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A CONVERGENT FINITE-VOLUME SCHEME FOR NONLOCAL
CROSS-DIFFUSION SYSTEMS FOR MULTI-SPECIES POPULATIONS

ANSGAR JUNGEL!, STEFAN PORTISCH!*® AND ANTOINE ZUREK?

Abstract. An implicit Euler finite-volume scheme for a nonlocal cross-diffusion system on the one-
dimensional torus, arising in population dynamics, is proposed and analyzed. The kernels are assumed
to be in detailed balance and satisfy a weak cross-diffusion condition. The latter condition allows for
negative off-diagonal coefficients and for kernels defined by an indicator function. The scheme preserves
the nonnegativity of the densities, conservation of mass, and production of the Boltzmann and Rao
entropies. The key idea is to “translate” the entropy calculations for the continuous equations to the
finite-volume scheme, in particular to design discretizations of the mobilities, which guarantee a discrete
chain rule even in the presence of nonlocal terms. Based on this idea, the existence of finite-volume
solutions and the convergence of the scheme are proven. As a by-product, we deduce the existence of
weak solutions to the continuous cross-diffusion system. Finally, we present some numerical experiments
illustrating the behavior of the solutions to the nonlocal and associated local models.

Mathematics Subject Classification. 65M08, 66M12, 35K51, 35Q92, 92B20.

Received February 27, 2023. Accepted March 5, 2024.

1. INTRODUCTION

This paper is devoted to the design and analysis of structure-preserving finite-volume discretization of the
following one-dimensional nonlocal cross-diffusion initial-value problem:

Opu; = 0y (00pu; + uiOypi(u)) in T, ¢t >0, (1)
ui(,0) =u) inT,i=1,...,n, (2)

2

where o > 0 is the diffusion coefficient, T := R/Z is the one-dimensional torus of unit measure, and p; is the
nonlocal operator

n n

pi(u)(z) == azui(z) + Z az‘j(Bij *u;) () = aui(z) + Z / az’jBij(l‘ = y)u;(y)dy, (3)
j=1 j=17T
J#i J#i
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where a;; are some constants. The kernel functions B9 : T — R are periodically extended to R, and u =
(u1,...,uy,) is the solution vector. If we define B* = g, where i € {1,...,n} and &, is the Dirac measure, we
can rewrite p; as

pi(u) = Zaij(Bij s« u;) (). (4)

Equation (1) with definition (4) and general kernels B for i,j = 1,...,n can be derived from stochastic
interacting particle systems in the many-particle limit [10].

We proved in [19] that the “full” nonlocal system, i.e. system (1) and (4), where B # §y are general kernels,
admits global weak solutions. Our analysis was based on the fact that this system possesses two Lyapunov
functionals. More precisely, assume that there exist numbers 7y, ..., 7, > 0 such that the kernels B¥ satisfy
the so-called detailed-balance condition

m—aijBij(m —y) = WjajiBji(y —z) fori,j=1,...,nand a.e. z,y € T,
and the positive semi-definiteness condition
Z / /maijBij(a: —y)vj(y)vi(z)dydr >0 for all v;,v; € L*(T). (5)
i1/ TJT

Then we proved that the Boltzmann (type) and Rao (type) entropies, respectively,

Hg(u) = Z/Tmui(log u; — 1)dz,
i=1

Haw) =3 3 / / mai B (@ — y)u; (y)us(@) dyda,

ij=1

fulfill the following entropy dissipation inequalities:

dH ~ “ .
TtB + 402/ 73O/ *da < — Z / /m—aijB” (x — ¥)0zu;(y)Ozu, (x)dydz, (6)
i=17T i,j=17TJT
dHp | < 2 - ij
T + Z Ui |Oppi(w)|*de < —o Z w5 BY (x — y)0ru;(y) Opus () dyde, (7
i=1 YT ij=17T/T

and the right-hand sides are nonpositive due to (5). The Boltzmann entropy is related to the thermodynamic
entropy of the system, and the Rao entropy is a measure of the functional diversity of the species [23].

While this theoretical framework was suitable to prove the existence of weak solutions, condition (5) is
cumbersome to check in practice. In Remark 1 from [19], we proved that (5) is satisfied for smooth kernels like
the Gaussian one, i.e. BY(x — y) = exp(—(z — y)?/2) for i,j = 1,...,n. We also claimed that kernels B% of
the type B¥ = 1k for some interval K around the origin satisfy (5). This claim is in fact not true, see the
counterexample in Appendix B.

System (1) and (4), with local or nonlocal self-diffusion terms, describes the dynamics of a population with
n species, where the evolution of each species is driven by nonlocal sensing [22]. In other words, each species
has the capability to detect other species over a spatial neighborhood, specified by the kernel B¥, and weighted
by the strength of attraction (a;; < 0) or repulsion (a;; > 0). Thus, from a modeling point of view, the case
B% = 1k is biologically meaningful. To include this case in our analysis (at the continuous or discrete level),
we propose to slightly modify the model studied in [19] by considering (3) instead of (4).
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For model (1)—(3), we impose the following assumptions. We assume that there exist numbers 7y, ..., m, >0
such that ma;; = mjaj; for i,5 € {1,...,n}, that B (—z) = BY(z) > 0 for a.e. z € T and i,j € {1,...,n}
(with ¢ # j), and that for all ¢,7 € {1,...,n} with i < j, the matrices

M (z) = (( T (n— 1)7TiaijBij(x)> (8)

n — l)ﬂ'ja]‘iBij (3'}) Qg4
are uniformly positive definite for a.e. € T. In particular, we could choose some nonpositive off-diagonal
coefficients. The possibility to analyze system (1)—(3) with nonpositive off-diagonal coefficients is a new and
meaningful result. However, we notice that with these assumptions, the system is only “weakly” nonlocal, in

the sense that the self-diffusion coefficients have to dominate the cross-diffusion terms.
We claim that the functionals Hp and Hp are still entropies for system (1)—(3), where of course now

Zn: /T/T”iaijBij(l’*y)ug‘(y)ui(o:)dydx_

ij=1
i#j

1 1
Hg(u) = 3 Z/Eﬁiaii|ui(x)|2dx + B
i=1

Both functionals satisfy some entropy dissipation inequalities similar to (6)—(7), where, if i« = j, the terms on
the right-hand side are simply given by the square of the L?(T) norm of d,u;. Under the above-mentioned
assumptions, the entropy production term

n n
Q= Z / i3] 0pui ()| da + Z / /maijBij (x — y)Oru;(y)Opui(x)dyda (9)
i=1 /T ig=1"17T

i#]
is nonnegative; see Lemma A.l in Appendix A. Therefore, at least formally, the functionals Hp and Hp are
entropies for system (1)—(3). In this work, we will translate this property to the discrete level by analyzing a
two-point flux approximation finite-volume scheme for (1)—(3).

In the literature, there are some works dealing with the design and analysis of numerical schemes for nonlocal
cross-diffusion systems. The work [7] studies a positivity-preserving one-dimensional finite-volume scheme for
(1) with n = 2 and additional local cross-diffusion terms, with a focus on segregated steady states, but without
any numerical analysis. The convergence of this finite-volume scheme was proved in [8], still focusing on the
two-species model. A converging finite-volume scheme for a nonlocal cross-diffusion system modeling either a
food chain of three species or, when dropping the cross-diffusion, being an SIR model, was analyzed in [1,3]. In
both models, the nonlocality comes from the dependence of the self-diffusion coefficients on the total mass of
the corresponding species. A structure-preserving finite-volume scheme for the nonlocal Shigesada—Kawasaki—
Teramoto system was suggested and analyzed in [17]. We also mention the paper [6] on a second-order finite-
volume scheme for a nonlocal diffusion equation, which preserves the nonnegativity and fulfills a spatially
discrete entropy inequality. Related works include a Galerkin scheme for a nonlocal diffusion equation with
additive noise [21], a finite-volume discretization of a nonlocal Lévy—Fokker—Planck equation [2], and numerical
schemes for nonlocal diffusion equations arising in image processing [14]. Up to our knowledge, there does not
exist any numerical analysis of system (1)—(3).

In this paper, we propose a finite-volume scheme which preserves the structure of equations (1)—(3). Compared
to [8], we allow for an arbitrary number of species, include linear diffusion o > 0, and prove the preservation
of the discrete Boltzmann and Rao entropies. Since we need the positive definiteness of the matrix M (x),
self-diffusion is needed in our situation. Moreover, in contrast to [8], we impose periodic boundary conditions
(instead of no-flux conditions). Our proofs rely on the discrete analog of the rule 9,B%Y x u; = BY x Q,u;,
see (17), which allows for kernels B% that are not differentiable, while in [8] the kernels are required to be in
CZ(R). Compared to [17], our equations do not have a Laplacian structure, which was used in [17] to define the
numerical scheme, and we allow for nonpositive off-diagonal coefficients.

Our main results can be sketched as follows (see Sect. 2.3 for details):
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— We prove the existence of solutions to the finite-volume scheme, which are nonnegative componentwise,
conserve the discrete mass, and satisfy discrete versions of the entropy inequalities (6) and (7).

— We show that the discrete solutions converge to a weak solution to (1)—(3) when the mesh size tends to zero.
As a by-product, this proves the existence of a weak solution to (1)—(2).

— We illustrate numerically the rate of convergence (in space) in the LP-norm as well as the rate of convergence
in different metrics of the solution to the nonlocal system towards the solution of the local one (localization
limit). Moreover, we illustrate the segregation phenomenon exhibited by the solutions to (1)—(3); see [4].

The paper is organized as follows. The numerical scheme and our main results are introduced in Section 2.
We prove the existence of discrete solutions in Section 3, while the proof of the convergence of the scheme is
presented in Section 4. In Section 5, numerical experiments are given, Appendix A contains some auxiliary
results, and we show in Appendix B that indicator kernels generally do not fulfill inequality (5).

2. NOTATION AND NUMERICAL SCHEME

1. Notation

A uniform mesh 7 of the torus T consists of N intervals (or cells) K, of length Az = 1/N, given by
Ky = (x9-1/2,T¢41/2) with end points z¢11/0 = (£ £1/2)Az and centers x, = (Ax for £ € G = Z \ NZ. For
given end time T > 0, let Ny € N and define the time step size At = T/Np and the time steps t;, = kAt. A
space-time discretization of Qp := T x (0,T') is denoted by D; it consists of the space discretization 7 of T and
the time discretization (Np, At) of (0,7T).

