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1. Introduction

In this paper we are concerned with the numerical solution of the stationary 1D Schrédinger equation

£2¢"(x) +aX)p(x) =0, xel :=[&nl,
@) =wp, (€}
£ (§) = Py

which yields highly oscillatory solutions. Here, 0 < ¢ < 1 is a very small parameter and a is a real-valued function satisfying
a(x) > ay > 0 and, for a quantum mechanical problem, it is related to the potential. The constants ¢, ¢, € C may depend on ¢ but
are assumed to be e-uniformly bounded. It is known that the (local) wavelength A of the solution ¢ to (1) is proportional to . More
precisely, it can be expressed as A(x) = 2ze)/ \/@. Consequently, for a small parameter ¢ the solution becomes highly oscillatory,
particularly in the semi-classical limit £ — 0.

Highly oscillatory problems such as (1) occur across a broad range of applications, e.g., plasma physics [1,2], inflationary
cosmology [3,4] and electron transport in semiconductor devices such as resonant tunneling diodes [5-7]. More specifically, the
state of an electron of mass m that is injected with the prescribed energy E from the right boundary into an electronic device
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(e.g., diode), modeled on the interval [&, 7], can be described by the following boundary value problem (BVP) (e.g., see [8] or [7,
Chap. 2]):

2yl (X) +V(@wep(x) = Eyp(x), x€(En),
W@ +ik@ygp©) =0, 2
wip(n) = ik(mwp(n) = =2i k() .

Here, ¢ := h/\/ﬁ is proportional to the (reduced) Planck constant %, k(x) := £~'4/E — V(x) is the wavevector and the real-valued
function V' denotes the electrostatic potential. In the context of (2), our assumption a(x) > a, > 0 simply reads E > V(x), which
means that we are in the oscillatory regime. One is then often interested in macroscopic quantities such as the charge density » and
the current density j, which are given by

n(X)=/O ly (01> f(E)dE, j(X)=6/O Im(y g () () f(E)dE . (3)

Here, f is the distribution function which represents the injection statistics of the electron and Im(-) denotes the imaginary part.
Thus, in order to compute the quantities (3), one has to use a very fine grid in £ which means that the BVP (2) has to be solved
many times. Consequently, there exists a substantial demand for efficient numerical methods that are suitable for solving problems
like (2). Further, we note that the BVP (2) is strongly connected to IVP (1). Indeed, for suitable initial values, namely, ¢, = 1 and
@ =-1i \/Té), the solution ¢ of IVP (1) and the solution y of BVP (2) are related by
2ik(n)
VEC) == Gt — ikt 7 @

Thus, any numerical method for solving IVP (1) is also suitable for the numerical treatment of BVP (2).

1.1. Background and approach

Since the solution ¢ to (1) exhibits rapid oscillations when ¢ is small, standard numerical methods for ODEs become inefficient as
they are typically constrained by grid limitations 4 = O(¢) (h denoting the step size), in order to resolve the oscillations accurately.
By contrast, the phase function method of [9] is based on the observation that solutions to (1) can be represented accurately by means
of a nonoscillatory phase function. Our approach presented below is closer to the uniformly accurate (w.r.t. £€) marching methods
of [10,11] which yield global errors of order 9(h?) and allow for reducing the grid limitation to at least h = O( \/E). The WKB-based
(named after the physicists Wentzel, Kramers, Brillouin; cf. [12]) one-step method from [8] is even asymptotically correct, i.e. the
numerical error goes to zero with ¢ — 0, provided that the integrals /* y/a(z)dr and [* a(r)""/*(a(z)~'/*)" dz for the phase of the
solution can be computed exactly. More precisely, the method then yields an error which is of order O(¢3) as ¢ — 0 and O(h?)
as h — 0. If these integrals cannot be evaluated exactly, the asymptotically correct error behavior can be (almost) recovered by
employing spectral methods for the integrals, as shown in [13]. Further, in [14] the authors propose a numerical algorithm that
switches adaptively between a defect correction iteration (which builds on an asymptotic expansion) for oscillatory regions of the
solution, and a conventional Chebyshev collocation solver for smoother regions. Although the method is demonstrated to be highly
accurate and efficient, a full error analysis was left for future work.

Our approach here is to implement directly a WKB approximation for the solution of (1), which is asymptotically correct and of
arbitrary order w.r.t. €. The essence of the method is rather an analytic approximation via an asymptotic WKB series with optimal
truncation. As such, the main goal is to understand the asymptotic e-dependence of this truncation strategy and of the resulting error.
Thus our strategy is not a classical numerical method with some chosen grid size /4 and convergence as 4 — 0. Instead, the resulting
approximation error will be of order O(¢") as ¢ — 0, where N refers to the used truncation order in the underlying asymptotic
WKB series, see (5)-(6) below. As N can be chosen freely, this approach may prove very practical for applications, especially when
the model parameter ¢ is very small. Since the computation of the terms of the asymptotic series involves several integrals, we will
employ highly accurate spectral methods, as already proven useful in [13].

The key question when implementing this WKB approximation is which choice of N is adequate or even optimal, in the sense
of minimizing the resulting approximation error. Indeed, since the asymptotic WKB series is typically divergent, the error cannot
simply be reduced further by increasing the value of N. This question about the best attainable accuracy of the WKB approximation
was already addressed in [4], where the author compared the WKB series with the exact solution represented by a convergent
Bremmer series [15,16], or more precisely, by an asymptotic expansion of that Bremmer series. The author finds that in cases
where the coefficient function « is analytic, the optimal truncation order is proportional to £~!, yielding a corresponding optimal
accuracy which is exponentially small w.r.t. e. However, to derive these results, the author makes several additional asymptotic
approximations. In the present paper, on the other hand, we shall follow a more rigorous strategy by providing error estimates
for the WKB approximation which are explicit w.r.t. ¢ and N. We note, however, that the key assumption from [4], i.e., a being
analytic, will also be crucial for the strategy of the present work.

In practical finite precision computations, optimal truncation is not generally needed since it is not useful to add additional terms
after reaching machine precision. In this paper we present concrete a-priori estimates for this truncation.
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1.2. Main results

Our first main result is Theorem 3.7, which provides an explicit (w.r.t. e and N) error estimate for the WKB approximation,
and implies that the approximation error is of order (" ). The explicitness of this estimate then allows for an investigation of the
error w.r.t. the truncation order N. Indeed, the optimal truncation order N,, can be predicted by minimizing the established upper
error bound w.r.t. N or by determining the smallest term of the asymptotic series, and is found to be proportional to £~!. This leads
to our second main result, namely, Corollary 4.1. It states that, for an adequate choice of N = N(g) ~ £~!, the error of the WKB
approximation is of order O(exp(—r/e)), r > 0 being some constant. As a consequence, also the error of the optimally truncated
WKB approximation is of order O(exp(—r/¢)), see also Remark 4.2.

This paper is organized as follows: In Section 2 we introduce the Nth order (w.r.t. €) WKB approximation as an approximate
solution of IVP (1). Section 3 then contains a detailed error analysis for the WKB approximation and includes explicit (w.r.t. € and
the truncation order N) error estimates. In Section 4 we specify the computation of the WKB approximation. This includes the
description of the chosen methods for the computation of the terms of the underlying asymptotic series as well as a reasonable
truncation strategy. In Section 5 we illustrate the theoretical results established in this paper by several numerical examples. We
conclude in Section 6.

