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ABSTRACT. The global-in-time existence of weak solutions to a spatially homo-
geneous multispecies Fokker—Planck-Landau system for plasmas in the three-
dimensional whole space is shown. The Fokker—Planck—Landau system is a sim-
plification of the Landau equations assuming a linearized, velocity-independent,
and isotropic kernel. The resulting equations depend nonlocally and nonlin-
early on the moments of the distribution functions via the multispecies lo-
cal Maxwellians. The existence proof is based on a three-level approximation
scheme, energy and entropy estimates, as well as compactness results, and it
holds for both soft and hard potentials.

1. Introduction. The Fokker—Planck—Landau equations describe the local colli-
sional relaxation process of the particle distribution functions in plasmas under bi-
nary collisions [1]. In this paper, we investigate a multispecies, linearized, spatially
homogeneous version of these equations. More precisely, the distribution functions
fi(v,t) of the ith species of the multicomponent plasma, depending on the velocity
v € R? and time ¢ > 0, are assumed to satisfy the initial-value problem

- . v —uj; .
O fi = zjlcji div <Vfi + miTji]fi> in R3¢ >0, (1)
o

fi(0)=f) ImR® i=1,..

8 (2)
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where s € N is the number of species and m; > 0 the molar mass of the ith species.
Before defining the quantities c;;, uj;, and T};, we introduce the moments of f;,
namely the number density n;, partial velocity u;, and partial temperature T; by

1 m;
n;= [ fidv, w=— [ fdv, T;=
R3 n; Jwrs 3nz

filv — u;*dw, (3)
RS

as well as the partial mass density p; = m;n;. Then the diffusion coefficients c;;
and “multispecies” velocities u;; and temperatures T}; are given by

. _ llogAlaiq;  (7;\*" @
T 8mem? T \my ’
s = ST sty o)
CjiMiP; + Cij My pj
T = cjipili + cijp; T n cjimipicijmgpjlui — uj|* (6)

Cjipi + CijPj 3(cjipi + cijpi)(cjimaipi + ciymip;)’
where log A > 0 is the Coulomb logarithm, A > 0 being related to the Debye length,
€g is the vacuum permittivity, ¢; is the charge of the ith species, and v € R models
the interaction strength between particles. In particular, v > 2 corresponds to
hard potentials, v < 2 corresponds to soft potentials, and v = —1 is the Coulomb
interaction (see Section 2 for details).

Note that cj;, u;;, and T}; are functions of time only, and they depend in a
nonlocal and nonlinear way on the distribution functions. We write ¢j;[f] = ¢ji,
uji[f] = wji, and Tj;[f] = Tj; with f = (f1,..., fs) to make this dependence clear.
Observe that the symmetries Tj; = T}; and uj; = u;; for j # i hold as well as
Ei = Tz and Ui = Uj.

Single-species kinetic Fokker—Planck equations, often coupled with the Vlasov
equation with spatial dependence, have been mathematically studied in the litera-
ture since the 1980s; see, e.g., [4]. One main interest was the proof of hypocoercivity
[6, 14]. There are only a few works concerned with multispecies models. The dif-
fusion limit of a kinetic Fokker—Planck system for charged particles towards the
Nernst—Planck equations was proved in [15]. Furthermore, in [7, 11], the limit of
vanishing electron—ion mass ratios for nonhomogeneous kinetic Fokker—Planck sys-
tems was investigated. The multispecies modeling in [7] is very close to ours, but
the model of [7] also includes spatial and electric effects. However, an existence
analysis of multispecies Fokker—Planck systems, even in the spatially homogeneous
case, is missing in the literature. In this paper, up to our knowledge, we provide
such an analysis for the first time.

Equations (1)—(6) are a simplification of the Fokker—Planck-Landau system (see
Section 2). In this context, the right-hand side of (1) can be interpreted as the
collision operator

S
. U — Uj
Qji(f:) = ¢jidiv (Vfi +m; T”ﬂfi>~
=1 7
Our model satisfies some physical properties, like mass, momentum, and energy
conservation (see Lemma 2.1 in Section 2),

d
T R3(mifi +m;f)p(v)dv=0 for u(v) =1,v, \v|2,
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and it fulfills an H-theorem or the entropy decay (see Lemma 2.2 in Section 2),

ds 5 5i |
a ; /RS fZ log fy,d’U = — ijZZI /]RS Cjifi VIOg MZ] dov < 07 (7)
which follows from the gradient-flow-type formulation of (1),
- . fi . _
3tf¢chid1v<f¢V10gM“ inR3 t>0,i=1,...,s, (8)

j=1 ij
where M;; are the “multispecies” Maxwellians
3/2 2
m; m; ‘1} — Uij|
M;i(v) =n; ex - . 9
s =) ew (- ) ©)
Based on these properties, we are able to prove the global existence of weak

solutions to (1)—(6). To simplify the notation, we set (v) := (1 + |v|>)'/2.

Theorem 1.1. Let f) € L'(R3; (v)2dv) be nonnegative with fR3 2log fdv < oo,
let v € R, and let the constants m;,q;,N,eqg > 0 fori =1,...,s. Then, for any
T > 0, there exists a nonnegative weak solution f; to (1)—(6) satisfying for all
1=1,...,s,

fi € L=(0,T; L' (R?; (v)dv)) N L*(0, T; H' (R%)),
filog fi € L>(0,T; LY (R®)),  8,f; € L*(0,T; W~ 1H(R?)).

Moreover, there exists a constant ¢ > 0 such that Tj;(t) > ¢ > 0, ¢;;(t) > ¢ >0
fort e (0,T) and cj; € L>(0,T), uj; € LY(0,T) for any q < oo.

For the proof, we show first the existence of solutions to an approximate problem,
derive estimates uniform in the approximation parameters, and then pass to the
limit of vanishing parameters using compactness arguments. The construction of
the approximate scheme is surprisingly delicate, and we need three approximation
levels. First, we solve a regularized version of (1) in the ball By around the origin
with radius M > 0 to avoid compactness issues due to the whole space R3. Second,
we truncate the nonlocal terms with the parameter € > 0 in such a way that c;;[f]
and T};[f] are positive and bounded from below and |u;;[f]| is bounded from above.
Third, we need an elliptic regularization yielding W?(R?) solutions with p > 3
and a moment regularization yielding estimates for higher-order moments, both
with the same parameter § > 0. More precisely, we add to the right-hand side of
the truncated system the expressions

By = 8div(VHP2VE), By = —6(u)< f, + 59(0)/ (0} fidv,
By
where g(v) = 7=3/2e~ 1" satisfies Jgs g(v)dv =1, and p > 3 and K > 2 are suffi-
ciently large. Expression E; yields an estimate for V f; in LP(R?), while expression
E5 provides an estimate for f; in L!'(R3; (v)®¥dv). The latter term is constructed in

such a way that the mass is controlled (and conserved when Bjy is replaced by R?
in the limit M — o0), since

. Eodv = -6 <1 - /BM g(v)dv) /BM ()E f;dv < 0.

However, this regularization provides additional terms when using the test func-
tions f;, log f;, and |v|? to derive bounds for the L?(R?®) norm, the entropy, and the
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energy. For instance, using the test function f; in the approximated system (see
(19) below), we infer from c;;[f] > ¢ after some computations, detailed in Section
3, that

1d
77/ ffdv+5/ <v>Kf§du+5/ |Vfi|”dv+s/ |V fi2dv
2dt R3 R3 R3 R3

< COfe) /R fAdv + 5/}1@ ()X f;dv.

In order to bound the last term on the right-hand side, we use (a cutoff version
of) the test function (v)? for 0 < 6§ < 1 — 3/p, which gives bounds for higher-order
moments depending on ¢. This is sufficient to pass to the limit M — oo and then
€ — 0. For the limit M — oo, we first show that the solution f; is nonnegative and
the mass is nonincreasing in time. Then we derive uniform bounds for f; in weighted
Lebesgue spaces and for V f; in L?(R3) N LP(R?). The Aubin-Lions lemma coupled
with a Cantor diagonal argument yields the strong convergence of a subsequence of
approximate solutions in L?(B x (0,T)) for every bounded B C R®. The uniform
bound on a moment of f; allows us to infer the strong convergence of the subsequence
in L2(R? x (0,T)). For the limit § — 0, we derive uniform estimates for the entropy
and energy as well as the higher-order moment bound 9 fR3 (V)E+2 f,dv < O, where
the constant C' > 0 only depends on the initial entropy and energy. This is sufficient
to show that F; — 0 as 6 — 0.

Another issue is the limit 6 — 0 in the collision operator, since it requires uniform
bounds for the nonlocal terms c;;[f], Tj;[f], and w;;[f]. The most delicate point is
the proof of a uniform positive lower bound for the temperature Tj;[f]. The idea is
to estimate Tj;[f] > min{T;,T;} and

Ti > O/ fi|’U - ui|2dv > O/\Q/ fid’U
{lv—u;|>A} {lv—u;|>A}

> N2 (n — / fidv),
{lv—u;|<A}

where A > 0 is arbitrary. By the Fenchel-Young inequality, we can estimate the
integral on the right-hand side in terms of the initial entropy plus a number, and a
suitable choice of the parameters allows us to conclude a lower bound only depending
on the initial entropy; see Lemma 3.6.

Because of the truncations, we need to perform the limits M — oo, ¢ — 0, and
0 — 0 separately. Indeed, the energy conservation property of the collision operator
holds only at the level of the nontruncated quantities c;;, T};, and ;. Therefore,
we pass to the limit ¢ — 0 before deriving the energy and entropy bounds that
eventually allow us to perform the limit § — 0.

