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Abstract

We present the adiabatic theory of dissipative solitons (DS) of complex cubic-quin-
tic nonlinear Ginzburg—Landau equation (CQGLE). Solutions in the closed analyti-
cal form in the spectral domain have the shape of Rayleigh—Jeans distribution for a
positive (normal) dispersion. The DS parametric space forms a two-dimensional (or
three-dimensional for the complex quintic nonlinearity) master diagram connecting
the DS energy and a universal parameter formed by the ratio of four real and imagi-
nary coefficients for dissipative and non-dissipative terms in CQGLE. The concept
of dissipative soliton resonance (DSR) is formulated in terms of the master diagram,
and the main signatures of transition to DSR are demonstrated and experimentally
verified. We show a close analogy between DS and incoherent (semicoherent) soli-
tons with an ensemble of quasi-particles confined by a collective potential. It allows
applying the thermodynamical approach to DS and deriving the conditions for the
DS energy scalability.

Keywords Complex cubic-quintic nonlinear Ginzburg—Landau equation -
Dissipative soliton - Dissipative soliton resonance - Dissipative soliton
thermodynamics

1 Introduction

Many recent scientific breakthroughs in various fields were made possible by using
ultrashort pulse lasers and understanding how a dissipative soliton (DS) forms and
works. DS is a stable and localized pattern with different levels of coherence, which
arises in a nonlinear system far from equilibrium due to energy loss or gain. The
DS concept applies in diverse scientific areas, such as cosmology, optics, physics,
biology, and medicine [1-3]. Due to the nonequilibrium of a system, DS needs to
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exchange energy with the environment in a well-organized way. This energy flow
shapes the internal structure of DS, which allows the energy to be redistributed
within it. In this sense, a DS is a simple version of a cell. A complex internal struc-
ture of DS affects its behavior and can lead even to turbulence that links DS to a
family of incoherent or semicoherent solitons [4, 5]. The variety of phenomena that
optical DS can mimic, such as turbulence, noise, and rogue waves [6, 7], makes
them useful for studying nonlinear systems and thermodynamics far from equilib-
rium. Moreover, they offer us powerful and flexible methods for simulating, com-
puting, and analyzing large and rare data sets that can be applied to different fields
of science, technology, and medicine. Moreover, DS phenomenology allows us to
use powerful and adjustable methods for metaphorical computing and modeling pro-
cesses from distant fields of science [8].

Despite the evident fact that DS is a classical field structure due to the large
k-mode occupation number n;, >> 1 and strong entanglement with an environment,
the non-trivial DS composition enhanced by spectral-temporal condensation and the
resonant enhancement of sensitivity to perturbations throw a bridge across micro-
scopic and mesoscopic physics and put a question about the quantum theory of
DS [9, 10]. The latter is especially important in view of the close analogy between
coherent structures in photonics and Bose-Einstein condensate (BEC) [11-16]. A
scalable formation of coherent condensate phase in the DS form was named dissipa-
tive soliton resonance (DSR) [17].

The theoretical workhorse in the above-mentioned endeavors was the com-
plex nonlinear Ginzburg—Landau equation [18-22], which is akin the nonlinear
Schrodinger equation [23, 24] so that some terminological confusing could appear.
It is possible to divide these terms conditionally based on the object under consid-
eration: DS solutions of the complex nonlinear Ginzburg-Landau equation consid-
ered in this work have no non-dissipative limit, i.e., they exist in the non-soliton
sector of the nonlinear Schrodinger equation, where y/f < 0, with y and f§ being the
coefficients of the imaginary terms characterizing nonlinearity and kinetic (disper-
sion, diffraction, or kinetic energy) parameters in a system, respectively. The same
concerns the Gross—Pitaevskii equation, which is actively exploited in the studies on
BEC.! In this work, we consider a region of normal group-delay dispersion (GDD in
an optical context). The nonlinear gain and spectral filtering [26] (or viscous friction
[27]) are absolutely necessary for the existence of this type of DS emerging in a dis-
sipative non-conservative system.

The article is organized in the following way. Firstly, we expose the adiabatic
theory of DS of the complex cubic-quintic nonlinear Ginzburg—Landau equation
(CQGLE) and shortly characterize their properties with focus on the DS spectra,
which have a shape of the Rayleigh—Jeans distribution in the simplest case. Then,
the DS parametric space is formulated in terms of the master diagram, which is
two-dimensional for the reduced CQGLE and three-dimensional for the complete
CQGLE. The concept of dissipative soliton resonance (DSR) [17] is formulated

! There is inexhaustible literature on this topic. Therefore, we limit ourselves to a single review citation
[25]
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Table 1 Correspondences between photonics and BEC [15]
Laser BEC

Time T

Third spatial coordinate z

Propagation coordinate z
Pulse local time ¢
Diffraction + anomalous GDD (f)

Kerr-nonlinearity (y)

Boson kinetic energy
Boson attractive colliding potential
Non-selective loss (X) Homogeneous BEC dissipation

Spectral dissipation (c) “Kinetic cooling”

¢

Saturable nonlinear gain (k, ) Condensation from finite basin

using the adiabatic theory. Finally, we consider, in short, the thermodynamics of the
strongly chirped DS using an ideology of the in-(semi-)coherent soliton theory [4].

2 Adiabatic Theory of Dissipative Solitons

Let us consider the (141)-dimensional CQGLE, which describes an evolution of the
field envelope a(z, t) in the following form [6, 22]:

ia(z ) =-ca(z, 1)+ (ax + iﬂ)a—za(z H+
oz ’ o2 "

+(k —iy)Pa(z, 1) — (k¢ +ip)Pa(z, ).

ey

Here, we consider z as an evolution coordinate (e.g., propagation distance in a laser/
waveguide or time in BEC), and ¢ is a local (co-moving) time coordinate (or spa-
tial coordinate in a planar waveguide or BEC). P = |a(z,1)|? in Eq. (1). The f-term
describes an action of GDD. The anomalous GDD f <0 corresponds to the diffrac-
tion term for a planar waveguide or the kinetic energy of bosons. Table 1 illustrates
an example of physical correspondence between photonics and BEC physical inter-
pretation of the terms in Eq. (1).

