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An implementation of hp-FEM for the
fractional Laplacian

Bjorn Bahr* Markus Faustmann! and Jens Markus Melenk?
July 17, 2024

We consider the discretization of the 1d-integral Dirichlet fractional Laplacian by
hp-finite elements. We present quadrature schemes to set up the stiffness matrix
and load vector that preserve the exponential convergence of hp-FEM on geometric
meshes. The schemes are based on Gauss-Jacobi and Gauss-Legendre rules. We
show that taking a number of quadrature points slightly exceeding the polynomial
degree is enough to preserve root exponential convergence. The total number of
algebraic operations to set up the system is O(N 5/ %), where N is the problem
size. Numerical example illustrate the analysis. We also extend our analysis to
the fractional Laplacian in higher dimensions for hAp-finite element spaces based on
shape regular meshes.

1 Introduction

Fractional differential equations have become an important modelling tool, which sparked
significant research in analysis and design and analysis of numerical methods, see, e.g., [BV16]
and, for numerical methods, [BBN*18, BLN20, LPG*20, DDG'20, JZ23, Karl9, ZWSK24]
and references therein.

We consider the fractional differential equation

(—A)u=f in Q:=(-1,1) CR, (1.1a)
u=0 inQ°:=R\Q, (1.1b)

where s € (0,1), and f is analytic in Q. Here, the operator (—A)* is the Dirichlet integral
fractional Laplacian, defined in (2.1) below. Among the discretization techniques, methods
like the hp-finite element method (FEM) stand out as they achieve exponential convergence,
[BFM 23, FMMS23], so that significantly fewer degrees of freedom are required to achieve
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the same accuracy compared to fixed order methods such as the classical h-FEM. This is par-
ticularly interesting for non-local problems such as fractional PDEs since there the stiffness
matrices are fully populated with corresponding high memory requirements and high complex-
ity to set up the matrices.

In fact, [BFM 23] considers hp-FEM approximations on suitably designed geometric meshes
in one space dimension and shows, for the hp-FEM approximation uy to the solution u of (1.1),
the energy-norm error estimate

lu = unll . () < Cexp(=bVN), (1.2)

where b, C' > 0 are constants independent of the problem size N. Such exponential convergence
results generalize to higher dimensions, e.g., in two space dimensions [FMMS23] asserts a
similar convergence estimate where the square root in the exponent is replaced by N1/4.

The exponential convergence in [BFM123, FMMS23] is asserted ignoring variational crimes,
in particular, it is shown under the assumption that uy is the exact Ap-finite element Galerkin
approximation to u. However, a practical realization of the Galerkin method (2.2) requires the
evaluation of singular integrals by numerical quadrature. In the present work we develop and
analyze quadrature schemes that preserve the exponential convergence (1.2). The quadratures
are based on Gauss-Legendre and Gauss-Jacobi rules, and the analysis is performed in the
framework of the First Strang Lemma. The key observation is that the hyper-singular integrand
can be transformed such that singularities are aligned with coordinate axes, which allows for
efficient treatment with Gauss-Jacobi rules.

The issue of evaluating singular integrals has already appeared in the context of boundary
element methods (BEMs), [SS11]. For the kernels of BEM-operators arising from second
order elliptic boundary value problems, regularizing transformations for the singular integrals
have been devised that fully remove the singularity so that standard quadrature techniques
can be brought to bear and a full quadrature error analysis is available, [SS11, Chap. 5.
For certain meshes with structure even the high order stiffness matrices of hp-BEM can be
computed explicitly, [Mai95, HMS96]. Generalizing the quadrature techniques described in
[SS11, Chap. 5] the works [CvPS11, CS12, CR13, CvPS15] present and analyze regularizing
transformations for a class of integrands that includes products of analytic/Gevrey-regular
functions and singular functions; computationally, an essential point of these transformations
is that they lead to the use of products of Gauss-Legendre and hp-quadrature or Gauss-Jacobi
quadrature. Using similar transformations (in 1d) and building on these works (for d > 1), our
analysis considers the specific case of hp-FEM for the fractional Laplacian, explicitly works
out the dependence on the polynomial degree p of the ansatz space, and asserts exponential
convergence of the fully discrete method. The work to set up the stiffness matrix is algebraic
in the problem size.

Implementations of the spectral fractional Laplacian have been proposed in the literature.
Low order (for d > 1) Galerkin methods include [ABB17, AG18, FB23| and typically exploit
that a specific choice of basis is made in contrast to the present quadrature-based approach.
Especially for 1d fractional differential equations, spectral and spectral element methods are
available in the literature, see, e.g., [Kar19, LZZ19, SS19, ZK13, ZWSK24, LPG*20, MS18,
CSW16] and references therein. The 1d quadrature techniques employed in the present work on
shape regular meshes are closely related to those presented independently in [MS18]. Compared
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to these works, an important novel aspect of the present work is the full quadrature error
analysis that rigorously establishes that taking n > p + 1 quadrature points (p > 0 denoting
the employed polynomial degree) is sufficient to retain the exponential convergence of hp-FEM.

In the present article, we consider the 1d case in great detail to make key concepts appear
clearly. Extensions to d > 1 are possible, but come with additional (technical) difficulties. We
present an analysis for d > 1 for shape regular meshes based on the regularizing transformations
of [CS12] in Section 6. We hasten to add that exponential convergence (both in terms of error
versus number of degrees of freedom and error versus computational work) of hp-FEM in d > 2
requires anisotropic elements with large aspect ratio, [FMMS23]. A quadrature error analysis
for meshes including anisotropic elements is the topic of a forthcoming work.

The present article is structured as follows: In Section 2, we introduce our model problem and
formulate the main result, exponential convergence of hp-FEM in the presence of quadrature, in
Theorem 2.4. Section 3 specifies the Gaussian quadrature rules and the resulting approximation
of the bilinear and linear forms in the weak formulation of the model problem. Section 3.1
shows stability of the method under quadrature. Section 4 provides the proofs of our main
results using the First Strang Lemma, while the consistency analysis is postponed to Section 5.
Section 6 extends the 1d-analysis to higher dimensions for shape regular meshes based on the
quadrature techniques developed in [CvPS11, CS12].

Finally, Section 7 provides numerical examples illustrating the performance of the quadrature
scheme.

2 Main Results

For s € (0,1), we consider the integral fractional Laplacian defined for univariate functions u
pointwise as the principal value singular integral

I'(s+1/2)

(=A)*u(z) := C(s )PV/R(x)_()dy with  C(s) := _QQSW(_S), (2.1)

|$ _ |1+2s

where T'(+) denotes the Gamma function.
Appropriate function spaces for fractional differential equations are fractional Sobolev spaces,
defined for t € (0,1) and any open set w C R? by means of the Aronstein-Slobodeckij seminorm

2
vr
|U|12‘It _//‘ |d+2t‘ d dz, ||U||?'{t(w): ”U||%2(w)+|v|12‘ﬂ(w)

In order to incorporate the exterior Dirichlet condition, we define r(x) := dist(z,0) and
introduce the space H'(Q) := {u € H'(R?) : u = 0 on R/\Q} with norm

101 ) = I0llEre o) + 1o/ 1720

With the exception of Section 6 the domain = (—1,1) always denotes the bounded open
interval from our model problem (1.1); in Section 6, we will consider polyhedral Q Cc R?. We

will use the fact that the norm || - || fs(q and the seminorm | - | s (r) are equivalent on H3(Q),

[McL00]. The weak form of the fractional PDE (1.1) reads: find u € H*(£2) such that
y)(v(z) —v(y))
a( / / |£E _ y|1+25 dydx = (fa U>L2(Q) = l(U) (22)
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for all v € H*(Q). Since a(-,-) : H5(Q) x H*(Q)) — R is continuous and coercive on H*(Q),
(2.2) is uniquely solvable by the Lax-Milgram Lemma, see [AB17, Sec. 2.1].

For the discretization of the weak formulation, we employ piecewise polynomials on shape
regular meshes.

Definition 2.1 (Shape regular meshes and spline spaces). For an interval Z C R, we denote
its length by hz := diam(Z). For a bounded interval Q@ = (xg,xpr) let the points xg < x1 <
-+ <) determine the mesh T, = {T; := (x;—1,2;): i =1,... M}. The mesh T, is said to be
~v-shape regular, if

yhy, < hg,  forall T;,Tj € Ty with T;NT; #0. (2.3)
Based on T, we define finite dimensional spline spaces by

SPUT,) = {u € HYQ) : ulr € Py(T) for all T € T},

S§(T7) i= SP1(T3) N HG (),

Here, Pp(T') denotes the space of all polynomials with maximal degree p € N on T.
The standard basis for 88’1(7'7) is given by

B = B'"yBLe, (2.4)
where B .= {p; :i =1,...,M — 1} are the hat functions associated with the interior nodes
xi, i=1,...,M —1 and B*®9 := UreT, Br with element bubble functions By := {ori:i=
2,...,p}. For an element T = (xy, x,) with length hy = x, — x4, the element bubble functions

are given by

—142(z—x¢)/hr P_q(t)ydt zeT
o {0 0 : (2.5)

-1
reQ\T,
where P; is the i-th Legendre polynomaial.

The hp-FEM approximation uy is given by Galerkin discretization of (2.2): Find uy €
Sg’l(’ﬁy) such that

a(un,vy) = l(vy) for all vy € SP!(T5). (2.6)

For a given basis B := {p1,...,¢on} of Sg’l(’];), finding the solution uy := Ziil xip; 18
equivalent to setting up and solving the linear system

Az = b, (2.7)

where A € RV*N with A;; = a(pj, ¢;) and b € RN with b; := (f, %)p(g)- Setting up the linear
system requires evaluating the bilinear form a(-,-) for all pairs of basis functions, which means
calculating (singular) double integrals. Computing the linear form [(-) for all basis functions
leads to a routine problem of calculating integrals involving f.

Our main convergence results are formulated for a specific kind of shape regular meshes,
so-called geometric meshes, defined in the following Definition 2.2. However, we emphasize
that the analysis of the consistency errors of the bilinear and linear forms in Chapter 5 hold
for arbitrary shape regular meshes.
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Definition 2.2 (Geometric mesh 7%, , and basis B9 of the spline space Sg’l(Tg%OJ)). Given
a grading factor o € (0,1) and a number L € N of layers, the geometric mesh 7;%070 ={T; :

i=1,...,2L + 2} with 2L + 2 elements T; = (zJ<7, 29°°) is defined by the nodes

i—17"1
)= —1, 29°= -1+ fori=1,...,L,
geo i—L . geo . __
i, =1—0""fori=0L,....,2L, x5 ,:=1

We note that N := dim Sg’l(Tg%o’g) ~ pL and that Tg%o’g is shape regular with v = o.
The basis B9 for 55’1(7;&7(,) is taken as the basis of Definition 2.1 for the mesh 7;%070_.

In [BFM 23] the following exponential convergence results for the energy norm error between
the solution v in (2.2) and its hp-FEM approximation uy from (2.6) on geometric meshes
Ty = 7;";070 is shown:

Proposition 2.3 ([BFM123]). Let Tgfgo’g be a geometric mesh on the interval 2 = (—1,1)
with grading factor o € (0,1) and L layers of refinement towards the boundary points. Let the
data f be analytic in Q. Let uy € 55’1(72,[5070) solve (2.6) with T, = 7;%070 and u solve (2.2).