We introduce some function spaces. The space of piecewise constant (in space) functions is given by

V7 = {’U T—R: El(W)KGG C R, ’U ZWlKZ }
LeG

where 1k, is the indicator function of K,. We identify the function v € V7 and the numbers (v¢)seq by writing
v = (v)sec- For g € [1,00) and v € V7, we introduce the L?(T) norm, the discrete W14(T) seminorm, and the
discrete W14(T) norm by, respectively,

[ollg.g.r = D_ Acloel?, olf, 7= > Az

LeG leG

[0l g7 = 017 .7 + 105,47

W+1 - W

We also define the discrete L>°(T) norm by [|v||0,c0,7 = maxeeq |ve|. Note that [[v]lo,q,7 = [[v]|La¢ry for functions
v € V7. We set

Dov := % and Dv:= (Dyv)seq-

We recall the definition of the space BV(T) of functions of bounded variation. A function v € L*(T) belongs to
BV(T) if its total variation TV (v), given by

TV (v) = sup { / v(2)0pp(x)dr : ¢ € CL(T), |p(z)| <1 forallz e ']I‘},
T
is finite. We endow the space BV(T) with the norm
lvllBv(ry = [[vllzr(r) + TV(v) for all v € BV(T).

In particular, it holds |[v||gv(ry = [[v||1,1,7 for any v € V7 N BV(T).
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For any given ¢ € [1,00), we associate to these norms a dual norm with respect to the L?(T) inner product

by
ol = sup{‘ [ vwas Lot = 1},
T

where 1/g + 1/¢' = 1. Then the following estimate holds for all v, w € Vr,

‘ / vwdx
T

We also need the space of piecewise constant (in time) functions taking values in Vr:

cw € Vr, |w|

< oll-ve rllwlligr-

Nt
Vp = {v :Tx(0,T] = R: El(vk)kzly___,NT, v(z,t) = Z 1(tk1,tk](t)vk(x)},
k=1

and the discrete LP(0,T; W14(T)) norm

Nt 1/p
(ZAHUICH’L%T) , where 1 <p,qg<oo0, vE€Vp.
k=1

2.2. Numerical scheme

The initial datum (2) is approximated by

1
u?@:—/ u(z)dz for b€ G, i=1,...,n. (10)
’ Ax K,
For given k € {1,..., Nz} and u*~1 € V2, the values u¥ = (Uﬁe)izl’m,n,eeg are determined by the implicit
Euler finite-volume scheme
Az k—1 k k .
AL (wie —uie )+ Fiopryp = Fipm1p =0, i=1,...,n, LEQG, (11)
with the numerical fluxes
o uke+1/2
k k k i, k k
*7:1’,(+1/2 = T Ax (Ui,z+1 - Ui,z) YN (Pi,e+1 - Pz‘,e)a (12)

where the discrete nonlocal operators are given by

n
y y 1 »
Pl =aunly + Y0 Ava B pukes Bil,= 3o [ BUw)d, (13)
j=lteca Koy
J#i

forall 3,57 =1,...,n and ¢, £’ € G. We show in the proof of Lemma 4.4 that pf}z = a;uf(zo) + D iz a;j(BY x
u?)(xg) for ¢ € G, verifying the consistency of the discretization of pf’l. The mobility uf,z+1/2 = ﬁ(uﬁé, uﬁeﬂ)
is assumed to satisfy the following properties for all u; ¢, u; ¢+1:
— The function F : [0, 00)% — [0, 00) is continuous and satisfies F\(uiyg, Ui0) = u; e as well as min{u; ¢, u; g+1} <
F(uwi e wior1) < max{u; ¢, Ui o41}-
— There exists ¢y > 0 such that the following discrete chain rule holds:

Wi g+1/2(Pier1 — Piye)(log wi g1 —loguie) > co(Pijes1 — Piye) (Wier1 — Wie)- (14)
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Remark 2.1 (Examples for mobilities). Property (14) is satisfied if u; , (we omit the superindex k) is defined
by the upwind approximation

Ui, 041 if pigr1 —pie >0,
Ui p+1/2 = ' o ’ 15
w1/ {Ui,é if pser1 —pie <O, (15)

or by the logarithmic mean

Ui p41 — Ui
log u; ¢41 — logu; ¢

if ugep1 >0, uze >0, and w; 11 # Ui,

Uiltt1/2 = Yy if w041 =0 >0, (16)
0 else.
We refer to Lemma A.2 in Appendix A for a proof. O

Remark 2.2 (Symmetry of discrete kernels). Definition (13) of Béj_ » 1s consistent with the discrete analog of
BJi(—x) = BY(z). Indeed, with the change of variables y — —y,

) 1 3 1 y 1 L iy
B, = — B =— [ B'(-ydy=-— [ BY =By.
T A /K W= 5 /K V=5 /K )y = 5

Remark 2.3 (Discrete derivative of the convolution). A shift of Az in definition (13) of sz_ o, shows that

By = Bijy1)_ (1) Which leads to

Z (BE£+1)—Z’ = BLy)uje = Z (BE§+1)—(Z'+1)UM’+1 - sz—efuj,f') (17)
eG 'eG
= > B (ujeri1 —ujp)
led
for all £ € G, 4,5 =1,...,n. This is the discrete analog of the rule 8, B % u; = B% x Q,u;. O

Remark 2.4 (Asymptotic-preserving scheme). For j # i, let BY = B¥ for some parameter € > 0 and BY — &y
in the sense of distributions as e — 0. Let pfy’; be defined as in (13) with B%¥(y) replaced by B¥ (y). Then, as
e — 0,

n n
P = Y ai (Goxug) (w) = Y sy
i=1

j=1

Thus, our numerical scheme is asymptotic-preserving in the sense that the method converges to a finite-volume
scheme for the local system, which also preserves the nonnegativity, conserves the mass, and dissipates the
Boltzmann and Rao entropies. O

2.3. Main results
We impose the following hypotheses:

(H1) Domain and parameters: T is a one-dimensional torus, T'> 0, 0 > 0, and Q7 := T x (0, 7).

(H2) Initial datum: «® = (u9,...,u%) € L?(T;R") satisfies u{ > 0 in T.

(H3) Kernels: Let BY € L°°(T) for j # i be a nonnegative function satisfying B/*(x) = B%(—x) for a.e. z € T.
There exist numbers 71, ..., m, > 0 such that m;a;; = 7m;a;; (detailed-balance condition), and the matrices
M?% | defined in (8), are uniformly positive definite for a.e. x € T.
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We consider the one-dimensional equations mainly for notational simplicity. In several space dimensions d > 1,
we infer uniform estimates in spaces with weaker integrability than in one space dimension, because of Sobolev
embeddings. Thanks to the positive definiteness condition on M, gj_ ,» we obtain a bound for u; in the discrete
L?(0,T; HY(T)) norm, which allows us to conclude, together with the Rao entropy estimate, by the discrete
Gagliardo-Nirenberg inequality, a bound for u; in L?(Q7), which is sufficient to estimate the product u;0,p;(u).
In the one-dimensional situation, this procedure simplifies; see Lemma 4.5. We discuss the multidimensional
case in Remark 4.7.

Our results also hold if o = 0, since the condition o > 0 provides an estimate for u; in the discrete norm
of L2(0,T; W'1(T)), while the positive definiteness condition on M,’ ,, allows us to conclude a stronger bound
in the discrete norm of L?(0,T; H'(T)). Notice that kernels of the type BY = 1y satisfy Hypothesis (H3) (for
suitable m; and a;;).

Condition ©® € L?(T;R") in Hypothesis (H2) is needed to obtain a finite initial Rao entropy Hg(u"). For the
existence result, the assumption on the kernels can be weakened to BY € L'(T). The boundedness condition
on B% in Hypothesis (H3) is needed in the proof of the convergence of the scheme.

We introduce for a given nonnegative function v € V7 the discrete entropies

u) = Z Z Azxmih(uie), h(s) =s(logs—1), (18)

i=1LeG
1 «— 1 « i
u) =3 DO Awmaifu e’ + 5 >0 Y (Av)may B gy,
i=1LeG i,j=100'€G
i#£]
and the matrices
MY, (z) = Tidi (n = Dmiai BLp (@) g < g, 0,0 €@G. (19)
=t (n — 1)7rjaj1-B;J_é,(:c) wjajj T

In view of Hypothesis (H3), they are symmetric and positive definite uniformly in £,¢' € G, z € T, i.e
2T M, ,,(z)z > cp|z]? for z € R?, 2 € T and some cpr > 0.
Our first main result is the existence of discrete solutions.

Theorem 2.5 (Existence of discrete solutions). Let Hypotheses (H1)-(H3) hold. Then there exists a solution
ukf € V3 to (10)—(13) for all k = 1,..., Nr, satisfying uﬁé >0 forali=1,...,n, £ € G and the discrete
entropy inequalities

n T
C()At Dguf ij Dguf
HB(uk> + p— Z Z (Ax)? (Dg/uk M, Dy uk (20)
,j=10,0'€G J J
1<j

+40Atzm 22, < HpWFh),

i=1
- p&e+1_pke 2
() + A0S S Awmut (M) (21)
i=1LeG
Dou; T Dyu
¢ ij ¢ k—1
R S anp () w (Do) < e,
zg 10,0'€G J
1<j

Furthermore, the solution conserves the mass, Y ,cq Axuﬁe = fT ud(z)dz for alli=1,...,n, k=1,...,Np.
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This theorem is proved by solving a fixed-point problem based on a topological degree argument, similar as
in [18]. For this, we formulate (11) in terms of the entropy variable w; = m; logu; and regularize the equations
by adding the discrete analog of —¢Aw; 4+ ew;. The regularization ensures the coercivity in the variable w;.
After transforming back to the original variable u; = exp(w;/m;), we obtain automatically the positivity of u;
(and nonnegativity after passing to the limit ¢ — 0). Like on the continuous level, the derivation of the discrete
entropy inequalities (20) and (21) relies on the detailed-balance condition m;a;; = m;aj; for all i, =1,...,n.