Below, we will consider the case of f >0 (normal GDD) that breaks the above
analogy between temporal phenomena in optics and spatial phenomena in the wave-
guide and condensed-matter physics.

The nonlinear non-dissipative terms y >0 and y describe the self-phase modu-
lation (SPM) (self-focusing or attracting boson interaction in the spatial domain),
which is saturable (y <0) or growable (y >0) with power. In a laser, the quintic
nonlinear term y can appear, for instance, due to the mode size variation caused by
the self-focusing.

The dissipative terms in Eq. (1) describe ¢ — a saturated net-loss defined by inter-
action with a finite basin causing loss and gain, which is saturated by the full field
energy [ la|®dt. a — a spectral dissipation (“kinetic cooling” [15]). In a laser, this

2 We do not consider the effect of spatial confinement but it could be easily grasped by Eq. (1).
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parameter equals the squared inverse bandwidth of a spectral filter, which is formed
by the finite gain bandwidth of the active medium, spectral filters, mirror coatings,
etc. k and ¢ — the saturable nonlinear gain (self-amplitude modulation, SAM) pro-
viding excessive but top-bounded ({ > 0) gain for the higher peak power signal over
noise.

The well-known exact soliton-like solution of (1)

/ A . .
a(z,t) = W exp[—iy /2 In(cosh(t/T)) — igz], 2)

was widely explored [28-30]. Here {2A, B, T, v, q} € R. Innovative methods to
derive the solutions of (1) based on the data-driven approach are presented in [32].

The new insights into the CQGLE world could be provided by the approximated
methods based on the perturbative method [33, 34], Lagrangian approach, and
method of moments [35, 36], etc. Here, we will build on the adiabatic theory of the
strongly chirped DS* based on the following propositions:

Proposition 1 The nondissipative terms dominate strongly over the dissipative ones
inEq. 1):a/f <1 Akfy <1

One must note that the first two conditions do not require the quasi-homogeneous
approximation L,; < L;, where L, x 1/{y,x} and L; x 1/{a, f} are the effective
nonlinear, and linear lengths in (1), respectively [4]. However, as it will be shown
below, the large DS chirp w (i.e., DS phase inhomogeneity) could play a role of the
“paraxial approximation” [5] connecting the characteristic “correlation lengths” in
the time (7, DS width) and spectral (A, DS spectral width) domains: TA ~ y > 1.
One has to note that the perturbative analysis of the soliton-like solutions of CQGLE
under the conditions of this Proposition was considered in [33].

Proposition2 C = = x % ~ 1.

B

This Proposition means proximity to the soliton or potential condition [43]
(although the sign before f in (1) is inverse relatively that for a familiar nonlinear
Schrodinger equation!). This could allow conjecturing that the steady-state probabil-
ity distribution for a partially coherent DS is Gibbs-like. We note that the last con-
jecture is not a pre-assumption for further analysis, but, as it will be shown below, it
means proximity to the DSR condition.’

3 The solution of a dissipation-free version of (1) was presented in [31].

4 This theory was first developed in [37], and its further applications can be found in [38—41]. A similar
approach was suggested in [42].

5 The definition of DSR will be given below.
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Proposition 3 (Adiabatic approximation) Field envelope \/Rt) evolves with t
slowly in comparison with the instant phase @(t) change.

In this Proposition, we assume the standard traveling wave ansatz’:

a(z, ) = VA1) PO, A3

where A¥) is a slowly-varying DS power, ¢(¢) is an instant phase, and g is a wave-
number (propagation constant). Formally, this means that DS is “long” in compari-
son with the characteristic scale \/B so that one may omit the terms o d— after
substitution of (3) into (1). After such a substitution and using the first and third
propositions, one has’:

P = q— P(1)(y + P(D) ), “4)

QNP
_ 2.0 = 2, 7 “ldr v7 4 5
POk — P()*k¢ = 6 + aQ(t)* + o) +p dtg(t)’ %)

where Q(7) = d(?)/dt is an instant frequency deviation.

2.1 DS Havinga y — OLimit

Equation (4) allows us to obtain the expressions for the DS envelope P(t):

+ /72 +4x( Q)%
P(t)__ —-v \/7 ;{q B 7 ©)

7+ - pow?)
P(f)_—z Y

@)

Equation (6) has the limit of y — O corresponding to DS of the reduced CQGLE:
yP(t) =q— ﬁQ(t)2 [37], and we will concentrate on the solution (6) below.

The temporal localization of DS, i.e., lim,_,, ., P(¢) = 0, gives the expression for
the maximal instant frequency, i.e., the cut-off frequency A:

A% =q/p. ®)

This expression and Proposition 2 expose that the DS considered by us belongs to
the normal GDD range f > 0.

Equations (6, 8) allow excluding P(¢) from (5) that leads to the expression for the
instant frequency deviation:

6 Such ansatz corresponds to the slowly varying envelope approximation when the DS width is much
larger than the wave period.

7 We follow the calculations in [38], and the corresponding algebra can be found in [44].
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(0 +aQ0* + 50 =M@y +¢ - (r = A) ) — A

B(4xB QY + (y — A)A) 9)

A= \/}/2 +48 x(A2- Q1)) & Q) < A%

d —- —
d_tg(t) =

Then, the cut-off frequency A can be obtained after some algebra from Egs. (4, 5, 6,
9):

2(3+%)<2+@¢ (2—0)2—162(§+1)>

C
;+1

—3(C+3b)—%—12
10
@ (10)

Y C ’
16(b +1)

where the new combined parameters are introduced: control parameter C = ay [ fx
(see Proposition 2), relative quintic parameter b = y{/y, and composite net-loss
parameter £ = [y.

The =+ signs in Eq. (10) denote two branches of DS solutions. The crucial charac-
teristic of these branches is their stability against a vacuum excitation, which means
o > 0in Eq. (1). For the (+)-branch, the squared dimensionless cut-off frequency
A2 = £ A?/y on the stability threshold ¢ = 0

A2 1BCQ—o(C+3b+4)
4 (C + b)?