Then, there are b, C' > 0 and for all € > 0 there is C. > 0 such that for all p and L there holds

lu = unl| oy < Ce™™ + Ceg27200, (2.8)

The choice L ~ p leads to convergence ||u — UN||fIs(Q) < Cexp(—V'V/N), where N is the

dimension of 55’1(7;%0,0) and C, V' are constants independent of N.

In practice, it is not possible to set up the linear system of equations corresponding to (2.6)
exactly due to the presence of the kernel function |z — y|~!72%. To implement the hp-FEM
method, we therefore have to work with computable numerical approximations ay(-,-) and
ln(+) of the bilinear form a(-,-) and the right-hand side I(-), respectively. The fully discrete
problem then reads: Find uy,, € Sg’l(Ty) such that

Un(Unn,vn) = ln(vn)  for all vy € SP(T5). (2.9)

In Section 3 below, we specify the approximations (-, -) and l,(-) based on (weighted) Gaus-
sian quadrature rules with n points. Our main result formulated in the following states that
the exponential convergence rate of uy to the solution w is still preserved.

Theorem 2.4 (Exponential convergence including quadrature). Let 7;;0,0 be a geometric mesh
on the interval Q := (—1,1) with grading factor o € (0,1) and L layers of refinement towards
the boundary points. Let f be analytic in Q, denote by u € ﬁs(Q) the solution to (2.2) and by
UNy € Sg’l(Tg%O?U) the solution to (2.9) with T, = 7;%070, where ay(-,-) and l,(-) are defined
in (3.13) and (3.3), respectively. The index n indicates the number of quadrature points that
1s used per integral and element.

There are constants C, b > 0 and, for each € > 0 a constant C. (depending on f, s, and o)

such that for anyn > p+1, p, L € N there holds

||U o aN,nHﬁs(Q) < Ce—br + ng(l/Q—E)L + CL2T3p3p1+p+T_2n. (2.10)
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For L ~ p and n > p+ 1 there holds in terms of the problem size N := dim 55’1(7;2070) for
some C, b/ > 0 independent of N and n

lu = @ nll s (g < C exp(=b'VN). (2.11)

For L ~ p ~ n and the basis BI° from Definition 2.2, the number of algebraic operations to
set up the linear system corresponding to (2.7) is O(L%) = O(N°/?).

3 Quadrature approximations

Throughout this section, we consider 7-shape regular meshes 7,. We start with some general
definitions and notations. T := (0,1) denotes the reference element and, for each element
T := (x4, ) € Ty, we define the affine element map by

Fr:T—=T, z—x,+xhy. (3.1)

With a slight abuse of notation, we will naturally extend F7r to an affine function C — C when
needed. For a function v defined on T', we write vp for its pullback to the reference element

Op :=vo Fp. (3.2)

Our approximations to a(-,-) and [(-) are based on the following (weighted) Gaussian quadra-
ture rules.
Let w: (0,1) — R be a positive, integrable weight function. Then, we approximate

(D) := /@(m)w(:c) dx ~ Zwﬁb(&) =: Gp(®),
i=1

where & are the Gaussian quadrature nodes (zeros of orthogonal polynomials w.r.t. the w-
weighted L2-inner product) and w; = fol )L;(x)dx with the i-th Lagrange interpolation
polynomials L;(z) = HJ 1 jti xi_é associated with the quadrature nodes &1, ..., &,.

For w = 1, we write GL,(®) (GauSS—Legendre quadrature) for the quadrature rule. For
integrands with singularities at the boundaries, we take w(z) = (1 — 2)%2%, o, > —1 and
write GJg? (®) (Gauss-Jacobi quadrature). For multivariate functions ®(x,y), we will indicate
by the subscript x, y the variable to which the quadrature rule is applied.

We start by deriving an approximation to the right-hand side {(v) := (f,v) 2(q) in (2.6).
Dividing the integration domain £ into the elements T' € 7, transforming them to the reference

element f, and using Gauss-Legendre quadrature for each integral defines the linear form
l,(vy) for vy € Sg’l(ﬂ) by

l(vn) _/Q N(@) (@) do =" hT/vNT x) fr(x) du

TET, %
~ Y hr GLy(on (@) fr(x) =: ln(vn). (3.3)
TeT,
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The approximation of the bilinear form a(-,-) is more involved since we have to deal with
hyper-singular double integrals. Using symmetry and dividing the integration domain R x R
into the elements T € 7, and the complementary set Q¢ leads to

Cg8)< Z Z It (v, wN) + 2 Z IT’QC(UN,U;N)» (3.4)

TeT, TET, TeTy

a(vy,wn) =

where, for arbitrary sets A, B C R, the symbol I4 g(vn,wy) denotes

(vv(z) —vn (y))(wn (z) — wn(y))
Ia (v, wN) = dy dz. (3.5)
[

|x_y|1+25

The integral over Q¢ can be integrated explicitly. All the other integrals have to be transformed
to a reference square and then approximated by a suitable quadrature rule, which leads to four
cases.

Identical elements (T' = T"):

We transform the double integral I7.7(u,v) to the reference square T x T and divide this
integration domain into the triangles A; = {(z,y) |0 < z < 1, 0 < y < z} and Az :=
{(z,y) |0 <y <1, 0<x <y} Astheintegrand is invariant under the transformation (z,y) —
(y,x), we notice that both integrals are the same. Employing the Duffy transformation, i.e.,
(x,y) — (x,zy), leads to

Irr(oy, wy) = 2h52 // (0n7(2) — Onr(zy)) (Wnr(2) — ZDN,T(xy)):L,Q—Qs(l ) B dyda

|z — xy|?
T T
~ 91257 70,225 (7 J1-25,0 (0w, (%) — Onr(zy)) (Onr(z) — N (zy))
T n,T © n,y ‘x _ (L‘y‘?
= Q%7T(UN7U]N)' (36)

We note that after the separation of the weight function, the integrand in (3.6) is a polynomial
since only removable singularities are left.

Remark 3.1. Our choice of the Gauss-Jacobi weight function is not the only possible option,
as, e.g., one could cancel out one power of x in the first equality in (3.6). However, our choice
1s optimal in the sense that it decreases the polynomial degree of the integrand as much as
possible. "

Adjacent elements (T # T’ with T N T’ # 0):

Without loss of generality, we may assume that T is the left neighbor of T”, otherwise T and
T’ change their roles. Then, the element maps transform the singularity at 7N T’ to the
point(1,0) in the reference square. With an additional transformation (z,y) — (1 — z,y) we
are now in a similar setting as in the previous case. The integral can be split into integrals over
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A; and Ay and employing the Duffy transformation on A; (for Az we take (z,y) — (zy,y))
leads to

onr(1—2) = on 7 (2y)) (ONT(1 — 2) — DN T (TY)) 9 96
It (v, wN) = hrhyp < // b + gl |2 22 x dydx

// UNT 1 — xy) — UNT’(y))(wNvT(l — a:y) — UA)N’T/(y))y2728 dydw) . (37)

[hy + hr 252

The singularities appear only in one variable in each integral, for which we employ Gauss-
Jacobi quadrature, while in the other variable Gauss-Legendre quadrature is sufficient. This
gives the approximation

on (1l — ) — Do v (1l — ) — W
Qv (vn, wy) =hrhy <GJ3;§—QSoan,y<(UN’T( 2) — o () (el ~ %) - dvr (xy))>

|y + yhy |1125 22
(3.8)
(onr (1 —2y) — On7 (y) (WNn7 (1 — 2Y) — DN T (Y))
[aht + hp 17252 |

+ GLpg o GJa 2 (
(3.9)

Separated elements (T N T’ = 0):

This time, the integrand is not singular. Therefore, one can directly transform the double
integral to the reference square and employ tensor product Gauss-Legendre quadrature, which
produces as the approximation of I 7/ (vn,wy) the expression

Qo (vnywn) = hrhr GLpg 0 GLa, <(UN’T<3:) — o) (Wi @) wN’T'(y))> :

’(1 — .’E)hT + diStTJ’v —|—yhT/ ‘1'1'25

where dist7 7+ denotes the Euclidean distance between the elements 17" and T' '

Complement part (Ir,qc):

The inner integral over 2¢ can be calculated explicitly exploiting that the functions vy, wy €
Sg’l(’];) vanish outside of 2 = (—1,1). The outer integral can be transformed to the reference
element 7', which gives

hr oy ()N () On ()N, (T)
sJ | diStT7{_1} —HChT’QS | diStT7{1} +(1 - .%')hTPS
T

ITVQC('UN,’LUN) = dx. (3.10)

If T is an interior element, i.e., T N 9Q = (), we employ Gauss-Legendre quadrature

hr On ()N T(T) Onr (@) DN, T(2)
n c = L’I’Z ’ ’ Ln . : : :
QT,Q (’UN, U}N) 2s (G <‘ diStT,{fl} —I—:IZhT‘QS +G ‘ dlStT7{1} +(1 — «T)hT‘QS
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For T NoQ = {1}, we set

hr 02-2s [ ONT(T)0NT(7) On ()N (T)
n . = S 3 9 Ln 3 3 ,
oo w) =50 <GJ v2hi? e | distr, 1y +(1 — 2)hr[**
(3.11)

and for TN oQ = {1}

hr Onr(x)wNT(x) 2-2s0 (0N (%) 0N 7(2)
C L, N, , s, ) J . 12
Qrqe(on, wn) =50 <G <\ disty_1y +ohr=) © G (1 — x)2h3e 12

Now, having defined QZJ_;(’UN,’UJN) for all cases of integrals I4 g(vn,wn), we obtain the ap-
proximated bilinear form as

5n(vN,wN) = C;S)< Z Z Q%’T/(UN,UJN) +2 Z Q%QC(UN,UJN)>. (3.13)

TeT, T'eT, TeTy

3.1 Stability of the quadrature rule

Positivity of the kernel function (z,y) > |x — y|~'72% and the Gauss-Legendre/Gauss-Jacobi

weights as well as exactness of the Gauss-Legendre/Gauss-Jacobi quadrature allow us to prove
the following stability result:

Lemma 3.2. Let T, be a y-shape reqular mesh. Then, the following holds:
(i) For alln > 1 and all T,T" € T, U{Q}, we have Q7 7 (u,u) > 0.
(ii) Letn > p andu € 58’1(7;). Then ay(u,u) = 0 implies w = 0. In particular, the stiffness
matriz A in (2.7) is symmetric positive definite.
Furthermore, there is Ceper > 0 depending only on ~v and s such that for all u € 55’1(777) the
following assertions hold:
(iii) (Identical elements) Forn > p and T € Ty: Q' p(u,u) = It r(u,u).
(iv) (Adjacent elements) For n > p+1 and (T,T') € Ty x (T, U {QC}) with T # T and
T N ? 75 (: Q?",T’ (U, u) > CcoeTIT,T’ (uv ’LL) > 0.
(v) (Separated elements) For n > p+ 1 and (T,T') € T, x (T, U{Q°}) with TNT" = :
Q%T/ (u7 u) > CcoerIT,T’(ua u) > 0.

Proof. Proof of (i): This follows from the positivity of the kernel and the Gauss-Legendre/Gauss-
Jacobi weights.
Proof of (ii): From (i), we get for u € 88’1(7'7) with @, (u,u) =0

0= C?S)Zin(u,u) = Z Z Q. (u,u) Z Q7 r(u,u) () Z Ipr(u,u) >

TeT,u{Qc} T eT,U{Q°} TeTy TeT,

Hence, |u|pys (r) = 0 for each T' € T, so that u is constant on each element. By continuity of u,
it is constant on €2, and the boundary conditions then imply u = 0.

