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Abstract

The dynamics of multicomponent gas mixtures with vanishing barycentric
velocity is described by Maxwell-Stefan equations with mass diffusion and
heat conduction. The equations consist of the mass and energy balances,
coupled to an algebraic system that relates the partial velocities and driv-
ing forces. The global existence of weak solutions to this system in a bounded
domain with no-flux boundary conditions is proved by using the boundedness-
by-entropy method. A priori estimates are obtained from the entropy inequality
which originates from the consistent thermodynamic modelling. Furthermore,
a conditional weak—strong uniqueness property is shown by using the relative
entropy method.
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1. Introduction

The dynamics of multicomponent gaseous mixtures with vanishing barycentric velocity and
constant temperature can be described by the Maxwell-Stefan equations [24, 27]. The exist-
ence of local-in-time smooth and global-in-time weak solutions to these systems has been
proved in [2, 13, 16, 21]. The analysis of nonisothermal gas mixtures is, however, incomplete.
The existence of local-in-time solutions was shown in [19], while [15] investigated a special
nonisothermal case. In this paper, we prove the existence of global-in-time weak solutions and
a conditional weak—strong uniqueness property for a rather general nonisothermal Maxwell—
Stefan system. The novelty of our approach is the consistent thermodynamic modelling.

1.1. Model equations

The evolution of the mass densities p;(x,) of the ith gas component and the temperature 6 (x, )
of the mixture is described by the mass and energy balances

Opi +divJ; =0, 0 (pe)+divd, =0, i=1,...,n, (1

Ji=piwi, Je=—r(0)VO+ (pjej+p)u; inQ, t>0, (2)
i=1

where (2 C R? is a bounded Lipschitz domain, J; and J, are the diffusion and energy fluxes,
respectively, u; are the diffusional velocities, p = >_"_, p; is the total mass density, p; the par-
tial pressure with the total pressure p = Y _'_, p;, p;e; the partial internal energy pe; with the
total energy pe = > ;_, pie;, and (0) is the heat conductivity. Equations (1) and (2) are sup-
plemented with the boundary and initial conditions

Jiov=0, J.-v=X(0-0)) ondQ, >0, 3)
pi(0)=0pY 0(0)=6" inQ,i=1,....n, 4)

where v is the exterior unit normal vector to OS2, 6y > 0 is the given background temperature,
and A >0 is a relaxation constant. The boundary conditions mean that the gas components
cannot leave the domain, while heat exchange through the boundary is possible and propor-
tional to the difference between the gas and background temperatures. To close the model, we
need to determine u;, p;e;, and p;.

The velocities u; are computed from the constrained algebraic Maxwell-Stefan system

_ozbiipipj (ui—uj) Zd,‘ fori = 1,...,1’1, Zpiui ZO, (5)
j=1 i=1

where the constant coefficients b;; = bj; > 0 model the interaction between the ith and jth com-
ponents. The driving force d; is given by

i 1
dl:plav%ig(plez‘i’pt)véa 1:1,,n, (6)



Nonlinearity 37 (2024) 075016 S Georgiadis and A Jiingel

where y; is the chemical potential. The constraint
Vp=0 inQ, t>0, @)

is needed in order for our system to be thermodynamically consistent. We refer to section 2
for details.

The internal energies p;e; and chemical potentials y; are determined from the Helmholtz
free energy (see (17)), and the pressure is computed from the Gibbs—Duhem relation. As shown
in section 2, these quantities are explicitly given by

0 i
i = —logﬂ —c,0(logh—1), piei = cypif,
m; m;
0 ®)
piNi = — (10 pl—1>+CvPilog97 Pi:&a i=1,...,n,
m; i m;

where p;n; is the entropy density of the ith component and ¢, > 0 is the heat capacity. Then
the driving force d; and energy flux J, simplify to
V (pit ~ pjl;
4 = Yod), Jo=—rVO+0Y P ©)
: m;

m;

When dealing with weak solutions, the system presents three main mathematical
challenges:

(a) To analyse (1) and (2), we need to invert the linear system in (5) for the diffusional velocit-
ies u;. However, the linear system is singular, yielding infinitely many solutions. For this
reason, the constraint Zi piu; = 0, which ensures conservation of the total mass, rules out
all non-physical solutions. This suggests that the inversion of the linear system needs to
be performed in a particular subspace; see below for more details.

(b) The inversion of the constrained linear system generates velocities u; that in general depend
on all mass densities p; and all density gradients V p;, meaning that each equation of the
system will be coupled with all others in a nonlinear fashion. As a result, maximum prin-
ciples cannot be applied and thus, bounds on the mass densities cannot be deduced.

(c) It is not clear a priori whether the inversion of the linear system generates the structure
u = —A(p)Vp, where A(p) is positive (semi-)definite. Therefore, it is non-trivial to derive
a priori estimates that will allow us to prove the global-in-time existence of solutions.

The matrix M associated to the algebraic system (5) is singular (since Y ;_, d; = 0) and
thus not positive definite. However, we recall in section 3.1 that it is positive definite on the
subspace L= {y = (y1,...,yx) € R": \/p-y =0} (here, \/p is the vector with components
/Pi). Therefore, the Bott-Duffin inverse of M, denoted by M®P = MBP(p), exists and is sym-
metric and positive definite on L. Moreover, we show in section 3.3 below that the fluxes can
be expressed as a linear combination of the entropy variables (or thermo-chemical potentials)

p/0=(u1/0,...,1,/0) and —1/0,
(f) ==0(p,0) ( 51//96)’ where 0 (p, 0) = (I;“T ’:) , (10)

and A = (A;;) € R"", B = (B;) € R", a >0 are given by

A (p) =MEP /pip;, Bi(p.8 792 ’f a(p,b) =6 I<L+Z . an

lJl
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Here, variables in bold font are n-dimensional vectors. The Onsager matrix Q turns out to be
positive semidefinite (see (34)), which reveals the parabolic structure of equations (1) and (2).

1.2. State of the art

The isothermal Maxwell-Stefan equations can be derived from the multispecies Boltzmann
equations in the diffusive approximation [6]. The high-friction limit in Euler (-Korteweg)
equations reveals a formal gradient-flow form of the Maxwell-Stefan equations [17], lead-
ing to Fick—Onsager diffusion fluxes instead of (5). In fact, it is shown in [5] that the Fick—
Onsager and generalised Maxwell-Stefan approaches are equivalent. A formal Chapman—
Enskog expansion of the stationary nonisothermal model was given in [28]. Another non-
isothermal Maxwell-Stefan system was derived in [1], but with a different energy flux than
ours.

Maxwell-Stefan systems with nonvanishing barycentric velocities can be formulated in
the framework of hyperbolic—parabolic systems, which allows one to perform a local-in-time
existence analysis [13]. Global-in-time regular solutions around the constant equilibrium state
were found to exist in [14]. An existence analysis for Maxwell-Stefan systems coupled to the
incompressible Navier—Stokes equations for the barycentric velocity can be found in [8] for
the isothermal and in [23] for the nonisothermal case. For the compressible case, we refer to
[4]. For steady-state problems, see, e.g. [7, 25].

When the barycentric velocity vanishes, the (isothermal) Maxwell-Stefan equations can be
solved by generalised parabolic theory. The existence of local-in-time classical solutions was
proved in [2], while the existence of global-in-time weak solutions with general initial data
was shown in [21]. Concerning weak solutions to the nonisothermal equations with zero mean
flow, the only known result to the best of our knowledge is [15], where an existence analysis
for global-in-time weak solutions was presented. However, this model has some modelling
deficiencies explained below. Therefore, our first aim is to prove the global existence of weak
solutions for a thermodynamically consistent nonisothermal model, like the one presented for
example in [13].

The uniqueness of strong solutions to the isothermal Maxwell-Stefan equations was shown
in [2, 16, 19], but the uniqueness of weak solutions for general coefficients b;; is still unsolved.
A very special case (the coefficients b;; have two degrees of freedom only) was investigated in
[9]. It was shown in [18] that strong solutions are unique in the class of weak solutions, which
is known as the weak—strong uniqueness property. Our second aim is to prove this property
for the nonisothermal case.

Let us detail the main differences of our work compared to [15]:

(1) The most important difference is the lack of validity of the Onsager reciprocity relations
in the model of [15]. The relations imply the symmetry of the coefficients of the Onsager
matrix; see (10). The choice in [15] leads to a cancelation in the entropy inequality, thus
simplifying the estimation. Our results do not rely on this simplification; see remark 6 for
further details.

