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Kurzfassung

Das Hauptaugenmerk der Arbeit liegt auf der Erweiterung der dualen Brunn—Minkowski
Theorie in komplexen Vektorrdumen auf die L,-Theorie.

Eine neue Familie von geometrischen Operatoren, die komplexen L,-Schnittkérper, wer-
den eingefiihrt. Sie sind inspiriert durch die Konstruktion der komplexen Projektionskorper.
Wir zeigen, dass sie, dhnlich zu ihrem reellen Gegenstiick, eine zwischen den komplexen
Schwerpunktskorpern und komplexen Schnittkdrpern interpolierende Familie darstellen.
AuBerdem untersuchen wir geometrische Eigenschaften, wie (Pseudo-)Konvexitidt und iso-
perimetrische Ungleichungen.

Wir widmen uns auch Fragen im Stile des Busemann—Petty Problems fiir den komplexen
Projektionen- und L,-Schnittkérper. Nachdem wir den Zusammenhang zu der sphérischen
Fourier-Transformation hergestellt haben, kénnen wir die Fragestellung einheitlich behan-
deln.
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Abstract

The main focus of this thesis lies on the extension of the dual Brunn—-Minkowski theory on
complex vector spaces to the L,-setting.

A new family of geometric operators, the complex L,-intersection body operators, is in-
troduced which is motivated by the construction of complex projection bodies. It is shown
that, similar to their real counterparts, they interpolate between the recently introduced
intersection and centroid body operators on complex vector spaces. Moreover, geometric
properties like (pseudo-)convexity as well as isoperimetric inequalities for them are exam-
ined.

Secondly, Busemann-Petty type problems for complex projection and L,-intersection
body operators are considered. After linking the spherical Fourier transform to the consid-
ered operators, one obtains a unified procedure to tackle these problems.
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1 Introduction

During the second half of the last century, the Busemann—Petty problem @ﬂ has attracted
a lot of attention (see, e.g., for an overview). It may be posed as
follows: Let K and L be origin-symmetric compact and convex subsets of R™ with the
property that the volume of each central hyperplane section of K is less or equal than the
corresponding one for L, does this imply that the volume of K is always less or equal than
the volume of L? The tools that were developed on the way to the complete solution led
to the development of the dual Brunn—Minkowski theory. The main object of interest for
this problem is Lutwak’s intersection body operator . A big step forward to the solution
has been taken by the observation that the answer to the problem is affirmative whenever
K is an intersection body of a compact and star shaped set. Extending this principle and
describing the image in terms of the Fourier transform culminated in the unified solution by
Gardner, Koldobsky and Schlumprecht in . It turns out that the answer is affirmative
for n < 4 and negative for any higher dimension.

Already before the introduction of the intersection body, geometric properties for this
object were established. Foremost, one should highlight Busemann’s convexity theorem
and the famous intersection inequality @7

Starting from the examination of intersection bodies as geometric operators, several
fruitful extensions were considered throughout the last years. Of special importance for this
thesis is the family of L,-intersection bodies which extended the notion of the L,-centroid
bodies (first defined in [49]) to the dual L,-Brunn-Minkowski theory (see [4,/6,17,26,28/67]).

Recently, the investigation of geometric operators on complex vector spaces in the (dual)
Brunn—Minkowski theory has arised. Starting with the construction of the family of complex
projection body operators by Abardia and Bernig , several complex analogues of geometric
operators on R™ were established in complex vector spaces. Just to name a few of these:
the complex difference bodies , the complex centroid bodies as well as the complex
intersection bodies .

The main aim of this thesis lies in the further development of the dual Brunn—Minkowski
theory in complex vector spaces. We introduce a new family of geometric operators, gener-
alizing the concept of L,-intersection bodies. The construction of these operators is inspired
by the approach in the papers of Abardia and Bernig , Abardia [1] and Haberl .

The first part, which is joint work with Georg C. Hofstétter, deals with the definition of
the complex Ly-intersection body operators. Besides proving basic properties like continuity,
we also examine the operator in the same directions as it was done for its real counterpart.
At first, we establish that a suitable normalization of the complex L,-intersection bodies
converge to the complex intersection body, which also justifies the name. We describe the
operators via spherical harmonics to obtain statements about injectivity and in order to
show (pseudo-)convexity of the image of sets with certain symmetry assumptions, we adapt
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1 Introduction

techniques of Berck @ We close this section by linking real and complex L,-intersection
bodies by an operator which acts on each complex line. Together with the recent remarkable
extension of Busemann’s intersection inequality for real Ly-intersection bodies (see [4]), this
allows us to lift the results to the complex case and obtain similar isoperimetric inequalities
for a certain range of p.

In view of the Busemann—Petty problem, there have been several generalizations for ge-
ometric operators in real vector spaces (see ,). In complex vector spaces,
Koldobsky, Kénig and Zymonopoulou considered the corresponding problem by replac-
ing real by complex hyperplane sections and origin-symmetry by S'-invariance.

We want to tackle similar questions for complex projection and L-intersection bodies in
the second part of this thesis which is joint work with Georg C. Hofstétter. In this case we
also make use of the fact that the answer to the problem is affirmative whenever one of the
bodies is in the image of the considered operators. Similar to the approach used in ,
, we set the stage towards a solution by proving a representation linking the complex
projection and L,-intersection body operators to the (spherical) Fourier transform. This
also involves the notion of embedding into L, (see Chapter. We provide a negative answer
in the case n > 2, when p > 0 for the complex L,-intersection and complex projection
bodies, as well as a negative answer when n > 3 and p < 0. Finally, we can give an
affirmative answer for the complex L,-intersection bodies on Sl-invariant convex bodies in
dimension n = 2. The case p = 1 also contains the solution for the corresponding problem
for complex centroid bodies.

The results of the first part can be found in and the results concerning Busemann—
Petty problems are to appear in [12].
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2 Background

In this chapter, we will fix notation and recall basic facts from convex geometry. Moreover,
we will introduce two important concepts, that will occur at several points throughout
this thesis: On the one hand, we will see that the complex structure on C" also yields a
finer decomposition of spherical harmonics into U(n)-irreducible spaces and on the other
hand, we will give a quick overview on the notion of embedding into L, and its crucial
connection to the Fourier transform. We refer to and for a general reference
on convex geometry, to , for more background on spherical harmonics and to
[38, Ch. 6] and for a detailed treatment of the notion of embedding into L,,.

2.1 Convex and Star Bodies

Let K(R™) denote the set of convex bodies in R", that is all convex and compact subsets
of R™. Every element of this space is uniquely determined by its support function

hi(u) =sup{(z,u) :z € K}, weR"\ {0},

where (-, -) is the standard Euclidean inner product. By one-homogeneity, this function is
already determined by its values on the unit sphere S"~! and the topology on the space
K(R™) is uniform convergence of support functions.

Another description (unique up to translations) of a convex body K is given by its
surface area measure Sk. For a Borel set w C S”~! it is defined as the (n — 1)-dimensional
Hausdorff measure of the set of all boundary points of K for which there exists a normal
vector of K in w. Strongly related to these measures is the mixed volume of K, L € IC(R").
It is defined by

V(L) = - /S  he(u)dSi(w),

n
see, e.g., [62, Sec. 5]. Clearly, V(K -) is monotone and V(K, K) = V,,(K), where V; denotes
the i-dimensional volume. Minkowski’s first inequality (see Thm. 7.2.1]) states that

V(K,L) 2 V,(K) "% Va(L)n (2.1)
for all K, L € K(R™) with non-empty interior. Equality holds if and only if K and L are
homothetic, that is, K = AL + z for some A € R\ {0} and z € R™.

One major topic of convex geometry is the investigation of geometric operators on convex
bodies. One example of these is given by the projection body IIK of a convex body
K € K(R™) which is defined by (see, e.g., [16])

hHK(u) = Vn_l(K\uJ‘), u e Sn_l,
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2 Background

where K|u' denotes the orthogonal projection of K onto u™, the hyperplane perpendicular

to u. This object sparked a lot of interest (see e.g. and Note 4.10] for

a list of references) and we are going to have a look at the related Shephard problem (see
Chapter .

Star bodies are considered to be the dual notion of convex bodies. These are compact
subsets of R™, which are star shaped with respect to the origin that have a continuous
radial function

pr(u) =sup{A e R: due K}, wueR"\ {0}

Let us denote the set of star bodies in R™ by Sp(R™). Since this function is —1-homogeneous,
it is already determined by its values on the unit sphere S ! and the topology on this
space is uniform convergence of radial functions.

We will need the notion of dual mixed volume of K, L € Sy(R"™) which was introduced
for non-zero p € R in [46] as

1 _

VKL = [ k) )
n Sn—1

Note that we always have V,(K, K) = V,(K), by the polar formula for volume. If L ¢ M,

then pV,(K,L) < pV,(K,M). Moreover, the dual L,-Minkowski inequality states that

(see, e.g., (9.40)]) for 0 < p < mn and K, L € So(R™)

o n—-p P
n

VP(K7 L) < Vn(K)TVn(L) )

and for p < 0

—-p

Vo(K, L) > V,(K)"

ya
n

V(L)

The inequalities can be written in the following unified way for p <0 or 0 <p <mn

n—p

pVp(K, L) < pVa(K) = V(L)

3k

(2.2)

Equality holds if and only if K and L are dilates of each other.

There are also several interesting operators in the dual setting, which were studied
throughout the last decades. One important example is given by the intersection body
IK € Sy(R™) of K € Sy(R™), which was defined by Lutwak as the unique, origin-
symmetric star body satisfying

VI(IK Nnspan®{u}) = 2V, (K Nnut), we S (2.3)
where span®{u} is the linear span of u or equivalently by using its radial function by
pic(u) = Vo_1(KNut), wes™ L.

This operator is related to the Busemann—Petty problem (see Chapter [4]).
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2 Background

A special connection between the notions of support and radial functions is given via
polarity, i.e. given the polar body of K € K)(R") (the set of all convex bodies that contain
the origin in their interiors) which is defined by

K°={zeR":(z,y) <1,Vy € K}.
the radial function of K° is related to the support function by
pre ()7t = hi(z).
Note that we also have
prce(@) ™ = [l e,
where ||z||x = min{A > 0: 2z € AK} is the gauge function of K.

In the following, most of the time, we will work in the space C" = R?" endowed with a
complex inner product -, which is related to the Euclidean inner product on R?" by

x-u=(r,u) +i{—ir,u), x,uecC"

With this definition, we have z - (Au) = A(z - u), x,u € C*, A € C and consequently, by
identifying C = R?,

(c,x-u) = (cu,z), z,uecC" ceC. (2.4)

The unit disk in C, i.e. the unit ball in the complex plane, is denoted by D. We will
identify the set of convex and star bodies respectively on C™ with the space of convex and
star bodies on R?" and in this sense, we can apply the results from above in dimension 2n,
when working in the space C".

Also in complex vector spaces geometric operators have been considered. As an analogue
of the projection body in real vector spaces, Abardia and Bernig [2| introduced the family
of complex projection bodies which are defined by

1
hrgx(u) = /S hou(v)dSk(v), K € K(C),ue s, (2.5)

2
where C' € K£(C) and Cu = {cu: ce€ C}.

In the dual setting, the complex intersection body was recently introduced by Koldobsky,
Paouris and Zymonopoulou [40]. For an S'-invariant star body K € So(C"), that is,
satisfying cK = K for all ¢ € S' C C, the complex intersection body I.K is defined as the
unique S'-invariant star body satisfying

Va(I.K Nspan®{u}) = Vap_o(K NubC), we s 1 (2.6)

where span®{u} denotes the complex line defined by v and u™C denotes the complex
hyperplane perpendicular to u € S?»~! with respect to the complex inner product on C”.
Note that, by S'-invariance, I.K Nspan®{u} is always a disk and determines its radius.

We will introduce a new family of geometric operators in the dual setting in Chapter
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2 Background

2.2 Spherical Harmonics and Embedding into L,

To exploit the complex structure in the space of spherical harmonics we will orient ourselves
at the presentation in . Let us first recall that the space H?" consists of harmonic poly-
nomials on C" = R?" restricted to S**~! and naturally decomposes into O(2n)-irreducible
subspaces,

o0
H2n _ @ Hzn7
k=0

where the subscript £ indicates the degree of homogeneity of the polynomial in C". We
can decompose H2" further into its U(n)-irreducible subspaces 7—[%’; of spherical harmonics
of bi-degree (k,l). Here, a spherical harmonic Y € Hi”l has bi-degree (k,1) € N x N, if
Y (cu) = cFeY (u) for all u € S?»~1 and ¢ € S,

Denoting by 7y the orthogonal projection from Lo(S**~1) (endowed with the standard
Lo-inner product) onto ’H,%’}, every f € C(S*"1) is uniquely determined by its harmonic
components 7 f € 7—[%7;, k,1 € N. Next, fixing a point € € S?*~!, there exists a unique
spherical harmonic ]SM € H%, such that ]3;@71(6) = 1 and ]Sk,l is invariant under the
stabilizer U(n — 1) C U(n) of e. The existence of ]5;{71 and some properties of it, that we
will need later on, are the content of the following proposition from Thm. 3.1(3)], see
also Prop. 4.2] for the formulation given here.

Proposition 2.2.1 ( Thm. 3.1(3)],, Prop. 4.2]). Let k,l € N. Then H%’} contains

a unique U(n — 1)-invariant spherical harmonic Py with ﬁk,l(é) =1, given by lgkl(u) =
Py (€ - u) for Jacobi polynomial Py; : D — C of order (k,l) , and satisfying

1. Pyi(Z) = Pyy(2), and

2. Pk,l(z) = Zlk_l'@?min{k,l}(|]’C - l|7n -2, ’Z|2)7 for all z € D,

where {Q;(a,b,-) : | € N} is the complete set of polynomials orthogonal on [0, 1] with respect
to the Lo-inner product with weight t*(1 —t)* and Q;(a,b,1) =1, a,b > —1.

In analogy to their real counterparts (Legendre polynomials), Jacobi polynomials are
very helpful in relation with transforms on C(S?"*~!) given by a kernel ¢, as the following
complex Funk—Hecke theorem shows.

Theorem 2.2.2 ( Thm. 4.4]). Suppose that ¢ € La(D, (1 — |2|*)"~2dz) and let Yy, €
H2". Then

/82 B o(v - u) Vi (v)dv = Mg g[¢]Yea(u), wu€ §2n—1,
with

Neal6] = (20 — 2)rian /D 6(2)Pra(=) (1 — |2P)"2dz. (2.7)
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2 Background

In general, a transform 7 : C(S?"~!) — C(S*~!) that satisfies

T (Tf) = Mea[Tlmeaf,  f € CS™,

is called a multiplier transform with multipliers A\ ;[T] € C. Note that since every f €
C(S*~1) is completely determined by its projections i1 f, k.1 € N, a multiplier transform
is injective if and only if all of its multipliers are non-zero. We will give two examples of
multiplier transforms below, which we will need in the following.

i)

Example 2.2.3.

The non-symmetric L,-cosine transform C’; , where p > —1 is non-zero is a well-
known example of a multiplier transform. It is given by

CPw= [, el wes, 28)
S2n—1r+

for every f € C(S?"1), writing u™ = {v € S~ : (v,u) > 0}.