(1)

is shown in Fig. 1, where the existence range is defined as
C €]0,2]1 & b > 0| Jb < —C/3 — 4/3. The (—)-branch is detached from the unstable
vacuum within these regions in the sense that ¢ > 0 for it.

The (—)-branch of the solution (10) could be “connected” with the region of unsta-
ble vacuum in the sense that it has a marginally stable limit ¢ — O (Fig. 2). In this case,
its existence domain corresponds to the “enhancing” self-phase modulation, i.e., b < 0:

_1b6C(c=2)(C+3b+4)

A/Z —
4 (C + b)?

(12)

that lies out of Proposition 2, and there exists no for b — oo, i.e., it is not connected
to the reduced cubic-quintic DS with y — 0. Therefore we will not consider it so
that b > 0 below except for Fig. 9.

The DS branches are divided by a surface (Fig. 3 for a positive b):

8% +2b — 44/Z (b2 + 4% + 2b) (13)

C, = i ,

so that, for (+)-branch, the net-loss parameter is confined within the regions of
0<X<Z,if b>0&Z> X, if b <-2.Also, let’s note that lim,_,, X = 0.25.
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Fig. 1 The dimensionless cut-off frequency A’ in dependence on the (C, b)-parameters for the (+)-branch
of DS on the stability threshold X = 0

Fig.2 The dimensionless cut-
off frequency A’ in dependence
on the (C, b)-parameters for the
(—)-branch of DS on the stability
threshold £ = 0

The dependencies of A’ on the control parameter 0 < C < 2 and the net-loss
X for both branches of DS are shown in Fig. 4. These branches coincide on the
surface shown in Fig. 3. The (+)-branch has a more significant cut-off frequency
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Fig.3 The X, -parameter dividing the (+) and (—) branches of DS in dependence on (Z, b). Only the case
of b > 0 is illustrated

that, as it will be shown later, corresponds to the DS “fine-graining”, its chirp
growth, and a minimization of the pulse width 7, after its compression by a de-
chirping would be 7,  1/A.

As it was noted above, the important parameter characterizing DS is the chirp
which we define as ¥ = (fy/x) X (dQ'(¢)/dt’) (we use the normalization for time
and frequency as above):

b? [ 4aA” 2 [, 4An
W= —@+ (- [ 1+ =)0+ 2= [T+ =), (14)

where a zero frequency deviation at =0, i.e., do(t)/dt|,o =0, is taken into
account in (9). The chirps in the DS center (¢ = 0) on the stability threshold £ =0
(e + € branch) are shown in Fig. 5 in dependence on C-parameter and positive b.
Interestingly, the central chirp (¢ = 0) tends to zero for some minimal C (e.g., for
C=2/3and y - 0).

We assume the large chirp in accordance with Proposition 1. That means a fast
variation of the DS phase ¢(¢) with the time that allows applying the stationary
phase approximation [37, 38, 45]. One may assume that the Fourier transform of

Eq. (3)

e(@') = 1/V2 / ) \/ b(V1+4(A2 — Q1)) /b C — 1) expli(p(t) — o' 1)d
" (15)
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Fig.4 Dimensionless cut-off frequency A’ in dependence on the net-loss X and the control parameter C
for both branches of the DS solution: upper/bottom sheets correspond to the (+)/(—)-branches, respec-
tively. b = 20 (a) and 0.1 (b)

is dominated by the contribution from the stationary points a where de(t)/dt|,, = 0
so that the leading term in the Taylor expansion of the phase is (d?@(1)/dt*|,_,)t* /2.
Thus, Egs. (15, 9) after some algebra lead to the expression for a complex spectral
amplitude:
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H( Alz _ CU’Z ) ,

e(@) =
1Bb((B—1)(Z+Ca/+b+ b?)~3b(A2—'?)~2(A2 ~'2)+bB(A2~0'?)
(B—1)Cb+4Q2w'—A")
(16)
2 —4'? . . . .
where B = /222229 and 7 is a Heaviside function. From Eq. (16), one may

obtain the DS spectral profile:
A-Dzr((A-Db+4Q0" — A?)H(A? — o)

s(o) = |e(co’)|2 = .
A(E+Ca?+b+ D)+ b(A? —w?))A-1) - 2(A2 —w?)(b+ 1))
A7)

Example 1 Eq. (17) has a limit » — oo (i.e., y — 0), which is important for further
consideration. In the dimensionless form and after factorization (see Appendix), it

looks as [37]:
(A7 - o) s
(N =—gror 4o
This spectrum has the form of the Rayleigh—Jeans distribution with a negative

chemical potential:

E”——%A”+C+l. (19)
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Fig. 6 Dimensionless spectra (a) and temporal profiles (b) of DS. Solid black curves (1): C = 1, b = 20;
Dashed red curves (2): C = 1, b = 0.2; Dotted blue curves (3): C = 2/3, b = 20. £ = 0.01. Scale for the
black solid and red dashed curves in a increases tenfold

Such a similarity is not only formal and has substantial consequences (see below,
and Refs. [4, 5, 46]).

2.2 DS Temporal Profiles and Spectra

Unlike the exact solution (2) with the fixed parameters,® the adiabatic approximation
provides an approximated solution but without the strict restrictions on the param-
eters of (1) except for the very broad ones imposed by Propositions. Moreover, the
parametric space of the solution based on this approximation has reduced dimen-
sionality (C, b, and ).

The adequateness of the considered approach as well as its compliance with that
based on the solution (3) (e.g., see [30]), in particular, is demonstrated by a “zoo” of
spectral and temporal DS shapes obtained from Egs. (6, 7, 9, 17) (Fig. 6). We con-
sider only (+)-branch and b > 0 (self-enhancing self-phase modulation'®).

The main feature of the approach considered above is that it is built in the spectral
domain. Therefore, the spectral shapes could be considered as a roadmap to a DS
classification.'! One may see three main types of spectra from Fig. 6a: convex (1),
concave (2), and finger-like (3). The first and third types correspond to a large b, i.e.,
a small contribution of the imaginary quintic term in (1). These spectra relate to Eq.