2. WKB approximation

In this section we introduce the WKB approximation as an approximate solution of IVP (1). The basis for its construction is the
well-known WKB-ansatz (cf. [12,17]), which for the ODE (1) reads’

1
o) ~exp (25) . €= 0, ®)
&
where .S is a complex-valued function containing information of the phase as well as the amplitude of the solution ¢. To derive

WKB approximations it is then convenient to express .S as an asymptotic expansion? w.r.t. the small parameter «:
o
S() ~ Y E"S,(x), £—0; S,(x)eC. (6)
n=0
It should be noted that this asymptotic series is typically divergent (as usual for asymptotic series) and must therefore be truncated
in order to obtain an approximate solution.
By substituting the ansatz (5)—(6) into (1), one obtains (formally)

(o] 2 o0
(Z e”S,’l(x)> + Z ™18 (x) + a(x) = 0. @

n=0 n=0

A comparison of e-powers then yields the following well-known recurrence relation for the functions .S/:

Sy ==iva, ®
s ’ 1
S=-—2=_2 = __(In(a), 9
=iy T 7(n(@) ©)
1 n—1
s;l=_ﬁ<zfsj’.s;_j+sg/_]>, n>2. (10)
0 \Jj=

The computation of each S,, n > 0, thus involves one integration constant. Further, the repeated differentiation in (10) indicates
that a WKB approximation relying on N + 1 terms in the truncated series (6) requires a € C™ (I). Moreover, the fact that the r.h.s. of
(8) has two different signs implies that there are two sequences of functions, which solve (8)-(10). This corresponds to the fact that
there are two fundamental solutions of the ODE in (1). Let us denote by (S, ),en, the sequence induced by the choice Sj = i \/Z.
The one following from S =i \/Z will be denoted by (S;),en,- Then, a simple observation is the following proposition.

Proposition 2.1.
(85,)' () = =(57)(x) €iR, an

(85,0 = (S5, )V (x) €R, 12)

2n+1

forall xe I and n > 0.

1 We say that two functions f,g : I x (0,€,) — C are asymptotically equivalent as ¢ — 0, if and only if for any x € I it holds f(x,¢) — g(x,€) = o(g(x,€)) as
e — 0. In this case we write f(x,€) ~ g(x,¢€), € = 0.

2 We say that a function f : I x (0,&,) — C has an asymptotic expansion as € — 0, if and only if there exist sequences of functions ( fo:I—C) <y and
nely

(@, (0.&9) = Cpe, satisfying for all n € N, and x € I that ¢, ,(¢)f,.,(x) = o(,(€)f,(x)) as € — 0, such that for all N > 0 it holds f(x,e)— Z"N:O ¢, () f,(x) =
o(py(e)fy(x)) as € — 0. In this case we write f(x,£) ~ ¥, ¢,(€)f,(x), € > 0. We call an asymptotic expansion uniform w.r.t. x € I, if all the order symbols hold
uniformly in x € 1.
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Proof. The statement can easily be verified by induction on n € N,. [J

Since both sequences (S7),ey, lead to an approximate solution of the ODE in (1), the general approximate solution can be written
as the linear combination

N N
o~ o KP i=ay exp (Z e"“S;) + PN exp <Z s"-‘S:> . (13)
n=0 n=0

with arbitrary ay ., fy . € C. Note that all integration constants in the computation of S and S can be “absorbed” into e, and
Bn ¢ respectively. Hence, these integration constants can be set to zero without loss of generality. More precisely, we define

x
SE(x) i= /5 (8%) (0 de. (14

With this, Proposition 2.1 implies
S5, (x) = -SF (x) €iR, (15)
Sy (=8 (M)eR, (16)
for all x € I and n > 0. Hence, functions with even indices only contribute to the phase of the WKB approximation (p}/\l]/KB , whereas

functions with odd indices only provide corrections to the amplitude.
Note that in general the constants ay, and fy . can be uniquely determined by initial or boundary conditions. Here, for the
WKB approximation (13) to satisfy the initial conditions in (1), we set

90 (Zo£"(SP'©@) - o1
oo ((SH@© = (5;7©)
o1 =00 (ZNoe"(S;)@)
T e ((SHY© = (S5;7®)
In the following we will often simply write .S, whenever one could insert either S or S*.

According to [17, Sec. 10.2], for the WKB-ansatz (5)-(6) to be valid on the whole interval I, it is necessary that the series
220:0 e""15,(x) is a uniform asymptotic expansion of e~!.S(x) as e — 0. This implies that for any » € N, the relation

a7

aNA,e =

ﬁNAVe = (18)

"8, (0) = 0(5n71Sn(x)) , €—0, (19)
must hold uniformly in x € I. Note that this condition is violated if the interval I includes so-called turning points, i.e., points x, € I
with a(x() = 0. Indeed, this is already evident from (9), which implies that S| blows up at such turning points.

3. Error analysis

In this section we aim to find an explicit (w.r.t. € and the truncation order N) error estimate for the WKB approximation (13).
One key ingredient will be the following a priori estimate for the solution ¢ of the inhomogeneous analog of the Schrédinger
equation-IVP (1).

Proposition 3.1. Let a € WH®(I) with a(x) > ay > 0 and f € C(I). Further, let ¢ € C*(I) be the solution of the inhomogeneous IVP

29" +ax)p=f(x), x€I,
@& =g,
@' (&) = ¢,
with constants @y, », € C. Then there exists C > 0 independent of ¢, f, ¢y, ¢, such that
C N X
llell Loy < ?”f“Lz(l) +C (1211 + 1@0l) (20)
C N X
lle@ Il Loory < ?”f“LZ([) +C (1911 + 190l) - (21
Proof. Estimates (20)-(21) can be derived by finding an upper bound for the real-valued function E(x) := £2|¢’ |2 +alp|?. At first,
it holds that
d 2 d 7,2 d 2 ’ 2
ZE(x)=¢e2—= =
ox (x)=¢ dxlfp | +adxl<p| +adlel|
=2Re((e%" + ap)¢’) + d'|o|*
=2Re(f¢)) +d ol
<2710+ 11d ooyl - 22)
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Using Young’s inequality, we obtain
21161 < 1P+l 23)
Moreover, a(x) > ay > 0 implies that

'l ooy
—dlo|*.

||a,||L°°([)|(P|2 < (24)

0

!
Thus, from (22)-(24) we obtain with ¢ := max(l, Ha”aﬂ) >1
0

diE(x) < L2 |f (I + cE(x). (25)
X 2

Applying Gronwall’s inequality (i.e., multiply (25) by exp(—cx) and integrate), we therefore get

E(x) < L/ |F($)]? ™9 ds + E(£) et
62 £

L2(I)

< <i2||f||2 +E(é)> eete=?
&

co—ey [ 1 . R
<ectmd <£—2||f||§2(,> + 111 +a(:)|rp0|2) ; (26)

which implies the estimates (20)-(21). [

In order to derive an error estimate for the WKB approximation (13) that is explicit not only w.r.t. £ but also w.r.t. the truncation
order N, it is essential to control the growth of the functions S, w.r.t. n € N,,. As a first step, we aim to establish upper bounds for
the derivatives S; , which are given by recurrence relation (8)-(10). To this end, we employ a strategy similar to [18, Lemma 2],
which relies heavily on Cauchy’s integral formula. To enable us to apply this tool, we shall assume that S(’) is not only defined on
the real interval I, but also on a complex neighborhood G ¢ C of I and holomorphic there. This leads us to introduce the following

assumption.

Hypothesis A. Let S; be holomorphic (complex analytic) on a complex, bounded, simply connected neighborhood G c C of I,
satisfying S(z) # 0 for any z € G.

As a consequence of Hypothesis A, the function « and all S, n € N, are holomorphic on G. In particular, each S, is bounded on
1. For the next lemma, we introduce, for § > 0, the open sets

G5 = {z € G | dist(z,0G) > 6}. 27)

Lemma 3.2. Let Hypothesis A be satisfied and let 0 < 5 < 1 be such that G # §. Then there exists a constant K > 0 depending only on
G and S such that

5]l oGy < I1SG 1l Loy K 087", n €Ny . (28)

Here, we define 0° as 1.

