO — ZV (;—%)p(v—fa)

Therefore

T+ Ty = (00 + v -V0)(—pn)(w|w) — p(w|@)dive

— (n—m)p(v—10)- VO - ZV (; - %) pv=1)  (4.56)

—p(v =)V - (v—"20) + T2 + Ti33.

Regarding 75, we have

-1 1 _

/1 1\ (1 , 1
+V9<9KV9—9KV(9)—9(92H’V(9‘ 72 |V9])

and thus
~ 2
Ts + Tz + Thzz = div (0 — 0) lliVG — irfuvé — 0K Vo _ VTQ
0 0 0 0
(4.57)
V0 _VO\ YO
7 7 7 (Ox — 0K

As for T}, we have

= —d1v[z,r)]u] 9(9 0) Z(h - Pj/‘j)uj]

+ i Zuj ~dj — Z Vi - pjuj — —VQZ ,OJ/LJ
j J

(4.58)

Then, by (4.53)—(4.54) and (4.56)—(4.58) we obtain the relative entropy identity
(4.59).

86



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

The resulting relative entropy identity, then, reads:

QLU0 +div|vI(U[0) + (p = D) (v = ) + D pyty oy = i)
1

—(0—0) (%nve = 5we> + %(9 —0) Y (s - it

+ 0k (%9 - %) — QZuJ dj = (00 + v - VO)(—pn)(w|w)

i (4.59)
= pwle)dive — (= Moo —0)- 90 - 0y (% = 2 pto - )
oo =090 0= 0) = Y Vs - (- 50 ) S os -0

J

In the sequel, let « C (RT)"*! be a set in the positive cone (R*)"* with U

compact, and suppose that the states w,w € U satisfy

0<pjp; <M (4.60)
0<d<pp<M (4.61)
0<6<6,0<M (4.62)

for some o, M > 0.

Lemma 7. Let w,w € U satisfy (4.60)—(4.62) and suppose that Y (p1, ..., pn,0) €
C3(U) satisfies the thermodynamic relations (2.49)-(2.51), (2.32) and the hy-

potheses (Hy),(Hs) (and thus (4.45)). There exist constants ¢y, ca,c3 > 0 depend-
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g on 0, M, such that for w,w € U we have

clw —@)? < J(w|@) (4.63)
p(w]w)] < e (wlw) (4.64)
[(=pn)(w|@)] < e5 (w]@) (4.65)

Proof. Consider the form (4.49) and use (pe),, = 6 and the convexity of pe =

pe(p1, ..., pn,pn) in the variables (pi, ..., pn, pn) to obtain

J(w|@) = pé — pé — Z (g’f) (pi — pi) — <%> (pm — pi)

>c (Z |0i — pil* + 1o — p7712>

(4.66)

where ¢ = inf, pe > 0, for 0 < 6 < p < M. Next, the

2
V(Pl

,,,,, pnpm)EU sevsPr15PT)

map (p1,...,p0n,0) — (p1,..., pn, pn) defined by n(p1,...,pn,0) = —1by can be

inverted on the set U and since % = %pcv > 0, for p,6 > 0, the inverse map is

Lipschitz and
0—0+> lp—pl*<C (Ipn =+ lpi— ﬁi|2> (4.67)
where C' depends on ming; %. Combining (4.66) with (4.67) gives (4.63).

The bounds (4.64)—(4.65) follow from the Taylor theorem, which provides

(D) = (w—3)" < /O 1 /0 Vp(rw + (1— 7)@)d7d5> (w—&)  (468)

1 s
(—pn)(w|®@) = (w—@)" </ / V2 (—pn)(tw + (1 — T)w)des) (w—w) (4.69)
o Jo
and the regularity of ¢ implies that p, pn € C?*(U). O
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Let T® = (R/27Z)? be the three-dimensional torus. We have the following

convergence result:

Theorem 8. Let U* be a classical solution of (4.37)—(4.39) defined on a mazimal
interval of existence T x [0,T*) and let U** be a family of classical solutions
of (4.31)~(4.33) defined on T3 x [0,T] for some T < T*, which emanate from
smooth data U, Us", respectively, and satisfy the uniform bounds (4.60)—(4.62)

for 6, M > 0. Moreover, assume that ¢» € C3(U) satisfies (H,), (Hy), that

2

B — 0 10s
YL < (pe+ 1) (4.70)

2"

J

for some o« > 0 and that 0 < k(p1,...,pn,0) < M. Then, there exist constants

¢,C' > 0 depending on 0, M, a but otherwise independent of € such that

/ [ T7™)dz < ¢ / [U T8 dx + C (4.71)
T3 T3

In particular, if [5o I(Us"|Ug)dz — 0 as € — 0, then

sup / I({U|U")dx — 0 as e — 0. (4.72)
T3

te(0,T)

Proof. We first integrate the relative entropy identity (4.59) to obtain

VAV VA 0

—/ (8t9+17-V9)(—pn)(Us|U)dm—/ p(U|U)divoda
T3 T3

+ [ or=moto =) Vodo— [ YV (2 - 2) plo - )
T3 T P P

— / p(v—0)Vo - (v—1v)der — / Z Vii; - pjujde
T3 T3 P

Ve VO\ Vo 1_ -

=0+ +1I.

d

— | I(U*|U)d
a Jrs (U|U)x+/

T

(4.73)
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Our strategy is to control the terms I; to I by the integral of I(U|U) and terms
Is to I3 by the dissipation on the left—hand side. In particular, to control I; and
I, we use (4.65) and (4.64) respectively. For I3, using the regularity of ¢, and

thus 1, we have

(n—m)p(v — ) - VI < c(pln—q* + plv — o))

<c (Z 0 = pI” +10 = 0 + plv — 17|2>

J

Regarding 1, we have

;Vﬂj (%_%> oo =1) 3‘3(/); <%—%>2+p(v—@)2>
<c (Z(Pj — i)+ pv - 17)2>

since the map f; : (p1,...,pn) — p1+ T, for j € {1,...,n} is Lipschitz under

the assumption 0 < 6 < p. Indeed

of, |~ i#J
p; o
1% ppéog’ i=j
hence
Ofi ¢ ¢
opi| —p~ 0
As for I5

p(v —0)V - (v —1) < cplv — 9|

Now, since u; = O(e), we can set p;u; = ep;u; and we have, by Young’s

inequality and for p = min;4; b;; > 0:

pj
n<s > 2vnbas - [ s
<€C+—/ pZ|\/p_JUJ’ dr =: [61_'_[62

90



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Likewise, using assumption (4.70), we have that

|78
0

— Pilki 6u5
] ’ dx PZl\//)_JuJ‘ dx

‘ 2

T3P

<eC+ T/ pz |\/Eﬂj|2dl' =: Ig1 + Igo

Finally

1 [ - (V6 V6 Vo2
< Z - 7 Z
17_2/Tgem(9 0>dx+2/T3 7 (0 —0)dz

5\ 2
<1/ 6’_/1(%9—%9> dx—l—C/(Q—é)le‘:iIn—f—In
T3

Using (4.63) we conclude that

[1+"'+I5+[72§C/ [(UE’U)dZL’

'I[‘S

The error terms Igo, I71 and Igy are controlled by the dissipation on the left—
hand side of (4.73). This is due to the assumption that § < @ and the following

estimate, in which we use (4.25) and (4.23):

1 i i
0 D uydi=epd  Myy/pitt /Py
j i
> epp|Pry/pial?

where ,/pt is the vector with components ,/p;u;, whose projection is computed

as

Poy/pit =Y (PL)ik/Prik

= /pill; —
= \/Eﬂz
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Putting everything together we obtain:

d o 5 ve Vo’ Se o
% ng(U |U)dl’+§/1r3li<7—7) dI—FT T3p2ﬂ:|\/@uj|dx

(4.74)
Sc/ I(U®|U)dz + eC
T3

for appropriate constants ¢, C' > 0 independent of €. The dissipation terms are

neglected and we obtain the differential inequality

des(t
“Ddt( ) < op(t) + e (4.75)
for
A0 = [ 10 @)U t)ds
T3
Then, (4.71) follows by Gronwall’s Lemma. O

A particular case of the above analysis is the convergence to the adiabatic
theory, i.e. when also k = 0. Consider the hyperbolic-parabolic system (4.31)—
(4.36) with the linear system (4.34) and the constraint (4.35) and its hyperbolic
counterpart (4.27)—(4.30). Then, following the same process as before, we can
obtain that the hyperbolic-parabolic system (4.31)—(4.36) converges as €, kK — 0

to the hyperbolic system without diffusion and heat conduction (4.27)—(4.30):

Theorem 9. Let U be a classical solution of (4.27)-(4.29) defined on a maximal
interval of existence T3 x [0,T*) and let U* be a family of classical solutions of
(4.31)-(4.33) defined on T3 x [0,T], for T < T*, emanating from smooth data
Up, Ug" respectively. Under the hypotheses of theorem 8, there exist constants

c,C1,Cy > 0 independent of € and k such that

/ [(U|0)dz < c / H(US|To)dz + |#]|oCh + €Cs (4.76)
T3

T3
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In particular, if [ I(Us"|Us)dz — 0 as €,k — 0, then

sup / L({U*|U)dz — 0 as €,k — 0. (4.77)
T3

te(0,T)

Proof. The proof is identical to the proof of Theorem 8, with the only difference

that & = 0 (whereas in the previous case k = k) and thus I; is controlled by:

Vo Vo _
I; = — —~ ).V
7 /Ta’””(e 9)
1 [ - (V6 v\ 1 W
<_ _ —_ —
_2/T$¢9/<o<0 6)dm—|—2/T3/<o 7 dx

1 [ . (V6 v\’
§§/TSQK (7—7) d + ||| Ch.

]

Next, we present a commentary on the hypotheses for Theorems 8 and 9. The
goal here is to discuss aspects of the theory of smooth solutions; the situation for
weak solutions presents serious challenges. The hypotheses on the bounds (4.61),
(4.62) reflect the loss of strict hyperbolicity (and even hyperbolicity) of the model
at p = 0. Also, we would expect that such continuum models are not valid for
very large temperatures or temperature near zero.

The hypothesis ¢ € C3(U) is a drawback as it does not hold at p; = 0 for
realistic models and at the same time one would insist on the range (4.60) that
guarantees some of the components may disappear as an outcome of interactions.
The main problematic term is /3. Realistic models are discussed in section 4.2.1
dealing with the multicomponent ideal gas. The reader will notice that 1 € C*(U)

holds on the restricted range

0<d<pjp; <M (4.78)

and gives convergence for solutions taking values in that range (4.78), (4.61),

(4.62).
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The need concerning (4.70) originates from a deficiency of the models dis-
cussed here. As mentioned at the end of section 2.2, for the general model,
the partial energies e; and pressures p; and thus the enthalpies h; are not de-
termined from the total free energy pi), yet they enter the balance equations
(3.4)—(3.7) and thus extra constitutive relations have to be supplied. Hypothesis
(4.70) concerns these extra constitutive relations. For the case of simple mixtures,
p = >, pibi(pi, 0), the need for extra constitutive relations does not arise; one
computes using the constitutive relations that %(hj — pjlt;) = —9\//)7% and

VPi
the terms are bounded from (4.60)—(4.62).

4.2.1 Multicomponent ideal gases

We present the constitutive model of an ideal multicomponent gas and compute
the relative constitutive functions that appear in the relative entropy formula
(4.59). We refer to Callen [27, Sec 13] and Giovangigli [4, Sec 6] for details on the
multicomponent ideal gas laws. Here, we outline a constitutive model defined in
terms of densities p; and temperature 6. The model is a simple mixture of ideal
gases where the free energy of each component is given by p;v; = R;0p;log p; —
cipiflog, where R; > 0 is the engineering gas constant and ¢; > 0 the constant

heat capacity of the i-th component, and the mixture free energy is

pY = Zpiwi = Z R;0p;log p; — Z cipiflog 0 . (4.79)
We then have
0
i = ((9,0@/1) = R;(1+logp;)0 — c;0log b
Pj
A(p)

(4.80)

pe = Zcmﬂ
p=—pb+> piy = Ripo.
J J
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The relative quantities are computed as follows: Using (4.49), we have

J(wlw) = éz R; <Pi log p; — pilog p; — (1 + log p;)(pi — ﬁz))

(9 9)) (4.81)

+HZCZ~,0,~< log 6 + log 0 + = ;

= 92 Ri(xlog ) (pilpi) + Z cipif(—logy)(6]0)

where (zlogz)(p;|p;) is the quadratic part of the Taylor expansion of z logz and
ditto for (—logy)(6]#). Due to the convexity of (x log ) and (— logy) both terms

are positive.

Similarly, we compute
plwl@) = Z R;( —0) (4.82)

and

A, — )+ 29— 5)

(—pm)(wl@) = —pn + pi + Z 5

5
)
=
~—

|

J

= ZR zlogz) (pilp:) + Zczpz log y)(610) (4.83)
C; _ —
- Z g(Pz = pi)(0 —0).

Finally observe that the relative entropy (4.50) takes the form
I(U|U) = $plv—0]* + éz R;(zlog z) (pilps) + éz cipi( —logy) (0]0) (4.84)

Using the explicit formulas (4.81), (4.82) and (4.83) the facts (zlogx)” =

8 |~

and (—logz)” = & we obtain an analog of Lemma 7 for the ideal gas:

Lemma 10. Let w,w € U satisfy (4.60)—(4.62) and let pp be given in (4.79).
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There exist constants c1,co > 0 depending on 6, M, such that

clw — @) < J(w|@) (4.85)

[p(w[@)] + [(=pm) (w|0)] < cad(w]@). (4.86)

The missing element to conclude the proof of an analog of Theorem 8 for the

multicomponent ideal gas is an estimate of the type

(= )l —2) - V8] < O (3ol — 0P + J(w]2)

However, such an estimate is not valid for solutions that take value on the range

(4.60)(4.62).
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Chapter 5

The Maxwell-Stefan system

The Maxwell-Stefan system describes diffusive phenomena in multicomponent
systems of gases. It appears in applications from various domains, for instance in
dialysis, ion exchange, sedimentation and electrolysis. It describes the evolution
of the vector function ¢ = (¢q,...,¢,) where ¢;(x,t) is the concentration of the
i—th component, 7 = 1,...,n. Their dynamics is described by n equations for the

conservation of mass,

8tCi—|—V'Ji:0, (51)

with J; = c;u;, subject to a linear system for determining the molar fluxes J;(z, t),

i Ji =0, (5.3)
=1

where D;; = Dj; > 0, ¢ # j, are the diffusion coefficients modeling binary inter-
actions between the components.

The Maxwell-Stefan system can be seen as the isothermal analogue of the
Class—I system that has been studied in chapter 4, under the hypothesis of zero
mean flow, i.e. system (4.31)—(4.35) for which 6 is constant, v = 0 and we
set D;; = i and ¢; = 2. The reader will notice that system (4.31)—(4.35) is
written in terms of the mass densities p;, while system (5.1)—(5.3) in terms of the
concentrations ¢; and one does not imply the other since the total mass density

p is not necessarily constant. Nevertheless, we ignore this inconsistency in order

to be consistent with the references that we follow.
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The first mathematically rigorous work studying the Maxwell-Stefan system
was probably in [34], where the authors showed local well-posedness of the prob-
lem in the whole space R? for strong solutions. In particular, they proved that
for generic initial data, solutions can break down at finite time, unlike the case of
initial data close to an equilibrium state, in which the solution can be extended
globally in time. The problem in a bounded domain with no—flux boundary con-
ditions was later studied in [7], where local well-posedness of strong solutions was
shown. The key ingredient in the analysis of [7] was the characterization of the
spectrum of the linear system (5.2), which paved the way for existence of global—
in—time weak solutions, as was shown in [8]. For more details on the inversion of

the constrained linear system (5.2)—(5.3) we refer to [31] and [4, Chapter 7].

5.1 Uniqueness of weak solutions

Uniqueness of weak solutions to cross—diffusion systems, i.e. systems with non-
trivial interactions among the species, is in general a hard task. For this reason,
the best one can hope for is a weak—strong uniqueness property, meaning that
for any pair of weak and strong solutions emanating from the same initial data,
the weak solution will coincide with the strong one, as long as the latter exists.
In the case of the Maxwell-Stefan system strong solutions indeed exist (and as
we mentioned are unique), however they are, in general, only locally defined in
time and thus uniqueness of weak solutions can only be shown for small times,
until the strong solution collapses. The weak—strong uniqueness result for the
Maxwell-Stefan system was proved in [10].

In our work [12], we develop a theory based on the relative entropy method
that allows us to prove uniqueness of weak solutions in the three dimensional
torus T,

A commonly used method for stability proceeds by exploiting the entropy
structure of the system and computing the evolution of the relative entropy; the

method is usually applicable when one of the solutions is a strong solution. It has

98



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

been used in [10] to provide a weak-strong uniqueness result under the assump-
tions that the strong solution is sufficiently smooth and presents no anomalous
diffusion (concentrations in the entropy identity). The required smoothness of
the strong solution is considerably more than what is provided by the global ex-
istence result in [8] and regularity results for weak solutions (even if expected)
are currently not available.