There is no significant technical difference between the cases v > 2 (hard poten-
tials) and v < 2 (soft potentials), nor between the cases v > 0 and v < 0. The
reason is that the derivation of (1) removes the singularity of the kernel in the
Landau equation, meaning that any choice of v € R does not bring any additional
technical difficulty besides the need to change the truncation in the temperature in
the approximated system.

Let us discuss some possible extensions of Theorem 1.1.

General multi-dimensional space. Our existence result also holds in the d-
dimensional space. In this case, we choose p > d and adjust the parameters 6 > 0
and K > 2 in a suitable way. We may also assume more general functions cj;[f],
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uj;[f], and Tj;[f]. It is possible to generalize the dependency of ¢;;[f] on T}, but
a suitable growth condition is needed. The choice of u;;[f] and T};[f] guarantees
momentum and energy conservation (see Section 2.2), and their definitions need to
be compatible with these conservation properties.

Large-time behavior. It is possible to show that the solution f;(¢) converges to
a Maxwellian distribution as ¢t — oo:

3/2 * |2
* m; m;|v —u .
fl(t)_>Mz (U)an(%TT*) eXp<_|21_‘*|)7 221,...787 (10)

strongly in LY(R3, (1 + |v|?)dv), where
* — i ; =1 ;s * — i ; =1i P
= tlinolo ui(t) tlggo uij(t), T tlggo Tit) tlggo Ti;(t).
In particular, the multispecies momentum and temperature become independent

of the species as t — co. The proof is based on the H-theorem and the fact that,
by Theorem 1.1, ¢j;(t) > ¢ > 0 for ¢ > 0. Indeed, we know from (7) that

dtZ/ f,logfldv——élz:cﬂ/ \/7

1,7=1
Since M;; can be transformed via a scaling into a normalized Gaussian distribu-
tion, we can apply a logarithmic Sobolev inequality (with Gaussian weight) with
constant Crg > 0:

Zcﬂ/

i,5=1

ij

M;jdv > cCrs Z / fllogM
ij

i,7=1

Integrating the entropy balance in time yields

/ /Ra szl ( M;; ° My _;\JZJ + 1) M;jdvdt
/ /R 3 ”21 fi

implying (as the integrand is nonnegative) that there exists a sequence t,, — oo as
n — oo such that

- fi Ji fi )
log — +1 | M;;dv
/Rs ,Zl (Mij Mij M !

i,5=

— 0.
t=t,

Let f(™ = f(-,t,), (j") = M;j(-,tn). Since M;; can be bounded from below

via a normalized Gaussian distribution, we infer that fi(") — Mi(;l) — 0 a.e. in R3,
Given the bounds for fi(n) log fi(n), fi(”)|v|m in LY(R3) (for some m > 2), it follows
by dominated convergence that f(n) - Mi(;l) — 0 strongly in L'(R3, (v)2dv). In
particular, the quantities u( ) T( ")
() ()

ij 0 Tij o
independent of 4, which yields f; () M; strongly in L'(R3, (v)?dv). However, the

converge to limits that are independent of j.

the limits of the moments ugn), Ti(")

Given the definition of w; must be
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entropy

i/ﬂwfilogfidvifw <fi10g

is nonincreasing in time, hence (10) holds for any sequence ¢ — oo. Thus, for long
times the dynamics of the species become decoupled.

]\Z* fi+Ml-*>d”U+C

Regularity and uniqueness. Given the structure of the equations (in particular
the fact that the coefficients c;;, wj;, Tj; are independent of v), we expect the
solutions to be C'* in the variable v for positive time (and regular for nonnegative
times as long as the initial datum is smooth enough). The time regularity is less
trivial. However, because of the strictly positive lower bound for the temperatures
and the coefficients c;;, as well as the boundedness of the coefficients, we believe
that it is possible to prove higher time regularity by iteratively differentiating the
equation in time and proving bounds for the coefficients and exploiting the regularity
properties already shown in the previous step of the iteration. Such bounds for the
coefficients can then used to prove estimates for the solution in H*(0,T; H™(R?))
spaces. We expect this bootstrap argument to yield space-time C*° regularity for
the solution as long as the initial datum is smooth and quickly decaying at infinity.
We leave the details to the reader.

While the uniqueness of smooth solutions originating from regular initial data
would be straightforward, the uniqueness of weak solutions in the case of nonsmooth
initial data is unclear. We speculate that the relative entropy method might yield
uniqueness for general weak solutions, i.e. considering the relative entropy

H(flg) = [ oz av,

where f, g are two solutions with the same initial datum, differentiating H(f|g)
in time and trying to show via a Gronwall-like argument that H(f(¢)|g(t)) = 0 for
every t > 0, implying that f(¢t) = g(t) for ¢ > 0. The argument is by no means
straightforward, as we are dealing with coefficients depending on the solution itself.

Spatially inhomogeneous equation. We believe that a similar existence analysis
in the spatially inhomogeneous case is doable without excessive difficulties, as the
techniques employed in the proof extend also to this case. Also, we believe that
it should be possible to prove the existence of H-solutions to the multispecies full
Landau system (11)—(12) by adapting the approach of Villani [13] to the multispecies
case. Both issues, though interesting, are beyond the scope of the present paper
and possibly the subject of future investigations.

The paper is organized as follows. Some details on the physical assumptions
leading to model (1)—(6) are given in Section 2. Section 3 is devoted to the proof of
Theorem 1.1. A compactness result in R? is shown in Appendix A, and the rigorous
treatment of nonintegrable test functions is sketched in Appendix B.

2. Motivation of the model and some properties. In this section, we motivate
the Fokker—Planck—-Landau system (1) and detail the underlying physical assump-
tions leading to this model. Moreover, we discuss its conservation properties and
the H-theorem (entropy decay).
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2.1. The homogeneous Fokker—Planck—Landau system. Model (1)-(6) is a
simplification of the spatially homogeneous multispecies Landau system by lineariz-
ing the Landau collision operator and assuming that the operator kernel is inde-
pendent of the velocity. More precisely, let

S
Onfi=> Qjifj, fi) MR t>0,i=1..5s, (11)
j=1
be the spatially homogeneous Landau equation [3] for a plasma consisting of s
species. The Landau collision operator Qj;(f;, fi) models binary collisions between
species j and i:

@ty ) =eciv, { [ A0 =0 (50T = A0V, £0) . |,

(12)
where ¢;; = |log Alq7q? /(8medm7) is a constant and A(z) = |22 (1 -2 ®2/|2|?) is
the (positive semidefinite) kernel matrix with I being the 3 x 3 identity matrix. The
parameter 3 refers to the case of hard potentials if 3 > 0, Maxwellian molecules if
B = 0, and soft potentials if 5 < 0. The latter case includes Coulomb interactions
with 8 = —3. The Landau equation is obtained as the grazing collisions limit of
the Boltzmann equation [1, 5, 13]. A spectral-gap analysis for the multispecies
Landau system was performed in [9]. We also refer to this reference for results on
the well-posedness of the single-species equation.

The collision operator Q\ji conserves mass, momentum, and energy. Indeed, it
can be written in the weak form

/}R3 @ji(fjafi)¢dv = —Cji /RS /R3 Vod(0)" A(v — v.) (13)

m;
X (VU log fi(v) — EVU* log fj(v*)>fi(v)fj(v*)dvdv*
J
for suitable test functions ¢. We obtain mass conservation by choosing ¢ = 1:
/ @]Z(fjafz)dvzo7 ’Z:,jzl,...,S.
R3

Using ¢;;m;/m; = ¢;jm;/m; and exchanging v and v,, a computation shows that
~ ~ my T
Qij (fi, fi)vdv =i — Vo ¥(v:)" A(v — vs) (14)
R3 m; Jr3 JR3
m;
X (Vv log fi(v) — Evv* log fj(v*)>fi(v)fj(v*)dvdv*
J
for another test function ¢, and an addition of (13) and (14) gives

[ @ath 10+ Qi Fo)av =25 [ [ (V20000 = 0,00 )

J
e
< A= 0 (V108 £(0) = T2, 108 £02)) F(0) (0o
J
Then conservation of momentum follows by choosing ¢(v) = m;v and ¥(v) =

m]"U,

/ @ji(fjvfi)miUdU‘F/ Qij(fir fj)mjvdv = 0;
R3 R3
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conservation of energy follows after the choice ¢(v) = m;|v|? and 1 (v) = m;|v|?,
/ @ji(fj,fi)mi\UIde+/ Qi (fis f3)mylv|*dv = 0;
RS RS
and we obtain entropy decay after choosing ¢(v) = log fi(v) and ¥ (v) = log f;(v):
|, @t foog o+ [ Quihf)log fidw <0, ij=1.....s

2.2. The homogeneous linearized Fokker—Planck—Landau system. In this
section, we derive model (1)—(6) from the full multi-species Landau system presented
in the previous section. Our derivation is motivated by [10], where a multi-species
BGK model is obtained from the multi-species Boltzmann equation. We make
two simplifications in model (11)—(12). First, we replace f; in @ji(fj, fi) by the

Maxwellian
m; \*? m;lv — ujil?
Mj; = n; - Il il
= (27FTji> P ( 275 )’

where n; is given by (3), uj; and T}; are yet to be determined. Then the collision
operator becomes

Qji(Mjs, f;) = &, div {A\ji(v) (Vfi it ;u” fi) }
Ji

where Eji(v) = / A(v — vy) M (vy)dos.
R3
In this step, we used the fact A(z)z = 0 for z € R3 and from now on, all deriva-
tives are with respect to v. Second, we suppose that the matrix A;; is independent
of the velocity v (otherwise, the computation of the moments becomes awkward)
and that A;; is diagonal (i.e., we neglect anisotropic diffusion). This leads to the
Dougherty operator (see [8] for a similar model)
. UV — Uj;
Qji(fi) = cjidiv | Vfi +m; T fi), (15)
J
where the coefficients c¢;; should be a reasonable approximation of the exact expres-
sion

~ . |logAlgiq;

cjiAji(v) = A(v — vy ) M (vy)do,.