8 fixed in the sense of [29, 30], when the restriction on the four free parameters of Eq. (1) (i.e., 7, k, {,
and y in our notations) are imposed.

9 ¥-parameter can be considered as irrelevant in some sense because the parametric space topology is
defined by ¥ = 0 and X, -isosurfaces.

10" Self-enhancing self-phase modulation could be interpreted, for instance, in the following way. In a
Kerr-lens mode-locked laser, the mechanism of ultrashort pulse formation is the loss decrease due to
a laser beam self-focusing [47]. That means beam squeezing and, thereby, the self-phase modulation
growth « w2, where w is a beam size.

! The example of the experimental implementation of such classification could be seen in [48].
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(18) and, thereby, represent a truncated Lorentzian so that a transition between them
is defined by the condition of E = A. The transition from (1) to (3) represents a shift
from a soliton-like temporal profile to a stretched and flattened one, demonstrating
an energy harvesting mechanism due to DS broadening. One has to note that the
cutoff frequency remains almost the same in this case. That is the pulse width scales
as «x 1/Z. As it will be shown below, such transformation of the DS spectrum dem-
onstrates a transition to the DSR.

When the contribution of the positive imaginary quintic term in (1) grows
(b — 0), the spectrum becomes concave (the red dashed curves in Fig. 6).'% In this
case, the DS energy (compare black solid and red dashed curves in Fig. 6) decreases.
That results from the chirp degradation for a chosen value of C (see Fig. 5). The DS
energy could be more significant for a smaller C-parameter for the considered case.
The energy scaling is provided by the DS stretching but without a profile flattening.

Figure 7 illustrates the experimentally observed spectral profile evolution during
the DS energy scaling in chirped pulse oscillators (CPO) [48, 50]. Spectra in Fig. 7a,
b were obtained in an oscillator capable of generating both Schrodinger-like and DS
by smooth tuning of the cavity GDD from negative to positive values. Spectrum in
Fig. 7a was obtained near the CPO threshold, while spectrum (b) was obtained with
slightly increased average GDD and pump power. Pulse energy scaling was demon-
strated in the CPO cavity with reduced pulse repetition frequency f (12.3 compared
to 69 MHz), when we further increased the positive cavity GDD and pump power to
maintain the DS stability. The slight asymmetry of the spectrum (Fig. 7c) is asso-
ciated with an uncompensated third-order GDD. The narrowband spectral features
result from the water vapour absorption in the atmosphere [51].

It should also be noted that the adiabatic approximation provides an adequate
description of DS spectra even beyond the validity of Proposition 1. Namely, the
spectra transform from concave to concave-convex when ¥ > y and y # 0, as it was
described in [38, 52]. Moreover, there are classes of unusual DS solutions for b < 0,
for instance, spike on a background or parabolic-like.'?

2.3 DS Compressibility and Its Fidelity

Equation (16) provides information about the DS internal phase profile. This pro-
file is inhomogeneous, which troubles its compression. Such compression would
allow producing, for instance, high-intensive ultrashort laser pulses for numerous
applications.

For simplicity, let us assume that y = 0. Returning to the dimensional values, one
may wright'*

12 1t should be noted that such concave spectra are not the product of the high-order GDD action, which
could be described by an additional term i 9*/d¢* in (1) [49].

13 The parabolic-like pulses have dQ/dr — +co on the edges, i.e., such DS is truncated on f.

14 Eq. (20) demonstrates that the chirp is proportional to y2 /¢, which clarifies Proposition 1.
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Fig.7 Experimental CPO spectra (solid lines) obtained during pulse energy scaling and corresponding
dispersion curves (dashed lines): a bell shape spectrum at the threshold of CPO operation, b M-shape
spectrum obtained with slightly increased average GDD and pump power values [50], ¢ near finger-like
spectrum after energy scaling by pump power and pulse repetition frequency in DSR [48]. Ty, P,
E,,,, and f are the laser output mirror transmission, output power, intracavity energy, and DS repetition
rate, respectively

%iyzw

6y CW
{x

2

e(w) = H(A? — o?). (20)

i(52+a)2)

DS would be maximally compressible if its spectral phase p(w) = Y x @* (Y is a
spectral chirp). Such a phase could be externally compensated by an appropriate
GDD f = —7Y that would lead to temporal “focusing” of DS in agreement with the
principle of space-time duality in optics [53]. However, Eq. (20) demonstrates that
the spectral phase of DS is not purely quadratic in w, that is, the spectral chirp Y
is frequency dependent. However, the phase distortion is maximally suppressed or
“flat”, when E = A: Y « (A* — w*)~!. Such a “flatness” allows a DS compression
with minimal fragmentation, or maximal “fidelity”.

Let us return to the dimensionless values in (20) so that the amplitude e(w) is
normalized to \/x/f, d = y /x and the frequencies are normalized as above. Then,
we perform the same procedure as before based on the stationary phase method by
expanding the phase into the Taylor series and keeping the term @ in the integral
f_°; e(@") exp(iw'f)dw’. The corresponding term is

, 6dA/25l2 + ”(AIZ _ 3/2)
- ANIAE4 ’

Y 2n

which gives a value of group-velocity dispersion required for the DS compression.

3 Master Diagram and Dissipative Soliton Resonance
Equations (17, 18) allow finding the DS energy: E = i /_°:o s(w)dw. This integral

can be evaluated numerically in the general case or found in the closed form for
=0
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Fig. 8 Master diagram for y = 0. Curves related to the left vertical axis: vacuum instability border X = 0
(solid black); the division between (+)-branches of DS solutions (13) (solid blue); “fidelity curve” (solid
magenta); one of the isogains (X, = 0.01, dashed-dotted green). The right vertical axes relate to the
DS temporal 7’ (red dashed curve) and spectral (dotted blue curve) A’ widths along the stability border
¥ =0, respectively. C = ay/fk, E' = EXk+\/{/By, N = AX /B[y, T' =T X (x/\/y{B). Points (a),
(b), and (c) refer to Figs. 12 and 13

6y arctan <
Ee—  \%/ (22)
(kB

m|>
SN—

At this stage, we can introduce the following definition:

Definition 1 (Master diagram) The master diagram represents a DS parametric
space in (C — E)-coordinates.