(ii) The constraint (7) on the pressure is not taken into account in [15]. This condition is not
necessary mathematically, but its lack creates an inconsistency with the assumption of
vanishing barycentric velocity. Indeed, a difference in pressure induces a force differ-
ence, which can result in an acceleration according to Newton’s second law, if there is no
additional force to balance it.

(iii) According to Onsager’s reciprocity relations, the Onsager matrix Q in (10) has to be pos-
itive semidefinite. We show that Q is in fact positive definite on the subspace L= {y €

4
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R":y-\/p=0}.In [15], is assumed that this subspace equals {y € R" :y -1 =0}. This
is not consistent with the thermodynamic modelling.

(iv) We consider different molar masses m;, while they are assumed to be the same in [15].
When we assume equal molar masses, the cross-terms cancel, and we end up with the
simple heat flux J, = —xV6 (see (9) and the constraint in (5)), thus decoupling the
equations.

1.3. Main results

We impose the following assumptions:

(A1) Domain: 2 C R? is a bounded domain with Lipschitz boundary, and T > 0. We set Q7 =
2% (0,7) and Ry = [0,00).

(A2) Data: p? € L>(9) satisfies p? >0 in  and 0 < p. <>/, p? < p* in Q for some
ps,p* >0and foralli =1,...,n; 0° € L°(Q) satisfies info 6° > 0.

(A3) Coefficients: b = b;; >0 foralli,j =1,...,n.

(A4) Heat conductivity: x€ CO(R". x Ry) satisfies ¢, (1+6%) < k(0) < Cp(1+6%) for
some c,,C,, >0and all (p,0) € R xR,

The lower bound for the total mass density p is needed to derive uniform estimates for the
temperature. The proof of lemma 10 in [18] shows that MgD (p) is bounded for all p € R”,. The
growth condition for the heat conductivity is used to derive higher integrability bounds for the
temperature, which are needed to derive a uniform estimate for the discrete time derivative of
the temperature. We may also assume reaction terms R; in (1) with the properties that the total
reaction rate Z?:I R; vanishes and the vector of reaction rates R; is derived from a convex,
nonnegative potential [11, section 2.2].

The first main result is the existence of solutions.

Theorem 1 (Existence of weak solutions). Let assumptions (Al)—(A4) hold. Then there
exists a weak solution to (1)—(8) satisfying p; >0, 0 >0 a.e. in Qr = Q x (0,T) and

Vpi €L (Qr) N ([0,7];L7 () NL* (0,T;H' (), Opi € L* (0,T:H' ()7,
0. C (1071522 () N2 (0,T;H' (), 8, (p0) € L' (0,1 w9/ ()°),
0%, logd € L* (0,T;H' (Q)), i=1,...,n,

the weak formulation

T T n
/ (Oupis D) (2~ dE + / / > MEP (2V/p; + p;V log ) dxdr = 0,
0 0 JaiZ

m

T T
+ / / kVO - Vpodxdt = )\/ / (90 — 9) Podsdt
0 JQ 0 JoQ

holds for all ¢y,...,¢, € L*(0,T;H' () and ¢o € L'/3(0,T; WH19/5(Q)*), and the initial
conditions (4) are satisfied in the sense p;(0) = p? in L*(Q) and 6(0) = 6° weakly in L*(Q).

r Y

/ / (O (pa),gb())Wl.m/S(Q)*dtJr/ / E nJ’L vV Pi (2V1/pj+‘/ij10g9) - Vpodxdt
0 J/Q 0 JQ i
ij=1 ‘

5
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The idea of the proof is to apply the boundedness-by-entropy method, which automatically
yields L>°(27) bounds [20]. More precisely, we formulate system (1) and (2) in terms of the
relative entropy variables (u; — p,,) /6 fori = 1,...,n— 1 and log §. We show in lemma 3 that
this defines the mass densities and temperature uniquely as a function of (wy,...,w,—1,w). We
introduce the mathematical entropy density

h(p’,0) = Z % <log:; - 1) —c,plogh,
i=1" !

where the nth partial mass density is computed from p, = p — 27;11 pi»1.e. hdepends on p’ =
(p1,--.,pn—1) and 6. Gradient estimates for (p,6) are first derived from the entropy equality

d ; d;
6)dx 6|*dx d !_dx =
G [ neoyacr [ Zivol +Z/ s =0

which becomes an inequality for weak solutions. Second, as in [15], the energy balance
equation (2) yields a bound for 62 in L?(0,T;H'(f2)). As mentioned before, the derivation
of the entropy inequality differs from that one in [15], because the cross-term

n—1
B; _ pi — pin
15:2/ —V———-Vlogfdx,
Q; 0 0

which cancels out in [15], needs to be controlled. (We recall definition (11) of B;.) This is done
by observing that the sum I + Is + I3 (see (41)) is nonnegative,

i j 1
14+15+18:/ZA,,V<’; 1og9> V(gj—l—mloge)dx}O,

QlJ 1 J

as (Aj) is positive semidefinite due to (34).

From a technical viewpoint, we approximate equations (1) and (2) by replacing the time
derivative by the implicit Euler discretisation to avoid issues with the time regularity and by
adding a higher-order regularisation to achieve H?({2) and hence L>({2) regularity for the
entropy variables. The approximation is chosen in such a way that a discrete entropy inequality
can be derived, yielding uniform estimates for both the compactness of the fixed-point operator
(to obtain a solution to the approximate problem) and the de-regularisation limit (to obtain a
solution to the original problem).

Our second main result concerns a conditional weak—strong uniqueness property.

Theorem 2 (Weak-strong uniqueness). Let the assumptions of theorem 1 hold, let A=0
in (3), let (p,0) be a weak solution and (p,0) be a strong solution to (1)—(8). We assume that
there exist m,M > 0 such that

0<p<p*, 0<OKM, 0<p<p', 0<m<O< in Qr.
Furthermore, we suppose that ;, |V1og| € L>(Qy) for i =1,...,n and that the thermal
conductivity  is Lipschitz continuous. If the initial data of (p,0) and (p,0) coincide then
p(x,1) = p(x,1) and 0(x,t) = 0(x,t) for a.e. x € Q and all t > 0.
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By a strong solution, we understand a solution that has sufficient regularity to satisfy the
entropy equality stated in lemma 14; see section 5. We require more regularity than provided
by the existence theory, for instance the boundedness of the temperature 8, which is not proved
in theorem 1, explaining the notion of ‘conditional weak-strong uniqueness’. For more details
on the regularity of strong solutions, we refer to [2] for the isothermal case and to [13, 19] for
the nonisothermal one. The proof of theorem 2 is based on the relative entropy, defined by

H(p,@‘f),g) = /Q (h(p,o) —h (p7§) - g[: (f),e_) (pi —pi) — % (f)’é) (E_E)> dx
i=1 M

:/Q{i:nlqi(pilogz::—(pi—pi)> —ep <log§—(9—9)>}dx, (12)

i=1

where E = ¢,p6 and E = ¢, pf are the internal energy densities. The idea is to compute the time
derivative:

%I(p’g‘p’é) +C/ ZP5|Mi—ﬁi|2dX+C/ |V (log6 —log8) [*dx
Q- Q

i=1

< C/Q (Z(m—m)ﬁ (9—9)2> dx,

i=1

where ¢ > 0 is some constant and C > 0 depends on the L>°(€)r) norms of 6, i;, and Vlog 0,
i =1,...,n. The difficulty is to estimate the expressions arising from the time derivative of the
relative entropy in such a way that only % and 6 need to be bounded. Thanks to the positive
lower bound for 6, we can bound the right-hand side in terms of the relative entropy,

/Q(i(ﬂi—ﬁi)z-k(9—9_)2>dx</ﬂH(P39Pa§)dx-

i=1

Then Gronwall’s lemma shows that H((p,8)(?)|(p,0)(¢)) = 0 for ¢ > 0 and hence (p,0)(r) =
(p,0)(f). Compared to [18], we include the temperature terms and combine them with the
entropy variables w; in such a way that the positive semidefiniteness of MZP can be exploited.

The paper is organised as follows. We detail the thermodynamic modelling of equations (1)—
(8) in section 2. The inversion of the Maxwell-Stefan system (5), the definition of the (relative)
entropy variables, and the formulations of the fluxes in terms of the relative entropy variables,
as well as the corresponding weak formulation is presented in section 3. Section 4 is concerned

with the proof of theorems 1 and 2 is proved in section 5.