The Maxwell-Stefan system is endowed with an entropy functional, which for

simple gases takes the form

H(c) = /T 3 Z ci(lne — 1)dz. (5.4)

To prove uniqueness under reduced regularity assumptions two new tools are in-

troduced: (i) the relative entropy is replaced by the symmetrized relative entropy

HY™ (¢ 8) e /T e —a)e - ) do (5.5)

which satisfies a nice formal identity (see (5.26)). (ii) For the rigorous derivation
of the relative entropy identity we introduce renormalized solutions.
Renormalized solutions were introduced in the study of the Boltzmann equa-
tion [36] and extended to transport equations [37], nonlinear elliptic problems
[38], equations of fluid mechanics [39], nonlinear parabolic problems [40]. Closest
to the use here are the references [39, pp. 227], [41, Sec 4.1.5] concerning the
compressible Navier—Stokes system. To motivate the definition of a renormalized
solution, compute the evolution of a smooth function §(¢;). Formal multiplication

of (5.1) by 5'(¢;) gives:

0B(ci) + V- (B (ei)ciu;) — 2¢,8"(¢)V /¢ - eiug = 0 (5.6)

From the existence theory of weak solutions [8], we know that V/c; - /ciu; € Lt

and use this information to give meaning to (5.6).
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The formal identity (5.26) leads after integration to

d
dt Jps

1
" / 2. 3 (G + &) | (i — @) — (u; — )| dv = By + B, (5-7)
T3 i ij

Q

(Z(ln ¢ —Ing)(c; — Ei)>d:v

where F,, Fy are error terms. Renormalized solutions are used to give a precise
meaning to (5.7). The last step combines information on the spectral gap of an
operator associated to the frictional relative work ) between two solutions from
[10] with a delicate estimation of the error terms E; and E, to circumvent the
logarithmic singularities of the relative entropy. It leads to a uniqueness result
for renormalized solutions of the Maxwell-Stefan system, see Theorem 15.

We work on the torus T® with initial data that satisfy

0<deLl™T, i=1,...,n; Ad=1; H() < +co. (A)

i=1

The solution propagates from the data the constraint ), ¢; = 1. We recall the

notion of weak solution.

Definition 11. A function ¢ = (cy,...,¢,) is a weak solution of (5.1)—(5.3), if

forie{l,...,n}:

(i)OSciglanchizl,

=1

(it) V\/i € Ligo(T? x (0,00)) , \/Git; € Lig(T* x (0,00))),

(iii) for any test function ¢; € C°(T? x [0,00)), we have

/ & (2)¢i(x, 0)dz + / / ¢;Oppidadt + / / cit; - Voidadt = 0
T3 0 T3 0 T3

(5.8)
and c;u; satisfies (5.2)—(5.3).
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(iv) lim/ lci(z,t) — &(z)|dz — 0.
t—0 T3

Using [8] and spectral properties for the Maxwell-Stefan system (5.2)—(5.3) from

[10], property (ii) implies the regularity

¢i € Clac([0,00); LA(T?)), /i € Lige(T* x (0, 00)) (5.9)

and gives meaning to the terms of (5.8).

The definition of renormalized solutions is motivated by the formal identity
(5.6) and the regularity information provided by the existence theory, notably
that V/¢; - \/ciu; € Li (T? x (0,00)). For test functions 5(s) of class C*([0, 0))

loc

we introduce the definition:

Definition 12. A function ¢ = (¢1,...,¢,) is a renormalized solution of (5.1)-

(5.3), if fori e {1,...,n} it satisfies:

(i)Ogciglanchizl,

=1

(ii) V/ei € Lio(T? x (0,00)), eiui € Lig (T? x (0, 00))),

(iii) for any test function ¢; € C°(T? x [0,00)) and for B € C?([0,0))

[ o@ote o [ [ stepaodn

T3 0 T3

+/ VB (ei)y/ e - Vidadt (5.10)
o Jrs
2 B () Vi - eiuigidadt =0

+ /0 /T3c,6’(c) V¢ - cuigdadt

and c;u; satisfies (5.2)—(5.3).

(iv) T / 1Bl 1) = Ble@)ldz = 0, for 8 € C([0,00)).

Renormalized solutions are often introduced to handle the behavior near infinity.
Here, the solution is bounded and the goal is to handle the behavior at ¢; = 0.
Within the regularity class of weak solutions and for 3 € C*([0,c0)) all terms in

(5.10) are well defined.
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The objective is to derive an identity for the symmetrized relative entropy
(5.5). A formal derivation is presented in section 5.1.3 and leads to the formal
identity (5.26). At the same time (5.5) only allows for non-vanishing solutions
because of the logarithmic term In ¢;. Thus, we introduce a symmetrized relative

entropy, which is regularized so as to also allow for zero concentrations:

Fle,e) = /T S e+ 8) = e +8)) (i — ) e (5.11)

where 0 > 0 is a constant to be selected. The strategy will be to calculate a
Gronwall inequality for the functional F'(c,c¢) > 0.

The first step is to derive an identity for the symmetrized relative entropy
between two renormalized solutions, using the method of doubling the variables.
This method, due to Kruzhkov [42], was further developed in [43], and allows
to treat one solution as a constant with respect to the evolution of the other,
in order to derive a relative entropy identity, overcoming the lack of regularity.
Compared to the use of doubling of variables in hyperbolic problems, we here
employ also the regularity properties emerging from the existence theory.

The work proceeds as follows: First we establish a symmetrized relative en-

tropy inequality between two renormalized solutions:

Theorem 13. Let ¢ and ¢ be renormalized solutions of (5.1)~(5.2) emanating
from the same initial data. Then for any T > 0 and 5 € C*([0,00)), the following

identity holds:

t=T

Z /11‘3 (ﬁ(c,) - ﬁ(@))(C, —¢)dx
=3 [ [ vt - e s e -

T Zi: /OT /1r3 (V [(Cz - 5z‘)5/(0z‘>] CCU — V[(Ci - Ei)ﬁ/<éi” . @%-)dxdt.

Now, the choice of 3(s) = In(s + §), which is indeed in C?([0,0)), in (5.12)
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implies the following result:

Corollary 14. Let ¢ and ¢ be renormalized solutions of (5.1)—~(5.2). Then, for

any T >0 and § > 0:

F(c,c)(T) (5.13)
= Z/ /TS ¢ + ¢+ 20) V(ln(cZ +90) — In(¢; + 5)) (;ﬁzé c?f%) )

We remark that up to Corollary 14 only the transport structure (5.1) was
used. The question becomes how the formal identity (5.25) is affected by the
introduction of the corrections in the logarithmic terms. To achieve this, a change
of variables is quite helpful, namely, the functions d; = ¢;+0 and v; = ;=% satisty
an approximate Maxwell-Stefan system in the form (5.33). This motivates to
express the error estimate for the new system. A careful estimation of the terms

involved in (5.13) yields the uniqueness of nonnegative renormalized solutions:

Theorem 15. Let ¢ and ¢ be renormalized solutions of (5.1)~(5.2) emanating
from the same initial data. Then, if c;u; and ¢;u; are in L°°(T? x (0,00)), there
exists at most one monnegative renormalized solution to the classical Mazwell-

Stefan system (5.1)—(5.2).

Remark 16. The regularity assumption c;u; € L>®(T? x (0,00)) implies, due to
the force-fluz relation (5.2), that Vc; € L*(T? x (0,00)). We recall the regqularity

offered by the existence theory of [8] is V\/¢c; € L (T3 x (0,00)) and slightly less

loc

than that required for uniqueness.

We, then, study the relation between weak and renormalized solutions and
show that our definition of renormalized solutions is implied by the definition of

weak solutions and, as a result, Theorem 15 holds for weak solutions as well.

Theorem 17. Let ¢ be a weak solution of (5.1)~(5.2) in the sense of Definition

11 of regularity (5.9). Then c is a renormalized solution of (5.1)—(5.2).

As a consequence, the uniqueness of weak solutions follows:
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Corollary 18. Let ¢ and ¢ be weak solutions of (5.1)—(5.2) emanating from the
same initial data and suppose that c;u; and ¢u; are in L>°(T3 x (0,00)). Then,

c = ¢, i.e. weak solutions are unique.

5.1.1 Formal comparison of solutions of transport equa-

tions

The entropy (5.4) of the Maxwell-Stefan system plays an important role in the

existence theory of weak solutions [8], and the relative entropy

/ng czln—— -—Ei)>dx (5.14)

was used in [10] to estimate the distance between two solutions ¢ and ¢. Here,

we will employ instead a symmetrized version of the relative entropy

H*™(c,c) := H(c|c) + H(c|c) / ZIHCZ Iné)(c; — ¢)dx (5.15)
T3

The quantity (Inc; — Iné;)(¢; — ¢;) is positive for 0 < ¢;,¢ < 1 when ¢; # ¢;. It
takes the value oo when one out of ¢; or ¢; vanishes, and it can be defined to be
400 when both vanish. Hence, it can serve to measure the distance between two
solutions.

For a renormalized solution corresponding to (5.6), an entropy functional is

defined by
= / Z/ B(s)dsdz. (5.16)
1 = Jo
Setting B(s fo 7)dr, the symmetrized relative entropy of two renormalized

solutions ¢ and c is given by

Y™ (c,€) = /TJZ (¢;) — B(@)(¢; — &) da . (5.17)

When £ is a monotone map, the symmetrized relative entropy is nonnegative and
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offers a suitable tool to measure the distance between ¢ and c.

5.1.2 Uniqueness for the heat equation

In this section we present a uniqueness/stability estimate for the heat equation.
The heat equation is first written in the form suggested by the so-called Otto

calculus [44]

Op + divpu =0 u=—Vinp. (5.18)

We present an identity based only on the transport equation, d;p+div pu = 0,
which yields a relative entropy comparison between two solutions of (5.18). Let
(p,u) and (p,u) be two solutions of the transport equation and we write down
the identities

Op+divpu =0 (5.19)
Olnp+divi+Vinpg-a=0. (5.20)

We multiply (5.19) by In p and (5.20) by p and add to obtain
O(plnp)+div(plnpu + pu) + Vlng ~pu—VInp-pu=0. (5.21)
In particular, we have
O(plnp)+div(plnpu+ pu) — Vinp - pu = 0. (5.22)

Next, we add (5.22) with the corresponding equation for (p,u), and then
from the result we subtract (5.21) and the analog of (5.21) with (p,u) and (p, )

interchanged. After re-arranging the terms we obtain

O((np =T p)(p—p)) + div ((Inp = p)(pu — pu) + (p = p)(u — ) (5.23)

—(p+ PV (inp—Inp)- (u—a)=0.

We emphasize that up to here we only used the transport equation (5.19).
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Now, consider the heat equation (5.18) and introduce the formula u = —V1Inp

to (5.23). After an integration, we obtain the identity

% Q((hlp—lnﬁ)(ﬂ—ﬁ))der/Q(erﬁ)\V(lnp—lnp)de:0 (5.24)

which provides an alternative approach to show uniqueness and stability for the

heat equation, based on its entropy structure.

5.1.3 The symmetrized relative entropy identity for the

Maxwell-Stefan system

Consider next the Maxwell-Stefan system and return to the notation ¢; for the
densities and J; = ¢;u; for the fluxes. Using the transport equations (5.1) for the
individual components and following the derivation of section 5.1.2 we obtain the

identity

at(Z(ln ¢ —Ing)(c; — é,))

%

v (Z(ln i = In) (cyu; — Bts) + (e — &) (s — @) ) (5.25)
-y <V(ln ¢ —1Ine) - (¢ + &) (u — ai)> _0

i

Next, we use the algebraic system (5.2),

and the symmetry of D;; to express

I = — Z(Cz + El)(uz — ﬂl) . V(ln C; — lIl EZ') . (Ci + El)(uz — ﬂl)

1 i 2 _ _ o,
= Z %QCJD—‘(U, — uz) — (Uj — U])‘ + Z(Cj — Cj)(uz‘ —_ uz) . D(UZ Uj)
i,j S ij i
1 _ 2 _ _ Ci
+ %c@-chKui — ;) = (wy — )|+ Y (¢5 — &) (wi — w) - = (us — uy)
i K i,
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Combining with (5.25) we arrive at the (formal) identity

@(Z(ln ¢ —Ing)(c; — E,))

%

+ div (Z(ln ¢i —Iné)(cu; — ¢ug) + (¢ — &) (u; — ﬂz))
! (5.26)

1
+ Z ﬁ(cm + Eiéj)}(ui — ;) — (uj — ﬂj)‘Q
i\ ij

= — Z(cj — Ej)(ui — ;) - DL@J(CZ(QZ — ﬂj) + ¢(u; — UJ))

The identity (5.26) will guide the analysis of uniqueness in the following sections.
It bears analogies to the identity used for weak-strong uniqueness in [10], but
here the evolution is computed for the symmetrized relative entropy and is com-
plemented with spectral properties of the matrix in (5.2) that will quantify the

effect of friction. It should be compared to Corollary 14 for § = 0.

5.1.4 Derivation of the relative entropy identity

In this section we give a proof of Theorem 13. Let ¢;, ¢ be two renormalized
solutions and we proceed to establish Theorem 13. By the weak formulation for

the difference A(x,t) := ¢;(x,t) — ¢;(x,t), corresponding to 8 = id, we have

/ A(z,0)¢(z,0)dx
T (5.27)

+ /0 /T [A(z, )0, (x, ) + Cl,t) - Voo(x, )| dadt = 0,

where C(x,t) := ciu;(z,t) — ¢u;(x,t) and ¢(z,t) € CH(Qo) a test function com-
pactly supported in Q. = T3 x [0,00). Likewise, write the weak formulation for

the difference B(y, 1) := 5(c;i(y, 7)) — 5(¢i(y, 7)), for a generic 3, namely

[ B0t 00y
+ /000 /11‘3 B(y,7)0-¢(y,7) + D(y,7) - Vyé(y, 7)]dydr (5.28)
+ [ [ Bt =o.
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where ¢(y,7) € CHQwo),

D(y,7) = B'(ci(y, 7))eiui(y, 7) — B'(&(y, 7))y, 7)

E(y,7) = 2/ciB"(ci)V/ci - ciui — 26" (6)VVE - ¢

Let p(z,5) € C}(Qu), that is ¢ is periodic in space and compactly supported
on T3 x [0,00). Let p(o) > 0 be a symmetric mollifier, supported in the ball

centered at 0 with radius 1, with [ p(o)do = 1. Define

3
x+y t+7\ 1 [t—T 1 (24 — Ya
¢>(a:,t;y,7):<p( 5 ' 9 )Eﬂ< c >HE'O<T

t
(S3L57) dentn

::gp

and note that ® € C!(Q. X Q) and if z and s denote the first and second

argument of ¢ respectively, we have

(V. +9,)0 = (Vo) (L0 o (530
(0, +0) = (0.0) (2L ) o (5.31)

® is jointly periodic in space: if p € R3 is a period then ®(z +p,t;y+p,7) =

(2, t;y, 7).

Now, in (5.27) we employ the test function

op(x,t) = /0 /T3 By, 7)®(x, t;y, 7)dydr
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which is in C}(Q), since

sz +p,t) / / (y, 7)®(x + p, tyy, 7)dydr
T3
:/ / By +p,7)®(x +p,t;y + p,7)dydr
T3—p
:/ / By, 7)®(x, t;y, 7)dydr
0 T3
= ¢B('T7t)'

The resulting identity is integrated over T? x [0, 00) and gives, using (5.30),

/0°° /Tg /OOO /Tg A(z,t)B(y, 7)(0,®)dadtdydr
[T ] cwnnn (Ve 5o - 9,0)drdaydn
_/0°° /Tg /T?, A(x,0)B(y, 7)®(,0;y, 7)dwdydr .

Since B(y,7) = B(ci(y, 7)) — B(ci(y, 7)) € HY(T?) for 7 fixed, we can integrate by

parts in ¢y and use the periodic boundary conditions to get

/OOO /T /1T3A($’O)B(y77)90(%7%)QZSE(x»y,O,T)dxdydT
N _/ OO /T / i / Az, 8)B(y, 7)0,(®(, t;y, 7)) dadtdydr
/ /T/ /T (2, )B(y,7) - (Vo) (5%, 557)

+ C(x,t) - V,B(y, T)(I)} dzdtdydr.