The DS parametric space represented by the master diagram is confined by a
vacuum instability threshold X = 0 and filled by “isogains” X = const > 0 which
extreme points % = 0 define a curve dividing the (+)-DS branches. All DS parame-
ters are implied to be dimensionless (e.g., E in (22) could be normalized to /¢ /By
for the above frequency normalization). The diagram can contain other physically
sound curves (e.g., “fidelity curve” E = A) and regions. Moreover, the “web” of iso-
gains is deformable by finite b, and the disjointed islands (e.g., for » £ 0) may coex-
ist. In the latter case, one should be cautious and check the physicality and stability
of solutions.

The master diagrams for b > 1, b =0.2, and -5 are shown in Figs. 8 and 9 [38,
48]. This diagram allows formulating the notion of DSR [17].
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Fig.9 Master diagram for y =-5 (1), 0.2 (2). Black solid curves are the vacuum instability thresholds,
blue solid curves divide (+)-branches of DS solutions, and green dashed lines correspond to isogains
X = 0.01. One can see as a region of DSR squeezes and shifts to the smaller C for » = 0.2 in parallel with
the corresponding chirp transformation (Fig. 5)

Definition 2 (Dissipative soliton resonance) 3 C* : lim._ .. E = oo or there exists a
set of C-parameters providing an infinite energy asymptotic.'>

One can see from Fig. § that (+)-branch of DS is energy-scalable in the sense of
Definition 2. The bottom border of the corresponding region is characterized by:

ViYE
b 6 —2713 arctan( _6_13\5)

Y V6-13V/% '
C=2-4/%,

3V 23
PO_ ;é_’ ( )
2 _ Ve
A=
=22 — Y (6 —
= 2§ﬂ(6 13\/5)

within X € [0, 36/169]. Thus, the DSRs E — oo are located between C = 2/3, 2/13
.10 On the vacuum instability border £ = 0, one has:

E — o0,
PO s C_]3
A = y/B¢,

Z-0.

(24)

15 The term of DSR was invented in [17] based on the method of moments. The variational method leads
to a softer definition: there is asymptotics £ o« C™7, where p = 1/2 for CQGLE with y = 0 [54]. The
variational approximation represents DSR as a range of master diagram.

16 See Proposition 2, where we limited ourselves by the interval approximately corresponding to DSR.
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and C = 2/3. Such a divergence of energy for a given parameter C and X lying
within the interval defined above can be considered as the DSR definition [17]. For a
laser oscillator, the DS energy could be scaled not only by pump power or/and laser
beam cross-section (within a limited range) but also mainly by the oscillator period
scaling up to times close to the gain relaxation time. While all other parameters,
such as GDD (f) in Eq. (1), spectral dissipation («), and nonlinear parameters 7, «,
and £ remain unchanged.

Equations (23, 24) demonstrate important signatures of transition to DSR: cut-off
frequency A (DS spectrum half-width) tends to a constant; “chemical potential” =
tends to zero (slectrum becomes “finger-like”), and a peak power becomes above-
confined. Owing to the latter, the DS width scales with energy. The DS width can be
estimated from Eq. (9) by its integration that gives for y = 0 the implicit DS tempo-
ral profile:

2
arctan ( £2)A
372(# + arctanh <%>)

(25)

b}

BCkA(A2 + E2)

where €(f) and P(r) are connected through Eq. (6). Then, the DS width can be

— 3y
expressed as T = FERA(8TE)

These tendencies are illustrated in Fig. 8. One may see that the transition to DSR,
with the subsequent change of a DS shortening by its broadening and simultaneous
“freezing” of spectral width growth, is accompanied by a crossing of the maximum
fidelity curve. The latter means a visible growth of spectral peak, i.e., transition to a
“finger-like” spectrum.

All these manifestations are experimentally verifiable. Figure 10 shows the exper-
imental master diagram obtained in the experiments with Cr:ZnS chirped-pulse
oscillator [48]. We can interpret this diagram as a manifestation of DSR owing to
the following facts: (1) spectral with becomes asymptotically constant and (2) DS
width growth asymptotically with energy. The transition point is a change of the DS
width decrease (energy scaling by peak power growth) by the DS width increase
(scaling by the DS stretching). It is very characteristic that a “finger” appears near
the DS spectrum center (Fig. 7c) that results from the Z-decrease.

4 DS Thermodynamics

Perhaps the most exciting advance of the approach considered above is that its main
results are formulated in the spectral domain (“momentum space”). That allows
applying the notions of kinetic theory straightforwardly to DS so that the latter could
be understood in terms of an incoherent/semicoherent condensate of incoherent non-
linear waves [55].

Let us limit ourselves to the case of y = 0. Equation (18) demonstrates the
well-known Rayleigh—Jeans equilibrium distribution [56] with a negative “chemi-
cal potential” —u = 22 and a “temperature” ® = 6xy/k{. This spectrum and its
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Fig. 10 Experimental master diagram [48] demonstrating a transit to DSR regime via asymptotically
constant DS spectral width A and its temporal width 7 scaling. A spectrum becomes finger-like

counterpart from the turbulence theory [57] are shown by red curves in Fig. 11. The
Lorentzian turbulence spectrum results from the k — 0 condensation of waves with
the Langmuir dispersion relation k = @?, as shown by a graded shading in Fig. 11b.

The DS wave number is ¢ = yP, = fA? from Eq. (8), which is analog to the
soliton area theorem g = yP,,/2 = pT*/2 [58]. The equality of the DS wave number
q = yP, with that of linear waves k(w) = fw? (compare with the Langmuir disper-
sion curve in Fig. 9b) defines a DS spectral (half-)width A. In the case of turbulence,
a wave number cut-off is provided by dissipation, but dissipation is also a vital factor
for DS. Roughly from Eq. (1), the spectral dissipation @A has to be compensated by
a nonlinear gain kP, (X = 0 on the vacuum instability border).!” Hence, a combina-
tion of the dispersion/dissipation balances leads to ay/fx ~ 1, or soliton condition
(“potential condition”) implying a Gibbs-like steady-state probability distribution in
statistical mechanics [59] (Proposition 2)'8.