2. Modelling

We consider the following system of equations modelling the dynamics of a nonisothermal
gas mixture of n components with mass diffusion and heat conduction:

Opi +div(p;(v+u;)) =0, i=1,...,n, (13)
9, (pv) +div(pv®@v) = pb — Vp, (14)
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1 1
0 (e + 30vF) +aiv (e 3o v)

n

n
=div(kV0) — divz (piei +pi)u; — div (pv) + pr+ pb - v+ Zp,-b,- ;. (15)

j=l1 i=1

Besides of the variables introduced in the introduction, v denotes the barycentric velocity of the
mixture. The quantities p;b; are the body forces, where pb = 27:1 pib; is the total force exerted
on the mixture, and pr is the total heat supply due to radiation. The diffusional velocities u;
are determined by solving the linear system (5) with driving forces given by (16), while the
partial internal energy densities p;e;, and the partial pressures p; are determined from the free
energy; see below.

Equations (13)—(15) correspond to a so-called class-I model. They can be derived either
via an entropy invariant model reduction [3] or in the high-friction limit [12] from a class-II
model, in which each component has its own velocity v;. Equation (13) are the partial mass
balances, (14) is the momentum balance, and (15) the energy balance. As proved in [12],
system (13)—(15) and (5) fits into the general theory of hyperbolic—parabolic composite-type
systems introduced in [22] and further explored in [26].

As mentioned in the introduction, system (1), (2) and (7) is supplemented by the constrained
Maxwell-Stefan system (5) for the velocities u;. These equations can be derived from a class-
II model in the diffusion approximation [3, section 14, (210)] or in the high-friction limit [12,
section 2, (2.50)] with the driving forces

di = —Lip 4 pbV 0 (e p) V4 i (- by 1
i = P) P+ pi 0 (Pzez+Pz)V9 + pi (b bl)’ (16)
where p; is the chemical potential of the ith component. Since the pressure is uniform in
space, Vp = 0, and we have neglected external forces, the driving force becomes (6). Then
equations (1), (2) and (7) are obtained by setting v=0 and r = b; = 0.

The internal energy densities p;e;, partial pressures p;, and the chemical potential u; are
determined from the Helmholtz free energy. We assume that the gas is a simple mixture, which
implies that these quantities can be calculated from the partial free energy densities 1;(p;,8),
i=1,...,n. We have

;i ;i
i = ) iTli = — 9 i€i = Wi eii» i = Pili — Vi,
=gy Pl 59 Piei =vi+0pmi, pi=pipi— ¢

where p;n; is the entropy density of the ith component and the equation for p; is called the
Gibbs—Duhem relation. Defining the partial Helmholtz free energy as

Lk <log

m;

'Of—1>—cvp9(1oge—1)7 i=1,....n, (17)

m;

the thermodynamic quantities are given by (8). Moreover, the driving force d; and enthalpy
h; := p;e; + p; read as

1

1
, hi=(cv+>pie, i=1...n. (18)
.

This corresponds to equation (9).
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3. Preparations

3.1. Inversion of the Maxwell-Stefan system

We discuss the inversion of the Maxwell-Stefan system (5) following [12] and [18, section 2].
We write (5) equivalently as

n
—0v/pi Y My /p=d;, i=1,..n, (19)

Jj=1

where the matrix M(p) = (M;;) € R"*" is given by

My = D ket ki DikOx %f l :J.} 0)
—bij\/Pip; if i ).
We wish to invert Mv = w, where v; = /pju; and w; = —d;/(0+/p;). Since (b;) is symmetric,

0= (Mv); =>_..;bij\/pi(\/Pjvi — /i) shows that the kernel of M consists of span{,/p}.
Thus, we can invert M only on the subspace L = {y € R" : /Py =0}. We define the projec-
tions P on L and P, on L* by

(PL); = 05— p~ '\/pipj,  (Ppa)y=p~'pipy forij=1,....n,

where d; is the Kronecker symbol. The matrix M = (M) is positive definite on L
[18, lemma 4]:

"Mz > py|Prz)*  forallz € R”, (21)

where piy = min;»; b; > 0. Since the matrix MPy + Py, is invertible [18, lemma 4], we can
define the Bott—Duffin inverse of M with respect to L as MB? = P;(MP; + P, . )~". Hence,
we can invert (19) by

n

d:
VT o S S @
=R

The matrix MBP = MBP(p) is symmetric and positive definite on L [18, lemma 4],

2TMBP7 > ,u|Pl,z|2 for all z € R", (23)

where 1= (237, (b + 1)) 7"

3.2. Entropy variables
The mathematical analysis becomes easier when formulating the system in terms of the so-

called entropy variables. To this end, we introduce the mathematical entropy density
==Y pmi =3 2 (log % —1) —c,plogs, (24)
i=1 = M mi
which is the negative of the physical (total) entropy density (8). Summing the mass balances (1)
overi = 1,...,nand using the constraint ) _;_, p;u; = 0 from (5), we obtain 8,p = 0. Thus, the
total density is determined by the initial total density, p(x,7) = >/, p?(x) for x € 2, and is
independent of time. This suggests to compute only the first » — 1 mass densities, since the

9
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last one can be determined by p, = p — Z;:l] pi- Then we interpret the entropy density 4 as a
function of (p’,0) := (p1,...,pu—1,0):

n—1
h(p',0) :Z% <log:; — 1) —l—% (lognp: — 1) —c,plogd

PRI n n

with the partial derivatives

The Hessian matrix

5y 1
L+

)
mipi mnpn

R 0 nxn
Dzh:<0T cvp/92>€RX’ where R;; =

is positive definite, showing that the entropy is convex.
According to thermodynamics [3], the entropy variables equal (p/6, ..., u,/0,—1/6). We
set

i1 i .
c=H = 0g P (logh—1) fori=1,...,n. (25)
0 m; m;
Since the nth partial density is determined by the densities py, ..., p,—1, we prefer to work with
the relative entropy variables
i~ Mn Oh .
Wi:qifqn:M 9/‘L :8[)1'7 1:17"'7}171' (26)
Setting additionally w = log#, our new set of variables is (wy,...,w,_1,w). The following
lemma states that the mapping (p1,...,0,,6) — (w1,...,w,_1,w) is invertible.
Lemma 3. Let (wy,...,wy—1,w) ER" and p>0 be given. Then there exists a unique

(P1y-espn,0) ERT‘] with p; >0 for i =1,....n satisfying >_;_, pi = p, w; = Oh/dp; for
i=1,...,n—1, and w=1log¥.

Proof. The proof is similar to [8, lemma 6] with some small changes. Given w € R, the tem-
perature equals § = exp(w) > 0. The function

n—1 s m;/my
fls) = Zmie’”"w" (p ) fors € [0, p],
i=l

my,

is strictly decreasing and 0 =f{p) < f(s) < f(0) for s € (0, p). By continuity, there exists a
unique fixed point so € (0, p). Then p; := m;exp(mw;)((p — so) /m,)"/™ fori = 1,... n sat-
isfies p; > 0 and Z:’;ll pi =f(s0) = so < p. Consequently, p, :=p— Z:’;f pi=p—s50>0
and p; /m; = exp(mw;)(pn /m,,)m"/ " is equivalent to

1 i 1 n  Oh
og P log P
m; m; my my apl

fori =1,...,n— 1, which finishes the proof. O
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3.3. Formulation of the fluxes and parabolicity

We can compute the fluxes as a linear combination of V(wy,...,w,_,w) or
V(qis--sqn,—1/0).
Lemma 4. It holds fori = 1,...,n that

n—1 n
B 1

J; = _ZAUVWJ. — va = —ZAUVQJ' —B;V (—9) 5 (27)

j=1 i=l
= —KOVW— ZB Vw; — 0 Zl m,u Vw (26)

iy
n 1

; V4, mwzlmm] ( 9>, (28)

where the coefficients

1 Aji
Ay =M S5 B—GZA,,<CV+ )JZ’ 29)

fori,j=1,...,ndepend on (p,0) and satisfy the relations

> Ap=) Aj=> Bi=0. (30)
i=1 j=1 i=1

Proof. We wish to express the driving force d; = V(p;6)/m; from (9) in terms of Vg; =
Vlogp;/m; — ¢, V1og#. A computation, using w = log#, yields

