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Abstract

This thesis studies three different large-scale phenomena in statistical mechanics. The first
phenomenon studied is superdiffusivity in two different models, a diffusion in a random envir-
onment, and a critical stochastic partial differential equation in Chapters 2 and 3 respectively.
Both models are diffusive systems, which are perturbed by some external forcing. The effect
of this forcing can be measured using the so-called Diffusion coefficient D(t). In this part
of the Thesis it is proven that D(t) diverges like (log t)% and (log t)%, respectively, up to
Tauberian inversions. These results prove conjectures made for the corresponding models.
The proofs use tools from Gaussian Analysis and an iterative estimation scheme to study the
resolvent of the generator of the process.

The second phenomenon is a near-critical limit of a conformally invariant model, namely
the dimer model in Chapter 4. The fluctuations of the planar dimer model in two dimensions
are one of the few models from statistical mechanics where conformal invariance has been
rigorously proven. This conformal invariance holds for certain critical weights and certain
boundary conditions. In this chapter, we study the dimer model near criticality. We execute
part of the program initiated in [N. Makarov and S. Smirnov, Off-critical lattice models
and massive SLEs, 2009, Proceedings of ICMP 2009], by finding a scaling limit for the
corresponding height functions, and connecting this scaling limit to massive SLEs. As is
typical for near-critical models, this limit is no longer conformally invariant but conformally
covariant. The proof uses a connection to loop-erased random walks via Temperley’s bijection
and Wilson’s algorithm. We also prove an exact discrete Girsanov identity for the triangular
lattice, which might be of independent interest.

The third phenomenon is the almost sure convergence of the asymptotic speed of a second-
class particle in an interacting particle system started from specific non-stationary initial
conditions. In particular, we study the stochastic six-vertex model on the quadrant Zx>y x Z>q
with step initial conditions, i.e. every incoming edge from the left is occupied by a particle
and every incoming edge from the bottom is unoccupied. We then add a single second-class
particle coming in from below. The main theorem of Chapter 5 states that the speed % of
this second-class particle converges almost surely to a random limit. This allows one to define
the stochastic six-vertex speed process. We use tools from integrable probability to obtain
precise bounds on the fluctuations of the height functions around its limit shape together with
a novel result that allows us to control the behavior of an individual second-class particle by
controlling the behavior of a larger number of third-class particles.
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Zusammenfassung

In dieser Doktorarbeit werden drei verschiedene Phénomene aus der statistischen Mechanik.
Das erste dieser Phdnomene ist das Phinomen der ‘superdiffusivity’, das in zwei verschiede-
nen Modellen gezeigt wird. Die Modelle sind eine Diffusion in einer zufilligen Umgebung in
Kapitel 2 und eine kritische stochastische partielle Differentialgleichung in Kapitel 3. Beide
Modelle kénnen als diffusive Systeme beschrieben werden, die durch eine externe Kraftein-
wirkung gestort werden. Der Effekt dieser Krafteinwirkung kann durch den sogenannten Dif-
fusionskoeffizient D(t) gemessen werden. In diesem Teil der Doktorarbeit wird bewiesen, dass
D(t) jeweils wie (log t)% und (log t)% divergieren (im Sinne einer tauberianischen Umkehr).
Diese Ergebnisse beweisen Vermutungen fiir die jeweiligen Modelle. Die Beweise verwenden
Werkzeuge der Gaufischen Analysis und ein iteratives Abschétzungsschema um die Resolven-
ten der Generatoren von assoziierten Markovprozessen zu untersuchen.

Das zweite Phdnomen ist das Phédnomen fast-kritischer Skalierungsgrenzwerte. Insbeson-
dere wird in Kapitel 4 ein fast-krtischer Grenzwert eines Dimer-Modells untersucht. Die
Schwankungen des planaren Dimer-Modells in zwei Dimensionen sind eine der wenigen Mo-
delle der statistischen Mechanik, fiir die konforme Invarianz rigoros gezeigt werden konnte.
Diese konforme Invarianz gilt fiir gewisse kritische Gewichte und gewisse Randbedingungen.
In Kapitel 4 wird das Dimer-Modell mit fast-kritischen Gewichten untersucht. Wir fithren
Teil des in [N. Makarov and S. Smirnov, Off-critical lattice models and massive SLEs, 2009,
Proceedings of ICMP 2009] initiierten Programms aus, in dem wir einen Grenzwert der ent-
sprechenden Hohenfunktion finden, und diesen Grenzwert mit massiver SLEs verbinden. Wie
es fiir fast-kritische Modelle typisch ist, ist dieser Grenzwert nicht mehr konform-invariant,
sondern konform-kovariant. Der Beweis verwendet Verkniipfungen mit dem ‘loop-erased ran-
dom walk’ via Temperleys Bijektion und Wilsons Algorithmus. Wir beweisen dabei auch
eine exakte Girsanov Identitédt fiir den Simple Random Walk auf dem Dreiecksgitter, die
unabhéingig vom Hauptresultat von Interesse sein konnte.

Das dritte Phénomen ist die fast-sichere Konvergenz der asymptotischen Geschwindig-
keit eines Teilchens zweiter Klasse in einem Vielteilchensystem ausgehend von spezifischen
nicht-stationédren Startbedingungen. Spezifischer untersuchen wir das ‘stochastic six-vertex
model” auf dem Quadranten Z>q x Z>( mit ‘step initial conditions’, das heifit jede Kante am
linken Rand ist besetzt, wihrend jede Kante am unteren Rand leer ist. Wir fligen dann ein
Teilchen zweiter Klasse am Ursprung, von unten kommend, hinzu. Das Haupttheorem von Ka-
pitel 5 besagt, dass die asymptotische Geschwindigkeit dises Teilchens fast sicher gegen einen
zufilligen Grenzwert konvergiert. Dies erlaubt es den ‘stochastic six-vertex speed process’
zu definieren. Um diesen Satz zu beweisen, verwenden wir Methoden aus der integrierbare
Wahrscheinlichkeitstheorie, um prizise Abschéitzungen der Verteilungsrinder der assoziierten
Hohenfunktion zu finden. Zusétzlich zeigen wir ein neues Resultat, das uns ermoglicht, das
Verhalten eines einzelnen Teilchens zweiter Klasse mithilfe einer gréfleren Menge von Teilchen
dritter Klasse zu kontrollieren.
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Chapter 1

Introduction

At the heart of statistical mechanics is the concept of scales and many phenomena are tied
to them. One starts with a model on the microscopic scale and then tries to understand
the large scale or macroscopic behavior. If this is successful it involves a certain vanishing
of microscopic properties of the model. This gives rise to the phenomenon of universality.
Many different microscopic models exhibit the same large-scale behavior and can be put into
different universality classes according to their large-scale behavior. Another common
phenomenon is the vanishing of randomness altogether, with the large-scale behavior of a
system being deterministic. This is often called a law of large numbers, but in specific cases
might also be called a limit shape or a hydrodynamic limit, in the cases of random curves
or interacting particle systems respectively. In such cases, one can consider mesoscopic
scales, which are between the micro- and macroscopic scales, and capture the fluctuations
around the deterministic limit. All of these phenomena can occur in models in and out-of-
equlibrium.

These phenomena will appear in various places in this thesis, which is structured into the
following chapters.

e In Chapter 2 we study a two-dimensional Brownian particle in a divergence-free drift
field, that is the solution of the SDE

dXt = w(Xt)dt + dBt y

where w is the curl of a mollified Gaussian free field. We prove that the (annealed) mean-
square displacement of this particle at time ¢ grows like ty/logt, proving a conjecture
from [TV12]. This model is one of several where this type of y/logt super-diffusive
behavior is expected. To the best of the authors’ knowledge, this is the first result that
establishes such precise asymptotics. The proof uses an associated environment process
from the theory of diffusions in random environment, as well as Gaussian analysis
together with an estimation scheme based on the seminal [LQSY04] to understand the
generator of this process.

Chapter 2 is based on the article [CHST22|, which is joint work with Fabio Toninelli
and Giuseppe Cannizzaro.

e In Chapter 3 we study the stochastic Burgers equation, which was introduced in
[vBKS85] as a continuous approximation of the fluctuations of the asymmetric simple
exclusion process. Formally it is given by

1
BMZEAner-V(nz)JrV-«S,

1
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CHAPTER 1. INTRODUCTION

where ¢ is d-dimensional space time white noise and tv is a fixed non-zero vector.
We consider this equation in dimension d = 2 and at stationarity. We prove that its
bulk diffusion coefficient behaves like (log t)%, which confirms a prediction made in
[vVBKSS85]. This complements the recent results in [CGT24] where this equation was
studied in dimensions 3 and higher and in dimension 2 in the weak-coupling regime. It
can be seen as a continuous analog to [Yau04], which proved (log t)g super-diffusivity
for the two-dimensional asymmetric simple exclusion process. The overall structure of
the proof is similar to Chapter 2, but the different types of models and the different
universality classes change many details.

Chapter 3 is based on the preprint [DGHS24|, which is joint work with Damiano De
Gaspari.

In Chapter 4 we study the dimer model on the square and hexagonal lattice with cer-
tain weights. For uniform weights, the dimer model has been shown to be conformally
invariant, see [Ken00]. This can be seen as a critical point for the dimer model. The
weights we consider make the model near-critical. The result is a non-trivial interpol-
ation between the critical and non-critical models. The limit is no longer conformally
invariant, but conformally covariant: it depends on a drift field «, which transforms
under conformal maps in a specific way. More specifically we

— connect this near-critical dimer model to massive SLEy as constructed by [MS10].

— show convergence of the associated height function on arbitrary Temperleyan do-
mains of the square and hexagonal lattice.

— prove the conformal covariance of this limit.

A novel tool in the proof is an exact discrete Girsanov identity for the triangular lattice
which might be of independent interest.

Chapter 4 is based on the preprint [BHS22], which is joint work with Nathanaél
Berestycki.

This article grew out of the author’s master thesis, which causes there to be some overlap
with said thesis in Section 4.3. All other parts of Chapter 4 have been significantly
extended or are entirely new when compared to the Author’s master thesis.

In Chapter 5 we study the stochastic six-vertex model with step initial conditions. In
particular, we study the model on the quadrant Z>0 x Z>0 with all incoming positions
from the left occupied and all incoming positions from the bottom empty. Adding a
single second-class particle at the origin, entering from the bottom, we prove that the
speed of this second-class particle converges almost surely to a random limiting speed.
This allows us to construct the stochastic six-vertex speed process.

To obtain this result we prove an effective hydrodynamic limit estimate using tools from
integrable probability as well as a novel lemma, which allows us to control the position of
an individual second-class particle by controlling a larger number of third-class particles.
The “effective hydrodynamic limit estimate” is one that gives quantitative bounds on
the fluctuations around the hydrodynamic limit at finite time S, on intervals of size
sublinear in S.

Chapter 5 is based on ongoing work with Hindy Drillick.
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1.1. SUPERDIFFUSIVITY 3

1.1 Superdiffusivity

In Chapters 2 and 3 we study two different models exhibiting a phenomenon known as
superdiffusivity. In simple words, the phenomenon of superdiffusivity is the following. One
starts with a system (usually described mathematically as a Markov process) that is in some
sense diffusive. In our case, it will be a tracer particle driven by Brownian motion or a scalar
fluctuation field driven by the heat equation with additive space-time white noise. Then one
adds an external (possibly random) forcing, that makes the evolution irreversible. In the case
of the tracer particle, the forcing typically consists of a random divergence-free vector field
(a drift term in the equation). For the fluctuation field, the forcing usually takes the form of
a non-linear term in the stochastic PDE. After this perturbation, it may happen (according
to the spatial dimension, the nature of the nonlinearity, etc.) that correlations spread faster
in space (as a function of time), or that the typical displacement of the tracer particle grows
faster with time, with respect to the diffusive case. In this case, we say that the driven system
behaves superdiffusively.

Concretely, the (super)diffusive behavior of our system is usually encoded in the so-called
Diffusion coefficient, defined as

D(t) = 1/ 1228 (2, £)dz
tJr
where S(z,t) is a suitable auto-correlation function. For instance, in the case of the tracer
particle S(x,t) is the probability density of finding the particle at position x at time ¢, given
that the initial position is at = = 0 so that D(t) is just the mean square displacement of
the particle, divided by t. For driven lattice gases (interacting particle systems on Z¢, for
instance, the well-known Asymmetric Simple Exclusion Process), S usually has the form
S(z,t) = Covln(z,t),n(0,0)], with n(z,t) the particle occupation variable at the lattice site
x and C'ov denoting the covariance with respect to the law of the stationary process.

In the case of interacting particle systems, S(z,t) can be interpreted as the probability
that a second-class particle that starts at position z = 0 at time ¢t = 0, is at x at time
t and the diffusion coefficient is % times the mean square displacement of the particle.!
If the system “behaves diffusively”, the second-class particle or the tracer particle in the
divergence-free drift field should behave like a Brownian motion at large scales. Since the
typical displacement of a Brownian motion at time ¢ grows linear in ¢, this means that diffusive
behavior corresponds to a D(t) that is uniformly of order 1 as ¢ — oo, while superdiffusive
behavior corresponds to D(t) growing to infinity.

As already mentioned, whether superdiffusivity occurs or not depends crucially on the
space dimension, as well as on the nature of the forcing. In many cases, for instance, for
interacting particle systems of exclusion type, self-interacting polymers, and tracer particles
in random divergence-free vector fields, the behavior of D(t) depending on the dimension d
is as follows (see [TV12, Yau04)):

t%, ford=1
t—00
D(t) ES (logt)% or (logt)%, for d =2
C, ford>3

These different cases can be seen as universality classes of superdiffusive systems. For d >
3, while the system still behaves diffusively, there is still some increase in the diffusivity,

second-class particles also appear in Chapter 5, see Section 1.3.1 for a definition of the multi-class stochastic
six-vertex model.
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4 CHAPTER 1. INTRODUCTION

indicated here by the constant C, which is strictly larger than for the unperturbed diffusive
system. In this case, often one can prove a Gaussian scaling limit, for instance, an invariance
principle for the tracer particle, or convergence of the fluctuation field to a linear stochastic
heat equation. This limit does depend on the forcing introduced, in particular when the
forcing has an associated direction and strength, the limit will depend on these quantities,
see [CGT24, LOV04, HTV12].

As is apparent from the formula above, space dimension d = 2 is in a sense marginal,
in that it separates superdiffusive (d < 2) from diffusive (d > 2) behavior. For d = 2,
superdiffusive effects are only logarithmic, and the exponent ~ of the logarithm, v = 1/2
or v = 2/3, depends on the symmetries of the model. The two cases in dimension d =
2 correspond to isotropic or anisotropic superdiffusivity. In anisotropic superdiffusivity
(v = 2/3) there is a direction (e.g. the first coordinate axis) in which the forcing acts and
the system behaves diffusively in the other direction. The setting of [Yau04] gives an easy
example of this: It studies an exclusion process, in which particles move on Z? and perform
jumps at the rate given by

1,ifx =e
p(x) = %, if x = deo

0, else.

One can see that in the vertical direction, the particles perform a simple symmetric exclusion
process, which is known to be diffusive. In the horizontal direction, they perform a totally
asymmetric exclusion process, known to be superdiffusive. The behavior in the two directions
is not independent, since it is one set of particles performing both horizontal and vertical
jumps. Another example of this class is the Stochastic PDE treated in Chapter 3, i.e., the
two-dimensional Stochastic Burgers equation. The nonlinearity is of transport type and only
transports in the direction v, see (1.6).

In the isotropic cases, corresponding to the exponent v = 1/2, the forcing acts in every dir-
ection, often isotropically. The stochastic differential equation (1.1) in Chapter 2, describing
a tracer particle in two dimensions, subject to Brownian noise and to a quenched divergence-
free driving field, is easily seen to be of this type since its (annealed) law is rotationally
invariant. Another example of a system belonging to the isotropic (y = 1/2) universality
class is the stochastic PDE given formally by

O H = AH + (8, H)?> — (0., H)? + ¢

with & a space-time white noise, H = H(x,t) a scalar field and = = (21, 22) € R%. Somewhat
confusingly, this equation is known as the ” Anisotropic KPZ equation” (AKPZ), in contrast
to the usual two-dimensional KPZ equation whose non-linearity is |V H|?. While the AKPZ
equation does indeed have two distinguished directions (distinguished by the minus sign in
the non-linearity), the non-linearity (that is responsible for the super-diffusive behavior) acts
in a sense symmetrically in the two directions, as can be seen by remarking the following
symmetry: if

H(l‘l, 1‘2) = —H(:L'Q, $1)

then the process H has the same law as H.
Here is a quick overview of results establishing (logt)
two-dimensional models:

5 or (logt)% superdiffusivity in

e The first proof of (log t)% superdiffusivity was given in [Yau04] for the 2-dimensional
asymmetric exclusion process mentioned above.
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e In [CHST22|, which corresponds to Chapter 2 of this thesis, (log t)% superdiffusivity

is proved for the first time for a model in the v = 1/2 universality class, confirming
a conjecture made in [TV12]. The studied model is a Brownian tracer particle in a
turbulent fluid and will be introduced in section 1.1.1 below. It is worth mentioning
that the isotropic case requires, in some sense, finer estimates than the anisotropic case,
see the discussion in Section 1.1.6 and in Chapter 2.

e In [dLFW24] an extended version of the above result was proved, where the drift field

evolves in time as the solution of an independent (fractional) stochastic heat equation.
If the environment evolves too quickly, corresponding to a fractional heat equation
with Laplacian term (—A)® with 0 < s < 1, the system becomes diffusive, while for
s > 1 the behavior is essentially unchanged. The authors also manage to interpolate
between the two regimes with a somewhat artificial “logarithmically fractional” heat
equation resulting in (logt)? superdiffusivity for 6 € (0, %), which falls outside of the
two universality classes mentioned above.

e In [CMOW22] a different proof of the result from [CHST22] using methods from the

homogenization theory of PDEs was given. A particular upside of these methods is that
they were able to prove superdiffusivity ”in real time”, rather than just in a Tauberian
(Laplace transform) sense, see also the discussion in Section 1.1.1.

e In the recent preprint [ABRK24] homogenization results were used to obtain a quenched

central limit theorem for the model in [CHST22]. To do this the diffusion is rescaled
not diffusively but like
1
(|logel) 1eXy/e2

to remove the exploding variance as ¢ — 0. This result achieves two previously un-
accomplished goals. It proves superdiffusivity in a quenched sense, which the results
in [CHST22, dLFW24, CMOW22] were not able to do, and it deals with the ”strong
coupling limit”, see the discussion in section 1.1.8.

e In [CET23a] (log t)% superdiffusivity was shown for the 2-dimensional AKPZ equation.

This result was written more or less in parallel to [CHST22].

e In [DGHS24], which corresponds to Chapter 3 of this thesis, (log t)% superdiffusivity

is proven for the 2d stochastic Burgers equation. Compared to the result [Yau04] by
Yau, this uses more modern techniques, which leads to much better estimates on the
sub-dominant corrections to the (logt) %, and a more approachable presentation. In par-
ticular, it avoids splitting estimates into good and bad regions, which has been a major
obstacle in replicating the success of [Yau04]. It is also the first (log t)% superdiffusivity
result for a continuous model and in particular for a critical SPDE.

It should be mentioned that before these results established D(t) ~ (logt)? with the

precise exponent -y, there were several works giving rougher lower and upper bounds for
D(t), typically of order loglogt and logt respectively for isotropically superdiffusive models

and of order (log t)% and logt for anisotropically superdiffusive models. These results use a
variational approach which we sketch in Section 1.1.4. Let us mention some results of this

type here:

e Before establishing (log t)% in [Yau04], Yau together with Landim, Quastel, and Salm-
hofer established sub-optimal superdiffusive bounds for the asymmetric exclusion pro-
cess in dimension 1 and 2 in [LQSY04].
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6 CHAPTER 1. INTRODUCTION

e In [TV12] super diffusive bounds were established for the model treated in Chapter 2
and for a self-interacting Brownian polymer. This self-interacting Brownian polymer is
also conjectured to be (log t)% superdiffusive, but this is still open. However, in [CG24]
an annealed central limit theorem was shown for this model in the weak coupling limit.
See Section 1.1.8 for a definition of the weak coupling regime and a discussion of such
results.

e In [LRYO05] suboptimal superdiffusive bounds were shown for a lattice gas, which con-
sists of multiple interacting copies of the 2d ASEP model studied in [Yau04]. The way
these multiple 2d ASEP models interact makes the model belong to the isotropic su-
perdiffusivity class, and therefore the conjectured superdiffusivity is (log t)% However,
this is still open.

As we see, there are several cases where these suboptimal bounds can be obtained, but the
full program of establishing D(¢) ~ (logt)” with the correct exponent v has not been carried
out. It would be very interesting to see if there is some more fundamental obstacle in these
cases preventing the method first used in [Yau04] from being applied.

In the rest of this section, we will introduce the two models from Chapters 2 and 3 and the
main results obtained in this thesis about them and then give a joint outline of the respective
proof found in those chapters, remarking on differences as we go along. We will make brief
detours to discuss the variational method used to obtain the first diffusive bounds mentioned
above. We will end this section by comparing with other types of results in this field, namely
strong and weak coupling limits.

1.1.1 Brownian particle in the curl of the Gaussian Free Field

In Chapter 2 we study the following SDE
dX(t) =w(X(t))dt+dB;, X(0)=0, (1.1)
where B(t) is a standard two-dimensional Brownian motion w is defined as

z = w(@) = (Wi (2),w2(2)) = (02,6 (2), =02, (), (1.2)

with £ being the 2d Gaussian Free Field (GFF) about which, at this stage, we recall just
that it is a centered Gaussian distribution, whose covariance function is proportional to
the logarithm of the distance. This can be seen as a Brownian tracer particle moving in
a turbulent incompressible fluid: it moves on its own as a Brownian motion (dB;), but
is also pushed by the fluid (w(X(¢))dt). The fact that w is by definition divergence-free
(V-w = 0) can be interpreted as the incompressibility of the fluid, but is also essential for
the analysis, see Proposition 1.1.2. The turbulence is reflected in the randomness of the drift.
One can interpret the drift not changing in time as the particle moving much faster than the
surrounding fluid. However, letting the drift evolve in the most natural way, namely by a
stochastic heat equation, does not change the behavior of the system, see [ALFW24].

Equation (1.1) is formal, since the regularity of w is too low for the classical solution
theory of SDEs, or even for more modern techniques, e.g. [CC18, DD16]. We will regularize
it by convolving w with a smooth, radially symmetric bump function U, which satisfies
ng U(z)dr = 1. Call this regularized drift field wY. As opposed to what one might expect
we will not let this regularization go to 0, but rather we will look at large times ¢. This is
actually equivalent, since the diffusively rescaled diffusion

X; = eX, ) (1.3)
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1.1. SUPERDIFFUSIVITY 7

satisfies 3
dX§ = dB; + WV (X7),

where the law of By is still standard 2d Brownian motion, and U® is given by
Us(z) =e2U(e ).

Note that [, U®(z)dz = 1 under this rescaling and the bump function becomes more and
more concentrated around the origin as € — 0, thus converging to a Dirac §. This is closely
connected to the fact that this equation is formally invariant under diffusive scaling. Consid-
ering a fixed time horizon and taking the regularization to 0 is equivalent to considering large
times and fixing the regularization parameter; thus, we will restrict ourselves to the latter
point of view.

As mentioned in the beginning, to prove superdiffusivity of a system, one first defines a
diffusion coefficient D(t). In this case, it will be simply the mean-squared displacement, i.e.,
tD(t) = E(|X (t)|?) Our main theorem concerns the Laplace transform of this quantity (the
reason we work in Laplace transform is explained at the end of this section):

D(A) d:ef/ e ME(|X (t)|?)dt, for A > 0.
0

Here, E denotes the double average (annealed average) with respect to the Brownian noise
and the realization of the drift field. The main result of Chapter 2 is

Theorem 1.1.1 (informal version of Theorem 2.2.2 in Chapter 2). Up to multiplicative
(loglog \)* errors

" 2
on A (1.4)
Vviog A

This result is meaningful because, as usual, the small-\ behavior of the Laplace transform
of a function is related to the large-time behavior of the function itself. While there exists
a whole set of tools (Abelian/Tauberian theorems, see [BGT89]) that address this corres-
pondence under suitable assumptions, there exists no general theorem turning the bound on
D()\) for X small into pointwise upper/lower bounds on D(t). In our concrete case, however,
a simple adaptation to our setting of an argument in [QV08] allows us to deduce from (1.4)
the pointwise upper bound D(t) < (1 + log(1 + t))%+°(1). For the lower bound, the same
argument does not work but the general theory of Tauberian inversion [BGT89, Theorem
1.7.1]) gives the following:

D)

D(t
lim sup ®)

> 0.
t—soo  V1ogt (loglogt)=1—

Also, if we had an asymptotic equivalence of the form D(\) AR9* C % would imply

2

1 [T T
T/ tD(t)dt ~ CT\/logt,
0

by general Tauberian inversion theorems, see [Fel91, Chapter XIIIL.5].

To adapt the general strategy of [Yau04] we first must change perspective on our process
to see it as a stationary Markov process. This is done by looking at the Environment as
seen from the particle w; defined as

wr = wy(x) d:efw(X(t) +2), zeR?.

The following is a well-known fact from the theory of diffusions in random environments, see
[KLO12, Chapter 11], in particular Proposition 11.10.
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8 CHAPTER 1. INTRODUCTION

Proposition 1.1.2. Consider a diffusion in a divergence-free drift field, whose law is trans-
lation invariant and ergodic. Then the environment process, as defined above, is a stationary
ergodic Markov process.

Let us give some intuition for this result: Given a general random drift field F : R? — R?
it can be decomposed into a part that is divergence-free and a part that is of gradient type:

F(z) =V + Vo

where V is the rotated gradient as in (1.2) and ¢,7 : R> — R are potentials. Given a
realization of F' the potentials ¢ and v are defined uniquely up to constants. Considering
the SDE

dX(t) = F(X(t))dt + dB(t), X(0)=0,

for a standard Brownian motion the two potentials have the following effect: The term @w
pushes X(t) along the level lines of v, while the term V¢ pushes X(¢) in the direction of
steepest ascent with respect to ¢. Thus the expected value of ¢p(X(t)) — ¢(0) will generally

be positive (at least in the case where only the ¢ term is present.) This is immediately an

obstacle to the stationarity of the environment process F'(z,t) g (Xt + ). However, when

only the 3 term is present, no such obstacle exists. For example, if there is no diffusion
term (i.e. one considers instead of the SDE the associated ODE) then the equation with no
V¢ will simply trace the level lines of ¢. Then (X (t)) —(0) will just be 0 for all ¢ since
the process does not leave the value it started at. In our case, the drift field is V& with &
being a mollified Gaussian free field, so the assumptions are easily satisfied and w; is indeed
a stationary Markov process.

Writing the first component of the solution X (¢) of (1.1) in integral form, we obtain

t t
Xi1(t) = By(t) +/ w1 (Xs)ds = Bi(t) +/ d(ws)ds,
0 0
where ¢ is the functional defined by

P(w) = wi(0),

i.e., the evaluation of the first component of the field at 0. Since the process is isotropic it
suffices to study E[|X1(¢)|%] and since E[|B;|?] = t, any superdiffusivity must come from the
term involving the integral of ¢. The rewriting above has the advantage that the second term
is an additive functional of the stationary Markov process w;. This implies as in [CES21,
Lemma 5.1] that

DO [N | [ stwgast] = GER@O-0) Tow]  (15)

where G is the generator of the Markov process w and E (as opposed to the double average E)
denotes the expectation with respect to the stationary measure of the environment process,
i.e., the law of the GFF. Note that this allows us to rewrite a quantity associated with an
expectation with respect to the process ws as an expectation with respect to just the stationary
law. This is the main reason for performing the Laplace transform and the starting point for
the method. Before we see how to deal with the resolvent (A — G)~! we will now see how to
get to this point for the model from Chapter 3.
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1.1. SUPERDIFFUSIVITY 9

1.1.2 The stochastic Burgers equation

In Chapter 3 we study the stochastic Burgers
1
Om =5 An+w-V(')+V-¢, (1.6)

where 7 is a scaler field depending on space and time, tv € R? #£ 0 is a fixed vector controlling
the strength and direction of the non-linearity, and £ is d-dimensional space-time white noise.
Van Beijeren, Kutner, and Spohn introduced this equation in [vBKS85] as a toy example of a
driven diffusive system with one conserved quantity. They allready conjectured superdiffusive
behavior in dimensions 1 and 2 with Diffusion coefficients ¢3 and (logt)s respectively, based
on a mode-coupling heuristic.

We will restrict to dimension d = 2, and just briefly mention that the equation d = 1 is
(at least formally) the gradient of the KPZ equation, and the case d > 3 was recently treated
in [CGT24] where large-scale Gaussian fluctuations were shown. Dimension d = 2 is again
scaling critical, in the sense that the equation above is formally invariant under the diffusive

rescaling
0 (t,z) = Nn(N%,Nzx). (1.7)

Since any potential solution of equation (1.6) is too rough for the square in the non-linearity
to be defined, we again need to regularize. One could try to mollify the noise &, but we found
it more convenient to regularize the non-linearity with a Fourier cutoff 11, acting in Fourier
as

= def ~

Han(k) = U(k)l\k\ga-
To avoid integrability issues we will also work on a large torus ’]I‘?V of side length 27V, instead
of the whole plane. This leads to the following equation

1
o = §A77+m-H1V(H177)2 +V-E€. (1.8)

Related to the formal scale invariance of the model, there is again an equivalence between
looking at large scales and removing the regularization. By defining the rescaled solution n’v

as in (1.7) one obtains a solution to the following equation on the fixed size torus T? dof T?:

1
oy = §A77N +1-IIyV (HNUN)2 +V-£. (1.9)

The diffusion coefficient will now depend on N and we will take a limit N — oo in the main
statement. Compared to the previous section, the definition of the diffusion coefficient is less
obvious. We adopt the following definition of bulk diffusion coefficient:

2|t 2 % s
DNty =1 +N2’t /N / /2 E (In:(Tnn™)%:(r, 2) Iy (IIxn™)?:(0,0)) dedrds .
0 0 JT2

(1.10)
The reader should feel free to skip this exact expression for now. The formula has a similar
structure to the bulk diffusion coefficients for particle systems, e.g. in [Yau04]. For a heuristic
derivation of this formula, see Section 3.B.

Remark 1.1.3. It might seem that we are removing the regularization of the non-linearity
twice, once by letting IV tend to co and once by considering large times . However, the first
limit is letting the volume go to infinity. We make no claims of convergence of ¥ (z,t) as
N — o0, and such a convergence would fail to hold. Working on the rescaled torus of size 1
is for notational convenience, and not necessary mathematically.
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10 CHAPTER 1. INTRODUCTION

The main theorem of Chapter 3 again regards the Laplace transform of tD(t),
o0
DN(\) = / e MDY (t)dt.
0

Given this definition, we can now formulate that main Theorem

Theorem 1.1.4 (informal version of Theorem 3.1.1). For w # 0 and A > 0 small
N 1 2
DY() = 5/log \lF

uniformly in N, up to multiplicative errors that are polynomial in loglog|log \|.

Again the same comments about Tauberian inversions as made after 1.1.1 apply. It is
also worth noting that the errors are smaller than the ones obtained in the corresponding
result in [Yau04], which are of order exp((loglog |log A|)?).

The expectation E in (1.10) is with respect to the stationary process. It can easily be
checked (at least formally) that spatial white noise is stationary for the stochastic Burgers
equation, and regularization by a cut-off in Fourier does not change the invariant measure in
this case. Th/iﬁ process is however not ergodic, since the equation is conservative, and, thus,
the 0 mode 1 (0) [ 7" (z)dx is constant in time. Because of this, we use stationary white
noise conditioned to have average 0 instead, which is still invariant, since the Fourier modes
of white noise are independent. See also the discussion at the beginning of Section 3.2.2.

The Markov process describing the evolution of the stochastic Burgers equation has a
generator £V and the Laplace transformed bulk diffusivity DV (\) can again be expressed as
an inner product using the resolvent:

Proposition 1.1.5 (Informal version of Proposition 3.3.1). For any N and X\ > 0 the Laplace
transform of the bulk diffusivity satisfies
1 C _
DY) = 53 + BNV IVION? = L) N
where C' is an explicit constant depending on v, and NN [T]N} s an explicit quadratic observ-
able.

Here, E denotes expectation with respect to the law of the spatial white noise. Using this,
as in (1.5) for the diffusion in the curl of the Gaussian free field above, the proof of the main
theorems has been reduced to estimating a term of the shape (¢, (A — £)7'¢) and the next
section will be dedicated to developing the tools to do so.

1.1.3 Generators and Gaussian Chaos Decomposition

The task at hand for both models is understanding a resolvent acting on observables of a
Gaussian field. Denote by L?(P) the space of square-integrable random variables with respect
to the stationary law P which is the law either of the environment w in the case of Chapter 2
or of white noise in the case of Chapter 3. We want to understand better how the generators
G and L act on this space. Since in both cases IP is Gaussian there is a powerful tool for this
task at hand: the Wiener chaos decomposition. By [Nua06, Theorem 1.1.1] L?(P) admits
and orthogonal Hilbert space decomposition given by

L*(P) :éHn,

n>0



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1.1. SUPERDIFFUSIVITY 11

where H,, is the n-th chaos, which is intuitively given by observables of degree n. It can be
defined as the closure of observables of the type

[ St oo, (w11)
(R2)n

where f is in some class of test functions and :X: denotes the Wick product associated with
P, which is essential for making the different chaoses orthogonal. We also used the convenient
shorthand notation xy., for x1,...,z,, which we will use throughout this introduction. For
the white noise, (1.11) is slightly formal since we cannot evaluate 7 at points. However,
it can be made rigorous in various ways, since the above expression can be interpreted as
testing 7 against test functions, for example by using the polarization identity and Hermite
polynomials, see Section 3.2.2 or the first Chapter of [Nua06] for more detail. While w has
been mollified, it is vector-valued, so the above expression needs to be modified by adding
indices to the test functions and the field, see (2.17).

In both cases, there is an isomorphism from the n-th chaos to Fock-space, which is the
space I'L2 of symmetric mean-zero kernels in n variables, with an inner product specified by
the specific structure of P. In the case of white noise on the torus, this is just n! times the
standard L? inner product on (T?)", while for the mollified Gaussian free field it takes the
form (in Fourier)

)¢n(p1 n) dpin, (1.12)

where V = U x U is the effect of the mollification and decays for large arguments, and the
denominator is from the Gaussian free field. This is the space where all of our calculations
will take place, and we freely identify operators acting on L?(IP), on the chaoses, on I'L?, and
the Fourier transformed kernels.

The generators of the two Markov processes have a structure that is particularly compat-
ible with the Wiener chaos decomposition.

Proposition 1.1.6 (part of Lemma 3.2.3). The generator L can be written as
L=Ly+ AL +A_

where — Ly is symmetric, positive definite and leaves the chaos invariant, i.e. Lo(H,) = Hy,
while Ay and A_ are minus the adjoint of one another and increase and decrease the chaos
respectively, i.e. Ay (Hy,) C Hpq1.

The same decompositions hold for G, whose symmetric part is called —A in Chapter 2.
The way these operators act on kernels is completely explicit, here is the example for the
stochastic Burgers equation (see (2.22)):

F (Lowp) (k1:n) = _%|k1 n‘QS‘A’(kl n)

F (AY @) (krng1) = — gy D T, o (ki + K] @ (ki + Ky, ks o))
1<z<j<n+1
n—1
F(AYg) (k1) = === (- k) Y T @ (G ki) -

where the indicator function J is given by

def
Jem = 1{0<|0|<N,0<|m|<N,0<|¢+m|<N} -



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

12 CHAPTER 1. INTRODUCTION

The exact expressions are not important for the sake of this introduction. We point out some
relevant features (that are also shared among the two models):

e The operator Ly is not only diagonal in chaos but also in Fourier: If the kernel ¢ is
concentrated on a single Fourier mode k;.,,, then so is Lop. We say such an operator is
acting via a Fourier multiplier, in this case o(k1.,) = —3|k1.|?. Such operators are
much easier to deal with than other operators, and the aim of the estimates below is
often to estimate other operators with operators that act via a Fourier multiplier. In
particular, such operators are easy to invert, since their inverses simply act with the
Fourier multiplier 1/0.

e The operator A, can be seen as a combination of a “creation” and a gradient operator.
The term 1o - (k; + k;) corresponds to a derivative in direction to. The increase in chaos
can be seen as splitting apart a particle with momentum m into all possible ways to
write m = k; + kj.

e In this case (i.e., the case of the stochastic Burgers equation), the operators A, and
A_ preserve total momentum, in the sense that a kernel concentrated on momenta
satisfying Y k; = k for some fixed k will again be mapped to such kernel. While
this property will be used to simplify a step, see Lemma 3.3.5 and in particular (3.18)
below, this property is not satisfied by the corresponding operators for the diffusion in
Chapter 2 and does not seem to be essential for this analysis.

e Both the symmetric part of this generator and the one of Chapter 2 can be seen as a
generalized Laplacian. Indeed, in the first chaos, they act on kernels like a Laplacian.
However, on higher chaoses they act quite differently: one acts via Fourier multiplier
given by Y1 | |k;|?, while the other acts by multiplication with | > 7 k;|?. This can be
traced back to the randomness being injected into the system coming from white noise
in the case of the Burgers equation, while it comes from a single Brownian motion in
the case of the diffusion in the curl of the Gaussian free field. In general, the Laplacian
coming from the diffusion is more difficult to handle, since it can vanish even for large
momenta.

We are now ready to use this structure to estimate (¢, (A — £)1¢). Before we develop
the full setup using the truncated resolvent equation in Section 1.1.5, we will see in the next
section how this setup can already be used to find the first superdiffusive lower and upper
bounds.

1.1.4 Variational approach

One possible approach to estimating the term (¢, (A — £)~1¢) is via a variational formula.

Lemma 1.1.7. For a selfadjoint A it holds that

(6, Ag) = Sup {2(¢,0) — (p. A" p)} (1.13)
pl|<oco
To apply this to (¢, (A—L)"1¢) we need to find the inverse of the symmetric part of (A—£)~!,
which (by general linear algebra) is given by (A — £)*(A — L) ~}(\ — £). Plugging this into
(1.13) yields

(@, (A= L)"') = sup {2(¢,p) — (p, (A = L)* (X = Lo) " (A = L)p)}

lloll<oo
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1.1. SUPERDIFFUSIVITY 13

=S {2(¢,p) — (P, (A = Lo)p) = (A4 +A)p, (A = Lo) ™ (A + AP
pll<oco
where the second equality is obtained by expanding the product on the right and canceling
a (p,(Ay + A_)p) with (p, (A+ + A_)*p). To obtain a first upper bound from this one can
drop the second term to obtain

<¢7 ()‘ - £)71¢> < sup {2<¢7 p> - <p7 ()‘ - LO)p>} = <¢)7 ()‘ - 50)71¢> :

lloll <oo

Recalling that ¢ is an explicit element of either H; in Chapter 2 or of Hs in Chapter 3 and
that A — Ly is easy to invert since it acts via a Fourier multiplier, this quantity is easily
calculated. In both cases, one ends up with a quantity that behaves like the integral

1<t
[ 3255 = lloa(l + 0()

for A — 0, which yields the first upper bound.

In principle, to obtain a lower bound from the variational formula, one needs to choose
a function p, and any such choice will lead to a lower bound. A priori, it is unclear how to
choose such a test function in dependence on A to obtain a good lower bound. As a first
attempt, at least for the diffusion (i.e. Chapter 2) one can look for a test function p in the
first chaos H;. Using the fact that A_p = 0 for any p in the first chaos, one ends up having
to upper bound the quantity

(Arp, (A= Lo) " Ayp). (1.15)

This can be done (and indeed will be the first step in our iterative estimation scheme, see
Section 1.1.6). The upper bound one obtains is of the type

{p.Sp) (1.16)

where S is an operator acting via Fourier multiplier o (k) = |k|? log(1+ rl\k\?) in the isotropic
case (i.e., the diffusion in the curl of the GFF) and o(k) = |10 - k|?log(1 + ﬁ‘k‘g) in the

anisotropic case (i.e., the stochastic Burgers equation)?. Either way, thanks to this estimate
one can solve the modified variational problem (that is, where (1.15) is replaced by (1.16)
and p is restricted to the lowest chaos, as mentioned above) to obtain an estimate of the type

_ 1,<1 log | log(\)|, in the isotropic case and
(0, (A= L)""0) 2/ = >{ |Log ()] (1.17)

R2 m ~ | |log )\|%, in the anisotropic case.

See [TV12] for these calculations carried out for the diffusion in the curl of the GFF and a
related anisotropic model. One can already see the difference between the anisotropic and
isotropic universality classes, which will become even more apparent in Section 1.1.6 below.

This is how the superdiffusive upper and lower bounds are obtained in [LQSY04, LRY05,
TV12]. In principle, there is no obstacle to improving at least the lower bound by taking
p with values in larger and larger chaoses. However, from the analysis below it becomes
clear, that the expressions for p would become increasingly complex, to the point where such
calculations would become very hard to carry out. We did not proceed by immediately taking
a specific test function and evaluating it inside 1.13, but instead first found the bound (1.16).
This already indicates the general strategy. If such a bound was not available, but instead
one only had a specific p which obtains the first lower bound (1.17) it would not be possible
to proceed like below. Indeed, this is the case for the self-repelling Brownian polymer model
first introduced in [TV12] and recently revisited by [CG24].

2In the anisotropic case we are dropping (for the sake of this informal discussion) some terms which need
to be dealt with separately, namely the “off-diagonal” terms, see Lemma 3.4.7 for their definition and the
iterative estimates in Section 1.1.6 to see how they are estimated.
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14 CHAPTER 1. INTRODUCTION

1.1.5 Truncated resolvent equation

As we have seen in the previous section, we need more sophisticated tools to estimate (¢, (A —
L£)~1¢). The difficulty lies in inverting the operator (A — £). While ¢ is purely either in the
first or second chaos, the solution to the generator equation (A — £)1) = ¢ has components in
every chaos and is notoriously hard to find explicitly. To avoid this problem, we will truncate
this equation. Let I<,, be the projection onto the first n chaoses, i.e. onto H<n = @1, Hi-

Let (™ be the solution to the truncated generator equation, that is,
ISn()‘ - £)I§n¢(") = ¢. (1.18)
This is useful due to the following Lemma, which was first proved in [LQSY04, Lemma 2.1].

Lemma 1.1.8. For every n > 1, one has

(@, @) < (6, (A= L)1) = (§, ) < (¢, "),

Furthermore, the upper and lower bounds both converge to (¢, ).

The proof of this is not specific to the model, but rather only needs the basic properties
of the decomposition £ = Ly + A+ + A_ and its interaction with the chaos decomposition:

e The operator Lg is symmetric and leaves the chaos invariant.

e The operator A4 and A_ satisfy (A4)* = —A_, A, increases the chaos by 1, while
A_ decreases it by one.

e The observable ¢ is in finitely many chaoses.

The reason this is useful is that the truncated equation (1.18) is a finite triangular system:

(A—E)w Awnl_o,
()\ - 0)¢n—1 - ‘A‘f‘wn—Z >k—l—wf’bn) =

(A - 50)@/’ A+¢1n) + A% ?f) = ¢2,
(A= Lo)\™ + Al = ¢y,

where in Chapter 3 ¢; is zero, while in Chapter 2 ¢5 is zero. This system can be solved
recursively starting from the top by expressing w;,n) in terms of ¢(n and then ¢ 1 in terms

of w _5 and so on. Doing so leads to the recursively defined operators

H, Lo,

Hipn=AL(N—Lo+H) T AL, forj>1. (1.19)

Note that the definition of the operators H in Chapters 2 and 3 differs by a shift in the index
k by 1. This is a matter of convention and stems from the observable ¢ being in the first or
the second chaos. For this introduction, we will pretend the operators start from index j = 1
in both cases for simplicity. Since ¢ is only in the first or second chaos, we only need to find

1/1?1) or 1/15"). Using the operators H; we can express this solution by

(@, 0™) = (6, 01) = (§, (A — A+ Hy,) " 19) (1.20)
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1.1. SUPERDIFFUSIVITY 15

in the case of ¢ = ¢1, i.e. the diffusion in Chapter 2. In the case ¢ = ¢o there is an additional
term:

(&, ™) = (8,05 = (&, (A= Lo) +HY — AV (A = Lo) 1AM )7 1g).

In this case the operator —AY (XA — L) LAY does not actually give a contribution, see
Lemma 3.3.5. This is however due to a special property of the bulk-diffusivity. For a general
observable in the second chaos, one would have to estimate this term separately. This is
possible and not fundamentally different from the estimates carried out here, see [CET23a,
Section 3.2].

Thus, we have further reduced the task to understanding the operators Hj. By induction,
one can see that the Hj are self-adjoint, positive operators that leave the chaos invariant.
However, their structure is still quite complicated. Unpacking the definition one can see
that to write down Hy¢ for some specific ¢ € Hj one encounters expressions in all chaoses
up to Hj and has to repeatedly invert operators on these spaces. Since the only operators
that we can easily invert are those that act by a Fourier multiplier (see the discussion after
Proposition 1.1.6), the aim will be to use the recursive structure of the #Hj to find such
estimates. These recursive estimates will be outlined in the next section.

1.1.6 Iterative estimates

The goal of the iterative estimates is to bound the operators H; with operators Z; that act
via a Fourier multiplier. We use the following partial operators

Definition 1.1.9. Given two selfadjoint operators A and B on I'L?,
A<Bifand only if YnVeeTL? (Ap,¢) < (Bp,p) < B-A>0,
where the last statement is taken to mean that B — A is a positive operator.
For this partial ordering, the following well-known lemma holds
Lemma 1.1.10. For any two operators A and B on T'L? it holds that
0<A<B & 0<B'<Al.
This means that, given a bound of the form
Hi < Zy,
by using the definition (1.19) this immediately implies the bound
Hir1 > (Ap) (A= Lo+ Zi) Ay (1.21)

Since the first upper bound in (1.16) is already of this type, we have a starting point. However,
finding a good form of the Zj, is far from trivial. If one tries to make all estimates as sharp as
possible, the complexity of the expressions grows with each iteration, and it is unclear how
to write down or prove a general upper or lower bound. On the other hand, if one loses too
much at each iteration, the bounds one obtains will fail to determine the behavior of D(\).

Let us look at the upper and lower bounds in Section 2.4.1. Recall that for this model £
is written as (—A).
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16 CHAPTER 1. INTRODUCTION

Upper and lower bounds for Chapter 2
For k€ N, z > 0 and z > 0 we define L, LBy and UB;, as follows

L(z,z) = z +log(1 + 27 1),

LBy(rz) = Y ol

L
S and UBg(x,2) = (,2)
0<j<k I

~ LBp(z,2)
and for k > 1, oy, as

UBx2(z,2), if kis even,
or(z, 2) = 2 o
LB i(x,2), ifkisodd.
2
Note that o1 = 1. All the properties we need on the functions UBy, LBy are summarized in

Lemma 2.A.1. Further, let
z(n) = Ki(n+k)*** and  fr(n) = Ka2v/2k(n),

where K7, Ky are absolute constants and ¢ is the small positive constant that appears in the
statement of Theorem 2.2.2.
Finally, for k > 1 let S be the operator whose multiplier is oy, i.e.

5 — J N or(A = A, 2, (V) if k is even,
- 7oy (kA = A,z (V) = fr(N))  if k is odd,

where N is the number operator acting on the n-th chaos as multiplication by n, i.e., (N'¢,) =
no, for ¢, € H,. We are now ready to state the following theorem.

Theorem 1.1.11 (Theorem 2.4.2 from Chapter 2). For any ¢ > 0, the constants K, Ko
can be chosen such that the following holds. For 0 < A <1 and k > 1, one has the operator
bounds

Hok—1 > cop—1 (—A)Sap—1

and
Hor < cor (—A)Sax,

where ¢ = 1 and

T 1 T 1
- 1 SR 1.
Cok Cot_1 < + ]{31+E> ) C2k+1 Cor < (k + 1)1+€> ( 22)

There is quite a bit to take in here, so let us notice several things about these bounds.

e Forgetting about the constants ¢ and setting fr = 2z = 0, the upper and lower bounds
both converge to (—A)log(A — A)%, which is coherent with the expected behaviour.
It is interesting whether or not the operators Hj converge to a fixed point of (1.19)
as k — oo. In [CGT24] an approximate version of such a fixed point is found in the
weak-coupling regime.

e The terms z; and f; give polynomial additive and multiplicative terms in the upper
and lower bounds. These are not problematic since we will apply Lemma 1.1.8 for k
being of order log |log A|. Thus these polynomial terms are of lower order, and indeed
give the subdominant terms in the main statement.
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1.1. SUPERDIFFUSIVITY 17

e The general strategy is to split (1.21) into a “main” and several ”"error“ terms. The
main term is then shown to be close to the next diagonal estimate, while the error
terms are absorbed into this main term by paying a multiplicative cost given by (1.22).
The terms z; and fi are needed to make this cost smaller and smaller as the iteration
progresses, resulting in the convergence of cof and cogy1. Otherwise, we would have
multiplicative error terms of the form C¥, which would be of the same order as the
main term and thus problematic.

e The polynomial terms f; and z; are applied to the number operator N, and so they
grow with both the iteration and the chaos. This is necessary to absorb the error terms
since as we will see, they grow in number as the chaos increases.

e Note that the lower bounds are not actually positive, since their Fourier multipliers
become negative for very large momenta. This is however not an issue, since the
prefactor fik ensures that the A— Lo+H}, is positive. This is an instance of a suboptimal
bound, which reduces the complexity of the expression since the fact that the lower
bound becomes negative is simply an effect of the integral in (2.67) as being interpreted
as negative when \ + [p|? is larger than 1, however, the statement would also be true
if we took it to be 0 in that case. But in the proof, it would not only introduce a case
distinction in this case, but also have iterate less well in the next steps.

Before we compare Theorem 1.1.11 fore the diffusion in the curl of the GFF to the bounds
obtained in Chapter 3 for the stochastic Burgers equation, we need to introduce a specific type
of “error” term that appears in (1.21). Namely, we split into diagonal and off-diagonal
terms in the following way. For any diagonal operator Z acting on I'L? via the Fourier
multiplier ¢ = (¢,)nen and ¢ € T'L2 we can write

2

* !
((AN) 2AY0,0) = T3 3 Clhunen) | D0 (0 (b + k)@(hs + s Frngrng)
Kiini1 1<i<j<n+1
(1.23)
Expanding the square as the product of two sums (one of them conjugated), the diagonal
terms will be the sum of squares, i.e., of terms of the form

(v - (k1 + k2))?| (k1 + ko, kgint1)]?

while the off-diagonal terms are all the others. These are the ones one would obtain as an

upper bound if one would apply the Cauchy inequality to the inner sum in (1.23). While that

is too rough, since one picks up a factor depending on n that grows too quickly, these diagonal

terms will still be the dominant ones. While the precise terms in Chapter 2 are of course

different, the same type of decomposition with the same properties holds, see Lemma 2.4.4.
Let us look at the form the bounds take in Chapter 3.

Upper and lower bounds for Chapter 3
First, we need a few definitions. The skew Laplacian L is the linear operator whose action

on Fock space is given, for every ¢ € T'L2, by

def ~ ef
FLEQ) (kin) € ~L(w - k)3, @(k1n) . where  (w-k)%, © Y (0 k).



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

18 CHAPTER 1. INTRODUCTION

The sequence of the exponents of the logarithm in the upper and lower bounds is defined

recursively by
0
0o L) and Opr1=1— 5’“ for every k > 3,
which can be seen to converge to % exponentially fast. Let k, N,n € N and § € (0,1). For

k>2, z¢€(0,00) and z € (1,00), we set

L(z,2) def log(14+27 Y +2, Li(z,2) def (L(z, z))e’“ . LN(z,2) def Ly (%, z> )
For k > 1, let
2k (n) def K(n+ k)%Jr%‘s and fr(n) def S(Zk(n))% ,
where K is a sufficiently large positive constant depending on |to].
Definition 1.1.12. For A >0 and k > 2
SN % feWWLY (A = Lo, z6(N)) if k is odd,
F ﬁ [LY (A = Lo, z(N)) = fre(N)] if k is even,

where N is the number operator, acting on o € T'L, by N = np for each n € N and X\ is
the Laplace variable.

We can now state the bounds on the operators Hy.

Theorem 1.1.13 (Theorem 3.4.5). For every ¢ € (0,1) and for every k € Z, k > 0 we have

Horts < copys ((—LF)Sok+3 + for+3(N)(—Lo)) , (1.24)

1
Hokt2 > Copt2 <(_£lon)52k+2 - W(_ﬁ())) ) (1-25)

where the constants cor+1 and cor+o are defined recursively by setting, for k> 1,

1 1
¢ def 1 Conel = 3 (1 + 2k1+5) S 1, Copig = 3 (1 - 2k1+5)

<1.
ol co 2wl (1 + 55155 C2n1

Comparing the lower and upper bounds for Chapter 2 one can notice several things

e Again the lower and upper bound, if one ignores all multiplicative and additive errors,
converge to the expected log% behavior. Compared to the ones for the isotropic case,
they do so much faster (because the convergence 0, — 2/3 is exponentially fast. This
will in particular mean that in the proof of the main theorem, k£ will be of order
loglog | log A|, which is the reason for the smaller multiplicative errors in Theorem 3.1.1
as compared to Theorem 2.2.2.

e The main terms of the upper and lower bounds are not multiplied by a full generator
(—Lo) but by (—Ly), which only acts in direction tv.

e There are however error terms that are multiplied by the full (—£) and thus cannot
easily be absorbed into the main term. They are small enough not to hinder the
iteration, since in the expression (A — Lo+ Hj) !, they can, in some sense, be absorbed
into the L.
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1.1.7 Replacement Lemmas

The proof of the iterative estimates laid out in the previous section is quite technical. Here
is a short guide to the structure of these estimates, for simplicity only given for Chapter 2.

e As already mentioned, the terms are split into a diagonal and an off-diagonal part.
By relabeling variables, both of these can be reduced to estimating a certain type of
two-dimensional integral, see Lemma 2.4.5 and Lemma 2.4.6 respectively. Lemma 2.4.6
uses a reweighted Cauchy inequality (see (2.39)), which seems to be somewhat model-
independent, since it has also been used in [CET23a] and Chapter 3.

e For the off-diagonal terms, this integral is treated in Lemma 2.A.3. Since the off-
diagonal terms are considered error terms, they are only estimated from above (and
this estimate is subtracted from the main term in the lower bound.) The proof proceeds
by splitting the integral into various regions and is not particularly illuminating. An
essential part is using the sin(-) in the denominator to deal with regions where ¢; and
q3 are anti-parallel. The fact that there does not appear to be a general method to
deal with the off-diagonal terms seems to be one of the major obstacles for the models
in which only the first lower and upper bounds have been achieved (e.g. the models in
[LRY05, CG24)).

e For the diagonal parts, instead of immediately doing upper and lower bounds, one first
proves a “replacement lemma”. The idea is to show that the difference between the
diagonal term and a term already amenable to the iteration is small (compared to the
main term), see Lemma 3.A.2. This ensures that one does not lose any multiplicat-
ive constants in the estimate, which would prevent the prefactors ¢ from converging.
Typically, this proceeds in several steps of successively replacing an expression with
the next. These are subtly different for the various models, even though there are also
similarities.

These include:

— Replacing terms of the form |p + ¢| with terms of the form |p| + |q|.

— Re-bracketing terms such that the Fourier multiplier of the previous iterations
multiplies the whole denominator (only for isotropic models).

— Approximating a sum by an integral in a Riemann-type approximation for models
that have been regularized in the infra-red by moving to the torus. This still
involves ad-hoc arguments, see for example Step 5 in the proof of Lemma 3.A.2,
where parts of the sum are excluded and treated by hand.

After such a replacement step has been proven, typically the final term will be such that
it either has an explicit anti-derivative or can at least be easily estimated by something
that does.

e So far, we have accrued several additive errors from the replacement steps and the off-
diagonal terms. In the proof of the iterative estimates (see Section 2.4.3 and the end of
Section 3.4) these errors are collected and absorbed into the main term by introducing
a small multiplicative constant, which then defines the recursion for the prefactors c.

e To finally use these estimates to prove the main theorem one plugs in the bounds
obtained into (1.20), and needs to estimate a sum of the type already studied one last
time. One obtains a bound dependent on k, and, after optimizing for the value of k,
one obtains the main theorem.
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20 CHAPTER 1. INTRODUCTION

1.1.8 Weak and strong coupling results

If one is so inclined, one could call the results of Chapter 2 and 3 negative results, in the
following sense. They show that even though both models are formally invariant under
diffusive scaling, after regularizing them and applying this scaling, the resulting models do
not converge, as one might have hoped, as is the case in higher dimensions, see, e.g., [CGT24,
CLOO01, HTV12].

However, there are two possible ways to overcome this problem and obtain a scaling limit.
One is to consider the weak coupling limit, where the strength of the non-linearity (or the
drift in the case of diffusions) is tuned down. Typically, there is a certain scaling window
for such a coupling constant such that a scaling limit exists, but is not identical to the
linear equation obtained by just setting the non-linearity to zero. This has been successfully
implemented for the 2d Burgers equation in [CGT24], for the AKPZ equation in [CET23b]
and for the self-repellent Brownian polymer in [CG24]. In all of these cases, the limits are
Gaussian, but with a covariance structure that depends on the strength and the form of
the linearity. If one considers the linear system as “critical” (it is after all the one with the
most symmetries) one can see this as a near-critical scaling limit in the sense discussed in
Section 2.1.

The other option is changing the diffusive space-time scaling to compensate for the di-
vergence. For the diffusion in the curl of the Gaussian free field, this would be done by
considering instead of the diffusive rescaled process (1.3) the following rescaling:

X; = |log5]*%€Xt/gz .

or, equivalently,
X;=eX

T
|loge|2e2

For a logarithmically superdiffusive SPDE, the correct rescaling to get a scaling limit should

be ;
x
(x,t) = <7, 7> .
w@ ) = e’ |loge|ve?

This type of rescaling is called strong coupling limit, in contrast with the weak coupling
limit mentioned above. The expected strong coupling limits are still Gaussian and invariant
under diffusive scaling. This means one expects convergence to a limit process, under a
scaling that does not leave this limit process invariant, which is certainly unusual. It is
however consistent with the formal scaling invariance that these models have. There are only
very few strong coupling results that have been proven in this context, see [ABRK24] and
[MT16].
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1.2. THE NEAR-CRITICAL DIMER MODEL AND MASSIVE SLE 21

Figure 1.1: From left to right: a dimer configuration on a portion of the hexagonal lattice;
the same dimer configuration overlayed with the corresponding lozenge tiling; the lozenge
tiling, which can be viewed as a discrete surface.

1.2 The near-critical dimer model and massive SLE

The dimer model is a classical model from statistical mechanics. Given a finite graph G =
(V, E') with edge weights w : E — R, let a dimer configuration w be a collection of edges
such that each vertex in G is incident to exactly one edge in w. Define the weight of such a
configuration to be
w(w) = H w(e)
ecw

and, if there is at least one dimer configuration on this graph, define the dimer measure to
be the measure on dimer configurations proportional to their weights:

P) = 2,

where the normalizing constant Z is known as the partition function. On embedded planar
bipartite graphs this model can be interpreted as a discrete random surface model, see Fig-
ure 1.1

The planar dimer model was found to be “exactly solvable” by Kasteleyn and Fisher
in the '60s, see [Kas61, Kas63, Fis61]. This exact solvability is based on a determinantal
representation of the partition function of the model, via the Kasteleyn matrix. There has
recently been renewed interest in the dimer model. On a bounded domain, the model can
exhibit different phases (frozen, liquid, and gaseous) and limit shape phenomena separating
the various phases, see [CEP00, KO06, BCJ18|. The model has an associated height function
which converges to the minimizer of a certain variational problem, see [CKP00]. In the liquid
(or massless) region the fluctuations of the height function around this limit shape converge
to the Gaussian free field (after a certain change of coordinates), see [Ken01, Las21, CLR22].
This makes it one of the few statistical mechanics models for which conformal invariance has
been shown at criticality, first by Kenyon in [Ken00].