As the physical explanation of the DS formation, one may say additionally to
the previous discourse the following. The stability of a DS in conditions of strong
non-equilibrium is maintained through efficient energy exchange with the surround-
ings and internal energy redistribution. This process generates an energy flow within
the DS, leading to phase inhomogeneity. The spectral broadening, caused by DS

17 Spectral filtering causes a cut-off on the pulse edges, where the spectral components with maximal
frequency deviation are located [26]. Simultaneously, a nonlinear gain is roughly defined by a DS peak
power, which is usually concentrated towards a DS center # = 0 or is constant for a flat-top pulse in the
DSR regime. Such a gain provides a spectral loss compensation on the DS edges due to energy redistri-
bution inside a chirped DS [2].

18 Tt should be noted, that f-sign is opposite to that in the nonlinear Schrodinger equation, therefore this
condition is soliton-like.
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k(-A)=q q=yP, k(A)=q K s L

) k

Fig. 11 a DS spectrum (18) (red Lorentzian curve) and a wave-number of linear waves (black parabolic
curve), which resonance with DS is denoted by red points. b The turbulence spectrum in the wave-num-
ber space (red curve) and the Langmuir dispersion curve (black). See main text for the comments

chirping, transforms spectral dissipation at the DS spectrum edges into a structured
energy exchange: energy inflows into the pulse center, where the spectral losses are
minimal and a nonlinear gain compensates losses (both linear and spectral). But at
the DS wings, where the spectral deviation is maximal due to chirp, energy dis-
sipates. A crucial aspect of this process is the chirp. Without the chirp, spectral
dissipation uniformly affects the pulse, potentially causing multi-pulse instability
[60]. Conversely, a chirp that varies with power creates an inhomogeneity in energy
transfer, directing energy flow from areas near the central wavelength, where the
gain is highest, toward the pulse’s wings, where energy is then dissipated. Thereby,
a field localization, i.e., DS formation and stabilization, is maintained through spec-
tral dissipation via a non-linear chirping mechanism. That introduces an additional
stabilization mechanism through saturable self-amplitude modulation, significantly
enhancing the DS’s robustness across a wide range of laser parameters [26].

These observations on the DS properties testify about an immediate relation
between DS and a family of incoherent/semicoherent solitons [4, 5, 61]. That means
that the DS thermodynamics has to be based not only on considering the DS interac-
tion with an external thermal basin but on a view of DS as a microcanonical statis-
tical ensemble of independent “quasi-particles” confined by a collective potential
(18) [4].

One may indirectly test this proposition through a numerical experiment. For
this goal, we have to take into account the energy dependence of o-parameter in Eq.
(1) assuming that it describes a saturable net-loss in a laser [38]: o ~ 6(E/E* — 1),
where 6 = dE/dE*|g_p-, and E* is the energy of continuum wave generation at ¢ = 0
(now, its normalized value replaces E’ in Fig. 8). Also, we include the thermal basin,
which is described as an additive complex noise term I" in Eq. (1). It is assumed to
be Gaussian and uncorrelated:
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(C(zy, 1)) (22, 1)) = ©,6(z) — 22)6(t; — 1),

<F(Zl’ II)F(ZQ, t2)> = 0, (26)

where @, is noise’s spectral power (temperature).

Let’s “wander” inside a DS master diagram searching for transit to turbulence.
The starting point (a) (Fig. 8) corresponds to a DSR region with a finger-like spec-
trum and table-top temporal profile (Fig. 12a). The shift to an area of (—)-DS branch
(point (b) (Fig. 8) excites (slightly decouples) an “internal modes” or quasi-particle
complexes that manifests itself as a distortion of both spectral and temporal profiles
(Fig. 12b). As a rule, such distortions are asymmetrical but preserve the DS spectral-
time integrity. An inro-DS excitation is illustrated by the inset in Fig. 12b, where a
narrow-band Lorentzian absorption line at the DS spectrum center excites a long-
range asymmetric perturbation “wave” confined in a collective potential between the
perturbation and the DS spectral edge.

The energy growth leads to turbulence (point (c) in Figs. 8 and 13a), which is
characterized by a Rayleigh—Jeans spectrum (Fig. 13a; inset) and a localization in
both spectral and temporal domains. The Wigner function makes it evident that there
are two correlation times: a correlation time of wave in equilibrium defining a con-
finement potential (a “homogeneity scale”) A o 1/ \/E (“tails” of the Wigner func-
tions and the DS profile in Fig. 13a), and an “internal” correlation time (an “inho-
mogeneity scale”) £ o 1/4/A (a thick “snake” in the central part of the Wigner
function in Fig. 13a). The easily visible “trajectories” in the Wigner function center
can be interpreted as a visualization of a DS energy in/out-flow induced by Kolmog-
orow’s turbulence cascade [57]. The existence of internal coherence scale Z (inset in
Fig. 13b) can stimulate a spontaneous creation of the coherent DSs from a localized
incoherent DS (Fig. 13b). Thus, the treatment of DS as a “quasi-particles ensemble”
could be considered reasonable when £ <« A inside a DSR region [55].

Thus, we can base on the following

Proposition 4 In a DSR region with 2 < A, DS can be considered as a microcanoni-
cal ensemble of quasi-particles confined by a collective potential,

so that the analytical technique formulated above in the spectral domain allows
the formulation of the essential DS thermodynamic characteristics [46].
Let us assume y = 0. Then from Eq. (18):

Definition 3 DS temperature ® = 67y /{k.
The DS “temperature”'® has a sound physical sense. (i) It rises with y, i.e., with

a chirp. Physically, it means increasing phase inhomogeneity or a growing tendency
to the quasi-particles decoupling. (ii) A temperature increases with the k¢ decrease.