Proof. Define the auxiliary functions 3‘\,’1 = —(ZS(/))’IS,’, . By using (8)—(10) we then find that the functions §,’, satisfy the following
recurrence relation

o 1

8= ~5> (29
n—1 )

s;=( S;S,:_j>+<zsa> 2580wz 30
j=1

Note that since S(’) is holomorphic on G, it follows from recurrence relation (8)-(10) that S,’, , and hence also §,’, , is holomorphic
on G, for every n € N;. We will now prove by induction on » that

o 1 _
187Gy < S K""67" . neNy. (31)

Obviously, this estimate does hold for n = 0, according to (29). Assume that the estimate in (31) holds for 0 < j < n— 1 with
some fixed n > 1. We will now prove it for n. Let 0 < x < 1 and z € G;. We denote with 0B, ;(z) a circle of radius xé around z, see
the left panel of Fig. 1. Then Cauchy’s integral formula implies

N -28'()8"
2587 Y ()] = = / 25008, © | 27k
0B, 5(z)

d¢| <
2 fl=

¢ -2? 2z

20181 ooy 15y 1 o0, 2 (K 8) 2 - (32)
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G

Gk

dist(1,0G) =: K

(a) (b)

Fig. 1. (a) Exemplary sketch of the situation from the proof of Lemma 3.2: G; C G(;_,s C G, where G is a complex neighborhood of the interval I. Here, the
point z € G; is very close to the boundary dG;, which makes it clear why one has to consider G,_,,; in the r.h.s. of (33). (b) Every possible candidate G for
the minimum on the Lh.s. of (41) can be reduced to a set G* := {z € C | dist(z, I) < x}, where «x := dist(1,dG) > 0.

This, together with the fact that dB,5(z) C G(;_,); yields

=288, _ Y L) < 2NS) 1 Loy k) 1S)_ o610 - (33)
By applying estimate (33) and the induction hypothesis to (30), we find

n—1

N N N 1 > A
ISy 1l Loy < Z ||S,'-||L°°(Gé)||5,',,j||L°°(05) + Z||(S(’)) | LG5 21 Lo 6y (k)T IIS 2261 0)
il

n—1
Um0 e o Ly ana ) e (=1
szk"a"zlmn—n"f + IS ey IS5 oK™ S (34)
=

Since j/(n— j)"/ < (n—1)""! for all 1 <j <n— 1, we can bound the sum in the first term of (34) by (n — 1)". Thus, we obtain

SRV (69 el PSP (R YA [P — 1!
1(n 1) 0 oGy lISoll=) (n 1) ' (35)
n

N 1 -
S'ieoigy) < K"n"67" | <
15,16y < 5 [2 2Kk(1 — x)"=!n n

n
It now suffices to show that the expression in the square brackets is less than or equal to 1. By further estimating (%) < %, and

choosing « = i, we get

-2 !
N 1 1 NS ey 1Sol Loy
S oGy < =K"'n"6™" | — + 36
1S, oo, < KK [Ze oK (36)
Thus it is sufficient to choose
e =
K = Te—1 ||(S6) 2||Lw(G)||S(,)||Lm(G)- (37)

The estimate ||(S(’))‘2|| LGy < ||(S(’))‘2|| (G concludes the proof. []
A simple but important implication of Lemma 3.2 is the fact that we are now able to provide estimates not only for all the
derivatives of S, but also for S, itself:

Corollary 3.3. Let Hypothesis A be satisfied. Then there exist constants K, K, > 0 depending only on G and S(’) such that
18l ooy < (n = f)”S(I)HLm(G)K;nn , n€Ny, (38)
188 Loy < NGl ooy = DIKFT'KIn", neN,, keN. (39)
Here we define 0° as 1.

Proof. Since G is a complex neighborhood of I, there is some 0 < 6 < 1 such that I C G,;. To prove estimate (39), we start with
the trivial estimate ||S,(,k>|| Loy < ||S,(,k)|| Lo (Gag)* Then, for any k € N and z € G,;, Cauchy’s integral formula implies

S!(2)
foo T ®
aBs(2) (& — 2)F

By applying Lemma 3.2 on the r.h.s. of (40) we conclude that (39) holds with K; :=1/6 and K, := K/§. Estimate (38) then follows
from (39) for k = 1 and by the definition of S, see (14). []

k—1)!
2z

150z = ¢ < (k= D!EHIS! sy - 40)
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Remark 3.4. Of course, it is of great interest to find a constant K, from Corollary 3.3 that is as small as possible. To this end one
would have to minimize the constant K /5 in estimate (28). In particular, one has to fix some complex neighborhood G of I as well
as a constant 0 < § < 1 such that it holds I C G;. Further, the proof of Lemma 3.2 indicates that K can be reduced by choosing
G small, see (37). However, this means that one is forced to reduce also the value of 6. Hence, this procedure usually results in a
trade-off between the magnitudes of K and 5. More precisely, one is led to solve the following minimization problem:

II(S(’))’ZIILOO(G)IIS{)IILm(G) ES) e o) 1S IILoo(st)
min

1n

0<5<1 ) T 0<é<1 1)
GcC

IcGy

(41)

where G° := {z € C | dist(z, I) < 8}. Equality in (41) holds for the following reasons: First, on the Lh.s. of (41) one only needs to
consider sets G C C of the form G = G* := {z € C | dist(z, ) < «}, with ¥ > 0. For any 0 < § < 1 such that I C Gj, this follows
since the numerator on the Lh.s. of (41) is not increased when replacing G by G4:90) see the right panel of Fig. 1. The condition
I c Gy then simply reads « > 6. Second, since for a fixed 0 < 6 < 1 and § < k| < K, it holds that G*1 c G*2, it is sufficient to
consider simply the sets G%*¢, with e > 0 being an arbitrarily small number. The equality in (41) then follows from the fact that
m€>0 G5+e = G9.

We will later make use of the residual of the WKB approximation (13) w.r.t. the ODE in (1). For this, the following lemma will
be helpful.

Lemma 3.5. Denote with L, :=¢ d—2 + a(x) the linear operator appearing in the Schrédinger Eq. (1) and let ¢ := exp (Zn o€ Ls, ),
N € N,. Then it holds
Lon=0OnSNe> (42)
where
Ire=eVtiEaspsy,n+ Y Y emhsls) s (43)
n=2k=2+N-n

for N < 2 the double sum is dropped.

Proof. First we observe that

N 2 N N N N
-~ 2"’/ 1 ! 1 1" ~ _ =~ k o o 1 on
Loy =€} +ax)py = Gy <g Zg”Sn> += ze”Sn +a(x)Ppy = PN <Z ZEH S!S/ + ZEH s +a(x)> L 44)

n=0 n=0 n=0 k=0 n=0

Let us denote the second factor in (44) by fy .. We will now show that f . reduces to (43). To this end, let us first rewrite f , as

N-1 N N
Ine=(SP+a)+ <Z Z £"+kS;S,'€+Ze"+1SV’I’> <Z NELSh ns;+gN+1S">+Z Z emks/s! . (45)

n=0 k=max(0,1—n) n=0 n=2k=N+2-n

Now, the first term in (45) vanishes due to (8). The second term also vanishes since

N N-n N-1 n+1 N-1 N-1
YY) ethsis =y e Z SISl = e (25’5’+l + Z SISt ]> ==Y sy, (46)
ji n=0

n=0 k=max(0,1-n) n=0 Jj=0 n=0 j=1

where we used in the last equation recurrence relation (10) for the function S; . Finally, by using (10) for the function 5", the

N+1°
third term in (45) simplifies to eV +!(— 2S S’ ). The claim follows. [J

N+1

Recalling that S;(x) € iR we note that @y (x) is, for fixed x € I, uniformly bounded w.r.t. € € (0, 1]. Thus the r.h.s. of (42) is of
the order O(eN+1), and we conclude from Lemma 3.5 that the function @, satisfies the ODE L ¢ = 0 asymptotically, as € — 0. This
is one of the main properties we can utilize to show that also the numerical error of the WKB approximation (13) will approach 0
as € — 0, at least for N > 1. To this end we need the following lemma.

