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Abstract
Robotic Compact Storage and Retrieval Systems (RCS/RS) offer numerous advantages, including high performance, scal-
ability, and availability, which are essential for modern logistics and warehousing. However, information on the potential
performance of RCS/RS is limited, primarily due to the diverse range of configurations available. This paper aims to address
this gap by developing an analytical approach to predict the throughput of an RCS/RS with multiple robots serving several
picking stations. The approach considers various parameters such as grid size, stack height, number of robots, and filling
degree, alongside kinematic data. The cycle time for each robot is calculated assuming a uniform distribution of container
stacks. Subsequently, a queueing system with limited capacity is constructed using performance data from a single robot. The
analytical approach is validated using a discrete event simulation model of an RCS/RS. Following the validation, an extensive
parameter variation and application example are conducted to demonstrate the versatility of the approach. This method offers
a straightforward and efficient set of formulas for determining RCS/RS throughput, easily solvable using standard table or
algebra programs.

Keywords Automated warehouses · RCS/RS · Cycle time model · Queueing theory · Grid-based storage system

1 Introduction

The ongoing supply chain issues continue to heavily impact
logistics today. Scalability stands out as a key feature for
addressing long delivery times, extended downtimes, and
short-termfluctuations.Warehouses serve as a bridge toman-
age time and maintain the readiness of goods, albeit with
the costs always remaining in focus. Robotic compact stor-
age and retrieval systems (RCS/RS), as depicted in Fig. 1,
emerge as a scalable warehousing solution. These systems
facilitate high throughputs, rapid order fulfilment, enhanced
redundancy through multiple operating robots, and scalabil-
ity across throughput, storage capacity, energy demand, and
costs. The installation of RCS/RS is still on the rise. In block-
arrangedwarehouses, goods are stored in standardised plastic
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containers stacked onto each other. They are operated by
robots from above, functioning on the goods-to-person prin-
ciple. The system is adaptable to nearly any hall size, ranging
from small-scale to large, with its overall performance con-
tingent upon demand.

Nowadays, the layout and design process is typically
undertaken by material handling providers who utilise sim-
ulation models to gather insights into potential throughput
based on specific warehouse characteristics outlined by the
customer. The primary input parameters include required
storage capacity, anticipated throughput, article distribution,
and demand structure. Currently, there is a lack of universally
valid information from suppliers, industrial or commercial
standards, or market research regarding the performance of
such systems. Moreover, scientific investigations address-
ing the performance of RCS/R systems are scarce. Few, if
any, offer readily accessible tools for analytically predict-
ing throughput based on input parameter settings. Especially,
considering several picking stations, there are no straightfor-
ward approaches that are solvable with standard calculation
tools.

Therefore, this paper aims to develop an analytical
approach to calculate the performance of an RCS/RS with
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Fig. 1 Example of an RCS/RS. Source: AutoStore [1]

several robots operating on the grid serving a variable num-
ber of picking stations. The analytical formulas are validated
by comparing their results with those of a numerical dis-
crete event simulation (DES). The simulation, representing
the state-of-the-art for performance prediction of automated
storage systems, was modelled in SIMIO.

The approach presents a straightforward and efficient
method for determining throughput. This is a novel contribu-
tion, not least due to its ability to be efficiently solved using
standard algebra or spreadsheet software. Notable parame-
ters that can be adjusted include stack height, the number of
stacks along the horizontal axes, and the filling degree. Fur-
thermore, the optimal number of robots for a given parameter
setting can be evaluated.

Based on the abbreviations listed in Table 1, Sect. 2
provides an overview of the scientific literature concern-
ing RCS/RS and queueing approaches for multiple service
stations. Section 3 offers a detailed description of the sys-
tem under investigation and the underlying assumptions.
Section 4 outlines the analytical approach as per the spec-
ifications in Sect. 3. To validate the analytical approach,
Sect. 5 conducts a numerical study, extensive parameter vari-
ation, and provides an application example. The parameters

Table 1 Abbreviations

AS/RS Automatic storage and retrieval system

AVS/RS Automatic vehicle storage and retrieval system

CTM Cycle time model

DCC Dual command cycle

DES Discrete event simulation

I/O point In- and output point

I/O shaft In- and output shaft

ORCS/RS Overhead robotic compact storage and retrieval systems

RCS/RS Robotic compact storage and retrieval system

SBS/RS Shuttle-based storage and retrieval system

SCC Single command cycle

used are sourced from a European RCS/RS supplier. Finally,
Sect. 6 offers a summary and outlines potential options for
future research to conclude the paper.

2 Literature review

An RCS/RS is defined as a three-dimensional automatic
storage and retrieval system using an orthogonal grid as
a railway network for the robots responsible for handling
the containers. In general, automated warehouses have been
discussed scientifically many times over. RCS/RS, as one
subtype representing a static storage system under the goods-
to-person principle with a block layout, have only been the
subject of a few scientific investigations. Nonetheless, there
are some papers dealing with RCS/RS.

Beckschäfer et al. [2], Galka and Scherbath [3], Chen
et al. [4], Trost et al. [5], and Kartnig et al. [6] all devel-
oped a DES to gain insights into the performance of an
RCS/RS. Yener and Yazgan [7] proposed a simulation-based
optimisation method and investigated the performance of an
RCS/RS with a focus on return relocation strategies. The
main conclusion drawn is that a return relocation should be
conducted whenever there is an opportunity, representing the
state-of-the-art practice. Such storage systems, for example,
AutoStore, perform return relocations in the reverse sequence
of the relocation immediately after retrieval.

Ko et al. [8] adopted a different approach to investi-
gate RCS/RS and proposed a roll-out heuristic algorithm to
determine the optimal order sequencing within an RCS/RS.
Hameed et al. [9] developed a numerical performance cal-
culation approach using an optimal path algorithm for robot
routing and compared the impact of a collision avoidance
system within the robots. For a specific testing scenario, the
total throughput decreased by around 10% when obstacles
were considered compared to when they were neglected.

Galka and Scherbath [3] noted that obtaining an analytical
approach to determine throughput is complicated due to the
large number of parameters and the high complexity of the
system.