1
d; = piVgq; + p;0 (cv + m) Vw. (3D
7

Therefore, by (22), fori =1,...,n,

n

i 1
i = s = Y M S W’f{v% < m-)vw}
j= \F j=1 J

n 1 n B
:—E A,--V<—E Ajj cﬁ—)Vlo 92—5 A;Vgi— —Vlogh.
j=1 i j=1 j( mj £ j=1 i 0 ¢

This shows the second relation in (27). The first relation then follows from (30) (which is
proved below), since, using ¢; = w; + g, forj = 1,...,n — 1 (see (26)),

n—1 n—1

ZA,,vq, > A (YW +Van) +AnVan =Y AjVw;. (32)

Jj=1 Jj=1 Jj=1

1
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Next, we compute the energy flux defined in (2). We use (18), (22) and (31):

- 1
J, = —KWWJFZ\/;T,-& (cv + m) N

d;
=—kVw—0 Vi (Cv >M?D
> "o
n l 1
=—kOVw—0 Z (cv + m> MgD\/;ij{qu + <cv + m-) VW}
ij=1 ! Jj
n n 1 1
= —KkOVw — ZBquj -0 ZA,'J' (Cv + m) (Cv + m) Vw
j—l i,j—l i j
= —KOVw — ZB Vg —0 Z m[u Ty

ij=1

where the last equation follows from (30). Moreover, because of

n—1 n—1
ZB Vai =Y BV (Wi+q,)+B,Van =Y BVw, (33)
j=l1 j=l1 j=l1

we have proved (28).

It remains to verify (30). We recall the property Pp(MPp+P;.)"'P,. =0 from [29,
lemma 2], which implies that M?PP; . = 0. Hence, L+ C kerM?" and since L+ = span{,/p},
we conclude that ZJ'.ZZI MgD /P = 0. This shows that, by the definition of A,

ZAIJ_ fZMBD

The symmetry of (A;) immediately gives Y _;_, A; = 0. Finally, by the definition of B;,

ZB eZM,JWTpJ(cV )az<cv+ >ZAU0

ij=1
This finishes the proof. O

The previous proof shows that we can formulate the diffusion fluxes in different ways.

Corollary 5. It holds fori = 1,...,n that

n

B B - wy s 4
Ji = piu; = 7ZAIJV <Qj+ m}) = *\/,D> MU 9\/7
j=1 j=1
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We claim that the Onsager matrix Q € Re+D>(+1) in (10) is positive semidefinite. Let
=0(k+ 37— Ay/ (mm;)). We compute for € € R"*:

§'06 =Y AGE+2) Bikibur +abhy,

ij=1 i=1

:ZAU@@—&-ZHZ Ufz§n+1+92 /H—Z U. a1

m;m;
ij=1 ij= 1 i,j=1
0&, 0&,
= ZAU <§l g +l> (5} € +l) + 02§I1+1 07 (34)
ij=1 ]

where the nonnegativity follows from the positive semidefiniteness (23) of M5P. This reveals
the parabolicity of our system in terms of the entropy variables.

3.4. Weak formulation

The previous subsection shows that we can write our system as the mass and energy bal-
ances (1), (2) with the fluxes (27) and (28). The weak formulation in the relative entropy
variables (26) reads as

T T n—1
/ (Ovpi, i)t + / / D AjVwi+e"BVw | - Vdxdr =0, (35)
0 0 Q .
j=1

T T
/ (DE, ¢o)di + / / e ﬁ+z Vw - Vodxdr
0 0 Q J

lJl

n—1

/ / ZB Vw; - Vodxds = A / / (0o — ) podsdr (36)
oQ

for test functions ¢y, ..., ¢, € L*(0,T;H'(2)) and ¢y € L>=(0,T; WH>°(£2)). According to (8),
the energy is given by E = ¢,pf. Moreover, p;, A;;, B;, and E are interpreted as functions of
(W17' o 7Wn—]7W)'

4. Proof of theorem 1

The proof follows the lines of [15, section 3], which is based on the boundedness-by-entropy
method [20], but some details are different. We approximate equations (35) and (36) by repla-
cing the time derivative by the implicit Euler scheme and adding a higher-order regularisation
in w;. The existence of solutions to the approximate system is shown by means of the Leray—
Schauder fixed-point theorem, where the compactness of the fixed-point operator is obtained
by the approximate entropy inequality. This inequality yields estimates uniform in the regular-
isation parameters, allowing for the de-regularisation limit via the Aubin—Lions compactness
lemma.
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Let e € (0,1), NeéN, and 7 =T/N. We set wy =logly and w = (wy,...,w,_1,w). Let
W= (wl, S Wn_1,w) € L%(£;R") be given. We define for test functions ¢; € H*(2), i =
0,. — 1, the approximate scheme

n—1

0= %y/‘Qm(w)——pi00”(de+-/f jE:Ay‘7Wy%—€_wBﬁ7W7 -Vﬁ@dx
Q Q\j=1
+e / (D*w; : D*¢; + widh;) dx, (37)
Q

n

! W Y1 k(e Ai w- Vo
O:f/Q(E(w)—E(w))%dx—&-/e @)+ V- Vodx

m;m;
Q ij=1"""

n—1

+/ZBini.V¢0dx—)\/ (" —e") pods
Q5 3

Q

+5/ (€™ +e") (w—w0)¢odx—|—s/ " (D*w: D¢+ |[Vw|*Vw - V) dx, (38)
Q Q

where D?w; is the Hesse matrix of w;, the double point ‘:* denotes the Frobenius matrix product,
we recall that E(w) = c,pf, and A;; and B; are interpreted as functions of w. The higher-
order regularisation yields solutions w;,w € H*(Q), and the W!*(Q) regularisation allows us
to estimate the higher-order terms when using the test function e ™" — e™" (see the estimate of
111 below). The lower-order regularisation (e"° — e")(w — wy) provides an e-dependent L2(£2)
bound for w.

4.1. Solution of the linearised approximate problem

Let w* € WH4(Q;R") and o € [0,1]. We want to find a solution w € H>(Q;R") to the linear
problem

a(w,9) =cF(¢) forep = (b1,...,0n_1,¢0) € H* (Q;R"), (39)

where
n—1
a(w,¢) = / K (ew*) & Vw - Vpodx + 5/ Z (Dzw[ : D¢ +W,-¢>,-) dx
@ iz
+ 5/ (eWO + ew*) wodx + s/ e (Dzw D%y + [Vw* PV - V¢o) dx,
Q Q

/ZA,, ) Vw? - v¢>,dx/ Z’f V*V¢dx

ij=1 i,j=1

—/S)i:Bi(w Wt Vi~ /ZB ) Vi - Vo
_,/QZ ¢zdx—/Q(E*—E)¢odx+)\/8Q (eWO—eW*)qﬁods

+ 5/ (ew" + ew*) wopodx,
Q
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where we abbreviated p} = p;(w*), p; = p;(w), E* = ¢,pe"””, and E = ¢, pe”. The bilinear form
a s clearly coercive on H>(£2;R"), and both a and F are continuous on this space. By the Lax—
Milgram lemma, there exists a unique solution w € H?(€2; R") to (39).

4.2. Solution of the approximate problem

The solution w € H?(2;R") to (39) defines the fixed-point operator S : WH#(€;R") x [0,1] —
W4 (Q;R"), S(w*,0) =w. The operator is continuous, compact (because of the compact
embedding H?(Q;R") — WH#(Q;R")), and it satisfies S(w*,0) = 0 for all w* € W4 (Q;R").
It remains to find a uniform bound for all fixed points of S(-,o). Let w € H?(£2;R") be such
a fixed point. Then w solves (39) with w* =w. We choose the test functions ¢; = w; for
i=1,....n—1and ¢y =€ " — e " in (39):

/Z — i) widx + — /(E—E) (_e—w)dHE/ (E—E)e "dx
Q T Ja
+o / ZAU ) Vw; - Vwjdx + 20 / ZB )e "' Vw; - Vwdx

ij=1
2dx / (ID?wif? ) dx / dx
+ [ (e Tufds e Z| Wi+ u?) dr 4o Zm,m,'v'

- 0)\/ (e —e") (e —e ™) ds+ 5/ (e +e") (e —e™™) (w—owp)dx
o0 Q

+€/ (ID*w]* —=Dw: (Vw® Vw) + |[Vw[") dx =11, + - + 1. (40)
Q

We estimate the terms /1, . .., 1 step by step. First, by the convexity of the entropy and arguing
similarly as in [15, section 3, Step 2],
n—1 oh
L+ = +(60—46 dx
=2 [ (- g+ 00 5g)