The multipliers of C’; as a transform on a real vector space were calculated by different

means by Rubin (for dimension 3 and higher) and Haberl Lem. 5] (also in
dimension 2). Since ’Hl%’"l” C M7 the multipliers of C;r when viewed as a transform

k+1
on a complex vector space are equal to the corresponding real multipliers, that is,
" IF'p+1
AllC) ) (29)

2p T (n + p+§+l> T (p*;f*l + 1>

for non-zero p > —1 which is not an integer. In particular, A\, [CZ;L | # 0 for all
k,l € N, that is, C;f is injective for p € (—1,00) \ N.

The spherical Fourier transform F,, of degree p on S?n=1 —2n < p < 0, is defined by

(Fgp)(u) = (@g)(u), uweS" (2.10)

~

where ¢, is the p-homogeneous extension of an even function ¢ € C*°(S?"~!) and -
denotes the usual Fourier transform, i.e.

~

o(x)= [ oy)e " @¥dy, zeCm,
(Cn

for every Schwartz function ¢ on C". Note that, for this definition, it is important
that ¢, is again a smooth function (see , it is homogeneous of degree —2n — p)
so that F,, defines a linear operator on even smooth functions. It can be extended to
even distributions using that F, is self-adjoint.

As F,, intertwines the O(2n)-action on smooth functions, it acts as a multiplier trans-
form on the spaces ”H%’}, where k + [ is even. The multipliers were computed in
Lem. 3.4] (however, using a different parametrization),

F(W—i—n)

kt1—
r()

k+1

Moy [Fp] = (=1) 72 22nFPgn (2.11)
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2 Background

This formula extends analytically to all p € C which are not even integers. Moreover,
we can deduce from ([2.11)) that the inverse of F), is given by

F_ o, Fppo = (2m)"p. (2.12)

Strongly connected to the spherical Fourier transform is the notion of embedding into
L,. Let K be a star body in C". We say that the space (C", | - ||x) embeds (isometrically)
in Ly, p> 0, if and only if there exists a finite Borel measure p on S2r=1 such that

lelly = [, laaPdntw. xecr, (213)

see, e.g., [38, Ch. 6] for details.
One can express (2.13)) in different terms using the Fourier transform (see Lem. 6.9]).
With this at hand, the definition can be formally extended to negative values of p as follows.

Definition 2.2.4. Def. 6.14] Suppose that K € Sy(C™) is origin-symmetric. Then the
space (C™, || - ||k) is said to embed in L,

i) for —n < p < 0, if there exists a finite Borel measure p on S*™~1 such that

/Cn )% ¢ (x)de = /S2n1 (/Ooo r—p—qu(m)dr> (). (2.14)

or every even Schwartz function ¢ on C" and
J Y

ii) for p > 0 that is not an even integer, if there exists a finite Borel measure p on S~
such that

L laliota)ae = F(l_) [ ( I r—p—@(m)dr) du(u) (2.15)

for every even Schwartz function ¢ on C", whose Fourier transform is supported
outside of the origin.

We denote the set of all star bodies that embed into Ly, by {— L,}.

With the spherical Fourier transform of degree p, one can give an alternative charac-
terization of when a body embeds into L,. It was given in [32], see also Thm. 6.10,
Thm. 6.15] and [57, Thm. 5.2, Prop. 5.4] (formulated in terms of the spherical Fourier
transform used here).

Proposition 2.2.5. Let K € Sy(C™) be origin-symmetric and let —2n < p be non-zero.
Then K embeds into Ly, if and only if

in the sense of distributions. In particular, ﬁFpp;{p can be represented by a positive
2

measure.
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2 Background

In two dimensions, every origin-symmetric convex body satisfies the condition above. This
is the content of the following lemma, which is a direct consequence of Cor. 6.7 & 6.8],
for 0 < p <1, and of [38, Thm. 6.17], for —2 < p < 0.

Lemma 2.2.6. For every origin-symmetric K € K (C), the space (C,| - ||x) embeds in
L, for every non-zero —2 <p < 1.
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3 Complex L,-intersection bodies

For a star body K in R™, the intersection body IK (see ) was defined by Lutwak .
While intersection bodies played a key role in the solution of the famous Busemann—Petty
problem (see e.g. for an elegant unified solution and a comprehensive list of references),
the origin of intersection bodies dates back to the pioneering works of Busemann on volume
and area defined in Finsler spaces. Formulated in different terms, Busemann established his
important convexity theorem , stating that the intersection body of an origin-symmetric
convex body is convex, as well as his famous intersection inequality for convex bodies ﬂgﬂ,
which was extended to star bodies by Petty in the following way: If K is a star body
in R™, then

V(LK) [ Vo (K)" ™ < wiy g Jw ™2, (3.1)

where x; = V;(B?) is the volume of the i-dimensional Euclidean unit ball B?, and equality
holds exactly for origin-symmetric ellipsoids.

Throughout the years, intersection bodies have sparked a lot of interest in a wide range
of fields (see, e.g., , for an overview). In particular, they played
a central role in the development of the dual Brunn—Minkowski theory due to Lutwak ,
where their special role was revealed by characterizations of intersection bodies from a
valuation-theoretic point of view by Ludwig . In the emerging L,-Brunn-Minkowski
theory and its dual, the concept was extended to the L,-intersection body I,K, defined for
K € Sy(R™) and non-zero p > —1 by

o) = [ lwaPde, weR™\ {0} (3:2)

Note that, for p > 1, this definition coincides (up to normalization) with the polar of the
Ly-centroid body (first defined in [49], see also [17]). For —1 < p < 1, Ly-intersection
bodies were studied in @ Using well-known properties of the p-cosine transform,
the Ly-intersection bodies relate to the classical intersection body by

1 —1/p
p~1>i£nl+ <F(1_|_p)> IpK =2-1K, K¢ SQ(R”), (33)
see, e.g., , where convergence is with respect to the radial metric on Sp(R").
As a natural consequence, L,-analogues of classical problems for intersection bodies were
considered, leading to fruitful interactions and many new results, including a convexity
theorem by Berck ﬂ§|] and characterizations by Haberl and Ludwig . The intersection
inequality was generalized in for p > 1, leading to the discovery of an interpolating
family of inequalities between the polar Busemann—Petty centroid inequality (p = 1) and

10
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the famous Blaschke-Santal6 inequality (p = co). Very recently, this family of inequalities
was extended in 4] to 0 < p < 1 and to —1 < p < 0 with n/[p| € N, preceded by local
inequalities including equality cases around the unit ball proved in .

A different generalization of intersection bodies was recently introduced by Koldobsky,
Paouris and Zymonopoulou , based on a Busemann—Petty-type problem in complex
vector spaces, first considered in . Here, intersections by real hyperplanes are replaced
by intersections by complex hyperplanes u-C perpendicular to u € S?*~! with respect to
the complex inner product on C", leading in a natural way to the definition of a complex
intersection body (see (2.6)). Moreover, it was shown in that I.K is convex whenever
K is the unit ball of a complex norm on C”, that is, when K € Sy(C") is convex and
S'-invariant.

In this chapter, we combine the complex structure with the Ljy-approach to define com-
plex L,-intersection bodies. We adapt a strategy used by Abardia and Bernig , Abar-
dia [1] and Haberl who introduced complex projection, difference and centroid bodies,
respectively.

Replacing the support function |(-,u)| of the interval [—1, 1]u by the support function of
a convex body Cu, C' € K(C), then leads to the following definition.

Definition 3.1.1. Suppose that C € K(C) contains the origin in its relative interior,
dimC >0, and 0 # p € (—dimC,1). For K € §(C"), the complex Ly-intersection body
IcpK is the star body with radial function

ik (u) P = /thm(:n)pd:v, ue St (3.4)

where Cu = {cu:ce C} CC™.

Note that for C' = [—1, 1] we recover the (real) L,-intersection bodies defined in and
for p = 1, this equals the polar complex centroid body introduced by Haberl in . For
dim C' = 2 the range of admissible values for p extends to (—2, 1], see Section for details
and some basic properties of complex L,-intersection bodies. Let us also point out that in
complex Ly-centroid (moment) bodies were defined in a similar way for p > 1.

As our first main result, we show that complex L,-intersection bodies interpolate between
the polar complex centroid body (p = 1) and the complex intersection body (p = —2), that
is, we prove a complex analogue of , and thereby justify the name. To state the
theorem, let us recall that KC(p)(C) denotes the set of convex bodies K € K(C) that contain
the origin in their interiors and therefore that C' € K )(C) implies dim(C') = 2.

Theorem A. Suppose that C' € Kg)(C). Then there exists k¢ > 0, such that
1 —1/p o
m = Io, K = ke -1, (K ) ,

- (F(p + 2)) ort e

for every K € So(C™), where KS' € So(C™) is the star body with radial function

1
2n—2 2n—2 2n—1
p[?gl (u) = 5 /S1 pr “(cu)de, we ST

11
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As before, convergence is with respect to the radial metric. Similar to the real setting,
Theorem [A]is proved by showing by analytic continuation that a certain integral transform,
used to define I¢ ), converges in the strong operator topology to a multiple of the complex
spherical Radon transform (see Section for the definition), which defines I., as p —
—27%. As a direct consequence, we obtain a simple formula for the multipliers of the complex
spherical Radon transform, seen as a U(n)-equivariant map on C(S?"~1), thereby partially
recovering results (of higher generality) from Rubin and showing that the complex
intersection body map I, as well as the maps I¢,, are injective on S'-invariant star bodies.
See Section [3.3.2] for the details of these calculations.

Next, we consider an analogue of the well-known convexity theorem by Busemann [§],
as well as the following extension by Berck @] to (real) L,-intersection bodies:

Theorem 3.1.2 ([6]). Let p > —1 be non-zero. If K € Sy(R™) is conver and origin-
symmetric, then 1,K is convex.

Here, the condition that the body K is origin-symmetric, that is, K is the unit ball of
a (real) norm cannot be omitted. Transferring the symmetry condition to the complex
setting, real norms are naturally substituted by complex norms, that is, origin-symmetry
is replaced by S'-invariance, leading to the complex convexity theorem in for L.

Theorem 3.1.3 ([40]). If K € So(C") is convexr and S*-invariant, then 1.K is convex.

It is a natural question to ask whether complex L,-intersection bodies are convex. As our
second main result, we extend Theorems and to complex L,-intersection bodies
of S'-invariant convex bodies in C", weakening for —2 < p < —1 convexity to pseudo-
convexity (see Section for the definition). It is an interesting (open) question whether
pseudo-convexity can be strengthened to convexity.

Theorem B. Suppose that C € K()(C). If K € Sy(C") is convex and S'-invariant, then
intIcp K is pseudo-convex, if =2 < p < —1, and Ic, K is convez, if =1 < p # 0.

The proof of Theorem [B| is very much inspired by the techniques from @ and relies for
p > —1 on Theorem Indeed, for p > —1, we actually show, using techniques from
isometric embeddings into L,-spaces, the following close relation.

Theorem C. Suppose that p > —1 is non-zero and C € IC(O)(C). Then there exists
dop > 0, such that 1o, K = de 1, K for every St-invariant K € So(C").

Let us also note that, in general, Theorem [B| without the assumption of S'-invariance is
false, if p > —1, as we show in Section

Turning now to inequalities for intersection bodies, our next main result relates the
volume of complex L-intersection bodies with the volume of their real counterparts.

Theorem D. Suppose that C' € Ko)(C) is origin-symmetric and —1 < p <1 is non-zero.
If K € §)(C™), then

V2n(IC7pK)/V2n(IC,szn) < V2n(IpK)/V2n(IpBQn>- (3.5)

12
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Let us note that the equality cases of can be completely described by a technical
statement in terms of the convex body C and will be stated later in Section [3.5] By
Theorem [C| clearly S'-invariant bodies satisfy equality. From Theorem DI, we deduce the
following generalization of Busemann’s intersection inequality for I¢, leading to affine
isoperimetric inequalities in the following sense. Here, we call an ellipsoid ¥ Hermitian, if
E = ¢(B?") +t for ¢ € GL(n,C),t € C™

Corollary E. Suppose that C € Kg)(C) is origin symmetric and 0 <p <1 or -1 <p <0
and n/|p| € N. Among K € S§y(C"), the ratio

Van (IC,pK) /VQn (K)Qnﬂ)

is mazximized by origin-symmetric Hermitian ellipsoids. If p = —1, these are the only
MATIMIZETS.

Indeed, Theorem [D] shows that affine isoperimetric inequalities for real L,, intersection
bodies are stronger than their complex counterparts. Corollary [E] therefore follows directly
from the very recent breakthrough in , where the following inequality for L,-intersection
bodies was proved using methods from stochastic geometry.

Theorem 3.1.4 ([4]). Suppose that 0 <p <1 or —1 <p <0 and n/|p| € N.
Among K € Sy(R™), the ratio

Vo () Vi (K)™ P

is mazimized by origin-symmetric ellipsoids.

3.2 Definition and Basic Properties of Complex L,-Intersection
Bodies

In this section, we prove that by Definition the complex L,-intersection body map
is well defined and show basic properties. We will deduce this from properties of a more
general operator J¢, on C(S*71).

Recalling the definition of support functions, hi (u) = sup{(z,u) : x € K} of K € K(C"),
(2.4)) directly implies for every C' € K(C),

hoow(x) = he(x - u), x,u e C". (3.6)
For K € §y(C™), the complex parallel section function A%u is defined by
A%u(z) =Vop o KN{x eC":x-u=1z2}), ueC"\{0},z€C. (3.7)

Similarly, the real parallel section function A]}},u is defined using intersections by real (affine)
hyperplanes. A%u can be written as complex Radon transform RE[1x] of the indicator
function 1 of K, where for ¢» € C(C™) with compact support,

RE[](2) = / @)z, ueC\{ohzeC.

13
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Moreover, by Fubini’s theorem, A%u can be used to express certain integrals over parallel
complex hyperplanes, that is,

[ otarwis = [ p2)a%, () (3.8)
K C

for every ¢ € C(C) and u € C™ \ {0}.

Suppose that C' € IC(C) contains the origin in its relative interior, dim C' > 0 and let p
be non-zero with p > —dim C. For every f € C(S*"~ 1), we define Jo,,f by

(Jopf)(u) = / he (- WP f(v)dv, ue S, (3.9)

§2n—1

Rewriting Definition [3.1.1]in polar coordinates, shows that

- 2n+
PICI;K = mJC,p(P[? ), (3.10)

for every K € Sy(C™).

Lemma 3.2.1. J¢, is a well-defined operator on C(S*=Y), which is Lipschitz continuous
with Lipschitz-constant ||Jcplllec. Moreover, if f € C(S*7Y) is strictly positive, so is
Jopf.

Proof. First note that since 0 € relint C', we have h¢o > 0 and that heo(z) = 0 if and only if
z is orthogonal to span® C. Hence, h’é(v -u) is well-defined and positive for all v € S?"~1
that are not contained in the (proper) subspace defined by v -u € (span® C')1%, that is, for
almost all v € S?*~!, and we will interpret the integral in accordingly. This readily
implies that (assuming it is well-defined) Jc,, f is positive whenever f is positive.