All the aforementioned papers share the commonality of
either developing numerical simulations such as DES or
heuristics to investigate throughput or processes. None of
them provided analytical approaches to calculate or approxi-
mate the performance of an RCS/RS. However, two scientific
investigations have presented analytical approaches on the
performance of RCS/RS. One is by Trost and Eder [10], and
the other is by Zou et al. [11].

Zou et al. [11] proposed a performance approach for
RCS/RS using a semi-open-queueing network. Mutual hin-
drances of the robots and, thus, congestion were not further
considered since the number of robots was small concerning
the grid. The approach is neither easy nor quickly solvable
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with standard algebra programs,which raises questions about
its practicality, not least because the solution has to be
obtained numerically.

Trost and Eder [10] developed a CTM to determine the
throughput of an RCS/RS with one operating robot serving
one picking station. This approach offers a straightforward
and quickly solvable method to determine the performance
of a single robot operating in an RCS/RS. The presented for-
mulas are based on CTM for AS/RS and SBS/RS, and they
have been significantly expanded and adapted for RCS/RS.
The approach was tested and validated through a three-stage
process to ensure the model accurately captures the robot’s
movement along the grid, potential relocations, and the over-
all throughput for a single robot.

Trost andEder’s approach [10]was further developedwith
an M|M|1|K single queue with limited capacity to consider
the interaction of the robots serving one picking station [12].
Although the assumption of Poisson-distributed arrival and
service times was deemed a good compromise, the authors
asserted that an M|G|1|K model with generally distributed
arrival times would yield higher approximation quality. A
broad range of parameter variations was examined, demon-
strating that the maximum error rate remains below 10%,
even when applying the M|M|1|K model.

In investigating the steady state of a system, queueing
theory is often applied in material handling and ware-
house logistics to consider various interacting processes [13].
It offers numerous performance evaluation models, such
as single queueing models utilising Markov chains, open,
semi-open, or closed queueing networks. An open-queueing
network allows input and output from outside the system
boundary, whereas in a closed-queueing network, neither
input nor output is possible. Mixed networks with different
classes of users permit, for example, new input from outside
into the system for one user class and departure from the
system for another user class [14]. Table 2 provides some
queueing terms:

Considering more than one picking station and several
operating robots poses a particular challenge in material han-
dling and warehousing research. Due to the limited number
of scientific investigations on RCS/RS in this context, the
research has been extended to other storage systems such as
AVS/RS and SBS/RS. Papers dealing with SBS/RS mainly
investigated the performance of one aisle, or in cases with
more than one aisle, there were lifts for every aisle, as seen in
the work of Eder [15]. Cross-aisle SBS/RS (aisle-free) with
several lifts have hardly been studied. While Heragu et al.
[16] developed an OQN with general distributed arrival and
service rate to predict the performance of an AVS/RS, Ekren
and Akpunar [17] measured the performance of SBS/RS.
Their approach has to be solved with the Witt algorithm.

Table 2 Abbreviations of queueing systems

CQN Closed queueing network

OQN Open queueing network

SQ Single queue

SQLC Single queue with limited capacity

SOQN Semi-open-queueing network

A Arrival process

B Service process

C Number of parallel stations

K Capacity of the system

M Markovian

D Deterministic

Ek Erlang

G General

GI General independent and identically distributed

FCFS First Come First Served

LIFO Last In First Out

Several other papers discuss storage systems and deploy
queueing models, but none consider more than one lift or
picking station. A systematic literature survey examined by
Amjath et al. [27] confirms this. Only a few approaches
deal with queueing models with more than one server in the
context of storage systems, warehouses, and distribution cen-
tres. Their reviewwas expanded to include material handling
systems in the manufacturing environment, mining and har-
vesting, and container terminals.

Manufacturing systems are often modelled with CQN.
Nazzal [19], Raman [20], Tu et al. [23], and Mohammadi
et al. [25] all assumed general distributed arrival and service
processes for performance evaluation in manufacturing sys-
tems. In contrast, Govind et al. [18], Bedell and Smith [21],
Smith and Kerbache [22], Smith and Barnes [24], and Zhang
et al. [26] appliedM|G|m|Kmodels with Poisson-distributed
arrivals. While most of those papers investigating manufac-
turing systems calculate the crucial Work-In-Progress key
performance indicator, Smith and Kerbache [22] and Smith
and Barnes [24] conducted analyses of the networks.

A Markovian distribution was also assumed by Trost and
Eder [12]. The authors mentioned that a generally distributed
arrival time would yield more accurate results since the
robot’s arrival on the grid within an RCS/RS depends on
various factors such as the grid size, the stack height, the
robot’s velocity, acceleration/deceleration rate, and more.

Building upon Trost and Eder [12], the straightfor-
ward and rapid method of throughput approximation should
be extended to multiple picking stations. Transitioning
from Markovian arrival processes to a general distribution
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dependent on the variation coefficient could enhance the
approximation quality. This would lead to a multiple server
problem of type G|M|m|K. Such multi-server performance
modelswith finitewaiting space are valuable tools for various
applications including manufacturing, telecommunications,
transportation and logistics, material handling, and facility
modelling [28].

As found in the literature (e.g. Smith [29]), an exact
solution for these systems is only possible for exceptional
cases such as exponential arrival rate, i.e. M|M|m|K, a sin-
gle server, i.e. M|G|1|K, or infinite queue capacity resulting
in theM|G|mmodel. Kimura [30] proposed a transform-free
approximation for the M|G|m|K queue with finite waiting
spaces. He consideredm ≥ 1 parallel servers and K = m+r
waiting spaceswith r ≥ 0 under the FCFS rule. The approach
is exact for the special cases mentioned earlier. Smith [29]
derived blocking probability models form = 1 up tom = 10
with one equation for each m. Subsequently, Smith [28]
developed a two-moment approach to obtain closed-form
solutions for performance evaluation.

Since there is no readily solvable closed-form expression
for performance evaluation using an M|G|m|K model, this
paper builds upon the approach from Trost and Eder [12]
and expands it to multiple picking stations, leading to an
M|M|m|K model. The results from this paper’s model are
also compared with the approximation equations from Smith
[29], assuming a general distribution for the arrival process.