8redm?  Jps
Assuming that the kinetic energy mj|v — v,|? is of the order of the thermal
energy T); (we neglected the Boltzmann constant), we may approximate A(v — vy.)

by (T /m;)#*+2/21, such that we can replace Ejigﬁ by

_ [logAlgiq] ( T )“’“W

Cij 1= ;
J 8reim ’

5 Ny

i mj

and the definition for ¢;; is exactly (4) after setting v := 8 + 2.

To determine uj; and T);, we assume that the operator (15) conserves the mo-
mentum and energy (mass is automatically preserved):

/‘ Q]Z(fl)mlvdv +/ Qij(fj)mjvdv = 0, (16)

R3 R3

/ jS(fi)mi|v|2d7} +/ Qij(fj)mj|v|2dv =0, 4,57=1,...,s. (17)
R3 R3
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Then a straightforward computation leads to the expressions (5) and (6). We
summarize:

Lemma 2.1 (Conservation properties). Let uj; and Tj; be given by (5) and (6),

respectively. Then @Q;; conserves the mass, momentum, and energy in the sense of
(16) and (17).

The collision operator ();; also fulfills an H-theorem.

Lemma 2.2 (Entropy decay). [t holds formally that
/R3 Qji(fi)log fidv + /]R3 Qij(fj)log fidv <0, d,j=1,...,s
Proof. We use definition (9) of the Maxwellian and the conservation properties of
sz‘l
m;

3 m;
/]R3 Q]Z(fl) log Mijd’l) = /R3 sz(fz) (10g n; + 5 log 27‘[‘T — 2Tﬂ |U — uji|2>d’U

J

m;
g [ @l s

Uy 1
= 7 ji\J i 1d — o
7 Ran (Fomevde = oo

. Qji(fiymilv[*dv

’U,

=- Qw(fj)mjvdv—l- o7}, / Qij (fj)m;|v[*dv

f] uji|2d’l) = — /3 Ql](f]) IOg Mjidv,
R
where we also used the symmetry of uj; and Tj;. Therefore, (8) yields

/ Qi) log fudv + / Qi (f;)0g f;dv
R3 R3

= [ @utnon o [y on

M,
fi [ 5|
= - cii fi|V1og dvf/ ci;i fi1Vleg ——| dv <0,
/R‘ J M’L] RS JJ7J Ml]
ending the proof. O
Remark 2.3. For later use, we note that it holds formally that
0=—2 Z / Q]z fz IOgM”d’U—l—Q”(fj)lOgM],)d?) (18)

3,7=1

— Z/ Qji(fi)log M;;dv = Z/ cﬂ]QVlogL Vlog Mj;dv.

3,j=1 i,j=1

To summarize, in order to obtain the simplified system (1)—(6) from the multi-
species Landau system, we have made two approximations: First, we replaced f; in
@ji( fj, fi) by its corresponding Maxwellian; second, we replaced the kernel matrix
A(v—v.) by a multiple of the identity matrix (7} /m;)(®+2)/2] and matching the unit.
Although these two approximations depart significantly from the original Landau
model, we are able to retain its most basic properties, namely conservation of mass,
momentum, and energy, as well as decay of entropy. Note that the conservation
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of momentum and energy only holds at the global level, i.e., there is still momen-
tum/energy exchange between species. Specifically, only n;, p;, the global velocity
u =Y, piu;/ Y., pi and temperature T := >, m; [gs filv — u|?*dv/(3 Y, n;)dx re-
main constant, while u;, T3, ¢;j;, uj;, and Tj; do not. Furthermore, when all species
are the same, system (1)—(6) just reduces to the single-species Fokker—Planck equa-
tion

8, f = ediv <Vf+m”T“f> in R,

where n = [, fdv, u =21 [o, fvdv, and

B \logA|q4 T (B+2)/2
= .

m
= —uPdv, o= 12820
3n /R3 flo = uldo, e 8redm? "

This evolution equation is linear since n, u, T, and ¢ all remain constant due to
conservation of mass, momentum, and energy.

3. Proof of Theorem 1.1. We prove the existence of weak solutions by intro-
ducing an approximate scheme, deriving suitable estimates uniform in the approx-
imation parameters, and then passing to the limit of vanishing approximation pa-
rameters. Recall that (v) := (1 + [v]>)V/2 and g(v) = 732 "I’ for v € R3. We
set 27 = max{0, z} for 2 € R, and we choose the parameters p > 3 and K > 0
sufficiently large (to be specified later). Our approximated system is based on three
approximation levels: the truncated domain size M > 0, the truncation parameter
0 < e < 1, and the regularization parameter 0 < § < 1:

O fi + 6(<v>Kfi —g(v) /B <v>Kffdv) —&div (|V£i|P2V ) (19)

M

=S clfla (Vi 2o i) B, o0,
i=1 gi

with the initial conditions (2) and the no-flux boundary conditions

S
—2 m; fi
{orwsp Vfi+;c§i[f1(Vfi+TW] (0= fD) } v =0 on 9By >0,
(20)
where f = (f1,...,fs), Bu C R3 is the ball around the origin with radius M,
and v is the exterior unit normal vector to 9Bj;. The nonlinear coefficients are

approximated by

2.2 e, T 2
Ilog/élngjnj(Tj [F1\" e 40
Gilf] = 87r€0in 2 erﬁj /2
llog Algiq; — (T;[f1\”
Srim? ( m, ) Tt
1] = il fImipius [f] + ;[ flm;pjus[f] , (21)
' il flmipi + c5; [ flmgp;
721 = 5 AP T 1) + 551 1ei T 1)

il flpi + ¢5111p;
¢5ilfmipici;[flm;p;|ui[f] — u3[f]]*
3(c5ilf1pi + 5[ flpi) (il fImipi + ¢ fImyp;)’
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and the (truncated) moments are defined according to
— 04 —
ni= [ fidv, pi=min,
R3

us[f] :i min{f;r,g@)}vdv,

i JBu €
') = 3%/3 e {f? ’ g(g)}l —ui[f)*v,
T = ;l; /B max { fi,£g(v) } v — i [ f]]*dv.

Note that n; is given by the initial datum f? because of mass conservation. The
truncations guarantee that for all fi,..., fs € L*(R3;(v)2dv), the integrals u$[f],
TJ‘-E’T[f]7 and Tja’i[f] are well defined and

e <cGlf1 <Cle),  |ujlfll < Cle), ee <TH[f] < o0 (22)
for some constants ¢ > 0 and C(e) > 0 which are independent of M.

3.1. Existence of solutions to the approximated system. We show that there
exists a weak solution f; to (2), (19), and (20) by reformulating the equations as
a fixed-point problem for a suitable mapping. For this, we introduce the space
X = LP(0,T; LP(Byy)) recalling that p > 3. Let o € [0, 1] and ﬁ eX,i=1,...,s,
be given. We consider first the partially linearized equations
o fi + 5<<U>Kfi —og(v) / <v>Kfi+dv> +6|f:|P72f; — o div (|Vfi|p*2Vfi) (23)
B

M

~ P m; fi R PP
—o >l (Vi 2L - (7)) = oblFiP 7
= T517)
1= Ju
where ¢ = 1,...,s, with initial and no-flux boundary conditions, recalling that

g(v) = 7=3/2¢=1" for v € R3. This system can be formulated as the evolution

~

equation O f; + A[f]fi; = bi[f] for t > 0, where
A1 = 6) " fi + 0\ 1P =2 i = 8 div (IVS:P 2V 1)

° ~ ifi ~
— oY & [f]div <Vf¢ - ui;m)),
g ’ T5[f] !

bi = ag(v) / (0)* fFdv + 00| fiP 72 .
Bum
The operator A[f] : V. — V/ with V = W'#(By) and its dual space V' is
monotone, hemicontinuous, and coercive. We conclude from [16, Theorem 30.A]
that (23) possesses a unique solution f; € LP(0,T; V) with 8, f; € LP/®=D(0,T; V"),
i=1,...,s.
Next, we use the test function f; in the weak formulation of (23):

1 1 t t
1 fi(t)zdv—f/ (in)de+6/ / |fi|”dvds+6/ / IV fi[Pduds
2 BM 2 B]\/[ 0 BM 0 Bl\l

= —5/; /BM<7J>Kfi2dvds+a/ot< N fig(v)dv> (/BM<v>Kﬁ+dv>ds (24)
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*GZ// SA(IVAE+ 2w =57 - 95 v

T5[/]
—1—0(5/0 /BM \ﬁ|p_2ﬁfidvds.

