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Kurzfassung

Designoptimierung befasst sich mit der Minimierung (Maximierung) einer gegebenen Formfunktion, die
Teilmengen von RY auf reelle Zahlen abbildet, in Bezug auf die Designvariable. Dabei unterscheidet man
zwischen den Begriffen Formoptimierung, die sich mit glatten Verformungen eines gegebenen Designs be-
fasst, und Topologieoptimierung, die topologische Verdnderungen anspricht. Im Kontext des Ingenieurwe-
sens bezeichnen wir beide Themen als Strukturoptimierung. Fortschritte in der Fertigungstechnik haben
eine Vielzahl von Gestaltungsmoglichkeiten hervorgebracht. Folglich hat die Nachfrage nach optimalen
Designs und geeigneten Optimierungsmethoden signifikant zugenommen.

Zunéchst folgen wir dem Ansatz der klassischen Formoptimierung. Wir wenden die etablierte Theo-
rie rund um die Formableitung auf ein Modellproblem im Rahmen der linearen Elastizitdt mit punk-
tweisen Spannungseinschrankungen an. Diese Einschrdnkungen werden dann kompakt formuliert durch
die Maximumnorm, was zu einem nichtglatten Optimierungsproblem fiihrt. Wir verwenden Methoden
der nichtglatten Analysis, um Optimalitdtsbedingungen herzuleiten und eine Verbindung zum Clarke-
Subgradienten herzustellen. Zusétzlich betrachten wir drei einfache Geometrien, um die numerische
Anwendbarkeit unserer Methodik zu erortern.

Als Néachstes untersuchen wir topologische Sensitivitdten im Rahmen der Topologieoptimierung. Wir ver-
gleichen drei verschiedene adjungierte Methoden, um die erste und zweite Topologieableitung herzuleiten.
Wir wenden diese Methoden auf ein durch partielle Differentialgleichungen beschrénktes Problem im
Rahmen der linearen FElastizitat an und heben die Unterschiede hinsichtlich Anwendbarkeit und Effizienz
hervor.

Basierend auf unseren Beobachtungen verwenden wir dann die gemittelte adjungierten Methode, um
die vollstdndige topologische asymptotische Entwicklung fiir ein durch partielle Differentialgleichungen
beschrianktes Modellproblem zu berechnen; einschlief3lich des Laplace-Operators und einer Stérung auf
der rechten Seite. Wir stellen fest, dass die asymptotische Analyse der adjungierten Variablen je nach
Zielfunktion komplizierter sein kann. Tatséchlich erfordert eine Kostenfunktion vom L,-Trackingtyp die
Einfithrung der Fundamentallosung der biharmonischen Gleichung.

SchlieRlich nutzen wir den Begriff der topologischen Zustandsableitungen, um numerische Verfahren
im Kontext der Topologieoptimierung zu untersuchen. Wir approximieren einen modernen Level-Set-
Algorithmus und fiihren ein steilstes-Abstiegs Verfahren im Rahmen von One-Shot-Typ Methoden ein.
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Abstract

Design optimisation deals with the minimisation (maximisation) of a given shape functional, which maps
subsets of R? to the real numbers, with respect to the design variable. Therein, one distinguishes between
the terminology shape optimisation, which is concerned with smooth deformations of a given shape and
topology optimisation, which addresses topological changes. Put into the context of mechanical engineer-
ing, we refer to both topics as structural optimisation. Recent advances in the manufacturing process gave
rise to a large variety of design possibilities. Consequently, the demand for optimal designs and appro-
priate optimisation methodologies has increased significantly.

We first follow the approach of classical shape optimisation. We apply the well established theory revolv-
ing around the shape derivative to a model problem in the framework of linear elasticity with pointwise
stress constraints. These constraints are then compactly formulated by the maximum norm, which results
in a nonsmooth optimisation problem. We employ methods from nonsmooth analysis to derive optimal-
ity conditions and draw a connection to the Clarke subgradient. Additionally, we consider three simple
geometries to address the numerical applicability of our methodology.

Next, we investigate topological sensitivities in the framework of topology optimisation. We compare
three different adjoint based methods to derive the first and second order topological derivative. We ap-
ply these methods to a PDE constrained problem in the framework of linear elasticity and highlight the
differences in view of applicability and efficiency.

Based on our observations, we then employ the averaged adjoint method to compute the complete topo-
logical asymptotic expansion for a PDE constrained model problem including the Laplacian and a per-
turbation of the right hand side. We observe that, depending on the objective functional, the asymptotic
analysis of the adjoint variable can be more involved. In fact, a L, tracking-type cost functional requires
the introduction of the fundamental solution of the biharmonic equation.

Finally, we utilise the notion of topological state derivatives to investigate numerical schemes in the
context of topology optimisation. We approximate a state of the art level-set algorithm and introduce a
steepest descend scheme in the context of one-shot type methods.
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1 Introduction

Design optimisation deals with the minimisation (maximisation) of a given shape functional with re-
spect to a design variable. In this context, the shape functional (or objective functional) denotes a map
S 1 Uy — R, where %4, a subset of the powerset of R?, contains the admissible design variables
(shapes). Depending on the composition of the set %4, the wide topic of design optimisation ranges
from parameter optimisation, where the design is described by a parameter of an object, to shape optimi-
sation, where the optimal design is searched inside a set of homeomorphic sets, to topology optimisation,
where topological changes are considered as well. While the notion of parameter optimisation allows to
carry over a linear structure to the set of design variables, the set of admissible shapes in the framework
of shape and topology optimisation cannot directly be endowed with a vector space structure.

Recent advances in manufacturing technologies gave rise to a great variety of design possibilities and thus
the demand for design optimisation algorithms increased significantly. This introduction aims at provid-
ing a general overview of various state of the art methodologies and their applications in the framework
of shape and topology optimisation. More specific literature revolving around the contributions of this
thesis can be found in the introductions of the according parts.

1.1 Shape optimisation

The terminology "shape optimisation" often combines two branches: parametric shape optimisation and
non-parametric shape optimisation. Parametric shape optimisation refers to the previously mentioned
parameter optimisation, where the design is described by a finite dimensional variable. Whilst classical
examples of this type are the thickness or the height of an object, this notion can be extended to capture
irregular shapes. That is, optimising a shape in terms of its boundary, which consists of splines with a
finite number of control points, can be classified as parametric shape optimisation as well. More insights
on this topic can be found in [37].
On the contrary, in non-parametric shape optimisation one is interested in more general design options.
The main ingredient of this branch is the notion of “shape derivative”, which measures the sensitivity of
the shape functional with respect to smooth boundary variations of the shape. This method circumvents
the lack of vector space structure from shapes by starting from an initial shape and inherits the required
structure by considering deformations of the initial shape in terms of vector fields. To formalise this idea
let

Z U4 —R, (1.1)

be a shape functional and Q2 € %,; an admissible shape. The shape derivative is defined as the limit

SEIGALFIG) a2

D#(@)(X) =i t

N
Here, Q, = F,(Q2) denotes the transformation of 2 with respect to the flow F, defined by the vector field
X :R? = R, Of course, one needs to assume that the transformations are compatible with the admissible
set, i.e. F(Q) € %,4. There are two commonly used approaches in this context. The first one, the so-
called velocity method introduced in [100], considers for each Lipschitz vector field X € W (R9)4
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and x, € RY the flow t — 0(t, x,) solution of

26y

ot (t) XO) :X(GX(ts XO))) 9(0) XO) = Xo- (13)

By the Picard-Lindelof theorem (1.3) admits a unique solution and thus one defines the deformation of

an initial set 2, in direction X by
Q. = Ox(t,90). (1.4)

A second approach is the so-called perturbation of the identity method introduced in [98]. It is based
on the idea to construct the deformation of an initial shape €, as the sum of the identity map and an
additional vector field X € W1°°(R%)? with a small weighting factor. To be precise, one considers the
deformation in direction X

Q,; = (Id + tX)(29). (1.5)

While these approaches coincide in terms of the first order shape derivative, differences occur in the case
of the second order shape derivative, which is a natural extension of (1.2) [44]. It has been found that
Lipschitz vector fields are the most general choice of such deformation fields, which allow a rigorous
sensitivity analysis. For more details on this topic we refer to [69]. This framework has been employed
intensely in the literature and found various applications, many including optimisation problems con-
strained by partial differential equations (PDEs).

One key property of the shape sensitivity analysis is the possibility to reformulate the governing equa-
tions on a fixed domain {2 for sufficiently small transformations F,. While the perturbation of the identity
method suffices in this aspect in many applications, some problem settings require different techniques.
In [62] the authors studied the optimisation of a viscous incompressible fluid governed by Stokes equa-
tion. Special care had to be taken of the vector field transformations in order to preserve the divergence-
free property of the solution space. This has been achieved by introducing the Piola transformation. A
similar issue occurred in [72], where the authors investigated the inverse problem occurring in magnetic
induction tomography, which describes the reconstruction of the conductivity given a sample of reference
measurements.

It is notable that in some cases not only the final shape needs to be optimised. In fact, sometimes also
the manufacturing process should be taken into consideration. In [2,3] the authors applied the method
of shape optimisation to a compliance minimisation problem in the context of linear elastic materials.
Additionally, they incorporated the manufacturability of the object via an additive manufacturing process
as a penalty term into the optimisation problem. In this context, additive manufacturing labels a variety
of different manufacturing methodologies that share the common scheme of layer-by-layer construction.
Examples of these are material extrusion methods and powder bed fusion strategies [2, Figure 2]. Previ-
ous works detect overhangs, the main issue in additive manufacturing, by means of geometric constraints
involving the surface normal of the domain (see e.g. [40]). In contrast, the authors of [2, 3] mimicked
the layer-by-layer production and introduced the self-weight manufacturing compliance as a penalty.
The works previously mentioned can be classified as smooth shape optimisation. That is, the objective
functional, combined with a possible constraint, admits a one-sided derivative that is linear with respect
to the vector field. Of course, there is also a large variety of works on nonsmooth shape optimisation in
the literature. In [54] the authors considered the shape optimisation of an obstacle type problem. This
naturally led to an variational inequality (VI) as a constraint. In order to apply the well established opti-
misation techniques for smooth shape optimisation, the authors incorporated the VI as an equality using
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1 Introduction

the nonsmooth maximum function and regularised the term to obtain differentiability.

In contrast, in [104] the author studied the pointwise maximum of a smooth function depending on
the state variable, the solution to a quasilinear elliptic PDE. Here, the author resorted to a Danskin type
theorem to deal with the nonsmooth objective functional and used results from nonsmooth analysis to
characterise the resulting “differential” as well as optimality criteria.

The notion of "shape derivative" naturally gives rise to gradient based optimisation algorithms. Identify-
ing a descend direction, i.e. a vector field X such that D_¢ (Q)(X) is negative, one can use this information
implicitly to guide a levelset function [7] or explicitly to deform control points; e.g. mesh nodes [61].
In this context, there is also literature targeting the numerical aspects of shape optimisation. In [49] the
authors modelled an air foil as a star-shaped domain and optimised the shape with respect to a given
pressure distribution. They computed first and second order shape derivatives and used significant parts
of the shape Hessian to increase the convergence rate of the gradient based optimisation algorithm. The
contribution [66] aims at controlling the numerical error introduced during the computation of the shape
gradient. In the context of an inverse problem occurring in electrical impedance tomography (EIT) the
authors introduced an a posteriori error estimator to guarantee a decrease of the objective functional
along the direction of the approximated shape gradient. Furthermore, the shape sensitivity encoded in
the first and second order shape derivative can be used in Newton-type methods. For an example of this
idea we refer to [103].

1.2 Topology optimisation

In contrast to smooth deformations considered before, topology optimisation allows topological changes
during the optimisation process. There is a great variety of methodologies to tackle this task analytically
and numerically. In the following we are going to introduce some of these. We start with a sensitivity
based method, that is comparable to the shape sensitivity in some aspects. Since Part II and Part III
employ this methodology, we are going to address this approach in more detail.

Topological sensitivity analysis This method is based on the notion of the topological derivative, which
measures the sensitivity of a given objective functional with respect to the inclusion of a small hole.
Similarly to (1.2) the first order topological derivative of a shape functional

G U4~ R, (1.6)

denotes the limit

L) —2(2)

t(e) ’
where £ : R — R is function vanishing at 0 that encodes the asymptotic order. Contrary to (1.2) how-
ever, 2, denotes a singularly perturbed set Q at x, with the perturbation shape w. Again, we have to
assume that Q, € %,4 to obtain a well-defined expression. This quantity is able to capture a variety of
physical interpretations such as the removal or addition of material, the replacement of different mate-
rials or the placement of a rivet, to name a few. The topological derivative was first introduced in [50]
and later mathematically justified in [63] in the context of linear elasticity. Since then, the asymptotic
expansion with respect to singular perturbations has been derived for various PDE constraint design op-
timisation problems.

d_#(Q, w)(xg) := 21{% (1.7)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

1 Introduction

In [32] the authors used the elastostatic Green’s tensor to derive a fourth order asymptotic expansion
regarding the inclusion of a small inhomogeneity in an elastic material. A fourth order differential oper-
ator has been considered in [18], where the authors computed the topological derivative for a Kirchhoff
plate bending problem.

Semilinear problems have been discussed in [105] via the averaged adjoint equation and in [14] in a dif-
ferent adjoint framework. In the latter work, the author considered a general class of semilinear equations
and prescribed Dirichlet boundary conditions on the inclusion boundary. Instead of poking a hole, this
can be interpreted as the addition of a rivet at a particular position. Topological asymptotics of semilinear
problems were also addressed in [87, Section 10]. Further works covering the derivation of topological
sensitivities for semilinear problems are [29,75].

Additional complications arise when nonlinearities of the operator occur. In [58] the authors addressed
a quasilinear transmission problem. They used a projection trick to circumvent the absence of a funda-
mental solution, which is often required to derive an asymptotic expansion.

There are various ways to incorporate the local information given by the topological derivative into a
numerical optimisation scheme. In [70] the authors investigated the EIT problem with constant conduc-
tivities. They used the topological derivative in a one-shot type approach to find an initial set and used
the shape derivative as well as sensitivity with respect to the conductivities to further optimise the result.
In [71] the authors extended the idea of [70] by deriving a higher order topological expansion, which
increased the accuracy of the initialisation.

Another approach was introduced in [17], where the optimality criteria of the topological gradient is
used to guide the evolution of a level-set. This idea was further investigated in [15] and extended to
capture multi-material problems in [56]. In [31] the authors interpreted the optimality criteria of the
topological gradient in a different way. Their observations gave rise to quasi-Newton methods for PDE
constrained topology optimisation problems.

Homogenisation method The homogenisation method is based on the idea to fill the domain with pe-
riodic cells attaining a microstructure, which depend on a number of parameter. These cells are assumed
to consist of two different regions; material and void. Now, the goal is to find an optimal alignment of
these cells in terms of a cost function. This leads to a large number of degrees of freedom. By construction,
the resulting optimum consists of a microstructure and thus is not very feasible in real life applications.
A remedy to get rid of these can be the introduction of a threshold for solid material. Therefore, one fills
cells that surpass a given threshold in terms of their microstructure with material, and sets the remaining
cells to void. A more subtle approach, called dehomogenisation, was introduced in [91].

Applications of the homogenisation method in structural optimisation can be found in [28]. For more
details regarding this approach we refer to [1].

Density methods The distribution of material in a domain can be associated with a characteristic func-
tion. That is, regions where material is present correlate to the value 1, and void is marked by 0. The
idea of density methods is the relaxation of the discrete value set {0, 1} to the continuous interval [0, 1].
That is, one allows intermediate values, which do not relate to physical interpretations. Thus, the design
variable in this context is a density function p. Additionally, one enforces a black and white solution by
penalisation. This is usually achieved in combination with a volume constraint. For more insights on this
topic we refer to [27]. Applications of this method will be given in the introduction of Part I in the context
of stress-constrained optimisation.
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Phase-Field method Phase-field methods or diffuse interface methods stem from physics and can be
classified as density based methods as well. Similarly to the previous methodology, the structural domain
is identified with a density function p. The difference lies in the method to get rid of intermediate densi-
ties. In this method, the density is driven towards the value set {0, 1} with the help of the Van der Waals
free energy functional [4]

F.(p)= f (e*IVpl* +e2W(p)) dx.
D

Here, W : R — R is a double well functional with minima W(0) = W(1) = 0 and positive values else-
where. Thus, the second term encourages a black and white behaviour as € \, 0, while the first term
becomes less oppressive and thus allows jumps. This functional is then incorporated as a penalty term
into the problem formulation. For an application of this methodology we refer to [30] and references in
the introduction of the upcoming parts.

1.3 Existence theory

In the previous discussion we focussed our attention on methods that are capable to guide numerical op-
timisation algorithms. A more detailed overview of such methods can be found in the work [4]. Of course
there is also a wide theoretical framework targeting the existence and regularity of optimal shapes. The
foundation is built by the notion of shape continuity, which allows to construct a topology on the set
of admissible shapes. With the addition of an appropriate compactness result, which suits the underly-
ing notion of continuity, one can formulate existence results for general design optimisation problems.
Further details including concrete techniques to introduce the notion of shape continuity and existence
results for optimal shapes can be found in the exhaustive manuscripts [44,100].

1.4 Outline of the thesis

This thesis is concerned with the sensitivity analysis in the context of shape- and topology optimisation.
Our main contributions are the following:

* The incorporation of pointwise stress constraints into the objective functional in a nonsmooth way.

* We perform the sensitivity analysis for the material derivative in the context of shape optimisation
in a generalised way and compute the first order semi shape derivative for the nonsmooth objective
functional. We further connect the object to the Clarke subgradient.

* We compare three different adjoint based methods to perform topological sensitivity analysis. We
highlight the differences in view of applicability and efficiency for various objective functionals in
dimension two and three.

* We incorporate the fundamental solution of the biharmonic equation to compute the complete
topological asymptotic expansion for a tracking-type objective functional constrained by Poisson’s
equation.

* We introduce a steepest descend approach to combine topological- and shape-sensitivities on a
numerical level.
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Structure of the thesis The rest of this thesis is structured as follows: in Part I we investigate the min-
imisation of peak stresses in the context of shape optimisation. Therein we derive a nonsmooth method-
ology in the analytical setting, which we then apply to three model problems in a numerical scheme.
The results of this part stem from the article [26]. Part II is concerned with topology optimisation in the
framework of linear elasticity. Based on the article [25], we compare three adjoint based methods to com-
pute topological sensitivities up to order two and compare these methods in terms of their applicability
and efficiency. In Part III we employ a suitable adjoint approach to investigate topological derivatives of
arbitrary order for certain objective functionals subject to a PDE constraint in terms of Poisson’s equation.
Based on the results of [23], we observe that the asymptotic analysis of the adjoint variable necessitates
the fundamental solution of the biharmonic equation. Finally, in Part IV we address the numerical treat-
ment of the topological derivative. We therefore introduce the topological state derivative based on the
article [24] and utilise this generalised notion to construct two numerical schemes.
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1 Introduction

List of symbols
Notation Description
Operators
Id identity map on a given set
Iy d-dimensional identity matrix on R
A tensor, i.e. linear map R¥*? — R4*d
AT transpose of a matrix A
Al inverse of a quadratic matrix A
a-b Euclidean scalar product of two vectors a, b € RY
la| Euclidean norm of a vector a € R¢
A:B Frobenius scalar product of two matrices A, B € R¥*4
tr(A) trace of a quadratic matrix A € R4*4
V' V) g xar duality product on ' x &
(U, v) 5 inner product on a Hilbert space s
Il -1 5 canonical norm on a Hilbert space J, i.e. ||u||§f = (u,u) 5
u —u strong convergence
U —u weak convergence
fog composition of two functions
-1 inverse of a function
dp Jacobian or associated weak derivative of a function ¢ : R¢ — R™
o, partial der;‘(;?;ive Witl.l respect to the vector y = (y1,...,74) |, i.e.
Of = grmmaraxy With [yl =7v1+-+ 714
g, normal derivative of a function f : Q - R, i.e. d,f =Vf -n
Vo gradient or associated weak derivative of a function ¢ : RY — R
e(p) symmetrised gradient of a function ¢ : RY — RY, i.e. e(p) = % (3(,0 + (2 cp)T)
div(X) divergence of a vector field X € (D)4
Ay divergence of a function, i.e. Ap = div((V))
supp(y) support of a function ¢ on R?, i.e. {x € R4| ¢(x) # 0}
trp(p) trace of a function ¢ on Q with respect to I' C dQ
el restriction of a function ¢ to the set K
elr formal abbreviation for trp(¢)
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1 Introduction

Notation Description
Function spaces
c(Q) space of continuous functions from Q into R
ck(Q) space of k-times differentiable functions from €2 into R
Cck(ﬂ) space of functions f € C¥(£2) such that supp(f) c Q
L,(2) space of p-integrable functions from Q into R for 1 < p < co
WwkP(Q) Sobolev space of k-times weakly differentiable functions from €2 into R
with derivatives in L,(2) for 1 <p < 00,0<k <00
H*(Q) Sobolev space W52(£)
H%(Q) {p € HY(Q)| ¢l =0} forT c 90
Hé(ﬂ) abbreviation for H ; o)
TR supremum norm defined by [ lca) = Supyeq ¢ ()|
|- ek supremum norm defined by [|¢||cxq) = Zf:(l) SUP|y|=k SUPxeq |3YLP(X)|
(RS L, norm defined by [|¢l|; (q) = ([, lePdx)",1<p< oo
-1l essential supremum norm ||p||;__ () = €ss sup,cqlf (x)|
- llwee o standard Sobolev norm, i.e. ||¢|lykr(q) = (ZIYISk lla”(p”lL)p(Q))p ,
forl<p<oo
- ks ey Sobolev norm defined by [[¢llykes(oy = 31 12, @1 o)
|- |Hi(m Sobolev-Slobodeckij seminorm defined for a bounded set 2 ¢ R? by
1
) 1
ltp'Hz(Q) (fﬂ fﬂ lwl(f)y%};)l dxdy)z
ck(Q) functions ¢ € C¥(£2) such that |0l ek is finite

wkp()d,... .

Remark 1.1. We denote the vector valued counterparts of C¥(£2), L,(), wkP(Q),... by ck(Q)4, Lp(ﬂ)d,
Similarly, we proceed with matrix valued function spaces and the according norms.



Part I
Nonsmooth shape optimisation with an
application to minimise peak stresses
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The content of this part stems from the following article, which is submitted for publication:

[26] P Baumann and K. Sturm. Minimsation of peak stresses with the shape derivative. 2024.

arXiv:2402.12978.
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2 Introduction to stress-constrained shape optimisation

Stress describes the internal force present during deformation of an elastic medium. By their nature
stresses are a great measure for longevity and stability of a device. Thus, considering stresses in the de-
sign process has become to play a crucial part in structural optimisation. A common failure criterion in
this context is the maximum distortion energy criterion or von Mises yield criterion. It predicts yielding
of a material when the von Mises stress, a scalar quantity depending on the Cauchy stress tensor, ex-
ceeds a critical value [77]. The yield point on the strain-stress curve indicates the point where the linear
behaviour governed by Hooke’s law switches to nonlinear behaviour. Stresses below this point cause an
elastic deformation of the material and are therefore reversible. In contrast, stresses that exceed the yield
point cause a plastic deformation. This property underlines the importance of stress constraints in the
context of structural optimisation. For this reason, various methods to include stresses into the optimi-
sation process have been developed and a great variety of tools in the framework of design optimisation
has been used to tackle these problems.

One possibility revolves around density based methods, where the shape dependence of the underlying
problem is first identified with a characteristic function and then relaxed to a density function with val-
ues in the interval [0,1]. In [95] the authors used the solid isotropic material with penalisation (SIMP)
approach to minimise the volume of a material subject to pointwise constraints on the von Mises stress.
First, they reformulated the pointwise constraint as a single constraint on the maximum of the von Mises
stress. Then the authors included the constraint into the optimisation formulation as a smooth penalty
term by approximating the maximal von Mises stress in terms of a regularised ramp function.

In [34] the authors addressed a similar problem in the framework of phase field methods. Contrary to [95]
the authors considered a constraint on the total stress but clarified that the same method can be applied
to von Mises stress constraints. In their work they lifted the pointwise constraint on the stress tensor
in terms of characteristic functions and relaxed the problem by allowing intermediate densities. They
further introduced the Cahn-Hillard term to penalise intermediate densities and encourage a “black and
white” representation of the optimal domain. Additionally, the authors derived qualification constraints
and first order optimality conditions for a discrete finite element formulation of their problem.

The SIMP approach has been further employed in [78], where the authors considered localised stress
measure as well as a global stress measure in terms of the p-norm. They further introduced an iterative
normalization to approximate the maximum stress. Other works highlighting the usefulness of the SIMP
approach in the context of stress optimisation are [33,74,107,108], to name only a few.

As an alternative to the density based SIMP approach, the authors of [6] addressed stress optimisation
in the context of the homogenisation method. Their objective functional consists of the L, norm of the
stress tensor with an additional weight factor, which is able to capture global as well as localised stress
constraints.

Even though the previously mentioned approaches have been proven promising, we are going to follow
a different route. That is, we are going to utilise the shape gradient in this work. This approach falls into
the class of gradient methods based on topological and shape sensitivities, which has been employed in
various studies revolving around structural optimisation with stress constraints.

Focusing on topological sensitivites, the authors of [19] employed the topological derivative to address
von Mises stress constraints in the framework of linear elasticity. They introduced a smooth regularisa-
tion of the maximum function to capture peak stresses. Furthermore, they extended their method in [20]
to target constraints on the Drucker-Prager stress. In a similar fashion, [106] employs the topological

11
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2 Introduction to stress-constrained shape optimisation

derivative as well.

In [5] the authors addressed an objective functional similar to [6] with an additional volume term to reg-
ularise the problem. They computed both, the topological and shape gradient, and used these to guide a
level-set function in a numerical scheme. This enabled the flexibility to alternate between smooth bound-
ary variations and the nucleation of holes, which leads to topological changes.

As shown in [47], the choice of the method to deal with stress constraints is not black and white. The
authors combined the previously described branches to improve their optimisation process. First, they em-
ployed the density based SIMP approach to find an initial design. Next, they performed smooth boundary
variations to further optimise their shape. Contrary to [5], they computed shape sensitivities on a discrete
level based on the position of nodes describing the boundary.

Aside from the choice of shape presentation and identification, the integration of the stress constraint into
the optimisation problem plays a crucial role. The physical interpretation of elastic deformation usually
calls for a pointwise constraint on the stress on the whole body to guarantee that failure does not occur.
Included as a penalty term into the optimisation process, this translates to the maximum norm. Since
this generally describes a nonsmooth functional, a common strategy is to regularise this problem and
deal with a smooth approximation. A well established approach in this context is the so-called p-norm
approach, which replaces the maximum norm with the L, norm. Indeed this method is reasonable, as the
L, norm mimics the maximum norm for sufficiently large p. This method was employed in [92], where
the p-norm approach is used to capture peak von Mises stresses. The authors first discretised both, the
underlying PDEs built of the equations of linear elasticity as well as the stress constraints. Next, they
computed sensitivities in the context of shape optimisation on the discrete level. They further used these
to guide a level-set function describing their design variable. The interchangeable nature of the problem
formulation with a penalty term allowed them to consider stress constraints as well as stress minimisa-
tion in their numerical examples. The authors extended their work in [93] to cover stress constraints in
subregions of the domain as well.

A similar approach was investigated in [84], where the authors used hexahedral meshes to increase
the accuracy of stress estimations and shape sensitivities near the boundary. They first introduced their
method in [83], where the authors employed hexahedral meshes to improve the level-set approach for a
compliance minimisation problem in the context of shape optimisation.

In this part of the thesis we discuss stress and volume control of a physical material governed by the
equations of linear elasticity. Contrary to the previously mentioned works, we follow a direct route and
consider the maximum norm of the von Mises stress in our problem formulation. This naturally leads to
a nonsmooth optimisation problem. We tackle this problem with techniques derived in [104] to compute
shape sensitivities. Opposed to [92], we derive these results on a continuous level. Due to the nature of
the maximum norm, the resulting derivative is in general nonlinear with respect to deformation vector
fields. We therefore take a short detour to the notion of generalised derivatives introduced by Clarke [39]
and connect our resulting object to the Clarke subgradient. Finally, we employ our results in a numer-
ical setting to tackle three model problems. We therefore utilise the moving mesh approach guided by
shape gradients. We compare our approach to the usual p-norm regularisation and highlight the differ-
ences in terms of stress values as well as designs. The content of this part stems from the article [26] in
collaboration with Kevin Sturm.

12
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2 Introduction to stress-constrained shape optimisation

Problem formulation

We consider the following model problem. Let D ¢ R, an open and bounded Lipschitz domain, denote
the hold-all domain and I' ¢ D be a smooth d — 1 dimensional Lipschitz manifold with |T'| > 0. We
introduce the set of admissible shapes by

U,q :={Q c D| Q is open, Lipschitz and T' € 9Q}. 2.1

The elastic body is clamped at I'. Additionally, we seek an elastic body with target volume V > 0. Thus,
we introduce the shape functional

Fol() 1= (0] = V). (2.2)

The global minimum O of (2.2) is attained for |Q2] = V. Hence, such 2 are feasible designs for the elastic
body. Furthermore, we consider a constraint on the von Mises stress

012\4(ug) <6 inQ\ow, (2.3)

where ug € H%(Q)d is the unique solution of the equation of linear elasticity on £, that is

J Ae(ug) : e(p) dx :J fepdx +f g-pdS forall p e H%(Q)d. (2.4)
Q Q N

Here, HL(Q)? := {u € H'(Q)!| ulr = 0}, TV := 9Q\T, w c D open such that I' C w, f € H'(D)4,
g € HX(D)4, 6 > 0 is a given stress threshold and €(u) denotes the symmetrised gradient, i.e.

e(v):= %(8v+3vT) for all ve HY(D)<. (2.5)
Additionally, we define the elasticity tensor A in terms of Lamé coefficients A, u > 0 by
AM :=2uM + Atr(M)I; for all M € R¥*9, (2.6)
where I; denotes the identity matrix and the squared von Mises stress is given by
012\4(”) :=Be(u) : e(u), 2.7)
with the constant tensor
B(M) := 6uM + (A —2u)tr(M)I; for all M € R¥*, (2.8)

We include this pointwise constraint on the von Mises stress as a penalty to the objective functional _Z,.
Therefore, we introduce the cost functional

2,(£2) := max{ m&a,zw(ug)(x) —5,0}, (2.9)

xeQ\w

where ug € H%(Q)d solves (2.4). One readily checks that the global minimum _¢,(Q2) = O is attained if
and only if UIZVI(uQ) < 6, in 2\ w. These observations lead to the introduction of the cost functional

F(Q) = £,5(Q) + a g,(Q), (2.10)

13
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for a penalty parameter a > 0. Note that we omitted a factor % in our definition of the von Mises tensor
(2.8), which is no restriction for the upcoming work. In the following we study the shape derivative of
the function ¢, i.e. the limit

i £ = (@)

t\0 t

where Q, is a smooth deformation of the initial set that tends to €2 for t N\, 0. We are going to introduce
such deformations in the next section and give a rigorous definition of the shape derivative in Section 4.

Remark 2.1. We want to emphasize that our problem formulation and upcoming analysis focuses on
the integration of stress constraints into a shape optimisation problem. Naturally, a similar methodology
could be employed to tackle more involved problem settings. In this context we want to mention an im-
portant application of stress constraints; that is an electric motor. The two dimensional cross-section of
an electric motor D can be modelled by three mutually disjoint subdomains: an inner part D™'denoting
the rotor, an outer part D5 denoting the stator and an intermediate gap D8%. The motor is built of
different materials, these are a ferromagnetic material Qp,, permanent magnets Qpy;, copper coils Qcy
and air €,;,. The interaction of different parts is governed by a system of partial differential equations.
These are the equation of magnetoquasistatics, the heat equation, and the previously introduced equa-
tion of linear elasticity. Since each material is endowed with a different set of material parameter, one
could generally address the design optimisation of various parts of the electric motor, as long as each
physical requirement is met. A typical example is depicted in Figure 1, where the interface between the
ferromagnetic material and the air subdomain is subject to optimisation.

Possible objectives in this context can be the tracking of a target torque or the minimisation of electro-
magnetic losses. Nonetheless, one should keep in mind that thermal expansion of the material, as well
as the rotation of the rotor can lead to high stresses in specific regions of the motor. In order to keep the
involved stresses below a certain failure-related threshold, a constraint is desirable. This underlines the
importance of our upcoming methodology.

Design ;
domains Q)

Bl ferromagnetic
material Q.

permanent
magnets O,

B coils Q,
. air Qair

0.01 0.02 0.03

Figure 1: Visualisation of the cross-section of an electric motor [55].
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3 Shape sensitivity analysis of the state variable

3 Shape sensitivity analysis of the state variable

As we have mentioned in the introduction, the general method of computing sensitivities with respect to
deformations of the boundary is based on the idea to identify such deformations with vector fields and
inherit a vector field structure that way. In what follows we are going to employ the perturbation of the
identity approach (cf. Section 1.1). We are going to add an additional perturbation to the deformation
map, which allows us to perform differentiation in the context of Clarke in Section 6. It should be noted
that this is a generalisation of the usual setting and thus won’t result in any problems during the classical
shape sensitivity analysis. Even though it has been shown that Lipschitz vector fields are the most general
ones to perform the upcoming analysis in a rigorous way, we are going to use smooth vector fields for
the sake of simplicity.

Recall the notations introduced in the problem setting. That is, let D ¢ R? be open, bounded and Lips-
chitz, Q € %4 be an initial shape with boundary 8 = I'UT"N and fix an open set & C D such that T C w.
In order to deduce a derivative consistent with our problem formulation, i.e. compatible with (2.9), we
consider deformation vector fields X € C'(D)? with supp(X) c (D \ &). On the one hand, this ensures
that the region w remains fixed. By our assumption this includes the portion of the boundary I, which
denotes the part where the material is clamped. Hence, this is a feasible assumption. Additionally, this
choice allows us to avoid the region of low regularity, that is the intersection of both boundary parts.
This is crucial to obtain sufficient regularity of the state variable ug, in view of the point evaluation of the
gradient in (2.9). We will elaborate on this matter further in a later part of this section.

In the following we are going to study the shape sensitivity of the state variable uq. Therefore, we fix
a vector field X € ¢1(D)? with supp(X) c (D \ @). Furthermore, we introduce the generalised trans-
formation Fy, :=1d+Y +tX,fort >0and Y € c'(D)? with supp(Y) c (D \ &). This transformation
gives rise to the definitions Qy, := Fy ,(Q) and Fll,\f L= FY’t(FN ). For t = 0 we introduce the abbreviations
Fy :=Fyg, Qy :=Qygand I} := T}

Remark 3.1. We observe that Fy , coincides with the transformation defined in (1.5) in the special case
Y = 0. This simplification is sufficient to allow a rigorous computation of the shape derivative. In fact, we
are going to recall the special case throughout the next section, where the shape derivative is computed.
Nonetheless, we require the more general case and the associated sensitivity results to deal with the
derivative in terms of the Clarke subgradient [39].

First, we introduce the perturbed state variable uy, € H%(Qy’t)d as the unique solution to the per-
turbed state equation (i.e. the state equation formulated on the deformed domain)

J Ae(uy,): e(p)dx = J fredx +f g-pdS forall pe H%(Qy’t)d, (3.1)
Qy ¢ Qy, 15

vt

and similarly for t = 0 we obtain the unperturbed state variable uy € H% ()¢ as the unique solution to
the unperturbed state equation

J Ae(uy) : e(p)dx = J fedx +J g-pdS forall p e H%(Qy)d. (3.2)
Qy Qy ry

Remark 3.2. Note that we defined uy as the unperturbed state variable even though a perturbation Y
is present. This is reasonable, because the perturbation does not play an important role in terms of the

derivation of the shape derivative.
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3 Shape sensitivity analysis of the state variable

One key property of the transformation is the following: for sufficient small t > 0 and Y sufficiently
close to 0, i.e. ||Y||c1(D)d sufficiently small, Fy , is a bi-Lipschitz transformation field on R?. According
to [110, Theorem 2.2.2] there holds

@ € HL(Q)! iff ¢oFy, € HL(F, ()"

This property allows us to reformulate the perturbed (and unperturbed) state variable on the fixed do-
main Q. Indeed, a change of variables entails that u¥! := uy,oFy, € H%(Q)d satisfies

f iy’tAeY’t(uY’t) : ey’t(cp) dx = f EytfoFy ¢ dx+f vy, 8§oFy - dS for all p € H%(Q)d, (3.3)
Q Q v

where &y, := det(8Fy,), vy, := det(8Fy,)|(3Fy,) 'nland ey () := 3 (80(0Fy,) " +(3Fy,) T3¢ ").
In this context n denotes the normal vector on I'V. Similarly, we deduce that u¥ := uy o Fy € H% ()¢
satisfies

J EyAey(uY) : ey(p)dx = f EyfoFy-pdx +f vygoFy-@pdS forallpe H%(Q)d, 3.4
Q Q ™

where &y := det(8Fy), vy := det(dFy)|(8Fy) "n| and ey (p) := %(8 @(dFy) ' 4+ (8Fy)" "2 cpT). One
readily checks that (3.4) coincides with (2.4), if Y = 0. Since this equation admits a unique solution, this
further entails u¥ = u in this case. In the following we are interested in the limit

uht ¥

lim ————, (3.5)
Y—0 t
£\0
where here, and throughout the rest of Part I the notation Y — 0 is understood with respect to the norm
on C1(D)4, that is ”Y”cl(lf))d — 0. Before we focus on the limit in (3.5), we state the following auxiliary

results. For the sake of brevity we introduce the notations
frti=foFy,, g't:=goFy, f':=foFy, g'i=gokFy, (3.6)
which we are going to use throughout the rest of this part.

Lemma 3.3. Let Q € %,4 be a Lipschitz domain. Furthermore, let f € H (D), g € H*(D)? and the
deformation vector field X € C'(D)? with supp(X) € (D \ &). Then there holds

@ 11,1{,1}, ”fY’t _fY”Lz(D)d =0,
N0

fY,t _fY

———0fX =0
———of :

Ly(D)

lim
Y—0
t\O0

(i)

(i) },{%Hgy’t —8"||L,00 =0
t\O0

Yt .Y
§ 78 _hex —0.

Ly(29)d

(iv) lim
Y—0
t\\0
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3 Shape sensitivity analysis of the state variable

Proof. ad (i): First, note that for ¢ € C > (D)? there holds

1

@oFy,(x)—poFy(x)= tJ Ip(x+Y(x)+stX(x))X(x)ds. (3.7)
0

Since the integrand is bounded, we observe | o Fy ;(x) — ¢ o Fy(x)| < Ct and thus further
"t — <PY||L2(D)d <Ct, (3.8)

where here and throughout the rest of the proof C € R denotes a constant independent of t and Y. Next,
we consider f € H'(D)? and choose a smooth approximation. That is, for each & > 0 we choose a smooth
function f, € C°°(D)? such that ||f, — f|| H1D) < €. An application of the triangle inequality yields

£ = oy < N2 = £ N,y + 1 = £ oy + 1L — £V L, oye- (3.9

A change of variables now shows that

IF7 = £ oy = f FP = f PP dx = J det(I +3Y + taX)'|f — f.|* dx. (3.10)
D D

Since det(I + Y + t8X) > 1 as Y — 0in CY(D)? and ¢ \, 0, there holds det(I + dY + t3X)™! < C for
t >0 and [|Y|lc1(p)e sufficiently small. The same argument can be applied to the third term on the right
hand side of (3.9). Thus, choosing ¢ = t and inserting (3.8) with ¢ = f, into (3.9), we conclude

1F7 = ¥ o < Ct, (3.11)

which shows (i).
ad (ii): We start again with a smooth function ¢ € C°°(D)?. Using Lebesgue’s dominated convergence
theorem, we deduce from equation (3.7) that

P () — " (x)
t

— dp(x)X(x) forallxeD. (3.12)

Ytr\_ Y
Since X has compact support, there further holds IMI < C for all x € D. Now, as D has finite
measure, we can employ dominated convergence to extend the convergence (3.12) to L,. That is,

||%—a<px||h(md 0. (3.13)

For f € H'(D)? we use a smooth approximation, i.e. for each £ > 0 let f, € C°°(D)? such that

Ife = fllenpye < €.