19 It has a dimensionality of power in our case. Therefore, the dimensionless temperature ®' = 6y /x if
power is normalized to . We will consider the dimensionless quantities below.
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Fig. 12 DS spectra (bottom axis), temporal profiles (right axis), and the corresponding Wigner function
[62] (center) for E* =18 and C =0.24 (a) and 0.18 (b). § =0.05, ®, = 10711,  =0. Inset-DS spectrum
distorted by an absorption line with the dimensionless amplitude 0.0025 and the width of 1GHz [51]
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That is, when saturation of self-amplitude modulation vanishes (Eq. (1)), the power
becomes less confined from the top. As a result, inhomogeneity grows. In both
cases, DS “warms up”.

Definition 4 Chemical potential —y = Z2.

From Eq. (24), the chemical potential tends to zero for DSR that corresponds to
E — oo by analogy with the Bose-Einstein condensation. The field concentrates at
@ — 0 (s x 1 /@” in an equilibrium) so that a DS (“condensate™) tends to absorb all

available volume [63].

Hence and from Definition 4: % = 0[46].

The dimensionless entropy is shown for both DS branches in Fig. 14. The figure
demonstrates lesser entropy for the (—)-branch. One may comment on that fact in
the following way. The P,-solution for a (—)-branch has a finite limit for { — 0 [37]
that is it is “connectable” with a classical soliton of the nonlinear Schrodinger equa-
tion in the sense of [19]. In other words, this branch is in a “ground state” and has no
excited internal degrees of freedom, so its entropy is minimal.

The (+)-branch is energy-scalable, i.e., it belongs to a DSR range. It has excitable
internal degrees of freedom so that its entropy grows with an approach to the vac-
uum instability threshold, where it is maximal and grows with a temperature along
the extreme DSR level C =2/3, X = 0 as:

7/ /120 0 [z
s, =1/2(1 <—) 2)- Dan (/2 ),
max 2(“ EWA 3 @n 5 27)

so that % = V22 # 0. In particular, this “high-entropy” branch with enriched
internal degrees of freedom has a larger “informational capacity” that could make
DS a prospective tool for information transmission [64].

Other thermodynamic values could be defined as [46]:

Definition 5 Entropy S = / In [s(w)]do = 2A<ln ( 8 ) + 2) — 4% tan™! (

A24+E?

[ >

s

Definition 6 Enthalpy (internal energy) U = f A 0w 4

—A E24@?

s _ 2
so that i

Definition 7 Energy (“particle number” or energy contained in condensate)
_rA @
S=/—A _Ez+a)2 dw,

oS _ —4u
sothatﬁg ="
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Fig. 14 Dimensionless entropy
S for both DS-branches,
®=60zrand y =0

Definition 8 Gibbs free energy F=t/ -0 = —2®<A1n( © ) — Stan”! (%) + A),

A24E?

so that the minimal free energy along the extreme DSR level C = 2/3, X = 0 is:

ru=e( i (3) Va3 +) e

The free energy is plotted in Fig. 15 for both DS branches. It is negative, i.e., DS is
a thermodynamic preferable state within a range confined by the master diagram. It
could be considered as an equilibrium state forming spontaneously from an incoher-
ent basin. The energy-scalable (DSR) branch has the lowest free energy in the vicin-
ity of the vacuum instability border and decreases with ® (28). Such minimization
of free energy agrees with the analogous feature of BEC.

5 Conclusion

We have presented the adiabatic theory of a dissipative soliton (DS). It is based
on the assumption that DS is strongly chirped, which requires domination of the
nondissipative factors, such as Kerr nonlinearity and GDD, over the dissipative
ones, such as self-amplitude modulation and spectral dissipation. The complex
cubic-quintic nonlinear Ginzburg-Landau equation (CQGLE) could describe all
these factors. Under spatio-temporal duality, CQGLE can represent a broad range
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(-)-branch

Fig. 15 Dimensionless free energy F for both DS-branches, ® = 60z and y = 0

of nonlinear dynamical phenomena, particularly optical DS and weakly dissipative
BEC. As CQGLE is not integrable in the general form, the approximated approaches
to its study are highly desirable. The adiabatic approximation restrains a range of
CQGLE parameters but keeps them remarkably realistic. Meanwhile, the obtained
solutions are general within this range in the sense that they do not fix the relations
between the equation parameters. This class of solutions belongs to the single-para-
metric family [40] that associates them with “true” solitons.

One of the advantages is that the obtained solutions are formulated in a spectral
domain that allows for tracing the close analogies with the kinetic theory approaches
to an interpretation of DS characteristics. The analytical expressions are straight-
forward in the case of vanishing imaginary quintic term. The DS spectrum has the
shape of a truncated Lorentzian function so that all spectra can be divided into flat-
top and finger-like classes. The division between them is defined by the equality of
the truncation frequency and the Lorentzian width. These values play the role of two
correlation lengths representing the internal DS phase inhomogeneity so that their
equality is a markup of the maximal DS fidelity terms of its compressibility and the
transition to the energy-scalable regime.

The latter corresponds to the DSR region, where DS is asymptotically scal-
able. The model provides simple analytical expressions corresponding to the DSR
conditions. Advantageously, the concept of DSR is embedded organically into a
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representation of the DS parametric space in the form of two- (or three for a nonzero
imaginary quintic term) dimensional master diagram, which connects a dimension-
less DS energy and a parameter relating spectral and nonlinear dissipation to GDD
and phase nonlinearity. The confined region of the last parameter corresponding to
DSR has a simple analytical expression. The master diagram has a physically sound
structure, which includes the stability threshold against vacuum instability, the
region of DSR, a curve of maximum fidelity, etc. Moreover, the signatures char-
acterizing a transition to the DSR regime are explicitly visible in the experiment
as a transition to a constant spectral width, a Lorentzian peak in the spectrum, and
a change of the DS squeezing to its broadening. All these phenomena are closely
analogous to BEC.