For our second main result, we need to introduce some notation. We define the “diamond” cell of the dual
mesh Tpyq/0 = (2¢, 2441) With center x, /5. These cells define another partition of T. The gradient of v € Vp

is then defined by
k

k
Vg —
OPv(z,t) = D = % for x € Typ1/2, t € (tp—1, k).

We also introduce a sequence of space-time discretizations (Dy,)men indexed by the mesh size 7, =
max{Ax,,, At,,} satisfying 7,, — 0 as m — oo. The corresponding spatial mesh is denoted by 7, with
Gm =7\ N,,Z and the number of time steps by N7. Finally, to simplify the notation, we set 97 := 9Pm.

Theorem 2.6 (Convergence of the scheme). Let Hypotheses (H1)-(HS3) hold and let (D,,) be a sequence of
uniform space-time discretizations satisfying n, — 0 as m — oo. Let (uy,) be the solutions to (10)-(13)
constructed in Theorem 2.5. Then there exists u = (uq, ..., u,) satisfying u; > 0 in Qr and, up to a subsequence,
as m — oo,

Uim — U;  Strongly in L*(Qr),
O Uj m — Opu;  weakly in L*(Qr),

and u is a weak solution to (1)—(2), i.e., it holds for all 1p; € C§°(T x [0,T)) and i =1,...,n that

T T
/ /uiatwidxdt—k/ugwi(~,0)dx:/ /(J@mui+ui8xpi(u))amwidwdt.
o Jr T o Jr

The proof of Theorem 2.6 is based on suitable estimates uniform with respect to Ax,, and At,,, derived
from the discrete entropy inequalites. A discrete version of the Aubin—Lions lemma from [15] yields the strong
convergence of a subsequence of solutions (u,) to (11)—(13). The most technical part is the identification of the
limit function as a weak solution to (1)—(2).

3. PROOF OF THEOREM 2.5

Theorem 2.5 is proved by induction over k = 1, ..., Np. We first regularize the problem and prove the existence
of an approximate solution by using a topological degree argument for the fixed-point problem. The discrete
entropy inequalities yield a priori estimates independent of the approximation parameter. The de-regularization
limit is performed thanks to the Bolzano—Weierstrafl theorem.

Let k€ {l,...,Np} and u*~! € V7 satisfying ufgl >0fori=1,...,n, ¢ € G be given.

3.1. Solution to a linearized regularized scheme

We prove the existence of a unique solution to a linearized regularized problem, which allows us to define the
fixed-point operator. Let R > 0, € > 0 and define

Zp = {w:(wl,...,wn) EV?—:||wi|1,277<Rf0ri:1,...,n}.

We introduce the mapping F : Zr — R w — w®, where w® is the solution to the linear regularized problem

k—1
Wie — Uj g

Wi g1 — 2w + Wi,
—g it - £ eArw;, = —AiUT — (Fier12 — Fie—1/2)s (22)

Az
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where i = 1,...,n, £ € G, u;y is defined by u; ¢ = exp(ws,e/m;), F; 412 is defined as in (12) with u¥ replaced
by u; and pf, ¢, replaced by

n
Pie = Qiitip + Z Z Azai; By guje-
j=10leG
J#i
We claim that F is well defined. For this, we write (22) in the form

k-1
Wip — U g

Muw® =v, where v, = —ACET — (Fio172 — Fie—1/2)-

The matrix M € R™V*"N ig a block diagonal matrix with entries M’ € R¥*N | which are tridiagonal matrices
such that M, , = eAx +2¢/Ax, My, , = My ,,, = —¢/Ar. We can decompose the full system Mw® = v into
the subsystems M'w$ = v; for i = 1,...,n. Since M’ is strictly diagonally dominant, there exists a unique
solution to M'w§ = v; and consequently for Mw® = v by setting w® = (w§, ..., ws). We infer that the mapping
F is well defined.

3.2. Continuity of F
We fix i € {1,...,n}, multiply (22) by w§,, and sum over £ € G:

wé — 2wt , + wt
i,4+1 7,0 i,4—1
5 E (— AL + Azwg , Jw;, (23)
leG
S art e . 5 .
= — Az AL Wi ¢ — (Fiog1/2 — -7:2',@71/2)1”1‘,6-
LG LeG

The left-hand side can be rewritten by using discrete integration by parts (or summation by parts):

ws,,  —ws,) — (wf, —ws
c Z ( _ ( i,0+1 1,£)Ax( 7,0 z,@—l)w?’z + A.’E(U}ie,g)2> (24)
teG
(wF oy — W)
—e Y T ey Aw(wf,)” = fwf o
te@ teG

The first term on the right-hand side of (23) is estimated by the Cauchy—Schwarz inequality, taking into account
that w € Zg, which implies a finite discrete L?(T) norm for u; = exp(w; ¢/m;):

Ui e — Uy g

) Ar— gl
LeG

k—1
‘ < C(AY)|lu; — uf Moz, 7w o2, 7 < CAL R)|Jws 12,7,

where here and in the following C' > 0, C(At, R) > 0, etc. are generic constants with values changing from line
to line. We split the second term on the right-hand side of (23) into two parts:

- Z(ﬁ,z+1/2 — Fip—1/2)wi, =11 + Iz,  where
teq

I o Ui 041 — Usp Ui — Ui p—1 we
1= E _ €
Az Az 5,0
LeG

I, — u Pie4+1 — Pig w Dig — Pig—1 wE

2 — . -~ — ;) — e — 2P

E i,04+1/2 N 1,0—1/2 N 0,0
eq
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For I, we use discrete integration by parts, the Cauchy—Schwarz inequality, and the fact that w € Zg:

€ 13
Ui o1 — Ui 0 Wipr1 — Wiy
b= | o st e~

= Az Ax
2\ 1/2 we — we
ga—(ZAx ) (ZA:U‘W
leG leG .

=olui|12, 7w 12,7 < C(R)||w; 12,7

Ui p41 — Ui
Ax

2>1/2

Using discrete integration by parts, and definition (13) of p; ;, we obtain

£ £
Die+1 — Pije Wior1 — Wiy
L =|— E Azu, : e = | < Iy + I55, where
| | 1,0+1/2 Az Az = )
(eG
1> 1>
I Z . a (i 011 — wig) (W5 pyq — W5 ,)
21 = i, 0+1/20ii
i,0+1/2Wii Az Az )
LeG
n i i 5 o€
Iy = (Az)%u; a By — Be—efu p Wigr1 — Wiy
_ E' E: 01 /o .7 )
, be+1/2544 Az J Az
j=10,0'€G
J#i

For I51, because of the bound in Zg, we can estimate u; ¢11/2 < max{u;¢y1,u; ¢} < C(R). Then, thanks to the
Cauchy—Schwarz inequality, we obtain

Iy < C(R)ai; luili 2,7 |0 |12,7 < C(R) ||y |l12,7-

For I», applying the discrete analog (17) of the rule 8, B * u; = BY % O,u;,

- Wi pr+1 Wi pr 'UJEZ - 'lUEZ
§ : § : 2 i 3,/ +1 T Yy, 3,0+1 iy
(A(E) Ui7g+1/2aijB€_€,

-[22 =

j=1¢0eG Az Az
J#i
n

= Z Z (A$)2ui,€+1/2aijB;j_gl(Dé/uj)(wai) )
j=1¢0eG
J#i

where we used the notation of Section 2.1. Similarly to I, we infer that

I, < C(R) Zaij ZAx< Z Aszie,Dg/uj>Dgwi.
j=1  teG veG
J#i
Then, by the Cauchy-Schwarz inequality and the discrete convolution inequality from Lemma A.3 in
Appendix A,

n - 2y 1/2
.[22 S C(R) Z { Z A:U( Z A:UB?_K,D[/UJ-) } |wi|1,277

j=1 ‘tea vea
J#i
n
< C(R) D _IBY || pmylujherlwilior < C(R)||will1 2.
j=1
J#i
Combining these estimates, we deduce from (23) that ¢||wi|1,2,7 < C(At, R).
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We can proceed to show the continuity of F. Let (w*)ren be such that w* — w € Zp as k — oo and set
wsF = F(wF). We have just proved that (w®*)iey is bounded with respect to the |l - |l1,2,7 norm. By the
Bolzano—Weierstraf theorem, there exists a subsequence (not relabeled) such that w®* — w® in Zp as k — oc.
Performing the limit k¥ — oo in (23), satisfied for w®*, shows that w® solves scheme (23) with u; o = exp(w§ /m;).
This means that w® = F(w), which proves the continuity of F'.

3.3. Existence of a fixed point

We show that F : Zgp — R™Y admits a fixed point by using a topological degree argument. We recall that
the Brouwer topological degree is a mapping deg : M — Z, where

M ={(f.Z,y): f € C°T), Z is open, bounded, y & f(0Z)};

see Chapter 1, Theorem 3.1 from [11] for details and properties. If we show that any solution (w®, p) € Zg x [0, 1]
to the fixed-point equation w® = pF(w®) satisfies (w®, p) & 0Zr x [0,1] for sufficiently large values of R > 0,
then we deduce from the invariance by homotopy that deg(I — pF, Zg,0) is invariant in p. Then, choosing p = 0,
deg(I, Zgr,0) =1 and, if p = 1, deg(I — F, Zg,0) = deg(I, Zr,0) = 1. This implies that there exists w® € Zg
such that (I — F)(w®) = 0, which is the desired fixed point.