Lemma 3.6. Let Hypothesis A be satisfied and define @3, := exp (Z,’,V: pE"TISE ), N € N,. Then there exist constants ¢, € (0, 1) and
C > 0 such that it holds for € € (0, €,]:

n=0 n=0

N 13
||aN,E<p;V||Lm(,)SC(|¢O|||Sg||Lw<c)Ze"K;n"+|(p1|> exp| (1= OIS o) 2, €K @n+ > (47)

with ay . from (17). For N =0 the last sum is dropped. The same estimate holds for ||fy (@& |l Lo(ry- In particular, since the initial values
@, and ¢, are assumed to be uniformly bounded w.r.t. €, so is @y XB in L=(I).
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| N,g| =
2
Due to a(x) > a, > 0, we have |(S)(&)| > \/_0 > 0. Thus, there exists ¢, € (0, 1) sufficiently small such that
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Proof. We will prove only the estimate for ay .@;. For fy @}, it is fully analogous. First notice that Proposition 2.1 implies that

|00 Ty "5/ - 0

532 nst v

151

(53, @)| = v/aq - 22"

(53] 2 56

By

15]
Y 83 @) 2 Sy @] - Y e
n=1

n=0
for all € € (0, ¢,] and some C > 0 (since (S;n )’ is bounded on I). Hence, we obtain

N
P Y E"(SH () -

n=0

IaN,el <C

S2n+|

Next, (15)-(16) imply |¢ (x)| < exp <ZL ol g2n

N 12
S @] + 1oy |> exp| Y &S5,
n=0

ool ) &”

|aN,e(p7N(x)| <C (
n=0

for all x € I. Applying Corollary 3.3 then yields the claim. []

Finally, we provide an error estimate for the WKB approximation (13)
Let Hypothesis A be satisfied and let ¢ € C?(I) be the solution of IVP (1). There exist constants ¢, € (0,1) and C > 0

Theorem 3.7.
independent of N and € such that it holds for € € (0, ¢y]
N
ool 1S} ll o) D, " Kn" + 1oy |>
n=0

WKB !
e — 0% Bl eory < CIIS} ||LM(G)(
N-1
Ry

xexp|(n=OlSll oy D, €K™ @n+ 1>

n=0
N N
En+k—1 K£r+k nnkk .

WKB

< NKN+1(N+1)N+1+Z Z
n=2k=2+N-n
For N =0 the sum in the exponential function is dropped, and for N < 2 the double sum is dropped.

Proof. To compute the residual of the WKB approximation (13), we notice that @n

+ oot
_ﬁN.g(prN,g s
WKB

exp <ZN n-= 'S*) By applying Lemma 3.5, we obtain
—ON e (pI_V f;/’g

Lp— W58y =—ay Loy -
where the functions f% N are given by (43) when inserting S¥ for S,,. Further, since ¢y

0 and e(p—ol XY (&) =

have (p— % ¥B)(&) =
the existence of some C > 0 independent of N and e such that
||0’N eOPnInet ﬂN,g(PJer;r;’E Il2ry

[l - ¢I,$/KB||L°°(1) <= .
5
; (”aNg(pN”L‘X’(I)”fNelle(]) +1Bn e(/’N”LW(I)”ng”LN(I))

where C := /5 — &C. Further, according to Corollary 3.3
N N
RIS ooy I1Si N ooy
n=2 k=2+N-n

N+l
I Moy < 26M NS Loy 1Sy o lsocry + z, z
N N
n+kK2n+knnkk> .

< ”S ”Loo(G)<2£N+1KN+1(N + 1)N+1 + Z z
n=2 k=2+N-n

(x)|) for all x € I. Together with (50) this yields

(48)

(49)

(50)

(51)

aN Py + Pn.e9y, Where o}

satisfies the initial conditions in (1), we

ﬂN,ELg(p-;V =
0. Thus, Proposition 3.1 for ¢y, ¢; =0 1rnp11es (note that fy. €CU) and a € We(1))

Estimate (52) now follows from (54)-(55) by applying Lemma 3.6. This concludes the proof. []

(54

(55)
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Remark 3.8. As a consequence of Theorem 3.7, we have that

o = oN *Pllow) = OE™), €0, (56)
3.1. Refined error estimate incorporating quadrature errors

Theorem 3.7 yields an explicit (w.r.t. £ and N) error estimate for the WKB approximation (13). However, in practice one cannot
expect to be able to compute (13) exactly. Indeed, even though for a given function a one can compute the derivatives (S*)" exactly
through (8)-(10), one still has to deal with the integrals /ﬁx(Sni)’ dz in (14) in order to compute the functions S¥. For a detailed
description of the method we use to approximate these integrals, we refer to Section 4.1.

For now, let us assume we are given numerical approximations 53, n € Ny, of the functions S that satisfy IS L —SE| Loy S ey
with positive constants e,. We then define the corresponding “‘perturbed” WKB approximation as

N N
5%103 =y exp <Z e”_1§;> + By exp (Z 8”_1§:> . (57)

n=0 n=0
Notice that we use here the exact constants ay . and Sy, as given by formulas (17)-(18) (since the values (S%)'(¢) are exactly
known from (8)-(10)).

We are now interested in an error estimate for the perturbed WKB approximation (57). Such an estimate is provided by the
following theorem:

Theorem 3.9. Let Hypothesis A be satisfied and let ¢ € C*(I) be the solution of IVP (1). Further assume 5;—", (x) €iR, n € N, for any
x € I. Then, there exist constants ¢, € (0,1) and C > 0 independent of N and ¢ such that it holds for € € (0,¢y]:

B
e =B *Pll ooy < exp| (1 = OISl @y D, €K™ @n+ 1P
n=0
N
|:CI|S,||L00(G) <|<P0| ”S(,)“LN(G) ZE"KS"" + |<P1|>
n=0
N N
x <£NK2N+1(N + 1)N+l + Z Z 8”+k—1K;+kn”kk>
n=2 k=2+N-n

N 15
+ (laN,el + |ﬂN,e |) <Z£n_len> exp Z 52n€2n+1 :| . (58)

n=0 n=0
For N =0 the sums in the exponential functions drop, and for N < 2 the double sum is dropped.
Proof. We have that

WKB

lo— &% 5Bl oy < Nl — 0% KBl ooy + @iy KB =GN 5B | Loy - (59

Now, the first term in (59) can be estimated using Theorem 3.7 and enforces the restriction € € (0,¢,]. For the second term we

estimate
N N
exp <Z gl Sn‘> —exp <Z gl Sn_>
n=0 n=0 Lo(I)

N N
exp <Z s"lS:> —exp (Z e”l§;>
n=0 n=0

Let us introduce the abbreviation AS* := Nni - S* and estimate

N
exp<25"‘1Sni> —exp< " 1S+>
n=0
Ly N
— (S +145F)
/0 o exp(Z + )
n=0
1 N
/ exp (Z el (5% +IASni))
0

n=0

WKB _ ~WKB
loxy "7 = @5 " “llrom) < lay |

+ BNl (60)

Le(I)

L (D)

Le(I)

N
dr <Z e ”AS,,t“LW(I))
L(I) n=0

I\
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N
2 + + -1
" (||S;n+1 llLoor) + 1145, ||L°°(I)) dr < Z e" “AS,T“LW(I))

n=0 n=0
1% N
<exp Z £ (IlSZ*,,H I poocry + ||ASZi,,+1 IILm(,)) (2 el IIAS;—rlle(,)>
n=0 n=0
15 = N
<exp| (1= OISyl o) 2 52”K22"+1(2n + 12 [exp Z ey Z e le, |, (61)
n=0 n=_ n=0

where we used in the third step that S;ﬁn x)+ tASzin (x) €iR for every 7 € [0, 1] and x € I, which is a direct consequence of (15) and
the assumption §21n (x) € iR. Moreover, in the last step we used Corollary 3.3. The claim now follows by combining (59)-(61). [

Let us compare the extended error estimate (58) with (52). The new (additional) second term inside the square brackets in (58)
is due to the perturbed functions 5;—' and includes the approximation error bounds e,. In particular, the factor Zn’\; o €" e, is rather
unfavorable, as it is of order O(¢~!), as ¢ — 0. We note that the appearance of this ©(¢~!)-term in estimate (58) is strongly related to
the appearance of the O(¢~!)-terms in [8, Theorem 3.1], [13, Theorem 3.2] and [11, Eq. (35)]. There it implied an upper step size
limit & < h(e) = € with some y € (0, 1). Similarly, it would require here some e-dependent upper bound on the quadrature error e,
oNf §§ in order to compensate at least the ©(¢~!)-error term. In practice this will necessitate to use some finer grid for computing
Soi, as ¢ decreases. We specify this observation in the following remark.