The last integral is estimated by Hoélder’s and Young’s inequalities according to

\filP=2 i fdvds

< 05/ ”fl |LP(BM ||fi||LP(BM)dS

< 5 [ 115+ CO) [ 1m0

Taking into account that we integrate over a bounded domain, and in particular
that (v)¥ is bounded, we estimate the second term on the right-hand side of (24)
as follows, using Holder’s inequality as well as the embeddings LP(Bys) < L'(Bas)
and L'(Byy) < LP/®=Y(Byy):

- / ( N ﬁ-g(v)dv)( / M<v>Kﬁ.+dv>dssc<M> / Vil 1Tl oy ds

t
<o) / 1 ill o I Foll o s

1)
COn) [N ) gt + OO0 [ 1l

Since p/(p — 1) < p (because of p > 3), the elementary inequality z#/(P—1 <
C(9) + (0/2)zP for z > 0 yields

o /0 t( - fig(v)dv) ( /B ) <v>Kﬁ.+dv)ds

t
é
< [ (COM) 4 JUA oy + CURL 5, )
and the second term on the right-hand side can be absorbed by the left-hand side

of (24). We integrate by parts in the term involving f;v-V f; = %v -V f? (we denote
the measure on 9By by dX,) and use div, v = 3:

L
—0 AN \V/ Z_2 mzfi - N Z)
jz_:l/o /BMCJz[f](| fil +Tj€i[f](v uﬂ[f}) Vf; |dvds
n t R
- _UZ/O /B c;i[vafiPdvds

“Z/ / fz uS,[f] - V fidvds

By

B
Z/ _— ( / v-vfEdY, + 3/ ffdv) ds.
QTE OB m Bm
Since v - v = |v| = M, the integral involving v - v is nonpositive and can be

neglected. Then, applying Young’s inequality to the second term on the right-hand
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//BM i ('Vﬂ2 ’[fl](v—uﬂ[f})-v@duds

side,

< —72/ / il |sz 2dUdS+O’Z/ / ci[f Eg[f[}f]l F2dvds
+ = / / f2d ds < C(e )/ fAduds,
Z By 0 B
using bounds (22) in the last step. Then (24) gives
t
£ 55 [l i,
By 0
t
< C() +C(5)/ f2dvds + C(5, M) / -
0 JBm
and it follows from Gronwall’s inequality that, for any T" > 0,
T
2
0 Uil [ 1A nao,dt (25)

< O o) 1 / I, ). (26)

This estimate allows us to derive a bound for the time derivative,

||atfiHLP/(P*U((LT;WLP(B]W)’) S C((S,&T, fo)( / HfZHLp(BM) ) (27)

Estimate (25) shows that the mapping F' : X x [0,1] — X, (f, o) — f, is well
defined. Moreover, the function F'(-,0) : X — X is constant.

The (sequential) continuity of F is shown as follows. Let (f,c™), oy C
X x [0,1] be a sequence such that o™ — o, f™ & fin X as n — oo. Let
f = F(f("),a(”)), f= F(f, o). We show that f(") — f in X. It follows from
(25)—(27) that (f™) is bounded in LP(0,T; W'P(By)) and (9;f™) is bounded
in LP/®P=1(0,T; W'?(By;)"). Hence, by the Aubin-Lions Lemma, up to a subse-
quence which is not relabeled, (f(™) is strongly convergent in X = LP(0,T; LP(Byys)).
Taking the limit n — oo in 0, f; () —|—A[f(")]f(n = [f(”)] and exploiting the bounds
(25)-(27), we see that the limit g of £ satisfies 9,9 + A[f]g = b;[f]. The unique-
ness of the solution to (23) yields g = f and the convergence holds for the whole
sequence. This proves the continuity of F.

The compactness of F follows from the compact embedding W1P(By;) —
LP(Byy), the bounds for f; in LP(0, T; WP (Byy)) and W/ =1 (0. T; WLP(By,)'),
and the Aubin—Lions lemma [12].

To apply the Leray—Schauder fixed-point theorem, we need to show that the set
{f € X: F(f,o) = f} of fixed points of F(:,0) is bounded in X uniformly in

€ [0,1]. To this end, we set f = f in (23), use the test function f; in its weak
formulation, and estimate similarly as above:

1 2 _1 0y2
3 [ s [ ra

By
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5(1—o0) /ot/BM |fi|”dvds+6/0t/BM |V fi|Pdvds
< —5/;/3 (v)Kffdvds—l—a/ot( ; fig(v)dv) (/B (v)Kf;’dv>ds

t t
—5/ / \Vf,;|2dvds+C(s,M)/ f2dvds
0 B[\/[ 0 BI\/I
t
< C(s,M)/ f2duds,
0 JBm

where we used the inequality ([ Bas fidv)?2 < C(M) [ By f?dv. We deduce from
Gronwall’s inequality and the Poincaré—Wirtinger mequahty that f; is bounded in
LP(0,T; WYP(Byy)) uniformly in o € [0,1]. Therefore, we can apply the Leray—
Schauder fixed-point theorem to infer the existence of a fixed point to (23) with
o =1, i.e. asolution f; € LP(0,T; LP(Bu)), i =1,...,s, to (19).

3.2. Limit M — oo. Let fM := f;, be a weak solution to (19). We first derive
some estimates uniform in M and then pass to the limit M — oc.

Lemma 3.1. The solution fM to (19), constructed in the previous subsection, is
nonnegative in By x (0,T), and the mass is controlled, || f ()| 1z, < 11182y
fort>0.

Proof. We use the test function (f*)~ = min{0, fM} in the weak formulation of

(19) and use (f2)~ = 0 as well as (22):

%/ (A d””// VM P2V (FM)~ [2duds

+5// V) E (M) Pduds
BM

— &M MY=12qpds

§__lj/0 [ e

~ [ e ppMy_ T My— e 1 ¢M My—
+3 | ] e i ()71l + eIV v

4 / ( BM(fz‘”rg(v)dv) (/. M<v>K(f%>+dv>ds
<—fZ// SV (MY~ \duds+c(5gM//B )~ |Pduds,

since the last term in the last but one step is nonpositive. We conclude from
Gronwall’s lemma that (fM)~(t) = 0 and hence f(t) > 0 in By for t > 0. Next,
we use the test function ¢ = 1 in the weak formulation of (19):

¢
M(t)dv = fodv — 5/ / ()& fMduds
BN] BM 0 BIVI

+5(/t /BM g(v)dv) (/BM<U>Kf;Wdu)ds < . fodo,

since [ g(v)dv < [p; g(v)dv = 1. This proves the mass control. O
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‘We show now some estimates uniform in M.

Lemma 3.2. Let 0 < 0 < 1 —3/p. Then there exists a constant C(d,e) > 0
independent of M such that

T
M(t)?2 0 M K+6 M

o<t<T
T
+ / / (IVFM P2+ VM) dvds < O3, ).
0 By

Proof. We use the test function fM in the weak formulation of (19), use ¢ <
cjilfM] < C(e), and integrate by parts in the drift part of the collision operator:

% . ZM@)%—% - (f) dv+5/ /BM E(My2duds
+5/t/B |V M |Pduds
<5/ (/B Mg(v)d )(/B (v}KfiMdv>ds—e/Ot/B |V M2 dvds

+CO(e / (fM)2dvds.
Bum

Because of the mass control from Lemma 3.1, fBM Mg(v)dv < fBA{ fMdv <
C(f?). Hence,

1 M (t) dv+5// KMy dvds+(5// |ViMPdeds  (28)
2 By By B

+5// IV fM|2dvds
0 JBum

gc+0(f$)/0/3 (v)KfZMdvds+C’(5)/0 ; (fM)2duds.

To control the second term on the right-hand side, we derive a bound for
(v)E+9 fM for some 6 > 0. This is done by using the test function (v)? in (19):

o) M (Hdv — ) 040 ' DVEH0 M gy
/BM< )M (£)d /BM< ) 104 +5/0 /BM<> Ma (29)
¢ t
K oM 0—2 Mip—2 M
09)/0 /BM<v> fi dvds+5C/0 /BM<U> IV FM P27 M . plduds

—0; / /| Sl (fM T[fcM](v—uﬁ[fM]Odvds

=0 + I+ I,

where C(g) > 0 depends on the integral fB}\/I {(v)? g(v)dv which is bounded uniformly
in M. The first term is estimated according to

I < //BM< ()B4 08, 9, ))fZMdvds

<? / / (0) K+ M duds + C (5, g, K, [9),
4 0 JBy
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and the integral on the right-hand side can be absorbed by the left-hand side of
(29). We use Young’s inequality with exponents p and p/(p — 1) to find that

t
I, < 50/ / ()Y VM P-tduds
0 JBm

¢ ¢
< é/ / \VfiM|pdfuds+C5/ / ()P~ dyds.
2 0 B[u 0 BM

The integral over (v)?(®=1) is bounded uniformly in M if p(§ — 1) < —3, which
is equivalent to 6 < 1 — 3/p. We integrate by parts in the first part of I3:

— y ' e fM 0-2_. . M
S [, e vatanas
ZZ /O /B [ div((v)?~2v) fM dvds
—Z// SilrM() 2 (v v) [ duds,
OBum

recalling that v is the exterior unit normal vector to 0Bj;. Since Bjs is a ball
around the origin, v = v/|v| and hence v - v = |v|, and we infer that the surface
integral is nonpositive. Then, using (v)?~2 < 1 and the mass control,

_ ~ [ e[ ¢M M
0;/0 /BM cilf ()20 - V fMdvds
@ / t /| )2 duds < e ),

The second part of I3 is estimated according to

OZ/O /BM c%[fM]T:n;M] ()72 (jof?2 — v us,[fM]) fM duds

/ / ) fMduds < C(6,¢) + / / (v) B+ M quds.
B Bu

Summarizing, we infer from (29) that

/BM<>fM( Ydv + = //BM ()E+H My < C(6,€) + //BMWfM'dedS

We add this inequality to (28) and use the inequality (v)% < C(8)+ (5/8)(v)E+¢
as well as the mass control:

[ (G o)

] (B v+ s Yavas
By

0(5,8)+C(8)/ ; (fM)2dvds.
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We apply Gronwall’s lemma and then take the supremum over ¢ € (0,7') to finish
the proof. O

Lemma 3.2 gives uniform bounds for fM in L°°(0,T; L*(By)) and LP(0,T;
WYP(Byy)). Then, together with the bounds (22), we infer that 9, f is bounded
in LP/(=1(0,T; W'P(Bys)’) uniformly in M. The condition p > 3 implies that
the embedding WP(By) < L°(Byy) is compact. Then the Aubin-Lions lemma,
together with a Cantor diagonal argument, yields the existence of a subsequence,
which is not relabeled, such that, as M — oo,

M — f; strongly in LP(0,T; L>°(B)) for every ball B C R3.