We study a near-critical version of this model. Near-critical models have been considered
for several models from statistical mechanics including spanning forests [BDW20], percolation
[GPS18, NW09] and FK-Percolation[DCGP14]. We connect this near-critical dimer model
to massive SLE, which was first constructed by Makarov and Smirnov in [MS10], where
they initiate a programme to describe a wide variaty of near-critical scaling limits of planar
statistical mechanics models in terms of massive SLE. A common feature of near-critical
planar models is the loss of conformal invariance. From a theoretical physics perspective,
this is because they are associated with massive Field theories and such theories can not be
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22 CHAPTER 1. INTRODUCTION

scale invariant (and therefore not conformally invariant). However, they are still conformally
covariant, when the mass is seen as a variable covariant density. We prove such a conformal
covariance for the scaling limit of the height function associated with this near-critical dimer
model. We also conjecture a connection to the Sine-Gordon model, see Conjecture 4.1.9
below.

Instead of Kasteleyn theory, we use another approach to studying the dimer model via
Temperley’s bijection. For uniform (i.e. constant 1) weights Temperley’s bijection maps the
dimer model to the uniform spanning tree. The uniform spanning tree is further connected to
the loop-erased random walk by Wilson’s algorithm [Wil96]. For uniform weights, this loop-
erased random walk has a conformally invariant scaling limit, given by SLEs [LSWO01]. The
height function can be connected to the winding of the loop-erased random walk, and this
connection (with some additional work) carries through to the continuum, giving another
proof of conformal invariance of the height fluctuations, and extending it to more general
geometries, see [BLR20, BLR19, BLR22]. The starting point of Chapter 4 is that these
connections do not only hold for uniform weights. They also hold for a set of weights (see
Figure 1.2), where certain edges have weights different from one. They will depend on the
mesh size ¢, in a way that is analogous to the near-critical weights studied in [Chh12]. Our
results can be summarized as follows

e Using Temperley’s bijection and Wilson’s algorithm we connect the near-critical dimer
model on Temperleyan domains of the square and hexagonal lattice to the loop-erasure
for a random walk with drift.

e Using a discrete Girsanov-Itd formula, we connect this loop-erased random walk to a
loop-erased random walk with inhomogeneous mass.

e Using both the methods of Yadin and Yehudayoff from [YY11] and of [CW19] we show
that this loop-erased random walk has a scaling limit, which is given by a massive SLE,
as constructed in Makarov and Smirnov [MS10].

e Using this convergence together with results from [BLR20] gives the convergence of
the uniform spanning tree as well as the convergence of the fluctuations of the height
function.

e Finally we show a conformal covariance property of massive SLEs which implies a
conformal covariance for the scaling limit of the height fluctuations.

Let us now define the key objects necessary to state our results. Some of our results we
also prove for the square lattice, see Section 4.2.4. For the sake of brevity, this introduction
focuses on the hexagonal lattice (and the corresponding directed triangular lattice), for which
the full results are shown.

Near critical dimer model

The weights we consider on the hexagonal lattice are given in Figure 1.2. These weights
can be described as follows. For a Temperleyan piece of the hexagonal lattice (see 4.1.2
for a full definition) there is a set of vertices V arranged in a periodic pattern, called the
primary vertices. In Figure 1.2 these vertices are in bold. In Temperley’s bijection, these
vertices correspond to vertices of the directed triangular lattice T and we identify them with
the vertices of T. The three edges around a primary vertex v are assigned the weights
ap(v),a1(v),az(v). All edges not incident to a primary vertex are assigned weight 1. We
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Figure 1.2: A piece of the hexagonal lattice and a corresponding piece of the directed trian-
gular lattice T. Unlabeled edges on the left have weight 1. The weights depend on the vertex.

parameterize these weights in the following way. Given weights ag(v),...,as(v) for each
primal vertex v, let ag(v),...,as(v) € R and the drift vector a(v) € R? be defined by

2 s

exp(a;(v)) = a;(v), and «v)= Zs:()(;s(w-,

where 7 = exp(27i/3) and we identify C with R?. Given a drift vector a(v), we can always
find corresponding a1(v),...,as(v), but they are not defined uniquely, since 1+ 7+ 72 = 0.
However, two sets of weights corresponding to the same drift vector will always be related
by multiplication with a positive constant. Therefore, the corresponding dimer models are
equivalent by a gauge transformation. We thus will take the model to be parameterized by
a(v).

The drifted random walk

Via Temperley’s bijection and Wilson’s algorithm the above dimer model is connected to
the random walk on the directed triangular lattice taking steps according to the following
transition matrix

QW (v,v +7F) = k=0,...,2, with a(v) =ap(v) + -+ az(v).
where the random walk takes values in T, the directed triangular lattice, which can be
seen on the right hand side of Figure 1.2. We will often consider this random walk until

it leaves a domain Q% C §T, started from a vertex o, conditioned to leave Q° through a
(a)

0—a,Q%"

boundary edge a and denote this law with Q

The (inhomogeneous) massive random walk

Given a mass profile m? : Q° — [0, 1], the massive random walk on T is the random walk
with transition probabilities

1 —m?2(v)

Q(m) (Uv v+ Tk) = 3 )



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

24 CHAPTER 1. INTRODUCTION

i.e. with probability 1 —m?(v) the random walk take a simple random walk step (respecting
the orientation of the edges) and with probability m?(v) it “dies”. This can be interpreted
as going to an absorbing “cemetery” vertex, or as QU™ being a measure with total mass less
than 1. Either way, if we again consider the random walk in a discrete domain Q°, started
from o, conditioned to leave through an edge a, we obtain a probability measure on such
paths and denote it with Q(m)

0—a,Qs

The loop-erased random walk

For the drifted random walk above (or indeed any path (zg,...,x,)) one defines the loop-
erasure by chronologically deleting loops as they appear, see Section 1.2.1 below. Wilson’s
algorithm states that the branches of the random spanning tree on a weighted graph are
given by the results of such loop-erasures.

The following is a consequence of the discrete Girsanov-It6 formula in Corollary 4.1.4,
which is discussed in Section 1.2.2.

Proposition 1.2.1. If « is given by a discrete gradient, as in (1.36) and the m?(v) satisfies
(1.38), then the law of the loop erasure of the walk with law Q(()i)a os coincides with the law
(m)

of the loop-erasure of the walk with law Q") 5.

Using this result, finding the scaling limit of the loop-erasure of the drifted random walk
Q@) has been reduced to finding the scaling limit of the loop-erasure of the massive random
walk Q(™). Together with results from [BLR20] this then implies convergence of the height

function of the associated dimer model.

Massive Brownian motion

The massive random walk without the loop-erasure has the following scaling limit, if the mass
2

m?2(v) : 0T — [0,1] is scaled like m?(v) = 5’)7(”) + 0(62) for some p : R? — [0, c0).

Definition 1.2.2. Brownian motion with mass profile p is a Brownian motion, which dies
at rate p(Xs) when at position X, i.e. it is a process which is absolutely continuous with
respect to Brownian motion and has Radon Nikodym-derivative

d[Pg;p)
dP,

:exp(—/0 p(Xs)ds). (1.26)

t

Note that the total mass of P;p) 1s less than one, so it is not a probability measure but a
(finite) measure on paths.

Massive radial SLE

The following is the definition of massive SLEy as first given by Makarov and Smirnov in
[MS10] as part of a general programme of using massive SLE to describe near-critical scaling
limits.

Definition 1.2.3 (inhomogeneous massive radial SLE). For a given domain Q C C and
a bounded continuous mass profile p : Q@ — [0,00], inhomogeneous radial massive SLE;
with mass profile p is defined to be the Loewner evolution associated to the driving function
satsifying the SDE

(p)
8 PQ (07 at)
d¢, = V2dB, + 2\dt, A\ = log —t 1.27
&t t t t 3gt(at) g Pgt(o, at) ( )
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where Pf({t)) is the massive Poisson kernel in §p with mass profile p, which is defined in
Section 4.4.1.

The definition of a Loewner evolution is given by (1.30) below.

Main results

The following is the main theorem about convergence of the massive random walk to massive
SLE,.

Theorem 1.2.4 (Informal version of Theorem 4.4.1). Given a random walk on a planar em-
bedded graph, dying at each step with a specified vertex- (and scaling-) dependent probability,
such that this random walk converges to massive Brownian motion with mass profile p up
to a time change, then the loop-erasure of this random walk converges to massive SLEs with
mass profile p if additionally it satisfies the following assumptions:

e There exists a constant C' such that for each discrete domain Q° with diameter at most
R, each interior point o € Q0 and each boundary edge a it holds that

Eoﬁa;Q‘s (05) < 06_2‘[)’00 )

where o5 1s the number of steps until leaving the domain and the expectation is with
respect to the law of the random walk started at o and conditioned to leave Q° through
a.

o The random walk satisfies some uniform crossing assumption.

See Theorem 4.4.1 for the precise assumptions. This result generalizes the main theorem
of Chelkak and Wan in [CW19] both to non-constant mass and more general graphs. Defining
and showing the existence of the limiting objects is non-trivial and part of the result.

Using the discrete Girsanov-It6 formula discussed below in Section 1.2.2 this gives the
following theorem for the drifted random walk on the triangular lattice.

Theorem 1.2.5 (Informal version of Theorem 4.1.6). Given a simply connected domain
Q and a drift field o : Q — R2, let Q0 C T approzimate Q and o° € Q0 — o € Q and
a’ € 00 — a € 090. Suppose that there is a smooth potential ¢ such that Vo = o and
further that

of A 2
p(x) d:fw >0, forx € Q. (1.28)

Then the loop erasure of the random walk Po(fl)aa

ol given by the discrete gradient V2@ converges to massive SLE, with mass profile p.

with transition rates given by (1.32) and

The authors believe that the drift field « being of gradient-type is necessary for the limit
to be described by massive SLE,. However, the restriction that p is positive could be removed,
if one is able to define massive SLEs for (some) negative masses.

Finally, for the dimer model, we prove the following theorem:

Theorem 1.2.6 (Informal version of Theorem 4.1.8). Consider the dimer model on domains
Q0 of the hexagonal lattice with weights (ag(v), . ..,as(v)) deriving from a drift field o as
above, which in turn is given by Vi, satisfying (1.28). Then the fluctuations of the height
function on this domain converge to a scaling limit denoted by h(®, satisfying the following
identity in law )

Bl o p=1 h(&)?Q,

if T is a conformal map from Q to Q with |T_1/\ bounded and & = Voo T,
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Requiring that |[(T~!)’| is bounded should not be necessary, but simplifies the proofs,
since it guarantees that the mass associated to the right hand side is bounded.
In summary we achieve the following goals

e We build on the programme initiated by [MS10| by building a further connection
between massive SLE and another near-critical model and conjecturing a connection to
a massive field theory.

e We answer a question asked in [Chh12] by giving a rigorous connection between the
near-critical dimer model and an object associated with massive field theory.

e We find a discrete exact version of Girsanov’s formula for the random walk on the
directed triangular lattice, see Theorem 4.1.4, which might be of independent interest.
The fact that this identity is exact is a convenient property specific to the triangular
lattice. We find another such discrete Girsanov formula for the square lattice which
only approximately connects the random walk with drift and the one with mass, see
Lemma 4.2.9.

e We extend the result from [CW19] to a much more general setting, see Theorem 4.4.1,
showing that the convergence of the massive loop-erased random walk to massive SLEs
is universal and further implementing the programme set out by [MS10].

e We find a conformally invariant limiting object for the fluctuations of the height field,
reminiscent of other near-critical scaling limits like [DCGP14, GPS18]. We conjecture
it to be given by a variant of the Sine-Gordon model at the free fermionic point:

Conjecture 1.2.7. Let P9 denote the law of the field h\)*? in Theorem 4.1.8. Then
P2 (dh) o exp (z/ <eih(:r)/x7 a(:c)> dm) PSFF (dp) |
Q

where the inner product is taken by identifying C with R2.

Here a = Vi, and x = 1/v/2 is the imaginary geometry constant associated to x = 2.
This expression is formal, since the Gaussian free field h cannot be point-evaluated, for
more details on this see the discussion after in Section 4.1.9. In particular it is consistent
with the recent results by [Mas22], in which the two-point correlation function of the
near-critical dimer model on the square lattice in the full plane is shown to coincide
with the two-point function for the Sine-Gordon model.

The remainder of this introduction is structured as follows. In Section 1.2.1 the connection
between the critical dimer model and SLE is recalled. In the following sections some ingredi-
ents to the main theorem are introduced, i.e. the discrete Girsanov-It6 in Section 1.2.2, the
resolvent identities in Section 1.2.3 and finally the identification of the limit in Section 1.2.4.

1.2.1 The critical dimer model and SLE,

In this section we will establish the connection represented in the diagram in Figure 1.3, in
particular along the top and right edge, i.e. going from the dimer model to SLEs.
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Dimers Spanning Tree LERW

Temperley / . wilson's
Bijection , ! 5 Algorithm

Branch Law

Gaussian Free Field Continuous Tree Schramm Loewner Evolution

Figure 1.3: The connections discussed in Section 1.2.1. Vertical arrows are scaling limits,
while horizontal arrows show connections, which are (at least in some sense) bidirectional.

Temperleys bijection

Temperley’s bijection was found by Temperley in 1972. Reference surprisingly difficult to
find It is a bijection between the dimer model on a rectangular region of the square lattice
and a uniform spanning tree on an associated graph (in this case, a larger region of the square
lattice). This bijection was then generalized by Kenyon, Propp and Wilson in [KPWO00] to
more general weighted graphs. Considering a finite, connected and directed graph G = (V, E)
together with edge weights w : E — R, define a directed spanning tree rooted at v € V' to
be a connected sub-graph T, such that each vertex except v has exactly one outgoing edge
in T. Let the weight of a tree T be

w(T) = [Jw(e), (1.29)

ecT
where we identify the sub-graph T with its edges.

Theorem 1.2.8 (Theorem 1 in [KPWO00]). Given a weighted graph G as above, as well
as verter v, there is a weight preserving bijection between spanning trees on G, and dimer
configurations on a related weighted graph H.

The graph H is obtained from the graph G by a specific procedure, involving superimpos-
ing the graph G with its dual, and then removing two vertices.®> We will sometimes refer to
H as the dimer graph and to G as the tree graph. If one wants to study the dimer model
using this bijection, one can only do so on graphs H that can be obtained this way. Two
specific examples that are already mentioned are regions of the square and of the hexagonal
lattice, which come from taking G to be either a region of the square lattice, or a region of
the directed triangular lattice T, which is obtained from the triangular lattice by orienting

3The choice of graph H in this theorem is not unique, since it depends on a choice of embedding, and a
face f incident to v.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

28 CHAPTER 1. INTRODUCTION

2mi/3 4mi/3

each of the three types of edges in the directions 1,e and e respectively, see the
right hand-side of Figure 1.2. In these cases, the graph for the dimer model is not quite
general. It is necessary for these graphs to have so called Temperleyan boundary conditions,
see Section 4.1.2 below for a definition. In particular, these force the height function on the
boundary to be of order 1. When all weights on the graph G are one, then the same is true
for H and Temperley’s bijection connects the uniform spanning tree on GG with a uniformly
chosen dimer configuration.

Wilson’s algorithm

Now that we have connected the dimer model to a random (uniform) spanning tree, we need
tools to study the uniform spanning tree. The uniform spanning tree is an interesting object
in its own right, see, e.g., [Ald90, BLPS01, vEH23].

A very powerful (and beautiful) tool to study uniform spanning trees is the algorithm
found by Wilson in [Wil96]. Given a directed graph G = (V, E) with edge weights w as
above, as well as a distinguished vertex, r the algorithm generates a directed spanning tree
(or arborescence) with probability proportional to its weight as defined in (1.29). It does
so using loop-erased random walks, so let us first define a random walk with respect to the
weights w. This is the random walk which takes steps proportional to the weights w, i.e., its
transition probabilities are given by

w(z,y)

p(xvy) = Z ’U)(ﬂ?, Z) )

zZT

where the sum is over all vertices such that (z,z) € E. Note that the graph is directed and
in particular w is not assumed to be symmetric.
Given the trajectory v = (x, ..., z;) of a random walk the loop erasure LE() is obtained

by deleting cycles in v chronologically, i.e. as they appear. More precisely, let ug def xg. Then
find the last time ¢ that the trajectory visits ug, and set u; = X;41. Continue in this way

by setting wugy1 always to the first vertex visited after the last visit to uj as long as this is

possible. Necessarily, this procedure gives a simple path LE(~) def (ug, ..., uy) from uy = xg

to uy = .

Wilson’s algorithm proceeds as follows: Let G be as above, i.e. a directed graph with
positive weights w. Let r be a distinguished vertex of the graph, which will be the root of the
weighted spanning trees. We will generate a growing sequence of trees T;. To do this we first
fix an arbitrary ordering of the vertices of G with the root r as the first vertex. Let T := r.
Then repeat the following for ¢ > 1:

e If T} is a spanning tree, we are done.
e Otherwise, find the earliest vertex x in our ordering which is not contained in 7;.

e Run a random walk on G starting at x until it hits 7;, independent of the walks in
previous steps.

e Create T;y1 from T; by adding the vertices and the directed edges of the loop erasure
of this walk.

The main result of [Wil96] states that this algorithm indeed generates trees with the desired
probabilities

Theorem 1.2.9. Given any directed graph G with positive weights w, Wilson’s algorithm
produces a directed spanning tree T with probability proportional to []. .pw(e).
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A remarkable feature of the algorithm is that the arbitrary ordering of the vertices does
not affect the law of the tree. This gives us the following corollary by choosing vo = x:

Corollary 1.2.10. Let G be a directed weighted graph, x a vertex of G and T be a spanning
tree associated to w. The law of the unique path ~y, from x to the root in T is given by the
law of the loop-erased random walk started at x and run until it hits r.

Schramm Loewner Evolution

The graphs that we will apply Wilson’s algorithm to are of a special type. To obtain a
piece of the hexagonal or square lattice for the dimer graph in Temperley’s bijection in
Theorem 1.2.8, the tree graph G must be wired, i.e. it will consist of a piece of either Z? or
T, with the complement of the respective lattice all identified into one boundary vertex,
see e.g. [KPWOO, Figure 1]. This vertex will always be chosen as the root vertex in Wilson’s
algorithm. Doing so, the algorithm takes the form of repeatedly running a random walk
until it leaves a (discrete) domain, and then removing the loop-erasure of this walk from
the domain, after which one starts again, with a new starting point. Performing the loop-
erasure never changes the endpoint of the trajectory. Therefore, one can condition the walk
on leaving the domain through a. Since the exit distribution is given by the random walk, it
is not difficult to remove this conditioning. This leads us to study the following object:

Definition 1.2.11. Let Q be a discrete simply connected domain, either in Z* or T and o
a vertex in 2 and a a boundary edge of S, i.e., an oriented edge (x,y) such that x € Q and
y & Q. The loop-erased random walk from o to a in Q is the loop-erasure of the random walk
started at o, conditioned to leave €2 through a.

In the seminal paper [LSWO01] Lawler, Schramm and Werner proved the following

Theorem 1.2.12 (Informal version of Theorem 1 in [LSWO1)). For the simple random walk
on 672, loop-erased random walk from 0® — o to a® — a in a sequence of domains Q° — Q C
C converges to radial SLFEy from a to o as 6 — 0.

This result was later strengthened in [YY11] to require only minimal assumptions on the
random walk and the graph G. Essentially it suffices that the random walk (after reparamet-
rization) converges to Brownian motion and that the graph is planar.

To understand this result, we will now give a definition of radial SLE,. There are two
versions of SLE: radial and chordal. One describes a random curve from a point on the
boundary of a simply connected domain to a point inside the domain, and the other describes
a random curve between two boundary points. We will focus on the radial case since it is
more natural for the problem at hand. Note however that chordal SLE is also a very common
scaling limit and in many cases easier to work with.

Let D ¢ C with 0 € D be a simply connected domain. By the Riemann mapping
theorem, there exists a unique conformal homeomorphism p from D onto the unit disk
D := {z € C: |z| < 1} such that ¥p(0) = 0 and ¥/,(0) € RT. Consider a continuous simple
curve 7n: [0,00] — D such that 7(0) € 9D, n(t) € D for t > 0 and n(co) = 0. For each t let
K; = n[0,t],D; == D\ K; and ¢; = ¢p,. By the Schwarz lemma (see e.g. [BN23, Lemma
2.8]) and because D; C D the derivative g;(0) > 1. Then log(g;'(0)) is called the capacity of
K; from 0. Furthermore, again by the Schwarz lemma ¢ — ¢}(0) is increasing and thus 7 can
be reparametrized such that the capacity of K; is t. Then, we say that 7, is parametrized by
capacity. By [Pom92, Proposition 2.5] the limit

W(t) = lim g(z)
z—(t)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

30 CHAPTER 1. INTRODUCTION

exists for each t € [0,00], when z approaches n(t) from inside D;. It is true under these
assumptions that W: [0,00) — 9D is continuous. Now, we can state Loewner’s theorem:

Theorem 1.2.13. Let 1: [0,00] — D be as above and parametrized by capacity. Then the
maps g:: Dy — D satisfy Loewner’s differential equation:

Ogi(2) = —gt(z)m; for 0<t<m, (1.30)

with the initial value go(z) = z, where T, e sup{t >0:2z € D; €}.

We call (W(t))>0 the driving function or Loewner transform of the curve 7. Conversely
the driving function W (t) fully determines 1. For every z € D the Loewner equation has a
unique solution up to the maximal time 7, € (0, 00]. If 7, = oo the ODE has a solution at z for
all times and therefore z € D, for all t € [0, 00). If however 7, < oo then limy,, W(t)—g:(2) =
0 as this is the only singularity in (1.30). If W is obtained from a simple path as above then
obtain 7 from W by setting n(t) = g; ' (W (t)). For an arbitrary continuous function W this
might not work. One can still define K; = {z € D : 7, < t}, but this might not be a simple
path.

Radial Schramm Loewner evolution with parameter & is the process obtained from setting
the driving function to W (t) := exp(iBy:), where B: [0,00) — R is standard Brownian motion
started most commonly at 0 or at a uniform point in [0, 27]. In [RS05] it was shown that for
k < 4 almost surely K is a simple path, while for x > 4 there is always a path () such that
Dy is the connected component of D\ 1[0, ¢] containing 0. To obtain radial SLE, in a domain
D from o € D to a € 9D, let 1)p be the unique map from D to D with ¢)p(0) = 0 and apply
1/151 to radial SLE, on D.

They are a large number of scaling limit results proving convergence to SLE,:

e the loop-erased random walk converges to SLE9,[Sch99, LSWO01],

e the Peano curve associated to a uniform spanning tree converges to SLEg, [Sch99,
LSWO01],

boundaries of critical percolation clusters converge to SLEg,[Smi01],

Critical Ising interfaces converge to SLE3, [CDCH*14],

e contour lines of the 2d discrete Gaussian free field converge to SLE4[SS06].

For lecture notes and a monograph on SLE see e.g. [Wer04, BN23, Law05].
Returning to Theorem 1.2.12; an essential part of the proof is played by the martingale
observables. A key observation from [LSWO01] is the following

Proposition 1.2.14. Let Q) be a discrete domain and ~ be the reversal of a loop-erased

random walk from o € Q to a € 9N (and therefore a simple path from a to o). Let §, aof

Q\v[0,n], and v a vertex in Q and further Zg, (v,vy[n]) be the probability that a random walk
started from v exits Q, via y[n]. Then

_ Za,(v,7[n])

Mav) = Zo (o7

is a martingale (as long as v € Q) with respect to the filtration generated by [0, n].
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To prove this proposition, one first notices that the reverse chronological loop-erasure
(i.e., the reversal of the loop-erasure of the reversed path) of a random walk has the same
law as the chronological loop-erasure defined above. Then the statement follows by simply
summing over the possible values of vy[n + 1], see [LSW01, Remark 3.6]. These martingale
observables converge to the Poisson kernel ratio, which is conformally invariant. This suffices
to show that, at least if the limit is given by some SLE,, then x must be 2, see e.g. [BN23,
Proposition 7.7]

1.2.2 Discrete Girsanov-Ito

Let us recall the random walk we consider has transition probabilities given by

QW (v,v +7F) = ak((v))’ k=0,...,2, with a(v) =ap(v) + -+ az(v). (1.31)
a(v
Since we want to find a scaling limit we need to introduce a scaling parameter §. We will do
so by setting

ar(v) =1+ ck(v)o (k=0,...,2)
and now the random walk takes values on 0T, i.e.

ag(v)
a(v) ’

A first sign that this type of scaling is reasonable is the fact that with this scaling, if ¢, ¢;
and ¢y are continuous functions evaluated at the vertices of §7', this random walk converges
to the solution of the SDE

QW (v,v + &7F) = =0,...,2, with a(v) = ag(v). (1.32)

dXt = Oé(Xt)dt + dBt s (133)

where

o(z) = ;(co(x) +er(@)r + ea(w)7?)

and B; is standard 2d Brownian motion.

To understand the random walk defined at the end of the previous section via (1.32), we
will consider its Radon-Nikodym derivative with respect to the simple random walk. Since
this will be an exact statement for the simple random walk, we will write it for the unscaled
lattice T, i.e., with transition probabilities (1.31). Let «; be such that exp(«;) = a;, define
a(v) by

alv) = ;(ao(v) + a1 ()T + az(v)T?)

and define §(v) by

2
exp(—B(v)?) = (a(v)/3)"* T] e*, (1.34)
k=0
Note that while o does not determine ay, . . ., as, it does determine the law Q(®), since adding
a constant to «p, ...as is equivalent to multiplying a and ag, ..., as with a constant.

Using these, we can conveniently state our discrete Girsanov theorem.

Theorem 1.2.15. Let P, be the law of the simple random walk and an) be the law of the
random walk with transition probabilities given by (1.31) both started at o and taking n steps.
Then for any path v = (zg,...,xy,) (with xo = o) the following identity holds:

Q¥ ()
Py(v)

= exp(M,, — %Vn),
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where
n—1 2n—1
M, = a(xs),dxs) and V, = - 2 (2, ,
> (afe) o) LD

where dog = xg41 — Tg.

This can be seen as a discrete analogue of the fact that a solution to the SDE (1.33)
satisfies, by Girsanov,

dQ(®)
dp

t = exp </Ota(X5) SdXs — ;/Ot |oz(Xs)|2ds> : (1.35)

We further assume that « is of gradient type, i.e., given by V¢ for some bounded C?
potential ¢. Under this assumption, in the continuum analogue (1.35),we can use Ito’s
formula to rewrite the stochastic integral above as:

t 1 t
| atx-ax. =t - o(xo) - 5 [ Ap(xds
0 0
giving the Radon-Nikodym derivative

dQ,
dP,

= exp (sO(Xt) — ¢(Xo) — % /Ot Ap(Xs) + |V90|2d8> :

t

This fact has a discrete analogue. To formulate this, we need some notation: we say that the
drift vector v = a(v),v € Q7 derives from a potential function ® : T — R, when

2
a(v) = VTd(v) = g S (@0 + ) — B(0))7 (1.36)
=0

in other words, a;y1(v) = ®(v + 7%) — ®(v) for 0 < i < 2. If v is of this form, the Radon-
Nikodym derivative in Theorem 1.2.15 takes a particularly nice form:

Corollary 1.2.16. Suppose a derives from a potential function ® as above. Then

(@)
o ('7) -
P exp (P(x,) — P(x0) — An), (1.37)
where - )
A, = Z AT®(z,) + gBQ(l’S).
s=0

Here AT®(z) = § Z?:o O (x+71")—®(x) is the usual graph Laplacian on the directed triangular
lattice T.

One can check that, introducing 4 in all the right places makes under appropriate scaling
(1.37) converges to (1.35). The important feature of (1.37) is that the exponent splits into
two parts: one that depends only on the endpoint, and one that is simply a sum along the
path ~. This second part can be interpreted as a mass term, in the following sense. Consider
a simple random walk on T, which at each step dies with probability m?(v) € [0,1). This
gives a measure Q™ on paths with Radon-Nikodym derivative

(p) n
> O) 1T - m2w)).
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Note that this is not a probability measure since its total mass is less than one. Choosing
m?(v) such that

1= m?(v) = exp(~(AT®(0) + £ 57(0) (1.38)

one sees this term agrees with the second part of (1.37).
Denote by P,_, .09, Qgﬂaﬂm and Qg@aﬂm the random walks with laws P, Q(®), and Q(™)
started from o and conditioned to leave 9 via a. These are the laws of the simple, drifted

or massive random walk in 2 started from o, conditioned to exit at a. A direct consequence
of the formulas above is the following

Corollary 1 2 17. If o derives from a potential ® as in (1.36) and (1.38) holds for every v
i, then @ a0 and Q a0 O€ identical.

It is only possible to apply this corollary when there exists an m? such that (1.38) holds.
This is the case iff AT®(v) + $2(v) > 0, which leads to condition (1.28) in Theorem 1.2.5.
As opposed to the assumption that « is a gradient, we believe that this condition is not
necessary for the existence of a Poisson kernel PP, an associated massive SLEy with proﬁle P
and the statement of Theorem 1.2.5. While there is no random walk that produces Q o _> a: of
negative m, for certain m it might be seen as a measure connected to a branching random
walk, and many of the steps below might still be possible in this setting.

In view of Corollary 1.2.17, the problem is reduced to finding a scaling limit for QU™
This proceeds in roughly three steps.

e Absolute continuity: The discrete Radon-Nikodym derivative of the loop-erasure is
bounded, which follows from the assumption in Theorem 1.2.4 that the random walk
under consideration leaves the domain after a number of steps of order §=2. This
implies that the laws of the loop-erased random walks are tight, and any limit point is
absolutely continuous with respect to SLEs, see Section 4.4.3. It further implies that
any limit point is given by a Loewner evolution, with driving function &; satisfying the
SDE

A&, = V2dB; 4 2)\dt .

The task at hand is thus to show that \; is given by (1.27) (and hence the same for any
limit point).

e Convergence of discrete Poisson kernels: As in the critical case, there are martingale
observables given by discrete massive Poisson kernel ratios. To use this to identify
the laws of limit points, one needs to show that they converge to continuous Poisson
kernel ratios. This is done by adapting arguments for the critical case in [YY11], see
Section 4.4.2.

e Identification of the limit. Given the convergence of the massive martingale observables,
one needs to show that these indeed identify the limit. To do so one needs to show that
the involved massive kernels Pt(p ) and Qgp ) are semimartingales, and one needs to find
their decomposition in martingale and finite variation part. In particular, this is done
by relating the massive quantities to their non-massive counterparts via resolvent
identites, see Proposition 4.4.7 and (4.4.10), and by proving a massive version of
Hadamard’s formula using these identities.

The next two sections expand on the third point.
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1.2.3 Resolvent identities

As in the case with uniform weights (recalled in Proposition 1.2.14), the ratio

MW (v) Z§(2p73 (v,7[n])

" 29 (071n])

is a martingale, where Z((zpn) (v,7[n]) is the probability that the massive random walk started

from v exits the domain Q,, = Q7 \ 7[0,n] through v[n]. By the arguments in Section 4.4.2
this converges, after using a Skorohod embedding to assume v converges almost surely, and
using n = n(t) such that the limiting curve is parameterized by capacity, to the ratio

P(({Z) (:U> at)
P(({Z) (07 at)

where ngp ) is the massive Poisson kernel, which we define in Section 4.4.1 to be given by
() _ pl) /7
Py (z,a) = Py (z,a)Eq—q [exp p(Xs)ds )|, (1.39)
0

where PS()O) (x,a) is the non-massive Poisson kernel normalized to be 1 at o. In this section
the domain 2 and the target point a will be fixed, so we suppress them from the notation,
ie., PO (z) = PS({)) (z,a) and likewise for P().

In Section 4.4.4 we prove that P” satisfies a resolvent identity. As was noted in [MS10],
massive analogues of critical quantities solve certain boundary value problems of the type

(%A—p)h:O, in
h = ho on 02

with the critical counterparts solving the same boundary value problem with the operator

(%A — p) being replaced with %A, but with the same boundary data. Here p is identified

with the operator acting by pointwise multiplication with p, i.e

(ph)(z) = p(x)h(z)
Considering h = P we can write
1 0 0
GA =Py — By = pPg)
and using the fact that as an operator on € with Dirichlet boundary conditions (%A —p) is

invertible, with the inverse given by convolution with (the negative of) the massive Green’s
function we obtain:

PO (2,0) = PO(x,a) - /Q G (2, ) p(y) PO (y, a)dy (1.40)

which is the content of Proposition 4.4.7 and a similar derivation can be given by for Pro-
position 4.4.10.
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1.2.4 Identification of the limit

(p)
The strategy to identify the limit is as follows. To make use of the fact that ?( p)ézi is a
t o
martingale for each z, we need to use It0’s formula, for which we have to find dPt(p ) using

the resolvent identity. We will need the following additional ingredients

e From the critical case we know
0 0
P (z) = Q" (2)dg,
and by absolute continuity this is also true under the massive law.

e A massive Hadamard’s formula (Lemma 4.4.12): G,Ep ) is differentiable in ¢ and satisfies

0
5,0 @) = —2r PP (@) P ().

e A stochastic Fubini theorem (Lemma 4.4.15) based on estimates in Lemma 4.4.14 and
Proposition 4.4.13.

Using this one can determine )\, see Section 4.4.6, where we show that

Qz(tp) (Ov at) )

AN =
P (0, a,)

This expression is used as the definition for the formal expression (1.27), see the discussion in
Section 4.1.4. This means that the law of every limit point is given by a Loewner evolution
with driving function satisfying the SDE

(p)
dé; = V2dB; + 2\, where A, = Qi (0,a)
Pt (07 at)

By checking Novikov’s condition, one can see that this SDE has a unique strong solution, see
Lemma 4.4.16. In particular, this means all limit points agree.
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1.3 The stochastic six-vertex speed process

In Chapter 5 we study the stochastic six-vertex model, which is a specialization of the
six-vertex model to specific weights This specialization allows one to view the model as a
one-dimensional interacting particle system instead of a two-dimensional equilibrium lattice
model.

The main result of Theorem 1.3.2 is that the speed of a single second-class particle placed
at the origin, with all positions filled to the left of it and all positions to the right of it
empty, will almost surely converge. The limiting speed is random and can be read from the
hydrodynamic limit of this system. This convergence then allows one to define the stochastic
six-vertex speed process, which is a translation invariant, ergodic probability measure
assigning real-valued labels, (which we call classes) to each particle, which is stationary
under the dynamics of the multi-class stochastic six-vertex model.

The proof of the main theorem uses a variety of tools. From the theory of particle systems
it uses various couplings, in particular, the attractive coupling which defines the multi-class
model and the approximate monotonicity recently shown in [ACH24]. To control the position
of the second-class particle by the behavior of a larger number of third-class particles, we
prove Proposition 5.1.7. Finally, to prove that the system is already close to its hydrodynamic
limit at a large but finite time we use methods from integrable probability to obtain effective
hydrodynamics in Theorem 5.4.1 via precise tail bounds on an associated point process. Using
these methods we obtain a bound on the fluctuations around the eventual limiting speed, see
Theorem 1.3.3.

Speed processes have been introduced and studied for some other interacting particle
models, starting with TASEP in [AAV08] and since then for the ASEP and TAZRP (Totally
Asymmetric Zero Range Process) in [ABGM21, ACG23]. The stochastic six-vertex models
posed us with some particular issues. Its basic coupling has less convenient properties com-
pared to other models (in particular it is not monotone). Additionally, there is no straight-
forward analogue for the stochastic six-vertex model of Rezakhanlou’s coupling from [Rez95],
which was used to control the position of an individual second-class particle by the behavior
of a larger number of third-class particle for ASEP. Our result in Proposition 5.1.7 is not a
coupling. However, it is significantly stronger than the bound obtained by using the coup-
ling from [Rez95] and could be used to simplify the arguments of [ACG23], since it can be
extended to ASEP.

In the rest of this introduction, the model in its simple and multi-class form will be defined
and heuristics for the hydrodynamic limit and the main theorem based on an assumption of
local equilibrium will be given. However, we do not use such an assumption, nor does the
proof of Theorem 1.3.2 proceed via proving local equilibrium. After that, a sketch of the
proof of our main Theorem 1.3.2 will be followed by a brief discussion of the different tools
we use. Finally, the speed process and some of its basic properties will be introduced.

1.3.1 The model

The study of the six-vertex model goes back all the way to [Pau35], where it was proposed
as a model for the residual entropy in water ice.

The six-vertex model is defined on a region D of Z?. A configuration consists of orienting
each edge in one of the two possible directions, with the requirement that the number of edges
oriented towards each vertex equals the number of edges oriented away from that vertex. This
is sometimes called the ice rule. There are six different possible configurations around each
vertex (hence the name of the model); we label the six possible arrow configurations at a
vertex with a letter from a to f, see Figure 1.4. Given a region D of Z? we call the edges with
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Figure 1.4: The six different configurations of the six-vertex, before and after moving to the
up-right path version, and their weights.

one end point in D and one point outside D the boundary of D. A boundary condition
is a given orientation on some or all edges of the boundary. If the domain D is finite, then
there are finitely many configurations satisfying a given boundary condition. We call a, ..., f
the weight corresponding to the six possible vertex configurations a, ..., f) and defining the
weight of a configuration w to be

)

w(w) = H w(v) = a#a—vertices b#b—vertices c#c—vertices d#d—vertices e#e—vertices f# f-vertices
veD

i.e., the product over all the vertex weights of the vertices in D, we can define a probability
measure on configurations by setting

where Z is the partition function of the model, i.e. the normalizing constant that makes P(w)
into a probability measure.

This is a classical model from equilibrium statistical mechanics. It is exactly solvable
using a transfer matrix approach and the Bethe ansatz, see e.g. [Bax89, DCGH'16a]. It
exhibits many interesting phenomena including multiple phase transitions, limit shapes, a
connection to the dimer model, FK percolation and alternating sign matrices and much
more, see [CP10, DCKK*22, DCKMO24, DCGH™16b, Bre99] and the references therein.

We will consider the six-vertex model with specific weights, which were first introduced
in [GS92]. Before introducing these weights we will make a combinatorial reformulation of
the space of configurations. Since every edge has to be oriented in one of two ways it suffices
to keep track of which edges are oriented up and right, see Figure 1.4. By doing so, one
can see a configuration as a collection of up and right paths. The ice rule becomes a rule
of local conservation: the number of incoming arrows must equal the number of outgoing
arrows. This change allows us to think of the arrows as particles. If one thinks of two
arrows meeting as bouncing off one another, each particle moves on its unique path, and
these paths are non-crossing. The stochastic weights are now obtained by thinking of the two
edges on the bottom and left of a specific vertex as the input and the two edges on the top
and right as the output of this vertex. Given a specific input, we want to choose one of the
possible outputs a random. Hence, we must choose weights such that the possible outputs
sum up to 1. If the input consists of either two incoming or no incoming arrows, there is only
one possible choice and the weight of these vertices must be one. If however there is only one
incoming vertical arrow, there are two possible outputs, and therefore we assign one of them
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Figure 1.6: A finite domain with given boundary condition and a possible configuration on
this domain.

weight b; and one of them weight 1 — by, and the same for an incoming horizontal arrow. See
Figure 1.5 for the weights of the corresponding configurations. Let us define

def b1 det 1 — by
ef b1 lof 1.41

since these quantities appear quite often. For ¢ € (0,1) and k € (1,00) these two offer an
alternative parameterization of the (b1, by) satisfying 0 < by < by < 1, which is the regime we
are interested in.

Since we now think of arrows coming from the bottom and the left as “incoming” and
arrows going to the right and the top as outgoing, it is natural to consider boundary conditions
where only the incoming arrows along the boundary are specified, and the outgoing arrows
are left free, see Figure 1.6. With this kind of boundary condition, one can see inductively
that the partition function Z always equals 1 and that the configuration can be sampled
vertex by vertex. This is done by choosing a vertex all of whose incoming vertices have
been determined, and, if necessary, generating a random Bernoulli with parameter by or by
to decide which type of vertex it is supposed to be. This stochastic sampling process can
be used to define the stochastic six-vertex model on some infinite domains. Of particular
interest to us will be the corner Z>y X Z>o with so-called step initial conditions, that is,
every incoming edge from the left has an arrow, while no incoming edge from the bottom
has an arrow. The model one obtains is equivalent to taking the limit of Gibbs measures on
rectangular domains, see [BCG16].

1.3.2 Shocks, rarefaction fans and 2nd class particles

We now want to study the behaviour of the model on the step initial conditions defined in the
previous section. For reasons that will become clear later, we will associate the first axis with
space and the variable x and the second axis with time and the variable ¢. The behaviour
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b1 > by b1 < by

Figure 1.7: Two simulations of the stochastic six-vertex model on the corner with step initial
conditions, one for b; > by exhibiting a shock, the other for b; < by exhibiting a rarefaction

AR

1—b 1—by

Figure 1.8: The vertex weights of the multi-class stochastic six-vertex model, where the colors
blue and red correspond to classes ¢ and j respectively with ¢ < j.

of the model on step initial conditions depends strongly on which between by or bs is bigger.
See Figure 1.7 for two simulations of either type. If by is bigger, particles on their own will
want to move up, and therefore any particle that finds itself to the right of the line x = ¢
will quickly move back to it, and similarly any hole above the line will quickly be filled. This
phenomenon is called a shock. On the other hand, for by < by the particles will quickly spread
out and form a continuous decrease from density 1 to density 0. This is called a rarefaction
fan. Both of these phenomena will become clearer once we look at the hydrodynamic limit
of this model.

Chapter 5 studies the rarefaction fan phenomenon. To do so, we use the multi-class
version of the stochastic six-vertex model. In this model, every edge (which we still call
particle/arrow) has a label in ZU{—o00, oo}, which we call its class. The classes are preserved
at each vertex, so there are two possible outcomes if the classes of the incoming particles are
distinct, and only one if the classes of the incoming particles are equal. In the case where
there is a choice to be made, the probability of the two possible outcomes are determined by
the classes: If the incoming classes are ¢ and j and ¢ < j, then the weight of the vertex is
chosen as if j was a hole and 7 was a particle in the standard stochastic six-vertex model, see
Figure 1.8.

The standard six-vertex model can be obtained as a special case of the multi-class
stochastic six-vertex model where only two classes are present. In particular we will often
identify the two models by assigning particles class 1 and holes class oco.

What makes the multi-class model a useful tool to studying the single-class model is the
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Figure 1.9: On the left: the initial condition with a single second-class particle. Black arrows
denote first class particles, while the gray arrow denotes the second-class particles. Dashed
lines denote holes. On the right: a simulation of this process on a 200 by 200 square with
b1 = 0.3 and by = 0.6, with the second-class particle in red.

merging property.

Lemma 1.3.1. If w is a configuration of the multi-class stochastic six-vertex model, then for
any monotone map ¢ : ZU{—o00,00} — ZU{—00, 0}, the configuration ¢pow is a realization
of the multi-class model, with boundary conditions changed by ¢.

A particular case is the following: Considering a multi-class stochastic six-vertex model
with particles only of class 1,2 and oo, i.e. first-class particles, second-class particles and
holes. This can be mapped to the single-class stochastic six-vertex model in two (non-trivial)
ways:

1,ifx =1or x =2 and 1,ifx=1and
o1(x) :{ and  ¢9(z) = {

oo, if £ =00 oo, if x =2 or z = oo.

L.e., one can treat the second-class particles either as particles or holes, and in either way
obtains a single-class stochastic six-vertex model. By doing so one obtains a coupling of two
stochastic six-vertex models, such that the occupied edges of one of the models is a superset
of the occupied edges of the other model. This coupling has been used to study the model,
see e.g. [BB19, Agg20a, ACH24].

We are now ready to state our main results, which we do in the next section.
1.3.3 Main results
Consider the following boundary conditions on Z>g X Zx>q.

e On all incoming edges from the left there is a particle of class 1.

e On the incoming edge from the bottom at (0,0) there is a particle of class 2.

e On all other incoming edges, there is no incoming particle (i.e., class 0o).

We call these boundary conditions step initial conditions with a vertical second-class
particle at the origin, see Figure 1.3.3 for a diagram showing these initial conditions and
a simulation. The local conservation of particles guarantees that for each horizontal row of
edges, almost surely exactly one of them is occupied by a second-class particle. Denote by
X the position of that edge for the row of edges {(z,t) — (z,t+1) : x € Z>¢} and call it the
position of the second-class particle at time t.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1.3. THE STOCHASTIC SIX-VERTEX SPEED PROCESS 41

Theorem 1.3.2. Let by < by. Under step initial conditions with a vertical second-class
particle at the origin, the speed of the second-class particle almost surely converges:
Xy

— U,
t

where U is an explicit continuous random variable on [+, K], where  is as defined in (1.41).
The law of U can be derived from the hydrodynamic limit, see Section 1.3.6 below. We
also derive a bound on the fluctuations around the limit:

Theorem 1.3.3. Let X; be the position of the second-class particle at time t as above and
U its almost sure limit speed. Then for any 6 > 0, almost surely we have that

lim | X, — tU[t~ 6T = 0.
t—o00

As mentioned in Remark 5.1.3, the exponent g is not optimal, and rather an exponent %
is expected.

As a direct consequence of Theorem 1.3.2 we obtain the stochastic six-vertex speed pro-
cess. We state this result for a version of the stochastic six-vertex model on Z x Z>g, with
so-called packed initial conditions, meaning that at each vertex (z,0) there is an incoming
particle from below with class x, see Section 1.3.4 for how this is defined.

Theorem 1.3.4. Under packed initial conditions, denote by X(x) the position of the particle

with class x at time t. Then U
lim < t(x)) =U(x)
t—00 t e

exists. Its law is translation invariant and ergodic, and the law of —U(—x) is stationary
under the multi-class stochastic siz-vertex dynamics.

The only part of the above theorem that is not a direct consequence of Theorem 1.3.2 is
the stationarity of this measure. This is proven using the recently developed color-position
symmetry from [BB19].

To prove Theorems 1.3.2 and 1.3.3 we prove an the effective hydrodynamic limit estimate
for the (single-class) stochastic six-vertex model with step initial conditions, which might be
of independent interest. To state it, we need to first define the height function for step initial
conditions. For a given configuration w on Z>o X Z>( define the height function H(z,t;w)
for z,t € R>( by setting H(x,0;w) = 0 for all z and increasing H whenever you cross a path
in the vertical direction. There is a law of large numbers of this height function H. With
probability one it holds that

o H(lne Lny))

n—0o00 n

= g(z,y), Va,y € Rxo.

where for b1 < by, we have

y—a 2<
2
g(w,y) = { (Vo-vm) 1oe oy
rk—1 kK—y =7
0 %25.

This was proven at the level of weak convergence in [BCG16] and [Agg20b], and we strengthen
to almost sure convergence in [DL23].

Using tools from integrable probability we prove bounds on h(l)w much the height function
H fluctuates around its limit shape g. Note that the exponent 7’3 in this theorem is optimal,
since at this scale Tracy-Widom fluctuations have been shown in [BCG16, Theorem 1.2].
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Theorem 1.3.5. Let H(z,t) be the height function associated with step initial conditions.
For any € > 0, there exists ¢ = ¢(g) > 0 such that the following holds. For any x,y such that
klte<ay<k-—c¢, and forany T > 1, s € [0,T],

B [|H (T2, T) ~ H(Ty, T) ~ (g(x) — 9u)) T| > 7] < T, (1.42)

and the constant ¢ can be chosen to decrease weakly in €.

Now that we have stated the main results, in the remainder of this introduction we
will describe some basic properties of the process in Sections 1.3.4 and 1.3.5, provide some
heuristics in Section 1.3.6, give the ideas of the proof in Section 1.3.7 and finally mention
some of the tools we use in Section 1.3.8. We then conclude with a definition of the speed
process and mention some of its basic properties in Section 1.3.9.

1.3.4 The particle process

Until this point, we have treated the stochastic six-vertex model as a measure on configur-
ations consisting of oriented edges. However, it is also natural to consider it as a particle
system, as has already been quite noticeable in the language we have been using, and was
already observed in [GS92]. Let us now introduce a notation that emphasises this connection.
For a given configuration w of the 6-vertex model, define n:(x) for x € Z>( by

(2) {1, if the incoming vertex at (z,t) from below in w is occupied and
n\x) =

0, else.

Defined like this, (m)iez-, is a Markov process with values in {0,1}220. The boundary
conditions on the bottom give the initial condition 19 and the boundary conditions on the
left inject particles at specific times. The transition probabilities of this process can be
described by particles staying in place with probability b; and performing jumps given by
geometric random variables with parameter by if they start moving. If they would jump
across another particle, instead they stop and the other particle starts moving. See [BCG16,
Section 2.2.] for these transition weights written out. To reflect this change of perspective
denote the height function h¢(z;n) satisfying the property

he(z;m) — he(z + 1;m) = ne(x) and

1, if there is an incoming arrow from the left at (0,¢
hit1(05n) — he(05 1) = { ¢ 01

0, else (143)

Given a configuration (n:):>0 these equations determine (h¢)¢>o up to a global shift. Unless
otherwise specified, the height function is made unique by setting ho(0) = 0, but in some
places it might be convenient to choose some other initial condition hg. One quickly recovers
the definition of H(x,t) above, since by (1.43) for step initial conditions ho(x) = 0 for all .
By taking the discrete gradient of h; one recovers the occupation variable 7. In particular,
h: is a Markov process. The same change of perspective can also be applied to the multi-class
model. Then 7 : Z — Z U {—00,00} maps the position z to the class of the particle at
position x at time ¢, i.e. of the incoming arrow from below.

So far, all we did in this subsection is changing notation. However, for the definition of
the speed process it is convenient to go one step further and to consider the particle system on
the line, i.e., started from initial conditions ng : Z — [0, 1] and evolve it in a way that agrees
with the description of the stochastic six-vertex model above in terms of Bernoulli random
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variables and geometric jumps. This is done for general initial conditions in [Agg20a]. For
step initial conditions the two models are easily identified. Indeed for (n:(z))icz.,zcz
stochastic six-vertex process on the line started from the initial condition 79(x) = 1,0, the
law of the restriction (1:(x))tcz.,zcz-, is exactly the stochastic six-vertex process on the
quadrant Zsq x Z>q started from step inital data as described above.

One benefit of changing domain to Z is that the dynamics are now translation invariant.
If one initial condition is obtained from translating another, then the corresponding processes
can be coupled to be related by the same translation. Another advantage, that we however
do not use, is that the dynamics are monotone, see [Agg20a, Proposition 2.6], which means
that given two initial conditions with corresponding height functions, such that one is above
the other, the two processes can be coupled such that this property is maintained. However,
as opposed to the corresponding property of ASEP, one cannot (to the best of the author’s
knowledge) couple two height functions h! and h? such that the max,ez |hi (x) —hZ(z)| is non-
increasing. Because of this, we have to use an approximate version of this property proven in
[ACH24, Lemma D.3], which states that given two initial conditions with at most N particles,
then under the “basic coupling”, if at time 0 the height functions satisfy max,ez |hj(z) —
h3(z)| = K, then at any later time max,cz |h}(z) — h?(x)| is at most K + C(log N)?, with
high probability, see Proposition 5.2.6 for a precise statement.

1.3.5 Stationary measures

A first step in understanding the model is taking a look at the translation invariant measures.
For any b1,be € (0,1) and p1, p2 € [0,1] denote by P(by,ba, p1, p2) the measure on configura-
tions obtained by choosing the following random boundary conditions on the quadrant: Inde-
pendently every edge coming in from the left is occupied with probability p; and every edge
coming in from the bottom is occupied with probability ps. Call these the Bernoulli—(p1, p2)
initial conditions.

As was conjectured in [GS92] and proven in [Aggl6] under the condition

Pro_ P2 (1.44)
I—p1 1—p2

if (n¢(x))t,zez-, is the process sampled according to P(by, ba, p1, p2) then for any s,y € Z>q
(Ne+s(® + Y))twez~, and (m(x))tzez., have the same law. Using this translation invariance
one can obtain a translation invariant Gibbs measure in the full plane with densities py, ps.
Moving to the line as discussed in the previous section, the analogous statement is that the
law of iid Bernoulli(p) random variables is stationary and translation invariant. These are
the only extremal translation invariant stationary measures on the line, as was proven in
[Agg20a, Theorem 3.6].

Recently, stationary measures for the multi-class stochastic six-vertex model were con-
structed in [ANP23] using the Yang-Baxter relation for higher spin vertex models.

1.3.6 Local equilibrium and the hydrodynamic limit: a heuristic

In this section, we will give a formal argument to show that the hydrodynamic limit of the
stochastic six-vertex model is given by a Burgers equation, by assuming that the system
satisfies a local equilibrium assumption.

Given a sequence of initial conditions 73 : Z — {0, 1} such that

57 1b b
53 i)~ [ mlads

a
z=6"1a
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for some continuous initial density profile py : R — [0, 1], what do we expect when we let this
process run for some time of the order § 't? A reasonable assumption is that the system is
in local equilibrium, which would mean that

~5 def 5 —

T (Y) = 031y (207 + ) (1.45)
is close to a stationary stochastic six-vertex process with some density p;(z). This pi(x)
describes the density of vertical arrows. By solving (1.44), one can see that the density of
vertical and the density of horizontal arrows are connected via the function

def _ Kp

As a quick sanity check one can see that this function is monotone and maps [0, 1] to itself.
The local equilibrium assumption can now be stated as

Law ([0 (y)]lyez,sezsq) = P01, ba, pe(@), $pe(2))) (1.46)

for & — 0 and we recall that the object on the right-hand side is the process at stationarity
from the previous section. Consider now a mesoscopic box around 6 'z, § 't of side-length
2¢6~!. By the local conservation property of the stochastic six-vertex process, the number
of arrows entering the box from the bottom and the left must equal the number of arrows
leaving through the top and the right. By the assumption, the density of particles entering
from the bottom is approximately p;_.(z), while the density of particles entering from the left
is approximately ¢ o p;(x — €) and similarly for the other two edges. The local conservation
property then takes the form

p—e(x) + @ o pi(x — &) = prye(x) + do iz +€)
_ Prre(®) — prc() n gop(zte)—dop(rte)

0
2e 2e
Taking the limit € — 0 we obtain that p satisfies the PDE
0 0
— — =0. 1.47
5P T 9z00P (1.47)

Weak convergence of 71 to a solution of this equation is rigorously proven in [Agg20a, Theorem
1.1]. This PDE can develop singularities at finite times, which causes there to be multiple
weak solutions. Among these there is a specific one called “entropy solution”, satisfying a
certain inequality, which corresponds to the thermodynamic fact that the entropy increases
in time. It is this entropy solution that n° converges to (in a weak sense).

For step initial conditions pg(x) = 1<, the solution of this equation is given by

1 if 2 <kt
pelx) = 4 (¢)1(2) = Vet ifrl<e <k (1.48)
0 if% > K.

From this, one can already guess the limiting law of the asymptotic speed U of the second-
class particle % By the merging property discussed at the end of Section 1.3.1, the second-
class particle tracks the difference between two stochastic six-vertex processes started from
the initial conditions ng(x) = 1,<0 and &y(x) = 15<¢. This implies that

P(X; = x) = E[§(2)] — E[n:(2)]
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Since the initial condition of ¢ is the initial condition of # shifted by 1, for large ¢ the right-

hand side is close to . )
T — . 1,
) - () = =55

Therefore, the distribution of U has the density

pi(

NI
ml} Qlﬁ—lgxgﬁ. (149)

This argument can be made rigorous to show that % converges to U in distribution, see
Section 5.A.

The local equilibrium assumption also supplies a heuristic argument for Theorem 1.3.2.
Consider the process run at equilibrium with density p, i.e., with initial conditions given by
a sequence of i.i.d. Bernoulli(p) random variables. Adding a second-class particle, this will
move with speed z/t = ¢'(p), with fluctuations around this trajectory being of order t5 (see
[Agg16]).

Considering now again the process started from step initial conditions with a single second-
class particle at the origin. After running this process for some long initial time S, the
second-class particle is at some position Xg. By the hydrodynamic limit, the density of
particles around Xg is approximately ps(Xg) = (¢’ )_1(%) Then by the local equilibrium
assumption, the law of the first class particles around position Xg is close to the law of iid
Bernoulli variables with this parameter. Therefore

Xsii~ X +16/(ps(Xs) + 003) = X +175 + 063) = (54025 +0(rh).
However, one cannot expect this to hold arbitrarily large ¢t. After some time the fluctuations of
the second-class particle are big enough, to cause the density observed around the particle to
be noticeably different from the density observed at time S. How long such an approximation
is reasonable depends on how close the environment around Xg at time S is to equilibrium
and therefore it depends on the initial time S. However, if one can show that such an
approximation holds for a long enough time, dependent on S, one can use this iteratively
to show almost sure convergence. Proposition 5.5.2 shows that this holds up to t = S? for
8 < 1.

Local equilibrium in the sense of convergence of the left hand side of (1.46) to the right
handside on finite boxes was shown in [Agg20a, Theorem 1.3]. However to imply our result
one would need not just convergence. Rather one would need a result showing e.g. that
[ﬁg’z’t(y)]ye[_ N,NJ,s€[0,n] can be coupled to the stationary process with high probability. We
emphasize that the actual proof does not proceed via showing such a result. It is possible
that such a proof would improve the exponent in Theorem 1.3.3.

1.3.7 Proof sketch for Theorem 1.3.2

As discussed in the previous section, the idea is to show that after some initial time has
passed, the particle will stay close to the slope it has at the end of that initial time, with
high probability. This is made precise by the following proposition

Proposition 1.3.6 (Proposition 5.5.2 below). For any integer S > 2 and § € (2/3,1) let
T = SP. Also, define the following Fs-measurable event, which depends on e:

Py — {% v e n—el} (1.50)
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and the Fgyr-measurable events

X
Eg ={Xgir— X5 2> ?ST -5}

X
ES = {Xgir — X5 < ?ST + 51}
and let Eg = EE ﬁESS. For any positive o < 3/2—1/3 and for any e € (0, }), there is a c =
c(e,a) > 0 and a Fs-measurable event Hg such that for all S > 2 and for v =5/6 —3/2 —«

we have
PlHs] > 1—c e P[Es|Fs] > (1—c e " )1pan,. (1.51)

Let us unpack the different parts of this proposition.

e The event Pg states that the particle is not too close to the boundary of the rarefaction
fan. From a local equilibrium perspective it makes sense that this would be problematic,
since the law of Bernoulli(p) random variables becomes degenerate in for p close to 0 or
1. One can also see that the effective hydrodynamics in Theorem 1.3.5 are only stated
inside the rarefaction fan, bounded away from the boundary.

e The event Fg is exactly the event that Xg, 7 is not too far from the trajectory given
by the slope at time S. One can easily see that it implies that

Xs  Xgqr

< S, 1.52
s s+7|=° (1.52)

e The event Hg, which we call the hydrodynamic event, is that the particle process
at time S has not strayed to far from the hydrodynamic limit. This event allows us to
prove that Fg has high probability, conditioned on the configuration at time S as long
as the events Pg and Hg take place.