Now a splitting similar to the previous proof entails

fY’t_fY 1 Y.t Yt 1y Y
|————9fXllL,y S?Hf —f, ||L2(D)d+?”f —fo L,y (3.14)

t
+IU = FD)/t =0 f XL,y + 18 foX — 3F X1, Dye-
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3 Shape sensitivity analysis of the state variable

Hence, choosing ¢ = t? and using the same arguments as in the proof of item (i) to estimate the first,
second and fourth term gives

Y, Y Yt _ rY

f ot — f f 3 f 3
t

—0fX||,(Dye SCt""”f_ang”Lz(D)m (3.15)

Finally, equation (3.13) applied to ¢ = f, shows (ii).

The proof of item (iii) and (iv) follows from similar arguments, employing the continuity of the trace
operator ||¢||;, a0y < Cllellgpye, for all ¢ € H'(D)Z. The higher regularity is used to approximate 3 g
in the H'! norm. O

In addition to the asymptotic behaviour with respect to the transformation of the forces, we also need
to study the sensitivity associated with the transformation of the differentials &y ,, €y ;, vy ;. This topic is
addressed in the following auxiliary lemma. Note that we split the symmetrised gradient €y , therein and
rather investigate the Jacobian (3Fy’t)_1. This is sufficient due to the underlying linear structure.

Lemma 3.4. Let Q € %, and X € C}(D)? with supp(X) c (D \ &). Furthermore, for Y € Cc!(D)4
with supp(Y) c (D \ @) and ”Y”C'l(D)d? t > 0 sufficient small recall the notations &y, := det(dFy ),
Ey :=det(dFy), vy, := det(aFy)t)I(aFY’t)_TnI, vy := det(dFy)|(8Fy)~ "n|. Additionally we introduce
the perturbed and unperturbed Jacobian ay, := (8Fy,)™", ay := (3Fy)'. Then the following limits

hold.

(i) lim Sremby _ div(X) in CO(D),
Y—0 t
t\,0

a —

(i) lim ——2 =—38x in CO(D)dxd,
Y—0 t
t\\0

VY — Y
(i) lim % = div(X)—(8Xn)-n in C°(3Q).
t\\0

Proof. ad (i): Employing an asymptotic expansion of det(I + Y + tdX) with respect to the parameter t
yields
det(I+0Y +tdX) =det(I + 3Y) + tdet(I + dY)tr((I + 3Y)'9X) + 0(t* 9X;3Y), (3.16)

0(t?;0X;0Y)

where the remainder satisfies lim — 0 uniformly in D. Hence, we conclude that

—0
t\\0
— 2. .
lim @ = lim det(I +9Y)ur((I + oY) 19X) + w =tr(3X) =div(X), (3.17)
t\0 t\0

holds uniformly in D, which shows (i).
ad (ii): First, we expand the terms in a Neumann series: for sufficiently small ”Y”cl(D)d and t > O there
holds

(1+2y) =) (1Y), (3.18)
(=0
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3 Shape sensitivity analysis of the state variable

and

) (e’ l
(I+3Y +t3X)! = Z(—nf (Y +t3x) = Z(—Uf Z(a Y)ketk(ax)t . (3.19)
(=0 =0 k=0

Hence, we observe

G0y Sy S vyt
t

£=0 k=0
o0 {—2 oo
=(—3X)+ > (-1 Y (@Y @x) K+ > -y
=2 k=0 (=2
(%) {—2 o0
=(—3X) + ¢ Z(—n‘ Z(a Y)kek2(ax)* + (8 Y)Z(—n‘(a 7).
=2 k=0 =0

Since both series on the right hand side converge uniformly in D, passing to the limit Y — 0 in C'(D)¢,

t \, 0 shows

a —a
lim % =—3X in CO(D)¥xd, (3.20)
0

which shows (ii).
ad (iii): Expanding the difference yields
vy, — vy det(dFy,)—det(dFy)
t t

OFy .n|—|0Fyn
|0Fy, n|—| yl’ 3.21)

|0Fy (n| + det(dFy)

Employing item (i) and taking into account |n| = 1, we can pass to the limit in the first term on the right
hand side of (3.21). This shows

det(dFy,)—det(0F
lim (OFy) —dex( Y)|8Fy,tn| = div(X), (3.22)
0 t

uniformly on 9. Regarding the limit of the remaining term we observe

|0 Fy | —|3Fyn| |0 Fy (n|* —|8Fyn/|?

-1
(18Fy,n| +|8Fynl|)
(aFY,tn_ 3Fyn) ‘ (aFY,tn + aFYTl)
t
0Fy,—OF _
=det(dFy) (%Q -(8Fy,n+ 8Fyn)(|8Fy,n|+|8Fyn|) .

det(aFy) =det(aFy)

= det(dFy) (18Fy, n|+|8Fyn|)""

Now, item (ii) yields the uniform limit

. |0 Fy,n|—[dFyn|
11/1Ir6 det(dFy) " =(—0Xn)-n, (3.23)

t\\0

on 99. O
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3 Shape sensitivity analysis of the state variable

We have thus gathered all necessary tools to investigate the material derivative, i.e. the limit (3.5).
We are going to tackle this limit in several steps.

Lemma 3.5. Let Q € %, and X € C'(D)? with supp(X) c (D \ &). Furthermore, for Y € C*(D)? with
supp(Y) c (D\ ®) and ||Y||c1(D)d: t > 0 sufficient small let u¥! € H% (©)¢ be defined in (3.3). Then there
is a constant C € R independent of t and Y such that

[l gy < C.

Proof. Testing (3.3) with ¢ = u®! yields

N

J §Y,tA€Y,t(UY’t) : GY,t(UY’t) dx = f gY,th’t u"t dx +J VY,th’t -u™t ds.
Q Q r

Thus, due to the differentiability results of Lemma 3.3, Lemma 3.4 and Holder’s inequality, we deduce

e N2 e < e s .

Now the result follows from Korn’s inequality (cf. [88]). O

Lemma 3.6. With the assumptions of Lemma 3.5 let u¥! and u? be defined in (3.3) and (3.4), respec-
tively. Then there is a constant C € R independent of Y and t such that

™t —u¥ ||y < Ct. (3.24)

Proof. Subtracting equations (3.3) and (3.4) yields

J §YA€Y(UY’t —UY) tey(p) dx ZJ §Y,tA[€Y(UY’t)—fY,t(UY’t)] ey(p) dx
Q Q

+ Jr [Ey _‘EY,t]AEY(uY’t) s ey(p) dx
Q
+ f Ey Aey, (u") : [ey(p)— €y, (9)] dx (3.25)
Q
+ [ Eye—Ef " pdx +J Ey(fP' —f")- @ dx
Ja Q
+ Jf (vy—vy)g"t - @ dsS +J vy(g"'—g")- ¢ ds,
I"N

N

forallp €eH 11 (<. Now testing with ¢ = u"f —u" € H%(Q)d and using similar arguments as in the proof
of Lemma 3.5 shows (3.24). O

Theorem 3.7. With the assumptions of the previous lemma there holds

Yt .Y

. u u .
11/13’%) Hf —u||H1(Q)d =0, (3.26)
t\0
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3 Shape sensitivity analysis of the state variable

where ¢ € HL(2)? is the unique solution to
f Ae(i) : e(¢) dx =%f AlOudX + 38X ou"]: e(p) dx
Q Q
—J div(X)Ae(u) : e(p) dx
Q

+%J Ae(u): [09dX +8X 3¢ ]dx (3.27)
Q
+f diV(X)f~(,odx+J fX-pdx

Q Q

+J (div(X)—(8Xn)-n)g-¢ dS+j 2gX-pdS,
N

N
for all ¢ € HL(Q)4.

Proof. First, consider sequences t,, \, 0 and Y,, € C*(D)? with supp(¥,) c (D \ @), Y,, — 0 in C'(D)?
starting sufficiently close to 0. From Lemma 3.6 we know that VYvin := % is bounded in H'(Q)4.
Hence, there exists V € H% ()4 such that, up to a subsequence denoted the same, V»tn — Vv in H'(Q)<.
Now, dividing (3.25) by t,,, using an arbitrary testfunction ¢ € H 11(9)‘1 and passing to the limit according

to Lemma 3.4 and Lemma 3.3, entails that V satisfies
f Ae(V):e(p)dx :%f A[OudX + 38X "ou']: e(p) dx
Q Q
—J div(X)Ae(u) : e(p) dx
Q

+%J Ae(u): [09dX + 03X ¢ ]dx (3.28)
Q
+j diV(X)f-cpdx+J fX - pdx

Q Q

+J (div(X)—(éXn)-n)g-¢ dS+J o0gX-pdsS,
FN

N

for all ¢ € H%(Q)d. By uniqueness we conclude that V = 1 and thus also that “Y’tt_ < . 4inH L(Q)d.
In order to deduce strong convergence in H', we work with the underlying PDEs and use the same

arguments as in the proof of Lemma 3.6. Subtracting (3.25) divided by t and (3.27) yields
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3 Shape sensitivity analysis of the state variable

f gYAGY(VY’t —u) :ey(p) dx ZJ (1—&y)Aey (1) : ey(p) dx
Q Q

+f Ale—ey (1) : ey (@) dx +J Ae(tl) : [e— ey ](¢) dx
Q

Q
Yy Y.t
+JA(€”(M ) —er(u )—%[auy’t8X+8XT(8uY’t)T]):ey(tp)dx
Q

t

n L gY’tA%[a(uY’t —u)0X +3X (AW —u)"]: ey () dx
+ Jﬂ(im - 1)A%[8u8X +0XT(0u) ] ey (p) dx

+ LA%[auax +0XT(0u)"]: [ey(p) —e(p)] dx

+L (gy f” +div(X))Aey(uY’t) ey(p) dx

+ Jﬂ A0y (u7) : [ep) — ey ()] dx

+f div(X)Aey (u—u’t) : e(¢) dx +f div(X)A[e(u) — ey (u)] : e(p) dx
Q

Q

eYt((P)_EY((P) 1 T T
—  — — —[0pdX+3X 0 d
( " 2[ ¢ v ]]dx

+f gY,tAEY,t(uY’t):
Q
+J (Ey,t—l)Aey’t(uY’t):(%[ﬁ(an-i-aXTagoT]) dx
Q
+f Aey (u" —u): (%[8¢3X+3XT3¢T]) dx
Q

+f Aley () — ()] : G[a@axw;ﬂaw]) dx
Q

+J (En €y_diV(X))f_¢dx
Q t
fYt fY
+f Ey( —an)-cdef(Ey—l)an-cpdx
Q Q
Vy,t — Vy A _ . .
+LN (f (div(X) — (8Xn) n))g ¢ ds

gt —g¥
+J vy(——agX)~wdS+f (vy—1)0gX - dS,
N t N

for all ¢ € HL(Q)?, where V"'t = ”Y’tt_“y. Note that the lengthy expression is a consequence of the
differing coefficients in terms of perturbations. Now, we can apply Holder’s inequality to each integral on

22



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

the right hand side to isolate ||p||g1(q)«. Similarly to the proof of Lemma 3.6, Lemma 3.3, Lemma 3.4 as
well as the bounds on u”! entail

Y, g : —
1% t_u”Hl(Q)d = Cyes ;%CYJ =0.
t\,0

This concludes the proof. O

Remark 3.8. Due to the symmetry properties of the elasticity tensor A we can simplify equation (3.27)
as follows

f Ae(u) : e(p) dx :f Al[oudX]: e(p)dx
Q

Q

—f div(X)Ae(u) : e(p) dx

Q

+f Ae(u):[0pdX]dx (3.29)
Q

+f diV(X)f-(pdx-i-J fX-pdx
Q Q

+f (div(X)—(8Xn)-n)g-¢ dS+j dgX-pdS,
N

TN

for all p € H%(D)d. This simplification will be advantageous for numerical implementations of the ex-
pression, as it appears in an adjoint formulation for certain cost functionals.

Assumption A. There hold the stronger results u”! € C1(K)4,

. Y.t _
11{11_'}1}) ||u - ullcl(K)d = O, (330)
t\.0
as well as
uht— Y

lim || ———— — ¢ = .
Jm 1 : ullciye =0, (3.31)
t\,0

where K :=Q\ w.

Remark 3.9. In this remark we want to elaborate on Assumption A. We would like to highlight that this
assumption is of reasonable nature, since the results obtained in [38] and further literature mentioned
therein ensure that similar estimates can be obtained in terms of the stronger convergence W 2P (),
p > d which continuously embeds into C'(€)? (cf. [82]). Unfortunately, this only holds true for pure
traction or pure Dirichlet problems, where the involved data satisfies sufficient regularity assumptions.
It is well known that the intersection of different boundary conditions lacks regularity. Since we are
interested in a mixed boundary problem, the strong regularity result obtained in [38] cannot directly be
recast on our problem. Nonetheless, the set w ensures that the region of low regularity, i.e. the vicinity
of NIV, is not considered. Since the results obtained in Lemma 3.5, Lemma 3.6 and Theorem 3.7 rely
on a priori estimates in H(2)¢, it is reasonable that these can be recast in W2P(£2)?, p > d for § c Q, if
the problematic region is avoided.
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4  Shape derivative

4 Shape derivative

In this section we compute the first order shape derivative of _¢. In view of the different properties of the
smooth volume term _%,, and the nonsmooth penalty term ¢, we split the cost functional accordingly
and address each part separately. We are now going to give a precise meaning to the term shape derivative.
Let X € C'(D)? with supp(X) c (D \ @) denote a deformation vector field and t > 0 sufficiently small.
In analogy to Section 3 we define the perturbed identity F, :=Id + tX (cf. (1.5)) and let Q, := F,(£2).

Definition 4.1. With the previous notation we define the first order shape derivative of the functional
F Uy — Rat Q€ U,y in direction X € Ccl(D)d by

£(@2)- @)

t

D #(Q)(X) :=lim 4.1
#@X) = lim (4.1
Even though we only need to consider deformations X that vanish on «w in this section, we defined
the shape derivative for more general deformation fields X. This allows us to return to this definition in
the last part of this thesis.

Remark 4.2. Note that the notion of shape derivative and the corresponding limit in Definition 4.1 is
not uniquely used throughout the literature. Usually, this quantity is required to be both, linear and
continuous with respect to the deformation vector field X. Whilst these are desirable properties to deduce
further results, such as the identification of a gradient with respect to a Hilbert space (cf. Section 5), we
do not want to prescribe them. This allows us to use a unified terminology throughout this section.
Additionally, we want to mention the notion of Eulerian semiderivative (cf. [43, Definition 3.1]), which
usually refers to the analogous quantity defined in Definition 4.1 following the velocity method (1.3).

For the sake of simplicity, we introduce the notion of perturbed and unperturbed state variables for
Y =0. That is, let u, := ug, and u :=ug, where u,, and u are defined by (3.1) and (3.2), respectively.
Similarly, we denote the lifted perturbed state variable u’ := u, o F,. We first address the volume term of
the cost functional.

Lemma 4.3. Let ¢, : %,q — R be defined in (2.2) and X € c1(D)¢ with supp(X) ¢ (D \ &) and
Q € %,4. Then there holds

D 2,,()X)=2(Q]— V)f div(X) dx. 4.2)
Q

Proof. Let t > 0 small. By definition we have to investigate the term

jvol(ﬂt) B fvol(ﬂ) '

" (4.3)
Expanding the nominator yields
Luol(20) = Fiai(Q) = (12 = V)* = (121 = V)? = (12| — 12D (12| + 2] = 2V). (4.4)
Taking into account
Q| = J dx = f det(Id + t9X) dx, (4.5)
Q Q
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4  Shape derivative

we can employ Lemma 3.4 item (i) with Y = 0 to deduce

im fvol(ﬂt) - fvol(ﬂ)
O t
12—

DJVOI(Q)(X) = }

=lim
£\0

=2(|9|— V)f div(X) dx,
Q

(192 + 2] —=2V) (4.6)

which finishes the proof. O

We observe that the shape derivative of ¢, is linear and continuous with respect to the deformation
field X. Next we address the second part of the cost functional, that is _¢,;. The derivation of an analogous
result for the penalty term strongly relies on the following Danskin type result (cf. [104]).

Lemma 4.4. Let K C RY be compact, 7 > 0 and g : [0, 7] x K — R some function. Additionally, define for
t € [0, 7] the set Rt := {z € K| max, < g(t,x) = g(t,z)} with the convention R := R°. Further assume
that

(A1) for all x €R the partial derivative J,g(0%, x) exists,
(A2) for all t € [0, 7] the function x — g(t, x) is upper semicontinuous,

(A3) for all real nullsequences (t,), t, \\ 0 and all sequences (y, ) converging to some y € R we have

g(tn, ye,)— 80,y )

: — +
Jim, C = 3,8(0%, 7). (4.7)
Then p
i — +
P (rgglg{g(t,X))t:O max 5, g(0", x). (4.8)
Proof. For a proof we refer to [104, Lemma 2.19]. O

Next, we investigate the interior part of the penalty term, which refers to the function g(t,x) in
Lemma 4.4. In view of the stronger regularity assumption (cf. Assumption A) we can treat this functional
in a similar fashion to _¢;.

Lemma 4.5. Let the compact set K be defined in Assumption A. For x €K and t > 0 let
Fr(Q) = 0'12\/[(ut)(xt)_5: (4.9)

(o2

where x, := F;(x) and 6 € R denotes the stress threshold. Additionally, fix a deformation vector field
X e cY(D)? with supp(X) c (D \ @) and Q € %,,. Then there holds

D_#X(Q)(X) = 2Be(u)(x) : e(t))(x) —B[udX + (8X)T(3u)T1(x) : e(u)(x), (4.10)

with the constant tensor B defined in (2.8) and u solving (3.27).
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4  Shape derivative

Proof. We first perform a change of variables to obtain
L2(Q,) =Be, (u)(x) : ,(u')(x)—35. (4.11)
Next, we can expand the quotient

F5 () — 25 () _p &) —eH(x)

t t e (u)(x)

+Bd”;”xm:qwnu)
€, (u")(x) —e(u)(x)

t

5)(x).

(4.12)

+ Be(u)(x) :
ut —

+Be(u)(x) : € ”

Due to Assumption A we are able to pass to the limit and deduce

D #X(Q)(X)=— %B[auaX +(8X)T (W) "] e(w)(x) + Be(@)(x) : e(w)(x)
4.13)
—Be(w)(x) : %[8u8X +(8X)T(8w) "]+ Be(W)(x) : e(@)(x).

By symmetry of the inner product we conclude (4.10). O

Again, we want to highlight that the shape derivative of the interior part is a continuous and linear
functional with respect to the deformation field X.

Remark 4.6. The symmetric tensor B allows the simplified expression
D g (0)(X) = 2B (e(@)(x) —[0udX](x)) : e(u)(x). (4.14)

Now, we are able to prove the main result regarding the derivative of the penalty term. We will proceed
in two steps.

Lemma 4.7. Let ¢, : %, — R be defined as
Fo(9Q) 1= max #(Q), (4.15)
where X € ¢1(D)¢ with supp(X) c (D \ @) and Q € %,,. Then there holds

D_Z,((X) = max 2Be(u)(x) : e(@)(x) —B[AudX + (8X) T (8u) " 1(x) : e(u)(x), (4.16)

where A(u) := {z € K| alzw(u)(z) = max, g 012\,[(u)(x)}.

Proof. First note that we can rewrite the functional as

Io(Q) = max g7 (). (4.17)
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Now our goal is to apply Lemma 4.4 to
g:[O,T] XK_)R’ (t:x)'_)j(;((ﬂt)s (418)

where 7 > 0 is a sufficiently small constant. In order to apply the lemma, we need to check assumptions
(A1)-(A3). Since R = A(u) C K, Lemma 4.5 shows that (A1) is satisfied. To show (A2), note that due to
Assumption A, u' € C'(K)? and thus the mapping x — g(t,x) is continuous for t € [0, 7]. The proof
of (A3) follows the lines of Lemma 4.5, where we further use the uniform convergence wu o in
cl(k)d. O

Theorem 4.8. Let ¢, : %,; — Rbe defined as in (2.9), X € C!(D)? with supp(X) c (D\&) and 2 € %,,.
Then there holds:

max, ea(,) 2(x) if 012\4(u)|A(u) > 0,
D 2,()(0) = { max{max, ey ®(), 0} if 02, (Wl = 5, (4.19)
0 if 0'12\4(u)|A(u) <0,

where A(u) := {z € K| alz\/l(u)(z) = max, g szw(u)(x)} and
®(x) := 2Be(u)(x) : €(i1)(x) —B[AudX + (8X) " (8u) " 1(x) : e(u)(x). (4.20)

Proof. The proof is another application of Theorem 4.4. Let the compact set K denote a two valued index
set. That is, K = {1, 2} and

/5 (22 if x =1,
f o(8) (4.21)

g(t’x)z{ if x = 2.

Now the result follows similarly to the previous lemma, where we note that the active set R of the two
valued set correlates to the three cases as follows:

R={1} if o (Wlaw) > 6,
R=1{1,2} if 02 (Wlawy =6, (4.22)
R=1{2} if 012\/1(“)|A(u) <9é.

5 Hilbert space setting

In this section we study optimality conditions and steepest descent directions for the penalised objective
functional ¢, +a_¢g,. We therefore formulate the results of the previous section in a Hilbert space setting.
This allows us to recast some well-known results of nonsmooth analysis (cf. [45]). The key observation
in this context is the following: Let 5# be a Hilbert space such that

# c {X € cY(D)!| supp(X) c (D \ &)},

and point evaluation of the gradient is continuous. A possible approach to construct such a Hilbert space
involves the notion of reproducing kernel Hilbert spaces. More details on this topic can be found in the
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5 Hilbert space setting

article [48]. For now we just assume such a Hilbert space exists. Since the mappings X — D_#,,(©)(X)
and X — D_£X(Q)(X), for x € A(u) are linear and by our assumption also continuous, the Riesz repre-
sentation theorem entails that there are elementsV _¢,, € 5 and V ¢ € 5, such that

DjVOI(Q)(X) = (vjvobX>3‘f> Djo)_c(ﬂ)(X) = (vj;)x>ﬁ’ (51)

for all x € A(u) and X € s#. Utilising these Riesz representatives allows us to formulate the statement of
Theorem 4.8 as follows:

maxyea(u) <vjvol + avj;rx)% if 0-12\/[(u)|A(u) > 5)
Df (Q)(X) = maX{maXxeA(u)<vaol + anO)_C,X>%, (vaol:X>}f} if 0-12\/[(u)|A(u) = 5, (5.2)
(vaolax>%’ if sz\g(u)lA(u) <o.
Introducing the set
(VAo +aV 25| x € A(u)} if 03 (Wlaw) > 8,
Z:={V L+ ancfl x €AW} ULV £} if 0'12\/[(u)|A(u) =0, (5.3)
{vaol} if 012\4(u)|A(u) <9,

this further simplifies to
D#(D)(X) = max(L,X) . (5.4)

The following lemma are classical results in the context of nonsmooth analysis. For the sake of complete-
ness, we are going to add the proof nonetheless. First, we show that one can extend (5.4) to the closed
convex hull of Z.

Lemma 5.1. Let £ := conv(%). Then there holds
forall X € .
Proof. Fix X € 5. Since & C ¥, it readily follows that

< . .
max(L, X ) < max(L,X) (5.6)

For the converse let L € £. Thus, there exist Z,, = ZZLO AL AL such that A} € Z, lejio A,=1forneN
and k € {0,..,N,} and Z,, — L in 5. Next we observe that

Ny Ny Ny
(Zn X) o = (D ATALX) 5 = D AUALX) o < D ATD #(2)(X) = D #(2)(X). (5.7)
k=0 k=0 k=0
Hence, passing to the limit yields (L,X) 5 < D_¢(Q)(X) and thus the result follows. O

With this result we are able to characterise steepest descend directions (cf. [45, Lemma 3.3])
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Lemma 5.2. Assume 0 ¢ . Then there holds

Jmin D#(@)() =~ lLe, (5.8

where X* = —ﬁ and Z* = argmingc 4 || Z]| .

Proof. First note that Z* = P4(0), where Py, denotes the projection onto the closed and convex set Z.
Thus, we deduce by the properties of the projection map (cf. [64, Theorem 2.18])

(P4(0)—0,Z—Py(0));, =0 forallZe 2, (5.9)

which is equivalent to
(Z*,7%) 4o <(Z,2%) ,, forall Z e . (5.10)
Next we observe that for each Z € £ there holds
1

(Z,X*) 3 = — (Z,Z*) o < — (Z*,7%) 4. (5.11)
Nz T T 12 e ”
Hence, taking the maximum yields
1
D #(Q)(X*) =max(Z,X"),, = — Z5 2% o = =1 Z7]| s 5.12
SO = (2, X) e =~ (2,2 = =17 e (5.12)

Additionally, for each X € 5, ||X|| 5~ = 1 there holds by the Cauchy-Schwarz inequality

—NZ* 5 < (Z%,X) 5 S%g(Z,X)%:Df(Q)(X). (5.13)
Thus we conclude
D#(Q)X*") = ”Xrﬁﬁn 1Dj(ﬂ)(X), (5.14)
o=
which finishes the proof. O

The previous lemma entails the following optimality condition.

Corollary 5.3. The set Q € %, is a local minimiser of the penalised objective functional ¢ if and only
if 0 € Z. In this context Q is said to be a local minimum of ¢ if there is a constant p > 0 such that
L)< £(Id+X)(Q2)) forall X € A, || Xl < p.

Proof. From Lemma 5.2 we know that D_#(Q)(X*) < 0 if 0 ¢ £. Hence a descend in direction X* is
possible for a sufficiently small step size. In contrast, if 0 € £ there holds D_#(Q)(X) = (0,X) 5 = 0 for
all X € 2. 0

Remark 5.4. In view of the definition of % in (5.3), the optimality conditions read as follows: if the
stress constraint is strictly not violated, i.e. if GIZVI(u)(x) < 6 for all x € K, then £ = {V_¢,,} and thus
the optimality condition reads V_¢,, = 0. Furthermore, if the stress threshold is surpassed, i.e. if there
is x € K such that 012\4(”)(x) > §, the optimality condition entails 0 € conv(%). Finally, if the stress
constraint is active, i.e. if there is x € A(u) such that GJZVI(u)(x) = 0§, the optimality condition reads

0 € conv(%). By definition this includes the previous case V _¢,,; = 0 as well as the second case.
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6 Clarke subgradient

6 Clarke subgradient

In this section we are going to take a short detour to the framework of Clarke differentiation. Our goal
is to connect the set £ defined in Lemma 5.1 to the Clarke subgradient [39]. This section strongly relies
on the generalised approach of the perturbation of the identity introduced in Section 3. We begin with
the following central definition.

Definition 6.1. Let (2, ] - ||) be a Banach space and f : & — R a function. The generalised directional
derivative of f at x € & in direction v € & is defined as

fy+—f)

D°f(x;v):=limsup (6.1)
y—ox t
£\0
Furthermore, the Clarke subgradient (generalised gradient) at x, € & is defined as the set
3°f(xg):={x" € Z'| D°f(xp;v) = x'(v), forall v e Z'}. (6.2)

Remark 6.2. In the pioneering work [39] E H. Clarke introduced the notation f°(x;v) for the gener-
alised directional derivative. It has been shown in [39, Proposition 2.1.1] that, given a locally Lipschitz
function f, the function v — D°f(x;v) is finite, subadditive, positively homogeneous and Lipschitz on
Z . Furthermore, the author has shown [39, Proposition 2.1.2] that locally Lipschitz functions admit a
nonempty, convex and weak*-compact Clarke subgradient.

For the sake of completeness we recall the notion of a directional derivative at this point.

Definition 6.3. Let & be a vector space and f : & — R a function. The directional derivative of f at
x € & in direction v € & is defined as

(6.3)

trponn o SO +V)—f(y)
D f(x,V).—}l\I‘r(l) " .

In general, this limit does not have to exist. Yet, it is well known that convex functions entail sufficient
properties to make sense of this definition (cf. [64]). In order to fit into the Clarke framework, we redefine
the objective functional _¢ as follows.

Definition 6.4. Let Q € %, fix and 5 denote the Hilbert space introduced in the previous section.
Furthermore, let p > 0 be sufficiently small. The function G : B,(0) — R is defined as

G(X):= #£((Id+X)(Q2)) forallX €B,(0), (6.4)

where B, (0) denotes the ball of radius p centered at 0 with respect to the norm || - || . Additionally, we
define for x € K the pointwise function G* : B,(0) — R by

G*(X) := Fuo(1d +X)(Q)) + @£ (Id+X)(©2)) forall X € B,(0), (6.5)

where a > 0 denotes the penalty parameter.

30



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

6 Clarke subgradient

Remark 6.5. Note that the functions are indeed well defined for ||X||  sufficiently small. Furthermore,
there holds
D"G(0;X) =D _#(2)(X) = TLHE%%((L,X)ﬁ, (6.6)

where DYG(0;X) denotes the directional derivative of G at 0 € ¢ in direction X € . Similarly, we

observe that
D*G*(0;X) = (V %o+ aV 25, X) 5. (6.7)

In contrast to [39], our definition of the generalised directional derivative does not require G to be
locally Lipschitz. The next lemma shows that the quotient is finite nonetheless. This further entails that
the generalised directional derivative is well-defined.

Lemma 6.6. Let Y € 2 sufficiently close to 0 € 5 and t > 0 small. Then there exists C € R independent

of Y and t such that
G(Y +tX)—G(Y) <

t

C. (6.8)

Proof. Let x¥t € A(u”!). Then there holds by the maximising property of the set A(u”"t)

G(Y +tX)—G(Y) _ GV +tX) = G*(Y)

t t
_ Bey, (u")(x") ey, (@) (x") — Bey (u)(x ™) s ey (" )(x ")

t

@) ey (@)

Ey s — €
:B[ Y.t Y]

ve v (6.9)

+Bey () (") s ey (W)

€y —
[

IO

+Bey (uV)(x¥h) :

Yt .Y
+Bey (u¥)(x") : ey(%)(x“).

. O A ¢
Assumption A entails ——

yields the uniform convergences of , @y, and ay. Thus, we conclude that for sufficiently small
Y € # and t > 0 the right-hand side of equation (6.9) remains bounded. Using x¥ € A(u") in a similar
way shows that

Yt & yand u¥ — u in CY(K). Furthermore, Lemma 3.4 item (ii)

Qy —Qy

— 1, u

G(Y)—G(Y + tX) <
. <
This concludes the proof. O

C. (6.10)

The next lemma constitutes the central result of this section. It states that for our objective function
under consideration, both notions of directional derivative coincide.

Lemma 6.7. Let X € 5. Then there holds

DTG(0;X) =D°G(0; X). (6.11)
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6 Clarke subgradient

Proof. We show this result in two steps. For the inequality “<” note that by the definition of the gener-
alised directional derivative there holds

G(tX)=G(0) _ . up G(Y + tX)— G(Y)

DTG(0;X) = lim = D°G(0;X). (6.12)
t\0 t Y—0 t
t\0

For the converse note that by Lemma 6.6 the quotient appearing in the generalised direction derivative
remains bounded. Hence, there are Y} € 5, t;, > 0 such that Y, — 0, t; \, 0 for k —» 00 and

G(Y +tX)—G(Y)

G(Yy + ;X)) — G(Yy)

D°G(0;X) =limsup = lim (6.13)
Y—0 t k—oo tx
£\O

Next we pick for each k € N a point x* € A(u¥x') c K. Since K is compact, there exists a subsequence,
which we denote the same, and x € K such that x; — x. This yields

G(Yy + ;X)) — G(Yy) <1 G (Y + ;. X) — G (V)
S Iim .
tk k—o00 tk

D°G(0;X) = Jim (6.14)
— 00

Now expanding the right-hand side as in (6.9) and using the same arguments to pass to the limit, shows
G (Y + t . X) — G(Yy)
Ck

D°G(0;X) < klim =D*G*(0;X). (6.15)
—0Q0

Next we note that for each y € K there holds G” (Y + t;.X) < G**(Y; + t;X). Hence, passing to the limit
k — oo yields
G”(0) < G*(0), (6.16)

i.e. x € A(u). Hence, putting our observations together yields

D°G(0;X) < DTG*(0;X) < maEX)DJ"GZ(O,X) =D"G(0;X), (6.17)
z€A(u

which concludes the proof. O
As a result we obtain the desired characterisation of .Z.

Theorem 6.8. Let ¥ be defined in Lemma 5.1 and d°G(0) denote the Clarke subgradient of G at 0 € .
Then there holds
% = 09°G(0). (6.18)

Proof. First note that by the definition of the generalised directional derivative and Lemma 6.7 there
holds for every X € s#

(LX) < max(L,X) s = D*G(0;X)=D°G(0;X) forallL € ¥. (6.19)
S

Thus, we conclude £ ¢ 3°G(0). For the converse let Z € €. By the Hahn-Banach separation theorem
there exists a linear continuous functional u and a constant ¢ € R such that u(Z) > ¢ > u(L) for all
L € & . By the Riesz-representation we can identify u with an element X € 2. Hence, it follows

(Z,X)p>c>(L,X),, foralllLe 2. (6.20)
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Taking the maximum over L € ¥ now shows
(2,X) > D°G(0;X), (6.21)

where we used again that the directional derivative and the generalised directional derivative coincide.
Hence, we deduce Z ¢ 9°G(0), which concludes the proof. O

7 Numerical implementation

In this section we address the application of the previously derived results in a numerical scheme. There-
fore, we extend the initial problem formulation by adding a weighting factor to the volume term _#;.
On the one hand this enables a more sensitive numerical treatment of both parts of the cost functional.
On the other hand, scaling this factor allows to treat ¢, as a penalty term and thus interpret the given
task as a stress minimisation problem with a volume constraint. Before we specify the formulation of our
model problem, we describe the general methodology.

Shape derivative and shape gradient In Section 5 we have seen that a Riesz-representation can be
used to identify linear and continuous shape derivatives with gradients in a given Hilbert space . In
the numerical scheme we obtain such gradients by solving a sub-problem. To specify, given a linear and

continuous shape derivative D_#(Q)(-) we define V_¢ € H%UFN(Q)d as the unique solution of

J e(VF):e(X)+BV ¢ -BX +piowV.Ff X dx =D F(Q)(X) forallXe H%UFN(Q)d. (7.1)
Q

Here, pj,w > 0 is a constant and the term

—8, @
B=| ,* % ) (7.2)
( a)’ ax

incorporates the Cauchy-Riemann equations and thus encourages the solution to be a conformal mapping,
which accounts for a good mesh quality. It is noteworthy that due to this approach V_¢ is merely in
H%UFN (©)4. This is a definite conflict to the analytic setting, where higher regularity of the deformation
fields is necessary to compute the shape derivatives. Nevertheless, this does not cause any problems in
the numerical realm.

Remark 7.1. Recall that the derivative of the maximum norm is by its nature nonlinear. Nonetheless, we
can utilise this approach to identify gradients V.J for x € A(u), since the interior functionals (cf. Lemma
4.5) satisfy sufficient properties. These gradients can further be used according to Section 5.

Moving mesh method and mesh quality We realise deformations of the shape Q2 following the “moving
mesh” approach. That is, in each iteration we move the mesh according to a vector field. This underlines
the importance of the Cauchy-Riemann term. Nonetheless, it is still possible that the mesh quality declines
after a certain number of iterations. We therefore introduce the quantity

rf

min ——,
E€EI() rf
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7 Numerical implementation

where EI(Q2) denotes the set of triangular elements constituting the finite element space on Q and rl.E ,
rf denote the inner radius and outer radius of each element E, respectively. Whenever this quantity falls
below a certain threshold, i.e. when some elements are too thin, a remeshing is performed.

Differences to the analytic setting To conclude our general methodology, we want to highlight some
simplifications we impose in the numerical setting. Contrary to the initial problem formulation, we do
not consider the subset w for the numerical implementation. Recall that the main purpose of this set was
the avoidance of the low regularity area. This can be justified, since we are working in a finite dimen-
sional finite element space. Additionally, we only consider deformation vector fields that vanish on the
boundary I'V, where the force is applied, as well. This ensures, that the algorithm behaves appropriately.
In fact, without this assumption the algorithm would try to shrink the boundary part 'V, since this leads
to a decrease of the applied force and thus also minimises the present stresses. This behaviour would be
further reinforced, since we do not consider a volume force for the numerical implementation. Nonethe-
less, we would like to point out that we consider an additional free boundary. Therefore, the assumption
X =0onTUTY does not fix the whole body. Finally, we want to mention that, in contrast to the initial
problem formulation, the domains occurring in the upcoming numerical examples include corners on the
boundary and thus lack some regularity that is required in the analytical setting.

7.1 max-norm approach

Our goal is to minimise the functional

Z(Q) =71 (1= V) +71, max{max o2 (ug)— 5,0}, (7.3)

where Q € %y, ug € HE()? solves (2.4), 71,7, € R are given weights and § = 0 denotes the stress
threshold. Here, || denotes the volume of Q and the constant V € R is a given target volume. In view
of an efficient numerical implementation it is feasible to have access to the associated adjoint variable.
Since the state variable ug, solely appears in the stress term, we only need to investigate the penalty term
#,.In view of Lemma 4.5 we seek adjoint variables q*, x € A(u) such that

J Ae(y) : e(q*) dx = 2Be(u)(x) : e(p)(x) forall p € H%(D)d. (7.4)
Q

Unfortunately, equation (7.4) is not well defined, since point evaluation of the gradient is generally not
possible in H'. As a remedy, we introduce for given r > 0 the approximation ¢*" € H%(D)d as the unique
solution of

2
B, ()| B,(x)

f Ae(p) i e(g®")dx = Be(u): e(p)dx forall p € H%(D)d. (7.5)
Q

Here, B, (x) denotes the ball centered at x with radius r. A possible workaround could be the introduction
of so-called very-weak solutions. In our setting however, the formulation is not straightforward and thus
requires further research. Nonetheless, we want to point out that a thorough study of the numerical
treatment of this adjoint equation could improve the efficiency of our approach.
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7 Numerical implementation

Remark 7.2. At this point, we require the adjoint variable to enable an efficient numerical treatment of
the state-dependent derivative. In Part II of this thesis we elaborate further on various adjoint equations
in the context of sensitivity analysis.

We observe that for each x € A(u) and r > 0, employing the approximated adjoint variable ¢*" yields

D_#X(2)(X) ~—B[oudX + (8X)"(dw) "] : e(u)(x)

+% f AloudX +0X"ou']: e(q™") dx — f div(X)Ae(u) : e(¢*") dx
2 Q

1
+= | Ae(w):[8g* X +8X " (8qg°") ]d
2JQ e(u):[dq (@¢*") " 1dx 7.6)

+J div(X)f -q*" dx+f ofX-q°" dx
Q Q

+J (div(X)—(8Xn)-n)g-qg*" dS —I—f dgX-q*"ds.
™ r

N

In the numerical scheme we realise the point evaluation on the right hand side of (7.6) in the same
fashion utilising an averaging. Keeping minor notational conflicts in mind, we continue to use the notation
u, :=uq_for the sake of brevity. With this, we introduce the steepest descend approach (Algorithm 1)
that builds on the results of Section 5.