Next, we distinguish the cases dimC' = 2 and dim C' = 1. In the first case, dimC = 2,
since 0 € int C, there exist constants d, D > 0 such that dD C C' C DID. A direct estimate
then shows that

lhe(w-w)? f(0)] < | flloo max{d?, D"} hp (v - w)?,

that is, by dominated convergence, Jc,f is well-defined and continuous whenever v
hp(v - u)P = |v - ulP is integrable with respect to the spherical Lebesgue measure on §2*~!
for some (and by invariance then every) u € S?"~1. For this reason, let u € S*"~! be
arbitrary and compute using polar coordinates (in C™) and ,

/ |v-ulPdv = (2n —|—p)/ |z - ulPdx = (2n —|—p)/ 12[PAS,, (2)dz.
§2n—1 B2n C ’

As A%% ,, is bounded by some M > 0 and has compact support contained in some ball RD,

R >0, both uniformly in u, the latter integral can be estimated, using polar coordinates
(in C), by

R
(2n —I—p)/ |z|pA%2n L(2)dz < (2n +p)M/ |z[Pdz = (2n +p)M27T/ rPHdr,
C ’ RD 0

14
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which is finite since p + 1 > —dimC + 1 = —1. We conclude that Jo,f € C(S*" 1),
whenever dim C' = 2.

In the second case, dim C' = 1, there exists an origin-symmetric interval I C C and
constants d, D > 0 such that dI C C' C DI, which reduces the claim to a similar calculation
as in the previous case.

Finally, Lipschitz-continuity of J¢, follows by a direct estimate, the Lipschitz constant
is given by [[Joplco- O

Indeed, the operators Jo, f are jointly continuous in C' and f. Before stating and proving
this explicitly, we give two technical lemmas required in the proof.

Lemma 3.2.2. Suppose that C € K(C) with C # {0} and 0 € relintC, and let p >
—dim C. Then there exists ¢(n,p) > 0 such that

(Jepl)(u) = c(n,p) /S1 he(v)Pdv, we S* 1

Proof. A direct calculation using polar coordinates and (3.8]) for the complex parallel section
function A%zn ,, vields for u € S

(Jopl)(u) = (2n +p) / hol - wPds = (2n + p) /C ho (2P ASan  (2)d

B2n
= (2n+p)/ hc(v)p/ rPHAS,, (rv)drdy
St 0 ’
=(2n —|—p)/0 Tp+1A%2n7u(T)dT /Sl he(v)Pdo,
where we used that AS,, (rv) = AS,, (r) by the S'-invariance of B*". O

In the following lemma, convergence of convex bodies is, as always, in the Hausdorff-
topology, that is, uniform convergence on S**~! of support functions.

Lemma 3.2.3. Suppose that (Cj)jen € K(o)(C) converges to Co € K(C), with Cy # {0}
and 0 € relint Cy, and let p > —min{dim C} : j = 0,1,...} be non-zero. Then there exists
M > 0 such that

/Sl he;(u)Pdu < M, jeN. (3.11)

Proof. First note that the integral in is always finite as the case n = 1 of the previous
Lemma (3.2.1| shows, that is, it remains to show that the integral can be uniformly bounded
when 7 is large enough.

If dim Cy = 2, there exist a,b > 0 such that aD C C},Cy C b, and a direct estimate
shows the claim. We are therefore left to prove the claim for dim Cy = 1. To this end,
observe that the convergence C; — Cj implies that C; N (=Cj) — Co N (—Cp), as j — oo,
and let 2dy be the length of the maximal, origin-symmetric interval that is contained in
Co N (—Cp). As 0 € relint Cy, dy > 0. Since

do = max hc,n(-co) (1),

15
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the convergence of C;N(—C}) implies that for j sufficiently large, every C;N(—C}) (and thus
every () contains an origin symmetric interval of length greater or equal 2dy — dy = dj.

Moreover, since C is a convergent sequence, there exists D > 0 such that C; € DD for
all j € N. Consequently, we have shown that, for every j large enough there exists §; € St,
such that [—dQ—ij, %Ogj] C Cj € DD, which implies that,

he, (u)? < max { (?)p |<§j,u>|p,Dpu|p} Cuesh (3.12)

Therefore the claim follows from the integrability of | - |P and the fact that the (finite)
integral of |(w,-)|P does not depend on the choice of w € S?"~1. O

We are now in a position to prove the aforementioned joint continuity of Jc .
Proposition 3.2.4. Suppose that p > —2. Then the map

J:{C e K(C):C # {0},0 € relint C,dim C > —p} x C(S*"1) = O (¥ 1),
defined by (C, f) — Jcopf, is jointly continuous.

Proof. Suppose that C; — C, for {0} # C},C € K(C) with 0 € relint C;, C' and dim C;, C' >
—p, and that f; — f uniformly, f;, f € C(S*71), as j — oo. We need to show that
Jo;pfi = Jopf uniformly on S~ as j — oco. To this end, we will first show point-
wise convergence of J¢; ,f; and then use the Arzela-Ascoli theorem to deduce uniform
convergence.

Therefore, letting u € S?”~ !, a direct estimate yields

(o, pfi = Jep W] <|Ue;pfi = Je; p W)+ e pf = Jopf)(w)]
< |1f5 = fllool(Joy p1) ()] + ||f||oo/ |(h¢, = he) (v - u)ldv.

§2n—1
By Lemmas [3.2.2] and [3.2.3] the first term on the right-hand side is bounded by
M'||f; = flloo, where M’ > 0 is some constant independent of j. Moreover, arguing as
in the proof of Lemma see , the integrand in the second term has an integrable
majorant. The uniform convergence of f; and dominated convergence therefore imply that
36, 5(w) = Jo,pf ().

Next, since (J¢,pfj)(u) is convergent for every u € S?"=1 the sequence is uniformly
bounded, that is, the family (J¢, ,f;);jen is pointwise bounded. In order to show equicon-
tinuity, fix some arbitrary u € S?*~! and let n € U(n) be a unitary linear map. The
invariance of the Lebesgue measure on S*”~! then yields,

(Jo, o) () = / he, (7~ ) - )P £ (v)dv = / he, (v - w) f; (0)dv.

§2n—1 §2n—1

Letting € > 0 arbitrary, by the equicontinuity of the f; on the compact set S?7=1 there ex-
ists an open neighborhood U of the identity in U(n) such that
|fi(v) = fi(nv)| < e for all v € S*"~1 5 € U, j € N. Consequently, for all n € U,

Gy = Qe )| < [ e, (010 = o < e, ()]

16
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which, by the previous estimate |(J¢;,1)(u)| < M’ (independently of j) and since {nu :
n € U} is an open neighborhood of u € S?"~! shows the equicontinuity of the family

(Jo, pfi)jen-
The Arzela-Ascoli theorem thus implies the existence of a uniformly convergent subse-
quence (chk »li)ken. As the original sequence converges pointwise to Jo,f, we obtain

chk ol = Jopf, and a standard argument (that is, starting with an arbitrary subse-

quence) implies that Je¢, ,f; — Jopf, which completes the proof. O

Note that, for C' € K(g)(C), Proposition can be proved directly by showing local
Lipschitz-continuity of Jo,f as a function in C.

It follows now directly that the complex L,-intersection body body is well defined and
continuous.

Corollary 3.2.5. Suppose that p > —2. Then the map
[:{C e K(C):C #{0},0 € relint C,dim C > —p} x So(C") — Sp(C"),
defined by (C, K) — lc, K, is well-defined and jointly continuous.
Proof. This follows directly from , Lemma Proposition and the fact that

the maps t — t2"*P and t — ¢t~ '/P are locally Lipschitz-continuous for ¢ > 0. Note that
Lemma asserts that (chpp%ﬁp )~1/P is positive and continuous and therefore a radial
function of a star body in Sy(C™). O

Note that the proofs of Lemma and Corollary imply that for fixed C' € K£(C)
and non-zero p > —dimC, the operator Ic), : So(C") — Sp(C") is locally Lipschitz-
continuous.

In view of its importance for the real Ly-intersection body (see ), we close the
section with the following corresponding property for complex Lp-intersection bodies. The
proof is a direct computation and will be omitted.

Lemma 3.2.6. Suppose that C € K(C) contains the origin in its relative interior and
let p > —dim C be non-zero. Then Ic, @ So(C") = So(C") is a GL(n, C)-contravariant
valuation with respect to L_p,-radial addition, that is,

Preykur) ¥ P1e (kL) = Ploy) T P15 L€ So(C),

and
I0,(0K) = |det O] 2P0 "I, (K), K € Sy(C"),0 € GL(n,C),

where ©~* = (0*)~! denotes the inverse of the Hermitian adjoint ©* = e
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3.3 Proof of Theorem [A] and Injectivity
3.3.1 Proof of Theorem [Al

In this section, we will use several results from the previous section to give a proof of
Theorem that is, to compute the limit of (a normalization of) I ,K for p — —27,
where C' € K(()(C) and K € Sp(C"). To this end, we will first show a similar result for the
operator Jc,, and then deduce from it Theorem @

A key ingredient of the proof of the statements in this section will be the well-known
fact that the familiy of distributions r?,

b (L, ) = /0 () dr (3.13)

is analytic for every ¢ € C with g > —1, and admits a meromorphic extension, with poles
at —N (see, e.g., Sec. 3.2]). Consequently,

q—0

lim rip(r)dr = / o(r)dr
0 0
and, as can be directly checked,

1 o0

lim — rio(r)dr = ¢(0), 3.14
im s [ 100 = 600) (314)
for every Schwartz function ¢ on R. Moreover, since all distributions ri, Rg > —1, and
their limit distribution can be applied to continuous functions with compact support, (3.14))
holds for all ¢ € C(R) with compact support (see, e.g., Thm. 2.1.8]).

As the following proposition shows, the normalized operators J¢, converge to a multiple
of the complex spherical Radon transform R,

(Ref)(u) = / fo)dv, ue S,

S2n—1n{v-u=0}
where f € C(S*"71).

Proposition 3.3.1. Suppose that C' € K)(C). Then there exists ki, > 0 such that
1

Tp2) Jop converges to kiR in the strong operator topology, as p — —27% that s,

1

— ] — kR f, — =27, 3.15

uniformly on S**~1 for every f € C(S>"1).

Proof. Suppose that C' € K)(C) and f € C(S**~!). In order to prove (3.15)), we will
first show that %JCJ) f converges pointwise on S?®~! and then use the Arzela-Ascoli
theorem to deduce uniform convergence.
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To this end, we use polar coordinates (in C™), Fubini’s theorem and again polar coordi-
nates (in C) to rewrite Jo,f(u) for u € S?=1,

(Jopf)(u) = (2n + p) /32"\{0} ho(x - u)P f (H§H> dx

:(2n+p)/chc(z) / (H H) 1 gony {0y () dzdz
= (2n+p) /0 e /S ho(v) /I o (H H> L gzn {0y (z)dzdvdr.

Letting guw(r) = [,y f (ﬁ) 12\ 0} (z)dx, and using again Fubini’s theorem, we ar-

rive at
Jepf)(uw) = (2n+p) /Sl he(v)P /0°° TP+lgu7v(r)drdv. (3.16)

Next, noting that g, , is continuous (by dominated convergence) and has compact support,

we deduce by (3.14)),

1 o0
i - p+1 .
i T(p+2) /0 ™77 guw (r)dr = gu,v(0)

for every v € S' and u € S?"~!. Consequently, the integrand in (3.16]), normalized by
['(p + 2), converges pointwise to ho(v) 2gy,(0). As there exists d € (0,1) such that
dD C C, that is, ho(v)? < dP < d~2 for every v € S' and —2 < p < 0, and

1 > ”f”oo / /
prlig (r)|d p+1 1520 dxd
F(p+2)/o T lgup(rldr < e \oy (@) drdr

" e Ml
“Tp+2)(p+2) 7 Te+3) 7

where I'(p 4 3) is continuous for p > —2, the integrand in (3.16]) is bounded uniformly in
p. Dominated convergence thus implies that

(Benf)w) = Cn=2) [ he(o) g, 0)ds

= (2n —2) /Sl hc(v)_Zdv/ <” H) 1 gany g0y (7)d

Letting ki = [o1 ho(v)2dv = 2V5(C°) and using polar coordinates in z - u = 0, the latter
expression is equal to

lim ————
pHHfHQ"' F(p + 2)

1
ke (2n — 2) / f(v)dv/ 23 dr = Ep(Ref) (u),
S2n=1n{v-u=0} 0
that is, m(‘](;,pf)(u) — ki (Ref)(u), u € S L, p — —27 as claimed.
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Next, since F( ](vap f)(u)] is convergent for every u € S?"~!, the sequence is bounded,

that is, the family ( (p ) Jopf)p>—2 is pointwise bounded. In order to show equicontinuity,
we proceed as in the proof of Proposition [3.2.4] to conclude that for every ¢ > 0 and
u € S there exists an open neighborhood U of u such that

[(Jepf)(u) = Jepf)w)| <el(JepD)(w)], wel.
Hence since mKJcp )(u)| is convergent (for p — —271) and thus bounded, the family

(v N +2) Jopf)p>—2 is equicontinuous.
The Arzela-Ascoli theorem therefore implies the existence of a uniformly convergent

subsequence, which, by pointwise convergence, must converge to ki R.f. A standard argu-
ment, finally, shows the uniform convergence of the whole sequence, which completes the
proof. O

Theorem [A] is now a consequence of Proposition [3.3.1] since, by polar coordinates and
S'-invariance, the radial function of the complex intersection body I.K satisfies

1 . 1/2 B
pr.i(u) = ((QW—Q)WRCP%{ 2(u)> , we STl (3.17)

Proof of Theorem[4] First observe that Proposition 1] readily implies that whenever
fp — f uniformly as p — =27, f,, f € C(S*"71), then Jcp fp converges uniformly to

. (p+2
kcRef. Indeed,

JCpfp / ||JCp(fp_f)||oo H JC’pf /
— — kR, < ’ ’ — kR,
Hr<p+2> cRel|| =) Fpra) "Rl

Jornllleo J
<|f, - fuoo” oo ” H Crf —k'cRcf‘ ,

where the right-hand side converges to zero by the uniform convergence of f, to f and since

[Jc.p1llos
T'(p+2)
(for the second summand).

Next, note that for K € &Sy(C") there exist d > 0 and D > 1 such that
d < pr(u) < D for all u € §?"1. Since the map p +— t>"*P, ¢t > 0, is differentiable
with derivative *"*PIn(t), the mean value theorem of calculus implies for —2 < p < 0 and
u € §?"~1 that

lprc (w)*" P — pgc(u)® 2 <qn[1&Xp]PK( u)?" | In(p (w))||p + 2|

< D*" max{|In(d)|, | In(D)|}|p + 2],

is bounded by Proposition [3.3.1{ (for the first summand), and by Proposition|3.3.1

that is, pzn“’ — p72~% uniformly as p — —2%. Hence, by (3.10) and the first part of the
proof,

2n+p /
1 —p - JepPk ke 22

lim ——— = lim =
p——2+ F(p+2)pICP p——2+ 2n+p)'(p+2) 2n-—2 PK
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uniformly on S*"~!.  Moreover, a direct estimate using px(u) € [d, D] shows that

Repa 2 (u) € (2n — 2)kon—2[d?"~2, D?>"~2]. Consequently, by uniform convergence, there

exist constants d’, D’ > 0 such that
po_ 1

I'(p+2)

for all p < 0 sufficiently close to —2. Repeating the above argument for the differentiable

function p — t~/P, t > 0, and using that the functions t ~ t~/?, ¢t € [d,D’] and

—2 < p < —1, are Lipschitz-continuous with Lipschitz constants uniformly bounded by
d'~1/2 then yields

pIC,pK(u)fp < D/, u € S2n71,

1/2
. PlopK ke Mn—2
pgfnw D(p+2)-tr <2n —g RePK (3:.18)

uniformly on S?"1,
Finally, as it is a direct computation that R.f = R, fsl, where for f € C(S?"1),

1

£ () = 2 ). fleuyde, we S,
and by (3.17), the right-hand side of (3:18) is equal to (7kj)"/ 2pIC st which completes the
proof by setting ko = (Trk:’c)l/Q. O

3.3.2 Spherical Harmonics and Injectivity

In this section, we will use spherical harmonics to show a criterion for the operators J¢,
to be injective and deduce that every Jc,, is injective on S'-invariant continuous functions.
As a by-product, we will calculate the multipliers of J¢ ), in terms of the Fourier coefficients
of hf,, which leads (by taking limits) to a closed formula for the multipliers of the complex
spherical Radon transform R.. All results for J¢ ), directly translate to Ic .