Remark 3.10. It is evident from (50) that ay , = O(1), € = 0. The same holds for gy .. Hence, we see from (58) that

N
o =38 Bllio = OE™) + Y OE™ e, , €—0. (62)
n=0
Thus, asymptotically, as € — 0, the approximation error of 5‘5 has the biggest impact on the overall error since it is multiplied
by a factor O(¢~!). In order to recover an overall O(¢") error behavior, as in Theorem 3.7, one should hence aim for highly accurate
approximations of the functions S*, with an e-dependent error order of at most e, = O(e™ -y,

4. Computation of the WKB approximation

In this section we present the methods we use to compute the (perturbed) WKB approximation (13), (57). This process can be
divided into two steps. First, the computation of the functions S,. Second, an adequate truncation of the asymptotic series (6).

4.1. Computation of the functions .S,

The computation of the functions .S, relies on recurrence relation (8)—(10) as well as on definition (14). Since the latter involves
the evaluation of an integral, one cannot expect to be able to compute .S, exactly, in general. Consequently, we will instead compute
approximations S ~ S, = fg S’ dr which satisfy the assumption Sz,,(x) € iR, n € N, such that the resulting error for the
corresponding perturbed WKB approximation can be controlled by Theorem 3.9.

As the first step, we compute the derivatives S/ through (8)-(10) exactly, employing symbolic computations®. Secondly, we
employ a highly accurate quadrature for approximating the integral in (14). For this, we use the well-known Clenshaw—Curtis
algorithm [20], which we shall briefly explain in the following.

The basic idea of Clenshaw-Curtis quadrature is to expand the integrand f in terms of Chebyshev polynomials, the integrals
of which are known. More precisely, one considers a truncated Chebyshev series for the integrand, i.e., f(/) =~ Zfio a,T.(),
I € [-1,1], where T,(I) = cos(rarccos(l)), r € N, are the Chebyshev polynomials. Here, the spectral coefficients a, are determined
with a collocation method at the Chebyshev collocation points /, = cos(kxz/M), k = 0,..., M, by solving the M + 1 equations
[ = Zr 0 @y €08 g m for the a,, r = 0,..., M. Therefore, the spectral coefficients can be computed by the discrete cosine
transformation (DCT) of the function f sampled at the collocations points. We note that the DCT is related to the discrete Fourier
transform and can be computed efficiently using the fast Fourier transform algorithm after some preprocessing (e.g., see [21, Chap.
8D.

Then, the antiderivative of f can be approximated again by a Chebyshev sum,

1 M
/ f@dr~ Y bT0), (63)
-1 r=0
3 As an alternative to (8)-(10), in [19] the authors established an almost explicit formula for the derivatives S’, depending on a and its derivatives d’, ..., a".

Although not used here, this approach may prove advantageous with regard to the computational time.

10
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Fig. 2. L®(I)-norm of the error of the approximation .S_‘; for the examples a(x) = x and a(x) = x* on the interval I = [1,2]. Here, we set M = 20.

where the coefficients b, are related to the a,, see [20] for the detailed formulas. In [22] it was shown that the Clenshaw-Curtis
method approximates integrals of analytic functions with spectral accuracy, i.e., the numerical error decreases exponentially with
the number of modes M.

An integration over the interval x € [£, 7] is realized by mapping x = (1 + 1)/2 + £(1 = 1)/2, | € [-1,1] to the interval [—1, 1].
Thus, by samplinNg the derivatives S:: at the transformed Chebyshev points x;, k =0, ..., M in the interval I = [£,7], we ol)tain the
approximations S, (x;) =~ S,(x,). Notably, the coefficients b, are such that the r.h.s. of (63) vanishes at / = —1, implying S, (&) = 0.
Hence, the perturbed WKB approximation (57) satisfies the first initial condition in (1), namely, 53\,”(3 &) =ay .+ ﬁNf = @y. Finally,
it is worth mentioning that when employing the Clenshaw—Curtis algorithm for the integrals in (14), it follows that .S,,(x;) € iR. As
a consequence, the error of the corresponding perturbed WKB approximation (57) can be controlled with the aid of Theorem 3.9.

We note that an alternative and efficient way of approximating the functions S, can be realized without the need for symbolic
computation of the derivatives /. Indeed, one can instead employ a spectral method to perform the differentiation of the predecessor
S}: _,in the recursion (10). For instance, by using the (M + 1) X (M + 1) Chebyshev differentiation matrices D,, as described in [21,
Chap. 6], one can efficiently approximate the derivative of a function at Chebyshev grid points /, € [-1,1], k =0, 1,..., M. Thus, to
approximate the derivative of a function sampled at transformed Chebyshev points x; € [£, 7], it is necessary to use the scaled matrix
D M o= W%D v Following recurrence relation (8)-(10), we can therefore approximate the derivatives S/ sampled at Chebyshev
points x; tflrough the following pointwise definition on the grid:

Zgo(ﬁM)kH.Hl So(x)
25} (x))
Z::; S;(xk)s,,,_/(xk) + Zgo(ﬁM)k+1,l+15,:_1(x1)
28] (x0)

S‘{(xk) =—

) (64

SH(xp) 1= -

, nx2, (65)

for k = 0,...,M. One then obtains approximations §,,(xk) ~ S,(x;) by employing the Clenshaw—Curtis algorithm using the
approximations §/(x;) ~ S/(x;), k =0,..., M.

However, note that approximating S/ using (64)-(65) can lead to a rapid accumulation of errors, as repeated numerical
differentiation is intrinsically unstable. The reason for this behavior lies in the ill-conditioned Chebyshev differentiation matrices
D,,. It is known that the condition number of these matrices is of order O(M?) (e.g., see [23,24]). In a finite precision approach
this leads to a big loss, which means that in each application of the recurrence relation we lose a finite amount of accuracy in the
computation of the S/ (see Fig. 2 for two examples). Consequently, it can be recommended to employ this approach only for small
values of N.

4.2. Truncation of the WKB series
When truncating the asymptotic series
f~Y e y, =0 (66)
=0

after some finite order N, one would like to analyze the difference f — fo: o €"f,- But since the function .S in (5)-(6) remains
unknown, we shall investigate the numerical error of the WKB approximation, as started in Section 3.

Recall that for a fixed N > 0, Theorem 3.7 guarantees that [|¢ — % 2| ;) = O(e™) as & — 0, see also Remark 3.8. In practical
applications, however, the situation is exactly the opposite, namely, the small parameter ¢ is fixed and N can be chosen freely.
Note also that just including more terms into the series (6) does not necessarily reduce the error of the WKB approximation, simply

11
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since the asymptotic series is typically divergent. Hence the question arises which choice of N will minimize || — (pn”( B LoDy
often referred to as optimal truncation. In this context, we denote by N, = N,,(¢) := argminyey, ll¢ — (p}/VVK B|| (s the optimal
truncation order. In general, an optimally truncated asymptotic series is sometimes referred to as superasymptotics (e.g., see [25]). The
corresponding error of an optimally truncated series is then typically of the form ~ exp(—c/¢), as € — 0, with some constant ¢ > 0.

In practice, a useful heuristic for finding the optimal truncation order for a fixed ¢ is given in [25]. It suggests that it can be
obtained by truncating the asymptotic series before its smallest term. In our case, we would hence have to find the minimizer
Npew = Npgu(€) of n = €"||S,41 || peo(r)- This can either be found by “brute force”, comparing the size of each term up to some
prescribed maximal order N,,,., or by utilizing Corollary 3.3 to (roughly) predict N,,,. Indeed, for any N € N,, estimate (38)
implies

ax?

N[ Sn g1l oy < 1= OISl Looiye™ K FHN + DN (67)
Treating N as a continuous variable for the moment, we find the minimum of
g(N) :=In (eVKN*I(N + DHVH) (68)

at

[/\}heu = ﬁheu(‘g) = -1. (69)

eKye
Hence, the minimum of the right-hand side of (67) is

= OISl o) < 1 )
— 0 exp(- .