2*/ (h(Pla -5 Pn— 179) h(ﬁla-“vpnflag))dxa
TJQ

where we have set = ¢" and 0 = ¢”. Definition (26) of w;, definition (29) of B;, and the
relations

Z w)Vw; = ZA,] w)Vg;, ZB YVw; = ZB w) Vg,
j=1
from (32) and (33) allow us to rewrite the sum I, + I5 + Ig as

I4+15—|—Ig—0/ ZA,, ( ’:})-V(qj—i-nv:.)dx. (41)

ij=1 J
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This expression is nonnegative because of the positive semidefiniteness of A;; = MgD /Pibj
see (23). Furthermore, since sinh(z)/z > 1 forz € R, z#0,

Iy = cr)\/ eV T (" — ") dx > 0,
oN

sinh (w — wy)

110:25/Qsinh(w—w0)(w—0wo)dx:25/Q(w—wo) (w—owp) dx

w—Wwy
inh (w — inh (w —
:6/w27sm (w Wo)dx+5/ (W —2(1+ o) wwo + 20w;) sinh (w = wo) Wo)dx
Q w—=Wwp Q w—wg

sinh (w — wy)

>s/w2dx+s/ (W —2(1 + o) wwo + 20w;) dx.
Q Q

w—Wwy
We claim that there exists m = m(wy, o) > 0 such that for all w € R,

inh (w —
gw) = (w2—2(1+0)wwo+20w(2))w >—
w— Wy

where wy € R and o € (0, 1] are given. Indeed, this follows from g(w) — oo as |w| — oo and
g((14 o)wp) < 0 (unless wy = 0). We conclude that

11() 2 6/ wzdx—am.
Q
Finally, we can estimate

Iy = %/ (ID*w]2 4 |D*w — Vw @ Vw[> + [Vw|*) dx > %/ (ID*w]* +|Vw|*) dx.
Q Q

Summarising these estimates, we find that

g — W
2 [ o110y B e (Il oy + 9l

T

—l—/n(ew)\Vw\zdxg g/ (h(p1,-- Pn1,0) + Ee ™) dx+em.  (42)
Q Q

The right-hand side is bounded since w € L>*(;R") by assumption, implying that

(P1y---3Pn—1,0) € L (Q;R"). The first term on the left-hand side is bounded from below
since, by definition (24) of h and Ee ™" = ¢,pf /6,,

i n . . 0
h(p1,---pn1,0) + Ee™™ :Z% (log::; a 1) &P (10g9_ 90) .

i=1 !

Thus, we obtain a uniform bound for w in H?(Q;RR") and consequently also in W!*(£2; R").
We can apply the Leray—Schauder fixed-point theorem to conclude the existence of a fixed
point of S(-, 1). This, in turn, shows that w is a weak solution to the approximate problem (37)
and (38).

Remark 6 (Treatment of the cross-terms). In the paper [15], the fluxes are given by

(1) = (o ) (40)

16
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where M =M(p,0) € R"*" and G = G(p,0) € R". A multiplication of this equation by
V(w/0,—1/0) shows that the cross-terms cancel out,

T n
o KON (T oHi ol >
V<_1/9> : (Je> = g 1MUV9 Ve +k|Viogh|- > 0,
ij=

since M is assumed to be positive semidefinite in [15]. In the present work, we have

JY\_ (A B v ™ /6

J.) \B" a -1/0)°
and the cross-terms do not cancel. This is compensated by the sum >
a computation shows that (also see (41))

T n
p/ON (T _ 3 w W 2
-V <_1/9) : (Je> =2 1Aijv (qi + m) -V <q]'+ m) + k|Vlogl|” >0,
ij=

! 7

ij—1 A/ (mim;). Indeed,

since A is positive semidefinite because of (34). [l

4.3. Discrete entropy inequality

We derive some estimates from (40) with o0 = 1, which are uniform in (¢, 7), by exploiting the
sum I + Is + I3, which we have neglected in (42). Taking into account that the estimate of /¢
becomes for o =1

110:25/sinh(w—wo)(w—wo)dx>25/ (w—wp) dx >0,
Q Q

we obtain the discrete entropy inequality

g

- /Q (h(pis- s pn—1,0) + Ee™™) dx+5C(||w||%{z(Q) + HVW||24(Q)>

.
+/ﬁ(eW)|vW|2dx+/ 3 AV (q,-+w> -V(qj-l-w)dx
Q sz:l m; m;
o

gi/ (h(ﬁlv'“,ﬁn—laé)+E€7W0)dx- (43)
T Ja

Lemma 7. It holds that
[ 3w (0 2) v (g 2)acs [ S Epvyas yavwie, @
Qi;:l m; m; Qi ml2
where 11 > 0 is defined in (23).
We deduce from assumption (A4) that x(e")|Vw|* > ¢..|Vw|?, and in view of (43), this

quantity is bounded in L?($2). Therefore, lemma 7 yields a gradient bound for ,/p; in L*(£2),
since

AV < 2V 7+ AW+ i VP,

17
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Proof of lemma 7. It follows from (25) and (30) that

& ", Vlog pi Vi
> AVg =) Aj—— mi Z AgVw = Z A

ij=1 ij=1 ij=1 ij=1 !

and therefore, in view of the definition A; = M;” /p;p; and the positive definiteness (23) on
the subspace L,

- Vpi V Vpi V
ZA,jV(qﬂ-W) V(qﬁ— ) ZA,,( Py w) ('()’+W)
m; m; m;p; m; m;p; m;

’ S (S (e

2
>

G (5]

We insert the definition of the projection matrix Py:

(o Crvome)) | =3 ( ) 0 (T i)
:nlli(jgﬁfv) \FZ (Vi p W)
2

The last step follows from the pressure constraint (7). Indeed, by (8),
1 I =V(po) 1
Zg(vpjﬂ’jVW) = 527,", = §Vp:0. (45)
j=1 J j=1 J
We have shown that
n w w n M 5
i;A,jv (q,- + m) -V <q,-+ m]) > ; m7|2vm+ NI
which equals (44) after integration over (2. O

Remark 8. We observe that the sum (45) vanishes even without requiring the constraint (7).
Indeed, by (18),

n

1 1 ¢
Zm(Vp]—i-pJVW 02 vp, :5261,:0.
j=1

j=1""
The fact that 2;1:] d; vanishes is a necessary condition for the invertibility of the linear
system (19).

In view of lemma 7 and the lower bound x > ¢, (1 + 6?), we conclude from (43) the fol-
lowing discrete entropy inequality.
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Lemma 9 (Discrete entropy inequality). I holds that

1

;/Q (h(p1s- s pn1,0) + Ee™™) dx+5C(||WH1212(Q) + ||VWH24(Q))

+/ (|Vw|2+|V9|2)dx+/Z%’ZV\/E—F\/EVWPM
@ Qi=y

1 n —
g7/(h(ﬁl""’ﬁ"—latg)—|—E67W°)dx.
T Ja

Finally, we derive an estimate for the temperature.

Lemma 10. There exists a constant C >0, only depending on ), ), 0K, and 0° such that

Cy " C _
P2dx + & / 1+62 V92dx<C+C/ \Y p,-zdx+—”/p92dx
2T/ 2 z( >| | Q;| 'z 27 Jq

Proof. We use @ as a test function in the approximate energy equation (38). Observing that
Vwi = Vp;/(mipi) =V pu/(mnpn) by (26) and 370 BiVw; = 37/, Bi(mip;) ™'V p; by (30),
we find that

¢ - LA ". B
0=— /[ p(0—0 dx+//<59 V92dx+/ —UVBde/ -
 [po-0ess [ w@rvorass [ 52 vorar | 520

i+ VOdx
Q

f/\/ (9070)0ds+€/ (6o +0) (log —log ) Odx
a9 Q

Vo
02

+€/ <D29|2 “D%0: (VAR V) + )dx:11+...+J7,

We deduce from Young’s inequality and assumption (A4) on  that

Cy

Ji >
2T

(92 ) dx, > cK/ (1+6°) |V6|*dx.
Q

Furthermore, J3 > 0. Definition (29) of B; and A;; as well as the bound p; < p* show that

n

Jy=10 E ——Vp;-Vldx =106 E BD — V -Vodx
4= m;m;p, m;m; \/p
i,j=1 im;jpi i,j=1 v

2—%/92|V0|2dx—C/Z\V\//7i|2dx.
Q Qi:l

The integrals Js are J¢ are bounded from below since

Js > _i dis > —C(>\789790)7
4 Joa

and the dominant term in Jg is 6 log, which is bounded from below by a negative constant.
Finally, J7 is nonnegative:

2

) dx > 0.