Proof of (iii): For n > p, the univariate Gauss-Jacobi quadrature in (3.6) is exact for
polynomials of degree 2p — 1. Inspection of (3.6) shows that the argument is the square of a
polynomial of degree p — 1 in each variable.



3 Quadrature approximations

Proof of (iv): For n > p+ 1, the univariate Gauss-Jacobi quadratures in (3.8) are exact for
polynomials of degree 2p + 1. We study the cases (T,7") € Ty x T and (T,T") € T, x {Q°}
separately, starting with (7',7") € T, x T,. We only consider the first term in (3.8), the other
one being handled analogously. Let u € 55’1(7'7). For the pull-backs 4r, 47/ to the reference
clement T of the functions u|p, u|7v, we get by continuity of u at T N7 that ap(1) = g (0).
Hence,

e = 0= ) (o)
is a polynomial of degree p—1 in x and of degree p in y. Using the positivity of the quadrature
weights and the exactness of the quadrature rules (U? is a polynomial of degree 2p < 2p + 1
in each variable)

o
el GIE > 0 G, (Tt b))

22(hy + yhop)1+2s
= hThT/GJT?:z—QS o GLn’y (UZ(SU, y)(hT + yhT/)_(1+25)>

> hThT/GJSﬁ—Zs 0GLyy, (UQ(% y)(hy + hT’)_(1+2s)>
—trhrs [ [ U@y ) 20 dyd
zeT JyeT

> (14 hyr/hy) ™2 hpho / | U, y) (hr + yhe )" 2022728 Gy di,
zeT JyeT

where we used in the last inequality that h;(HQS) > (hr + yhp )~ (125 We conclude in view
of (3.7)

Q%,T’ (U, U) > Ccoer IT,T’(U7 u)>

where Croer = inf{(1 + hqs/hy)~(F29) | T € T,,T" adjacent to T} depends only the shape
regularity constant v and s. The case (T,7") € T, x {2} leads to two terms of the form (3.11)
or (3.12). One term can always be analyzed in similar fashion as above and the other one can
be treated as in the following case (v).

Proof of (v): This is handled similarly to the case of adjacent elements in (iv). We consider
only the case (T',T') € Ty x T, the case (T,T") € T, x {Q°} is handled similarly.

With up, 47 as above and using that polynomials of degree 2p + 1 are integrated exactly
for n > p+ 1 we estimate

Qg (1, 4) = hyhGLu g © GLyy ((ar () = s (9) (1 = @)y + distryrs +yh)~+2)
> Wl Gl © GLny ((ir(z) = i (y)2(hr + disty g +hp) =02

—thys [ [ (o) g ()P + distag b)) dyda
zeT JyeT

> < distr 7 )HQS hrhp / / (ar(2) — ar (y))* dy dx
— \hr + distp g +hy veT Jye? (1 — @)hy + distr +yhy) ! +28

> C’coerIT,T’ (ua u)a

10



4 Proof of Theorem 2.4

for a Ceper > 0 that depends solely on the shape regularity constant v and s. O

Remark 3.3. The proof shows that the condition n > p + 1 for the case of adjacent elements
could be weakened in that p points suffice in one variable whereas p+ 1 point should be used in
the other one. "

Corollary 3.4. Let T, be a ~y-shape regular mesh. There is ccoer > 0 depending only on v and
s such that form >p+1

Yu e SPHT). (3.14)

?in(u, U) > CCOETHUH%S(Q)

Proof. We write

alw =SS S Q)

TET,U{Qe} T T, U{Qe}

and use Lemma 3.2 to bound Q. 1 (u, u) > Ceoer 7 1/ (u,u) for a Ceoer > 0 depending only on
~v and s. O

Remark 3.5. (i) Lemma 3.2 shows that it suffices to use n > p quadrature points for the
quadrature Q%T to ensure solvability of the linear system (2.7). The condition n > p + 1
stipulated in Corollary 3.4 leads to uniform (in p and T) coercivity. (ii) Remark 3.3 shows
that for adjacent elements a “mizred” quadrature order could be employed to slightly reduce the
number of quadrature points. (iii) The stability result Corollary 3.4 exploits positivity of the
kernel and weights as well as a certain exactness property of the Gauss-Legendre/Gauss-Jacobi
quadratures. One can avoid exploiting these properties and rely on a perturbation argument that
uses consistency error estimates for the quadratures and the coercivity of the continuous bilinear
forma(-,-). This approach, which results in the stronger requirement n > p+O(log((p+1)(#7,+1)))
1s discussed in Lemma 4.4 below. "

4 Proof of Theorem 2.4

The proof is based on the classical Strang Lemma, see, e.g., [Bra07, Chap. 3]. In the present
setting, it takes the following form:

Lemma 4.1 (First Strang Lemma). Let T be a mesh on Q and let &, > 0 be such that ay
satisfies

anllon|%. q) < @nlon,vn)  for allvy € SELT). (4.1)

Then, with the continuity constant Cq of the bilinear form a, the difference uw — un,, between
the solutions u € H%(QY) of (2.2) and un,, € Sg’l('T) of (2.9) satisfies

- C, . a(v,w) — ap(v,w
||u—uN7n||gs(Q) < <1—|—~> ( mf <||u—v||ﬁs(m+ sup |a(v, w) - ( )’)
an ) \vesplen) wespiry 1l

¢y M0 D))
wespiery 1@ Es)
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4 Proof of Theorem 2.4

Lemma 4.1 indicates that we have to show lower bounds for the coercivity of @,(-,-) as well
as derive bounds for the consistency errors |l(w) — I, (w)| and |a(v,w) — @, (v, w)|. This is the
subject of the following two lemmas, whose proofs are postponed to Section 5.

Lemma 4.2 (Consistency error for [). Let f be analytic in Q, and let T+ be a ~y-shape regular

mesh. Let l(v) = (f,v)2(q) and let its approzimation ln(-) be defined by (3.3). Then, there
exists a constant p > 1 depending only on f such that

1) = Tu(0)] < Cog? T pllvl oy for all ve SPNT), (4.2)
where Cg y > 0 is a constant that depends only on s and f.

Lemma 4.3 (Consistency error for a). Let T, be a y-shape reqular mesh, a(-,-) be the bilinear
form of (2.2) and ay(-,-) be its approximation (3.13). Then, there exists a constant p > 1 that
depends only on the shape reqularity constant v such that for all u € Sg’l(’];) and v € Sg’l(ﬂ)
there holds

a(t,0) = G, V)] < Coy (T30 P2 10358 a7 [0 o (4.3)
where Cs ~ is a constant that depends only on v and s.

As pointed out in Remark 3.5, the consistency error a—a,, allows one to infer uniform coercivity
by a perturbation argument:

Lemma 4.4 (Uniform coercivity). Let the assumptions of Lemma 4.3 hold. Then, there are
constants o, A1, Aa > 0 depending only on the shape regularity constant v and s such that for
n>p+An(p+1)+ A In(#7T5 + 1) there holds

allon|%. q) < @nlon,on)  for allvy € SPNT). (4.4)
Proof. The coercivity of a(-,-), the triangle inequality and Lemma 4.3 applied with r = p give

QHUN”%S(Q) < a(vn,vN) < an(on,vn) + [a(vy, vn) = an(vn, vN)|

< an(UNa UN) + Cs,’y (#7-7)2/)2p72n+1p6HUNH%s(Q)'
As the second term on the right-hand side tends to zero for n — oo, we may ensure for
n>p+An(p+1)+ A In(#75 + 1) with large enough constants Ai, Ay that

sy (#ﬂ)zpcspkz\l In(p+1) =222 I(#T7+1) < (4.5)

«
2
so that coercivity of @, follows with coercivity constant & := /2. To give more details: we
note that A1, A2 can be chosen independently of p and #7, as

3
o )\ > —  (p+1)6-2nl) <1,
L2 ) ®+1)
2
o N\ > —  (#T, 4 1)2 2l <1,
ll’l(p) ( Y )

12



4 Proof of Theorem 2.4

In(2p Cs ~) — In(a) _ a

Ay > il ; 1)~ A2In(p) <« =

. 2_max< In(p) In(2) ,0 =  Csyp(#T,+1) S 90
which directly gives (4.5). O

Proof of Theorem 2.4. Proof of (2.10): Under the assumptions made, we can apply the stabil-
ity result Corollary 3.4 with 7, = 7;’.;()’0 noting that #7;";070 = 2L+2. Hence, forr € {1,...,p},
we can use the First Strang Lemma to estimate

[ = N nll e () < C( inf (Hu—ur!ﬁs(a) T L (e _“n(umw)\>
ur€Sy " (Tko,0) weSP (Tky.o) [0l 75

+  sup ”(w)_l"(w”). (4.6)
west () 1l

Taking u, € 56’1(727@0’0) as the hp-FEM approximation of (2.6) for the space 55’1(7;]];07(,), we
get from Proposition 2.3 for the first term

lu =ty oy < Ce™" + Ceal/279E, (4.7)
Lemma 4.3 and the a priori estimate HungS(Q) < O fllL2(q) lead to

‘CL(UT, w) B an(uh w)’

sup < Oy gy L2prtP=2nH1p33, (4.8)
wesh (o) 1l
Finally, Lemma 4.2 provides
I(w) —1,
vy MO D wo)

wesp (Thoo)  101i5(0)

This proves the convergence result (2.10).

Proof of (2.11): Follows from (2.10) by taking r = p/2.

Proof of the complezity estimate: We are left to show that, for L ~ p ~ n and the basis 59¢° =
Bl U B9 from Definition 2.2, the number of algebraic operations to set up the linear system
Az = b is O(L?), where A € RV*Y with A;; = a(p;, ¢i) and b € RY with b; := (f, ©i) 12(0)-
The key to the proof is that the evaluation of the p 4+ 1 shape functions at the n quadrature
points always happens on the reference element T and therefore can be precomputed. This
precomputation can be realized in O(np) operations using three-term recurrence relations by
noting that the integrated Legendre polynomials are orthogonal polynomials (see, e.g., [KS05,
(A.3), (A.9)]).

We recall that the support of the basis functions consists of two mesh elements for 5" and
one for BL¢9. Therefore, in the definition of the approximated bilinear form

DY Y Grles)r2 ¥ Galns)

TeTh, , T'eTE TeTL

geo,o geo,o geo,o

an (@i, 05) =
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4 Proof of Theorem 2.4

most of the summands are zero and only O(1) are left to calculate. Before we derive the stated
complexity bound, we show that a direct implementation is not enough to achieve O(L?).

Direct implementation: In terms of computational effort, the evaluation of the stiffness
matrix A;; dominates the computation of the load vector b; (which is of order O(Lpn) by the
same reasoning as below). For the stiffness matrix, a naive implementation contains nested
loops (starting from the outer loops) of

e 2 loops over the O(p L) basis functions B9 (thus complexity O(p? L?)) with evaluation
of O(1) quadrature formulas of the type Q%T,(cpi, ¢;) and Q%Qc(w, ©i);

e evaluation of each Q7.1 (s, ;) and Q%Qc(goi, ©;): 2 loops over the quadrature points
with complexity O(n?).