Let (w®, p) be a fixed point of w® = pF(w®). If p = 0, there is nothing to show. Therefore, let p > 0. Then
w;g solves

W gy g — 2wW5 p + Wi,y u?’zfuk_l
L A;’ L + EAZL‘U];:’Z = —p A.’If‘l At + ]: €+1/2 72571/2 (25)
forall ¢ € G and i =1,...,n, where uf, = exp(w;,/m;), and the fluxes 7, , ,, are defined as in (12) with uk Lo
replaced by ug,. We multiply the previous equation by Atwg,, sum over e G,i=1,...,n, and use dlscretc
integration by parts as in (24):
EAtZ [wi %27 = —PZ Z (Az(us, —uf 7 w5 o+ AHFS g1 /0 — Fro1/2)Wie)- (26)
i=10eG

For the first term on the right-hand side, we use w;, = m; logu$ , and the convexity of h(s) = s(logs — 1):

(ufp — wiy )milogus o > mi(h(uf ) — h(ugy "))
Recalling definition (18) of Hp, this shows that
—PZ Z Ax(ug, —ufy Ywi, < —p(Hp(u®) = Hp(u"1)).
i=1(eG

Like in Section 3.2, we split the second term in (26) into two parts:

— Al Z Z ior1y2 — Fioo1j2)wie = I3+ Lu,  where (27)
i=1LeG
}:Z e “i,e Ui ~ Uie-1, .
I3 = poAt 2.2 ( _ o ws s,

Pior1 — Pig N
%, Z, 1, Lt—
Iy = PAtZ > ( L2 Ay T Ui-12 T AL )wié'

i=10eG
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We use discrete integration by parts, the definition w; , = m;logu$ ,, and the elementary inequality (a—b)(loga—
logb) > 4(y/a — v/b)? for a, b > 0 to estimate the first term:

- Ug oy — U5
_ 2,6+ 1, 5 €
I3 = —PUAtZ Z — Ar (Wi o1 — wig)

i=14eG

< 4po-AtZZ (1 ) 1/2—(u?,e>1/2)2=—4poAtZ7r|

1/2
/|12'T
i= IZEG

For the second term Iy, we use discrete integration by parts and w;, = m; logu; , again as well as property
(14) (discrete chain rule):

At
I :7p7$zz7rl z€+1/2(pz€+1 pzé)(logu1f+1 loguzf)
i=1LeG

< —pc O*ZZM Piovr — Pre) (U5 o1 — UG p)-

i=14eG

Then, inserting definition (3) of pf , and using the discrete analog (17) of 0, BY x u; = BY % dyu;,
At
I, < pCoA (I41 + I42), where

n
€ £ \2
In =Y miai(uf oy —us,)?,
i=1 G
n
_ P >1) € - € -
Iz = § , § , Amﬂ—lalﬂBZ—Z’(uj,é’Jrl uj,f/)(ui,éJrl Us )
ij=10,'eq
JFi
We insert (n — 1)1

>zl =1and 3, oAz =1 (note that m(T)
two parts:

= 1) in I4; and split the resulting sum into

1 n
2
Iy =—— Z > Awmia(uf gy —ug,)” to— D> Awmai(uf gy — us,)’
1] 10,0€eG

i,j=100'€G
i<J >3]

We exchange i and j as well as £ and ¢’ in the second term, which leads to

L= ——= 3" 3 Awlmai(u g —uf)? +mag; (e — w5 0)?).
1,j=1L00'€G
1<J

Similarly, we distinguish between ¢ < j and 7 > j in I4» and exchange i and j as well as £ and ¢ in the sum
over ¢ > j, leading to

n
_ E E P 17 € - = €
I42 = A!TT(ZGUB[,[/ (’U’j,ZLFl Uj’g/)(ui7z+1 u’i,@)
i,j=10,0'€G
i<j

n
. R € € € -
+ § : E : Azmja;i By (i gy — g ) (uf 1 — uj )
ij=16L€G
i<j
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By Remark 2.2, we have Bg,i_e = Béj_é,. Therefore,

n
_ i € 5 € €
Iy = E E Ax(ma;; + Wjaji)Be—zf(Uj,z/H - Uj,e/)(uz',e+1 - Uz’,e)-
i,j=16,'€CG
i<j

The sum of I;; and I42 can be written as a quadratic form in Dou; and Dg/u§ with the matrix Meiig,, defined
n (19). This shows that

n T
pcoAt Dous ij Dous
I < — § :WE :G (De e ) Mo Dyt ) <0
i,j= e
1<j

Collecting the estimates for I3 and I in (27), we deduce from (26) the following regularized discrete entropy
inequality:

pHp(uf +sAtZ||wEH12T+4paAthI VR (28)
=1 =1
n T
coAt Dyus i Dou§ _
s DI DR Cio PV (Dfuz)smw’“ )
(n 1,j=10,0'€CG e
i<j

We proceed with the topological degree argument. We set R = 1+ (Hp(u*~")/(cAt))'/2. Then (28) implies
that

EAtZ w3 2,7 < pHp(u* 1) < Hp(ub~1) = eAt(R —1)? < eAtR?,

i=1
and hence w® ¢ 0Zr. We infer that deg(I — F, Zg,0) = 1 and consequently, F' admits a fixed point. Note that
we did not use the estimate for u$ in the seminorm |- |12, at this point, such that o = 0 is admissible here
(and also in the following two subsections).

3.4. Limit e — 0

There exists a constant C' > 0 such that C(s — 1) < h(s) for all s > 0. Hence,
Crmidw(uf, — 1) < mAzh(uf ) < Hp(u®) < Hp(uh™),

forall/ € G,i=1,...,n. Thus, (uf /) is bounded in ¢ and the Bolzano—Weierstraf} theorem implies the existence
of a subsequence (not relabeled) such that uf, — uf, > 0 as ¢ — 0. It follows from (28) that ew$, — 0. Thus,
the limit ¢ — 0 in (25) shows that u* is a solution to the numerical scheme (11)—(13). Moreover, the limit ¢ — 0
in (28) leads to the discrete entropy inequality (20).

3.5. Discrete Rao entropy inequality
We prove inequality (21). To this end, we multiply (11) by Atmpif@ and sumover € G,1=1,....,n

Z Z Azﬂi(ui - Uz e ot Z Z Aty (F; e+1/2 ‘7:11]6,@—1/2)1)?,( =0. (29)

i=14eG i=10eG
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For the first term in (29), we use the definition of pf’l:

n
Z Z A;mri(ui-“’e — uﬁzl)pf’e =I5+ I, where

1=1 4G
n
k k—1y, k
=33 Awmiaii(uf, —uly Yl
1=1/0eG
n
2 17 k k‘ 1 k
Is= Y > (Aw)ma; By, (ufy —uby by
ij=100'€C
Jj#i

We rewrite I5 and Ig according to

" n
= % 2D Aemaa((ufe)’ = (uig)?) + % SN Awmiai (uf, —ufy 1) )

i=1teq i=1teq
Z Z ko k k—1, k—1
IG = — AQIT ma” Z Z/( Z[Uzj o~ ui,é ’Uzj75/ )
i,j=10'eqG
J#i
1 n
2_ i k k—1y\/, k uF1
+ B § § (Az) miai By p(ugy — uiy )y —ujp ).
i,j=14,0'€G
J#i

Combining the second terms in I5 and I, using similar computations as for I, in Section 3.3, and applying
Hypothesis (H3) shows that the second term of I5 + Is is nonnegative leading to

1 n
Is+ 1 > 3 Z Z Axﬂiaii((uﬁé)Q - (Uf,Zl)2)

i=10eG

1 & .
§ : § : 2 iJ k ,k k—1, k—1
+ 5 (Al‘) WiaijBlff/( zéug 1 _uzl ug 4 )
ij=100'eG
J#i

Then it holds that

ZZA:”” *UM )pzi>HR( M) — Hr(u"h).

i=14eG

Now, we split the second term in (29) again into two parts:

n
Z Z Atm(fﬁzﬂﬂ - f:£71/2)p?’5 = I;+ I, where
i=1(eG
k k k
NS “',z Uip —Ujp

Y ) D (e T Tt S PN

i=1 0

n k k k k

Pioy1 — Pig Pie = Pie—1
k i,04 , k , ; k

Is = 7AtZZ7Ti (Ui,g+1/2 A —Ujp—1/2 A )pi,E'

i=1 G z x

We reformulate I7 by using discrete integration by parts:

k
fz 1 u'e
7—0Atzz & + : (pzl-l-l pﬁz)

i=10eG
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Then, with similar computations as for I in Section 3.3, we obtain

T
Déuf ij Dgui-C
7 = n — 1 Z Z (Dl'uk) ng_g/ <D€/uk Z 0
1,j=1LL'€G J
i<j

Finally, the term Is can be rewritten as

Py A41 — Py - 2
= At Z Z T, z+1/2 - A = (P?,eﬂ - Pf,z) = At Z Z mAa:| (“f,z+1/2)1/2D€Pﬂ .
i=1 (e i=1 e

Hence, we infer from (29) that

Hr(u’) + Atz Z WiAI|(U§€,z+1/2)1/2DeP§|2

i=1 4G
T
Douf i Deuf k=1
, <
Z Z Ac)’ (Dz/uk My Dyuk < Hr(w™),
2] 10,0'€G J J
1<j

which proves (21).
Finally, conservation of mass follows from summing (11) over ¢ € G and observing that the sum over the
numerical fluxes vanishes. This ends the proof of Theorem 2.5.

4. PROOF OF THEOREM 2.6

To prove the convergence of the scheme, we derive first some uniform estimates and then apply a discrete
Aubin—Lions compactness lemma.