Once we have shown this proposition, we prove Theorem 1.3.2 by considering the sequence
of times S,, defined by S,+1 = Sn + Sg and show that with probability converging to 1
as Sy — oo all events Eg, occur. This implies by (1.52) that the sequence ();S” )n is a
Cauchy sequence. For times ¢ between the S, one can use the monotonicity of thto show
convergence. This also gives Theorem 1.3.3 by bounding how fast this Cauchy sequence

converges as well as bounding the deviations between times S,,. A tradeoff between those

two effects gives the value § = %.
There are two key ingredients to obtaining Proposition 1.3.6.

e Theorem 1.3.5 gives very precise bounds on the fluctuations of the height function
started from step initial conditions.

e Proposition 5.1.7 concerns the multi-class stochastic six-vertex model started from ini-
tial conditions with

— Some first-class particles (potentially infinitely many),
— a single second-class particle and

— finitely many third-class particles, which are all initially to the left of the second-
class particle.

Given such an initial condition, Proposition 5.1.7 states that at any future time ¢, the
amount of third-class particles that have passed the second-class particle is dominated

by a geometric random variable with parameter ¢ def Z—;.
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v
v
v

T
0 is Xs &S XL

t=0 t=295 t=5+T

Figure 1.10: A sketch of the densities of the processes n! in black at times 0,8 and S + T
and 7P at times S and S + 7. At time S the process 72 is given exactly by the maximum

of the two processes n' and 7**°P, while at time S + 7 it is at least the maximum of n! and
nstep‘

Let us explain how these two results can be used to show Proposition 1.3.6. Let us focus on
showing the event E§ We want to control the behaviour of the second-class particle after
the initial time S. However, Theorem 1.3.5 only allows us to control the behaviour of a large
number of particles, not of an individual one. To use this, we fill up all positions to the left of
X with third-class particles. Then, Proposition 5.1.7 will guarantee that only a very small
number of these third-class particles will be to the right of X g7 at time S+ T. It therefore
suffices to prove that a large number of these particles are to the right of X g+ %T — 817 at
time S+7'. To do so denote by n'? the (single-class) stochastic six-vertex model containing all
first-, second- and third-class particles and with 1! the one with only the first-class particles.
Additionally, we introduce an auxiliary third process n**°P which is started at time S from

the initial condition n%*?(2) = 1,<x,. At time S these three processes satisfy

052 (@) = max(nl(@), n5 P (x)).

The multi-class stochastic six-vertex process allows us to couple 2 and n***P such that at
any later time S + T it holds that néit(x) > n?jﬁ(w) Since n? and n! are already coupled

in such a way, this implies for any ¢t > 0

1,2 ste
775+t(95) 2 maX(né’—ﬁ—t(x)? 775+tp(95)> .

Note that this also couples ' and 7P in some non-trivial way. See Figure 1.10 for a
sketch of the particle densities. By using the hydrodynamic estimate together with a recent
approximate monotonicity result from [ACH24], we show that with high probability ! is still
close to the hydrodynamic limit at time S + T'. Since the process 7°°P is started from step
initial conditions, it is also close to a hydrodynamic limit at time S + 7', which is obtained by
translating the hydrodynamic limit from standard step initial conditions in time and space.
By the coupling above

1,2 ste
05 () — nhar (@) > nek (x) — nhyp ().

By using Theorem 1.3.5 twice for the two processes on the right hand side, this gives a lower
bound for the number of third-class particles to the right of %(S +T) — S'77, as desired.

1.3.8 Tail bounds

To show Theorem 1.3.5 we prove the following two tail bounds for the height function.
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Proposition 1.3.7. Fm e > 0. There exists a constant ¢ = c¢(e) > 0 such that the following
holds: For any p € [k~ +¢e,k7t — €] and for any T > 1, s > 0,

PH(Tp,T) 2 g(u)T +sT3| < c7lemes,

and ¢ can be chosen to weakly decrease in €.

Proposition 1.3.8. Fiz e > 0. There exists a constant ¢ = c(g) > 0 such that the following
holds: For any p € [k~ +¢e,k~ 1 — €] and for any T > 1, s > 0,

PPﬂTmijggUJT—dﬂ“ <c e e ),

and c can be chosen to weakly decrease in €.

Both of these are proved using methods from integral probability. For Proposition 1.3.8
we use the following result from [AB19], which gives a Fredholm-determinant formula for the
g-Laplace transform of H, that is the quantity on the left-hand side of the formula in the
next Proposition:

Proposition 1.3.9 (Part of Theorem 4.9. in [AB19]). Let H(X,T) be the height function
associated to a stochastic siz-vertex model, with parameters 0 < by < by and ( € C\ R4, then

1
k>0 q

where K¢ is an explicit kernel given in (2.18) and q is defined in (1.41).

This kernel can then be analysed by standard tools, extending what was already done in
[AB19]. This is carried out in Sections 5.4.2 and 5.4.3.

For Proposition 1.3.7 we instead use a remarkable connection to Schur measures and the
Meixner ensemble from [BO17]. The Schur measure is a measure on integer partitions A\ =
(A1, A2,...), with finitely many non-zero \;, depending on two finite sequences (z1,x2,...)
and (y1,y2,...) of non-negative parameters. The Meixner ensemble is a determinantal point
process with three parameters (N, 5,€). It is a measure on N-point configurations in Zx>,
which is associated to the classical orthogonal Meixner polynomials. See Section 5.4.1 for
definitions of these objects.

Proposition 1.3.10 (Proposition 8.4 in [BO17]). Take any 0 < g < 1 and k > 0 and
consider the stochastic six-vertex model on the quadrant parameterized by q and Kk as defined
n (1.41). Consider any integers M, N > 1. Then for any & ¢ —¢*<° we have

1 14 &gVt
isg L+ &g 1+&¢7

where in the right-hand side we assume that ¢*~m =0 for m >0, and the right-hand expect-
ation is with respect to the Schur measure SM((/{q_l/Q)_l, e (ﬁq_1/2)_1; g2 ,q_l/Q).

N M-1

y [BO17, Proposition 8.2], the push-forward of the Schur measure
SM(H_lql/Qa SR R_lql/Q; q_1/27 RS q_1/2)

N M—-1



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1.3. THE STOCHASTIC SIX-VERTEX SPEED PROCESS 49

under the map

A {min(N, M — 1) 4 A, — ) )@=

coincides with the point process Meixner(min(N, M —1),|N —M+1|4+1, 7). Distinguishing
the cases M < N and M > N this leads to the following proposition.

Proposition 1.3.11 (Corollary 8.5 of [BO17]). For any M,N € Z>1,0 < ¢ <1,k > 1 and
£ ¢ —q%<0 We have

(1.54)

1 _’_gq)\zv jt+J
E =E .
SMH 1+ &g/ Xxg(lJrqu

where the right-hand expectation is with respect to the point process

Meixner®(N, M — N, s~ 1) if M > N
N — (M — 1) + Meixner®(M — 1,N = M + 2,k if M <N’

where, for a point process X, n + X denotes the point process obtained by deterministically
shifting over each particle in X by n and X° denotes the complement of X.

One can use this identity together with standard tools for dealing with g-Laplace trans-
forms (see e.g. [ACG23, Lemma B.7]), to transfer estimates on the smallest hole of the
Meixner ensemble to estimates on the stochastic six-vertex model. What we need is an upper
bound on the probability that the smallest hole x; is atypically large. We use a Fredholm
determinant formula from [Borl8, in the proof of Theorem 6.1.]

P(z1 — N > h) =det(1 — K)pgpp 1,y = det(l — I, K1I}) (1.55)

where I}, denotes the projection onto the functions supported on (h,h —1,...).

The smallest hole x; of the Meixner ensemble being unusually large is a deviation into
the bulk. The holes of the Meixner ensemble have a certain limit shape, and the left edge
of this limit shape corresponds to the typical value for the height function H (M, N). The
height function being unusually large corresponds to x; being inside the bulk. In both cases
“corresponds” refers the connection via (1.53) and (1.54), i.e. it does not mean there is
a bijection between the configurations, but rather that estimates on certain events can be
transfered from one model to the other. Since in the bulk, the kernel K will be generally
large, one cannot proceed as in the proof of Proposition 5.1.9. Instead we use the following
“trick”, first used by Widom in [Wid02, Lemma 1]. For a kernel K with eigenvalues in [0, 1]

det(1 — K) < exp(—Tr(K)). (1.56)

To show that the kernel in (1.55) indeed only has eigenvalues in [0, 1] we use the connection
with the Meixner ensemble.

The upper bound on the probability P(z; — N > h) is therefore reduced to a lower bound
on the Tr(HhIN( I1j), which can be done using standard complex analysis techniques. This is
carried out in Section 5.4.1.

Combining Propositions 1.3.8 and 1.3.7 straightforwardly yields Theorem 1.3.5.

1.3.9 The speed process

As mentioned in Section 1.3.4 one can also consider the stochastic six-vertex model on the
line, i.e. as a process (1¢)iez., with n; : Z — {0,1}. The same extension also applies to the
multi-class stochastic six-vertex model.
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For the multi-class stochastic six-vertex model, consider the initial condition ny(x) = x,
i.e. every position on the boundary has an incoming arrow and every incoming arrow has
a distinct class in Z, which are in increasing order. These are known as packed initial
conditions®. With these initial conditions, we can now define the stochastic six-vertex

speed process.

Corollary 1.3.12 (Existence of the speed process). Consider packed initial conditions, i.e.
no(z) = x, for x € Z. Denote by the X(x) the position of the unique particle of class x at
time t. Then almost surely (Xtt(w)

as (U(x)ye/z, the stochastic siz-vertex speed process.

)zez converges as t — oo. Denote the limit of this process

Proof. By the merging property, see Lemma 1.3.1, the law of X;(x) is identical to the law of
the position of the second-class particle in the process started from initial condition

1, ify <,
mo(y) =42 ify ==,
oo, if y > x,

i.e., there is a single second-class particle at x. All positions to the left of this particle are
occupied with first-class particles, and all to the right of it are empty (recall that for the
multi-class stochastic six-vertex process, holes are represented by class oo). These are a
translation of the “step initial conditions with a single second-class particle” in the statement
of Theorem 1.3.2, and therefore Xilz) converges almost surely. Since there are countably

i
many particles, almost surely all slopes converge and form the speed process. O

This speed process has a number of properties that are immediate from its definition. It
is translation invariant, ergodic, and the one-dimensional marginals are given by (1.49). Less
immediate is the following property:

Proposition 1.3.13 (Proposition 5.8.4 below). Let U be a stochastic siz-vertex speed pro-
cess. Then the stochstic six-vertex process started from initial conditions no(x) = —U(—x) is
stationary.

This follows from a certain symmetry of the stochastic six-vertex process recently proven
in [BB19].

The speed process can also be defined on other domains, including the quadrant. To
do so one assigns each incoming arrow along the boundary a distinct class, increasing along
the boundary. See Figure 1.11 for a simulation of the stochastic six-vertex model with these
initial conditions. One also sees the formation of “convoys”, which has been shown for other
speed processes.

Yat least in [ACH24]



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

BIBLIOGRAPHY ol

Figure 1.11: A simulation of the stochastic six-vertex model on the quadrant with packed
initial conditions, and the traces of the 25 particles starting closest to the origin, both on a
square of size 800 x 800. One can observe the phenomenon of “convoys”, i.e. several particles
traveling at the same asymptotic speed.
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Chapter 2

Diffusion in the curl of the
(Gaussian free field

Abstract

The present work is devoted to the study of the large time behaviour of a critical Brownian
diffusion in two dimensions, whose drift is divergence-free, ergodic and given by the curl
of the 2-dimensional Gaussian Free Field. We prove the conjecture, made in [B. Téth, B.
Valké, J. Stat. Phys., 2012], according to which the diffusion coefficient D(t) diverges as
Viogt for t — co. Starting from the fundamental work by Alder and Wainwright [B. Alder,
T. Wainwright, Phys. Rev. Lett. 1967], logarithmically superdiffusive behaviour has been
predicted to occur for a wide variety of out-of-equilibrium systems in the critical spatial
dimension d = 2. Examples include the diffusion of a tracer particle in a fluid, self-repelling
polymers and random walks, Brownian particles in divergence-free random environments,
and, more recently, the 2-dimensional critical Anisotropic KPZ equation. Even if in all of
these cases it is expected that D(t) ~ y/logt, to the best of the authors’ knowledge, this is
the first instance in which such precise asymptotics is rigorously established.

2.1 Introduction

In the present work, we study the motion of a Brownian particle in R?, subject to a random,
time-independent drift w given by the curl of the two-dimensional Gaussian Free Field (2d
GFF). Namely, we look at the SDE which is (formally) given by

dX(t) = w(X(¢))dt + dB(t), X(0)=0 (2.1)
where B(t) is a standard two-dimensional Brownian motion and
z = w(e) = (wi(z), wa(x))

is defined as

T = (1’1,162) = w(x) = (69625('75)7 _8:B1§(x))> (2'2)
with £ the 2d GFF. As written, (2.1) is ill-posed due to the singularity of the drift w. In fact,
not only classical stochastic analytical tools would fail in characterising (even) its law but it
would also be critical for the recent techniques established in [CC18, DD16] as its spatial
regularity is way below the threshold identified therein!'. Nevertheless, we are interested in

'Formally, the 2d GFF is in C%, a < 0, the latter being the space of Holder distributions with regularity
a (see [CC18] for the definition), so that w € C*~'. In the aforementioned works, the threshold regularity is
—2/3 so that (2.1) falls indeed out of their scope.

99
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its large time behaviour and hence we regularise ¢ by convolving it with a C'*° bump function
(see Section 2.2 for details), so that w is well-defined pointwise and smooth. Note that the
vector field w is everywhere orthogonal to the gradient of the field &, and therefore parallel
to its level lines. As a consequence, the particle is subject to two very different mechanisms:
the drift tends to push the motion along the level lines of the GFF, while the Brownian noise
tends to make it diffuse isotropically. Our main theorem is a sharp superdiffusivity result:
the mean square displacement E[|X (#)|?] (under the joint law of the Brownian noise and of
the random drift) is of order tv/logt for ¢ — oo, up to multiplicative loglog corrections. This
proves a conjecture of B. Téth and B. Valké [TV12] and, in a broader perspective, it is the
first proof of the v/logt- superdiffusivity phenomenon conjectured to occur in a large class of
(self-)interacting diffusive systems in dimension d = 2 (see the discussion below).

To put the model and the result into context, let us observe first that the vector field w is
divergence-free and that its law is translation-invariant and ergodic. Brownian diffusions in
ergodic, divergence-free vector fields have been introduced in the physics and mathematics
literature as a (toy) model for a tracer particle evolving in an incompressible turbulent flow.
If the energy spectrum of the vector field (i.e. the Fourier transform e(p) of the trace of the
covariance matrix R(x —y) = {E(wq(2)wp(y)) }a,p<d, With d the space dimension) satisfies the

integrability condition? -
elp
/Rd PE dp < oo, (2.3)
the behaviour of the particle is known to be diffusive on large scales [KO01, KLO12] (see also
[KT17, T618] for analogous results obtained, via different methods, in the discrete setting of
random walks in divergence-free random environments). In the robustly superdiffusive case,
where the integral in (2.3) has a power-law divergence for small p, it turns out that E[| X (¢)|?]
grows like t¥ for some v > 1 [KOO02]. The case under consideration in this work instead, where
d = 2 and w is the curl of the GFF, is precisely at the boundary between the diffusive and
the super-diffusive case: e(p) is essentially constant for p small, the integral (2.3) diverges
logarithmically at small momenta and logarithmic corrections to diffusivity are expected.

Logarithmic corrections to diffusivity in two-dimensional out-of-equilibrium systems have
a long history. The seminal works [AW67, WAGT1] of Alder and Wainwright lead the way,
in that they predicted that the velocity auto-correlation of a tracer particle diffusing in a
fluid behaves like t=%?2 in dimension d > 3 and like 1/(¢y/Iogt) in the critical dimension
d = 2. This translates into the fact that, in two dimensions, the mean square displacement
E[| X (t)|?] of the particle should grow like tD(t) with

D(t) =~ +/logt as t — oo. (2.4)

The quantity D(¢) takes the name of (bulk) diffusion coefficient. The same prediction was
obtained by Forster, Nelson and Stephen [FNS77] via Renormalization Group methods. Sub-
sequently, anomalous logarithmic corrections as in (2.4) were conjectured to occur for several
other two-dimensional (self-)interacting diffusions, including self-repelling random walks and
Brownian polymers® [APP83, OP83, PP87, TV12], lattice gas models [LRY05], the diffusion
(2.1) in the curl of the 2d GFF [TV12] and, more recently, the two-dimensional Anisotropic
KPZ equation (2d AKPZ) [CET20]. We emphasize that in all of these cases, it is known or
conjectured that the analogous models behave diffusively (D(t) ~ 1) in dimension d > 3 (see
for instance [HTV12] for the self-interacting random walks and Brownian polymers).

2The integral in the Lh.s. is known as “Péclet number” [KLO12].

3There has been some controversy in the physics literature as to the value of the exponent ¢ of the
logarithm in (2.4) for self-repelling random walks. The values ( = 0.4 and ( = 1 have been proposed
[APP83, OP83, PP87], in addition to the ¢ = 1/2 prediction [TV12] based on the Alder-Wainwright argument.
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From a rigorous viewpoint, results available so far fall short of the conjecture (2.4). Until
recently, the best estimates obtained can be summarised into bounds of the form

loglogt < D(t) < logt (2.5)

(see [TV12] for 2d self-repelling Brownian polymers and for the SDE (2.1), and [LRYO05] for
two-dimensional lattice fluids). More recently, two of the authors together with D. Erhard
proved in [CET20] that, for the 2d AKPZ equation, one has

(logt)* < D(t) < (logt)' (2.6)

for some sufficiently small a > 0; after the present work was completed, in a second version
of [CET20] the result for the 2d AKPZ equation has been also improved to a = 1/2. (All the
above cited results have been shown in the sense of Laplace transform.)

For the SDE (2.1) under consideration in the present work, we establish for the first time
the conjectured behaviour (2.4), up to corrections that are polynomial in loglogt (see The-
orem 2.2.2 below). The result holds again in the sense of Laplace transform - see, however,
Remark 2.2.3 for its implications in real time.

Our argument is based on an iterative analysis of the resolvent of the generator of the
Markov process given by the environment seen from the particle (see (2.9) below). This
is inspired by the method employed by H.-T. Yau [Yau04] to prove (logt)%/? corrections
to the diffusivity of the two-dimensional Asymmetric Simple Exclusion Process (2d ASEP)
and, more closely, by the techniques developed in [CET20] to determine (2.6) for the 2d
AKPZ equation. Note that the exponent 2/3 of the logarithmic corrections of 2d ASEP is
different from the exponent 1/2 in (2.4), reflecting the fact that the two models belong to
two different universality classes, as emphasized already in [LRY05, TV12]. From a technical
point of view, a crucial difference between the two models is that for 2d ASEP the iterative
method in [Yau04] provides, at each step k of the recursion, upper/lower bounds for D(¢) of
the form (logt)”®, with v, converging exponentially fast to 2/3 as k — oco. In our case, on
the other hand, at step k& the method naturally provides lower (resp. upper) bounds of order
(loglogt)¥ /k! (resp. k!logt/(loglogt)*) and we have to run the iteration for a number of steps
of order k = k(t) ~ loglogt (instead of k(t) =~ logloglogt as in [Yau04]) to reach the final
result. As a consequence, in contrast with [Yau04], we cannot afford to lose a multiplicative
constant at each step of the iteration (such multiplicative constants are responsible for the
sub-optimal result (2.6) in the first version of [CET20]), and a much finer analysis of the
resolvent is needed. Further, we get a significantly sharper control of sub-leading corrections
to D(t) with respect to 2d ASEP, namely, a multiplicative correction that is polynomial in
loglogt (see Remark 2.2.3), to be compared with the corrections of order exp((logloglogt)?)
for 2d ASEP [Yau04].

Organization of the article

The rest of this work is organized as follows. In Section 2.2, we rigorously define the
model (2.1) and state the main result. In Section 2.3, we introduce the main tools: we
recall the generator of the environment seen from the particle process and we describe the
space on which it acts. Section 2.4 is devoted to the analysis of the generator and the de-
rivation of the crucial recursive bounds, while in Section 2.5, the proof of the main result is
given. At last, in Appendix 2.A, we collect some technical estimates needed in Sections 2.4
and 2.5.
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2.2 The model and main result

The Brownian diffusion in the curl of the 2-dimensional Gaussian Free Field is the stochastic
process t — X (t) € R? given by the solution of the SDE (2.1) where B(t) is a standard
two-dimensional Brownian motion and

x = w(r) = (wi(x),ws(x))

is a smooth, divergence-free, random vector field on R?, given by the curl of (a smoothened
version of) the two-dimensional Gaussian free field. To be more precise, let us introduce the
following assumption which will be in place throughout the paper.

Assumption 2.2.1. Let V: R? = R be a radially symmetric bump function, i.e. a function
such that there exists U: R? — R which is a smooth function in C™(R?), radially symmetric,
decaying sufficiently (say, exponentially) fast at infinity and such that [p, U(z)dz =1, for
which

V=U=xU. (2.7)

Let V satisfy Assumption 2.2.1 and U be such that (2.7) holds. Then, w is a centred
Gaussian field whose law P (and corresponding expectation E), is defined as follows. Let
¢: R? = R be the two-dimensional Gaussian Free Field convoluted with U, i.e. the centred
Gaussian field with covariance

E(z)é(y)) =V *xg(z —vy), for all =, y € R?

where g(x) = —log|x|. Then, we define w as the curl of the scalar field &, i.e. as in (2.2),
which clearly satisfies for all z, y € R?

E(WZ(SU)) =0, E(Wk(x)wﬂ(y)) = _5k5ZV * g(x - y)v kot =1,2, (28)

for Oy = 0z, and Dy 1= —0z,. Note that, while convolving the full-plane Gaussian free field
with U is a somewhat formal operation (because the field is only defined up to a constant),
the derivatives of the convolved field and therefore w are (pointwise) defined without any
ambiguity and are smooth with respect to z.

It is well known [KLO12, Chapter 11] that, since w sampled from P is divergence-free,
translation invariant and ergodic, the law P is stationary for the Markov process of the
environment seen from the particle, i.e. the time-evolving field ¢ — w(t,-) given by

wt,2) EwX(t)+2), zeR2. (2.9)

2.2.1 Main result

Our main result is a sharp estimate on the super-diffusivity of the process X. For t > 0,
let E(|X(¢)|?) denote the mean square displacement of X at time ¢ - the expectation being
taken with respect to the joint randomness of the vector field w and of the Brownian noise B
in (2.1). Let us remark that E(X(¢)) = 0 because the law of the environment is symmetric
and X (0) = 0.

Throughout the present article we will be working with its Laplace transform, given by

DO\ & / T NE(X (0[P, A > 0. (2.10)
0
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Note that if in (2.1) there were no drift, one would trivially have X(t) = B(t) so that
E(|X(t)[?) = 2t and D(A\) = 2A72. In [TV12], it was conjectured that

0
~ A2 | log [, (2.11)
corresponding in real time to
E(IX®)?) "Z° t\/logt

(the diffusion coefficient mentioned in the abstract is D(t) =t 'E(| X (¢)|?). From a rigorous
point of view, in the aforementioned work it was proved that

CiA2log|log A| < D(X) < CoA2|log A|
for some positive constants C, Co, for sufficiently small A. In this work, we establish the
conjecture (2.11) in full.

Theorem 2.2.2. For every e > 0 there exists constants C+(€) such that, for every0 < A\ < 1,

C'_(E)(log|log)\|)_1_€ < \? D) < Cy(e)(log]log >\|)1+6. (2.12)

— VllogA]
where D is defined according to (2.10).

The exponent 1+ ¢ in the sub-dominant corrections can presumably be improved by some
additional technical work, but we do not pursue this here. The constants Ct(¢) implicitly
depend also on the choice of bump function V.

Remark 2.2.3. By a well-established argument (see [QV08]) the upper bound in (2.12) implies
an upper bound for the diffusivity in real time of the form

E(X(®)[%) <0 (t logt (log logt)HE) .

Deducing a pointwise (in time) lower bound on E(| X (¢)|?) from the behaviour for A — 0 of
the Laplace transform is much more delicate. That said, one can easily get (applying for
instance [BGT89, Theorem 1.7.1]) the following

: E(IX (1))
| > 0.
l?iilolp tv/Togt (loglogt)—1-¢

2.3 Preliminaries

By rotation invariance, one has E(| X (t)?) = E(X1(t)? + X2(¢)?) = 2E(X;(t)?), and we write

Xil6) = Bu(0) + [ 6eu)ds = Bit) + Fi(0) (2.13)

where t — wy is the environment seen from the particle (recall (2.9)), and

def

d(w) w1 (0). (2.14)

Recall that EX(t) = 0. The first term on the r.h.s. of (2.13) has variance ¢, so to prove (2.12),
it is sufficient to show

C_(¢g)

(logllog)\])prE \/|log)\

/ e ME[F(t)?]dt < C(e)(log |log )\])He. (2.15)
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The starting point in the study of E[Fi(¢)?] is the understanding of the environment
process t — wy. As argued in [TV12], this is a Markov process, whose generator will be
denoted by G, on the Fréchet space of C*°, divergence-free two-dimensional vector fields with
derivatives growing slower than any power at infinity. As the field is stationary, ergodic and
divergence-free, the probability measure P is stationary for the environment process [KLO12,
Chapter 11]. This ensures that, as in [CES21, Lemma 5.1], we have

DY) < /0 B[R (7]t = S Elp(w) (A~ 6) ol (2.16)

with ¢ defined in (2.14). Hence, our analysis will focus on the resolvent (A — G)~!. Recall
that E is the expectation with respect to the stationary law of the environment.

A first necessary step is to describe how G acts on elements in L?(P), for which we need
a more accurate description of the latter space. Since P is Gaussian (and given by the law of
the curl of the smoothed Gaussian free field w), L?(P) admits a Wiener chaos decomposition
which we now briefly describe.

Let Hy be the set containing constant random variables and H,, be the closure of the span

of
Y= Z / fJ T1m) ijl (27) :darp o (2.17)
cJn=1
where x1., is a short-hand notation for (z1,...,2,), j def (J1y--+yJn), ¢ -+ : denotes the Wick

product associated to the measure P and the symmetric functions fj’s are such that

pln : Z Hpk,]kf:] pln (218)

J15-dn=1k=1

satisfies

/ %H A1) P < 0. (219)

Above, fJ is the Fourier transform of f;, pr1 = (px)2 and pi2 = —(pk)1, with (pg), the (-th
component, £ = 1,2, of p. Also, V is the Fourier transform of the bump function V.
Remark 2.3.1. The intuition behind (2.19) becomes clear upon noting that the components
of w are nothing but the derivatives of the smoothed Gaussian field £ (see (2.2)). Indeed,
by performing an n-fold integration by parts in (2.17), using the fact that, in Fourier space,
I(z;), corresponds to multiplication by ¢(p;), (with ¢ = v/—1) and writing the covariance (2.8)
of the field ¢ in Fourier variables, one sees that (2.19) is just the L?(P) norm squared of v in
(2.17).
Remark 2.3.2. It is easy to see that the random variable ¢(w) = w1(0) belongs to Hy and has
kernel ¢(p) = po.

Then, by [Nua06, Theorem 1.1.1], L?(P) can be orthogonally decomposed as

L*(P) = P H, (2.20)
and the expectation of the scalar product of F, G € L?(P) satisfies

n=1
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Above, 1, and ¢, are the kernels of the projections of F and G onto H, and the scalar
product appearing at the right hand side is given by

<"/)na (bn — /RZn H ‘p] wn D1 n) ¢n(p1 n) dpl n - (221)

Remark 2.3.3. In what follows, we will implicitly identify a random variable F' in H, of
the form (2.17) with its kernel @n in Fourier space, since this mapping is an isometry from
H,, to the set Lgym(Rm) of symmetric functions on R?" endowed with the scalar product
(-,-) in (2.21). In the same spirit, we will identify linear operators acting on L?(PP) with the
corresponding linear operators acting on €, Lsym (R?"), and, with a slight abuse of notation,

we will denote them using the same symbol.

Remark 2.3.4. With respect to [TV12, HTV12] we are using different normalization conven-
tions in (2.17) and in the scalar product in (2.21). More specifically, in the conventions of
[TV12, HTV12] there would be a factor 1/v/n! in front of the integral in (2.17) and no factor
n!in (2.21). In other words, our kernels v, equal those of [TV12, HTV12] times 1/v/n!. Our
conventions are consistent with those of [CET20] and of [Jan97, Nua06]; we refer to these
latter references for more details on Wiener chaos analysis.

We are now ready to move back to the analysis of the generator G of the environment
process. As noted in [TV12], G can be written as

g - —A + .A_A,_ -
where —A and A & Ay — A% respectively denote the symmetric and anti-symmetric part
of G with respect to P, and A% is the adjoint of Ay in L?*(P). The action of —A and A in
Fock space is explicit. First of all, A maps the n-th chaos H, into itself while A, (resp.
.Ai) maps H, into H,y1 (resp. H,_1) and can therefore be interpreted as a “creation”
(resp. annihilation) operator. Moreover, A is diagonal in Fourier space as it acts as a Fourier

multiplier on the kernels, while A, is not. Adopting the convention in Remark 2.3.3, one has
(see also [TV12, Section 2.1])*

(mn(plzn) = |Zpi|2'$n(pl:n)
=1

n+1 n+1
(o

A+ll)n(p1 1) >wn p1: n—i—l\z) ) (2.22)

-|—1

v = /-1, for ¢, € H,. Above and throughout, we denote by P11\ the collection py., =
(p1, .-, Pni1) wWith p; removed. Also, for a,b two vectors in R?, by a x b we mean the scalar
given by the vertical component of the usual cross product a x b, with a, b viewed as vectors
in R3. Explicitly, a x b = |a||b|sin @, where 6 is the angle between a and b.

Remark 2.3.5. Observe that the “Laplacian” —A acting on H,, with n > 2 is different from the
one appearing in [CET20], which acts instead as multiplication by "% | |p;|>. This represents
a major technical difference which forces us to significantly modify the arguments therein.

4If we had adopted the normalization conventions analogous to those of [HTV12], the factor 1/(n 4 1) in
(2.22) would be replaced by 1/v/n + 1. This is due to the different definition of the kernels, see Remark 2.3.4
above.
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At last, in light of the notations and conventions introduced above (see in particular
Remark 2.3.3) we rewrite (2.16) in Fock space as

/ T MBIR(PIE = (6,0~ 6) ') (2.23)

0

where ¢ is the random variable ¢(w) in (2.14) which lives in H; (see Remark 2.3.2).

2.4 The generator equation and the diffusivity

In order to obtain suitable bounds on the right hand side of (2.23) one should in principle
solve the generator equation (A — G)y = ¢ and then try to evaluate (¢, ). While ¢ belongs
to the first chaos, the operator G is not diagonal in the chaos decomposition and finding
explicitly is a rather challenging task. A way out was first devised in [LQSY04]. The idea is

to truncate the generator G by defining G, def I<,Gl<y, with I<, the orthogonal projection

onto H<y, def ®r<nHj (the chaoses up to order n), and then consider the solution DN He,
of the truncated generator equation

(A= Gn) 9™ = ¢. (2.24)

The advantage of this procedure is that it provides upper and lower bounds (depending on
the parity of n) on (2.23). Indeed, the following lemma, which was first proven in [LQSY04,
Lemma 2.1] (and whose proof straightforwardly carries out in the present case) holds.

Lemma 2.4.1. For every n > 1, one has

(6, 0) < (d, (A= G)'¢) = (6,9) < (¢, p*" V). (2.25)

The equation (2.24) coincides with the following hierarchical system of n equations, one

for each component zp,g") of (™),

(A= Ay — Al =0,
(A—A4) 7(171)1 - A+¢7(zn—)2 + AL W= 0,
(2.26)
A=A (n) —A (n) .A* (n) —
( )5 +¥ ALY =0,
(A= A)p{” + A0l = 6.

Since ¢ belongs to the first chaos and different chaoses are orthogonal, in order to estimate
the terms at the left and right hand side of (2.25) we only need to know wln). The latter in
turn can be obtained by solving the system (2.26) iteratively starting from k& = n so that we
get

(9,0) = (6,01") = (6,(A = A+ Ha)'9) (2.27)

where the self-adjoint operators H; are recursively defined as

Hi =0, (2.28)
Hipn=AL(AN—A+H;) TAL,  forj>1.

We remark that these operators are positive and leave each chaos invariant - that is H;H, C
H,, for all j, n € N.
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2.4.1 Operator recursive estimates

In view of (2.25) and (2.27), the proof of Theorem 2.2.2 must entail a good understanding
of the operators H;’s in (2.28). In particular, we need to derive suitable (upper and lower)
bounds on them and this is the content of the main result of this section, Theorem 2.4.2. To
state it, we need a few preliminary definitions.

For kK € N, x > 0 and z > 0 we define L, LB and UBj, as follows

L(z,2) =z +log(l + 27 1), (2.29)
- ($logL(z, 2))? Lz, 2)
LB (z,2) = ngk Qf and UBy(z,2) = TBie.) (2.30)

and for k > 1, o}, as

UBg 2(z,2), if kis even,

op(z,z) = 2

LB i(x,2), if kisodd.
2

Note that o1 = 1. All the properties we need on the functions UBy, LB are summarized in
Lemma 2.A.1. Further let

2(n) = Ki(n+k)*"* and  fi(n) = Kov/zi(n), (2.31)

where K7, K5 are absolute constants (chosen sufficiently large, so that (2.43), (2.47) and (2.48)
below, hold) and e is the small positive constant that appears in the statement of The-
orem 2.2.2.

Finally, for k > 1 let S be the operator whose multiplier is oy, i.e.

S, = fkWN) ok (A = A, 2,(N) if k is even,
' vy (A = A,z (N) = fr(N))  if K is odd,

where N is the number operator acting on the n-th chaos as multiplication by n, i.e. (N¢,) =
neoy, for ¢, € H,. We are now ready to state the following theorem.

Theorem 2.4.2. For any € > 0, the constants K1, K5 in (2.31) can be chosen in such a way
that the following holds. For 0 < A <1 and k > 1, one has the operator bounds

Hor—1 > cop—1 (—A)Sor—1 (2.32)
and
Hor < o (—A)Sax (2.83)
where ¢; = 1 and
s 1 T 1
= 14— = (1-— ). 2.3
Cok P ( + k1+a>’ Cok+1 o ( (k—|—1)1+5> (2.34)

Remark 2.4.3. A crucial aspect we need to stress is that, as j — 00, co; tends to a finite
constants larger than 1, while cpj41 tends to a strictly positive constant smaller than 1.
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2.4.2 Generalities about the operators

In this section we collect some preliminary facts and bounds concerning operators in Fock
space. In all the statements herein, S will be a diagonal operator, meaning that S commutes
with A/ (that is, it maps the n-th chaos H,, into itself) and is diagonal in the Fourier basis,
i.e. it acts in Fourier space as multiplication by a function of the momenta. The Fourier
multiplier of S will be denoted s, and actually s is the collection (s,)n>1, with s, the Fourier
multiplier on H,,. It is understood that s,, is a symmetric function of its n arguments.

Lemma 2.4.4. Let S be a positive diagonal operator and let s be its Fourier multiplier. For
any element ¢ of H, we can write

(¢, AL SALY) = (¢, AL SALY)Diag + (¥, ALSALd)os
where the “diagonal part” is defined as

<waA*+S-A+w>Diag
2
n+1 n (235)

def
| | j% S p p X E Dj dp .
/2(n 1) | ] W) 1: n)| n+1( 1: n+1 n+1 : ' 1:n+1

while the “off-diagonal part” is

(VAL SALY) o
n+1

def -
< nln / H l/) pi: nW(Pl:nH\n)ﬁnﬂ(p1:n+1) X
R2(n+1) = ‘p]

n+1 n+1
X <pn+1 X Zm) (pn X Zm) dpint1-
i—1

=1

(2.56)

Proof. Expanding the inner product using (2.22) we obtain:

<A+wn7 SA+¢”> =

n+1 n+1 n+1

(n+1)! ~ < )
(n+ 1 /}RQ(n+1 J | | 1’2 nt1(PLnt1) ;:1 w(Pl.nH\z) pi jE=1 pj Plin+1

The “diagonal” and “off-diagonal” refer to the squared sum. The former is the contribution
of the squared summands while the latter comes from all the cross terms. Hence, the diagonal
part is

n+1 n+1 n+1 9

5 - X . d .
n+1 /Rz(nﬂ) H | 1’2 n+1(P1n+1 Z W) p1. n+1\z (pz ;p]) Plnt1
n+1
= ”'/ H W) Pin)|*8ni1 (p1: n+1)<Pn+1 X ij) dp1:n+1,
R | i o

where we pulled out the sum and used that 1[1 is symmetric in its arguments. For the off-
diagonal part, one follows the same procedure. Since there are in total n(n + 1) summands,
a factor n is left in front of the integral. O
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The next two results will be used in the bounds on the diagonal and off-diagonal parts
respectively. In order to appreciate them, note that at the right hand side of both (2.35)
and (2.36), there appears the vector product.

Lemma 2.4.5. Let S be a positive diagonal operator, and let s be the associated Fourier
multiplier. If for every integer n and for every p1., € R*" with > }_,pr # 0

/]RQ ?(Q) (Sin 0)25n+1(p1:m Q)dq S gn(pl:n) (237)

with 0 the angle between q and Y ;_, pk, then for every 1
(¥, ALSAL ) Diag < (¥, (—A)S5¢) (2.38)

where S is the diagonal operator whose Fourier multiplier is 5.
If the inequality in (2.37) is reversed, then (2.38) holds with the reversed inequality.

Proof. Starting from (2.35) and denoting ¢ = p,+1 we get that the left-hand side equals:

n'/m H !p dprn) ’Zpk‘ / Sns1 (P )V (9)(sin 0)*dgdpy
n - '

3
<>

pln ) ‘Zpk| Sn(p1n) = (¥, (=A)SY),

2
R*™ oy k=1

<n!

where we used that a x b = |a||[b|sinf, 0 being the angle between a and b, and (2.37). Since
every step except the assumption is an equality, the other direction also holds. O

Lemma 2.4.6. Let S be a diagonal, positive operator with Fourier multiplier s. If for every
integer n and every pi., € R?" one has

s1n0 5 s -
|Zm / "*1(]1”1“ 9 4q < 5n(pron)

with 0 the angle between q and Y " | p;, then for every n € N,¢ € H,, one has

[, AL S Asp)on| < nd, (—A)59),
with S the diagonal operator of Fourier multiplier §.

Proof. We start by bounding the left-hand side of (2.36) as

+
n!n/ H
R2(n+1) o

)| |11Z)(p1 n—l—l\n) |5n+1 (pl n+1)

n n—1
X |Pnt1 X Zpk‘ ‘pn X (Zpk +pn+1) ‘dpl:n+1
k=1 k=1

n+1
= n'n/2< . H " |2 5n+1 Prn41) R(P1int1) R (P1in—1, Prt1,pn)  (2.39)
R2(n p;

n—1 n
<> okt prsall D peldprn
k=1 k=1



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

70 CHAPTER 2. DIFFUSION IN THE CURL OF THE GAUSSIAN FREE FIELD

where
G (pl n)Hpn—&-l X Zk 1Pk|

| S"h=t Pr + Pot]
We apply Cauchy-Schwartz and exploit symmetry of ¢ to bound (2.39) from above by

(I)(pl:n+1)

n+1 n—1
”'”/ H 5 5n+1 Prnt1)@(Prn41)?| Zpk + Prt1l| Zpk|dp1 S
R2(nD) | ]! ot —

Now set s1 = > 1, Pk, S2 = ZZ;% pr and ¢ = p,y1, which gives

n+l ~ 9 )
|¢(p1:n)| \q X 81’
nin 5 s1|dpi.
/ﬂ{2<n+1) H ]pj\z nt1(Prnt1) |s1]dp1int1

lq + 2]
n
:n!n/
n 0 ~

< n!n/R%Jl_[l TJD(J‘Q)W}(M ) 21511280 (P1:0)dp1n = 13, (—A)Sp)

V(g)(sin 9)2d

V(p)) /
d nm 57L ny
’ ‘2 p]) |¢(p1 | |81| +1 pl Q) ’q+32|

which concludes the proof. O

2.4.3 Proof of Theorem 2.4.2

This section is devoted to Theorem 2.4.2. We will first show the lower bound and then the
upper bound, both by induction on k. The induction switches from lower to upper bounds
and viceversa, as follows: For k£ = 1 the bound (2.32) will be trivial; given (2.32) for k =1
we will deduce (2.33) with k£ = 1, then (2.32) with £ = 2 and so on.

Proof of the lower bound (2.32). For k =1 (2.32) trivially holds as #; is by definition zero
while S; is non-positive if the constant K5 in the definition (2.31) is large enough.

We need then to prove (2.32) with £ > 1 and 2k — 1 replaced by 2k + 1. Assume by
induction that (2.33) holds. Then, we have

Hopr1 = AL — A+ Hap) P AL > AL (A — AL+ copSor)) T AL (2.40)
For ¢ € H,,, we apply Lemma 2.4.4 with S = (A — A(1 + coxSax)) ™! and we split
(1h, A% (N — AL+ coSar)) ~H A1) (2.41)

into diagonal and off-diagonal part. In order to control the former from below, we exploit
Lemma 2.4.5 according to which it suffices to consider

/ 1/7(q)(si]a0)2
g2 A+ [P+ > (1 + corfor(n + 1)UBr_1 (A + [p + ¢|2, 206(n + 1)))

where p = """ | p; # 0 and @ is the angle between p and ¢. Note that the functions fof, 2o
have argument n+ 1 because A € H,,11 but, by (2.31), for(n+1) = forr1(n), zox(n+1) =
zok+1(n). To lighten the notation, throughout the proof we will omit the argument n and

write zog+1, fox+1 instead of 22k+1(n), f2k+1(n).
The denominator in (2.42) is upper bounded by

dg, (2.42)

Cok fok+1 <1 + ) A+ |p+ qPUBr_1 (A + |p + g%, zax41)),

1
Jok+1
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as Cag, for+1 and UBg_; are all larger than one. Thus we can concentrate on

/ V(q)(sin 0)?

dq
2 A+ [p+qPUBr_i(A + [p+ 4|2, 22141)

For this we first apply Lemmas 2.A.2 and 2.A.4 to obtain the lower bound

T / 1 dp o LBaA et IpP 2

2 Jospl PUBk1(p, 22k1) N

> /1 dp — Cpy; LBr(A + Ipl*, zor11) _
2 [y (p+ p?)UBr—1(p; 22k41) 8 Nz

From Lemma 2.A.1 we have that the primitive of the integrand is —2LBy(p, z9x+1), so that
the last expression equals

LBi(A + [p?, 22k+1)

TLBLA + p|%, 22541) — TLBg(1, 20x+1) — Cbhiag

VZ2k+1
LB\ + 2,,2
> rLBy( + [pf?, 2aps1) — w22 o LBROH P 2ak1)
2 V721

where in the first inequality we need to choose Ky large enough in (2.31) so that for all £ and
n,

1
LBk (1, 22641) < VL(1, z0541) = v/10g(2) + 22641 < §f2k+1 (2.43)

(see also (2.56)). Altogether, the diagonal part of (2.41) is lower bounded as (¢, (—A)Sv),
with

5 ; -1 kS LBr(A — A, 29511 (N)) _ Chiag B 1
S = <1+ f2k+1(1)> C2k ! Fort (N (1 W\/M) 2] (2.44)

(in two instances, we have lower bounded z9x11 = 2z9r11(n) and fory1 = forr1(n) with the
same quantities for n = 1).

For the off-diagonal terms in (2.41) we use Lemma 2.4.6 so that, calling p := Y ;" | p; and
p = Z?:_ll p;, we have to upper bound

\A/(q)(sinH)2 d
r2 (A4 |p+ q?(1 + cor for+1UBr—1(A + [p + ¢|?, z2141))) [P’ + 4| e

Thanks to Lemmas 2.A.3 and 2.A.4, applied with f(z, 2) = co for+1UBg—1(z, 2) and g(z, 2) =
L LBj_1(z, z), this expression is upper bounded by

n|p| (2.45)

cok fort1
nC
—OHLBkA(/\ + Ipl?, 22k41)
Cok for 122k 41
n Cog
< IBr(A+ |pl?, 22k41)
Cok far+122k41
Conr 1

LBx(A ? 2.46
= copfory1 K1(2k 4+ 1)1+ k(A + |pI7, 22641), ( )

where we used monotonicity properties of LBy, the definition of zox11 = 2z9r11(n) in (2.31)
and in particular the fact that

n n 1
= < .
z2k+1(n) Kl(Qk‘ + 1+ ’I’L)2+2€ B K1(2]{7 + 14+ n)1+€
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Combining (2.44) and (2.46), together with Lemmas 2.4.5 and 2.4.6, we conclude that
AL (X = AL + c9xSax)) LAy is lower bounded by

7 [LBr(A— A, 29511 (N))
(=M [ farr1(N)

A- 5]
Cok

where A and B are given by

Chia ( 1 >_1 Cugr
A=1- —2 14— _
( m Z2k+1(1)) Jor+1(1) 7K1 (2k + 1)1+e

1 1 -1
B=3 (1 * f2k+1<1>>

and thanks to (2.40) the same lower bound holds for 9y 1. Note that, provided the constants
K1, K5 in (2.31) are large, one has

1 1

Therefore, we have proven (2.32) (with 2k+1 instead of 2k —1) with cog1q given by (2.34). O
Proof of the upper bound (2.33). For k > 1, again by the induction hypothesis we have
Hor = ALA — A+ Hopo1) T AL <AL — AL+ cop-1S2k-1)) T A4

We split (¢, A% (A — A(L + cop—182k—1)) ' A4¢) into diagonal and off-diagonal parts as in
Lemma 2.4.4. By Lemma 2.4.5 for the diagonal part we need to upper-bound the integral

/ V(q)(sin 0)? dq
r2 A+ [+ q|2(1+ P (LBt (A + |p + gl z2) — far))
fok / V(q)(sin 0)? dg
= okt Jrz A+ [P+ qPLBr1 (A + [p 4 ql?, 2ok)

where we used for_1(n + 1) = for(n), the same for z (and we suppressed the argument of
both) and, in the second step, exploited the fact that cop—1 < 1 and for, > 1. By Lemmas
2.A.2 and 2.A.4, the latter is bounded above by

forT /1 dp N Ciag UBr_1(A + [p[?, 22k)
M pl2 PLBr—1(p; 221) VZ2k '

2¢ok—1
The integral can be controlled via Lemma 2.A.5, so that

/1 o _ / 1 dp UBj—1 (A + [pl*, 221)

< ; +C

Aip2 PLBr—1(p; 22k) — Iagpp2 (P + p?)LBi-1(p, 22¢) 22k
UBi_1(A + |p|?, zax)

< 2UBg_1(A + [p|?, 22) + C ;
22k

the last passage being a consequence of Lemma 2.A.1.
For the off-diagonal terms, we argue as in the analysis of (2.45), so that we need to control

n’p|/ V(g)(sin6)? dg
r2 (A + [P+ a1+ FH (LBt (A + [p+ gl 220) — for)))|P +al
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f2

Once again, we can pull out the factor ﬁ and apply once more Lemmas 2.A.3 and 2.A 4,

this time with f(z,z) = LBg_1(z, 2) and g(z, z) = UBg_1(z, z). Hence we obtain

2k NUoff k—1 P17 ) 22k 2k off k—1 P~ 22k
far nCos UBk1(A+ [p*), z21) _ for CotUBk_1(A + [pf, 22¢)
Cok—1 2ok, T o1 Ki(n+ 2k)1+2e

Collecting these upper bounds and using the fact that zor(n) > 291(1), we conclude that
AT (A= A1+ Cok—1Sox—1)) LA, is upper bounded by

™

A'(=A)Sy

C2k—1
where this time, upon choosing K7 big enough, we have

C1Diag + C + Cott <1+ L
/Kl (2k)1+5 K4 (2k)2+25 le(Qk)lJrk - klte "

Al=1+ (2.48)
s

It follows that (2.33) holds with ¢y satisfying (2.34).
Let us remark that constants K; and K3 such that (2.43), (2.47) and (2.48) hold for all
k, n € N clearly exist, so that the proof of Theorem 2.4.2 is concluded. O

2.5 Proof of Theorem 2.2.2

This section is devoted to the proof of Theorem 2.2.2 and shows how to exploit the iterative
bounds derived in the previous section. Recall from Section 2.3 that it suffices to prove (2.12)
with D(A) replaced by D()\) defined in (2.16).

Proof of Theorem 2.2.2. Let us begin with the upper bound. By Lemma 2.4.1 and (2.23),

we have )

TDO) < (68 D) = (6, (0~ A+ Hopar) ),

for ¢ such that qﬁ(q) = @2 (see Remark 2.3.2), which in turn, by Theorem 2.4.2, is bounded
above by

(6N = A(1 + copr1Sak+1)) 1 9)

:/ V(g) |$(q)*dg
2 [q* A+ 1q2(1+ ZEH(LBe(A + [af?, 22641) — fokt1))
Jok+1 / = dg
< %4 . 2.49
T Cokt1 JR2 q))\ + qPLBr(A + |qI?, zo841) (2:49)

Note that, as ¢ € Hj, for+1 and zok41 are for1(1) and z9511(1), that is, are constants
depending only on k.

In view of (2.34), we can replace cop41 with its & — oo limit. By Eq. (2.64) in Lemma
2.A.2, (2.49) is controlled, up to a multiplicative absolute constant, by

! dp UBg (A, z2641)
for+1 +
x» PLBL(p, zox+1) N

! d,O UBk‘()\’ 22k )
S fora [/ ATRE + } (2.50)
x (p+p?)LB(p, z2k+1) \Z2k+1

L )‘70 + z
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where in the first inequality we applied Lemma 2.A.5, in the second Lemma 2.A.1 and in
the last the monotonicity of LBg(+, z) with respect to z. We now recall that the central limit
theorem, applied to Poisson random variables of rate one, gives that

K 1
li e k=2, .
Jm )G =5 (251
7=0
Hence, by choosing log L(0)
og )
k=k(\) = {fj (2.52)

in (2.51) and recalling the definition of LBy in (2.30), we have that for A sufficiently small
e ¥ 1

LBj(X, 0)e~* S L(X,0) (2:33)

Plugging this into (2.50) and using the definition of zox11 = 22x4+1(1) and for41 in (2.31), we
ultimately get the upper bound

AZD(N) < (log L(A, 0))154/L(X, 0)

which is the desired one, since
L(A,0) = log <1 + i\) 30 | log Al.
For the lower bound, we argue similarly. Again by Lemma 2.4.1, we have
ff)(» > (6, 9F) = (6, (A — A+ Hap) '),

for ¢ such that é(q) = @9, which in turn, by Theorem 2.4.2, is bounded below by

B 1 V(q) 6(q)|?dg
0 A= AQF endon))70) 2 | TE SR+ e forUBr1 (3 + % 20)

i n 2
21/ V(g) : [9(q)|*dgq i . (2.50)
Jor Jr2 1q]? A+ |qlPUBr_1(X + |q|?, 221)

We restrict the integral to the cone where |g2|? > (1/2)|q|? and we get that (2.54) is lower
bounded by

C -~ dg

s V(Q) 2 2

for Jr2 A+ [qPUBg—1(A + [q|?, z2x)
where now the integral is unrestricted because the integrand depends only on |g|. We can
now apply again Eq. (2.64) in Lemma 2.A.2, so that overall (2.54) is lower bounded, up to
a multiplicative absolute constant, by

1 [/1 dp B LBk—l(/\722k+1)}
Jort1 LIx PUBk—1(p, 2241) V221

1 dp ~ LBg-a (A, 22k+1>:|

1
> [ o —
Jor1 Lx (p+ p?)UBi—1(p, 22541 “2k+1 (2.55)

1 LB (X, zok+1)
> LBL(A, 2op11) — LBr(1, 2gpsy) — -k Z2kt1)
(LB aae) — LB ) — A

1
2 [LBr (A, 22k41) — for+1]
for+1
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2.A. TECHNICAL ESTIMATES 75

where in the second inequality we used Lemma 2.A.1, and LB;_; < LBjg, while in the
last (2.43) and that, for k large enough, 1 —1/,/Zox11 is bounded below by a strictly positive
constant. Now, the —for11 just gives a constant contribution, which can be absorbed by
decreasing the value of C if A is small enough. Using the inequality in (2.53) for k as

in (2.52), we see that
LBi(A, 0) Z vL(X,0),
which, together with the definition of for11 in (2.31), gives
A2D(X) = (log L(X,0))"5/L(A,0).

Hence, (2.15) follows at once and, by (2.13) and the discussion thereafter, so does The-
orem 2.2.2. O

2.A Technical estimates

Here we collect some the technical estimates about the integrals involved in the proofs. We
also include some of the properties of the functions LBy and UBj, from [CET20, Lemma C.3].

Lemma 2.A.1. For k € N let L, LBy and UBy, be the functions defined in (2.29) and (2.30).
Then, L, LBy, and UBy are decreasing in the first variable and increasing in the second. For
any x > 0 and z > 1, the following inequalities hold

1 < LBg(z, z) < v/L(z, 2), (2.56)
1 <2z < /L(z,2) < UBg(z,2) < L(z, 2). '

Moreover for any 0 < a < b, we have

b dx

/a (1,'2 + Z‘)UBk($7 Z) = 2(LBk+1(a7 Z) - LBk+1(b7 Z))a (257)
b dz

L (.TZ 4 $)LBk($, Z) < Q(UBk(av Z) - UBk(ba Z)) (2.58)

At last, we also have

1 1
OcL(z, 2) = 2R O:LBi(z, 2) = 222+ 2)UBy_y (2, 2)
| (Llog L(z, 2))" (2.59)
0, UBg(,2) = — 1+—=2———"|.
2(2? 4 x)LBy(z, 2) E'LBg(z, 2)

Proof. All of these properties were shown in [CET20, Lemma C.3|. For completeness, we add
here the proof.

The two chains of inequalities in (2.56) are a direct consequence of the respective defini-
tions. A computation of the partial derivative with respect to the second variable yields the
desired monotonicity. Furthermore we have that

1
2+’

LBk—l(xa Z)

1
0xL(w, 2) = 2 (22 + 2)L(z, 2)

(2.60)

0:LBg(x,2) = —
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and

LBk(xv Z) - %LBk—l(xa Z)

0, UBy(z,2) = (22 + 2)(LBg(z, 2))?

(3 log L(z,2)* (2.61)

1 14 A
2(22 + 2)LB(z, 2) LBy (z, z)

which are all strictly negative for any x > 0 and z > 1. The above computation of the partial
derivatives moreover reveals that

b a
dw
— 92 [ 0,LBy.i(z, 2)dz = 2[LBpi1(a, 2) — LBy (b, 2)] ,
/a (22 + 2)UBy(z, 2) /b k41(2, 2)dz = 2[LBr41 (a, 2) k+1(b; 2)]

which is (2.57). For (2.58), notice that

b dz @ 1 [ LBy_i(z,2)
— | 8,UB.(x,2)dx + = )4
/a (22 4+ 2)LBg(z, 2) /b Kz, 2)dz + 2/a (22 + 2)LBg(z, 2)? .
a 1 [P 1
< 0,UB d — d
_/b »UBy (2, 2)dz + 2/(1 (22 4+ 2)LBg(z, 2) x,

where the last inequality follows from the fact that all the terms are positive and for all = we
have LBg_1(z, z) < LBg(x, z). Bringing the last term to the left hand side gives the required
estimate.

O

Lemma 2.A.2. Let V be a bump function satisfying Assumption 2.2.1. Let z > 1, f(-,2) :
[0,00) > [1,00) be a strictly decreasing, differentiable function such that

ff) < f'(z) <0 for allz € R (2.62)

and g(+,z) : [0,00) = [1,00) a strictly decreasing function such that g(x, z) f(x,z) > z. Then,
there exists a constant Cpiag > 0 such that for all z > 1, the following bound holds

(2.63)

/ V(q)(sin 0)*dg 7 /1 dp
A+ [PpHaPfAN+p+al2) 2 Jagpe pf(p,2)

where 0 # p € R?, 0 is the angle between p and q and it is understood that the second integral
is zero if A+ |p|? > 1.
Moreover, for A <1,

~

1 V(g)dg T (1 dp g\ 2)
2 Jr2 A+ f(A+ 1l 2) 2 )y pf(ps2) vz

Proof. As z is fixed throughout, we suppress the dependence of f and g on it. At first, we
use the triangle inequality to split the left hand side of (2.63) into

(2.64)

V(q)(sin 0)%dgq B V(q)(sin 0)%dgq
I wmreeri o emrrer Rl M ows ey s ey (265)
/ V(q)(sin 0)%dgq - / V(q)(sin 6)2dgq (2.66)
2 A+ p+a)fA+p+q?)  Jre (A4 pl* + [g[*) f(A+ [p]2 + q?) ‘
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2.A. TECHNICAL ESTIMATES 7

V(g)(sin)?dg T [ dp
/R / . (2.67)

> A+ P2 +1adDfA+ P2+ 1912 2 Saspe of(p)

We will bound these three terms separately. For the first, we re-write it as

‘ / V(g)(sin0)2(f(\ + p + ¢*) — 1)dg ‘
g2 A+ P+aPfA+p+a?)A+p+q?) f(A+p+4ql?)

< )\/ dg .

T re A+ HaPfONF o+ al?) N+ Ip+ql?)

The latter can be further split into two parts, corresponding to |p+ ¢| < |p| and |[p+q| > |p|.
In the first case f(A + |p +q|?) > f(A+ |p|?) and thus we obtain the upper bound

A / dg
FON+1p2) Jr2 (552 + [P+ q2) (A + [p+ ¢|?)

FO+IpI?)

1 1
< 7o 7 e g ) oo )
TSP \ e (g T P+ al?)? r2 (A+|p+ql?)?

1
2\5 2
CA  fOA+IpF)2 _ C < o IA+ 1Pl

TR A IO N

for some positive constant C. For the other case we use that f(A + |p + q|?) > W.
Applying the same steps as above we get an upper bound of the form

CVgA+1pl*) _ Cg(r+Ipl?)
V7 - VE

which holds as g > 1.

Now we look at (2.66). First note that the restriction of each integral to the region
lg + p| < |p| has an upper bound of the desired form. Indeed for the first integral we can use

2
(sinf)? < |p|;q2| (which holds for any ¢; and g3 by elementary Euclidean geometry) to obtain

/ V(q)(sin0)2dq
pral<ipl A+ 12+ al?) fFO+ [p+af?)

] dg C ot )
< 2/ < <
S TOT D) SO S B

For the second integral in (2.66), we can bound from above |sin 6| < 1, the denominator from
below by [p|?f (A + 5|p|?) and notice that the area of integration is of order |p|2.

As for the region |¢+p| > |p|, define h(z) = zf(x). By (2.62), |h/(z)| < 2|f(z)|, therefore

LA+ [p + al*)=h(A + |p|* + |aI*)|
<2|lp+q|* = |p* = |g/*|f (min(A + |p + q[>, A + [p* + |a*)) ,
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since f is positive and decreasing. Therefore, we get

/ V(q)(sin 0)2|h(A + p + q|*) — h(A + [p|? + ||?)|dg

pralzlpl A+ 2+ alP) A+ 1p + g2 fFA+ [p+ ) FN+ [p* + [q]?)