Remark 7.3. Note that there are various alternatives to tackle nonsmooth optimisation problems numer-
ically. In this context we would like to mention subgradient methods, cutting plane methods and bundle
methods, which rely on the set £ (or a generalisation, c.f. [64, Section 6.6]) as well. For more details on
this topic we refer to [64].

Remark 7.4. In order to identify the active set A(u,,), we iterate over all mesh vertices and choose nodes
that maximise the von Mises stress up to a given tolerance &€ > 0. This tolerance captures the numerical
error of the exact value due to the representation of floats in python. Hence, the active set A(u,,) is finite
in each iteration. Nonetheless, a high computational effort is possible, since we have to compute adjoint
variables ¢*" and gradients V ¢ for each active point. This can necessitate to solve a large number
of sub problems in each iteration. Fortunately, we observed in our algorithm that A(u,) is a singleton
throughout the majority of iterations, which entails a feasible runtime.
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7 Numerical implementation

Algorithm 1 Steepest descend algorithm - max-norm approach

Require: initial shape Qy C R%, N, €N
while n <N, do

choose Hilbert space &, = H%UFN(QH)Z.
check mesh quality and remesh if required.
compute state u, by solving state equation (2.4) on £,,.
compute active set A(u,,) = {x1, ..., X}
compute adjoint states g5 (7.5), i € {1,...,k} on domain £, with state u,,.
compute gradients V %,V ;" € 5, for x; € A(u,).
assemble A € Rk with a;; 1= (11V fo1 + 12V 20", Y1V B0l + 12V I ), for i,j € {1,... K}

: : k
solve min,cgr Aat - a subject to >, a; = 1.

k i
Z, = Zi:l a;v;, where v; = v,V &, + szf; :

descent direction X, := —Z,,.

choose step size s,, > 0.

if #((Id+s,X,)(2,)) > _£(2,) and no remeshing occurred in the previous step then
remesh.

else
deform shape Q,,; := (Id +5,X,,)(£2,,).

end if

iterate n+ = 1.

end while

7.2 p-norm approach

In order to validate our method we compare our results to the following p-norm approach, which includes
a smooth regularisation of the stress term:

L) :=1,(1Q = V) +7, ( f o (ug) P dx) , (7.7)

Q

1
for p > 2. The shape derivative of #,(Q) := (fn |op (ug)IP dx)”, for 2 < p < oo can be computed by
various techniques as reported in [102]. We are omitting the proof here and only state the derivative. For
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7 Numerical implementation

X e cY(D)? with supp(X) c (D \ @) we have

D_#,(2)(X) zcﬂf div(X)|op(ug)l? dx +f div(X)f -q dx +J ofX-qdx

Q Q @
~ oL (Be(w) : )~ B +(2%)T (0w elu) dx

+% f A[oudX + 30X "ou']: e(q) dx — f div(X)Ae(u) : e(q) dx (7.8)
Q Q

+ %f Ae(u) : [3q8X + X T(3q)T] dx
Q

+J (div(X)—(éXn)-n)g-q dS+J dgX-qds,
[‘N

N

1p
where cq = %(fg |o s (ug)l? dx) P andqe€ H%(Q)d solves

J Ae(p) 1 e(q) dx = cqp (Be(u) : e(u))%_1 Be(u): e(p)dx forall p € H%(Q)d. (7.9)
Q

Remark 7.5. Note that the previous result incorporates the adjoint variable q. In contrast to the nons-
mooth approach, the adjoint equation associated with the regularised cost functional ¢, is well-defined
and does not require additional treatment. Furthermore, we want to mention that the functional _#, ap-
proximates the maximal von Mises stress. Contrary, ¢, captures the squared von Mises stress. Nonethe-
less, we are able to compare these methods, since both lead to a decrease of the von Mises stress. Addi-
tionally, we would like to point out that we omitted the stress threshold 6 in the regularised approach.
This is reasonable, since we are going to address the special case 6 = 0 in our numerical examples.

Algorithm 2 Basic gradient algorithm - p-norm approach

Require: initial shape Q, CR?, N,,,, €N
while n <N, do
choose Hilbert space 7, = H} .y (€2,)*.
check mesh quality and remesh if required.
compute state u, by solving state equation (2.4) on £2,,.
compute adjoint state q,, by solving adjoint state equation (7.9) on 2, with state u,,.
compute gradients V #,,, V ¢, € 7.
descent direction X, := — (}fl V %ol + YZVjp).
choose step size s, > 0.
if 2((Id+s,X,)(2,)) > _£(2,) and no remeshing occurred in the previous step then
remesh.
else
deform shape Q1 := (Id +5,X,,))(22,)-
end if
iterate n+ = 1.
end while
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7 Numerical implementation

7.3 Numerical results

We implemented both algorithms in the software NGSolve [96]. In order to achieve comparable results,
we normalised the respective stress gradients in each iteration and moved a fixed step size. Throughout
our numerical experiments we chose the material parameter as follows: the Poisson ratio v = 0.3 and
the Young modulus E = 1. These in turn yield the Lamé coefficients

vE E

A= a+na-2» H2a+n (7.10)

Additionally we consider the absence of a volume force, i.e. f = 0, which allows a simplified representa-
tion of the involved terms and neglect the stress threshold, i.e. § = 0.

7.3.1 L-bracket
For the first example we considered the L-bracket problem. Here, the initial set is given as
Q2 =(0,100) x (0,100) \ [40,100] x [40,100]. (7.11)

The bracket is fixed on the upper part of the boundary I' = [0,40] x {100} and the boundary force
g =(0,—3)" is applied at the corner of the rightmost boundary part, i.e.

IV = {100} x [35,40] U [95,100] x {40}. (7.12)

Furthermore, the target volume was fixed as 70% of the initial volume. The setting is depicted in Figure
2. The remaining unknowns were chosen as follows: p = 6, y; = 107, v, = 1, pjow = 1072, r = 100,
the initial mesh size h = 5 and finite elements of order 3.

7
A A
T
g
" \AA/
100 | 55 5
l—-N
Q
|35
Y

100

Figure 2: Visualisation of the L-bracket [26].

The resulting deformations of the shape are visualised in Figure 3 and the corresponding evolution
of the cost functionals is given in Figure 4.
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Figure 3: Deformation of the L-bracket [26].
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Figure 4: Cost evolution for the L-bracket problem [26].

To compare both methods in terms of the pointwise stress optimisation, we deduced the minimal mesh
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. min min . . . . o .
sizes hp_norm, h o norm Of Doth algorithms after a given number of iterations. We then chose the minimum
h™" = min{h}""  h7" }and remeshed both final shapes with the minimal mesh size h™". Finally,

we solved the PDE on both domains and compared the resulting maximum von Mises stress. This uniform
mesh size is necessary, since the maximum stress highly depends on the underlying mesh size. The results
for some iterations are listed in Table 1.

| | max-norm approach | p-norm approach |

10 iterations 1258 1466
30 iterations 691 771
50 iterations 464 615
100 iterations 384 391
140 iterations 262 330

Table 1: Comparison of the maximal von Mises stress (7]2\4 [26].

Comparing the final results (Figure 3d, Figure 3h) we observe that visually both algorithms yield
similar results. These in fact coincide with the results obtained in [92], where the p-norm problem for-
mulation was investigated with a different numerical approach. While both approaches approximate the
target volume within a few iterations (Figure 4a, Figure 4d), the stress-cost evolves differently. In the p-
norm approach, the value of the stress functional shows a steady decrease until the deformation causes
some minor artificial fluctuations towards the end (see Figure 4e). In contrast, the maximum stress curve
in the max-norm approach (see Figure 4b) shows a number of peaks. These are linked to the occurrence
of remeshes, as the refined mesh yields higher stress values. Finally, Table 1 shows that both algorithms
yield a decrease of the maximal von Mises stress, yet the max-norm approach seems to perform slightly
better in this regard.

7.3.2 Bridge

For the second example we consider a bridge with vertical load placed in the center of the upper boundary.
To be precise, the initial set is given as

Q=(0,5)x(0,5)\[1,4] x[0,2]. (7.13)

The bridge is fixed at the bottom boundary I' = ([0, 1] x {0})U([4, 5] x {0}) and the force g = (0,—3)" is
applied on 'V =[2, 3] x {5}. Again, the target volume was fixed as 70% of the initial volume. A schematic
of the setting can be seen in Figure 5. For this example we chose the regularisation p = 2. Furthermore,
the remaining parameter were set y; = 1072, y5 = 1, pjow = 10, r = 7.5, the initial meshsize h = 0.5
and finite elements of order 3.
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7 Numerical implementation
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Figure 5: Visualisation of the bridge [26].

The resulting deformations of the shape are visualised in Figure 6 and the corresponding evolution
of the cost functionals is given in Figure 7.
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Figure 6: Deformation of the bridge [26].
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7 Numerical implementation
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Figure 7: Cost evolution for the bridge problem [26].

Again, we solved the PDE on the deformed domains after a fixed number of iterations with the iden-

min h

. . min _ _.:
tical mesh size h™" = min{h}'% .

min
max-norm

for some iterations are listed in Table 2.

} and computed the maximal von Mises stress. The results

| max-norm approach | p-norm approach |

10 iterations 92 86
20 iterations 52 76
40 iterations 214 593
80 iterations 964 1417

Table 2: Comparison of the maximal von Mises stress 012\4 [26].

In this example we are able to observe different behaviours of our approaches. While the p-norm
approach yields a steady decline of the stress cost (Figure 7e), the max-norm cost functional is vulnerable
to remeshes and thus the associated curve shows some peaks (Figure 7b). Furthermore, we observe that
the volume cost in the max-norm approach is monotone decreasing until it reaches a steady behaviour at
approximately 40 iterations (Figure 7a). Contrary, the p-norm approach shows a slightly faster decrease
of the volume cost during the first few iterations (Figure 7d). Yet, the minimisation of the stress functional
causes a minor increase of the volume cost. This can also be seen in the final shapes (Figure 6h, Figure 6d),
where the p-norm approach yields slightly wider bridge piers. Furthermore, the corners of the Dirichlet

42



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

7 Numerical implementation

boundaries, i.e. the corners of the lower part of the bridge piers, attain a smoother appearance in the
max-norm approach. This is also reflected by the last entry of Table 2, which shows a decrease of the
maximal von Mises stress of 32%. In addition the averaging parameter p had to be reduced compared to
the previous example, since the p-norm approach did not manage to smoothen the interior corners for
larger p.

7.3.3 L-bracket with hole

For the third example we considered the L-bracket problem from the first example with an additional
square shaped hole. Hence, the initial set is given as

Q = (0,100) x (0,100) \ ([40,100] x [40,100] U [15,25] x [70,80]). (7.14)

The bracket is fixed on the upper part of the boundary I' = [0,40] x {100} and the boundary force
g = (0,—3)" is applied at the corner of the rightmost boundary part, i.e.

'V = {100} x [35,40]U[95,100] x {40}. (7.15)

Again, the target volume was fixed as 70% of the initial volume. The setting is depicted in Figure 8. The
remaining unknowns were chosen as follows: p =4, y; = 1074, v, = 1, po, = 1072, r = 100, the initial
mesh size h = 5 and finite elements of order 3.

Y,
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Figure 8: Visualisation of the L-bracket with hole.

The resulting deformations of the shape are visualised in Figure 9 and the corresponding evolution
of the cost functionals is given in Figure 10.
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Figure 9: Deformation of the L-bracket with hole.
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Figure 10: Cost evolution for the L-bracket with hole problem.

Similarly to the first two examples, we solved the PDE on the deformed domains after a fixed number
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: : : : : : min _ .3 min min :
of iterations with the identical mesh size h™" = mm{hp_norm, he norm) @nd computed the maximal von

Mises stress. The results for some iterations are listed in Table 3.

| | max-norm approach | p-norm approach |

10 iterations 697 753
40 iterations 397 332
100 iterations 3839 4799
140 iterations 8064 33952

Table 3: Comparison of the maximal von Mises stress crlzw.

At a first glimpse, the deformations obtained during this experiment resemble the ones obtained in the
first exercise. That is, both methods deform the outer boundary of the L-bracket into a smooth hook-like
shape. Additionally, the interior sharp corners of the hole are smoothened during this deformation. In
fact, the max-norm approach seems to slightly outperform the p-norm approach in this context, since the
hole in Figure 9d has a smoother and more symmetric appearance compared to Figure 9h. Furthermore,
we observe that the p-norm approach introduces an artificial wave-like structure of the boundary in the
vicinity of the top-right corner, which causes higher stresses. This problem does not occur during the
max-norm approach. This also reflects in the direct comparison of the von Mises stress values in Table 3,
where the maximal stress of the p-norm approach increases significantly towards the last iterations.
The cost functionals in turn show the typical, previously described behaviour. While the target volume
is attained after the first few steps in both approaches likewise (see Figure 10a, Figure 10d), the stress
terms behave differently. The stress functional of the p-norm approach shows a steady decline until some
minor fluctuations occur towards the end (see Figure 10e). In contrast, the stress functional of the max-
norm approach is characterised by some intermediate peaks (see Figure 10b). These are a consequence
of the lack of stability with respect to remeshes.

8 Conclusion and outlook

In this part of the thesis we investigated the shape sensitivity of a nonsmooth objective functional in the
framework of linear elasticity. We computed the first order term and put the object into the context of
Clarke subgradients. Lending tools from nonsmooth analysis, we further derived optimality conditions
as well as steepest descend directions. These gave rise to a nonsmooth methodology to address the min-
imisation of peak stresses. Our numerical implementations suggest that the nonsmooth approach entails
a faster minimisation of the maximal von Mises stress compared to the regularised p-norm approach.
This heavily relied on the fact that for our model problems, the active set was small. Otherwise high
computational efforts are to be expected.

For future research it would be interesting to study the adjoint variable corresponding to the low regu-
larity functional £, x € A(u) on an analytic level as well as in the numerical setting. Whilst very-weak
solutions could entail an appropriate adjoint formulation corresponding to the problematic point evalu-
ation of the gradient, an efficient numerical treatment of these is not known yet.
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The content of this part stems from the article:

[25] P Baumann and K. Sturm. Adjoint based methods for the computation of higher order topological
derivatives with an application to linear elasticity. Engineering Computations, 39(1), 2021.
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9 Introduction to adjoint based topological sensitivity analysis

In this part of the thesis we are going to dive into the framework of topology optimisation employing
the notion of topological derivatives. The main idea of the topological derivative is to introduce a sin-
gular perturbation to the design variable and study the sensitivity of the shape functional with respect
to the size of the perturbation. Thus, the topological derivative encodes information about the optimal
topology of the design variable. This information can be used in a numerical scheme via one-shot type
methods [70,99] or to guide the evolution of a level-set function in an iterative process [17].

A large variety of design optimisation problems stemming from applications can be classified as state con-
strained optimisation problems, where the state variable is governed by a partial differential equation.
It is well known from shape optimisation and optimal control (see e.g. [73,76]) that adjoint variables
constitute an efficient approach to the numerical treatment of these problems. In fact, for the special case
when the governing PDEs are linear and the inclusions are ball-shaped, the first order topological deriva-
tive can be expressed solely in terms of the state and adjoint state variable [99]. Higher order topological
derivatives usually require additional corrector terms, solutions to exterior partial differential equations.
Even though in general these correctors give rise to numerical expenses, in some cases they can be ex-
plicitly computed [70]. Aside from the numerical advantages, adjoint variables have been proven to be
an useful tool to compute the topological derivative for state constraint design optimisation problems.
One well established method in this context is the method of Amstutz [12]. It is based on the sensitivity
analysis of an adjoint state that only depends on the unperturbed state variable. This method has been
proven versatile and thus found application in various works such as [13, 14, 68, 79] to only mention a
few. It is advantageous over the direct computation of the topological derivative via a Taylors’ expansion
as it simplifies the analysis significantly.

Another adjoint based method to compute topological derivatives we want to highlight relies on the
averaged adjoint state [101]. In contrast to Amstutz’ approach, the adjoint variable in this setting addi-
tionally depends on the perturbed state variable. This entails some difficulties towards the study of the
asymptotics for the adjoint state and thus results in a more challenging analysis. Yet, once the asymptotic
expansion of the averaged adjoint state is known, the computation of the topological derivative is straight
forward and can easily be extended to compute higher order topological derivatives. For applications of
the averaged adjoint approach we refer to [58,105].

A third method we want to mention in this context was introduced in [41]. Contrary to the previous ap-
proaches, this method only depends on the unperturbed adjoint state and therefore does not necessitate
a sensitivity analysis of the adjoint state variable. This results in a faster computation of the topological
derivative, but unfortunately seems to come with the shortcoming that this method is not applicable to
specific cost functionals [58].

In the following we study a model problem in the framework of linear elasticity, where we consider per-
turbations of the material coefficients as well as perturbations of the applied volume forces. We apply
these three adjoint based methods to compute the first and second order topological derivative for a
versatile cost functional and compare them in view of applicability and efficiency.

Before we introduce the problem formulation we would like to mention that the computation of topologi-
cal derivatives for state constrained design optimisation problems does not solely rely on the introduction
of adjoint variables. In [85] the authors used the singular limit of a shape derivative to compute the topo-
logical derivative. Even though this method is not always applicable, it provides an efficient scheme to
compute even higher order topological derivatives [97].
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9 Introduction to adjoint based topological sensitivity analysis

In this part of the thesis our focus lies on the differences between adjoint based methods to perform
sensitivity analysis and to compute the topological derivative. We thoroughly study and review the first
three methods mentioned and apply them to the model problem of linear elasticity. We first exam the
asymptotic behaviour of the underlying state variable up to order two and then study the asymptotic
behaviour of Amstutz’ perturbed adjoint variable and the averaged adjoint variable. We then employ the
three methods to compute first and second order topological derivatives for three types of cost functions,
the compliance, a boundary tracking-type cost function and a tracking-type cost function of the gradient.
The content of this part stems from the article [25] in collaboration with Kevin Sturm.

Before we introduce the concrete setting for our model problem, we specify the notion of "topological
derivative" (cf. Section 1.2) in the following definition. Note that this quantity plays a central role in the
remainder of this thesis.

Definition 9.1. Let D ¢ R? be a bounded, smooth domain and £ ¢ D open and Lipschitz. Furthermore,
let w c R? be an open, bounded and connected set with C! boundary containing the origin. We define
for xo € D\ 99 and ¢ > 0 sufficiently small the perturbed set

Q\w if xo €0,
.= { \@e 0 (9.1)
QU w, else,
where w, := {x, + €2| 2 € w}. Furthermore, consider a shape functional
F U >R, 9.2)

where %,,, a subset of the powerset of D, denotes the admissible shapes. With the assumption that

Q€ %, and Q, € U, for € > 0 sufficiently small we define the first order topological derivative of ¢

at x, as

J (&) —2(Q)
6i(e) 7

where £, : R* — R" is a continuous function vanishing at 0. Furthermore, given a sequence of continuous

functions ¢ : R* — R*, k > 1 vanishing at 0 such that

d 2 (2, w)(xg) := ‘11{% (9.3)

Ciyq(€)

=0 fork>1, 4
eN0 L (€) o ©-9

we define the n—th order topological derivative for n > 2 iteratively by

()~ 2(Q)— S0 £ (e)d* £ (0, w)(xo)
C,(e) ‘

Remark 9.2. Note that the topological derivative depends on a large variety of parameters. In the context
of directional derivatives, Q2 and x, can bee seen as the evaluation point, while the inclusion shape
w resembles a given direction. Yet, we avoid the use of a semicolon to emphasise that the topological
derivative is no directional derivative according to Definition 6.3. Furthermore, we would like to highlight
the dependence on the sequences {;. Even though this dependence is not directly visible in the notation
of the topological derivative, it is of great importance nonetheless, as it gives rise to the question "when
a topological derivative vanishes". To specify, one could always introduce a "slower" decreasing function
¢ to a given formulation leading to a vanishing topological derivative.

(9.5)

d"#(2,)(xo) := lim
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Problem formulation

Let D c RY,d € {2,3} be abounded and smooth domain. Our goal is to compute the topological derivative
of the cost functional

j(Q):ny fa-uq dx+}/gJ |0ug — dugl? dx+ymf lug — upy,|* ds, (9.6)
D D

I'm

where y¢,7g,Ym €R, uq € HY(D)4, u,, € L,(I"™)? subject to a design region Q c D. Here, the displace-
ment field ug € H 1(D)d solves the equation of linear elasticity (cf. (2.4))

f Aqe(ug) : e(p) dx :f fa - pdx +f gn-pdS forall pe H%(D)d, 9.7)
D D v

ug=gp onT. (9.8)

where I' ¢ D, |T| > 0, Ty := dD\TI, HL(D)? :={p € HY(D): ¢ =00nT}, gp € Ly(I)?, gy € Lo(TV)?
and
Ag=Axa+Axp\n, fo=fixa+f22p\a (9.9

Here, xq, Xp\q denote characteristic functions on their respective sets, A;, A, : R4 — RI*d are sym-
metric stress tensors given in terms of characteristic material parameters (cf. Lamé coefficients in (2.6)),
f1, f» € HY(D)? N C%(Bs(x,))? for a given § > 0 and e(u) denotes the symmetrised gradient of u, that is,
e(w)=1(@u+au’).

Remark 9.3. In some parts of this work we require the assumption y, = 0 in dimension d = 2. We will
elaborate further on this detail in the course of this work.

In contrast to the model problem in Part I we assume that the whole domain D is filled with two
different materials as well as two different volume forces acting on these, respectively. We are thus inter-
ested in the optimal distribution of these materials within the hold-all domain D in terms of the versatile
objective functional (9.6). In what follows, we are only going to discuss the topological derivative of a
singularly perturbed domain by adding material 1 and force 1, respectively. That is, we are interested in
perturbations 2, = QU w, with w, C Q° (cf. Definition 9.1). The remaining case 2, = 2\ w,, w, C Q
can be treated identically and merely leads to a change of sign in the final formula. Additionally, for the
sake of simplicity, we are going to restrict ourselves to the special case 2 = ). The general setting can
be treated in a similar fashion and we will highlight the passages in the upcoming sensitivity analysis,
where special care has to be taken in this case.

10 Lagrangian techniques to compute the topological derivative

Before we dive into the sensitivity analysis, we want to give an overview of the three methods mentioned
in the introduction. We therefore reformulate these approaches in a general Lagrangian setting. While it
is well-established in optimisation algorithms to compute derivatives of PDE constrained problems with
the help of Lagrangians, it seems rather new to the topology optimisation community.
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10 Lagrangian techniques to compute the topological derivative

10.1 Abstract setting

Let & be a real Hilbert space, # C & a subspace and i € & a fixed element. We further define the
affine space ¥ := i+ # . For all parameter € > 0 small consider a function u, € ¥ solving the variational

problem of the form
a.(u,,v)=f,(v) forallve#, (10.1)

where a, is a bilinear form on & x # and f, is a linear form on #, respectively. Throughout we assume
that this abstract state equation admits a unique solution u, € ¥ for all ¢ > 0. Consider now a cost

function
j(e) =J,(u,), (10.2)

where for all € > 0 the functional J, : ¥ — R is differentiable at u. In the following sections we review
methods how to obtain an asymptotic expansion of j(¢) at € = 0. For this purpose we introduce the
Lagrangian function

ZL(e,u,v)=J.(u)+a,(u,v)—f,(v) forallue¥,ve#. (10.3)
We observe that we can indeed use this Lagrangian to express the quantity of interest
j(e)=%(e,u,,v) forallvew. (10.4)

Additionally, we would like to mention that the rather uncommon choice of ¥ as an affine space is a direct
consequence of our problem formulation. To specify, the inhomogeneous Dirichlet boundary condition
(9.8) necessitates the use of an affine space instead of a Hilbert space.

10.2 Amstutz’ method

We first review the approach of Amstutz [12] (cf. [13, Proposition 2.1]). This approach has been applied
to various problems and thus has been proven to be a versatile method. For instance in [13] a linear
transmission problem was examined and its first order topological derivative was computed. In [21] the
topological derivative of elliptic differential equations including a differential operator of order 2m was
derived. In [14] the topological derivative for a class of certain nonlinear equations has been studied.
The following proposition states the central result of Amstutz’ method:

Proposition 10.1 ( [13, Proposition 2.1]). Assume the following hypotheses hold.

(1) There exist numbers §a™ and 6 () and a function £ : R* — R* with li{r(l)ﬂl(s) = 0, such that
€

(a, — ag)(ug, pe) = 1(£)5a™M + (¢4 (¢)), (10.5)
(fe = fo)(pe) = €1()5F D + 0 (L4 (), (10.6)

where p, € # is the adjoint state satisfying

a.(p,p.)=—0J.(ug)(p) forallpe¥. (10.7)
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10 Lagrangian techniques to compute the topological derivative

(2) There exist two numbers 6J§1) and 6J§1), such that

Jo(u,) = Jo (o) + 87, (o) (e —up) + €1(£)5T + (¢4 (e)),
T () = Jo(ug) + £1(£)8JS) + o(£1(e)).

Then the following expansion holds

(€)= j(0) +£1(e)(Ga—5f D + 65N + 58I + o (¢t (¢)).

(10.8)
(10.9)

(10.10)

Next, we reformulate and generalise the previous result in terms of a Lagrangian function (¢, u, v).

Additionally, we state an analogous extension addressing the second order derivative.

Proposition 10.2. Let £,£, : Rt — R" be functions with

. _ . 62(3)_
21{%61(8)—0, and 21{%61(8)—0

(i) Assume that the limits

3(8, ué‘)ps) _g(‘g’ uO,pa)

%(1)(u0,p0) := lim
£

N\O £41(¢e) ’

. ,%(e,u sP )_z(OJanp)
372(0,up, py) =1 DL e
) ( Ug pO) Sl\r,l(l) Kl(g)

exist. Then we have the following expansion:

i(€) = j(0) + €£1(e)( @D (ug, po) + 3V £(0,up, po)) + (¢4 (€)).

In particular
2V (ug, po) + 92 (0,ug, po) = 5aV — 5V + 551 + 55,

where 5§aM, 51, 5J§1), 5J§1) are as in Proposition 10.1.

(i) Assume that the assumptions under (i) hold and that the limits

g(E, us’pe)_'z(gz u()zpe‘) _Zl(g)‘%(l)(uﬂpo)
€y(¢) ’

2@ (u,, =1
(w0, Po) lim

ff(s, Ugp, pe‘) - 2(0, Ug, p.&‘) - el(g)ag(l)z(oa anPO)

3P (0 =1
f (0, ug, po) EI{T(I) 0,&)

exist. Then we have the following expansion

j(€) = j(0)+€,(£)( 2V (ug, po) + 3V 2(0,ug, po))
+0,(e) (R (ug, po) + 37 2(0,ug, o)) + 0(£,(e))-
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10 Lagrangian techniques to compute the topological derivative

Proof. ad (i): since ¥(e,u,,0) = £(¢,u,,p,) and £(0,uy, p,) = £(0,uy,0), we get

i(e)— j(0) =%(¢,u,, 0) — £(0, uy, 0) (10.17)
:,%(g,ug,pe)—_,%(g,uo,pe) (1018)
+ %(e,up,p.) — £(0,up, pe)- (10.19)

Dividing by ¢, (¢) for € > 0 and passing to the limit yields

o 1€)=5(0)

=2 (uy, py) + 31 2(0,up, py), 10.20
S (e (wo, po) + ;" £(0, ug, po) ( )

in view of our assumptions. Hence, (10.20) entails
3(€) = j(0) = £1.() (2 Vg, po) + 3 £(0, 19, po))
={;(¢) (J(gg)%(o) — 2D (ug, po) — 3V 2(0,up, po)) (10.21)
= 0(£4(¢)), 1

which shows (i).
ad (ii): the same arguments yield

j(6) = §(0) = 1) (R D (o, po) + 8L O 0, b)) ) o
11\1"1'(1) , ( ) = %( )(U.O,po)'i‘ae g(O,uO,pO). (1022)
€ PG

Now the result follows from
j(€) = j(0) — 1) (2DV(utg, po) + 3 2(0, 19, o)) — () (2P (o, po) + P £(0, 10, po))
3(€) = j(0) — 1) (2D (utg. po) + 3 2(0, 19, po))

={y(¢) — 23 (o, po) — 34(2)3(0; Uo, Po)
£y(e)

= o(£y(e)),
in view of (10.22). O

In order to compare this approach to the upcoming methods, we want to formulate the adjoint variable
in the Lagrangian framework as well. Therefore, it is readily checked that (10.7) reads

find p, € # suchthat 0J,%(e,up,p.)(¢)=0 foralpew. (10.23)

Remark 10.3. Checking the expansions (10.13),(10.16) in applications usually requires some regularity
of the state u, and knowledge of the asymptotics of the adjoint state p, on a small domain of size ¢. This
limit additionally necessitates higher regularity of the volume force (we assumed that f;, f, admit C2
regularity in the vicinity of the perturbation).

The computation of the asymptotic expansions (10.12),(10.15) requires the study of the asymptotic be-
haviour of u, on the whole domain D. This often causes problems, especially in dimension two. The
reader will find an application of this method in Section 14.1.
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10 Lagrangian techniques to compute the topological derivative

10.3 Averaged adjoint method

Another approach to compute topological derivatives was proposed in [105], applied to nonlinear prob-
lems in [58,60,105] and used for the optimisation on surfaces in [59]. Recall the Lagrangian function

Z(e,u,v)=J.(w)+a,(u,v)—f,(v) forallue¥,ve#. (10.24)
We henceforth assume that for all (¢,q) € ¥ x # and € > 0 the function
S au'g(gysue + (1 _S)uO: Q)(W)’ (1025)

is continuously differentiable on [0, 1]. Note that this function is indeed well defined since convex combi-
nations remain in the affine space, i.e. su, +(1—s)uy € ¥ for s € [0, 1]. With the Lagrangian we are able
to define the averaged adjoint equation associated with state variables u, (solution of (10.1) for £ > 0)
and ug (solution of (10.1) for € = 0): find q, € #/, such that

1
J 9,4 (e,su, +(1—5s)up,q.)(p)ds=0 forallpe. (10.26)
0

It is noteworthy that the affine setting again restricts us to only use derivatives in direction #. These
details might seem irritating in this general setting, but we will see that they resolve naturally in the
applied formulation later on. Testing (10.26) with ¢ = u, —u, € # and employing the fundamental
theorem of calculus yields

%(e,u,,q.)=%(e,uy,q,) fore=0, (10.27)

for the averaged adjoint variable q, € #'. This is the central property of this approach and will be used
in the following proposition. We henceforth assume that the averaged adjoint equation admits a unique
solution.

Proposition 10.4. Let £,{, : Rt — R" be functions with

. . ts(e)
| =0 d 1 =0 10.2
61{%61(8) , an 81{%61(3) (10.28)
(i) Assume that the limits
. ZL(g,up,q.)—£(g,up,qp)
ey =1 0> 1e > 0> 10 10.2
2 (up,qo) lim 0 , (10.29)
. ,‘Z(e,u 1q0)_g(07u0:q0)
aM (0 =1 0 10.30
y£(0,up,q0) lim O , ( )
exist. Then we have the following expansion
j(€) = j(0) + £,(e) @D (ug, g0) + 820, 10, 4)) + 0 (€4 (€))- (10.31)
(i) Assume that the assumption under (i) holds and the limits
_ _ (€D)
%(2)(110, qo) -— lim ‘2(8: Ug, qs) 3(8, Ug, QO) 61(8)% (uO’ QO)’ (1032)
e\0 £y(€)
£(e,10,40) — £(0,u0,q0) — £1(£)" 2(0, 0, 4o)
0P £(0,up,qo) := lim 0-90 0-90) 7 18 )% 0-90). (10.33)
£\0 ly(€)
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10 Lagrangian techniques to compute the topological derivative

exist. Then we have the following expansion

i(€) = j(0)+£,()(2 P (ug, q0) + 3 £(0,u0, o))
+0,(e) (@D (g, q0) + 3> £(0,u, 40)) + 0(£,(e)).

Proof. ad (i): employing property (10.27), we deduce

Jj(e)—j(0) = £(e,u,,0) — £(0,uo,0)
= Z(¢,up,q:) —£(0,up,qo)
= 2(¢e,up,q.) —£L(&,u,q0) + £(€,up,90) — £(0,up, qo)-
Hence, we observe _ _
Lo i(©)=i(0)
N0 £4(¢)
in view of our assumptions. This in turn yields

j(€) = j(0) —£1(e) (2P (uo, q0) + 8 £(0, 5, 40))

= %(1)(110: qO) + ae(l)z(oa u(), qO)) (1034)

Y — (0
= {4(¢) (M — 2D (ug,q0) — 3720, u, QO)) (10.35)
£41(¢)
= o0(£,(e)),
which shows (i).
ad (ii): the proof follows the same lines as Proposition 10.1 item (ii). O

The previous result can readily be generalised to compute the n-th order topological derivative (cf.
Definition 9.1). We will employ this generalisation in the last part of this thesis, where we tackle higher
order topological derivatives. However, instead of stating an abstract result, we are going to employ an
analogous splitting directly in the asymptotic analysis (cf. Theorem 19.2, Theorem 21.1).

Remark 10.5. Similarly to Amstutz’ method, checking the expansions (10.30),(10.33) in applications
usually requires some regularity of the state u,, adjoint state g, and forces f1, f, in the vicinity of the
perturbation. However, the computation of this expansion is a straight forward application of Taylor’s
formula. An application is given in Section 14.2.

The computation of the asymptotic expansions (10.29),(10.32) requires the study of the asymptotic be-
haviour of g, and therefore also of u,. This is the most difficult part and can be done by the compound
layer expansion involving corrector equations (see for instance [81], [80]) as is presented in Section 13.2.

10.4 Delfour’s method

In this section we discuss a method proposed by M.C. Delfour in [41, Theorem 3.3]. The definite advan-
tage is that it uses the unperturbed adjoint equation and thus only requires the asymptotic analysis of
the state equation. Yet, it seems to come with the shortcoming that it is only applicable to certain cost
functions; see [58]. As before we let £ be a Lagrangian function and denote by u, € ¥ the perturbed
state variable (solution to (10.1) for € > 0) and py € # the unperturbed adjoint variable (solution to
(10.7) for ¢ = 0). Using these variables, Delfour proposed the following result for computing the first
topological derivative, where we also incorporated the second order topological derivative.
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10 Lagrangian techniques to compute the topological derivative

Proposition 10.6 ( [41]). Let £,,{, : R* — R" be functions with

‘ B 2(3)
lméi(e)=0, and lim " =

(i) Assume that the limits

(€]
72 s :=lim
(o, Po) o 51(

75" (o, po) :=lim m(aux(s, g, Po) — 8,20, g, po))(Ue — tg),

3(1)3(0 U, Po) —hm (£(&,uq, po) —£(0,up, po)),

1()

exist. Then the following expansion holds:
j(€) = j(0) + £1(e)((2{" (g, po) + 5 (110, o) + 8,2 (0, g, po)) + 0(€1(e)).

(i) Assume that the assumptions under (i) hold and that the limits

)[-55(8 ,Ug, Po) — £ (€,ug, o) — 3,2 (€, ug, po)(ue —p)],

9?(2)(U0,P0) \0 Ez(s) 3(5, ug’Po) — Z(e, Uo,Po) - au-z(r‘?: Uo,Po))(Ue - uo)
—Ms)%%”(uo,po)],
2" (uo,po) = lim 75| (2,2, t0,p0)— 8,20, DY) te — )

—el(s)%g”(uo,po)],

8(2).56(0 Ug, Po) —hrn
2( )

exist. Then we have the following expansion:

j(€) = j(0) + €)@ (g, o) + 2L (g, po) + 31 2(0, u, po))
+ ()@ (U, po) + 252 (g, o) + 32 2(0,ug, o)) + 0(£5(€)).

Proof. ad (i): firstly note that by definition the unperturbed adjoint state p, satisfies
2,2(0,ug,pp)(¢)=0 forallp e .

Thus, we can rewrite j(¢) — j(0) in the following way:

j(e)—j(0) =2 (e,u,,0) —£(0,uo,0)
=%(e,u,,po) —£(0,up, po)
=%(¢,u;, po) — £(&,ug, po) — 8,4 (€, up, Po)(ue — o)
+ 0,4 (&, ug, po)(u, —ug) — 3,£(0,ug, po)(u, —ug)
+ Z(&,uq, po) — £ (0, ug, po)-

56

[ 2(e,u0,p0) — £(0,u0,p0) — (1(£)5. £ (0,10, o) |,
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Dividing by ¢(¢), € > 0 and passing to the limit yields

Lo 1(©)=i(0)

(1) (1) 1
=% 5 + R s +3,7%(0,uy, . 10.46
RGeS 1 (o, po) + 25 (ug, po) + 6, " £(0,u, po) ( )

Thus we deduce

3(e) = j(0) — £1.() (2" (o, po) + 1 (o, po) + 3V 2 (0, o, po) )

() — (0
={,(¢) (J(SE)TJ)() - @gl)(uo,Po) - %51)(%,[30) - 34(1)3(0, uo,Po)) (10.47)
1
=o0(ty(e)),
which shows (i).
ad (ii): the proof follows the same lines as Proposition 10.1 item (ii). O

Remark 10.7. Similarly to Amstutz’ method and the averaged adjoint method, Delfour’s method re-
quires the asymptotic behaviour of u, on the whole domain to compute (10.37),(10.41). This may be
challenging in the analysis in dimension two for some cost functionals. Additionally, (10.38),(10.42) can
be checked by smoothness assumptions on p, and u, and the knowledge of the asymptotics of u, on
a small subset of size ¢. The remaining terms (10.39),(10.43) usually are computed making use of a
Taylor’s expansion of uy, py and f, fo, respectively.

Overview of the adjoint equations To conclude the abstract setting we give a short overview of the
employed adjoint variables. In total, we can detect three different adjoint equations governing the adjoint
variables within the previous section.

* The method of Amstutz [13] uses an adjoint equation which depends on the unperturbed state

variable:
find p, € # suchthat 0J,%(e,uy,p.)(¢)=0 forall pe¥. (10.48)

* The averaged adjoint method employs the averaged adjoint equation:
1
find g, € # such that J 0,%(e,su, +(1—5)ug,q.)(¢)ds=0 forallpew. (10.49)
0

* Finally, Delfour’s method is based on the usual adjoint equation

findv,e# suchthat J,%(¢,u,,v.)(¢)=0 forallpew. (10.50)

It should be noted though that in the unperturbed setting, i.e. € = 0, all three adjoint variables coincide.
That is,
Po=4dp9=Vp- (1051)

We use this equality in Defour’s method, which is only based on the unperturbed adjoint variable, to
justify the notational choice p, instead of v, within this subsection. Hidden within the assumptions of
the according propositions, we see that the asymptotic expansions of the state and adjoint variables play
a central role in the computation of the derivatives.
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11 Auxiliary results

11 Auxiliary results

Before we dive into the analysis of the state and adjoint variables, we formulate some auxiliary results
that are necessary for a rigorous derivation. Their function in the upcoming analysis compares to the role
of Lemma 3.4 and Lemma 3.3 within the derivation of the material derivative in the previous part. Since
we need these results in the last part of this thesis as well, we devote a whole section to it. Throughout
this section we fix a point x, € D.