4.1. Uniform estimates

Let (tm)men be a sequence of finite-volume solutions to (11)—(13) associated to the mesh D,,, and constructed
in Theorem 2.5. The conservation of mass and the discrete entropy inequalities (20) and (21) show that, after
summing over k =1,..., N7,

NT
(T 807, + > Atmll (W) 2|} 07, <C, i=1,...,m, (30)
k=1

where C' > 0 denotes here and in the following a constant independent of the mesh size 7, = max{Ax,,, Aty },
but possibly depending on u” and 7. Because of the positive definiteness of M,” ,,, we conclude a bound for uk
in the norm | - ||1,2,7,, -

Lemma 4.1. Let the assumptions of Theorem 2.6 hold. Then there exists C > 0 independent of n, (but
depending on the positive definiteness constant cpy) such that for allm e N, i=1,...,n,

N
Z At
k=1

(31)

y4m

Proof. We infer from (20) that

m
Nrp

Douk T i Douk
w2 S a2 (g e (B < ot
1,j=10,0'€Gpm e ¢
i<j
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Since M, gj_ s uniformly positive definite with constant cp; > 0,

.
Dgu ij Dgui-C
Y S ot () e (he

1,j=1L00' €G,
1<j
> M2 Z 3 (M) (Dot + [Dput]?)
e Y=
1<j
n
= cpe Z Z Az|Doub > + cpreo Z Z Am|Dg/u?|2
i=1 LEGm J=10€Gm

n
= 2cprco Z Z Am|Dgu§|2.

i=1LeGp,

Together with the first bound in (30), this finishes the proof. O

Lemma 4.2. Let the assumptions of Theorem 2.6 hold. Then there exists a constant C > 0 independent of 1,
(but depending on o) such that for allm e N, i =1,...,n,

Ny Ny
> Atwlufli g, + Y Atwl|uf| .7, < C.
k=1 k=1

Moreover, there exists another constant, still denoted by C > 0 and independent of 1,,, such that

m
Ny

Z At |pﬂ%,2,Tm <C. (32)
k=1

Proof. As m(T) = 1, thanks to the Cauchy—Schwarz inequality,

iz, = > (ufepn —ulel < |uflioT,.-
LeGm
Using (31), this shows that

N Np

ZAtm”u?”il,Tm < QZAtm(HUﬂ o1z, iz,

k=1 k=1
NT

<2T {nax (k7% ST, + QZAtm|u 5oz, <CW’T).

k=1

To show the discrete L*°(T) bound, we apply the continuity of the embedding BV(T) «— L*°(T) (in one space
dimension). We conclude that, for i =1,...,n,

N7’ N7’ Np'

Y Atwlluflf oz, < C Y AtwluflByry = C Y Atwlluf|lf 1 7, < C@W’,T).

k=1 k=1 k=1
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For the last part, we estimate as follows:

| k|2 Az,, pz Piey1 — Pie P, )
Pil1,2,7,, A
LeG, m
n j ij 2
By - B
2 (41—t —v g
< Ca; Tm E E Ammaz]T Uj g
LeGm J=10€qG,, m
J#i
n k k2
R T —u”
k2 i 5,0 +1 3,0
<Cluilia 7, +C § Az, E E Ammaingj_g/T
€€Cm J=10€EGm m
J#i
n 2
<ClfR oz, +C Y Arp| > Y Awgay By, Dyut
LG, j=10'€Gm
J#i

Then we deduce from the elementary inequality (3_7_; ;. a;)* < (n—1)3 7, ;;af for a; € R and the
discrete Young convolution inequality in Lemma A.3 that

n
ij k
Z Az, Z Z Azmai; By, Do

2

LeGm j=10eG,y,
i
n B 2
<(n- 1)2 Z Axm( Z AxmaijB;]g,Dezu;?) < C’ZHB”HLz(T)W 11T,
Jj=14eG., eGm j=1
J#i JF#i
Summing over k, we infer that

Nt n N’

S Atnlt o, < O{ X3 Atnli i, + (quLzmzmmwmw)}

k=1 i=1 k=1

3751

where we used Lemma 4.2 for the last inequality. At this point, we need the discrete L?(0,T; H'(T)) bound of
(tm,i). This ends the proof. O

Next, we show a uniform bound for the discrete time derivative.

Lemma 4.3. Let the assumptions of Theorem 2.6 hold. Then there exists C > 0 independent of 1, such that
forallmeN,i=1,....n

k—1

4/3
uf — k! /

<C.
-1,2,T,

ZAt

Proof. Let ¢ = (¢¢)eec,, € Vr,, be such that ||@]l1,2.7,, = 1. We multiply (11) by ¢¢, sum over £ € G,,,, and use
discrete integration by parts:
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k k k k k
Ui e — z Uipp1 — Wip  Ugp — Ujp g
E Az, — 4, =0 E . - — : 0 33
m— A ¢ Az, Az, ¢ (33)
‘eeG7Yl eeG’Nl
k k
i ( pi,€+1 - pi,é uF Pie—DPie— é
E i,04+1/2 A — Yie—-1/2 4
T Ax
iem m m
k k k k
.y Z Au Uipp1 — Ui Gri1 — Pr Z Ar ot Digy1 — Pig Got1 — P
o m Ax Ax ML E+1/2 Ax Ax
LG, m m eG,, m m
= Ig + ]10.

By the Cauchy—Schwarz inequality,

(uf  )V2 = (uk )12 Dey1 — Go
Ll < A, ((uk, )1/ k 172y | \iet i) +
<o 3 dam((ahe) (o ?) | o
< 20| (uf)" |00, 7 |(uF) 211 2.7, [ D12,
Furthermore, using (uﬁe+1/2)1/2 < max{(ui_’ 12 (u MJF1)1/2} < |[(u )1/2||0 0 T s
k k
. Diev1 — Pie|| Qo1 — e
k 120/ k 1/2Pie+ , +
[110] < e; Az | (uf gy /o) 2| (Ul g1 2) Y Az AL
Dy — 12\ 2
i 01 i
< II(u )1/2|0007m( > Ay (u§€+1/2)1/2T > ]1,2,7,,,-

LeGm

Applying the elementary inequality (a + b)" < C(a” + b") for all a,b > 0 and r > 1, inserting the previous
estimates into (33), and using Holder’s inequality, we find that

N’ b — kA3 N7’ kgt s
> Aty | = =Y Aty, sup | Y A:pm R
k=1 m -1,2, T =1 Ill2,7m=11pcq,, tm
N
4/3 4/3
< CZAt 1/2“0/00 Trn (u; )1/2 1/2 T
N%” y pk£ _pke 2\ 2/3
4/3 1,041 i
+C 3 Al 7, (3 Aot
S "
N;z’ 1/3 2/3
(ZAth 1/2|0,00,Tm> (ZAtm| Ji2p2, )
PE L — P, 12\ 23
i+ i
+ C(ZAth RET ) (ZAt 5 A ) PR
LEG, m
<O, 1),
and the last bound follows from Lemma 4.2 and the discrete Rao entropy inequality (21). O

2. Compactness

We claim that the estimates from Lemmas 4.2 and 4.3 are sufficient to conclude the relative compactness of
(Um)men- In fact, the result follows from the discrete Aubin-Lions lemma Theorem 3.4 from [15] if the following
two properties are satisfied:
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— For any (v )men C Vz,, such that sup,,cy ||vm|l1,2,7,, < C for some C > 0, there exists v € L?(T) satisfing,
up to a subsequence, v, — v strongly in L?(T). This property follows from Theorem 14.1 from [13].

~ If v, — v strongly in L?(T) and ||v,,||-1,2,7,, — 0 as m — oo, then v = 0. This property can be replaced
by the condition that || - ||1.2,7,, and || - ||-1.2.7,, are dual norms with respect to the L?(T) norm, which is
the case Remark 6 from [15]. A more detailed proof can be found in Proposition 10 from [18].

Hence, it follows Theorem 3.4 from [15] that there exists a subsequence, which is not relabeled, such that
Upm,i — w; strongly in L*(0,T; L*(T)) as m — oo.

Let us now adapt the Gagliardo-Nirenberg inequality to our situation. Let k = 1,..., N7 be fixed. We first
apply Lemma A.4 with s =p = 2:

1/2

k ”1/2 k
i 02,7

m,ill1,2,7,, ”um,i

et illo,oc. 7., < Cllu

Then it follows from the Holder inequality

luk, slloss, 7 < Nl IS 7 1@k ) 3,7, = b ill82 7 Ik, ol 7,
that
ik, llo.s.7, < Cliub, i1V sz, uk, /s 7
Therefore,
Nt Nt
kz: Atm”ufn,illg,fs,Tm <C pmax, Hum,i”g,z,m Z At ||Ufm||%27m
=1 k=1

Recalling estimates (30) and (31), we conclude that (w, ;)men is uniformly bounded in L°(T). The convergence
dominated theorem implies that, up to a subsequence, for every p < 6,

Um,; — U; strongly in LP(Qr) as m — oo.

Lemma 4.2 implies that the sequence of discrete derivatives (97, ;)men is bounded in L?(Qr). Thus, there
exists a subsequence (not relabeled) such that 0™u,, ; — v; weakly in L?(Qr), and the proof of Lemma 4.4
from [9] allows us to identify v; = d,u;.

Lemma 4.4. The following convergences hold, up to subsequences, as m — oo,
Dm.i — pi(u)  strongly in L*(Qr),
OuPm.i — Oupi(u)  weakly in L*(Qr), i=1,...,n.

Proof. We follow the strategy of Corollary 14 from [17]. First, we rewrite pﬁe defined in (13). By a change of
variables, we have

n
Pf,z = aiiufn,i,z + Z Z aij </ B”(y)dy) U‘?]fn,j,l’
K,y

J=10€EG,
J#i

= aiiufn,ij + Z Z aij/ B (xy — z)ufnj(z)dz

J=10'€Cn, Ko
JFi

= aiiufn,i(xé) + Z aij(Bij * Ufng)(wé)

Jj=1
J#i
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We introduce the piecewise constant function Q¥ by setting Q¥ := (B¥ x u,y, ;)(x,) in K, for £ € G,,. Then

n
pi(u) = Pm,i = ii(Ui — Umi) + Z aij(BY s« u; — Q).
j=1
J#i
Since we know that w; — u,, ; — 0 strongly in L?(Qr), it is sufficient to prove that BY x u; — Q¥ — 0 strongly

in L?(Q7). For this, we write

(BY s uj — Qi) (2, t) = BY % (uj — ;) (z,t) + /T(Bij(ﬂf —y) — B (z¢ — y))tm,;(y, t)dy.

By Young’s convolution inequality, we have
1BV (uj = um)llr2@ry < 1B premlug = wmillz2(@r) — 0.
Setting &(z,y) = BY(x —y) — B¥(x, — y) for z € K, and y € T, we estimate
2
< [ et B aoydelim o
L2(Qr) T

< sup ||BY(z+-)— Bij”%?(?r)||um,j||%2(QT)'
|Z|§A3’JWL

H /Tg(" Y)tm,j (Y, t)dy

Since (up, ;) is bounded in L?(Qr), it remains to verify that the first factor converges to zero as Az, — 0.
This follows from the density of continuous functions in L?(T). Indeed, let ¢ > 0 and BY be continuous such
that ||[BY — BY||2()y < e. Then

sup [|BY(z+-) — BY|p2ery < sup |[|BY(z+) — BI (2 + )| 12(m)

IZISALT”L ‘Z‘Svan
+ sup [|BY(z+)— Béj”L?(’JI‘) +|BY — Bij”LQ(’JI‘)
|z| <Az,
<2+ sup |BY(z+-)— B 2.
|z| <Az,

The last term is smaller than e if we choose Az, sufficiently small. We have shown that sup,j<a,,. | B (2 +
) = BY||72¢py — 0 as m — oo and BY x u; — @)}, — 0 strongly in L?(Qr). This proves the first part of the
lemma.