The open-queueing system with limited capacity to
approximate the possible throughput and the optimal number
of robots operating on an RCS/RS grid under consideration
of several picking stations is a seminal contribution to the
scientific research of automated warehouses.

The model provides a straightforward and rapid calcu-
lation method to determine the performance of an RCS/RS
with adequate accuracy for a variable number of robots oper-
ating on the grid, assuming a homogeneous article demand
structure along the three axes and Markovian distributions
for both arrival and service processes. This paper’s novelty
lies in the possibility of approximating the expected perfor-
mance for every RCS/R system and any input parameters,
regardless of size or kinematic data.

Table 3 provides an overview of existing literature regard-
ing material handling and manufacturing systems.

3 System description

RCS/RS systems combine numerous advantages, includ-
ing high storage density and minimal space requirements,
enhanced reliability due to high redundancy, exceptional
performance potential, and low energy consumption. These
favourable attributes are further complemented by the sys-
tem’s simple andmodular design, facilitating easy scalability
and flexible expandability. Additionally, anRCS/RSoperates

Table 3 Literature overview Author Year System Method Model Validation with DES

Heragu et al. [16] 2011 AVS/RS OQN GI|G|m �
Govind et al. [18] 2011 Manufacturing CQN M|G|m �
Nazzal [19] 2011 Manufacturing CQN G|G|m
Raman [20] 2011 Manufacturing CQN G|G|m
Bedell and Smith [21] 2012 Manufacturing CQN M|G|m|K �
Smith and Kerbache [22] 2012 Manufacturing CQN M|G|m|K �
Tu et al. [23] 2013 Manufacturing CQN GI|G|m �
Smith and Barnes [24] 2014 Manufacturing CQN M|G|m|K �
Beckschäfer et al. [2] 2017 RCS/RS DES

Zou et al. [11] 2018 RCS/RS SOQN M|G|m �
Mohammadi et al. [25] 2020 Manufacturing CQN GI|G|m
Zhang et al. [26] 2020 Manufacturing CQN M|G|m|K �
Galka and Scherbath [3] 2021 RCS/RS DES

Ekren and Akpunar [17] 2021 SBS/RS OQN G|G|m
Chen et al. [4] 2022 RCS/RS DES

Trost et al. [5] 2023 RCS/RS DES

Eder [15] 2023 SBS/RS SQLC M|G|1|K �
Kartnig et al. [6] 2023 RCS/RS DES

Trost and Eder [10] 2024 RCS/RS CTM �
Trost and Eder [12] 2024 RCS/RS SQLC M|M|1|K �
This paper 2024 RCS/RS SQLC M|M|m|K �
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under the goods-to-person principle, with robots functioning
autonomously on the grid [6]. Figure 2 provides a visual rep-
resentation of an RCS/RS system, illustrating three picking
stations and multiple operating robots.

RCS/R systems are designed with simplicity in mind and
consist of four fundamental components [5]:

– Grid: The aluminium or steel grid forms the foundation
of the storage system, serving as an orthogonal railway
for the robots.

– Robots: These are responsible for transporting contain-
ers, which hold the goods, to and from the stacks to the
picking stations.

– Containers: Standardised plastic containers, typically
measuring 600 by 400mms (LxW) with variable heights
ranging from 200 to 425mms.

– Picking station with I/O shaft: Serving as an input/output
point, the picking station is connected to the grid level
via the I/O shaft.

When a new article needs to be stored in the warehouse,
it is placed into a container at the picking station and then
picked up by a robot. The robot lifts the container through
the I/O shaft and transports it to its designated stack. The I/O
shafts are typically located at one of the grid’s wider edges.
If a new order arrives, the required container is requested
accordingly.

The robot waiting next to the stack where the order is
stored is assigned to retrieve the required container. If the
container is not readily accessible, relocations may be nec-
essary. Once the robot gains access to the ordered container,
it is lowered through the I/O shaft to the picking station.
Some systems, particularly those with an inhomogeneous
article demand structure, also return relocate previously relo-
cated containers to their original stack. However, this paper,
inspired by the findings of Trost and Eder [10], focuses
on storage systems with a homogeneous access structure,
omitting return relocations as it could potentially decrease
throughput further.

Fig. 2 Robotic compact storage and retrieval system with several robots on the grid
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This studywill primarily focus on determining the optimal
number of robots and picking stations. The key assumptions
of this research are outlined below:

– The robots work in a DCC under the FCFS rule.
– The systems dwell point is in front of the picking stations.
– Every picking station can be used for storage and
retrieval.

– Every picking station consists of one I/O shaft.
– The picking stations are located along one of the grid’s
wide edges.

– There are always totes waiting at the dwell point in the
pre-warehouse zone.

– The robots pick up a new container to be stored after
dropping off a required container.

– The robot’s velocity is constant. If not, a realistic velocity
rate has to be calculated.

– The robots routing along the grid are without collisions.
– The containers are ordered evenly distributed based on a
homogeneous access distribution.

– The order to relocate containers is evenly distributed
among all stored containers.

– The container to be relocated is relocated to the nearest
available storage location.

– The filling degree is limited to a specific value to ensure
that relocations can be done.

4 Analytical approach

This section outlines the analytical approach aimed at cal-
culating the performance of an RCS/R system with multiple
robots serving several picking stations at one edge of the
grid. To determine the possible throughput of an RCS/RS,
the cycle time of one robot must be calculated first. For this
purpose, some of the formulas introduced by Trost and Eder
[10] were slightly adapted and expanded.

In the analytical approach presented, collisions, conges-
tion, or deadlock situations of the robots on the grid are
excluded, as the routing logic of real systems and the simula-
tion process ensure this. Furthermore, the primary objective
of the analytical approach is to serve as a performance
approximation tool to provide insights into the maximum
throughput. This is achieved by constructing a multi-queue
model with limited capacity. The process is illustrated in
Fig. 3, where K represents the maximum number of robots
waiting in front of the I/O shafts plus the one positioned on
each of the I/O shafts (K = nR + m).