We are now ready to state the main proposition to prove injectivity of J¢ ,, calculating
the multipliers of the transforms Jc . In the statement of the proposition, we use the
notation of the k' Fourier coefficient ci,(f) of f € C(SY),

1 1

co(f) = o Jos fle)de and  c(f) = -
Proposition 3.3.2. Suppose that C € K(C), with C # {0} and 0 € relint C, and let
p > —dim C be non-zero. Then the multipliers of the transform Jc,, are given for k,l € N

fe)cfde, ke 7\ {0}. (3.19)
Sl

by
co(h2)2aP) ) k=1,
AelJop) = of C)p o (3.20)
Cl—k(hc)ak,l , k#1
where
pt+k—I p—k+l
o _ TP )T (2 41)
o =T >

+
P (2 )T (2 4

21



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 Complex L,-intersection bodies

Proof. By , we calculate using polar coordinates and the properties of Jacobi polyno-
mials from Proposition [2.2.1]

1
(Qn — 2)K2n72

1
= / hc(C)pCl_de/ Quingey ([k = 1],n = 2,7%)(1 — )" 2pr 4= gy,
st 0

1
Milleg) = [ [ ho(@PPritra - 22 drde
st Jo

where the second integral does not depend on C anymore. In particular, when p > —1,

we can repeat the argument for h%(z) replaced by the kernel h‘f_lvl](z)ﬂ%zzo of the non-

symmetric L,-cosine transform C; to obtain
Js1 he(c)Pd=Fde

A = A * =
k,l [JC7P] fgl (%C)p]l%czoclfkdc k,l [Cp ]

c—k(h)
ik ((Re)PLye>o)

Akl [Czﬂ.

Next, (2.9) and direct computations using identities for the reciprocal beta function yield
for k # 1,

1 [7/? " T(p+1
bR o) = = [ costipre 1 = L
T2 opT <Z’+T— + 1) r (1% n 1)
and for k =1,
1 [/ I(p+1)
co((Re)P Ly, :/ cos(t)Pdt = ————.
o(Re)"Lpez0) = 5 - (t) 2T (B 1 1)’

This proves the claim when p > —1. Noting, finally, that both sides of (3.20|) are analytic
functions in p (for R(p) > —dim C') that coincide on the set (—1,0) and therefore on their
domains, completes the proof. ]

Note that a,(cnl’p) # 0 for all k£, € N and non-zero p > —2, p € Z, as the gamma function
has no zeros and its poles are exactly the non-positive integers. In particular, we have
shown the following.

Corollary 3.3.3. Suppose that C € K(C), with C # {0} and 0 € relint C, and let p >
—dimC, p € Z, be non-zero. Then Jc is injective if and only if cx(h,) # 0 for all k € Z.

We turn now to Sl-invariant functions on S?”~!. Here, the computation simplifies to the
case C' = D, since

27T(JC,pfSI)(U) :/Sznlhc(v u)P /S1 f(cv)dedv (3.21)
— /SQn_1 /Sl hC<E(’LU . u))pdcf(w)dw = QW(JdD7pf)(u) (322)

for every f € C(S?"1), as the inner integral on the right-hand side can be written as
hap(w - w)P for some d > 0 not depending on f.
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This can also be seen in terms of spherical harmonics, since restricting to
Sl-invariant functions corresponds exactly to restricting to the spaces ’H,%’}Q, k € N. Indeed,
the definition of bi-degree directly implies that a function f € C(S?>"7!) is Sl-invariant
if and only if 7, f = 0, k # 1 € N, see, e.g., Lem. 4.8]. Consequently, Jc, is com-
pletely determined on S'-invariant functions by MeklJepl, B € N, that is, using , by
co(hy,) # 0. Thus, we conclude the following.

Corollary 3.3.4. Suppose that C' € K(C), with C # {0} and 0 € relint C, and let p >
—dim C be non-zero. Then Jc,, is injective on S'-invariant functions in C(S*"~1).

Finally, as we have seen in Section letting p — —27F, the operators J¢,, converge
appropriately normalized (in the strong operator topology) to the complex spherical Radon
transform R, for which R.f = R. fSl holds. Consequently, the multipliers of R, can be
directly calculated from by taking the limit.

Proposition 3.3.5. The multipliers of the complex spherical Radon transform R, are given
by Aei[Re]l =0 for k #1 and
k!

Mei[Re] = (_1)k2ﬂ.n—lm, k € N.

In particular, the complex intersection body map 1. is injective.

3.4 (Pseudo-)Convexity

In this section we first collect the definition and basic properties of pseudo-convex sets
that are used to prove Theorem As a general reference for pseudo-convex sets and
plurisubharmonic functions, we refer to [29,/43].

Next, we prove Theorem |B| following the ideas of Berck @] for his convexity theorem for
L,-intersection bodies. More precisely, we first establish concavity properties for complex
p-moments of convex bodies using inequalities of Brunn—Minkowski type, which are then
used to show that the reciprocal radial functions of I, K satisfy the sufficient conditions for
pseudo-convexity in Theorem where K € K(0)(C") is S'-invariant and has a smooth
boundary. The general case then follows by approximation.

In the final part of this section we give examples in the range —1 < p < 1 of convex
bodies K that are not S'-invariant, such that Ic,K is not convex for some C € K (C),
showing that S'-invariance is a necessary condition.

3.4.1 Basic notions

First, recall that a function ¢ : Q — [—00, 00), defined on an open subset 2 C C", is called
plurisubharmonic, if

e ( is upper semi-continuous;

e for all u,v € C", the map z — ¢(u + zv) is subharmonic where it is defined,
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see, e.g., Def. 1.6.1 and 2.6.1]. Examples are given by all subharmonic and, hence, by
all convex functions on C™. Using this notion, pseudo-convex sets are defined as follows.

Definition 3.4.1 ( Def. 2.6.8]). An open, connected set K C C" is pseudo-convex, if
there exists a continuous, plurisubharmonic function @ in K such that the sets

{zeK:p(z)<c}, ceR,
are all relatively compact in K.

Note that this is also called Hartogs pseudo-convex and equivalent to K being a domain
of holomorphy or holomorphically convex. For sets with more regular boundary, the Levi
condition yields an equivalent statement, which is more accessible:

Theorem 3.4.2 ([29, Thm. 2.6.12]). Suppose that K C C" is an open set with
C?-boundary, given by

K ={ueC":p(u) <0},

where p : C* — R is C? in a neighborhood of 1K and Vp # 0 on bd K. Then K is
pseudo-convex, if and only if

Azp(u+ 2v)[z=0 > 0,

for allu € bd K and v € C" with Vp(u) -v = 0.

The next theorem shows how to use approximation by sets with smooth boundaries to
extend our results to sets with arbitrary boundaries.

Theorem 3.4.3 ([29, Thm. 2.6.9]). Suppose that K; C C", i € I, are pseudo-convex sets
for an index set I. Then the interior of (\;c; K; is pseudo-convex.

3.4.2 Brunn—Minkowski inequalities for complex moments

For K € K(C"), v € C™"\ {0} and p > 0, the p-th asymmetric complex moment of K is
defined by

M () = / Rz - v)Pda,

Knovt

where vt = {z € C" : R(x-v) > 0}. Note that clearly Mge,’f(K) is (2n+p)-homogeneous. A

direct application of the Prékopa—Leindler inequality yields the following Brunn—Minkowski-
. . R+

type inequality for M, ;" by Berck HEI]

Proposition 3.4.4. Suppose that p > 0 and v € C"\ {0}. Then
1 1 1
MEF (Ko + KT > MIH(Ko) 55 + MBS (K557,

for every Ko, K1 € K(C"), such that Ko Nv™, K1 Not #0.
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Like the classical Brunn—Minkowski-inequality, Proposition directly implies an ana-
logue of Brunn’s concavity theorem for the moments of parallel sections by complex hyper-
planes H, , = {z € C" : x - v = z}, that is, for

Mﬁ’j’“(K, z) = / R(z - v)Pdx,

vtN(KNHy,2)
where u,v € C" \ {0} are not contained in the same complex line.

Corollary 3.4.5. Suppose that K € K(C"), p > 0 and let u,v € C"\ {0} with v &
span®{u}. Then the function

1
Z M?’j’u(K, z)2n=2+p
is concave on the set {z € C: KN H,,Nv" #0}.

Proof. This is a direct consequence of Proposition [3.4.4 and the fact that
(1=K N Hyzo) + MK N Hy ) © KO Hy (12020422, Dy convexity. O
As a concave function on its compact support, Mﬁ ’v+’u(K , )2"*712% thus attains a maximum,
which is, by the monotonicity of ¢ — t?"~2*P_also true for ./\/lg%, ’UJ“U(K ,-). The following
lemma shows that by replacing v by v + Au, with A € C suitable, we can ensure that, for
smooth K, z = 0 is a critical point of Mﬁﬁ’“([(, -) and thus its maximum. Note that
for smooth K, M?j’;r’i(u(K ,+) is differentiable at z = 0, since the complex parallel section
function of K is smooth at z = 0 (see, e.g., [38, Lem. 2.4]).

In the proof, we denote by Hlﬂit the (real) hyperplane {z € C" : (x,u) = t}, u €
C™\ {0},t e R.

Lemma 3.4.6. Suppose that K € K)(C") is Sl-invariant and has smooth boundary, p > 0
and let u,v € C"\ {0} with v ¢ span®{u}. Then there exists A € C such that

%7—’—7 J—

szp,v+Ku(K’ 2) 0 0.
Proof. Without loss of generality, we may assume that v -« = 0. Letting
Koy=Kn H%o: by [@ Lem. 3.6] applied in Hg,m there exist A1, Ao € R such that

t— (x,v 4+ \u)Pdz

KgmHgtm(v+)\1u)+

and
t— (x, —iv + Xu)Pdx

KonHE ,N(—iv+Azu)t

have critical points at t = 0. Set A = A\{ + iAo. Next, since for z - u = t € R, we have
Rz (v+ ) =Rz (v+ M) = (z,v+ \u) and KN Hy,y = KoN H}Et,

Mf;:—ﬂ)fu(K7 t) = / R(z - (v+ Au))Pdx = / (2,0 + Au)Pdz,
’ KN Hy,eN(v4+Au)t KonHE ,N(v+Au)*
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and, hence, t — Mi;}i’qj\u(K, t) has a critical point at zero. If z-u = it, ¢ € R, then

R(x - (v+ Au)) = (x,v + Agiu) and, by the S'-invariance of K, K N Hy i = i(Ko N Hyy).
Consequently, by letting x = iy,

My = [ Rz - (v + M)Pds = [ (@0t daiuda
KNHy itN(v+Au) ™ Z(KOQHStﬂ(—w—i—)\Qu)JF)

= / (y, —iv + Agu)Pdy,
KOOH tﬂ( w+Aou) T
we conclude that also ¢ +— Mi’;;’iu([( ,it) has a critical point at zero, which yields the

claim. O

Using symmetries, Lemma |3.4.6| now directly translates to symmetric moments,
MK ) = / Iz - v[2dz,
’ KNHy, »

whenever K is S'-invariant.

Proposition 3.4.7. Suppose that K € K()(C") is S'-invariant and let u,v € C" \ {0}
with v & span®{u}. Then there exists A € C such that

Z M'ZJ;ZAU(K, 2)

is mazximal at z = 0.

Proof. First note that since K is S'-invariant,
MHU( ) M§R+u( )+M§‘E+U( —Z)—i—,/\/l%—i_u(K ZZ)+M§R+U( —z'z),

for every w € C" \ {0}, and we need to choose A € C such that M?;:_’KU(K, -) attains

its maximum at z = 0. However, by Corollary |3.4.5 Mgevt_ﬁu(K , )ﬁ is concave on {z €

C:KNH,,.N(+ M)t #0}, and by Lemma [3.4.6 (together with the chain rule), there
exists A € C such that M2T4 (K, )i is maximal at z = 0 for smooth K € K(g)(C").

2,0+ Au
Hence, the claim follows from the monotonicity of t — 2" and by approximating a general
K € K()(C") by smooth bodies. O

3.4.3 Proof of Theorem

In this section, we compute the necessary derivatives required in order to apply Theo-
rem in the proof of Theorem

Recalling that the analytic family of distributions ri, Rq > —1, can be extended analyt-
ically to —Rq ¢ N, and that, for —2 < Rg < —1, this extension is given by

(11, ¢) = /0 T (6(r) — 6(0) — rd(0)) dr, 6 € C(C), (3.23)

which clearly can be extended to all ¢ € C'(C) with compact support, which are smooth in
a neighborhood of zero. The main auxiliary result can then be stated as follows.

26



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 Complex L,-intersection bodies

Proposition 3.4.8. Suppose that p > —2, p # 0,—1, and let u,w € C™ \ {0} with w &
span®{u}. Then

A (pry i (w4 2w) ™) omo = 2mp* (P21 MR (K ) (3.24)

for every S'-invariant K € K0)(C") with smooth boundary.