- / V(q)(sin6)2|p||q|| cos 8]dg

~ Jiptazpl A+ 2+ )N+ [pl? + [q]?) f(max(A + [p+ q[2, A + [p2 + |q[?))

< |p[ \quq
0 iprgztpl A+ g A+ pl2 + al?) fFA+ 2[p|% + 2]q]?)
2 2
< 9O+, : ICJ\qu < IO+ [p)
z ptal>pl A+ P12+ 1g)) A+ |p +qf?) NG

as can be seen by further splitting the last integral into the region where |g| > 2|p| and the
complementary one, and using z > 1. This concludes the estimate of the second term.

For (2.67), we split the first integral into two regions, one such that |g|> > 1—(A+|p|?) and
the other given by its (possibly empty) complement. Note that on the first A+ [p|? +|q|> > 1.
Therefore, the integral can be bounded above by

1 9 )\ —|— 2 ~ >\ _|_ 2
/ V(g + |pl* + 1g*)dg < g(|p|)/ P (q)dg = cZAE )
lgl>=1—(A+[pl?) R2

z z z

To treat the second, since ‘7() is smooth and rotationally invariant, there is a constant C
such that [V (q) — V(0)| < C|q|? for |g| < 1. We can now write the remaining integral as

(sin §)2dq
Aﬂ<1(>\+|p2) (A +1p + g f(A + [p* + |g]?)
+/ (V(0) — V(q))(sin#)>dg .
lal2<1—Op2) A+ P12 + 1g[?) F (A + [pl? + [q]?)

By passing to polar coordinates and setting p = A + |p|? + |q|?, the first summand can be
immediately seen to equal the second integral in (2.67). The second summand instead can
be controlled via

/ V(0) — V(g)|(sin0)2dg
l2<1—-(+p2) (A + 1% + 1al?) F(A + [pl? + |a]?)

_ CW/ ld’dg  _ 9\ +pP)
B 2 lql2<1—(tlp2) A+ P12+ lal? ~ 2

Thus, collecting all the estimates obtained so far, (2.63) follows at once.

Finally, to see (2.64), we recall that (2.63) holds uniformly for p # 0. Letting p — 0, the
second integral and the r.h.s. of (2.63) tend to the analogous quantities in (2.64). As for the
first integral in (2.63), for p — 0 the integral over |¢| and 6 factorizes, and we get the first
integral in (2.64) times 1/2 (coming from the average of (sin 6)?). O

Lemma 2.A.3. Let the assumptions of Lemma 2.A.2 be in place. Then, there ezists a
constant Cog > 0 such that, for every qi,qa,

V(g3)(sin §)*dgs _ o ST al)
Rz A+l + @PfO+ g+ as?)lae +gs] = °

IGI1|

with 0 the angle between q1 and qs.
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Proof. Throughout the proof the constant C' appearing in the bounds is independent of g1, ¢o
and ¢3 and might change from line to line.

We split R? into three regions, Q1 = {g3: |q1 + ¢3] < %}, Qo ={q3: |g2 + q3| < %} and
Q3 = R%\ (2 U Q). Note that Q1 and Qs might not be disjoint, but this is no issue as we
are proving an upper bound.

In 4, we exploit the monotonicity of f to bound f(A + |q1 + ¢3/*) > f(A + Fa1]?).

2 ~
Moreover, we estimate (sin6)? < % and V by a constant to get

al V (gs)(sin 0)?dgs
o A+ @sPfO+ o+ a31?) a2 + g3l
_ + g3]?d
< C|CJ1\ 1/ |q21 Q3| 1‘]3 -
o A+ g+ as?f A+ glan]?)) a2 + g3

]! / dgs
O+ YHal?) Jao, le + gl
2
FO+ 3la1]?) S+ q1l?) z

I

the last step from the third to the fourth line being a consequence of the fact that, on 2,

9l < 1g3] < 3|qu)-

For 25 we estimate the sine differently, i.e.

(2.68)

which holds as, for |g2| < 2|q;| this is just a weaker estimate than the previous one, while for
lg2| > 2]q1| we claim that, in the region Q9 the right hand side is always greater or equal to
1 (and thus the inequality holds as well). Indeed, notice that since |ga| > 2|q1|, we have

4lg3 + q1|? _q lgs + a1
@12V (§lg2/?) |ga?

Assume by contradiction that |g3 + 1| < %|g2|. Then

1 1
lgs + @2| > g2 — q1| — |1 + a3] > |g2| — || — Zlqz\ > —|go]

where in the last step we used once again that |ga| > 2|q1]|. Now, on Qa, |g2 + g3] < %]q1|, SO
that, in conclusion
1

4|€I2|

Dol < las + aal < Sl <
4(12 q3 T+ g2 2(11_

which is a contradiction. Hence, |g3 + q1]| > %\q2|, from which (2.68) follows.
Plugging (2.68) into the integral we get

V (g3)(sin 0)*dgs
0, Ao + @2+ g+ a3]?)) a2 + g3

lq1] / dgs
~alPV (Gae?) Ja, le2 + @l fON+ g+ g3)?)

’Ch\
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Now we use the monotonicity of f to bound the previous integral from above by

c g1 / dgs
(1l Glaa2)) £ Gl + aa?) Jon 2+ i

: (2.69)

’(h

=C .
(I12 v Glael)) FO+ Glaa| + la2])?)

We now bound this term by maximizing over |ga|. It is easy to see that it is monotonically
increasing for |g2| < 2|q1|. For |g2| > 2|q1| we will prove that it is monotonically decreasing.
Since f satisfies assumption (2.62), for any a, b > 0 we have

d 1 o2rf+ 2 (b4 ) f
d7“<7"2f(a+(b+7“)2)>__ rtf?

5 ) 2 r(b+r
:_TTP(ijr(bJrr)f)S—@ (1_a+((b+v)”)2) =0

where we suppressed the argument of f and f’ because it does not change. Thus, the
maximum over ¢y of the right hand side of (2.69) is achieved at |g2| = 2|q:1| and reads

C _ Cgr+ (Ela)?) C Cor+ o)
FO+ Elal)?) ~ z - 2 '

We are left to consider the integral over (3. In this case, we first bound the (sinf)? < 1
and then apply the Hélder inequality with exponents % and 3, to the two functions ((\ +

g1+ a32) F N+ |1 + g3]2))* and |go + g3| ™! with respect to the measure V(g3)dgs, so that
we obtain

V(qg)(sin 6)2dqs
0y A+l +alPfN+ o + a31?))]a2 + g3

2 1
V(gs)d 3 Vig=)d 3
< gl / (4)ds . / &q"; . (270
Q% (A + g1 + a2 f N+ |+ g31%))2 0y 102 + g3l

=t

|Q1|

The second integral is upper bounded by a constant factor times |q;
In the first integral of (2.70), we make the change of variables ¢ = q1 + ¢3, bound the
bump function V' by a constant and then pass to polar coordinates, hence we get

(o]
d
C / oce - (2.71)
A+ 2 f(A+0?)?

We split the domain of integration into two parts, p> > X and p? < A (the second one might
be empty). In the first, we note that

A+ fA+0%) > (A + ) F(A + 0%).

—~ N | =

Using f(x) > g("’z) we obtain that this part of

2.71) is upper bounded by

0/“ odo <C/°° odo
LA+ ) fA+e2)z Sl (A4 02) f(A +40?))?
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3
2 2 o]
SC(Q(A‘*‘QH ))2/ odo 3
z la1 | (/\“‘QQ)E

2

< clg | (£AL12E)7 (272

z
where in the last step we estimated the integral by dropping A from the denominator.
We now turn to the second part of the integral, where p? < A\. We use the following

3
2

va d 1 2 g A+ qf?
/ ede - / do < Ol ¥ )2

Ul A+ 2f(A+02)% ~ FRO+|@?)? Syl e

In conclusion, plugging these estimates into (2.70), we get that the integral over Q3 is upper
bounded by
A 2
cIA+la)
z

and, collecting all the bounds derived so far, the statement follows at once. ]

Lemma 2.A.4. The functions UB(+, z) and LBg(-, z) satisfy the conditions of the previous
lemmas.

Proof. By definition UB(-, 2)LBg(-,2) = L(-,2z) > 2. From Lemma 2.A.1 we get that
LBy(xz,z) > 1 and UBg(x,2z) > 1 for all z and that their derivatives are both negative.
Equation (2.59) implies that

LBi_1(z, 2) - LBy (z, 2)

8xLBk(x7 Z) = _2(3;2—}—.17)11(«7:72) B r
0,UB >__ De®Z) o LDk, 2
k:(xVZ) = (x2+$)L(x7z) B v
which gives (2.62). D

Lemma 2.A.5. For any z > 1, A € Ry and p € R? such that A+ |p|> < 1, we have

< UBk(A +[pf, 2)

/1 dp B /1 dp
pl2 PLBR(p,2)  Iayppz (p+ p?)LBi(p, 2)

z
Proof. Note that the difference of integrals equals
1 1 2
0< / dp _ / UB(p.2) ;o UBKA+ [l 2)
M-|p|? (14 p)LBg(p, 2) A+|p|? (1+p)L(p, 2) z
because UB(+, z) is decreasing and L(-, z) > z. O
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Chapter 3

Stochastic Burgers equation

Abstract

The Stochastic Burgers equation was introduced in [H. van Beijeren, R. Kutner and H. Spohn,
Excess noise for driven diffusive systems, PRL, 1985] as a continuous approximation of the
fluctuations of the asymmetric simple exclusion process. It is formally given by

1
8tn:§An+m-V(772)+V-§,

where ¢ is d-dimensional space time white noise and tv is a fixed non-zero vector. In the
critical dimension d = 2 at stationarity, we show that this system exhibits superdiffusive
behaviour: more specifically, its bulk diffusion coefficient behaves like (log t)%, in a Tauberian
sense, up to logloglogt corrections. This confirms a prediction made in the physics literature
and complements [G. Cannizzarro, M. Gubinelli, F. Toninelli, Gaussian Fluctuations for the
stochastic Burgers equation in dimension d > 2, CMP, 2024], where the same equation was
studied in the weak-coupling regime. Furthermore this model can be seen as a continuous
analogue to [H.T. Yau, (log t)% law of the two dimensional asymmetric simple exclusion
process, Annals of Mathematics, 2004].

3.1 Introduction

We study the stochastic Burgers equation formally given by
1
Om =5 An+w-Vn')+V-¢, (3.1)

where 77 = n(z,t) is a scalar field depending on time ¢ and space z € R?, with d > 1, w € R?
is a fixed vector controlling the strength and direction of the nonlinearity and £ = (§1,...,&q)
is d-dimensional space-time white noise. This equation was introduced in [vBKS85] as a pro-
posed continuum analogue of the fluctuations of driven diffusive systems with one conserved
quantity, like the Asymmetric Simple Exclusion Process. In dimension d = 1 this equation
is equivalent to the space derivative of the Kardar-Parisi-Zhang (KPZ) equation, for which
there is a local solution theory, the large scale statistics have been determined and the con-
nection with the discrete models (in particular the Weakly Asymmetric Exclusion Process on
Z) is well established. See [BG97, HQ18, GPS20] for works connecting particle and growth
models to one-dimensional KPZ. For a study of the bulk diffusivity and similar quantities
for d = 1 see [BQS11]. In dimension d > 3 the recent work [CGT24] establishes Gaussian
fluctuations at large scales. The analogous result for asymetric simple exclusion processes
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was proven before in [EMY94, LY97, CLOO1]. For dimension d = 2 [CGT24] studies weak
coupling regime, i.e. the size of the nonlinearity is scaled down while looking at larger and
larger scales. In this regime they also find non-trivial Gaussian fluctuations, in the sense that
the limiting equation is a stochastic heat equation with modified Laplacian, that depends on
the nonlinearity. This result suggests superdiffusivity for the strong coupling case, i.e. when
the nonlinearity is not scaled down, but it does not imply it.

Dimension d = 2 is of particular interest for several reasons. It is the critical dimension
in the sense of scaling (and in the sense of regularity structures), as we will further discuss
below. It is also the model which should describe the fluctuations of 2d ASEP, for which
(log t)% superdiffusivity was shown in [Yau04]. In general, bulk diffusion coefficients have
been conjectured to diverge either like (log t)% or like (log t)§ for a wide variety of models in
the critical dimension, see e.g. [TV12, LRY05, WAGT1]. Recent successes in proving (log t)%
superdiffusivity are [CET23, CHST22, dLFW24]. The distinction between these two classes
is characterized by their symmetries. The models in the (log t)% universality class have one
direction in which the system behaves superdiffusively, while in the orthogonal direction it
behaves diffusively. In our case this direction is given by the vector . The models in the
(log t)% class, on the other hand, often have some kind of rotational symmetry and behave
superdiffusively in every direction.

Let us now situate the present paper with respect to some other works on the topic.

e In [CGT24] the same equation is studied in the weak-coupling limit and the form of the
renormalized Laplacian in the limiting linear equation (see Theorem 1.3 in [CGT24])
suggests the % exponent.

e The iterative estimation scheme we use is inspired by the methods of [LQSY04, Yau04,
CET23, CHST22]. However the expressions of our upper and lower bounds are differ-
ent, see Theorem 3.4.5 and the definitions in that section. In particular, compared to
[CET23, CHST22] we do not absorb the off-diagonal terms into the main term, but
instead estimate them separately.

e Our result can be seen as an analog of [Yau04] in the continuum and is also the first
critical SPDE for which (log t)% superdiffusivity has been proven, to the best of the
authors’ knowledge. While our estimates remain technical, we manage to avoid the
splitting of sums into various good and bad regions, which have been a main obstacle
to replicating the success of [Yau04] to other models. Also, compared to [Yau04], the
sub-leading corrections to the (log t)g behavior are of lower order.

e In dimension 2 and greater, this equation falls outside the domain of applicability of
both the method of regularity structures developed in [Hail4] and the paracontrolled
distribution method of [GIP15, GP18].

e Gaussian Analysis has been succesfully used to understand a variety of critical and
super-critical SPDEs and related models via their generator, see [JP24, CG24, GP20).

Finally let us summarize the structure of this paper. In the following Subsection 3.1.1 we
rigorously define the equation and the bulk diffusion coefficient and state the main theorem.
Then, in Section 3.2, we set up notation and recall elements of Gaussian analysis and the
form of the generator. In Section 3.3 we reduce the problem to estimating certain operators
on Fock space. Then, in Section 3.4, we prove iterative estimates of these operators, and
finally use them in Section 3.5 to prove the main theorem.
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3.1.1 Scaling, Regularization and Green-Kubo formula

As it is written, equation (3.1) is ill-posed, since any solution would be too irregular for
the nonlinearity to be well-defined. Since we are interested in the large scale behaviour, we
regularize the nonlinearity at small scales and then consider larger and larger scales. We do
so by introducing Fourier cutoffs inside and outside the nonlinearity:

1
On = 5An+m-nlwnm)2 +V-E, (3.2)

where for a > 0, the Fourier cut-off 11, acts on 7 in Fourier by cutting modes larger than a,
ie. -

(k) = (k) Ljp<o
Additionally, in order to avoid integrability issues arising in infinite volume, we study the
equation on a large torus T?V of side-length 27 N. We will later let N go to infinity, see
Theorem 3.1.1. For equation (3.2) we define the bulk diffusivity using a Green-Kubo formula

justified in Appendix 3.B:

/Ot /0 /TQ E (IIy:(I1yn):(r, 2)I1:(IIyn)*:(0,0)) dzdrds, (3.3)

2|ro|?
DN(t) &1 4+ |t|

where E denotes the expectation with respect to the stationary solution started from mean-
zero white noise, and :X?: denotes the Wick product, which in this case just subtracts the
expectation, i.e. :X?: = X? — E(X?). Heuristically, the bulk diffusivity coefficient measures
how correlations spread out in space as a function in time.

For convenience, we work on the torus with side-length 27. To do so, define the rescaled
solution n™V : Ry x T? — R by

™ (t,z) = Np (Nzt, Nac) , (3.4)

which solves the equation
1
om" = S A" + 1 - TV (Tyn™)* +V - ¢. (3.5)

Expressing the bulk diffusivity from (3.3) in terms of 1’V leads, after a suitable change of
variables, to the expression

2010 2 % s
DN(t) = 1+N2’t‘ /N / / E (HN:(HNUN)Q:(T, z)HN:(HNnN)Q:(O,O)) dzdrds. (3.6)
0 0 Jr2
Our main theorem concerns the Laplace transform of DY defined by
[o.¢]
PN ())& / e MtDN (¢)dt . (3.7)
0

Note that this is the standard Laplace transform instead of the one used in [CET23], but the
two definitions only differ by a factor of A.

Theorem 3.1.1. Let wo # 0, and define the Laplace transform of the bulk diffusivity as in
(5.7). Then, for every § € (0,1), there is a constant C = C(|w]) such that, for all X small
enough,
limsup DV (\) < < (log log|log A|)**? |log )\|%
N—o00 A2
and
lim inf DY () > & (log log|log A|) ~>7° |log )\|% .

N—oo
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Note that by translating [QV08, Lemma 1] into our setting, the upper bound gives
DN (t) < (1 +log(1 + t))§+°(1) as t T oo. For the lower bound such a statement is not true
in general. Note however that DV (\) ~ )\%|log )\|§ as A | 0 would imply % fOT tDN (t)dt ~
T(log T)% as T' T oo by general Tauberian inversion theorems, see [Fel91, Chapter XIII.5].
Thus, the theorem says that D(t) grows like (log t)g, at least in a weak Tauberian sense.

Note also that the correction terms (log log|log A|)*3* of Theorem 3.1.1 are of lower order
with respect to the ones of the corresponding result in [Yau04], which are et7(loglogllog AD)? £,
some constant v > 0.

3.2 Preliminaries

3.2.1 Notation

Recall that for N > 0 we denote by ’]I'?V the torus of side-length 27 N. If N = 1 we write T?
instead of T?. Let (ex)reze be the standard Fourier basis on T2, i.e. ey(z) = 5= exp(ik - x),
which constitute an orthonormal basis of L?(T?). The Fourier transform of a function ¢ €
L?(T?), denoted by F(¢) or ¢ interchangeably, is given by

F(o) (k) % () %f /T pl)e x(mde  for ke 72,

Moreover, we denote by k1., the sequence (k, ..., ky), where k; € Z2. For example, for
an L? function f on (T?)", we write its Fourier transform as F(f)(k1.n) = F(f)(k1, ..., kn).

Furthermore we define |k, |? e S kil

We denote by P and E the law and the corresponding expectation of the stationary
measure given by mean-zero spatial white noise, as will be defined in subsection 3.2.2. With
P and E we denote instead the law and the corresponding expectation of the process given
by the solution of (3.5) started from the aforementioned stationary measure.

Finally, given A, B € R, we write A < B if there exists an absolute constant ¢ > 0,
independent of all variables on which A and B may depend, such that A < ¢B. In particular,
we will only use this notation if ¢ is independent of tv.

3.2.2 Chaos Decomposition

Let (Q,.7,P) be a complete probability space and 7 be real-valued mean-zero spatial white
noise on T2, i.e. 7 is the Gaussian field with covariance

E (n(e)n(¥)) = (0, ¥) r2(r2) » (3.8)

where ¢ and ¢ belong to L3(T?), the space of square-integrable real-valued functions that
integrate to 0. Since we work in Fourier, we also want to test n against complex valued func-
tions, by setting, for ¢ € L?(T?;C), n(¢) = n(Re(y¢)) + tn(Im(p)), which leads to considering
the covariance function (which extends (3.8))

E (n(e)n(@)) = (¢, ¥) 2y (3.9)

where the inner product is the standard sesquilinear inner product of square-integrable com-
plex valued functions (and ¢ and 1 still integrate to 0). Note that 7 is still real-valued in
the sense that n(yp) = n(®), which would not be the case for complex-valued white noise, see
e.g. [Jan97, Section 1.4]. Using this extension we define 7(k) = n(e_x). These are complex
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valued Gaussian variables satisfying 7(k) = 7(—k) and E (ﬁ(])%) = 0; . Since we only
test against mean-zero functions 77(0) is not defined and we set it to 0.

Let L?(n) be the space of L? random variables on (2 measurable with respect to the o-
algebra generated by n. For n € N, let J%, be the n-th homogeneous Wiener chaos, i.e. the
closed linear subspace of L?(n) generated by the random variables H,(n(h)), where H,, is the
n-th Hermite polynomial and h is a mean-zero test function of norm 1. By [Nua06, Theorem
1.1.1], L*(n) = @n>0 A}, is an orthogonal Hilbert space decomposition of L?(n). Define also
IL? = D..>0 I'L2, where I'L? is the n-fold symmetric tensor product of LZ(T?), i.e. the
space of symmetric L? functions f on (T?)" which are mean-zero in every variable, i.e. such
that ng f(x,y1:;n—1)dz = 0 for every y1.,—1 € (T?)"~1. By [Nua06, Proposition 1.1.1], there
is a canonical isometry I between I'L? and L?(n), whose restrictions I,, to I'L? are isometries
between I'L2 and %,. This gives the following correspondence. For every F' € L%(n) there
is a family of kernels (fy,)n>0 € I'L? such that FF =" -, I,(f,) and

E (F2) = |[(f)nzollrzz = D" 0l fal32iz2)e

n>0

Here the right hand side also defines the I'L? inner product.

Remark 3.2.1. By this isometry between L?(n) and the Fock space I'L?, we will identify
throughout the paper operators acting on either space by composing them with I or I—*
appropriate (and without mentioning that we are doing so).

Remark 3.2.2. 1t is not strictly necessary to take the white noise to be mean-zero, but it is
natural since the dynamics of the system are conservative. If we start equation (3.5) from a
standard white noise 7y (i.e. 7(0) is a standard Gaussian), then, for any future time ¢, we
have 7:(0) = 7j0(0). Moreover, 7:(0) is independent of all other 7 (k). Therefore we can just
set it to 0. In terms of Fourier kernels it means that for any ¢ € 7, it holds that ¢(k1.,) is
0 if any of the ki,..., k, are 0.

3.2.3 The Generator

The following is (part of) Lemma 2.1 and Lemma 2.2. from [CGT24].

Lemma 3.2.3. For any deterministic initial condition 1y the solution of (3.5) exists globally
mn time and is a strong Markov process, as a a—Hoélder continuous process with values in
tempered distributions on the torus. The generator of n) can be written as £ = Lo+ A, +A_,

where Lo is symmetric with respect to P, A% = —A_, again with respect to P, and the
operators Lo, Ay and A_ act on ¢ € F, as:
F (Lop) (k1n) = _%‘klznP@(kl'n) (3.10)
L .
F (AV @) (k1ns1) = ———— Z sz,k (ki + k)] @ (ki + kj, kfrnsan i)
m(n+1)
1<i<j<n+1
n—1
Ln .
f(AJ—VSO) (kln 1 ? Z o - k Z Jé\fmgp (Ea m, k{l:n—l}\{j}) 5
j:]- E+m:kj

where the indicator function J is given by

def
Je,m = 1{0<|0|<N,0<|m|<N,0<|¢+m|<N} - (5.11)

Additionally the law of mean-zero white noise as defined by (3.8) is stationary for this equa-
tion.
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Note the change in sign in the Fourier multiplier of A_, this is a typo in [CGT24].

Remark 3.2.4. The spatial regularity in Lemma 3.2.3 is not optimal, it can be improved to
some Besov space of negative regularity, see [CES21, Theorem 4.5] where it is done for the
AKPZ equation.

3.3 Truncated Resolvent Equation

The following proposition allows to express DV just in terms of the stationary measure and
the generator. Recall 'V is the stationary solution to (3.5) started from mean-zero white
noise.

Proposition 3.3.1. The Laplace transform of the bulk diffusivity is given by

1

DN\ = 3z

+ 3 2 (A7) (A2 - £%) " )

where NN [n] € % is purely in the second chaos and given by

AN Y L / My:(yn)(e)de = 3 ()i(m): (3.12)
27 S 0@_&"12]%

and its kernel nN = 71 (NN[H]) € I'L3 is given in Fourier by
F (0™) (s 2) = L{o<ija|<n, ji-+2=0 - (3.13)

Proof. Multiplying (3.6) by ¢ yields

tDN(t) —t+2N2]m\2/0N2 /OS/TQE(HN:(HNnN)Q:(r,x)HN:(HNnN)zz(O,0))dxdrd(z.m)

Since the process ¥ is translation invariant in space, we can write the spatial integral in the
expression above as

/TQ /TQE (v :(yn™)2:(r, 2 + y)y:(yn™)?:(0, 1))
g ((;ﬂ /T Ty Ps(r, x)dx) <217T /T 2 HN;(HNnN)2;(o,x)dx>>
— 47%E (X ()W 0)])

Using the stationarity of n% we note

/ot /o B (A Y (0)]) drds = 0B ((/0 /\7N[77N(s)]d8>2> |

Using this to rewrite (3.14) and applying the Laplace transform gives:

N _ Ooe—)\t N
DV(N) = /O DN (1)t

_ /OOO e M (t + 472 N?|wo|’E (/Ot.NfN[nN(s)]ds)2> dt
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3.3. TRUNCATED RESOLVENT EQUATION 91
>\2+’ |2 (NN()\Nz_EN)—1NN> :

where in the final step we used [CES21, Lemma 5.1], which allows us to go from an expectation
with respect to the process to one just with respect to the stationary measure. O

By the isometry between L?(n) and T'L?, this expectation is equal to (n’V, (A —L£N)~1n?).
To determine this we would need to invert the operator A— £, which is difficult because the
presence operator A means such an inversion involves all chaoses, even though n? is purely
in the second chaos. To overcome this we will apply a technique first used in [LQSY04].
This technique is based on truncating the resolvent equation: Let P<j be the projection onto

FLék dof @ﬁzojﬂ, i.e. onto the first k chaoses and EkN = ngﬁNPSk. Let hNF be the
solution to the truncated generator equation

(A= L) ok =nlV. (3.15)
The following lemma was first proved in [LQSY04, Lemma 2.1].

Lemma 3.3.2. Let A > 0. Then for every k, N € N we have that
<nN7hN,2k+1> < <nN’ ()\ _EN)fl nN> < <nN7hN,2k> :
furthermore both bounds monotonically converge to <nN, ()\ — ,CN)fl nN> as k — oo.

Equation (3.15) written chaos-by-chaos takes the form

(A= Lo)bp* — Apph =0, (3.16)
(A= Lo)bph — Ay — A_p)F =

(A — >b§”Ab A_pyF =l
(A= Lo)by"™" Ah”—o

This system of equations can be solved iteratively starting from the top, which leads to the
following definition.

Definition 3.3.3. For k > 3 we define the operators
1Y o and MY = (AV) (A - Lo+ HY ) AN,

These operators are defined in an analogous way to the operators of the same name in
[CET23] and thus share some basic properties.

Lemma 3.3.4 (Lemma 3.2 from [CET23]). For k > 3, the operators Hy, are positive definite
and such that for all n € N the operator Hj maps the n-th chaos into the n-th chaos.

Solving the system of equations (3.16) we obtain
Y = (A= Lo) + HY — AV (A = £o) ' AN) Tal (3.17)

For the operator —AY (A — L)t AY notice the following: consider the subspace ¥ of I'L?
generated by ¢ supported only on ki, which satisfy > | k; = 0 (for arbitrary n). The
operators AY, AN and ﬁév all map 7 into ¥ and the orthogonal complement of ¥ into the
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orthogonal complement of #. Additionally AY vanishes on the intersection of # and J%.
Since n?V is in # N .4 this implies

(N = Lo) +HY — AV A= Lo) AN aV = (A= Lo) + 1Y) ' aV. (3.18)
The following lemma summarises the result of this subsection.

Lemma 3.3.5. For all A >0, N € N and k > 2 it holds that
-1
(6N = (0¥, (A= Lo) + 1Y) )
Proof. This follows from (3.15), (3.17) and (3.18). O

So all that remains is to estimate the operators Hy'’s.

3.4 Iterative Estimates

In this section we set up the iterative estimation scheme for the operators Hj. In order to
do so, we first need to give some definitions.

The skew Laplacian is the linear operator whose action on Fock space is given, for every
peTL2 by

FLEQ) (hm) € —2(w - k)3, ¢(krn),  where  (w-k)2, €Y (v k)2, (3.19)

i=1

The sequence of the exponents of the logarithm in the upper and lower bounds is defined
recursively by

0
B d:ef() and Opr1=1— gk for every k > 3,

and admits the close formula

9 1\ k-2
O = 3 (1 - <2> > for every k > 2. (3.20)

We now introduce some elementary functions, that morally approximate a logarithm to the
power two third. Let k, N;n € Nand 6 € (0,1). For k > 2, z € (0,00) and z € (1,00), we set

def _ def 0 def X
L(z,z) S log(1+ 2 Y + 2, Lp(z,2) = Lz, 2)™, LY(z,z2) = Ly (m,z) . (3.21)
The functions above are accompanied by polynomial coefficients, that morally correspond to
errors made in the estimates. For k& > 1, those are given by

2k (n) dof K(n+ k)%Jr%‘s and fe(n) o 3(zk(n))s, (3.22)

wlo

where K is a sufficiently large positive constant depending on |tv].

Remark 3.4.1. The exact dependence of K on |w] is not important for us. However, following
the proof, it is not difficult to check that the lower bound that K must satisfy is of the kind

a(|r| v ﬁ)b for some a,b > 0.
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3.4. ITERATIVE ESTIMATES 93

We also note the trivial identities
zk(n +1) = zp11(n) and  fr(n+1) = frp1(n). (3.23)

Moreover, in the proofs we use the additional notation

~ def =~ def
L= T(lm, kan) = 5 (102 + m + [k2nl?) | (3.24)

where ko, means ki,...,k, and ¢, m, ko, ..., ky, € Z? are Fourier modes. This is coherent
with the notation used in [CET23, Section 3|. By the Cauchy-Schwarz inequality, the symbols
above can be compared as follows:

0<I™ < |w’l. (3.25)
We are finally ready to give the definitions of the operators used for the iterative bounds.

Definition 3.4.2. For A >0 and k > 2

s der | WL (A = Lo, 2 () if k is odd,
' ﬁ [Lg(k_ﬁmzk(/\/’)) —fk(/\f)] if k is even,

where N is the number operator, acting on ¢ € 'L, by N = ny for each n € N and X is
the Laplace variable.

We will use the following (quite standard) partial ordering of operators:
Definition 3.4.3. Given two self-adjoint operators A and B on T'L?,
A<B & VnVeeTL? (Ap,p) < (Bp,p) < B—-A>0,
where the last statement is taken to mean that B — A is a positive operator.

For this partial ordering the following well-known lemma holds

Lemma 3.4.4. For any two operators A and B on T'L? it holds that
0<A<B & 0<Bl<Al.
We can now state the bounds on the operators Hy,.

Theorem 3.4.5 (iterative bounds). For every § € (0,1) and for every k € Z, k > 0 we have

Hokts < coprs ((—LF)Sok+3 + for3(N)(—=Lo)) , (3.26)

1
Hoky2 > Copqo <(_£3])52k+2 - W(_EO)> ) (327)

where the constants cor+1 and cor4o are defined recursively by setting, for k> 1,

1 1
e def 1 S 3 (1 + 2k1+5) -1 o — 3 (1 - 2k1+6)

<1
27 |wo| Cok 27 || (1 + 2]&%) Cokt1

and the 0 explicitly appearing in (3.27) is the same as the one used for defining the Si’s and
the ¢y ’s.
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Note that compared to the structure in previous works ([CHST22], [CET23]), the upper
and lower bounds are now split into a part multiplying the skew Laplacian £ and a part
multiplying the full Laplacian £y. The second part is used to estimate the off-diagonals, i.e.
we do not absorb them into the diagonal terms, but keep them separate.

Remark 3.4.6. The two inequalities on odd and even terms of the sequence (cy)i>2 can be
checked by induction, separately on odd and even terms, after distinguishing the two cases
lto| > 1 and || < 1. Also, note that ), %1% is summable. This implies that, as k — oo,
corp+1 and copyro converge to two positive and finite limits, respectively larger and smaller
than 1.

As explained in the above discussion, the main body of the present work consists in
estimating certain scalar products on Fock space. We thus begin with some preliminary
lemmas, which help in pinpointing and breaking down the exact expressions that one needs
to estimate.

Lemma 3.4.7 (Decomposition in diagonal and off-diagonal terms). Let Z be a diagonal
operator on T L? with Fourier multiplier ¢ = (Cu)nen. Then, for every ¢ € TL2, the following
decomposition holds:

<(Af) ZAY o, <p> <(Af) ZAY o, cp> o +Z< (AN) zAN o, ap> ,

’L

where the diagonal terms, given by the first summand, are defined as

<(-AN) ZAY o, > d:efn!nz Glkrn)p(kn) D IomCnsr (€m, ko)

272
Diag tm—=k1

while the off-diagonal terms of type 1 and 2 are respectively given by

((AY) 24T, g0> G 10D S (o (k4 k) (o (s + Ks)) X
T [— (5.28)

x (k1 + ko, ks, kains1)@(ky + ks, k2, ka1 IR gy TR ks Gt (K1ing1)

and

<(Af) zAY e, 0 >oﬁg bl ;712)@ - kz o k)i (= b)) < (3.29)

x (k1 + ko, ksa, ksin1) @ (ks + ka, ko, ks 1) IR gy Ty iy Gt (K1ing1) -

The above decomposition is the same as the one used in the proof of [CGT24, Lemma 2.5
and we refer to [CET23, Lemma 3.6] for the combinatorics needed for the exact expressions
of the multiplicative factors in front of the sums.

Lemma 3.4.8 (How to bound diagonal terms). Let Z1 and Z5 be two positive operators
on T'L?, diagonal both in chaos and in Fourier, with Fourier multipliers (' = (¢)nen, for
i =1,2. If for every n € N and for every ky., € Z*"

> TG (ko) < ki) (3.30)

l+m=k1

then for every o € TL?

() z24Ye.0)

iag

1
<= (=L5)Z20,9) -
7

Moreover, a reverse inequality in the assumption implies a reverse inequality in the result.
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Proof. Recalling the expressions of Af , (Af )* and L, given in Lemma 3.2.3 and in (3.19)
respectively, and using hyphothesis (3.30), we obtain:

* nln
<(Af) Z1AY o, <p>D, =32 Z - kD)) l? S TN (6m ko) <
e l+m=k1
nln
< ooz 2 k) lo (k) PG (ki) = QZ (— L)@ (kin) P2 (krn) =
kl:n kln

= (L) Z20.0)

The reverse inequality follows by repeating the exact same steps above with the inequality
in the other direction. O

Lemma 3.4.9 (How to upper bound off-diagonal terms). Let Z and Z3 be two positive
operators on T'L?, diagonal both in chaos and in Fourier, with Fourier multipliers (¢ =

(QZL)VLENy fori=1,2.
If for every n € N and for every ky.,, € Z*"

1
kel D2 oI maa (6, kn) < Glkrin)
l+m=kq
then for every o € TL?

2Iml (n—1)
T2

((—Lo)Z200,0) - (3.31)

ffy

(D) 2a¥)
If for every n € N and for every ky., € Z*"

(£,m, ko) 1
J n+1 S Cy%(kln) )
eerZk me‘ ’kll\/ ’kl:n|2

then for every o € T'L?

_ P = 1)(n —2)

(D) 2an) o= Lyzpp). (332
2 s
Proof. Following ideas of [CET23], we define
VneN &k, ¥ H|k ¢ (K1n)] - (3.33)

=1

We start with the estimate for the off-diagonal terms of type 1. In order to have more
easily readable expressions, we give a name to the coefficient (its exact expression is only
used at the end of the proof):

def |20 n(n — 1)
Coff, (N) = -
By expanding the left hand side of (3.31), applying the Cauchy-Schwarz inequality and using
definition (3.33), we get

C-S
(ZAY 0, AY0) g | < o (n) D e+ ol + o]

ki:n41
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X |¢(k1 + k2, ks, k4;n+1)”¢(kl + ks, ko, k4:n+1)|Jg,k2J£,k3C}L+1(kl:n+l)

O (k1 + ko, k3, kan+1) P (k1 + k3, k2, kant1)
= com (n) D SR IEo I I IR ko (ain)
kol k3| T2y |Kil

kl:n+1

We now recall the elementary inequality |ab| < a?/2 + b?/2, true for any a,b € R, and apply
it with the choice a = ® (k1 + ko, k3, k4;n+1).,]]f€\i7k2 and b analogous. By symmetry, the second
addend that we obtain by this procedure is actually equal to the first one, and so we obtain
the upper bound

(®(k1 + ko, k3, kany1))? on
Coff1( ) Z ‘k2‘|k3|Hn+1|k‘|2 kl,kQCn—i—l(kl:n-&—l).

kl:n+l

Expanding the definition of ®, applying the change of variables ki.,+1 — (¢, m, k2.,) and
finally using the hypothesis gives the desired upper bound:

k1 + ko|?|ks||@(k1 + ko, k3, kaint1)]?
Coffy (n) Z |k‘2| a Jl]i:\i,kQC7ll+l(k1:n+1)
kl:n+1

0+ m|?ka|| @0 + m, ko) |?
:Coffl(n) Z ‘ ‘ ’ 2”90( 271)‘ J{Ym n+1(£ m, k2n)

Lm,ko.m ’m|
(€, m, ko,
= Coff, (1 Z’(Pklkan )2 1K1 || K2 Z J n+1|2)
kin l+m=kq
w[*nln(n — 1) 2/r|2(n — 1
< IR =) S ) P P2 ) = 20D () 2.

k1:n

where the factor n was absorbed in the definition of (—Lg) (recall (3.10)).
We now prove the statement about the off-diagonal terms of type 2. We set

def |02n!n(n —1)(n —2)
COff2(n) = A2

and follow the same steps already used for the off-diagonal terms of type 1, even though the
expressions to which we apply them now are slightly different. More precisely, we consider
the left hand side of (3.32), use the Cauchy-Schwarz inequality, ab < a?/2 + b/2 with a =
D (k1 + ko, k3.4, k5;n+1)q]]]k\§,k2 and b analogous and the change of variables k.11 +— (¢, m, ko.p,).
Overall, this gives the upper bound

7%-‘,—1(67 m, k?:n)
[€]|m]

(ZAY 0, AY0) o, | < comralm) Y100kt o) Pl PRl Y %,
kl:n e+m:k1

Finally, by applying the hypothesis of the Lemma to innermost sum of the expression above,
we obtain the upper bound

201 _1
ofntntn = D0 =2) S ok, b2 2] g, (3.31)

kin V ‘kl n‘Q

Using |ks| < v/|k1.n| the sum above is upper bounded by

> Vet Kol |6 (k1) €3 (k1)

kl:n
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Since both ¢ and ¢? are symmetric, we can replace |ki||k2| in this sum by (—}L) > izl K5l
2

which we further estimate by

1 1 22

7 2l < o SR+l = 2 3 Ik
2/ ity 2/ i#j i=1

Doing so we obtain that (3.34) is bounded by the right hand side of (3.32). This concludes

the proof. O

We are now ready to prove Theorem 3.4.5. The proof is written separately for the upper
and lower bounds.

Proof of Theorem 3.4.5, inequality (3.27). We proceed by induction. In this first part of the
proof we show that the (2k 4 2)-th lower bound holds assuming that the (2k + 1)-th upper
bound does. In the next part, instead, we will assume the (2k + 2)-th lower bound and prove
that the (2k + 3)-th upper bound holds.

As for all proofs by induction, we need an initial step. We take this to be the lower bound
for k = 0. More precisely, this consists in showing

0="Hz 2> c2 ((—533)]3(1]\[) (1= faN)) — (N'+12)1+5(_£0)> :

Since fa(n) > 1 for every n € N, the right hand side above is negative and thus the inequality
holds for any arbitrary choice of ¢a > 0 (uniformly in n,k > 1), so we may as well choose the
one given in the statement of the theorem:

c & 71
7 r(w)2v)

We now proceed to the inductive argument. Let £ > 1. Assume by induction that (3.26)
holds for k — 1, i.e. assume the upper bound stated for Hopi1. We want to prove (3.27) for
k, i.e. we want to prove the lower bound stated for Hopio. We have:

Hokyo = (Af)* (A= Lo+ Hopr1) FAY

> (AY) (N = Lo+ carpr [(—L£5)Sars1 + Farpr(N)(—Lo)) ™ AY

L AN) 2o AY

where we used the last equation to define the operator Z9; 1. We observe that Zopy is
diagonal in Fourier and thus, consistently with the notation already used in the other lemmas
of this section, we denote by (?**1 its Fourier multiplier.

By Remark 3.4.3, we set out to bound <(Af)* Zop1 AN 0, @) from below, for ¢ € TL2.
We recognize an expression of the type considered in Lemma 3.4.7, 3.4.8, and 3.4.9. First
of all, we use Lemma 3.4.7 to split the scalar product above into diagonal and off-diagonal
terms. Then we proceed to study them separately, starting with the diagonal ones.

Recall the definitions of I' and T™ given in (3.24). In order to apply Lemma 3.4.8, we
need a bound on the sum

N
Jé,m

oty A+ T+ Copp forsn [meé\,QH()\ +T, z0p42) + T

(3.35)

where we first used property (3.23) to replace zo,11(n+1) and for11(n+1) with z9542(n) and
fort2(n) respectively and then suppressed the argument of 2951 and for11, as it is constant
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¢%F+1 multiplied by

throughout. Inside the sum above we recognize the Fourier multiplier
the product of indicator functions Jévm, as by hypothesis of Lemma 3.4.8.
The estimate of those kind of sums is carried out in Appendix 3.A. However, before

invoking it, we do one additional step and lower bound it by:

1 >

1
Cok+1.fok+2 (1 + m) m=k;

Tim
- ~ - , (3.36)
A+T+ F“’L2k+1(>\ + I, 2ok 42)

where We~multiplied A by 1+ coprqforro (a number larger than 1), replaced the copiq forto
factor of I‘Lé\,’g 41 by 1+ cory1 for+2 and finally factored 1 + copy1 for42 out and used

1
> < Cokt1fort2 (1 + ) -
for+2

As announced, we now apply Lemma 3.A.4 to the sum in (3.36) to lower bound the whole
expression (3.36) by

1+ copt1fort+2 = Corti forto (1 + —
Cok+1f2k42

4

[A2k+2L2k+2 (A + [krnl?, 2o642) — 3(22k+2)92k+2] ; (3.37)

Bogyo m
for42 !“0!

where, in order to increase readability, we set

A%m()fl—<mwh%+2+hw>fmﬂ’
yA 2
def 3
Bojia(n) = : (3.38)

2¢2k+1 (1 + f2k+12(n))

We now proceed with two additional steps. In the first one, observing that fop o < % for
every k > 0 and recalling the definition of for1o given in (3.22), we estimate the additive
error in the square brackets of (3.37) by

4 1

2 1
§(22k+2)§ §f2k+2 < <1 — 2kl+5> fory2 - (3.39)

1

In the second step, instead, we observe that Okt % for every k > 1, so that

3 1 1
@Hﬁﬂ—(m&n+2+>zk—,
e ’m’ (Z2k+2)% 2k1+5

where the second inequality is true because of the lower bound (22k+2)% > 2K 3 /<;1+‘5, assuming
that K in definition (3.22) is large enough.
Summing up, (3.37) is lower bounded by
Boj o m 1
Fores 0] < - 2k:1+5> (Lokro (N + k1l 220 12) — forsa) (3.40)

and by using the above as hypothesis in Lemma 3.4.8, we obtain the following bound on the
diagonal term of the scalar product:

. Baga(N) |
<(‘A—]~Y) Z2k+1-/4_~]\_[§0, (p>Diag Z < 21;7;’ <1 B 2k1+5

> (—£B°)3ﬁ+290790> VoeTLl.
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We now proceed to estimate the off-diagonal terms. We want to apply Lemma 3.4.9,
whose hypotheses require estimates on two sums involving the Fourier multiplier ¢! one
for the off-diagonal terms of type 1 and one for the off-diagonal terms of type 2.

The sum that needs to be estimated for the off-diagonal terms of type 1 is

1 w
k) Y — 5 , (3.41)

Cm=k ml x4+ 1T+ Con1 forra |[TPLY (N + T, z040) + T

where, again, we first used property (3.23) and then suppressed the variable n. By dropping
from the denominator of (3.41) A+T" and all other terms involving the Fourier modes k., (2}
and by lower bounding Lé\lfc 41 by 0, we obtain the upper bound

ko ER
ks im| (Im]? + [k2|?) ~ copy1forsa’

Cokt1font2 , 4~

where we estimated the sum by the corresponding integral and applied Lemma 3.A.1 with
B = |ko|? and v = 1.
Regarding the off-diagonal terms of type 2, instead, we need to estimate the sum

S 1 I

l+m=k; [Ellm] \ +T+ Cok+1 242 f‘mLé\LH(/\ +T, Zokt2) + f}

(3.42)

We now observe that the condition ¢ + m = ki implies that at least one between ¢ and m
has norm larger than the one of $k;. Using this to replace one |¢|> by |$k1|? and by applying
arguments analogous to the ones just used in the estimate of (3.41), we obtain that (3.42) is
upper bounded by

16 3 1 Im - 1 1
Cok1.f2k42 [killm] (Im]? 4 [k1nl?) ™ corsrforro [k |y /TRim|?

l+m=k1

where we estimated the sum by the corresponding integral and applied Lemma 3.A.1 with
B = |k1.n|* and v = 1.
Using Lemma 3.4.9 with the estimates above as hypotheses, we conclude that

‘<(«4ﬂf)* Zop1AY @, <P>Off1 ‘ + <(«4]I)* Zop1 AV, <P>OH2

< G ((ZREW =Y PN DN DY g )

k11 forra(N) Cott1for4+2(N)
202
S Coff <M([’0)90’ 30> )

k41 forr2(

where Cog is an absolute constant independent of all variables at play (see (3.54) for more
details). With this we have come to the last step of the proof of the iterative lower bounds.
Recall that we were trying to estimate <(Af )* ngHAf ®, cp> from below, for ¢ € T'L2. In
order to do so, we split it into diagonal and off-diagonal terms and we bounded each of them
separately. We now put those estimates together:

<(«4$)* Zopr1 AV, 80>

> <(«4$)* Zop1 Al e, 80>D, - ‘<(Af)* Z2k+l-/4]-|\-7()07()0>
iag offy ffo

- ‘<(«4ﬂf)* Zopr1 AV @, <P>0
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([Pt (- L) misit - PN ] )

v

7| Cor+1farra(N)
Bopya(N) (1 = 5575) oy N 87 Cof [0 |° N
(PR (s T ).

where we first used the triangular inequality and then the bounds established in proof. Finally,
the last inequality is obtained by factoring out the coefficient of (—LF)S5 4o and upper

bounding both (1 + m) and (1 — ﬁ)*l by 2.

At this point, the proof is almost complete. We just need a few more estimates on
the coefficients of the operators appearing in the scalar product above, so that it becomes
exactly the one lower-bounding Hok 12 in the inequality (3.27) of Theorem 3.4.5. First of all,
by recalling the definition of for 4o given in (3.22) and taking K large enough, we estimate
the coefficient of (—Ly) by above by

87 Cof|to[*n? 87 Cof 10|12 1
Bfakya  9K?3(n+2k42)30 = (n+ k)0

Finally, we consider the coefficient in front of the square bracket and observe that

Buss (1= gber) 301 ghe)

7T|m’ 27T‘m|02k+1 (1 + f2:+2

) > Cokt2,

simply by expanding the definition of Boy o given at (3.38), lower bounding forqo by 2k'+9
and recalling the definition of cox 12 given in the statement of Theorem 3.4.5. This concludes
the proof. O

Proof of Theorem 3.4.5, inequality (3.26). In this second part of the proof we show that the
(2k + 3)-th upper bound holds assuming that the (2k 4 2)-th lower bound does. In the hope
of making the reading easier, we note that the general structure of the two parts is similar.

Let k > 0. Assume by induction that (3.27) holds for k, i.e. assume the lower bound
stated for Hogyo. We want to prove that also (3.26) holds for k, i.e. we want to prove the
upper bound stated for Haog 3. Then:

Horys = (AY)" (A= Lo+ Hopro) LAY
. 1 o
< (AY) <)\ — Lo + copq2 [(—533)521%2 - W(_ﬁﬂ)}> AY

L (AN) Zgp 0 AY
where we the last equation defines Zs,5. We denote by (22 its Fourier multiplier.

By Remark 3.4.3, our aim is to bound <(Af)* Zokr2AY ¢, ) from above, for ¢ € TL2.
We use 3.4.7 to split the scalar product into diagonal and off-diagonal terms. We start by
studying the diagonal ones. Recall the definitions of I and I'™ given in (3.24). In order to
apply Lemma 3.4.8 we need a bound on

N
Jﬁ,m

tm=ky A+ T+ Coppo [;TL <L§2+2(/\ + T, 20p43) — f2k+3) - m]

(3.43)

where we first used property (3.23) to replace zopi1(n + 1) and foriq(n + 1) with z9519(n)
and fory2(n) respectively and then suppressed the argument of z9p41 and fori1, as it is
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3.4. ITERATIVE ESTIMATES 101

constant throughout. The plan is to estimate this sum by using Lemma 3.A.4, but before
being able to do so we need to manipulate it a bit. While this was also the case for the
proof of the iterative lower bounds, this time the process is a bit more involved, because not
all addends in the denominator are positive. We start by expanding the denominator and
applying inequality (3.25):

JN
> -
- c ™ N - - c -
i AT+ 22 Loy o (A + T 20p43) — copqal™ — (n+fﬂ§1+a r
Jom
< : " . (3.44)
t+m=ky A+ <1 — [r|%cok 40 — %) I+ 22T LY (A + T, 2253)

Now the goal is to factor out the coefficients of T' and of T'™ Lé\,’C 4o, in the same fashion in
which expression (3.36) was obtained. In order to be able to do this, we need some control
on those coefficients. We start by estimating coo as follows:

k
[ <1 - ﬁ)

1 1
|m|202k+2 = |tU|2 ) 5 Cy = ‘m|2 (’m’2 y 1) S ; . (345)
H]—l (1 + 2j1+6)
Thus expression (3.44) is upper bounded by the following:
JN
: . L - (3.46)
trm=ky A+ (1 B W(n+1+k‘)1+6) I+ fziii TR0 oA +T) 20043)

In particular, we observe that the coefficient of T is positive. Moreover, by (3.45) above and
for a large enough K, we have that ;zl’z—ii <1- % This means that replacing the coefficient

of T by the one of I'™ Lé\,g 4o gives an upper bound. Further multiplying A by cox 12/ for13 and
factoring out finally provides us with an upper bound of the kind we were looking for:

Jok+s Z Tim
Cok+2 p—— A+ T 4TIw Lé\lfg+2()\ -+ F, 22k+3)

We are finally ready to apply Lemma 3.A.4 to the sum in the expression above. This
gives us the upper bound

3T 1 |m\CDiag
2|ro (Zok43) 02048

) Lé\lngrg ()\ + ‘klzn’2> z2k+3) )

which, by choosing K large enough, can be further upper bounded by

3 1
s (1 Sy ) Lkes O+ ol ) 347

Using the bound provided by expression (3.47) in the hypothesis of Lemma 3.4.8 (and
recalling the coefficient that was in front of the sum before invoking Appendix 3.A), we obtain
the following upper bound on the diagonal part:

< (AV)" Zop2AY 0, <P>Diag

< <f2k+3(N) 3 <1+ 0 +11)1+5> (—LEVLY s (N + (—ﬁo),22k+3(N))<P><P>

Cok+2 27|10
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1
) <3 (1 + 72(k+1)1+6) mS o (p> |

2m|w|cogo

Let us now estimate the off-diagonal terms. We want to apply Lemma 3.4.9, whose
hypotheses require estimates on two sums involving the Fourier multiplier ¢2**2, one for the
off-diagonal terms of type 1 and one for the off-diagonal terms of type 2.

The sum that need to be estimated for the off-diagonal terms of type 1 is

1 A
kol > < . . (3.48)

l+m=k; [m| A+T+ Cok+2 [% (Lé\lfg+2(>\ + f» 2ok43) — f2k+3) - W

where, again, we first used property (3.23) and then suppressed the variable n. As was the
case for the diagonal terms, we will first manipulate this expression a bit and then apply to
it a lemma proved in the appendix. By dropping from the denominator of (3.48) the Laplace
variable A and all terms involving the Fourier modes kyy.,)\ 2}, by lower bounding Lé\;C 19 by
0 and by applying Cauchy-Schwarz (3.25), we obtain the upper bound

Joom 1

4| ks 1
: e ), 2 Tl G+ )~ (1 o )
(1 — |w|2cop42 — m) l+m=k; (1 — |w|2cop42 — m)

where we estimated the sum by the corresponding integral and applied Lemma 3.A.1 with
B = |kz|? and v = 1.
Regarding the off-diagonal terms of type 2, instead, we need to estimate the sum

1 Ioom

tm=k; [€llm] +T+ Cok+2 {

_rw
for+3

m . (349)
(Lé\,’HZ(A + T, zo643) — f2k+3) ~ TR

We now observe that the condition £ + m = ki implies that at least one between ¢ and m
has norm larger than the one of $k;. Using this to replace [¢|> by |1k1|? and by applying
arguments analogous to the ones just used in the estimate of (3.48), we obtain that (3.49) is
upper bounded by

16 1 T
k1| lm] (|m|? + |k1:n]?)

2 Cok+2
(1 — |o[?copto — (n+1+k)5> l+m=ky

7T2

1
<
R =T )

where in the last inequality we estimated the sum by the corresponding integral and applied
Lemma 3.A.1 with 8 = |ky.,|?> and v = 1.
Using Lemma 3.4.9 with the estimates above as hypotheses, we conclude that:

‘<(«4$)* Zopr2AY 0, ¢>Oﬁl ’ + ’<(Af)* Zop2AY 0, 80>

Off
2[w[*(N — 1 w2V — 1)V — 2
(1—|m|l = _sz+2+1_“lo|(2 )_(Czk+)2>(—£o)%80>
C2k+2 — (N1 11k)° C2k+2 — (N 1+k)°

< Coff <
2N 2
< Cog < | ’ Cok+2 (_EO)QP’ (P> ’

1 —w|%cop42 — INH14E)?
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3.5. PROOF OF THE MAIN THEOREM 103

where Cog is an absolute constant independent of all variables at play (see (3.54) for more
details).

With this we have come to the last part of the proof of the iterative upper bounds. Recall
that we were trying to estimate <(Aﬁ )* ZQk+2A_’]Y @, ) from above, for ¢ € I'L2. In order
to do so, we split it into diagonal and off-diagonal terms and we bounded each of them
separately. We now put those estimates together:

< (AV)" Zop 2 AY 0, 80>

< < (AV)" Zap2AY o, 80>

.+ ‘<(-Af)* Zorya A o, <P>Offl' + ‘<(Af)* Zorya A o, <P>

Diag offs
3 (1 + ;> )
2(k+1)1+9 N Coﬁ|m| N
- * —Lo) | ¢,
< 2m[wlean 2 2T — w[eargs — (/\f(ﬁifk)é( )
3 (1 + %) , ,
(k‘+1)1+6 N Trcoﬂ"m| 62k+2/\/
- Sokes —Lo) | .0 ) 3.50
< 27| Cok+2 ( 3T w|2eggrs — (/\/cf%k)“( ) (3.50)

where we first used the triangular inequality, then the bounds established in the proof and
1
< 1.

At this point, the proof is almost complete. We just need a few more estimates on the
coefficient of (—Lp). First we multiply and divide it by for13 and then we use the estimate

finally factored out the coefficient of Sé\,fc 13, together with the estimate (1 + W)

7Cyo |10 oo n? Cot |10 n?

<1,
C:
(1 — [o|?capi2 — 7(n+2’fﬁ€)6) Sok+3

3K2/3 (n+ k)3+0 =

which holds for K large enough. This tells us that expression (3.50) is upper bounded by

3(1+ 5
< ( kA1) ) (S2hss + farrs(N)(=Lo)) 80,80> '

2 |m\02k+2
Since the fraction in the above expression is exactly the definition of cor43 given in the
statement of Theorem 3.4.5, the proof is complete. O
3.5 Proof of the main theorem

Proof of Theorem 3.1.1. The strategy of the proof is the following. First of all we apply
Proposition 3.3.1, so to reduce our problem to the one of finding estimates from above and
from below on the quantity <nN, ()\N2 — EN)_l) nN>. This is done by using the upper and
lower bounds provided by Lemma 3.3.2, which we first simplify thanks to Lemma 3.3.5 and
then further estimate with Theorem 3.4.5.

We start with the upper bound. We have

<nN, (AN? —EN)_lnN>

< <nN, ((AN2 —Lo) + HQ,Q+2)_1 nN>

~1
< <nN? <()\N2 _ ﬁ[)) + Cok+2 <(—£gj)82k+2 — W(—ﬁ@)) nN> ,



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

104 CHAPTER 3. STOCHASTIC BURGERS EQUATION

where the first inequality follows from Lemma 3.3.2 and Lemma 3.3.5 and the second one
from estimate (3.27) on Hok1o given by Theorem 3.4.5. Recalling the Fourier expression of
n® given in (3.13), the above scalar product is exactly twice the sum (3.43), written for n = 2,
ko, = 0, k1 = 0 and Laplace variable AN?2. Following exactly the same steps performed there
(compare with (3.47) and include the factor that multiplies the sum to which Lemma 3.A.4
is applied), we obtain the upper bound

for13(2) 31

1
1+ o5 | Lojys (AN? 2)) .
Cok+2 ]m\ ( * Q(k;_|_ 1)1-1-5) 2k+3( az2k’+3( ))

By recalling the definition of LY, for+3 and 20543 given by (3.21) and (3.22), we can further
estimate it by

2
9K 5 (2k +5)0 « 1 0,35
s ]\ e ) bk (M K2+ 91 )
C(Jrol) k3+5 ((log( A ))92k+3+k%+%5>
= o Oam4s=5 | B+ ~1)) 75 ~1\\3
C(lwo|) [K*° (log (1 +A71)) +k (log (14+A7")) 3| (log (L+A71))? (3.51)

where in the inequality we used both that co42 is bounded away from 0 and infinity uniformly
in k. Expression (3.51) provides us with a valid upper bound for each value of k, with the

2
best one being the one that minimizes the factor in front of (log (1 + )\_1)) 3. We choose
k=k(\) = |(log4) 'logloglog (1 + A1), (3.52)

which is greater than or equal to 0 if ) is such that 1+ A~! > e®. Recalling the close formula
for 0 given in (3.20), this gives us the estimates
1
<5+ I
3 3loglog (1 +A~1)

\V]

9 1/1 | (log4)~! log log log (1+A~1) |
Doy =35+ 3 <4>

k:?’J”S < (logloglog (1 + )\_1))3+6 ,

5

(
k550 (log (1 + )\_1)) < (logloglog (1 + )\_1))%+2 (log (1 + )\_1)) P,
<(

.
(log (1 + Afl))92k+3 3 log (1 + A*l))sloglog(1+>\—l) — e,

[V

where the second inequality in the second to last line is justified by the fact that the left hand
side goes to 0 as A — 0.

Summing up, upper bounding expression (3.51) by the estimates above and recalling the
expression of DV()) derived in Proposition 3.3.1, we obtain

1 8 _
DY) = 55 + ; NE < (AN2 = £ 111N>

50(12 ) (1oglog log (1 4+ A1))** (log (1 + A1) .