Collecting these estimates finishes the proof. O

€ 2 2 |0| 2
=- D O L p-Lvpev
J7 2/<| 0+ 05V VY
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4.4. Uniform estimates

Let (w,...,wk_, wK) be a solution to the approximate scheme (37), (38) with

n—1

(WAL WA WY = (W, Wy, ). We set 0F = exp(w )andpl—p,( k) determined

from lemma 3. Furthermore, we set EX = ¢, p*, recalling that p = Y_/_, p?. We introduce the
piecewise constant in time functions

o1
()(x,t):,of-‘(x), qf):mlg’i—’—cv(logak—l) fori=1,...,n,

l .
i

0 (x,1) = 0% (x), ED (x,1) = E*(x), ng)(xJ):wf(x) fori=1,...,n—1,

L

where x € Q, 1€ ((k—1)7,k7], and k=1,...,N. At time t=0, we set p-(T)(O) P and
6(™)(0) = 6°. Furthermore, we introduce the shift operator (o, p{™)(x,1) = p¥~ ' (x) if 1€
((k—1)7,k7]. Then (p(™),6(7)) solves

_ 1 ! () (1) r (r) )
- ;/0 /Q(Pi —Orp; )¢idth—|—5/O /Q<D2Wi ~D2¢i+Wi d)[) dxds
+ /T/ nX_EAi, (W(T)) Vw(‘r) _|_efw(">Bi (W(T)) VW(T) -V idxdt (46)
0 JQ i=1 / J )

/ / TLaE< dodxdt + / / va“ -V podxds
+// B (w)vw™ . ve dfo// 0o — 0 ) podsdr
[ S vt vasa [ (o0-07)

T n Ai‘ W(T)
+ /O /Q Z%VG(T)-Vgﬁodxdt
ij=1 v
T
+e / / (00+9<T>)(1oga<f>—1og90)¢0dxdt
0 Q

T
+e / / 0" (D*log 6™ :D2¢0—|—|Vlog€(")|2V10g9(T)-V(bo)dxdt. (47)
Q

The discrete entropy inequality in lemma 9 and the temperature estimates in lemma 10 yield,
after summation overk=1,...,N,

0 0 (1) + & )dx
oo [ (170 0,00 0) + )
/ / (\Vlog& R4 |V )dxdt
rec / (10 By + 197 )
! - 1/2 1/2
Ll (7) () ()2
+/0 /ﬂ;m[zbv (p,‘ ) + (,01» ) VIOgQ | dxdr

<[ (bl )+ ot (48)
Q

20
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cy sup/ G(T dx—&-c,g/ /( H(T) )|V9(T)2dxdt
0<t<T
C
T)+C / / V(p) " Pdxdr + 2 / p(6°)2dx. (49)
e sz ()" > | )

Lemma 11. There exists C > 0 not depending on (e,7) such that

107 |2 (o) + 116 )||L°°(0 @) < G, (50)
11020 |20 (02)) + 107 || 120, 71 (02)) < €, (51)
e 2w 2o,y + /YW |20y < C, (52)

Proof. Estimates (50) and (52) are an immediate consequence of (48) and p > p, > 0.
Bound (48) also shows that sup, 7 fQ(flogG(T) +6(M)dx is uniformly bounded from

above. Thus, log#(™) is uniformly bounded in L>°(0,T;L'(2)). Then the uniform bounds for
Vlogf(™) and V(™) as well as the Poincaré~Wirtinger inequality yield bounds for log§(")

and (") in L?(Qy), proving (51). O
Lemma 12. There exists C > 0 not depending on (¢,T) such that fori = 1,...,n,
(/2 (7)
| (Pi ) 20,7300 2)) + loi 20,7500 (92)) < C, (53)
) )’ (r)
10| e 0,722 2)) + |l (9 4 ) l20,7:m )y + 107 (| 163y < C. (54)

Proof. We infer from (48) that

1/2 1/2
//|v ") 2dxdz<c//yzv ) TP (7)) Viogt ™) Pavdr
+c/ /\v1og9<f>|2dxdz<c,
0o JQ

and the L>°(£27) bound (50) gives fori = 1,...,n,

)nl/2 T 1/2 T
157 oy <2008 112 IV (67) " llizcen + 1087 lrzan < €.

Therefore, the right-hand side of (49) is uniformly bounded, which proves the first two estim-
ates in (54). The remaining one is a consequence of the Gagliardo—Nirenberg inequality with

n=3/4
r 2
) 118/3 )" 8n/3 ™) 81—m)/3
1(0) 1y < € [ 1(6) i1 () 13 e

T 2
) 114/3 .
<10 parcan [ 1(57) Trnmer <.

This finishes the proof. O
The following lemma can be proved as in [15, lemma 9].

Lemma 13. There exists C > 0 not depending on (,7) such that
17 — Usz‘(T)HLZ(O,T;HZ(Q)*) + 107 = 070 | ios1s 0, wais(yy < CT. (55)

21
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4.5. The limit (e, )

The bounds (51), (53) and (55) allow us to apply the Aubin-Lions lemma in the version of
[10]. There exist subsequences, which are not relabelled, such that as (¢,7) — 0,

pr)—>p,-, 0" — 0 stronglyinL>(Qr),i=1,...,n—1.

The convergence also holds for i = n since p,(f) =1- Zf;ll pl.(T). Thanks to the L>°(€)7) bound
for o™ and the L'9/3(Q7) bound for 67, we have

pi(T) — p; strongly in L (Q7) for all r < oo,
0(7) — 6 strongly in L" (Q7)for all r < 16/3.
We claim that p; > 0 and 6 > 0 a.e. in Q7. The positivity of p; is proved as in [15, p 16].
The strong convergence of (6(7)) implies a.e. convergence and in particular logf(™) — Z a.e.

Thus, 6(7) — exp(Z) a.e. We conclude that § = exp(Z) > 0 a.e. in Q7.
It follows that log6 € L*(Q7) and estimate (51) yields

Vlogh™ — Vlogh weakly in L*(Qr). (56)

Furthermore, in view of (51), (53) and (55), up to subsequences,

(m

Pi
7! (p(T) - anfT)> — O,pi  weakly in L* (0,T;H* (Q)"),

pi, 0 =60 weakly in L (0,7;H' (),
i
71 <9(T) — 079(7)> — 8,p; weakly in L'®/1 (0,7; W10 ()"),
and the bounds (52) show that
elogh™ —0, ew!” -0 strongly in L2 (0,T;H*(Q)).

The embedding H' () < L?(99) is compact, giving (") — @ strongly in L?(0, T; L*(99)).
These convergences are sufficient to pass to the limit (¢,7) — 0 in (46) and (47), showing
that (p,0) solves the weak formulation (35) and (36). We only detail the limits in the terms

Aij) = A;j(w™) and B = B,(w(")). We know that V(p!™)!/2 — V!’ weakly in L*(Q)
and

o =\ /2 ,
Ai.T (pi ) pl 2 A
) )
m (7)

m; i mp;
strongly in L7 (Q7) for all v < oo. Using (32) and (25), this implies that

n (1) () n )

= Ay . Pi /
ZA[(j—r)ij(r) _ Z#ng% :2ZMSD <p(‘r)> ( o v (pj(r))l 2
j=1

j=1 J j=1

<r>)1/2

n 1/2
— ZZMgD P Vp;/z weakly in L* (Q7), s < 2.
m F
j=1 !
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Since the sequence is bounded in L(Q7), this convergence also holds in this space. Similarly,

n A7)
A
(T) —wl (r) _ Ty () lj 2
B, E logf'™) — E log6 kly in L~ (Q
"Vw 2, Vlog Vog weakly in L” (Qr),

ASIv6) = miP (p(T)> (pr> pj@) VO A, V0 weakly in 12 (Q).

and using 0(7) — @ strongly in L"(Q) for r < 16/3,

n—1

;Bl@ 22": ,sz 9(7 ( (- ))I/ZV(P,'(T))I/242Z Biﬂvpil/z

ij=1 i=1Mip;

weakly in L*(Qr) for s < 16/11, and since the right-hand side lies in L'®/'(Q), this conver-
gence also holds in L'/ (Qr).