In total this leads to a complexity of O(p?L?)O(n?) = O(L®), since L ~ p ~ n. We now show
that the complexity of setting up the stiffness matrix and therefore the overall complexity, can
actually be reduced from O(L®) to O(L?).

Step 1 (blockwise assembly): We assemble the stiffness matrix blockwise. Therefore, for
subsets of basis functions B, B C B, we introduce the notation @, (B, B) := (@n (¢, goj))%eg oseB
for a matrix block.

. ~ lin Rlin ~ lin RLeg
As B = BmUBLI we have A = (a"(B B™) - an(B™, B)

’dn(BLeg7 Blm) a“n(BLeg7 BLeg)
has O(L?) entries (as #B'™ = O(L)) that can each be calculated in O(n?) operations. Simi-
larly, the blocks @, (B"", BL¢9) and @, (B9, B"") have O(p L?) entries (as #B% = O(p L)),
which can be each calculated in O(n?) operations. Thus, the total complexity for the cal-
culation of these three blocks is O(p L?n?) operations. It thus remains to treat the block
an (BLeg’ BLeg)‘

Step 2 (treatment of a, (B9, BL9)): Let T, T' € ’7;{;070_ be a pair of elements. We distinguish
three cases: the O(L) pairs of adjacent elements, the O(L) coinciding pairs 7" = T', and the
O(L?) well-separated pairs. For the first two cases of adjacent pairs or identical pairs, one has
to consider O(p?) combinations of basis functions B9 so that the total complexity for this
case is O(p?L n?), which is the desired O(L%) complexity.

Therefore, let T, T’ be separated, i.e., T NT' = ) and @1 € By, o1 € By be fixed. For this
case, the bilinear form a, (¢, /) simplifies to

) . The block @, (B“", B")

an (o7, P17) Pr (@) (v)
hThT/ G x © G Y <|(1 _ SU)hT 4 dlStT,T/ +yhT”1+2s
= (wi o)), (ke (6, 95))ij=1,..n - (@) Prr(Yj))j=1,..m (4.10)

where krqi(z,y) = (|(1 — z)hr + disty g +yhy|'72%)71. The key observation is that the
vectors (wj ¢T(m2))2—:1n and (wj ©77(yj))j=1,...n can be precomputed in O(pn) operations
using recurrence relations since p and @ are the integrated Legendre polynomials on the
reference element 7' and therefore independent of T"and T”. Thus, we can compute the products
in (4.10) as: For all pairs of separated elements 7', 7' and all ¢ € B, compute the vectors

o M = (wz @T(xi));l—:17.--,n . (kT,T’ (xia yj))i7j:17--'7n in O(nQ)’

e then, loop over all basis functions ¢ € By and compute the scalar product M -
(wj &7 (Y))j=1,..0. in O(n).
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5 Consistency errors

This leads to a total complexity of O(L? p (n? +pn)) = O(L®), which finishes the proof.
0

5 Consistency errors

In this chapter, we present the proofs for the consistency error estimates in Lemmas 4.2 and
4.3.
We start with a well-known basic error estimate for Gaussian quadrature. Recall that

I(®) = /TCI)(x)w(a:) dr =) w®(z;) =: G (D),
=1

with >, w; = C, = f:,: wdz and that the numerical integration is exact for II € Py, _ 1(7/“\)
Thus, for an arbitrary polynomial IT € Py, _1(T ) we get (using also the positivity of the weights
w;)

Ep = [I(®) - Gn(® )IZII(@—H)—G (@ —1I)|

< Coll® =1 ooz +Zwﬁuq> | e 7y < 2C0[|® = Tl o

which gives the best approximation estimate

B,<20, imf 0T, (5.1)
I1€Poy— 1(T)

By tensorization, this result for univariate Gaussian quadrature can be extended to the 2d-case.
We consider the special case w = 1 and for

I?P(®) = /A/Afb(a:, y) dy dz = G2P (D) := Gy 0 Gy (®) = Gy 0 sz% (@i, vy5)
TJT

1,j=1

we estimate the error using C,, = 1 for w = 1:

E;P = |IPP(®) - GIP ()] (5:2)

O(z,y) dy — Gny(P(z,)) dx| + ’/ Gy ))dx — Gy 0 Gn’m(q))’

< sup [1(®(z,)) — Gy (B2, )| + ‘Gn,y </f B(z, ) do — Gn,x@)) ‘

zeT

< sup [I(®(z,")) — NI+ sz /A z,yi) dr — Gno(®(- yi))
zeT
Do wi=
< Sup (B2, ) — Gy (B(, )] + 50D [1(® (-, 1)) — G (B, 1))
zeT yeT

In view of (5.1), these two univariate integration errors are estimated by best approximation
errors. For analytic integrands, the best approximation errors will be quantified in Proposi-
tion 5.2.
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5 Consistency errors

Definition 5.1 (Bernstein ellipse). For p > 1, we define the Bernstein ellipse £, and its scaled
version £, by

E={z€C:|z=1+|z+1 <p+p'}, (5-3)

& =F,) (&), (5.4)

where F(_y 1y : C — C, x = 2z — 1 is the affine map transforming (—1,1) to (0,1). We note
that the focal points of éA'p are 0 and 1.

Proposition 5.2. Let ® be holomorphic on gﬁ, p > 1. Then, for every 1 < p < p, we have

. 2 _
vlengn [ — UHLOO(O,l) < ﬁp nH(I)“Loo(Ep)- (5.5)

Proof. This proposition is just a transformed version of [DL93, Chap. 7, Thm. 8.1].
[

With this estimate for the best approximation error, we obtain exponential convergence for
the quadrature errors.

Lemma 5.3. Let p > 1.
(i) Let ® : & — C be holomorphic. Then, for every 1 < p < p, the quadrature error can be
estimated by

(@)~ Ga(@)] < Cp 2 [0 i), (5.6)

where the constant C' is independent of n and .

(ii) Letf\I) : & x & — C be such that for each y € (0,1) the function <I>(;, y) is holomorphic
on & and such that for each x € (0,1), ®(x,-) is holomorphic on E;. Then, for every
1 < p < p, the quadrature error can be estimated by

’IZD((I)) . G%D(CI)” < Cp72n+1 sup H(I)<-7y)HLoo(5A) + sup HCI)(x7 ')HLoo(g) , (5.7)
y€(0,1) ?7 ze(0,1) P

where the constant C' s independent of n and .

The norms in the previous estimates do not involve the || - || fis(q) Rorm required in the Strang
Lemma. This is achieved with an inverse estimate or a Poincaré type estimate.

Lemma 5.4. Let T = (z¢,z¢ + hz) C R be an interval with diameter hz = diam(Z) < oo.
(i) There is a constant independent of T such that for every p > 1 and p € N there holds
for all polynomials v € Py(Z) and their pullbacks ¥ := v o Fr

|

<oy P ol o, (5.8)
Lo (&p)

LY
dx

loll e,y < CoPp bz 2 olls ). (5.9)
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5 Consistency errors

(i) Denote Lgym = (x¢ — hz,x0 + hz) and let v € H*(Lsyy) with U‘(xg_the) = 0. Then,
there is C' > 0 depending only on s such that

”UHLQ(I) S Ch%‘U’HS(Isym)' (510)

The same estimate holds for Lsym = (¢, v¢ + 2hz) andv € H*(Lsym) with v|(s,4hy op+2hr) =
0.

Proof. With the Bernstein inequality [DL93, Chap. 4, Thm. 2.2]
||Q\|Loo(§p) < PPllll oo,y for all ¢ € Py(0,1)

and inserting the mean 0 := fol
Employing inverse inequalities of Markov type, see [Sch98, Thm 3.91, Thm. 3.92] together with
a fractional Poincaré inequality, see [Heul4], and a scaling argument, we arrive at

This shows (5.8). Inequality (5.9) follows with the same arguments.

The fractional Poincaré inequality (5.10) can be shown by a scaling argument and the com-
pact embedding H* C L?; the fact that the seminorm appears on the right-hand side of (5.10)
is a consequence of the fact that v is assumed to vanish on parts of Zgy,. See also [AB17] for
the proof of a closely related result. O

0(z) dx, we obtain

d

%’U

L5°(0,1)

d ~ =~
%(va)

oo

4,
dzx

gCW‘
)

L>=(E, L>(0,1)

d

e < Cp*||o -

Lo(0,1)

< Cp’|o -

S|
N~—

(0 - 6HL0<>(0,1) 5HL2(0,1) (5.11)

< CpPlolgs01) < CP°RS [0l s (o)- (5.12)

The following lemma provides the key technical estimates for the quadrature errors appearing
in the approximated bilinear and linear forms.

Lemma 5.5. Let co(T,T") denote the convex hull of two sets T and T'. Let T be a ~y-shape
reqular mesh on 2. There exists a constant p > 1 that depends only on v and s such that for

allv € 56’1(7'7), w e Sg’l(Ty) and T, T'" € T, there holds

’IT’T, (U’ U)) - Q%7T’ (U, w)‘ S Cs7p7'y’l”3p3pr+p72n+1 |’U

‘IT@C (v, w) — Qr.0e (v, w)‘ < Cs,p7v7"3p3p

|5 (co(m. 7)) [0 H5 (co(T,77)) 5 (5.13)
—2n+1
rpInd |v|ﬁs(Q)|w\ﬁs(Q). (5.14)
Proof. We distinguish the cases of pairs of adjacent elements, identical pairs, well-separated

pairs, and combinations of elements T with Q€.

Case of adjacent elements: We start with the case for adjacent elements T' # T" with
TNT' # (. Due to Lemma 5.3 it is sufficient to estimate the L°°-norms of the integrands in
(3.7). As both integrands can be treated in the same way, we only consider the first one

(br(1— ) —ip(ay) (ir(1—2) — iops () 1
x x 11+ yhy /by |42

/g\l(l‘7 y) = h;l_Qs
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5 Consistency errors

Note that the first two fractions of the product on the right-hand side have removable singular-
ities and are therefore holomorphic on C in each variable. The function y + |1 + yhy /hr| =
/(1 + yhy /hr)? > 0 on the closed interval [0, 1] and therefore has a holomorphic extension to

an ellipse &, for some p > 1 that solely depends on v since hyv/hr < 1/v by shape regularity.
We conclude that gi (-, y) is holomorphic on C for fixed y € [0, 1] and g1 (z, -) is holomorphic on
SAP for fixed x € [0,1]. Using that o7(1) = 07+(0), the fundamental theorem of calculus implies
for (z,y) € [0,1] x é\p and for (x,y) € é‘\p x [0,1]

x Yy
1 1 d d
(op(1 — z) — b = | Lora=2de— | Loy
x(vT( x) — Or (a:y))‘ . /dzUT( z)dz /dsz (2)dz
0 0
H d . d
<2max | ||—07 N =07 .
4z i@,y 1927 o= (g,

Analogously, the same can be shown for the function w. With Lemma 5.4, this implies

sup [[G1( W)l ez + sup [[g1(z, )l ez
ye(0.1) P& e EE)
< Cs,p,7r3p3pr+p max(|v|Hs(T), |U|HS(T’)) max(\w|Hs(T), |w|HS(T’))-
Together with (5.7) and max(|v|gs (1), [v|gs (1)) < [V|Hs (co(T,77)), this finishes the proof for the
case of adjacent elements T, T".