Proof. Assume first that p > 0. Since z ~ pr, k(u + zw)~P is a tempered distribution
on C, we can consider the Fourier transform (denoted by *) of its Laplacian, applied to a
Schwartz function ¢ on C, that is,

—~ o —

<(AZpID,pK(u + Zw)_p)7 90> = <pI]D>,pK(u + zw)—p’ AZ@) = <pID,pK(u + Zw)_p7 _(‘ ’ ’290)>'

By inserting the definition of pr, r, exchanging the order of integration, and letting ¢ =

z—(x-u)/(x- w)
1y ¢t z0) P, Pop) = /K /@ &+ (u+ z0) (- P)(2)dzde
- / / & wl|z + (@ 0@ w) P Po)(z)deda
K JC
- / @ wp? / P (- Bp) (e — (@ )/ (w -w))ded.
K C
Next, it is a direct computation that for p # —2,—4,... (see, e.g., Sec. 11.3.3]),

—_— L,

|2 P) = =p(] - P2,
and, consequently, the previous integral simplifies to
—p2/ EX wlp/ P72 3(c — (z- u) /(2 - w))ded
K C
= —pz/ / 2 - w|?|z - (u+ zw) P 2d §(2)dz.
CJK
By taking the inverse Fourier transform, we conclude that
Acpry i (u+zw) P = p2/ lz - w|?|z - (u+ zw) P~ 2da (3.25)
K
as tempered distributions. By

(Azpry k(w4 2w) P, ) = (pry i (u+ 2w) 7P, Asg),

¢ € CF(C), and since pr, k(u + zw)P is analytic in p, the left-hand side of (3.25) is
an analytic family of distributions (in z € C). Rewriting the right-hand side of (3.25)) by
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Fubini’s theorem, and using polar coordinates on C and the S'-invariance of K,

P [ Pl s z)pae =2 [ 1007 &+ wlded
K C KNHy s 2
[e.9]
:p2/ rp_l/ / |2 - w|?dzdedr
0 Sl KﬂH’LL+Z’u),’I‘E

o0
:27rp2/ rpl/ |z - w|*dzdr
KﬂHu-ﬁ-zw,r

= 271p? (rt— M||u+zw(K,r)>r,

we conclude that also the right-hand side of (3.25) is an analytic family of distributions.
The uniqueness of analytic continuation therefore implies that

(Aepry, i (u+ 2w) P ) = 2mp? (P51 MG (K 1)) e, ),

for all ¢ € C2°(C) and p > —2, p # 0, —1. Note that since (for p > 0)

(L, ME (K ), ) = / (2, ML K r))p(2)d
C

= (7 (MERTE (K ), )2

the analytic continuation of (r! /\/l‘ | VTR 1)), is given by

||u+zw r _ > ||, utzw r
(G MY ) ) = [T (M),
0

|l,u+zw o o
M0 6 b ]

= (7 METE K ) )

ML ). <p>z) dr

Since K = —K, M, |u+zw(K r) is even (in r), the derivative at » = 0 vanishes. Conse-
quently,
Azpry i (u+2w) P = = 27mp*(rh” M' |u+zw(K,r)>,« (3.26)

:27rp2/ 1 (M|2\uzf+zw( r) — MHu-i—zw( ’0)> dr,
0

as distributions. Next, observe that since the operator Jp, commutes with the action of
U(n) on $*"~1, Jp,, maps C(S*"71) to itself. Consequently, by (8.10) and as p,  x ()
is strictly positive for x # 0, pr, x is smooth in C" \ {0}, whenever K € K)(C") has a

smooth boundary.
As the right-hand side of (3.26) is also continuous in z, both sides of (3.26)) coincide as
functions (as u 4 zw # 0 for all z € C, by assumption). Evaluating at z = 0, we obtain

AZPIDJJK(U + Z’UJ) p|z 0 — 27Tp < M| "u( )>7

which yields the claim. O
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The last ingredient for the proof of Theorem [B| is the following result from elementary
calculus, included for the reader’s convenience.

Lemma 3.4.9. Suppose that F € C>(C" \ {0}) is non-negative and F(u) > 0 for u # 0,
one-homogeneous and S'-invariant, that is, F(zw) = |z|F(w), z € C,w € C", and let

u,v € C"\ {0} with VF(u)-v=0. Then
Al,_y Flu+ zw)? = pPIAPF () + pF (™" Al,_y F(u+ 2v),
where w = v 4+ Au, A € C, and the derivatives are with respect to z € C.

Proof. First note that by one-homogeneity and S'-invariance,
(VF(u),u) = F(u) and (VF(u),iu) =0, (3.27)
and, by differentiating the equalities in ,
PF(uw)u=0 and d*F(u)iu=iVF(u). (3.28)

Next, computing by the chain rule, for x € C™ \ {0} arbitrary, yields

2

p7el F(u+tz)? = pp — 1)F(u)P"2(VF(u), z)? + pF(u)P~ z, d*F (u)z).

t=0

Letting x = v + Au and applying (3.27)), (3.28) and the assumptions on v,

2
dt?

Flu+ tw)” = p(p — 1) F ()P (RA)? + pF (u)*~ (v, d2F (u)o) + pF (u)? (SA)2,
t=0

and for x = i(v + Au),

2

2 F(u+tiw)? = p(p — 1) F(u)?(SN)? + pF (u)P~ (v, d®*F(u)iv) + pF (u)? (RN)?,

t=0

which yields the claim, when summed up. O
We are now ready to prove Theorem

Proof of Theorem[B. By and , we can assume without loss of generality that
C = D. Moreover, by Theorem |C| (which is proved independently in Section and
Theorem [3.1.2, we only need to consider —2 < p < —1.

Let now K € K()(C") be Sl-invariant and assume first that its radial function pg is
smooth in C™ \ {0}. Noting, as before, that py,  is smooth in C"\ {0}, and

intIp , K = {ueC": pID,pK(u)_1 -1 <0},
by Theorem [3.4.2] we need to show that

A, (pry i (u+20) 1) |20 > 0
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for all w € bdIp,K and V(pI_DIpK)(u) v =0.

Therefore, let u € deD,p’K be fixed and take v € C™\ {0} arbitrary such that
V(pﬂ;pK) v =0. If v = Cu for some ¢ € C, then, since py, x(u) = 1, the S'-invariance
and homogeneity of the radial function imply that

prp, i (w4 2v) 7 = |1+ z(],

and one directly sees that A,[1+ 2¢| >0 at z = 0. If v & span®{u}, by Lemmam7
_ 1 _
A (o1 (u+ 20) 1) =0 + pIA]* = ];Az (1o, i (u+ 2w) ) |.—0,

with w = v+ Au, for some A € C to be chosen later, which, by Proposition [3.4.8is equal to

2rp(r? 1, ML (K ).

2w

Denoting ®(r) = M|'|’U(K, r), we conclude from (3.23)) that

2w

A (pro i+ 20) ™) oo + PAI2 = 27 /0 T 6(r) — 6(0) — e (0))dr.

Since K is origin-symmetric, ¢ is even, and, hence, ¢/(0) = 0. Moreover, by Proposi-
tion [3.4.7] we can choose A € C such that ¢(r) < ¢(0) for all 7 > 0. As p < 0, we conclude
that

A (pry i (u+20) ") [:=0 > 0,

that is, int Ip , K is pseudo-convex.

For general S'-invariant K € K0)(C"), we approximate K by smooth Sl-invariant convex
bodies K, 7 € N such that K C K for all j € N. By the first part of the proof and the
monotonicity of Ipy,

Ip,K = ) InpK;,
JEN

where all int Ip , K; are pseudo-convex, and the claim follows by Theorem O

3.4.4 Counterexamples to convexity

In the proof of Theorem [B] S'-invariance of the convex bodies played a critical role. It is
therefore a natural question to ask whether this is a particular aspect of the proof or reflects
an underlying principle. In this section, we give a (partial) answer to this by providing
examples in the range —1 < p < 1 of convex bodies which are not S'-invariant and have
non-convex, complex L,-intersection bodies.

These examples are obtained by considering sequences of ellipsoids, whose complex L,-
intersection bodies converge to a non-convex star body. The key ingredient of this argument
is the following generalization of (parts of) , Lem. 6.3], proved using similar arguments.
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Lemma 3.4.10. Suppose that p > —1 and let € € S>®~1. Then there exists a sequence of
origin-symmetric ellipsoids E; C C", 5 € N, such that

dim [ e, (0 P = 5 (1(@) + F(=0), (3:29)

for all f € C(S*™1).

Proof. First, without loss of generality, we may assume that € is the first standard unit
vector in C". Using generalized spherical coordinates u = (usin(t), ua cos(t)) for u €
S*~1 with uy € S° = {£e}, us € S* 2 and t € [0,7/2], the radial function of the ellipsoid

(Rz1)? N (S21)2 + |22+ + |za)? < 1} 7

Ea,bZ{(zh...,zn)EC”: > E

for a,b > 0 is given by

sin(t)?2 cos(t)2) /2
pi, o sine) o)) = (g5 ) v g

Next, choose b; > 0 by the intermediate value theorem, such that

/Szn—l PEjp; (w)*"Pdu =1, (3.30)

whenever j € N is large enough. Note that b; — 0 as j — oco. Indeed, assume that
b; > M for some constant M > 0. Writing (3.30) in generalized spherical coordinates
(where du = cos(t)?"~2duyduadt), denoting C,, = 2(2n — 2)kay,_2,

w/2 in(t)2 )2 —(2n+p)/2
1 :/S P, (u) 2P dy = Cn/o cos(t)2n2 (sm.(Q) n cozg) ) "

2n—1 J '
/2 on_o (sin(t)?  cos(t)? —(2n+p)/2
> O,y ; cos(t) 72 + e dt,

and letting j — oo yields (by monotone convergence)
/2
1> CnMZ”ﬂD/ cos(t) 2 Pdt,
0

which contradicts the fact that cos(t) 277 is integrable only if —2—p > —1, that is p < —1.
Since b; is clearly monotonously decreasing, b; — 0.
Setting E; = Ejp,, we claim that a subsequence of (Ej)jen already satisfies ([3.29).

Indeed, observe that by (3.30) and since they are positive, the functions p%ﬁﬂ all have norm

1, when seen as elements of the dual space of C(S?"~1). Consequently, by the Banach—
Alaoglu theorem, there exists a subsequence (again denoted by (p%;er )j) converging in the

weak-* topology to a Borel measure p on S?*~!, that is,

/S2n1 fFW)pg, (w)*" Pdu — Fw)dp(u), j — oo,

§2n—1
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for every f € C(S*"~1). Showing that p = %(55 + 0_g), thus directly implies the claim.

To this end, suppose that u € S?"~1\ {£é} and let U C S?*"~! be an open neighborhood
of u not containing #é in its closure. Then there exists € > 0 such that for all u =
(uq sin(t), us cos(t)) € U, we have cos(t) > ¢, and, therefore

. —(2n+p)/2 . —(2n+p)/2 2n+p
2 2 2 2 b2
(sm(t) cos(t) > - (sm(t) 5 ) b (3.31)

j2 bJZ j2 b? — g2n+p :

As b; — 0 for j — oo, a direct estimate for f € C(S?"~!) concentrated on U, shows

[, 1@dute) = Jim [ f(e)pe, (0" de =0,
§2n—1 1= Ju

that is, supp u € S?*~1\U and, hence, supp pu C {+€}, as u was arbitrary. Since u(S**~!) =
1, by (3.30), and p must be even (as weak-* limit of even measures), we conclude that
W= %(55 + d_¢), which completes the proof. O

The previous lemma for continuous functions on S??~! can be directly extended to functions
with a specific type of pole.

Lemma 3.4.11. Suppose that p > —1 and let € € S*® 1. Then there exists a sequence of
origin-symmetric ellipsoids E; C C",j € N, such that

lim he(v - (ce))Ppg, (u)*"Pdv = % (hc(€)P + ha(—e)P), ceSh, (3.32)

Jj—o0 Jg2n—1

for all C € Kp(C).

Proof. If p > 0, the function g(v) = hc(v - (c€))? is continuous on S?*~! and, the claim
follows from Lemma [3.4.10} For p < 0, set M = 2max{h¢(¢)?, hco(—¢)P}, and consider the
decomposition

g(v) = min{g(v), M} + (max{g(v), M} — M),

where the first function clearly is continuous and coincides with g on a neighborhood V' of
+e, whereas the second function vanishes on the same neighborhood. Taking the ellipsoids
E; as in the previous lemma, the same estimate as in (3.31]) implies that

2n+p

/SQn_l(maX{g(U), M} — M)pg; (u)2n+pdv < €J2n+p /Sznl\v(max{g(v), M} — M)dv,

where the integral on the right-hand side is finite, since its absolute value is bounded by
| Jepllloc + M (2n — 1)Kop—1. Consequently, as b; — 0, the left-hand side converges to zero
as j — co. Hence, together with Lemma [3.4.10] for the first term min{g(v), M} and since
min{g(v), M} = g(v) for v = +e, the claim follows. O

We are now ready to state the aforementioned counterexample.
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Proposition 3.4.12. Let —1 < p < 1 be non-zero. Then there exists C' € Ky(C) and an
origin-symmetric ellipsoid K C C" such that Ic K is not convez.

Proof. By (3.10) and Lemma [3.4.11] there exists & € S**~! and a sequence (Ej)jen of

origin-symmetric ellipsoids such that

1

m(hc(é)p + ha(—=¢)P), j— oo,

Ple, B, g, (ce) P —

for every ¢ € S, C ¢ K@) (C) and p > —1. Note that, when choosing C to be, e.g., a

suitable triangle, the function ¢ — (ho(c)? + h_c(c)?)~Y/P is not the radial function of a
convex body (see , Sec. 6.1] for details) when p < 1. Consequently, the radial function
of I, E; converges pointwise to the radial function of a non-convex star body as j — oo
and, hence, I¢ ,E; cannot be convex when j is sufficiently large. O

3.5 Proof of Theorems [C] and

In this section we establish a representation of the radial function of I¢, K for K € Sy(C"™)
and origin-symmetric C' € K)(C), and use it to prove Theorem @

To this end, we require a lemma relating the Fourier transforms of the complex and the
real Radon transform.

Lemma 3.5.1. Suppose that f € C(C™) has compact support and, for u € C"\ {0}, recall
that for z € C and t € R,

RENG) = [ fs and ®REDO= [ fads,

(z,u)=t

denote the complex and real Radon transforms of f. Then
REf(re) = RE(r), reR.ceC,
for w e C"\ {0}, where the left Fourier transform is on C and the right one on R.

Proof. The claim follows by Fubini’s theorem applied twice and ([2.4]),

@(TC) = / / f(l‘)e_i<rc’z>dwdz — f( ) —i Tcxu)dx

/ fla)e rewaldy = / / e dzdt = RE f(r).

O

We are now in a position to prove the main proposition required in the proof of Theorem [C]
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Proposition 3.5.2. Let C € K(y(C) be origin-symmetric and —1 < p < 1 be non-zero.
Then there exists a finite Borel measure yicp, on S', such that

o) = [ prclen) Pdcy(e), ue s (33
S
or every e Sy , where, for p = —1, duc 1 = 5pice(c)de. In particular, 1 €
K € S(C"), wh 1, duc, 10 de. I jcular, if K
So(C™) is St-invariant, then 1o, K = e p(SHLK.

Proof. We distinguish the cases 0 < p < 1, =1 < p < 0and p = —1. If p > 0, by
Lemma applied to C° € K()(C), there exists a finite Borel measure ¢ on S! such
that

he(2)? = pos () = 2| = /S i) Pdpcyle), =€ C. (3.34)

Note that we identify C = R? here. Combining, for v € S?"~!, (3.34) with the defini-
tion (3.4) of I¢ K, K € Sy(C™), by (2.4), and interchanging the order of integration,

e ? = [ teteewpite = [ f oy leyi
/Sl/ |(x, cu) Pdrdpcy(c) = /51 pr, i (cu) Pdpcy(c)

we arrive at the claim.
In the second case, —1 < p < 0, Lemma‘2.2.6|, applied again to C° € K (C), implies
the existence of a measure v ) on S! such that

/C peo(2) Pé(2)dz = /S 1 < /O - r%%(m)dt) dvep(c), (3.35)

for every even Schwartz function ¢ on C. Note that vc, can be chosen to be even. Since
¢ is even and (see, e.g., Lem. 2.23))

|t|/_p\_1(r) = 2I'(—p) sin <7r(p2+1)> [P, reR, (3.36)

we can rewrite the inner integral on the right-hand side to obtain

> 17 17
/0 7P p(te)d /]t! PR o(te)d
=TI'(—p) sin ((p;—l)> /R |r|p¢~50(7‘)dr = Cp/o rpqgc(r)dr

where we denote by ¢, the Fourier transform in R of ¢ — qZ)(tc), and collect the constants
into ¢, € R.