Next, we claim that p;(0) and 6(0) satisfy the initial data. The time derivative of the linear
interpolant

- kT —1t
ﬁ)(t):pf— T (pf=p7") for (k—1)7<t<kr

is bounded since, because of (55),

™ O'Tpi(T)HLZ(O,T;Pﬂ(Q)*) <C

1057 120,109 <7710}
Thus, 5\ is uniformly bounded in H' (0, T; H*(€2)*) — C°([0,T); H*(£2)*) and we conclude

for a subsequence that p? = 5.7 (0) — r; weakly in H*(9)* for some r; € H2(Q)*. It follows

) ()

that r; = p?. As p; "’ and p; ’ converge to the same limit,

155 = 67 N o.rae sy < 107 = 007 20 18200y < CT =0,

this shows that p? = r; = p;(0) in H*(Q2)*. In an analogous way, we verify that (0) = 6° in
WZ,lﬁ(Q)*.

The initial data are satisfied in better spaces. Indeed, going back to (35) and (36), the
regularity of p; implies that 0;p; € L*(0,T;H'(2)) NH' (0, T; H' (Q)*) — C°([0,T]; L2(Q))
and thus p;(0) = p? in the sense of L?(£2). The temperature satisfies 6 € L>(0,T;L*(£2)) N
C°([0,T); W»16(2)*), which gives § € C°([0,T];L*(£2)). Consequently, §(0) = 6° weakly
in L*(£2). Moreover, we deduce from |xV0| < C,.(|VO| +60|VO?|) € L'*/11(Qy) that 5,0 €
L'/, T, Wh19/11(Q)*). This completes the proof.

5. Proof of theorem 2

Let (p,0) be a weak solution and (p,0) be a strong solution to (1)—~(8). We introduce the

entropy
H(p(t),@(t)):/;z(Zm (1 g—l>—plog9>dx
i=1" i
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Lemma 14 (Entropy equality for strong solutions). Let (p,0) be a strong solution to (1)—(8)

(in the sense mentioned after theorem 2) with A =0. Then
6(0)).

// |ve| dxds + 5 // Zbljplpj|u,fuj| dxds = H (p(0),

Proof. We use (1) and (2) and integrate by parts to obtain

dH " 0,pi B
W Q@mﬂgm S0 (o0)

i, P VO o N pill
Vlogmi—l— 7 ( /<¢V9+9; "

Jj

= — ngdx—l—/ = Voi+piV1 ) dx
[ geivoracs [ 52k (Va+ 9 logd)

.= "1 -
—|Vo 2dx+/ —it; - dydx,
/5292| | n;a l

where % = x(60) and we used (18) in the last step. By the algebraic system (5) and the symmetry

2

Q\‘ =

Of(b,'j),
Zéu d :_Zbl]pzpj j ui:_izbijpipjmi_uj' (57)
i1 ij=1

O

ij=1

This shows the claim.
Lemma 15 (Entropy inequality for weak solutions). Let (p,0) be a weak solution to (1)~(8)

t 1 t n
+/ / £|V9|2dxds+ */ / Z biipipj|ui - u7|2dxds < H(po,eo) .
0 Ja0? 20 Jafimy '

N be a solution to the approximate problem (37) and (38)

with A=0. Then

H(p(t
Proof. Let (p*,60%) for k=1
constructed in section 4.2. According to (43), this solution satisfies

k
)~V(qf+ W—)dx<H(pk*‘,ek D,
i mj

ij=1

H(p* 9’()+7/Q (9")|V10g6k2dx+7'/ ZA (

where the superindex k denotes the kth time step. By corollary 5 as well as relations (22)

and (57),
k d d- d*
Akvw .v(qk+w): MﬁDk i j
(o) < (o = o ()"

ij=1
zfz—d’f uf= 3 Zbup,pjlu —ul.

ok
i,j=1

24



Nonlinearity 37 (2024) 075016 S Georgiadis and A Jiingel

Therefore,

H(pk,ﬁk)—l—T/ (6")|V1ogb*[Pdx+ = /Zbuplpj\u —uk|2dx<H( Lo

iy=1

We sum over k = 1,...,j with 7 € ((j — 1)7,j7] and use the notation of section 4.4:

H( ™ (1),0 (¢ / / 9“) |V log 6 |dxds

L[S b O P <1 () e

i,j=1

fora.e.r€(0,7).
It remains to pass to the limit (£,7) — 0 in (58). We deduce from the strong convergence
of (p(™)) and (6(7)) that

H(p(1),0(1) < hmlan(p(T (1),00) (t)) .

(e,7)—0

We deduce from the strong convergence pl@ — p; in L1(Q7) for any ¢ < oo and the bounded-

ness of MEP that MEP (p{™)) — MEP(p) strongly in any L4(Qr). In view of the weak conver-

gences Vlogd(™) — Vlogd from (56) and V (p; () )2 Vpl/2 from (53) weakly in L?(Q7),
we have

1/2
2V (pl-(T)) +p; T)VlogH(T — ZVpl/2 +piVlogh weakly in L* (7).

Hence, using (22),

(pf”) O ngD ( <T>) m <2v ( “)) v +pr)Vlog0<T>>
-~ ZMBD <2Vp1/2 +p,-v1og9) = ou;.

Weakly in L*(Q7), where the last identity is the definition of ;. Then, taking into account the
boundedness of p(T) in L*(Qr), forany i,j = 1,...,n,

1/2
(bupff) (T)) ™ — (bypipy)'* u; - weakly in L* (7).

As the L?(€27) norm is weakly lower semicontinuous,

() (7 1/2 T T 2
/ /Zb,]p,p,w, uj|*dxds < (1;21)1313/ /Z’ bijp! )) (”z( )—u; ))‘ dxds

iy=1 ij=1
— (r) (‘F () (7))2
(IEIHTUE%/ /Zlb,/pl w;’ —u; | "dxds.
ij
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Finally, x(0(7)'/2V1og (") — £(6)'/2V logf weakly in L' (Qr) and, because of the uniform
bounds, also in L2(£27). Hence,

t t 9(7)
/ / “(2 V6 dxds < hmmf/ / L2)|V9(T)|2dxds.
0Ja 0 em=0Jo Ja (0)
Thus, applying the limit inferior (¢,7) — 0 to both sides of (58) yields the result. O

Lemma 16 (Relative entropy inequality). Let the assumptions of theorem 2 hold and let
pi(0) = p;(0) fori =1,...,nand 6(0) = 6(0). Then

5.0 Hm t - Nu: — 12 dxds
H((p,0) ()| (p.8) () + /O/Zm Paxa
//|v log6 —log0) 2dxds<C// +(0-6) | dxds, (59

where the relative entropy H(p,0|p,0) is defined in (12).

Proof. We use the test functions ¢; = mi_]_log(ﬁi/mi) —c,logf and ¢y = —1/0 in the weak
formulations satisfied by p; — p; and p(6 — 0), respectively,

/( —pi) (D) @i (f)dx = //Q — pi &gzﬁld)cdﬂ—//Q piu; — pit;) - Vo dxds,
/Q cop (0 8) (1) o (1) dx = /0 /Q cup (6 — B) Dugrodnds — /0 /Q (kY6 — RVE) - Vodads
4 /0 t /Q jil(hjuj—fljuj)~v¢odxds,

where hj = (¢, 4+ 1/m)p;f, hj = (¢, +1/m))p;f, and k = (0), & = r(f). Strictly speaking,
we cannot use ¢; as a test function since log p; and 1/0 may be not integrable. However, we
can use a density argument similarly as in the proof of [18, lemma 8]. Then, summing over

i=1,....n
/Q{g(m—ﬂi)(t) <n11ilog:;—cvlog9>()—cvp9 ()}dx

:/ot/sz{ii;<(pi_ﬁi)jzﬁ+(piu’ pitti) )+cv,0 (6—0)0 ( ;)}dxds

/OZ/Q (HveWé).v(é)dxdw/o,/ﬂg(hjujhjuj).v<é_>dxds.