£ eKye

1= OISyl oo () eXP (g(l/\\/heu)) = (70)
So, the first term of the remainder of the asymptotic series appearing in the WKB-ansatz (5)-(6), truncated at the nearest integer
value to N,,,, is exponentially small w.r.t. . Recalling that the term exp(g(N)) = eV KzN +1(N + 1)N*! also appears in estimate (52),
we therefore might also expect the error ||¢ — (pVA‘,’KB [l Leo(r) to be exponentially small w.r.t. ¢, if N is chosen adequately. Indeed, this
is guaranteed by the following corollary of Theorem 3.7.

Corollary 4.1. Let Hypothesis A be satisfied and let ¢ € C*(I) be the solution of IVP (1). Then there exist £, € (0,1) and N = N(e) € N
such that it holds for € € (0,£,]:

-
llo — @i X8|l Loy < Cexp (‘;) ) (71)

with constants C,r > 0 independent of e.

Proof. We prove estimate (71) by applying Theorem 3.7 for a specific choice of N = N(¢). First, choose 0 < &, < min(g, KL) with
£y € (0,1) being the constant from Theorem 3.7 and K, from Corollary 3.3. Then there exists some constant ¢ € [e K&, ¢) implying
that N := |——| — 1 > 0 for any € € (0, ,]. The idea is now to majorize, for this choice of N, several sums in (52) by convergent

- L
geometric series. First, we have
N N [ n 1
Yk < YK+ Dy < Y (£) = —. 72)
n=0 n=0 n=0 © 1= e

where we used eK,(N + 1) < . Similarly, we get

B! 15 N « o
22“ 2(Ky2n + 1) < K, i (€K (N + 1) Cn+ D<K, Y (g) n+) <K, (Z (E) nty <§)>
0

n=0 n=0 n=0 n=| n=0
K e? (73)
T e’
where we used the geometric series variant 2:10 q"n = 7 |—qq)2 for any ¢ € R with |g| < 1. At this point, Theorem 3.7 and (72)-(73)
imply for € € (0, ;]
N N
llp — (DE/VVKB”L‘”(I) < ceN K2N+1(N + 1)N+1 +C Z Z 6"+k_1K;+kl’l"kk , (74)
n=2 k=2+N-n

where C > 0 is some constant independent of . Now, for the first term in (74) we have that

sNKZN“(N+1)N+1Sl(£>[@J <3<£>@ziexp(—£) s (75)
£ £

e T ce \e ce

. ~ ._ cln(e/c)
with 7 := v

> 0. Finally, the second term in (74) can be estimated as follows:
N N |y N | N-2 n

+h—1 grntk npk k_ N+2 k
YD Rk < - Y Y (€K N)'(eKyNY = S (KN Y DKy N)

n=2k=2+N-n n=2k=2+N-n n=0 k=0

12
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1 Nii ko1 N-1_ K ¢ Voeyl=]
< —(SKZN)N+2 (_) — _(ngN)NJrZ - < i < > (_) eKye
£ = a\e € 1- 2 1- 2 e Kjye e

o ) =m0 7o

We observe that the r.h.s. of (75) can be bounded by the r.h.s. of (76) (up to a multiplicative constant) for £ € (0, ,]. Thus, the
claim follows with r :=7/2 and adapting C. []

Remark 4.2. We note that the specific value N from the proof of Corollary 4.1 is not necessarily equal to the optimal truncation
order N,,. However, as a consequence of Corollary 4.1, and by the definition of N,,, we conclude that for some r > 0

lp = o5 1 Plloqr) = Olexp(=r/e)), & —0. (77)

Finally, we note that, apart from N,,,, and N, heus anotper option for predicting the optimal truncation order N,, is to find the
minimizer of error estimate (52) (for ¢ fixed), say N,,, = N,,(¢), although this rather complicated expression can only be minimized
numerically by brute force.

At this point, it seems convenient to summarize the notations and meanings of the different mentioned truncation orders which
aim to estimate N,, — see Table 1. In the next section we will compare results for each truncation order from Table 1, since it is not
clear a priori which of these orders provides the most accurate predAiction of N,,. Nonetheless, let us note that in our experiments
Nopts Ny and Ny, can only be determined by brute force, while N, is given explicitly by formula (69).

5. Numerical simulations

In this section we present several numerical simulations to illustrate some of the theoretical results we derived in Section 3. To
this end, we will compute the (perturbed) WKB approximation as described in Section 4.1. That is, the functions S/ are pre-computed
symbolically and are then integrated numerically using the Clenshaw—Curtis algorithm based on a Chebyshev grid with M + 1 grid
points, where M will be specified later. All computations are carried out using Marias version 9.13.0.2049777 (R2022b). Further,
since we are dealing with very small errors for the WKB approximation, especially when investigating the optimal truncation order,
we use the Advanpix Multiprecision Computing Toolbox for Marias [26] with quadruple-precision to avoid roundoff errors.

5.1. Example 1: Airy equation

Consider the initial value problem

29" (x) +xp(x) =0, xe[l1,2],

(1) = Ai(- ) +iBi(- 7)., 78)

. | R 1
ep'(1) = —¢!/3 (Aﬂ(—m) +1B1’(—€2T)) ,
where the exact solution is given by

. x o x
Poxact(X) = A1(—827) + 1B1(—827

). (79)

Here, Ai and Bi denote the Airy functions of first and second kind, respectively (e.g., see [27, Chap. 9]). Note that for this example,
where a(x) = x, the derivatives .S/ are given by powers of x (up to a constant factor). Hence, the fuNnctions S* can be computed
exactly from (14); however, we shall use them here only as reference solutions for the approximations S* .NIndeed, for a fixed nuerer
M + 1 of Chebyshev grid points, we are then able to compute explicitly the approximation error [|S¥ — S*|| ) =: ¢,. Since ST is
only available at the grid points, we actually compute the discrete analog of this norm.

The left panel of Fig. 3 shows the real part of @, for the choice & = 278, which illustrates well the highly oscillatory behavior
of the solution. Let us first investigate numerically the result from Corollary 3.3. For this, let us compute a constant K, as indicated

Table 1

Terminology for the different truncation orders mentioned in Section 4.
The numbers N,, and N,,, are predictions for N, and N, by means
of (52) and (67), respectively. (For numerical values in two concrete
examples see Figs. 6 and 9.)

opt

7‘10," minimizer of ¢ — @ “#|| ., (optimal truncation order)
Nop minimizer of error estimate (52) (prediction of N,,)
thw minimizer of eV||Sy,; |« (heuristic prediction of N,,)
Npyeu minimizer of the r.h.s. of (67) (prediction of N,,,)

13
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Fig. 3. Left: Real part of the exact solution (79) of IVP (78) for the choice £ = 27%. Right: L®(I)-norm of S/ and §,, as functions of n for the example a(x) = x
on the interval I =[1,2].

by the proof of Corollary 3.3 and Remark 3.4. Indeed, by using the minimization strategy from (41), we find that (note that here

SH(2) = +iV/z7; 6, = ‘/9;7‘7 ~ 0.4748)

(S \/2+5 (S \/2+5apt

K, = 1 =
27 2e—10551 8(1—6)  2e—1 8, (1 = 6,7)

~ 3.8653 (80)

is a suitable constant within the context of Corollary 3.3. In the right panel of Fig. 3, we present the L*®(I)-norms of the functions
S’ and the approximations 5,, when using M = 25, along with the theoretical bound (39) on ||S7 |l 1« - We observe that the true
norms consistently remain below the theoretical bound. Additionally, we include as a dashed line the theoretical bound (39) when
replacing K, and [|S;ll .« by the experimentally fitted values Kzf ftted 10/37 ~ 0.27 and 0.25, respectively.* We observe very
good agreement between the norms ||.S || ;«;, and the dashed line. This demonstrates well that, in the present example, the norms
||S,/l [l Loy grow as Corollary 3.3 suggests, i.e., ||S,/l lpeoqry ~ CKon" as n — oo, for some appropriate constants C, K, > 0. In general,
however, this may not be the case. We refer to Appendix A and Section 5.3 for an example, where the functions S/ and S, even
decay as n — .