2
3

Since the above inequality holds for every N € N, taking limsupy_,., on both sides and
observing that log (14 A™1) ~y_¢ |log(\)| proves the upper bound of Theorem 3.1.1.
We now proceed to the lower bound. We have

(n, (ANZ = £8) T
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> (0, (AN? = £o) + Hpy) ™ )

> (0, (AN? = L0) + eann ((<£5)Sas1 + forin (W) (~£)) 0¥

where the first inequality follows again from Lemma 3.3.2 and Lemma 3.3.5 and the second
one from estimate (3.26) on Hogi1 given by Theorem 3.4.5. Again, recalling the Fourier
expression of n?V given in (3.13), the above scalar product is exactly twice the sum (3.35),
written for n = 2, kg, = 0, k; = 0 and Laplace variable AN?. Following exactly the same
steps performed there (compare with (3.40)), we obtain the lower bound

3 1 1 1
Tol 1- L AN? 2)) — 2N .
] c2p41 < 2k:1+5> Fons2(2) [Lora (AN?, 2042(2)) — farta(2)]

Recalling again the definitions of Lév , fok+s and 2ok 3 given by (3.21) and (3.22), and using
the fact that coxy1 is bounded away from 0 and infinity uniformly in £, the above is further
lower bounded by

T
[roleap st K5 (2k + 4)3+0
[%
2 U (10g (14 471) 4 k(29))
1

C(Jwl)
(log (1 4+ A1) ~02xe2 4 p(5+59) (502

(102
E(

[Lzmz (A, K(2k + 4)%+35> - 3[(%(% + 4)3+5}

2
3

)> (log (1+A71))%,  (3.53)

where we have used that fact that Logio goes to infinity as A — 0 to absorb the —1 in the
multiplicative constant. As before, this gives a valid lower bound for each choice of k, this

time with the best one being the one that maximizes the factor in front of 10g% (1 + )\_1). We
use the same choice made for the upper bound, namely (3.52). Recalling the close formula
for 0, given in (3.20), this gives us the estimates

1
=3 3loglog(1+ A1)’

\]

9 2 /1 L(log4)_1logloglog(lJr)\_l)J
O2k(r)+2 = 37 3\1

(log (1+/\—1)) §—02k+2) lo (1+)\—1))3loglog(11+)r*1) _ %7
9438

(
E(330)(5-021+2) < (logloglog (1 + A1) Tlsles(tT) < e
<

| /\

log log log (1 + A" ))3+6 ,

k3+
with which we can upper bound all terms that appear in the denominator of (3.53).
Summing up, lower bounding expression (3.53) by the estimates above and recalling the
expression of DY (\) derived in Proposition 3.3.1, we obtain

DN()) = ;2 57 rof? (a, (N7 V) )
e C()|\t;|) (logloglog (1+>\71)) (log (1+)\ ))%

Since the above inequality holds for every N € N, taking liminfy_,,, on both sides and
observing that log (1 4+ A™!) ~y_¢ |log())| proves the lower bound of Theorem 3.1.1. O
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3.A Replacement Lemmas

The present Appendix is devoted to estimating sums corresponding to the hypothesis of
Lemma 3.4.8 in the context of the proof of Theorem 3.4.5.
We start by stating some useful identities and setting up some notation.

Lemma 3.A.1. For every 8 >0 and v > 0

/*wld,n:ﬂ, /”1d9:7f,
o B+ 2VBy o B+ (cost)? VBB +7)

Since this Appendix concerns expressions involving a large number of variables, and it
is of technical nature anyway, let us list them all here once and for all, together with their
range:

Ae (0,400), ze€(l,+00), Lym,ki,....kn€Z: NeN, keN k>2, weR?.
(3.54)
In particular, the constant that we omit when using the notation <, which was introduced
in subsection 3.2.1, is independent of all variables listed above.
Let us start by introducing some additional notation:

def def def
a = o\ kin) = A+ [kl ay = NZ°
D (b 1607 () . TS T k) 007+ (0 12,

Recall also the definitions of T' and T™ given in (3.24). It is useful to observe that

- . 1 -
Fr=r—"?¢ -k, M =T"—(w-k)(rw-0), igrgrgr. (3.55)
Finally, we take note of the following derivatives, that will be needed later on:
1 0,-1 N2
L = AR =0, (LY L S
OuL(z,2) x(z+1)’ oLy (2, 2) e (L (2,2)) x(x + N?)

Our goal is to study sum (3.56) below, which is the one that appears in the estimates
of the diagonal terms in Theorem 3.4.5. First, in Lemma 3.A.2, we replace the sum with
an integral. Then, in Lemma 3.A.4, we replace this integral with another one, which admits
an explicit primitive. The first replacement comes at the price of an additive constant, the
second one at the price of a lower-order term.

We set

~ el § e q:H]\[TI’L
SESA Nk, i, 10) &Y ¢ S (3.56)
il A+ T ToLY ()\ 4T, z)

1Y IO\ N, K, kpn, 10)

d_ef/ﬂ/l 1
—Jo Jo (r+an)(r+any+1) (1—|—|m|2(cose)2LkN(NQ(T—l—aN),z))

The definition of I is motivated by the change of variables (3.72) below.

drdf. (3.57)

Lemma 3.A.2 (From sum to integral). There exists a constant Cpiag > 0 such that
|S - I’ S CDiag
for all in X € (0,+00), 2z € (1,400), ki.n € (Z3)", N €N, k € N such that k > 2 and ro € R2.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.A. REPLACEMENT LEMMAS 107

Remark 3.A.3. The proof of Theorem 3.4.5 would work even if Cpiag depended on [ro| (up
to changing the constant K). In the following proof, however, showing that Cpiag does not
depend on tv does not come with any significant additional difficulties.

Proof. The proof proceeds through a number of steps, each of them consisting in slightly

modifying the expression of S, at the price of an additive constant, so that it becomes closer

to the one of I. More precisely, set So 'S and S 2 1. Then for all i € {1,...,6}, step 7

consists in showing [S;—; — S;| < C;, where the S;’s for i € {1,2,3,4,5} will be defined in
the proof below and Cj’s are some absolute constants independent of all variables at play.
Compared to [CGT24, Appendix A], we are faced with some additional technical difficulties,
coming from the fact that our equation is in the strong coupling regime.

Step 1 We define Sy by replacing the condition |ki| < N, contained in J}' . by |ki| < N/2.
In doing so, we lose all summands of S corresponding to £ +m = ki € [N/2,N]. Without
loss of generality, suppose |[¢| > N/4. The computation

) 1 1

-8 <2 W= Hib <) o g e
pimon AT HTLY (A4T,2) T iz 1
T<lkl<N NN

completes step 1.

Step 2 We define Sy by

def Tom 1<l </2)
2 D A+T+TPLY (A +T,2)°

m=k; k ’
With respect to Sy, we replaced [ and I by " and I'™ respectively. Using relationship (3.55)
on I' and the triangular inequality, we get that

A+B+D
2

[a— [A + T + oLy (A +T, z)} [A+T+T°LY (A+T,2)]
1§|4\»|m|§N7 ‘k1|§%

[S1 — So| < , (3.58)

where

def

def B

A=

Dt

I

T (L,JCV (A+T,2) — LY (A—I—f‘,z))

(v - k1) (ro - LY ()\ +f,z)‘ .

We estimate (3.58) by considering the terms with A, B and D separately.
First, by dropping some terms from the denominator of (3.58) (they are all positive) and
using (3.55) for I', we obtain the following upper bound for the A term:

ye k1 RSN ST
1 3.59
2 2 T kPE (3.59)

l4+m=k; || <N
1<, |m|<N, ki |< Y

where one can check that the constant on the right hand side of (3.59) above is independent
of k1 by splitting the sum into the two regions [¢| > |k1| and |¢| < |k1]|.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

108 CHAPTER 3. STOCHASTIC BURGERS EQUATION

Then, by the mean value theorem applied to the function LfCV and the interval [a, b], where
a AN+ AN+T) and b (A +T) v (A +T), we obtain

B <T"™ sup

1
’r F) <TI0 Ky,
yela,b] 1Y r

(erN2

where we estimated the derivative of L,ZCV by first using 0 — 1 < 0 and Lév > 1 and then lower
bounding y+N? > N2, so that N? cancels. Finally, we used (3.55) again. Thus, by dropping
A and T from the second factor in the denominator of (3.58) and lower bounding LY by 1,
the term of sum (3.58) corresponding to B is upper bounded by

Z re M k1| Z |€ k‘l
o N )
fev TTT® iy
where the last inequalities follows from the same argument used in estimate (3.59).

Finally, we need to bound the sum corresponding to the D term. First of all, observe
that if o - k1 = 0, then D is identically 0 and so in the following we can assume to- k1 # 0. In
particular, this guarantees that for every ¢ (and for every 6 when we will write the integral)
the denominator in the following expressions does not vanish. We then drop some terms from
the denominator, so to obtain an upper bound in which the function Lév has simplified:

(0 k)0 LY (A+ T 2)| (0 k1) (0- )
e+m2:k1 [me]kV ()\ + f,z)] r : 1§%N [(vo - £)2 +1(m k)P e

1<]e],Jm|<N, [k | <5

Finally, we check that the right hand side of the above can be upper bounded by a convergent
series whose sum, as usual, does not depend on any of the variables at play. We do this by
passing to an integral. This is justified after excluding ¢ such that |w - ¢| < ||, which can
be treated separately. For more details see Step 5, where this is done carefully for the main
term. We write this integral using polar coordinates:

[ [ e o, / [ ey,
[[ro|2(cos 0)?r? + (1o - k1)? ]2 (cos 0)2r? + (to - kq)?

(- kl)HmHCOS( )|
2/ Vo 2(cos 0)2 (1o - k)2

drdf = 72,

where we used Lemma 3.A.1 to compute the integral in 7.
Thus step 2 is completed with Cs equal to the sum of the three constants with which we
have estimated the sum corresponding to the A, B and D terms.

Step 3 We define S3 by

RS Jom 1</}

= N .
o AT (ro-0)2LY (A +T, 2)

With respect to Sa, we have replaced I'® by (to-£)%. If (ro- k)2, = 0, we do not have anything

to prove. Otherwise, we estimate

Z (ro- k)2 LkN (A+T,2)

S2 —S3] < N 2N
A+T+TOLY (A +T,2)] A+ T+ (w0 0)2LY (A+T,2)]

l+m=k1
1<]e],Jm|<N, |k |< 5
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(w- k)i,
S 2 T 07+ (o W T+ T

1<[(|<N
27 (m k)
dod
/ / ([w]272(cos 6)2 + (o - k:) W) (2 =+ |k1n|?) "

k)t
S ‘/0 r? + |k1:n‘2 \/(m ’ k)ln((m ’ k)%n + |m|2r2)dr

where we first dropped A+I" and (to-¢)?L1Y from the first and second factor in the denominator
respectively, then simplified Liv and finally used Lemma 3.A.1 to estimate the integral in 6.
Before moving from the sum to the integral, one once again needs to exclude ¢ such that
|- ¢| < |ro|. These can again easily be treated separately. We now simplify the multiplicative
factor (ro - k)im in the denominator and drop the additive one, so that we can simplify r and
obtain the upper bound

/N [0 - k|10 i < [vo|| k1. 1 _
0 r2 + |I€1:n|2 ‘m| ~ |m| V4 ‘klzn‘Z 7

where we applied the Cauchy-Schwarz inequality to the numerator and estimated the integral
by using Lemma 3.A.1. This concludes step 3.

Step 4 We define S4 by

g, def 3 Lacigsnyagimi<n 2y
L AT (0 LY (AT z)

With respect to Sz, we have removed the constraint 1, < x}. More precisely, we are adding
to S3 the terms indexed by the set

{temeZ: t+m=ky, k| <%, [(| <N, |m| >N},
which is contained (thanks to the extra condition on |k;| imposed in step 1) in
{tmeZi: t+m=k, || <5, [|<N |0 =5}

The sum over this last index set can be bounded as done in step 1.

Step 5 We define S5 by

S, d_ef/ Lije<1y
2 an + [z 4 (w0 - 2)2LY (N2 (ay + [z[?), 2)

dz . (3.60)

We set QY = def 1 vl — %,E - %]2 C R? and by multiplying and dividing S, by ﬁ we obtain

4
Si= ) lp<pemyluziminz) /QN Iy (y) de, (3.61)
l+m=kq Vi

where we denoted by Iy the integrand of S5 (without the indicator function 1y,<1)). To
show |Sy — S5| < Cs, we write Sy as the sum in £ of the integrals over QY. Since for large N
the summand I (z) changes very rapidly when z and w are almost orthogonal, we will treat
this case separately. Note first that

3 La<igeny L a<ii|<n/2y L {jew|<jm)} <y L{jew| <]} <1,

2T N /12
Pt AT+ (w-0)2LY (A 4T, 2) P €|
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For the integral note that |J.q <y QY is contained in {x € R?: |z - w| < %|w|}. Using this
we see

2 o] 1
Z / Iy(x)dz < / Iy(x)dz < / / ———drdr 1
m~z\§%\m| —2J00 @+ |l”

1<[([<N |
[ro-£|<[ro]

where we used a change of variables in x (i.e. scaling by N) and the fact that o > 1 as well
as Lemma 3.A.1. Also note that the x appearing in the rewriting of Sy (3.61) but not in Ss,

are contained in {z: 1< |z| <1+ 3 } and

/ CIv@de S swp |In@)| 1.
1 IN 1§\x|§1+ﬁ

It thus remains to show that

) / [In (%) — In(2)]dz S 1. (3.62)

1<|(|<N
[€-1o]>]ro]

In order to prove (3.62), we estimate, by the mean value theorem applied to the function I
and the line segment [£, 7],

1
v () — In(@)| < sup [VIN@)||§ —2| £ HFE+F+0), (3.63)
yeQy

where E, F' and G are the suprema over Qév of the the norms of the three terms in the
expression of the gradient below:

)(w-2)* (LN (N?(|z* +an),2)) ke

z+ (- 2)LY (N?(|z]? + an), 2)w + (e

1 x (6% x (63
—§VIN(:U) = — ([z[*+an)(] |2J; N+1)
(an + 22 + (- 2)2LY (N2([a]? + ay), 2))
(3.64)
Since each Qz has an area of N2’ we need to show that

Y E+F+GZN°. (3.65)

1<[¢|<N

€[>

Note first that for all £ such that |- 1| > [w| and |¢| > 1 and for all z € Q2" it holds that

(1—)"<\ | < <1+> ’N‘ (3.66)
L R I

For FE note that

|z| N3
Sup 2 SR
zeQN (an + [z + (w - 2)2LY (N2(|z]? + an), 2)) 1|
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For F note that

sup o - 2|LY (N2(|2|2 + an), 2)|w] ~ Nl
2eQY (an + |22 + (v - 2)2LY (N2(ja]2 + an), 2))> ™ 1P -4

where we used one of the factors of the denominator to cancel the L{CV in the numerator. Now
note again by (3.66) that

o] / o]
_Iw] o 4e <t
2 2[00 - €] ™ Jjgro] > (1= 2| [7[?[10 - |

1<|¢|<N 2
€[>

Finally for G by similar arguments G' < JZ—;, (note that 0 < 6 < 1).
This completes step 5, with Cs equal to the sum of the three constants with which we
have estimated the sum corresponding to the F, F' and G terms.

Step 6 Let 6, be the angle from the first coordinate axis to tv. By successively performing
the change of variables z ~— r(cosf,sin @) and 72 ~ 7, we first rewrite S5 as follows.

27 r
S5 = drdf
i /0 /0 2 4+ an + r2|w|? cos?(0 — O )Ly (N2(r? + an), 2) '

drdf

27 1 1
:/0 2/0 r+ozN+r\m\2cos2(9—0m)L{€V (N2(r + an), 2)

1
= drd@, 3.67
/0 /0 ’I“—I-OéN—{—T‘|m|2(COSG)2L’]€V(N2(T‘+OéN),Z) " ( )

where in the last equality we used the 7-periodicity of the integrand as a function of . We

then recall the definition of Sg %' I given in (3.57). We observe that the absolute value of the
difference between (3.67) and (3.57), after the simplifications that occur, is upper bounded
by

drdf,

(3.68)
where we omitted the argument of Lfcv for ease of reading. We thus study the two terms cor-
responding to the two summand of the numerator separately. The first one can be estimated

by X
m 1
// HO‘N) drdeg/ / . drdh <1
[r+an] [(r+ an +1)] 0o Jo r+an+1

and the second one by
/”/1 an|w|?(cos 0)2LY —drdo
o Jo [r+an] [(r+aN)(T—|—aN—|—1)|m]2(c039)2Lk]
™ 1
Y
= drdd
/0 /0 (r+an)?(r+ay+1) "

< /1 L 4 <1 1 ><1
a ——dr=an | — — .
~N o an)? Mlay 1+an/ ™

This concludes step 6 and with it also the proof of Lemma 3.A.2. O

/ / (r+ an)?(1 + [w|?(cos 0)2LY) + an|ro|?(cos 0)*LY
[r + an + r|w|2(cos )2LY] [(r + an)(r + an + 1)(1 + |w|?(cos §)2LY )]
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Lemma 3.A.4 (From integral to estimate). Recall the definition of S given in (3.56) (in
particular that it depends on k). There exists a constant Cpiag such that, for any even k > 2,

~ 3T ‘m|CDia
S< 30| (1 + Tﬂg Ly (A + [krnl?, 2) (3.69)

whereas, for any odd k > 3,

3T

S >
~ 2[m|

2

[(1 — <\m|CDiag +2+ 3) ! > L (e, 2) — 2 b , (3.70)
|/, 3

uniformly in A € (0,400), 2 € (1,+00), k1., € (Z3)", N € N and v € R2.

Proof. By applying Lemma 3.A.2, we immediately get

S — 1| < Chiag - (3.71)

The task now is to obtain bounds on I, whose definition was given in (3.57).

We start by proving the statement for k& > 4, which corresponds to 0 € [%, %] We first
transform integral I with the change of variables
-1

Y2, du= dr, (3.72
) i b (r+ozN)(r+aN+1)T ( )

=LV (N? =log (1
U ( (r—l—ozN),z) og< +7“+04N

which gives

LY (a,2) 1
I—/ / dfdu . 3.73
LN (631t 1+ 0P(c03 )70 (37

By then integrating in 6, using Lemma 3.A.1 with v = |[w|?u% and 8 = 1, we get

LY (,2)
/ T qu= -1,
LV (N2(1+an),z) V1 + [wo]2ufk o]

where 11, 1o > 0 are defined by

I def /LN(O[’Z) ! du Is def /LN(O"Z) — ! + ! du
LN(N2(14an),2) Vule LN (N2(14+ay),z) |2 4+ ufe Vb

The integral I; is the one announced in the general strategy explained before Lemma 3.A.2.
Indeed, it can be computed explicitly:

(LY@ 2) ™ (YNt an). )" Ia(enz) I (V(1+ax),2)

I =
! Or+1 Or+1 Or+1 Ory1

(3.74)
It is precisely this computation that gives upper and lower bounds of the form logarithm to
the power 6, with the sequence of powers (0 )x>2 converging to 2/3. The integral I, instead,
is regarded as an error term and can be estimated by

L¥(a.2) VIR — Vo
12 —/ du
LN (N2(1+ay),z) Vubky/|rw]=2 + ulk
LY (,2) 0 =2 _ /.0
/ Vulk 4+ 4/|to| vl
LN(N2(14an),2) Vule v ule

<
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LY (a,2) 1
-1
= |t ——du
o /LN(N2(1+QN),Z) u
1

= ol =0y [(LN(0,2) ™ = @Y V(1 +aw),2) ] (3.75)

The inequality

0
9k+1—(1—9k)=5’“>0

shows that Io(N) = on—00(I1(N)), so that I is indeed of lower-order in N with respect to
I;.

We now have everything we need to conclude the proof in the case k > 4. We first show
the upper bound (3.69). Inequality (3.71) and the above steps give

s

S < ol (I1 — I2) + Chiag - (3.76)
Then, by plugging (3.74) and (3.75) into (3.76) above and dropping the negative terms, we

obtain

(LN(O% Z))QHI + Cbiag

v
I L[

3 \m|CDia N
2wl <1—|— B g) Ly (a, 2), (3.77)

N Ok+1
(L (a, Z))ekﬂ 1 CDiagM

2Okt1

where we observed that, for k even, Op,1 € [%,1]. What we obtained is exactly the
claimed (3.69).
Finally, we prove the lower bound (3.70). Inequality (3.71) and the above steps give

~ ™
S>—(I; — Iz) — Cbiag -

= |m’( 1 2) Diag
By dropping the second term in the square brackets in (3.75) and using 1+ay < 2 to estimate
the negative term in (3.74) by Ly1(1 4 an, 2) < (log2 4 2)%+1 < (log2)%k+1 + 20k+1 we

obtain

) LV(0,2))" " (log2)fn 2Pk 1 -
S > l ( (a Z)) _ (Og ) _ z . (LN(Oé,Z))l O o CDiag
o] Or+1 Or+1 Ok [w[(1 = 6k)
iag 1 2 4
> gl 1— [10|Cbiag + _ 39 Lé\;l(a’z)_,zekﬂ
2[m\ 20k+1 ]m\sz 3
3m 3 1 N 4 4
> M [(1 - (’m’CDiag +2+ M) z02k> Lk+1(Oé,Z) — gZ k‘H] N (378)

where for the first inequality we observed that, for k odd, 01 € [%, %] and then applied

similar steps as the ones used to obtain (3.77), whereas in the second one we used that
Op+1 > %’“. What we obtained is exactly the claimed (3.70).

If k = 3, we proceed as above until we reach we reach (3.73). At this point, we do
not need to split I into I; and Is, since in this case I already admits an explicit primitive.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

114 CHAPTER 3. STOCHASTIC BURGERS EQUATION

Indeed, by first using Lemma 3.A.1 to integrate in # and then applying the change of variables
v =1+ |w|?u, we obtain

LY (a,2)

)

LN(N2(1+an),2)

2
= ﬁ\/l—i—h‘olzu

so that

3 |t'O|CDiag N 4 1 04
iy [ QR bl st s B — 2 — +1log(2
= 2|m| [( 294 4 (Oé,Z) 3 |m|2 + Og( )+Z

3 3\ 1\.un 4
2 [ = (e 2+ 7)) 100 =5,

where we recalled that 6, = % and followed steps similar to the ones with which we obtained
(3.78). The claimed 3.70 immediately follows by the trivial 6, > %4.

If £ = 2, LkN = 1, because 02 = 0 by definition. In this somewhat degenerate case, we
estimate from above I, defined in 3.57, using the following steps. First apply Lemma 3.A.1
to integrate it in #. Then lower bound the resulting factor (r + ax + 1) in the denominator
by 1 and integrate in r. The upper bound obtained in this way is

U 1 m
—log (14 — ) < Ly (A + [k1nl?, 2) 3.79
ios (14 50) < gkt (i) 519
Finally, the stated (3.69) follows from (3.71) and steps analogous to the ones that concluded
the case k > 4. O

Remark 3.A.5. In inequalities (3.77) and (3.78), we first go from an additive error to a
multiplicative one, which is easier to iterate, but increases complexity, and then decrease
complexity by estimating LV («,2) by z. This is quite rough, but otherwise the iteration
would give more and more complicated bounds at each step.

3.B Heuristic Derivation of the Green Kubo Formula

In this section we give a heuristic derivation of the bulk diffusivity formula (3.3).
Consider the equation on the full space regularized with Fourier cutoff 1 with regularized
white noise:

1
O = 5 An + 10 - LV (M) + V- 1L, (3.80)

where 11,£ is a space time white noise, regularized in space by a cut-off in Fourier at level
a € (1,00). It can be seen using techniques adopted in [CES21] that this equation still
has a unique solution, existing for all time, and this solution is a strong Markov process
invariant under translations in space and time. The invariant measure is given by regularized
spacial white noise 1%, regularized by the same cutoff as I1,£. We consider the equation run
at stationarity, i.e. started from n®. Since the noise is regularized, n will be a continuous
function and therefore we can evaluate it at space-time points. This allows us to define the
correlation function

S(z,t) = E(n(z,t)n(0,0)),
for t > 0 and = € R2.
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The bulk diffusivity is commonly defined (see e.g. [Yau04, Spol2] for examples from
discrete systems and [BQS11] for a continuous example in d = 1) as the matrix (D;;(t))1<i j<2

with entries given by
1
Dij(t) = / xiij(:r,t)d:c.
2t Jp2

Without loss of generality assume that wo = 0, then the reflection symmetry of the system
in the second component gives Di2(t) = Da1(t) = 0. We will work with the bulk diffusivity
as defined in [CET23]

D(t) = 2175/ 225z, £)da

which can be interpreted as (1/¢ times) the variance of S(-,t) seen as a density. In a particle
system this would be the density of a second class particle started at the origin. This definition
of the bulk diffusivity can be connected to the bulk diffusivity matrix above by taking the
trace, see also the remark at the end of the section.

We now want to show that this definition of the bulk diffusivity is heuristically consistent
with (3.3). To do this assume that S(z,t) decays fast in |z|, noting that for the linear case
(w = 0) it is Gaussian. Also assume that S(-,¢) integrates to 1 for every ¢. At time ¢t = 0
this is true by the law of the stationary measure, since cutting Fourier-modes larger than 1
is equivalent to convolving with a mass 1 bump function. For later time it formally follows
from the conservative nature of (3.80):

- S(z,t)de = /R2 E(n(x,t)n(0,0))dz = E (/R2 n(z,t)dzn(0, 0))
=E (/R? n(z,0)dz 77((),0)) = s S(z,0)dx =1,

where the second to last equality follows from an integration by parts, because the entire right
hand side of (3.80) can be put in divergence form. Integrating (3.80) in time, multiplying by
n(0,0) and taking expectations we obtain:

S(xz,t) = S(x,0) + ;/0 AS(z,s)ds + /0 N(n)(z,s)n(0,0)ds, (3.81)

where the noise term disappears because it has zero space-average and N is
N(n) =w -V (Tn)*

We will integrate the terms on the left hand side against |z|?> and divide them by 2t one by
one. The first one doesn’t depend on time before dividing by 2¢ and so will vanish for large

t. The second one is
/ |z|2AS (x, t)d / S(x,t)d
R2 R2

Finally let’s consider the third one. Using that A is quadratic in n and 7 is Gaussian we see
that
E (N (n)(s,2)n(s,0)) =0. (3.82)

and we rewrite

RQ\JJIQE N () (s,2)n(0,0)) dz = [ [zE (N (1)(s,2)(1(0,0) —1(s,0)) d

R2
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= [ JoPE (M) (@) B i(5,0) — (0,0))
R2

where the Eé‘a is the law of 7(r,x) & n(s — r,x) and we used translation invariance of £°.
The time reversed process 7 satisfies the equation (3.80) with a changed sign in front of
the Laplacian and the nonlinearity and a different noise with the same law, that is also
independent of £*. Using this we get

S
E (N (€°)(@)Eea (ii(s,0) — 7(0,0)) ) = /0 E (A(6)(@)Eer (~Ai(r,0) = N i) (r,0) ) dr,
(3.83)
where we used that the noise term vanishes under the expectation. The term with the
Laplacian, after being integrated against |z|?, using the translation invariance to move the x
to the n and an integration by parts becomes

/ /R2 N(£9)(0)Ega (7] (7“3: d:vdr_ / /]1@2 (s — r,—)) dadr
_/0 /RQE(N(E“)(OM(O, —z))dzdr =0,

where we used that the dynamics are conservative and then again (3.82).
The second term in (3.83) also integrated against |z|> becomes

— [ [ PR (V€ @B W) ,0)) drde
R2J0O .
=~ [, [ PR W@ e on s - .0 ards

/R2 /S‘xPE(N(n)(T’x)N(n)(O,0))d7“d;c
- /R/ 2B (v - V)T ) %) (r,2) (0 - V)T (IT')%:)(0,0)) drder

—2|m|2/RQ/ ((IT': (1)) (r, ) (T1':(1T') %) (0, 0) ) drda,

where in the last step we first performed integration by parts on the gradient from the
first factor, and then used translation invariance to move the z to the second factor, after
which we perform another integration by parts. Each integration by parts gives a factor
—1, as well as an additional —1, since the = becomes a —x when moved to the second
factor. These integration by parts are not rigorous, since we cannot exchange the integral
and the expectation. However the terms in each line are well-defined assuming the decay
in S mentioned above. Here the Wick squares :X?: simply subtract the expectations, i.e.
: X2 = X2 — E(X?). They are necessary since otherwise the integrand would not decay in
space. Collecting all the terms in equation 3.81 we obtain:

2of2 [t [0 1l 2. LAY 2 (. 2 dadrds + o
/O/O/WE((H :(I'n)*:)(0, 0) (AT :(IT'n):) (r, )) dzdrds + o(1) .

Dropping the o(1) term and replacing R? with a large torus ']I‘?V we obtain exactly formula
(3.3).

If we had chosen instead to analyse D;;(t) the same steps would have given (for to parallel
to the first coordinate axis)

Dui(t) = D(t) —1/2, Dia(t) = D21(t) =0, Daxn(t) =1/2.

As we see the asymptotic behaviours of D1 and D are equivalent.

D(t) =1+
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Chapter 4

Near-critical dimers and massive
SLE-

abstract

We consider the dimer model on the square and hexagonal lattices with doubly periodic
weights. The purpose of this paper is threefold: (a) we establish a rigourous connection
with the massive SLEy constructed by Makarov and Smirnov [MS10] (and recently revisited
by Chelkak and Wan [CW19]); (b) we show that the convergence takes place in arbitrary
bounded domains subject to Temperleyan boundary conditions, and that the scaling limit
is universal; and (c) we prove conformal covariance of the scaling limit. For this we intro-
duce an inhomogeneous near-critical dimer model, corresponding to a drift for the underlying
random walk which is a smoothly varying vector field or alternatively to an inhomogeneous
mass profile. When the vector field derives from a potential satisfying a certain nonnegat-
ivity assumption we prove that the corresponding loop-erased random walk has a universal
scaling limit. Our techniques rely on an exact discrete Girsanov identity on the triangular
lattice which may be of independent interest. We complement our results by stating precise
conjectures making connections to a generalised Sine-Gordon model at the free fermion point.

4.1 Introduction

Makarov and Smirnov initiated in [MS10] a programme to describe near-critical scaling limits
of planar statistical mechanics models in terms of massive SLE and/or Gaussian free field.
To quote from their paper:

The key property of SLE is its conformal invariance, which is expected in 2D lattice models
only at criticality, and the question naturally arises: Can SLE success be replicated for off-
critical models? In most off-critical cases to obtain a non-trivial scaling limit one has to
adjust some parameter [...], sending it at an appropriate speed to the critical value. Such
limits lead to massive field theories, so the question can be reformulated as whether one can
use SLEs to describe those. Massive CFTs are no longer conformally invariant, but are still
covariant when mass is considered as a variable covariant density [...].

As part of this programme, Makarov and Smirnov introduced a massive version of SLEs,
which will be defined more precisely in Section 4.1.4. As established rigourously recently
by Chelkak and Wan [CW19], this can be seen as the scaling limit of the loop-erasure of a
massive random walk, i.e., a random walk which has a fixed probability of being killed at
every step, and which is conditioned to leave the domain before being killed. Makarov and
Smirnov also listed a number of fascinating questions, many of which remain open today.
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S1 S1 S1
S0 50 S0
S2 S2 52
53 53 3

S2 S2 S2
53 53 53

s1 51 51

S2 S2 S2
S3 S3 83

Figure 4.1: Doubly periodic weights on the square and hexagonal lattices. Black vertices of
type 1 are marked with disks. The weights sq, ..., s3 or ag,...,as are periodically repeated
around every black vertex of type 1. Every other edge weight is equal to 1.

In this paper we carry out part of this programme for the near-critical dimer model. The
dimer model is one of the most classical models of statistical mechanics, and is equivalent to
random matchings on a planar bipartite graph. That is, given such a (finite) graph G, we
associate to every dimer covering (or perfect matching) m (a subset of the edges such that
every vertex is covered exactly once) the Gibbs weight

P(m) = % IT we

ecm

where we > 0 are given edge weights and Z is a normalisation constant (partition function).
The model is also equivalent to tilings (in particular to lozenge tilings if the underlying
graph is the hexagonal lattice; see [Gor2l] for a recent superb introduction). The study
of the dimer model goes back to the pioneering work of Temperley and Fisher [TF61] and
Kasteleyn [Kas61], who computed its partition function, and noted that it is equal (up to a
sign or more generally a complex number of modulus one) to the determinant of a matrix now
called the Kasteleyn matrix, which is a suitably weighted adjacency matrix. This identity is
the starting point of a far-reaching theory which eventually led Kenyon to prove convergence
(subject to so-called Temperleyan boundary conditions, described below) of the associated
height function to a Gaussian free field in a sequence of two landmark papers [Ken00], [Ken01]
when all edge weights are equal. This was the first proof of conformal invariance for a planar
model of statistical mechanics.

4.1.1 Off-critical dimer model.

In this paper we are concerned with an off-critical model, which can be defined either on the
square lattice or on the hexagonal lattice when the edge weights are assumed to be doubly
periodic, in the following sense. We start with the square lattice. Let sg,...,s3 > 0. We
divide the square lattice into the usual black and white vertices in checkboard fashion, and the
black vertices are themselves divided into two alternating classes By and Bz (as in [Ken00]).
We declare that around every Bj vertex, the edge weights are respectively sq, ..., s3 as we
move in the clockwise direction starting from the east (thus s; corresponds to the direction
i = eh/2 | = 0,...,3; here i = v/—1). All other edge weights are set to 1. See Figure
4.1 for an illustration. We will further specify the weights s so as to be in the near-critical
regime in (4.3).
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A similar construction can be applied to the hexagonal lattice. Consider the usual black
and white colouring of the vertices of the hexagonal lattice H. Black vertices at distance
two apart in H form a triangular lattice, which is a tripartite graph. So all black vertices
in H belong one of three possible classes, By, Bo, B3, say. We declare that the edge weights
around a Bj vertex are respectively ag,a; and ag going counter-clockwise starting from the
east direction See Figure 4.1.

This model was first considered in the work of Chhita [Chh12] in the case of the square
lattice, who called it the “drifted” dimer model, for reasons that will become clear later.
Suppose sy = 1 + ¢d, where § tends to zero (we will later identify § with the mesh size).
This scaling will be enforced throughout the paper. As already noted in [Chh12], this choice
of scaling essentially corresponds to studying the liquid-gas boundary of the dimer phases.
When applying the treatment of Kenyon [Ken00] to this model, if K denote the associated
Kasteleyn matrix then one can easily check that L = K*K, viewed as an operator on the
black vertices, is approximately the negative of a massive Laplacian: indeed, on the Bj
vertices, the diagonal entry is of the form s3 + ...+ s3, while the sum of the off-diagonal
entries is —2s153 — 2s09S2. (The reason why this is only an approximation is because terms
of the form L(by,b) are not all exactly zero when by € By, by € Bs; they are simply lower
order than L(b1,b)) for by,b} € Bi). (In fact, after a suitable transformation, the inverse
Kasteleyn matrix can be related to a modified Kasteleyn matrix which corresponds exactly
to the Green function of a massive random walk, see Section 3 of [Chh12]).

From this it is perhaps natural to conjecture that the height function, suitably rescaled,
converges to the massive Gaussian free field, which is (informally) the Gaussian field
whose covariance matrix is the massive Green function. Surprisingly, however, [Chh12]
showed that while there is a scaling limit for the height function as § — 0 in the full plane,
the limit cannot be the massive Gaussian free field since its moments do not even satisfy the
Wick relation, hence it is not even Gaussian.

The purpose of this paper is threefold:

e First, we extend the results of [Chh12] in several different ways: we consider not only
the square lattice but also the hexagonal lattice; furthermore our results are not only
valid in the whole plane but in arbitrary simply connected domains subject to Temper-
leyan boundary conditions (these are perhaps the nicest boundary conditions from the
combinatorial point of view and are defined immediately below in Section 4.1.2).

e Second, we show for the first time a connection to massive models and more specific-
ally to the massive SLE9, constructed by Makarov and Smirnov [MS10] and revisited
recently by Chelkak and Wan [CW19].

e Finally, we show that the scaling limit of the height function obeys a certain conformal
covariance rule. This is reminiscent of other near-critical scaling limits previously ob-
tained e.g. for percolation [GPS18]. Interestingly however, the covariance rule involves
not only the modulus of the derivative of the conformal map but also its argument.

Last but not least, this will be complemented by some novel conjectures attempting to
make a connection with a generalised Sine-Gordon model (which will be introduced below)
at its free fermion point. Along the way we identify a larger and more interesting family of
near-critical dimer models which give an intuitively transparent explanation for why and how
the Sine-Gordon model is connected to near-critical dimers; these models are characterised
by the fact that the mass (or equivalently the drift) is inhomogeneous.
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Figure 4.2: A Temperleyan domain on the square lattice and a Temperleyan domain on the
hexagonal lattice. In both the black vertices of type Bj have been highlighted and a (non-Bj)
black vertex on the lower left boundary has been removed.

At the technical level a key contribution of this paper will be an exact discrete Girsanov
identity on the triangular lattice as well as a proof that the loop-erasure of a random walk
with drift which may vary with the position has a scaling limit.

4.1.2 Temperleyan boundary conditions.

To make the connection to massive SLE and state our results, we will now define precisely
the type of boundary conditions we impose on the model, which in the case of the square
grid are known as Temperleyan. We recall the definition in this case first. Let Q C C be
a bounded simply connected domain of the complex plane. Let I's = (v(T's), E(T's)) be a
sequence of graphs in 6Z? approximating €: that is, I'; is a planar graph with vertex set
v(Ts) C QN (6Z2%) and edge set E(I's) such that if z,y € v(I's) and = ~ y in 6Z2, then
(z,y) € E(T's) if and only if [x,y] C Q2. We assume that the vertex boundary of I's, i.e. the
vertices v € v(I's) which have at least one neighbour w of the full plane square lattice not in
v([s), is within O(0) of 9Q. We also assume that I's is Temperleyan: namely, all corners
(be them convex or concave) are of type Ba, and one further such corner has been removed.
See e.g. Figure 4.2. Equivalently, along the vertex boundary, all black vertices are of type Bo,
i.e, the boundary alternates between By and white vertices (except at the removed corner).

We make a similar definition in the hexagonal case. We say that the domain I's whose
vertices are in JH is Temperleyan if the boundary does not contain any Bj vertices (i.e.,
consists only of By and B3 and white vertices), and a vertex of type By or Bs has been
removed. Figure 4.2 shows examples of a Temperleyan domain on both the square and
hexagonal lattices.

4.1.3 Temperley’s bijection.

Temperley’s bijection is a powerful tool which relates the dimer model on the Temperleyan
graph I's to a pair of spanning trees on a different graph. As it turns out, the Temperleyan
boundary conditions described above are such that both dimer models (i.e., on the square
and hexagonal lattices respectively) are equivalent to a certain spanning tree on a (possibly
directed) graph Q° whose vertices are the B; vertices of I's (or, equivalently, to a pair of dual
spanning trees on Q° and its planar dual). In the square lattice (and for rectangles) this goes
back to the original paper of Temperley and Fisher [TF61]. This was considerably generalised
and strengthened in many subsequent works, in particular, [KPWO00]. That paper included
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the perhaps lesser well known case of the hexagonal lattice, which we will use in this paper
and will be recalled in more detail in Section 4.2.1; in that case, the corresponding graph 9
of the spanning tree is the directed triangular lattice with mesh size §.

As developed in the sequence of papers [BLR20, BLR19, BLR22|, Temperley’s bijection
can be used to describe the scaling limit of the height function fluctuations via a random
geometric approach. Essentially these papers reduce the problem of finding the scaling limit
of the dimer height function to the (easier) problem of finding a scaling limit for the associated
Tempereleyan tree in the Schramm topology: in other words, to the question of the scaling
limit of a single branch of that tree. In turn, by Wilson’s algorithm, this boils down to the
scaling limit of the loop-erasure of the random walk on the (possibly directed) graph Q9.

4.1.4 Massive SLE,.

As already mentioned, the construction of massive SLEs was sketched by Makarov and
Smirnov in [MS10] and recently revisited by Chelkak and Wan [CW19] (see also [BBKO0S|
for a mathematical physics perspective). We will describe it in the radial case for ease of
comparison with the situation which is of interest to us, though one should note that Chelkak
and Wan’s paper actually deals with the chordal case.

A massive random walk (on the square lattice, say) is a walk which has a chance of order
62 to be killed at every time step (the constant of proportionality is by definition m?/2, where
m > 0 is the mass), and otherwise moves like ordinary walk. Massive radial SLEy describes
the scaling limit of the loop-erasure of a massive random walk from o to a (where a is on
the boundary of a simply connected domain €2, and o is in the interior of ), conditioned on
not getting killed before reaching a. In fact, it is more convenient to define massive SLEs
by its associated Loewner flow, which in the radial case is defined by Loewner’s equation
(parametrised by capacity)

W — I e o,

where ¢ is a fixed conformal map sending 2 to D and o to 0, €2; denotes the slit domain
Q\ v([0,¢]) (since kK = 2 we do not need to remove more than that), g; is the Loewner map
from € to I, and if we write the driving function in the form ¢; = €%t then ¢ solves the
Stochastic Differential Equation:

(m)
P, 0,a
d€; = V/2dBy + 2)\dt: Ny = 0 1op T (000

gt (az) B Po,(0,a;) (4.1)

Here a; = ~(t), and Pgtn) and P, are the Poisson kernels for the Brownian motion with
mass m, and regular Brownian motion respectively, in ;. By Brownian motion with mass
m we mean the law of a standard Brownian motion, killed at rate m? (which defines a
subprobability measure)®.

The above expression for ); is that in [CW19] which is somewhat similar to the one ap-
pearing in Makarov and Smirnov [MS10, (9)]. However we feel it deserves a few explanations,

notably considering the meaning of the differentiation ag%(at). This should be understood as

a spatial differentiation with respect to € R after mapping € to D, setting a; = €, and

!Note that the probability with which the above discrete random walk is killed at each step (namely,
(1/2)m?6?) is chosen so that in the scaling limit, we obtain a Brownian motion killed at rate m?. Indeed,
if X° is an ordinary random walk on 0Z2, then (X,s5-2,)¢>0 converges weakly uniformly on compacts to a
standard planar Brownian motion. In [CW19] the killing probability is chosen to be §°m? instead of §2m?/2
but this appears to be a typo.
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evaluating the result at # = &. That is, let p = m?, and let p; denote the (squared) mass
profile in D that corresponds to the constant mass m in {; i.e., after mapping to D (and
applying the relevant time change) we obtain a Brownian motion killed at rate p;(z)). Then

PH()Pt) (0’ eix)

At = 5~ log )
(0, eiv)

Ox

$:£z

By choice of normalisation, the denominator in the fraction is simply equal to 1, so that this
logarithmic derivative can also be written in the form:

@P(Pt)(o ez’m)
oz~ D ’

A =
P (0, eiv)

r=6t

The spatial derivative of the Poisson kernel, i.e., the numerator of this fraction, is a quantity
which can be shown to correspond to what Chelkak and Wan [CW19] denote by Q]%)O t)(.’L', at).
Their result in fact establishes convergence with

0,5 Q) (0,a,)
A= Tl = . (4.2)
P]Dpt (0’ el&) Ptp (Oa at)

Proving this chain of identities would require some arguments. This is circumvented by
defining A; (i.e., the right hand side of (4.1)) as in the right hand side of (4.2).

The description above is then a theorem proved in the chordal case and on the square
lattice by [CW19] (the radial case is briefly discussed as being analogue to, and in fact a little
simpler than, the chordal case). See Theorem 1.1 in [CW19] for a precise statement, and see
[Law05] as well as [BN23] for general references on SLE.

4.1.5 Main results

Our first result below concerns the branches of the Temperleyan tree for an off-critical dimer
model on a graph (defined more precisely below, which may be a piece either of the square
lattice or of the hexagonal lattice, scaled by ¢) with Temperleyan boundary conditions, as
explained above. The result shows that the scaling limit exists, and furthermore gives a
connection to massive models. On the square lattice, suppose that the weights sg,...,ss
satisfy

sp=14+¢6 (k=0,...,3) (4.3)

counterclockwise from the east direction, while on the hexagonal lattice we assume that the
weights ag, . . ., as satisfy
ar=14+c0 (k=0,...,2) (4.4)

also counterclockwise from the east direction. We consider the associated rescaled drift vector

« defined respectively by
3 2

1 2
o= §chik;a: gz:cm'k, (4.5)

k=0 k=0

where i = /=1 = €™/2 and 7 = ¢27/3 are the fourth and third roots of unity, respectively.
The scaling factors in front of these expressions are chosen to guarantee that in the scaling
limit, a random walk with the above weights converges to Brownian motion with drift a: that
is, if X denotes this random walk on either 6Z2 or §T, then (Xgé,Q .)t>0 converges weakly,
uniformly on compacts, to (B; + at)i>0, where B is a standard planar Brownian motion.
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We also assume
co+co=c1+c3 (4.6)

in the square lattice case. See Remark 4.2.14 for a discussion of this condition.

We suppose we are given a Temperleyan lattice domain 'y as in Section 4.1.2 and a dimer
model on I's. Applying the Temperleyan bijection leads to a pair of dual trees respectively
on Q° and its dual, where Q7 is a subgraph of either 6T or 6Z2. Note that there is natural
edge boundary 9Q° on Q°, corresponding to pair of vertices (y1,y2) of the lattice such that
y1 and v, are neighbours in the lattice, at least one of y; or y» is a vertex of Q% but not both.
With a slight abuse of notation we will still refer to ys as a point on the boundary, identify
it in calculations with y, and say that ys — y if yo converges to y as § — 0 (or equivalently
y1). Likewise, we will often consider the random walk (X,,,> 0) on Q%. With an abuse of
notation we will refer to the first time 7 that the walk leaves Q7 as the smallest n > 1 such
that (X,—1,X,) is a boundary edge. We will also identify, with an abuse of notation, the
position X; with the boundary edge (X;-1, X;), and denote it by Yj in the following.

Theorem 4.1.1. Consider a near-critical dimer model as above in a domain I's with Tem-
perleyan boundary conditions. Let o® be a vertex on the primal lattice and let ~° be the path
starting from o in the associated Temperleyan tree on Q°. Let Yz € 9Q° denote the endpoint
of this path. Then conditional on Y5 = a%, if 0® — 0 € Q and a® — a € 9, then also the path
7% converges to radial massive SLEy (see (4.1)) from a to o with mass m = ||a||/v/2 (associ-
ated with a standard planar Brownian motion killed at rate ||c||?/2), where ||| denotes the
Euclidean norm of the drift vector a defined in (4.5).

In fact, the distribution of Yy converges weakly to a distribution u,(;’) on 02, which is
the exit law from 2 of Brownian motion with unit covariance matrix and drift vector . We
therefore obtain the following result.

Theorem 4.1.2. Let Ts denote the Temperleyan tree associated with the dimer configuration
in T's (either in the hexagonal or square lattice case). Then as § — 0, the tree Ty converges
in the Schramm sense to a continuum limit tree T. Fach branch of this tree from a point
z € Q has the law described in Theorem 4.1.1: that is, sample a according to ,uga); given a,
the branch of T from z to a has the law of massive radial SLEy with mass m = |al||/v/2

(associated with a Brownian motion killed at rate ||||?/2).

A key result from [BLR20] (see also [BLR19]) is that the convergence of the Temperleyan
tree implies the convergence of the dimer height function. This requires only a uniform
crossing estimate and some basic estimates such as polynomial decay on the probability for
the loop-erasure to visit a small ball, and control on the moments of winding close to a point
(these estimates are a fairly simple consequence of our work, and are written explicitly at the
end of Section 4.5 in a more general context). We obtain the following corollary:

Corollary 4.1.3. In the setup of Theorem 4.1.1 or 4.1.2, the centered height function h® —
E(h?) converges to a limit as § — 0 whose law depends only on the vector o defined in (4.5).

4.1.6 Exact Girsanov identity

To establish these results, we observe that the law of a branch in the Temperleyan tree
may be described via Wilson’s algorithm as the loop-erasure of a random walk on Q° with
near-critical weights defined by (4.3) on the square lattice and (4.4) on the directed triangular
lattice respectively. The random walk corresponding to these weights is one which has a drift:
as the mesh size 4 — 0, the random walk converges to a Brownian motion with drift vector
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a defined in (4.5). Furthermore, using a discrete Girsanov transform (which will be detailed
below), we relate the corresponding random walks to massive ones on the same lattices; the
above result then intuitively follows by the known convergence of the massive LERW to the
massive SLEy of Makarov and Smirnov (proved rigourously by Chelkak and Wan recently in
[CW19)).

We now describe our Girsanov identity. As this holds independent of any scaling limit
consideration we formulate it in the unscaled triangular lattice T and square lattice Z2.
The Girsanov identity takes a slightly different form in each case. Although both are exact
formulas, the connection between massive and drifted walk is only exact on the triangular
case (Corollary 4.2.5) whereas it is approximate in the case of the square lattice (Corollary
4.2.12). On the other hand, the application of the results of Chelkak and Wan [CW19] in the
directed triangular case needs additional arguments because of the lack of reversibility. As
we believe this result is of independent interest, we state it below on the triangular lattice
where the statement is the simplest. We consider a Markov chain on the (directed) triangular
lattice T where the jump probabilities are allowed to depend on the position of the vertex v
of the triangular lattice T. That is, suppose given for any v € T, a collection of parameters
(ao(v), a1 (v), a2(v)) € R3, and let Q denote the law of a Markov chain such that if the walk
is at the vertex v, then the jump probabilities are given by

eak(v)

a(v) ’

Qv,v+7*) = k=0,...,2, witha(v) =e® 4 . 420 (47)

Let also Y denote the position of the random walk when it hits 9Q and let Q(-]Y = y) denote
the conditional law given the exit point is y. We also let P = P(©) denote the law of the usual
simple random on the directed triangular lattice T.

Fix v = (zg,...,2,) a given path on the triangular lattice, starting from some point xo =
z € Q of some length n = N (7). Let dzg = 2511 — x5 € {1,7,72} CR% for s =0,...,n — 1
denote the discrete derivative of 75 at time s. Define 5(v) > 0 by

2
exp(—f(v)?) = (442)=* [ e, (4.8)
k=0

which is well-defined by the arithmetic-geometric mean inequality. Let a@ = a(v) = %(ao +
17 + az7?), which is a complex number (identified with a vector in R?) associated to every
vertex v of the triangular lattice T.

Note that while a does not uniquely determine the «;, it does determine Q, since the
transition probabilities in (4.7) do not change under a shift (a1, a2, a3) — (a1 + z, a0 +
x,as+x) and all (a1, ag, a3) corresponding to a specific a are related to one another by such
a shift. Thus given a vector a(v) € R?, there is a unique choice of ag(v), a1 (v), as(v) € R
summing to zero such that a(v) = 2(ag(v) + a1(v)T + az(v)7?). The following gives us an
exact value for the global Radon-Nikodym derivative of the law Q compared to P(©),

Theorem 4.1.4.

e = expli, ~ V) (4.9
where
n—1 9 n—1
M, = (a(z,),dzy) and V, = 3 > B (xs). (4.10)
s=0 s=0
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Of particular relevance in this article will be the case where the drift vector a = a(v),v €
Q9 derives from a potential function ® : T — R, i.e., when

2
a(v) = VIB(v) = §Z(¢(u+7i) — B(0))rs (4.11)

=0

in other words, a;1(v) = ®(v + 7°) — ®(v) for 0 < i < 2. If « is of this form, the Radon—
Nikodym derivative in Theorem 4.1.4 takes a particularly nice form:

Corollary 4.1.5. Suppose « derives from a potential function ® as above. Then

QI(V) _ .
S = O () — B(ro) — A
where - )
Ay =) ATo(z,) + 552(%)~
s=0

Here AT®(z) = % Z?:o O (z+7")—P(x) is the usual graph Laplacian on the directed triangular
lattice T.

To understand the formulas in Theorem 4.1.4 and Corollary 4.1.5, we now explain how
both should be viewed as the discrete analogues of Girsanov’s theorem followed by an ap-
plication of It6’s formula. Indeed, in the continuum, if @ is the law of the solution of the
stochastic differential equation (SDE)

dX; =dBy + a(X;)dt; where a(z) = Ve(z) (4.12)
and where ¢ is a smooth Lipschitz function on R?, then

dQ

| e ([ a0 ax. - [[acxorias) (113)

—exp (000~ p0) — 5 [ Mgl +IVp(XIPGs) . (@)

Thus the two terms M,, and V,, in (4.9) are the discrete analogues of the two terms on the
right hand side of (4.13). The term A,, in Corollary 4.1.5 is the direct discrete analogue of
the integral in (4.14).

4.1.7 Conformal covariance; loop-erased random walk with drift

A fundamental feature of critical models in two-dimensional models of statistical mechanics
is that they display conformal invariance. In the near-critical regimes that are under consid-
eration in this paper, we cannot of course expect conformal invariance but rather a change
of conformal coordinates rule known as conformal covariance which, roughly speaking,
says that the transformation needs to be corrected by suitable powers of the derivative of the
conformal map. This has been established in particular in the case of near-critical percolation
in the paper [GPS18] (where this follows from analogous covariance rules for the limit of the
uniform measure on pivotal points proved earlier in the remarkable work [GPS13]). To state
such a result we need to extend the setup slightly, by allowing the drift vector a to depend
continuously on the point z € 2.

Thus, let us fix o : © — R? ~ C a locally Lipschitz, bounded vector field (identified with
a complex-valued function) on €; for z € Q, a(z) € R? will represent the drift at position z.
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Our results pertain only to the case where a derives from a potential, i.e. there exists a
C! function ¢ : @ — R such that a = V. (We will also make additional assumptions on ¢
in the theorem.)

Given such a bounded, continuous vector field, we associate weights on the (scaled) dir-
ected triangular lattice Q° as follows:
al(v) = p(z + 07" — p(2); i=0,...,2 (4.15)

(2

and, as before, these parameters define a Markov chain on Q9 (which we will refer to later as
random walk on Q9 with drift «) given by:

)
P (v, v + 67%) = & i=0,...,2, witha(v)=e®® 4 420 (416)

a(v) ’

Thus the weights are defined by the gradient of the potential ¢, computed locally at each
point z € Q9. An easy application of the Stroock—Varadhan theorem shows that as § — 0,
the position of a random walk starting from 0® — o € Q, after scaling time by 262, converges
to the solution of the Stochastic Differential Equation dX; = dB; + «(X;)dt. Since a derives
from a potential, the previous SDE takes the form

dXt = dBt + VgD(Xt)dt, (417)

known as a Langevin SDE or diffusion.

We will show that Theorems 4.1.1 and 4.1.2 can be generalised to this more general setup
both for the case of a general drift vector field. The first step is the construction of a scaling
limit for the loop-erased random walk with drift (i.e., with weights as above) when the drift
vector field derives from a potential satisfying a certain condition.

Theorem 4.1.6. Let Q be a simply connected domain and o : 2 — R? be given. Fiz o € Q
and let 0® € Q0 such that o — 0 as § — 0. Let a € OQ and let a® be a sequence of vertices
on the boundary of Q0 such that a® — a.

Suppose the vector field o derives from a smooth potential o : Q — R and suppose also
that

p(z) = 3A0() + 5 |Ve(@)|? > 0z € 0 (4.18)

Let (Xf,t =0,1,...) be a random walk on Q0 with drift o« = Ve, i.e., a sample from IP’(()f)
defined in (4.16). Let o denote the first time at which X° leaves Q and consider the the
loop erasure LE(X?®) of the walk up until this time. Then conditionally on Xg(; = a®, LE(X?)
converges weakly to a radial Loewner evolution ~y starting from vy = a, whose driving function
G = €%t (when parametrised by capacity) satisfies the stochastic differential equation

(p)

0 Py’ (o,a
dé = V2dB; + M\dt, N\ = Bar(ar) log <P§;; ((o a:))> ) (4.19)

where ay = y(t), U = Q\ v([0,t]) is the slitted domain at time t, g, is the Loewner map
from Q; to D and Ps(i) and Pq, are the Poisson kernels for massive Brownian motion with
(squared) mass profile p = %A(p + %HV(pHQ, and regqular Brownian motion respectively, in $:
that is, the Brownian motion is killed at instantaneous rate p(x) when in z € €.

As above, the drift term in (4.19) has to be understood appropriately, and will really
be defined as Ep ) (0)/ Pt(p ) (0) where these terms will be defined carefully in Section 4.4. In
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particular, the construction of the Poisson kernel P(({Z ) appearing in the result above is not
trivial and will also be described in Section 4.4. That there is also a unique strong solution
to the SDE (4.19) is also not obvious; this will follow from the estimate in Lemma 4.4.16.

Discussion of the assumption (4.18). The theorem above relies on the condition (4.18)
which plays a technical but important role. We do not believe this assumption is necessary,
but it greatly simplifies the analysis leading to the result. Essentially, our discrete Girsanov
theorem allows us to relate random walk with drift to random walk with variable mass.
The corresponding limiting (squared) mass function is then given by the formula

p(z) = 5 8p(x) + 5 |Vl (4.20)

Thus our assumption (4.18) amounts to requiring the killing rate to be nonnegative. One can
already intuit the emergence of this function from (4.14).

Although this condition could appear somewhat artificial, we note that this condition is
actually invariant under conformal transformations. More precisely, fix T : Q — Q a
conformal isomorphism of simply connected domains, and let X be a solution of the Langevin
SDE (4.17), where we assume Ay + 1[|[Ve[[? > 0. Then T'(X;) is, up to a time-change, a
solution of the SDE:

dY; = dBy + V§(Y;)dt. (4.21)

This is also a Langevin SDE (4.17), where the new potential ¢ is simply given by

2(y) = (T (y)).
From there it is not hard to see that

AG(T(x)) = Ap(z) - |T'(2)[*;
(this is best seen by computing the Laplacian via Wirtinger derivatives). Since
IVG(T(x))|? = T () P|Ve ()],
we deduce that the associated mass function p satisfies
ply) = |T'(@)Pple);  y=T(x). (4.22)

Thus p > 0 if and only if p > 0.

Physically, the assumption (4.18) corresponds to a potential that tends to push the diffu-
sion towards the boundary. In particular, if ¢ is convex then this condition is satisfied. (Note
that our ¢ follows an unusual sign convention: the Langevin diffusion is pushed towards
higher potential instead of the more commonly adopted convention of lower potentials).

Remark 4.1.7. The relation (4.22) is a conformal covariance relation for the mass
functions.

We now address the consequence of Theorem 4.1.6 for the dimer model. Let o = Vi be
a vector field deriving from a smooth potential ¢ :  — R satisfying (4.18). To the weights
e () in (4.16) we can associate edge weights on I's in a bipartite fashion similar to (4.1).
The only difference with what was discussed in Section 4.1.1 is that now the weights ag, a1, as
depend on the point v. We call this the inhomogeneous massive dimer model.

Nevertheless, Temperley’s bijection still applies: thus dimer configurations on I's are in
(measure-preserving) bijection with wired spanning trees on Q°. Using results from [BLR20],
we deduce from Theorem 4.1.6 that the height function h((ga) of the corresponding dimer model
converges to a scaling limit (this generalises Corollary 4.1.3 to the variable drift setting).
Furthermore, under the additional technical restriction that the conformal map T : Q — Q
extends analytically to a neighbourood of €2, the limit is conformally covariant.
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Theorem 4.1.8. Fiz Q and o = Vo satisfying (4.18) as above. The height function h((;a), of
the corresponding biperiodic dimer model just described, has a scaling limit which we denote
by b Furthermore, let T : Q — Q denote a conformal isomorphism of bounded simply
connected domains, and suppose that T extends analytically to a neighbourhood of Q2. Then
we have the identity in law,

pla)i o =1 _ 1, (@)

where at a point w € Q,

a(w) = (T 1y (w) - (T (w)). (4.23)
The product above refers to the multiplication of complex numbers; and this drift vector field
& derives from the potential @ o T™1.