Case of identical elements: The case T = T’ follows with similar arguments. We note that
in this case the integrand

(0r(2) = G (wy)) (or (@) = or(zy)) | 1-2: (5.15)

/9\2('1;7y) = |x—a:y|2

is a polynomial of degree < r + p — 1 and thus is integrated exactly for n > max(r,p).

Case of well-separated elements: For separated elements T NT' = () the integrand is con-
tinuous. Thus, by [MS98, Lem. 4.6], the Gaussian quadrature error can be estimated by the
best approximation error for the function gs(x,y) := |distr v +(1 — 2)hr + yhy | 71728 in L™
using polynomials of maximal degree r. := 2n — p — r — 1 and L?-norms of the polynomials
or(z) — o7/(y) and @r(z) — b (y):

Ir (v, w) — Q%T,(v,w)' < Cp*hrhyr 1nf Hgg — Z]\HLOO (FxT)’

q€Qr.((
(/j:/f(ﬁT(-%') — o7/ (y dydac 1/2 // by (x wT'(y))zdyda:>1/2, (5.16)

where Q,._((0,1)?) denotes the tensor product space P, (0,1) ® P, (0,1) = span{(z,y)
iyl 0 <id,5 < r.} Slmllarly to the case of adjacent elements, the function g admits a holo-
morphic extension to 5 XE for some p > 1 since g3(z,y) = ((disty 7 +(1—x)hp+yhg)?)~1/2=s
and the argument of ( -)*1*25 is bounded away from 0 for (z,y) € [0, 1]2. In fact, we only require
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5 Consistency errors

that for each fixed x € [0, 1] the function g3(z, ) can be extended holomorphically to SAP and for
each fixed y € [0, 1] the function g3(-,y) can be extended holomorphically to gp. As in the case
of adjacent element, we have by shape regularity hy/disty 7 < 1/ and hyr/ distp < 1/7.

We may employ Proposition 5.2 and a tensor product argument akin to that employed in
(5.2) to get with inequality (5.2) the existence of p > 1 such that

inf 93— qll yociiom < C —Tec diSt_l_,Zs' ‘17
aeQrc((071)2) ||g3 qHL (TXT) - S,p,’yp T, T ( )

For the remaining terms in (5.16), we transform back to the physical elements, insert the
mean Ueo(r,77) = fco(T T,)v(ac)dx/ heo(r,17y Over the convex hull co(T,T') of T and T" and
integrate in one variable to obtain

| [torte) = bn)dude = i'nz! [ [ (wrta) = on () *dyda
<2ttt [ [ (@) = o) + (et — o) *duda

= 2h. 1||U Veo(T,T7) ||L2 + 2hT/ v — Uco(T,T’)H%Q(T/)' (5.18)

Both terms can be treated in the same way, we thus only focus on the first one. Increasing
the domain of integration to the convex hull co(T,T”) and employing a Poincaré inequality,
see [Heul4, Prop. 2.2], gives

v = Teo@anT2ery < 10 = Peoman 72 (corry < Cshesermn Vs corrm)- (5.19)

Inserting everything into (5.16) gives

7.7 (v, w) — Qv (v,w)| < Cp?p P20t dlStT}fIQS(hT + h )28 oy [0 s o (1)) [0 1 (o177 -
(5.20)

We note that, for shape regular meshes, we can estimate
1 1: —1 4- . . 2
hr <~ dlSJCT,T/7 hpr < dlStT’T/, hco(T T") < distpp +hp + hp < distpp (1 4+ — .
b K b fy

Thus, there holds diSt;]{-[w_/2s(hT/+hT)hgg(T 7 < (2/7)(1+2/7)?%, which concludes the argument
for the case of separated elements.

Case of combination of T with Q°: For the complementary part, see (3.10), we consider
integrals of the form

or(z)wr(v)
J ‘ diStT7{_1} +$hT‘28
T

(5.21)

We have to distinguish two cases. If T'is at the left boundary, —1 € T and therefore distr (1) =
0, we can treat the singular integral (5.21) as a one dimensional version of the adjacent case.
If dist7 (1} > 0, the proof uses similar techniques as the separated case. The only difference
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6 Outlook: the multidimensional case on shape regular meshes

is that, instead of the convex hull of two elements, the convex hull of the element and the
boundary point —1 is used and [Heul4, Prop. 2.2] is replaced with (5.10) to bound the L2-
norms

[vllzzry < vllz2(eo(m(—13)) < C heoirg—1p IVl s (- (5.22)
This finishes the proof. O

Now, the consistency errors follow from summation of the elementwise contributions.

Proof of Lemma 4.3. With the triangle inequality, basic integration and Lemma 5.5 we obtain

la(v, w) — ap(v,w)| < Z Z ‘IT,T/(v,w) - Q%T,(v,w)‘ +2 Z ‘[Tvgc(v,w) — Q%QC(v,w)‘

TeTy T'eT, TeT,
< Cs,p,wgpgf’r+p_2n+1< > D Wl lwlmscogr)
TET, TeT,
2y vaﬁs(g)\wngs(m)
TET,
< Cs,pﬁ(#ﬂ)27"3p3pwq+p_2n+l HUHﬁs(Q) ”wajs(Q)» (5.23)
which finishes the proof. d

Proof of Lemma 4.2. As f is analytic on [0, 1] there exists an analytic extension to a Bernstein
ellipse &, for some p > 1. Using (5.6) of Lemma 5.3 gives for each element

< Cp Ol e,y < Cosp ™" or e,

/ffT(fL’)ﬁT(w)dx — GLy(fror)

(5.9) o ts 12
< Cspppp* 2 gt vl s (1)

Summation over all elements T' € T, together with the Cauchy-Schwarz inequality gives

1) ~ L] < Y hr

/ffm)%mdas ~ GLa(fror)

TET,
< oo™ Y Wy < o VI (S Iolleiry)
TeT, TeTy
< Cypry 2O" 2" H|0] 115 (02)
which finishes the proof. O

6 Outlook: the multidimensional case on shape regular meshes

In this section, we discuss how the preceding 1d-analysis can be generalized to the multidimen-
sional case d > 1 for bounded polyhedral Lipschitz domains Q C R?. In this case, the weak
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6 Outlook: the multidimensional case on shape regular meshes

formulation is given by: Find u € H () such that

ot o= S [ [ DD D) gz (1~ 0) (61

|f _ g‘|d+25

for all v € H5(Q), where C(s,d) := 225sD(s 4+ d/2)/(x%2D(1 — s)) (see, e.g., [AB17]). Thus,
we have to numerically compute integrals of the form

I s = [ [ LE DD 0@ 7 62)

7 g
S1 S2
I 1 Lo
I, gc(v,w) ::/v(x)w(x)/wsdyd% (6.3)
S1 Qe

where S7 and S; denote d-dimensional simplices.

In the following, we will consider regular, y-shape regular triangulations 7, of €, i.e., de-
compositions of ) into simplices. ~-shape regularity means that the affine element maps
F:S5 — S from the reference simplex S to S € T, with diam S = hg satisfy ||[F§|r~ < vhs
and ||(F') 7| < vhg'. As usual, we set SPNT) == {u € HY(Q) |uls € Po(RY) VS € P,},
where P,(R?) denotes the space of d-variate polynomials of (total) degree p. We will also
require the tensor-product space Q,(R%) := span{z{" - 2?0 < ai,...,0q < p}.

6.1 Quadrature on pairs of simplices

In the present case of shape regular triangulations, techniques developed in [CS12] can be
adapted to numerically integrate (6.2). Similarly to the case d = 1 in the previous sections,
singularities in the integrand can be transformed such that suitable combinations of Gauss-
Legendre and Gauss-Jacobi quadrature can be employed. In the following we state the main
result of [CS12] regarding numerical integration of certain singular integrals.

Proposition 6.1 ([CS12]). Let T, be ay-shape regular mesh and S, So € T, be closed simplices

in RY with k = dim(Sy N Sy) (setting k := —1 if S1 N So = 0) and consider integrals of the
form
1= [ [1z-ar@.g.q - g dgaz, (6.4)
S1 S2

where a € R and F is a real analytic function, i.e., F € C¥(S1 x Sy x (S3 — S1)).

Then, there exist K, € N depending only on k and polynomial transformations ®;, j =
0,..., K} of degree qp := max; deg(®;), depending only on d, such that the integral I takes the
form

—,

Ky
=y / Fod;(7)R;(7) Jo, (T) 9721 g7, (6.5)
=0 10,1)24

where R; € C¥([0,1]%4) are real analytic functions given by
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6 Outlook: the multidimensional case on shape regular meshes

Ry (T) = qt? ' (6.6)

and the Jacobians Jg; are polynomials of degree at most d(qe —1).

ta+2d—k— 1
1

In particular, the condition o > k — 2d ensures that (6.5) is integrable and can be

used as a Gauss-Jacobi weight function.

Proof. See [CS12, Sec. 3] for the explicit construction of the transformations ®; and the re-
sulting polynomial degree gg as well as [CS12, Thm. 4.1, Rem. 2], where a slightly different
formulation is shown, which even includes the more general case that F is in a Gevrey class.
In [CS12] the condition « > k — 2d is required, but it follows from inspection of the proof that
it is only needed to ensure integrability of the integrand. O

Remark 6.2. (i) The transformations ®; are, similarly to the case d =1, combinations of
affine transformations and Duffy-like transformations that transform simplices to hyper-
cubes and thus are polynomials. The parameter K € N accounts for different cases that
have to be treated with different transformations (as can be seen in the case d =1 as well,
compare (3.6) and (3.7)). If d > 1, this requires even more cases; however, structurally
they are all similar, which allows for the compact notation.

(i) An important observation of (6.5) is that the transformations (by employing relative
coordinates) can be constructed such that the singularity of the function |Z — 7]~94=2*
appears after transformation only in a single variable labelled t1.

(iii) Since the term tT23*=1 with o 4 2d — k — 1 > —1 can be handled as a weight function
with Gauss-Jacobi quadrature, an approximation to (6.5) can be achieved by a tensor
quadrature rule. "

Unfortunately, the integrals in (6.2) do not fulfill the requirement of the final statement of
Proposition 6.1 to be integrable since a = —d — 2s > k — 2d does not hold for all 0 < k < d and
s € (0,1). Therefore, we have to modify the analysis of [CS12] to suit our integrand by showing
that, after application of the transformations ®;, the term (v(z) — v(y))(w(z) — w(y)) takes
the form ¢2 q(t1,...,t2q) where ¢ is a polynomial in 2d variables, i.e., ¢ € Pg(R??) for some k.
Consequently, the singular term in the integral takes the form t¢ with & := a+2d—k+1 > —1.
More precisely, we have the following Corollary 6.3, which can be seen as an extension of [CS12,
Thm. 4.1] to the present specific case (6.2).