The following performance calculation for RCS/RS can
be split up into the following steps below:

• Cycle time of one robot (arrival rate):

– Ride time from the I/O shaft to the stack (storage)
– Ride time from the stack to another stack (DCC)

Fig. 3 Multi queue model with limited capacity
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– Ride time from the stack to the I/O shaft (retrieval)
– Transfer time of the container up from/down onto the
stack

– Probability of relocations
– Ride time in the relocation cycle

• Time on the I/O shaft (service rate)
• Throughput determined with an M|M|m|K queuing
model

The notation used in this approach can be found inTable 4.

Table 4 Notation

�x Distance between two stacks along the x-axis

�z Distance between two stacks along the z-axis

ϑ Throughput of the RCS/RS

λ Arrival rate

μ Service rate

ρ Utilisation rate of the picking station

A Space demand

aR Robot’s acceleration rate for horizontal ride

aT Robot’s acceleration rate for container transfer

f Filling degree

hC Height of a storage container

K Capacity of the queueing system

k0 Position of the I/O shaft along the x-axis

km Factor considering more than one I/O shaft

m Number of picking stations with I/O shaft

N Number of storage locations

nR Number of robots operating on the grid

nR_opt Optimal number of robots

nx Number of grid elements along the x-axis

nz Number of grid elements along the z-axis

p0 Probability for an empty system

pk Blocking probability

sh Storage height of a container stack

tA Arrival time

tCX Container exchange time at the picking station

tL Time to lock and unlock a container

tR_rel Robot’s ride time in a relocation cycle

tRdual Additional ride time of a robot in a DCC

tRstor Robot’s ride time in an SCC for storaging

tRretr Robot’s ride time in an SCC for retrieval

tS Service time at the I/O shaft

tT Container transfer time

tW X Wheel exchange time of a robot

V Volume demand

vR Robot’s velocity rate for horizontal ride

vT Robot’s velocity rate for container transfer

wrel Probability of a relocation cycle

4.1 Cycle time calculation

The cycle time for a single robot operating within a DCC
without return relocations can be determined using Eq. 1, as
described by Trost and Eder [10]:

tA = tRstor + tRdual + tRretr + 2 · tT
+wrel · (tR_rel + 2 · tT ) + tS (1)

Following the methodology of Trost and Eder [10], it
is necessary to differentiate between ride time and trans-
fer time functions, considering whether the maximum speed
is reached and the trapezoidal drive mode is employed, or
if short distances prompt the use of the triangular drive.
Equation 2 illustrates the two cases considered by the t( j)
function for the robot’s horizontal ride:

t( j) =
⎧
⎨

⎩

2 ·
√

j
aR

for j <
v2R
aR

j
vR

+ vR
aR

for j ≥ v2R
aR

(2)

The variable j represents the distance travelled by the
robot, and the function t( j) returns the corresponding time.

Furthermore, accounting for an acceleration/deceleration
rate during the lifting and lowering of the container neces-
sitates another distinction. Equation 3 describes the g(y)
function for the transfer time:

g(y) =
⎧
⎨

⎩

2 ·
√

y
aT

for y <
v2T
aT

y
vT

+ vT
aT

for y ≥ v2T
aT

(3)

Depending on the height y, the function t( j) evaluates the
time required for the lifting and lowering.

4.1.1 Mean ride time

Based on Trost and Eder [10], the ride time of one robot
from the picking station to a grid element, or vice versa,
can be calculated using Eq. 4. The time function (Eq. 2)
determines the corresponding time required for the ride based
on the distance. If the direction must change once, meaning
the robot also travels along the x-axis, an additional time
component must be considered. Therefore, for |k − k0| > 0,
the last term evaluates to sign (|k − k0|) = 1.

tRstor = 1

nx
· 1

nz
·

nx∑

k=1

nz∑

l=1

t((|k − k0|) · �x)

+t(l · �z) + tW X · sign (|k − k0|) (4)

Considering the variable number of I/O shafts with pick-
ing stations along the grid, it’s essential to account for the
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influence of their locations. This is addressed by Eq. 5.

tRretr = m

nx
· 1

nz
·

nx
m∑

k=1

nz∑

l=1

t((|k − km |) · �x)

+t(l · �z) + tW X · sign (|k − km |) (5)

The number of stacks along the x-axis is divided into m
sub-zones, denoted by the factor km . Apart from this, the
equation operates similarly to the one presented in Eq. 4.

In addition to Eqs. 4 and 5, for systems operating in DCC,
it’s necessary to consider the robot’s ride time from the stor-
age stack to the retrieval stack. Equation 6 illustrates the
impact of this additional ride in a DCC.

tRdual = 1

n2x
· 1

n2z
·

nx∑

k=1

nx∑

l=1

nz∑

m=1

nz∑

n=1

t((|m − n|) · �z) + t((|k − l|) · �x)

+tW X · sign ((|k − l|) · (|m − n|)) (6)

Equation 6 encompasses three distinct scenarios. In cases
where there is no change of direction, indicated by |k−l| = 0
or |m − n| = 0, the last term evaluates to zero. This occurs
when the robot travels solely along the x- or z-axis. However,
the last term becomes non-zero when a change of direction
is required, transitioning either from the x- to z-axis or vice
versa.

4.1.2 Mean time for container transfer

Based on Trost and Eder [10], the mean time for the trans-
fer of the containers can be calculated. Utilising a binomial
coefficient allowed for the derivation of a single equation
applicable to various stack heights (n). This equation under-
went validation for theoretical storage heights of sh = 100.
Moreover, constant velocity was assumed. This approach
also considers an acceleration/deceleration rate of the lift-
ing and lowering device, which is accounted for by the g(y)
function within Eq. 7.

tT = tL +
sh∑

n=1

n−1∑

i=0

1

sh + 4 · i ·
(
sh − 1

i

)

· f sh−1−i · (1 − f )i · 2 · g(hC · n)
(7)

In this context, tL represents the time needed to open and
close the locking claws, while f denotes the filling degree of
the storage system. Additionally, hC represents the height of
the container and is multiplied by the indices n from the first
sum to compute the time necessary for lifting and lowering.

4.1.3 Relocation cycle

If the stack height is greater than 1 (sh > 1), it’s possible
that relocations may be necessary to retrieve the required
container. The probability of a relocation cycle, denoted as
wrel , is calculated identically toTrost andEder [10]. The total
relocation time comprises the sum of the container transfer
time (tT ) and the robot’s ride time for the relocations.