The Rayleigh—Jeans spectral shape of DS and two independent correlation scales
that diverge with the DS energy scaling suggest that a strongly chirped DS is akin to
an incoherent (or partially coherent) soliton. The latter can be treated as an ensem-
ble of interacting “quasi-particles” confined by a collective potential [4]. Indeed, the
analysis demonstrates that DS has a nontrivial internal structure so that such “par-
ticles” or their conglomerates can be excited, which perturbs the DS spectral and
temporal profiles but preserves its total integrity. In some cases, this leads to DS
turbulence.

The internal kinetics of DS allows the application of a thermodynamic language
so that DS can be characterized by temperature, chemical potential, entropy, and free
energy. The adiabatic theory expresses these values through the DS and CQNGLE
parameters and demonstrates the thermodynamic differences between two types of
DS “populating” the master diagram. Also, the thermodynamic viewpoint connects
a limit of the DS energy scalability with the vanishing of chemical potential and the
internal entropy growth.

We demonstrate that two branches of the DS solutions, namely, satisfying and non-
satisfying DSR conditions, have different thermodynamical properties. Both types of
DS have negative free energy that manifests an enhanced tendency for their forma-
tion from a basin. Also, the free energy under the DSR condition is minimal, while
the entropy is maximal. The last can be interpreted as a manifestation of the nontrivial
internal structure of such a type of DS. One may suppose that excitation of this struc-
ture could limit the DS energy scalability, that is, break DSR.

We believe that the approaches presented in this work will be helpful in the differ-
ent areas, including photonics and BEC. In particular, an explicit definition of the DS
energy-scalability limit can be expressed thermodynamically. The closely connected
and unexplored problem is the analysis of the DS-basin interaction, which is essential
to understanding the DS self-emerging [65]. Also, including the higher-order derivative
terms in CQGLE describing, in particular, higher-order GDD, is of interest from the
viewpoint of the DS chaotization and the distortion of its internal structure.
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Appendix A: Factorization

For y = 0, the equation for a spectral deviation is:

(Kﬂ(ﬂmz—ﬂ)(—r—ﬁﬂ(ﬂvf—Az)) o ag(t)2> (Q() - A?)

72

(AL)

d
200 =
a2 B(3Q()° — A?)

Let us write the numerator of (A1) as

KP(QO*-A)(—r =LA -A%))
},2

o — aQt)?

p = (320" - A%)¢(2* + Q) (A2

Collecting the coefficient before the powers of Q(f) gives

K PN CHp(—r+EpAY)

a
<—% - 3e>9 o + r ; + A% —3¢22 |Q (1)’ -
4
(A3)
KﬂAz(—y+CﬂA2) +o
- s + A%eE? = 0.
B
Equating the coefficient to zero and taking into account A? = y P,/ results in:
1 kp¢
b=—-—>—7—,
372 (A4)
pet= Spy el Y (A5)
37T kB
_1 1 _ Yo
é 1 c+ (1 c> . (A6)

P, =

This decomposition allows excluding a singularity from the denominator in Eq. (A1)
and, thereby, avoiding the nonphysical solutions. Such a procedure would also be
highly desirable for (9).

Appendix B: Numerical Calculation of the DS Parameters

That is Matlab code for calculating the DS parameters of the complex cubic-quintic
nonlinear Ginzburg—Landau equation.
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%  Cubic—quintic CGLE % %
% x is the ¢ parameter %

% y is the soliton energy %

% z is the spectral half—width %

% Vladimir Kalashnikov %

% kalashnikov@ntnu.no %

clear

Nt = 1000;

chi = 5;% control parameter chi
Sigma = 0;% control parameter Sigma

for k=2:1000
¢ =2 24(k-1)/1000;

% Spectral half—width for the positive branch
eq8 = sqrt ((0.2elx(c/chi+3+4/chi)x
(c/0.2e140.3e1/0.2elchit+ ...
0.2el + sqrt (((c — 2)°2 — 16+Sigmax...
(c/chi + 1))))/(c/chi + 1) —...
(3%c) — (9%chi) — (32/chixSigma) — 0.12e2)/...
(c/chi + 1)¥c)/0.4el;

% Spectral half—width for the negative branch
eq9 = sqrt ((0.2elx(c/chi + 3 + 4/chi)x...
(c/0.2el + 0.3e1/0.2¢elxchi +...
0.2e1 — sqrt (((c — 2)°2 — ...
16+Sigmax(c/chi + 1))))/(c/chi + 1) —...
(3xc) — (9*chi) — (32/chixSigma) —
0.12¢2)/(c/chi + 1)xc)/0.4el;

% Curve, where the branches merge
eql0 = sqrt ((0.2el#(c/chi + 3 + 4/chi)x...
(c/0.2e1 + 0.3e1/0.2elxchi +...
0.2el — Oxsqrt (((¢ — 2)°2 — 16+Sigmax...
(c/chi + 1))))/(¢/chi + 1) —...
(3%c) — (9%chi) — (32/bxSigma) — 0.12e2)/...
(c¢/chi 4+ 1)*c)/0.4el;

Delta = eq8;
if (imag(Delta)==0)
z(k)=Delta;
domega = 2xDelta/Nt;

omega = [~ Delta:domega: Delta];

ar = (sqrt (((cxchi + 4xDelta”2
4xomega.2)/c/chi)) — 0.lel).x .
((sqrt (((c*chi + 4%Delta”2 — ...
dxomega. 2)/c/chi)) — 0.lel)xcx...
chi + (8xomega.” 2) — (4xDelta"2))/c.*...
(((ckchi + dxDelta"2 — ...
dxomega.”2)/c/chi).” (~0.1e1/0.2e1))./...
((Sigmaxc + cxomega. 2+4...
c#chi 4 cxchi”2 + chixDelta”2 —...
chixomega. 2).#(sqrt (((ckchi + 4x...
Delta”2 — 4xomega. 2)/c/chi)) — 0.1el) —...
(2+(Delta2 — omega. 2) ...
(chi 4+ 1)))/0.2el;

for kk=1:Nt
if (ar(kk)<0)
ar (kk)=0;
else
ar (kk)=ar (kk);
end

arg = ar (2:Nt);

E = trapz(arg)+domega;
x(k) = c;
if (imag(E)==0)
v(k) = E;
else
yv(k) = 0;
end
else
end
end
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