Corollary 6.3. Let T, be a y-shape regular mesh and S1,S2 € T, be closed simplices in R4
with k := dim(S1 N S2) (setting k := —1 if S1 N Sy = 0) and, for v,w € Sg’l(ﬂ) consider the
integral

151732 (ij) — // (U|Sl (f) - U|SQ(37))(’UJ|51 (f) - ’w|Sz (?j)) i dz. (67)

|f _ g‘|d+25
S1 S2
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6 Outlook: the multidimensional case on shape regular meshes

Then, employing, for k > 0, the polynomial transformations ®; of Proposition 6.1 of degree
(at most) qo the integral Is, s,(v,w) takes the form

Ky
Is, 5, (v, w) = Z Py j(T) Py j (1) R;(%) Jo, (1) 72T F"1 gz, (6.8)
0,12 7=0 7,

Here, the Jacobians Jo,; are polynomials of degree (at most) < d(qe — 1), R; € C¥(0, 1]%%) are
analytic functions given by

. t(1i+23

Ri(7) = S— 6.9
OGP oa, (o)

and P, j, P, ; € P(R??) are polynomials of degree (at most) < pge — 1, defined by

. — O (T . _ O (F
’ 1 ’ 131
For k = —1, we get the form

Is, 5,(v,w) = / Py _1(t) Py —1(H) R-1(F) Jo_, (1) df, (6.11)

[0,1)24 =F_

-

with polynomial Jacobian Jo_,, R_1(T) := |(Z — ) o ®_1(1)|~42* analytic and polynomials
Py 1, Py 1 € Ppgu—1(R*) defined by

P, _1(%) := (v|s, —v|s,) o ®_1(f) and P, _1(%) := (w|s, —w|s,) o ®_1(7). (6.12)
Proof. For k > 0, with Proposition 6.1 it is only left to show that P, ; and P, ; from (6.10)
are polynomials. We only prove the statement for P, ;.

Since v € 55’1(7:,) is a piecewise continuous polynomial, the singularity points & = ¥ of
|7 — §]7%72% are a subset of the roots of the polynomial (v|s, (%) — v|s,(#)). Since ®; is a
polynomial, it follows that (v|g, — v|s,) o ®; is also a polynomial (of degree bounded by pgs)
that vanishes at the singularities of |Z — ]~%2% o ®,;. So the separated singularity ¢; has to be
a root of (v|s, —v|g,) o ;. The fundamental theorem of algebra finishes the proof.

For k = —1 the proof follows immediately from Step 1 and 2 of the transformations of [CS12,
Sec. 3. O

[CS12, Thm. 5.4] also asserts exponential convergence of a suitable combination of Gauss-
Jacobi and Gauss-Legendre quadrature employed to integrands covered by Proposition 6.1.

Proposition 6.4. Let R € C*(]0, 1]d/) and By > —1. Then, there exist C, b > 0 independent
of d' such that for all n € N there holds

n,t1

‘ / ' R(E) df — GI) 0 GLygy 0 -+ 0 GLny, (R)| < Cexp(—b NY?), (6.13)
[0,1]¢

where N = (’)(nd/) is the total number of quadrature points.
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6 Outlook: the multidimensional case on shape regular meshes

Propositions 6.1 and 6.4 are formulated for fairly general integrands. However, in order
to obtain exponential convergence results for hp-FEM discretizations, as in the case d = 1,
an explicit dependence of the convergence rate on the employed polynomial degree has to be
derived, which is not directly deducible from Proposition 6.4.

In the following we extend our ld-quadrature analysis, which was explicit in p, to higher
dimension d > 1 specifically for the easier case of y-shape regular meshes 7, with a finite
number of patch configurations.

We will make the following assumption on the structure of the underlying triangulation of
Q:

Assumption 6.5. The triangulation T, is y-shape regular and there exists, up to dilations,
rotations, and translations a finite number (independent on the number of elements in the
mesh) of different patches (i.e., unions of elements sharing a vertex). This is, for example,
ensured for d € {2,3}, if the mesh is generated from a coarse mesh by “newest vertex bisection”,
[KPP13, Ste08].

Remark 6.6. For exponential convergence results in terms of “error vs. number of degrees
of freedom” as in Proposition 2.3 or Theorem 2.4, special geometric meshes Tyeo are required
that include anisotropic elements, [FMMS23]. A quadrature analysis on such meshes requires
a more careful analysis of elements with large aspect ratio and is postponed to a forthcoming
work. .

6.2 Consistency error analysis

We start with a standard quadrature rule on a simplex S. To that end, we can also use the
affine transformation [CS12, Sec. 3 (Step 1)] to map a given simplex S to the reference simplex
Sy = {(x1,...,xq) |z; >0Vi=1,...,d, 21+ -+x4 < 1} and afterwards with the Duffy type
transformation [CS12, (2.12)] to [0, 1]¢. This then allows to use tensor product Gauss-Legendre
rules to obtain

/Sf(f)dfz/[ ]dfo@g(?) Jos(D)dT~ GLyg, 00 GLpy,(f o ®sJas) = GLE(f),
0,1

(6.14)
where ®g denotes the composed polynomial transformations [CS12, Sec. 3 (Step 1) with (2.12)]
depending only on the simplex S with its polynomial Jacobian Jgg. Since ®g is an affine
transformation composed with a Duffy type transformation, it holds for polynomials u € Pp(S)

that uo ®g € Q,(RY).
The approximation of the right-hand side [(v) := (f,v) 2 (o) follows immediately.

Definition 6.7 (Approximate linear form for d > 1). For a piecewise polynomial v € 55’1(7;),
we define the approximate linear form by

10) = o)y = 5 [ F@0@ i~ 30 GLY(f) = D(w). (619

SeTy SeTy

where GLY denotes the tensor product Gauss-Legendre rule (6.14).

24



6 Outlook: the multidimensional case on shape regular meshes

Consistency error estimates for the linear form [ follows with the same arguments as for the
one dimensional case in Lemma 4.2.

Lemma 6.8 (Consistency error for 1). Let f be analytic in Q, and let T, be a y-shape reqular
mesh on Q C R, Let I(v) := (f, ) r2(q) and let its approzimation ly(-) be defined by (6.15).
Then, there exist constants p > 1 and Cy ., s > 0 depending only on f, v, s, and Q such that

10) = 1 ()] € Craop P2 Mol gy for all v e SPHT,). (6.16)

Next, we define the approximation to the bilinear form a(-,-).

Definition 6.9 (Approximate bilinear form for d > 1). Let T, be a y-shape regular mesh and
51,52 € Ty be closed simplices in R? with k := dim(S1 N Sy) (setting k := —1 if S;N Sy =0).
For piecewise polynomials v € 58’1(7:,), w E 56’1(7:,), using the notations F;, j = —1,..., K},
from Corollary 6.3, we define the following tensor product quadrature rules

Q% 5, (v, w) 1= GJy 1 0 GLy g, 0+ 0 GLy, (Y14 F)) for k>0, (6.17)
Q% 5,(v,w) := GLpy, 0+ 0 GLypy, (F_1) for k= -1, (6.18)

where f1 :=1—2s+d — k.
The final approzimation to the bilinear form a(-,-) reads

an(v,w) == C<;’d) Z Z Qgh&(v,w)—i— Z le,ﬂc(v,W). (6.19)

S1€T5 S2€T S1€T4
Here Q% e (v,w) denotes an approzimation to Is, gc(v,w) given by (6.37).
We now employ scaling arguments to work out the dependence on the element sizes and the

polynomial degree when estimating a(-,-) — a,(-,-).

Adjacent or identical simplices

We start with the case of two simplices S1,S2 with k& := dim(S1 NS2) > 0. We define the
reference simplex as Sq := {(z1,...,2q) | x; > 0Vi=1,...,d, x1 + -+ + x4 < 1}. As the
simplices S;, ¢ = 1,2 share, by assumption, k£ + 1 vertices, we may label the vertices 300 of
S; such that 710 = 520 for all 0 < /¢ <k and 710 #* 720 for all k + 1 < ¢ < d. With the
d X d - matrices

AW = (i) — g0 . glhd _5@0) =1 9, (6.20)
the pullback transformation Fg, xg, is given by

Foixs  Sax Sa— Sux o, (#,0) = (Fs, (@), Foy () = (310 + AWz, 720 4 4®7)
(6.21)
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6 Outlook: the multidimensional case on shape regular meshes

with its Jacobian Jpy . = |det AWM det A®)|. Denoting by vs, := v|s, o Fs, and g, :=

wlg, o Fs, for i = 1,2 the pullbacks to the reference simplex §d, Fg, «s, transforms the integral
(6.7) to

(0, (%) — 05,(¥)) ( (T) — s, (%))
Is, s, (v, w :// = — JFry g, Ay dT. 6.22
1 2( ) J |F51 (,I) (y)|d+23 S1XSo ( )
Sa Sa
As, for all elements in a vy-shape regular mesh 7, the lengths of all edges |17(j’i) — 17(j’0)| are
controlled by the element diameter hg;, we obtain J Fs, x5, <04 hd51 héQ with a constant C 4
that depends only on v and the dimension d.
To simplify the notation we introduce N;(Z, ) := 0g, (%) — 0s, (¥) and Ny (%, §) := g, (¥) —
ws, (). Corollary 6.3 yields for (6.22)

Ky, 7 s d+2s
Ny o®@;(t) Ngo®@;(t) t -
T _ v J w J 1 1-2s+d—k
51820, 0) = Ty Z.:O t1 L A0z A e s mD h T
0,124 ¢
=Z(1)

(6.23)

The estimate of the consistency error is again based on Lemma 5.3, which directly generalizes to
higher dimensions. Corollary 6.3 shows that Z allows for a holomorphic extension to a Bernstein
ellipse é\p in each variable with fixed p A1) @ > 1, ostensibly dependent on the transformation
matrices A, A® but independent of v € 55’1(7'7), w E Sg’l(ﬂ). By Assumption 6.5, there
is only a finite number of patch configurations in 7,, which leads, up to scaling, to a finite
number of different matrices AN, A®). To remove the scaling dependence, we note that

AWZ — A®g = hg, (h;} AWE —pg! A@)gj) . (6.24)

For ~-shape regular meshes we have hg, ~ hg, and the diameter of each simplex is proportional
to all edge lengths, which leads for A¢ := hg 1A to HAzHl O(1) for i = 1,2 and subsequently
to a finite number of different values p71) 72) > 1. Thus, we have a holomorphic extension of
7 to a Bernstein ellipse é’A with a fixed p := min 34, A (P30 Z(2>) > 1. To finish the estimate

of the consistency error, it suffices to bound each of the three quotients in (6 23) in the norms
IE HLOO(IQd\nge) where 7 := (0,1) and 729\ x Ef x T x Ef x I % -+ x I denotes the

set where the /-th component of 724 is extended to the Bernstein ellipse 5,;.
Using vg, (0) = 0s,(0) for k£ > 0, the first term can be bounded as in Lemma 5.4 using the
Bernstein and Markov inequalities by

’/ Np o ®j(T,ta, ... ta)) dr t]

< |00 (No 0 25(D) | ooy < 077100 (NG © @5

-1
HN O(I) tl HLOO(IM\ZXE‘Z Lw(fw\‘v’xfg)

)HLoo(IQd)

< (QQP)QPqWHNﬁ o ®;(1 HLoo(i%) (qap)? quN HL°°(<I> (F2d)) = < (qap)? qquN HLOO (82%Sa)
= (qop)*p?" |05, — 05, (0) + 05, (0) = 98, || oo 5,5
)’p

< (qap qq)p(”ﬁsl - @Sl(ﬁ)HLw(@) + Hﬁsz - @52(6)“L00(§d))’ (6.25)
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6 Outlook: the multidimensional case on shape regular meshes

where, again, q¢ is the maximal degree of the polynomial transformations ®;. On the reference
simplex, there holds by Markov’s inequality and inductive application of the inverse inequality
from [Sch98, Thm. 3.92] that

Hﬁsl — s, (6)||L<>o(§d) S HV@&HLw(&l) = HV(@Sl - ﬁsl)HLoo(Ed) S (q‘Pp)QHﬁSl - TSlHLw(Ed)
2+dhs,5‘:d/2|v|51}Hs(Sl),
(6.26)

S ) los, =5, 5, < (000051 |5, < Cratlaon)

where C, 4, is a constant that depends only on v, d, s. This finishes the upper bound for the
first quotient in (6.23)

)4+d hSS:d/2 hfg;d/2 "U|52 ‘H5(32)>

(6.27)

NG 0 @5 1| e oy < Cras P77 (qop)™ max (

—d/2
< Chas pleP (qcpp)4+dhgl /

(V151 |,

’U’Hs(co(sl,SQ))'

The second factor in the integrand in (6.23) can be treated in the same way. The estimate
for the third factor in the integrand follows again, as discussed above, by Assumption 6.5 and
(6.24)

ttli+2$
e ey
d—2 e d—2
=ho% " <O dho? =
S — — — = -\ d —_— 77S7p7 S ?
' ‘ (hsllA(l)x - hsllA@)y) o @j(t)‘ 2 Lo (T20\0x £L) '

where the last estimate follows from the observation that we only have a finite number of cases
for the function inside the norm. Now, we have deduced the appropriate scaling in terms of
the element sizes for each factor in (6.23) in the L*°-norm and inserting everything into the
higher-dimensional analog of Lemma 5.3 yields

)d+4< d+4 qs(p+r)—2n+1 ‘U‘H
S

15,5, (v, w) — Q% g, (v,w)| < Csy pa (qop qor)p

(co(S1,52)) ‘w‘Hs(co(Sl,Sg))
(6.28)

for adjacent or identical simplices S7, So.