Their assumption that the stacks,where the relocation con-
tainers are transported to, are along one of the four outgoing
paths enables high performance since no directional changes
are necessary. The typical high stack heights in RCS/RS also
ensure high filling degrees for accessible relocation stacks.

Instead of an equally distributed access structure over
the stack height resulting in a stochastic relocation proba-
bility, any other relocation probability can be applied using
the factor wrel . For example, an 80/20 access distribution
over a stack height of sh = 10 results in a relocation
probability of wrel = 1.5 relocations for one retrieval. Con-
versely, assuming a 50/50 access structure as mentioned
above, the probability of a relocation calculates to approxi-
mately wrel ∼ 5.

4.2 Service time calculation

Equation 8 represents the service time of a robot on the I/O
shaft.

tS = tCX + 2 · tL + 2 · g(hC · n) · sh (8)

Therein, tCX denotes the container exchange time within
the picking station, while tL describes the unlocking of the
retrieval container and the locking of the storage container.
The third term represents the time for lifting and lowering the
old and the new containers through the I/O shaft. The g(y)
function again considers the acceleration/deceleration of the
lifting and lowering device according to Eq. 3.

4.3 Multi queuemodel M|M|m|K
The open-queueing model is based on the interaction of two
processes within the storage system:

– The robot’s arrival rate at the I/O shafts.
– The service time on the I/O shafts.

Based on the arrival and service processes, the Kendall
notation A|B|C|K describes the characteristics of the queue-
ing system. According to Baum [14], A stands for the arrival
process,B for the service process,C for the number of parallel
service stations, and K for the queue length. This approach
assumes an M|M|m|K model with Markov characteristics
for the arrival and service processes (Poisson distributed).
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A more precise solution would be, as mentioned in Sect. 2,
implementing generally distributed arrival times of the robots
by applying an M|G|m|K model. Section 5.1 presents a
comparison of the simulation results with those from the ana-
lytical approach.

The assumption of exponentially distributed arrival and
service rates is necessary, as stated by Trost and Eder [10].
This is due to the impossibility of analytically evaluating the
coefficient of variation, given the extensive range of variation
parameters. Furthermore, as discussed in Sect. 2, exact ana-
lytical solutions for multi-server M|G|m|K problems withm
parallel service stations are only feasible for special cases.
TheM|M|m|Kmodel represents one such special case.While
approaches exist for a finite number of service stations, a
precise formula as a closed expression is not available. How-
ever, the M|M|m|K model presented in this section offers
an easy and quick analytical tool with sufficient accuracy
to approximate the throughput of an RCS/RS for any given
parameter setting. The developed equations can be solved
using standard algebra and table calculation tools, which is
also a novelty.

The arrival rate of the robots at the I/O shafts is determined
by the reciprocal value of the expectation of one robot’s cycle
timemultiplied by the number of robots operating on the grid,
as depicted by Eq. 9:

λ = nR · 1

tA
(9)

Similarly, the service rate, which denotes the potential
number of pickings per time unit, is calculated bymultiplying
the service rate per picking station by the number of operating
picking stations with I/O shafts (Eq. 10):

μ = m · 1

tS
(10)

The utilisation rate of the I/O shaft is defined as the ratio
of the arrival rate to the service rate and given by Eq. 11:

ρ = λ

μ
= nR · tS

tA
· 1

m
(11)

The probability of emptiness p0 for the M|M|m|K model
is calculated by Eq. 12 as follows: [14]

p0 =
[ m−1∑

i=0

ρi

i ! + mm

m! ·
nR+m∑

j=m+1

ρ j

m j

]

(12)

The throughput, denoted by ϑ , can be calculated using
following expression (Eq. 13):

ϑ = μ · (1 − p0) (13)

The equation above illustrates that the throughput is deter-
mined by multiplying the service rate μ multiplied with the
term (1 − p0).

5 Numerical study

Section 5 aims to conduct a numerical study for both the val-
idation of the analytical approach and the demonstration of
its scope. The section is divided into three parts: Firstly, the
analytical approach is validated using a numerical discrete
event simulation (Sect. 5.1). Secondly, a parameter variation
is performed to demonstrate the sensitivity of the parame-
ters and provide insights into the expected performance of
such storage systems (Sect. 5.2). Subsequently, an applica-
tion example is presented in Sect. 5.3 to illustrate the practical
application of this approach. The parameters utilised for the
numerical study are detailed in Table 5:

Table 5 Parameters for the
RCS/RS

Parameter Value

Number of stacks along the x-axis nx ∈ {10, 15, ..., 50}
Number of stacks along the z-axis nz ∈ {10, 15, ..., 50}
Storage height of a container stack sh ∈ {1...25}
Filling degree f ∈ {70%, ..., 98%}
Distance between two grid elements along the x-axis �x = 0.7m

Distance between two grid elements along the z-axis �z = 0.5m

Container height hC = 330mm

Robot horizontal velocity rate vR = 3.1m
s

Robot lifting and lowering velocity rate vT = 1.6m
s

Robot’s horizontal acceleration/deceleration rate aR = 0.8 m
s2

Acceleration/deceleration rate of the lifting/lowering device aT = 2.5 m
s2

Robot time to lock/unlock the container tL = 1s

Robot wheel change time tW X = 1s
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The results will be compared with 30 independent sim-
ulation model scenarios to validate the analytical approach.
Therefore, a simulation model in the DES simulation soft-
ware SIMIO (version 15) was modelled. The rebuilt RCS/R
system for the simulation includes the four essential com-
ponents. The system’s necessary logic was implemented in
the background. The simulation time varies depending on the
complexity of the scenario, ranging from a few minutes to
several hours.

The containers were evenly distributed over all stacks and
storage heights. All the parameters from Table 5, such as the
number of stacks along both horizontal axes, the stack height,
the filling degree, etc., can be varied in the simulation. If a
robot queue arises in front of one of the I/O shafts, the robots
are assigned to wait on storage stacks that are not assigned
next to the I/O shaft. Whenever the robot is assigned to a new
order and leaves the I/O shaft, the next robot can drive to the
I/O shaft.