11.1 Scaling of inequalities

In this section, we discuss the influence of a parametrised affine transformation T, : R? — R¢ onto norms
and the scaling behaviour of some well-known inequalities with respect to that parameter. To specify, we
consider the following set of transformations:

Definition 11.1. Let D ¢ R¢ be an open and bounded Lipschitz domain and & > 0. We define the affine
transformation

T, :RY - RY, X = X+ €X. (11.1)

&

Since T, is a bi-Lipschitz continuous map, there holds
pE H%(D)d ifandonlyif @oT, e H%_l(r)(TE_l(D))d,
see [110, p.52, Theorem 2.2.2]. For the sake of readability, we introduce the following notation:

Notational convention Let D ¢ R? be an open and bounded Lipschitz domain, I' ¢ dD and IV =
0D\ T. Then we denote, for £ > 0 sufficiently small, the scaled quantities

¢ DE = Tg_l(D))
¢ F!;‘ = Tg_l(r)z
« TV =TTV,

where T, is defined in Definition 11.1.

The action of the transformation T, ! on D is depicted in Figure 11. While the domain D, is inflated
as € — 0, the small inclusion w, is scaled to unit size w and centered around the origin. Furthermore,
the inflated initial shape, denoted Q¢, is pushed towards the boundary of D,. The scaled H! norm will
occur throughout the rest of this thesis. This motivates the next definition.

Definition 11.2. Let D c R? be an open and bounded Lipschitz domain and & > 0. For ¢ € H'(D,)? we
define
lelle := ellellz,,) + 110 @llL,p,yxa- (11.2)

Remark 11.3. Even though the fixed point x, might get lost in the previous definitions, as it is not high-
lighted in the notation we are using, it plays a prominent role in the analytic setting. In fact, x, denotes
the point, where a singular perturbation is performed. It will appear explicitly again in the asymptotic
analysis of the state and adjoint state as well as in the final formulas of the topological derivatives.
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Figure 11: Visualisation of the transformation D — D, (cf. [105, Figure 1]).
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11 Auxiliary results

Lemma 11.4. Let D ¢ R? be an open and bounded Lipschitz domain and let € > 0 sufficiently small.

(i) Forl1<p<ooand p € Lp(Dg)d there holds
e7 Mol . = llo o T e (11.3)
(ii) Forl1<p<ooand ¢y € Wpl(Dg)d there holds
e 0@l 0,y = 13(¢ 0 TT I oyoes- (11.4)

(iii) For ¢ € HY(D,)? there holds
_ d_
I o T, oy = €2 el (11.5)

Proof. (i) A change of variables yields

1ol (0,0 = e JD lpo T P dx=e"po T oy (11.6)

where we used | det(d Tg_l)l =4

() Taking into account that by the chain rule d(¢ o T, ') =& 1dp o T, !, a change of variables yields

IIc’?anI‘L’P(Dg)dxd = s‘dJ |0 o TP dx
N (11.7)

=& 9eP | |10(@o TP dx=eP"48(po T IIE e
5 1,(D)
(iii) This follows from item (i) and (ii).
O

Lemma 11.5. Let D ¢ R? be an open and bounded Lipschitz domain, I' ¢ 8D, with |T'| > 0 and let & > 0.
Then the following results hold:

(i) Ford =2 and 1 < p < g < oo there is a constant C > 0 independent of ¢ such that
d_d
lellz, e < Cea ?llellL ) forallp e Ly(D.)". (11.8)
(i) Let d > 3 and 2" denote the Sobolev conjugate of 2. There is a constant C > 0 independent of ¢
such that
I1¢llz,.0,0 < Cllglle  forall p € H'(D,)?. (11.9)

(iii) Let d =2 and a > 0 small. There is a constant C > 0 independent of ¢ and 6 > 0 small such that

lollz, 5.0 < Ce*llglle  forall g € H'(D,)?. (11.10)
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11 Auxiliary results

(iv) There is a constant C > 0 independent of ¢ such that
1
lllL,my < Ce 2ol forall o € H'(D,)". (11.11)

(v) Given a smooth, connected part of a Lipschitz boundary I' € d D with positive measure, there is a
. . 1
continuous extension operator Zr, : H?2 (r.)? — HY(D,)?, such that

1 1
12, (@l = Cle2 Nl + 1@l ) foralle € H2(T,)’, (11.12)

where C > 0 is independent of ¢.
(vi) There is a constant C > 0 independent of ¢ such that
||(P||L2(D€)d < C£_1||3¢||L2(D£)dxd for all (RS H%S(Ds)d. (11.13)

Proof. (i) Let p € Lq(DE)d. By the inclusion of L,-spaces we observe ¢ € Lp(DE)d, for p < q. Now
Lemma 11.4 item (i) yields

_d _d d_d
ez, =€ ?lliell,mpe < Ce el mye =Cet 7llell D, (11.14)
where the constant C solely depends on the domain D and p, q.

(ii) We use Lemma 11.4 item (i) and (ii), and apply the Gagliardo-Nirenberg inequality [51, p. 279,
Theorem 2] to the bounded domain D to obtain

_d _
el =& Zllp o T, L, oy
< Ce™#|lg o T 1oy (11.15)
d_d_4
=Ce2" 7 loll,.
Since the Sobolev conjugate is given by
2F = —— (11.16)

there holds % — zd—* = 1. Hence, the result follows.

(iii) We apply the Gagliardo-Nirenberg inequality with respect to p :=2—§ < 2 and use the continuous
embedding L,(D)? — L2_5(D)d on the bounded domain D:

2
— o -1
el syt =€ T lloo T, L, ;. (D)

_—2 —_ —
< Ce @ (|l o T, Iy, 5 0y + 1000 0 T, 4 0yexa)

2 11.17)
< Ce @ (|l o T I,y + 118 (9 © Tl pyexa)
= Ce @ gll..
Now the asymptotic behaviour
2—0)2
g = 00 (11.18)

lim (2 —&)* = li
51{51)( ) lim — ,

shows (iii).
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11 Auxiliary results

(iv) A change of variables (cf. Lemma 11.4) and the continuity of the trace operator entail

_d-1 _
el =€ 2 lloo T Iy
< Ce™ T lp o T I oy (11.19)
_1
=Ce 2||¢ll,

for all ¢ € H'(D,)?. This shows (iv).

(v) From [109, p. 129, Theorem 8.8] we know there exists a continuous extension operator
1
Zp :H2(I)? - HY(D)?. Thus, a scaling argument similar to the previous one yields the result.

(vi) An application of Friedrich’s inequality combined with Lemma 11.4 item (i) and (ii) yields the

result.
O

11.2 Remainder estimates

This section is dedicated to the estimation of remainders on the boundary of an inflated domain D,. We
will use them to extract an asymptotic behaviour of layer potentials.

Lemma 11.6. Let V : R -» R e H} (R%)? satisfy
VOl =clx[™™+ (x| ), 18V (x)] = colx| ™™+ 0(|x|7"72), (11.20)

for x € B,(0) as |x| — oo, where p > 0 is fixed, m € R and c;, ¢, > 0 are constants. Furthermore, let
D c R? be an open and bounded Lipschitz domain. Then there is a constant C > 0 independent of ¢,
such that for ' ¢ D, |dD| > 0 and ¢ > 0 sufficiently small the following estimates hold:

2m+1—d

@ Vg, <Ce™ 2

2m+2—d
2

. <
G V] 1 =Ce ,

2m+3—d

(lil) ||8V||L2(F€)d><d <Ce 2 B

2m+

() 10V ||y, e\p,ye < Ce 7, ifm> 9 —1,

Proof. (i) Let M := inlﬁ |x —xo| > 0 and & > 0 sufficiently small, such that the leading term of V dom-
xe

inates the remainder for x € I,. This is possible, since x, ¢ I' and therefore the inflated boundary
T, tends to infinity for € N\, 0. We thus conclude

IVIZ, e = J V> dS < |T|(e7'M) 2" < Celmdt2m, (11.21)
I

Now taking the square root shows the result.
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11 Auxiliary results

(ii) Let 0 <ry <rysuchthat dD C S, where S := B, (x() \ B, (x(). Additionally, let £ > 0 sufficiently

small, such that p < £ 'r;. Now we apply a change of variables to integrate over the fixed do-

main and split the norm into two terms, which are treated separately. Therefore, fix some 6 > 0
sufficiently small. Then

2
f f V) =VOP o
Ty —vld yeTx
HZ(‘?D) oD, Jap, Ix — ¥l

V(TN (x)) = V(T ()2
—2d R - y
J:’iD J;D |T£_1(x)—T€—1(y)|d Sy Sx

-1 _ -1 2
_ 2 J J VIR VAP o
oD J oD

|x — yl|d
V(T Y (x))—Vv(T ! 2
_df f V(T (x)) (ds 69)] as, ds. (11.22)
oD JaDp\Bs(x) lx =yl
V(T (x)—Vv(T! 2
+€2_df J V(T (x)) (dg §2)] s, ds.. (11.23)
oD J apnBs(x) lx — ¥l

In order to compute the first term (11.22), we consider for each pair (x,y) € dD x dD a smooth
path ¢, , : [0,1] — S satisfying ¢, ,(0) = x and ¢, , (1) = y. Since V is smooth in TE_I(S), we
can apply the mean value theorem to the function F(t) := V(T 1((,ox’y(t))). Taking into account
3(T; 1) =& '1; entails

1

V(T () = V(T M (x) = f e V(T (s ()l (5) ds. (11.24)
0

Thus, by Holder’s inequality we conclude
V(T o) = VI N < e VT (@ry Doyl lioe.  (11.25)
Since this inequality holds for every smooth path ¢, , connecting x and y, the estimate holds

for dg(x,y) := [inf] lles y|| L1(0,1)i- Furthermore, since S is bounded and path connected, the
¥x,y[0,1]-8 ’ ’

following estimate holds (see [44, Theorem 5.8]):
ds(x,y)<Clx—y| forx,y€S, (11.26)

for some constant C > O that only depends on S. Additionally, considering the representation
formula of V, we have |0V (x)| = cy|x|™™ ! 4+ @(|x|7™2). Hence, choosing £ > 0 small enough,
such that the leading term dominates the remainder, we get

18V (T (@ry (Il oo (0,130 < msgwa(T;l(z))l < Cce™l, (11.27)
P4
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11 Auxiliary results

As a result, we conclude

_dJ J V(T ()= V(T () 4S. dS
d y4ox
aD J aD\Bs(x) |x =yl

g2m+2 2
J f ce IR s, as,
aD aD\Bﬁ(x) lx — yl (11.28)
2m+2
—dJ f ds,ds,
3D J aD\Bs(x)
2m+2 d

The key here was to choose the set S such that TE_1 o ¢, ,([0,1]) € B,(0)“ for every path ¢, ,.
The second term (11.23) can be estimated using a straight line, which connects x € dD and y €
dD. Therefore, let @, ,,(t) := x + t(y —x), for t € [0, 1]. Since we only need to consider (x,y) €
2D x 9D such that [x —y| < &, Tg_1 o ¢, ,([0,1]) c B,(0)° can be guaranteed by choosing &
sufficiently small. Again, an application of the mean value theorem yields

V(T ') = V(T ()P < e ?max |0V (T, (=) Plx — yI?, (11.29)
2€Ss

where S5 := | J,c;p Bs(x). Furthermore, an estimate similar to (11.27) yields

max |3V (T, ' (2))|* < Ce*™+2. (11.30)

ZES§
Plugging this estimate into (11.23) yields

V(T (x)—Vv(Tt 2
gz—df f V(T (x)) (dg 69)] s, s,
aD J aDnB;s(x) Ix — ¥

max |0V (T, L))

_df J 2€55 : s, s, (11.31)
aD J aDnBs(x) |x — y|d=2

1
aD J aDnB;s(x) |x =yl

To finish our proof, we need to show that the integral on the right hand side is finite. Therefore,
let Aj(x) := Bya-ng(x) \ Ba-j5(x), for j € N. Hence,

Bs(x) = | JA;(x).

=1
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Now we can split the inner integral into layers according to these sets:

1 1
JBDnBa(x) e —y|42 ; aDnA;(x) |x — y|d=2

1
< 4y
; L DA, (x) [2775]4~2

<> 2l d A (x)| (11.32)
j=1

—§2d szd—Zj[C(z(l—j)d5d _ 2—jd5d)]

j=1

o 1\

=6§%2C ) 2/42-id[p_1]1=C (—) < oo.

22T 2-11=00 (1) <o

j=1 i>1

Hence, combining (11.28) and (11.31) and using monotonicity of the seminorm, i.e.

ACB=|V|?, <|V|*, |, (11.33)
H2(A) H2(B)d

the result follows.

(iii) Similarly to (i), let M := inlﬁ |x —xo| > 0 and € > 0 sufficiently small, such that the leading term of
xXe

2V dominates the remainder for x € T,. This yields

IOVIIZ (1 yoea = J |8V |* dS < |L|(e 7' M) 22 < Cel A2, (11.34)
€ rg

Hence, we conclude (iii).

(iv) For € > 0 sufficiently small we have

oo
f |oV|? dx < J |oV]? dx < cJ rd=2m=2 qp = g2m+2-d (11.35)
R4\D, RA\B,_1,(0) e 1R
where R > 0 is a fixed radius such that B,-1,(0) c D,. This shows (iv) and thus finishes the proof.

O

12 Analysis of the perturbed state equation

In this section we derive an asymptotic expansion of the state variable. Therefore, recall the setting:
« D c R is an open and bounded Lipschitz domain,
e I'c RY with |T| >0,

* w ¢ R? open, bounded and connected, with C! boundary contains the origin,
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12 Analysis of the perturbed state equation

* 0=9,
* xo€D,
« for £ > 0 sufficiently small T,(x) = x, + £x for all x € RY.
With these notations, the perturbed set (cf. (9.1)) is given as
Q, = w, =T, (w). (12.1)

We denote the perturbed state variable u, € H 1(D)d as the unique solution to (9.7) with Q = w,, i.e.

J A, e(u,): e(p)dx =J fo, ¢ dx +f gnv-pdS forall ¢ EH%(D)d,
D D v

u., =gp onl.

(12.2)

Similarly, we denote the unperturbed state variable u, € H'(D)? as the unique solution to (9.7) with
Q=40,ie.

J Ase(ug) : e(p) dx =f fo-pdx +f gy - dS forall ¢ EH%(D)d,
D D N (12.3)

uy=gp onl.
Assumption B. We henceforth assume that u, € C3(Bs(x,))¢ for a small radius & > 0.

Note that this can be achieved by assuming enough regularity on the data. In what follows, we are
going to derive the asymptotic expansion of u, using the compound layer method; see [81], [80]. We
note that this expansion has already been computed in [32] by means of a Green’s function and earlier
in [11] for fo =0.

The compound layer method is based on the strategy to approximate the perturbed variable u, by u,
and introduce a sequence of corrector variables; boundary layer correctors and regular correctors.
While boundary layer correctors aim to approximate the error in the vicinity of the perturbation x,
they introduce an error on the boundary. This error in turn is corrected by regular correctors, which are
homogeneous solutions to the underlying PDE. Hence an alternating interplay between both corrector
types will increase the accuracy of the approximation.

While regular correctors are solutions to PDEs on the fixed domain D, boundary layer correctors solve
exterior problems on the whole domain RY. In order to guarantee solvability of these equations we need
to introduce an appropriate function space:

Definition 12.1. Ford > 1 and 1 < p < 00 we define
BL,(R)? := {v e W P(R)?] dv € L,(RD)4}. (12.4)
The Beppo-Levi space (B'Lp(Rd)d, Il lg Lp) is defined by

BL,(RD)? :=BL,(R)?\RY, (12.5)
Vllgz, :=10Vlp,@ayxa  forallve BL,(RD™. (12.6)
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12 Analysis of the perturbed state equation

Here, \RY indicates that we quotient out the constant functions. It can be shown that for p = 2
the Beppo-Levi space is a Hilbert space and C™ (R4 \ RY is dense in B'Lp(Rd )¢ (cf. [22,46,89]). An
alternative to tackle the exterior problem are weighted Sobolev spaces. For more details we refer to [ 105].
With these introductory notes we are now able to move on to the asymptotic analysis.

Lemma 12.2. Let u,,u, be defined in (12.2) and (12.3), respectively. Then there is a constant C > 0
independent of ¢, such that for ¢ > 0 sufficiently small there holds

4
2

||u5 —u0||H1(D)d < Cez. (12.7)
Proof. Subtracting (12.2) for € > 0 and (12.3) yields
f Awgﬁ(ue —Uup) : €(p) dx = (A —Ap)e(up) : e(p) dx
D

@ (12.8)
+f (fi—f2)-@dx forall ¢ EH%(D)d.

Therefore, testing with ¢ (= u, —u, € H%(D)d, applying Korn’s inequality to the gradient term on the
left hand side followed by Friedrich’s inequality and using Holder’s inequality to estimate the right hand
side, leads to

e = oll? pye < € (1A = ADe(o) Ly e, ot + 11 = fallLyeo, ) e = ol (pyes (12.9)

for a positive constant C > 0. In view of Assumption B, we have uy € C3(Bs(x,)) for 6 > 0 small enough
and thus (12.9) can be further estimated to obtain

||u€ —u0||H1(D)d < C‘/ (OE(H(AZ —Al)E(uo)”C(wg)dxd + ||f1 _f2||C(w€)d)' (1210)
Now, the result follows from 4/|w,| = 1/ |co|8%. O

Definition 12.3. For almost every x € D and & > 0 small we define the first variation of the state u, by
u,—u
Uél)(x) = (S—O) o T,(x). (12.11)
€

The second variation of u, is defined by

Ugl)(x) —UD(x)—eduWoT,

Uéz)(x) = for e > 0. (12.12)
€
More generally, we define the (i + 1)-th variation of u, for i > 2 by
. UDx)—UD(x)—ed2u@ o
Ug’“)(x) =L () () £ fore>0. (12.13)

&
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12 Analysis of the perturbed state equation

Here, UD : R? — RY are the previously mentioned boundary layer correctors and u” : D — R? are
regular correctors. Extending u, and u, outside of D by a continuous extension operator E : H'(D)¢ —
H'(RD?, one can view Ugl) as an element of the Beppo-Levi space BL,(R?)<. This is a consequence of
the estimate

18UM|yrayexa < NBUP Iy, 0,0 < IUP. < C, (12.14)

which is based on Lemma 12.2 and the continuity of the extension operator. Here, as well as in the
upcoming analysis we omit the extension operator E to allow a clearer notation. Note that in the special
case I' = 9D, an extension of Ugl) by 0 outside of D is sufficient.

In the following, we show that the first variation of the state converges to a function U € BL,(R%)? and
determine an equation satisfied by this limit. The next Lemma helps us to handle the inhomogeneous
Dirichlet boundary condition on T;.

Lemma 12.4. Let A : R¥*¢ — R?*? be uniformly positive definite, F, : H} (D) — R be a linear and

. . . 1 . .
continuous functional with respect to || - ||, and g, € H2(T,)¢. Then there exists a unique V, € H'(D,)¢,
such that

J Ae(V,): e(p) dx =F.(p) forall p € H} (D,)4, (12.15)
D,

Velr, = & (12.16)

Furthermore, there exists a constant C > 0 such that

1
1Velle < CONFI+ 2l lmye +18el, 3 ) (12.17)

Proof. Let a.(u,v) := f b Ae(u) : €(v) dx, foru,v € H 1(D,)4. Thanks to our assumption, A is uniformly
positive definite and thus one readily checks that a, is an elliptic and continuous bilinear form on H % (D,)d
endowed with the scaled norm || - [[,. Furthermore, let Z;. denote the right-inverse extension operator of
the trace operator Tr and define G, := Zr (g,) € HY(D,)4. Now consider F.(p) := F.(¢) — a.(G., ).
Since

(@) < IF ()] +la.(Ge, @)

(12.18)
< ClIFlelle + CliGelllielle < Cllglle  forall ¢ € Hﬁg(Ds)d,
for a constant C > 0, F, is continuous with respect to || - ||,. Thus, by the Lax-Milgram theorem, there
exists a unique u, € H% (D,)4, such that
ae(ug, ) = F(p) forall ¢ € H (D,) . (12.19)

Hence, we conclude that V, := u, + G, satisfies (12.15) and (12.16). Uniqueness is guaranteed by the
ellipticity of a,. Applying the triangle inequality and using the continuity of Z, to estimate ||G,||, yields

IVelle < lluelle +11Gelle < CUEN +11G Il < CUIFN + Gl

1
< CUIFell + e gellz,me + 18,3 )

which shows (12.17) and thus finishes the proof. O

68



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

12 Analysis of the perturbed state equation

The subsequent analysis heavily relies on the knowledge of the fundamental solution I, , of the Lamé
system. We thus recall that I, |, admits the following representation [8], [9, Lemma 3.3.2]

3w (. I i -
r (X) — ] 4nu(y+2u) ( loglxlél] + Y+3u [x|? ) ford =2, (12.20)
YRR &(ig.,.,.ﬁ_ﬂﬂ) ford =3 ‘
8ru(y+2u) x| “U * r+3u |x[3 )
Lemma 12.5. There exists a unique solution [U] € BL,(R?)? to
J A,e([U]):e(p)dx = J (Ay—A;)e(ug)(xg) s e(p)dx forall p € B'Lz(Rd)d. (12.21)
Rd w
Moreover, there exists a representative U") € [U], which satisfies pointwise for |x| — oo:
UBD(x) =RB(x) + a(|x[™D), (12.22)
where RV : R? — RY satisfies
by x|t ford =2,
RO = 4 2P (12.23)
bs|x| ford =3,

for some constants by, b; € R.

Proof. Since the domain of integration is bounded, the right hand side of (12.21) is continuous with
respect to || - [|5;,. Hence, unique solvability follows from the Lemma of Lax-Milgram. The only thing left
to show is the asymptotic behaviour (12.22) of U, Therefore, we first note that UW can be characterised
by the following set of equations:

—div(A;e(UV) =0 in w, (12.24)
—div(A,e(UM) =0 in @°, (12.25)

[vM71+ =[uD]~ on d w, (12.26)

[A;e(UMn]" —[Aye(UM)n]™ = (Ay — A))e(UD)(xo)n on dw, (12.27)

where n denotes the normal vector on d w. In [9, p.76, Theorem 3.3.8] it is shown that there are f, g €
L,(8w)? such that

[:S/’ij]Jr — [,S”jg]_ =0 ondw,

[Ae( 1 ] — [Age(2g)n]™ = (Ay—AD(UD)(xp)n  on dow, (12.28)

where 5”:) f denotes the single layer potential on Jd w with respect to the fundamental solution I}, i.e.
5h(x) := J Li(x = y)h(y) dS(y), (12.29)
dw

fori € {1,2} and a function h € L,(d w)?. Additionally, since faw(AZ —A))e(UMD)(xo)n dS = 0, it follows
that fﬁw gdS =0 (cf. [9, p.76, Theorem 3.3.8]). Thus,

1 .
U . {y%f in w,
in S C
g in o,
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12 Analysis of the perturbed state equation

satisfies (12.24)-(12.27). Furthermore, considering f 5., & dS = 0 and the asymptotic behaviour of the
fundamental solution I, a Taylor expansion of I,(x—y) in y = 0 yields the desired asymptotic behaviour
(12.22). O

The next result covers the first order asymptotic expansion of the state variable.

Theorem 12.6. Let Ugl) be as in Definition 12.3 and a € (0, 1). There exists a constant C > 0 independent
of € such that

Cel™@ ford =2
uM_y®). < ’ 12.30
U L Ce ford =3, ( )

for € > 0 sufficiently small.

Proof. We start by deriving an equation for Ugl). For this purpose, we change variables in (12.8) to obtain

J Awe(Ugl)) ce(p)dx ZJ (Ay—Aq)e(up) o T, : e(p) dx
D. @ (12.31)

+£f (fi—fa)oT.-pdx forall ¢ € H} (D,) .
w

Splitting the integral on the left hand side of (12.21), integrating by parts and using div(A,e(UM)) =0
in @€ yields
J A,e(UD): e(yp) dx ZJ (Ay—Aqp)e(xo) : e(p) dx —J Aye(UM): () dx
De w Rd\Ds

ZJ (Ay—A)e(xo) : e(p) dx —J A2€(U(1))ﬁ ~pdS
@ FN (12.32)

+J div(A,e(UM)) - ¢ dx
RI\D,

=f (A, —A))e(xy) : e(@) dx + f Ay e(UMn - ¢ ds,

N
Fs

where ¢ € H% (D,)4, ¢ denotes an extension to the whole domain and 7 denotes the outer normal vector
on the boundary of R? \ D,. Subtracting (12.31) and (12.32) results in

f A,eUM —UM) : e(y) dx =J (Ay —Aq)[e(uo) o T, — €(uo)(x0)] : €(ip) dx
D, w

+€J (fi—fa)oT, - pdx (12.33)

— f Aze(U(l))n - dS,
N
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12 Analysis of the perturbed state equation

forall p € H1 (D,)?. Next, we apply Lemma 12.4 to V, := U(l) v, g, = —U(1)| and F1 defined as
the right hand side of (12.33). Thus, we conclude that there exists a constant C > 0, such that
D _ (D 1) (1)
10 = Ul < CAUFI+ 2Vl + 10Dy ). (12.34)

To finish our proof, we need to estimate the norms of Fe1 and UM, which appear in (12.34). For the sake
of clarity, we split the functional FS1 according to (12.33) and treat each term separately.
Let p € Hll (D,). Throughout this proof, C € R denotes a positive constant independent of €.

e At first, we consider fw(Az —A))[e(ug) o T — €(ug)(xo)] : €(¢) dx. Since ug € C3(Bs(xo)), we get
€(ug)(xg + ex) = €(ug)(xg) + de(ugy)(xg)ex + o(ex). (12.35)

Combined with an application of Holder’s inequality, we conclude

f [e(ug) o T, — €(ug)(xp)] : e(¢) dx| < Clle(up) o T, — 6(uo)(xo)||L2(w)||€(S0)||L2(w)dxd

< Celle(p)ll ()i < Cellglle

(12.36)

* Next, we consider & fw( fi—f2)o T, ¢ dx. Since we want to apply the Gagliardo-Nirenberg in-
equality, we need to distinguish between dimensions d =2 and d = 3.
For d = 3 an application of Holder’s inequality with respect to p = 2* and Lemma 11.5, item (ii)
yield

< Celloll,- (12.37)

EJ (fi—fa)oT,-pdx

For d = 2 we apply Holder’s inequality with respect to p = (2—98)* for 6 > 0 sufficiently small and
Lemma 11.5, item (iii) to obtain

<Ce™ Y oll,. (12.38)

SJ (fi=fa)oT,-pdx

for a constant C > 0 and a > 0 arbitrarily small.

* Finally, the last term can be estimated using Holder’s inequality and the scaled trace inequality
(Lemma 11.5 item (iv)):

< ClleWMI, o, yixall ¢l o, ) (12.39)

J A e(UMn - ds
N

_1
< Ce2)|e(UD) 1, op,yex ol (12.40)

Thus, Lemma 11.6, item (iii) with m =d — 1 yields

<cef|oll,. (12.41)

f A (UM - dS
N

£
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12 Analysis of the perturbed state equation

Combining these estimates results in

1 Cel™@ ford =2,
IF I < (12.42)
& Ce ford =3,

for a constant C > 0 and a > 0 small. Furthermore, Lemma 11.6 item (i) and (ii) with m =d — 1 entail

1 d-1 1 d
WOl gy <ce=, U] , oy S e (12.43)
Now plugging (12.42) and (12.43) into (12.34) finishes the proof. O

Note that for the first order approximation, boundary layer correctors are sufficient to achieve an
appropriate approximation of the state variable. Yet, as it is visualised in the proof (cf. (12.43) and the
last term in (12.33)), these introduce an error on the boundary. Even though this error is sufficiently small
for the time being, it will reappear in the second order approximation, where two regular correctors are
required.

Remark 12.7. At this point, we want to address some differences that occur, when the general case Q # 0
is considered. Whilst the boundary layer corrector is defined identically in the general case, it introduces
an additional error in the domain Q° := T;l(Q). Since by our assumption x, ¢ Q, Qf is shifted to the
exterior as € \, O (cf. Figure 11). Hence, remainder estimates for volume terms of UW in the exterior
domain similarly to Lemma 11.5 enable an analogous analysis of the generalised problem.

Corollary 12.8. There holds

lim v =u®  inL(w). (12.44)

Proof. Let a € (0,1) ford =2 and a = 0 for d = 3. Furthermore, for p € (1, 00) let p’ denote the Holder
conjugate, i.e. p’ = 1’%}). Holder’s inequality and Lemma 11.5 item (ii), (iii) imply

1T = UDN e < NUP =UDNg, ol o < Ce U —UW, (12.45)

since w is bounded. Choosing a sufficiently small, the result follows from Theorem 12.6. O

Remark 12.9. Reformulating the expression Ug1 — U leaves us with the first order expansion
u (x) ~ up(x) + U (T (x)),

where )
O(e2179) ford =2,

(12.46)
ﬁ(egﬂ) for d = 3.

llue —[uo+ €U o T |l (pye = {

We continue with the second order asymptotic expansion of u,. We therefore require a boundary layer
corrector U, which acts similarly to U™) but on a higher order. Furthermore, as we have just mentioned,
we need to introduce two regular correctors. One for each boundary layer corrector, respectively. We
specify their definition in the next lemma.
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J Are(u®): e(p) dx = —f A e(RM)(x —x)n - ¢ dS, (12.47)
D N

for all ¢ € H(D)".

There is a solution [U] € B'Lp(Rd ) to
J A, e([U]): e(p)dx = J (A, — A )[Fe(ug)(xg)x]: e(p) dx, (12.48)
Rd w
for all ¢ € BL,(RY)?, where

_)2+6 ford =2,
P= 2 ford =3,

and & > 0 small. Moreover, there exists a representative U?) € [U], which satisfies pointwise for
|x| — oo:

0@ (x) =RB(x) + o(|x|'™), (12.49)
where R® : R? — RY satisfies
. Cyl ford =2,
RO ()] =1 2 n(_|>1€|) o (12.50)
C3lx| ford =3,
for some constants ¢,,¢5 € R.
There exists a solution [U] € B'Lp (RY) to
f ALe([U]) s e(p) dx = J [(f1(x0) = fa(xo))]- ¢ dx, (12.51)
R4 w

for all ¢ € CC1 (R9)4, where
_)2+6 ford =2,
P= 2 ford =3,

and & > 0 small. Moreover, there exists a representative U?) € [U], which satisfies pointwise for
|x| — oo

0@ (x) =RP(x) + o(|x|*™), (12.52)
where R : R? - R? satisfies
IE(Z)(x)| _ & In(]x]) ford =2, (12.53)
Eglx|t ford =3,

for some constants ¢,,¢5 € R.
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12 Analysis of the perturbed state equation

* There is a unique solution u® € H'(D)? with u®(x) = —R®(x — Xo) on T, such that
f Aze(u(z)) te(p)dx = —f Aze(R(z))(x —Xxg)n- ¢ dS, (12.54)
D N

forall p € H%(D)d, where R®) = R 4 R(),

Proof. Unique solvability of (12.47) and (12.54) follows from the Lax-Milgram theorem. In order to show
the existence and the desired representation formula of U®), we use single layer potentials. Note that a
solution U € BL p(Rd)d of (12.51) can be characterised by the following set of equations:

—div(A;€(U)) = f1(xo) — fa(xo) in w, (12.55)
—div(A,e(U)) =0 in @°, (12.56)
[UIt=[U]" on dw, (12.57)
[Ae(U)n]t =[Ae(U)n]™ on dw. (12.58)

Now consider the volume potential u(x) := f o T =¥)[(f1(x0) = f2(x0))] dy, for x € w, which satisfies
the inhomogeneous equation inside w. By [9, p.76, Theorem 3.3.8] there are f, g € L,(d w)?, such that

[Z1f 1T —[2¢] =—uls, ondw, (12.59)
(A, e(,Sﬂwlf)n]Jr — [Aze(ng)n]_ =—(A;e(u)n)|z, ondow. (12.60)

Finally,
@ . u+<9’a}f in w,
K j g in @€,
satisfies (12.55)-(12.58) and a Taylor expansion of 5’3 g shows the asymptotic representation of (12.52).
The proof for U® is similar and therefore omitted. O

Based on this lemma we introduce
U@ =@ 4@ RE.=R@ 4 RO (12.61)

Remark 12.11. Note that the requirement for p to be greater than 2 in dimension two is necessary to
guarantee that the gradients of U@ and U® are in Lp(Rd)dXd, which is not true for p = 2. In fact,
there is a solution [U] € BL(R?)? of (12.48), but no representative U € [U] has the desired asymptotic
representation. Furthermore, it is noteworthy that 7® and U® have a lower order asymptotic behaviour
compared to UM, This is a consequence of the vanishing average f 20, & dS = 0 for the underlying
function of the single layer potential corresponding to U, This in turn is directly linked to the fact that
the right hand side in (12.27) is a constant. We will see in Part III of this thesis, which deals with higher
order expansions, that indeed the first order expansion for transmission problems is a special case in this
regard.

Remark 12.12. As a consequence of the equivalence relation defining the Beppo-Levi space, the function
U® is defined up to a constant. Thus, we are allowed to add arbitrary constants to the boundary layer
corrector U®). As a result of the additive property of the leading term R®®)(x) = In(x), we need to add the
¢ dependent constant c In(e), with a suitable constant ¢ € R in dimension d = 2. In dimension d = 3 this
problem does not appear since the leading term |x|~! is multiplicative and therefore can be compensated
by the factor £972 found in Definition 12.3.
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12 Analysis of the perturbed state equation

Remark 12.13. A possible approach to approximate the solution U® of (12.51) numerically is to con-
sider for each ¢ > 0 the unique solution K, € WO1 P(D)? satisfying

ng A, e(K.):e(p)dx = J [(f1(x0) — fa(x0))]¥ dx, (12.62)
D We

forall p € WO1 P(D)4. Applying Holder’s inequality and the Gagliardo-Nirenberg inequality for functions
with vanishing trace (cf. [51, p. 279, Theorem 3]) entails

1
< e [ @3¢l (Dyexa- (12.63)

J [(f1(x0) — f2(x0)) ] dx

Lemma 11.4 item (ii) yields
2 441
e7|[0Ke |1 Dyaxa = €77 [|0(K, 0 Tl (b, yaxe-
Furthermore, a detailed computation shows
1 d+p
|w8|((P’)*)’ =Cg?r ,

for a constant C > 0. Hence, K,oT, is bounded in BL p» and therefore has a weakly convergent subsequence
with limit [U] satisfying (12.51).

We are now able to state the main theorem covering the second order asymptotic expansion (cf.
Theorem 12.6).

Theorem 12.14. Let ng) be as in Definition 12.3 and a € (0, 1).

(i) There is a constant C > 0 independent of ¢ such that

|UP —U® — 2@ o T, —clIn(e)||, < Ce'™ ford =2, (12.64)
|UP —U® — 2@ o T,||, < Ce ford =3, (12.65)

for € > 0 sufficiently small and a suitable constant ¢ € R.
(i) There holds
lim e (UM —aUuM)—UP||,(,yaxa = 0. (12.66)

Proof. ad (i): Similarly to the estimation of the first order expansion, we aim to apply Lemma 12.4 in
order to handle the inhomogeneous Dirichlet boundary condition on T,. Hence, we start by deriving an
equation satisfied by eU® = U® —U®@ — 424D o T, (x). Dividing (12.33) by & > 0, changing variables
in (12.47) and (12.54), and integrating by parts in the exterior domain of (12.48) and (12.51) yields

f Aue(eUPY) : e(p) dx = F2(p) + F2(p) forall p € HY (D,), (12.67)
D

€
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12 Analysis of the perturbed state equation

where
F? :=L[(f1 o T, — fo 0 T,) — (f1(x0) — f2(xo))] -  dx
+ L(A2 — A (e(ug) o T, — e(ug)(x0)) — de(ug)(xo)x] : () dox (12.68)
+ gd—lf (A, —A)[eV o T,) + e o T,)]: e(y) dx,

€

F3:= —8—1J [Aye(UD) — 9 A e(RMV)(ex)In - ¢ dS

Ne (12.69)

—f [Ae(UP) — e A e(RP)(ex)]n - ¢ dS.
TNe

Since the bilinear form only depends on the symmetrised gradient of Ug?’), one readily checks that 8U§3) +
cIn(¢) satisfies

f Awe(eUgg) +clIn(e)) : e(p) dx = ng(cp) + Ff(cp) forall p € H%S(Ds). (12.70)
D,

Now we can apply Lemma 12.4 to

8U£3) +cln(e) ford =2,
V, = 3) (12.71)
eU; ford =3,
Fo:=F>+F?, (12.72)
and
[ 2RD(ex) — e UM + (2R (ex) = UP + cIn(e))lr, ford =2, (12.73)
8 = (gd_ZR(l)(EX) —g1 U(l))lrE + (Sd_zR(Z)(&‘X) _ U(Z))h} for d = 3. )
Hence, we get the a priori estimate
1
IVelle < CUIFNl + e2118ell,mye +18el 1) (12.74)

H (L)

Due to the similarity between d = 2 and d = 3, we will discuss both cases together and only highlight
the terms that have to be treated separately. Thus, if not further specified, let d € {2,3}. Again, we start
by estimating ||F,||. Let ¢ € H% (D).

* A Taylor expansion of (f;(T.(x))— fo(T.(x))) at xy, Holder’s inequality and Lemma 11.5, item (ii),
(iii) entail

(12.75)

_lce el ford=2,
— (Cellelle ford =3,

J [(f10T. — fo0 T.) —(f1(x0) — folxo))] - ¢ dx
for a constant C > 0 and a > 0.
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12 Analysis of the perturbed state equation

* Since u, is three times continuously differentiable in a neighbourhood of x, there is a constant
C > 0, such that |7 (e(ug) o T, — €(ug)(xg)) — d€(ug)(xg)x| < Ce, for x € w. Hence, Holder’s
inequality yields

< Cellell,- (12.76)

J (Ay — Ayl (e(ug) o T, — €(ug)(x0)) — D€ (ug)(xo)x] : () dx
* Furthermore, by Holder’s inequality we get

<celell., (12.77)

gd™! f (A —A)[eP o T,) + e(u® o T,)] : e(p) dx

for a constant C > 0.
Next we consider the boundary integral terms:

* We note that e(UM)—g?e(RM))(ex) cancels out the leading term of U™ on 8 D. Thus we can apply
Holder’s inequality, Lemma 11.6 item (iii) with m = d and the scaled trace inequality (Lemma 11.5
item (v)) to conclude

<cefloll,, (12.78)

8_1f [Aze(U(l))—EdAze(R(l))(sx)]n-LpdS
I'Ne

for a constant C > 0.

* Similarly, we deduce from Lemma 11.6, item (iii) with m = d — 1 that there is a constant C > 0,

such that
J [Aye(UP) — 41 Ae(R®)(ex)]n - ¢ dS| < Ce2 ], (12.79)
Ne
Combining the previous estimates yields
Cel™@ ford =2,
IFell < (12.80)
Ce ford =3,

for a constant C > 0 and a > 0 small. In order to estimate the boundary term, we recall that g, is defined
in (12.73). Therefore, we choose the constant ¢ € R such that

RA(x)=RP(ex)+cln(e) ind=2.

Then, by Lemma 11.6, item (i), (ii) with m = d and m = d — 1 respectively, there is a constant C > 0,
such that

1 a
€2 gellL,ry + |88|H%(F o = Cer. (12.81)

Now we can plug (12.80) and (12.81) into the a priori estimate (12.74), which shows (12.64).
ad (ii): By the triangle inequality, we have
let(@(UM) — 3(UM))—3(UP)I ey
<No(UP —U® — 24P o T,)||, (@yixe

(12.82)
+ 4710 WM) 0 Tl (eyana + €718 WD) 0 Tl (oyixa
<ce'™@,
for a positive constant C and a > 0 small. This shows (ii) and thus finishes the proof. O
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Corollary 12.15. In dimension d = 3 there holds
e (UD —uM)— U@, < Ce?, (12.83)

for € > 0 sufficiently small.