We claim that
M — f; strongly in L*(0,T; L*(R?)).
Indeed, we know from Lemma 3.2 that [ (v)? fM(t)dv < C for all balls B C R?
uniformly in M and for ¢ € (0,T). Fatou’s lemma implies that

/R ) W) f;(t)dv = / lim inf ()0 fM (t)15,,dv < lim inf /R ) W) fM(t)1p,,dv < C,

R3 M— o0 —00

and this bound holds uniformly for ¢ € (0,7). Set f(t) := 0 outside of By and
let R < M. We write

T T T
/ / M~ filduds = / / £~ filduds + / / M fildvds
0o Jrs 0o JBr 0 J{R<|v|<M}

T
+/ / M flduds = JM 4 M 4 gM.
0 J{jv|>M}

Because of the strong convergence of (f) in Bg, we have JM — 0 as M — oco.
We deduce from the uniform bound for (v)? fM in L'(R?) that

JM<1/T/ WM~ fildods < S
> TR Jo Jir<pi<an ' ' TR

In a similar way, since fM =0 in {|Jv| > M}, we have

1 [T C
JMS—/ / v‘gfidvg—.
SRSy Sy R?

We conclude that

T
limsup/ / IM — fildvds < O o al R > 0.

M—o0
Since the left-hand side is independent of R, it follows that

lim sup ;oo fOT Jgs |FM — fi]dvds = 0, proving the claim.

We also obtain, for a subsequence, the weak convergences
VfiM — Vf; weakly in LP(0,T; L?(B)),
3thM — Oy f; weakly in Lp/(p_l)(o, T;W'P(B)")

as M — oo for any ball B C R3. These convergences are sufficient to pass to the
limit M — oo in (19), and the limit ff := f; is a weak solution to

sz +6(0fF —oto) [ @ frav) —saw (VPN 60
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= Z 5 [fe] div (er 1[]; ](v — ujz[fa])> inR? t>0,

with the initial condltlons (2).

3.3. Limit € — 0. Let f¢ be a weak solution to (2) and (30). An integration yields
the conservation of mass:

ffit)dv=mn; = / fdv > 0. (31)
RS RS

Strictly speaking, we cannot use the test function ¢ = 1 in (30) and we need to
work with a cutoff function 1 g; we refer to Appendix B for details.

Lemma 3.3. There exists a constant C(§,T) > 0 independent of € such that for
alli=1,... s,

sup [ (02 + @75 0) dv+Z//cw[f 11V £ 2dvds

0<t<T

/ / |Vf€|pdvds+/ /R + ()T 5 dvds < C(5, 7).

Proof. We split the proof in several steps.

Step 1: Test function (v)?. Let 0 < § <1 —3/p. We use (v)? as a test function
n (30). Again, (v)? cannot be used as a test function, but we may use (v)%¢r(v)
for some cutoff function 9 g; see Appendix B. Then,

/ () fe(t )dv—/ (v) fodv+5/ /R (v)E+0 feduds (32)
o))

—5// IV fEP2Vfs -V dv—i—Z// ¢ LfFIV(0)? -V fiduds

_ e[ e — Wl - Vi) Feduds
S [ U e s

= I4—|— —|—I7

We estimate the right-hand side term by term. First, the integral over (v)?g(v)
is bounded. Using (v)% < (6/8)(v)5+? + C(§) and mass conservation (31), we can

estimate
I, <C(6 / / (v)E+0 feduds,
RS

and the last integral can be absorbed by the left-hand side of (32). Because of
|V {v)?] < 0(v)?~! and Young’s inequality, the term I5 becomes

i
Iy < 50/ / W)V fEP o
R3

<< / / POV dpds 4 2L v/ / IV £ Pduds
R3 0o JRr3

< O+ ov/ (- 1>// |V fE|Pduds < C + = // IV £ [Pduds,
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taking into account that the integral over (v)?(°~1) is bounded since p(f — 1) < —3

and choosing ¢ > 0 sufficiently small such that §?/(P~1) < §/2. Integrating by parts
in Ig leads to

775 ' cE.[fFe v)? feduds
Iy = ;/ JREINCE (33)

< C/ot /RB L) ()2 feduds < C/Ot <17 ds,

where we used (v)~2 <1 (note that 6 < 1) and mass conservation. It follows from
Jensen’s inequality, applied to the probability measure (ff/n;)dv, that for ¢ > 0

and 7 > 1,
qJi < qr 16 . 4
(/RS (v) —ni dv) /]RS (v) —ni dv (34)

The final term I7 becomes
_ ES ! Cs'i[fs] 0— e 1 pel) £€
" 93’1/0 /]RS T]ﬁ[ff]mi<v> Z(MQ — v uglf ])fz dvds
~ [ oy lulfe] ~ [ ug; [fe]l
C € [fe 6—11"7 €dud C € [fe J d ,
<y [ et e srauds < > ) sy

where we used (v)?~! < 1 and mass conservation. In view of definition (21) (we
passed to the limit M — oo also there) and Jensen’s inequality (34), we have

uS, (11K < max {|us[fe], [us o]V Si vy min{ f7, g(v vK
a1 < max (L Y < (X [ (o) mind 7, g(o) b

i=1

< C(é/ﬂ@(@fﬁdv)K < CZAB<U)Kffdv. (35)

Thus, by Young’s inequality and (v)% < C(6) + (6/8)(v)E+9,

s t S t cﬁi[f!:‘] K/(K-1)
I, < € [fe115q C E d 36
<3 [strres oy [ ; (30
é s ot Ko o s ot c;@{f@} K/(K-1)
< C(0) + 3 ;/0 /RB<v> f: dvds+0jz_;/0 o1 ds.

Let us distinguish two cases, according to the value of ~.

Case 1: v > 0. We distinguish the subcases v > 2 and 0 < v < 2. First, let v > 2.
Jensen’s inequality (34) leads to

v/2
clffl <e+ C’|TJ'-5’T|’Y/2 <1+ C(/ (v)2ffdv) <1+C [ ()7 fidv.
R3 R3

If 0 < v < 2, we apply Young’s inequality:

v/2
5l f€] SE—I—C\T;"TW/Q <1+C(/ <v>2ffdv> <14+C [ (w)?fido.
R3

R3
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Summarizing, we obtain for all v > 0:
GlF <140 [ (o) frav. (37)
R

Consequently, if we choose K sufficiently large, (33) yields

Is < c+c/ / ymax{.2} £y < (6 / / VE+O 2.
R3 R3

To estimate the last term in (36), we bound 75;[f°] from below. For this, we
choose an arbitrary A > 0 and set u§ = u§[f¢]:

T > C / filo — ufPdv > © / Flo — g dv (38)
R3 {|lv—us|>A}

> O\ / fidv = CN? <n - / ffdv>.
{lo—us[>2} {lv—us <A}

Applying the Cauchy—Schwarz inequality to the last integral, we have

1/2
T C/\Q{m N e ( / dv) }
{lv—u§|<A}

> CN* (n; — ON2|ff || 2 @) ).

since the integral over any ball in R? with radius A is of the order A\3. We obtain

with the choice A = C’on?/?’\\ffH;f(/HgP,) for some Cp > 0:

TEH(f) > CC3 — COY T 2 )

and therefore, choosing Cy > 0 sufficiently small,

—2/3

T;mzmin{Tf*[ffLT;’ﬂfﬂ}zc<2||fz|%2<ma>) )
k=1

We continue with the estimate of the last term in (36). We infer from Young’s
inequality with exponents 3(K —1)/(2K) and 3(K —1)/(K — 3) as well as estimate
(37) and Jensen’s inequality (34) that

Z Cj’i[f] Z fs _3/2+OZC fs SK/(K 3)

j=1 iji[fs} j=1

K/(K—1)

<C+CZHJCI€HL2 R%) —I—C/ 3Kmax{72}/(K 3)fadv
k=1

For sufficiently large K > 0, we have 3K max{v,2}/(K — 3) < K + 6. Hence,

S t 5 t
Z/ ds §0(5)+CZ/0 ||f,§\|iZ(RS)ds+§/O /RB<v>K+9ffdv.
k=1

We infer from (36) that

t s t
I; < CO(0) + Z/O /R () E+0 fedy + C,;/o Ag(fg)zdvds.

] [/ =)
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Case 2: v < 0. It follows from (39) that
N _2v/3 s —v/3
GUFT S e+ O < 14 OIS < 14O (X1l ) - (40)
k=1

Choosing K > 0 sufficiently large such that 0 < —v/3 < K(2 —~)/(3(K — 1)),
we find from Young’s inequality that

K(2=7)/B(K-1))

t L
[awras<cre [(S i) ds.
k=1

Therefore, estimates (33), (36) lead to

s t t
Is+ I ch/ c?i[fg]ds+0(5)+g/ / (0)E+0 feduds
j= 0 0 JR3
K/(K-1)
OZ/

ds
+7/ / (v)E+0 feduds
2 0 R3
K(2—7)/(3(K-1))

t s
e (anﬂ%?(m) ds.
0 Np=1

The Gagliardo—Nirenberg inequality

3p

Ilz2m) < Ol o IV Sl where € = 5 s,

and mass conservation imply that

t S t
Is+ I; < C(6) + é/ / () E+0 feduds + 0 Z/ / |V f£|Pduds,
2 0 R3 2 1 0 R3

as long as 2¢ < p, which holds for sufficiently large values of p.
In both cases, summarizing the estimates for Iy, ..., I; and summing over ¢ =
1,...,s, we conclude from (32) that

y 0 re é - ! K40 pe
;/Rs<v> Ji(t)dv + 2;/0 /RS@) fidvds (41)
5~ [t . o
5 +2;/0 /Rngidvds—kC;/o R3(fi)2dvd5.