We subtract this identity and the entropy equality from lemma 14 for (p,#) from the entropy
inequality for (p,6) obtained in lemma 15 and insert equations (1), (2) to replace the time
derivatives 0,p; and 9,(—1/6). A computation shows that

> \
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H((p,0)(1)|(p,0) (1)) <Ki---+Ks, where

t _ 1 _ 1
Klz—/ / (m|v1og9|2—/<;|v1og9|2)dxds+//we-v(i—) dxds
0 Jo 0 Ja o= 0

[ [ vo-v0)v (-5 ) asas

t n — — t n —
pilti Pi Vi = =
Kzz—/ / ~V<_>dxds—/ / — - (piu; — pin;) dxds,
0JQ ; m; Pi 0JQ ; m;p; )

PN 6 1 /‘/ - _ ( 1)
Ky=— hiit; -V | = — = | dxds — hiu; — hiiy) -V | —= ) dxds,
’ /0/52; ! (92 9) * 0 Q;( ! ) 0 *

1" [«
K4:*§/0 /szijpipjmi*”ﬂzdxclsy

ij=1

1" C
KS:EA /QZ b,-jﬁ,-ﬁj|17t,»—ﬁj‘2dxds.

ij=1

The term K; can be rewritten as

(60)

t t
K1:—//%(ﬁé—RH)V(logH—logé)-Vlogédxds—//H‘V(loge—logéﬂzdxds
0 JQ 0 JQ

"re—o _ _
+/ / TVlogG-(/@VlongRVIOgG)dxds::K”+K12+K13.
0 Ja

The algebraic system (5) with d; = V(p;0) /m; can be formulated as
—lebUﬁ,ﬁj (ﬁi - ﬁj) - ﬁ,VIOgé = Vﬁ,
i=1

This allows us to rewrite K:

t n t n
Ky = / / > bypipj (ui — uy) - widxds — / / > bypip; ( — ;) - tidxds
0 JQ 0 JQ

ij=1 ij=1

t n : n
-l-/o/szijpiﬁj(ﬁi—ﬁj).mdxds—/o/QZbijﬁiﬁj(ﬁi—ﬁj).ﬁidxds

ij=I ij=1

t n t n
1 1 _
+// —inlogG-ﬁidxds—// —p;iVlog0 - u;dxds
0 Q;mi 0 Q;mi
t n 1 B t n 1 B
—I—// —inlogQ-uidxds—// —piVlogh - u;dxds

=: Ky + -+ Ks.
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Furthermore, it follows from h; = (¢, + 1/m;)p;0 and > ;_, p; = >, pitt; = O that

J s (oo [ b (5 e
L[S o)
LS () e

o /zi;m-v@;)dxds—/’/i%-v(—;)dm
), v [y v

//Zp’ue - Vfdxds.

We reformulate K4 as

:77//219,]/7[,)] — ;) — (1 — ;) [ dds + = //Zbl,plpjlul ;] dxds

1111 i,j=1

//Zb,,p,p, i) - (@ — ;) dxds =: Kyy + Ko + Ku3.

z,}l

A long but straightforward computation shows that

K> + Koy + Koz + Kos + Kyp + K43 + K

/ /th/pt u; — ;) - (; — ;) dxds =: L,

ldl

and

1 _
K25+K26+K27+K28+K3=/0 /QZJ(M_@‘) (Vlog@—VlogG)-ﬁidxds
+/T/2": Lo (Vlogh — Vlogh) (1 0>dxd
— pill; - - -= s
0 Joi M 0
+/T/Xn:1 ( )v1og§<1 0>dxd
—pPi\Ui —U;) -3 S
0 Joi M 0
+/T/i1( p;) Ul v1og§( 9>dxd
— \pi — pi) Ui -3 S
0 JoiZ M

=:L)+ L3+ Ls+Ls.

Sl
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Inserting these expressions into (60), putting K, on the left-hand side, and rearranging the
terms, we find that

_ 1/ "
H((p.6)(1)| (p,6) () + 5 /0 /Q >~ bipipy] (i — i) — (1 — )| dxds
ij=1
t
+///€\V(log0—logé) *dxds < Kiy + K13+ Ly + -+ + Ls. (61)
0 JQ

The second term on the left-hand side can be bounded from below. Indeed, it follows from the
symmetry of (b;;), definition (20) of Mj;, and the positive definiteness (21) of M on L that

1 n
2 > byoips] (i — i) — (; — ) i

ij=1
n n n
=1 D2 bin | pilwi—wl = > bypipy (i — ) - (w;— )
i=1 \j=1j#i =i

= My /pi (i — ) - /5 (wj — ;) = | PLY]?,

ij=I

where Y; = | /p;(u; — it;). The norm of the projection is computed according to

n n n 2
_ pi _
PP = Y~ |PYP = g — >~ S LS gy — i)
i=1 i— PO
n 1 n 2 n n
_ —\ = _ —\2
:ZM”"_”I‘P—; Z(Pj—Pj)“j >Zpi|ui—ui|2—clz(r)j—ﬂj) ;
i=l1 j=1 i=1 j=1

where we used > ;_ | pu; = 0in the third equality, and C; > 0 depends on p, and the L>(2r)
norms of #;, j = 1,...,n. Consequently,

L
E/" /QZbijpipj’(ui_ﬁi)_(”j_ﬁj)lzdxds

ij=1
t n t n

>,UM/ /Zpi\ui—ﬁi\zdﬂis—cz/ /Z(p;—ﬁ;)zdxds. (62)
0 Joi 0 Joi

We turn to the estimation of the terms on the right-hand side of (61). By the Lipschitz continuity
of x and Young’s inequality, K| is estimated as

t
K”:f//%(n(éfﬂ)+(nfﬁ)0)V§~V(logtﬁ)*logé)dxds
0 JQ
t t
gci//w(loge—logé) \2dxds+03//(9—é)2dxds,
8 0JQ 0 JQ
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and C3 > 0 depends on c,, (see assumption (A4)), and the L°°(27) norms of § and Vlogd. A
similar estimate shows that

0= 55
i/ / IV (logf —log0) 2dxds+C4/t/ (6—6)” dxds,

//|v log6 — log) 2dxds+C5//Z )* dxds,
<§”/O/Q|V(log9710g0_) \deds+06/0 /Q(Gfé)zdxds,

observing that C4 depends on ¢, § and the L*°(§27) norms of 6, Vlog 0, and &;, Cs5 depends
on the L>(Qr) norms of #;, and Ce depends on ¢, p*, 0, and the L>°(7) norms of u; (i =
1,...,n). Moreover, by Young’s inequality again,

//Zmu, it dxds—i—Q//Z )? dxds,

“’”// o U
< — pilu; — u; dxds—i—Cg// 0 —0) dxds,
T 0 1o 070

where C; depends on p*, i, and the L (Qr) norms of &#; (i = 1,...,n), while Cg depends on
d, p*, and the L> (Q7) norm of Vlog6. Finally,

Cg//z — i) dxds+C10// (6—6)” dxds,

where Cy > 0 depends on the L>(Qr) norms of u; (i =1,...,n), and Cyo depends on ¢ and
the L*°(Q7) norm of Vlog¥.

Summarising the previous estimations, we infer from (61), (62) and the lower bound for »
(see assumption (A4)) the conclusion. O

(kV (logd —logf) + (k — k) Vlog#) - Vlogfdxds

It remains to estimate the right-hand side of (59) in terms of the relative entropy. For this,
we observe that, by [18, lemma 16],

/Z (mlog-—( pi>)dx>C/QZ(pi—pi>2dx-
i=1
Furthermore, for all functions f € C'(R) with f/(1) =

1 1
£(s) —f<1>=<s—1>/f’(a(s—1>+1>do:<s—1>/0f’<T<s—1>+1>\Zodo

=(s—1) //f” +1)drdo.
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This yields, choosing f{s) = —logs+s— 1 and s = 0/,

~\2
/cvp<—log0+1(9—9)>dx>/cvp(9_9)dx}C/ (9—@)2dx,
Q 6 6 Q Q

max{@,é}z

where C > 0 depends on the lower bound for 6 in Q7. By definition of the relative entropy, we
conclude from lemma 16 that

H{(p.0) 01 (2.0) ) + 5 [ [ i~ e

i=1

. t
Jr%f/ / |V(log9710g§) |2dde<C/ H(p,9|p,§)ds.
0/Q 0

Gronwall’s lemma shows that H((p,0)(?)|(p,0)(z)) =0 and hence p(r) = p(¢) and 6(¢) =

6(t) = 0 in  for ¢ > 0. This finishes the proof.

Data availability statement

No new data were created or analysed in this study.
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