5.1 Validation

Following the discussion in Sect. 4.3, the accuracy of the ana-
lytical approach shall be determined. This entails validating
the M|M|m|K model. The primary focus of the validation is
the number of picking stationswith I/O shaftsm and the num-
ber of robots nR . The analytical approach, which includes the
cycle time and the queuingmodel, has been validated in other
studies, such as [10] and [12] or [31], across a wide range
of parameters, including grid size, stack height, and filling
degree. The main requirements for the approximation of the
performance of a whole system are the arrival rate λ as given
by Eq. 9 and the service rate μ (Eq. 10). Hence, variations in

the aforementioned parameterswill affect only those twopre-
viously validated interim results. This investigation extends
the analysis from a single picking station with an I/O shaft to
multiple picking stations, enabling an approximation of the
performance of an entire RCS/R system. The performance ϑ

represents the throughput of the entire RCS/R system. Con-
sequently, an increasing number of robots results in higher
throughput.

Figure 4 provides a comparative analysis between sim-
ulation outcomes and those derived from the analytical
approach. The graph illustrates the system’s throughput
across different configurations of I/O shaft placements along
a single edge of the 50 by 50 grid. For this evaluation, a prac-
tical stack height of sh = 16 and a 90% total filling degree
was selected.

As depicted in Fig. 4, the analytical approach consistently
underestimates the simulation results, providing a safety
margin. The maximum estimation error is less than 10%,
occurring at approximately 20 robots and m = 2 I/O shafts.
Notably, as the number of shafts increases, the estimation
error diminishes. Table 8 presents the corresponding data
from Fig. 4 alongside the estimation errors.

Although the M|M|m|K model, as discussed in Sect. 4,
may not be the optimal choice, it offers a satisfactory level
of accuracy for estimating RCS/RS throughput. Despite its
slight estimation error, the model’s advantage lies in its
provision of a closed expression, enabling rapid and straight-
forward approximation using standard calculation software.

Figure 5 compares the analytical approach using an
M|D|m|K model with Dirac-distributed service time, an
M|G|m|K model, and the M|M|m|K model against results
obtained from numerical simulation. For this comparison,

Fig. 4 Throughput depending
on the number of robots for a
different number of I/O shafts
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Fig. 5 Throughput depending
on the number of robots testing
different queueing models

the number of stations was set to m = 2, while maintain-
ing all other parameters consistent with those used in Fig. 4.
Table 9 presents the data corresponding to Fig. 5.

As depicted in Fig. 5, the M|G|m|K model demonstrates
the highest level of accuracy, as anticipated. Conversely, the
M|D|m|K model tends to overestimate performance, while
theM|M|m|Kmodel consistently underestimates it. Notably,
the estimation error is more than halved when using the

M|M|m|Kmodel. Moreover, larger values ofm result in sig-
nificantly reduced estimation errors.

5.2 Parameter variation

After validating the analytical approach, the next step invo-
lves varying parameters. All subsequent results are derived
from the analytical approach. As outlined in the literature
review (Sect. 2) and the system description (Sect. 3), the

Fig. 6 Throughput depending
on the number of robots for
different stack heights and a
different number of I/O shafts
(50x50, f = 90%)
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Fig. 7 Throughput depending
on the number of robots for
different grid sizes and a
different number of I/O shafts
for ( f = 90%,sh = 15)

stack height is a key parameter of an RCS/RS. Figure 6 illus-
trates the throughput of an RCS/RS in relation to the number
of robots, considering different numbers of I/O shafts and
three distinct stack heights. The grid size was 50 by 50,

accommodating a maximum of 2,500 stacks, with a filling
degree of 90%.

As depicted in Fig. 6, the smallest stack height exhibits
the steepest increase in throughput, allowing for the highest

Fig. 8 Throughput depending
on the number of robots for two
different filling degrees and a
different number of I/O shafts
(50x50, sh = 15)
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Table 6 Requirements for the application example

Parameter Value

Storage capacity N = 30, 000

Stack height sh ∈ {5...25}
Stacks along x nx ∈ {10, 15, ..., 50}
Stacks along z nz ∈ {10, 15, ..., 50}
Filling degree f = 90%

Picking stations m ∈ {1...5}

achievable throughput. The optimal number of robots can be
approximated by a straight line. The curves terminate when
the absolute difference in throughput between the current and
previous values becomes smaller than 10%.

Another critical parameter of an RCS/RS is the grid size.
Previous investigations have demonstrated that the grid size’s
impact on throughput is insignificant when more than one
robot is operational. Figure 7 illustrates the throughput vari-
ation with the number of robots for different grid sizes and
various numbers of I/O shafts, assuming a stack height of
sh = 15.

As anticipated, the grid size has a limited impact on the
performance of an RCS/RS. Smaller grid sizes result in
steeper curves and higher picks per hour, but all curves con-
verge toward the same limit. However, when there’s more
than one I/O shaft, the grid size’s importance increases
because it restricts the number of robots and I/O shafts that
can be accommodated. For instance, a 10 by 10 grid cannot
efficiently operate with four picking stations with I/O shafts
and 80 robots to reach maximum performance. Simulations
have revealed that the ratio of the number of stacks to the
number of robots should exceed five. For a 10 by 10 grid
(i.e., 100 stacks), a maximum of 20 robots should be operat-
ing, resulting in one or two picking stations with I/O shafts.

Another crucial parameter of any storage system is the fill-
ing degree. Figure 8 illustrates the throughput of an RCS/RS
based on the number of robots for two different filling
degrees, with a stack height set to sh = 15 (50 by 50 grid).

Figure 8 illustrates that as the filling degree increases, the
number of required robots also increases, and the throughput
curves become flatter. This can be attributed to the increased
number of necessary relocations needed to retrieve a con-
tainer.