We still need to control the integrals on the right-hand side of (41), which is done
in the next step.
Step 2: Test function f7. We use the test function ff in (30) and sum over
i=1,...,s already from the beginning:

Z RAOKIES Z/R dv+§Z//RS Pduds  (42)
+5Z// |Vf5|pdvds+2// &SIV £ Pduds

3,j=1
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= 5253/(:( g ffg(v)du) </RB<u>Kffdv>ds

1=1

1 @ ¢ m;
- = e [fe ¢ —wE 1) - V(£)2dud
21';1/0 RSC]Z[f]TjEi[fE](U Ul - VU dvds
=:Ig+ Iy

We use mass conservation to infer that fR3 feg(v)dv < fR3 fidv < C and hence,

Z ! £ 4 < ! £
Iy < 602/0 /R (0) < frdv < C 4 Z/O /R (0) K+ £ duds,
=1 =1

and the last integral can be absorbed by the left-hand side of (42). By integration
by parts and the lower bound (39), we have

33 [ g = s (13

z_7 1
10/3
5 Z/ il f] Te| fE |‘f€||L2(R3)dS<C Z / il FNIEN L2 ey s
1] 1 i,7,k=1

Let v > 0. The Gagliardo-Nirenberg inequality with ¢ = 3p/(8p — 6) € (0,1)
and mass conservation lead to

10¢/3 10(1 3
h<o Y / SNV RIS 1o s

,Jk 1

<0 Y [ ElrIvRIZS Vs

i,J,k=1

Then, using Young’s inequality, estimate (37) for i [£¢], and Jensen’s inequality
(34),

e (4 3)/(4p—8)
19_82//|Vf\Pdvds+C S Je 7] ar = -

1,j=1

0 — - 5
SC+§Z/O AS|fo|pdvds+C(6)ZA /RS@><2+V><4P /(4=8) e gy
=1 =1
+6i/t/ Vf5|pdvds+6i/t/ <v>K+0fEdv
8 i—1 0 R3 ' 8 i—1 0 R3 v ’

if we choose K + 6 > (24 ~)(4p —3)/(4p — 8).
If v < 0, estimates (40) and (43) imply that

10—2 3
Io < 02/ LFENS0 2 s

and Gagliardo—Nirenberg and Young’s inequalities allow us to bound Ig similarly
as above for sufficiently large p as

s t
Io §0(6)+6Z/ / IV ££[Pduds.
=170 JR?
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In both cases, we insert the estimates for Ig and Iy into (42) to obtain

*Z/ £ (6)2do+ 2 Z/ /Rs )2dvds + 2 Z// IV £ Pduds
+Z// SNV 2 Pduds < O )+4;/0 /RS<U>K+0fisdvd$'

3,7=1

Step 3: End of the proof. We add the previous inequality to (41),

Z/ Yo fE(t))do + = Z//R )2dvds
42 Z// |Vf€|Pdvds+Z// LNV 2 Pduds

1,7=1
+ QZ/ / (WYEF0 reduds < C(8) + CZ/ (f£)?dvds.
4 = Jo JRr3 i—1 /0 JR3
Then Gronwall’s lemma concludes the proof. O

Lemma 3.4. There exists a constant C(6,T) > 0 independent of ¢ and a number
r > 1 such that

10 f7 | L0, 73w 10 (m3yy < C(6,T).

Proof. The estimate for (v)%*9ff in Lemma 3.3 and bounds (37), (40) show that
¢5;[f¢] is uniformly bounded in LEFO/2E(0,T) (or better), while T5[f]~!
uniformly bounded in L*°(0,T) because of the lower bound (39) and the estimate

for f§ in L>(0, T; L*(R?)). Furthermore, we conclude from (35) that Jus,[f<]]* ¢ <
CY0 ) Jas ()X fedv (using the Jensen inequality (34)) is uniformly bounded in
LY(0,T). This shows that c;;[f]T;[f¢] 'u;i[f¢] is uniformly bounded in
LE+0)/(3+7)(0,T). Furthermore, by Young’s inequality and Lemma 3.3,

[ [ @ ysnasngu,
0 R3
- / ' /R (050 £2) S EFD (1) (2)2) V) s

< C/ K+9f HLl(RJ)dS‘FC/ ( f)2||L1(R3)dS S C

Together with the uniform bounds for f; from Lemma 3.3, this yields a uniform
bound for 9, ff in L"(0,T; W~1P(R3)) for some r > 1, finishing the proof. O

The bounds of Lemmas 3.3 and 3.4 and the compact embedding W1P(R3) N
L2(R3; (v)Edv) < L?(R?) (see Lemma A.1 in Appendix A) allow us to apply the
Aubin-Lions lemma to conclude the existence of a subsequence (not relabeled) such
that, as ¢ — 0,

ff — f; strongly in L*(0,T; L*(R?)).

Furthermore, we obtain weak convergences for V f{ and 0 f; in suitable spaces.
At this point, it is straightforward to pass to the limit ¢ — 0 in (30) to infer that
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ff := f; is a weak solution to

st +6(0f —ato) [ @ faw) —saw (VEPAVE) )

: 6
= ;Cji[fa] div (fo + ;Zl[]}é} (v— Uji[fé])) inR3, t>0.

We observe that the collision operator on the right-hand side is identical to that
one in (1) and in particular, it conserves mass, momentum, and energy; see Lemma
2.1.

3.4. Limit § — 0. Let f’ be the solution to (2) and (44), constructed in the
previous subsection. To perform the limit 6 — 0, we derive some estimates uniform
in 6. First, we note that mass conservation still holds, i.e. ||f?|| i (rs) = n; for
i=1,...,s.

Lemma 3.5. There exists a constant C > 0 independent of § (but depending on
the initial data) such that

S

swp 3 [ (#2008 £ 0)+ 0P < C.

0<t<T =}
o 515 £
c;il f°1f7 |V log C dvds < C,
W»Z_I/o /]R3 5ill’] M;;1£9]

S T s .
52/0 /}R3 ‘V(ff)(p—l)/plpdvds +(5Z/0 /RS <U>K+2f{5dvds <c
i=1 —

Proof. We split the proof in several parts.

Step 1: Test function log f{. We use the test function log f? in (44). Again,
strictly speaking, this test function cannot be used since we cannot exclude that
f? = 0. We show in Appendix B how this argument can be made rigorous. We
obtain from formulation (8) and property (18)

s S id t
SN IRHCIEYAOITED DY AR R S A (R LR
i=1 i=1 i=1

e [ et :

f
Vlog C
ot Mi;[f°]
st
<530 [ [ < o fiavas
i=1

S t
+5;/0 (/Rs logffg(v)dv> (/}Rs(v>Kffdv>ds = T+ ;.

By mass conservation,
/ log fg(v)dv < / log f7g(v)dv < C/ (1+ f))g(v)dv < C,
R3 {£P>1} {£P>1}

and consequently,

s t 5 s t
I < 052/0 /R (WK fodvds < €5 + 3 Z/O /R (0)K+2 £ duds.
=1 1=1

2
dvds (45)
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The term I;¢ can be written as

st 1\
Ip < 62/ / (v)Kf;S(log 5> dvds,
i—1 70 JR3 fz

recalling that z* = max{0, z}. We choose 0 < o < 1/(K +2) and use the inequality
logz < 2%/a for z = 1/f? > 1 as well as Young’s inequality to estimate

w0 LY K s o1 _ 1, ke
{0) 7 f7'{ log 7 (0)" Lipscay i log 7 < ST ()

— a1 o) (R )
S a—l/a<v>—1/a + <U>(K+1)/(1_a)fi6'

It follows from K > 1 that —1/a < —(K 4 2) < —3 and hence, the integral over
(v)~1/* is finite. This yields, since (K +1)/(1 —a) < K +2,

5t
I <O+ 52/ / (v)(EFD/(A=2) £9 4o s
=170 JR?
5 [ K+2 46
<Cd+ — T2 £9duds.
<C +32Z/0 /Rg<v> fidvds
=1
We insert the estimate for I1p and I; into (45) to find that

i /R () log £ (t)dv + 62 /0 t g V()PP Pduds (46)
=1 i=1

~ [ N P
+g—:1/0 /Rs il oe 37 7
<C+ 1562// (0) 2 f)dvds.
i—=1 70 R3

We need to estimate the right-hand side.
Step 2: Test function |v|?. We use the test function |v|? (more precisely a suitable

cutoff function, see Appendix B) in (44). Since the collision operator conserves the
energy (see Lemma 2.1), the corresponding integral vanishes, and we end up with

s s s t
S [ swhlao-3" [ flaossy [ [ e sis
i—1 /R? i=1 /R3 —1Jo Jms
s t
=2 / ( |v2g<v>dv)( / <v>Kffdv)ds
i=1"0 R3 R3
s t
-~ / / VRS vduds
=170 JR?
) S t X s t
< e +2 ¢4 sp—1 .
_0(5)+8;/0 /RS@ fldvds+26;/0 /RB|Vf1| |v|dvds

2
dvds
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Since (v)K|v[? = (v)E+2 — (1)K > L(v)E+2 — O, the last term on the left-hand
side is bounded from below by

s t 5 S t S t
b) / / )2 foduds > / / 0)EF2 fduds — O / fidvds
; 0 JR3< | 2; 0 R3<> ; 0 R3
5 /t/ K42 6
> — v fidvds — C6,

where we used again mass conservation in the last step. Therefore,

s S t
Z/ ff(t)|v|2dv+3—52/ / (WVEF2 o duds (47)
i=1 /R 8 = Jo Jes
s t
g0+252// |V 3P~ w|dvds.
=170 JR?