To explain the theorem, we point out that the new drift vector field & in Q has an
amplitude which, compared to that of « in €2, has been scaled by 1 over the modulus of
the derivative of the conformal map going from  to €, and the vector has been rotated
(in the positive direction) by the argument of its derivative. This is the desired conformal
covariance rule. Once again, we point out that this formula may be simply understood in
terms of conformal covariance of Langevin diffusions. Simply put, the above rule describes (by
It6’s formula and the Cauchy—Riemann equations) the change of coordinates for a Brownian
motion with drift a = V.

4.1.8 Comments and open problems

1. The limiting height function ~(®) is determined implicitly from the scaling limit of the
associated Temperleyan tree. A natural question would be to identify its law explicitly.
For this the Coleman correspondence (see [BW20] which establishes a rigorous
version) is a natural starting point. Briefly speaking, the Coleman correspondence can
be viewed as a massive extension of the boson-fermion correspondence, embodied (in
the critical case) by the convergence of the dimer (= fermionic) height function to the
Gaussian (= bosonic) free field. This suggests that the height function h(®) should be
related in the scaling limit to the so-called Sine-Gordon model at the free fermion
point, from quantum field theory. The latter is one of the most canonical quantum (yet
not conformal) field theories. Despite its non-conformal nature, it enjoys a great deal
of integrability. Informally, the sine-Gordon field is defined (in the whole plane) by the
law

SG X ex zZ COS T T GFF# .
PSC (dh) p< [ costo/B ))d)P (dh), (4.24)

where PSFF#(dh) corresponds to the law of a Gaussian free field in Q (with Dirichlet
boundary conditions) but normalised so that the whole plane Green function satisfies
GE(z,y) = —(2m) Hlog |z — yl.

The above expression is however purely formal, as the cosine of (multiples) of the GFF
is ill-defined. While this can be made sense of using the theory of imaginary chaos
([JSW18]) for all 8 < 4, the free fermion point (corresponding to 8 = 4m) falls just
outside the regime where this theory yields a nontrivial object.

We conjecture however that the Sine-Gordon field above describes the limit of the di-
mer height function only in the case of constant mass/drift (and assuming also that the
drift vector field points to the right, or that Q is the full plane). More generally, we
conjecture the following description for the limiting height function for the inhomogen-
eous massive dimer model (with weights (4.16)), given any vector field deriving from a
smooth potential ¢ : Q — R.
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Conjecture 4.1.9. Let P( denote the law of the field h\®*? in Theorem 4.1.8. Then

P (dh) o exp <ZO/Q <eih(z)/x,a(m)> d:c> PSFF (dh). (4.25)

Again this expression is informal and assigning it a meaning is itself nontrivial. The
factor zg in front of the integral comes from conventions such as the normalisation of
the Laplacian and that of the limiting drift «. But note how the expression (4.25)
reduces to that in (4.24) at the free fermion point when (2 is replaced by the whole
plane. Indeed, first of all the normalisation of the GFF in PSFF and PCFF# (iffer by
a factor of v2m. Thus h#* = (2r)~'/2h, so that \/Bh# = (1/x)h when B = 47 and
x=1/ V/2 is the imaginary geometry constant associated to xk = 2.

Furthermore, when Q = C then by rotational invariance, then (ei*(*)/X a(z)) has the
same law as ||a(z)|| cos(v/2h(x)). Thus taking a(z) = « to be constant the expression
(4.25) indeed boils down to (4.24) with z = zp||a|. Since z is the mass parameter of
the Sine-Gordon model, this is entirely consistent with our Theorem 4.1.1 (and with
29 = 1/4/2 in our choice of conventions for the normalisation of the Laplacian).

The above conjecture is informally supported by the imaginary geometry approach to
the dimer model ([BLR20]). Informally, this conjecture says that massive SLEs is (in
some sense) a flow line of the Sine-Gordon field at the free fermion point. We do not
know whether this should hold away from the free fermion point, but it is tempting to
conjecture so. (Recall that for < 47 the Sine-Gordon field is absolutely continuous
with respect to a GFF so that the notion of flow line is at least well defined).

2. A possible approach to the above (which is also of independent interest in its own right)
is the following: can an axiomatic characterisation of this field be given in the manner
of [BPR20, BPR21, AP21]? (This last question is due to Christophe Garban who asked
it in a slightly different form.)

3. A separate line of enquiry concerns the possible implications of our results to the study
of the Ising model. By bosonization, it is known that the critical Ising model is related
to the critical dimer model ([Dub11]). This correspondence remains at least partly valid
in the near-critical regime studied here, but we do not know whether the corresponding
Ising model is near-critical in the sense of commonly studied perturbations of the critical
Ising model (see in particular, [DCGP14], [CIM21], [Parl8], [CIN20] and references
therein).

4. Finally we have developed a near-critical dimer theory on the square and hexagonal
lattices using the symmetries of these lattices, but it would be of considerable interest
to have a theory in some more general setting, e.g., for double isoradial graphs (i.e.,
superposition of an isoradial graph and its dual) since we know for instance that the
Temperleyan bijection extends to this setting ([KPWO00]).

Updates. Since the paper was first put on arXiv we can report on a few developments in
the direction of the above conjectures.

1. On the one hand, Mason [Mas22] showed that in the full plane and in the case of
constant drift, the two-point correlation of the limiting massive dimer height function
coincides with that of the free fermion Sine-Gordon field.
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2. Separately, Papon considered the case k = 4 of Makarov and Smirnov’s programme
([Pap23a, Pap23b]). Roughly speaking, she shows in these articles the following results:
convergence of the massive harmonic explorer to massive SLE4, and a conformal invari-
ance property analogous to Theorem 4.1.8. Furthermore, level lines of the massive GFF
are given by massive variant of CLE,, and the occupation field of a massive Brownian
loop soup coincides with the square of the massive GFF. The pairwise relations between
these three objects hold simultaneously, as in the work of Qian and Werner for the non-
massive case ([QW19]).

3. Finally, Rey [Rey24] has developed a Girsanov identity for isoradial graphs and applied
it to massive dimer models, thereby generalising the results of this paper.

While it is not the purpose of this paper to give an extensive overview of recent works
on near-critical models, we feel it is appropriate to conclude this introduction by mentioning
some which are at least in spirit motivated by similar questions albeit for different models.
These include, beyond the already mentioned works on near-critical percolation [GPS18] and
the near-critical Ising model [CIM21], [Par18], [CJN20] and [DCGP14], the work of Duminil-
Copin and Manolescu on scaling relations in the random cluster model [DCM20]), the work
of Benoist, Dumaz and Werner [BDW20] on near-critical spanning forests, and Camia’s work
on off-critical Brownian loop soup [Cam13].

4.1.9 Notation and Scaling

The triangular lattice T always refers to the directed triangular lattice, in which each edge
has been directed in the respective direction 1,7 or 72, i.e. when we speak of a random walk
on this lattice only steps in those three directions are allowed.

We recall that Q9 is the graph on which all random walk paths will leave (a scaled copy
of the triangular lattice or the square lattice, approximating ), which is often identified
with its vertex set. In this paper several measures on such lattice paths appear. For the
convenience of the reader we collect the most important ones here.

e The simple random walk measure P(9) which takes all possible steps with equal prob-
ability. Note that if X7 has law P then (Xos-2¢)¢>0 converges to a standard planar
Brownian motion (this holds both on 6T and on §Z?).

e Given a function p° : Q9 — [0, 1], the massive random walk measure P(¥°) is the massive
random walk, dying at each step with probability p°(v) if it is in position v € Q% (and
otherwise jumping to one of its neighbours with equal probability).

e Consider the triangular lattice case. Given a® : Q° — R? a discrete vector field, the
random walk with variable drift P(®") takes steps according to (4.7), i.e., the walk
jumps from v to v + 67% with probability proportional to e®®) (k = 0,1,2), where
ap(v), a1(v), az(v) € R are uniquely defined by the requirements 22:0 ag(v) =0 and
ov) = 23 o0},

Here we have defined the law of random walk with drift o?, }P’(aé), only in the case of the
triangular lattice. Obviously, an analogous definition can be given in the case of the square
lattice too; this will be made explicit in Section 4.2.4 when it is needed.

The weights a’(v) = a’(v) typically depend on both ¢ and v. When there is no risk of
ambiguity we will sometimes write P(® for IP’(O‘(S), and likewise we will write P(®) for P(°°) if
there is no risk of confusion.
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Usually we view them as measures on the canonical path space, whose corresponding
random variable is denoted by Xt‘s ,t =0,1,.... Sometimes however, given a discrete path
70 = (xg,...,x,) we write P(?) for P((Xg)szo’..,,n = (w§)3207._,’n), where PP is any of the laws
above.

Note that P() is a special case of all of these measures, setting the respective parameters
to 0.

For the appropriate weights these random walks have scaling limits. For instance, if
ad(v) = §F(v) + o(8) for some bounded Lipschitz-continuous F, then this random walk
converges to the solution of the SDE

dX, = F(X,)dt + dB,.

let ¢ : Q — R be a smooth function. Noting the fact that VoTp(v) = §Vp(v) + o(d) (recall
our conventions for the discrete gradient in (4.11)), this implies that if o (v) = VT (i), then
the random walk corresponding to P’ converges in the scaling to the Langevin diffusion

dX; = Vp(Xy)dt + dBy .
That is, (Xg 5—2,)t>0 converges weakly under P(e°) to the above Langevin diffusion.

Likewise, in the massive case, suppose that p’(v) = 62p(v)/2 + 0(6?). Then the random

walk corresponding to P(p§), converges (under the same scaling) to massive Brownian motion

with profile p, i.e. its law converges to the measure IP’,(UP ) whose Radon—Nikodym derivative

with respect to Brownian motion is given by

oo (- tp<xs>ds) .

Organisation of the paper. In Section 4.2 we state and prove the discrete Girsanov
identities and explain the implication for the connection between drifted and massive walks
which lies at the heart of this paper. In Section 4.3 we extend Chelkak and Wan’s result
about the convergence of the massive LERW to massive SLEs to the directed triangular case;
the additional difficulty compared to their setup is the lack of reversibility. At this stage
Theorems 4.1.1 and 4.1.2 are proved.

In Sections 4.4 and 4.5 we show how to get the existence of a scaling limit for loop-erased
random walk on graphs where the drift is a variable function of the vertices given by the
gradient of a potential (in particular, the scaling limit of the random walk is given by a
Langevin diffusion). Finally in Section 4.5 we transfer results about convergence of trees
to convergence of height function (which implies in particular the conformal covariance of
Theorem 4.1.8).

d]P)g(cp)
dP,

4.2 Girsanov identity; proof of Theorems 4.1.1 and 4.1.2

In this section we start with a proof of Theorem 4.1.1, which we prove separately in the
case of the square and hexagonal lattices. As mentioned the result will follow from applying
a form of Temperley’s bijection and studying the scaling limit of the corresponding loop-
erased random walk (which describe branches in the spanning tree by Wilson’s algorithm).
Since Temperley’s bijection is not so well known in the case where I's is a subgraph of the
hexagonal lattice, we start by explaining the bijection in this case, which can also be found
(albeit somewhat informally) in Section 2 of [KPWO0]; see in particular their Figure 2.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

134 CHAPTER 4. NEAR-CRITICAL DIMERS AND MASSIVE SLE,

it
0 0gRe s,
IaTa=ava’
22e%s %%,
NIV
QOO
S
B%a%afvla!
MNLS TN
O =
\ P, \/j: ! O {_:.-{_:—- M
= g @ leYeYa s
/ o ol MY s
DS e Oy
= '\/(\,. — = =
Fia e S0Pl
NN Il W ol o ®,
atatalats s @sa B
oo =N T
TR O
2l BB N 0,0,
128 2a%5% e e s2e"
o _—,/\\‘}/\f\/\
aa®o @@ ST @
e aatoTaten
1205050555008,
WO O

Figure 4.3: A dimer configuration on the hexagonal lattice, and its associated pair of dual
spanning trees from Tempereley’s bijection. The outer (i.e., boundary) vertex is represented
as a black hexagon for convenience. The unique path connecting a vertex v (at the centre of
the hexagon) to the boundary has been highlighted on the tree; the corresponding path on
the dimer graph appears as a dotted line. Each dimer on this path can be viewed as the first
half of the corresponding tree edge. Conversely, we obtain the tree by multiplying by two
each dimer emanating from a Bj vertex, in the direction from black to white.

4.2.1 Temperley’s bijection on the hexagonal lattice

As mentioned in Section 4.1.3, Temperley’s bijection relates rooted spanning trees on a graph
Q9 (already discussed in Section 4.1.2) to dimers on the graph I's, a Temperleyan subgraph
of the hexagonal lattice. We start by describing how Q° and I'y are related to one another.
The bijection itself will be stated in Theorem 4.2.1 and is illustrated in Figure 4.3.

Consider the triangular lattice, that is the graph whose vertices are given by a+ b7, where
a,b € 07 are integers (times 0) and 7 = e27/3 ig the third root of unity, and where each pair
of vertices at distance d is connected by an edge. We will give each edge an orientation, such
that it is oriented in direction 1, 7 or 72 and a weight, which is a1, as or as accordingly. This
gives a directed graph in which each vertex has three outgoing and three incoming edges. We
will call this graph the directed triangular lattice and denote it by T throughout this article.

Let us now choose a simply connected set of vertices of T and identify all other vertices
as a single outer vertex. We call the resulting graph . A spanning tree of Q° rooted
at the outer vertex is a spanning set of edges containing no cycle. By orienting the edges
to wards the root of the tree (the outer vertex), any such tree is equivalent to a spanning
arborescence, i.e., a collection of directed edges such that there is exactly one outgoing edge
from each non-root vertex (and none at the root), and having no cycle (irrespective of the
orientation). This point of view is useful in Temperley’s bijection since edges come with a
natural orientation.

(Sometimes such a tree is called an arborescence). By definition we assign a weight to a
rooted spanning tree given by the product of the weights of the edges in the tree.

Now consider the superposition graph H* obtained in the following way. The vertices
of H* are the vertices, edges and faces of Q9. To avoid terminological confusion, call the
vertices of H* nodes and call them vertex-nodes, edge-nodes and face-nodes depending on
their counterpart in Q°. The edges of H* are called links and are defined as follows: connect
a vertex-node v and an edge-node e if e is an outgoing edge of v in Q9 and give this link
the same weight as e in Q9. Also connect an edge-node e and a face-node f if e is adjacent
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to f in Q°, and assign weight 1 to such links. Finally obtain I'; from H* by deleting the
vertex-node corresponding to the outer vertex and one face-node for a face adjacent to the
the outer vertex. Note that the vertex nodes of H* are the B vertices of the hexagonal
lattice, while edge-nodes are white. (The face nodes of H* are either of type By or Bs.) For
an illustration of this procedure see Figure 4.3.

The graph I's obtained this way is exactly a Temperleyan domain of the hexagonal lattice
as defined in Section 4.1.2, and by choosing Q° as the directed triangular lattice formed by
the Bj vertices in such a domain, it is also clear that each Temperleyan subgraph of the
hexagonal lattice can be obtained in this way. The weights on this graph are as in Figure
4.1. The relevant version of Temperley’s bijection is then the following:

Theorem 4.2.1 ([KPWO00]). There is a weight preserving bijection between spanning trees
of Q9 rooted at the outer vertex (i.e., spanning arborescences rooted at the outer vertex) and
dimer configuration on Ls.

The bijection is easier to describe in the direction “dimers” to “trees”: given a dimer
configuration m on I's, define a collection 7 of oriented edges in Q° as follows: for every
dimer occupying a link between a vertex-node v € v(Q%) and an edge node e € FE(Q°),
include the outgoing edge e from v to 7. One can check that the resulting collection of
edges T is a spanning tree in the sense above. (Essentially, to every vertex v € v(§25 ) there
is a unique outgoing edge containing v in 7 by definition of the dimer model and of T;
following the outgoing edges from a given vertex v € v(€%) may not result in a cycle by
duality considerations, and thus necessarily ends at the outer vertex — this is the unique path
to the outer vertex in the definition). Once again, we refer to Figure 4.3 for illustration.

4.2.2 Proof of Theorem 4.1.4 and relation to massive walk

We consider first the case of the triangular lattice and give the proof of Theorem 4.1.4, and
recall that here we work on the unscaled lattice T rather than the scaled lattice oT.

Proof of Theorem 4.1.4. Let ng = ng(v),n1 = ni(v) and nae = ny(v) be the number of steps
taken by v from v in the directions 1,7 and 72 respectively. Then

PY (v)
2 ek 2 ngtny+ng 2 ngtny+ng
H H(i)nk —3n H [((a/?)) (no+ni1+n2) H(eak) 3 H(eak)nk— 3 ]
vev(Q) k=0 a vev(Q) k=0 k=0
2
=3 [] ¢ oy exp (Z g (ng — n°+7§1+"2)>
veV(Q) k=0

_ 3—716—%‘/n ex 2np—ni—na 2n1—np—n2 2n2—no—n1
= p ZQO( 3 + a( 3 ) + o 3 )

v

1
=3 2 exp (g Z(ao +an7 + ot ng + naT + n272>>

v

where we have used in the last line that (1,7) = (1,7%) = (7, 7%) = —1/2. To conclude, simply
observe that each dzg contributes exactly 1, 7 or 72 exactly ng, n1 or ng times respectively.
Therefore,
9 n—1
3 Z(ao + T 4 aot?, ng + T + n27'2> = Z(a(azs), dzs) = M, (4.26)
v s=0
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so that )
Py
Ol o) _ exp(M, — 3Vp),
Pz (7)
as desired. O

Before we proceed with the case of constant drift let us first consider the case of drift of
gradient type.

Proof of Corollary 4.1.5. Consider a single summand of M,,. Let j be such that x4, —xs = 77

2
2 o
T i _

(VER(x,), wop1 = ws) = 3 Z (x5 +70) — ®(z4)) (8, 77) = (4.27)

2 j 1 j+1 1 j+2

3 D(xs+77) — P(x5) — 5(@(&05 + 777 — D(xy)) — 5(@(335 +777) = D(xy)) | = (4.28)

D(2541) — D(25) — ATD(zs). (4.29)
Telescoping the first term gives the desired result. O

Remark 4.2.2. Since Theorem 4.1.4 and Corollary 4.1.5 are just statements about the random
walk on the triangular lattice, i.e. independent of the embedding of this graph, we chose to
state it for the unscaled lattice T. However, for convenience let us describe what these
results become when we scale the triangular lattice, as this will be the situation of interest
in the rest of the article. Thus, let us assume that we are given a® : 6T — R such that
a’(v) = da(v) + 0(6)%. Let af,af,ad be associated weights such that o = 2 252 yaorh
(these are defined only up to a common additive constant, as 1 +7 + 72 = 0).

Then, as will be checked in Lemma 4.2.4, the corresponding factor S(v) (which does not
depend on the choice of the above constant) will be of order 62. The statement of Theorem
4.1.4 remains unchanged except that one has

n—1

M, = §:0<5—1a5(x8),dx5> . (4.30)

The additional factor —! compared to (4.26), comes from the scaling of the triangular lattice:
in (4.26) we had used that dzs € {1, 7,72}, but on the scaled triangular lattice one has instead
% € {1,7,7%}, so we need to add a factor of ! to compensate. The fact that the terms in
the sum defining M, in (4.30) are each of order §, while the summands in the sum defining
V,, are of order §2 is consistent with the fact that M,, converges to a stochastic integral and
V,, converges to a finite variation integral (with n of order 62 in both cases).

A similar remark applies to Corollary 4.1.5 when we scale the triangular lattice. The
assumption a(v) = VI®(v) becomes

2

D (p(v+7°) = p(v))T* = 6Vp(v) + 0(8%),

s=0

a®(v) = VTp(v) =

W N

for v € 4T, and smooth ¢ : 2 — R. Using
1< 52
oT R sy _ 2
A p(v) = 5 s§:0<p(v+7 ) = p(v) = L Ap(v) +0(57)

in place of AT the statement remains unchanged.
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Figure 4.4: Two samples of loop-erased random walks on the triangular lattice in a hexagon
of side-length 500. Left: no drift. Right: small drift to the right.

4.2.3 Statement of the theorem about LERW

We may now state the theorem needed for the proof of Theorem 4.1.1. Let I's be as in
Theorem 4.1.1 and let Q° denote the embedded graph on which the tree obtained from the
Temperleyan bijection lives; thus Q° is either a portion of the scaled square lattice or of
the (directed) triangular lattice, and is embedded within the domain . With an abuse of
notation, we often identify the vertex set v(Q?) of Q9 with Q7 itself. Consider the random
walk on Q° arising from the weights (4.4) (resp. (4.3)). Observe that in either case, the
corresponding law is of the form P with o = da + 0(9) does not depend on v, where « is
as in (4.5). For instance, in the case of the triangular lattice, we define o (0 < k < 2) by

SO (y5 = % Zi:O OéiTk = %(5 Zi:o Ck’Tk + 0(5) = du + 0(5)

Theorem 4.2.3. Suppose Q is bounded and suppose o : Q — R? is independent of v and
satisfies a® = S+ 0(0) for some fized o € R%. Let o € Q and let 0® denote a lattice point on
Q9 which converges to o as 6 — 0. Let (73, . ,fy%) denote the loop-erasure of a random walk

5
sampled from ]P’f)? ), starting from o° killed when leaving Q°, and identify ~° with its linear
interpolation to get a continuous path on [0,T]. Then as § — 0,

7 =

where YO has the following law: first, its endpoint a has the law ME,“) which is the hitting
distribution of 02 by a Brownian motion with drift o starting from o; furthermore, condi-
tionally given a, v° is a massive radial SLEy from a to o in Q with mass ||a||/v/2. Here the
convergence is in the sense of uniform convergence up to reparametrisation.

Note that Theorems 4.1.1 and 4.1.2 follow directly from Theorem 4.2.3 and Temperley’s
bijection (Theorem 4.2.1). The rest of Section 4.2 will be devoted to a proof of Theorem
4.2.3. We will separate the case of the square and triangular lattices as the proofs are a little
different in each case. We first outline the main ideas. Essentially, we are able to relate at
the discrete level the loop-erasure of random walk on Q° with that of a massive random walk.
The relation is exact in the case of the triangular lattice and approximate in the case of the
square lattice. On the square lattice, we know by the results of Makarov and Smirnov [MS10]
(as clarified by the more recent work of Chelkak and Wan [CW19]) that the massive LERW
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converges to massive SLE,. Combined with the above-mentioned approximate relation on
the square lattice, this gives a proof of Theorem 4.2.3 in this case. The theorem of Chelkak
and Wan is however only stated for the square lattice and we will verify that their approach
can be extended to cover the directed triangular lattice as well. The lack of reversibility is a
difficulty in that case.

Let us now begin the proof of Theorem 4.2.3 for the triangular lattice, with a proof of
the fact that the loop-erased random walk has the same law as the loop-erasure of a massive
walk, once we condition on the endpoint.

Fix o as in the theorem, and write aj = a,‘i = e (k=0,...,2), and a = ap + a1 + as.
Let B(v) = 3°(v) be implicitly defined by (4.8), which as we will soon see is of order 62, and
clearly does not depend on v. We will want to compare our walk P(® with an appropriate
massive walk. Let m = m® > 0 be defined by

1 m262 Japalao

1— = . 4.32
S1- ) = ¥ (432)
(Note that m is well defined by the arithmetic-geometric mean inequality.) The mass m can
also be related to the factor 32 previously introduced in (4.8): that is,

- m252

= exp(—f3%/3).

We now show that the mass m = m?’ is non degenerate in the limit, and in fact simply

equals the norm of the drift vector o (up to a factor 1/2).

Lemma 4.2.4. Let o be as in Theorem 4.2.8 and (3 be as above. Then
3
CHOE 152HO<H2 +0(8%), (4.33)

llel

% converges as & — 0 to o

Equivalently, if m =m0 be as in (4.32) then m

Proof. In fact we will directly prove the result on m. This will come from a careful second
order expansion (note however that our assumption about o’ implies only o’ = da + 0(9)).
For k = 0,1,2, let us write a; = e =1 + ¢;6, and let s = cg + ¢1 + ¢2, so that with these
notations a = ag + a1 + as = 3 + sd. Then starting from the identity

Y1+ cod) (14 c16)(1+ c20) 1(1 B m252)
3+ s6 3 2 7
and expanding the product before doing a Taylor expansion of the left hand side as § — 0,

we find

1+ %(5 + (0001+61302+6200 _ 582)(52 +0(52) _ }(1 B m252)
3+ s6 3 2
in other words, writing kK = Ww — 532,
1 & 1 m262
-4 =42 0 = (11—
3 H30" ol =5l 5 )

from which it follows that
m? = —2k + o(1).

Let us call p = cge1 + cr1eo + c2¢p, so that



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.2. GIRSANOV IDENTITY; PROOF OF THEOREMS 4.1.1 AND 4.1.2 139
Now observe that since (1,7) = (r,72) = (1,72) = —1/2,

4
HozH2 = §(co + 17 4 o2, o+ T + 0272)

k=0
Therefore,
m? = L lall* + o(1),
as desired. ]

Let p = p? = m?6%/2, and let P() = P(**) denote the law of massive random walk, which
has jump probabilities

1 252 3
P(p)(v,v+57k):§(1—m25 A T
a

and which jumps to an additional ghost or cemetery vertex with probability p? = m262 /2
(in which case say that the path has died). Let P()(-|Y? = a%) denote the conditional law of
massive random walk, given that the walk does not die before leaving Q° and that the exit

. . 5
point 1s a’.

From Theorem 4.1.4 we get the following corollary:

Corollary 4.2.5. For each § > 0, for each 0® € Q° and o’ € 99, we have
S 9
Pf)? (Vs = as) = IP’ffé (1Y = as).

Proof. Since o does not depend on v, the discrete stochastic integral can be written as

n—1
M, = Z(fl@é(ﬂ?s), dz;) = <571045, as — 05) (4.34)
s=0

and so does not depend on the path 7% subject to the condition Y® = a%. Furthermore the
mass m has been chosen so that the quadratic variation part cancels the mass term exactly:
that is,

m252 e

2

Hence the ratio of the left hand side to the right hand side is a constant, independent of the
path 79, therefore this constant is one since both probability measures sum up to one when
we sum over all paths. ]

exp(—%Vn) =(1-

Corollary 4.2.6. Let o = o be as in Theorem 4.2.3 and consider the mass m as in (4.32)
and p = p® = m?5%/2. Suppose o® — 0 € Q,a% — a € 09,

P
IP)(P)

0%

(") = exp({a,a — o).

Proof. This follows from our exact expression for (Pg?) / }P’gg))(y‘s), (4.34), the already observed
fact that the quadratic variation part cancels exactly with the mass, and the fact that 6 'a®
converges to a. O
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Note that this is stated without conditioning the massive walk to hit the boundary before
dying. (This conditioning would simply add a term to the Radon-Nikodym derivative of the
previous lemma, corresponding to the probability to hit the boundary before dying.)

From Corollary 4.2.6, in particular we see that when ~° is a loop then P(®)(y9) = P(#)(49),
Although we do not need this here, this implies that the loop measures associated with the
drifted walk P(®) and P() are identical. Since these loop measures can be used to identify the
law of loop-erased random walk (see, e.g., [LL10, Chapter 9.5]), we can use this observation
to deduce that the expression obtained in Lemma 4.2.6 can be transferred at the level of the
loop-erasure. In fact this can be proved directly as follows. If X is a lattice path, let LE(X)
denote the chronological loop-erasure of X considered up until its hitting time of 9Q° (if the
path never reaches 99 — for instance if it dies before reaching the boundary — then LE(X)
is by convention the empty path).

Lemma 4.2.7. Let 7% denote a fired (sequence of) simple lattice paths from o® € Q9 to
al € 09, with o — 0 € Q, a® — a € 00. Then

P (LE(X) = 17)

PO(LE(X) = 0) exp({a,a — o).

as 0 — 0.

Proof. This follows directly from Corollary 4.2.6 by summing over all ways to obtain 7% as a
loop-erasure, and noting that the expression for the Radon-Nikodym derivative in Corollary
4.2.6 depends only on the endpoints of the path, and not the rest of the path itself. O

As was mentioned in the introduction, the scaling limit of massive LERW is rather well
understood, at least on the square lattice. Although the existing proofs of convergence to
massive SLEy do not cover the case of the triangular lattice, it is possible with a bit of effort
to extend these methods to cover this case (the main issue is the lack of reversibility which is
needed to establish the crucial “resolvent identity” at the discrete level). We state the result
here, but defer its proof until later, and see how this can be used to deduce Theorem 4.2.3.

Theorem 4.2.8. Let Q° C 6T approzimate Q with 0® € Q0 — 0 € Q, and let a’ be a boundary
point of Q° such that a® — a € 9Q. Consider the loop-erasure of a random walk sampled

9
from Pg’; ), started at 0® and conditioned to hit the boundary at a® before dying, with mass

)

P = m?262/2, where m = m? — m, converges in law to radial massive SLEy from a to o with

mass m.

Since the exit distribution of massive LERW from 9, conditional on exiting this domain
before dying, has a limit as 6 — 0 (the “massive harmonic measure” on 9f2), and since the
law of radial massive SLEy from a € 0£2 to o € ) is continuous with respect to a, we deduce
from this theorem that the scaling limit holds even if we do not condition on the exit point
a’ of the random walk, and simply condition on not dying before reaching the boundary.

The proof of Theorem 4.2.8 is deferred to Section 4.3. For now, we see how this immedi-
ately implies Theorem 4.2.3 for the triangular lattice.

Proof of Theorem 4.2.3. This will follow rather simply from Lemma 4.2.7, the fact that the
expression for the Radon-Nikodym derivative is well-behaved, and the fact that the extinction
probability for the massive walk converges to some nontrivial probability bounded away from
zero and one as 0 — 0. Indeed, since Q) is bounded, the function exp({c,a — 0)), viewed
as a function of the endpoint a € 02, is a bounded continuous functional on path space.
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Therefore, if F is another arbitrary such functional, then letting o be the hitting time of
9Q° by X9,

ECFLE(X?)) = EY) [ F(LE(X?)) exp((a + o1), V5 — o5>)( o0 < oo] PY) (00 < o)
— EPSM2 [F(y) exp((a, Y — 0))] p(o),

where EPSEE2 denote the law of a massive radial SLE; started from massive harmonic measure
on 02 (a point which we denote by Y'), towards o, and p(o) is the survival probability
for massive Brownian motion in Q starting from o, killed at rate p = m? = ||a?/2, i.e.,
plo) = Py (0 < o) = EBM(exp(—||a||?0/2)) with o the exit time from . The rest of the
result follows immediately by specifying F' to be a continuous function of the endpoint Ys. [

4.2.4 Discrete Girsanov on the square lattice

Now let us consider the case of the square lattice, so 9 is a portion of §Z2 which approximates
) in the sense discussed above. Our first task is to define precisely what we mean by P,
Let ¢z: Q% — R be bounded functions for k = 0,...,3, satisfying co 4+ c2 = ¢1 + ¢3 at each
vertex v € Q9. Then P(@) is the law of the Markov chain on Q° whose jump probabilities
from the vertex v € Q° are given by

P (v, v + 5iF) = OZf((v”)) k=0,....3, (4.35)
where .
a(v) = Zak(v) and ay(v) = 1 + ¢;(v)d, for k=0,...,3,v € Q.
k=0
And define a = a° via
5 Iy GOy K 2
a’(v) = 52%(1})1 = 52%(0)1 € C~ R

k=0 k=0

Again o’ does not determine the ¢, uniquely, but only up to global shift, which does not
influence the limit of the law, so that our notation P@) is justified.

Together these assumptions guarantee that, if cx(v) is given by some fixed Lipschitz
function ¢ : Q — R evaluated at v € Q9 C Q, then a® = da40(d), where o = (1/2) Zi:o cri®.
(This is in particular the situation of interest for Theorem 4.1.1, where ¢, are in fact constant).
Thus « is itself a Lipschitz vector field defined on all of €2; this random walk converges to a
Brownian motion with drift & under the same scaling as discussed in Section 4.1.9.

Again fix 4% = (x0,...,z,) a given path, this time on the square lattice, starting from
some point g = 0° € Q° of some length n = N(7°). Define a(v) € R,k =0,...,3 by

exp(ag) = ar = 1+ ¢0. (4.36)

Define also (for i = 1,2), 8; = 2(v) > 0 by

oxo(-) = 1

Note that 5y is well defined by the arithmetic-geometric mean inequality since for i = 1,2,

3
a 1
Z =1+ 4kz_:ock5 =1+ %(Ci_15+6i+15) =

Qi—1 + Git1
2 )
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where we used the assumption that ¢y + ¢a = ¢1 + ¢3. We will then denote by 3 € R? the
vector 8 = (B4, f2).

The next lemma gives the Girsanov identity in the case of the square lattice, which for
conciseness we only give on the scaled lattice.

Lemma 4.2.9. On the square lattice, we have

(@) (.6
P
© ) = exp(M, — 3Vp), (4.37)
Pz7(7)
where M, and V,, can be written as
n—1 n—1
M, = Z 6 Ha(zs);dzs) and V, = 26*2\\3(%) © da||?
s=0 5=0

where a ® b is the Hadamard product of the vectors a = (a1,a2) and b = (by,bs), whose
coordinate are a;b; (i = 1,2). Explicitly, V,, = 52 ZZ;OI Bi(zs)?|dwl? + Ba(ws)?|da?|?.

Proof. Denote for a given path v° of length n whose starting point is z, by ng(v),.. ., n3(v)
the number of steps of the walk from v and going in the direct 1,1, —1, —i respectively.

P (y) (4.38)

_ H ago(v)a?l (v)a;zz(v) ags(v)afn

vev(Q9)
ng—ng nij—ng ng+ng ni+ng
- I @) 0 @) )
- a0 o 2 2
vew(09) az as (a/4) (a/4)
_ i-n ng — N2 ny —ns3 9 Mo + N2 9N + N3
=47"exp | Y (a0 —a2) 5 tla—a)—F—-fi—— - f—
vev(Q9)
= 47" exp(M,, — 3V5), (4.39)

where in the last step we used that for each step of the walk in direction 1,4, —1 or —i the left
two summands contribute 1/2 times ag — ag, p — a3, g — g or iz — g respectively, whereas
the right two summands contribute 1/2 times 57 or 82 depending on whether the displacement
is horizontal or vertical. This leads to the expressions for M, and V,, respectively. The
negative powers of § in the expressions of M,, and V,, compensate the length of dx,. 0

We can again compare P(® with an appropriate massive random walk. Let m = m% =

m?(v) > 0 be defined by:

1 m262 Yapaiasas
(l-—-)=
a
Note that this choice of m also satisfies:
m?§? Bt + 53

1-— = - .
( ) = exp(————)
We will see below that in the situation of interest for Theorem 4.2.3 (and so in particular for
Theorem 4.1.1) 82 will indeed be of order 62

Let p = p°(v) = m262/2 and let P() be the law of the massive random walk, which has
jump probabilities

m2§2

P (v, v+ 6iF) = 1(1 -

), for k=0...,3
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and which jumps to an additional ghost or cemetery vertex with probability # (in which
case we say that the path has died). Let P®)(-|Y; = a®)) denote the conditional law of the
massive random walk, given that the walk does not die before leaving Q° and that the exit

point is al.

Lemma 4.2.10. Suppose o does not depend on v and o® = do + 0(9), or equivalently cy,
converges as § — 0 for k=0,...,3. Then fori=1,2

,33 = %(Ci—l — Ci+1)252 + 0(52).
In particular §=2||B||* converges as 6 — 0. Furthermore,

2
m2 s lal?

Proof. Note that by definition, for : = 1, 2,

gz _ G101 (A4 c10)(A+ciad) 0y e s
’ (a/4)? (1 + G=tleig)2 1(Cim1 = €i1)70% +0(07),

as desired. Now,

so that
m? = %((02 —co)® + (c3— 01)2> + o(6%).

On the other hand, o = %Zizo cei® = ((ca — ¢0)/2, (c3 — ¢1)/2) so that
lal* = 3 ((c2 = c0)® + (e5 — 1)),
which concludes the proof. O

While an exact connection between massive random walk and the random walk with
drift conditioned on the exit point holds only for the triangular lattice, a similar statement
holds asymptotically also for the square lattice. To establish the connection between the two
random walks we first prove the following lemma:

Lemma 4.2.11. Fiz o® = da + 0(5), where o € R? is fized. Let o = o° be the first time the
random walk leaves the domain Q° and 6 < 1. Then uniformly over z5 € Q°:

181
2

as & — 0. In particular this holds also under Pg?s).

ad 0
Pg5>(yvo—a | > 6%) — 0,

Proof. Since (Xés 52 t)tZO converges to Brownian motion with drift o € R?, o = o9 is of order
6~2 and fluctuates on that scale, i.e. the distribution of §2¢° has a nontrivial weak limit,
which simply is the law of the exit time o of Q2 by a Brownian motion with drift o (let P
denote its law).

Let € > 0. Choose K large enough that IP’ga)(U > K) < € uniformly over z € . For ¢
small enough it follows by compactness that
P(aa)(o > K6 ?%) < 2e.

z5
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At each step, the walk takes a horizontal or a vertical step, each with probability % (since

co + c2 = ¢ + ¢3). Therefore @, ==V, — n@ = V, — n||p||?/2 is a martingale with
increment jumps uniformly bounded by O(§2) by Lemma 4.2.10.

Hence ¢, = §72Q),, is a martingale with bounded increments, and we are interested in the
terminal value of @, at the stopping time o = 0. Using Freedman’s martingale inequality
(Proposition (2.1) in [Fre75]), we conclude

PO(|Qgs| > 6%) < P (o > K§2) + P (|gp| > 67 %0 < K§2)
52974

(C60-2 + K5—2))

< 2e + exp(—c6?072),

< 2e + exp(— 5

where ¢ depends only on K and 6 (and hence only on € and 6) but not on 6. The lemma
follows since 6 < 1. O

This allows us to prove the analogue of Corollary 4.2.6:
Corollary 4.2.12. Let~° be a path in Q° from 0® € Q°. Then if o® — 0 € Q and a® — a € 9N
§
P(a ) (6
2 U, expi(fa = o).,
Poa (%)
in probability as § goes to 0, under either the law P(p6)(-|Y5 =a%) or P(aé)(-D{; =a%).

Proof. By 4.2.9 we have that the ratio satisfies:

(@) .5
P 2 9
P4 (49) 4 2

Since we are only considering paths that do not die before reaching their endpoint, Lemma
4.2.11 applies and the second term converges in probability to 1 with respect to P(@°) since
the term in the exponential converges to 0 in probability.

On the other hand, as in the triangular case, since a® does not depend on v, M, =
(671a% a® — 0%), which converges to (a, a — o) under our assumptions. O

Remark 4.2.13. Note in particular that if G5 is the good event
2
Gs = {|Vo — 0”52” | < 6%,

then we have learnt that on G5 we may write

5
P57 ()
“ot 02— (14 o(1)) exp({(a — o), )
P ()

where the o(1) term is nonrandom. Note that since P(pé)(G(;\Y(; = a®) — 1 this implies that
Lemma 4.2.7 also holds on the square lattice.

With this proposition we can now conclude to the proof of Theorem 4.2.3 in the case of
the square lattice.
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Proof of Theorem 4.2.3, square lattice case. Let F' be a bounded continuous functional on
curves in Q (for the topology of uniform convergence of paths up to reparametrisation).
Let 0,a and 0°,a’ be as in Corollary 4.2.12. Let 7 denote the random walk with jump
probabilities given by (4.35) and let 0® denote the first time 7° leaves Q°. Let LE(4?) denote
the chronological loop-erasure of 4°. We want to show that

ESV[F(LE()) — o ER ROl (da) (4.40)

where Eg‘}gLE? is the law of massive radial SLE; between a and o in 2, with mass m = ||a|/v/2,

and ,uga)(dy) denote the hitting distribution of Brownian motion with drift o of 9 from o.
Then

ESD[F(LE()] = ES ) [F(LE()16,] + o(1)
— EY[F(LE(Y)) 1305 <00} (1 + 0(1)) exp({a, 125 — 0°))] + o(1)
= (1+ o(1))ES [FILEG) 1 5oy exp({, 755 = 0°))] + 0(1)

o

by Remark 4.2.13. Now, using Lemma 4.2.10, by [CW19, Theorem 1.1], and since ’yg(; is a
bounded, a.s. continuous functional of 4% (when € is bounded), we find

Eg?é)[F(LE(Wé))] — p®)(0) / Epa™ [F(7) exp({a, a — 0))]pi (da),
a€df

where uﬁf ) is the law of X, under ]P’E,p ), conditioned on o < oo and p)(0) is the probability
of this event.
Taking F' to be a function of 'yga only, we see that

[ Plawaa) =) [ Fayes((a,a— o)l da)
a€of acof
so that

) da) = 1) (o) expl(, = o))l (o)

almost everywhere with respect to uff ). This proves (4.40) and hence Theorem 4.2.3 in the
case of the square lattice. O

Remark 4.2.14. If we had not assumed ¢y + co = ¢1 + ¢3 we could not write the “quadratic
variation term” V,, in the form of a sum along the path of positive terms of type 513 L k=1,2.
Even if we don’t insist on the positivity of these terms and try to analyse the limiting
behaviour, we find that Vj, is the sum of terms of order ¢ rather than §2. The first order
contribution however cancels out on the large scale and we do get a term of order 1 when n is
of order §~2, but it does not seem that this term can easily be interpreted as a massive term:;
in particular it seems it might not be concentrated at a fixed time n ~ t6~2. In other words,
the Radon-Nikodym dervative of the random walk with drift with respect to the massive
random walk picks up a non-trivial contribution due to the walk taking more horizontal or
vertical steps, even though the proportion of those steps behaves like % + cd.

4.3 Convergence of massive LERW on the triangular lattice

In [LSWO1] Lawler, Schramm and Werner proved that the scaling limit of the loop-erased
random walk in a simply connected domain on the square lattice converges to radial SLE,.
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While the proof is written for the LERW on the square grid, in the last chapter it is mentioned
that the proof can be adapted to more general setups; the random walk on the directed
triangular lattice is explicitly mentioned as an example of an irreversible random walk to
which the proof applies. In [MS10] Makarov and Smirnov proposed a strategy for proving
convergence of the massive LERW to massive SLEs building in part on ideas coming from
Conformal Field Theory (see [BBC09, BBK08]). This strategy was then successfully followed
by Chelkak and Wan in [CW19], using a framework for convergence to SLE developed by
Kemppainen and Smirnov in [KS17] and a recent addition [Karl8] by Karilla. We show in
this section that the arguments of Chelkak and Wan in [CW19] can be adapted to the directed
triangular lattice which will imply a proof of Theorem 4.2.8. The additional difficulty here is
the lack of reversibility, which is crucially used to derive a discrete “resolvent identity” and
is the heart of the proof in [CW19]; see in particular Proposition 4.3.12 below. We note that
a more general proof (but requiring quite a bit more work) will be given in Section 4.4, so
that this section could be skipped by the reader.

In order to stay close to the notations of [CW19] we will use, in this section only, the
notation P(™ (instead of P()) for the massive random walk which dies with probability
m?252/2 at each step; likewise partition functions will be denoted e.g. by Z (m) "as we will see
below.

4.3.1 Convergence of domains and curves

For each discrete domain Q% C §T we associate a polygonal domain 0% ¢ C which is the
union of open hexagons Yvith side length 6 centered at vertices of Q°. Notice that vertices of
8T on the boundary of Q9 are exactly vertices on the outer vertex boundary of Q°.

We will assume that 09 converges to € in the Carathéodory topology and if this is t}}e
case write, that Q9 approximates 2. This means that each inner point of € belongs to Q9
for small enough § and each boundary point of {2 can be approximated by boundery points
of Q9. see, e.g., [Pom92]. Further, we assume that 0 € Q9 for each § and we have a point
a’ € 999 which converges to a € Q. Let Vs Q% — D be the unique conformal map such
that 15(0) = 0 and wdé(a‘;) = 1. Then it can be seen (see, e.g., [Pom92]) that Carathéodory
convergence is equivalent to the uniform convergence on compacts of ¢§i5 and @bs;gl to Yq and
wgl respectively.

The main theorem of [KS17] states that if a family 3 of measures of random curves satisfies
a certain annulus crossing condition, then the family is tight and furthermore, if P, € X is
a weakly converging subsequence then its limit is a random Loewner chain. Moreover if
(W("))neN are the driving processes of the random curves (7(”))7@\; that satisfy the annulus
crossing condition which are parametrized by capacity then:

o (W), oy is tight in the space of continuous functions on [0, 00) with the topology of
uniform convergence on compact subsets.

° (’Y("))neN is tight in the space of curves up to reparametrization with the supremum
norm.

If the sequence converges in either of the topologies it also converges in the other one and
the limit of the driving processes is the driving process of the limiting random curve.

That the annulus crossing condition is satisfied is checked for a chordal loop-erased random
walk in [KS17, Section 4.5] with a remark that the radial case is equivalent to calculations in
[LSWO1].
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4.3.2 Absolute continuity with respect to classical SLE,

Let 0 < § < m~! < oo. Here, m is the mass, which we allow to be zero and 6 is the scale. We
consider subgraphs Q0 of the scaled triangular lattice 6T, which approximate some domain
Q € C. Given such §,m, Q0 as well as two vertices w®, 2° we define the partition function of
the massive random walk:

m262 #md
z8 W, )= Y (;(1— 25 )) , (4.41)

moeS(wd,z0)

where the sum is over all possible paths 7 from w® to 2z remaining in Q. If m = 0 this

corresponds to the classical random walk and we drop the superscript (m); thus
0
Zas (w®, 2°) = Zg(zé) (w®, 2%).

If w’® is an interior vertex and z° is a vertex on the boundary, this is the probability that
a random walk with killing rate # started at w® leaves the boundary at z° without any
conditioning. More generally, Zgs(w?,2%) is the discrete massive Green function, i.e.
the expected number of visits to 2% starting from w® before hitting the boundary or being
killed. Note that, because of the directed edges in general Z; (m ( 20) # Zys (m) (20, w%). In
the limit however, we will see (in section 4.3.3) that equality holds

To apply the tightness results to the massive case we first need some estimates on this par-
tition function, which are similar (but easier in some respects) as Lemma 2.4 and Proposition

2.5 in [CW19].

Proposition 4.3.1. For each domain Q0 with Q° C B(0,1), for each ¢ > 0 there exists
¢ > 0 (depending only on € > 0) such that the following holds. For each interior point v° at
distance at least € > 0, and for each boundary point b°, § < %m_l, one has

Z( )( 1) b6)
Qs 2
e _ .
Zoa (0. 07) = L)
Proof. We proceed as in the proof of Proposition 2.5 in [CW19]. By Jensen’s inequality (since
252
1 — ™25 > ):

)

7™ (09, 59) m26% _, s m262 gy s
Los WL _ #m0\ > (1 E(#n0)
s =B(0- "3 ) 20"

where the expectation is for a classical random walk 7 started at v® conditioned to leave at
b%. Therefore it suffices to show

E(#n°) < const - 6 2. (4.42)

In the chordal context of [CW19], where this needs to be proved for a random walk excursion
from the boundary point a® to the boundary point %, this is the content of Lemma 2.4 in
[CW19] (in fact that Lemma is even more precise, since it bounds the expected time spent
at any given point by a constant). This is done by referencing [Chel6], which also works in
the directed triangular lattice, as this random walk also satisfies conditions (S) and (T) in
[Chel6]. Rather than adapting the arguments of [Chel6] to our radial context, let us give
a brief argument which shows how the chordal estimate (Lemma 2.4 in [CW19]) implies the
desired radial estimate (4.42). Let & > 0 be such that v° is at distance at least & > 0 from the
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boundary. Let u® be another interior point, also at distance at least ¢ > 0 from the boundary.
Let P,s_,;s denote the law of simple random random walk, conditioned to leave Q through

B. Our first observation is that
d]P)wS;)bé

d]P)USA)bé
for a constant C' depending only on € > 0. Indeed, by first computing the Radon—Nikodym
derivative with respect to simple random walk as a Doob h-transform, we see that the left
hand side is simply Ps(X5 ; = b)) /P,s (Xoos = %), where o5 is the hitting time of the
boundary. This ratio is easily seen to be bounded by a constant depending only on & (but
otherwise independent of u°,v°). Indeed, it suffices to show that the walks beginning at v°
and at u’ can be coupled by requiring the walk from u° to make a loop around v° without
leaving Q° (an event of positive probability even when we condition on Xoos = b, see e.g.
Corollary 4.5 in [BLR20] — here we use the fact that Q7 is assumed to be contained in the
unit ball). This immediately implies (4.43).
Let us now see how (4.43) and Lemma 2.4 in [CW19] imply (4.42). Fix a boundary point
a’ at distance at least € > 0 from b°. Let 0. denote the first time that a given trajectory (we
will use the random walk excursion Y from a® to b%) is at distance e from the boundary, and
note that P s_s5(0: < 00) > ¢ uniformly (which also follows from Lemma 2.4 in [CW19],
where it is noted explicitly that the expected amount of time spent at a point is comparable to
the probability to visit a macroscopic ball). Furthermore, given o, < oo, and given Y, = uf,
the Markov property (for the excursion Y') implies that the remainder of the trajectory of YV
is distributed according to P,s_,;5. We deduce (by neglecting the amount of time spent by YV’
until o;):

<C (4.43)

o5 (08) > Bys_yy(00; 0 < 00)
> Bys i (Lo <ooBys 1o (00) lwi=v,,]
> Py p(0e < 00)C T E 5 5 (0d)
> s (00)

where C'is as in (4.43) and the value of ¢ changes from line to line, but always depends only
on . Since the left hand side is bounded above by ¢~ 1§72, (4.42) follows. O

From this (just as in [CW19, Section 2.5]) it follows that the densities of massive LERW
with respect to classical LERW are uniformly bounded from above by exp(cm?R?) and thus
the tightness of the law of massive LERW follows. Also, (as in [CW19, Section 2.6]) it follows
that each subsequential limit of IP)g?) is absolutely continuous with respect to the SLE, on €.
Thus we can use Girsanov’s theorem to find the driving term of & of the Loewner evolution

under ]P’g?) .

4.3.3 Convergence of the Green function

(

In this section we prove the convergence of ZQ?) (u,v) to a multiple of the massive Green
function G (u,v). To do so we will show that GU™ (u,-) is precompact in a suitable space
of functions, and we will show that any subsequential limit must satisfy the following three
properties:

G (u,-) = 0 on the boundary of €, (4.44)
(—3A+ m?)G™ (u,.) = 0 away from u, and (4.45)
G (u,v) = 1 log(Ju —v|™1) + O(1) as v — w. (4.46)

™
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As we will see, these three properties uniquely characterise the the (continuous) massive
Green function; from this the desired convergence will follow immediately. The second
condition is that G(u,-) is a massive harmonic function. It will be useful to appeal to the
discrete notion of massive harmonicity: given m > 0 we call a function H massive discrete
harmonic at v € §T if

252
H(v) = %(1 _ m; )Y Hw). (4.47)
weIT:w~v

Remark 4.3.2. Note that discrete massive harmonic functions with mass m correspond to

massive harmonic functions in the sense of (4.45). Indeed, the graph Laplacian approximates
iA as 6 — 0 and thus a limit & of massive harmonic functions A% on 8T satisfies

1 m? 1,1 5

(4A— 5 )h = 2(2A—m Jh=10.

This is precisely the reason for the factor % in the definitions of the massive random walk.

H being a discrete massive harmonic function is equivalent to being discrete harmonic on

the augmented graph where every vertex is connected to an additional cemetery point, where
.- . . 252 K

the transition probability to the cemetery is m25 from every point; and the value of H at

the cemetery point being 0. We immediately deduce:

Lemma 4.3.3. Let Q0 be a bounded domain in 6T and (Xn)nen be a massive random walk

with mass ™22, Let H be a bounded real valued function defined on Q0 U 90 and massive

2
discrete harmonic at every point of Q°. Denote by ]P’qgm) the law of this walk started at v and
by ]Eg,m) the corresponding expectation. Let oqs be the hitting time of the boundary and let o*

denote the killing time, or hitting time of the cemetery state. Then
H(’U) = E'(Um) (H(X0695)1{0*>UQ(5}> .

The above statement needs to be interpreted carefully as we defined the boundary 9Q° to
be the edge boundary, that is, pairs (y1,y2) of vertices such that exactly one of these vertices
(say y1) lies in Q7. In the above statement, we abusively identify 9Q° with the outer vertex
boundary (i.e., the vertices of the form 3, where (y1, y2) is a boundary edge such that y; € Q°
but 3 ¢ Q9). Now we can prove the uniqueness of the Green function:

Lemma 4.3.4. For each u € Q and k € RT there is exactly one function G(u,-): Q@ — R
that is massive harmonic away from w, 0 on the boundary, and satisfies

G(u,-) = klog(ju — v|™') + o(log |u — v]|) as v — wu.

Proof. Let h and g be two such functions. Then f := h — g is a massive harmonic function
that is massive harmonic away from u, 0 on the boundary, and

f(v) = o(log(|u — vl))

as v — u. Fix x # u €  and let ngm) be the law of massive Brownian motion with mass

m started at x: thus if 0* denote an exponential random variable with rate m? then by
definition

Egcm)(f(Bt)) = ]E:v(f(Bt)l{U*>t})'

Since f is massive harmonic, M; = f(Bi)1{g+>y) is a P{™ local martingale. Let r > 0, B(u, )
be the disk of radius r, o, the hitting time of B(u,r) and oq the hitting time of 9. It is a
well known fact about Brownian motion that the probability that

Py(o, < oq) < 1/1og(1/r),
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as 7 — 0. (This can be seen by applying the optional stopping theorem to the P,-local
martingale log |B; — ul|, see for example [LG16]). By applying the optional stopping theorem
to M under ngm) (which is justified since f is smooth and hence bounded away from u, as €
is bounded) we obtain:

f(z) = E(m)(Mar/\an)'

The only contribution comes from the event o, < min(c*,oq) since if either of these two
stopping times occur before o, then the martingale is equal to zero. Hence

f(l‘) = Ex(f(Bor)10r<min(a*,ag))
But f(B,,) = o(log(r)) by assumption on f, and
P.(0, < min(c™,0q)) < Py(o, < 0q) < 1/log(1/7).

Hence letting r — 0 we see that f(z) = 0. Since & was arbitrary, we deduce f = 0 and hence
g = h, as desired. O

(The existence of a function satisfying (4.44), (4.45) and (4.46) follows from the result
in [CW19], or the convergence result below.) In order to prove convergence of the discrete
Green function Zg?) (u,v) to G (u,v) we will show precompactness and identify the limit
ultimately via Lemma 4.3.4. The following lemma will be useful for the existence of sub-
sequential limits:

Lemma 4.3.5. There are constants C and 3 depending on m such that for all positive massive
harmonic functions H defined in B(vo, 2r)NT with r < m~" and for all vi,vs € B(vg,r)N6T
one has:

[H(v1) — H(vs)| < C(|va — v1]/r)’ max(H (v)).

Proof. Essentially, one can follow the argument of [CW19, Lemma 3.10]. Its proof relies on
the following estimate: for any annulus A = A(vg,r, 27), let E(A) be the event that X, makes
a non-trivial loop around in the annulus before leaving it and before dying, i.e. there are
0 < s <t < o4 such that X[s,t] disconnects vg from oco; and o* > o4. Then there exists a
positive constant ¢ > Oindependent of d, r, vy, and v such that:

PU™) (E(A(vo, 7, 27))) > c, (4.48)

(2

for all 8§ < < m~! and all v € 6T such that %r — <y —v| < %r + 6. This needs to be
established in our directed context, which is not covered explicitly by [CW19]. To see this,
simply observe that we can in fact also require o4 < Mr2§~2 for some large M. Then

P (B(A)) > PU)(E(A); o4 < M§~%1?)

252
> B (B(A); 00 < M1 - v

> exp(—(M/2)r2)[PO(E(A)) — PO (04 > M %?)]

It is well known and easy to see that P(O)(E(A)) is bounded away from 0 (by convergence
to Brownian motion) and the second term can be made arbitrarily small by choosing M
sufficiently large. The result follows. O

Finally, for the estimate we also need the following lemma about convergence of the
conditioned (non-massive) random walk to a Brownian bridge:
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Lemma 4.3.6. Lett > 0. Let Xfl be the simple random walk on 6T started at x° converging
to x. Let y® € 6T approzimate y in such a way that for any § > 0 it is always possible to
go from 20 to y® in |62t] steps with positive probability. Then the law of (Xf&?sj)se[oytl
conditioned on X‘S(s_QCJ =10 converges to the law of the Brownian bridge (bs)se[mt} from x to
y of duration t > 0.

Proof. We interpolate linearly between vertices to consider (X f&—% J) sefo,f] @s a continuous
function on [0,¢]. Let (S%)g<s<¢ be this interpolation. Fix u = 2t/3, and let us first show that
(8%)0<s<u converges to (bs)o<s<u. Fix F: C([0,u]) — R be a bounded continuous functional.
Then the conditioning S? :7y57 weights every path (S?) sefo,u] by how likely it is to go to y°
from S2. Thus the conditional expectation of the functional can be rewritten as:

P,s(S =4° |52)>
Ps(S)=y°) )

E s (F((S%)scou)|S? = ) = Ens (F(<S§>se[o,u]> (4.49)

The probability in the numerator can be written as IP’Za(Sf/S = y°), with 20 = S3. The ratio

of probabilities therefore converges and the limit is

=)
E(F((Bs)se[o,u])ﬁ) = E(F((bs)OSSSu))’

where ¢ is the density of a two-dimensional standard normal random variable. Applying the
same argument but in the other direction of time (from ¢ to ¢t — u = ¢/3), the time-reversed
random walk S is distinct but the same argument applies to it. We deduce that

E,s (F((S7_s)seiou)|S) = 4°) = Eys [F(S)o<s<ul 57 = 2°)
- E[F«BS)OSSSu)] = E[F((bt—s)o<s<u)]

where b is a Brownian bridge of duration ¢ from y to z, and we used the reversibility of
Brownian bridge. Altogether this proves the lemma. O

We will use this to approximate the probability that a random walk conditioned on the
point at time n leaves a domain by the corresponding probability for the Brownian motion.

Corollary 4.3.7. Let Q° approzimate a domain Q € C and z°,vy° approzimate x,y in .
Let Pyt denote the law of a Brownian bridge of duration t from x to y. For anyt > 0,

Pls(0qs > 16 2| X 52 = 4°) = Pry(t) := Puosyi(on > t)

Suppose z,y are fixed. When t is small the Brownian bridge of duration ¢ is close to a
straight line segment [z, y|. If the latter is contained in € then it is very likely that the bridge
did not leave 2 by time t. This can be made rigorous through the following lemma.

Lemma 4.3.8. Let P, ,(t) be as above. Assume that the line between x and y is in 2. Then:

Furthermore, Py, is a continuous function of t.

Proof. Let (bs)sepo be the Brownian bridge from z to y of duration ¢. A well known rep-
resentation of the Brownian bridge is bs = = + (y — z)7 + W, — W, where (Ws)sjoq 1s a
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standard two dimensional Brownian motion started at 0. By rescaling the time to the interval
[0,1] we get by = by for ¢ in [0, 1], which satisfies:

~

bs=x+ (y—x)s+ Wy — sWy.

As t — 0 the second term Wy — sW; converges to 0 in probability as ¢ — 0, uniformly in s.
Since () is an open set and hence also contains an open set around the line from z to y this
implies that P, ,(t) converges to 1. O

It is also useful to recall the following elementary estimate which can be obtained e.g. by
Stirling’s approximation (or from computing the Fourier transform):

Lemma 4.3.9. Let 20 and y° € 6T be sequences of lattice points. Then there exists a constant
C < oo independent of z°,y%, 6 and n such that

(4.50)

for some universal constant C' > 0.