Similarly, we choose the test function

bay,7) = / A, ), 1y, 7)dadt
0 T3
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n (5.28), which is C!(Q,) and follow similar steps to arrive at

| [ [ A B0 (252, 56wyt 0)dsdya
0 T JT3
_/ // /A(:U,t)B(y,T)(?T(@(:U,t;y,T))—|—A(.:1:,t)E(y,T)<I>da:dtdydT
0 T3 Jo T3

_ / / / A, Dy, 7) - (V.0) (222, £7) ¢ dadtdydr
0 ™ Jo T3

—I—/ / / D(y,7) - V. A(z, t)®dedtdydr.
o JrsJo Jrs

Adding the two equations and using (5.31), we get

/ / / A, 0)Bly, 7)o (52, ) (2, . 0, 7)dardydr
0 T3 JT3

[ ][ 40500652 )60t 00zt
- [ L] L
_/O°° ™ /°° T?)C(x’”B(y”)'Vz@(Hy t+7)¢edxdtdyd7
L)

2
Om/ oo/ Az, t)D(y, ) - Vs@(Hy,t

- >
I
/ /D ) VL A(z, t)p (x;y,t%)qbedxdtdydf
0

_/Ovoo /3 3
_/OOO /T/O ASA(x,t)E(y,T)gp('I;—y t+T)¢6dxdtdydT

We, turn to passing to the limit e — 0. This is effected by standard approx-

Tty t—I—T

( ) t)B<y7 7—)903( )(bEdl'dtdydT

)gbedxdtdydT

=

8
8

x—l—y t—i—

3.Jo
/ Cl(z,t) -V, B(y, 7)e( )¢€dxdtdyd7

3/0‘ T3

=

=
=

imation results that are listed for the reader’s convenience. Lemma 20 indicates

the subtle role played by the initial trace.

Lemma 19. Let f(z,t) € L}(R? x (0,00)). Then

1 — 1 —
/ / / fly, 7 (a: i y’ t T) —p <t T) —P (x y> dydrdadt
Rd Rd 2 € € € €

N / Flo (@ dzdt Yo € Co(RE x [0, 00),
0 R4
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where we denote

Proof. Extend f by setting

_ flz,t) t>0
f(.l‘,t): ( ) i

0 else

and set X = (z,f) and Y = (y,7). Then, it is enough to show that for all

@ € C,(R? x [0,00))

X+Y\ 1 X-Y
J 0 (552 e (552 v s
Indeed, using the change of variables Y = X + €7,

0 (552) (i
= ‘// (f(XJreZ)sO (X%d/) —f(X)so(X)) p(Z) dZdX‘
< [ J1iex e - seolfe (x+ ez ) | oziazax
w [ [l (x+ 52) - et lFxp220x

where both terms tend to zero by the dominated convergence theorem since f €

L. ]

Lemma 20. Let f(-,t) € L*(R?) for allt > 0 and

lim/ |f(z,t) — f(z,0)|dz = 0.

t—0
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Then

r+y 7\ 1 7\ 1 T —y
-pl—) = dydrd
/Rd/ Rdfy7 ( 72)€p< €>€dp( c > yaraxr

—> 5 f(:v 0)p(x,0)dr Vo € C.(R? x [0,00)).

Proof. We compare the difference between K¢ and K

r4+y 7\ 1 7\ 1 T —y
—|=-pl—)= dydrd
/Rd/ Rdfya ( 72>€p< E)Edp( c ) yaraxr

K = 3 Rdf(x ,0)p(x,0)dx

By the change of variables ¥~ = 2 and T = o, the symmetry of p, and

/01 plo)do =1/2

we have

|K = K]
< /Rd /01 A|S1 flz+ez eo)p <x + %ez, %ea) - f(x,O)go(x,O)‘ p(0)p(z)dzdodz

1
< /Rd/o [Z@ |f(z + ez, e0)| ‘90 <x + %ez, %ea) — gp(:E,O)‘ p(o)p(z)dzdodx

+/Rd/o /|2§1|f(“””ez’ co) — f(x,0)] [¢(z,0)] p(0)p(z)dzdoda

= Jl + J27

where

dxdzdo

n= [t [ o) [ 1t sl (a4 jesjeo) et

< O(e )?UI))W (2,5 (2, 8)| sup » |f(y,7)|dy

|T|<e

which goes to zero as € — 0, provided limsup, . || f(-,7)|/z1(rey < C, where C' is

a constant independent of e.
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For the second term, we have

5= [ sto) [ ) [ Wt es,e) = 1 0o, )] dadzdo
g/o p(a)/|<1p(z) [ 1@+ e2.60) = fla + e2.0)[ (e, 0)] dadzdo
o z r+e€ez,0)— f(x, x,0)| drdzdo
v [ o1 [ o) [ 1540~ 1 0ot 0)

sup |f(y7 60) - f(y7 0)| dydo-

< sup |p(z, 0)]
T 0<o<1 JRd

1
+ 5 sup (@, )L f(- + €2,0) = f(, 0)l[ 1 ga)

Since lim; o [ga | f(y,7)—f(y.0)|dy = 0 and lim. o || f(-+2,0)— f(-, 0)|| ;1 ey = O

the last term goes to zero as € — 0. O]

Using the lemmas we take e — 0 to obtain

- [ A 0B 0pte. 0t = [ [ A B et st
" /0 /T [C(z,t)B(x,t) + A2, t) D(z,t)] - Vaop(z, t)dadt
+/0 /Ts (C(2,t) - VoB(x,t) + D(x,t) - Vo Az, )] p(z, t)dedt

N /0 h /T A1) B, g, )t

Now, we choose

(
1 te0,7]
plrt) =41t 1 T<t<T+o (5.32)
0 t>T+o
\

for some o > 0 and let ¢ — 0:

Az, T)B(xz,T)dz — [ A(z,0)B(z,0)dx

T3 T3

B / T / [C(@,t) - VaB(z,t) + D(w,1) - VaA(w,t) + Aw, ) E(x, )] dedt.

Finally, substituting back A, B,C,D and FE, summing the resulting equation

113



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

over i € {1,...,n}, and using the same initial conditions for the two solutions,

we arrive at (5.12).

We, now, proceed with the proof of Corollary 14. Let §(s) = In(s + §), for

some fixed 6 € (0,1). Note that 3 € C?([0,00)), since for all s € [0, 1]:

1B(s)| = |In(s + )| < max{|Ind|,In(1+0)}

, 1 1
PO =] 5 < 3
g |V 1

Hence, we can choose it in (5.12) and carry out the following calculation:

Then,

C; —|— (5 C; —f- 6
¢ + ) ¢ + )

~Vn (C" +§> et (Cﬁé) F Akl

¢ + Cl—|—5 C; 0 Cz+5
_ (_31' + (5 __ G + 5
V(In(c; + ) = In(e; +9)) - (Ciuici T M 6)
_ Ez—l-(; o CZ—F(S
V(In(c; +6) —In(c + 9)) - (clulm - czuzm)

) G+o\ ¢i+0
V(In(c; +8) = In(e +9)) - ( (1 i +5) oo (1 Ta +5>)

C;

(e 6+ 6) V7 (In(e + 9) — nfe + 8)) - (205 - )

Cz+5_01+5

Since the above calculation is purely algebraic, one would expect that it holds
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rigorously provided all the terms are well-defined. Indeed,
¢; € L>(T? x (0,7)),

Vin(e; 4 6) = /G Ve € L*(T° % (0,7)),

C; —|—(5
CiU; C;
gl Ve € LA(T? x (0,T))

and thus (5.13) is justified.

We define, now, a new set of variables d;(z,t) and v;(x,t) as follows:

dz(x7t> = Cz<xut)+5
CiU;

Ui(l‘7t) = s + 5

for some § € (0,1). Note that the flux is preserved in the sense that c;u; = d;v;,
i.e. the new flux also satisfies the constraint > | d;v; = 0 and if ¢;u; € L>=(T3 x

(0,7)), then d;v; € L>=(T3 x (0,T)) as well. Therefore, (5.1)—(5.2) reads:

"~ d;d; S|
j=1 Y j=1 "4
for all = 1,...,n and the initial conditions become:
d)=c)+don T i=1,... n. (5.35)
The new variables enjoy the properties:
0<d; <1+4+6<2, (5.36)
> di=1+nd (5.37)

i=1
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and

ooy = | 2555 | < Flleulm (5.5)
where [Jcul|~ = maxi<;j<n{llcitill =, [|€;2; ] 2 }-
Now, we introduce the two matrices
(
d .
A;(d) = Z“_ o (5.39)
Yoo i#

By =4 P (5.40)

Note that A;;(d) is symmetric and its spectrum plays a significant role later, while

B;;(d) is not symmetric. The linear system in (5.33) can be expressed as

foralli=1,...,n. It is a perturbation of (5.2) and when § = 0 we recover (5.2).

Let z € R™. The computation

(A(d)2)i = Y Ay(d)z = ) g—jzz - #Zj = #(\/d_ﬂz —Vdiz;)
=1 " gAY gt Y

J#i

shows that

ran A(d) = {x eR":Vd-z= 0} =: L(d)

ker A(d) = span{\/a} = L(d)"

where by v/d we denote the vector (V/dy,...,+/d,) and the projection matrices

onto L and L* are given by




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

respectively.

Due to (5.37),

n

d;
Zl—l—nézl

i=1

and using the scaling property

A(d) = (1+nd)A (1fn5>

we can apply the Perron-Frobenius Theorem as in [10], in order to obtain the

estimate:

d
1+ no

z'A(d)z = (1+nd) z' A < ) z > (1 +nd)u|Prazl? (5.43)

for all z € R”, where y = min Dl
i# Dii

Using the variables d; and v;, the relative entropy identity of Corollary 14

reads:

F(d,d)

no .7
= Z/ / (d; +d;) V(Ind; — Ind;) - (v; — v;)dxdt.(5.44)
t=T i1 0 T3

Using the linear system in (5.33), we can rewrite the integrand on the right-hand

side of (5.44) as follows:

n

> (di + di)(v; — v;) - V(Ind; — Ind;)

i=1

== (di+d)(vi—v:)- Y Dlij (dj(vi — vj) = d;(v; — 7))

i=1 jF#i
= . 1 d; d;

+ 5Z<dz+dl)(02—@z) ZD (Ui— d—]Uj—i_Ji—Fd—]@j)
i—1 i ij i i

= Il + ]2.
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We start with I;:

and using the symmetry of D;;:

_ ~ - d; . L
= - —Uv:)—(vj—Uj)|2—ZZD,(dj—dj)(vi—’vz')'(Uz'—?’j)
i=1 j#i “ i=1 j#i Y
lid, } ) - d; - _
- _Ui)_(vj_vj)F_ZZD”(d] —dj)(vi = 0;) - (vi
i=1 j#i K i=1 j#i Y

Regarding I5, we can split it into two parts:

L=y (o

=1 j#i

—522

i=1 j#i

This shows that

XS] e Al -5 - )

i=1 jF#i
n T d -
- ZZ/O T DZ(dJ - dj)(vi - 77i) : (771; — ’l_fj) dadt
=1 ji j
- ZZ/O - D“(dj - dj)(vi - @i) : (Ui — Uj) dxdt (5'45)
i=1 j;éi 2

S X(Spy) [ [ e
=1 B
n 1 - dj d]_
—0 ZZ\/O - Dij (d1+di)<vl _vz) (d_ivj dU) dzdt

i=1 ji

and we aim to control the terms on the right—hand side by the relative entropy

and the dissipation on the left—hand side.
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5.1.5 Estimation of the dissipation

Following the ideas of [10], we use the symmetry of D;; to rewrite the dissipation

terms as follows:

- d;d; _ 2
ZZQDUKUi — ;) — (v — 05|

i=1 ji

S ) = (- ) 5 - )

i=1 j#i Y

i=1 Lj#i Y J#i
- [ BV )
i=1 gAY
— Z —gld] Vdi(v; — ;) - Vdj(v; — T)j)]
it Y
= ZZAzj(d)\/d_l<Ul — ;) - \/d;(v; — ;).

where A;;(d) is the matrix in (5.39). Let Y = (Y3,...,Y,), where

Yi = Vdi(vi — ).

Z D AV di(v; = Bi) - \/dj(v; = B;) = (1+nd)u[Pr(d) Y]

Z :U’|IPL(d>Y|27

where

PL(@)Y|* = |Y]* = [P (d)Y [

with
n
Y= difvi — 5
i=1

119
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and

AT
= (dJUJ d;v;)
1+no =
Vdi <~ 5 ~
= 11 (d]—dj)vj
Jj=1

where we have used the fact that > djv; = > d;iv; = 0.

Then, by (5.38),

Therefore

Sy

=1 j#i

[Pro(d)Y]* =

— d;[*[v;[*

< n|9;][7 Z |dj — dy|®
=1

n
n —
§||cu||%<x, E |d; — dj|2~
j=1

IN

—0) = (v, =) > p Y dilvi = —

=1

and similarly

Putting everything together, we find:

120

n
v)[* > uzfm —of* -
=1

(2 )

n

pn .
§||CU||%<>O > ld; — dyP?

=1

pn - ;
B cul S 1, —
j=1
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F(d,d)|

noeT
i— Jo Jr3
2n 1 s = [T .
< S lleul Z 5 |d; — d;|* dadt
/ / Z Z Ui - ?71') : (@Z‘ — @j) dzdt
T3 Z]

i=1 j#i

J/

-~

J1

/ /11*3 Z —dj)(vi = ;) - (v — v;) dadt

=1 j#i Zj

LR

s

v~

Jo

) (di + d))|vi — T dudt

i=1 jF#i
Js
/ / —(SZ CL)(UZ - 'Ui) : <%Uj - ijj) dzdt
T3 i=1 ]?él 1 dz
T

and we need to estimate the error terms Ji, Jo, J3 and Jj.

We start with J3. Setting M = max %, we get
iz Dii

=1

Regarding the terms J; and .J, we have:

|d;j — djllv; — v]]v; — 0]

REY Y

zlj;ﬁz l

—Zﬂw ol Y384, - g - of

J#i

121

(5.46)

(5.47)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

and using Young’s and Jensen’s inequality

Ji < %Zdzm — 0"+ = ! Z (Z \/_|d — dj||5; — UJ|>

i=1 \ j#i U

M?
“de o+ 20, HLde

e~ |

where ||v|| e = maxj<;<, ||v;||L. Finally, by (5.38):

n

. 8712]\42 -
—Zd v; — e lewlF > Id; — djf?
=1

Jj=1

and similarly,

S 8n2M? . -
Jo < £ Zdz‘m — 0 + —2||CU||%O<> Z |dj — dy|*
e po j=1
Hence, we see that
T H . 7 e G - 712
1+ <7 ) (di+di)lvi = il + > ldj—dj| (5.48)

and C; > 0 depends on n, u, M, and ||cu||z~, but not on 4.

For Jy, we first split it into two parts

Ji <6MZZ (ds + ) v; — UZ| vaj
i=1 j#i %
<(5M d; dj _ dj _J—
e ldd 4 d
+5M;;di|w—w|( d—Zvj—dTZvj + _Zvj—dfzvj )
= OM Y > diloi =il v — 0+ 0M Y > difo; — ;][] E_j
i=1 j#i i=1 j#i ¢ i
+5M;§d!vz villvj| d—J—dTJ +5M;;djlvi—@|\vj—ﬂjy
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and thus

J4 = (SMZZ(CZ] + Jj)’w — 1_}1" ’Uj — ’l_)]"

i=1 j#i
n i ) ) dj Czj
+ 5MZZ(di|vj| ol - |5 -
=1 j#i
=: J; + J;.

The first term is handled by Young’s inequality:

JEo= > \Jdi+djlv; — ;] <5M\/dj+djz|”i_vi’>
i i=1

2
I - - B And2M? [ <& B
ZZ(derdj) !vj—vj\2+T > v — il
= i=1

IN

then Jensen’s inequality in the second term:

[ — - e An20P M & _
TP <2 (di+ dy) oy — o + T D o=
i=1 ‘

and finally we multiply and divide by d; + d;:

1 o AnPPMP L . . 1
Jo< = d; +d;)|v; — v d; + d;)|v; — v, _
b Il —of + 23 dlu s g
RS 2026 M? & )
< ZZ(dJ +d;) v UJ|2 Z(dz+dz)|vz—vz|
Jj=1 K i=1
where in the last inequality we used that d; + d; > 20.
The second term is estimated in a similar way:
B ’ o i=1 j=1 i d;
(5.38) L _ |4y Jj

i=1 j=1
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and using triangle inequality

dj d;
d

T3 < Mlleullpe 30 30 (ds + o — wil (|5 —

i=1 j—l i di

= MHC’LLHLooZZ d +d |’UZ ’Ul‘< 7' ‘dz CL| +dl’dj —CZj|>

=1 j=1
= /2 - 1 _
S MHCUHLoo ZZ(dl +d1)|vl - U1|(ﬁ }dz - dl| + g ‘dj - dj|>
i—1 j=1
because 6§ < d;,d; < 2 and thus -~ = ——=—— < = Then,

did; (cit+0)(ei+9)

I . n n - -

i=1 j=1

i Ml ™St dfos - il dy - dy| =2 4

i=1 j=1

Using Young’s inequality the first term gives
2nM o0
Jpt = —n leull, Z (d; + d;)|v; — ;] !d ‘

_ Z\/d + difv; — ] 2”M||Cu||L°° Vd; + dj|d; — d|

- 16n2 M?| oo
< EZ(diﬂLdiﬂvi—@iP n ’CUHL Z|d — a4,
Similarly, Young’s and Jensen’s inequalities give

I = Z\/dﬂzm ,LMHCUHLOO\/derZM —dj|

IN

2
BN ; o 2MPeulffe 7 7
gZ(di+di>|U1‘_Ui|2+TLZ<di+di) Z|dj — dj
i=1 P =

I n - -~ 2 8M2 QHCUHLw
§Z(di+di)|vi—vi| Z|d

IA
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Summarizing,

n

2

g (B4 08) Yt o~ + S2 3, -
=1

i=1

(5.49)

where Cy > 0 depends only on n,  and M and C3 > 0 on n, u, M and ||cul|?

and neither of them depends on ¢.