Next, we investigate numerically the behavior of the WKB approximation error ||¢ — (}x’( By L) as a function of . We may
compare the results with the error “estimate” (62). As a first test, we set M = 8 to compute 5%“ B This results in an approximation
error for S, of e, ~ 1078, n = 0,...,4. On the left of Fig. 4 we plot for N = 0, ...,4 the error as a function of e: For N = 2,3,4 and
small values of ¢, the O(¢~!)ey-term is dominant. In contrast, for N =0 and N = 1 this error term is not visible for the given range
of e-values so that the O(¢")-term is dominant. As a second test, we set again M = 8, but now use in Eﬁl‘f/”( B the exactly computed
function S. The O(c~!)e,-term from (62) is thus eliminated. On the right of Fig. 4 we show again the error |l — &% 5| 1w as a
function of e: For N = 2,3,4 and small -values, the O(¢°)e, -term, which is the next term in the sum in (62), now dominates. Indeed,
the error curves show an almost constant value of approximately 2 - 10~ for small values of e. For larger &, the error curves behave
like O(¢™). As a third test, we set M = 25 and approximate again all functions S, n =0, ..., 4 (as in the first test). The corresponding
approximation errors of S, are e, ~ 10723, n = 0, ..., 4. On the left of Fig. 5 we present the resulting WKB approximation errors. We
observe that, on this scale, all O(¢"~!)e,-terms in the sum of (62) are essentially eliminated, since all the shown error curves behave
like O(e"). Overall, we observe very good agreement between the numerical results of each of the three tests and the statements
from Theorem 3.9 and Remark 3.10.

Next we investigate the error of the (perturbed) WKB approximation as a function of the truncation order N. For this, we set
again M = 25, yielding approximation errors of S, as e, ~ 10723 for n = 0,1,.... We may therefore neglect the errors caused by
approximating the functions S,. On the right of Fig. 5 we plot the actual error ||¢ — W]\‘]’KB” reo(ry and its error estimate (52) while
again using Kzf itted 10/37, both as functions of N, for several e-values. We observe that, even when using the fitted constant
Kzf ited ' the “optimal” truncation order ﬁvp,, as predicted by the estimate (52), is smaller than N,,, (determined as the argmin of the
actual error curve). For instance, we have ﬁop,(Z*“) ~ 14 <22~ N,,(27*) and ﬁop,(2*5) ~ 29 <44 m N,,(27%), respectively. This is
not a paradox, but it is implied in this example by the strong over-estimation (52) of the error for large N.

In Fig. 6 we plot on the left the optimal truncation order N, (¢) as a function of  as well as its predictions ﬁop,(e), Njeu€), and
N eu(€). The plot suggests that Nopes ﬁom, and N,,,, are all proportional to e~!, as £ — 0 (for N,,, this is already evident from (69)).
Further, for £ = 27',273,27%,275 we observe that N,,, = Nj,,. On the right of Fig. 6 we plot the corresponding optimal error which
is achieved by using N,,, as well as error estimate (52) when using N = ﬁop,, both as a function of 1/e. As indicated by the dashed
line, the optimal error decays like O(exp(—r/¢)), with r ~ 1.36 being a fitted value, in good agreement with Remark 4.2.

4 Dividing (39) by n" and taking the logarithm we used a linear approximation to obtain Kzf ftted
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Fig. 5. Left: L®(J/)-norm of the error of the WKB approximation as a function of ¢ for the IVP (78) and several choices of N. Here, we set M = 25. Right:
L>(I)-norm of the error of the WKB approximation as a function of N for the IVP (78) and several choices of . The dash-dotted lines correspond to the
error estimate according to Theorem 3.7 and the solid lines correspond to the actual error of the WKB approximation. (In both plots the curves have the same

top-down ordering as the legend.).
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Fig. 7. Left: Exact solution (82) of IVP (81) for the choice ¢ = 1072, Right: L®(I)-norm of S/ and §,, as functions of n for the example a(x) = exp(5x) on the
interval I =[0,1].

5.2. Example 2

As our second example let us consider the initial value problem

2¢"x)+e p(x)=0, xe€l0,1],
p0)=1, (81)
£¢'(0)=0,

where the exact solution is given by®
2 o5x/2 2) - 2 o5x/2 2
h(ze)n(2) -z ) 1 (2)

()1 (E)n(2)

Here, J, and Y, denote the Bessel functions of first and second kind of order v, respectively (e.g., see [27, Chap. 10]).

On the left of Fig. 7 the exact solution ¢,,,,, is plotted for the choice ¢ = 10~2. Throughout the whole interval, due to the fast
growth of the function a(x) = exp(5x), the solution exhibits a rapid increase of its oscillatory behavior. Further, we plot on the right
of Fig. 7 the L®(I)-norms of the derivatives S/ and the approximations §,, when using M = 30. As indicated by the dashed line,
the smallest (fitted) constant K, such that estimate (39) holds is Kzf itted 9/20 (here we also replaced ||Sé|| LGy in (39) by the
fitted value 0.6). In Fig. 8 we present the WKB approximation error ||¢ — (}K/’K B r(n) as a function of e and may again compare
the results with the error “estimate” (62). We observe that, on this scale, all O(¢" !)e,-terms are essentially eliminated, since all
the shown error curves behave like O(¢V). Overall, we observe very good agreement with the statements from Theorem 3.9 and
Remark 3.10. Finally, we plot in Fig. 9 on the left the optimal truncation order N,, as well as its predictions ﬁop,, Npew> and Ny,
as functions of ¢. We find that N, is proportional to 7!, as ¢ — 0. On the right of Fig. 9 we present the corresponding optimal

A~

error as well as error estimate (52) when using N = N, both as a function of 1/e. As the dashed line indicates, the error decays
like O(exp(—r/e)), with r ~ 0.81 being a fitted value. This is in good agreement with Remark 4.2.

(82)

Pexact (x) =

5.3. Example 3: Convergent WKB approximation

As a final example, let us consider a(x) = (1 + x + x?)~2. We are interested in investigating the initial value problem

20" (x)+(1+x+x)2p(x)=0, xe€l0,1],
p0) =1, (83)
e (0)=1,

where the exact solution ¢,,,., is given by®
—1/4
Poxact(X) = ax)” sin (y(e) <arctan <2x +1 ) - %)) —a(x)""4 cos (y(e) <arctan <2x +1 ) - %)) s (84)
V3r(e) V3 NG

5 We found the exact solution by using the Symbolic Math Toolbox of MatLaB.
6 We found the exact solution by using the Symbolic Math Toolbox of MaTLAB.
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Fig. 8. L®(I)-norm of the error of the WKB approximation as a function of ¢ for the IVP (81) and several choices of N. Here, we set M = 30.
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Fig. 9. Left: The optimal truncation order N, as well as the predicted “optimal” orders N, N, and i\AI,W as functions of e. The dashed line is proportional

opt>
to 1/e. Right: The optimal error achieved by using N,

m as well as error estimate (52) when using N = ]Vap,, both as functions of 1/e. The dashed line is
proportional to exp(—f) with r ~ 0.81.

where y(e) = V32 + 4/(\/3e).