We estimate the term on the right-hand side of (47). Let ¢ > 1. We apply
Young’s inequality twice with exponents (p,p/(p — 1)) and (g, q/(qg — 1)):

r26 / V2P oldw < C5 / (o]l £ =D/ [V (8- D/2p-1ds (48
R3 R3
<cs [ WU+ e, [ 90H0pd
<5/ (q (C| |p( )1 l/q)Q/(q 1) 1(f§)(p2+1/q)q>dv
= Jrs q g’
+30 [ I9UHepa
4P s
§C5/ |v\pq/("_1)ffdv+§/ (f8)rFrar=2)qy
R3 q Jr3
—i—écp/ |V(ff)(p_1)/p\pdv,
A7 [

where ¢, > 0 is as in (46). We deduce from the Gagliardo—Nirenberg inequality

] Lrgsy < C||v¢||Lp R3)||¢||Lp/(p D (R3) where

op B __ 3alp-=1(p-2)
r= E(l + Q(p 2))7 0= Q(QP* 3)(1 +q(p— 2))7

applied to ¢ = (f2)P=1/P that
b

) I e U (e L

1)(1-6
<06||V(f5)(” D70 sy L £ 1
< C'5||V(f5)(p DI s

,c V() @e-D/p|p To@sy T C9,

where we used mass conservation in the last but one step and the fact r < p as
well as Young’s inequality in the last step. Choosing ¢ = 4/3, the first term on the
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right-hand side of (48) is estimated according to
)
05/ |v|P?/ (4= £y = 05/ [P fdv < f/ ()EF2f3du 4 €,
R3 R3 4 Jps
if we choose K > 4p — 2 so that 4p < K + 2. We conclude from (48) that
_ 4] 5
20 / AVEP olde < Co+ 5 / () + S [V PTG, s
R3 R3

and then from (47) that

s S t
Z/ ff\v|2dv+§2/ / () EF2 f3duds
i—1 Y/ R® 8= Jo Jrs
5 [
§0+§cpz// IV (f8)=D/PPduds.
i=1 /0 JR?

Step 3: End of the proof. We add the previous inequality to (46):

Z/ (f2(6)log £3(6) + £2(1)|u]?) du+,c,,z/ V() D/ Pduds
9o K+2 75
62/ /Ra@} fPdvds

This concludes the proof. O

S 2
fi dvds < C.

Mi;(£°]

V log

171

The energy bound in Lemma 3.5 shows that the temperature T;[f°], defined in
(3), is bounded from above uniformly in § and (0,7'). This implies that c;;[f°],
defined in (4), is bounded from above uniformly in § and (0,7) when v > 0. We
claim that the temperature 7;;[f°] is also uniformly bounded from below, which
implies that c;;[f?] is bounded from above uniformly in ¢ and (0,7) also when
v < 0.

Lemma 3.6. There exists a constant ¢ > 0, only depending on the initial entropy
(and in particular independent of 6), such that

i SIF)] > .
odnf Tyl f'()] 2 e >0

Proof. Define ®(z) = pu(1 + z)log(l + ) — px for x > 0, where p > 0. Then
O*(y) = pe¥/* —y — p for y > 0 is its convex conjugate, and the Fenchel-Young
inequality zy < ®(x) + ®*(y) holds. We infer from the lower bound (38) and the
Fenchel-Young inequality with x = fi‘S and y = 1 that

T[f) zcv(ni /{ o ffdv>

> ON (n - u/ (1+ f7)log(1+ f7)dv — gﬁuel/“A3>
R3

> O\2 <n, — uCy — gﬁuel/“AB),
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since the volume of the ball in R? with radius A equals 473 /3, and Cy depends on
the initial data via the first estimate in Lemma 3.5 (more specifically, Cy depends
on Y71 [as [ (log f2+|v[*)dv). Then, choosing = 1/log(CoA™?), a computation
reveals that

C 4
[0 > 2 R S _
T;[f°] > CA <n1 log(CO/\—3))’ where C = C’o(l+ 37r>.

It follows from the choice A = [Cyexp(—2C1/n;)]Y/? that T;[f°] > ¢ > 0 for
¢ = CMN?n;/2, and this inequality is uniform in (0, 7). It can be seen from (38) that
C is proportional to 1/n; such that the constant ¢ only depends on the initial entropy
and energy via Cy. Consequently, Tj;[f°] > min{T;[f°], T;[f°]} > ¢ > 0. O

Remark 3.7. Observe that the uniform positive bound on T};| f9] yields a uniform
bound for ¢;;[f°] in L>(0,T) even in the case v < 0 so that c;;[f°] is uniformly
bounded in L*°(0,T) for any v € R. We can also conclude a uniform positive bound
for ¢;;[f9] for every v € R; see the following lemma. O

Lemma 3.8. There exists a constant C' > 0 independent of § such that

inf ¢;i[f°] >C™", supci[f°]<C, [V 20,1501 (m3)) < C.
(0,7 [0,T7]

Proof. The bounds for c¢;;[f°] follow from definitions (3) and (4) as well as Lemmas
3.5 and 3.6. By the second estimate in Lemma 3.5 and the fact that f2|V log M;;[f°]|*
(which is bounded by the energy) is uniformly bounded in L*°(0,T; L'(R3)),

/ / il PPNV (Y22 duds = = / / A28V log £2)2duds
= 2/ /Rsc” (f§ Il

M;;[£°]
Consequently, by the Cauchy—Schwarz inequality,

/OT (Ascji[f5]|VfZ§|dv>2ds:4/0chi[fa]2</w( 5YL/2|y7 (£ )1/2|dv)2

T
<4 / il PPN 212 e IV (F2) 213 2 sy ds

Vlog

+ ffszOgMij[féHz)dvds <C.

<4 sup (S0l [ [ el PIVGHEPavds < ©
o<t<T 0 JR3
The lemma follows from the uniform lower bound for ¢;;[f°]. O

We claim that d;f{ is uniformly bounded in L"(0,7; W~%!(R?)) for some r >
1. Indeed, by Lemma 3.5 and Jensen’s inequality (34), §(v)Xf? is uniformly
bounded in LEH+2/K (0 T; LY(R3)) and f(v — u;i[f°]) is uniformly bounded in
L>(0,T; L'(R?)). Lemma 3.5 also shows that §|V f2[P~2V f? is uniformly bounded
in LP/®=1(0, T; LP/(P=1)(R3)) and by Lemma 3.8, c;;[f°]V f? is uniformly bounded
in L?(0,T; L' (R3)). This shows the claim with r = min{(K+2)/K, p/(p—1),2} > 1.

Since the embedding W(R3) N LY(R3; (1 + |v|?)dv) < L'(R3) is compact (the
proof is similar to that one of Lemma A.1), we can apply the Aubin—Lions lemma
to conclude the existence of a subsequence (not relabeled) such that, as § — 0,

£ — f; strongly in L?(0,T; L} (R3)).
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Furthermore, for a subsequence,
6tfi(s — O:f; weakly in Lr(o,T;I/[/'—1,1<R3))7

and 0 div(|Vf2[P=2V ) — 0 strongly in LP(0,T; W—1P(R?)).
Next, we claim that

S(yE 8 -0 strongly in L(0,T; L*(R?)).

Indeed, the strong convergence of f? and the uniform bound for (v)%+2f? show
that, for any R > 0,

T
lim sup/ 5()E fduds
R3

6—0
T
= limsup/ (5/ (WK fodv+0 <v>Kffdv)ds
5—0 {|v|<R} {lv|>R}
= lim sup/ / Kfédvds
6—0 {|11\>R}

-5 lim sup/ / K+2f5dvds < —
6—0 R3

This yields lim sup;_,, fOT Jgs () f2dvds = 0, proving the claim.

The convergence w;;[f°] — uj;[f] strongly in L(0,T) for any ¢ < oo follows
from the uniform L*(0,T) bound of the energy Y7 [os f2|v[*dv. To show the
convergence of the temperature T};[f %], we need a uniform bound for a higher-order
moment Y :_; [rs f2|v]™dv for some m > 2. This is done in a similar way as in
Step 2 of Lemma 3.5, where we used the test function |v|? in (44), but here we
choose the test function |v|™ with m > 2. In this case, the collision operator gives
a nonzero contribution, but our previous estimates show that it is bounded, since
u;;[f°] is uniformly bounded and c;;[f°] and T};[f?]~! are uniformly bounded from
above. This yields the existence of a constant C' > 0 such that

S

sup / (W)™ f3(t)dv < C for some m > 2.
R3

0<t<T i—

It follows from this bound that Tj;[f°] — T};[f] strongly in L9(0,T) for every
q < 0o0. Now, we can pass to the limit § — 0 in (44), showing that the limit function
fi is a weak solution to (1)—(6).

Appendix A. A compactness result.

Lemma A.1. The space WHP(R?) N L2(R?; (1 + |v|?)dv) with p > 3 is compactly
embedded into L?(R3) and in L°°(R3).