Finally, putting together (5.46), (5.47), (5.48) and (5.49), we obtain the dif-

ferential inequality

F(d,d)

05 - T 712
< _(54 E |dl - dz| dadt
=1 70 JT

where Cy and Cj; are positive constants independent of .

Next, by selecting 0 < 0 < min{1, -£-}, we obtain

K
7 4Cy

F(d,d)

< %z”:/T/ d; — d;|* dadt
o= 54 — J, - i 7 9
where
F(d,d) = Z/ (Ind; — Ind;)(d; — d;)d.
i=1 /T°

By Taylor’s theorem,
_ _ 1 0
for some & € (min{d;, d;}, max{d;,d;}) C (6,1 +6), i.e.

1

o IN(d —d) >
(Ind; = Ind;)(d; = d;) > ]|

di — CL|2

125

no T
t=T + (% B C45> ;/0 /1TB(di +d;)|v; — v;|* dadt

(5.50)

(5.51)
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Therefore, (5.50) and (5.51) imply that

n - 146 n T -
di—dﬁd‘ <C / di — 4| dadt
;T?" ’ Zlﬁt:T_ 5 5 ;0 T3| ‘ x

and a direct application of Gronwall’s Lemma gives

<0
t=T

i=1 JT?

i.e. d; =d; and thus ¢; = ¢;, for all i = 1, ..., n. This completes the proof.

5.1.6 Relation between weak and renormalized equations

It is evident from Definition 12 that weak solutions are a special case of renor-
malized solutions. Indeed, choosing 5(s) = s (which is admissible) Definition 12
reduces to Definition 11. In this section, we investigate the other direction (weak
= renormalized) and prove Theorem 17.

We, first, prove a result for generic transport equations, which is inspired by

[45, Lemmas 4 and 5] and which is used in the proof of Theorem 17.

Lemma 21. Let u € C°([0,T]; L*(T?)), with v € L*(0,T; H(T?)) and u° €
L*(T?), and z € L*(0,T; (L*(T?))3), be such that for all € C*(T? x [0,T))

— /OT /]1‘3 uOp) dedt — /TB up(x,0)dz = /OT /TS z - Vipdadt. (5.52)

Let B = {f € C*(RR) st. |8(w)] < CluP, |F(w)] < Clul, |3"(w)] < C}.
Then, for 3 € B and v € C=°(T? x [0,T)), there holds

T
— / Bw)opp dadt — | B(u®)ep(x,0)dx
o Jrs T3
T T
= / B'(u)z - Vb dedt + / YB"(u)Vu - z dadt.
o Jt3 o JT3
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Proof. Let p, denote a standard symmetric mollifier with respect to space. We
choose the test function p, * ¢ in (5.52) and integrate by parts (in space) on the
right-hand side, to obtain for all ) € C°(T? x [0, 7))

_ /OT /Ta(pg + )0 dardt — /Tg(pg £ 00z, 0)da = — /OT /T div(py * 2) dadt.

(5.53)
Define the functions f7,¢% : T x [-T,T] — R by:

(po xu)(z,t), t>0
[z, t) = (5.54)

(0o (), 1 <0

and
div(py * 2)(z, 1), t>0

¢ (1) = (5.55)

0, t<0

and notice that f7, g7 € L*(—T,T; L*>(T?)). Then, for all ¢ € C>(T? x (—T,T)),

f7 and g7 satisfy, due to (5.53),

/ fo(x,t)0pp dadt = / / (x,t)p dadt. (5.56)
T3 T3

Let, now, p, be a standard symmetric mollifier with respect to time. Using

pr * p as a test function in (5.56), we get for all p € C°(T? x (=T + 27, T + 27))

T T
—/ / (pr * [7)Oppdadt = —/ / (pr * g7 )p dadt,
-1 JT3 —rJT3

which implies that p, * f7 € CY((=T +7,T —7); L'(T?)), with the representation

d

—(pr % f7) = —p; % ¢°, in the L'(T?) sense.
dt

Now, for § € B, we have by the chain rule
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T T
o Ry e Ty B (R YL PG PR CE L
—7 JT3 -T JT3

for all p € C°(T? x (=T + 27, T — 271)).
Keeping o > 0 fixed, we let 7 — 0. For the term on the left-hand side, [ is

continuous and p, * f7 — f7 a.e., hence S(p,; x f7) — B(f7) a.e. and due to f

being in L*(—=T,T; L*(T?)) and the growth of 3, we have

18(p-* f7)0up| < Clpr % f7P]|0rplloc  and

pr* 7 f°, in L*(K) for any compact K C T x (~T.T).

Similarly, for the right-hand side, since p, x ¢° — ¢ a.e. and p, x f7 — f7 a.e.
and (' is continuous, we have '(p, * f7)(p, xg%) — B'(f7)g° a.e. and due to the
growth of 8" and f?, g% being in L*(=T,T; L*(T?)), we have

18'(pr % £7)(pr % 7)ol < Clpr * f7llpr % g [ll¢llo  and
pr* f7 — 7, in L*(K) for any compact K C T* x (=T, T),

pr* g% — ¢°, in L*(K) for any compact K C T x (=T,T).

Letting 7 — 0 we can apply the dominated convergence theorem to deduce

that

T T
- / B(f7)0p dadt = — / B'(1°)(g° ) durdt,
7 JT3 —T JT3

for all ¢ € C°(T? x (=T, T)) and because of (5.54)-(5.55) we recover

T
[ [ Boa s wanpdnat— [ 8o s u)p(a0) o
0 T3 T3

T
= —/ B'(po * u) div(p, * 2)¢ dadt.
0 T3

We, now, integrate by parts on the right-hand side
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T
[ [ Beerwarpdndt— [ 8o s u)o(a0) o
0 JT3

’]I‘S

T
= / B"(po * u)V (py * ) - (py * 2)p dzdt
o Jr3

T
+ / B (po *u)(ps * 2) - Vo dadt
o Jrs

and let ¢ — 0. For the terms on the left-hand side, we have p, * u — u
a.e. and the continuity of § implies that B(p, * u) — B(u) a.e.. Moreover, by

u € L*(0,T; L*(T?)) and the growth condition on 3, we see that

18(ps * w)rp| < Clpg * ul*(|9p]| 0o, where

po *u — u in L*(K), for any compact K C T? x (0, 7).

For the first term on the right-hand side, we have 5" (p,*u)V (p,*u)-(ps*2) —
f"(u)Vu - z a.e. and use the growth condition |5”(w)| < C and the fact that

z,Vu € L*(0,T; (L*(T?))?) to get

18" (ps * )V (po * 1) - (po * 2)p| < C|V(ps *u)||ps * 2|[|¢]|oc, where

V(ps *u) = Vu and p, * z — z in L*(K) for any compact K C T* x (0, 7).

Finally, for the last term on the right-hand side 5'(p, * u)(p, * z) — 5'(u)z
a.e. and since |3 (w)| < Clw|, v € L*(0,T; L*(T?)) and z € L*(0,T; (L?*(T?))3)

we obtain

18" (po * w)(po * 2) - Vol < Clps * ul|ps * 2|[[V@||oo, where

po *u — u and p, * z — z in L*(K) for any compact K C T? x (0,7).

By the dominated convergence theorem, taking the limit ¢ — 0, we conclude
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_/T B(u)oypdzdt — [ B(u’)p(x,0) dx
0 T3 T3

T T
= / B (u)Vu - zpdedt + / f'(u)z - Vo dzdt.
0 T3 0 T3
O

If the solution satisfies the bounds 0 < u < M, for some M > 0, the growth

conditions on 3 and its derivatives are not needed:

Lemma 22. Let u € C([0,T); L*(T?)) N L*(0,T; H(T?)), with 0 < u(z,t) < M,
for some M > 0, u® € L*(T3) and z € L*(0,T;(L*(T?))3) satisfy for all p €
Ce(T? x [0, 7))

T T
—/ / u0yp dxdt — / u’o(z,0)dr = / / z - Vi dzdt.
o Jrs T3 o Jrs

Let 8 € C?*([0,00)). Then, for all ¢ € C*(T? x [0,T)), there holds

_/T B(u)orpdadt — [ B(u®)p(x,0)dz
0 T3 T3

T T
= / B'(u)z - Vo dadt + / B"(u)Vu - zp dadt.
0 T3 0 T3

Proof. As in the proof of Lemma 21, we derive (5.57) and we pass to the limit
7 — 0. The limit is done via a similar (but simpler) argument using the bound
0 <u < M and the continuity of 3, 8" and 8”. In particular, since u and u° take
values between 0 and M, the same holds for p, % f?, and the continuity of 5 and
f" implies that 5(p, * f7) and B'(p, * f7) are bounded. This is enough to apply
the dominated convergence theorem to (5.57) and pass to the limit 7 — 0. We,
then, proceed as in the proof of Lemma 21 and use the same idea for the limit

o — 0. L]

Now, we are ready to prove Theorem 17:
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Proof. To this end, let ¢ be a weak solution. Then it satisfies (i)-(iv) of Definition
11. In order to show that c is a renormalized solution, we have to prove that it
also satisfies (i)—(iv) of Definition 12. Conditions (i) and (ii) are automatically
satisfied and they imply that ¢; € L?(0,T; H'(T?)) and c;u; € L*(0, T; (L*(T?))?).
Moreover, ¢; € C([0,T]; L*(T?)) (see (5.9)). This allows for a direct application
of Lemma 22 with v = ¢; and z = ¢;u;, which implies that c satisfies (5.10)
(notice that 2¢;V\/¢; - /eu; = Ve; - ¢u;). Finally, since g € C?, we have f is
Lipschitz continuous, hence (iv) of Definition 12 follows due to condition (iv) of
Definition 11. Hence, (i)—(iv) of Definition 12 are satisfied and c is a renormalized

solution. O]

5.2 Absence of anomalous dissipation

Previous works [8, 10] have shown that weak solutions automatically satisfy the

entropy inequality:

Z / / G |y -y Pddt < H(c) (5.58)

2]1

where the dissipation term is understood as

_Z//D

7,7=1

us) — Vel Pdads

and thus is well-defined, since ¢; € L>(0,T; L*°(2)) and \/c;u; € L*(0,T; L*(Q)).
In [46] we prove that, in fact, weak solutions satisfy (5.58) as an equality, implying

that there is no anomalous dissipation, and thus the flow is not turbulent.

Theorem 23. Let ¢ be a weak solution to the Mazwell-Stefan system with no—
fluz boundary conditions and let the initial data be such that ¢(z) > 0 and

S d(x) =1 1in Q. Then c satisfies the entropy equality

=1 "

CZCJ 2 _ 0
)+ = Z/ /ng w; — u;dadt = H(c). (5.59)

ljl
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Proof. We first notice that, a—posteriori, the solution enjoys better regularity:

Lemma 24. Let ¢ be a weak solution. Then
Oic; € L*(0,T; H'(Q)*) (5.60)

and thus
ci € C([0,T); L*(Q)). (5.61)

Proof. Let (-,-) denote the duality bracket between the spaces L*(0,T; H'(2)*)

and L?(0,T; H'(Q2)). Then, the computation

T T
/ \(@ci,go}\dt:/ |(—div(ciu;), p)|dt
0 0
T
= [ e Vi
0
< IWeil Lo Vel 2 IV ol 2@

shows that due to \/c;u; being in L*(0,T; L*(2)),
oie; € L*(0,T; (H(Q)").
Moreover, since
c; € L*(0,T; HY(Q)) and dic; € L*(0,T; H'(Q)*)

and

HY(Q) — L*(Q) — H'(Q)*

is a Gelfand triple, it follows that ¢; € HY(Q x (0,T)), which is continuously
embedded in C([0,T]; L*()) and this proves (5.61). O

We divide the proof of Theorem 23 in three steps:
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Step 1: We start by writing the weak formulation

t t
/Ci(t)goi(t)d:v — / ci(s)e(s)dx —/ /ciatgoidxdT —/ /cl-ui -V dedr =0
Q Q s Q s Q

for 0 < s <t < T, choose p; = (In(c§ + 9))¢, for some § > 0, where v¢ denotes
mollification of v in time and let ¢ — 0. We note that admissible test functions
belong to the space C1([0,T]; C*(Q)), but by a density argument, it is enough to
be in L?(0,T; H'(2)). This yields for the first two terms:

/Qci(t)gpi(t)dx = /Qci(t) In(cj(t) + 0)dx — /Qci(t) In(c;(t) + 9)dz

and

/Qci(s)go(s)dx = /ch(s) In(ci(s) + 0)dx — /Qci(s) In(c;(s) + 9)dz

as € — 0 by the Dominated Convergence Theorem, since ¢{ In(c§+0) — ¢; In(¢;+0)
almost everywhere as € — 0 and |c{ In(¢§+9)| < max{|Ind|,|In(1+40)|} uniformly

in € and max{|Ind|, |In(1 +9)|} € L'(2), due to Q being bounded.

The third term gives

t t
//ciatgoidxdT:/ /cf@tln(c§+5)dxd7
s JQ s JQ
t t
:/ /atcgdxdT—é/ /8tln(c§+5)dmd7'
s JQ s JQ

- /Q c(t)dr — / c(s)de — 6 /Q In(cS(t) + 8)da

Q
+5/ In(ci(s) + 6)dx
Q
and thus
t
/ /cﬁtgpida:dT—>/ci(t)dx—/ci(s)dx—é/ln(cz-(t)—{—(S)d:c
s Jo 0 0 0
+ (5/ In(c;(s) + 9)dz,
Q
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as € — 0 by the Dominated Convergence Theorem, since for the first two terms
¢ — ¢; almost everywhere as € — 0 and |cf| < 1 uniformly in € and 1 € L'(Q),
while for the last two terms In(c{ +0) — In(¢; +6) almost everywhere and | In(c§ +

§)| < max{|Ind|,|In(1 + §)|} uniformly and max{|Ind|,|In(1 + §)| € L* ().

Finally, for the last term

/: /Q cat; - Viprdadr = / /
e T
L

o/

(ciu;)€ - Vin(cf 4 0)daxdr

as € — 0 because the first term gives

((ciuy) — ciuy) - " d!I?dT / /| ciu;)© clu2|| |d dr
1 € €
< SH(CiUi) — ¢l 200 [V Ei ] 2201
1
< g”(cz“z) CzUzHL2 QT)||VCZ||L2 Qr) 0

and the last term converges by the Dominated Convergence Theorem, since c;u; -

Ve VCz Vc

c+6 — CiU; - ot

uz|||vcz||L2 (0,7)

almost everywhere as ¢ — 0 and |c;u;

uniformly in e, with $|c;ul[|Vei|| 20,y € LH(Qr).

Putting everything together, we obtain:

/Q es(t) n(es (t) + 6)d — /Q ¢i(s) In(ci(s) + 6)da — / ei(t)dz

Q

—f-/CZ( dx+5/ln ci(t) +9) dx—é/ln ci(s) +0)dz (5.62)

//cluZ ?Cz dzdr = 0.
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Step 2: Now let t — T and s — 0. The first two terms are handled as follows:

/Qci(t) In(¢;(t) + 6)dx = /Q(cl(t) —i(T)) In(¢;(t) + 6)dz
+ / ¢i(T)In(e;(t) + 0)dx
_ /Q (cs(t) = (T (In(es(t) + 8) — In(es(T) + 8))da
+ /Q(cz(t) —¢(T)) In(e;(T) + 0)dx
+ / ¢i(T) In(e;(t) + 0)dx
_ /Q (cs(t) — (7)) (In(es(t) + 8) — In(es(T) + 8))da
+ /(cl(t) —¢i(T) In(e;(T) 4 §)dx
Q
+ / ci(T)In(ey(T) + 9)d

+ /Q eA(T)(In(cs(t) + 8) — n(es(T) + 6))da.