Proof. The triangle inequality entails

et (U —uDW) — U@, <UD — U@ —d2y@D o T, ||, + [|eT2uM o T, ||,
+le?2u@ o T, ..

By Theorem 12.14 the first term on the right hand side can be bound by Ce¢. Furthermore, Lemma 11.4
item (iii) and Theorem 12.14 show

led2uDoT,||, = gd—z—%+1||u(f)||H1(D)d forie {1,2}. (12.84)

Now the result follows since d —2 — % +1= % O

Remark 12.16. Note that the result solely remains true in dimension 3. For d = 2 the exponent vanishes
and thus only yields uniform boundedness, but not convergence of the boundary layer correctors. Corol-
lary 12.15 states that the correctors u(l), u® are not necessary to achieve convergence of 8_1(U§1) —-U (1))

. . . . . 1
in dimension d = 3. In fact, sparing the correctors results in a slower convergence of order €2 compared

to the increased order €. We are going to make use of this result in Section 14 to compute the topological
derivatives following Amstutz’ and Delfour’s methods.

13 Analysis of the perturbed adjoint equations

In this section we examine the asymptotic behaviour of the adjoint variables. Since Delfour’s method
is based on the unperturbed adjoint equation, no further analysis is required in view of this approach.
Hence, we only have to study the asymptotic expansion of the averaged adjoint variable (10.49) and
Amstutz’ adjoint variable (10.48). In what follows, we shall start with the latter.

Nonetheless, before we start we want to recast our problem formulation in the abstract setting (cf. Section
10). With the notations therein introduced, we have the following identifications of spaces: Z = H'(D)¢,
W = H%(D)d, i € Z such that @i|p = gp is a fixed element that realises the inhomogeneous Dirichlet
boundary conditions on I' and thus

v ={ueH (D) |uly = gp}. (13.1)

Furthermore, we have for ¢ > 0 small and Q, = QU T, (w) = T.(w)
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13 Analysis of the perturbed adjoint equations

ag(u,v)=f Ag e(u) s e(v)dx forallue¥v,ve¥,
0 (13.2)

fg(v)zf fﬂs-vdx+f gn-vds forallve ¥,
0 " (13.3)

J&.(u)zny fQE-udx+ng |0u — duy|? dx+}fmJ lu—u,,|*>ds forallue v.
0 0 " (13.4)

13.1 Amstutz’ adjoint equation

We now investigate Amstutz’ adjoint variable. With the previous notations Amstutz’ perturbed adjoint
equation (10.48) reads: Find p, € H:(D)? such that

f AwEE(SO) : e(ps) dx :_Yff fo.)s 4 dX—Zme (uo_um) ~pdS
P ° fn (13.5)

—Zng [Qug—duy]: dp dx,
D

forall p € H%(D)d and ¢ > 0 sufficiently small. Similarly, Amstutz’ unperturbed adjoint equation reads:
Find py € H%(D)d such that

JA26(90)5€(P0)dXZ_YfJ fz-sodx—Zme (up—up) -9 ds
D D 1—‘m

(13.6)
—2}fgf [Quyg—dugy]: dp dx,
D
for all ¢ € H%(D)d. Since the elastic tensors A, A, are symmetric, we have

f A, e(p):e(p)dx = f A, e(p,): e(p)dx, (13.7)

D D
f Ase(p): e(pg) dx = f Ase(py) : €(p) dx. (13.8)

D D

Nevertheless, we will stick to the initial formulation. This allows an easier adaptation to nonsymmetric
problems. We just observe that the elasticity tensors are self adjoint and thus Al.T =A,, forie{l,2}.

Remark 13.1. It is noteworthy that the ¢ dependence of Amstutz’ perturbed adjoint variable p, is solely
given via the coefficients A, and f,, . This allows an asymptotic analysis similarly to the previous section.
Indeed, the reduced ¢ dependence is a definite advantage over the averaged adjoint variable, which
requires a more delicate asymptotic treatment.
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13 Analysis of the perturbed adjoint equations

We now compute an asymptotic expansion of p, in a similar fashion to the direct state u,. Therefore
we define the variation of the adjoint state bei) fori > 1 in analogy to the definition of the variation of the
direct state (Definition 12.3), where we replace the boundary layer correctors U® by similar correctors
P® adapted to the new inhomogeneity and the regular correctors u') are replaced by correctors p()

matching P.

Definition 13.2. For almost every x € D and € > 0 small we define the first variation of the state p, by

PO = (B2 o1, (o).
€
The second variation of p, is defined by

Pe(l)(x) —PW(x)—ed1pWor,

2 —
Pg( )(x) := . for ¢ > 0.
More generally, we define the (i + 1)-th variation of p, for i > 2 by
. PO(x)—PO(x)—ed2pDorT
Pé”l)(x) = - (x) (x) P = fore>0.

&

Lemma 13.3. There is a solution [P] € BL,(R%)? to

f A €(p) : e([P]) dx = f (A2 —Ap)e(p) : €(po)(xo) dx,
R4

w

(13.9)

(13.10)

(13.11)

(13.12)

for all ¢ € B'Lz(Rd )4, Moreover, there exists a representative P e [P], which satisfies pointwise for

|x| — oo:
PO (x) =sW(x) + a(Ix[™),

where SO : R? — RY satisfies
by|x|™t ford =2,

s —
ST {bg,lxl_2 ford =3,

for some constants b,, b; € R.

Proof. Using the adjoint tensor AI) :R¥*4 — R4 we can rewrite (13.12) to get

J e(p):Ale([P]) dx = J e(9) : (A) —A])e(po)(xo) dx.
Rd w

Thus, using single layer potentials, the proof follows the lines of Lemma 12.5.

(13.13)

(13.14)

(13.15)

O

Theorem 13.4. For a € (0,1) and ¢ > 0 sufficiently small there is a constant C > 0 independent of ¢

such that

Cel™@ ford =2,

p(l) _p(l) <
IPe . Ce ford = 3.
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13 Analysis of the perturbed adjoint equations

Proof. Similarly to the analysis of the state variable, we derive an equation of the form
J A e(p): e(Ps(U —PMydx = Ggl(cp) for all ¢ € H%S(Dg)d.
D,
In order to compute G;, we subtract (13.5) and (13.6) to obtain
JD Awsﬁ(‘P) : €(pe —po) dx :f (Ay —Ay)e(y) : e(pg) dx
2%

+YfJ (fa—f1) - ¢ dx,

(13.17)

(13.18)

forall p € H%(D)d. Next we change variables according to the transformation y = T,(x), multiply with

¢4 and subtract

J A, e(p) : e(PW) dx =J (Ay—A)e(p): e(po)(xO)dX+J Ale(PM)n- ¢ ds,
D, w

Y

to conclude
f Aue(p) : (P —PW) dx = Gl (y),

D.

for all ¢ € H} (D,)? with
G;(‘P) =f (Ay—Aq)e(p) : [e(pg) o T, — e(po)(x)] dx
w
+8YfJ (fa—fi)oT.-pdx
—f A;e(P(l))n - p dS.
N

Now we can find a constant C > 0, such that the following estimates hold:

< Cellell,

J (Ay—Aq)e(p) : [e(pg) o T, — €(po)(xg)] dx

which follows from a Taylor’s expansion of €(pgy) o T, in x, and Holder’s inequality.

Cellplle  ford=2,
€ —fi)oTy-pdx| <
Yr Jw(fz f1) ¥ ‘ {CEHSOHE ford =3,

which is a consequence of Holder’s inequality and Lemma 11.5 item (ii) and (iii), respectively.

f Ale(PD)n - ds| < Ce?loll,,
1"N

81

(13.19)

(13.20)

(13.21)

(13.22)

(13.23)

(13.24)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

13 Analysis of the perturbed adjoint equations

which follows from Hélder’s inequality, Lemma 11.5 item (iv) and Lemma 11.6, item (iii) with m =d —1.
Combining the previous estimates entails

1 Cel@ ford =2,
G} < (13.25)
Ce ford = 3.

In view of Lemma 12.4, we now estimate the boundary integral terms. Since Pe(l)IFg = 0 we follow from
Lemma 11.6 item (i), (ii) with m = d — 1 that there is a constant C > 0, such that

Nl

g2 PO — PO, o u+ PO —pO| | < et (13.26)

HE (I,)¢

Thus, combining (13.25) and (13.26), an application of Lemma 12.4 shows (13.16), which finishes our

proof. O
Corollary 13.5. There holds
lim PY =P in Ly (w)d. (13.27)
e\0
Proof. The proof follows the lines of Corollary 12.8. O

It should be noted that again, the first boundary layer corrector P(!) admits a better asymptotic decline
and thus did not necessitate a regular corrector in the previous result. We now continue with the second
order expansion. Similarly to the asymptotic expansion of the state variable, we therefore introduce a
number of correctors in the following Lemma, which approximate the first order expansion inside w,
and on the boundary & D, respectively.

Lemma 13.6. The following results hold:

* There is a unique solution p() € H(D)? with p(Y(x) = —SM(x — x,,) on T, such that
f Are(@) : e(pM) = —f A e(SM)(x —xo)n- ¢ ds, (13.28)
D N

forall ¢ € H%(D)d.

e There is a solution [P] € B'Lp(Rd)d to

J Aye(p): e([P])dx = J (Ay —Ap)e(p) : [Fe(po)(xo)x] dx, (13.29)
Rd w

for all ¢ € BL,/(R%)?, where
_]2+6 ford =2,
P= 2 ford =3,

and & > 0 small. Moreover, there exists a representative P®) € [P], which satisfies pointwise for
|x| — oo
PO (x) =8P00) + o(1x|"), (13.30)
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13 Analysis of the perturbed adjoint equations

where $@) : R? — RY satisfies

A Gyl ford =2,
8®(x) = { 2 n(_lfl) o (13.31)
Cslx| ford =3,
for some constants ¢,,¢5 € R.
There is a solution [P] € BL,(RY)? to
J A, e(p): e([P]) dx =Yff [f2(x0) = f1(x0)] - ¢ dx, (13.32)
R4 13)

for all p € C}(R?)4, where

_J2+6 ford =2,
P= 2 ford =3,

and & > 0 small. Moreover, there exists a representative P®) € [P], which satisfies pointwise for
|x| — oo

P@(x) =8P (x) + o(|x|"9), (13.33)
where @ : R? — RY satisfies
. ¢y In(]x ford =2,
5@ =1 (_ll D (13.34)
C3lx| ford =3,
for some constants ¢,, 3 € R.
There is a unique solution p(z) e H(D)? with p(z)(x) =-S5 (x — Xp) on T', such that
J Are(p) : e(pP) = —J Age(S(Z))(x —Xxg)n- ¢ dS, (13.35)
D ™

for all p € H(D)?, where S@ = 8@ 1+ 3@,

Proof. Rewriting these equations with the help of the adjoint operator Al leads to a proof similar to
Lemma 12.10. O

We henceforth use the notation

p@ .= p@ 4 p@ (.= 54 5B (13.36)

Now we are able to state our main result regarding the second order expansion of Amstutz’ adjoint
variable p,.
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13 Analysis of the perturbed adjoint equations

Theorem 13.7. For ¢ > 0 sufficiently small let PE(Z) as in Definition 13.2 and «a € (0, 1).

(i) There is a constant C > 0 independent of ¢ such that

”Péz) —p@_ gd—Zp(Z) o T, —cln(e)]|, < Cel@ ford =2,
Hpe(z) — PP —e2pPo T, < Ce ford =3,

for a suitable constant ¢ € R.
(i) For d € {2, 3}, there holds

lim e (2(P{) = 9PN = 3PPl (v = 0.

(13.37)
(13.38)

(13.39)

Proof. ad (i): In view of the auxiliary result Lemma 12.4, we seek a governing equation for the quantity
eP® = p)_p2)_gd=2p@)oT, . Such an equation can be found using similar techniques to the analysis of
the direct state. We start by dividing (13.20) by ¢ and subtract (13.28), (13.35), which can be formulated
on the domain D, by a change of variables. Next we subtract (13.29) (13.32), whereas these equations
can be restricted to the domain D, by splitting the integral over R? and integrating by parts in the exterior

domain. These operations leave us with
JD Aue(p) : e(ePP)dx = GX(p) + G3(y),
for all ¢ € Hy (D,)? where
G(p) = Jw(Az —A)e() : [e7'(e(pg) o Te — e(po)(x0)) — 3€(po)(x0)x] dx
+7y L[(fz —f1) o T, — (falxo) — fi(xo))] - ¢ dx
+et7! f (Ay—Ae(p) : [e(pM)o T, +e(pP) o T,] dx,
Gip)=—¢"" J [A]e(PM)—edA] e(SD)(ex)In- ¢ dS
-

—J [A]e(P®)— e AT e(SP)(ex)In - ¢ dS.
Iy

(13.40)

(13.41)

One readily checks that, similarly to proof of the state variable, we can smuggle in a constant to adjust
the boundary approximation in d = 2. This won't affect the interior estimates, as they depend on the

gradient. Thus we aim to apply Lemma 12.4 to

V.=

EPE(B) +cln(e) ford =2,
8P€(3) ford =3,

Fo:=G2+G?,
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13 Analysis of the perturbed adjoint equations

and

(13.44)

8e -

(e9725M(ex) — e"lU(l))Irg + (69725 (ex)— PP 4 ¢ In(e))lr, ford =2,
(e9728W(ex) — e PW)| + (77253 (ex) — PO, for d = 3.

We start by estimating the norm ||F,||. Therefore, let ¢ € H%(De)d.

* Since p, is three times differentiable in a neighbourhood of x, there is a constant C > 0, such that
le™(e(po) © T.(x) — €(po)(x0)) — €(pg)(xg)x| < Ce, for x € w. Hence, Holder’s inequality yields

< Cellell,- (13.45)

J (A —A)e(p) : [e7 (e(po) o Te — €(po)(x0)) — B€(po)(xg)x] dx

* A Taylor expansion of (f, — f;) o T, at x,, Holder’s inequality and Lemma 11.5 item (ii), item (iii)

entail
cel™ %ol ford =2,
‘Yff [(fo—f1) o Tp) — (falxo) — fr(xo))] - ¢ dx| < ‘ (13.46)
© Celloll, ford =3,
for a constant C > 0.
* Furthermore, by Holder’s inequality we conclude
- J (Ay —ADe(p) : [e(pM) o T, + e(p) 0 T, dx| < el (13.47)
w
for a constant C > 0.
Combining the previous results leaves us with
9 Cel™@ ford =2,
G, 1l < (13.48)
Ce ford =3,

for a constant C > 0. Next we consider the boundary integral terms:

* Holder’s inequality, Lemma 11.6 item (iii) with m = d and the scaled trace inequality entail

< ce[loll., (13.49)

gl J [A] e(PD) —edA] e(sM)(ex)In - ¢ dS
oy

for a constant C > 0.

* Similarly, we deduce from Lemma 11.6 item (iii) with m = d — 1 that there is a constant C > 0,
such that

<cetllyll.. (13.50)

f [A] e(PP)— e 1A e(SP)(ex)In- ¢ dS
r
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13 Analysis of the perturbed adjoint equations

These estimates show ||G§|| < Ce for a constant C > 0. Collecting the previous results entails

Cel™@ ford =2,
IF [l < (13.51)
Ce ford = 3.

In view of Lemma 12.4 we now address the error on the Dirichlet boundary. Since
ePP| = (e1725W(ex) — e PW)| + (€972 (ex) — PP,
Lemma 11.6 item(i), (ii) with m =d — 1 and m = d, respectively entail

d
e2]|ePO||,r et + [6PP) <Cel. (13.52)

H2(T,)e
Hence, considering (13.51) and (13.52), Lemma 12.4 shows (13.37).
ad (ii): By the triangle inequality we have
le1(@(P?) — 3(PM)) — 3 (PP)|| 1, ((oyira
<[13(P® — P® — 42p) o T, (v

- _ (13.53)
+e4710(pM) 0 Tl (wyexa + €710 (PP) 0 Tl (eoyava
<Cegl™,
for a positive constant C. This shows (ii) and therefore finishes the proof. O

13.2 Averaged adjoint equation

We now investigate the averaged adjoint variable. For the sake of simplicity we choose y, = 0 in this sec-
tion. We will address this specific choice within the upcoming analysis. With the according formulations
introduced in the beginning of Section 13, the perturbed averaged adjoint equation (10.49) reads: Find
q. € H%(D)d such that

J Awse((p) : E(qe) dx =—Yr f fwg Py dx _me (uo +u, _zum) " ds, (13.54)
D D rm

for all ¢ € H%(D)d and ¢ > 0 sufficiently small. Similarly, the unperturbed averaged adjoint equation
reads: Find g € H%(D)d such that

f Aze(yp): e(qo)dx=—Yff fa e dx—ZYmJ (o —up) - ¢ ds, (13.55)
D D L,

for all ¢ € H%(D)d. One readily checks that (13.55) and (13.6) coincide. Since this equation admits a
unique solution, it follows that pg = g (cf. (10.51)). Furthermore, we want to highlight the occurrence of
the perturbed state variable u, on the right hand side of (13.54). As we will see in the upcoming analysis,
this term leads to some difficulties. As a result, we need more corrector terms in this asymptotic expansion.
This is a definite disadvantage compared to Amstutz’ adjoint variable. For the sake of completeness, we
define the variation of the averaged adjoint variable:
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13 Analysis of the perturbed adjoint equations

Definition 13.8. For almost every x € D and ¢ > 0 small we define the first variation of the state g, by
QW (x) := (M) o Ty (x). (13.56)
€

The second variation of g, is defined by

ng)(X) == () ( 8) q for £ > 0. (13.57)

More generally, we define the (i + 1)-th variation of q, for i > 2 by

QW) —QW(x)— e 2qWorT,

QU (x) := - for £ > 0. (13.58)

Lemma 13.9. There is a solution [Q] € BL,(R%)? to
J A e(p):e([Q) dx = J (Ay — A )e(p) : e(go)(xg) dx, (13.59)

Rd w

for all ¢ € BL(RY)4. Moreover, there exists a representative QWM e [Q], which satisfies pointwise for
|x| — oo:

QW) = TM) + o(1x [, (13.60)
where T : R? — RY satisfies
by x|t ford =2,
T = | 22 l_z (13.61)
bs|x| ford =3,
for some constants b,, b; € R.
Proof. Similarly to Lemma 12.5, a single-layer potential yields the result. O

Theorem 13.10. For a € (0,1) and ¢ > 0 sufficiently small there is a constant C > 0 independent of &,
such that

Cel™@ ford=2
W _o)) <« ? 13.62
Q% -y, < { o s (13.62)

Proof. We start by deriving an equation of the form

f A, e(9) : QP —QW) dx = Gi(y), (13.63)
D

€
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13 Analysis of the perturbed adjoint equations

forall ¢ € Hll (D,)d. Therefore, subtracting (13.54), (13.55) and a change of variables with respect to
T, entail

Gi(p) =J (Ay —A1)e(p) : [e(go) o T — €(qo)(x0)] dx

+8YfJ (faoTe—f10T,) ¢ dx
> (13.64)
—EYmJ WwM)-pds
Fm

- J A e(@M)n- ¢ ds,
FN

where the last term stems from a partial integration of the exterior term Q™ on R? \ D,. In view of
Lemma 12.4 we start with an estimation of ||G3||. Therefore fix ¢ € Hll (D,)?. Then we have

fw(Az —A)e(p) : [e(gg) o T, —e(gp)(xo)] dx| < Ce||¢|l,, which can be seen by a Taylor’s expan-
sion of g, in x, and Holder’s inequality.

e Furthermore there holds

Cel_"‘||<p||€ ford =2,

13.65
Cellell, ford =3, ( )

ngf (f2°Ts—f1°Tg)-<pdx‘§{

which is a consequence of Holder’s inequality and Lemma 11.5 item (ii) and item (iii), respectively.

* To estimate the third term, we introduce an intermediate term as follows
eymf (Ugl)) cpdS = symf (Ugl) — UMy pds+ E}/mf (WM. pds. (13.66)
e o o

Now Holder’s inequality, the scaled trace inequality, Theorem 12.6 and Lemma 11.6 item (i) with
m =d —1 entail

<Ce(IUP =UD L rya + NUDN L ye) 1l oy

eme UMy pds
rr

<C (WD = D), + 2 [UDl| 5,00 ) gl (13.67)
<c (e +e?)llelle
<Ce o,
where a € (0,1) for d =2 and a = 0 for d = 3. This is a consequence of Theorem 12.6.
e The last term can be addressed with the remainder estimate Lemma 11.6 item (iii) withm=d —1

to conclude

d
< Clle@M) g, emyea |l enyea < Ce2 o]l (13.68)

J Ale(@M)n-p ds
[‘N

£
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13 Analysis of the perturbed adjoint equations

These estimates yield

gt < e ford=2, (13.69)
£ 7 | ce ford = 3. '

Next, we deal with the error on the Dirichlet boundary. Since le)h“g = 0 we deduce from Lemma 11.6
item (i), (ii) with m = d — 1 that there is a constant C > 0 satisfying

Lina 1 1 1 4
e21Q" = QW I,y +1QP =Wy |, < Ce2. (13.70)
Thus, combining (13.69) and (13.70), an application of Lemma 12.4 shows (13.62). O
Corollary 13.11. There holds
lim QY =QW  in Ly(w)?. (13.71)
e\\0
Proof. The proof follows the lines of Corollary 12.8. O

It should be noted that the corrector term Q) used in the previous result coincides with the correc-
tor PV introduced in the previous section. Nonetheless, the proof of Theorem 13.10 indicates that the
analysis of both adjoint variables differs. Indeed, these differences will be highlighted in the second order
expansion, where the regular correctors need to deal with the error on I}, as well.

Lemma 13.12. The following results hold:
* There is a unique solution ¢!V € H'(D)? with ¢(V(x) = —=T™M(x — x,) on T, such that
J Are(@): (@) dx = —J AJ e(TM)(x —xo)n - ¢ dS, (13.72)
D Ny
for all ¢ € H%(D)d.

* There is a solution [Q] € B'Lp(Rd ) to
f A, e(p) e([Q]) dx ZJ (Ay —Aq)e(p) : [Oe(qo)(xp)x] dx, (13.73)
Rd w

for all ¢ € BL p/(Rd )4, where
_J2+6 ford =2,
P= 2 ford =3,

and 6 > 0 small. Moreover, there exists a representative Q(z) € [Q], which satisfies pointwise for

|x| — oo:
QB (x) = T@x) + o(Ix|"™), (13.74)
where 7@ : R? - RY satisfies
()] = & In(]x]) ford =2, (13.75)
&lx| ™t ford =3, '

for some constants ¢, ¢5 € R.
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13 Analysis of the perturbed adjoint equations

* There is a solution [Q] € B'Lp(Rd ) to

f A, e(p):e([Q) dx =7y J [falx0) — fr(xo)]- ¢ dx, (13.76)
Rd w

forall p € CC1 (R4, where
_j2+ o ford =2,
P= 2 ford =3,

and 6 > 0 small. Moreover, there exists a representative Q(z) € [Q], which satisfies pointwise for

|x| — oco:
P@(x) = TP (x) + a(|x|"™%), (13.77)
where T® : R — RY satisfies
F@( = | 2D ford =2, (13.78)
Eglx|t ford =3,

for some constants ¢,,¢5 € R.

* There is a unique solution ¢® € H(D)? with ¢ (x) = —T®(x — x,) on I such that

f Ase() : €(q®) dx :—me RO(x —xy)- ¢ dS —}fmJ uM . ds
D [m

[‘m
- ymf RP(x — Xg) - dS — me u®. p dS (13.79)
rm rm
— f Age(T(z))(x —Xxo)n- ¢ ds,
N
for all ¢ € HY(D)?, where
7 .— 7@ 4 7).

Proof. The proof follows the lines of Lemma 12.10. O

We continue with the main result covering the second order asymptotic expansion of the adjoint
variable g, .

Theorem 13.13. For ¢ > 0 sufficiently small let ng) as in Definition 13.8 and a € (0, 1).

(i) There is a constant C > 0 independent of ¢ such that

IR —Q® —£2¢ o T, —cIn(e)]l, < Ce'~ ford =2, (13.80)
1Q® —Q® — 42D o T,||, < Ce ford =3, (13.81)

for a suitable constant ¢ € R.
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13 Analysis of the perturbed adjoint equations

(ii) There holds
lim le7(2(Q1") = 2@ = 2@l (uprs = 0. (13.82)
€

Proof. ad (i): We first derive a governing equation for each term contained in
SQ(ss) _ ! (Q(gl) _ Q(l)) QP _gd2g(1) _ gd-2,), (13.83)

This can be achieved by a change of variables for the regular correctors ¢, ¢(®. The boundary layer
correctors can be reformulated on D, by splitting the integral and a partial integration. For a given
p e Hll (D)? we thus obtain the following set of equations

J Aye(p): e(e1 QM —QM)) dx =f (A, —Aye(@) : [ (e(go) o Te — €(qo)(x0))] dx
D w

€

+Yff (faoTy—f10T,) ¢ dx

(13.84)
—me UMy ds
o
—f Ags_le(Q(l))n-cp ds,
N
f Aue(p) : e(QP) dx =f (Ay—Aj)e(p) : [Fe(qo)(xg)x] dx
R4 w
+Yff [f2(x0) — f1(x0)] - ¢ dx, (13.85)
—|—J Age(Q(z))n-(p ds,
N
J Age(p): e(eT2qWoT,) dx =—sd—1f Ale(TM)(ex)n- ¢ ds, (13.86)
D, N

f Are(p): e(eT2qP o T, ) dx =— "y, J
D

e

RM(ex)-p dS— sme (e 2uMoT,) pdS
I

£

— 8‘1_1me RP(ex)- dS— e}fmf (e 2uPoT,) pdsS
m m

— ed_lj AZTe(T(z))(sx)n - dS.
I

(13.87)
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13 Analysis of the perturbed adjoint equations

Recall the degrees of homogeneity
RW(ex) =e'4RM(x),
e(TM)(ex) =~ 1e(TM)(x), (13.88)
e(T®)(ex) =e'1e(T®)(x),
and -
2 —
R®(ex) = R2_d(x)2+ cln(e) ford =2,
e279R2)(x) ford =3,

where we note that the constant ¢ € R occurring in (13.89) coincides with the constant introduced in
Theorem 13.10. Combining the above equations entails

(13.89)

J A,e(p) : e(eQ®) dx = G2 (g), (13.90)
with )
G ()= f (Ay—Ay)e(p) : [¢7" (e(go) © Tp — €(qo)(x0)) — D e(go)(xo)x ] dx
+YfJ [(fzo Te — f10Te) — (falxo) — f1(x0))]- ¢ dx
- eme (e (UM —RW) — 82D o T, — R — 2@ 0 T,) -  dS (13.91)
o
—f Al e [e@M)—e(T)]n- ¢ dS
o
—f A [e@P)—e(T™)]n- ¢ ds,
o
for d = 3 and 6

G?(‘P) = Jw(Az —Ap)e(p): [8_1(6(%) o T, — €(qp)(x0)) — e(qo)(xg)x] dx
+rf Jw [(fao T, — f1 0 T) — (falxo) — f1(x0))] - ¢ dx
—&Ym J (e_l(Ugl) —RMWYy— @2, (D6 T, —R® =2, T, —cln(g))- ¢ dS (13.92)
rm
—J Al e [e@M)—e(TM)]n- ¢ dS
v

—f A} [e(@P)—e(T®)]n- ¢ ds,
m

for d = 2. In view of Lemma 12.4 we seek an estimate for ||G§ ||. We only show the result for d = 2. The
remaining case d = 3 can be proven employing the same methods.
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13 Analysis of the perturbed adjoint equations

* A Taylor’s expansion and Holder’s inequality yield

| J (Ay—Ape(p) : [e7" (e(go) © Te — €(qo)(x0)) — De(go)(xo)x ] dx| < Cellplle,  (13.93)

for a constant C > 0.

* Similarly, Lemma 11.5 item (iii) yields

lvs f [(fo0 Te = fr0 Te) = (falxo) = f(xo))]- ¢ dx| < Ce ., (13.94)

for a constant C > 0 and a € (0,1).

* Smuggling in the missing terms UM, U® further entails
leY m (s_l(Ugl) —RWYy— @2y M o1, RO _ 2@ o T, —cIn(e)) - ¢ dS|
o
<Celle " (UM —UM) =4 2uM o T, —UP — 24P o T, — cIn(e) 1, (rmyell @l 1y
+C (1T =Rl omye + £llUP =R mga ) 10 1, omye
<Clle ' (UM —uM) =4 ?uW o T, —U® — 421 o T, —cIn(e) .l ¢ .
_1
+C (10D = ROl e + ellUD =R omya ) 720l
<c(e™+ef +e7)llgl,,
(13.95)

for a constant C > 0 and a € (0, 1). Here, we used the scaled trace inequality (cf. Lemma 11.5 item
(iv)), Theorem 12.14 and the remainder estimate Lemma 11.6 item (i) withm=d and m=d —1,
respectively.

* We employ the remainder estimates further to conclude
|J Ay e [e@M)—e(T™)]n-p dS +J Al [e(Q@®)—e(T®)]n- ¢ dS| < Ce?lpll,, (13.96)
Ly Y
for a positive constant C.

Combining these estimates shows
IG2|l < Ce'™?, (13.97)

for a € (0, 1). With the same techniques employed in the proof of Theorem 13.7, one checks that

£2]|eP® — ()|l .yt + 6P — Eln(e)) < Ce?, (13.98)

1
H2(T )
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for a suitable constant ¢ € R. Hence, taking into account (13.97), (13.98), Lemma 12.4 yields the result.
ad (ii): By the triangle inequality we have

e (2(QM) = Q™)) — (QP)I, (eoyixa
<[0(Q® — Q¥ — 972 o T,)|| 1, (oyixe

_ _ (13.99)
+e1713(q™M) 0 Tellwyaxe + €47H1B(@P) 0 Tell 1, ey
<Cce'™®,
for a positive constant C. This shows (ii) and therefore finishes the proof. O

Remark 13.14. Before we conclude this section, we want to address the simplification y, = 0. Similarly
to the boundary term of the cost functional, this contributes to the right hand side of the variation of the
adjoint state as follows:

f AL e(9): e(QP)dx = ygf au -3¢ dx forall p € H (D). (13.100)
D, D,

Contrary to the previous analysis however, we cannot correct this error solely by regular correctors,
since the error is attained on the whole domain D, and thus the asymptotic behaviour of U(!) —R()
is not sufficient to achieve convergence. Instead, one has to introduce a boundary layer corrector Q"
with an appropriate right hand side. Unfortunately, this generalisation is not straight forward, since a
similar asymptotic behaviour of Q(l) is not known. In fact, it has been shown in [25, Section 4.2] that a
similar analysis can be carried out for y, # 0 in dimension d = 3, where a slower declining asymptotic
behaviour of Q1) is shown. Nonetheless, the special case d = 2 remains an open problem. This highlights
the complexity of the asymptotic analysis of the averaged adjoint variable.

14 Computation of the topological derivatives

In this section we compute the first and second order topological derivative of the elasticity problem
introduced in (9.6), namely,

j(ﬂ):yfj fws-udx+ygf |ou— duyl|? dx+ymf lu—u,|?ds, (14.1)
D D

1"m

subject to u € H'(D)? solves u|; = gp and
J Aqe(u) : e(p) = J fa-@dx +f gy -9 dS forall ¢ eH%(D)d. (14.2)
D D N

In view of Definition 9.1, we fix the following parameter throughout this section: Q = @, & ¢ R? and
Xxo € D. Furthermore, we introduce for ¢ > 0 small the asymptotic orders (cf. Remark 9.2)

Ge) = ol =ellwl,  £y(e) = el = e el. (14.3)
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14 Computation of the topological derivatives

Remark 14.1. Note that the more general case Q # @, x, € D\ Q and Q, = QU w, can be treated in
a similar fashion. The main difference is that the unperturbed state equation and unperturbed adjoint
state equation respectively depend on ) and therefore uy and p, vary. Furthermore, as the boundary
layer correctors coincide in both cases, a volume error is introduced in the exterior domain. This can
be overcome by formulating remainder estimates for volume terms similar to Lemma 11.6. At last, the
computation of the topological derivative for x, € Q and 2, = Q \ w, can be done analogously to the
presented one and only results in a change of sign.

Since each adjoint based method was introduced in the abstract Lagrangian framework, we want to
recall the following notations:

ag(u,v)zf Ag e(u) : e(v)dx forallue ¥v,ve¥,
0 (14.4)

fg(v)=f fﬂs-vderf gy -vds forallvew,
0 " (14.5)

J.(u) zyff fQE-udx+ygf |0u— duy|? dx+}fmf lu—u,,|*>ds forallue v,
0 0 . (14.6)

where the spaces ¥, # are defined in (13.1).

14.1 Amstutz’ method

We first follow Amstutz’ approach. In view of Proposition 10.2 item (i), the first order topological deriva-
tive is given by
d (9, ©)(x0) = 2 (uo, o) + 3£ (0,ug, po), (14.7)

where

g(g:uezpe) _3(8: uO:pe)

) _ i
%" (1o, Po) ll\f‘% (o) ) (14.8)

(@))] T g(E:HO:pe)_g(O:uO>p€)
312 =%(OJ u(),po) = ll\t‘l’(l) 61(8) , (14.9)

if the above limits exist. Thus, we start with the first quotient 221 (ug, py):
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14 Computation of the topological derivatives

g(S,uE’pE)_g(S,uo,pE): L [‘]e(ue‘)+as(u£>ps)_fe(ps)_Js(uO)_as(uO’ps)+f£(ps)]

el(g) |CO€|
1
:|w |[Je(ue)_Je(u0)+ae(ue_uo,pe)]
€
1 2 2
= Ym [lue_uml _|u0_um| _z(uo_um)(us_uo)] ds
|l
€ rm
+—71, | [10u, —dugl*—10uy— duyl* — 2(dup — duy)(u, — dup) | dx
||
€ D
1 2 1 2
=T 7¥m |u8_u0| s+ Yg Iaus_au0| dx;
lwel ™ Jpm lwel " * Jp
(14.10)
where we invoked (13.5). A change of variables with respect to T, entails
z(‘g;us)ps)_g(g:uO;pe‘) _ £ ”U(l)”Z + i ”aU(l)”Z (14.11)
1(e) " ool e Myt T g V8O Pe Ly e :
On the one hand, we have
€ Y
= 2 < M eu® — )2 +elluMy?
|(O|Ym|| € ||L2(Fsm)d |C()|( || s ||L2(an)d ” ||L2(1'*Em)d) (1412)

<c(uW —UuW|2 +¢d) < ce?,

for a > 0 arbitrarily small and a constant C > 0. Here, we used Lemma 11.5, item (iv), Lemma 11.6 item
(i) with m = d —1 and Theorem 12.6. On the other hand, Theorem 12.6 and Lemma 11.6 item (iv) with
m =d — 1 entail

|2 Uél) —0 U(l)”Lz(Rd)dxd =2 Ugl) —0 U(l)”LZ(DE)dxd +1|0 Uél) —0 U(l)“Lz(Rd\DE)dxd
< ||U§1) — U(UHg + ||8U£1)”L2(Rd\Dg)d><d + ”aU(l)”Lz(Rd\DE)dxd (14.13)
<Ce ™+ ||8U§1)||L2(Rd\D£)dxd.

for a positive constant C € R and a € (0, 1). Since UM € BL,(R%)? there holds

i 1) -
1‘1\1,1(1) ||3U€ ||L2(Rd\D€)d><d =0.

This entails 8U§1) — UM in Ly(R1)?*4 for ¢ \, 0. Now passing to the limit in (14.11) shows

1
2D (uo, po) = HYgJ 16UDP dx. (14.14)
R4
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14 Computation of the topological derivatives

Next, we consider al(l).,% (0,ug, po)- Splitting the quotient one observes

-’%(8) uO’ps) —3(0, uO:ps) — 1
t,(¢) e, |

1
e, |

Y
Z—ff (fioT,—fy0T.) upgo T, dx
w

[Js(uo) + ae(u03ps) _fe(ps) _JO(uO) - aO(HO’pE) + fO(pe)]

f [Yf(f1 — fo)ug + (A; —Ay)e(uy) : e(p.) — (f1 —fz)Pe] dx

lwl]

+ ﬁ f (Ay —Ape(ug) o T : e(PV) dx
+ ﬁj (A —Ay)e(up) o T, : €(pg) o Ty dx
- LJ (fioTo—fyoT,)- (PM) dx

lol ), ¢

1
_mf (fl oTe_fong)'pOOTs dx.
w
(14.15)
Thus Theorem 13.4 and Corollary 13.5 entail

86(1)55(0, Uo, Po) Zﬁj (A1 —Ag)e(ug)(xo) : e(PM) dx

+ 717 (f1(x0) = f2(x0)) - uo(xo) (14.16)
+ (A1 —Ag)e(ug)(xo) : €(po)(xo)
— (f1(x0) — f2(x0)) - Po(x0)-

Therefore, the first order topological derivative is given by
1
d_# (2, w)(x) ZWJ (A1 —Ay)e(up)(xp) : G(P(l)) dx + (A; —Ay)e(up)(xo) : €(po)(xo)
+ 75 (f1(x0) = f2(x0)) - (o) — (f1(x0) — f2(x0)) - Po(x0) (14.17)
+ ing |0UMW dx,
|6()| R4

with PO defined in (13.12) and U® defined in (12.21).
Next, we compute the second order topological derivative. By Proposition 10.2, item (ii), we have
d? 7 (Q, )(xo) = 2P (ug, o) + 82 £(0,ug, po), (14.18)
where
3(8, U, ps) - g(‘g) uOsps) _61(8)%(1)(110)1)0)
£y(e) ’
(s, g, pe) = £(0,ug, p.) = £1(6)3," £ (0, ug, po)
£y(e) ’

R (ug, po) = li
(uo, Po) 51{%

3@ 2(0,uy, py) = lim
) ( Up pO) N0
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14 Computation of the topological derivatives

if the above limits exist. Dividing (14.11) by € and subtracting (14.14) it follows that

RO (g, py) = lim —5 J UM — UM dx—f 1BUDP dx
\-40 | | Rd\D

= lim —= U U +ouM): (e [oUM —auM])dx — f |8U(1)|2dx].
RI\D
(14.19)

In order to pass to the limit in (14.19), we need to assume Yg =0 for d = 2. This is necessary, since
Corollary 12.15 is only applicable in dimension 3. Hence, with this assumption we obtain

Yg

ol aU“) :0U@ dx. (14.20)

(2)(110,?0) =
To conclude this section we need to investigate 6}(2),‘5 (0,ug, po)- Similarly to the previous computation,

we obtain

% (e,ug,p.) — £(0,ug, p.) — 1 ()3 £(0,ug, po)
£5(e)

%f e ' [(fioTe— foo Te) — (f1(xo) — f2(x0))] - ug o T, dx

e [ -1
m ) w(fl(x()) —fz(xo)) - € [uo oT, _uo(xo)] dx
ﬁ f (A —Ay)e(ug) o Ty : (e [PV — PDT) dx
‘
ﬁ (A, — Ag)e e(up) o T, — ettg)(x0)] : e(PD) dix
6; er (14.21)
m (Al _Az)ﬁ(uo) oT,: 8_1[6(170) oT,— G(Po)(xo)] dx
rw
ﬁ (A, — A [etg) o T, — etig)(x0)] : €(po)(xo) dox
r‘(,t)
ﬁ (froT.—fyo T.)- (PV) dx
‘
ﬁ (froT,—fy0T.)- € [po o T, — polaxo)] dx
‘
- ﬁ e (f1 0T, — f0 T.) — (f1(x0) — fo(x0))] - Po(x0) dx.
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14 Computation of the topological derivatives

Hence, invoking regularity of fi, f,, ug, pg, Theorem 13.7 item (ii) and Corollary 13.5, we can pass to the
limit

az(Z)-g(O, Uo, Po) =|%|J [0 f1(x0) — 8 faxo) Ix - ug(xo) dx + %J [f1(x0) — fo(xo)] - Fug(xg)x dx

+ ﬁf (A1 —Ag)e(up)(x) : €(PP) dx + ﬁf (A; — A8 (e(ug))(x0)x] : e(PM) dx

+ ﬁj (A1 —Ay)e(ug)(xg) : [2(e(po))(xp)x]dx
+ ﬁ J (A1 —Ax)[3(e(1p))(x0)x] : €(po)(xo) dx
1

_ m f [f1(x0) — fa(xp)] - @po(xg)x dx — ﬁ f (3 f1(x0) — @ fo(x0)]x - po(xo) dx

- ﬁ f (Fu(x0) — Folxo)) - (PD) dx.