Lemma 4.3.10. Let z,y € C and 2°,vy° = 20 + ad + bé1 € Q0 such that 2° — x and y° — y
and that n —a — b is divisible by 3. Then

n< n > \/ﬁ |l‘ _y|2
3 = exp(—

n—a—>bmn—a+2bn+2a—0> 2mn ( 02n

)(1 4 0(5)). (4.51)

where the error is uniform in x°,y° and 0,n such that |x — y|?672 < n < M6=2 for some
constant M.

Proof. Since y° — 2° — y — x we have that a and b are of order §~'. Because the domains

are bounded they are uniformly of this order. Therefore all entries in the multinomial coeffi-
cient are uniformly of order 62 and we can apply Stirling’s approximation to all appearing
factorials to obtain that the multinomial coefficient equals:

n"v2mn

n—a— n a— n—a (1 + 0(62))
(n—g—b) : b(n—l—%a—b)%b(n—%-&-%)%%( 21n/3)33n
V27 —a—> 2a — b —a+2b -3
=5 <(1+ - )1+ - )(1—|—n)) X
—a—b. e 2 —b. 20 —a+2b -a
(1+ 220 4 20 SR o))
—3(a2 — 2 —3
vt <1+ 3(a ;‘b+b)+0(53)> y
2mn n
<1+—a—b)_%fb<1+2an—b)_2anb(1+—a:2b)_fa;2b(1+0(52))
V27 a? — ab + b2 —a—0)2% 4+ (2a —b)%+ (2b — a)?
e L [0
V27 z —y|?
=2 (- 21+ 000)).
In the last step we used that 6%(a® — ab+ b?) = |ad + bdT|> = |z — y|> + 0(9). O
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Lemma 4.3.11. Let Q% C 6T be a sequence of lattice domains satisfying Q° C B(0, R) for
some R > 0 independent of 6. Let 2° and 1° € QT be a sequences of lattice points. Then

there exists a constants ¢ > 0 depending on R, but not on §,n,x° or y° such that for all
n>1:
PO (g > n|X] = %) < exp(—end?). (4.52)

Proof. This can easily be deduced from the fact that the Radon-Nikodym derivative of the
conditioned random walk compared to an unconditional random walk, restricted to [0,n/2], is
bounded (see, e.g., (4.49)), and the analogous (and straightforward) bound for unconditional
random walk. Details are left to the reader. O

Now we state the main result of this section:

Proposition 4.3.12. Let Q C C be a bounded simply connected domain and x,y € €0 be two
distinct points of Q. Assume that discrete domains Q0 C 6T approzimate 2. Then

750 (20, 4%) = V3G (2, y).

Proof. Fix r > 0 and assume that |z — y| > r. We will need to obtain estimates that do not
depend on r > 0. To begin we rewrite the Green function as
m?262

25 (@ ') = DB (X = ") (1~ T "B (roa > mlXa =), (453)
n=0

We split this sum into three parts: First the sum from n = 0 to ||z — y|?6 2], then from
n = ||z —y|?672] + 1 to |[M&2] (where M is a large constant chosen suitably later), then
larger values of n. We will call these sums I, I] and 1] and estimate them separately.

Bounding I. To estimate the first part of the sum we compare IP’S;) (X,, = ¢°) with the same
probability for points that are closer to x, as follows. Depending on the residue of n modulo
3 a different set of vertices is reachable from z°. Assuming that a point is reachable and is at
least twice as close to x than y° in the Euclidean sense, then it is easier to reach that point

than y°:

Lemma 4.3.13. Fiz n > 0. For any vertex z such that IP’;?;)(X” = z) > 0 and satisfies

|z —2°| < 3|y — 2°|, we claim that

0 0
PO(X, = 2) > PO(X, = o).
Proof. Since the number of steps n is fixed this is just about comparing multinomial coeffi-
cients. It is easy to check that for any n and any ay,as,as such that n = a1 + as + as and

a1 > ag it holds that:
n n
< .
<a1,a2,a3> - <a1 —1l,a2 + 1,a3>

Assume without loss of generality that y5 — 2% = a1 +asT + as37?, such that a; +as+as =n

and a1 > ae > a3. The above inequality implies that for any z reachable from y by repeatedly

reducing one of the a; and increasing another a; subject to a; > a; satisfies: IP’S? (X =2)>

}P’ig) (X, = y‘s). It is clear that in this way only points z can be be obtained that are also

reachable in n steps from °.

Claim All z reachable from x° in n steps, which are in the quadrilateral descriped by the
lines through z° in the directions 1 and 7 and through y° in the directions orthogonal to 1
and 7 are reachable through these operations. See figure 4.3.3.

)
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Figure 4.5: Situation of Lemma 4.3.13, the bold line marks the relevant quadrilateral, the
marked points are the points reachable with n steps from x and the orange arrows are the
three steps possible from y°.

Proof of the claim:

By applying the step of reducing a; and increasing as we see that all such points on the
line through 3° orthogonal to 1 are reachable and the same by reducing as and increasing as
for the line orthogonal to 7. By choosing the correct starting point on these lines any other
point in the quadrilateral is reachable by applying the step of reducing a1 and increasing ag.
This proves the claim.

By mirroring this quadrilateral on the lines in directions 1,7 and 72 through 2 we obtain
that also all z in the resulting hexagon satisfy IP’;%) (X, =2) > Pi?s) (X, = 1°). The vertices
of this hexagon are the reflections of y° along those lines. The points on the boundary of
this hexagon which are closest to z° are the projections of y® onto the lines through z in
directions 1 and 7 (and their respective reflections). Since the angle between those lines is %71‘
both of those points have distance from z° of at least %|x5 — 4°|, therefore the disk of radius
%|x‘S — 19| is contained in the hexagon. This proves the Lemma. Note that the extreme case
of this being the largest disk that fits inside the hexagon is obtained exactly when y® — 29 is
a multiple of 1,7 or 72. O

There are approximately C|z — y|26~2 points verifying the conditions of Lemma 4.3.13,
where C' = ﬁw. Consequently we have:

llz—y[?6=2]

Jz—y2572 =" S PQx.=2)
z n=0

> (C+o()|e — y?521

Which implies that I < 1/C + o(1) and thus I is bounded independently of r.

Bounding /7]. From Lemma 4.3.11, we see that
IP’S? (toa > n|X, = ) < exp(—cnd?).

By Lemma 4.3.13, IP’g? (X, =1°) < Pi%) (X, = 2%) < C/n by Lemma 4.3.9. Hence, crudely
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bounding (1 — #)" by 1 in the sum I1] we get

nr< S PO, = y")PQ (ro0 > nl X, =)

n>M§—2
C 2k pM5-2—1 C
< % sy % B k
< Z ~ exp(—cnd?) Z Z - exp(—cM2"%)
n>M§—2 k>1 n=2kMs—2
= Z C exp(—cM2F),
k>1

which is bounded independently of r, as desired.

Estimating 1. For II we estimate the number of lattice paths using Stirling’s formula.
Assume without loss of generality that y® = 2° + a + be?™/3 = a + br with a = a%,b = ° €
{0,1,...} (other cases are similar), then the number of paths from 2 to 4% is 0 if n —a — b
is not divisible by 3. If n — a — b is divisible by 3, the number of paths is given by the

multinomial coefficient:
n
n—a—b n+2a—b n—a+2b |°
3

3 0 3 ’

Now, in the regime I, Applying Lemma 4.3.10 we find

2
PO, =% = L2 expl(- 22 )1+ 0(0) (450

Recall that Py y(t) = Py—yy(Ta0 > t). By Corollary 4.3.7 we get:
P.(to0 > n|X) = y) = Pry(nd®)(1 + 05(1)),

where 05(1) — 0 when § — 0, uniformly in n such that |z — y|?2672 <n < M6~2 . Using this
we get:

m262

[M&—2] T — ul2
var S Loy 5' )" (1+0(8))(1 + 05(1))

n=|lz—y[2672]+1
(4.55)

)" P, 4y (nd?), (4.56)

[c572]
V3 1 |z — y|? m
=Croam) Y en(- 0 -
™ d“n
n=|lz—y[?672]+1
where the fact 1/3 in the first line comes from the fact that only one in three terms contribute
to the sum (owing to periodicity).
This can be transformed into a Riemann sum, from which we deduce:

IT = ——(1+05(1)) .

d 4.57
o 5 (4.57)

2
V3 /M Py y(s) exp(—“=20) exp(—m?s)
lz—yl?
The convergence of the Riemann sum is guaranteed by the fact that the continuity of the

integrand over the relevant interval.
From (4.57) and our bounds on I and IIT note that Zg?) (2°,-) is uniformly bounded in

d on compacts of @\ {z}. Using Lemma 4.3.5 we deduce that Zg?) (27, -) has subsequential
limits in every compact of 2\ {z}. By considering a countable number of such compacts (e.g.
Q, ={y € Q:d(y,z) Nd(y,00) > 1/n}) and a standard diagonalisation argument we may
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assume that there are subsequential limits in all of these compact domains simultaneously,
which are necessarily consistent with one another. Let h(z,-) denote any such limit. We aim
to identify A uniquely.

As we are interested in the behaviour when y is close to & we can assume that the
straight line from x to y is in Q and therefore lemma 4.3.8 applies and P, ,(s) approaches 1
as s goes to 0. Elementary computations give the asymptotic behaviour of this integral as
—2log(|x — y|) + O(1) when |z — y| — 0.

It is elementary to check that Zg?) (:L‘5, -) is a discrete massive harmonic function in the
sense of Lemma 4.3.3. Since the convergence to the limit in the chosen subsequence is
uniform, it is not hard to see that we can pass to the limit in the solution of the massive
Dirichlet problem of Lemma 4.3.3, and deduce that h(z,-) is massive harmonic away from x.
Furthermore, from our estimates above it follows that

ha,5) = = log( — y)) + O(1). (4.58)

Thus h is the unique function satisfying the desired properties. Therefore all subsequential
limits are the same which proves the desired convergence of the discrete massive Green
functions. O

Remark 4.3.14. The factor v/3 can be explained as follows: Just as in the discrete case, the
expected time spent by Brownian motion in a disk B is given by the integral of the Green’s
function. The random walk considered in this section converges to Brownian motion under
the scaling X|o45-2). Thus, the expected amount of time spent in B of the discrete walk on
the scaled lattice should satisfy:

JPE({n: X, € BY) =15> ) Z{;%(x‘s,y‘s)%/ G (z,y)dy -
y9€BNST B

This is indeed the case, since the density of points in the square lattice is % and thus the
sum converges to the integral after cancelling the % from the time change with % from the

lattice and the v/3 from the statement of Proposition 4.3.12. Therefore the factor V3 in the
right hand side of Proposition 4.3.12 is consistent with the above.

4.3.4 Convergence of discrete massive Poisson kernel

Given a domain (2, an interior point z € {2 and a boundary point a € 9 (thought of as a
prime end of ), we define the continuous massive Poisson kernel as:

ngm)(z, a) = Pqo(z,a) —m? ng)(z, w) Po(w, a)dA(w). (4.59)
Q
where Po(w,a) is the (non-massive) continuous Poisson kernel.
This definition is motivated by the following crucial identity for the discrete massive Green
function (this is the discrete counterpart of the resolvent identities to which we will return in

Section 4.4.4, which related massive and non-massive harmonic functions, as already observed
in the work of Makarov and Smirnov [MS10]):

Lemma 4.3.15.
m262
2

_ (m) (8 8y _ 5 5y M6 (M) (10 0 5 6
(1 )295 (U} ) 2 )_ Z§25<w ) 2 ) 2 Z Z ('UJ U )ZQ5(U ) 2 )7 (460)

(o
vd €Int Q9
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Proof. We prove this by splitting each trajectory in the definition of Zg into two parts, and
summing over all possible ways to do so:

2
> ZS()T)(wcS’vé)ZQs(Uﬂzé): DY Z ))k(é)(#ﬂ)_k

v9 €IntNd v €IntQS k>0 7T waz
#W 252
1 - m 5 k
- Y ey
TW— 2 k=0

TW—2 2
252
_ Zgs(wf, %) — (1 ) 200 (0, )
- m262
2
Rearranging the terms gives the desired result. O

The importance of the Poisson kernel stems from the well known martingale observable
of Lawler, Schramm and Werner [LSW01]. Namely, let 4% be a massive LERW between ° in
Q9 and a® € 990, We parametrise 70 from b° to a®. For a vertex v? € Q7, define the massive
martingale observable as:

Zi 0. (00570 (0)
Zes 10 B30 ()

MM (o) = (4.61)

Since 42 (n) is on the boundary of 29\ %[0, n], this is also simply equal to the ratio of hitting
probabilities of 4°(n) from v vs. b°. Proceeding exactly as in [LSWO1, Remark 3.6], one can
check that for every § > 0 and every fixed vertex v%, the sequence (Mém) (v0 )o<n<r(v0) Sives
a martingale (see also [Law13, Lemma 7.2.1]). o

The strategy of the proof of convergence of this martingale observable to its continuum
limit in Chelkak and Wan [CW19] is to:

e first, prove the convergence of the non-massive martingale observable in the non-massive
case (something which was in fact already proved in the radial case by Lawler, Schramm
and Werner [LSWO01] and generalised by Yadin and Yehudayoff [YY11], but in the
chordal context of [CW19] requires some additional justifications); this was proved in
Proposition 3.5 and Corollary 3.6 in [CW19] (and put in the correct chordal framework
in Proposition 3.14)

e second, prove that the ratio of massive Green function to non-massive Green function
converges to its continuum limit, which is Proposition 3.15 in [CW19].

The first step follows directly from the work of Yadin and Yehudayoff [YY11], which holds
for arbitrary planar graphs subject to convergence of random walk to Brownian motion (which
we know is true on the directed triangular lattice). Therefore only the second step needs to
be justified, this is the content of the next lemma (which is the analogue of Proposition 3.15
in [CW19]).

Lemma 4.3.16. In the setup above for any z € Q; and 2° — z as § — 0, one has:

(m), 5 6§ (m)
Z z2°,a P, z,a P. "

Qgt( 5 :;) ok (2 @) =1-—m? 7ﬂt(w’at)G§2 )(z,w)dA(w).
ZQ‘;t(Z 7at) PQt (27 at) Qt PQt (ZJ at) t
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Proof. The proof in [CW19] works also for the directed triangular lattice, as besides the
convergence results of the last section it only requires the identity above, and estimates on
the massive Green function, which follow from convergence to Brownian motion. One might
at first be worried as the right-hand side of (4.60) is not linear in Z, whereas the limit of
the discrete Green function for the triangular lattice is v/3 times massive Green function (see
Proposition 4.3.12. However, the factor v/3 combines with the 1 in (4.60) to make the sum
over the triangular lattice to converge to a Lebesgue integral, see the remark after Proposition
4.3.12. O

As a corollary we obtain the following convergence of martingale observables. Fix a
subsequential limit (7y4)¢>0 of massive LERW on the directed triangular lattice, which a priori
we know to be a simple curve (by absolute continuity with standard LERW), and parametrise
it by capacity. Let ©; = Q\ v([0,¢]). Let a; = (t) denote the tip of the curve at time ¢,
which is on the boundary of €.

Corollary 4.3.17. Fiz r > 0. Suppose v® € B(b°,r/2). Fort <log(1/r), let ny denote the
first n such that the capacity of v°([0,n]) viewed from b® exceeds t (equivalently, the conformal
radius of b° in Q\ v([0,n]) is less than e™).

almost surely along the underlying subsequential limit 6 — 0.

4.3.5 Proof of the main statement

We are now ready to prove convergence to massive SLEs, as stated in Theorem 4.2.8.

Proof of Theorem 4.2.8. As discussed in Section 4.3.2 the laws of the massive loop-erased
random walks are tight and all subsequential limits are absolutely continuous with respect
to classical SLEs. This justifies the application of Girsanov’s theorem which in particular
implies that the driving function & is a semi-martingale under P(™).

Moreover, the discrete martingales of (4.61) have continuous limits as shown in Proposi-
tion 4.3.17. Writing the martingale in the form
(m)(. 6 & m) s 6y !
Zas (V5 an) [ Zgs (0% an) Zgs (0%, af)
a Zﬂi(vavai) Zﬂi(baﬂag) Zﬂi(b(57a2)

with ad = 4%(n) and Q, = Q\ 7([0,7n]), we see that M™ (%) is uniformly bounded: the
first term is trivially bounded by 1, the second is bounded by Proposition 4.3.1 (and Koebe’s
one-quarter theorem), and the third one is bounded for n < n; by (uniform) convergence to
the continuous Poisson kernel (here we use the strength of the result of Yadin and Yehudayoff
[YY11]) and conformal invariance of the latter. Hence the limit in Corollary 4.3.17 must also
be a martingale (see Remark 2.3 and (2.14) in [CW19] for the argument).

Standard It6 calculations together with Hadamard’s formula (as outlined in [MS10] and
written out in [CW19], see Section 4.3 and more specifically Lemma 4.9) for this family of
martingales imply that the law of the driving function & under P("™ is uniquely determined.
Changing from the chordal to radial setting does not change this argument. In Sections 4.4.4
to 4.4.6 we will perform these calculations for a variable mass, one can also refer to them for
the (very minor) changes to the radial setting. O]
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4.4 Convergence of massive LERW on general planar graphs

In the previous section it was proven that on a triangular and on a square lattice the loop
erasure of a random walk with certain weights converges to SLEs with drift given by a re-
weighting of massive SLEy. This also extended a result from [CW19] which proved that the
loop erasure of a massive random walk on the square lattice converges to massive SLEs as
conjectured in [MS10].

We now want to extend this result to a general mass profile p and to a more general planar
graph. To do this we will combine techniques from [YY11] and [CW19]. In particular we will
first argue similarly to [CW19] that the laws of the LERW are tight and any limit point is
absolutely continuous with respect to the law of SLEs. Then we use the strategy employed
by [YY11] to show that the discrete Poisson kernel ratios converge to the continuous ones
and finally use this convergence to identify the limiting law again as in [CW19].

We will use the following convergence of paths. For two continuous curves «, 5 : [0, 1] — C,
consider the norm infg sup,¢jo 17 |a(x) — 8 o g(x)], where the infimum is over all continuous
increasing bijections g : [0,1] — [0,1]. This is a norm on equivalence classes of continuous
curves under reparametrization. A law ;° on continuous curves is said to converge weakly to
a law p, if it converges weakly in the topology of this norm.

Recall that a Brownian motion with mass profile p is a Brownian motion, which dies
at rate p(Xs) when at position Xj, i.e. it is a process which is absolutely continuous with
respect to Brownian motion and has Radon Nikodym-derivative

d]PSf) t
P :exp(—/O p(Xs)ds). (4.62)
€T ft

Note that the total mass of ]PSJ’ ) is less than one, so it is not a probability measure but a
(finite) measure on paths.

Fix a domain  and two bounded, smooth functions p,p : Q@ — [0,00). Let Q9 be a
sequence of planar graphs embedded in the complex plane, with weights w® and a discrete

mass function p® from the vertices of Q° to R,.. Denote the partition function of the massive

random walk with mass p as Zép(;) (x‘s,y‘s). We need to assume the following properties of

these objects:

1. Let (X?,t =0,1,...) be the massive random walk on Q7. started at a specified vertex

0% — o0 of Q. with transition probabilities proportional to the directed weights w® and
probability to die at each step given by p®(v) = %ﬁ(v) + 0(6%), where the o(6?) term
needs to be uniform in v. The law of (Xg,2 ,»t > 0) (interpolated continuously between

time steps) converges weakly (in the above sense) as 0 — 0, to the law (measure) P

of a Brownian motion with mass profile p.

2. Consider the non-massive random walk on with transition probabilities proportional
to the directed weights w® in a domain Q° C B(0, R) started at o° and conditioned
to leave at a®. Denote with ¢° the number of steps before hitting the boundary 9.
There is a constant ¢y uniform in R and Q°, such that

E©

0 o sa (0°) < coR?672 (4.63)
3. The random walk satisfies a uniform crossing assumption: Let R be the horizontal
rectangle [0,3] x [0,1] and R’ be the vertical rectangle [0,1] x [0,3]. Let B; :=
B((1/2,1/2),1/4) be the starting ball and By := B((5/2,1/2),1/4) be the target ball.
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Let R, = rR + z (resp. R, =R’ + z) for some r > 0 and z € Q, and suppose that
R, (resp. R.) C Q C RD. Let By, B be the corresponding scaled starting and target
balls. Let Cross, denote the event that the walk hits Bj before leaving the rectangle
R, (respectively R’.) or getting killed. We will say that the graphs (Q°) satisfying the
uniform crossing estimate if there is a constant ¢ > 0 such that, uniformly over z € By,

uniformly over r < R,
P©)(Cross,) > c. (4.64)

Assumption (i) is essentially an assumption about the fact that random walk converges to
a Brownian motion, potentially up to a time-change (as in [YY11]). Our assumption basically
requires that this time-change is not too rough, since before time change the rate of dying is
p(x) at a point x, whereas after this time-change the rate of dying is given by p(x), and both
are assumed smooth and bounded.

The main theorem of this section is:

Theorem 4.4.1. Let Q and p, p be as above, and let Q°, p° and w® be such that the assump-
tions above are satisfied. Let again (Xf,t =0,1,...) be the random walk on Q9 started at a
specified vertex 0° — o of Q°, with transition probabilities proportional to the directed weights
w® and dying at each step with probability p°. Let o denote the first time at which X° leaves
Q (with o5 = oo if X0 dies before leaving the domain) and consider the loop erasure LE(X?%) of
the walk up until this time. Then conditionally on os < co and Xgé = a®, LE(X?®) converges
weakly to a radial Loewner evolution vy, whose driving function (; = €'t (when parametrised
by capacity) satisfies the stochastic differential equation

P(P)

8 9] (07 at)
d&, = V2B, + Mdt, M = lo t , 4.65
&t t t t 3gt(at) g (PQt (0, at) ) ( )

where a; = y(t), Qe = Q\ ([0, t]) is the slitted domain at time t, g; is the Loewner map from

Q; toD and PS({Z) and Pq, are the Poisson kernels for the Brownian motion with mass profile
p, and reqular Brownian motion respectively, in .

The definition of the Poisson kernel Pg({: ) (0,a;) appearing in the theorem is not a priori
obvious (its construction will be explained in Section 4.4.1). We will obtain more explicit
expressions for the drift term \; in the course of the proof, which will show in particular that
when the domains ; are contiunous with respect to the Carathéodory topology (which must
be the case a.s. here), t — \; is itself continuous. Furthermore, we will see as a result of
Lemma 4.4.16 that fooo A\?dt < C for some constant C' > 0, thereby showing that )\; satisfies
the Novikov condition and ensuring existence and pathwise uniqueness for solutions to the
SDE (4.65).

4.4.1 Poisson kernel for Brownian motion with mass

To describe the scaling limit of loop-erased random walk when the walk itself does not con-
verge to a Brownian motion, but rather to a Brownian motion with mass, it is necessary to
first define the Poisson kernel ratio of the latter, and describe a few of its properties.

Recall that the Poisson kernel of Brownian motion in a domain 2, when it exists, is the
density hqo(x,a) of harmonic measure in 2 viewed from x € 2, with respect to the natural
length measure |da| on 0f, evaluated at the point a € 99Q. For a fixed o € €2, the Poisson
kernel ratio is then the quantity

AQ('T?CL) = )‘g))(%a) = hi
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As Brownian motion is conformally invariant, this makes sense even when the boundary of
the domain is not smooth but 2 is simply connected; in that case we still have

P, (X, € 1)

P(X,cD) — Aa(z,a) (4.66)

as I C 0Q and I | a, where P, is the law of Brownian motion X starting from z, and o is
the first time that X leaves €). To be more precise, I should be thought of as a decreasing
sequence of compacts in the Martin boundary of 2, whose intersection is {a}, where a is also
viewed as an element of the Martin boundary (or, equivalently, a prime end). Equivalently, we
may parameterize €} by the unit disc D via its Riemann mapping ¢ : D — €); then [ = 1/J(f),
where I is an arc of 9D shrinking to @ € dD. When  has a locally connected boundary
(which will a.s. hold in the cases where we apply the results below) then the Riemann map

1) may be extended from D to Q. For future reference we also denote by P,_,, = IP’Si a0 the
conditional law P,, given X, = a. (This is obtained by mapping a Brownian motion Bin D,
conditioned so that Bs = @, where ¢(@) = a, and & is the first exit time from D by B, and
performing the appropriate time-change).

Now suppose p : 2 — R is a given smooth real valued function on €2, and consider the law
P() of the associated massive Brownian motion with profile p, i.e. a Brownian motion dying
with probability p(X;)ds at each time step. Without conformal invariance, some arguments
are required to construct this Poisson kernel ratio for arbitrary simply connected domains €.
In fact, various constructions are possible, which we summarise:

e the approach of Yadin and Yehudayoff [YY11] can be used directly to show that the
left hand side of (4.66) forms a Cauchy sequence, and it would be possible to obtain
some mild regularity this way.

e we could use the so-called resolvent identity to define the Poisson kernel ratio (this will
be discussed in much greater detail below, but going back to the work of Makarov and
Smirnov [MS10] and also used extensively by Chelkak and Wan [CW19]).

e by multiplying the standard Poisson kernel ration by the appropriate change of measure
(“Girsanov”) terms.

In fact all these approaches will play a role in the arguments below and part of the work
will be to show these various definitions coincide with one another. While in [CW19] the
second option is chosen, we have found it simplest to start from the Girsanov approach which
gives us a continuous object to work with and for which some minimal regularity can be
easily shown. From this we can connect to the discrete picture and separately show that it
obeys the appropriate resolvent identity, see Proposition 4.4.7.

Theorem 4.4.2. Suppose  is bounded and simply connected. As I C 0 shrinks to a € OS2
(thought of as a prime end or a point on the Martin boundary)
P (0 <0 X, D) P (w.a)

(4.67)
IP’((,p)(U<oo,XU€I) ngp)(o,a)

converges to a limit, which we denote by )\g)(aj,a), the Poisson kernel ratio of the corres-
ponding massive Brownian motion. Furthermore,

PP (x,a) = A9 (2,0)E, 0 {exp <— /O ’ p(Xs)dsﬂ : (4.68)

where )\g]) (x,a) is the above (non-massive) Poisson kernel ratio.
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Remark 4.4.3. z — ngp) (x,a) thus coincides up to a constant with = )\g) (x,a) but this
choice of normalisation will turn out to be more adapted to the resolvent identity below.

Proof of Theorem 4.4.2. For I C 092 (viewed as a subset of the Martin boundary),

P (o < 00, X, € I) = E) [1{)(06]} exp (- /OU p(XS)d.s,‘)]
=P (X, € NE, [exp <— /0 ’ p(Xs)d3> ‘ X, € I} (4.69)
=PO(X, € 1) / Eoosy [eXp (— /0 0 p(Xs)ds>] W (e, dy)  (4.70)

I

where h’f(a:,dy) is the harmonic measure of Brownian motion restricted to I, viewed as a
measure on the Martin boundary, and normalised so that it gives I unit mass.

Suppose now that I ¢ a in the above sense of Martin boundaries. The integrand y €
0 — Eyylexp(— fo s)ds] is clearly continuous with respect to the natural topology on
the Martin boundary of Q because Y : D — Qis continuous. Usmg the dominated convergence
theorem (as p > 0), the integral converges to E,_,,[exp(— fo s)ds], as I | a. Taking the
ratio of the right hand side of (4.70) with the same expression but for the starting point b,
and using (4.66), we conclude that the limit (4.67) exists, and is equal to the right hand side
of (4.68), as desired. O

Note that from the formula (4.68) a number of features of the Poisson kernel ratio are
immediately obvious, such as its continuity with respect to x or a, or continuity with respect
to the domain in the Carathéodory sense.

4.4.2 Convergence of discrete Poisson kernel

Recall that Z; (P) (2, a’) denotes the total mass of random walk paths going from 2° to a®

without being killed: that is, Z( )(x a) = :(;;)(05 < oo,Xg(; = al).

Lemma 4.4.4. For r > 0 and Q° a sequence of subgraphs approzimating Q all containing
a ball of radius v around o — o and marked boundary points a°, and 2°® — z € B(o, %r) it
holds that )

ZQ’; (20, a%) . Pép)(x,a)

Z(p)(o‘5 a®) ngp)(o, a)

Essentially this is an adapation of the arguments in [YY11]. We will content ourselves
with describing the instances where changes are needed. Because of this, we feel it is useful to
first give a simplified overview of the arguments in [YY11], as it may otherwise prove difficult
to see why the instances below are indeed the only arguments that need to be changed. In
order to go through this we first map  to the unit disc D (this is both because the proof of
convergence to SLE requires mapping everything to a reference domain, and in order to avoid
issues related to the distinction between prime ends of a domain and the actual boundary).
Thus let ¢ = 1»~! be the map from € to D sending o to 0.

The first observation of Yadin and Yehudayoff is that “the exit probabilities are correct”:
given a small macroscopic arc I on D and I = ¢ (I) C 99, then the ratio of the probabilities
P (X,s € I)/P3(X,5 € I) converges to what one would expect, namely P, (B, € I)/P,(B, €
I). This is the content of their Lemma 4.8 and is a more or less obvious consequence of the
assumption that random walk converges to Brownian motion, together with planarity. When
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the arc I (or rather I C dD) is small, this ratio is itself close to the continuum Poisson kernel
ratio A(z,0; Q) (essentially by definition of the latter).

Next for a boundary point a € 09 (understood as a prime end) and an interior point z,
set a = ¢(a), T = ¢(x) and X = ¢(X). They fix a small boundary arc I C 9D centered
around a and write

Ho(z,a,Q) = PUX s = a|X,s € PLUX,5 € I),

so that it suffices to prove that the ratio

PO(X,s =a|lX,s €l
(L’( ~O'6 iL| ~0'6 E ~) ~ 1 (471)
P(X,s =alX,s €1)
is close to 1, in the sense that
(XX el
lim sup lim sup Aty ?| = —-1/=0 (4.72)
fa 60 |PY(Xpe =alX,s € I)

The key argument for this is a multiscale coupling, which is implicitly described in Pro-
positions 5.4 — 5.6. The idea is to consider exponentially growing scales R;,j = 1,..., N
(from microscopic to macroscopic) and points £; in the unit disc at distance of order R; from
both @ and the unit circle, with R; ~ e’r, and 7 being the width of the arc I = ¢(I). At the
smallest scale j = 1, {; is thus at a distance of order r from a itself, while at the largest scale
Jj = N, §; is at macroscopic distance from a. They condition both walks starting from x and
o respectively to leave €2 through I. At each successive scale, there is a positive chance that
when the walks get to that scale, they will go and visit the same predetermined small ball,
chosen to be centered around ¢; and to have a radius proportional to R; times a very small
constant. Once that is the case, the conditional chances of exiting through a specifically
rather than anywhere else in I are necessarily essentially the same for both walks, which
proves (4.71). Essentially, Proposition 5.4 shows that the coupling succeeds with positive
probability at each scale independently of previous attempts. Proposition 5.5 shows that the
ratio in (4.71) is bounded even in the unlikely event that the coupling never succeeded, and
Proposition 5.6 quantifies how close to 1 the ratio in (4.71) once there is a success.

At the discrete level, the only properties of the walks that are needed are planarity (which
of course always holds for the random walks considered in this paper) as well as crossing
estimates (i.e., (4.64)) and simple consequences of it, such as Beurling estimates. These
will be discussed briefly in Appendix 4.B. At the continuum level the required estimates
are described (without proof) in Section 3 of [YY11], mostly Proposition 3.3 to Lemma 3.10.
One can see that with very few exceptions, these estimates are properties of Brownian motion
which are concerned with typical events of Brownian motion that can additionally be required
to hold in a short time scale. In such cases the change of measure between massive (or drifted)
and ordinary Brownian motion is harmless, hence these properties also obviously hold true in
our situation. The lone exception is Proposition 3.3 (recalled below as Lemma 4.A.1, which
concerns the probability to hit a very small ball); since this is not a typical event for Brownian
motion, one needs to consider the effect of the change of measure and more specifically one
needs to check that conditioning on the atypical event does not cause the change of measure
to degenerate. This will be carried out in Appendix 4.A. This concludes our discussion of
the proof of Lemma 4.4.4.
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4.4.3 Density and absolute continuity with respect to classical SLE,

In this section we will use assumption 2 to show that the massive SLEs with profile p is mutu-
ally absolutely continuous with respect to classical SLEs and the Radon Nikodym derivative
is bounded.

Proposition 4.4.5. There is a constant c¢o such that for every R and every domain Q° C

B(0, R) and internal point x° and boundary point a®,

=

= Zf(z’o(S (2%, a
- 0
z8)

%)
> exp(—coR?||pl|oo) - (4.73)
(29, a

Proof. The inequality on the left hand-side is obvious since p > 0. For the equality on the
right hand side note that the ratio can be written as

o9—1

0.5
B oo | L0230 | ZEQ s [(1 = 8207l +0(6%) |
s=0

(0) )
> (1= 02|70 + (6 ))Ega,vaﬁafs( )
> exp(—coR?(|plloo) ,

where the second inequality follows from Jensen’s inequality, and the last inequality is a direct
consequence of assumption 2. O

Note that since

20 d) 2000, ’) 25000 ) 2] (0 o)

0o 0%
208, a%) 728 (29, a%) Z8) (0%, a%) Z1) (0P, ad)

we deduce from this lemma that the left hand side (which is our discrete massive martingale
observable) is also bounded provided that 2 contains a ball of radius r around o: indeed,
the first two fractions are bounded by the previous Lemma, and the third one is the classical
(non-massive) martingale observable, which is bounded as long as € contains a ball of radius
r as in [CW19], say.

Let P 5)_> , denote the random walk starting from o’ with mass p, conditioned so that
o <ooanng =ad.

Proposition 4.4.6. Let

be the Radon Nikodym derivative of the Loop erasure of the p-massive random walk with
respect to the loop-erasure of the reqular random walk, conditioned to leave Q° at a®. Then

DY) (7%) < exp(co Diam($2)| pl|oo)

for each ~°. Furthermore

£©

0%—al

log(DY)(LE(X?)))] = —co Diam($2)?||plloc. (4.74)
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Proof. Note that by definition

- ZX‘S:LE(X‘S):V(; w(p)(Xd) ' ngs)(o‘s,a‘s)

a ZX5:LE(X5):75 w(© (X(S) Z(({js) (06> a’6) '

(4.75)

The upper bound follows from the fact that the first fraction is less than 1 and the bound
in Proposition 4.4.5. For the lower bound note that the second fraction is bigger than 1 and

the first one is equal to IEg? [H‘S’igl(l — p°(X?))|LE(X?%) = 49]. Taking the logarithm and

applying Jensen gives the lower bound

0571
log(DY) (%) = ES) ; |1og( [T (1 - p°(X?2)))| LE(X?) = +°
s=0

Taking the expectation in 7% with respect to the measure of the loop-erasure removes the
conditioning and gives

o1
EY . log(DE (LEX)))] >ES log( T (1 - p°(X2)))] > —co Diam ()25
s=0
again by assumption 2. O

This last proposition implies that the laws of the Loop-erasure of the massive random
walks are tight, and any limit point is mutually absolutely continuous with respect to SLEs.
Furthermore, by (4.74) and Girsanov’s theorem, the Loewner transform of a limit point is
driven by a process of the form & = v/2B; + 2); and therefore our goal is to identify ;. See
Section 2.6 of [CW19] for more details.

4.4.4 Resolvent identity

We fix a boundary point y = a, and consider the Poisson kernel pl()f’ ) (z) = P (x,a) asso-
ciated just with the mass profile p from the previous section. On a subdomain D (which
will later be ;) with a marked boundary point o’ (which will later be a;), we consider

PR () = PR (@, 0).
We aim to establish the following resolvent identity for P]gp ) (x):

PE@) = @) = [ 6B o) P . (4.76)
where Gg) (x,y) = G%)) (z,y) is an appropriate Green function, more precisely the Green

function of the Brownian motion with mass profile p with Dirichlet boundary conditions in
D: that is,

G (x,y) = /0 Pz, y)dt

where for ¢ > 0,

t
P (2, y) = pu(2, ) Byt [exp(— /O p(Xs)ds)ix0,9c0y] (4.77)

and p¢(z,y) denotes the (full plane) transition probabilities for standard Brownian motion.
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A trivial but essential property of the massive Green function is that it is bounded by the
standard (non-massive) Green function, i.e.

GO (z,y) < 9z, y)

for all z,y € D. This allows us to estimate many integrals simply with their non-massive
counterparts.
We are now in a position to prove the resolvent identity (4.76).

Proposition 4.4.7. We have
PP () = Pp(a) - /D G2 (2, 1)p(y) P (y)dy. (4.78)

Proof. Tt is clear from the expression of the potential kernel P(*)(z) in Theorem 4.4.2 that
this is C? in Q; the definition as a limit of hitting probabilities shows that it is harmonic with
respect to the generator of the massive Brownian motion, i.e. £, := %A —p.

Let us consider the function

f(z) = PY)(2) — Pp(x).

Our goal is to show that f(z) = [, G(Dp) (x,y)p(y)Pp(y)dy for all z € D.

Note that from (4.68) f is clearly continuous (in fact twice differentiable) in D. Further-
more if z = x,, tends to a point 2’ € 9D with ' # a, both terms in f(x,) tend to zero. We
now claim that f(x) is “negligible compared to the probability of leaving by a” as x — a.
Let us explain what we mean by this. Recall the map ¢ : D — D which is the conformal
isomorphism sending o to 0 and a to 1. For small 7 > 0, let A? be the set of points in D at
distance r from 1 and let A, = ¢~'(AP). Let D, be the connected complement of D\ A, not
adjacent to a.

Lemma 4.4.8. For x € A, we have f(x) = o(1/r) uniformly. On the other hand, for fized
x € D, as r — 0 (assume without loss of generality that r is small enough that x € Q,), if
or =inf{t > 0: X; ¢ D,} then there is a constant C = C(x,, @) such that

PO(X, € A)<Cr, r>0.

Proof. Recall that P[()p) (z) = PD(:E)IExﬁa[eXp(foa p(Xs)ds)]. Note that Pp(x) is exactly con-
formally invariant (it is equal to the Poisson kernel ratio )\(DO)(l’, a) for Brownian motion) and
so Pp(xz) < O(1/r) uniformly on A, (using the exact value of the Poisson kernel in the unit
disc and the fact that by definition A, is mapped to AP by ¢ which lies at distance r from
1). Furthermore, uniformly for = € A,, the expectation E,(exp([; p(Xs)ds)) = 1asz — a
(i.e., as r — 0) by dominated convergence since o — 0 in probability (indeed, D is simply

connected hence has a regular boundary) and p(x) > 0. Thus

1) = Poo) (Exlewp [ p0)d5] ~1) = of1/r)

as r — 0, as desired.
For the probability to leave through A,., we simply note that using conformal invariance
of harmonic measure for Brownian motion, we have that

PO (X,, € A,) =Py (X0 € A7) < C(a, Q)r

which concludes the proof. ]
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For the proof of Proposition 4.4.7 we will need to find a suitable martingale. Recall that
f(z) = Pl()p) (x) — Pp(z). Note that since, Pj(jp) is £, harmonic,
L,f=L,PY —L,Pp
1
=0-(5A-p)Pp
Zipfﬁ)
We will call g(x) = —p(x)Pp(z), so that the above identity reads
L,f=—g. (4.79)

Lemma 4.4.9. Fort <o, let I; = f(f p(Xs)ds, and let

t
M; = f(X;)e It +/ g(X,)e Lsds.
0

(0)

Then for each r > 0, (Mipg,,t > 0) is a continuous local martingale under Py’ .
Proof. We apply It6’s formula:
dM; = —dLie " f(X;) + e Ttdf (Xp) + g(Xp)e ™
= mart. + eIt |:—p(Xt) f(Xy)dt + %A F(Xp)dt + g(Xy)dt
= mart. + e 1 [L,f(X;) + g(Xy)|dt

and so, since L, f 4+ g = 0 by (4.79), M, is indeed a continuous local martingale up to time
o ]

We are now ready to derive a proof of the resolvent identity. To do this we apply the
optional stopping for M; at time ¢ A o, (until which M remains bounded, so the application
is justified: indeed f is continuous on €2, and has zero boundary conditions on 9€), except
on A, where it is uniformly bounded by o(1/r) by the Lemma 4.4.8, a similar justification
applies to g also). We find, since My = f(x),

f(z) =E, [f (Xino,)e 0 | +E, U g(X)e " ds (4.80)

We will now let £ = oo and then » — 0 in both terms separately to obtain the resolvent
identity. We start with the first term, for which we claim the limit as ¢ — oo and then
r — 0 is simply zero. Indeed, since r > 0 is fixed and f is bounded D,, by the dominated
convergence theorem we get

F(Xino,Je 0o | <EQ[f(Xo,))-

lim E,
t—o00

Furthermore recall that f(z) = 0 for x € Q2 with x # a, so the only contribution comes from
the event where X, € A,: thus
EQ [ (Xo )| < Po(Xo, € Ar) sup |f(2)]
€A,
=O0(r)o(1/r) =0
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by Lemma 4.4.8.
It remains to deal with the second term, which is of the form

/ 9W)GY) (2, y)dy.

where Ggﬁ,) (z,y) is the Green function for Brownian motion up to time ¢, weighted by

exp(—1;), and stopped when leaving D,, i.e.,

t
G (z,y) = /0 Pz, y)ds; (2, y) = po(@, ¥)Eamsyss[e* 1 {x0.50c00)]

Letting t — oo, there is no problem (by monotone convergence) in showing that Ggf;) converges

(p)

pointwise to Gy (x,y), the massive Green function in the domain D,.. Subsequently letting
r — 0, there is for the same reason no problem in showing that this converges monotonically

to Gg) (x,y). Thus, for all ¢t < co and r > 0,
Gi(@,y) < G (2,9) < G (@,y).

Furthermore, observe that since |g(y)| = p(y)Pp(y) and p is bounded,

J, B @ lslar <0 [ 6w Polway < . (481
D D

To see the finiteness of the right hand side, observe that both terms in the integral on the right
hand side are conformally invariant, and that after mapping by the conformal isomorphism ¢,

Po(é(y)) ~ 2/|6(y) — 1] as y — a, while GF (6(x), 6(y)) ~ [1 = ¢(y)], so that the integrand
is bounded in the neghbourhood of y = a. Elsewhere, Pp(y) is bounded, and the Green
function Gp(z,y), while having a singularity at y = x, is clearly integrable over D.

Consequently the assumptions of the dominated convergence theorem are satisfied, and
we deduce that

tAo,
lim lim E, [ / g(Xs)e_Ist} - / GO (z,y)g(y)dy.
0 D

r—0t—o00

Plugging into (4.80), we therefore obtain:

f(a) = /D G (2, y)g(y)dy.

which is the desired identity. O
There is also a resolvent identity for the Green function G*) itself.

Proposition 4.4.10. We have

GP(x,2) —GD(HS,Z)—/DGD(w,y)p(y)Gg)(y,Z)dy- (4.82)

Proof. Since G” is also L,-harmonic in both variables, and G is harmonic, the proof proceeds
essentially along the same lines. The difference is that we need to replace Lemma 4.4.8 by

the following control over f(z) := Gg) (z,2) — G(DO)(:U, z) near z = x:

Lemma 4.4.11. Let f be as above. Then as z — ,

f(z) = o(log|a — 2[7).
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Proof. Since Gg’ ) (x,2) < Gg) ) (z,z) we only need a lower bound on the massive Green func-
tion. This is easily obtained: for any € > 0,

o.¢]
Gg)(x,z):/ pgp)(x,z)dt
05 .
2/ pg )(x,z)efltdt
0

> ecllPlles (G(O)(.’L',Z) — /Oopgo)(x,z)dt>
> (1= elllle) (¢, 2) - O(1))

where we used the easy consequence of Beurling’s estimate that for a simply connected domain
Q, pi(z,2) <t7177 for some i > 0. The lemma follows. Ol

The rest of the argument proceeds exactly as in the proof of Proposition 4.4.7. O

From this we can deduce a massive version of Hadamard’s formula (see [CW19, Lemma
4.7] for the case of constant mass). Let (K;);>0 be a growing family of compact Q-hulls in
Q, growing from a to the inner point o € Q and having the locality property (see e.g. [BN23]
for a definition of these terms), generated by a continuous curve ~; growing in 2 from a to o.
Let Q; = Q\ K, which is a monotone decreasing family of subdomains of ;, and let a; be
the point on the (Martin) boundary of Q; corresponding to ;. We will assume that [0, o)
has Lebesgue measure zero.

Let G,Ep ) = Gg)t ) be the massive Green function in Q; and let Pt(p ) = Ps({: ) be the Poisson
kernel (with normalisation specified by Proposition 4.4.2 associated with the boundary point
a;). Since §2; is monotone decreasing, it is obvious that for each fixed z # z in Q, ¢t —
Ggp ) (z,z) is monotone decreasing until the first time ¢ such that either one of z and z are

in K;. The massive Hadamard identity expresses the derivative of Ggp ) in terms of product

of Poisson kernels. Intuitively, this is because the paths from x to z that are lost between
times ¢ and ¢ + dt can be decomposed into two portions, one from z and one from z, which
go via the tip of the curve a;. (In the case of constant mass, this is stated without proof in
the proof of Proposition 3.1 by Makarov and Smirnov [MS10]; the argument below is close
to the proof given by Chelkak and Wan [CW19, Lemma 4.7]).

Proposition 4.4.12. For each fixed x # z, such that x,z € €, the massive Green function
s GY (x, z) is differentiable at s =t, and

G (x,2) = =P ()P (2), (4.83)

where Pt(p) is defined above.

Proof. Since the mass p is nonnegative (or more precisely by (4.77)), for s < t,

0<GP(z,z2)— Ggp) (z,2) < GO(z,z) — G,(fo) (x,z)

so the increments of G() are bounded by those of G(?). Since s c\" (z,z) is differen-

tiable by the classical (non-massive) Hadarmard formula (see, e.g., [SS13]) we deduce by
monotonicity that s — Ggp ) itself is differentiable.
Therefore ﬁtGgp ) (z, z) exists for all z,z € Q; and it also holds that

0< —0,G¥ (z,y) < —0,G\"(z,y) = 7Pi(z) Pi(y) < 0. (4.84)
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Recall from the Green function resolvent identity that

G (z,2) = GO (z, 2) - /Q GO (2, p(y) G (3, =)y
t

Since 7|0, t] has Lebesgue measure equal to zero we can replace the domain of integration in
the above integral by (2.

Differentiating this identity (4.82), using the classical Hadamard formula and the resolvent
identity for the massive Poisson kernel (Proposition 4.4.7), we obtain:

UG (2, 2) = —Py(x) Pi(2) + 7 / Py(x)Py)p(y) G (4, 2)dy
/ Gp(z,y)p 8tG(p)(y, z)dy
= —mP(x /GD z,Y)p G( )( Y, z)dy. (4.85)

Differentiation under the integral is justified because both G; and Ggp )

their product is also monotone, and we can then use the positive case of the Fubini theorem
(i.e., the Tonnelli theorem) as well as the fundamental theorem of calculus to conclude.

(p)

Consider now the integral operators ®; and &,"’ acting on an arbitrary function h : ; —
R by

are decreasing in ¢ so

(@h)a) = [ Gulav)olu)h(u)dy (4.56)
p)h / G (x,y)p(y)h(y)dy. (4.87)
whenever the integrals above converge. Using these operators we can rewrite (4.85) as
(1d+ &) (G, (-,2)) = —w (B (2). (4.88)
Again by the resolvent identity (4.82) we will see that
(Id — &) (1d + &;)h = h, (4.89)

whenever all involved integrals are absolutely convergent. Indeed the left hand side, evaluated
at x, expands as

/ G (2, ) ply)h (y)dy + / G, y)p(y)h(y)dy
~ [ 6w )Gl o) dnds
— )+ [ p)nty) (G (w2 = G - [ G 2p(e)Grlea ) dy

= h(z),

since the bracketed term in the integral vanishes due to the Green function resolvent identity
(4.82) and reversibility of G¢(z,y).

For h(z) = 8tG£p ) (z, z) the absolute convergence of the integrals is justified by, respect-
ively: (4.84) and the finiteness of the integral in (4.81), and an application of (4.6) in [CW19]
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(also recalled below explicitly in (4.92)) together with the fact that [, G¢(z,y)dy is bounded
uniformly in z € ) by a constant depending only on the diameter of €.
Applying (4.88) and Proposition 4.4.7 yields

8,GP (-, 2) = (1d - 8)(1d + )G (-, 2)
= (Id — 8 (~7P() P (2))
= —mP ()P (2).

This proves the statement. O

4.4.5 Derivative resolvent identity

We continue with the setup introduced above Proposition 4.4.12. Thus, K; is a growing
family of hulls generated by a continuous curve 7, and Q; = Q\ K;. This curve will later be
either be non-massive or massive SLEs.

We define the (radial) derivative kernel @, in Q; by setting for y € €,

2¢1(y) >
(1—e(y))?)
where that ¢; : € — D is the unique conformal isomorphism mapping o to 0 and a; to

1. (This is the radial analogue of (4.1) in [CW19]). The reason for introducing this radial
derivative kernel @)y is that, writing P; for the potential kernel ratio Po,,

dPt(LU) = Qt(l‘)dft

In the chordal case this is an easy application of 1t6’s formula which can be seen for instance
from Proposition 7.7 in [BN23]. In the radial case this calculation is slightly more involved

(

but essentially similar. To calculate dP,” ) (z) we need to define massive version of Q;. For

Qi(y) = Qi(y,a;) = Im (

this it is simpler to define Q,Ep ) via its associated resolvent identity: namely, we set

P (2) = Qulz) /Q G (2, 4)p(y)Qu()dy. (4.90)

To make this definition we need to check that the integral appearing on the right hand side
is finite; we will check this is a.s. the case for almost every time. Since Ggp) (,y) < Gi(z,y)
it suffices to prove the same with G,ﬁp ) replaced with the ordinary Green function Gy in .
This is done in [CW19, Corollary 4.6] for the chordal case. What remains to be checked is
that these arguments can be carried over to the radial case, but for completeness we will also

repeat the rest of the argument.

Proposition 4.4.13. For any fized Loewner chain we have the following estimate. For all
x € Q, for almost every time t > 0, fQ Gi(x,y)Qi(y) < oo. In particular this holds almost
surely for the Loewner chain driven by (&)i>0-

Proof. Using [CW19, Lemma 4.1] and expressing our @ in the upper-half plane via a suitable
Mobius map (and conformal invariance of P), it is easy to check that

Py(y) Qi(y)  Qi(x)| Gi(,y)
‘Pxx) Ay P Bl - ° (4.91)

for some uniform constant C' > 0 independent of anything. In particular,

- ]-' Gt(xay) S Cv

Py(y)Gi(y, ) < Py(x)Gi(y, x) + CPy(x) (4.92)
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and

Qi(y)|Gi(z,y) < CRi(2)Fi(y) + [Qi(2)|Gi(2,y) + ClQu (). (4.93)

When we integrate over y € 2, the third term does not depend on y so is integrable, the
second term depends on y only through G¢(z,y) but using the fact that Gi(z,vy) < Ga(z,y)
which has only a logarithmic singularity at z, it is easy to see that this term too is integrable
for all t > 0. The problematic term is the first term. The proposition follows if we can prove

/ P(y)dy < oo (4.94)
Q

for almost every t > 0, almost surely. In fact, we will check

/OOO UQ Pt(y)dyrdt < Q) < o0 (4.95)

where C(£2) depends only on € (this is the analogue of Corollary 4.6 (i) in [CW19]). This
will obviously imply (4.94) and thus Proposition 4.4.13. This however follows immediately
from the classical Hadamard formula since

[ /Q | Pt(y)dy}Q B //Q Pi(2) Pi(y) dady = —% / /Q .Gy, y)ddy.

Thus integrating over ¢ > 0 we get

2
/ [/ Pt(y)dy] dt = 1// Ga(z,y) — Goo(x, y)dady < 1/ Ga(z,y)dzdy < oo.
t>0 Oy ™ Q ™
O

For our subsequent use of the radial derivative kernel in 1t6’s formula we need a strength-
ening of (4.95), which is the analogue of Corollary 4.6 (ii) in [CW19]. This is the key estimate,
and requires us to make one additional assumption compared to the general setup introduced
above Proposition 4.4.12, We will stop assuming that (7:);>0 is deterministic and arbitrary,
and instead assume it is random, absolutely continuous on compact intervals of time [0, 7]
with respect to SLE,, for some x < 4. (In our application in this article, v will be either SLEs
or the inhomogeneous massive SLE9, so these assumptions will be satisfied).

Lemma 4.4.14. Almost surely, for any fized T > 0,

T
/ / P,(z)*dzdt < 0o
0 Q

In view of the nature of the singularity of P;(x) near a;, such a result might seem surprising
initially.

Proof. Fix x € Q and suppose t < 7. Let y be sufficiently close to x that y € {, but y # z.
We know that we may write the Green function

1
Gi(z,y) = ——log |z —y| + he(y),

where h¢(y) is harmonic in y € €, (including at y = x) and h(x) = 1/(7) log crad(zx, ;) (see,
e.g., Theorem 1.23 in [BP23]). The left hand side is (for instance by Hadamard’s formula)
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differentiable in ¢; since in the right hand side only h(y) depends on ¢t we get that ¢ — h.(y)

is differentiable and
Othi(y) = 0:Gi(x,y) = —mPy(x)Pi(y).

We want to take y — x and this requires an exchange of derivation of limit. This can be
done using the fact that h;(z) is harmonic and thus satisfies the mean value property:

ht+5(x)5— hi(x) _ /y ht+6(y)5_ ht(y)s(dy)

where s(dy) is the uniform law on some given circle centred at = of arbitrary sufficiently
small positive radius. Pointwise, as § — 0, the terms in the integral converge to P;(x)P:(y)
by the above. The assumptions of the dominated convergence theorem are satisfied by the
mean value theorem and the fact that ¢t — P(x)P;(y) is continuous at a given time ¢ so long
as y € ;. We deduce, using harmonicity of P;(y):

1
~0;log crad(x, Q) = —mPy(2)?,
T

for any x € ;. Therefore,

_crad(z, )
Py(2)? cra
/ ) dt = crad(x Qr)’

for any x € Qp (note the unimportant difference of a factor of 7/2 with respect to the proof
of Corollary 4.6(ii) in [CW19], which comes from a different choice of normalisation of the
Laplacian and what appears to be a typo).

This can be integrated over z € Qr and even x € () when we set the integrand to be
infinity on Krp; since K7 has Lebesgue measure a.s. equal to zero this does not make a

difference. We get
T 1 d(z,Q
/ / Pi(x)?dtdz = 2/ log orad(z, @) dx.
ar Jo 2 Ja, crad(z, Qr)

Using Fubini’s theorem (since the integrand is positive) we can exchange the space and time
integration on the left hand side. Taking expectations, we further obtain:

T 1 crad(z, Q)
E Py(z)*dz| = = [ E|leq, log————1d
[/0 /QT ) a:] 7T2/Q [ z€r 108 crad(z, Qr) *

In the left hand side there is do difference if we replace Q2 by € (since the difference has
zero Lebesgue measure a.s.) and in the right hand side for the same reason we can ignore the
indicator. The result follows since the expectation on the right hand side is finite. Indeed,
much stronger bounds are known than (negative) logarithmic moments for crad(z, Qr): it
is known that P(dist(w, K7) < ) < C(T)e'™*/® with k < 4 (see, e.g., Proposition 4 in
[Bef08] for the chordal case, but the argument easily generalises to the radial case). This gives
polynomial hence the desired logarithmic moments using the Koebe one-quarter theorem. [

This result implies a lemma (“stochastic Fubini”) corresponding to Lemma 4.8 in [CW19]:
Lemma 4.4.15. The process t — [, Ggp)(x,y)Qt(y)dy is a local semi martingale in the

filtration of the driving function (& )i>0. Moreover almost surely, for all T > 0 the following
identity is satisfied:

"o " aop,
/Q /O G (z,y)Qu(y)d&dy = /O /Q G (2, y) Qi (y)dyd&; (4.96)

This follows from Proposition 4.4.13 and Lemma 4.4.14 in the same way as in [CW19)].
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4.4.6 Identification of LERW limit: proof of Theorem 4.4.1

In this section we complete the proof of Theorem 4.4.1 by showing that the limit of loop-
erased random walk on the triangular lattice, in the case where the walk itself converges to
inhomogeneous massive Brownian motion, exists and is given by a Lowener evolution whose
driving function ¢ satisfies (4.19).

Let us summarise the situation at this stage. As already mentioned at the end of Section
4.4.3, we know that subsequential limits of the loop-erasure exist (i.e., the laws of the loop-
erasure are tight), and it suffices to identify any subsequential limit uniquely. We also know,
again from the same discussion, that any subsequential limit is absolutely continuous with
respect to radial SLEs, and may be described by a radial Loewner evolution whose driving

function £ satisfies
d&; = V2dB; + 2)\dt. (4.97)

(p)
Our goal is thus to identify A\; (we will show that A\; = %)EO;) and show that the above SDE
t o

has a unique weak solution (we will in fact get strong pathwise uniqueness).

Proof of Theorem 4.4.1. We know by a classical argument, see [LSWO01, Remark 3.6], that

é

for every vertex z°, we get a discrete martingale observable M,S” )(37‘5) defined by

Z s @ ()

Ze\ 100 (0757 ()

M) (z°) (4.98)

Applying Lemma 4.4.4 (which, as already explained, extends to our setup one of the main
results of Yadin and Yehudayoff [YY11]), we see that if we take 20 — 2 € Q and parameterize
79[0,n] by capacity (which requires taking n = n’(t) for any given ¢t > 0) then, assuming
z € Q, we have as § — 0, for each ¢ > 0,

Z((ZP(S)\W(S[O’”] (xéa '75(”)) PS({Z) (x, at)

ZR stom (@77 ) P (0, 1)

where a; denotes the tip of v+, viewed as a prime end in €);. This is the analogue of Proposition
3.16 in [CW19]. The right hand side is continuous in ¢ > 0, as remarked at the end of
Section 4.4.1. Furthermore, as argued in Section 2.4 of [CW19], the discrete martingales

M,(lp ) (2°) yield continuous martingales in any subsequential limit (see in particular Remark
2.3 in [CW19]), hence we deduce that for every z € Q, every r > 0,

P(P)
Mf(x) = Sz;)(%at);t/\ﬂ«
Q4 (07 at)

(4.99)

is a martingale, where for every r > 0 the stopping time 7, is defined as inf{t > 0 : |y — b] A
e — x| <}

Now we explain how these martingales can be used to identify the drift A\; uniquely. To see
this, first recall that Pt(p )= PS({Z ) satisfies the resolvent identity (Proposition 4.4.7), namely,

P (x,a,) —Pt(z,at)Jr/ G (2, y)p(y) Pily, ar)dy.
Q

Now we know that in the critical (p = 0) case, one has as a direct application of Loewner’s
equation
dP(z,a) = Q¢(x)d&.
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Since this is an a.s. identity, this same identity remains true by absolute continuity for our
subsequential limit. Together with the Hadamard formula (Lemma 4.4.12), the resolvent

identity for P’ (Proposition 4.4.7) implies

AP (x) = Qu(x)dé; + / G (2, 9)p(y)Qu(y)d&dy — 7P (x) / P (y)ply) P (y)dydt
Q Q

= QP (2)dg — 7P (2) /Q B (y)p(y) Pu(y) dydt, (4.100)

where we used Lemma 4.4.15 to exchange d§; and dy.