By the Taylor theorem,
1

In(c;(t) +9) — In(e;(T) 4+ 0) = Z(CZ(t) —(T))

for some & between ¢;(t) + 0 and ¢;(T) + ¢ and thus

/Q(ci(t) —¢(T))(In(c;(t) +6) — In(¢;(T) + 0))dx

because of (5.61). Moreover

/Q ((t) = (1) In(ei(T) + 8)de| < || In(ei(T) + O)llzoylles(t) — (D2
< Q| max{[Iné|,In(1 4 ) }||ci(t) — ci(T) | L2

—0 ast—T
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because of (5.61). Finally

/Q e(T)(In(ei(t) + 8) — n(ci(T) + 6)dz| = /Q %cz( Veilt) — oi(T))da
< %HCi(T)HL?(Q)HCi(t) — (T2

1
< 519llei®) = e D)2

—0 ast—T

again due to (5.61). Hence

/ ¢i(t) In(e;(t) + 0)dr — / ¢ (T)In(ei(T) + 0)dx
Q Q

and

/Q ci(s)In(ci(s) + 6)dz — /Q An(c) + 6)da.

The next four terms are treated in a similar way, since

/Q ci(t)de = /Q (e;(t) — ci(T))da + /Q c(T)da — /Q ci(T)da

and

/an(ci(t) +0)dz = /Q(ln(ci(t) +0) — In(¢;(T) + 96))dx + / In(c;(T") + 0)dx

— /an(cz-(T) + 0)dx

as above.

The last term converges after rewritting is as

/ /Czul ‘sz dIdT—/ /clul 5X[st]( )d]?dT

where x denotes the characteristic function. Then c;u; - %X[s,t] — Cil; % X[0,7]
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almost everywhere as t — T and s — 0 and

Ve;
¢+ 0

C;U; -+ X[st]| = |Czul‘ ‘ +g € L1(07T7 Ll(Q))

since for fixed 6 > 0, —= is bounded above and ¢;u;, Ve; € L*(0,T; L*(12)), where
the bound is uniform in s and ¢. By the Dominated Convergence Theorem we

obtain the convergence

//clul ' dSCdT%/ /czuZ . dxdT ast — T and s — 0

and we conclude

/Q e(T) In(cs(T) + 8)dz — /Q O ln(? + §)de — / e(T)dz

Q

/ Odz + 6 / In(c,(T) + 6)dz — /Q In(c + 6)dx (5.63)

//clul ddT—O

Step 3: Finally, we let 6 — 0. The first term gives

/ ci(T)In(¢;(T) + 0)dx — / ci(T)Ine;(T)dx
Q 0

by the Dominated Convergence Theorem, since ¢;(T") In(¢;(T)40) — ¢;(T) In¢;(T)
almost everywhere as ¢ — 0 and |¢;(T) In(¢;(T) + 6)| < 1 uniformly in 6 and

1€ LY(Q).

The second term is treated as the first one, yielding

/c?ln(c?+5)dx—>/c?lnc?dw
Q Q

and the next two are independent of 0. Furthermore, § In(¢;(7) + §) — 0 almost

everywhere as 6 — 0 and [§In(c;(T) + §)| < 1 uniformly in 4, with 1 € LY(Q),

137



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

showing that
5/ In(¢;(T) + 6)dz — 0
Q

and

5/ In(c) + §)dr — 0
Q

as 0 — 0, by the Dominated Convergence Theorem. We note at this point, that
as & — 0, the logarithm might blow-up for small values of ¢;(T) and ¢?, however
since 0 goes to zero faster that the logarithm blows up, the product converges to

zero without any problem.

Finally, for the last term we obtain

[ [ Ztute 2 [ [ w9 ymtnt

by the Dominated Convergence Theorem, since

ciu; - Vy/¢;  almost everywhere as 6 — 0

Cil;

and

Ve,
it

= Veuill2V/eil -

< |y/au[2V @l € Ll(O,T; L'())

Cilh -

since by the regularity of weak solutions /c;u; and V,/¢; are in L*(0,T; L*(12))

and the bound is uniform in 4.

Therefore, letting 6 — 0 we obtain the entropy equality

/Q es(T)(In es(T) — Dydz — 2 /0 ' /Q e - V/adudt — / O(ne - 1)da.

Q

(5.64)
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Finally, due to the linear system and the symmetry of D;;, we have

=1

i=1 j:l
:_E 5 D —CU; - cju]—kg E c]cz
i=1 j#i i=1 j;éz
Z Z C;Cj 9
= — |uz - u]|
i=1 j#i

Summing (5.64) over all i € {1,...,n} and using the definition of the entropy

functional, we arrive at (5.59) and the proof is complete.
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Chapter 6

The Maxwell-Stefan—Fourier system

The dynamics of multicomponent gaseous mixtures with vanishing barycentric
velocity and constant temperature can be described by the Maxwell-Stefan equa-
tions that were studied in chapter 5. In this chapter we deal with the nonisother-
mal analogue of the Maxwell-Stefan system, known as Maxwell-Stefan—Fourier.
The existence of local-in—time solutions was shown in [47], while [9] investigated
a special nonisothermal case. Here, we present our work [11] where we prove
the existence of global-in—time weak solutions and the weak—strong uniqueness
property for a rather general nonisothermal Maxwell-Stefan system. The novelty

of our approach is the consistent thermodynamic modeling.

The evolution of the mass densities p;(z,t) of the ith gas component and the

temperature 6(z,t) of the mixture is described by the mass and energy balances

Opi +divJ; =0, Ope)+div, =0, i=1,...,n, (6.1)
Ji = piwi,  Jo = —k(0)VO + Z(pjej +pjlu; in €, t>0, (6.2)
j=1

where Q C R? is a bounded Lipschitz domain, J; and J. are the diffusion and
energy fluxes, respectively, u; are the diffusional velocities, p = """ | p; is the
total mass density, p; the partial pressure with the total pressure p = >"1" | p;,
pie; the partial internal energy p;e; with the total energy pe = > | p;e;, and

k() is the heat conductivity. Equations (6.1)—(6.2) are supplemented with the
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boundary and initial conditions

Jiov=0, Jo-v=A0O-0y) ondQ, t>0, (6.3)

pi(0)=p 0(0)=0" inQ,i=1,...,n, (6.4)

where v is the exterior unit normal vector to 0€2, 6, > 0 is the given background
temperature, and A > 0 is a relaxation constant. The boundary conditions mean
that the gas components cannot leave the domain, while heat exchange through
the boundary is possible and proportional to the difference between the gas and
background temperatures. To close the model, we need to determine u;, p;e;, and

Di-

The velocities u; are computed from the constrained algebraic Maxwell-Stefan

system

—6 Z bmplpj(ul — 'LLj) = dl for i = 1, oo, n, Z Pill; = O, (65)
j=1 =1

where the constant coefficients b;; = b;; > 0 model the interaction between the

1th and jth components. The driving force d; is given by

i L.
di = pﬂv% — G(p,el + pZ)Vg, 1= 1, oo, n, (66)
where p; is the chemical potential. The constraint
Vp=0 inQ, t>0, (6.7)

is needed in order for our system to be thermodynamically consistent. We refer

to Section 6.1 for details.

The internal energies p;e; and chemical potentials y; are determined from the
Helmholtz free energy (see (6.17)), and the pressure is computed from the Gibbs—

Duhem relation. As shown in Section 6.1, these quantities are explicitly given
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0
i = — log — —¢pf(logl — 1), pici = Cypitl,
m; m;
. , b (6.8)
sz‘:__l(lg_l_l)—i_cwpilog@; pi=—, i=1...n,
™m; m; my;

where p;n; is the entropy density of the ith component and ¢, > 0 is the heat

capacity. Then the driving force d; and energy flux J, simplify to

b= Ywb) RV 0y P

’LUZ
m; m;

(6.9)

The matrix M associated to the algebraic system (6.5) is singular (since
>, d; = 0) and thus not positive definite. However, we recall in Section 6.1.1
that it is positive definite on the subspace L = {y = (y1,...,yn) ER" : \/p-y =
0} (here, \/p is the vector with components /p;). Therefore, the Bott-Duffin
inverse of M, denoted by MPP = MPP(p), exists and is symmetric and positive
definite on L. Moreover, we show in Section 6.1.3 below that the fluxes can be

expressed as a linear combination of the entropy variables (or thermochemical

potentials) /0 = (u1/0, ..., 1u,/0) and —1/6,

J w/0 A B
=—Q(p,0) ,  where Q(p,0) = ) (6.10)
Je _1/9 B' a

and A = (4;;) €e R™", B = (B;) € R", a > 0 are given by

Aij(p) = MEP \/oip;,  Bi(p,0) =0 .:’ a(p. ) (K+mej>

i,j=1

(6.11)
Here, variables in bold font are n—dimensional vectors. The Onsager matrix ()
turns out to be positive semidefinite (see (6.34)), which reveals the parabolic

structure of equations (6.1)-(6.2).

The isothermal Maxwell-Stefan equations can be derived from the multi-
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species Boltzmann equations in the diffusive approximation [48]. The high—
friction limit in Euler (-Korteweg) equations reveals a formal gradient—flow form
of the Maxwell-Stefan equations [25], leading to Fick—Onsager diffusion fluxes
instead of (6.5). In fact, it is shown in [49] that the Fick-Onsager and gener-
alized Maxwell-Stefan approaches are equivalent. A formal Chapman—Enskog
expansion of the stationary nonisothermal model was given in [50]. Another non-
isothermal Maxwell-Stefan system was derived in [51], but with a different energy
flux than ours.

Maxwell-Stefan systems with nonvanishing barycentric velocities can be for-
mulated in the framework of hyperbolic—parabolic systems, which allows one to
perform a local-in—time existence analysis [34]. Global-in—time regular solutions
around the constant equilibrium state were found to exist in [52]. An existence
analysis for Maxwell-Stefan systems coupled to the Navier—Stokes equations for
the barycentric velocity can be found in [53] for the incompressible case and in
[13] for the compressible situation. For steady-state problems, we refer to, e.g.,
[21, 18].

Concerning the nonisothermal equations, we refer to [9], where an existence
analysis for global-in—time weak solutions was presented. However, this model
has some modeling deficiencies explained below. Therefore, our aim is to prove
(i) global existence for a thermodynamically consistent nonisothermal model and
(ii) that strong solutions are unique in the class of weak solutions, which is known
as the weak—strong uniqueness property.

Let us detail the main differences of our work compared to [9]:

(i) The most important difference is the lack of validity of the Onsager reci-
procity relations in the model of [9]. The relations imply the symmetry of
the coefficients of the Onsager matrix; see (6.10). The choice in [9] leads
to a cancelation in the entropy inequality, thus simplifying the estimation.
Our results do not rely on this simplification; see Remark 30 for further

detalils.
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(i)

(iii)

(iv)

The constraint (6.7) on the pressure is not taken into account in [9]. This
condition is not necessary mathematically, but its lack creates an incon-
sistency with the assumption of vanishing barycentric velocity. Indeed, a
difference in pressure induces a force difference, which can result in an ac-
celeration according to Newton’s second law, if there is no additional force

to balance it.

According to Onsager’s reciprocity relations, the Onsager matrix @) in (6.10)
has to be positive semidefinite. We show that () is in fact positive definite
on the subspace L = {y € R" : y-/p = 0}. In [9], is is assumed that
this subspace equals {y € R" : y -1 = 0}. This is not consistent with the

thermodynamic modeling.

We consider different molar masses m;, while they are assumed to be the
same in [9]. When we assume equal molar masses, the cross—terms cancel,
and we end up with the simple heat flux J, = —kV6 (see (6.9) and the

constraint in (6.5)), thus decoupling the equations.

We impose the following assumptions:

(A1)

(A2)

(A3)

(A4)

Domain:  C R? is a bounded domain with Lipschitz boundary, and 7' > 0.

We set Qp = Q x (0,7) and R, = [0, 00).

Data: py € L>(Q) satisfies p) > 0in Q and 0 < p, <>, p? < p* in Q for

some p,, p* >0 and for all i = 1,...,n; 0° € L°°(Q) satisfies infq 0° > 0.
Coefficients: b;; = bj; >0 forall4,j=1,...,n.

Heat conductivity: k € CO(R’} x Ry) satisfies ¢, (1460%) < x(0) < C,(146?)

for some ¢,,C,, > 0 and all (p,0) € R} x Ry.

The lower bound for the total mass density p is needed to derive uniform

estimates for the temperature. The proof of Lemma 10 in [10] shows that M}”(p)

is bounded for all p € R”!. The growth condition for the heat conductivity is used
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to derive higher integrability bounds for the temperature, which are needed to
derive a uniform estimate for the discrete time derivative of the temperature. We
may also assume reaction terms R; in (6.1) with the properties that the total
reaction rate 2?21 R; vanishes and the vector of reaction rates R; is derived from

a convex, nonnegative potential [54, Section 2.2].

The first result we present is the existence of weak solutions.

Theorem 25. Let Assumptions (A1)-(A4) hold. Then there ezists a weak solu-
tion to (6.1)—(6.8) satisfying p; > 0, @ > 0 a.e. in Qr =Q x (0,T7) and

Vi € L%(Qr) N C([0, T]: L*(2) N L*(0, T3 H' (), dwps € L0, T H' (92)"),
0 € Cu([0,T]; L2(Q)) N L2(0, T3 HY(Q)),  9i(pf) € L'M(0, T, WHO(Q)),

6? logh € L*(0,T; H'(Q)), i=1,...,n,

the weak formulation

/ (Oipiy ) i1 (02 dt+/ /ZMBD (2V/p; + p;Vlog 8)dadt = 0,

,]=

/ / (4(p8), Go)rinoss (-t + / / kY0 - Vodzdt — A / ' /8 (80 — O)odsdt

A BD
/ / Z p— M Vi (2V/pj + /p;V1ogh) - Vgodadt = 0

4,7=1

holds for all ¢, ..., ¢, € L*(0,T; H'(Q)) and ¢o € L*/°(0,T; WH/5(Q)%), and
the initial conditions (6.4) are satisfied in the sense p;(0) = pY in L*(Q) and
6(0) = 0° weakly in L*(12).

The idea of the proof is to apply the boundedness—by—entropy method, which
automatically yields L>(€Qr) bounds [55]. More precisely, we formulate system
(6.1)—(6.2) in terms of the relative entropy variables (u; —p,) /0 fori =1,... ,n—1
and log #. We show in Lemma 27 that this defines the mass densities and temper-

ature uniquely as a function of (wq, ..., w,_1,w). We introduce the mathematical
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entropy density

where the nth partial mass density is computed from p, = p — Z?;ll pi, i.e.,
h depends on p" = (p1,...,pn—1) and 0. Gradient estimates for (p, ) are first

derived from the entropy equality

d ,
— [ h(p dx—i—/ Vo|*dz + / i d x =0,
5 1) VP + Y ]WGE

i,7=1

which becomes an inequality for weak solutions. Second, as in [9], the energy
balance equation (6.2) yields a bound for % in L*(0,7; H'(Q)). As mentioned
before, the derivation of the entropy inequality differs from that one in [9], because

the cross—term

n—1
Bi i — fn
Iy =2 — - Vlog0d
5 /Q ; 7 \Y 7 Vlog 0dz,
which cancels out in [9], needs to be controlled. (We recall definition (6.11) of B;.)

This is done by observing that the sum I, + I5 + Is (see (6.41)) is nonnegative,

;o1 1
L+ I+ Is = /ZA”V('L;—F—logG) V(%ﬂ+glog9>dx>0

2,j=1 J

as (A;;) is positive semidefinite due to (6.34).

From a technical viewpoint, we approximate equations (6.1)—(6.2) by replacing
the time derivative by the implicit Euler discretization to avoid issues with the
time regularity and by adding a higher-order regularization to achieve H?((Q)
and hence L*(Q) regularity for the entropy variables. The approximation is
chosen in such a way that a discrete entropy inequality can be derived, yielding
uniform estimates for both the compactness of the fixed-point operator (to obtain
a solution to the approximate problem) and the de-regularization limit (to obtain

a solution to the original problem).
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Our second result concerns the weak—strong uniqueness property.

Theorem 26. Let the assumptions of Theorem 25 hold, let X = 0 in (6.3), let

(p,0) be a weak solution and (p,0) be a strong solution to (6.1)—(6.8). We assume

that there exist m, M > 0 such that

0<p¢§p*, 0<9§M, 0<ﬁ¢§p*, 0<m§9_§M ZTLQT

Furthermore, we suppose that @;, |Vlog| € L*(Qp) fori = 1,...,n and that
the thermal conductivity k is Lipschitz continuous. If the initial data of (p,0)
and (p,0) coincide then p(z,t) = p(x,t) and O(x,t) = O(x,t) for a.e. x € Q and

all t > 0.