(14.22)
Thus, the second order topological derivative is given by
dzj(Q, w)(xg) :Zk oUW U@ dx
|O)| R4
#1510 1000)— 8 Faeo) T - g rg) dx + 2 [ LFie0) = Faleo)] - g
|°’|J¢o 1\ Xo 2 X0 )X - UplXp) AX |w|w1xo 2{Xo UplXg)X dX
ﬁ Jf (A — Ag)e(tio)(xo) : €(P?) dux + ﬁ f (Ay — As)[3(e(te))xo)x] : €(PDV) dix
ﬁ f (A1 —Ag)e(uo)(xo) : [2(e(po))(xo)x] dx
ﬁ Jr’ (A1 —Ay)[9(e(ug))(xg)x] : (pg)(xg) dx
- & f [f1(xo) — falxo)] - @po(oxo)x dx — |1$|J [8£1(x0) — 2 f>(xo)]x - po(xo) dox
—L r (fl(xo)—fz(xo))'(P(l)) dx,
ol J,,

(14.23)

with PO defined in (13.12), U defined in (12.21), P@ defined in (13.29),(13.32) and U® defined in
(12.48),(12.51).
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14 Computation of the topological derivatives

14.2 Averaged adjoint method

In this section we follow the averaged adjoint approach. In view of Proposition 10.4 item (i) we have
d 7 (9, 0)(x0) = BV (ug, 40) + 37 2(0,u, q0), (14.24)

where

Z£(e,up,q.)— £(€,up,q0)
£4(¢) ’

%£(&,up,q0) —£(0,up,q0)
£4(e) ’

Z D (ug,q0) = 1i
(w0, 90) EI{%

3"2(0,up,qp) = li
7 ( Up qO) 81{%

if the above limits exist. Thus, we start with the computation of 2™ (ug, q,):

2(800:0) = L(E:U0.d0) _ 115 0y g (g, q0) — £u(40) —Je(tio) — as (o do) + £u(d0)]

£,(¢) lw,|
= L[ae(uO’ qe _qO) _fe(qe _qO)]
|l
1 (14.25)
=|a>|U (A1 —Ag)e(ug) : e(qe —qo) dx— | (fi—f2)-(ge —qo) dx

S f (A —Aye(ug) o T, : Q) dx—eij (fr— f) 0 T.QW) dx.
lol |, ol J,,

Since uy € C3(Bs(x,))! for 6 > 0 small and by Theorem 13.10 e(Q(gl)) - e(QM) in Ly(w)?*? as ¢ tends
to zero, we have

;i{% J (A —Ay)e(ug) o T, : e(QM) dx = f (A; —Ay)e(ug)(x) : e(QM) dx. (14.26)
Furthermore, Corollary 12.8 entails
gi{%eJ [(fi—f2)oT.1-QM dx =o0. (14.27)
Hence, it follows that

1
2V (ug,q0) = ol f (A; —Ay)e(ug)(x) : e(QMV) dx. (14.28)

Next, we compute 86(1)3(0, Up, o). We note for € > 0
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14 Computation of the topological derivatives

g(enuo’qO)_g(OzquqO) — 1
£1(¢) |l

1
e, |

[(Je(up) —Jo(up)) + (a.(up, q0) — ap(up, 90)) — (fe(q0) — fo(qo))]

[Yf J (f1—f2) "updx +J (A1 —Ay)e(uy) : €(qo) dx
| Gi=s-ax]

:%J (fl_fZ)oTE'uOOTedx_J{‘ (fi—f)oTe-qoo T, dx

1
+ HJ (A1 —Ay)e(ug) o T, : €(qp) o T, dx.
w w

(14.29)
Passing to the limit yields
8,7(0,u0,90) = [y (f = f2) "o + (A1 — Ag)e(to) : €(do) = (f1 — o) - do] (xo), (14.30)
where we employed regularity of fi, f5,uy and q,. Combining (14.28) and (14.28) results in
1
d #(Q, = | (A,—A ce(@M)dx + (A, —A :
H£(Q, w)(xo) o Jw( 1~ Az)e(ug)(xo) : €(Q) dx + (A — Ag)e(up)(xo) : €(qo)(xp) (14.31)

+ Yf(fl(xo) — fa(x0)) - ug(x0) — (f1(x0) — f2(x0)) - qo(x0),

with QM) defined in (13.59).
Next we compute the second order topological derivative. By Proposition 10.4 item (ii) we have

d* ¢ (9, &)(x0) = Z(uo, 90) + 87 £(0, o, ), (14.32)

where

& 4 - M
%(2)(110’ qo) — 2‘1{‘% (83 Up, qe) (8: ue()zz((i())) El(‘g)% (u0> qO)’

1)
z({;‘, Up, qO)_z(OJ Up, qO)_Zl(‘g)a g(oa Up, qO)
3P0 =1 ¢
" £(0,u0,q0) lim 00 ,

if the above limits exist. We start by computing %) (u,, q,). Using (14.25) we deduce
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14 Computation of the topological derivatives

2P (uo,q0) = lim [i f (A1 —Ax)[e " (eup) o T, — e(up)(xp))] : €(Q") dix
£\0 |a>| "

+ %J (A; —Ay)e(ug)(xp) : 6(3_1(Q(€1) —Q(l))) i

- Lf (fi—fa)oT,- (le)) dx]
lwl ),
=J (A; —Ay)[3(e(up))(xp)x]: G(Q(U) dx + |1?|J (A1 —Az)e(up)(xo) : G(Q(Z)) dx
— ﬁ J (f1(x0) — falx0)) - (QM) dx,
N (14.33)
where we used QY — QW in L;(w)? by Corollary 13.11, €(QV)) — €(Q™W) in Ly(w)? and by Theo-

rem 13.13 s_l(e(le)) —e(QM)) - €(Q@) in Lo(w)?. Next, we compute 86(2).2(0, Uy, qo):

86(2)‘2(0: Up, qo) =lim [Y—f J e ' [(fi = fa) o Te -ug o Te — (f1(xo) — f2(x0)) - ug(x)] dx
e\0 |w| w

N ﬁ f e [(A1 — Ay)e(ug) o T, : €(go) o T, — (Ar — Ag)e(tig)(xo) : €(go)(xo)] dx

— L M = £ o T, go0 T — (o) — Folxo)) - do(xo)] dx]

lwl ),
Yr Tr
ZW fw I[(f1 — f2)1(xg)x - ug(xg) dx + m Jw[fl(XO) — fo(xg)]- Fug(xg)x dx
" ﬁj (A — A0 (eluto))(x0)x] : elqo)(x0) dx
+ %J (A — Ag)e(uo)(xo) : [8(e(go))(xo)x] dx

. f [P0~ Fxo)be - aoe) e~ - J L (x0)— o)1 B0 dix,
w ’ (14.34)

where again we used the smoothness of ug,qg, f1, fo in the vicinity of x; in the last step. Furthermore,
combining (14.33) and (14.34), we obtain the final formula for the second order topological derivative:
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14 Computation of the topological derivatives

dzf(ﬂ, w)(xp) ZJ (A; —Ay)[ 3 (e(ug))(xp)x] : G(Q(l)) dx + |1:|J (A1 —Ay)e(up)(xp) : G(Q(z)) dx

-
- li (f1(x0) — o)) - (QV) dx
wl ),
e ( 14;
+ | O[(f1i — f2)l(xg)x - ug(xg) dx + — | [f1(x0) — falxg)]- Qup(xg)x dx
lol |, |l J,
1

;
m ) (A; —Ay)[3(e(ug))(xg)x] : €(qo)(xp) dx

¢
ﬁj (A — Ag)e(tio)(xo) : [2(e(g0))(xo)x] dx
¢
- i [a(fl _fz)(xo)]x 'CIo(xo) dx — if [fl(xo)—fz(xo)] : 3‘10(?(0)3( dx.
lol |, ol J,,

(14.35)

14.3 Delfour’s method

At last, we consider Delfour’s method to compute the topological derivative. Therefore, recall that by
Proposition 10.6 item (i) we have

d_# (9, 0)(x0) = Z (1, po) + B (10, po) + 8120, ug, po), (14.36)
where
%§1)(uo,po) _ 3‘1{% Z(e,ug,po) — £ (e, quZzg—) 9, (&, ug, po)(u, — uo)’ (14.37)
%él)(uoypo) _ ll{‘% (8,%(e,ug,pg) — iul-‘é()on Up, o)) (U — uo), (14.38)
3;1),‘5(0, U, Po) = }:1{% £(e, uo:Poe)lzge)g((): Uo:Po). (14.39)

We now compute the limit of each term. Plugging in the definition of £(&,u,v), we get for € > 0

3(3: ue:po) _3(83 uOJPO) B aug(g; Up, pO)(ue B uO) — 1 (Jg(ug) _Jg(uo) _ ang(uO)(ug _uo))

€1(¢) lw,|
_Ts |0u, — dug|? dx + I'm |lu, —ugl? dS
|O)€| D |wg| m
=Y—gJ ElQle dx+g’”—'"f UDP ds.
ol Jp, ol Jp
(14.40)
Hence, passing to the limit € N\, O (cf. (14.11)) yields
(1) _Tg 1)2
Ay (o, po) = T2 L IOVl ayana- (14.41)
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14 Computation of the topological derivatives

Furthermore, we have

1 1
—— (0,2 (&, up, po) — ,<2(0,ug, po))(u, —ug) = Yr (fr —f2) - (we —up) dx
() el Jo,
1
+ f (A1 —Ay)e(u, —ug) : €(py) dx
leoel J o,
€ (14.42)
Y
=8|—OJ;|J (fioTs—fooT,)- (US)) dx
w
1 (1)
+ ol (A1 —Ay)e(U; ) : €(pg) o T, dx.
w
Hence, Theorem 12.6 and Corollary 12.8 entail
e _ 1 My .
%2 (HO’pO) = m (A]. _Az)E(U ) . E(po)(XO) dx. (14.43)
w

Similarly to the previous approaches, regularity of fi, f5,uy and p, yields

. ,%(s,u :pO)_z(OruO’pO)
a2 (0 =1 .
) ( )u05p0) Sl\r‘% 61(8)

! J (Yf(fl_fz)'u0+(A1_Az)e(uo)3G(po)—(fl_fz)'Po) dx

||

1
:mf (ri(fi—fa)oTe upo T, + (A —Ag)e(ug) o Tyt €(pp) 0 ) dx  (14.44)

1
_WJ (fi—f2)oT,-pyoT,dx

:Yf(f1(x0) — f2(x0)) - uo(x0) + (A; — Az)e(u)(xo) : €(po)(xo)
= (f1(x0) = f2(x0)) - Po(x0)-

Combining these limits results in

d_# (2, w)(xp) Zﬁf (Aq —Az)G(U(l)) 2 €(po)(xp) dx + (A — Ag)e(ug)(xo) : €(po)(xp)

+ 7 ¢ (f1(x0) — f2(x0)) - ug(x0) — (f1(x0) — f2(x0)) - Po(x0) (14.45)
LY | aump dx,
|(l)| R4

with UM defined in (12.21).
Next, we compute the second order topological derivative. In view of Proposition 10.6, item (ii), we first
show that the following limits exist:
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14 Computation of the topological derivatives

£(&,u,,p0) — L (&, Ug, o) — 8,L (&, U, Po) (s — o) — £1(£)% (g, po)

£y(e) ’
(14.46)

2 .
‘%§ )(MO:pO) = 21{%

- (8,2(£, 10, o) — 8,20, ug, po)) (1, —ug) — £1(6) 2 (g, po)
%g)(uO:po):gl{% u 0> F0 u Oez()(g) € 0 1 2 0 O’ (14.47)

£(e,uq, po) — £(0,ug, po) — £1()37 (0, up, po)

8P (0, g, po) =1i 14.48
¢ ( Up pO) EI{% 62(8) ( )
Invoking the assumption y, = 0 in dimension d = 2, we can deduce
%52)(110,190) = 2|Y—g| J auW: au® dx, (14.49)
| Jra

in a similar fashion to (14.19). Furthermore, we have
1

07 (G (60, P0) = 82 (0, o, Po))ite — o) = €4(e); o, po)

Y
Zﬁj (f1°Ta_f2°Tg)'U£1) dx
1 —1r (D) _ 1)
+m (A; —Aye(e [U;/—U"]) : e(pg) o T, dx

" |1$|J (Ar = Ae(U™): [ (elpo) o T, = epo)(x0))] dx.
’ (14.50)

Hence we obtain the limit

%éz)(UO:Po) =|};)—f|J (f1(x0) — fa(x)) - UM dx
+ ﬁj (A, — AY)e(UP) : e(py)(xo) dx (14.51)
+ ﬁf (A _Az)G(U(l)) : 9(e(pp))(xp) dx.

To conclude the computation of the second order derivative we observe that, similarly to (14.44), (14.21),
we get
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ae(z)g(o, Uo, Po) Z%J 9 f1(x0) — falxo) Ix - ug(xo) dx + %J [f1(x0) = folxo)] - Qup(xo)x dx
¥ ﬁ f (A — Ag)[B(e(tt0))(x0)x] : e(po)(x) dix
+ if (A1 —Az)e(up)(xp) : [F(e(po))(xp)x] dx

a[fl(xo) fa(x0)]x - po(xo) dx — |J [f1(x0) = fa(x0)] - Fpo(xg)x dx.
(14.52)

| |
Combining the limits (14.49), (14.51), (14.52) entails
d% #(Q, w)(x,) =2Y—gf auM:ou® dx + Y—ff (f1(x0) = folx0)) - UM dx
|w| R4 |0)| w
+ ﬁf (Aq —Az)G(U(Z)) 2 €(po)(xp) dx + ﬁj (A —Az)E(U(U) : 9(e(po))(xp) dx
+ l);)—flf O f1(xg) — falxg)]x - up(xg) dx + %lf [f1(x0) = falxo)] - Fug(xp)x dx
¥ ﬁ f (A — A[(e(up))(xo)x]  €(py)(x) dix

L f (A1 — Ay)e(o)(xo) : [3(e(po))(x0)x] dox

| | a|:fl(x0) fax)]x - Po(xo)dx— f[fl(xo) fa(x0)]- dpo(xg)x dx,

(14.53)

with UM defined in (12.21) and U® defined in (12.48),(12.51). This finishes the computation of the
second order topological derivative using Delfour’s method.

Remark 14.2. We would like to point out that, using the defining equations of the boundary layer cor-
rectors, one can show that all three expressions of the topological derivative coincide and therefore all
methods lead to the same result. To get an idea, we show that the first order topological derivative of
Amstutz’ approach and Delfour’s method are the same. Testing (12.21) with ¢ = P yields

f (A —Ay)e(ug)(xg) : e(PM)dx = —J Awe(U(l)) ce(PM) dx.
1) R4
Invoking symmetry of the elasticity tensors, we further deduce
f A,e(UM): e(PM) dx = J (A —ADe(UD) 1 e(py)(xo) dx.
R4 15}

Hence, we conclude that both derivatives coincide. To obtain equivalence for the averaged adjoint method,
one has to recall our assumption y, = 0 in Section 13.2.
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15 Conclusion

15 Conclusion

In this part of the thesis we reviewed three different methods to compute the second order topologi-
cal derivative and illustrated their methodologies by applying them to a linear elasticity model. To give
a better insight into the differences of these methods, the cost functional consists of three terms: the
compliance, a L, tracking-type over a part of the Neumann boundary and a gradient tracking-type over
the whole domain, whereas the first one is linear and the latter two are quadratic. We observed that all
three methods shared some similarities, as they rely on the asymptotic analysis of the state variable. Yet
differences occur, whose magnitude is based on the specific cost functional.

Amstutz’ method requires the asymptotic analysis of the adjoint state p,. Since p, depends on the unper-
turbed state variable u,, the € dependence solely stems from the underlying cost functionals. This leads
to a straight forward analysis of the adjoint state p,, which in our case resembled the analysis of the state
variable u, closely. Hence we would like to point out that, even though an additional asymptotic expan-
sion is required in this approach, this does not require a lot of extra work. Contrary, the averaged adjoint
method requires the asymptotic analysis of the averaged adjoint state g,, which is more technically in-
volved. These challenges arise, since g, additionally depends on the perturbed state variable u,. In this
context Delfour’s method is advantageous, as it only depends on the unperturbed adjoint state variable
po and thus does not necessitate an additional asymptotic analysis. This advantage seems to come with
the shortcoming, that this method is only applicable to a selective set of cost functions.

The varying difficulties of each cost functional arise at different parts of the analysis. While the com-
putation of the topological derivative for the linear compliance term is straight forward, the nonlinear
nature of the tracking-type cost functionals introduces additional difficulties. Following Amstutz’ and
Delfour’s approach, this leads to limits on the whole space R¢ during the computation of the topological
derivative. This is especially problematic for the second order topological derivative. Contrary, employing
the averaged adjoint method, the computation of the topological derivative solely involves limits on the
bounded domain w. This comes at a cost of a strictly more involved analysis of the adjoint variable. In
fact, the averaged adjoint method shifts the work from the computation of the topological derivative to
the asymptotic analysis of the adjoint variable. Compared to Amstutz’ and Delfour’s method this leads
to a slightly more challenging computation in total. Yet we want to highlight that, once the complete
asymptotic expansion is known, this allows a straightforward schematic derivation of higher order topo-
logical derivatives. We will utilise this behaviour in the next part of this thesis.

To recapitulate, each method proposed in this work has some advantages and disadvantages over the
others. The decision on which method fits the actual problem setting the best, greatly depends on the
actual cost function as well as the properties of the underlying partial differential equation.
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The content of this part stems from the following article, which is submitted for publication:

[23] P Baumann, P Gangl, and K. Sturm. Complete topological asymptotic expansion for L, and H'
tracking-type cost functionals in dimension two and three. 2021. arXiv:2111.08418.
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16 Introduction to higher order topological sensitivities

In this part of the thesis we are going to continue the investigation of topological derivatives. To specify,
we are interested in the complete asymptotic expansion of a shape functional ¢ subject to topological
perturbations. This naturally involves the notion of higher order topological derivatives beyond the sec-
ond order, which were introduced in the previous part. While the first order topological derivative can be
used in gradient based methods (cf. [15,17,56] and further references found in the previous part), higher
order topological derivatives give rise to higher order topology optimisation algorithms. Since these are
noniterative, they are very robust with respect to noisy data.

For instance let us mention the work [86, Chapter 10] where the authors used second order topological
derivatives to develop an one-shot Newton-type algorithm. The methodology of this algorithm is based
on the idea to simultaneously consider m singular inclusions wi and compute their topological expan-
sion. This expansion is further used to solve a Newton-type equation leading to an efficient and robust
way to detect geometric subsets (inhomogeneities, obstacles, anomalies). Hence, this algorithm has been
extensively used to solve inverse reconstruction problems.

We refer to [71], where the authors utilised this one-shot approach to obtain a good initial shape, which
they further improved in an iterative shape optimisation algorithm. Further applications of this algo-
rithm to electrical impedance tomography can be found in [53] and [86, Chapter 11]. Furthermore, this
idea was employed in an inverse potential reconstruction problem [35] and in an inverse source recon-
struction problem [36]. In this context we would also like to mention obstacle reconstruction, which is
addressed in [94]. For further applications, such as inverse conductivity and electromagnetic casting we
refer to [86] and references therein.

In what follows we are going to target the foundation of these methodologies. That is, we study gen-
eral formulas for higher order topological derivatives in two and three space dimensions for a simple
PDE constrained model problem. This topic has already been considered in [10], where the authors in-
vestigated the higher order asymptotic expansion of a steady state voltage potential subject to singular
perturbations of the conductivity. While their analysis addresses the case of a single perturbation, the
authors argue that an analogous analysis can be carried out to deal with a finite number of simultaneous
perturbations. In this regard, we also want to mention the recent work [52], where the authors studied
the asymptotic expansion of the solution of Poisson’s equation subject to a small perturbation attaining
homogeneous Dirichlet boundary conditions.

In order to obtain an asymptotic expansion of the state variable, we employ the compound layer method
(cf. [80,81]). Furthermore, we incorporate the cost functionals via the averaged adjoint method (cf. Sec-
tion 14.2). This approach enables an iterative and systematic way to compute higher order topological
derivatives with no additional effort as long as the complete asymptotic expansion of the averaged adjoint
variable is known. We are going to study two kinds of tracking-type functionals, a gradient and an L,
tracking-type functional. Similarly to the previous section, we observe a large gap in technical difficulties.
In fact, we see that the analysis of the L, tracking-type functional is more involved and even includes the
fundamental solution of the biharmonic equation. The content of this part stems from the article [23] in
collaboration with Peter Gangl and Kevin Sturm. In this part of the thesis we investigate the following
model problem:
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Problem formulation

Let D ¢ R? be an open and bounded Lipschitz domain, I' ¢ 8D with |I'| > 0, I'N := 8D \ T and consider
the minimisation problem

minimise #(2) := o, f (ug —ug)? dx + azf [V(ug —ug)?dx, aj,ay>0, (16.1)
D D
subject to 2 ¢ D and uq € H'(D), uq|r = gp, such that

f Vug -V dx = f fayp dx +(gn, (p)H_%(FN)xH%(FN) forall p € H%(D), (16.2)
D D

where fo(x) := f1()xa(x) + f2(x)xq:(x) with f1, f, € Ly(D) N C=(D), gp € H2(T), gy € H2(TV),

uy; € HY(D) and (-, .)H_%(FN)XH%(FN) denotes the duality product.

For a given inclusion w c R¢ open, bounded and connected, with C! boundary, such that 0 € w and
xo € D\ Q, we derive for the cases a; = 0 and a, = 0 an arbitrary order topological derivative formula
for this problem of the form

N
£QUw,)= 2@+ tle)d" £(2 )(xo) +olly(e)), N=1,

k=1

where w, = {xy+ €y| y € w} (cf: (9.1)) denotes the domain perturbation and {; : Rt — R* are
continuous functions satisfying

i (e)
I‘n —

li = \
s{l})ﬂk(s) 0 and 1

=0 fork>1.
eNo £ (e o

Here, R := (0, 00) denotes the set of positive real numbers. Furthermore, the real number d* Z(Q, w)(x)
denotes the k-th order topological derivative at Q evaluated for the inclusion shape w and the point of
perturbation x,. The explicit form of the functions ¢; depends for our problem on the space dimension
and will differ significantly in dimension d =2 vs. d = 3.

Remark 16.1. Note that this is just a reformulation of Definition 9.1. Again, we want to highlight that our
assumption Q, = QUw, is not a restriction. The other case, x, € Q, Q, = Q\w, can be treated analogously
and merely results in a change of sign of the final formulas. Additionally, we want to mention that the
first order topological derivative is denoted by d!_#(Q, w)(x,). Even though this is a minor notational
conflict in view of (9.3), we are going to employ this notation throughout this part. This allows a schematic
representation of the results.

17 Analysis of the state equation
Let © c D be an open and bounded Lipschitz set and «w c RY be an open, bounded and connected set

with C! boundary @ w. We assume that w contains the origin 0 € w and we let x, € D \ € be a fixed
spatial point. Furthermore, we recall the affine transformation T,(x) = x + €x (cf. Definition 11.1) and
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17 Analysis of the state equation

set w, := T,(w) for € > 0. In the following we will derive an asymptotic expansion of the perturbed state
variable u,, which is the unique solution to (16.2) subject to the perturbed domain €, := QU w,, for
£ > 0. That is, u, € H'(D) satisfies u,|r = gp and

H 2

. — 1
JD Vu, -V dx JDfﬂgcp dx +(gn, ) 3 oy ov) for all ¢ € H;(D). 17.1)

Similarly, the unperturbed state variable u, € H'(D) satisfies uy|r = g and

H 2

_ 1
JD Vuy -V dx = fong dx +(gn, ) 3oy o) for all p € H;(D). (17.2)

Remark 17.1. Note that, contrary to the previous section, we do not consider a transmission problem
here. That is, we do not introduce a perturbation to the differential operator of the partial differential
equation. This improves the regularity of the solution, since transmission problems lack regularity on the
boundary of , i.e. where a jump occurs. Furthermore, this increases the first order approximation speed
of the variation of the state Uél). To obtain a cohesive definition nonetheless, we reformulate Definition
12.3 with some minor modifications.

Definition 17.2. For almost every x € D, we define the first variation of the state u, by
Ugl)(x) = (u) oT,(x) fore>D0. (17.3)
€

More generally, we define the (k + 1)-th variation of u, for k > 1 and ¢ > 0 by

Uék)—U(k)—ad*Zu(k)OTE—ln(a)b(k) for d =
pk+1) .— ord =2,
€ T

€
v _y) _gd=2, ()T
£ £ for d =3.

17.4)

€

Remark 17.3. Note that, contrary to Definition 12.3, we introduce the first order scaling €272 for the
corrector ul!). In the previous part we obtained a faster decay of the first boundary layer corrector U™
(cf. Remark 12.11), which allowed us to use a higher order ¢, In our problem setting we do not have
access to this special behaviour of the boundary layer corrector. Nonetheless, we will see that, due to the
nature of our problem at hand, the corrector UM is not even necessary to achieve convergence. This is
reflected by the property that (12.21) only depends on the operator perturbation.

In this part of the thesis we require similar scaling arguments and remainder estimates as in Part
II. Even though the problem setting differs slightly, as we are working with scalar functions, we will not
recast these result here. Instead we are going to keep this minor inaccuracy in mind whenever we employ
Lemma 11.4, Lemma 11.5 and Lemma 11.6. For convenience we recall that the fundamental solution of
the Laplace operator (—A) in dimension two and three is given for x # 0 by (cf. [90])

1
—s=In(|x|) ford =2,

— 2r
E(x) = { LL for d = 3.

4m |x|

(17.5)

In order to allow a schematic representation and derivation of higher order derivatives, we introduce the
compact notation of derivatives.
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17 Analysis of the state equation

Definition 17.4. Let f € CK(Q), k > 0 and x, € Q. We define
VEf () x]* = Z Z S Gl (17.6)
h=1 Jk—l
with the convention VOf (xo)[x]1° := f(xo).

Remark 17.5. Note that this definition captures the Taylor expansion of a sufficiently smooth function
f. The first terms read as

VI f(xo)lx]' =V (xg)-x, V2f(xo)[x]* = xTH(f)(x0)x,
where H(f) denotes the Hessian of f.
Remark 17.6. In the subsequent analysis we often omit the index k = 1. That is, we introduce
Vf(xo)lx]:= Vlf(xo)[x]l-
Yet, we need the notation including the first index to allow a uniform representation in terms of sequences.
In the following lemma we introduce the boundary layer correctors U) used in the definition of ng).

Lemma 17.7. Define for k > 2:

UM (x) =f E(x—y)F®(y) dy, (17.7)

where F®(y) := (k_lz)! VE2(f, = £,)(x0) [y I¥72. Then U® satisfies:

J vu® . v dx = f F®e dx forall p € CI(RY), (17.8)
Rd

w

and admits the following asymptotic expansion as |x| — oo
U®(x) = RP(x) + - + RO (x) + 0(|x|74=2+V), (17.9)

where R : R? — R are given for k > 2 and £ > 0 by

{+1 °
R (x) = f ALE(x —ty)]—oF®(y) dy. (17.10)

Proof. It is clear that U satisfies (17.8), since U is given by the Newton potential. The asymptotic
expansion (17.9) follows from a Taylor expansion of y — E(x —y). O

Remark 17.8. The functions F*) denote a Taylor’s expansion of the error term f; — f,. Thus, the sequence
U aims to approximate the error up to an increasing order. The functions Ri’i)l in turn describe the
different error-levels introduced by U®) on the boundary. These will therefore guide the construction of

the regular correctors u®.
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17 Analysis of the state equation

For the sake of completeness we give the following definition

Definition 17.9. For k =1 let
uvP =0, uM=o,

and for £ > 1 let
R%U =0.

Furthermore we define b") := 0 and more generally

1
b .= ——f FO(y)dy fork>2,
2w ),

where F®(y) = o VK2, — £,)(rg)y 162
Remark 17.10. In view ofR(lk)(x) = E(x) fw F®(y) dy we have for k > 2

R (ex) = RO (x) +In(e)b®),  for d =2,
gR(lk)( ), ford =3,

which explains the definition of b in dimension two. Additionally, there holds

(K)( 4 3) — p—(d=2) ~ (=D (O
R, "(ex)=¢ € R, (x),
3R (ex) = 29, RP (),

fork>1,0>2.

(17.11)

(17.12)

(17.13)

(17.14)

(17.15)
(17.16)

Example 17.11. We may compute the derivatives (17.10) explicitly for £ = 1,2, 3,4 and obtain for d = 2

RO() =~ In(lx]) f F®O(y) dy,

RY(0) = 5 ﬁ fyF”‘)(y) dy,
2
R(x )——iﬁj (wﬁ—z%)ﬂk)(y) dy,
RO (x) = ——ﬁj (6|y|2(x- )~ (’“l lyz) )F“)(y) dy,

and ford =3

1 1
R(lk)(X)=—mJ F®(y) dy,
X
R”‘)(x)— yriprh f yF®(y) dy,
w

Y
RO =g J (—|y|2+3%)1~*“(y) dy.
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17 Analysis of the state equation

We will also need remainder estimates for the expansion (17.9) of U®) in various norms:

Lemma 17.12. Let I, c dD,, k > 2 and N > 1. Then there is a constant C > 0, such that
v &2 |lU® =L, ROy < €PN

N k dyiN—
. |U(k)_ze=1R2)|H%(F)SC€2+N L

k d—1
 18,u0 =33 8,RPl ) < Ce T,
Proof. In view of (17.9) and (17.10) we have for x € RY:

N
U(k)(x) _ ZREk)(x)

(=1

< Clx|™+o(|x[™™ ™),

with m =d —2 + N. Thus, an application of Lemma 11.6 yields the result. O

Next we introduce the regular corrector functions, which compensate the error introduced by the
functions U®),

Definition 17.13. We define for k > 2 the corrector u®) € H(D) as the unique solution to

k
u®(x) = —ZRSk_JH)(x —Xxp) onT, (17.25)
j=1
k .
JD vu . vy dx = JN (Z ﬁng.k_JH)(x —xo))go dS forall p € H%(D). (17.26)
S -

Remark 17.14. Note that unique solvability of (17.25),(17.26) can be shown by the Lemma of Lax-
Milgram, and therefore u'®) are well-defined. A change of variables entails that (17.26) can be equiva-

lently written as u® o T, (x) = —Z;Czl Rg.k_j "D(ex) on T, and

k
J V(e 20 0 T.) . Vo dx = ¢d-1 J (Z avRS_k—Hl)(gX))(p ds forallp €HL(D,). (17.27)
D N Nj=1

£

Later on we also need the following auxiliary result.

Lemma 17.15. Let ¢ > 0 be fixed. We have for all k > 2 and d = 2:

k—1

U — g = 1 (U0 + 42006 T, +In(e)b®)  on D,, (17.28)
(=1
with b defined in (17.13). Furthermore, we have for all k > 2 and d = 3:
k—1
Ue(l) — gkl ng) = Z g1 (U(Z) + 47240 TE) on D,. (17.29)
=1
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17 Analysis of the state equation

Proof. This follows from Definition 17.2 and an induction proof. O

Similarly to Lemma 12.4, the next lemma helps us to compactly handle the inhomogeneous Dirichlet
boundary conditions on T} :

Lemma 17.16. Let F, : Hll (D,) — R be a linear and continuous functional with respect to || - ||, and

g €H %(Fg). Then there exists a unique V, € H(D,), such that

f VV,-Vpdx =F,(¢) forall ¢e Hllg(Dg), (17.30)
D

£

Velr, = & (17.31)

Furthermore, there is a constant C > 0 independent of ¢ such that

1
”VsHs < C(”Fe“e te2 ”ge”Lz(TE) + |g8|H%(FE))' (17.32)

Proof. The proof follows the lines of Lemma 12.4. O
We first address the boundary term g, in the previous lemma.

Corollary 17.17. Let k > 2 and d = 2. There is a constant C > 0 such that for all &€ > 0 small enough:

g3 ||U£k) —UW @2y o, — ln(e)b(k)lle(rs) < CE%, (17.33)
|U£k) — ) _ gd—2,,(k) T, — ln(S)b(k)lHl < Ce2. (17.34)

Let k > 2 and d = 3. There is a constant C > 0 such that for all £ > 0 small enough:

e2[[U® —u® — g2 B o T||, ) < Ce?, (17.35)

U® — g®) — gd=2®) Telde, < Ce?. (17.36)

Proof. Let ¢ > 0 be sufficiently small. For the sake of simplicity we restrict ourselves to the proof for
d = 3. Employing the additive property of the logarithm (17.14), the proof for d = 2 follows the same
lines. First note that by definition ng) —UW —gd=2yWoT, = eUékH) and that we have in view of Lemma
17.15

k
el = (kDY 1 bk (O 4+ @Dy o 1,) o D,. (17.37)
=1

Moreover, since ng_”l)(ex) = g_(d_z)e_(j_l)RS.k_jH)(x) for 1 <j <k (cf (17.15)), we have for x € T,

{
u@o T (x)=—e @2 s_(j_l)Rge_]+1)(x), (17.38)
j=1
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17 Analysis of the state equation

and thus
k 17.38 TN j
Zef_ks(d_z)u(“ng(x)( = )—e_kZZEK_JHRg.Z_JH)(x) (17.39)
=1 (=1 j=1
k k—(+1 (
_ —k 0)
== e le RO), (17.40)
=1 j=

where in the last step we reordered the sum as illustrated in Figure 12 with a;; = jo ), Therefore, plugging
this into (17.37) yields

k k—{+1
eUlktD) =s—(k—1)U§1)+Ze“—k(U“)— > RS.“) on D,, (17.41)
(=1 =1

and since Ugl) = 0 on [}, it follows that there is a constant C > 0, such that

k k—+1
1 1 d
1 k+1 —k 3 4 Q) ¢
e2|leU* ||y < D et ez |luO— > R < Cet. (17.42)
t=1 ]:1 LZ(FE)
g
d
<Ce2** Lemma 17.12
. [ d
In the same way, using the H2 estimate of Lemma 17.12, one can show |8U§k+1)|H%(r ) <Cez. O
£
Y Y Y Y
@i || @ dyy || da2 || das || da4 || 935
ass Aoy || G2 || a3 || 24 || d2s
3 3 3 a34 || d35 a3y || 932 || d33 || 34 || 35
A
QA3 || Q44 || Q45 g1 || Qa2 || 43 || Q44 || A45
5 Qsy || ds3 || As4 || ds5 ds1 || G52 || As53 || G54 || dss

Figure 12: Visualisation of the reordering of the sums in (17.39),(17.40) [23].

We are now able to state the main result regarding the asymptotic expansion of the state u, (cf.
Theorem 12.14).

Theorem 17.18. Let k > 1 and a € (0, 1). There is a constant C > 0, such that

”ng) —yk) _ gd=2,(k) T, —ln(s)b(k)llg < Cel™@ ford =2, (17.43)
U — g — gd=2y® o T, < Ce for d = 3. (17.44)
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17 Analysis of the state equation

Proof. Again, we are only going to provide a proof for the estimate in dimension d = 3. The proof for
d = 2 follows the same lines. Subtracting (17.1), (17.2) we obtain

J V(u, —1uy) -V dx = J (fa, —fa)w dx  for all ¢ € Hy(D), (17.45)
D D

and thus, a change of variables with respect to T, entails

J VUl -V dx = 8J (fi—fa)o T dx = F(p), (17.46)
D w

€

forall p € H1 (D,). An application of Lemma 11.5, item (ii) shows ||F(1)||£ < Ce. Since U(l) vanishes on

the boundary I, UD =0and u¥ = 0, Lemma 17.16 yields the desired estimate (17.44) for k = 1. Next
we divide by ¢ and subtract the equation for U, that is, equation (17.8) for k = 2 and the rescaled
equation for 42y o T,, that is, equation (17.27) for k = 2 from (17.46) to obtain

f V(UP —U® 2P o T,). Vo dx=J ((fl—fz)oTg—(fl(xo)—fz(xo)))(f’ dx  (17.47)
D w

€

+ f (8,,U(2) —gd1 avR(lz)(ex)) p ds, (17.48)
Y

for ¢ € H%g(De). Recalling eUK) = y®) — y®) — 424, o T, and continuing this process we obtain
more generally for k > 3:

J V(EUékH)) -V dx _J _(k_z)((fl —f3)oT, —(f1(xo)—fz(xo)))(f7 dx
D

JZ A fz)(XO)[x] @ dx
k—{+1 .
TN p=2

j=1
(17.49)
for ¢ € H% (D,). A Taylor expansion of (f; — f,) o T, at € = 0 shows for all ¢ small enough:
v f1=f2)(xo)lx ]
J D (=T (o) —Falo) ) dx— J -t YL e,) p dx| < Cellgl..
w w (=1
(17.50)

for a constant C > 0. Furthermore, taking into account that

3VR§.[)(€X) = s_(d_zﬂ)avRS.“(x) forall€,j>1,
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17 Analysis of the state equation

(cf. (17.16),(17.14)) it follows from Lemma 17.12 and Hélder’s inequality that

k k—(+1 ' k k—{+1
J Dtk a,u— > et RO(ex) | ds| <D e |a,u0 = T 8RN ()
N =2 j=1 =2 j=1 Ly(TN)
d+1
<Ce 7 |lellL,mmy
d
<Ce2[l¢lle,
(17.51)

for a constant C > 0, where in the last step we used the continuity of the trace operator (cf. Lemma
11.5, item (iv)). Combining (17.50) and (17.51) we get ||F§k)||€ < Ce for a constant C > 0 and k > 2.
Additionally, we deduce from Corollary 17.17 that

1 d
e2)leUSH V|| oy + |€U£k+1)|H%(F) <Cez,

for a positive constant C > 0. Thus, Lemma 17.16 yields (17.44) and therefore finishes the proof. O

Example 17.19 (Spherical inclusion). We now assume that the inclusion w = B;(0) is the unit ball in
R? centered at the origin and fi, f, € R are constant. In this case we see that U@ £ 0and UK =0 for
all k > 3. Moreover, we have

U@ ()= (f, — f2) E(x—y)dy. (17.52)
B41(0)

Now we note that y — E(x — y) is harmonic for all x € R? \ B;(0) and thus by the mean value theorem
for harmonic functions

U (x) = (fi — £)IB1(0)[E(x)  for x € R?\ B;(0). (17.53)

This means that R(lz)(x) = (f1 — f2)|B1(0)|E(x) and Rﬁz)(x) = 0 for all £ > 2. Moreover, as mentioned
before, we have UK) = 0 for all k > 3, which implies that ng)(x) =0 forall £ > 1 and k > 3. Therefore

k @
. R , fork=2,
ZR(.k ) =11 (x), for (17.54)
= J 0, for k > 3.