This example is special in the sense that a(x) = (1 +x + x?)~2 belongs to the class of functions represented as (C; + C,x + C3x%)72,
with constants C;, i = 1,2, 3, satisfying |C,| +|C3| > 0 and C22 # 4C, C;. Further details regarding this class of functions are discussed
in Appendix A, particularly with regard to the corresponding WKB series. Notably, for such functions it holds that S| # 0, S 2 0
and S; =0, see Remark A.2. Moreover, according to Proposition A.1 and Remark A.3, it follows that

S5, =0 =PI C -G/ ) L n— o, (85)
S, =0, nxl. (86)

Consequently, this implies that the underlying asymptotic series (6) is (geometrically) convergent for any ¢ < |C,C; — C22 /4|_1/ 2,
see again Remark A.3. In this case, given that |C,C; — C22 /4| = 3/4, the functions Sén (and hence §,,) exhibit exponential decay as
n — oo, uniformly in x € I. The corresponding WKB series is convergent for any ¢ € (0,2/ V3l

In Fig. 10 on the left we plot @, for the choice £ = 27°. Moreover, on the right of Fig. 10 we plot the L*(J)-norm of S’
and §,,, both as a function of n. Here, we set M = 30 for the numerical integration of the functions S/. We observe that the norms
indeed decay exponentially, in agreement with Remark A.3. Here, the dashed line is precisely given by the r.h.s. of (92) with
C; =C, =C; =1.In Fig. 11 on the left we plot for N =0, ..., 4 the error of the WKB approximation || — $% ¥?|| ;«(;, as a function
of €. By comparing the results with (62), we observe that all O(¢""!)e,-terms are essentially eliminated. Further, the error curves
for N =0, 1,3 behave like O(¢") whereas the curves corresponding to the choices N = 2,4 behave like @(¢¥+!). This is because the
given function a implies ) | =0, for any n > 1, which means ¢%? = %' &P for any even N > 2.

Finally, on the right of Fig. 11 we plot the error ||<p—5‘]’vVK By o1y as a function of the truncation order N, for several e-values. We
observe that all shown error curves are decreasing functions in N, up to the point where they reach values of approximately 1022,
This is due to the approximation of the functions S,. More precisely, the first term of the sum in (62), namely, the O(¢~!)e,-term

corresponding to the approximation of .5, becomes dominant at this point. For this reason, the minimum achievable error level
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Fig. 10. Left: Exact solution (84) of IVP (83) for the choice ¢ = 2~°. Right: L*(I)-norm of S, and §n as functions of even n, for the example a(x) = (1 +x +x?)>
on the interval I = [0,1]. The dashed line is proportional to the r.h.s. of (92) with C, =C, =C; = 1.
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Fig. 11. Left: L*(I)-norm of the error of the WKB approximation as a function of ¢, for the IVP (83) and several choices of N. Here, we set M = 30. The yellow
curve for N =2 is the same as for N =3 and hence not visible in the shown plot. Right: L®(/)-norm of the error of the WKB approximation as a function of
N, for the IVP (83) and several choices of . Here, we set M = 30.

is growing with decreasing €. Besides from this saturation effect, the plot aligns well with Remark A.3, suggesting that the WKB
approximation converges to the exact solution of IVP (83) as N — oo, for all displayed e-values. Furthermore, one can observe again
the fact that ¢¥'X® = ¢!'KP for even N > 2, as indicated by the step-like behavior of all shown error curves.

6. Conclusion

In the present paper we analyzed the WKB approximation of the solution to a highly oscillatory initial value problem. Assuming
that the potential in the equation is analytic, we found explicit upper bounds for the terms occurring in the asymptotic WKB series
of the approximate solution. Building on that, we proved error estimates which are explicit not only w.r.t. the small parameter
but also w.r.t. N, the chosen number of terms in the truncated asymptotic series. We showed that the optimal truncation order N,
is proportional to £~!, and this results in an approximation error that is exponentially small w.r.t. &. We confirmed our theoretical
results by several numerical experiments.

Data availability

Data will be made available on request.
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Appendix A. Convergent WKB series

In this appendix we provide examples where the asymptotic series (6) is convergent in L*([I). In practice, the norms ||.S! || LT
(and ||, |l ~(r)) often decrease up to a certain number of n before they start to increase rapidly, e.g., see the right plot of Fig. 3.
However, there are examples where one can easily verify that this is not the case. For instance, consider the simplest case in which
a = a, is constant. By (9) this is equivalent to S| = 0, which by (10) then implies S} = 0 for every n > 1. Similarly, one easily verifies
that S; = 0 is equivalent to a having the form a(x) = (C, + C,x)™* for some constants C; and C,, see also [17, Problem 10.2]. It
then holds S, = 0 for every n > 2. Thus, in both of the just mentioned cases, the asymptotic series (6) terminates automatically and
is therefore convergent. The corresponding WKB approximation (13) with N > 0 (respectively N > 1) is then the exact solution to
IVP (1). Indeed, revisiting (43), it is clear that the r.h.s. in (54) then vanishes, i.e. ||p — (pVA‘,’KBllLM(,) =0.

In the subsequent discussion, we will give examples of convergent WKB series which do not terminate automatically.

Proposition A.1. Let S; = 0. Then it holds

s’ n—1
st =8-=2) a4 (87)
2n 2 2S6 n->
Siue1 =0 (88)
for n > 2. Here, the sequence a,, is recursively defined by a, := 1 and
n
Qi :=Zajan+1_j, n>1. (89)

J=1

Proof. It is easy to check, that (87) and (88) hold for n = 2. We proceed now by induction on n. To this end, assume that formulas
(87) and (88) hold for all 2 < k < n for some fixed n > 2. We shall now prove them for »n + 1. The induction hypothesis implies that
S =0 as well as SJ’. =0 for all odd indices j such that 1 < j < 2n+ 1. Hence,

2n+l1 =
1 2n+1 / s’ n
’ _ 1 Q! " _ 2
Sonir = Y <Z S8 T S2n+l) 2S’ Z 2j 2(n+l i < 59 > Z Apy1-j =5, (‘ 2_S’> Apy s (90)
0o \j 0

Jj=1

S/I
where we have again used the induction hypothesis in the third equation. Differentiating (90) and using 5—9 = —25] we further
obtain 0
s7\"
2
Sy = <‘ﬁ) <2nS;S§ +(n+ 1)S;’)an+1 . oD
0
Moreover, the induction hypothesis implies Sén 13 = =0 for 2 < j <2n+1 since either j or 2n+ 3 — j is odd. Therefore, we get

2n+2
!’ — 1 ! " 1 ! "
S2n+3 = _ZS’ Z Y Szn+3—1 + S2n+2 2S’ (2S1 S2n+2 + Szn+2)
0 \ j=I

Sé n 1 ) S/ n
“\r ) o (2(n+1)ss +(n+1)SY ) @ =( -2y (n+1)Sha,, =0,

by assumption on Sé. This concludes the proof. []

Remark A.2. Proposmon A.1 assumes S} = 0, which is equivalent to a(x) satisfying the third order nonlinear ODE 154"
4a%d" — 18ad’d” = 0. With the aid of MATLAB s Symbolic Math Toolbox we find that the general solution to this ODE is given
by a(x) = (C; + C,x + C3x?)72, where C,C, and C; are constants. A simple computation then shows that if |C,| + |C;| > 0 and
sz # 4C, C3, the coefficient function a does not have one of the two forms mentioned before Proposition A.1, i.e., S; #0and Sé #0.
Thus, due to Proposition A.1, the corresponding WKB series does not terminate in this case.

Remark A.3. The numbers a, =: ¢,_; in Proposition A.1 are the so-called Catalan numbers (e.g., see [28]), which are known to
grow asymptotically as c, ~ % for n — co. Let us assume that a(x) = (C; + C,x + C;x*)2 such that S’ =0, see Remark A.2. We
n- p

then have Sé(x)/S(’)(x) =C|Cy/2 - C2/8. According to (87), we thus have for n > 2

s IS ooy || 255"
_ L) 2
155,11 Loocry S NSHl ooy ||z Cn1 ™ n— o
2S0 Lo(I) (n— 1)3/2\/_ 0 L°°(I)
n—1
(R4 ;
— 2 ) _ Tz 92)
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By definition (14), we conclude that

— n—1
1S2ullzsein = O (1= D210, C = /4™ ) L n— oo ©93)

Thus, the constants C;, i = 1,2, 3, determine whether the function ||.S,, || .« (;) is exponentially growing or decaying as n — co. Note
that Proposition A.1 also implies that S,,,; = 0 for n > 1. A short calculation then shows that (93) implies that the corresponding
WKB series exp(Y o, £"71.S,(x)) is (geometrically) convergent for any x € I, if £ < |C,C; — C% /4|_1/ 2,
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