5.3 Application example

This example aims to demonstrate an application of the
analytical approach while showcasing its ease, speed, and
informational value. To achieve this, a scenario is defined
based on specific practical requirements. The objective is to
determine the optimal storage system considering various
parameters such as performance, space, or volume demand.
Table 6 outlines the requirements for the storage system:

The storage capacity aims to accommodate approximately
30,000 containers with a maximum deviation of ± 1%. The
stack height can vary realistically from 5 to 25, and the fill-
ing degree is set at 90%. The number of stacks along both
directions can be adjusted between 10 and 50 in increments
of 5.

Table 7 andFig. 9 illustrate the outcomes of the application
example.

Figure 10 illustrates seven scenarios as examples for
m = 2 picking stations, aiming to clarify the applicability
and feasibility and highlight the advantages of the analytical
approach.

The smallest system, with a storage capacity of 30,000
containers, is a 40 by 30 grid with a stack height of sh = 25.
This system occupies 476 m2 of space but offers the low-
est performance and requires the highest number of robots.
Conversely, a 50 by 50 grid with a stack height of sh = 12
demands 945 m2 of space. Despite the larger footprint, its
performance is nearly one-third higher with five operating
picking stations, requiring only 53 robots compared to 70 for
the smallest scenario. An intermediate option between space
efficiency and performance could be scenario four: a 45 by
35 grid with a stack height of sh = 19 containers. Operat-
ing with three picking stations would necessitate 47 robots

Table 7 Results of the application example

Layout ϑmax [1/h] nR [1]
no nx nz sh N A [m2] V [m3] m = 1 2 3 4 5 1 2 3 4 5

1 40 30 25 30,000 476 4879 203 407 610 813 1017 14 37 55 64 70

2 50 25 24 30,000 508 5013 208 416 625 833 1041 12 34 52 61 68

3 50 30 20 30,000 595 5117 230 460 691 921 1151 11 31 48 56 62

4 45 35 19 29,925 614 5080 236 473 709 946 1182 10 30 47 55 61

5 50 35 17 29,750 683 5194 250 500 750 1000 1250 10 29 45 53 58

6 50 40 15 30,000 770 5352 265 530 795 1061 1326 10 27 44 51 56

7 50 50 12 30,000 945 5632 292 583 875 1167 1459 9 26 42 49 53
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Fig. 9 Throughput and required
number of robots for three
selected application example
scenarios

to retrieve over 700 containers per hour, resulting in a space
requirement of 614m2, approximately one-third smaller than
that of the largest system.

6 Conclusion

There are hardly any statements on the performance of
RCS/R systems, neither from the sales side nor from sci-
ence. Most scholarly investigations have focused on specific
system configurations with default settings.

This paper aimed to address this gap by presenting a rea-
sonably accurate analytical approach for assessing RCS/RS
performance. Building upon the cycle time model (CTM)
proposed by [10], this study has expanded it with queue-
ing theory principles, specifically a multi-queue model with
limited capacity (M|M|m|K). This allowed for the predic-
tion of robot behaviour at the I/O shafts and subsequent
performance calculation. A notable innovationwas the incor-
poration of multiple robots serving several picking stations
with I/O shafts. By leveraging the arrival rate of robots and
the service rate of stations, a closed-form expression for

Fig. 10 Different scenarios of the application example
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performance determinationwas derived andvalidated against
Discrete Event Simulation (DES) results.

The analytical approximation presented here serves as
a valuable, expedient tool for both determining throughput
for a given system size and evaluating optimal system con-
figurations under different parameter settings. Traditionally,
such assessments have relied on time- and computationally-
intensive simulations.

Looking ahead, future research could explore the impact
of placing picking stations with I/O shafts along multiple
grid edges, potentially yielding significant insights. Addi-
tionally, investigating robot routing on the grid and potential
congestion issues could prove worthwhile. Furthermore,
implementing a class-based article distribution, such as the
ABC classification, has the potential to enhance system per-
formance by minimising relocations.

Appendix

Table 8 Validation of the analytical approach

Throughput [1/h] (m=1) Throughput [1/h] (m=2) Throughput [1/h] (m=3) Throughput [1/h] (m=4)
ϑSim ϑMM1K Error ϑSim ϑMM2K Error ϑSim ϑMM3K Error ϑSim ϑMM4K Error