Thanks to (32), we have shown that (97'pi,.i)men is bounded in L?(Qr). Hence, up to a subsequence,
O™ py,.; — z weakly in L?(Qr). The first part of the proof shows that z = 9,p;(u), finishing the proof. O

4.3. Convergence of the scheme

We show that the limit w = (uq,...,u,) of the finite-volume solutions is a weak solution to (1)—(2). Let
i €{l,...,n} befixed, let ¢; € C§°(Tx[0,T)) be given, and let 1, = max{Ax,,, At,, }. We set z/;f’g =i (xe, tr),
multiply (11) by Atmwﬁzl and sum over £ € G,,,, k =1,..., Nj'. This yields F{" + F;* + F3" = 0, where

N
m _ k k—1y, k-1
Fi —E E Amm(”i,é_ui,é )%,z ]
k=1£€Gp,
Nt k k k k
o A Uipr:s — Wi Uip —Uip 1\ k1
=) Atw Y (S Y
k=1 ey m m

Nz k k K k
o At k Pier1 —DPig k Pio—Pie—1\ k-1
3 == E m E Ui o+1/2 N — Ui p—1/2 Az il -
k=1 LG, m m
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Furthermore, we introduce the terms

T
0 T T

T
Fyy =0 / / O Uy i Optpiddt,
0 T
T
Fgg = / /um,iaglpm,iaxwidxdt.
0 T

Lemma 4.5. Let the assumptions of Theorem 2.6 hold. Then it holds that, as m — oo,
Fj — —/T/uiatz/)idxdt—/u?(x)wi(x,O)dx, (34)
Fy — O’/ /8 ;0 dxdt, (35)
Fz5 —’/ /Uz i (u)0yvidzdt. (36)

Proof. The strong convergence of (um z)mEN and the weak convergence of (07U, ;)men in L?(Qr) as well as
the fact that wuy, ;(z,0) = (Azy,)~ fK z)dz for x € Ky and £ € G immediately show convergences (34) and

(35). It remains to verify (36). We know from Lemma 4.4 that 0™pp,; — O0.pi(u) weakly in L?(Qr). Since
Upm,; — w; strongly in L?(Qr), this implies that

U O Prmi = 1;05pi(u)  weakly in LN(Qr).

In fact, since u 8mpm ; is uniformly bounded in L?(Qr) and u /i is uniformly bounded in L*(0,T; L*(T)),
this weak convergence even holds in L?(0,T; L*/3(T)). This proves (36) and ends the proof. O

Lemma 4.6. Let the assumptions of Theorem 2.6 hold. Then it holds that, as m — oo,
Fy—F"—0, Fj—-F"—0, F—F"—0.
The lemma implies that

FY§ + Fag + Fag = (F{g — F1") + (Fog — F3") + (Fsg — F5") + (F{" + F3" + f3")
= (Fm — F™) + (FI — F") + (FI — F) 0 as m — oo.

Therefore, thanks to Lemma 4.5, we conclude that u = (uy,...,u,) is a weak solution to (1)—(2). This finishes
the proof of Theorem 2.6, once Lemma 4.6 is proved.

Proof of Lemma 4.6. The limit F{g—F{™ — 0 is shown in Theorem 5.2 from [9]. For the convergence of F3¢ — Fi™,
we use discrete integration by parts:

= “]‘Cz 1 “I‘Ce
i+ i k-1 k—1
F2m:‘7§ At E A (¢i,£+1 _wi,z )
Tm

LeGm

Fet1 ul €+1 1 Z wl Z+1 z Z
Y /| et dadt,

k=14eG,

eE e [ [

k=14eG,

£+u

uk
M Opibydadt.
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By the mean-value theorem,

ty 1 Toq1 k=1 k=1
7,0+1 7,0
_ i |dazdt| < CAt .
‘ - Al’m/x ( Al’m zwz> X '_ mTm

This shows that, as m — oo,

Nz Toiy - it uF ok
m m i Z i, 7,0 0,0
B -l <o > ‘/ / ( “x am) R dadt

k=120€Gn m
Nzt
< Ciim, Z At Y Jufppy —ufyl = Cnm > Atplufliiz, — 0,
LeG,, k=1

where we used the uniform discrete L?(0,7; W'1(T)) bound from Lemma 4.2.
It remains to prove that |Fiy — Fi"| — 0. First, using discrete integration by parts, we rewrite Fi" as well as
F3f as

oy L1 —pf ) h—1
"L_Z Z M+1/2 - Az, s WMH_%,Z )dt,

k=1£€G,, Y tk—1

Teriz L ople L =Py
Fyp = Z Z / (/ Uﬁe#aﬂ/h‘dx

k=14eGp,

Te4+1 p _pk
k i,44+1 i,4
+/ S e W Opthida ).
Teg1/2 m

Then we find that

m
NT

Z Z Piesy — P
U; Z+1/2 i,f) Ax
m

k=10eGn,

[F5" — Fy] =

k—1 k—1

tr " — A Te41/2
></ <M—/ amwi(x)dx>dt
tr—1 2 Ty

k k

Pier1 —DPig

JFZ Z U g1y — M+1)7AJ;
k=1¢€G,, m

x /t'“ <¢§e+11 — i _/‘Wl 9 w(x)dx)dt’
tr—1 2 Toy1/2

Thanks to the regularity of v;, there exists a constant C' independent of 7, such that

k-1 Tot1/2
e 1~ Vie
’ ( d + 5 LI / Bmwi(x)dx> dt‘ < Cnm Aty
tre—1 Ty
We obtain a similar expression if we integrate d,1; over (7441 /2, ¢11). Thus, since
E k k k
Wi g1/2 — Uil < UG o1 —ug,l and

k
|U§,e+1/2 - Uu+1| < |Uf/ - Uf,e+1|a
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we have
Ny
By — Fyg| <20mm Y Aty > uf gy — ufo|[Depf]|
k=1 LeG,,
W NP
<200, ( S a3 Atlut 2
=1 k=1
n NP
A A 3 s = okl (B - B Jule)
m 7,041 i, 11 ig\ Doy 10 =) 2g .l |
G=1 k=1 00 EG,
J#i

It follows for j € {1,...,n} with j # 4, using the discrete analog (17) of 9, B" % u; = B%Y % d,u;, that

) o ) .
max ( > lai (B _BEJE’)ujl’l) = max ( > Awmlaile?efllDe'uA)

eGm UeGm

< lai || BY || oo (my |l 11,7, -
At this point, we need the regularity condition B% € L>°(T) from Hypothesis (H3). Hence, it holds that

m m
n Np Nrp

= B < 20m (3 Ao + 3 Atnlut bz, Z i, ).
i=1 k=1
J#z
It remains to apply the Cauchy—Schwarz inequality to conclude that
n NF
By = gl < 200 33" Mt
=
n N 1/2 , Np' 1/2
k k
3 (L stmbttan ) (L atmidhin) )
k= k=1
J#Z

Finally, we infer from Lemma 4.2 that |F3" — Fi?| — 0 as m — oc. Here, we need the discrete L?(0,T; H*(T))
bound for u;, which follows if a;; > 0. This concludes the proof of Lemma 4.6. O

Remark 4.7 (Multidimensional case). Theorems 2.5 and 2.6 also hold in the multidimensional situation. The
proof of Theorem 2.5 does not change, but the Sobolev embeddings in the proof of Theorem 2.6 change because
of their dependence on the space dimension. We only sketch the changes. We consider a uniform mesh on T%
by taking the tensor product of the mesh 7 introduced in Section 2.1. The cells K; are then d-dimensional
cubes with cell centers £ = (f1,...,¢;) and measure m(K;) = (Ax)?. We write ¢ = KK, for the edge (or
hyper-face) ¢ between the neighboring cells K, and Ky and & for the set of edges of the cell K,. Finally, for
every ¢ = K| Ky, we define the transmissibility coefficient 7. := m(s)/d. with m(¢) = (Az)?~! and d. being
the Euclidean distance between the cell centers. The numerical scheme (11)—(12) changes to

k
(K@) +Z =0, i=1,...,n, LG (37)
SEEY
fké,g = —07¢ Dé,cui? — Ts u?,q Dg’gpf, (38)

1’7
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~

where we have set Dy cv = vy — vy for edges ¢ = Ky| K, the mobilities are defined by uf F( o Ui e') with

F as in Section 2.2, and the discrete nonlocal operators are given by

iy 1 y

P?e auuze‘f'z Z (Ke)ai; B w“?,z'a BZ@/ = 7/ BY(y)dy. (39)
s m(Ke—p) Jk,
j#i

Let wu,, be a solution to (37)—(39) associated to some space-time discretization indexed by the mesh size
N = max{Az,,, At,,} satisfying 1,, — 0 as m — co. The corresponding spatial mesh is denoted by 7, and
the number of time steps by N7. The uniform estimates (30) and (31) also hold for d > 2, but the regularity
obtained in Lemma 4.2 is slightly weaker. Indeed, the embedding BV(T¢) < L% (=1)(T4) (with d/(d — 1) = oo
if d =1) yields

Ny Ny

ZAthuinLTg + Z Atm||uf||g,d/(d—1),7;n% <G,

see for instance [5, 18] for the definitions of the discrete norms. Then Hélder’s inequality [|v][ 24/(2d—1),7¢ <
Hvl/2||072d/(d_1),7—7g ||v1/2||0,277-r% for v € Vra gives the following bound on the discrete time derivative (replacing
the estimate in Lem. 4.3):

k—114/3

’LL*’LL

<C.