If f € C°°(C") is even and has compact support, then the complex Radon transform RC f
is again even and smooth With compact support, and thus a Schwartz function. Taking
now ¢ = RCf, then qgc =RE f, by Lemma and, hence,

/000 t_p_l@(tc)dt =cp /000 rP (Rif) (r)dr.
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Equation (3.35]) therefore implies

/Cpco(z)p (RSf) (2)dz = ¢ /S1 /OOO rP (Rgf) (r)dr dve p(c),

for every even f € C*°(C") with compact support. As pce and v¢, are even, this equation
clearly also holds for functions f that are not necessarily even. Moreover, by approximation,
it holds for f = I, K € So(C"), where RCf = A%u and RE f = AK «y are the complex
and real parallel section functions (see and the comment below 1t) Consequently, for
= Sanl7

i) = [ o) ARtz =y [ [T AR () vy (o),

and, since v, is even, the right-hand side is equal to

D LAk iy =2 [ ot dve, (o)

which yields the claim with pc ), = Tpuc’p.

For p = —1, finally, we first show that (3.35) holds for dvc 1 = % pice(c)de. Indeed, let
¢ be an even Schwartz function on C. Using polar coordinates, the homogeneity of radial
functions and the parity of ¢,

L@tz = [ Spcr(e) [ otrarae

—

where the inner integral equals gi)/(?)(O) By Lem. 2.11], RR¢(s) = (2m)2¢(sc) for
s € R, that is,

= o —RE ! b(x :L“:i b(ite
| otraar =500 = 5 REG0) = o [ dyae = o [ ot

Changing the outer integration and by pce(—ic) = p;co(c) and the parity of é, we arrive

at (3:35)) for p = —1 and dve,—1 = 5 pice(c)de.
Next, we repeat the steps from the previous part (—1 < p < 0) to obtain

/S1 (/0 e 1RCf(tc)dt) dve, 1 ( _cp/Sl/ 7P RR )(r)drdyc,,l(c)

for every even f € C°°(C") with compact support. Recalling the convergence (3.14)) of the
family of distributions rp from as p — —17, we deduce by dominated convergence

(as RE f is a Schwartz function and RR [ has support uniformly bounded in ¢) that

/S 1 < OOO @(t@dt) dvo,1(c) =7 /S 1 (Rg f) (0) dve.—1(c), (3.37)

where we also used that ¢,I'(p + 1) — 7. Combining (3.37) with (3.35),

[pee@ (REs) @o == | (Rif) (0) dvo1(c),
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which, since v¢ _1 is even and by approximating 1 by smooth functions f, implies

1
o) = [ per (AR W)z =7 [ A (O dvea(e) = 5 [ putewpies (e

for every K € So(C") and u € S?"~!, yielding the claim. O

Note that we had to consider the case p = —1 separately in the proof as we can not

apply (3.36)) for p = —1.

The proof Theorem [C]is now a direct consequence of Proposition [3.5.2

Proof of Theorem[Q. Let p > —1 and C € K()(C). If K € Sy(C") is S'-invariant, then
I, K is S'-invariant as well, by SL(2n, R)-contravariance. Consequently, pr,x (cu) = pr, i ()
for all w € S?»~! and ¢ € S, and by Proposition [3.5.2]

pIC,pK(u)_p = /Sl pIpK(CU)_pd,uap(c) = MC7P(Sl)pIpK(u)_p, = SQn—l’

which yields the claim for do, = pop(SY)™HP (noting that uc,(S') > 0 as it is equal to
the radius of I¢ B for some suitably chosen ball B C C"). O

We continue by proving Theorem @ which we can now state with the (technical) equality
conditions, depending on the measure pc, from Proposition [3.5.2

Theorem 3.5.3. Suppose that C € K(C) is origin-symmetric and —1 < p < 1 is non-
zero. If K € Sy(C"), then

V2n (IC,pK) < V2n (IPK)

. 3.38
\ o (IC’pB2") ~ Vo, (IpB2n) ( )

If pcp has infinite support equality holds if and only if 1,K is S'-invariant, and for all
other uc,, equality holds if and only if I, K = c1c31, K whenever ¢y, ca € supp pc,p-

Proof. By Proposition [3.5.2]

1 B —2n/p
Valtep) = 5 [ ([ e Paucy (@) du

We apply Jensen’s inequality to the inner integral to obtain

st —1-2n/p
Van(lepK) < Aot ;n /S o /S pryic(ew)duc,y(e)du. (3.39)

Changing the order of integration using Fubini’s theorem,

V2n(IC,pK) < MC,p(Sl)_l_zn/p /Sl VQn(apK)dNC,p(c) = NC’,p(Sl)_%/pVQn(IpK),
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we arrive at the desired inequality, since py, pon = piop(SH™Y Ppr, g by (3.33).

Equality holds in (3.38)) if and only if it holds in (3.39)), that is, by the equality conditions
of Jensen’s inequality, exactly if for almost every u € S?*~! there exists d,, € R such that

pri(cu) P =dy,, for uc,-ae. ce St.

Note that, by the continuity of pr, k, this holds indeed for all u € S?=1. Consequently,
cil, K = el K for pcp-almost all ¢1, ¢ € S!, that is, again by continuity,

LK =ccl,K, c1,c €supp pcy, (3.40)

which yields the equality condition for uc, with finite support. If supp uc, is infinite,
then, by compactness of S!, for every € > 0, there exist ci,co € supp pcp such that
lciez — 1] < e. Tterating (3.40)), we obtain that the map ¢ — py, i (cu) is constant on the
set {(¢1co)¥ : k € N} C S', which is e-close to every ¢ € S'. Since £ > 0 was arbitrary and
p1,k is continuous, we conclude that I, K’ must be Sl-invariant. The converse follows easily

from ((3.33]). O

Proof of Corollary[E. Suppose that C' € K (C) is origin-symmetric and let K € Sy(C").
Then, by inequality (3.38) and Theorem (respectively Busemann’s intersection in-
equality (3.1]) for p = —1) it follows that

Von(IcpK) < Vo (I, K) _ Vo (K)2+P
V2n(IC,szn) - VQn(IpBQ”) - VQH(B2”)2"+P'

(3.41)

Equality holds for p = —1 and K € Sy(C") if and only if there is equality in and
. Since duc,—1 = %pico (c)dc has infinite support (equal to S'), the equality cases
of Theorem imply that IK must be S'-invariant, whereas the equality cases of
imply that K must be an origin-symmetric ellipsoid. Consequently, as the intersection body
map is injective on origin-symmetric star bodies (see, e.g., Thm. 8.1.3]), we conclude
that K is an S'-invariant ellipsoid, which is equivalent to K being an origin-symmetric
Hermitian ellipsoid.

If, on the other hand K is an origin-symmetric Hermitian ellipsoid, then there clearly is

equality in (3.41]). O
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4 Busemann—Petty type problems on
complex vector spaces

This chapter is devoted to questions in the spirit of the Busemann—Petty and Shephard’s
problem. To this end, let us formulate both problems properly, starting with the famous
Busemann—Petty problem : Suppose that K,L € IC(R"™) are origin-symmetric with
non-empty interior, and assume that

Vo1 (KNut) <V, ((Lnut), YuesSt (4.1)

Does this imply that V,,(K) < V,,(L)? The answer is affirmative, if n < 4, and negative,

if n > 5. Many authors contributed to this solution (see ,,,
). A unified proof was given finally by Gardner, Koldobsky and Schlumprecht in
.

The dual question to the Busemann—Petty problem is known as Shephard’s problem :
Suppose that K,L € IC(R") are origin-symmetric with non-empty interior, and assume
that

Vo1 (Klut) < Vo 1 (Llut), VYue St (4.2)

Does this imply that V,,(K) < V,,(L)? Here, the full answer was given by Petty and
Schneider [61]. It is affirmative, if n < 2, and negative, if n > 3.

The key step in the proof of both problems was to link them to the intersection body
for the Busemann—Petty problem (as was noticed by Lutwak ), and the projection body
for Shephard’s problem. Indeed, the inequality for the volume holds, that is, the answer
is affirmative, if, in , K is an intersection body, or if, in , L is a projection body.
Moreover, if K € IC(R") is origin-symmetric, sufficiently regular and not a projection body,
then there exists an origin-symmetric L € K(R"™) such that holds, but the inequality
for the volume is reversed (see [61]). A similar statement holds for intersection bodies and
[1.1)) (see [47]). As a consequence, both problems were solved by an analysis of the classes
of intersection respectively projection bodies.

Interestingly, both problems can also be stated in terms of intersection respectively pro-
jection bodies, translating the inequality condition into a set inclusion condition. Therefore,
one can summarize these as instances of the following more general class of questions which
we vaguely formulate for geometric operators on (subsets of) convex bodies with non-empty
interiors and make more precise later.

Problem 1. Let ® be a geometric operator on (subsets of ) convex bodies taking values in
the set of star bodies and let K, L € KC(®P).

Does ®K COL = V,(K)<Vn(L)  hold?
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Here, we denote by IC(®) C K(R™) a subset of convex bodies with non-empty interior, for
which we will consider Problem |1} Usually, K(®) will be the injectivity set of the operator
®, which turns out to be the largest subset for which Problem [I] is non-trivial. Problem
has been considered widely, e.g., for centroid bodies , for L,-intersection bodies , for
Minkowski valuations compatible with rotations , for complex intersection bodies ,
replacing real by complex hyperplanes in and origin-symmetry by S'-invariance, as
well as in a functional setting .

In the following, we will consider Problem [1] for the operators Il (see (2.5)) and Icy,
only for origin-symmetric C' € K(C) containing the origin in its interior. This will be a
general condition in all statements below, together with the assumption that —2 < p <1
is non-zero.

As in the real setting, IIc and I¢), behave in a dual way. In order to state the results
in a unified way, we will therefore “dualize” the problem for Ilo by considering its polar
operator IIg,, I K = (IlcK)°. As polarity is order-reversing, this reverses the inequality
in Problem [1} but has no further effects.

Moreover, note that for p > 0, the volume inequality that we expect in Problem [I] is
reversed. We will take care of this fact by multiplying both sides with —p < 0 and set
p =1 when ® = II,. The main result of this chapter reads

Theorem F. Let K,L € K(®).
o Ifp <0, then for n =2 and ® = Ip,, the implication
OK COL = —pVau(K) < —pVan(L)
holds. For n >3 and ® = I¢,,, this implication does not hold in general.
o Ifp>0, then forn > 2 and ® € {113, 1c,}, the implication
PK CPL = —pVou(K) < —pVau(L)
does not hold in general.

Let us point out that Theorem [F] implies a similar statement for the complex centroid
body defined in [27] (see Remark below).

Our proof of T heorem follows a similar strategy as for real Busemann—Petty
type problems. In particular, it relies heavily on a connection to the spherical Fourier
transform. It is our second main result of this chapter that the map J¢c,, on even functions
can be decomposed into the (distributional) spherical Fourier transform F, and an integral
operator on the body C.

Theorem G. Let C € K(C) be origin-symmetric containing the origin in its interior and
let =2 < p <1 be non-zero. Then there exists a finite even Borel measure vo, on S, such
that —pvcy, > 0, and
1 _
Jope(u) = ——3 / (F—on—pp)(cu)dvep(c), ue S (4.3)
(27’(’) St

for all even ¢ € C*°(S*~1).
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For a more explicit description of the measure v¢ ,, we refer to Section Let us note
here that Theorem @ extends the well-known connection between the L,-cosine transform
and the spherical Fourier transform (see, e.g., ), which corresponds to the limit case
C = [—1,1] with vo, = ¢,(d1 + 0—1) for some ¢, € R.

Using Theorem [G] the proof of Theorem [F] follows the steps that are usually taken in
solutions of Problem [I} For the reader’s convenience, we will explain them here in detail,
including the exact statements proven in each step. We assume n > 2.

Determination of K(®). The first step is to determine the maximal set K(®) for which
Problem [1]is non-trivial. As mentioned above, it is natural to define K(®) as the injectivity
set of ®. More precisely, let M(S?"~1) denote the set of all (signed) finite Borel measures
on S**~! and denote by

Inj(Je,p) = {pn € M(S* 1) :Vk, 1 € N: 1 (Jopp) =0 = mp = 0}
the injectivity space of J¢,,. The injectivity sets of Il and I¢,, are defined by

K(lle) = {K € K(C") : int K # 0, Sk € Inj(Je1)}, (4.4)
K(Ie,) = {K € K(C™) : int K # 0, p2" € Inj(Jep)}-

In particular, if C' is origin-symmetric, then every K € K(®) is origin-symmetric, and
all S'-invariant convex bodies with non-empty interior are contained both in K(Il¢) and
K(lcp).

Outside the injectivity sets, a perturbation argument using a specific spherical harmonic
shows that the answer to Problem [I| is negative in general. It is therefore necessary and
reasonable to restrict the study of Problem [1| to bodies in C(®).

Proposition 4.1.1. Let ® € {II¢,, I¢,} and suppose that L € K(C™) is smooth with positive
curvature. If IC(®) is a strict subset of the set of convex bodies with non-empty interior,
then there is K ¢ K(®) with non-empty interior, such that

PK =®L  but  —pVau(K) > —pVon(L).

Affirmative Cases. The next step is to confirm the statement of Problem [I] in special
cases, corresponding to intersection respectively projection bodies in the Busemann—Petty
respectively Shephard problem. In contrast to the real problems, here, the answer is af-
firmative for bodies in the image of the conjugated operator ®#, where Iép = Iap and
Hg =M. If C = C, in particular, in the limit C' — [—1,1], this is consistent with the real
case. We write im ®# for IT5(K) respectively I5,(S0), where

e (K) = {K € K(®) : 3L € K(C) : Tl = K},
qu(So) = {K € ]C((p) . dL € SQ(C”) : IC,pL = K}

Let us point out here that we consider the image of all convex respectively star bodies,
that is, we do not consider ® as operator on K(®) only. The statement then reads
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4 Busemann—Petty type problems on complex vector spaces

Proposition 4.1.2. Let ® € {13, I¢,}. If K € im®# and L € K(®), then
PK C DL — _pVQn(K) < _pVQn(L)'

Moreover, in this case, if ®K C ®L, then Vo,(K) = Vo, (L) holds if and only if K is a
translate of L, when ® =117, and only if K = L, when ® = I¢ ).

Proposition is proved using an adjointness property of Ilo respectively I, with
respect to mixed volume respectively dual mixed volume, similar to the real case. In this
sense, &7 can be interpreted as the adjoint of ® (while J& » is indeed the adjoint of J¢ ).

Outside the image. To understand the image of II¢, respectively Ic ), we will use the
notion of a body embedding into L,, (see Deﬁnition below), which already proved very
useful for Ly-intersection bodies. Indeed, we will show that all bodies in II¢, (KC) respectively
Ic,(So) embed into L.

Applying a known characterization of embedability by the spherical Fourier transform,
a perturbation argument then shows that Problem restricted to S'-invariant bodies,
has a negative answer outside the images. Let us point out here that, in contrast to the
usual treatment of real Busemann-Petty problems, we do not extend the maps I¢, to
measures. Therefore, technically, we have to consider the (weak) closure of the images (see

Proposition and Proposition below).

Proposition 4.1.3. Let ® € {113, 1, }. If there is an S'-invariant body in K(®), which
is not in the (weak) closure of IIZ(K) N KC(Ile) respectively 1o, (So) N K(ILoy), then there
exist S'-invariant bodies K, L € K(®) such that

PK CO®L  but  —pVa(K) > —pVa,(L).

Counter examples in higher dimensions. Proposition allows to give S'-invariant
counter examples to Problem [I]in higher dimensions. These are known examples of bodies
which do not embed into L, (see [39]).