Separated simplices

For the case S1NS2 = 0, i.e. k = —1, we start with the same transformation as in (6.22), where
we labelled the vertices such that there holds 770 — 520 = min; ; g(hd) — 5(2), Corollary 6.3
yields for (6.22)

-, =2 -

Is,,8, (v, w) = Jrg, s, / Ni 0 @1 (1) Ny 0 @_1(1) |(Fs, (T) — Fs, () 0 D-1(D)| 77 Jo_, (1) dL.

[071]2d
(6.29)

For simplices 51, So define dg, g, := dist(S1, S2) and pick a closed ball Bg, g, with S, Sy C
351752 and diam Bg, g, < hg, + hg, + d,5'1752.
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6 Outlook: the multidimensional case on shape regular meshes

The integrand can be estimated with a combination of arguments applied to the case k£ > 0
and the case d =1 in Lemma 5.5. Inserting the mean vp, o := st . v(@)dz/|Bs,,s,| gives
’ 1,92

< C plI<I>P

. bg, — s,
Lo© (IQd)

[N 0 ‘I)—luLoo(ﬁd\éxgg) <P PO
L>®(S4xSq)

= Cpqcpp(H{’Sl - mHLw(@) + ”652 - m\\m@)) (6.30)

With an L>®-L? inverse estimate on the reference simplex and a Poincaré type estimate for
the ball Bg, s, there holds

d/ (q p HU UBS1 So HL2 (S1)

d/2 s
< Chas g (hs, + hs, + ds, 5,) <q<1>p>d|v}Hs(le,52), (6.31)

|05, — UBs, o, HLoo(gd) < Calqap)?||os, — UBs, s, ||L2(§d) <Chashg

where C, 45 is a constant that depends only on v, d, s. For the third factor in the integrand in
(6.29), we note

|(Fs,(Z) — Fs, () 0 @1 ()| 772 = |(510) — 520 1 AWz — AP )0 @_(7)|747%. (6.32)
It follows that

1(Fs, (&) — Fs, () o <1>_1<?>|*d*28\\m@zd\exgg>
—d—2 =(1,0) _ =(2,0 -1 Dz -1 2) = 2\ —d—2
= dSl 525H| 51, GRS )) + dsl,SQA( &~ dSl,SzA( )y) °®_y(1)] SHL“(de\ngﬁ)'

(6.33)

By Assumption 6.5, there is only a finite number of patch configurations in 7, which leads, up

to scaling, to a finite number of different matrices A1), A®). The ~-shape regularity and choice

of numbering of the vertices yield [(7% — 50| ~ dg, g, and ||ldg' g AV, |dg s, AP =

O(1). This leads to a finite number of holomorphic extensions. Hence, there is a p > 1 for

which a holomorphic extension in each variable to the Bernstein ellipse &, is possible, and this

extension can be bounded by

s, () = Fs, (@) 0 21 (D] || e g20vs ) < Crspadsi's, ™ (6.34)

Inserting everything into the higher-dimensional analog of Lemma 5.3 yields for separated
simplices S7, S9

’ISLS? ('U, 'LU) - Qg’lasZ ('U, 'LU)’ < CSv’Yvd (q(bp)d(qq)r)dpqq)(p—"_r)_Qn—"_l ’UlHS(BSySQ) ‘w‘HS(BSPSQ),
(6.35)

where we used that for y-shape regular meshes there holds dg, s, > C max{hg,, hg,} for some
C > 0 depending on v so that the combined effect of the scaling parameters of all contributions
in (6.29) can be uniformly bounded by

- S S d/2 d/2
d5t52 b, b, (hs, + he, +dg, 5,)% (hg!? + bt ) <

Combining the estimates for all cases with the simple observation co(S1,S2) C Bg, s, yields
the following lemma for the quadrature error.
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6 Outlook: the multidimensional case on shape regular meshes

Lemma 6.10. Let T, be a y-shape regular mesh satisfying Assumption 6.5. Let S1,S2 € Ty
be closed simplices in R? and denote by Bg, s, a closed ball with diam Bg, 5, < hs, + hs, +
dist(S1,S2) that contains the simplices S1, So C Bg, s,. Then, for the integral Is, s,(v,w)
from (6.7) and its approzimation QY s, (v,w) by quadrature, there exists a constant p > 1 that

depends only on v and Q such that for all v € 55’1(7;), w e Sg’l(ﬂ) there holds

d+4(

qq)r)d—kélpqq» (p+7r)—2n+1 ‘U’Hs(

s1.5,(0,10) — QB (0, 0)| < Ciya (40) s sol¥lies o

(6.36)

with the constant Cs  q depending only on s, vy, d and Q; qe is given by Proposition 6.1.

6.3 Treatment of ()¢

In this section, we discuss the issue that the evaluation of the bilinear form a(-, ) requires the
evaluation of Ig, e given by (6.2). This is addressed using two ingredients:
(i) we select a set B with Q C Bpr (for convenience, this set will be taken to be a hyper-
cube [~R, R]? below) and extend the mesh T, to a triangulation Tf of Bpr satisfying
Assumption 6.5. For this triangulation, we may employ the quadrature technique used

above.
(ii) We develop a quadrature rule for integration over BS := R?\ Bp and exploit that
dist(T, Bf) > dist(2, Bf) > 0 together with analyticity of the integrand.
We focus on (ii). Let Bp := [~R,R]? for a fixed R > 0. Introduce the cones C; :=

{(y1,m19) |y1 > R,y € [~1,1]971} as well as C;, i = 2,...,2d obtained by rotating C; so
that the centerline of C; is aligned with one of the unit vectors (+1,0,...,0), (0,+1,0,...,0).
An integral of the kernel function over C; can be evaluated using the transformation n = 1/y;
as follows:

G1(f) e / |f_ g’|—(d+23) dﬂ: / / |f_ y1(17y/)T|—(d+2s)yilfl dy/ dy1
yely y'e[-1,1]4-1 Jy;=R

1R
- / / I — (1) T|-@429) 21 ap ay.
y'e[-1,1]4=1 Jn=0

=:G1(Zn.y")
This suggests to use a tensor product quadrature with (product) Gauss-Legendre quadrature

in the 3/-variables and a Gauss-Jacobi quadrature with weight 7?*~! in the n-variable. Key to
the performance of the quadrature rule is the analyticity of the function Gy:

Lemma 6.11. Let Q C Bi. Then:
(i) The function Gy is analytic on Q.
(i) The function Gy is analytic on Q x [0,1/R] x [-1,1]47L.
(i4i) The functions Gy and Gy are positive on 2 and Q x [0,1/R] x [—1,1]%7L, respectively.
Analyticity of a function G on a closed set A C R™ means that there is a complex neighborhood
A: C C" of A and a function G. holomorphic on Ae with G.|4 = G.

Proof. Proof of (ii): Consider the function @(ml, TG Yy YY) = (nxl—l)Q—i—Z?:Q(n:ci—
y!)2, which is an entire function on C2¢. We claim that G(#,7,y’) > 0 on K :=Q x [0,1/R] x
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6 Outlook: the multidimensional case on shape regular meshes

[—1,1]4-L. By smoothness of G and compactness of the set K it suffices to show pointwise
p051t1v1ty of G. By construction of G, we have G > (n dlst(Q B%))? > 0 for n > 0. For n =0,
we have G(x 0,7) = |(1,%/)]?> > 1. Next, by positivity of G on K and the smoothness of G,
there is a complex neighborhood K. := U,cx B:(z) C C?¢ such that ReG > 0 on D.. Hence,
with the principal branch of the logarithm, the function exp(—% log CA;(Z)) is holomorphic
on K. and coincides with G; on K.

Proof of (i): This follows from (ii). O

In total, we have arrived at

[517Qc(v,’u)) = Z 151752 v, W —i—Z/ G; .f" .f" (_’)df

S2ETF\T

where the functions G;, ¢ > 2, are defined as G; with C; replaced with C;. Analogous to
Lemma 6.11, the functions G; and the corresponding integrands G; are analytic. For a fully
discrete approximation of Is, qc(v,w), we denote by Q% o (v, w) the quadrature rule to eval-

uate
1/R
/ o(@)w(@) / / Go(#,m,of 2>~ dndy/ i
TeS y'€[-1,1]9-1 Jn=0

with a tensor product Gauss-Legendre rule (with n points for each variable) for the integration
in 3/, a Gauss-Jacobi rule (with n points) for the integration in 7, and the tensor product
Gauss-Legendre rule (6.14) for the integration in Z over the simplex S;. Analogously, we
define rules QY ., ¢ > 2. The fully discrete approximation is then given by

Is, oc(v,w) = Q% gc(v,w) == Z Q% 5,(v,w +ZQ51, v, W) (6.37)

So GTR\IFY

Remark 6.12. The function @ — [ |T — 77(4+25) dif is analytic on Q. Hence, it could
R

be approximated by a (piecewise) polynomial on a coarse mesh. A computational speed-up is

then posszble since the evaluation of the Qsl (v,w) can be replaced with the evaluation of

fS1 V(&) dZ for some polynomials . Precomputmg on the reference element is an

optz'on. "

6.4 Exponential convergence under quadrature

Combining the approximation results for the integrals Is, g,(v,w) and Ig, oc(v,w) from the
previous subsections, we directly arrive at an error estimate for the consistency error for the
bilinear form af(-,-).

Lemma 6.13 (Consistency error for a for d > 1). Let T, be a y-shape regular mesh of Q1 C RY,
R > 0 be such that Q C [-R, R]? and 7;R be a ~y-shape reqular mesh that extends the mesh Ty

o [-R,R]%. Assume T satisfies Assumption 6.5. Let a(-,-) be the bilinear form of (6.1) and
an(+,-) be its approximation given by (6.19). Then, there exists a constant p > 1 that depends
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6 Outlook: the multidimensional case on shape regular meshes

only on the shape regularity constant v and Q such that for all v € Sg’l(Ty) and w € Sg’l(ﬂ)
there holds

a(v,0) — G (0,0)] < Coy a(HTL 48 pra D204 oy (6:38)
with constants Cs 4 q depending only on s,v,d and §; q¢ is given by Proposition 6.1.