Proof. The proof is inspired from [2, Lemma 1]. Let (f,) be bounded in V :=
WLEP(R3)NL?(R3; (14 |v|?)dv). Tt follows from the continuous embedding WP (R?)
— L°°(R3?) that there exists a subsequence, which is not relabeled, such that f,, — f
weakly in L>(R3) as n — oco. Let By C R3 be the ball around the origin with
radius M > 0. Then, in view of the compact embedding W1 (By) < L>®(Byy),
up to a subsequence, f,, — f strongly in L>°(B)s). Thanks to a Cantor diagonal
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argument, the subsequence (f,,) can be chosen independent of M. By the uniform
bound in V' and Fatou’s lemma, we have f € V. Next, for sufficiently large n € N,

||fnff||L2<R3):/ |fn—f|2dv+/ o — f2dv
Bu R3\ B

1
<5+ L+ b P <

if we choose also M > 0 sufficiently large. Hence, f, — f strongly in L?(R3). We
use the Gagliardo—Nirenberg inequality with 3 = 3p/(5p — 6) € (0,1):

1o = Fllee@s) < CUV(fn = O oy Ifn = Flatasy < Cllfa = Fll gy = 0

as n — oo. This concludes the proof. O

Appendix B. Rigorous test functions. We have used (v)? for § > 0 and log f?
as test functions in the corresponding weak formulations, which is not rigorous. To
make the computations rigorous, we need to approximate. First, we introduce the
cutoff functions

if 2| < 1,
(I4+cos(n(Jz| —1))) f1<|z] <2,
if x| > 2,

Yr(x) =91 (2)7 Y1 (x) =

O = =

and use (v)?4 g as a test function in (30) (we take 6 = 0 to verify the mass control).
This leads to additional terms depending on ¥z and V. We focus our attention
to the most delicate one and use Holder’s inequality with exponents p/(p — 1) and
p as well as |[Vyr(v)] < C/R in {R < |v| < 2R} and |[Vig| = 0 else:

/ IV 5171 |V ml () o < / V£ Pdu + C(5) / Vapm P o) do
R3 R3

c(6 0
/ v oo + €0 / (oo < ° / V£ Pdv + C(0) R+,
R Jioi<2ry 4 Jro
and the last term vanishes as R — oo since we have chosen 0 < § <1 —3/p.
Second, we use the test function log(f? 4+ n) —logn for 0 < n < 1 in (44). For

this, we observe that, by (18),

)
Z/ cii [f°1)V log J: -Vlog(f{ + n)dv

= Mii[f°]
- Lorn(ee ol vt
2”21/ ciilf f‘5V1ong[f} 2d
_le/ cu[f]f&77 v1ongEf5] v fidv

2
dv

5 P
Z/C” fz( f6+n)‘VI0gMij[f‘s]

3,j=1
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‘ £ 5
— E 12 1 log M;;[ £2]dv.
n / f5 VogM 7 - Vlog M;;[f]dv
Then we obtain from (44), putting all terms of order 5 to the right-hand side,

3 / ((F3(6) + ) log(f5 (1) + 1) — nlogy)du
i=1 /R3

S t
’ ; /0 /Ra () f2 log(f; + n)dvds

+5c,,zs: / t / IV(f2 4 )= D/ Pduds (49)
7L
5 4
+”21// euls 1741~ i ) [7o8 377 s

= Z/S (7 +mlog(f +n) —nlogn)dv

+5Z/ (/ Kf‘sdv>(Asg(v)log(ff+n)dv>dv

f; £
_|_772/ /RS f5 VlogM [fg]VIOgMzJ[fz]

1,7=1

The second term on the right-hand side can be bounded because of mass conser-
vation. The last integral can be controlled by

§
nZ// i) fé ~Vlog f[f]wogMu[fﬂ

=1
Z//Rac”féfé

7,]1

A% [ iy

0
Zjl ‘f

The first term on the right-hand side is absorbed by the left-hand side of (49).
The function

£
Mi;[f°]

\Y log

‘ |V log M;[£°]|*dw.

Ga0) = £0) | T )P

is uniformly bounded by 0 < G,, < fZ-‘5|V10g M;;[f9]] € LY(0,T; L*(R®)), and con-
verges to zero a.e. in R® x (0,T). Therefore, by dominated convergence, G, =0
strongly in L'(0,7; L*(R3)). Fatou’s lemma allows us to perform the limit n — 0
n (49). Then, proceeding as in Step 1 of the proof of Lemma 3.5, we derive the
entropy inequality.

REFERENCES

[1] A. A. Arsenev and O. E. Buryak, On the connection between a solution of the Boltzmann
equation and a solution of the Landau-Fokker-Planck equation, Math. USSR Sbornik, 69
(1991), 465-478.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR1055522&return=pdf

32

2]

3]
[4]
[5]
[6]
[7]

(8]

JINGWEI HU, ANSGAR JUNGEL AND NICOLA ZAMPONI

L. Caffarelli, M. Gualdani and N. Zamponi, Existence of weak solutions to a continuity
equation with space time nonlocal Darcy law, Commun. Partial Differ. Egs., 45 (2020),
1799-1819.

S. Chapman and T. Cowling, The Mathematical Theory of Non-Uniform Gases, Cambridge
University Press, Cambridge, 1939.

P. Degond, Gobal existence of smooth solutions for the Vlasov—Fokker—Planck equation in 1
and 2 space dimension, Ann. Sci. Ecole Norm. Sup., 19 (1986), 519-542.

L. Desvillettes, On asymptotics of the Boltzmann equation when the collisions become grazing,
Transp. Theory Stat. Phys., 21 (1992), 259-276.

J. Dolbeault, C. Mouhot and C. Schmeiser, Hypocoercivity for linear kinetic equations con-
serving mass, Trans. Amer. Math. Soc., 367 (2015), 3807-3828.

F. Filbet and C. Negulescu, Fokker—Planck multi-species equations in the adiabatic asymp-
totics, J. Comput. Phys., 471 (2022), 111642, 28 pp.

M. Francisquez, J. Juno, A. Hakim, G. Hammett and D. Ernst, Improved multispecies
Dougherty collisions, J. Plasma Phys., 88 (2022), 905880303, 36 pp.

[9] M. Gualdani and N. Zamponi, Spectral gap and exponential convergence to equilibrium for

a multi-species Landau system, Bull. Sci. Math., 141 (2017), 509-538.

[10] J. Haack, C. Hauck and M. Murillo, A conservative, entropic multispecies BGK model, J.

Stat. Phys., 168 (2017), 826-856.

[11] M. Herda, On massless electron limit for a multispecies kinetic system with external magnetic

field, J. Differ. Egs., 260 (2016), 7861-7891.

[12] J. Simon, Compact sets in the space LP(0,T; B), Ann. Math. Pura. Appl., 146 (1987), 65-96.
[13] C. Villani, On a new class of weak solutions to the spatially homogeneous Boltzmann and

Landau equations, Arch. Ration. Mech. Anal., 143 (1998), 273-307.

[14] C. Villani, Hypocoercivity, Memoirs Amer. Math. Soc., 202 (2009), 141 pp.
[15] H. Wu, T.-C. Lin and C. Liu, Diffusion limit of kinetic equations for multiple species charged

particles, Arch. Ration. Mech. Anal., 215 (2015), 419-441.

[16] E. Zeidler, Nonlinear Functional Analysis and Its Applications. II/B: Nonlinear Monotone

Operators, Springer, New York, 1990.

Received June 2023; revised January 2024; early access February 2024.


http://mathscinet.ams.org/mathscinet-getitem?mr=MR4176917&return=pdf
http://dx.doi.org/10.1080/03605302.2020.1814325
http://dx.doi.org/10.1080/03605302.2020.1814325
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1151&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR875086&return=pdf
http://dx.doi.org/10.24033/asens.1516
http://dx.doi.org/10.24033/asens.1516
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1165528&return=pdf
http://dx.doi.org/10.1080/00411459208203923
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3324910&return=pdf
http://dx.doi.org/10.1090/S0002-9947-2015-06012-7
http://dx.doi.org/10.1090/S0002-9947-2015-06012-7
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4490445&return=pdf
http://dx.doi.org/10.1016/j.jcp.2022.111642
http://dx.doi.org/10.1016/j.jcp.2022.111642
http://dx.doi.org/10.1017/S0022377822000289
http://dx.doi.org/10.1017/S0022377822000289
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3698158&return=pdf
http://dx.doi.org/10.1016/j.bulsci.2017.07.002
http://dx.doi.org/10.1016/j.bulsci.2017.07.002
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3680629&return=pdf
http://dx.doi.org/10.1007/s10955-017-1824-9
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3479195&return=pdf
http://dx.doi.org/10.1016/j.jde.2016.02.005
http://dx.doi.org/10.1016/j.jde.2016.02.005
http://mathscinet.ams.org/mathscinet-getitem?mr=MR916688&return=pdf
http://dx.doi.org/10.1007/BF01762360
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1650006&return=pdf
http://dx.doi.org/10.1007/s002050050106
http://dx.doi.org/10.1007/s002050050106
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2562709&return=pdf
http://dx.doi.org/10.1090/S0065-9266-09-00567-5
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3294407&return=pdf
http://dx.doi.org/10.1007/s00205-014-0784-3
http://dx.doi.org/10.1007/s00205-014-0784-3
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1033498&return=pdf
http://dx.doi.org/10.1007/978-1-4612-0985-0
http://dx.doi.org/10.1007/978-1-4612-0985-0

	1. Introduction
	General multi-dimensional space
	Large-time behavior
	Regularity and uniqueness
	Spatially inhomogeneous equation

	2. Motivation of the model and some properties
	2.1. The homogeneous Fokker–Planck–Landau system
	2.2. The homogeneous linearized Fokker–Planck–Landau system

	3. Proof of Theorem 1.1
	3.1. Existence of solutions to the approximated system
	3.2. Limit M
	3.3. Limit 0
	Case 1: 0
	Case 2: < 0.
	3.4. Limit 0

	Appendix A. A compactness result
	Appendix B. Rigorous test functions
	REFERENCES