This implies in particular that u®®) = 0 for all k > 3. Hence it follows from (17.18) that

U@ U@ —u@oT, —In(e)p®P =0 ford=2, (17.55)
ng) —U@ —eu@o T.,=0 ford=3, (17.56)
or equivalently
u, =ug+e? (UP o T, +u® +1In(e)b@), ford =2, (17.57)
u, =uy+¢° (s_l U®o TS_1 + u(z)), ford = 3. (17.58)
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We finally show that U® can be explicitly computed. In fact, U® solves
—AU® = (fi—f2)xs,0 1in RY. (17.59)

But since U®)(x) = (f1 = f2)|B1(0)|E(x) for all x € R?\ B;(0) and since U®@ is continuous it follows
that U (x) = (f; — £»)|B1(0)|E(x) on 8B;(0) and thus U® must be a solution to the inhomogeneous
Dirichlet problem: find U® € H'(B,(0)), such that U (x) = (f; — f5)|B;(0)|E(x) on 8B,(0) and

—AU® =(f,—f,) inB;(0). (17.60)

Employing polar coordinates, it is readily checked that the solution is given for d = 2 by

10142
gy < [P —D) forx e Bi(0) 4761
—(f1 = f2)z In(|x]) for x € R\ B1(0),
and in dimension d = 3 using spherical coordinates leads to:
10142
—(fi—f)z -3 f B;(0
p(y = [ =8)  forxeBi(0) .
(fi—=f)3m for x € R\ B1(0).

Note that, according to Example 17.11 and the fact that F®)(x) = f; — f, and |B;(x,)| is equal to 7 for
d = 2 and equal to 4?” for d = 3, we have

N In(|x]|), ford =2,
R(lz)(x) _ {@'_x’?, ford—3 (17.63)
Furthermore, the function u® was defined in (17.26) and is given by
—Au® =0 in D, (17.64)
u@ = —R(lz)(x —Xp) onT, (17.65)
—avu@) = R(lz)(x — Xg) on X. (17.66)

For a general domain D its solution cannot be explicitly computed. However, we know U®) explicitly and
thus can write the expansion of u, as follows

o [(FLZ2E 2 —xoP— D) +u®@ —1Ln(e))  for x €B,(x)),
U, =Ug+ & Fief ) i (17.67)
(—252 In(lx — xol) + u®) for x € D\ B,(xo),
and in dimension d = 3:
3 (—(fl_fz)%(€_3|x_x0|2—3)+u(2)) for x € B.(xo),
U =Ug+E Y (f—f, 1 @) _— (17.68)
( 3 m'i‘ll ) for x € D\ B,(xg).

Note that the In(¢) term in d = 2 disappears outside of B,(0) and that indeed u, —ug =0 on dD.
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18 Analysis of the averaged adjoint equation for the H' tracking-type cost function

18 Analysis of the averaged adjoint equation for the H! tracking-type cost
function

Since the analysis of the averaged adjoint variable for the L, tracking-type cost functional differs signif-
icantly from the analysis of the H! tracking-type cost functional, we split the cost functional ¢ defined
in (16.1) into two parts and treat each one separately. Thus, in this section we derive the asymptotics of
the averaged adjoint state g, for the H! tracking-type part of (16.1). The L, tracking-type part of (9.6)
is treated in Section 20.

Hence, in this section we are interested in the cost function

H£(Q) = azf [V (ug —ug)l* dx, (18.1)
D
where a, > 0 and ug € H(D) satisfies uq|r = gp and
— 1
JD Vug -V dx = JD faw dx +(gn, (p)H_%(FN)xH%(FN) for all ¢ € H;(D). (18.2)

The associated Lagrangian is given by

forallue v,ve ¥,

(18.3)
where % = H%(D) and ¥ = i+ with an element ii € H!(D) satisfying the boundary condition ii|; = gp.
For more details regarding such an affine setting we refer to Section 10. In view of (10.49) we deduce
the perturbed averaged adjoint equation: for € > 0 small find q, € H%(D), such that

— _ 2 . _ _
Z(e,u,v) :=ay fD |V (u—uy)| dx+fD Vu-Vv—fq vdx (gN’v)H*%(rN)xH%(rN)

1
f 0,4 (e,su, +(1—5)ug,q.)(¢)ds=0 forallp e H%(D). (18.4)
0

Or explicitly, evaluating the ds-integral, the perturbed averaged adjoint equation reads: find q, € H%(D),
such that

V- -Vq,dx = —aZJ V(u, +ug—2uy) Ve dx forallpe H%(D). (18.5)

D D

Similarly, we deduce the unperturbed adjoint equation: find q, € H%(D), such that

f Ve -Vqydx = —ZaZJ V(ug—uy) - Vedx forall p € H%(D). (18.6)
D D

Analogously to the definition of the variation of the state, we introduce the variation of the averaged
adjoint state.

Definition 18.1. For almost every x € D, we define the first variation of the averaged adjoint state g, by

QW(x) = (%) oT,(x) fore> 0. (18.7)
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More generally, we define the (k + 1)-th variation of g, for k > 1 and £ > 0 by

(K)_k) _gd=2,() o ] (k)
QS Q €7 °q .—In(e)c for d — 2’
Q(k+1) —
€

£
QUW_Qk)_gd—2()oT
< - 4 o ford = 3.

(18.8)

Subtracting (18.5), (18.6) changing variables with respect to T, and dividing the results by € > 0
shows that the first variation of the averaged adjoint state satisfies

J vQW . vy dx =—a, f VU . vy dx forall ¢ € HL (D,). (18.9)
D, D.

Since Q(gl) S H%(D), it follows that le) =—a, Ugl). Hence, one readily checks that we have the following
asymptotic expansion.

Theorem 18.2. For k > 1 let Q) := —a,U®), ¢ := —q,u® and ¢ := —a, b®), with UK defined in
Lemma 17.7, u® defined in (17.26) and b defined in (17.13). Additionally, let k > 1 and a € (0, 1).
Then there is a constant C > 0, such that for all € > 0 sufficiently small:

1QW — Q") — =24 o T, —In(e)c®|, < Ce'™® ford =2, (18.10)
1QW — QW) — gd=2¢® o T,||, < Ce for d = 3. (18.11)
Proof. Since Q) = —a, U the result follows from Theorem 17.18. O

Analogously to Lemma 17.15 we deduce the following recursion:

Lemma 18.3. Let ¢ > 0 be fixed. We have for all k > 2 and d = 2:

k—1
QE}) — 8k_1Q(Ek) = Z gt (Q(l) +e972¢0 6 T, + ln(s)c(f)) on D,, (18.12)
(=1

with ¢ defined in Theorem 18.2. Furthermore, we have for all k > 2 and d = 3:

k—1

Q-1 = 1 (P +e42¢WoT,), onD,. (18.13)

(=1
19 Complete topological expansion - H! tracking-type

In this section we compute the n-th topological derivative of the H! tracking-type part of the cost function
defined in (18.1). That is, we are deriving an asymptotic expansion of the form

£o(2) = £H(Q)+ D> ()" £, )(x0) + 0L, (e)), (19.1)

k=1
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19  Complete topological expansion - H! tracking-type

with _#,(Q2) defined asin (18.1). Here dk Z5(Q, w)(x,) denotes the k-th topological derivative with respect
to the initial domain Q for the perturbation shape w at the point x, and {; : R" — R* are continuous
functions satisfying

im Cri1(8)

li =0 d 1
sl\IlI(l)fk(S) an i

=0 fork>1.
eNo £ (g) orf=

As we will see, the logarithmic term In(g)c®) in the asymptotic expansion of the adjoint state variable
in d = 2 leads to a differing topological derivative compared to dimension d = 3. Thus, we will distin-
guish between both scenarios and derive a general formula of the topological derivative for both cases
separately.

The following lemma helps us compute the product of two finite sums in view of the asymptotic
behaviour with respect to € > 0.

Lemma 19.1. For N > 0, x € w and ¢ > 0 small let

N N

£ =D e, () + OV x),  go(x) = ) e"by(x) + O(eN 5 x),

n=0 n=0

where a,, b, : @ — R, n > 0 are functions independent of ¢. Then

N n
£ ()8 (x) = D "> a;(x)byi(x) + (N x). (19.2)
n=0 j=0

Proof. Let a,(x)=b,(x) =0 for n > N. The Cauchy product yields
(e e] o0 oo n
(Z e"an(x)) (Z e“bn(x)) =>16" > a;(x)b,j(x),
n=0 n=0 n=0 j=0

which finishes the proof. O

19.1 General formula for higher order topological derivatives in dimension two

In this section we address the topological derivatives in dimension d = 2. The next theorem states the
main result of this section:

Theorem 19.2. Let £,(¢) := |w,|, £5,(¢) = " In(¢)|w,| and £5,,1(¢) = €"|w,|, for n > 1. The topological
derivative of #, at x, € D \ Q and w C R? with 0 € w in dimension d = 2 is given by

d 25(Q, )(xe) = ((f2 — f1)0)(X0)s (19.3)
n—2
d*" £5(Q, )(xo) = ﬁ (Z }. f Vi(fo— f1)(xo)[x PP dx), (19.4)
j=07"Jo
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19  Complete topological expansion - H! tracking-type

4> g(Q, )(x0) = — f V(o — f1)0) (o) [x ]" dx

|| n!
L (551 o i)
+m . oﬁ VI(fy— f1) () [x PQ™ ) (x) dx (19.5)
Jj= w

n—2
+o ( J—l,f VI((— )" ) o)l dx>,

forn>1, where for{ > 1 q“),Q“) and ¢ are defined in Theorem 18.2.

Proof. Recall the Lagrangian introduced in (18.3). Let € > 0. In view of (10.27) we have
Ho(Qe) = L(e,u,,q.) = £(g,u0,q,), (19.6)

so that the cost function can be written only in terms of the averaged adjoint variable. Therefore, we
deduce

fZ(QS) _j(Q) = 2(8: Up, qe) _-’%(8: Up, qO) + g(‘g: Up, qO) _‘g(oﬁ Up, qO) (197)

Using Theorem 18.2, we now derive an expansion for both differences on the right hand side. Note that
this splitting resembles the methodology of the proof of Proposition 10.4.

Expansion of ¥(¢,ug,q9) —£(0,uy,qp):  We have
£ (&,up,q0) —£(0,ug,q0) = —J (f1 —f2)q0 dx
wE

(19.8)
= ¢t f ((fz —f1)CI0) oT, dx,

-~

:ZQOOT&:

where we used a change of variables in the last step. Hence, a Taylor expansion of ¢ — (g0 T, in € =0
yields

N kA k
N n v Xxo)lx
oo To(x) = Golxo) + Y sk—q"(k"))[ Ly o), (19.9)
k=1 ’
Now plugging the Taylor expansion (19.9) into (19.8) we get
£ (e,p,q0) = £(0, 0, o) _, SRR .
° qolw | edo. Go(xo) + Z kmﬁ V o (xo)[x 1€ dx + 0(eN*), (19.10)
€ k=1 Jow

where |w,| denotes the volume of w,. Thus, we have discovered one part of the n-th order topological
derivative.
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19  Complete topological expansion - H! tracking-type

Expansion of ¥ (¢,uq,q,) — £ (e,up,qp): We proceed in several steps. First, we compute

-‘f(s,uo,qg)—-‘f(s,uo,qo)=f Vug - V(g —q0) — fo,(qc —qo) dx — (gn>9: —q0) -1
D

H™Z(IN)xH 3 (V)

H™Z(IN)xH 2 (IN)

=J Vug - V(q, —q0) — fa(de —q0) dx — (&n>9: — o), 1
D

=0, in view of (17.2)

_f (fng — fa)(g. —qo) dx
D

=¢¢ J (fa—f1) o QP dx,

(19.11)

where in the last step we used a change of variables with respect to the transformation T, and the
definition ngl) = (g, — qo) © T.. We now substitute eQE}) by the recursion formula of Lemma 18.3 and

obtain

J (fa— f1)0T£Q(1) dx—Zf (fo— fl)ngnQ(n) dx
+ZJ (fo—f1) o T.e"q™ o T, dx
+ZJ (fo—f1) o T.e" In(e)c™ dx

+ f (f2—f1) o Tee" QMY dx.

Next we can expand all four terms:

* First term (19.12): We use Taylor’s expansion to write:

N Vj(fz_fl)(xo)[x]j

(o= f)oT(x)= Y ela;(x)+ 0(Nix),  aj(x) =

j=0 J!

For the proof we set Q® .=0o. Then, by Lemma 19.1 we have

N N n
(f2—fi) o To(x) (Z e"cz(”)(x)) =" (Z aj(x)Q("—”(x)) +0(N 1 x)

n=1 n=0 ]:0

and further, taking into account that Q® = QW) =

N
ZJ (fo—f1) o T,e"Q™ dx—z J ( a (x)Q(”_j)(x)> dx + (M.
=1Jw
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* Second term (19.13): Again we use Taylor’s formula to expand the functions ¢ — §™ o T, at e = 0
with §™ := (f, — f1)q", n > 1 to deduce
i) (o _ V)XY
4 (x) = Z /b V() + o(e"* x), bV (x) = , )

i (19.19)
j=0 '

Hence, a similar computation as in the first bullet point and an application of Lemma 19.1 yield

N
Zf ((f— — f)q™ )) oT; dx = Z (Z &l J bgn)(x) dx) + o(eN),
n=1Jw w

(ZJ bg"_j)(x) dx) +O(eNt),
= j=0J @

where we took into account ¢ = 0 and therefore b( ) =0 for j =0 as well.

(19.20)

|Mz

e Third term (19.14): In view of the terms aj(x), j = 0 introduced above in (19.16) we have

N N
ZJ e"In(e) (fo — f1) o Tec™ dx = (Z &l ln(s)f a;(x) dx) (Z snc(”)) +o(eN)
=1Jw

j=0 n=1
= Z e"In(e) (EJ aj(x)c("_j) dx) +o(eM),
n=2 j=0Jw

where we took into account that ¢! = 0.

(19.21)

e Fourth term (19.15): Applying Lemma 11.5, item (iii), to the last term and using the asymptotics
derived in Theorem 18.2 entails

J (fi — f2) o ToeV QW) dx| <CeN7||eQWHD||, < CeNH12, (19.22)
w

for a constant C > 0 and «a € (0, 1) sufficiently small.

Combining (19.18) - (19.22) leaves us with the expansion

N
(e, up, Qs?w /lg(&‘, Up,qo) =ﬁzg ( J a. (X)Q(k J)(x) dx) (19.23)
€ k=2 w
1 X k—2
+ > ek f b~ ”(x)dx) (19.24)
iz =
1 X
+ stk In(¢) (ZJ a; (x)c(k ) dx) +o(eM). (19.25)
k=2 w

From this formula, together with (19.10), we see that the n-th topological derivative is given by (19.3)-
(19.5). O
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19  Complete topological expansion - H! tracking-type

Remark 19.3. In the context of the previous part of this thesis (cf. Section 14.2), the first expansion we
considered in the proof correlates to the terms 8e(1)2(0, U, q0), 8(2),%(0, Up,qo)- Similarly, the second
part matches the terms 221 (ug, q), 2 (1o, qo). We observe that in both cases the latter require a more
involved analysis.

Corollary 19.4. The first five topological derivatives in dimension d = 2 read as follows:

d* (2, )(x0) =((f2 — f1)d0) (x0)s 1(e) = |wle?, (19.26)
d2 #,(9, ) (xo) =0, 0,(¢) = |w|e(e In(e)), (19.27)
& SO 0)x0) = L V((f2— f1)0) (x)lx] dx, ta(e) = wle?, (19.28)
d* £5(Q, w)(x0) =az[fr — £1(x)b®, y(e) = |wle*(eln(e)),  (19.29)
& SO0 0)x0) =57 L V(@) P dx () = |eole?, (19.30)

, alfih)x) l_w?)(x‘)) f U® dx (19.31)

+a,((fy —fz)u(z))(;:o)- (19.32)

19.1.1 Special cases

In this section we consider some special cases for our input data in dimension d = 2 and discuss how
this influences the topological derivative. At first, let the inhomogeneity be piecewise constant, that is,
assume fi, f, € R. Thus, it follows from (17.8) that U®) = 0 for k # 2. Additionally, we have Q) = 0
and b = ¢ =0, for k # 2. Since a;(x) denotes the j-th term of the Taylor’s expansion of (f, — f1)o T,
we further deduce that a;(x) = 0 for j > 0. These observations yield the following result:

Corollary 19.5. Assume that fi, f, € R. Let £,(¢) := |w,|, £5,(€) := €™ In(¢)|w,| and £,,1(e) = e"|w,],
for n > 1. The topological derivative of ¢, at x, € D\ € and w c R? with 0 € w in dimension d = 2 is
given by

d' £,(Q, 0)(x0) = (fo— fi)do(x0),  d*F(Q, w)(xe) =0, (19.33)
d3fz(n,w)(xO)=% f Vaoleo)xldx,  d* £o(@ )(xe) = (o — Fr)e®, (19.34)
000 = | P ax
L f—h f 0P (x) dx (19.35)
ol .

+(fo — f1)4P(x),

d*" #,(Q, w)(xq) =0, (19.36)
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19  Complete topological expansion - H! tracking-type

L=h ij V()" dix

A2 g,(9, w)(x) = o

h=f S . .
+ 2|w| 1 (jzzozj_!fwvlq( Do) xV dx>,

for n > 3, where q(f),Q“) and c¢¥, ¢ > 1 are defined in Theorem 18.2.

(19.37)

Next we consider a symmetric inclusion w € R%. To be precise, we assume that e can be written as
the union w™ U (—w™), where w* is a subset of w. Additionally, we require this union to overlap only
on a set of zero measure, i.e. |w" N (—w™)| = 0. For example the square (—1,1) x (—1,1) and the unit
sphere satisfy this property. One readily checks that

J th(xo)[x]k dx =0 for k odd, (19.38)

for a sufficiently smooth function h, since the integrand is an odd function. As a result, the odd numbered
boundary layer correctors and the corresponding logarithmic terms vanish. That is,

Ul =QW) =0 fork odd,
bW =c®) =0 for k odd.

Additionally, since we derived the topological derivative by expanding qo, f> — f; and ¢, k > 2 with
the help of Taylor’s expansion, some terms in the general formula can be skipped by the same argument.
These considerations yield the following corollary:

Corollary 19.6. Assume that f;, f, € R and the perturbation shape w is symmetric. Let £,(¢) := |w,],
ly,(e) = e"In(e)|w,| and £5,,(e) = €"|w,|, for n > 1. The topological derivative of #, at x, € D\ Q
and o C R? with 0 € w in dimension d = 2 is given by

dlfz(ﬂ, w)(x0) = (f2 — f1)q0(x0), dzfz(ﬂa w)(xg) =0, (19.39)
d® 2,(2, 0)(x) =0, d* £,(Q, w)(x0) = (f — f1)c?, (19.40)
& 00000 =250 | Vaeola ax
Lf—h f 0P (x) dx (19.41)
lol ),
+(fs —fl)q(z)(xo),
d?" #,(Q, w)(x) =0, (19.42)
42" g9, ) (xy) =2 2|_f 11 f Vi go(xo)x]" dx
w|l n!J,
2 (19.43)
+ f—zlwlfl JZ(; (2—])' Jw szq(”_2j)(x0)[x]2j dx for n even,
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19  Complete topological expansion - H! tracking-type

n—3

dZ"sz(Q,w)(xo):% Z(z%)'f v g2 (x)[x 1% dx for n odd, (19.44)
j=0 o

for n > 3, where q(’z),Qm and ¢, ¢ > 1 are defined in Theorem 18.2.

Let us finish this section by computing the first five topological derivatives for the unit ball perturba-
tion shape and constant functions f;, f, € R. Note that, in view of Example 17.19, we have an explicit
formulation of the corrector U®.

Corollary 19.7. For the inclusion w := B;(0) the unit ball in R? centered at the origin and f;, f, € R, the
first five topological derivatives in dimension d = 2 read:

d' 2,92, )(x0) =(f> — f1)q0(x0), 04(e) = |wle?,
42 4,(Q, w)(x,) =0, ly(e) = |w|e?(eIn(e)),
d® £,(92, )(x0) =0, 05(e) = |ele?,

_ 2
d* £,(Q, w)(xp) =— M, 04(e) = |w|e(e1n(e)),
& (0, ) =L f V2qo(xo)[x ] dx (5(6) = leole™.

n az(fl _fz)2
8

+ ay(fi —fz)u(z)(xo),

Proof. Following Example 17.19, we have U® = —(f; —fz)% (1 —|x]) for x € B;(0). Hence, we can
compute the integral of U®® explicitly and obtain

J U dx = (f1 _fz)g-

Taking into account vanishing terms due to the symmetry of the inclusion, the result follows from Corol-
lary 19.4. O

19.2 General formula for higher order topological derivatives in dimension three

Similarly to the previous section one can derive the following result regarding the topological derivative
of the H' tracking-type part of the cost functional in dimension d = 3.

Theorem 19.8. Let £1(¢) := |w,| and £,(¢) = ¢ !|w,|, for n > 2. The topological derivative of #, at
xo € D\ Q and w C R® with 0 € w in dimension d = 3 is given by

d! £,(Q, w)(xp) = ((fz —fl)CIo)(Xo): d* £,(Q, w)(xo) = ﬁ J V((fz —f1)CI0)(X0)[X] dx, (19.45)
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19  Complete topological expansion - H! tracking-type

d"! 2,(Q, w)(xg) = ﬁnij "((f2— f1)90) (x0)x]

ol (Z—.L Vj(fz—fl)(xo)[x]jQ("_j)(x)dx) (19.46)
|co| (Z f VI((f = a7 ) (x)[x Y dx)

for n > 2, where q“),Q“) and ¢¥, ¢ > 1 are defined in Theorem 18.2.

Proof. This can be shown similarly to the proof in dimension d = 2. The main difference is the shift in the
third term of (19.46), which is a result of the factor ¢972 = ¢! in Lemma 18.3. Additionally, the absence of
the logarithmic terms leads to a clearer representation of the general formula of the topological derivative
compared to the two dimensional case. O

Similarly to Corollary 19.4, we deduce the following result.

Corollary 19.9. The first five topological derivatives in terms of the correctors of Ugl) in dimensiond = 3
read

d’ 2,2, 0)(xo) =((f2 = £1)90) (xo); £1(e) = |wle?,
dzfz(ﬂ,w)(x())=ﬁj V((f2— f1)q0)(xo)[x] dx, ly(e) = |wle?,
dsfz(ﬂ, )(xp) Zﬁj Vz((fz —fl)CIo)(Xo)[X]2 dx l5(e) = |<0|55,
N az(fl —fz)(xo) J U® dx,
d4f2(Q, w)(xp) =L| J VS((fz _fl)CIo)(xo)[x]3 dx ly(e) = |w|€6,
, @lfi = fo)(x0) J ) gy
el

m(f V(fl-fz)(xa[xw@kx)dx)

+ 22 U ((f1 = f2)u®)(xo) dX),
lwl \ J,
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d° 25(Q, w)(xo) =

YIS |J VH(f2= £1)90)(xo)[x]* dx ls(e) = |wle”.

a2 fl (XO)J (4) dx
|ew]

+ |%| (J V(i = £2)(x)[xJUP(x) dx)

m (L) Vz(fl _fz)(xo)[x]zU(z)(X) dx)

)
" 2ol
+ 22 (J ((fl —fz)u(B))(xo) dx)
lwl \ J,,
+ I%I (J V((f1 — f2)u®)(xo)[x] dX) ,

20 Analysis of the averaged adjoint equation for the L, tracking-type cost
function

In this section we derive the asymptotic expansion of the averaged adjoint state g, for the L, tracking-type
part of (16.1). The analysis differs significantly from the H' tracking-type cost function and involves the
fundamental solution of the biharmonic equation. Since the fundamental solution is not homogeneous
in dimension d = 2, the analysis in this case is more complicated and requires the introduction of several
regular corrector equations. In this section, our objective function is

H(Q) = a1J (uqg —ug)* dx, (20.1)

D

where a; > 0 and ug, € H(D) satisfies uq|r = gp and

f Vug -V dx = J faw dx +(gn,p) _1 for all ¢ EH%(D). (20.2)
D D

H™3(IN)xH 3 (IN)

In analogy to (18.3) the associated Lagrangian is given by

— _ 2 . — —
Z(e,u,v):=a, fD(tp ug)”dx + fD Vu-Vv—fqvdx (gN’v)H—z(rN)tz(rN) forallue¥v,ve¥,
(20.3)

where # = H%(D) and ¥ = i+ with an element i € H'(D) satisfying the boundary condition ii|; = gp.
Now, the averaged adjoint equation reads: for € > 0 find q, € H%(D), such that

1
J 0, % (e,su, +(1—s)ug,q.)(p)ds=0 forall p € H%(D). (20.4)
0
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20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

Or explicitly, evaluating the ds-integral, the perturbed averaged adjoint equation reads: find q, € H}(D),
such that

f Ve -Vq, dx =—oy f (up, +ug—2uy)p dx forall p € H%(D). (20.5)
D D

Similarly, the unperturbed averaged adjoint equation reads: find g, € H%(D), such that

f Ve -Vqydx =—a, f (2ug—2ug)p dx forall p € H%(D). (20.6)
D D

Due to the differing boundary layer correctors occurring in the analysis of the averaged adjoint state
variable associated with this specific cost functional, some modifications of the variation of the averaged
adjoint state compared to the direct state have to be considered. We will introduce them in the following:

Definition 20.1. For almost every x € D, we define the first variation of the averaged adjoint state q, by
MWy .— (de — 40
Q. (x):=(——)oT(x) fore>0. (20.7)
€
More generally, we define the (k + 1)-th variation of g, for k > 1 and € > 0 by

ford =2,
for d = 3.

Q(gk)_ng(k)_gd—zLgk)ng_Edq(k)ng_gd—z m®oT,—In(e)n®oT,
QU+ = (20.8)

£
QW—2QM)_gd=2[ 00T, —dqoT, —gd-2m®or,
£

Here, Q%), m® and n® aim to approximate U, u® and b, respectively, whereas L™ and ¢ correct
the error on the boundary, which is introduced by Q.

As a result of Definition 20.1, we get the following analogue to Lemma 17.15.

Lemma 20.2. We have fork>2and d = 2

k=1
le) — sk_ngk) = Z g1 (EZQ“) + ed_szf) oT, +edqV o T, + £72m o T, + In(e)n® o T,), (20.9)
(=1

and fork>2and d =3

k—1

le) _ Sk—ngk) — el1 (EZQ(Z) + gd—ngf) oT, + Edq(lf) oT, + a2 o Ts) . (20.10)

=1

Proof. Similarly to Lemma 17.15, this follows from induction arguments. O
In the following we introduce the corrector variables appearing in Definition 20.1. The methodology

resembles our approaches utilised in the previous sections of this thesis covering asymptotic expansions.

Nonetheless, we will proceed with more detailed steps, since the number of correctors is significantly

larger.
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20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

Lemma 20.3. For k > 2 let Q¥ (x) := —q; fw ¢ (x —y)F®(y) dy, where

& (|xlPIn(lx) = [x[*)  ford =2,

20.11
—%|X| ford =3, ( )

¢(x):={

denotes the fundamental solution of the biharmonic equation (see [65, Section 4.2, pp. 201]) and F(*)
is defined in Lemma 17.7. Then Q¥ satisfies

f vQ® . vy dx = —alf Uy dx forall p € Ccl(Rd). (20.12)
Rd Rd

Moreover, in dimension d = 2, Q(k) has the asymptotic behaviour

QW (x) =AY () In(|x]) + AL (x) In(|x|) + AL () In(|x])

Q) Q) ) k) (d—24+N+1) (20.13)
+B39) + BL(x) + B () + D 1 5(x) + o (x| ),
(=1
and in dimension d = 3, we have
N
QM) =AP () + AP () + A% () + D88 (x) + O (|x 742N, (20.14)

(=1

for |x| —» oo, where N > 1, Agk),ng) are homogeneous of degree i and Si(k) are homogeneous of degree
—(d—2+1).

Proof. Similarly to [67, Lemma 4.1, pp. 54], one can show that Q¥ € C%(R?) and

9x,0 jQ = alf 9x,0 j¢(x y) (y)dy

Since —A¢ = E, where E denotes the fundamental solution of the Laplace equation introduced in (17.5),
one readily follows

—2QW = a; J Ap(x=yIFO(y) dy = —a; f E(x—y)FP(y)dy = —a;U®  onRY,

w

where in the last step we used (17.7). This shows (20.12). Now, the asymptotic behaviour (20.13),(20.14)
follows from a Taylor’s expansion of ¢. O

Example 20.4. The terms Sgk) :R? — R are given for k > 2 and { > 1 by

1
S = g5 f 329 (x = t))leoF P (y) dy, (20.15)
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20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

with F®(y) := (k—12)! vk=2 ( fi— fz)(xo)[ y1¥72. Additionally, the leading terms can be explicitly computed
ford =2 as

AP =— g—IIXIZJ FOy)dy, (20.16)
T w
a
AP =1 f x-yFOy) dy, (20.17)
w
A%k)(x)=—:—;f yPFOG) dy, (20.18)
w
a
Bé")(x)=§|x|zj FO(y) dy, (20.19)
a
BP0 =—7 f x-yFO) dy, (20.20)
(k) aq (x 'J’)Z |)’|2 (k)
B N _ )\ F d 20.21
and similarly for d = 3 the leading terms are given as
a
AP @) = Ix| J FO(y) dy, (20.22)
Ay == 2L [ 2 gy gy, (20.23)
81 ), |x|
2 2 _ . 2
AWy =2 [ (=00 poogyy g, (20.24)
167 ), |x|3

Next we will look at the remaining components of (20.8).

Definition 20.5. For k > 3 we define the corrector ') € H'(D) as the unique solution to

k
q(k) = —Zslgk_e)(x —xo) onT, (20.25)
=1
k
J vqW® . vy dx = f (Z avsgk_e)(x — xo)) ¢ dS forall o € HL(D), (20.26)
D N \¢=1

where we introduce 550) = Sgl) = 0 for £ > 1. Additionally, we define for k > 2 the corrector m®) e H%(D)
as the unique solution to

J vm® . vedx = —a1J uMepdx forall g e H%(D), (20.27)
D D
and n® e H%(D) as the unique solution to

f vn® . vedx =—a, b(k)f pdx forall p € H%(D). (20.28)
D D
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20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

For the sake of completeness we introduce the remaining correctors.

Definition 20.6. We define
QW=o,

as well as
@W=o0, ¢P=0, mP=0, nM=o.

The function Q) approximates Q(gk) inside w but introduces an error on the boundary d D, in analogy

to the approximation of the variation of the state ng) by the boundary layer correctors U®). The main
difference now is that the asymptotic behaviour of Q(k) (see (20.13), (20.14)) requires the first six terms
in dimension d = 2 and the first three terms in dimension d = 3 to be corrected during each step. This
can readily be done for homogeneous terms, whereas the logarithm occurring in dimension two causes
some issues that require special attention. We illustrate the procedure for the Dirichlet boundary T, in the
following. In view of the expansion (20.13) of Q(k) in dimension d = 2, we can correct the error produced
by Q) on the boundary part T, by correcting the terms In(] - |)A5k)(-),B§k)(-), i =0,1,2 individually.
In order to correct a term f(x) (e.g. f(x) = ng)(x)) on the boundary T, which we assume is homo-
geneous of degree r, we introduce a regular corrector s € H'(D) defined on the fixed domain D, such
that s|p = —f (x — x(). Now rescaling s to the domain D, yields s o T, |, = —f(ex). Hence, since f is
homogeneous of degree r, we just need to scale s by the factor €™ to obtain

€50 Tl =~ f(ex) = —F (x)

Utilising this method, we can correct the terms Bl(k), i = 0,1, 2. Unfortunately, the terms 1n(|x|)A(ik)(x),
i =0,1,2 are not homogeneous, since the natural logarithm admits the additive property

In(lex|) =1In(e) +In(|x]) for all € > 0.

Thus, correcting a term f (x)In(|x]|) (e.g. f(x) = A(lk)(x)), where f is homogeneous of degree r, with a
function s defined on the fixed domain and boundary values s| = —f (x — x) In(|x — x;|) yields

e "soTe|r, = —f (x)In(|x|) — f (x) In(e). (20.29)

Hence, the scaled function s corrects f (x)In(|x|), but also introduces the new error —f (x)In(¢) on the
boundary I,. Fortunately, this term can be corrected by another function s’ € H'(D) with boundary values
s’|p = f(x — x) scaled by the factor e " In(¢):

e7750 Ty, +In(e)e s’ o T, lp, =—f (x) In(|x]).

In this way we can correct every function Agk), Bfk) appearing in (20.13), (20.14). Summarising, ford = 2,

0 k) U
0 ’Bl ’B2

for each function In(] - |)A(Ok)(-), In(| - |)A(1k)(-), In(| - |)A(2k)(-), which makes a total of 9 corrector equations.
This motivates the following definition.

we need to introduce one corrector equation for each function B and two corrector equations

Definition 20.7. Fork > 2 and d = 2 let

Lf?k) = sgk) + ln(s)sgk) + ssgk) +e ln(e)sgrk) + szsgk) + &2 ln(e)sék) + sgk) + esgk) + ezsgk), (20.30)

(

where sik) € HY(D), i € {1, ...,9} are the unique solutions to the following set of equations:
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. . ()
(i) corrector equations for A, ”(x)In(|x|)

> sgk) — —A(Zk)(x — Xo)In(|x — xp|) on T and
J vs®. Vg dx = f 0, (AP~ xo)In(x—xoD)) ¢ s forall  €H}(D). (203D
D r
> Sgk) :A(zk)(x — Xo) on I and

f ngk) Ve dx = —f a, (A(zk)(x —xo)) pdS forall p € H%(D). (20.32)
D v

(ii) corrector equations for A(lk)(x)ln(IxI)

> sgk) = —A(lk)(x —xo)In(]x — xp|) on ' and
Us$) v dx= | 8,(AP(x—x)In(lx—xo])) ¢ dS forall p € HY(D). (20.33
3 % v A 0 o) )¢ orall p € H(D). (20.33)
D v
> ssrk) =A(1k)(x —Xxp) on I' and

f Vs v dx = —J 8,(AP(x—x)) ¢ ds  forall p € HL(D). (20.34)
D v
(iii) corrector equations for A%k)(x)ln(|x|)
> sgk) = —Ag()(x —Xxo)In(|x — xp|) on T and
f vs® . v dx = f 8, (AP (x — xo)In(|x — xo[)) ¢ S for all ¢ € H(D). (20.35)
D v
> sék) :Ag)k)(x —Xp) on T and
f ngk) Ve dx = —f 2, (Ag{)(x —xo)) pdS forall pe H%(D). (20.36)
D N

. . k
(iv) corrector equation for Bg )(x)

> s(7k) = —ng)(x —Xxp) on I' and

f vs® . v dx = f 8,(B(x —x0))p S forall ¢ € HL(D). (20.37)
D N

: (k)
(v) corrector equation for By ’(x)

136



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

> sg() = —ng)(x —Xp) on T and

J ngk) Ve dx = J a, (ng)(x —xo)) pdS forall p € H%(D). (20.38)
D v

(vi) corrector equation for B(()k)(x)

> sgk) = —B(()k)(x —Xp) on T and
f Vs . v dx = f 2, (ng>(x —xo)) ¢ dS forall p € HA(D). (20.39)
D ™

Since the three leading terms of QW k > 2 in dimension d = 3 are homogeneous functions, we
deduce that each one can be treated by a single corrector equation. This makes a total of three corrector
equations, which we introduce in the following definition.

Definition 20.8. For k > 2 and d = 3 let
k) . (k) (k) | 2.(k)
Lg ) =8 tesy +etsy, (20.40)
(k)

where s;” € H 1(D), i € {1,2,3} are the unique solutions to the following set of equations:
. . k
(i) corrector equation for A(1 )(x)

> sgk) = —A(lk)(x —Xxp) on I' and

f ngk) -Vpdx = f &’vA(lk)(x —Xxg)p dS forall p € H%(D). (20.41)
D e
.. . k
(ii) corrector equation for AE) )(x)
> sgk) = —A%k)(x —Xp) on T and
f ngk) -Vpdx = f avAE)k)(x —Xxg)p dS forall p € H%(D). (20.42)
D v
(iii) corrector equation for A(_kl) (x)
> sgk) = —A(_kl)(x —Xp) on T and

J ngk) -Vedx = J 81,A(_k1)(x —Xxg)p dS forall ¢ € H%(D). (20.43)
D v

Remark 20.9. Note that contrary to the asymptotic expansion of the state variable, where u® # 0, the
corresponding corrector ¢ vanishes in our expansion (cf. Definition 20.6). This is possible, since the
additional corrector ng) addresses the leading order terms of Q?). This behaviour can also be observed
for k > 3, where the correctors Lgk) allow a shift in the sum of the leading terms Sg{) (cf. (20.25) vs.
(17.25)).
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20 Analysis of the averaged adjoint equation for the L, tracking-type cost function

Lemma 20.10. Let k > 2 and ¢ > 0 small. Then there holds
N
£2QW 4+ ¢4 2LW o T, = ¢2 (Z s + ﬁ(lxl_(d_2+N+1))) onT,, (20.44)
(=1
for N > 1.

Proof. We restrict our proof to dimension d = 2. The three dimensional case follows from similar argu-
(k) ng), i € {0,1,2} are homogeneous of degree i, Definition 20.7 entails that

ments. Since A;", B;

L® o T, = -2 (AP () In(x]) + AL ) In(lx) + AP ) In(lx]) + B (x) + B () + B (x) ), (20.45)

on I,. Hence, the asymptotic behaviour (20.13) of Q) yields the desired result. O

As a result of this pointwise behaviour of Q%), we get the following boundary estimates in the L,
1 .
norm and H?2 semi-norm:

Corollary 20.11. For k > 2 and d = 2 we have
ez ||Q(sk) —e2Q — sd_ngk) oT,—e9q® o T, —ed2m® o T, —In(e)n® o Tellp, ) SCS%”LZ, (20.46)
Ing) —e2Q — sd_ngk) oT,—e?q® o T, —e¥2m® o T, —In(e)n® o TS'H%(F ) SC8%+2, (20.47)
1628,Q® + 9728, L0 o T, ||, oy <CeF 2. (20.48)

Similarly, we have for k > 2 and d =3

£z ||Q(€k) —e2Q — sd_2Lgk) oT,—elqg®oT, —ed2m® o Tellp, ) SC8%+2, (20.49)
IQ(Ek) —e2QW — sd_ZLgk) oT,—elqg®oT, —e?2m® o TElH%(r ) <Ce? 2 (20.50)
1628,Q® + £928,L% o T, |, vy <Ce T *2. (20.51)

Proof. First, we observe that m®¥) = n®) = 0 on T'. Hence, employing the recursion in Lemma 20.10
and (20.25), we can follow the steps of the proof of Corollary 17.17 to obtain the desired boundary
estimates. The increased order of £2 stems from the occurrence of the corresponding factor in front of
each contributing corrector in the asymptotic expansion. O

We have now gathered all ingredients to prove the following main result establishing the remainder
estimate for the asymptotic behaviour of ng).