By a strong solution, we understand a solution that has sufficient regularity
to satisfy the entropy equality stated in Lemma 38; see Section 6.3. Observe that
we require the boundedness of the temperature €, which is not proved in Theorem

25. The proof of Theorem 26 is based on the relative entropy, defined by

H(p,0]p.) = / h(p,0|p, B)dz (6.12)
- —~ 1 Pi _ 0 >
= /Q { 2_1: - (mlogz —(pi — m)) - pr(log5 — (0 — 9)) }dx,
where
o016, = hip.0) ~hip. D)~ g;; (0.0)(p: ~ )~ S (p.0)(E ~ E)

and E = c,pf and E = c,p0 are the internal energy densities. The idea is to

compute the time derivative:

H _ - _
e e01p.0) +c [ Y plu—uPdr+c [ Vlog0 ~ g
Qi Q

dt
< C/Q (i(m—m)ﬂ(ﬁ—é)?)dx,

i=1
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where ¢ > 0 is some constant and C' > 0 depends on the L*(€y) norms of 6,
u;, and Vlogh, i = 1,...,n. The difficulty is to estimate the expressions arising
from the time derivative of the relative entropy in such a way that only u; and
0 need to be bounded. Thanks to the positive lower bound for 8, we can bound

the right—-hand side in terms of the relative entropy,

/QQ”:(“ —p) (6~ W)dw < /Q H(p, 0]p,0)dz.

i=1
Then Gronwall’s lemma shows that H((p,8)(t)|(p,8)(t)) = 0 for t > 0 and hence
(p,0)(t) = (p,0)(t). Compared to [10], we include the temperature terms and
combine them with the entropy variables w; in such a way that the positive

semidefiniteness of MBP can be exploited.

6.1 Thermodynamic structure

We consider the following system of equations modeling the dynamics of a non-

isothermal gas mixture of n components with mass diffusion and heat conduction:

Opi +div(pi(v+u;)) =0, 1=1,...,n, (6.13)

9y (pv) + div(pv @ v) = pb — Vp, (6.14)
1

O (pe + Ep\v\2> + div ((pe + %p[v[Q) v) = div(kV#8) (6.15)

—div Z(piei + pi)u; — div(pv) 4+ pr+ pb- v + Z pib; - u;.
=1 =1

Besides of the variables introduced in the introduction, v denotes the barycentric
velocity of the mixture. The quantities p;b; are the body forces, where pb =
> i, pib; is the total force exerted on the mixture, and pr is the total heat supply
due to radiation. The diffusional velocities u; are determined by solving the linear
system (6.5) with driving forces given by (6.16), while the partial internal energy
densities p;e;, and the partial pressures p; are determined from the free energy;

see below.
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Equations (6.13)—(6.15) correspond to a so-called class—I model. They can be
derived either via an entropy invariant model reduction [6] or in the high-friction
limit [22] from a class—II model, in which each component has its own velocity
v;. Equations (6.13) are the partial mass balances, (6.14) is the momentum bal-
ance, and (6.15) the energy balance. As proved in [22], system (6.13)—(6.15) and
(6.5) fits into the general theory of hyperbolic-parabolic composite-type systems
introduced in [56] and further explored in [57].

As mentioned in the introduction, system (6.1)—(6.2) and (6.7) is supple-
mented by the constrained Maxwell-Stefan system (6.5) for the velocities wu;.
These equations can be derived from a class-II model in the diffusion approxima-
tion [6, Section 14, (210)] or in the high-friction limit [22, Section 2, (2.50)] with
the driving forces

1

7+ pi(b —b;), (6.16)

d; = —%Vp + piHV% — 0(pie; + pi)V

where p; is the chemical potential of the ith component. Since the pressure is
uniform in space, Vp = 0, and we have neglected external forces, the driving
force becomes (6.6). Then equations (6.1)—(6.2) and (6.7) are obtained by setting
v=0and r =10 =0.

The internal energy densities p;e;, partial pressures p;, and the chemical po-
tential u; are determined from the Helmholtz free energy. We assume that the
gas is a simple mixture, which implies that these quantities can be calculated
from the partial free energy densities ¥;(p;,0), i = 1,...,n. We have

s s

i = ; i = — ; i€i = Ui + 0pin;, i = Pilbi — Vi,
i =g P aepwpnppu¢

where p;n; is the entropy density of the ith component and the equation for p; is

called the Gibbs—Duhem relation. Defining the partial Helmholtz free energy as

P = 9&<log& — 1) —cppl(logd — 1), i=1,...,n, (6.17)

m; m;
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the thermodynamic quantities are given by (6.8). Moreover, the driving force d;

and enthalpy h; := p;e; + p; read as

| 1
d; = . hy = <cw+—>pi9, i=1,...,n. (6.18)
m

This corresponds to equations (6.9).

6.1.1 Inversion of the Maxwell-Stefan system

We discuss the inversion of the Maxwell-Stefan system (6.5) following [22] and

[10, Section 2]. We write (6.5) equivalently as

—0v/pi Y Mij\/pjuy =di, i=1,....n, (6.19)
j=1

where the matrix M (p) = (M,;) € R"*" is given by

M, = T (6.20)

[/
—bij\/Pip; ifi#J.
We wish to invert Mv = w, where v; = /pju; and w; = —d;/(0,/p;). Since
(bij) is symmetric, 0 = (Mw); = >, bij\/pj(\/pjvi — \/pivj) shows that the
kernel of M consists of span{,/p}. Thus, we can invert M only on the subspace
L={yeR": /p-y =0} We define the projections P, on L and Py on L*
by
(Pp)ij = 055 — p~ '\/pipj, (Pri)iy=p '/pip; fori,j=1,...,n,

where ¢;; is the Kronecker symbol. The matrix M = (M;;) is positive definite on
L [10, Lemma 4]

2P Mz > py|Ppz|* for all z € R”, (6.21)
where p1p = min;,;b;; > 0. Since the matrix M P, + Pp. is invertible [10,
Lemma 4], we can define the Bott—Duffin inverse of M with respect to L as
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MBP = P (MPy, + P,.)~t. Hence, we can invert (6.19) by

n

d.
Vo =—Y MBP__ =1 n (6.22)
; N

The matrix MBP = MBP(p) is symmetric and positive definite on L [10, Lemma
4],

2" MPPz > p|Ppz|> for all z € R, (6.23)

where = (237,;(bij +1)) 7"

6.1.2 Entropy variables

The mathematical analysis becomes easier when formulating the system in terms
of the so-called entropy variables. To this end, we introduce the mathematical

entropy density

. - Pi Pi

which is the negative of the physical (total) entropy density (6.8). Summing the
mass balances (6.1) over ¢ = 1, ..., n and using the constraint » ., p;u; = 0 from
(6.5), we obtain 0;p = 0. Thus, the total density is determined by the initial
total density, p(z,t) = > 1, p?(x) for x € Q, and is independent of time. This
suggests to compute only the first n — 1 mass densities, since the last one can be

determined by p, = p — > 11 pi- Then we interpret the entropy density h as a

function of (p',0) := (p1,..., pu_1,0):

n—1
h(p',0) :Z%(log%— ) +%(lognp%—n— > — cyplogf

i=1 7 n n

with the partial derivatives

— gl g i, 1, Do
op;  m; 08 m;  my 8 my,’ ! e T
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The Hessian matrix

) R 0 5, 1
D°h = S Rnxn’ where Rij = 4 ,
OT pr/92 m;pq My P

is positive definite, showing that the entropy is convex.
According to thermodynamics [6], there exists another set of variables, known
as entropy variables and are (u1/0,. .., u,/0,—1/0). We set

, 1 ,
qi:&:—log&—cw(logé—l) fori=1,...,n. (6.25)

0 my; m;

Since the nth partial density is determined by the densities py, ..., p,_1, we prefer

to work with the relative entropy variables

W; = q; — qn — = s zzl,...,n—l. 6.26

G —q 3 9, (6.26)
Setting additionally w = log 6, our new set of variables is (wy, ..., w,_1,w). The
following lemma states that the mapping (p1,...,pn,0) — (w1, ..., wy_1,w) is

invertible.

Lemma 27. Let (wy,...,w,_1,w) € R" and p > 0 be given. Then there there
exists a unique (pi,...,pn,0) € R’ffl with p; > 0 for i = 1,...,n satisfying

Yo pi=p, w; =0h/0p; fori=1,....,n—1, and w =log¥.

Proof. The proof is similar to [53, Lemma 6] with some small changes. Given

w € R, the temperature equals § = exp(w) > 0. The function

n—1 — s mi/mn
f(s)= Zmiemiwi (p ) for s € [0, pl,
i=1

my

is strictly decreasing and 0 = f(p) < f(s) < f(0) for s € (0,p). By continu-
ity, there exists a unique fixed point so € (0, p). Then p; := m; exp(m;w;)((p —

50)/mp)™ /™ fori = 1,..., nsatisfies p; > 0and 37" p; = f(s0) = 50 < p. Con-
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sequently, p, :=p—> 1" pZ =p—5o >0 and p;/m; = exp(mw;)(pn/mn)

is equivalent to

for i =1,...,n — 1, which finishes the proof. n

6.1.3 Formulation of the fluxes and parabolicity

We can compute the fluxes as a linear combination of V(wy,...,w,_1,w) or

V(ql, <oy Qn, —1/9)

Lemma 28. [t holds fori=1,...,n that

1
Z AyVw; — —Vw — ZAUV% B v<—5), (6.27)

Jo = —KOVw — ZBVw] 92

2,j=1

:—ZB VqJ—GQ(FL—i-Zmz ) (—%)

i,7=1

(6.28)

mmj

where the coefficients

= MEP\/pip;. B = GZAU (cw + —> = 92 Ay (6.29)

fori,j=1,...,n depend on (p,0) and satisfy the relations

i=1 J=1 i=1

Proof. We wish to express the driving force d; = V(p;0)/m; from (6.9) in terms

of Vg; = Vlogp;/m; —c,Vlog#. A computation, using w = log 6, yields

dj = ijqu + pﬂ (Cw + E) Vuw. (631)

J
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Therefore, by (6.22), fori=1,...,n,

- 1
Ji = piu; = \/EZ fr 9\/_ ZM};D\//ij{qu—l—(cw—i—m—j)Vw}
j=1

= 1 = B;
= — ZAUVq] — Z Aij (Cw + E)Vlog@ = — ZAZqu] — WVIOg 6.

j=1 j=1 J j=1
This shows the second relation in (6.27). The first relation then follows from

(6.30) (which is proved below), since, using ¢; = w; + ¢, for j =1,...,n—1 (see
(6.26)),

n—1

> AV = Ay(Vw, + V) + A Ve, = Z Ay Vw. (6.32)

7=1

Next, we compute the energy flux defined in (6.2). We use (6.18), (6.22), and
(6.31):

a 1
Jo = —KOVw + Z NI (cw + E) N

1 d;
= —KkOVuw — (9 \//72<cw + —) MEBP

OV — 0 Z ( )MBD\/pi_pj{V% + (cw + %)Vw}

J

2]1
1 1
= —kOVw — ZBV% QZA,]<cw+ )(cw—l——)Vw
]1 1]1 m;
= —KkOVw — ZBvqj—ezlml
]

where the last equation follows from (6.30). Moreover, because of

n—1

ZBV% Zvaﬁqn + B, Vg, = ZBVw], (6.33)

we have proved (6.28).
It remains to verify (6.30). We recall the property Pr(M Py + Ppu) Py =0

from [58, Lemma 2], which implies that MBPP;. = 0. Hence, L+ C ker MBP
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and since L = span{,/p}, we conclude that 7 | M, /p; = 0. This shows

that, by the definition of A;;,

2": Aij = Pz Z MBD
j=1

The symmetry of (A;;) immediately gives > | A;; = 0. Finally, by the definition
of BZ',

ZB =03 P (cwt ) =03 (s ) Yy o
My j=1 L

1,j=1

This finishes the proof. O

The previous proof shows that we can formulate the diffusion fluxes in different

ways.

Corollary 29. [t holds fort=1,...,n that

g = puny = — ZAUV<%+—)= VY MEP- o

Jj=1 Jj=1

We claim that the Onsager matrix Q € R®Fx+1) in (6.10) is positive

semidefinite. Let a = 0(k + .. ._, Ai;/(m;m;)). We compute for £ € R™:

7,7=1

gTQg Z Amgzg] +2 Z B; Szgn-l—l + a€n+1 (634)
4,j=1
Y Al + 2 Z 4y e +0° (H Py A ) 2
ij=1 = i1 Ty

= Z Ay (&- + ei’f) (fj + Hi’fl) + 1076041 > 0,

i,j=1 ’ J

where the nonnegativity follows from the positive semidefiniteness (6.23) of MBP.

This reveals the parabolicity of our system in terms of the entropy variables.
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6.2 Existence of weak solutions

In this section we prove Theorem 25. The previous subsection shows that we
can write our system as the mass and energy balances (6.1)-(6.2) with the fluxes
(6.27)—(6.28). The weak formulation in the relative entropy variables (6.26) reads

as

T T n—1

/ (Bypi, ¢i)dE + / / <2Aiijj—|—e_wBin> - Veidzdt =0,  (6.35)
T T AL

/ (O,E, do)dt + / / ev (/1+ Z #)Vw-wodxdt (6.36)
0 o Ja i1 Ty

T n—1 T
+ / / > BjVuw; - Vepdrdt = / / (6 — 0)podsdt
o Jaiog 0o Joa

for test functions ¢y,...,¢, € L?(0,T; H () and ¢y € L*(0,T; W1>(Q)).
According to (6.8), the energy is given by E = ¢,p. Moreover, p;, A;;, B;, and

E are interpreted as functions of (wy, ..., w,_1,w).

The proof follows the lines of [9, Section 3], which is based on the boundedness—
by—entropy method [55], but some details are different. We approximate equa-
tions (6.35)—(6.36) by replacing the time derivative by the implicit Euler scheme
and adding a higher-order regularization in w;. The existence of solutions to
the approximate system is shown by means of the Leray—Schauder fixed—point
theorem, where the compactness of the fixed—point operator is obtained by the
approximate entropy inequality. This inequality yields estimates uniform in the
regularization parameters, allowing for the de-regularization limit via the Aubin—

Lions compactness lemma.

Let € € (0,1), N € N, and 7 = T/N. We set wy = logfy and w =

(wi, ..., wy_1,w). Let w = (wyq,...,W,_1,w) € L¥(;R™) be given. We de-
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fine for test functions ¢; € H*(Q2), i = 0,...,n — 1, the approximate scheme

1 T 2 .. 2 . W, . x
0= —/Q (pi(w) —pi('w))gbidane/ (D*w; : D*¢; + w;¢;)d (6.37)

T Q
n—1
+/ ( Aiijj + G_WBZ'VQU) . Vqﬁ,dx
Q

j=1

n—1

0=-— /Q (B(w) — E(w))godz + /Q ZBini - Voda

T

+ / e’ (K(ew) + Z —]>Vw - Voodx — )\/ ("0 — e")pods
Q i1 T o9
+ € / e”(D*w : D*¢g + |[Vw|*Vw - V) da (6.38)
Q
+ 6/(6“’0 + ) (w — wp)pode,
Q
where D?wj; is the Hesse matrix of w;, the double point “:” denotes the Frobenius
matrix product, we recall that E(w) = ¢,pf, and A;; and B, are interpreted as
functions of w. The higher-order regularization yields solutions w;, w € H?(2),
and the W14(Q) regularization allows us to estimate the higher-order terms when
using the test function e —e~" (see the estimate of I1; below). The lower-order

regularization (e“° — e*)(w — wy) provides an e-dependent L?(Q2) bound for w.

6.2.1 Solution of the linearized approximate problem

Let w* € WH(Q; R") and o € [0,1]. We want to find a solution w € H?(Q; R")

to the linear problem

CL('lU, d)) = JF(¢) for ¢ - (¢17 ) (bn—la ¢0) S H2<Q; Rn)? (639)

n—1
a(lw, P) = / k(e )e” Vw - Voodr + 6/ Z (DQwi D¢ + wiqbi)dx
Q Q5
+ e/(ewo + e Nweoda + 6/ e’ (D*w : D*¢y + |Vuw* [*Vw - V) dz,
) Q
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n—1 n "
F(¢) = —/ Z Ajj(w*)Vwj - Vydr — /Qe“’* Z Mvw* - Voda

m;m;
@i j=1 ig=1 Y

n—1 n—1
- / > Bi(w*)e ™ Vu* - Vodr — / > Bi(w*)Vuw; - Voda
i=1 Q1

Q_

1 n—1 . ) 1 ) B . .
- D_(pi = p)ode = [ = Bt a [ (e = e Jouds

+ e/(ewo + " Nwododr,
Q

where we abbreviated pf = pi(w*), pi = pi(w), E* = c,pe®”, and E = c,pe?.
The bilinear form a is clearly coercive on H?(Q;R"™), and both a and F are
continuous on this space. By the Lax—Milgram lemma, there exists a unique

solution w € H?({; R™) to (6.39).

6.2.2 Solution of the approximate problem

The solution w € H?(2;R") to (6.39) defines the fixed-point operator
S WEH QR x [0,1] = WHH(Q;RY),  S(w*,0) = w.