nR 1 34.9 34.1 2.27% 35.2 34.1 3.05% 35.4 34.7 2.03% 35.4 35.0 1.25%

2 67.7 68.3 0.91% 68.6 66.7 2.83% 68.9 67.9 1.50% 69.2 68.7 0.68%

3 98.9 102.3 3.43% 100.4 98.2 2.22% 101.5 99.8 1.72% 102.0 101.4 0.61%

4 129.1 135.6 5.07% 131.3 129.0 1.75% 133.4 130.6 2.11% 134.0 133.0 0.76%

5 154.1 167.6 8.79% 162.0 159.3 1.65% 155.2 160.6 3.50% 165.8 163.6 1.31%

6 184.4 197.0 6.81% 192.5 189.2 1.74% 195.3 190.2 2.63% 197.4 193.5 2.00%

7 201.9 221.5 9.73% 222.1 218.4 1.68% 225.8 219.4 2.84% 228.4 222.6 2.53%

8 229.6 239.3 4.24% 251.2 246.8 1.74% 256.3 248.5 3.03% 259.3 251.3 3.08%

9 241.0 249.8 3.67% 279.3 274.3 1.80% 285.6 277.7 2.75% 291.0 279.7 3.88%

10 249.6 254.7 2.06% 310.2 300.5 3.14% 313.1 307.1 1.93% 320.5 308.0 3.89%

11 256.9 256.6 0.13% 338.3 325.2 3.88% 347.1 336.5 3.05% 352.5 336.5 4.54%

12 257.4 257.1 0.10% 365.0 348.2 4.59% 377.0 366.0 2.91% 382.2 365.3 4.42%

13 257.4 257.3 0.05% 385.0 369.6 4.01% 399.7 395.5 1.06% 404.9 394.6 2.53%

14 257.5 257.3 0.07% 418.0 389.0 6.94% 434.5 424.6 2.28% 442.0 424.6 3.93%

15 257.5 257.3 0.07% 442.4 406.6 8.09% 464.6 453.2 2.45% 472.9 455.4 3.71%

16 466.8 422.4 9.51% 492.5 481.0 2.33% 501.4 486.9 2.90%

17 483.3 436.5 9.69% 516.0 507.8 1.59% 532.3 519.0 2.49%

18 498.5 448.9 9.95% 540.7 533.3 1.37% 561.0 551.8 1.64%

19 510.9 459.9 9.99% 555.9 557.3 0.25% 590.3 584.9 0.92%

20 512.1 469.4 8.34% 593.6 579.7 2.34% 619.7 618.0 0.28%

21 512.4 477.7 6.76% 612.5 600.4 1.97% 630.8 650.8 3.17%

22 513.4 484.9 5.54% 641.4 619.4 3.43% 670.1 683.0 1.92%

23 513.4 491.2 4.33% 674.5 636.7 5.61% 704.6 714.1 1.35%

24 513.4 496.5 3.29% 697.9 652.2 6.54% 730.9 744.0 1.79%

25 513.4 501.0 2.41% 723.3 666.2 7.89% 749.9 772.2 2.97%

26 513.4 504.8 1.67% 733.1 678.7 7.42% 784.0 798.6 1.87%

27 513.4 507.9 1.06% 746.7 689.8 7.62% 790.1 823.1 4.18%

28 513.4 510.4 0.59% 756.1 699.7 7.46% 839.6 845.6 0.72%

29 513.4 512.1 0.24% 756.1 708.4 6.31% 850.2 866.1 1.87%

30 513.4 513.3 0.02% 756.1 716.0 5.30% 886.0 884.6 0.15%

31 513.4 514.0 0.12% 756.1 722.8 4.41% 892.9 901.3 0.94%
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Table 8 continued

Throughput [1/h] (m=1) Throughput [1/h] (m=2) Throughput [1/h] (m=3) Throughput [1/h] (m=4)
ϑSim ϑMM1K Error ϑSim ϑMM2K Error ϑSim ϑMM3K Error ϑSim ϑMM4K Error

32 513.4 514.4 0.19% 756.1 728.7 3.62% 932.1 916.1 1.71%

33 513.4 514.5 0.22% 756.1 734.0 2.93% 949.2 929.3 2.09%

34 513.4 514.6 0.24% 756.1 738.5 2.32% 978.5 941.1 3.83%

35 513.4 514.6 0.24% 756.1 742.6 1.79% 999.0 951.4 4.77%

36 513.4 514.6 0.24% 756.1 746.1 1.32% 1015.6 960.5 5.42%

37 513.4 514.7 0.24% 756.1 749.2 0.91% 1019.2 968.5 4.97%

38 513.4 514.7 0.24% 756.1 752.0 0.55% 1023.3 975.6 4.66%

39 513.4 514.7 0.24% 756.1 754.4 0.23% 1024.3 981.8 4.15%

40 513.4 514.7 0.24% 756.1 756.5 0.05% 1024.6 987.3 3.64%

Table 9 Comparison of different analytical models

DES [1/h] (m=2) Throughput [1/h] (m=2) Throughput [1/h] (m=2) Throughput [1/h] (m=2)
ϑSim ϑMM2K Error ϑMD2K Error ϑMG2K Error

nR 1 35.2 34.1 3.05% 35.2 0.05% 34.0 3.28%

2 68.6 66.7 2.83% 70.4 2.57% 66.1 3.61%

3 100.4 98.2 2.22% 105.5 5.13% 96.7 3.72%

4 131.3 129.0 1.75% 140.7 7.18% 126.1 3.99%

5 162.0 159.3 1.65% 175.9 8.59% 154.7 4.51%

6 192.5 189.2 1.74% 211.1 9.66% 182.9 4.98%

7 222.1 218.4 1.68% 246.3 10.89% 211.1 4.95%

8 251.2 246.8 1.74% 281.5 12.05% 239.7 4.59%

9 279.3 274.3 1.80% 316.6 13.37% 269.0 3.68%

10 310.2 300.5 3.14% 351.8 13.42% 299.5 3.46%

11 338.3 325.2 3.88% 387.0 14.40% 331.2 2.10%

12 365.0 348.2 4.59% 422.2 15.67% 364.0 0.27%

13 385.0 369.6 4.01% 457.4 18.80% 397.0 3.12%

14 418.0 389.0 6.94% 492.6 17.84% 428.4 2.49%

15 442.4 406.6 8.09% 514.7 16.33% 455.8 3.03%

16 466.8 422.4 9.51% 514.7 10.25% 477.2 2.23%

17 483.3 436.5 9.69% 514.7 6.49% 492.0 1.80%

18 498.5 448.9 9.95% 514.7 3.24% 501.0 0.51%

19 510.9 459.9 9.99% 514.7 0.73% 506.0 0.96%

20 512.1 469.4 8.34% 514.7 0.50% 508.5 0.70%

21 512.4 477.7 6.76% 514.7 0.44% 509.7 0.52%

22 513.4 484.9 5.54% 514.7 0.24% 510.2 0.61%

23 513.4 491.2 4.33% 514.7 0.24% 510.5 0.57%

24 513.4 496.5 3.29% 514.7 0.24% 510.6 0.55%

25 513.4 501.0 2.41% 514.7 0.24% 510.6 0.54%

26 513.4 504.8 1.67% 514.7 0.24% 510.6 0.54%

27 513.4 507.9 1.06% 514.7 0.24% 510.6 0.54%
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Table 9 continued

DES [1/h] (m=2) Throughput [1/h] (m=2) Throughput [1/h] (m=2) Throughput [1/h] (m=2)
ϑSim ϑMM2K Error ϑMD2K Error ϑMG2K Error

28 513.4 510.4 0.59% 514.7 0.24% 510.6 0.54%

29 513.4 512.1 0.24% 514.7 0.24% 510.6 0.54%

30 513.4 513.3 0.02% 514.7 0.24% 510.6 0.54%

31 513.4 514.0 0.12% 514.7 0.24% 510.6 0.54%

32 513.4 514.4 0.19% 514.7 0.24% 510.6 0.54%

33 513.4 514.5 0.22% 514.7 0.24% 510.6 0.54%

34 513.4 514.6 0.24% 514.7 0.24% 510.6 0.54%

35 513.4 514.6 0.24% 514.7 0.24% 510.6 0.54%
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