Proposition 4.1.4. Let ® € {113, Ic,}. If n > 3, then there exists an S*-invariant body
K € K(®), which is not in the (weak) closure of im(®) NIC(P). If p > 0, then the same is
true also for n = 2.

Affirmative answer in low dimension. The final step is to give an affirmative answer
to Problem [l] in the remaining (complex) dimension n = 2. As we describe the image of
Ic, only in complete detail for C' = ID, we prove

Proposition 4.1.5. If & = Ip, and -2 < p < 0, then the answer to Problem (1| is
affirmative in C?.

4.2 Analysis of the operator J.,

In this section, we study the operator Jc, using the theory of spherical harmonics in
complex vector spaces, and prove Theorem [G]
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4 Busemann—Petty type problems on complex vector spaces

Combining (3.20) and (2.11)), we deduce that holds, if the integral transform defined
by v, has multipliers A i[Jep)/ (472 A 1 [Fp]). It remains to find a measure v¢, with this
property and an appropriate sign. For this reason, we first describe the multipliers of
operators T, of the form

u) = /Sl flew)du(c), weS*™ 1 fec(s™, (4.6)

where 4 is a finite Borel measure on S'.
Lemma 4.2.1. Let u be a finite real Borel measure on St and let f,g € C(S*~1).

i) Then (T, f,q) = (/, Tu#g>, where u* is the push-forward measure of . by complex
conjugation.

ii) The multipliers A\, i[T,], k.l € N, of T,, are given by

) 2meo(p] k=1,
Al = {m_kw kAL

In particular, Mg [T 4] = mep—i[p] for k #1€N.

Let us note that Lemma generalizes a result from [3] for 4 = Sk, K € K£(C). By
T, extends to measures.

Proof. Point |i)| follows by a direct computation

Tuf9) = /Szn_l | Jleudu(e)g(u)du = /S LW /S g(eu)du(c)du
- /Szn1 f(u)/s1 g(cu)dp(c)du = <f, Tu#g> )

For we use the U(n)-invariance of the spherical Lebesgue measure and Fubini’s the-
orem, to obtain for Yy ; € ’H%

Yo, Tuf) = (T, #Yau, f) = s Jo Y (cu)dp(c) f(u)du
= [ [ Yo Twde = reilu) [ Vi
§2n—1 J§1 §2n—1
= ek ] (Yeu, )
for | # k, which yields the claim. The case k = [ is similar. O

We can now use that every suitable origin-symmetric body C' C C embeds into L, and,
hence, by Proposition [2.2.5] we obtain a measure with the correct sign.
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Proposition 4.2.2. Let C € K(C) be origin-symmetric containing the origin in its interior,
and —2 < p < 1. Then the distribution vc, = th% on S! satisfies

S >
rper=?

and therefore is a measure. The multipliers of Ty, , are given by

27k, T (2 + 1)% co[h2], k=1,
Ara[Toe ] = P (2 ) olhe]

1= 4.7
op {wk;pr (w + 1) r (# + 1) a_k[h2], k#1, (4.7)
where k, = —22TPsin (%)

Forp =1, we have vc; = —2nS(iC,-) and for p = —1, we have dvc,—1 = 2mp;ceode.

Proof. By Lemma [2.2.6] every origin-symmetric convex body C' with non-empty interior
embeds into L, for every non-zero —2 < p < 1. Now, Proposition implies that
Fyhy, = Fppot is up to the sign of T (—g) a positive and even measure, yielding the first
claim.

Next, noting that 7—[% is spanned by the maps ¢ +— ¢*

k we have for even k # 0

b C_
mer[Fphl] = (mk oFphl, ) = M o[Fpl(mr0hl, &) = w0 [Fpler R,

and thus, by (2.11) and a similar computation for k = 0,
o L
cr[Fphg] = MolFplerlhg] = (=1)22°Px
r

Applying Euler’s reflection formula, we obtain for even k,

k s
ch[Fpht) = —22*Psin (%) r <pJ2“ + 1) r (1’2 + 1> cxlh2],

which, by Lemma yields the second claim as the multipliers for k£ + [ odd vanish.
For p =1 and even k, (4.8]) reduces to
e T(H2
ck[ven] = (—1)28x (kzl)%[hc] = 2m(-1)
I (%)

k
2

(k2 — 1)Ck[hc].

As, by [3, Lem. 4.6], the Fourier coefficients of Sc(+) are given by (1 — k?)cx[h¢], this yields
the claim for p = 1. The statement for p = —1 follows directly. O

Corollary 4.2.3. Let C € K(C) be origin-symmetric, 0 € int C, and —2 < p < 1 non-zero.
Then Ve, = Vip and, thus, T”E,p and Ty, , are adjoint.

Proof. As c[u?] = cx[p] for a real measure p, and ci[hZ] = ¢x[hF], the first claim follows
from (4.8]). The second claim follows from Lemma [4.2.1})| O
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We are now ready to prove Theorem [G}

Proof of Theorem[Gl By the origin-symmetry of C, ¢;_g[hf.] = 0 when k + [ is odd, and
thus A;[Jcp] = 0, that is, we only have to consider k + [ even. By (3.20)) and (2.11)), we
obtain using k, = —22*? sin(pr/2)

k 2
)\ [J ] _ )\k,l [F—Qn—p]ﬁr (% =+ 1) Co [h%], k — l7
kY Cp )\k;,l[F—Qn*P]%F <p+§—l + 1) T <p—Tk+l + 1) Cl—ks[h%], k<l

Consequently, by (@.7), (2m)*Ari[Jop] = Mea[F—2n—p) Mt [Tye, ], yielding the claim. O

Let us point out that the spherical Fourier transform maps smooth even functions to
smooth even functions on S*"~1. However, F,f for f € C(S?*"7!), defined in the distribu-
tional sense, in general only yields a distribution. As we want to apply Theorem [G]in the
following for radial functions of general star respectively convex bodies, we need to argue
that, in this case, T, , o F_2,—, maps continuous functions to continuous functions.

Proposition 4.2.4. Let C' € K(C) be origin-symmetric containing the origin in its interior,
and —2 < p <1 non-zero. Then for vc, = Fphy, we have

1 2n-+p

- _
Plo K = (2ﬁ)2(2n+p)Tuc,p oF on_ppk s

for every K € So(C") and

1

i Ts,c oF_2,-15k,

hiok = —

for every K € IC(C™) with non-empty interior.

Before proving Proposition [4.2.4] we note that

1
-p 2n+p —
Pl K = 2n+p50,p(PK ) and ek = 53ca(Sk) (4.9)
for K € So(C") respectively K € IC(C™) with non-empty interior. Moreover, let us point out
that the order of the transforms on the right-hand side of the equations in Proposition[4.2.4
is interchangeable as they are all multiplier transforms.

Proof of Proposition[{.2.4 First note that since C' is origin-symmetric, and thus v¢, is
even, both sides of in Theoremvanish for odd ¢ € C*°(S?"~1). Hence, we conclude
that the statement of Theorem |G| holds for all p € C>°(S?"~1),

Next, let ¢ € C>(S?"~1). By , the fact that Jap is the adjoint of J¢,, and Theo-

rem [G]

- 1 2n+ 1 2n+
<pIClij790> = m+p <JC,pP1? p760> = n+p <P}? p7J5,p<P>
1 2n+p
- T F_opn_ >
@) (R T, O P
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Since the involved operators are multiplier transforms, they commute and therefore

1
—p o 2n+p
<P10,pK"P> ~ (2m)%(2n +p) <pK Foanp o T"apgp>'

Consequently, as ¢ was arbitrary, and T, o F 9, is, by Corollary the adjoint of
F_ o, o0 T,@p, we obtain pfc ’f K= WTW@ oF 9y p%wp in the sense of distribu-
tions. However, since the left hand side is a continuous function on the sphere, the equality
indeed holds as equality of continuous functions.

Repeating the argument above and noting that —27hx = F_9,_15Kk (see Thm. 8.1])
is a continuous map on S*~ !, the second equality follows since voq = —2n8(iC, ), by

Proposition [£.2:2] O

4.3 Busemann—Petty problem for complex L -intersection bodies

In this section, we prove Theorem E for the complex Lj-intersection body maps I¢,, fol-
lowing the steps outlined at the beginning of this chapter.

4.3.1 Determination of ()

First, we prove that the injectivity set IC(I¢ ) defined in is maximal in the sense that
the answer to Problem is negative when the bodies are not in (I ).

Before doing so, let us point out that a body K € IC(C") is in K(I¢p), if Wk,lp?+p =0
whenever A ;[Jc,] = 0 or, equivalently by (3.20), ¢;_i[h¥,] = 0. In particular, for K, L €
K(Icp), IepK = Ic,L implies K = L. Moreover, as ck[h%] = ci[hY], we directly obtain
that IC(Iap) =K(Icyp).

In the following, we will also work with the set of S'-invariant convex bodies with non-
empty interior. As a function f € C(S*"~1) is Sl-invariant, if and only if 7 ;f = 0 for all
k # 1, and as co[hg,] > 0, all such bodies are contained in K(Icp).

For the proof of Proposition[4.1.1] we will use the following convexity statement for small
perturbations.

Lemma 4.3.1 ([38, p. 96]). Let L be a smooth convex body with strictly positive curvature
and p € R\ {0}. Then for any o € C*°(S"™1), the star body K defined by

pr =P tep
is convex for all € > 0 sufficiently small.

Proof of Proposition for Icp. As the set K(Ig ) is a strict subset, there exist indices
(k,1) € N x N such that ¢;_g[hY)] = 0. Denoting by Py; € H3" the Jacobi polynomial of
bi-degree (k,1), we define

2n+p _ 2n+p D,
Pk = = Pp + 5Pk,l
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where |¢] is sufficiently small such that K € IC(C™) with non-empty interior (using Lemmal4.3.1)),
and the sign of € is chosen in a way such that

—pe <§k,z, P2p> > 0. (4.10)

By our choice of (k,l), we have T,,c’pﬁkl = 0 and thus, by Proposition and since
multiplier transforms commute, I, K = I, L.

Next, note that by ,
—2npV (K, L) = —p (007, ") = —20pVau(L) = pe P, pp? ) > —2npVan (L),
and, consequently, by ,
~pVan(L) < ~pV-p(K, L) < —pVau(K) 52 Vau (L) 5,

that is, —pVa, (L) < —pVao,(K). As equality holds in (2.2) only when K, L are dilates, and,
by construction, this is not the case for K and L here, the inequality is strict, concluding
the proof. O

4.3.2 Affirmative Cases

Next, we will show that Problem [I| has a positive answer, whenever K € K(I¢,) is in the
image set Iz (So).

Proof of Proposition[{.1.3 for I¢,,. By Proposition[f.2.4/and Corollary £.2.3] we obtain for
every K, L € Sy(C™)

- 1 2 2
V(K T, ) = 5o (P 07 )
1 2n+p 2n+
- Tue, Foon o0} )
) (K T Pt
1 2 2 -
~ @n)2@ntp) (T, Foan gl 07 ) = 20V (L Top ). (411)

Next, let K € Iz (So), that is, K = Iz Ko for some Ko € So(C"), and assume that
Ic,K Clg,L for L € K(Igy). Since —pv_p(Ko, -) is monotone, (4.11)) together with the
inclusion implies

—pVan(K) = —=pV (K, 15, Ko) = —pV (Ko, Icp K)
< —pV_,(Ko,IcpL) = —pV_p(L, K)

Applying the dual L,-Minkowski inequality ([2.2]),

2n+p P

—pVon(K) < —pV_p (L, K) < —pVan(L) 2n Vo, (K) s,

that is, —pVa,(K) < —pVa, (L), as claimed.
The statement when Vo, (K) = Va, (L) follows directly from the equality cases of the
dual L,-Minkowski inequality. O
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4.3.3 Outside the image

In the next step, we show that, if there are bodies that are not in the image of I, then
Problem [I| has a negative answer. To this end, we will give a characterization of I ,(So)
in terms of the spherical Fourier transform, similar to the real setting. Indeed, we first
show that every body in the image embeds into L,, that is, by Prop. 5.4], is a real
L,-intersection body.

Proposition 4.3.2. Let C € K(C) be origin-symmetric with non-empty interior, and
—2 <p <1 be non-zero. If K € I¢,(So), then

In particular, 1c,(So) € {—= Ly} N{K € S(C") : p €imT, }.
Proof. Let Ky € K(I¢)) such that K = I¢,Ky. By Proposition and since multiplier

transforms commute, we get

(27) 2 2ntp _ (27)2n—2 2n+p

Fopid = Foicpuco = gy gy o O Foonor © TPy = 5 i

By Proposition [4.2.2 ﬁycyp is a positive measure and, hence,
3

1 _ (27T)2n—2 ot
o Fprl = Toe,prn >0,
g T G ar ()
which by Proposition is equivalent to K embedding into L. O

Note that, in general, the image of T, , can be quite complicated and is only described
by spherical harmonics. However, as it turns out, if the statement of Problem [I]is negative,
it already fails when restricted to S'-invariant bodies. In the following, we will therefore
concentrate on S'-invariant bodies, which we denote by a superscript (-)Sl, that is, e.g.,
Iep(So)S'

Let us point out that, if C' = D, then imT,;, = 0(82"_1)81, as can be seen, e.g., by
. Next, we show that on S'-invariant bodies, the image of I¢;, does not depend on C
and coincides (up to closure) with Sl-invariant bodies embedding into L.

Proposition 4.3.3. Let C € K(C) be origin-symmetric with non-empty interior, and
—2 < p <1 be non-zero. Then

1 1
Iop(80)° =1Ipp(So) and  cly (Ipp(So)) = {= Lp}°
where we denote by cl,, the closure with respect to weak convergence of p .

Proof. Let K € Ic’p(Sg)Sl, that is, Sl-invariant and K = I¢, Ko for some Ky € Sp(C).
By the S'-invariance, Ty, p = vep(S')pyd for all C, and, by Proposition

1

1y,— - 2n+

(80" = T = gaian 1) Lo © Fo2ne 0 Ty Py
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We can therefore define K, € So(C™) by

1
pig:rp _ mTV&p p?;rp
to see that K = ID,pI?O and thus K € Ip,(Sp). Let us point out here that we used that
V[D)’p(Sl)_IVC’p >0, by Proposition in order to get PRy > 0. Repeating the argument
with C' and D replaced yields the other inclusion of qu(So)Sl = Ipp(So).

Next, by Proposition and the comment below it, Ip,(Sy) C {— Lp}Sl. As the
condition in Proposition [2.2.5| is closed with respect to the weak topology, it therefore
remains to see that {— L,}> C cly, (Ip »(So))-

To this end, let K € {— LP}SI. By Propositions [2.2.5 and 4.2.2, p := vpp(SH) T F, 0
is a positive measure on S?"~!. We can therefore find a sequence of positive, S'-invariant
functions fr € C°°(S?"~1), k € N, which convergences to u in the weak topology. For
k € N, define K € So(C™) by pig:rp = f3. Then, by S'-invariance,

1 1
—»  _ p(S) omtp  w, VDp(ST) o2 —
pIDI,)PK’“ o (27{)2 F72nfpp[?;€ 8 (27T)2 F*Q”*PM - (271') " pr7
concluding the proof. O

Next, we will use the characterization in Proposition to prove Proposition For

the reader’s convenience, we repeat the statement using the notation of Proposition

Proposition 4.3.4. Let —2 < p < 1 be non-zero. If cl,(Icp(So)) N IC(IC,;,)Sl is a strict
subset of K(Icﬁp)sl, then there exist S'-invariant K, L € K(I¢,) such that

IC,pK g IC,pL but - pVQn(K) > _pVQ’Il(L)

Let us point out that IC(ICJD)Sl consists precisely of all S'-invariant convex bodies with
non-empty interior (in particular, does not depend on C).