Because of the compact embedding H?(2; R") — Wh4(Q;R"), the operator is
continuous, compact, and it satisfies S(w*,0) = 0 for all w* € W14 (Q; R™). Tt
remains to find a uniform bound for all fixed points of S(-, o). Let w € H*(Q; R")

be such a fixed point. Then w solves (6.39) with w* = w. We choose the test
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functions ¢; = w; fori =1,...,n —1 and ¢g = e ™ — e~ in (6.39):

0=— /Z — p)widz + — /Q(E—E)(—e_’”)dx

E — E)e "d Ajj(w i d
7’/9( Je x+0/z j(w)Vw,; - Vw;dz

i,7=1

n—1
—|—2<7/ ZBi('w)e_wVwi : dex+/ k()| Vw|*ds

Q

/Z (ID*w;]* + wy) dx+0/ Z |*dz (6.40)
- 0)\/ (e —e") (e — e ")ds
B
+e€ / (e +e¥)(e™™ — e ) (w — owp)dx
Q
+ e/ (ID*w]* = Dw : (Vw ® Vw) + |Vw|)dz = I; + -+ + I1.
0

We estimate the terms Iq,...,I;; step by step. First, by the convexity of the

entropy and arguing similarly as in [9, Section 3, Step 2],

7 Oh

> _/ (h<p177pn 179) h(ﬁla"'aﬁn*he_))dxa
Q

T

where we have set = e* and § = ¢®. Definition (6.26) of w;, definition (6.29) of

B;, and the relations

n—1 n
> Ay(w)Vuw; = Ay(w)Vy;, ZB )V, = ZB )Va;
j=1 j=1

from (6.32)—(6.33) allow us to rewrite the sum I, + I5 + I5 as

I4+I5+Ig —O'/ ZAU (qﬁ—%) V(qj—i-mﬂ)dx (641)

4,j=1 v J
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This expression is nonnegative because of the positive semidefiniteness of A;; =

MPP . /pip;; see (6.23). Furthermore, since sinh(z)/z > 1 for z € R, z # 0,

Iy = a)\/ e (e¥ — e"0)2dy > 0,
o9

sinh(w — wy)

Iy = 26/ sinh(w — wp)(w — ocwp)dx = 26/(w — wp)(w — owyp) dz
Q Q w — Wo

inh(w — inh(w —
. / 2w —wo) / (w? — 2(1 + o Ywwp + 2007) W L) g,
Q w — Wo Q w — Wo

) sinh(w — wy)

> e/ w?dz + e/ (w? = 2(1 + o)wwy + 20w dz.
Q Q

w — Wy

We claim that there exists m = m(wy, o) > 0 such that for all w € R,

> —m

bl

.
g(w) = (w? — 2(1 + o)wwo + ngg)w
w — Wo

where wy € R and o € (0, 1] are given. Indeed, this follows from g(w) — oo as

|w| = oo and ¢g((1 + o)wp) < 0 (unless wy = 0). We conclude that

Iig > e/ w?dx — em.
Q

Finally, we can estimate

Iy — %/ (ID*w)? + |D?w — Vw ® Vu|? + [Vw|*)dz > 3/ (ID*wf+ |Vw|*)da.
Q Q

Summarizing these estimates, we find that

9 —w
— /Q (h(p1,. .., pn-1,0) + Ee ™) dz + 60(||w||§{2(m + ||Vw||%4(m) (6.42)

T

+//~€(e“))|Vw|2dx§ z/ (h(p1,- .., Pu-1,0) + Ec™°)dz + em.
Q T Jo

The right-hand side is bounded since w € L*(;R™) by assumption, imply-

ing that (p1,...,pn-1,0) € L>®(Q;R"). The first term on the left-hand side is
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bounded from below since, by definition (6.24) of h and Ee™"° = ¢,,p0 /6y,

~ pi i 0
)56 = 3 (o 1) o s~ )

i=1 v

Thus, we obtain a uniform bound for w in H?*(2; R") and consequently also in
Whi(Q; R™). We can apply the Leray—Schauder fixed—point theorem to conclude
the existence of a fixed point of S(-,1). This, in turn, shows that w is a weak

solution to the approximate problem (6.37)—(6.38).

Remark 30 (Treatment of the cross—terms). In the paper [9], the fluxes are given
by
J M -G w/o

S \V, ,
J. GT kb’ —1/6

where M = M(p,0) € R and G = G(p,0) € R". A multiplication of this

equation by V(u/60,—1/6) shows that the cross-terms cancel out,

T

0 J - RV
v n/ : _ Z MUV& v K|V log 6> > 0,
£ 0 0
—1/9 Je 43=1

since M is assumed to be positive semidefinite in [9]. In the present work, we

J A B 0
o v“/,

Je BT a —1/6
and the cross-terms do not cancel.
This is compensated by the sum » 7., A;;/(mim;). Indeed, a computation

shows that (also see (6.41))

T
0 J "
[ ) T =S v ) v (0 ) vioner 2o
—1/0 Je ij=1 i m;
since A is positive semidefinite because of (6.34). O
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6.2.3 Discrete entropy inequality

We derive some estimates from (6.40) with o = 1, which are uniform in (¢, 7), by
exploiting the sum I, + I5 + I3, which we have neglected in (6.42). Taking into

account that the estimate of Iy becomes for o =1
Ly = 26/ sinh(w — wp)(w — wp)dx > 26/(w — wp)*dx >0,
Q Q

we obtain the discrete entropy inequality

o

—/Q (h(p1 s pne1,0) + Be™™)dz + eC (|lwl|72q) + [Vl 7)) (6.43)

-
" & w w
+/QI£(6 )|Vw|2dx—i—/ g AijV<qi+E> -V(qj—kﬁ)dm

@4 j=1 ’

g

< _/ (h(p1, ., Pus, B) + Ee ™) du.
Q

T

Lemma 31. [t holds that

Ai-V(qi+—>~V<q~+—)dx2/ —2Vy/pi +/piVw|“dz,
|3 a9 (a )9 (a4 o [ 3 alv i+ vl

1,7=1

(6.44)

where p > 0 is defined in (6.23).

We deduce from Assumption (A4) that x(e®)|Vw]? > c.|Vw|?, and in view of
(6.43), this quantity is bounded in L*(Q2). Therefore, Lemma 31 yields a gradient

bound for \/p; in L*(€2), since
UV AP < 1297+ VEVul + plVul

Proof of Lemma 31. 1t follows from (6.25) and (6.30) that

- ~ . Vlogp; - ~ . Vpi
Z AUVqZ = Z Aij m — Cw Z AUV'LU = Z Awm
1,j=1 1,j=1 1,j=1 7,7=1
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and therefore, in view of the definition A;; = MJP,/p;ip; and the positive defi-

niteness (6.23) on the subspace L,

- Vo, Yw Vp: V
Soar(oe ) o) - So () (%)
m; m; m;p; m; m; P m;

ij=1 ¢ J ij=1

1 (Vp; 1 (Vp;
MBD < —i-\/prw) —( L+ \/P; Vw)
”21 VP Mj \VPi ’

e ().

We insert the definition of the projection matrix Pp:

() ) - - 23 (e

2

> u

M \+/Pi VPi

Vi ) Vi~ 1 (Vpl )
- + /piVw —(Vp; + 'Vw:— +/piVw
m ( o )= mj( p;i + piVw) m P IZ

)

The last step follows from the pressure constraint (6.7). Indeed, by (6.8),

1 " ~
E E(ij + ijw) = — _— = EVP =0. (6.45)
We have shown that

bl

S AN(qﬁ—) -V(qj+%) > L evyp+ vavul

ij=1 J i=1 ¢

which equals (6.44) after integration over €. O

Remark 32. We observe that the sum (6.45) vanishes even without requiring

the constraint (6.7). Indeed, by (6.18),

n n

1 1 1 1 —
Z E(Vﬂj + pjVw) = 9 Z %V(Pje) =7 ;dj =0.

j=1 "7 j=1 "

The fact that 23‘;1 d; vanishes is a necessary condition for the invertibility of the

linear system (6.19). O
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In view of Lemma 31 and the lower bound & > ¢.(1 + 6?), we conclude from

(6.43) the following discrete entropy inequality.

Lemma 33 (Discrete entropy inequality). It holds that

]‘ —w
- /Q (h(l)b .oy Pu-1,0) + Ee O)dﬂf + 60(”“’”?{2(9) + va|‘i4(9))

=
+/ (]Vw|2+|V9|2)dm+/Z%‘2V\/E+\/EVw‘2dx

< 1/ (WP -+ Pur B) + Be0)du.
Q

T

Finally, we derive an estimate for the temperature.

Lemma 34. There exists a constant C > 0, only depending on X, Q, 992, and 6°
such that

c c - c _

| p0*dx + = | (14 6°)|V0)*dz < C 0/ V/pil’d —“’/9%1.
o s [aveworar<c e [ Sovyarans sy [

Proof. We use 6 as a test function in the approximate energy equation (6.38).

Observing that Vw; = Vp;/(mip;) — Vpn/(mupn) by (6.26) and > | B;Vw; =
Sor Bi(mip;) "'V p; by (6.30), we find that

c _ A
0=-"2 p@—@dx—i—/n@ V02dx+/ —Y_|VO|*dx
O0-0dz + [ WOVOar+ |35 v

T Ja

/ > —Vp;- Vodz — A/ (6o — 0)0ds + e/(@o + 6)(log 6 — log 6)0dx
Q5= MiPi o0

m Q
| 4

+ e/ (\DQGP — %Dze (VO Vo) + Ve
Q

92 )dl':J1+—|—J7

We deduce from Young’s inequality and Assumption (A4) on x that

Ji > g—“’/ﬂp(e2 —)dz, Jy > C,.@/Q(l +6%)|Vo|*da.

T

Furthermore, J; > 0. Definition (6.29) of B; and A;; as well as the bound p; < p*
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show that

Ji=0), — gy VPi e Vodo = L %Vm Vod
L o1y Iy i 11lg %

> —C—“/92|V0\2dx—0/ 3 IVypilde.
2 Jo =1
The integrals J;5 are Jg are bounded from below since

A
J5 Z - ngs Z —C(A,@Q,GO),
4 Joo

and the dominant term in Jg is 62 log 6, which is bounded from below by a negative

constant. Finally, J7 is nonnegative:

4 1 2
J7:E/ (|D2912+@+‘D29——v9®w )deO.
Q

2 0 0

Collecting these estimates finishes the proof. m

6.2.4 Uniform estimates

Let (w?,...,wk |, w¥) be a solution to the approximate scheme (6.37)-(6.38)

L wk=1) = (wy,..., 0,_1,w). We set 0¥ = exp(w”) and

with (w™', ... w
pF = pi(w*) determined from Lemma 27. Furthermore, we set E¥ = c,p0",

recalling that p = >"7" | p?. We introduce the piecewise constant in time functions

T T 1 k
P (2, t) = pie), 7 = —log Pt —c,(logh —1) fori=1,...,n,
m; m;

07 (z,t) = 0%(z), ED(x,t)=FE"x), w(z,t)=wl(z) fori=1,...,n—1,

1

where z € Q, t € ((k— 1)7,k7], and &k = 1,...,N. At time ¢t = 0, we set

p7(0) = p9 and #(0) = 6°. Furthermore, we introduce the shift operator

)
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<O'Tp§T))($,t> = pF(z) if t € (k — 1)1, k7). Then (p™,0™) solves

// —UTpZ gzﬁzd:vdt

+ 6/ / (DQwZ@ : D?¢; + wZ(T)qbi)dxdt
0 Q
T n—1
+ / / (Z AU('lU(T))VU)](T) + G_w(T) BZ('w(T))Vw(T)) : ngﬁzd:cdt,
o Ja \j3
1 T T
= / / (BT — o, EM)¢odadt + / / k(OYVO . Vpodadt
T Jo Ja 0o Ja
T n—1 T
+ / / ZBj(fw(ﬂ)v@ug” - Veodz — A / / (6 — 0 podsdt
- 0 o0
/ / Ve - Vodadt
m; m]

€ / / (0o + 67 (log 0 — log Oy) podadt
0 Q

T
€ / / 0" (D*log 6\ : D2¢0+|Vlog9(7)|2V10g9(7)-ngo)dxdt.
Q

(6.46)

(6.47)

The discrete entropy inequality in Lemma 33 and the temperature estimates in

Lemma 34 yield, after summation over k =1,..., N,

sup [ (B0 A20.070) + §20870) ) o
o<t<T 0
//\Vlog@ P + V6 P) dadt
€ [ (o g + 170 )
//Z 2|2v N2 4 (0020 log 07 |*dardt
< [ (B 8) + cup)
Q

Cu sup/ dx—l—c,@/ /1—|— )| VOD | 2dzdt
o<t<T

<C(T +C/ /Z\v 1/22d:cdt+—/ (0°)%da.

166

(6.48)

(6.49)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Lemma 35. There exists C > 0 not depending on (¢,7) such that

107 ooy + 107 | Lo o151 () < C, (6.50)
|| IOg 0(7—)||L2(0,T;H1(Q)) + ||0(T)||L2(O,T;H1(Q)) S O, (651)
el/QII’w(T)||L2(0,T;H2(Q)) + 61/4||Vw(7')||L4(QT) <C, (6.52)

Proof. Estimates (6.50) and (6.52) are an immediate consequence of (6.48) and
p > p« > 0. Bound (6.48) also shows that sup ) [o(—log 0 + 0M)dz is uni-
formly bounded from above. Thus, log #(") is uniformly bounded in L>(0, T'; L*(Q2)).
Then the uniform bounds for V log 87 and VA" as well as the Poincaré-Wirtinger

inequality yield bounds for log (") and 6™ in L?(Qr), proving (6.51). O

Lemma 36. There exists C' > 0 not depending on (€, 7) such that fori =1,...,n,

1A 2 20,701 @) + 1087 220,500y < (6.53)

16| 2o,z + 1O | z20,sar ) + 107 [ soss oy < C- (6.54)

Proof. We infer from (6.48) that

//IV 22 dxdt<0/ /|2V W22 4 (0 D)Y2V 10g 07 P dadt

+ C/ / |V log 07 |2dzdt < C,
0 Q
and the L*>(Qr) bound (6.50) gives fori =1,...,n,
T T)11/2
1637 2z < 201087 112 0 IV (07 2 2r) + 1087 [ 2200y < C.

Therefore, the right—hand side of (6.49) is uniformly bounded, which proves the

first two estimates in (6.54). The remaining one is a consequence of the Gagliardo—
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Nirenberg inequality with n = 3/4:

07250y < © [ 1O 10

L8/3(Q ) —

7)14/3 .
=3 - / (69 2 gyt < C.

This finishes the proof. n

The following lemma can be proved as in [9, Lemma 9].
Lemma 37. There exists C' > 0 not depending on (¢,7) such that

||pET) — O'TpgT)||L2(07T;H2(Q)*) + ||9(T) — 0-7—9(7-)||L16/15(0’T;W2,16(Q)*) S O’T. (655)

6.2.5 The limit (e,7) - 0

The bounds (6.51), (6.53), and (6.55) allow us to apply the Aubin-Lions lemma
in the version of [59]. There exist subsequences, which are not relabeled, such

that as (e¢,7) — 0,

pz(,T) — p;, 07 =0 strongly in LXQr), i=1,...,n—1.

The convergence also holds for i = n since p\7) = 1 — St pZ(T) Thanks to the

L (Q7) bound for p” and the L'%/3(Q7) bound for 67, we have

pgT) — p; strongly in L"(Qr) for all r < oo,

0 — 6 strongly in L"(Qy) for all r < 16/3.

We claim that p; > 0 and 6 > 0 a.e. in Q2p. The positivity of p; is proved
as in [9, p. 16]. The strong convergence of (™) implies a.e. convergence and
in particular logf™ — Z a.e. Thus, ) — exp(Z) a.e. We conclude that
0 =exp(Z) > 0 a.c. in Q.
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It follows that log# € L*(Qr) and estimate (6.51) yields

Viogh'™ — Vlogh weakly in L*(Qy). (6.56)

Furthermore, in view of (6.51), (6.53), and (6.55), up to subsequences,

PET) —pi, 07 =0 weakly in L*(0,T; H'(Q)),

71\ — 6, p\) = B,p;  weakly in L2(0,T; H*(Q)*),

710 — 6,.07)) =~ 9,p;  weakly in L'15(0, T; W6(Q)"),

and the bounds (6.52) show that
elog 8™ — 0, ewzm — 0 strongly in L*(0,T; H*(Q)).

The embedding H'(Q) < L?(09Q) is compact, giving 07 — @ strongly in
L2(0,T; L2(99)).

These convergences are sufficient to pass to the limit (¢,7) — 0 in (6.46)—
(6.47), showing that (p, ) solves the weak formulation (6.35)—(6.36). We only
detail the limits in the terms AZ(;) — Ajj(w™) and B = B;(w™). We know

that V( MYz Vp ? weakly in L2(Q7) and

(1) T 1/2
Aij _ MBD (1) (pg ))1/2 MBD pz/ _ AZ]
(Dhijg i (p') o M (p )m. - 12
m](pj ) J J m]pj

strongly in L7(Qr) for all v < co. Using (6.32) and (6.25), this implies that

n—1 n A7) () (p( ))1/2

ZA%W@”:Z’ZJ Vlogp’ _QZMBD phE —

j=1 j=1 7 M i=1 J

V(o)

- QZMBDpZ Vpl? weakly in L*(Qr), s < 2.