Theorem 20.12. Let k > 1, ¢ > 0 small and a € (0, 1). There is a constant C > 0, such that

||ng) —e2QW — ed_ZLgk) oT,— edg®o T,.— ed2m o T,— In(e)n® o T, <Ce™@ ford =2,
(20.52)

QM) —£2QW) — 2L o T, g o T, — e 2m® o T, ||, < Ce  ford =3, (20.53)

where we further introduce Lgl) =0.
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Proof. We shall only give a sketch of the proof for d = 2, as the idea is similar to the proof of Theorem
17.18. At first, we note that there holds

J vQW . v dx = —62a1J UMy dx forall p € HL (D,). (20.54)
D, D,

Thus, an application of Holder’s inequality and the estimate ||U§1)|| . < Cel™* yield
IRl < ce' 7, (20.55)

for a positive constant C > 0. Here, we additionally used that QS) has homogeneous boundary values on
I,. Next, we seek a governing equation for V%) := Q@ —¢2Q@—?2[ Do T, —e2m@oT,—In(e)nPoT,.
Reformulating the respective equations on the scaled domain D, entails

f vv® . Ve dx =—¢’a; f (UP - U@ — 2@ o T, —In(e)b@)  dx (20.56)
D, D,
+ J 3,(e2QW +2L@ o T,) p dS, (20.57)
N

for all p € H% (D,). Now we can deduce from Lemma 17.16, Corollary 20.11 and Theorem 17.18 that
there is a positive constant C > 0, such that

VP, < ce'™, (20.58)

which shows the estimate (20.52) for k = 2. Now successively dividing by ¢ > 0 and subtracting the
respective terms, one can check that the estimate holds for k > 3. O

21 Complete topological expansion - L, tracking-type

In this section we compute the n-th topological derivative of the L, tracking-type part of the cost function
defined in (18.1). That is, we are deriving an asymptotic expansion of the form

A1(2.) = £1(2) + D £(£)d* (9, 0)(x0) + 0(€,(e)), (21.1)

k=1

with ¢ (Q) defined in (20.1). Here d*_#,(£, w)(x,) denotes the k-th topological derivative with respect
to the initial domain Q and perturbation shape w at the point x, and £; : R" — R are continuous
functions satisfying

im Cri1(e)

li = \
s{l})ﬂk(s) 0 and 1

=0 fork=>1.
eN0 L (e of

As we will see, the terms of logarithmic order, which occur in the asymptotic expansion of the adjoint
state variable in d = 2, lead to a differing topological derivative compared to dimension d = 3. Thus,
we will distinguish between both scenarios and derive a general formula of the topological derivative for
both cases separately.
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21 Complete topological expansion - L, tracking-type

21.1 General formula for higher order topological derivatives in dimension two

In this section we restrict ourselves to dimension d = 2 and present the following result:

Theorem 21.1. Let £,(¢) := |w,|, £5,(e) = " In(e)|w,| and £, () = €"|w,|, for n > 1. The topological
derivative of ¢, at x, € D \ Q and w C R? with 0 € w in dimension d = 2 is given by

d' #1(Q, w)(xo) = ((fz —fl)CIo)(Xo): d* #(Q, w)(xo) =0, (21.2)

(@, w)(xo)—ﬁﬂ "((f2 = f1)Po) (xo)[x]" dx

% f Vj(fz _fl)(xo)[x]jQ(n_z_j)(x) dx)

VI ((fa = )5 ) )P dX)

7
e > &

V(= AT ) ()Y dx)
1 f V(= s8N (o) x Y dx)

(21.3)

1 f VI((fo = f)sT 2 ) () x Y dx

n—3
D f Vi((fa— )58 P) ) ¥ dx)

- J VI((F2 = £)a" ) (o) x P dx)

+|13|(:211—, J VI ((f2 = F)sy ) el ¥ dx)

f VI((f2 =AM ) (o) [x Y dX),
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21 Complete topological expansion - L, tracking-type

n—2
& A9 )0 = (Z ; J V(o= F58 ) o) dx)
=0 Jo

L (S (o (n-1-)) :
+ Tl | - j_!J V]((fz —f1)sy )(Xo)[X]J dx
= r"’ (21.4)
' ﬁ ( ]1 | PG o)l dx)
1 (221 . ) .
ol (j:o i VI ((fa = fOn ) (o) x Y dXJ ,

for n > 1, where for £ > 1, i € {1,...,9}, Q¥ are defined in Lemma 20.3, sl@ in Definition 20.7 and
q©, m n® are defined in (20.26), (20.27) and (20.28), respectively.

Proof. We follow a similar approach to the proof of Theorem 19.2. Therefore, recall the Lagrangian
introduced in (20.3). Let € > 0. We first observe by testing (20.4) with ¢ = u, —u, that

fl(ﬂs) z‘g(g’ uEJ qE) z‘g(&‘i uo’ qE)J (21'5)
so that the cost function can be written only in terms of the averaged adjoint variable. Thus, we have
fI(QS) _jl(ﬂ) = 2(83 Up, qe) - 3(8’ Up, qO) + 2(8, U, qO) - 'Z(O: Up, qO) (216)

Employing Theorem 20.12, we now derive an expansion for both differences on the right hand side.

Expansion of £ (¢g,uy,qy) — £(0,uq,q9): The expansion of this difference is obtained by a Taylor ex-
pansion as shown in (19.8)-(19.10):

g(gﬁ Up, qO) - 2(0: Up, qO)
e, |

N
. 11 .
= go(xo) +Z€HW5J V'o(xo)[x]"dx + ("), N>1, (21.7)
n=1 Jow

where §o = (f2 = f1)qo-

Expansion of ¥(¢,uq,q,) — £(e,up,qp): We proceed as in (19.11) and obtain with the definition
ngl)(x) = (g, —qp) o T. and a change of variables:

L(e,up,q.) — L(€,u9,qo) = ¢ J (fo—f1)o TgeQ(gl) dx. (21.8)
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21 Complete topological expansion - L, tracking-type

Substituting eQ(gl) by the recursion formula of Lemma 20.2 leads to

N
f (fa—fi)e TEEQE;D dx :Z (fy— f1) o T,e""2QM dx (21.9)
w n=1+J w
Nor
+ZJ (fo—fi)oT.e"LM o T, dx (21.10)
n=1J w
N
+ZJ (fo—fi)o Tee"?q™ o T, dx (21.11)
n=1Jw
N
+ZJ (fo—fi)oTee"m™ o T, dx (21.12)
n=1Jw
Nor
+>. J (fo— f1)© T.e" In(e)n™ o T, dx (21.13)
n=1Jw

+f (fo—f1) o Te" QN dx. (21.14)

Now we can expand all six terms:

* First term (21.9): We use a Taylor’s expansion to write:

N o .
(fa=fi)eTe= Zgjaj(X) +0(e"hx),  ai(x):= V(£ fjl!)(xo)[x]]-

j=0

(21.15)

For the proof we let Q© .= 0, and QY) := 0 and aj :=0 for all j > N. Then, by Lemma 19.1 we
have

N N—-2 n
(fa—f)oT, (Ze”*zQ(”)) =D et (Z aj(x)Q(”‘f)(x)) +0(" 1 x), (21.16)
n=1 n=0 j=0

and therefore

N N n—4
>, f (fo—f1) e"2QM™ dx =28“J (Z aj(x)Q(”_Z_j)(x)) dx+ 0V, (21.17)
n=1Jw n=4 w \ j=0

where we took into account Q@ = Q1) = .

* Second term (21.10): In order to derive the correct formula, we first need to split the corrector Lg)
into its components. That is, we have

Lgk) = Sge) + ln(e)sg) + 85;@) +¢ ln(s)sff) + ezsg) + &2 ln(e)sg) + sg) + esg) + ezsg). (21.18)

Next, we use Taylor’s formula to expand the functions & —» §En) o T, with s“é”) = (( fo—fi )s§")),
n>1and/{ €{1,...,9} to deduce

N VI3 () x Y
§VoT,(x)= > eb) + (N x),  B(x) = —L (21.19)

j=0
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21 Complete topological expansion - L, tracking-type

Hence, a similar computation to the previous one yields

if e ((f2 —fl)sgn)) oT,(x)dx = Z (Z ¢l f bg"lj)(x) dx) +0(eMNth

n=1 n=1

:Zgn (Z J by (x) dx) +0(eN),
j=0Je

(21.20)

where we took into account that sgl) = 0 and therefore bglj) = 0 for j = 0 as well. With the same
arguments we get

N N n—2
> f In(e)e™ ((f,— f)sg”) o Te dx = > In(e)e™ (Z f b;’jj‘f)(x)dx)m(e’v), (21.21)
n=1J w n=2 j=0J w

N N n—3
2. f "1 ((fy— i) o T, dFZE“(Z J oy l‘f)(x)dx)M(sN“), (21.22)
n=1J w n=3 j=0J w

N N n—3
ZJ In(e)e™*? ((fz —fl)sg")) oT,dx :Zln(s)e" J bf:j_l_j)(x) dx) +o(eV), (21.23)
n=1J w w

n=3 j=0

N

N n—4
2. f &2 ((f = f)s) o T, dFZS"( f €Y dx)w(eN“), (21.24)
=1Jw n=4 w
J 1n(£)£"+2 (f fl)s( ))o T, dx —Zln(s)s (ZJ b(r}j_z_j)(x) dx) +o(eN), (21.25)
N N n—2 .
ZJ e ((fo—fi)sS) o T, dx =) ™ (ZJ by (x) dx) + (N, (21.26)
=1Jw n=2 j=0J w
N N n—3 .
ZJ gt ((fz —fl)sg")) oT, dx =Z g" (ZJ bglj_l_”(x) dx) +0(eN ), (21.27)
n=1J w n=3 j=0Jw
5[ e
8n+2

n=1

N n—4
(f, —fl)sg")) oT, dx =) " (Zf bgilj_z_j)(x) dx) +o(eNY). (21.28)
n j=0J w

* Third term (21.11): Employing a Taylor’s expansion of ¢ — 4 o T, at ¢ = 0 where we denote
4" = (f— f)q"™ entails

N . .
. vig j
q(n) o Ts(x) — E qu'gn)(x) + 0(€N+1;X), an)(x) = q (')'CO)[X]

J!

j=0

R (21.29)
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for n > 1. Hence, one analogously computes

N N n—>5
2. J e ((f = fi)g™) o T dx = ¢" (ZJ 4" @) dx) +O(E),  (2130)
n=1Jw j=0J @

n=>5
where we took into account that ¢(1) = ¢ = 0, which explains the index shift.

Fourth term (21.12): Similarly, the expansion of & — M o T, at £ = 0 with ™ := (f, — f;)m™
reads

y | |
i Vi@ J
Ao T, () = Y M) + oV x), D) = Vi xo)xy (21.31)

j=0 J!
for n > 1 and yields

N N n—2
ZJ e ((fo— fm™) o T, dx = &" (ZJ " (x) dx) + 0N ). (21.32)
n=1J w j=0Jw

n=2

Fifth term (21.13): Again, we have by a Taylor’s expansion of ¢ — A(™ o T, at ¢ = 0 with the
notation A™ := (f, — f;)n{™ that

N - .
j VA (x)[x Y
Ao T,(x) = Y &AM ) + 0N x),  AM(x) = VIAT (xo)lx ¥
J Jj ]'

j=0

(21.33)

2

for n > 1 and therefore it follows that

—2

N N n
ZJ In(e)e" ((f,— f)n™) o T, dx = > In(e)e" (Z f A" (x) dx)—iro(sN). (21.34)
n=1J w n=2 j=0Jw

Sixth term (21.14): Applying Lemma 11.5 item (iii) to the last term and using the asymptotics
derived in Theorem 20.12, gives

SCSN_QHEQE‘NJ’_l)”g S C€N+1—2a, (2135)

f (fy—f2) o T.e" QMY dx

for a constant C > 0 and a € (0, 1) sufficiently small.

M Sibliothek,
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Now combining (21.17) - (21.35) shows the formula given in Theorem 21.1. O

We finish the section by stating the first five topological derivatives.
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21 Complete topological expansion - L, tracking-type

Corollary 21.2. The first five terms of the topological expansion in dimension d = 2 read:

dlfl(Q, w)(x0) =((f2 —fl)%)(xo),

d* #,(Q, w)(x,) =0,
1

d® #(9, w)(xp) =— J V((f2— f1)q0)(xo)[x] dx,

|l
(

d* £(9, 0)(x0) =((fy = £2)52) (xo0) + ((f1 = £2)n®) (xo),
d° (2, )(x;) =ﬁj V2((fo — f1)a0) (o) [x 2 dix

l1(e) = |wle?,

£y(e) = |wle?(eIn(e)),
£5(e) = w|e?,
£4(e) = |wle?(eIn(e)),

ls(e) = |wle*.

+ (= £2)52) o) + ((Fr = 2052 (x0)
+ ((fl —fz)m(z))(xo),

21.2 General formula for higher order topological derivatives in dimension three

In this section we give an analogous result to Theorem 21.1 in three space dimensions.

Theorem 21.3. For n > 1 let {,,(¢) := ¢"!|w,|. The topological derivative of # at x, € D\  and
w C R3 with 0 € w in dimension d = 3 is given by

A" 7(9, w)(xe) =

|w|n
n—41
|l \ =5 J!
L1 3
leo| \ < j!
j=0
RN
|| | & j!
j=0
RN
lw| \ & !
j=0
L1 =61
leo| \ < j!
j=0

-

[ , _
I ((f, = fsT ) ()Y dx

w

ro . |
V]((fz —fl)sgn_z_l))(xo)[x]J dx

[&]

f . . )
VI((fy = s ) (o) Y dx

w

w

w

e J V7((f2 = )a0)(xo)xT" dx

VI(fy = f1) () [x PQ2)(x) dX)

(21.36)

N— N

VI((f, = F)a" ) (o) [x Y dx

N—

(. . .
VI((f2 =AM ) () [x P dX),

for n > 0, where for £ > 1, i € {1,...,3}, Q¥ are defined in Lemma 20.3, sl@) in Definition 20.8 and
q(l), m are defined in (20.26) and (20.27), respectively.

Similarly to Corollary 21.2, we deduce the following result.
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Corollary 21.4. The first five terms of the topological derivative of the L, cost functional for dimension
d = 3 are given as

d'_#1(2, )(xo) =((f2 — f1)90)(x0)s 01(e) = |wle®,

dzfl(ﬂa )(xp) =ﬁj V((fz _fl)%)(xo)[x] dx, ly(e) = |<U|€4,

& ,(2, )(xo) =ﬁ f V2((fo — £1)0) (o) x 1 dix, £(6) = |wle5,

d* £,(2, »)(xo) =ﬁ J V3 ((fo — f1)0)(xo)x I dix, 04(e) = |wle®,
+ ((fl _fz)ng))(xo) + ((f1 _fz)m(z))(xo),

&5 ,(2, )(xo) =$ f V4((fo — f1)0)(xo)[x]* dix t(e) = lwle”.

+ ((fl _fz)sgz))(xo) + (f2_|+1|)(XO) f Q¥ dx
+((fy = £2)52) o) + ((fr = £2)m™) (o)
+ |1$|f V((f2— 1)) (x0)[x] dx

+e J V(s — f)m®)xo)lx] dx,

22 Conclusion

In this part of the thesis we investigated the complete topological expansion of two kinds of tracking-type
cost functionals, a gradient tracking and a L, tracking cost functional, subject to a PDE constraint in terms
of Poisson’s equation. We observed that the averaged adjoint approach presented in the previous part
entailed beneficial properties in view of a schematic derivation of arbitrary order topological derivatives.
Contrary to the observations gathered in the previous part, the analysis of the averaged adjoint variable
associated with the gradient cost functional did not lead to any complications. In fact, the corresponding
averaged adjoint equation entailed a linear correlation between the state variable u, and the averaged
adjoint state q,.. Thus, the asymptotic expansion was a direct consequence of the according results for the
state variable. On the other hand, the analysis of the averaged adjoint variable for the L, tracking-type
cost functional was more involved, as it included the fundamental solution of the biharmonic equation.
This complexity was further extended by the non-homogeneity of the first few terms of the fundamental
solution in dimension d = 2, which necessitated 9 different corrector equations. Nonetheless, we obtained
a schematic formula for both cost functionals which allowed further simplification by assumptions on the
right hand side of the state equation and the inclusion shape.

For future research it would be interesting to study the complete topological asymptotic expansion of
a PDE constrained cost functional, where a perturbation of the principal operator is considered. Since
the topological expansion mainly depends on the knowledge of the asymptotics of the averaged adjoint
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22 Conclusion

variable q,, we assume that a similar analysis can be carried out as long as the dependence of g, on the

state variable u, is well understood.

“aylolgig usip\ ML Te wuld ul ajgejrene si Sisay) 210190 Syl JO UoisiaA jeulblio panoidde ay L

“regBniian ayiolgig UsIp\ NL 19p Ue 1sI uoneuassig Jasalp uoisiaAfeulbuO apjonipab susiqoidde aiqg

qny a8pajmoud| JNoA

Sraylolqie

147



imisation

Part IV

Numerical results in the context of
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23 Topological state derivative

To conclude this thesis, we want to address the numerical aspects of topology optimisation. We therefore
follow a novel approach introduced in [42], which involves generalised singular perturbations - so-called
dilatations. In contrast to the previously discussed point perturbations, these allow to consider "higher
order" perturbations, e.g. a curve or a closed surface. This methodology was further addressed on an
analytical level in [24]. Based on the notion of the topological state derivative the authors investigated
the first order asymptotic expansion of a PDE constrained shape functional subject to such higher order
dilatations. In this context, the topological state derivative acts as the "interior" derivative of the state
variable and can be utilised in a chain rule approach to compute the first order expansion for various
shape functionals.

In what follows we are going to employ the topological state derivative in two different numerical
schemes. On the one hand, we are going to utilise this method in an approximated level-set approach and
compare its efficiency to the original level-set method introduced in [17]. Furthermore, we employ the
shape derivative discussed in Part I to mimic a steepest descend approach for the topological derivative
in the context of generalised dilatations. Since we put our focus on the numerical aspects in this section,
we are going to state the main results revolving around the topological state derivative without proofs.
For more insights on this topic, we refer to the article [24]. We are interested in the following problem
setting:

Problem formulation

Let D ¢ RY denote an open and bounded Lipschitz domain. Furthermore we define the admissible set
U,q :={Q c D| Q is Lipschitz }.

Our goal is

. _ 2
Qneqallzdj(ﬂ)—JD lug —uyl|® dx, (23.1)

where ug, is a given target and ug € Hé(D) solves

f Vug -V + palx,ug)e dx = f fap dx forall p € Hé(D). (23.2)
D D

Here, fo = fixa + f2xp\a With f1, f € R and the nonlinearity pg, satisfies

Palx,u) := g1 (1) xa(x) + g2(Wxp\alx),

where g, g, are C!, increasing and globally bounded in R*. For the sake of simplicity we introduce the
shape-to-state operator
S:.d —>H(1)(D), Q- ug.

Note that by our assumptions (23.2) admits a unique solution and thus S is well defined. We are interested
in the sensitivity analysis with respect to the following perturbations:
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23 Topological state derivative

Definition 23.1. Let Q € .¢/(D) and E C D be a compact set such that Q2N E = (. Furthermore, denote
by E, := {x € R? : dg(x) < ¢} the tubular neighbourhood of E of width £ > 0. We define the perturbed
set Q(E,) c D by

QUE, EcD\Q,

_ (23.3)
Q\E, EcCQ.

Q(E,) := {

Definition 23.2 (Topological state derivative). Let € .o/(D) and consider a compact set E € D\ Q or

E c Q. For ¢ > 0 we introduce
Uq(k,) — Uq

|E|
where ugg ), ug solve (23.2) on their respective sets. The topological state derivative of the shape-to-state
operator S at Q in direction E is defined by

Ug = UQ(EE) = (23.4)

5

S'(O(E) :=Uy :=Ugy = ll\r‘r(l) U,, (23.5)

where the limit has to be understood in an appropriate function space.
We have the following result covering the topological state derivative:

Theorem 23.3. Let E C Q or E C D\Q be either a point, a d — 1-dimensional Lipschitz surface with finite
perimeter or a 1 < k < d—1 dimensional compact and smooth submanifold without boundary. Then, for

everyqe[l,—dil),
. 1,4
U, » U, inW;*(D),
Es\,O 0 0 ( )

where U, is the unique solution to Uy = 0 on dD and

—AUg + 8,pq(x,ug)Uy = sgng(E) {(g2(ug) — g1(up)) + (f1 — f2)ug  inD,

and
5y if B = {xo},
Ug = Perl(E)(%”d_l |LE) if E is a d — 1 dimensional Lipschitz surface ,
%,}(E)(.%”kLE) else.

Here, 5™ denotes the n-dimensional Hausdorff measure.
Proof. A proof can be found in [24, Theorem 2.7]. O

Note that the PDE governing U, involves a measure on the right hand side. This topic is addressed
in [24, Section 2] in more detail.

Remark 23.4. A similar analysis can be carried out for linear PDEs including a point perturbation of the
operator (cf. [24, Section 3]). The limitation to point perturbations is a result of the first variation of the
state occurring in the analysis. This has not yet been studied with respect to generalised perturbations.
Furthermore, the topological state derivative of these transmission problems necessitates the introduction
of very-weak solutions and leads to a weaker convergence in L,(D), q € [1, ddTl)'
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Definition 23.5. In analogy to Definition 9.1 we define the (generalised) first order topological derivative
of ¢ at Q€ .« in direction E C Qor E C D\ Q by

LQ(E,)) - £(Q)
|E| '

D'P #(2)(E) := lim

Remark 23.6. Note that this definition assumes that the first order of the topological expansion is of
order |E.|. In view of the results obtained in Part II and Part III of this thesis, this assumption seems
reasonable. Yet we want to highlight that this does not constitute a general rule. In fact there are problem
formulations, which involve lower order terms. Such an example is given in the article [16], where
Dirichlet conditions are enforced on the boundary of the inclusion.

Remark 23.7. In order to avoid any notational conflict, we denoted the derivative D*P_¢ compared to
the previously introduced notation d_¢. In fact, one readily checks that for E = {x,} we have

D*P #(Q)(E) = d #(Q, w)(x),
with the first order £ = |w,| and the special deformation shape w = B;(0).

Employing Theorem 23.3 we can readily compute the first order topological derivative of the cost
functional introduced in (23.1).

Theorem 23.8. Let Q € . and E C Q or E ¢ D\Q be either a point, a d — 1-dimensional Lipschitz
surface with finite perimeter or a 1 < k < d — 1 dimensional compact and smooth submanifold without
boundary. Then there holds

D*P #(Q)(E) = J 2Uo(ug —ug) dx.

D

Proof. The Sobolev embedding entails W4(D) < L,(D) for q < ddTl sufficiently large (cf. [82]). Thus
we obtain

DtOpf(Q)(E) = llmJ UE(uQ(E ) + Uun _ZUd) dx = f 2U0(UQ _Ud) dx,
eN0 Jp ' D

where in the last step we utilised the convergence ugg y — ug in Ly(D). O

We now have gathered all necessary tools to continue with the numerical investigation.

24 Approximated level-set approach

For the first application of the the topological state derivative we want to address the well established
level-set method introduced in [17]. Therefore, we consider the following model problem. Let the hold-all
domain denote a square, i.e. D = (—2,2) x (—2,2) CR?, g; =g, =0, f; = 10 and f, = 1. Furthermore,
we define the target function u, as the solution of (23.2) with respect to the target shape Q*, i.e. uy = ug;.
Here, Q* denotes the clover shape defined as the sub level-set of a specific function [57]. That is

Q*={(x,y)eD|¥(x,y) <0}, (24.1)
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24  Approximated level-set approach

where

Y(x,y) =c1((v (x —a)* + by2=1)(v/ (x + @) + by2=1)(+/ bx? + (y —a)*~1)(v/ bx* + (y + a)*~1)—cy),

with a = %, b=2,c;=10"" and ¢, = 107>, The shape is depicted in Figure 13.

1.086e+00 3.250e+08 5.500e+00 7.750e+00 1.8080e+21

L Netgen 6.2-dey

Figure 13: Visualisation of the target shape Q* (red).

24.1 Standard level-set algorithm

We first employ the classical level-set approach (cf. [17]). Since this algorithm employs the usual topo-
logical derivative introduced in Part II we recall the following result.

Lemma 24.1. For Q C D open and Lipschitz let #(Q) = fD lug —ug|* dx, where ug € Hy(D) solves

J Vug-Vpdx = J fapdx forall p € Hé(D). (24.2)
D D

Then there holds .
(f2— f1)qa(xo) if xo €D\ L,

df(ﬂ; w)(xo) = {—(fz —fl)qQ(XO)’ if Xg € Q,
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24  Approximated level-set approach

where the unperturbed adjoint variable q, € Hé(D) satisfies

J Ve -Vqqdx = —f 2(ug—ug)p dx forall p € Hé(D). (24.3)
D D

Proof. This follows from Theorem 21.1. O
We further define the quantity
8a(x) = 2a(x) (=d #(Q, 0)(x)) + xp\a(x)d # (22, w)(x) = (f2 = f1)q0(x), (24.4)

which measures the sign affected sensitivity of the functional ¢ with respect to singular changes of the
constant force. This definition entails the sufficient local minimality condition (cf. [17, Section 3.1]).

ga(x)>0 inD\Q, (24.5)
ga(x) <0 in Q. '

Based on the ideas of [17], we introduce the following level-set algorithm.

Algorithm 3 Level-set algorithm

Require: initial level-set function ¥y, N, €N, N, €N, «, 5 € (0,1)
while n < N, do
identify set 2, = {x € R?| ¥,(x) < 0}.
compute state ug as the solution of (24.2).
compute adjoint state qq by solving the adjoint state equation (24.3).
compute the generalised topological gradient g, .
initialise iteration count k = 0.
while k < Ng, do
compute new level-set function ¥, = (1 — ) ”\I’n\llllzz(D) +
identify shape Qe = {x € R?| ¥, .,,(x) < 0}.
if Z2(Qpew) > £(Q,) then
set Kk = fx and k+ = 1.
else
step size accepted, exit inner while loop.
end if
end while

g,

K .
||gnn||L2(D)

\Iln+1 = \I’IneW'
x = min{1, gK}.
n+=1.

end while

We want to highlight that this setting allowed us to use continuous P1 elements for the function space
containing the level-set functions ¥, and the topological gradients gg, . This enables a smooth represen-
tation of the level-set and this is definitely a preferable choice. Nonetheless we are going to exclude this
property on purpose in the next approach.
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24  Approximated level-set approach

24.2 Averaged level-set algorithm

In this section we aim to utilise the topological state derivative as follows. Instead of working with a
continuous topological gradient, we seek g, € LZPWC(D), where LSWC(D) denotes the set of piecewise
constant functions on D. Therefore, we define for each triangular element E C D in analogy to (24.4)

Za(E) = xq(x) (—D'*P #(Q)(3E)) + xp\a(x)D'®_# (Q)(JE). (24.6)

Remark 24.2. Note that the boundary J E intersects the boundary of 2 for a selected number of elements.
This contradicts the assumptions of Theorem 23.3. On an analytical level this can be overcome by splitting
the boundary of an element E into three separate edges. For each edge e that intersects Q2 and € > 0
sufficiently small we define e, = {x € e| x € Q,dzq > ¢}, ef = {x €e|] x € D\ Q,dzq > €} and
eg = {x € e| d3q < €} and treat those parts accordingly. Nonetheless, in the numerical realm we can

neglect the problematic part e? as it only contributes a small portion.
In view of (24.3) and Theorem 23.8, sufficient regularity of the variables entails
_ 1
8a(E) = | (fa—f1)ga dS. (24.7)
[OE| )55

Hence, the piecewise constant topological gradient indeed denotes an averaging of the topological gra-
dient defined in (24.4). This result gives rise to the following algorithm.

Algorithm 4 Approximated level-set algorithm

Require: initial level-set function ¥, N,., €N, N, €N, «, f €(0,1)
while n < N, do
identify set Q,, = {x € R?| ¥,(x) < 0}.
compute state ug as the solution of (24.2).
compute adjoint state qg by solving the adjoint state equation (24.3).
compute the averaged topological gradient g, .
initialise iteration count k = 0.
while k < Nj, do
compute new level-set function ¥, = (1 — ) ”\Pn\lll/:z(D) +
identify shape Q,.,, = {x € R?| ¥,.,,(x) < 0}.
if #(Qpew) > £(Q,) then
set Kk = Bk and k+ = 1.
else
step size accepted, exit inner while loop.
end if
end while

8o,
K= .
18a, NIz, D)

Vor1 = Yhew-
k = min{1, gK}.
n+=1.

end while

In order to compare our results to the classical level-set approach, we projected the final level-set Wy
into the continuous finite element space P1.
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24  Approximated level-set approach

24.3 Results

For our example we used the following set of parameters. Number of iterations Np,,, = 100, maximal
number of linesearch Ng, = 10, linesearch control parameter k = 0.05, 8 = 0.8 and the initial level-set
function

1
\Ilo(x,y)=x2+y2—ﬁ,

Hence, the initial guess 2, denotes a ball with radius % centered at the origin. The resulting shapes and

level-set functions are depicted in the following figures. Note that we additionally used a continuous
version of the piecewise constant function f, to achieve a clearer visualisation.
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Figure 14: Visualisation of fq for the final shape Q and mesh size m = 0.3.
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Figure 15: Visualisation of f for the final shape Q and mesh size m = 0.2.
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Figure 16: Visualisation of f for the final shape Q and mesh size m = 0.1.
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Figure 17: Visualisation of f for the final shape Q and mesh size m = 0.05.
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Figure 18: Visualisation of the final level-set function Wy__ for the mesh size m = 0.3.
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Figure 19: Visualisation of the final level-set function ¥y __ for the mesh size m = 0.2.
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Figure 20: Visualisation of the final level-set function Wy__ for the mesh size m = 0.1.
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Figure 21: Visualisation of the final level-set function Wy__ for the mesh size m = 0.05.

We observe that both algorithms achieve an increasingly accurate result with respect to a declining mesh
size (cf. Figures 14a-17a and Figures 14b-17b, respectively). Nonetheless, the standard level-set algo-
rithm outperforms the approximated one in some aspects. On the one hand, the classical level-set algo-
rithm yields a rough guess of the optimal shape even for a very coarse discretisation (cf. Figure 14a),
which the approximated level-set algorithm fails to do (cf. Figure 14b). On the other hand, the standard
level-set algorithm yields a closer guess of the target shape (cf. Figure 13) than the approximated level-
set algorithm (cf. Figure 17a vs. Figure 17b) even subject to a fine discretisation. Furthermore, another
deficit of the averaged algorithm can be observed in view of its runtime. That is, the difference of the
respective runtimes increases significantly as the mesh size declines (cf. Table 4). However, we want to
point out that the large gap of the according runtimes is a result of a very simplistic implementation
approach involving loops in python. Hence improvements in this regard are plausible.

Furthermore, we want to emphasize that the averaged level-set algorithm yields appropriate results for
a sufficiently small mesh size. Additionally, the algorithm does not necessitate point evaluation of the
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topological gradient. This could be advantageous in cases, where low regularity issues occur.

| | standard | averaged |

mesh size = 0.3 5s 10s
mesh size = 0.2 10s 20's
mesh size = 0.1 33s 110s
mesh size = 0.05 137 s 1054 s

Table 4: Comparison of the runtime for the classical level-set algorithm and the averaged level-set algo-
rithm.

25 Steepest descent approach

In this section we want to address another application of the topological state derivative, which combines
methods of Part I and Part IV. The main observation that motivates the upcoming algorithm is as follows.
Given a fixed hold-all domain D ¢ R?, Q c D open and Lipschitz and w.l.o.g. E ¢ D\ a smooth curve. By
definition D _# (Q)(E) captures the sensitivity of the cost functional with respect to a E-shaped inclusion.
One way to incorporate this information in an algorithm would be to compute the quantity D_¢ (Q)(E)
for various shapes, e.g. a number of line segments and use this information in a one-shot type approach.
We want to follow a different route. To specify, we consider D_¢(2)(E) as a directional derivative and
seek a deepest descend direction E. To achieve this goal we view E as a design variable for the objective
functional D_#(Q)(-). Therefore, we choose an initial direction E and perform a shape optimisation of
the functional E — D_¢(Q)(E) with the tools developed in Part I of this thesis. Therefore, we need the
following result.

Lemma 25.1. Let D ¢ R? be an open and bounded Lipschitz domain and E C D a piecewise smooth
curve. Furthermore, fix X € Ccl(D)2 and recall the notation F, = Id + tX, for t > 0. For f € H?>(D) there
holds

1( ! fds— 1 ffds) =|E|_1f (div(X)—d8Xn-n)f dS+|E|_1f Vf-XdS
E E E

NEACAG) B |E|
—|E|™? (J f ds) (J div(X)—dXn-n ds),
E E

Proof. To abbreviate the notation let E, := F,(E) for t > 0 small. We can expand the difference quotient
as follows:

1 1 1
- dS—— | fds|= ds— | fds|—(E,|— s |.
(|Ft(E)| o TR Lf S) ETE ['E(Ltf s Lf S) (IE| IEI)Lf S]

(25.1)

In view of |E,| = fE dS we observe that both quantities
t

Jefds=[pfds g — g
t ’ t
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25  Steepest descent approach

can be handled by Lemma 3.3 and Lemma 3.4. Thus, dividing (25.1) by ¢t > 0 and passing to the limit
t \, O entails

1 1 |E|
lim — (div(X)—30Xn-n)f dS+ — V -X dS
i (m(ﬂn T f S d ) |E|2f Tl A
——Z(J f dS) (f diV(X)—@erndS),
EI> \Jg E
which finishes the proof. O

In order to visualise these ideas, we consider the following model problem. Let
D=(-2,2)x (—2,2) CR?,
g1(u) = 10u, g,(u) = u®, f; = 10 and f, = 1. Furthermore, we define the target function u, as the

solution of (23.2) with respect to the target shape Q* := {x € D| 0.8 < |x| < 1.2}. For the sake of
simplicity we consider the initial shape Q = ). The optimal shape is depicted in Figure 22.

1 .0BBe+b8 3.250e+08 5.500e+80 7.750e+00 1.008e+81

E X Hetgen 6.2-dev

Figure 22: Visualisation of the target shape Q* (red).
This setting entails the state equation: Find u, € Hé(D) such that

J Vuy -V +ugcp dx = f fopdx forall p € Hé(D). (25.2)
D D
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25  Steepest descent approach

Furthermore, we deduce the unperturbed adjoint equation: Find g, € Hé(D) such that
J V- -Vq+ Suéqocp dx = —J 2(up—uy)p dx forall p € Hé(D). (25.3)
D D
Note that, similarly to the averaged topological gradient (cf. (24.7)), we deduce
D*P #(0)(E) = é JE [(fo—f1)+ (g1(ug) — g2(up))1go dS  for each admissible set E.

Corollary 25.2. For a smooth curve E C D in R? let ¢(E) = ﬁ fE [(fo—f1)+ (g1(ug) — g2(up))lqo ds.
Then there holds for X € Ccl(D)

DY(E)(X) =|E|! J (div(X)—0Xn-n)[(fy — f1) + (g1(up) — g2(up))]1qo dS
E
+1E|! J V([(fa—f1) + (g1(up) — g2(ug))1qp) - X dS
E

—|E| (J [(fo—f1) + (g1 (up) — g2(up))1qo dS) (J div(X)—0Xn-n dS),
E E

where the left hand side denotes the shape derivative introduced in Definition 4.1.
Proof. This follows from an application of Lemma 25.1. O

Note that we can expand the function ¥ introduced in the previous corollary to obtain
D (D™ #(1)(E)) (X) =|E[™" f (div(X) —9Xn- ) [(f, — f1) + (g1 (to) — 82(10))] do dS
E
+[E[™" f V ([(fa = f1) + (81(uo) — g2(uo))1qo) - X dS
E

—|E[™? (J [(f2 = f1) + (81 (uo) — 82(uo)) 140 ds) (J div(X)—9dXn-n ds) :
E E

Similarly to the methodology presented in Section 7, the deformation of the shape is based on the moving-
mesh approach. Hence, during each iteration, we move the nodes according to a specific vector field.
Additionally, we use a bilinear form to identify shape gradients. That is, for each linear and continuous
shape derivative D_¢ we define the shape gradient V_¢ € H;(D)? as the solution to the sub-problem

J d(VF):0(X)+aBV ¢ -BX+V ¢ -Xdx =D F(Q)(X) forallX eH;(D) (25.4)
Q
Here, a € {0,1} and
-3, @
B :( 3 31)’ (25.5)
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25  Steepest descent approach

accounts for the Cauchy-Riemann conditions, which encourage conformal deformation fields. Since we
do not integrate a remeshing process into our algorithm, we observe that the specific choice of the bilinear
greatly impacts the result. To visualise this behaviour, we compare our results for the bilinear form with
a =1 and a = 0. Based on these ideas we present the following algorithm

Algorithm 5 Steepest descend algorithm

Require: initial curve function Eg, Ny, € N, Ng, € N, step size s, € R, line search parameter 3 € (0, 1)
Hilbert space s = Hé(D)
compute state ug as the solution of (25.2).
compute adjoint state g, by solving the adjoint state equation (25.3).
define ¥ (cf. Corollary 25.2).
while n < N, do
compute shape derivative D¥Y(E,,)(-).
compute associated shape gradient V4.
compute the averaged topological gradient g, .
initialise iteration count k =0 and s = s.
while k < Ng, do
choose descend direction X,, = —sV ¥.
if 9((1d+ X,,)(E)) > %(E,) then
set s = f3s and k+ = 1.
else
step size accepted, exit inner while loop.
end if
end while
update shape E,,; = (Id +sX,)(E,).
n+=1.
end while

25.1 Results

For the initialisation of the algorithm we used the following set of parameters: maximal number of iter-
ations Ny,,, = 600, maximal number of linesearches N, = 15,s = 10}, f = % and the initial curve E,
denotes the boundary of the rectangle [—%, %] X [—%, %]. The initial shape E, is depicted in Figure 23b.

Furthermore, we visualised the function f := [(fy, — f;) + (g1(ug) — g2(ug))]qo in Figure 23a.
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2
11
0
-1
3 o 251 6 1 2
(a) Visualisation of the function f. (b) Initial shape E,.

Figure 23: Initial conditions.

The initial shape (cf. Figure 22) and the function f (cf. Figure 23a) both suggest that the optimal shape
E* is attained approximately as the boundary of the unit ball B;(0). The results of the algorithm agree
with this idea (cf. Figure 24)

2 2
1 1
0 0
-1 -1
23 1 o 1 2 23 1 6 1 2
(a) Optimised shape Ey_ for a =0. (b) Optimised shape Ey__ for a =1.

Figure 24: Visualisation of the optimised shape.

We observe that the algorithm without the Cauchy-Riemann condition (i.e. @ = 0) manages to attain
a circular shape (cf. Figure 24a), which was anticipated. Contrary, the algorithm including the Cauchy-
Riemann condition behaves similarly but fails to completely smoothen the corners (cf. Figure 24b). This
is a result of the elements close to the corners of the initial rectangle being stretched in the optimisation
process. Without any remeshing in the optimisation algorithm, this stretching is necessary to achieve a
circular shape. Yet, the Cauchy-Riemann condition aims to prevent extensive stretching of the elements
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25  Steepest descent approach

and thus fails to achieve the task. To visualise the behaviour, we depicted the according deformed meshes
in Figure 25a, Figure 25b.

8 000es00 2.500e-01 5.000e-81 7.500-01 1,000e+00

r'_r Hetgen 6.2-dev t x Hetgen 6.2-dev

(a) Deformed mesh for a = 0. (b) Deformed mesh for a = 1.

Figure 25: Deformation of the mesh.

This issue is also reflected in terms of the value of the cost functional ¢(E), which decreases when
Cauchy-Riemann conditions are not prescribed (cf. Figure 26).
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Figure 26: Visualisation of the function value ¥(E).
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