Proof. By definition of a,(-,-), we have to distinguish the cases of double integrals over sim-
plices Ig, s, and integrals involving the complement Ig, - and their approximation. The first
case can be done in the same way as for d =1 in (5.23).

For the integrals Is, oc and their approximations Qghﬂc’ we mention that the contribution
Q%, s, With Sy € TVR \ 7, can be treated as in the first case, replacing only the term #7,
by #Tﬁ. The other contributions of the form Qghci (v,w) correspond to approximation of
fSl v(Z)w(Z)G;(Z) dr with analytic functions G; and thus take the same form as the integrals
involved in the linear form I(-). Thus, a combination of Lemma 6.10 and Lemma 6.8 together
with summation over all simplices gives the result. O

With the estimate for the consistency error, we directly obtain uniform coercivity as in the
one dimensional case by a perturbation argument as described in Lemma 4.4. Note that the
integral transformations for d > 1 induce an additional constant gg in the exponential term in
the consistency error. In order to compensate for that the number of quadrature points now
has to grow like Ap for some A\ > 1.

Theorem 6.14 (Uniform coercivity, d > 1). Let the assumptions of Lemma 6.13 hold. Then,
there are constant &, A1, o > 0 depending only on s, the shape regularity constant -y, the
dimension d, and Q such that for n > Aip + Ao ln(#Tﬁ + 1) there holds

&Hv”%s(m < ap(v,v) forallve 58’1(7;). (6.39)

Now, employing the Strang Lemma, we can derive a result similar to Theorem 2.4 for d > 1
by the exact same arguments. The error of the fully discrete FEM approximation can be
bounded by the exact FEM error and a consistency error that decays exponentially in the
number of quadrature points.

Theorem 6.15 (exponential convergence under quadrature, d > 1). Let T, be a y-shape regular
mesh of the bounded polyhedron @ C RY. Let R > 0 be such that Q C [-R, R]? and 7;R be a -

shape regular mesh that extends the mesh T, to [—R, R]?. Assume TYR satisfies Assumption 6.5.
Let f be analytic in Q. Denote by u € H*(Q) the solution to (6.1), by u, € 56’1(7;) the
FEM solution, for the ezact variational formulation in the space Sy (T,) C S2N(T,) and by
Unp € Sg’l(’];) the solution to

an(Unn,on) = lon)  Von € SPUT),

where (-, ) and 1,(-) are defined in (6.19) and (6.15). The index n indicates the number of
quadrature points that is used per coordinate direction per integral and element.
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Then, there exist constants p > 1, A\, Ao, Csq > 0 (depending only on s, Q, d, v), such
that for all p, #TYR and n with n > \p + Ao ln(#Tf‘ +1)) and r € N with 1 < r < p there
holds

Hu - ﬁN,n ‘FIS(Q) < ”u - urHﬁs(Q) + CS,%d(#ER)de+4rd+4pqq)(p+r)72n+1; (6'40)

the constant is qp given by Proposition 6.1. The number of operations to compute the stiffness
is O((np)* " (#T,*)?).

Remark 6.16. The treatment of the complementary part Q¢ in the bilinear form induces the
appearance of the term #7;R in the error estimate (6.40). In the context of shape-regular hp-
FEM a natural choice for our model problem are “boundary concentrated meshes” both for T,
and 7;R that are refined towards O as discussed in [KMO03]. The total number of elements
is then proportional to the number of elements touching the boundary 02 and thus #’ER is
proportional to #75. .

7 Numerical experiments

In this section, we present some numerical examples that underline the theoretical estimates
in our main results, Theorem 2.4. We consider

(=A)u=1 inQ:=(-1,1) and u =0 on Q°,
with exact solution u(x) = 2725/ (T'(s + 1/2)T(1 + s)) " }(1 — 2?)*.

In the following, we will present three different approaches to estimate the energy norm error
between the exact solution u and the fully discrete hp-FEM approximation uy

\/a(u —UNp, U — UNp) = \/a(u, u) — a(unn, UNy,) — 2a(u — UN 5, UN ).

If the quadrature error is ignored, i.e., if it is assumed that uy = un,,, then Galerkin or-
thogonality a(u — 4Ny, Un,) = 0 holds and, assuming that a(u, u) is known, the error can be
computed as the square root of the difference of the energies. The exact energy a(un n, Uny)
of un,, can in general only be approximated by quadrature, leading to an error estimate of the
form

\/a(u - aN,TL» U — aN,n) ~ \/a(ua u) - am(aN,na aN,n)v (71)

where m > n denotes a number of quadrature points used.

However, for uy, the Galerkin orthogonality holds only up to the consistency error as uy
and uy,y solve different variational formulations. For a high number of quadrature points n
the consistency error is small in comparison with the approximation error. However, for n
close to the polynomial degree p we need a different approach. The idea is to calculate an
additional reference solution uy ., with an increased number of quadrature points m > n and
use the triangle inequality to estimate the energy norm error by

\/a(u — ﬂNm, u — ﬂN,n) < \/a(u — ﬂN’m, u — ﬂ]\ﬁm) + \/a(ﬂNm — ﬂN,TLa aN,m — aN,n)~ (72)
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By choosing m sufficiently large, we can again use approximation (7.1) for the first term of the
right hand-side. The second term can be approximated with the same small consistency error

\/a(aN,m - ﬂN,naﬂN,m - aN,n) ~ \/am(ﬁN,m - aN,na aN,m - aN,n)- (73)

We can interpret the first term in (7.2) as a good approximation of the energy norm error
va(u —uyn,u —uy) and the second term in (7.2) as the implementation error. The following
example shows that the difference between the approximation methods (7.1) and (7.2) can be
significant.
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2 4 6 8 10 2 4 6 8 10
number of layers L number of layers L
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£ 1072} ER-
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Figure 1: Three different methods (see Example 7.1) to calculate the energy norm error of
hp-FEM with n = O(p) quadrature points on a geometric mesh with grading factor
o = 0.172, polynomial degree p = L, s = 3/4.

Example 7.1. We employ a geometric mesh 7;];070 with grading factor o = 0.172 and take
piecewise polynomials of degree p = L. In Figure 1, three different error measures are plotted
versus the number of refinement layers L for different numbers of quadrature points n = O(p)
used to calculate the solution un ,:

e Method 1: Use approximation (7.1) with the same number of quadrature points m for
am(-,-) as for the solution Uy p, i.e. m =n.
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7 Numerical experiments

e Method 2: Use approzimation (7.1) and increase the number of quadrature points for the
bilinear form am(-,-) to m = 6p.

e Method 3: Use approzimation (7.2) with m = 6p quadrature points for the reference
solution Uy, and the bilinear form Gy, (-, -).

For the casesn = |1.9 p| and n = 3p all three methods produce nearly identical results, whereas
for n =p and n = |1.3 p| the method of calculating the norm has a significant impact. We
observe that method 1 overestimates the energy norm error significantly and also increasing the
number of quadrature points for the norm calculation (method 2) does not help either. This is
consistent with the fact that method 2 does not decrease the consistency error that is made in
the Galerkin orthogonality. We also note that for the cases n = p and n = |1.3p| the computed
“energies” were larger than the exact energy so that no errors are reported for these cases in
Fig. 1.

The next example is similar to an example in [BFM*23] that shows exponential convergence
of hp-FEM, where the linear system was assembled using the quadrature approach (2.9) in this
article.

Example 7.2. We employ a geometric mesh 7;%070 with grading factor o = 0.25 and take
piecewise polynomials of degree p = L. In Figure 2, the energy norm error (approximation
(7.2) with m = 6p) is plotted versus the number of refinement layers L for different fractional
parameters s. For the number of quadrature points, we used n := [1.2 p| and, as predicted by
Theorem 2.4, we observe exponential convergence with respect to the number of layers L noting
that N ~ L?. In fact, the convergence behavior is (’)(UL/QL*I) and thus slightly faster than
asserted by Theorem 2.4. An argument for this observation is given in [BEM' 23, Sec. 4].

100 [T I ]
8
5 o
107 .
g
3
g
>
21074 1
o
)
L/2
—o—5=0.8 o / /L T~
10—6 b \ | | \ | | -
0 2 4 6 8 10 12

number of layers L

Figure 2: Exponential convergence in the energy norm (approximation (7.2) with m = 6p) of
hp-FEM on geometric mesh with grading factor ¢ = 0.25, polynomial degree p = L,
n := |1.2 p| quadrature points and different fractional parameters s.

Next, we discuss the number of quadrature points used. Although Theorem 2.4 suggests
that a choice of quadrature points n > p+1 and in particular n := p+ X p for all A > 0, suffices
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7 Numerical experiments

to obtain exponential convergence, the rate, or more precisely, the constant in the exponent,
is impacted by the choice of .

Example 7.3. Figure 3 plots the energy norm error (approzimation (7.2) with m = 6p) for
different numbers of quadrature points n = p + Ap versus the number of layers L for two
different choices of grading parameters, c = 0.172 and o = 0.5. Again, we choose p = L and
fix the fractional parameter s = 3/4. We notice that the grading factor o has a direct impact
on the number of quadrature points needed to achieve the same accuracy. For the smaller
o = 0.172, the rate of the exponential convergence depends on the choice of A, while, for
o = 0.5, the convergence always appears to be O(JL/QL_l). This can also be observed in the

theoretical estimates in Theorem 2.4 as the term L*p®p't2P=2" may be dominant in the case
of small 0.
100 7 i ]
. . | )
2 2 1071} E
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) ——n = |1.5p| L/2 77 . ) H—2—n=[15p] L2\\\\ g
—-n=4p ot 2L "3 |—e—n=4p oL 1
10—6 L \ \ | | [ | \ \ I | | |
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Figure 3: Exponential convergence in the energy norm (approximation (7.2) with m = 6p) of
hp-FEM with n = O(p) quadrature points on geometric mesh, polynomial degree
p =L, s=3/4. Left: grading factor o = 0.172. Right: grading factor o = 0.5.

Finally, we consider the elementwise contributions in Lemma 5.5 and observe exponential
convergence for two different configurations.

Example 7.4. Figure J considers the case of adjacent elements T := (x{*,z{*), T" =
(29, 25%°) (left) and separated elements T := (xd°°,27°°), T" := (x§°°, 23°°) (right) in a geo-
metric mesh 7?;070 with L = 2 layers and different grading parameters o (see Def. 2.2). We
plot the absolute quadrature errors |Ip (v, w) — Q% (v,w)| for two integrated Legendre poly-
nomials v: T — R and w : T' — R versus the number of quadrature points n. On the reference

domain (—1,1) they are defined as
x )
o(z) = / Ps(t)dt  and w(y) = / Pr(t)d, (7.4)
—1 -1

where Pi(t) € P; denotes the i-th Legendre polynomial. We used Q%?T,(v, w) with 50 quadrature
points, as the reference solution I (v, w) and observe the predicted exponential convergence
rate as well as that the rate decreases with o. This is in line with Lemma 5.5 since p — 1 as
o — 0. We stress that Figure 4 shows the absolute error; the final relative error is close to
machine precision.
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