Since the sequence is bounded in L?*(Qr), this convergence also holds in this
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space. Similarly,

n_ A7)

. A; A,
Bi(T)e’w( 'V = Z T log ) — Z JVlog& weakly in L*(Qr),

n;

j=1

Ag)wm = MZED@(T))(PZ P§T))l/2V9 — A;;VO  weakly in L*(Qr),

and using 6 — 6 strongly in L"(Qy) for r < 16/3,

BD

n—1
M;;
() _ ) ( H(T)\1/2 124 1/2
> BV, 2§ 9(( )12V (oY 2§ 1/2
i=1

m;m;
i,j=1 J i=1 TPy

weakly in L*(Qr) for s < 16/11, and since the right-hand side lies in L'%/'(Q7),
this convergence also holds in L'/ (Qy).
Next, we claim that p;(0) and 6(0) satisfy the initial data. The time derivative

of the linear interpolant

T k - t
ﬁ(i )(t):/)f— ’ (pk pf Y for (k—1)7 <t<kr
is bounded since, because of (6.55),
||atﬁz(T)HLQ(O,T;H2(Q)*) S Tﬁll‘pET) — UTPET)|’L2(O,T;H2(Q)*) S C.

Thus, 7" is uniformly bounded in H*(0,T; H2(Q)*) — C°(|0,T]; H*()*) and
we conclude for a subsequence that p = ﬁ{iT)(O) — r; weakly in H?(Q)* for some

r; € H?(Q)*. Tt follows that r; = p{. As ﬁy) and p\”) converge to the same limit,

(2

177 = o7 2oy < 107 — 0opl” |2z < CT — 0,
this shows that p{ = r; = p;(0) in H*(Q)*. In an analogous way, we verify that
0(0) = 6° in W216(Q)*.
The initial data are satisfied in better spaces. Indeed, going back to (6.35)—
(6.36), the regularity of p; implies that ;p; € L*(0,T; H (Q))NH(0,T; H'(Q)*) —
Co([0,T); L*(2)) and thus p;(0) = p? in the sense of L*(€2). The temperature sat-
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isfies @ € L>(0,T; L*(Q))NCY([0, T]; W16(Q)*), which gives 0 € C2 ([0, T]; L*(Q2)).
Consequently, 6(0) = 6° weakly in L*(Q2). Moreover, we deduce from |[kV6| <
C.(IVO| + 0|VE?|) € L/"(Qy) that 9,0 € L'/11(0, T; WH1/11(Q)*). This com-

pletes the proof.

6.3 Weak—strong uniqueness

In this section we prove Theorem 26. Let (p, 0) be a weak solution and (p, #) be

a strong solution to (6.1)—(6.8). We introduce the entropy

H(p(t),0(t)) = /Q <§;%<log% - 1) - cwplog«9>dx.

Lemma 38 (Entropy equality for strong solutions). Let (p, ) be a strong solution
0 (6.1)(6.8) (in the sense mentioned after Theorem 26) with A = 0. Then

/ / |V9|2dxds

w3 [ 3 vaman — wpasas = H(p(0),000).

2,7=1

Proof. We use (6.1) and (6.2) and integrate by parts to obtain

dH " 0P Di
w (X mil% 73@”)

——/Q%|V9|2d91:+/Q (Vpi + piVlog0)d
=1 v
I -~ _
=— [ =|V0 2dx+/ _; - d;d,
e 3

where & = 1(f) and we used (6.18) in the last step. By the algebraic system (6.5)
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and the symmetry of (b;;),

)_\

Z 7U Z bi; pip; (u S = —% > bypipslu — . (6.57)
=1

i,j=1 i,j=1
This shows the claim. O]

Lemma 39 (Entropy inequality for weak solutions). Let (p,0) be a weak solution

0 (6.1)~(6.8) with A =0. Then

/ / — V0> dzds

/ / Z bijpipjlu; — uj*dzds < H(p",6°).

i,j=1

Proof. Let (p*,0%) for k = 1,..., N be a solution to the approximate problem
(6.37)—(6.38), constructed in Section 6.2.2. According to (6.43), this solution

satisfies
H(pk,ek)—l—T/ (Gk)|V10g9k|2dx

g, W p, W k=1 pk—1

zyl v J

where the superindex £k denotes the kth time step. By Corollary 29 as well as
relations (6.22) and (6.57),

* g, W - BD d; d
Z ALV (qz + _Z) 'V(qj + ﬁ) - Z(Mw )* o (pF)1/2 ' Qk(p;c)l/Q

ij=1 J ij=1

:_Zelkdk uf = mepzp]\u —ul.
i=1

1]1

Therefore,
H(pk,ﬁk)—i-T/m(@k)|V10g9k|2dx+%/ > bipkpluf—ubPde < H(pH', 0571,
Q Q=1

We sum over k = 1,...,j with t € ((j — 1)7, j7] and use the notation of Section
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H(p(t) // )|V log 7 |2dzds (6.58)
//wapz Pl — u Pdads < H(p", 0°)

i,7=1

for a.e. t € (0,7).

It remains to pass to the limit (¢, 7) — 0 in (6.58). We deduce from the strong

convergence of (p(™) and (7)) that

H(p(t),0(t)) < liminf H(p(t),07(t)).

(e,7)—0

We deduce from the strong convergence pl(-T)

— p; in L1(Qq) for any ¢ < oo and
the boundedness of MZP that MZP(p(")) — MEP (p) strongly in any L?(Qr). In
view of the weak convergences V log (") — Vlog# from (6.56) and V( )1/ 2

Vpi/ from (6.53) weakly in L?(Qr), we have
2V ()2 4 oIV log 87 — 2Vpl/? 4 p;V1ogh  weakly in L*(Qy).
Hence, using (6.22),
(P12 ZMBD (2V( N2 4 pTV log 7))

m;

4X:M'BD 2Vp1/2+p2-v10g9) :p;/Qui.

weakly in L?(Q7), where the last identity is the definition of w;. Then, taking

into account the boundedness of pET) in L>®°(Qr), forany i,j =1,...,n,

(b7 PV 20D = (biypipy)u; weakly in L2(Qy).
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As the L?*(Q7) norm is weakly lower semicontinuous,

/ /sz]pszWz uy| dzds

7,7=1
Sliminf/ /Z‘ Upl PJ 1/2< ET)_U§T)>‘2d$dS

(e,7)—0
i,j=1

(™, () (7))2
_hg?gqg/ /Zb”pl P lug " =y [Pdads.

7,7=1

Finally, x(0()Y2V log ") — k(0)/2V log 6 weakly in L'(Q7) and, because of

the uniform bounds, also in L?(Q7). Hence,

¢
~(6) |VO|*dzds < lim inf |V9 )2 dads.
02 (e,7)—0 T)
0 Jo

Thus, applying the limit inferior (e,7) — 0 to both sides of (6.58) yields the

result. O]

Lemma 40 (Relative entropy inequality). Let the assumptions of Theorem 26

hold and let p;(0) = p;(0) for i =1,...,n and 8(0) = 6(0). Then

H((p,6)(1)](p. O)(1) + 2" / / > il — i fPdads
+%” /O /Q IV (log 6 — log §)2dzds (6.59)

< C/Ot/Q <Z:(pj —pi)+ (0 — 0)2> dxds,

where the relative entropy H(p,0|p,0) is defined in (6.12).

Proof. We use the test functions ¢; = m; " log(pi/m;) — ¢, logf and ¢g = —1/0

in the weak formulations satisfied by p; — p; and p(6 — ), respectively,

/ (ps — p1) (D) i(t)dz = / / — pi)Odidads + / / pitti — pit;) - Veidads,
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t
/chp(ﬁ—ﬁ)(t)qbo(t)dx:/o /chp(ﬁ—ﬁ)@tqbodxds
- [ [0 -590)- Vondaas+ [ [ > (b = By Voudads,

where h; = (¢, + 1/m;)p;0, hj = (cu + 1/m;)p;0, and k = k(0), & = k().
Strictly speaking, we cannot use ¢; as a test function since log p; and 1/6 may be
not integrable. However, we can use a density argument similarly as in the proof

of [10, Lemma 8]. Then, summing over i = 1,...,n,
- 1 0—0
)0 [ —1og 2 — e1 — o=
L300 = w00 (5 0w e~ cutos) ) - 50 o
- a i _ v_i
/ / { E ( l) i + (pzuz piui) : p— )
™m;p; mip;

+ cup(0 — 0)0, <—%) }dxds - /Ot /Q(We — &V0) -V <—%) dads
4 /0 t /Q é(hjuj—hjuj)-v(—%>dxds.

We subtract this identity and the entropy equality from Lemma 38 for (p,0)

from the entropy inequality for (p, ) obtained in Lemma 39 and insert equations
(6.1)-(6.2) to replace the time derivatives 0;p; and 9;(—1/6). A computation
shows that

H((p, 0)(t)|(p,0)(t) < Ky + K, (6.60)

where

// (k|V1og 8> — k|Vlog 6]%) dxds—l—/ //@V@ V(g—%)dxds
+/ /(KVH—/%VQ_)~V<——)da:ds,
0o Ja 0

t —
_/ /szul. (pl)dxds—/ / sz (piu; — piu;)dzds,
0 JQ ;4 m; zpz
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>

N 0 1
t n _ 1

—/ /Z(hiui—hiui)-v<——)dxds,
0 J9 - 0

L[ &
0 JOQ .

ij=1

and

t n
K5 - 1/ / Z bzyﬁzpj}’az — ﬂjdedS.
2 0 JQ

1,j=1

The term K, can be rewritten as

t
K, = —/ / %(/10_— 70)V (logf — log ) - V log fdxds
0 Jo

t
—/ //@|V(log9—log9)‘2dxds
0 Jo

t —_— 7] — —
+/ / %Vlog@ - (kVlogl — kV log0)dxds =: Ki3 + K2 + K.
0 Ja

The algebraic system (6.5) with d; = V(p;0)/m; can be formulated as
—m; > bypipy(; — 1) — p;V log 6 = Vp;.
j=1

This allows us to rewrite Ks:

t n . n
Ky = / / Z bijpipi(ui — u;) - u;dzds — / / Z bijpip;(t; — u;) - u;dads
0o Jo 0 o

ig=1 ig=1

t n t n
+/ / Z bl]pzﬁj(ﬂz - ﬁj) : UZdJTdS - / / Z bmﬁzﬁ] (ﬂl — ﬂj) : ﬁidxds
0 JQ 0 Q-

1,7=1 2,7=1

t n 1 t n 1 B

+ / / —p;Vlog0 - u;dxds — / / —p;Vlog0 - u;dxds
0 Q;mz 0 Q;mi
t n 1 3 t n 1 B

+ / / —p;Vlog6 - u;deds — / / —p;Vlog - u;dxds

=: Koy + -+ + Kos.
Furthermore, it follows from h; = (¢, + 1/m;)p;6 and >, pyu; = > - | pii; = 0
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1=

// < )dxds—// <—%>dxds

Pilli pz n
-Vodzd 2 -V@dd
//Zmz xrds + //Z xrds
Pilly 5
— — . VOdxds.
/O/Q;mi‘92 e

We reformulate K, as

:__/ / wapzpj — @) — (u; — ;)| dzds

i,7=1

//sz]pzpﬂuz u]|d:vds

1]1

/ / Z bijpipj(u; — uj) - (U; — uj)drds =: Ky + Ky + Kys.

7,7=1
A long but straightforward computation shows that

Koy + Koo + Kog + Koy + Kyo + Ky3 + K5

/ /Z%Pz — pj)(u; — ;) - (u; — u;)dads =: Ly

7,7=1
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and
T nq )
Kos + Kog + Ko7 + Kog + K3 :/ /Za(pz — pi)(Vlogl — Vlog0) - u;dxds
+/T/zn:1 (Vlogh — V1 §)16dd
: m'pzuz og og 7 xrds
~ 0
/ / _pz i z)VIOgQ(l—a—)dZEdS
+/ /Z_<pi_ﬁi)ai‘VI0g6_< —2>dxds
0 Jai; M 0

= L2+L3+L4+L5.

Inserting these expressions into (6.60), putting Kis on the left—hand side, and

rearranging the terms, we find that

H((p,0)(8)|(p / / S bupits| s — 70) — (s — ) "lads (6.61)

i,7=1

t
+/ /E\V(logG—logG)\deds§K11+K13+L1+---+L5.
0 Q

The second term on the left—-hand side can be bounded from below. Indeed,
it follows from the symmetry of (b;;), definition (6.20) of M;;, and the positive
definiteness (6.21) of M on L that

1 « _ D)
3 Zbijpipj‘(ui — ;) — (uj — )]
ij=1
=> ( > bijpj)pi|ui —al =Y bypipi(u— @) - (u; — 1)
i=1 Nj=1,j#i i,j=1,i#j

- Z Mij/pi(ui — @) - \/pj(u; — u;) = | PLY |,

ij=1

where Y; = /pj(u; — ;). The norm of the projection is computed according to
PY P =Y~ [PLY [ = me al* — Z g

—Zl)l|ul u2|2—— Z(
7j=1

ij
Z ZMUZ —wl* = Z(Pj - )
i=1 J=1
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where we used Y. | p;u; = 0 in the third equality, and C} > 0 depends on p, and

the L>(Qr) norms of u;, j = 1,...,n. Consequently,

/ / S bty s — 50) — (5 — )|l (6.62)

i,j=1

>MM/ /Zpl\ul i, deds—Cg// )2dads.

We turn to the estimation of the terms on the right-hand side of (6.61). By

the Lipschitz continuity of x and Young’s inequality, K4, is estimated as

t
Ky = —/ / %(m(ﬁ_ —0)+ (k— Fo)@) Vo - V(logf — log §)dxds
0 Jo

t t
< C—/ / IV (log 6§ — log 8)[2dzds +Cg/ /(9 — 0)2dxds,
8 0 JQ 0 JOQ

and C5 > 0 depends on ¢, (see Assumption (A4)), and the L>°(2r) norms of 6

and Vlogf. A similar estimate shows that

t J— 0 — — —
K3 = —/ / f 7 Q(HV(logG —logf) + (k — &)V log0) - Vlogfdzds
Q

t t
< C—E/ / |V(log 6 — log 0)*dxds + 04/ /(9 — 0)*dads,

Ly < //|V log 6 — log 0) 2dxd8+05/ /Z )2dads,

L < —*’”/ / 1V (log 0 — log §)2dzds + 06/ /(9 _ §)2dads,
3 0 Q 0 Q

observing that Cy depends on ¢, § and the L>(Q7) norms of 6, Vlogf, and ;,
(5 depends on the L*({)r) norms of u;, and Cg depends on ¢, p*, 4, and the

L*>(Qr) norms of 4; (i =1,...,n). Moreover, by Young’s inequality again,

L,y <—/ /szm ;| d:cds+07/ /Z — pi)*dads,

>~ M_M/ / Zp,|uz — ﬂi|2d$d8 + Cg/ /(9 — §)2d$d8,
4 0 JQ ;4 0 JQ

where C7 depends on p*, s, and the L>®(Q7) norms of @; (i = 1,...,n), while
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Cs depends on §, p*, and the L>°(Q7) norm of Vlogf. Finally,

L5<Cg// - pi) dxds—l—Clo/ /9 0) 2daxds,

where Cy > 0 depends on the L>(€Q7) norms of @; (i = 1,...,n), and Co depends
on § and the L>°(Q7) norm of Vlog 6.
Summarizing the previous estimations, we infer from (6.61), (6.62), and the

lower bound for £ (see Assumption (A4)) the conclusion. O

It remains to estimate the right—hand side of (6.59) in terms of the relative

entropy. For this, we observe that, by [10, Lemma 16],

n 1 Pi 2
— | pilog = — (pi pz>dx>0/ — pi)°da.
/Q ; 1 < Pi Z
Furthermore, for all functions f € C*(R) with f’(1) = 0,

F(s) — f(1) = (5—1)/ f’(a(s—l)—i—l)da:(s—l)/o (s — 1)+ D[ do

(s —1) / / (T 1) + 1)drdo.

This yields, choosing f(s) = —logs+s—1 and s = 0/6,

/c —lo €+1(9—§) dx>/c Md:z:>C/(9—9)2dx
Q wh gé 0_ - Q wpmax{@ 0}2 Q ’

where C' > 0 depends on the lower bound for § in Qp. By definition of the relative

entropy, we conclude from Lemma 40 that
_ s t n
H(p.0)01p.0)0) + 2 [ [ 3 il = wdaas
0 i=1
c t - t -
+ Eﬁ/ / IV(log 6 — log #)*dxds < C’/ H(p,0|p,0)ds
0 Jo 0

Gronwall’s lemma shows that H((p,0)(t)|(p,0)(t)) = 0 and hence p(t) = p(t)

and 0(t) = 6(t) = 0 in € for ¢ > 0. This finishes the proof.
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