> s <

Similarly as in the one-dimensional case, we conclude from Theorem 3.4 from [15] the existence of a subse-
quence (which is not relabeled) such that w,, ; — u; strongly in L*(0, T; L2¥(24=1)(T4)) as m — co. We deduce
from the discrete Gagliardo—Nirenberg inequality Lemma 3.1 from [5]

m

—1,2d/(2d—1), T4

m

1/2 1/2
BN Ll

[Juf llo.2a/(a-1),7a < Cllu 1,2,74 1%illg 2 7a>

that the strong convergence u,,; — u; holds in LP(Qr) for every p < 2d/(d — 1) (instead of p < 6 in the
one-dimensional case) and in particular in L?(Q7). Thus, the statement of Lemma 4.4 holds, and we have
V™ — Vpi(u) weakly in L?(Qr), where V™ denotes the discrete gradient. In particular, wm, ; V™ pm i —
u; Vp;(u) weakly in L*/3(Qr) as in the one-dimensional case. From this point on, the convergence of the scheme
follows the lines of Section 4.3. O

5. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments to illustrate the behavior of the scheme. The scheme
was implemented in one space dimension using Matlab. In all the subsequent numerical tests, we choose the
upwind mobility (15). The code is available at https://gitlab.tuwien.ac.at/asc/nonlocal-crossdiff. Our
code is an adaptation of that one developed in [17] for the approximation of the nonlocal SKT system. We refer
the reader to Section 6.1 of [17] for a complete presentation of the different methods used to implement the
scheme.

5.1. Test case 1. Rate of convergence in space for various LP-norms, convolution kernels,
and initial data

We investigate the rate of convergence in space of the scheme at final time 7" = 1. In all test cases of this
section, we consider n = 2 species, o = 107%, the coefficient matrix A = (aij)lgl"jgg given by

0.1251 0.25
=),
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TABLE 1. Orders of convergence in the L' and L> norms in space at final time T = 1 for
different kernels and initial data.

Kernel —
Indicator (43) Triangle (44) Gaussian (45)
Initial Data |
Testcase 13 Testcase 16 Testcase 19
L'-order: 1.1741 L'-order: 1.1741 L'-order: 1.0109
(40) L'-error: 9.76 -10*  L'-error: 9.76 - 107* L'-error: 3.20-1073
L*-order: 1.14 L*-order: 1.1331 L*>-order: 0.98437
L>®-error: 1.49-10% L%-error: 1.68-1072 L>®-error:  2.45-1072
Testcase 14 Testcase 17 Testcase 20
L'-order:  1.0948 L'-order:  1.0336 L'-order:  0.93381
(41) L'-error:  1.81-107° L'-error: 2.78-107°  L'-error:  2.35-1073
L*-order: 1.0486 L*-order: 1.0092 L*>-order: 0.91831
L>®-error: 4.73-107° L%-error: 8.57-107° L>®-error: 8.87-1073
Testcase 15 Testcase 18 Testcase 21
L'-order:  0.97752 L'-order:  0.97495 L'-order:  0.9611
(42) L'-error: 6.39-107° L'-error: 5.35-107° L'-error: 9.27-1074
L°-order: 0.99787 L-order: 0.99741 L*>-order: 0.9761

L>®-error: 1.74-10* L%-error: 11.48-10"*%* L*-error: 3.69-1073

and m = 4, my = 1. We consider various initial data and kernels. More precisely, we choose

u () = L1 ja3/a (), ud(x) =Ly 14 () + L3701y (), (40)
ul(z) = cos (2mz) + 1, ud(z) =sin (2mz —7/2) +1, (41)
uw?(z) = max 1—1|1-2x,0), u(z) = max 1—2|x|,0 42
1 2
and the kernels
BY(z) = 1{_9.3,0.3 (%), (43)
BY(z) = 2max (1 — |2]/0.3,0), (44)

BY(z) = exp (—|2[*/2¢?) /V2me?, e = 1077, (45)

First, we consider a mesh of Nijyi; = 32 cells and the time step size Aty = 1/64. Then, starting from
this initial mesh, we refine the mesh in space by doubling the number of cells and halving the time step size,
i.€. Npew = 2Ngia and Atyew = Atold/2. This refinement of the meshes is in agreement with the first-order
convergence rate of the Euler discretization in time and the expected first-order convergence rate in space of the
scheme, due to the choice of the upwind mobility in the numerical fluxes. As exact solutions to system (1)—(3)
are not explicitly known, we refine the mesh in space and time until Nepg = 2048 and Atenq = 1/4096, and we
consider the solutions of the scheme obtained for Ne,q and Atenq as reference solutions. The error is computed
between the reference solutions and the solutions obtained for N = 1024 cells and At = 1/2048 at final time
T = 1. Finally, using linear regression in logarithmic scale, we present in Table 1 the experimental order of
convergence in the L' and L*-norms. As expected, we observe a rate of convergence around one. In Table 1,
the numbers in bold letters denote the number of the test case available in our code (see the file loadTestcase.m).

5.2. Test case 2. Rate of convergence of the localization limit in various metrics

In the second test case, following [17], we evaluate numerically the rate of convergence of the localization limit.
More precisely, for some sequences of kernels converging towards the Dirac measure dy, we compute the rate of
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convergence in different metrics of the solutions to scheme (10)—(13) towards its local version, i.e. BY = §; for
all 4,5 =1,...,n. At the continuous level, one can show, by adapting the approach of [19], that the localization
limit holds thanks to a compactness method; see also [12] for the SKT system. However, so far no explicit
rate of convergence is available. The goal of this numerical test is to obtain a better insight into this rate of
convergence. Besides, it also illustrates Remark 2.4.

We consider the following parameters (for all 6 test cases of this section): n = 3 species, diffusion parameter
o = 1074, coefficient matrix

0.5 0.20.125
A=|04 1 02 |,
02502 1

and m; = 4, mo = 2, w3 = 2. We choose the final time 7" = 1, a mesh of N = 512 cells, and the time step size
At = 1073, Furthermore, we take the nonsmooth initial data

ul () = 136,576 (), ud(x) = Lp1/6)(2) + Lise.1 (), u3(®) = Li1/6.3/6)(2), (46)
and the smooth initial data

ud(z) = cos (2mz) + 1, wud(zx) = sin (2mz) + 1, (47)
u3(z) = (cos (2mx) + sin (27x) + 2) /2.

The kernels are chosen according to

B(ZX (Z) = 1[—a,a] (Z)/QO[, (48)
B (2) = max (1 — |2]/0,0) fa, (19)
Bii(z) = exp (—|2|?/2a?) /V2ma2. (50)

In our experiments, starting from i, = 2°Az, we successively halve o until we reach o = Az. For each
value of a, we compute the solutions to the nonlocal scheme (10)—(13) at final time. We evaluate the L', L,
and Wasserstein distance W; between the solution to the nonlocal scheme and the solution to the local one (for
this, it is enough to set & = 0 in our code). Since we work in one space dimension, we can explicitly compute the
Wasserstein distance W7; see Chapter 2 from [24]. The rates of convergence are estimated by linear regression (in
log scale) and the results are presented in Table 2. Surprisingly, we observe a slightly better rate of convergence
in the case of nonsmooth initial data. As before, the names in bold letters in Table 2 denote the name of the
test case available in our code (see the file load Testcase.m).

5.3. Test case 3. Segregation phenomenon

In this numerical experiment, we set ¢ = 0. Under the assumptions n = 2 species, a;; = 1, and BY = § for
1,7 = 1,2, it has been shown in [4] that if the initial data are segregated (initial data with disjoint supports)
then the solutions remain segregated (i.e., they have disjoint supports) for all time. The main goal of this
subsection is to illustrate the segregation pattern due to the nonlocal terms, i.e. BY # §;. We expect that the
solutions to the nonlocal model, given segregated initial data, are completely segregated, and that there exists
a small region, i.e. a “gap” between the supports of the species, with a size that is related to the radius of the
interaction kernels. Let us notice that in the subsequent test cases, Hypothesis (H3) is never satisfied. However,
we did not encounter any numerical issues with our code.

We launched the code for a mesh of 512 cells and the time step size At = 107, In the case of n = 2 species,
we considered the initial data

U(l)(m) =1{0.1,0.4] (), ug(x) = 1j0.6,0.8] (z),
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TABLE 2. Rates of convergence of the localization limit in the L', L> and W; metric for

different initial data and kernels.

Kernel —

(48)
Initial Data |

(49)

(50)

Testcase NLTL2

Testcase NLTL4

Testcase NLTL6

nonsmooth (46) L'-order:  1.8280 L'-order: 1.8709 L'-order:  1.7386
L*>-order: 1.8271 L*-order: 1.8698 L°°-order: 1.7379
Wi-order: 1.8306 Wji-order: 1.8724 Wi-order: 1.7426
Testcase NLTL3 Testcase NLTL5 Testcase NLTL7
smooth (47) L'-order:  1.7430 L'-order:  1.8240 L'-order:  1.5991
L*>-order: 1.7462 L*°-order: 1.8261 L°-order: 1.6038
Wi-order: 1.7451 Wji-order: 1.8252  Wji-order: 1.6023
Solutions ul and u2 at time t = 0.02 Solutions ul and u2 at time t = 0.02
0.7 T T T T 0.8 T T T T
ul ul
0.6 ----u2 0.7 ) ----u2 ||
B 0.6 . .
0.5 \ |
- 0.5 | a
0.4 | ! N
| 0.4 C
0.3 \ “ !
R 0.3 ; “ |
0.2 \\\ : \‘
. 0.2 ! A
0.1 0.1
% 04‘2 0‘.4 O‘.G 018 ' 9% 012 014 04‘6 0‘.8 1
Solutions ul and u2 at time t = 0.2 Solution ul and u2 at time t = 0.2
0.6 \ \ \ \ 0.7 \ \ \ \
ul
-——u
o 0.6 ! '
0.5 }
0.4 |
0.3 3 ;
0.2
0.1 ul | 3
----u2 1 \‘
0% 04‘2 ()‘.4 ()‘.6 06 ()‘.2 014 04‘6 ()‘.8 1

FIGURE 1. Comparison of the segregation pattern for two species at times ¢t = 0.02 (top) and
t = 0.2 (bottom) obtained from the local model (left) and nonlocal model (right). The solutions
are almost in the steady state at ¢t = 0.2.