For the proof of Proposition [4.3.4] we need the following perturbation statement, which
is a slight generalization of Lem. 4.10]. It follows from the fact that the condition in
Proposition [2.2.5 is stable under suitable approximations.

Lemma 4.3.5. Let K € KC(R™) be origin-symmetric with 0 € int K, and suppose that K
does not embed into L,. Then there exists a sequence of smooth origin-symmetric convex
bodies (Ky)ren with strictly positive curvature such that p;(i — pi and each Ky, does not
embed into L.

Proof of Proposition[.34 Let L € K(Ig,)® not in cly (Iep(So)) = {— L,}5. By
Lemma there exists a smooth L € IC(C™) with strictly positive curvature which does
not embed into L,. Moreover, we can assume that L is S!-invariant and, thus, L € K(I¢ ).

As py, is smooth on S*"7!, so0 is F,p,”. By Proposition —pFpp.? is negative on
some S'-invariant open set U C S?"71. Let 0 # ¢ € C*®(S*"~!) be non-negative and
Sl-invariant, such that ¢ is supported inside U, and set ¢ = F,p. Since F, intertwines
rotations, ¢ is also S'-invariant.
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Next, we define K € K(C™) by

2n+p _ 2n+p
P =pp  — ey,

for e > 0 sufficiently small, using Lemma Note that, by construction, K is again
St-invariant and therefore in K(I¢p). Since (27)*"¢ = F_o,_p1, we get that F_o,_,1) is
positive and, thus, by Theorem@ and using that —prc, > 0,

_p(277)2JC,p,0§?+p = _pTuc,pranp (,Oinﬂ) - 5p¢)
= _p(zﬁ)ZJC,ppiner - 5(_p)VC,p(Sl)F—2n—p¢ < _p(27r)2‘]0,ppin+p'

Consequently, Ic, K C Io,L. As ¢ is positive on an open subset of U and —pF,p;” is
negative on U, we obtain by (2.12)) and the self-adjointness of F),

—2npV_,(K,L) = —p <p§?+p,p;”> = —2npVan(L) + pe <(27r)_2”F—2n—p¢,FppZ”>
— 2npVan(L) — ¢ <g0, (—p)Fppgp> > —2npVan(L).

By the dual L,-Minkowski inequality ([2.2)),

2n+p P

—pVan(L) < —pV_p(K, L) < —pVa, (K) 2n V(L) 2n,

that is, —pVan (L) < —pVa,(K), concluding the proof. O

4.3.4 Counter examples in higher dimensions

By Proposition respectively Proposition m, it suffices to show that not every S'-
invariant convex body is contained in the closure of I, (50)Sl in order to obtain a negative
answer to Problem Using examples from of bodies that do not embed into some L,
Proposition then completes the proof of Proposition for I p.

Proof of Proposition forIc,. By Thm. 4], the unit ball of the complex space £},

1.e.

n
Bq: (21,...,zn)E(C":Z]zj]q§1 ,
j=1

where ¢ > 2 does not embed into L, for p € (—2n+4,0). In particular, B, does not embed
into L, for p € (—2,0) if n > 3. Moreover, by Thm. 6.17], B9 cannot embed into L, for
p € (0,2] if n > 3. By Thm. 6], finally, there exist 2-dimensional, S'-invariant convex
bodies that do not embed into L, for any p > 0.

Hence, by Proposition cly(Icp(So)) N IC(IC’p)Sl C IC(Ic,p)Sl. O
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4 Busemann—Petty type problems on complex vector spaces

4.3.5 Affirmative answer in low dimension

In the case n = 2, C = D and p € (—2,0), embedding results from yield a positive
answer. Note that we need to take similar steps as in the proof of Proposition [4.1.2 here, as
we did not extend the notion of complex Lj-intersection body (and thereby the statement of
Proposition [4.1.2) to measures (that is, taking the closure) as was done in the real setting.

Proof of Proposition[{.1.5 As K(Ip,) consists precisely of all Sl-invariant convex bodies
with non-empty interior, by Thm. 3], every K € K(Ip,) in C? embeds into L, for
(—4,0). In particular, by Proposition Fppl >0 for all K € K(Ip), as T' (=5) > 0
for p < 0.

Suppose now that K, L € K(Ip,) satisfy Ip,K C Ip,L. As K and L are S'-invariant,
by Proposition [4.2.4

VD,p(Sl) d4p _ —p - _ VD,p(Sl) 44p
@rR 1 p)T PP T Pk S Pl = gy gyt AL

that is, F_4_pp%{+p < F_4_pp4L+p, as vpp > 0 by Proposition m By (2.12) and the
self-adjointness of the spherical Fourier transform, we thus obtain
AVA(K) = AV (K, K) = (7, o) = (20) (P P )
< @m) (Foampp " Foppid’) = (o170 0i? ) = AV, (L, K).

The dual L,-Minkowski inequality (2.2)) therefore implies

2
4

Vy(K) < V_p(L, K) < V4(L) 7 V4(K) 5,

that is, V4(K) < V4(L), concluding the proof. O

We conclude the treatment of complex L,-intersection bodies by a remark on the complex
centroid body.

Remark 4.3.6. The complex centroid body map I'c was defined in for all K € IC(C™)
with non-empty interior by

1

hrox(u) = w/KhCu(x)dx, u € §*L

Clearly, by (34), (TcK)® = Von(K)c1 K = I (Voo (K)~ Y@V K), and, thus, K(I') =
K(Ic,1) and the images of I'z, and I¢; coincide (as I 1 is homogeneous).
Moreover, since

IcK CTel < T&LCTYK,

the conditions in Problem [I] are equivalent, with K and L replaced. Proposition
therefore implies

Van(Van(K) ™51 K) < Vo (Van (L) 551 L),
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4 Busemann—Petty type problems on complex vector spaces

that is, Vo, (K) < Va,(L), whenever L € I5,(So) N K(Ic,1).

In a similar way, by Proposition [4.1.3] for 710,1, we can find bodies K and L with T'¢ K C
T'eL but Vo, (L) < Va,(K), if there are bodies outside the image, as is the case for all
n > 2 by the same statement for I 1, solving Problem [I{ for I'c as well.

4.4 Busemann—Petty problem for complex projection bodies

In this section, we prove TheoremE for the complex projection body map Il¢. As for I,
we will follow the steps outlined at the beginning of this chapter.
4.4.1 Determination of KC(®)

Determined by the multipliers (3.20]) of the operator J¢ 1, the injectivity set IC(Il¢), defined
in (4.4)), is given by

]C(Hc) = {K € K((Cn) sint K £ ¢ and Cl_k[h%] =0= Wk,lSK = 0} .

In particular, we have IlIc K = Il¢L for K, L € K(Il¢) only if Sx = Sp, that is, K = L
up to translations. Moreover, K(Il¢) contains the set of Sl-invariant convex bodies with
non-empty interior.

We can now prove Proposition 4.1.1| using again a small perturbation.

Proof of Proposition for II,. Let L € IC(C™) be smooth with positive curvature, that
is, S7, has a smooth, positive density s, € C°°(S?*~1). As K(I¢) is a proper subset, there
exists (k,l) € N such that ¢;_i[hc] = 0. Using the Jacobi polynomial Py ; € ’H,%’?, we define

p=sL+ 5§k,la
where || is sufficiently small such that ¢ > 0 and the sign of ¢ is chosen such that
e <15k,l, hL> <0 (4.12)

By Minkowski’s existence theorem Thm. 8.2.2], there exists a convex body K € K(C")
such that Sk = .

By the choice of (k,1), Tgicﬁk’l =0 by , and we conclude by Proposition
—4rhn.x = Ts;oF 2,15k = Ts, . F 2,151 = —4rhn,1,
that is, Ilc K = II¢ L. Consequently, by ,
20V (K, L) = (S, he) = 20Van(L) + & ( Py hi ) < 20Van(L).
Minkowski’s first inequality then implies

2n—1 1

Von(L) > V(K, L) > Vo, (K) 20 Vg, (L)2n,

that is, Vo,(L) > Vau(K). As K and L are not homothetic, the equality cases of (2.1)
imply that the inequality is strict, concluding the proof. O
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4 Busemann—Petty type problems on complex vector spaces

4.4.2 Affirmative Cases

As in case of Iy, Problem for Il has an affirmative answer, when one of the bodies is in
the image of the adjoint operator II. The proof idea is exactly the same as before, namely
using an adjointness property for mixed volumes and applying Minkowski’s first inequality.

Proof of Proposition[{.1.2 for Ilc. First, we apply Proposition [£.2.4) and use that F_s,_;
is self-adjoint and, by Lemma Ts,. is the adjoint operator of Tg__, to obtain

1
20V (K, g L) = (Sk; hiigr) = =~ (S, Ts o F-an-151)

1
= (Ts,cF 2015k, SL) = (hnox, Sr) = 2nV(L, oK), (4.13)

for every K,L € K(Il¢). Let now K, L € K(Ilg) with K = IIzK for some Ko € K(Il¢)
and assume that IIg. K C IIg. L, equivalently, IlcL C IIcK. Then, by (4.13) and the
monotonicity of mixed volume,

Von(K) = V(K,II5Ko) = V(Ko,lIgK) > V(Ko,lIcL) = V(L,[I5Ko) = V(L, K).

Minkowski’s first inequality (2.1)) finally implies that

2n—1

Von(K) > V(L, K) > Van(L) 50 Vo (K) 2,

that is, Vo, (K) > Va, (L) as claimed. Equality Vo, (K) = Va,(L) holds here only if there
is equality in Minkowski’s first inequality, that is, K and L are homothetic. As they have
the same volume, they must be translates of each other. O

4.4.3 Outside the image

The next step is to show that the answer to Problem [I]is negative if there are bodies which
are not contained in the image of Ilo. Again, we will start with a description of II¢(K) in
terms of the spherical Fourier transform.

Proposition 4.4.1. Let C € K(C) be origin-symmetric with non-empty interior. If K €
o (K), then

1
. _Fihg >0,
r(=3)

In particular, K° € {— L1} N{L € K(C"): p;' €imTg,.}.

Proof. First note that I’ (—%) = —24/m. Combining Proposition |4.2.4| and (2.12)), using
that multiplier transforms commute, we obtain

1 (2m)2"
—Fihg = —FTg, . F_9, 15k = Ts. .Sk >0
1NK Ar 1180 2n—1P K An SicPK Z Y,
yielding the first claim. The second claim follows directly from Proposition [2.2.5 O
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4 Busemann—Petty type problems on complex vector spaces

As before, it is sufficient to consider only S'-invariant bodies. In the following, we will
denote by IIZ,(K) = {K°: K € II¢(K)}.

Proposition 4.4.2. Let C € K(C) be origin-symmetric with non-empty interior. Then
oK) =Tp(K) and L, (3(K)) = {— Li}*,
where we denote by cly, the closure with respect to weak convergence of p;(l.

Proof. Let K € HC(IC)SI, that is, S'-invariant and such that K = IIo K for some K, €
K(Il¢). By the S'-invariance, Tg,.hx = Sic(S')hg for all C and, by Proposition

Sip(SYh = Tsphi = —%TSWF—%AT&CSKO-
Setting pn = Sip(S*) "' Ts,,Sk,, we note that u is a centered (even), non-negative measure,
which is not concentrated in a subsphere. Hence, by Minkowski’s existence theorem
Thm. 8.2.2], there exists an origin-symmetric body Ly € K(C™) with non-empty interior
such that Sp, = p

Consequently, K = IIpLg, that is, K € IIp(K). Repeating the argument with C' and D
replaced yields the other inclusion.

Next, by Proposition all bodies in II}(K) embed into L; and are Sl-invariant.
As {< L;1}%" is closed under weak convergence, it remains to show that {< L;}5' C
cly, (I (KC)).

To this end, let K € {— L;}5'. By Proposition m = —Sp(SH 'Fip.t is a
non-negative measure. We can therefore find a sequence of positive, S'-invariant functions
fr € C°(S?*"71), k € N, which converges to u in the weak topology. As every f is, in
particular, even and positive, Minkowski’s existence theorem implies that there are convex
bodies K}, € K(C") with non-empty interior, such that Sk, = fi, & € N. Then, by
S'-invariance,

_ Sip(St Sip (St o)
Pz, = —1457 )F—zn—lsz e 4; )F—zn—lu _ g 471 P
concluding the proof. O

Next, we will use the characterization in Proposition [£.4.2]to prove Proposition [£.1.3] For
the reader’s convenience, we repeat the statement using the notation of Proposition

Proposition 4.4.3. If cl,,(IIg(K)) N Ke)S' is a strict subset of K(II)S', then there
exist St-invariant K, L € K(Ilg) such that

[IcK CIIcL but Von(K) > Va,(L).
Let us point out that IC(HC)Sl consists precisely of all Sl-invariant convex bodies with

non-empty interior (in particular, does not depend on C and is invariant under taking
polars).
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4 Busemann—Petty type problems on complex vector spaces

Proof. Let L° € IC(HC)Sl not in cly, (IT3(K)) = {— Ll}Sl. By Lemma there exists
a smooth L° € K(C™) with strictly positive curvature which does not embed into L.
Moreover, we can assume that L° is S'-invariant and, thus, L € K(Il¢).

As hy is smooth on S~ so is F1hr. By Proposition for L°, —F1hy is negative
on some S'-invariant open set U C S?"~1. Let 0 # ¢ € C*(S?*"~!) be non-negative and
Sl-invariant, such that ¢ is supported inside U, and set 1 = Fip. Since F; intertwines
rotations, v is S'-invariant.

Next, let sy, denote the smooth density of S;, and define

f=sL—¢y

for € > 0 sufficiently small such that f is still positive. Then f is, in particular, even
and positive and by Minkowski’s existence theorem there exists K &€ IC(HC)S1 such that
Sk = fdu. Since F_o, 19 = (27)?"¢ > 0, and by Proposition m

—4Arhnox = Ts,o Foon_1Sk = —4nhn,r — €Ts, . F_2n1¢
= —47ThHCL — €Sic(Sl)<2ﬂ')2n90 < —47ThHCL,
that is, lIc K D IloL. As ¢ is positive on an open subset of U and —F1h}, is negative on
U, we obtain by (2.12) and the self-adjointness of F;

2nV(K, L) = (Sk, hr) = 2nVa, (L) — e {(2m) " *"F _,_19), F1hy)
=2nVa, (L) + e (¢, —F1hr) < 2nVa,(L).

By Minkowski’s first inequality (2.1]),

2n—1 1

V2n(L) > V(Kv L) > V2n(K) n V2n(L)%,

that is, Vo, (L) > Va,(K), concluding the proof. O

4.4.4 Counter examples in higher dimensions

As in the case of I¢,p, by Proposition [f.1.3|respectively Proposition [f.4.3] it suffices to show
that not every S'-invariant convex body is contained in the closure of II%(K) in order to
solve Problem |1, Again, we will use examples from of bodies not embedding into
L.

Proof of Proposition for Tl In the proof of Proposition [£.1.4] for I¢, it was deduced
from that the unit ball of the complex space 3, ¢ > 2, does not embed into L; for
n > 2. Hence the claim follows by Proposition O
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