785
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Solutions ul, u2 and u3 at time t = 0.02 Solutions ul, u2 and u3 at time t = 0.02
0.4 T T T T 0.5 T T T T
i~ Ty
-~ ! |
0.35 KRN ! !
" 0.4 | =
031 - ~ ! :
I ! !
I ! !
0.25 |- 1 osl 1 b
. ! 1
! |
0.2} . !
I
0.15 |- 402y : ]
l .
! |
0.1 B ! '
! L
ul 0.1 | —ul | |
0.05 |- ----u2 |+ | ----u2
] | u3 ! u3
01—1—[,1,, S — ‘ R — o4 (I E— | E— -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Solutions ul, u2 and u3 at time t = 0.2 Solution(s) ul, u2 and u3 at time t = 0.2
0.4 0.5 T T T T
—ul
0.35 |- ----u2 ||
u3 . ‘
0.4 - ! =
0.3 |- | !
| ‘ !
i
=L l !
0.25 ! 0.3 “ L
| i '
i , I
0.2 H | ,‘
|
| !
w 0.2 |- | =
0.15 [+ ! :
] | I
0.1 ! |
| L I
| 0.1 J ut |
0.05 | | ----u2 |
' | u3d |
0 A () — — —_— —_— J, N —
0 0.2 0 0.2 0.8 1

FIGURE 2. Comparison of the segregation patterns for three species at times ¢t = 0.02 (top) and
t = 0.2 (bottom) obtained from the local model (left) and nonlocal model (right). The solutions
are almost in the steady state at ¢t = 0.2.

while for n = 3 species, we have taken

u(x) = Los06(x), ud(x) =1psog(@), ui(x)=1p102()

In both cases, we set a;; =1 for all 7,5 =1,...,n.

In Figures 1 and 2, we present the segregation pattern at time ¢ = 0.02 and ¢t = 0.2 obtained for the local
model, BY = §y, and the nonlocal model with

Bij(z) =100 - 1[_041,0.1](2)'

For small times, the support of the species extends until reaching the support of another species. In the local
model, the species slightly mix (due to numerical diffusion), while we observe a “gap” between the supports of
the solutions in the nonlocal model. This “gap” is of order 0.1 which is the size of the radius of the kernels B%.
Similar numerical results have been observed in Section 6 of [8] but using different kernel functions and two
species only.
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Entropies along time ] Entropies along time

Boltzmann
— — -Rao

0.4

Boltzmann

— — -Rao 0.8

& &
2. )
A S
04 f
04+ .
06 f 1 i
\ -0.6 R B
\\h““i 777777 \\\“\‘7\7777
0.8 ‘ e R ——— I I s
0 0.5 1 1.5 0 0.5 1 15
t

F1GURE 3. Temporal decay of the Boltzmann and Rao entropies for test cases 15 (left) and 16

(right) in semi-logarithmic scale.

5.4. Test case 4. Dissipation of entropy

In the last numerical experiment, we plot the two entropies Hp(u(t)) and Hg(u(t)) over time in semi-
logarithmic scale to illustrate the entropy production as proved in Theorem 2.5. We set T = 1.5, At = 10~4, use
a mesh of N = 512 cells, and choose n = 2 species. The remaining parameters are taken as in Section 5.1; see
Table 1 and the test cases therein. As expected, the entropies are decreasing functions of time. The Rao entropy
decays first quickly but then stabilizes slowly, while the Boltzmann entropy takes more time to stabilize.

APPENDIX A. SOME AUXILIARY RESULTS

Lemma A.1. Under Hypothesis (H3), the entropy dissipation Q, defined in (9), is nonnegative.

Proof. We follow the approach of [12] and write Q@ = Q1 + - - - + @3, where

1 i 1 n
Q=i ¥ [redo@Pet Y [ mado)Pa
bi=1i<y i,j=1,1>]

Q2 = Z /T/TmaijBij(x — y)O0ruj (y)Opui(x)dyde,

i,j=1,1<j

Qs = Z /T/T”iaijBij(l"—y)amuj(y)azui(a:)dydx.

4,j=1,1>j

Exchanging ¢ and j in the second integral of @; and using m(T) = 1, we have

1 n
Qr=——7 > //(Wiaii|3wui($)|2dx+7Tjajj\8xUj(y)|2)dydw-
ij=1,i<j/TJT
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Exchanging i and j as well as  and y in Q3 gives

Q= 3 [ [ 0B = 21005000, )y

1,]= 1Z<J

- Z //Wﬂaﬂ (x — y)O0ru;(y)Opu;(x)dyda.

1,7=1,1<g

We collect these expressions to obtain

Q= Z // o TMij(x_y) Ostis() dydz >0
Os uj y aw”j(!/) -
l_] 1,i<]
where M% is defined in (8), and the last inequality follows from Hypothesis (H3). O

Lemma A.2. The upwind approzimation (15) and the logarithmic mean (16) satisfy property (14) of the mobil-
1ies U o

Proof. The proof is based on the following inequalities for the logarithmic mean:

-b
min{a, b} < k)gZTMgb < max{a,b} for all a,b> 0. (A1)

They imply the linear growth wu;,y1/2 < max{u;e, useq1} for the logarithmic mean, which also holds, by
definition, for the upwind approximation. We show that property (14) is satisfied for the upwind approximation
(15). Let p; e41 — pie > 0. Then, by (A.1),

Uz’,e+1/2(Pi,e+1 - pi,Z)(lOg Ui 041 — log Ui,IZ) = Ui,€+1(pi,l+1 - Pi,z)(log Ug 041 — log ui,l)
> (pie+1 — Pie) (Wi ep1 — Uip).

On the other hand, if p; ;41 — pie < 0, again by (A.1),

Ui g11/2(Piyer1 — Pie)(1og ui o1 — loguse) = uig(pier1 — piye)(log use41 — logug g)
> (Piye+1 — Pie) (Uior1 — Uig)-

Property (14) follows immediately after inserting definition (16) of the logarithmic mean. This ends the
proof. (I

Lemma A.3 (Discrete Young convolution inequality). Let 1 < p,q < oo and 1 < r < oo be such that 1+1/r =
1/p+1/q and let B € LP(T) and v = (v¢)ece € V1. Furthermore, let By_p = (Ax)~ fKe . B y)dy for every

£ and ¢’ € G. Then

Z AQ’JB@,@ Vyr

1/r
) < 1Bl llelloar-
ed

(ZA:[;

LeG

Proof. First, let £ € G be fixed. Then

1/r r—p)/r r—q)/r
< 37 Ax(|BeolP[ve]?) | Beop |0 g =0/
eG

E Aa:Bg_g/ V!
reG
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Thanks to the assumption 1 =1/p+ 1/g — 1/r, we can apply Hélder’s inequality with exponents r, pr/(r — p),
and gr/(r — ¢) to obtain

1/r (r—p)/pr
Z Ang 0 Uy ( Z A.T‘Bg VA4 |p|1}gl|q> ( Z AJ]‘B@,@/ |p)
eG reG reG
(r—a)/ar
X < Z AQS|’U@/|q>
veG
1/
- ( > AalBeo |p|wf|q) IBIS, 2 ol §
reG

Then, taking the exponent r and summing over ¢ € G,

S Al S AaBepun| < IBIE 0l (X a0 3 Acleellool)
leG eG leG eG
< IBI ol ( S Acjelt S AdlB, w)
eG leG
< ||B||o,p,7||U||o,q?THU“g,q,THB”g,p,T = ||B| 6,p,7||7f| S,q,T'
Finally, it holds that
> ey v)
IBIE, , <3 A / B(y)dy| < ( / B<y>|de) ( / )
erel tec N/ Ke K, Az
<y / )Py = 1 BIL, .
LeG
which concludes the proof. O

Lemma A.4. Let s > 1 and p > 1. Then for any sequence u = (ug)ecq, there exists a constant C > 0 only
depending on s such that

1 1-1/
[llo,ce,r < Cllullyy rllullg w5 pry

Proof. We adapt the proof of Lemma 4.1 from [5] to the one-dimensional case. By the embedding BV(T) —
L*°(T) applied to the sequence (|ug]®)cq,

(nunas,f £ 3 el |u£+1|s|). (A.2)

LeG

Since s > 1, we have

> luwel® = Jupea|*] < 8 (Juel*™" + fwepa |71 e — wegal-
leG leG

We apply Holder’s inequality with exponents p and p/(p — 1):

|ug — ugta P A L v/
D luel® = fuesa ] < 25 > =7 Z wlug| 7 :

leG leG LeG
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Besides, using again Holder’s inequality (with the same exponents), we find that

1/s
s— 1/s s—1)/s
el = (32 Al ) ™ < Il IG5 -
teG

Then, inserting the last two inequalities into (A.2) yields the desired result. This concludes the proof of
Lemma A 4. O

APPENDIX B. COUNTER-EXAMPLE

We claim that there exist kernels B¥, being indicator functions, and piecewise constant functions wy, ..., u,
such that the positive semi-definiteness condition

Ji= ) /T/TW%B”(J«“ — y)u;(y)u;(z)dydz > 0,

ij=1

is not satisfied. For this statement, we assume that the matrix (ma;;) € R™*"™ is (symmetric and) positive
definite. With the notation of Section 2.1, we set Az = 1/N for some even number N > 5 and choose r = 3Axz/2
as well as the kernels

BY(z) =1(_, (z) forzeT.

Let u; = (u;0)eec € V7 for i =1,...,n. Then we can write J as
J= Z Z miai; M wj 00,  where M7, :/ / BY(z — y)dydz. (B.3)
i,jzl K,Z’EG K, KI/./
A straightforward, but rather tedious computation shows that the matrix Mii = (ﬁfb)é,é’ea € RV*N jg
pentadiagonal with entries
M, = (Az?, M, = L(Aa)?, Mi,,, = L(Ax)
00 = (Az)*, 00+1 = g( z)°, 0042 = g( z)”.
This matrix possesses the eigenvector w € RY, defined by wy = 1 for £ odd and w, = —1 for ¢ even, associated
with the negative eigenvalue A\ = —4(Ax)2.

Let v1,...,v, € R™ be the eigenvectors of the symmetric matrix (m;a;;); j=1,..,n associated with the eigen-
values 0 < 11 < ... < v, respectively. We define the nN x nN matrix M = (maijMij) consisting of the N x N
blocks maijMij. It can be verified that the matrix M possesses the eigenvector z = (z1,...,2,) € R™ with
zi = vpw € RY for i = 1,...,n associated with the eigenvalue Av,, = —4(Ax)?v,,. Then, choosing u; = z; in

(B.3), we find that

J = Z maijz;—]\//fijzj = _4(A$)2Vnz ‘Zz|2 <0.

i,j=1 i=1
This provides the desired counter-example.
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