(p)
Since we know that ];t( p>§m; is a bounded martingale for any = € B(o, %'r) until time 7,
+ o

we consider:

Pt(p) ( x)

PP (0] =P? (o)1 dP (z) + PP (x)d (B (0)™") +d (P ()1, B (x)):

=P (z) (d (PP (o)1) — 7P (o) / p(y)Bg(y)Pt(p)(y)dydt> (4.101)

Q¢
+ Q1 () (PP (0) &+ (&, PV (0) ). (4.102)

Since this is a martingale for any x, and Pt(p ) and Qﬁp ) are clearly linearly independent
functions of =, both of (4.101) and (4.102) (and thus each bracket in these two lines) must
be local martingales and thus have vanishing finite variation parts. By standard stochastic

calculus arguments (applying It6’s formula to describe dPt(p)(o)_1 from (4.100)), the finite

variation part of the second bracket is

(»)
2@ (4.103)

(P (0)) (P (0))?

C Q' (0) .
this implies that Ay = 5= as desired.
P (o)

The following lemma together with continuity of A; implies the uniqueness of solutions to
the SDE (4.97) by Novikov’s condition.

Lemma 4.4.16. There is a constant C = C(||p||cc, Diam(Q2)) < oo such that the drift A
almost surely satisfies
o0
/ ’)‘t’2 S Ca'
0

Proof. We start by noting that

o

P(0) = Egorapi0,[exp(— /0 p(Xs)ds] > exp(—collplloc Diam(€2)?)

> expl—|[pllccBosars0. (9)]-

We claim that E,q,.0,(0) < coDiam(Q)2. To see this, note that (for instance using the
Doob transform description of Brownian motion conditioned to leave €, by a;),

Pi(y,a
EO—mt;Qt(O‘): GQt(O’y) t(y t)

——=dy.
Qt Pt(07 a) y
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Moreover, one can deduce from (4.91) and conformal invariance that

Pt(ya at)
—7 2K 1 < 1
Gt(O,y) Pt(O, at) =~ CO( + Gt(ouy)) = CO( + GQ(O) y))
so that
Eosanu (0) < CO(/ 1+ Ga(o,y)dy) < 66 Diam(Q)2
Q
as claimed.

Furthermore, by the resolvent equation for Qgp ) (4.90) and Q¢(0) = 0 by definition, we
have

QP (0) = [ 6(0.0)0l)@: )y (4.104)
Q

Combining these two estimates together and using (4.93), we get

2 2
oo o0 1
/ dtf,/ </ Pt(z)dfﬁ) dt < / / Ga(z,w)dzdw,
0 0 Q T™Ja JQ

as shown in the proof of (4.95), and where the hidden constant depends only on Diam(€2)
and ||p|/c and the final integral is bounded by a constant only depending on Diam(Q2). [

Q" (0)
P(pt) (0)

This concludes the proof of Theorem 4.4.1.

4.5 Scaling limit of the LERW with drift and conformal cov-
ariance

In this section we explain how Theorem 4.4.1 implies Theorem 4.1.6. We also discuss why
this implies convergence of the height function in the associated dimer models and why
these satisfy conformal covariance (Theorem 4.1.8). To do this we will rely on our discrete
Girsanov theorem (more precisely Corollary 4.1.5). We will in particular need to check that
the assumptions of Theorem 4.4.1 are satisfied not only on the directed triangular lattice,
but also on the image of this lattice under a conformal map.

Remark 4.5.1. While in principle possible, trying to work directly with quantities associated
to the random walk with drift poses serious difficulty since the formal analogues of many
statements (e.g. 4.90) have well-posedness issues stemming from worse regularity properties
of the operator %A + « - V compared to %A —p.

Let us begin with the proof for the triangular lattice.

Proof of Theorem 4.1.6. We want to apply Theorem 4.4.1. Recall that P(¥) denotes the law
of a random walk on Q7 with drift a(v) = o’(v) where af(v) = ¢(v + 67%) — p(v) (the
transition probabilities of the walk are described in (4.7)). By Corollary 4.1.5 the law P(¥),
conditioned so that Xg(; = a’, has the same law as the random walk P(°) with mass

1
p=20"p+ o5,

also conditioned so that X% = a® (and in particular to survive until doing so).

We need to check that this random walk P(*") satisfies the conditions of the theorem 4.4.1.
First note that p°(v) = 62p(v)/2 4 0(6%) uniformly in v, where p(2) = 3(Ap(2) + ||V (2)[?)
as in the statement of Theorem 4.1.6.
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As already noted in Section 4.1.9, this implies that (ng,g))tzo converges weakly, uni-
formly on compacts, to the law P() of Brownian motion killed at the instantaneous rate p(x)
when in position x € .

Secondly we need to check that there is a constant ¢y such that

E©

08 o5 sas (0°) < cod2R2. (4.105)
This is an estimate purely for the simple random walk on the triangular lattice and follows
as in [CW19, Corrollary 2.8].

It remains to check the uniform crossing assumption (4.64). In order to prove that
ng 6)(Crossr) > ¢ for some uniform constant ¢ > 0 we will in fact consider the restricted
event G' = Cross, N{7 < §~2}, where 7 is the stopping time at which the walk first leaves the

relevant rectangle.

P’ (Cross,) > PY)(G) = EO)(1¢ f[(1 — (X)) (4.106)
s=0

> PO@)(1 = [p7]0)” (4.107)

= (1+0(1)) exp(—cl|plloo) PP (G). (4.108)

The statement follows since ]P’,(ZO)(G) is uniformly bounded below. Thus the assumptions of
Theorem 4.4.1 are fulfilled and Theorem 4.1.6 follows. Ul

Now to prove 4.1.8 we will first show conformal covariance for massive SLE,.

Theorem 4.5.2 (Conformal covariance for SLE; with mass profile). Let Q be a simply
connected domain, and p : Q@ — [0,00) be a bounded and continuous mass profile. Let
T :Q = Q be a conformal map such that |T"| is uniformly bounded away from 0 and oo on
Q. Then the image of radial massive SLE> from a € 082 to o € ), with mass profile p, under
T is given by radial massive SLEy from T(a) (seen as an element of the Martin boundary)
to T(o0) with mass profile |(T~) (-)|>p(T~1(-)).

Proof. The strategy of this proof is as follows: Let X° be the random walk on the directed
triangular lattice with mass profile p° approximating p as in the previous theorem. Consider
the random walk T'(X9%), which is a random walk on the image of the directed triangular
lattice (%) under T. Note that this is also a planar graph. We will aim to apply Theorem
4.4.1 to this walk and so need to check that the conditions of the theorems are also fulfilled.

Noting that condition 2 on the expected time to leave the domain, does not depend on the
embedding of the graph, so it follows directly from what we proved above. It remains to check
the other two assumptions. The fact that it converges to a time changed massive Brownian
motion follows from the standard conformal invariance of Brownian motion. Indeed if By is
standard Brownian motion, then so is B, := T(Bg¢-1(1)), where (1) = fg |T"(Bs)|*ds. Let oq
be the time at which By leaves 2 and ¢ be the time at which By leaves Q. By definition,
§(1q) = 7g. Now consider the Radon-Nikodym derivative of a massive Brownian motion in
Q) with profile p with respect to standard Brownian motion and rewrite to in terms of B:

exp(— [ pBds) =exp (— [ (T (Bew))ds (4.109)
(-] maas) e (- | )

= exp <— /OTQ p(Tl(Bs))|T’(T1(BS)|2ds> (4.110)
= exp (— /OTD' p(T—l(Bs))\((T—l)’(Bs)y—2ds> : (4.111)
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Since the condition in Theorem 4.4.1 is convergence of paths up to time reparametrization,
this shows that assumption 1 holds. The uniform crossing estimate (3) follows the fact that
this assumption is invariant under conformal maps using the Koebe one-quarter theorem and
the uniform control over |T”| in our assumption. O

To prove Theorem 4.1.8 we first see how Theorem 4.1.6 implies convergence of the dimer
height function when the weights are given by (4.4).

Proposition 4.5.3. Consider the directed triangular lattices with weights (4.4). Let h(®)?
denote the height function of the biperiodic dimer on the dimer graph G° (a piece of the
hexagonal lattice). Then R0 converges, in the sense that if f is a test function, then

(h@2, f) = (W) f)

converges in law and in the sense of moments. Here h\® is identified with a function defined
on all Q which is constant on each face of G°, and the inner product above is simply the L?
mmner product of square integrable functions.

Proof. The convergence of the loop-erased random walk in Theorem 4.1.6, applied iteratively
using Wilson’s algorithm, implies the convergence of the uniform spanning tree 7 with weights
(4.4) in the Schramm topology ([Sch99]). Recall that this tree is identical to the tree one
obtains from applying the Temperley bijection to the biperiodic dimer model with weights
(4.4). We apply a general theorem (Theorem 8.1 in [BLR19]) in order to deduce convergence
of the height function. The theorem, which follows the approach originating in [BLR20],
is particularly simple to apply on simply connected domains, which is our situation. The
assumptions of that theorem in this simplified situations are as follows:

e There exists ¢ > 0 such that the following holds. For any vertex v € v(Q?), for any
interior point z € Q, if r = |v — z| Adist(v, 9Q) Adist(z, I) and if ~y is the loop-erasure
of the random walk starting from v and killed when it leaves €2, then for any 0 < e < 1,

P (y N B(z,re) #0) < €, (4.112)
in other words v is polynomially unlikely to enter a small ball near z.

e There exists C,c > 0 and for every k > 1 there is a constant M}, such that the following
holds. For any v € v(Q%), let v denote the loop-erasure of the random walk starting
from v and killed when it leaves 2, parameterized from v to 0X2. For all r > 0, let 6,
denote the first time it leaves B(v,r) and o, the last time it is in B(v, er). For s < t, let
W (v[s,t]) denote the intrinsic winding of the path ~([s,]) (that is, on a graph where
all edges are straight, the sum of the turning angles of v during that interval of time).
Then for every k > 1,

EF[ sup (W (qls,t])]*] < My, (4.113)

0r<s<t<or,

in other words the winding of the path + at any scale r is of order one.

The proofs in [BLR20] of both these facts for the random walk on Q7 relies on nothing but
the uniform crossing estimate of (4.64); in fact Proposition 4.4 of [BLR20] and Proposition
4.12 of [BLR20] are stated for general random walks on embedded planar graphs subject to
the uniform crossing estimate (convergence to Brownian motion is also assumed throughout
that section, but plainly that assumption is only used to identify the law of the limit of
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loop-erased random walk). Hence Proposition 4.4 of [BLR20] applies and yields (4.112); and
Proposition 4.12 of [BLR20] also applies and yields uniform stretched exponential tails hence
(4.113). This completes the proof of Proposition 4.5.3.

It is also possible to deduce (4.112) and (4.113) from the Proposition 4.4 of [BLR20] and
Proposition 4.12 of [BLR20] (applied to the usual driftless random walk on the square lattice)
and the fact that the Radon-Nikodym derivative in Corollary 4.1.5 is uniformly bounded by
exp(25up,cq [¢(2)]).

Let us see how this may be used to finish the proof of (4.112) and (4.113). Consider for
instance (4.112).

1
PP (v0 Bz,re) # 0) = EP[Lpnp(ergape” 7 70724
< POy 1 B(z,re) # Ol exp(2sup [o(a)))
z€S

so using Proposition 4.4 of [BLR20] we obtain (4.112). The same argument also implies
(4.113).
This concludes the proof of Proposition 4.5.3. 0

Proof of Theorem 4.1.8. We are now ready to finish the proof of Theorem 4.1.8. All that
remains to prove is the conformal covariance of the limiting height function h(®)€ (here we
write explicitly the dependence on the domain €2 in order to avoid confusions). Let Q be
another bounded simply connected domain and let T : 2 — Q be a conformal map with
bounded derivative. Recall that we wish to show

Bla)Q o =1 _ 1 (@)

where at a point w € ,

a(w) = (T (w) - (T~ Hw)). (4.114)
The idea is to use the same approach as in Theorem 4.5.2, i.e. using both the convergence
as in Proposition 4.5.3 and the same type of result on the lattice obtained by the image of
G? under T. Indeed since the connection with the massive random walk (i.e. Theorem 4.1.5)
does not depend on the embedding, the analogue of Theorem 4.1.6 for the random walk on
the deformed triangular lattice is an immediate consequence of Theorem 4.5.2. The scaling
limit of the corresponding random walk is necessarily the image by T of a Brownian motion
with drift o in Q. Applying It6’s formula and the Cauchy-Riemann equations, one checks
that « and & are related via (4.114).

Likewise (4.112) and (4.113) are trivially verified in Q% because they are verified in Q°
and T has bounded derivative. The dimer model associated to T(G?) is the image by T of
the dimer model on G and has a height function which necessarily converges to h(®)* o 7—1
in Q. On the other hand, the law of the limiting Temperleyan tree is uniquely determined
by the law of its branches, which by Theorem 4.1.6 are off-critical radial SLE, with limiting
drift vector field @, as described in (4.19). We conclude that, in law,

R o =1 — (@0

as desired. O

4.A Continuum hitting probabilities

The following well-known proposition is recalled as Proposition 3.3 of [YY11] and can be
proved using the fact that for two dimensional Brownian motion log(|B;|) is a local martingale
and the inequality log(1 —r) < —r.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

180 CHAPTER 4. NEAR-CRITICAL DIMERS AND MASSIVE SLE,

Lemma 4.A.1. Let D be the unit disc and let © € D be different from 0. Let 0 < € < |z|. Let
o be the exit time of X; from the unit disc D. Then

_ — ||
P,(3t € [0,0]: |Xs| <€) > ma

We need to replace this with a suitable analogue for massive Brownian motion.

(4.115)

Lemma 4.A.2. Suppose 2 =D is the unit disc. There exists a constant ¢ > 0 such that the
following holds. Let x € Q2 be different from 0 and 0 < € < |x|. Let o be the exit time of X,
from the disc. Then

1— |z|

P (3 X >c— 4.11
Y3t € [0,0 Aoy | t‘<€)_clog(1/e) (4.116)

Proof. Suppose without loss of generality that ¢ = e~ for some N > 1. Writing down the
Radon—Nikodym derivative with respect to ordinary Brownian motion, and letting o, being
the first time the trajectory enters B(0,¢€), we get

Pgﬁm)(ae <o)= EQ(CO) (1{05<U} exp(—/ ‘ p(XS)ds)>
0

> B (exp(—0cl plloc)|oe < 0)Pu(oe < o).

Thus it remains to show

E, ( eXp(—M2U€)

oe < a) > c, (4.117)

for some constant ¢, where M? = ||p|ls. A priori, the difficulty is that conditioning the
Brownian motion to hit a very small ball might cause the process to waste a lot of time and
thus make it highly likely to be killed (or equivalently make the exponential term very small).
We will see this is not the case; essentially, when we condition planar Brownian motion to
hit zero before leaving the unit disc, it does so in an a.s. finite time.

Let 0p = inf{t > 0 : |By| = €* for some k € Z}, and define inductively a sequence of
stopping times o, by setting

Oni1 = inf{t > o, : | B| = €* for some k € Z with|By| # |B,, |}

In words, the sequence o, corresponds to the sequence of times at which |By| is of the form
ek for some distinct k.

Let M, = log,(|B,,|). Because log|z| is a harmonic function on R? and rotational
invariance of Brownian motion, it is easy to see that M, is nothing but simple random walk
on Z with a possibly random initial value My which however differs from log |z| by at most
1. Let 0. denote the first n such that M,, < —N (recall that we have assumed € = e N, so 6,
corresponds to Brownian motion entering B(0,¢€)). Let 6 be the smallest n such that AM,, > 0
(which corresponds to Brownian motion leaving the unit disc).

Now let us describe the effect of conditioning on o, < o (or equivalently o, < o). The
conditional transition probabilities are well known and easy to compute (this can be viewed
as an elementary version of Doob’s h-transform). Writing P for the conditional probability
measure given 0. < 6, we obtain for —N +1 < k < —1,

- 1 1
B(Mauy =k 1My = k) = 505 o

21F ) (4.118)
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Note that this description is actually independent of N (or equivalently €). The formalism
of electrical networks is useful to describe the conditional walk defined by (4.118) (which, up
to the sign, is essentially a discrete version of a three-dimensional Bessel process, and is in
particular transient). To put it in this framework, note that (4.118) coincides with the walk
on the network with conductances c(k,k—1) = (|]€|2Jr 1). Indeed in that case the corresponding

stationary measure is then
|k +1 || 2
k) = =k
(k) ( 5 )t

after simplification, so that c¢(k,k — 1)/7(k) coincides with (4.118) as desired. The corres-
ponding unit current voltage v(k) = % (if we set zero voltage at —oo and unit voltage at 1),

which means that the expected number of visits to k is exactly 2|k| if we let the conditioned
walk (4.118) live forever. We deduce that

E(#{n < 0:M, =k}) <2kl (4.119)

(This can also be computed directly using elementary computations based on the gambler’s
ruin probability, and considering the probability from k that the conditioned walk ever returns
to k).

Now let us decompose

0.—1 N—-1 oo
Oc— 00 = Z(Un-i-l —0op) = Z Z Linm<o.y UNm+1 - U'Nm) (4.120)
n=0 j=1 m=1

where for 1 <j <N —1and m > 1, n = N/" is the time of the mth visit to level —j by the
martingale M,. We will check that the conditional expectation of the left hand side, given
0. < 0, remains finite as € — 0.

Let F denote the o-algebra generated by all the random variables of the form X, ,0 <
n # N. Note that the event 6. < 0 is measurable with respect to F, and that given F,
the trajectory of (X;,0 < o0.) may be split in pieces of the form X|oy,,0p4+1], which are
independent of one another, and where each piece may be described as a Brownian motion
starting from X, conditioned to exit a certain annulus A, = B(0,eM»*1)\ B(0,eMn—1)
through X, ,,. Now, if A is any annulus of the form B(0,e"1)\ B(0,e*"!) and y € A is
any interior point, z € JA is any point on the boundary of the annulus A, then it is not hard
to see for some constant C' > 0, by Brownian scaling,

E,(0a|Xy, = 2) < Ce?* (4.121)

where o4 is the time at which X leaves A, and this estimate is uniform in y € A,z € JA,
and k € Z. Consequently,

E(opi1 — 0| F) < Ce?Mn, (4.122)
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This implies that E(cg) < C' < co. Furthermore, using (4.120)

fE(G€ —o0p) = Z E _1{N}”<06}(‘7N1m+1 - UN}”)}

= Z ]E _1{N;"<96}]E[(O-N;n+l - O-ij)|f]i|

m -
< A ZE _1{N;.n<95}06_2j

2
L

Here we used (4.122) in the third line, and (4.119) in the last line. The right hand side is
uniformly bounded in N (or equivalently ). We deduce that E(oc|o. < o) < C for some
constant C' independent of x. Therefore, using Jensen’s inequality and convexity of x +— e™%,
we get

E, ( exp(—M2aE)

o < 0) > exp(—M?E,(0c|o. < 7)) > exp(—M?C),

which proves (4.117). This concludes the proof of Lemma 4.A.2. O

4.B Discrete crossing, Beurling estimates

To end this section we conclude with the remaining missing discrete estimates required for
the proof of Theorems 4.1.6 and 4.4.1. The first one concerns disconnection events: for z € Q,
and 7 > 0 such that B(z,10r) C Q, let us write z[0,¢] O z for the event that the path
x[0,t] disconnects B(z,r) from B(z,5r)¢ (or, equivalently, makes a noncontractible loop in
the corresponding annulus); this is the notation from [YY11]. The next lemma corresponds
to Proposition 3.4 in [YY11] although there it is only stated for Brownian motion, although
we will need its random walk version.

Lemma 4.B.1. For every R there exists a z such that the following holds: Let 0 < r < R
and let z € C. Let T be the exit time of X(-) from B(z,r). Then for every z° € B(z,r/2),

PY(X(0,T) 0" 2) > c.

Proof. Encircling a point at scale r contains the intersection of ten box-crossing events (see
Figure 4.B). We conclude using our crossing assumption (4.64). O

The last missing piece is a Beurling estimate (corresponding to Proposition 4.1. in
[YY11]), which shows that a walk starting close to the boundary of a domain is very likely to
leave this domain in a short time, without going far from its starting point. Actually what is
needed is the version of this estimate in which we want to ensure the random walk will hit a
given curve which is close to its starting point; of course, this makes no difference. Such an
estimate is well known in the critical case where the walk converges to Brownian motion. This
remains true in the off-critical regime thanks to the following observation: while of course the
off-critical Brownian motions are not scale invariant, this effect disappears at small scales. In
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Figure 4.6: Making a loop by crossing rectangles.

fact, making loops at any scale above that separating the curve from the starting point guar-
antees an intersection, and so we can get a uniform bound using the previous observations.
Also, since we assume that the original domain € is bounded, we do not need to consider
arbitrarily large scales and can therefore obtain uniform bounds for all domains which have
diameter less than some constant R.

The desired estimate is formulated in [YY11] after applying a conformal map to the unit
disc (let ¢ denote the unit conformal map from Q to D such that ¢(0) = 0 and ¢'(0) > 0).
This is initially a little worrying, since we did not assume uniform crossing after applying
the conformal map ¢ but instead only in 2 itself. (Note that this uniform crossing estimate
could in fact fail to hold for ¢(Q9) if the domain € is not very nice). Thankfully, we will see
that thanks to Koebe’s one quarter theorem we can get the required estimate.

Lemma 4.B.2. For all a, R > 0, there exists an n > 0 such that for all € > 0, for all simply
connected domains Q such that 0 € Q@ C B(0,R), and for all a € (1 — €)&, there exists a &
such that the following holds for all 6 < dg:

Let y € v(Q°) N ¢~ (p(a,né)) € Q. Let X° denote random walk on QO starting from y.
Then, for every continuous curve g starting in B(a,né) and ending outside of B(a, €),

Py (6(X[0,T) N[g] = 0) < a
where [g] is the range of g and T is the time at which ¢(X) leaves B(a,€).

Proof. Let € > 0 and let a € (1 —&)D. Let a = ¢~ 1(a) € Q, and let ¢ = |[(¢71)(@)|&; note
that we have no control over the actual size of € since it depends on the conformal map near
a. Nevertheless, applying the Koebe 1/4-theorem (twice), it is easy to see that the image of
curve g under ¢! starts from a ball of radius 4ne around a, and ends outside of a ball of
radius /4 around a. For ¢(X?[0,T]) to avoid g, X°[0, T] must therefore avoid making loops
at all scales between 4ne and £/4 (this corresponds to a fized number of scales, even though
¢ itself is variable). Furthermore, using the strong Markov property, all the events O q
occur with fixed positive probability (by Lemma 4.B.1) and independently of one another.
By choosing 17 small enough, this probability can therefore be made smaller than «, uniformly
over all the parameters. O

Together these results conclude the convergence of the discrete Poisson kernel and there-
fore the proof of Theorem 4.4.1.
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Chapter 5

The stochastic six-vertex speed
process

abstract

For the stochastic six-vertex model on the quadrant Z>¢ x Z>o with step initial conditions
and a single second-class particle at the origin, we show almost sure convergence of the
speed of the second-class particle to a random limit. This allows us to define the stochastic
six-vertex speed process, whose law we show to be ergodic and stationary for the dynamics
of the multi-class stochastic six-vertex process. The proof follows the scheme developed in
[ACG23] for ASEP and requires the development of precise bounds on the fluctuations of the
height function of the stochastic six-vertex model around its limit shape using methods from
integrable probability. We also obtain a novel result that allows us to control the behavior
of an individual second-class particle by controlling the behavior of a geometric number of
third-class particles.

5.1 Introduction

5.1.1 Preface

Type I 11 111 v A% VI
Configuration . \ T_ _l
Weight 1 1 b1 1—-0b; bo 1— by

Figure 5.1: The six allowed configurations for the stochastic six-vertex model

Figure 5.2: A possible sampling of the stochastic six-vertex model on the quadrant with step
initial data. The height function is denoted in blue.

The stochastic six-vertex model was first introduced by Gwa and Spohn in [GS92] as a
specialization of the six-vertex model, which is a classical model from equilibrium statistical
mechanics going back to [Pau35]. Recently there has been a lot of interest in this model.
It is connected via a suitable limit degeneration to ASEP [Aggl7], the Kardar-Parisi-Zhang
equation [CT17, Lin20, CGST20], the stochastic telegraph equation [BG19] and lies in the

187
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(one-dimensional) KPZ universality class [GS92, BCG16, ACH24], in particular exhibiting
N3 fluctuations and N3 correlations on a domain of size N, see [Aggl6, AB19, Borl8, BCG16,
CD18]. Furthermore, it can be put into the more general setting of higher-spin vertex models,
see [CP16, Aggl8, BP18].

To define the stochastic six-vertex model we need to specify two parameters by, by € [0, 1].
Given a subset D of Z?, a configuration of the stochastic six-vertex model is given by a subset
of the edges incident to the vertices in D such that at each vertex a local conservation law is
satisfied, namely that the number of edges to the left and the bottom of that vertex equals
the number of edges to the top and right. See Figure 5.1 for the six possible configurations at
a given vertex. We call the bottom and left edges incident to a vertex its incoming edges and
the top and right edges its outgoing edges. We say that edges are occupied if they are in
the selected subset, and we sometimes refer to occupied edges as particles or arrows oriented
from top to bottom and left to right. Each of the six possibilities is assigned a weight, see
Figure 5.1, and the weight of a configuration is given by the product of its vertex weights. For
finite D, a configuration is then sampled proportional to its weight, after perhaps specifying
some edges as a boundary condition.

We will study this model on the quadrant Z>o X Z>p. On Z>o X Z>o the model can be
taken to be defined via the following stochastic sampling algorithm, which coincides with
taking a limit of the model on finite boxes [0, N| x [0, M| — Z>¢ X Z>0, see [GS92, BCG16].
First one needs to specify a boundary configuration on the edges incoming from the left at
the vertices {0} x Z>o and from the bottom at the vertices Z>¢ x {0}. Choose any vertex
where both the left and bottom edges have already been determined. In the beginning, the
only such vertex is (0,0), but later there will be potentially many such vertices. The law does
not depend on this choice.

e [f there are two incoming particles then there is only one possibility for the outgoing
edges. Set the outgoing edges to be occupied as well, as in configuration I. Similarly,
if there are zero incoming particles, then set the outgoing edges to be unoccupied as in
configuration II. Continue by selecting the next vertex.

e [f there is a single incoming vertical particle, there are two possible configurations: I11
and IV. Choose III with probability b; and IV with probability 1 — b;.

e Similarly, if there is a single horizontal incoming particle choose configuration V with
probability bs and VI with probability 1 — bs.

If one chooses which vertices to update in an antidiagonal way (i.e. ordered by = + y) every
vertex will eventually be updated and this defines a law on configurations of Z>q X Z>.
There is an alternative parameterization of the model by parameters ¢, x > 0 defined as
b 1=

q.—g K 1_b2

This parameterization will be quite useful to us, and these variables will appear in many
formulas throughout the paper.

The most common boundary condition that we will work with is one where all incoming
edges from the left boundary of the quadrant are occupied and all incoming edges from
the bottom boundary are empty. We will refer to this boundary condition as step initial
conditions in analogy with analogous initial conditions in interacting particle systems. For
a given configuration w of the stochastic six-vertex model with step initial conditions, we
define the height function H(z,t) = H(z,t;w) for x,t € R>g by setting H(z,0;w) = 0 for all
x and increasing H whenever one crosses a path in the vertical direction, see Figure 5.2.
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The model exhibits two very different behaviors depending on whether b, or bs is larger.
If by > bo, then particles prefer moving up to moving to the right. Since the upper part of
the quadrant is already packed, this leads to a sharp transition between a region with density
1 and a region with density 0, whose boundary stays close to the line x = ¢t. This behavior
is known as a shock. On the other hand if b; < bs, particles want to move right more than
up, and thus they spread out. Three regions form: one above the line x = x~'¢, where the
density of particles is 1, one below the line x = kt, where the density is 0, and one in between,
where the density decreases continuously from 1 to 0 (See the right-hand side of Figure 5.4
for a simulation). The middle section is known as the rarefaction fan. Both the shock and
rarefaction fan regimes are interesting in their own rights, but our results concern the latter:
from now on we always assume by < bs.

We will now introduce the multi-class stochastic six-vertex model. Instead of every edge
being either occupied or unoccupied it will now be assigned a class from RU{—oc0,00}. The
classes assigned to the two outgoing edges equal the classes of the incoming edges, and the
weight of a vertex depends on the classes, see Figure 5.3. Intuitively if ¢ < j then a particle
of class i treats particles of class j as holes. The single-class stochastic six-vertex model can
be obtained from the multi-class one by setting the class of unoccupied edges to 1 and the
class of occupied edges to oo.

i i J J i
i + il J + J | J —‘» i + i| i +j
Configuration
i i i J J
Weight 1 b1 1-— b1 bg 1-— bQ

Figure 5.3: The allowed configurations for the multi-class stochastic six-vertex model, where
red lines represent class ¢ and blue lines represent class j for ¢ < j.

Our main theorem concerns the following variant of the step initial condition, which we
will call step initial conditions with a vertical second-class particle at the origin.
All particles coming in from the left have class 1, there is a single particle coming in from
the bottom at (0,0), and all other incoming particles from the bottom have class oo, i.e. are
holes, see Figure 5.4. By the conservative property of the model, for every ¢ there is exactly
one z such that the vertical arrow leaving (z,t) has class 2. We call this = the position of
the second-class particle at time t and denote it by X;. Our main result states that the
speed % of the second-class particle converges a.s. to a random limit:

Theorem 5.1.1. Let 0 < by < by < 1 and consider the stochastic siz-vertexr model with step
initial positions with a vertical second-class particle at the origin. Let X; be the position of
the second-class particle at time t. Then almost surely

lim Xt (5.1)

K —

—L K] with density Q(T‘Cl)x

(NI

where U is a continuous random variable taking values in [k

Even the weak convergence of the speed of the second-class particle has not been stated
in the literature, to the best of the authors’ knowledge. However, it follows readily from the
hydrodynamic limit proved in [Agg20] in the same way as for ASEP using the arguments
from [FK95]. For the convenience of the reader we adapt this argument to our setting in
Appendix 5.A.
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Figure 5.4: On the left: step initial conditions with a vertical second-class particle at the
origin. Black arrows denote first-class particles, while the grey arrow denotes the second-class
particles. Dashed lines denote holes. On the right: a simulation of this process on a 200 by
200 square with by = 0.3 and b, = 0.6 and with the second-class particle in red.

For TASEP with step initial conditions, the weak convergence of the speed of a second-
class particle at the origin was first proven in [FK95] and a.s. convergence was proven in
[MGO5] (see also [FP05] and [FMPO09] for alternative proofs). For the Hammersley process,
a.s. convergence of the speed of a second-class particle at the origin was proven in [CPO7]
under suitable initial conditions, and for the totally asymmetric zero range process (TAZRP),
this was proven in [Gonl4]. All of these proofs rely crucially on connections between the
models under consideration and last passage percolation models (for example, TASEP can
be coupled with exponential last passage percolation). Since this no longer holds for ASEP,
new tools were required to prove the analogous result for ASEP under step initial conditions,
and this was done in [ACG23] using inputs from integrable probability as well as a coupling
due to Rezakhanlou [Rez95]. Since for the stochastic six-vertex model last passage methods
also do not apply, our proof strategy for Theorem 5.1.1 is inspired by the ideas in [ACG23].
The speed of second-class particles for ASEP and the Hammersley process has also been
studied for other classes of initial conditions in [CP13, GSZ19, FGN19].

We also derive a bound on the fluctuations around the limiting speed:

Theorem 5.1.2. Let X; be the position of the second-class particle at time t as above and
U its almost sure limit. Then for any § > 0, almost surely we have that

Jim | X, — tUt= G = 0. (5.2)
—00

Remark 5.1.3. For the st(z)chastic six-vertex model with stationary initial conditions, the
fluctuations are of order ¢3, see e.g. [Aggl6, LS23], so the best exponent one could achieve
in the above expression is —(% + ) , see also Remark 5.5.9.

For ASEP and TASEP the fluctuations at stationarity are also of order t5 [QV07, BS10],
but the fluctuations of the speed of a second-class particle around its eventual limit speed
are also not known. Our techniques can also be used for ASEP, where they would give an
analogous result to Theorem 5.1.2 for ASEP.

Going beyond adding a single second-class particle into our model, we can consider initial
conditions where each incoming particle has a different class in Z U {—o00, 00}. Individually,
each particle will have an asymptotic speed given by Theorem 5.1.1. By considering the
joint speeds of all the particles simultaneously, we can construct the stochastic six-vertex
model speed process. Speed processes have previously been constructed and studied for
TASEP [AAV08], TAZRP [ABGM21], and ASEP [ACG23]. To define the speed process, we
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first need to discuss how we can view the stochastic six-vertex model as a particle system, as
was first done in [GS92], see also [BCG16, Section 2.2].

5.1.2 The stochastic six-vertex model as an interacting particle system

Until this point, we have treated the stochastic six-vertex model as a measure on configur-
ations consisting of oriented edges. However, it is also natural to consider it as a particle
system, as has already been quite noticeable in the language we have been using and was
already observed in [GS92]. Let us now introduce notation that emphasizes this connection.
For a given configuration w on Z>g X Z>¢ define n(z) for x € Z>¢ by

(z) {1 if the incoming vertex at (z,t) from below in w is occupied
() =
0 else.

Defined like this (1¢)sez-, is a Markov process with values in {0,1}%>0. We call this a
stochastic six-vertex process. The boundary conditions on the bottom give the initial
condition 7y and the boundary conditions on the left inject particles at specific times. The
transition probabilities of this process can be described as follows: Particles stay in place
with probability b; and start moving to the right with probability (1 —b;1). If a particle starts
moving, the amount it moves is the minimum of a Geo(b2) distributed random variable and
the distance to the nearest particle to its right. If it moves to the location of the neighboring
particle to the right, that other particle then starts moving, following the above described
rules. See [BCG16, Section 2.2] for these transition weights written out in more detail.

We now define the height function in this setting and show that it generalizes the definition
of H(x,t) above for the case of step initial conditions.

Definition 5.1.4 (Height Function). For a given stochastic siz-vertex process (n:)i>0, the
height function hy(x) = hy(x;n) is the unique function (up to a global shift) that satisfies

hi(x;n) — hi(x + 15n) = ne(z) (5.3)

hi1(0;m) — he(0;m) = {

1 if there is an incoming arrow from the left at (0,1) (5.4)
0 else. '

Since the height function is only unique up to a global shift, unless otherwise specified the
choice of height function is made by setting ho(0) = 0, but in some places it will be convenient
to choose some other ho(0). For a configuration w of the stochastic six-vertex model with
step initial conditions, one recovers the definition of H(z,t) above, since by (5.3), ho(z) =0
for all x.

Definition 5.1.5. As shown in [Agg20], these dynamics can be extended to processes n :
Z — {0,1}. We call this the stochastic six-vertex process on the line.

Given an initial condition ng : Z — {0,1} that satisfies no(z) = 1z<0, the restriction
(7¢()) 2 tez-, of the stochastic six-vertex process on the line to > 0 agrees with the process
on the quadrant with step initial conditions. It is this process that we will be considering in
Sections 5.2 to 5.6. The height function is still defined by (5.3) and (5.4).

This extension is also compatible with the multi-class stochastic six-vertex process. While
the single-class processes 7 : Z — {0, 1} have occupation variables in {0, 1} with 0 encoding
holes and 1 encoding particles, we will let the multi-class processes have occupation variables
in ZU{oo}, with co encoding holes and all other values encoding particles of different classes.
In other words, we define the multi-class stochastic six-vertex process on the line as
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e Z — 7 U{oo}, where n(z) = i if at time ¢, there is a particle of class i at position
To avoid confusion, we will always specify in the text whether we are considering a single- or
multi-class process.

We can now define the speed process whose existence will be obtained as a corollary of
Theorem 5.1.1.

Corollary 5.1.6 (Existence of the speed process). Consider the multi-class stochastic siz-
vertex model on the line with initial conditions no(x) = x for all x € Z, i.e. at position x
there is a particle of class x. We call this packed initial conditions. Denote by Xi(x) the

position of the unique particle of class x at time t. Then the process (%(z)) ; converges
re

a.s. ast — oo to a process U(x). We call U(x) the stochastic siz-vertex model speed
process.

Now that the stochastic six-vertex model speed process is defined, we can study some of its
properties. In Section 5.8, we will prove that the speed process is ergodic and stationary with
respect to the dynamics of the multi-class stochastic six-vertex model. Assuming uniqueness
of multi-class stationary measures with a given marginal for the stochastic six vertex model,
this, together with recent results from [ANP23] implies that the stochastic six vertex speed
process is related to the ASEP speed process by a deterministic map.

There are also many avenues for further work on these processes. In particular the article
[BSS22] shows that the suitably rescaled TASEP speed process converges weakly to a process
known as the stationary horizon. The stationary horizon was first introduced in [Bus23]
and is expected to be a universal scaling limit for multi-class invariant measures of models
in the KPZ universality class. Then in [BSS24], they develop a more general framework
to show convergence to the stationary horizon. In particular, they show that if a model
converges to the directed landscape under suitable rescaling, then the stationary measures
of the associated multi-class process converge to the stationary horizon at the level of finite-
dimensional projections. In [ACH24| they prove the convergence of the stochastic six-vertex
model and ASEP to the directed landscape, and hence using the results from [BSS24], they
obtain as a corollary [ACH24, Corollary 2.14] that the stationary measures for the multi-
class ASEP converge to marginals of the stationary horizon. By the above discussion, these
stationary measures are the same as for the multi-class stochastic six-vertex model. It is still
an open problem to prove convergence of the ASEP and stochastic six-vertex model speed
processes to the stationary horizon in the space D(R, C'(R)).

5.1.3 Proof Ideas

The proof of the main theorem uses a variety of tools. We follow the general strategy de-
veloped in [ACG23], which requires certain model-specific inputs that have not yet been
developed for the stochastic six-vertex model. In particular, we need the following two in-
gredients, which are the key novelties of this paper:

e A statement that a second-class particle to the right of any number of third-class
particles will at any fixed time be overtaken by at most a geometric number of third-
class particles.

e Effective hydrodynamic estimates that quantify how close the height function of the
stochastic six-vertex model started from step initial conditions will be to its limit shape.

These results will be used in the following way. We want to control the behavior of a
single second-class particle. Hydrodynamic theory allows us to control the bulk behavior of
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many particles, so we augment our system by filling up all empty positions to the left of X;
with third-class particles. We then use our effective hydrodynamic estimates to control the
union of the second- and third- class particles. Finally, we can revert this back to an estimate
on the position of the second-class particle since we know that our second-class particle is to
the left of at most a geometric number of the third-class particles. A similar argument can
be made to bound the position of the second-class particle from the left.

We now state these two results in detail. The first will be the content of Proposition 5.1.7
and the second, the content of Propositions 5.1.8 and 5.1.9.

5.1.4 Controlling a Second-Class Particle by Third-Class Particles

The following proposition allows us to control the behavior of a single second-class particle
by controlling the behavior of a large number of third-class particles inserted to the left of
the second-class particle.

Recall that ¢ = Z—;. By X ~ Geo(q) we denote the law given by

PX =k] = (1—q)¢* for k>0.

Proposition 5.1.7. Let (1n:)i>0 be a multi-class stochastic siz-vertex process on the line with
parameters 0 < by < ba < 1 and with the following initial conditions:

e There are some first-class particles (finitely or infinitely many).
o There is a single second-class particle.
o There are M third-class particles, all to the left of the second-class particle.

Let Z,(0) > Zy(1) > --- > Z;(M) be the ordered positions of the second- and third-class
particles at time t. Further, let Ly be number of third-class particles to the right of the
second-class particle at time t. Then for any t the law of Ly, conditioned on both Z and the
space-time history of the first-class particle is dominated by Geo(q).

Let us briefly compare this result with Rezakhanlou’s coupling from [Rez95], which was
used to control a second-class particle in ASEP in [ACG23|. In [Rez95] an auxiliary label
process on the second and third-class particles is defined, which has the following properties.

e Every second- and third-class particle has a unique label from 0 to M, which can change
over time.

e The law of this labeling process at any fixed time is that of a uniform permutation, and
it is stationary.

e [t is coupled to the dynamics of the multiclass ASEP, such that at any time, the particle
with label 1 is to the left of the single second-class particle.

This allows us to control the second-class particle with a uniformly chosen third-class particle,
see [AB19, (5.4)].

One can construct an analogous coupling for the stochastic six-vertex model,! but only
for the case b < % Proposition 5.1.7 takes a different approach and works for all b; < bs.
There are two key differences between these approaches: Firstly, Proposition 5.1.7 does not

1Such a coupling was presented by Ivan Corwin at the 2022 PIMS-CRM Summer School in Probability.
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proceed via a coupling. Secondly, the bound in Proposition 5.1.7 is significantly stronger for
large M. Intuitively, the result from [Rez95] shows that the number of third-class particles
that do not pass the second-class particle grows linearly in the number of third-class particles,
while Proposition 5.1.7 shows that the number that do pass is of order 1.

Since the statement of Proposition 5.1.7 is entirely insensitive to scaling time or space, it
can be carried over to ASEP, with ¢ = 2—; fixed. For ASEP this result could also be obtained
from the censoring inequality [PW13].

5.1.5 Tail Bounds for the Height Function

In this subsection, we state effective hydrodynamic estimates for the fluctuations of the height
function H(z,t) of the stochastic six-vertex model with step initial conditions. To do so we
first state the law of large numbers for H.

With probability one it holds that

Lo Hinal, )

Jim. - =g(z,y), Vz,y € R>g. (5.5)
where for b; < by, we have
y—x if % < k1
2
gey) = Wvm) g e (5.6)
0 if % > K
and for b; > by, we have
(2.1) 0 ifx >y
T,Y) =
gy y—x ifx<y.

This was proven at the level of weak convergence in [BCG16] and [Agg20] and was strengthened
to almost sure convergence in [DL23].

Let g(x) := g(z,1). We prove the following two tail bounds on the fluctuations of the
height function H around its limit shape g.

Proposition 5.1.8. Fiz e > 0. There exists a constant ¢ = c¢(e) > 0 such that the following
holds: For any p € [k~ +¢e,k7t — €] and for any T > 1, s > 0,

3
P |H(Tu,T) > g(u)T + sT1/3] < clemes? (5.7)

and ¢ can be chosen to weakly decrease in €.

Proposition 5.1.9. Fiz e > 0. There exists a constant ¢ = c¢(¢) > 0 such that the following
holds: For any p € [k~ +¢e,k7t — €] and for any T > 1, s > 0,

P [H(T,u, T) < g(u)T — sT'3| < ¢ He ™ + T,

and ¢ can be chosen to weakly decrease in €.

Remark 5.1.10. The power T3 on the left-hand side of Propositions 5.1.8 and 5.1.9 is optimal,
since on this scale the fluctuations of the height function have been shown to converge to
the Tracy-Widom GUE distribution, see [BCG16, Theorem 1.2]. The optimal exponents
on the right-hand side however, are expected to be s for Proposition 5.1.8 and $3/2 for
Proposition 5.1.9 as was obtained for the longest increasing subsequence of a permutation in
[LMO01, LMRO2]. The parameters p; and po need to be bounded away from the edge of the
rarefaction fan in order to obtain a uniform constant c(¢).
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We call Proposition 5.1.8 a “lower tail” bound since it corresponds to the lower tail of
the Tracy-Widom distribution. Similarly, we call Proposition 5.1.9 an “upper tail” bound.
The reason that the upper tail decays more slowly than the lower tail is because in order for
the height function to be smaller than expected, we just need the position of the right-most
path/particle in the stochastic six-vertex model to be small. On the other hand for the height
function to be larger than expected, we must have that the positions of many paths/particles
are large. Since this requires more deviations to occur, it has a smaller probability.

We prove the lower tail bound by using an identity from [Borl8] that expresses the g-
Laplace transform of the height function in terms of an expectation with respect to the law
of the Meixner ensemble. This identity allows us to bound the upper tail for the height
function by the lower tail of the position of the smallest hole in the Meixner ensemble. The
Meixner ensemble is a determinantal point process, so this tail can be expressed as a Fredholm
determinant, which we then bound using Widom’s trick [Wid02]. The upper tail bound is
more straightforward. We directly express the g-Laplace transform of the height function in
terms of a Fredholm determinant and use Fredholm determinant estimates from [AB19].

Tail estimates for the height function of the stochastic six-vertex model have previously
been obtained in [LS23] for stationary initial conditions. The recent work [DLM24] obtains
a large deviation principle for the stochastic six-vertex model with step initial conditions,
whereas our results are in the “moderate deviation” regime There is also an upcoming work
[GS] that will prove tight tail bounds in the moderate deviations regime.

5.1.6 Proof Sketch

We now sketch the proof of Theorems 5.1.1 and 5.1.2 using the above two ingredients. To
show that the speed % converges a.s., we will introduce a sequence of times S5, and prove that
as long as we are not too close to the edge of the rarefaction fan, then with high probability,

XSn _ XSTH-l
Sn

< S (5.8)

— n

Sn+1

for some positive 7.
For this to imply convergence of the sequence )gi”, we need the right-hand side to be
summable. For general times S5, <t < 5,41, one can then use the monotonicity of X; to

X, _ Xs,
bound ‘ : .

as long as the sequence S, does not grow too quickly. We will take the

sequence Spi1 = S, + T(S,) = Sy + Sé and prove (5.8) for this sequence in Proposition
5.5.2.

To prove Proposition 5.5.2, we want to control the behavior of the second-class particle
after some large initial time Sy. However, the effective hydrodynamic bounds in Propositions
5.1.8 and 5.1.9 only allow us to control the behavior of a large number of particles, not
of an individual one since they are mesoscopic statements as opposed to microscopic ones.
Therefore, we fill up all empty positions to the left of Xg with third-class particles and
control the union of the second- and third-class particles by Propositions 5.1.8 and 5.1.9.
Letting T =T(S) = S %, Proposition 5.1.7 will guarantee that only a small number of these
third-class particles will be to the right of X g 7 at time S+ T, so that controlling the union
of the second- and third-class particles gives us a bound on Xg 7.

We split the proof of (5.8) into an upper and a lower bound, which are treated analogously.
Proposition 5.1.7 reduces the lower bound to showing that a large number of these second-
and third-class particles are to the right of X g+ %T — S'=7 at time S +7T. To do so denote
by B(123) the augmented (single-class) stochastic six-vertex model containing the union of
all first-, second- and third-class particles and by BW the process with only the first-class
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Figure 5.5: A sketch of the densities of the processes BW in black at times 0,5 and S + T
and B*°P in blue at times S and S+ 7. At time S the process B1?3) is given exactly by the
maximum of the two processes BY) and B**P, while at time S+ T it is at least the maximum
of BY) and Bster,

particles. Additionally, we introduce an auxiliary third process B***P which is started at time
S from the initial condition BYP(z) = 1,<x,. At time S these three processes satisfy

BU2Y (2) = max(BY) (z), BEP (2)) . (5.9)

The multi-class stochastic six-vertex process allows us to couple B1:23) and B such that
at any later time S+ 7 it holds that Bgft’s) (z) > Bgh(x). Since B123) and BWY are already
coupled in such a way, this implies that for any ¢ > 0

BSSY (x) > max(BY), (x), BE% (2)) . (5.10)
Note that this also couples B! and B*°P in some non-trivial way. See Figure 5.5 for a sketch
of the particle densities of the processes B and B**P at times 0, S, and S + 7.

By using the effective hydrodynamic estimates together with a recent approximate mono-
tonicity result from [ACH24], we show that with high probability BW is still close to the
hydrodynamic limit at time S+ 7T, uniformly over all possible configurations of BIS when on a
certain event Hg, which also occurs with high probability. Since the process BS*P is started
from step initial conditions, it is also close to a hydrodynamic limit at time S + 7', which is
obtained by translating the hydrodynamic limit for standard step initial conditions. By the
coupling above

BY2Y (@) — BY) (x) > BEP (2) — BY) (). (5.11)

Using the hydrodynamic estimates for the two processes on the right-hand side, this gives
a lower bound for the number of third-class particles to the right of %(S +T)— 8177, as
desired.

Remark 5.1.11. While the general strategy outlined above is similar to the strategy employed
in [ACG23|, we would like to highlight the following differences:

e The choice of time steps S, is different than the choice in [ACG23] and is optimized to
allow us to also prove the more refined fluctuation result in Theorem 5.1.2. See Remark
5.5.9 for further discussion.

e The fact that Proposition 5.1.7 does not get worse with the number of particles (as
compared to Rezakhanlou’s coupling) allows us to fill in all empty positions to the left
of the second-class particle with third-class particles. In [ACG23] only a small number
of positions were filled, which made it necessary to deal with more complicated “p-
distributed” Bernoulli initial conditions and introduced a further approximation step.
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e For ASEP, monotonicity is a straightforward consequence of the basic coupling. How-
ever, for the stochastic six-vertex model, the basic coupling is not monotone, and we
instead need to use a recent result from [ACH24] which gives an approximate form of
monotonicity for the basic coupling, see Proposition 5.2.6.

5.1.7 Structure

In section 5.2, we recall some couplings and properties of the stochastic six-vertex model,
including the approximate monotonicity result from [ACH24| which is stated in Proposition
5.2.6. The two core ingredients are proved in Sections 5.3 and 5.4 respectively—in Section
5.3 we prove Proposition 5.1.7 and in Section 5.4 we prove Propositions 5.1.8 and 5.1.9.

These results are then used in Sections 5.5, 5.6 and 5.7 to prove the main theorem. In
order these sections show that

e the main theorem follows if one can show that with high probability the second-class
particle does not deviate too much from its current speed in a given time frame,

e which follows if one can show that the augmented progress with additional third-class
particles does not deviate too much from its hydrodynamic limit with high probability,

e which follows from the effective hydrodynamics from Section 5.4 together with approx-
imate monotonicity.

Finally in Section 5.8 the existence of the speed process is deduced from Theorem 5.1.1, and
some of its properties are found using recent results from [BB19, ANP23].

5.1.8 Notation

Throughout the paper, many floor functions are dropped when we consider large integers.

We use
[A,B] =[A,B|NZ

for intervals of integers.
Our convention for geometric random variables is that a random variable X ~ Geo(q)

satisfies
PIX = k] = (1 - g)¢".

We consider both single-class and multi-class processes by considering their occupation
variables. Single-class processes have occupation variables in {0,1} with 0 encoding holes
and 1 encoding particles, while multi-class processes have occupation variables in Z U {oco},
with co encoding holes and all other values encoding particles of different classes.

The parameters by and by are fixed throughout the paper and therefore all constants can
depend on them freely even if this is not explicitly mentioned.

5.2 The basic coupling

We consider the following construction of the single-classt stochastic six-vertex model, which
also allows us to couple multiple stochastic six-vertex models with varying boundary condi-
tions. We will first state it on the quadrant.

Definition 5.2.1 (Basic Coupling). We will construct a coupling using two independent
families (x'(z,1))z4>0 and (x*(2,t))zt>0 of i.i.d. Bernoulli(b;) and Bernoulli(by) random
variables respectively. Given such random variables, we can sample the stochastic siz-vertex
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model in the following way. If at a given vertex there are either two incoming arrows or no
imcoming arrows then there is only a single possible outcome. If there is a single incoming
vertical arrow at (z,t) and x'(z,t) = 1, then the the outgoing arrow is vertical. If x'(z,t) = 0,
then the outgoing arrow is horizontal. Similarly, if there is a single incoming vertical arrow
and x?(x,t) = 1, then the outgoing arrow is vertical. If x*(x,t) = 0, then the outgoing arrow
s horizontal.

Given boundary conditions on the left and bottom edge of Z>¢ X Z>o the random vari-
ables (X (z,1))zt>0 and (x*(z,t))zt>0 uniquely define a configuration, which can be obtained
by updating the vertices along the anti-diagonal lines {(z,t) : x +t = k} with increasing
k. Note also that the order of updates does not matter. Using the same (x'(x,t))z4>0 and
(x%(z, t))et>0 for different boundary conditions gives a coupling of stochastic siz-vertex mod-
els, which we call the basic coupling.

This coupling was used in [ACH24]. Before we recall several properties of this coupling,
let us show how it can be used to define the stochastic six-vertex-process on the line, in a
way that is similar to both the construction in [Agg20, Section 2.1] using a different coupling
of the stochastic six-vertex model and to the graphical construction of Harris for ASEP on
Z in [Har78].

Proposition 5.2.2 (Extension to Z). The construction in Definition 5.2.1 can be extended
to the domain Z x Zso. More specifically given two independent families (x*(,t))zez.1>0
and (x*(x,1))zezt>0 of i.i.d. Bernoulli(b1) and Bernoulli(by) and any boundary conditions
on the incoming edges of Z x {0}, there is almost surely a unique configuration on Z x Zxq
that is coherent with the boundary conditions and that at each vertex satisfies the rules in
Definition 5.2.1, i.e. if there is only one incoming arrow, the configuration at the vertex
(x,t) is given by the values of x'(x,t) and x*(x,t). Furthermore, the law of this unique
configuration is given by the stochastic six-vertex model.

Proof. We will construct the configuration line by line. Consider first the random variables
x!(x,0) and x?(z,0). We call a vertex (z,0) such that x!(z,0) = x*(x,0) = 0 a cut-vertex.
Almost surely, there are infinitely many cut-vertices both to the left and to the right of the
origin since each vertex (z,0) has an independent positive probability of (1 —b1)(1 —b2) to be
a cut-vertex. Notice that at a cut-vertex, the outgoing horizontal edge is occupied if and only
if the incoming vertical edge is occupied, and the outgoing vertical edge is occupied if and
only if the incoming horizontal edge is occupied. Therefore, if (xg,0) and (z1,0) with xo < 1
are cut-vertices, the configuration of all vertices (x,0) with g < x < z1 is determined by
the incoming arrows at these vertices and the Bernoulli variables x!(z,0) and x?(z,0) for
2o < x < z1. Therefore on the probability 1 event that there are cut-vertices infinitely far to
the left, the configuration is uniquely determined. O

Again, using the same Bernoulli random variables for different initial conditions gives a
coupling of stochastic six-vertex processes. Let us now consider several properties of this
coupling starting with attractivity.

As mentioned in the introduction, we will use the notation (1;(x))zez ¢>0 for the occupa-
tion variables, i.e. m:(x) = 1 if the vertical incoming edge is occupied. The initial conditions
are then given by a function ng(z) : Z — {0, 1}.

Lemma 5.2.3 (Attractivity). Given a collection of initial conditions 776g fork =1,...,n,
such that ni(z) < ni(z) fori < j and all & € Z, under the basic coupling it will hold that
ni(x) < nl(z) for allt € Z>o and x € Z.
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Proof. Let us consider n’ and 7/. Assume that the desired property is true until updating
a specific vertex. If at this vertex the incoming arrows are identical for n° and 1/, by the
coupling the outgoing arrows will also be identical. If they are not, since the property holds
for all the previous steps, either there are two incoming arrows in 7° or no incoming arrows
in /. In either case the the outgoing arrows will also still satisfy the desired condition. [J

Remark 5.2.4. Note that the basic coupling with initial conditions 17]5 for k =1,...,n, such
that nf(z) < n)(x) for i < j and all z € Z, exactly corresponds to the n + 1-class stochastic
six-vertex model with classes {1,...,n,00} in the following way. Define

P () = min{i € {1,...n} : pi(z) =1},

where the convention is used that the minimum of the empty set is co. By considering the
possible situations at a single vertex, one easily checks that n™* is a multi-class stochastic

Six vertex process.

The attractivity property also has the following analogue for the multi-class process.

Lemma 5.2.5 (Merging). Let (n:)icz., be a multi-class stochastic siz-vertex model with
classes in 7 U {—00,00}, i.e. 1 : Z — Z U {—00,00}. Then for any weakly increasing
function ¢ : ZU {—o00,00} — Z U {—o00,00}, the process (¢ o m)icz, is also a multi-class
stochastic siz-vertex model. -

Proof. This is an immediate consequence of the weights in Figure 5.3 only depending on the
incoming classes ¢ and j via their ordering. Consider a vertex for which an update is about
to be performed. If the two incoming classes ¢ and j are equal, they will also be equal after
applying the map, and in either case, there is exactly one outcome which then of course has
probability 1. If the two incoming classes ¢ and j are different, i.e. i < j (note that we do
not assume whether i is the horizontal or vertical incoming arrow), then either ¢(i) < ¢(j) or
(i) = ¢(j). In the first case, there are two possible outcomes for both a vertex with incoming
arrows ¢ and j and a vertex with incoming arrows ¢(i) and ¢(j) and the probabilities match,
since the relative order of the incoming arrows is the same. In the second case there are two
possible outcomes before applying ¢ but only one outcome after applying ¢. Since the two
possibilities before applying ¢ are complementary, their probabilities sum up to 1, which is
the probability of the one possible outcome after applying ¢. O

Recall that given a stochastic six-vertex process (1:(z))zez,¢t>0, there is a height function
hi(z;n) defined up to a global shift defined in Definition 5.1.4 The following proposition is
Lemma D.3 of [ACH24].

Proposition 5.2.6 (Approximate Monotonicity). Consider two single-class initial conditions
nt:Z — {0,1} and n* : Z — {0,1} both with at most N particles . Further consider height
functions hy(x;n') and he(x;n?) satisfying he(x;n') = he(x;n?) = 0 for = large enough. If
M > (logN)? and |ho(z;n') — ho(z;n?)| < K for all x € Z, and t > 0, then with probability
at least 1 — ¢ te=M  and for all x € Z it holds that

he(z;n') — he(zyn?)| < K + M.

Remark 5.2.7. In [ACH24] this is stated without the absolute value. However, the basic
coupling has the following property: If (n',7%) are two stochastic six-vertex processes coupled
using the basic coupling so are (n%,n!). (This is a property that the monotone coupling
in [Agg20, Proposition 2.6] does not have). Additionally the conditions on 1! and 7n? are
symmetric and therefore the statement with the absolute value follows from the statement
without the absolute value by a simple union bound.
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Another property that we will need is a special case of [ACH24, Lemma D.4], and the
proof is quite similar to [Agg20, Proposition 2.17].

Proposition 5.2.8 (Finite Speed of Discrepancies). There exists a constant ¢ = c¢(bg) > 0
depending only on bs such that the following holds. Consider two particle configurations ng and
&o with height function ho(x;n) and ho(x; §)which are equal on some interval [A, B]. Then,
under the basic coupling, with probability at least 1 —c~te=T it holds that hy(x;n) = hy(x;€)

forallt<Tandallxe[{A+1 +1BH

Using Propositions 5.2.8 and Propositions 5.2.6 together, we can show that given two
initial conditions with height functions close on an interval, the height functions will stay
close on a smaller interval for some time.

Lemma 5.2.9 (Approximate Monotonicity on Intervals). There exists a constant ¢ = ¢ >
0, depending only on b1,ba € (0,1), such that the following holds. Consider two particle
configurations ng and & with height functions h(x;no) and h(x; &) such that for x € [A, B]
we have |ho(x; &) —ho(z;n)| < K. Let M > log(B — A)%. Then we can couple them such that
with probability at least 1 — c 1 (e=T + e=M) it holds that |hr(x;€) — hy(z;n)| < 3K + M
forallx € [A+ % +1,B].

Proof. This will follow from Propositions 5.2.6 and 5.2.8. Let 779 be the particle configuration
obtained from 7y by setting

0 fz<A
no(z) = ¢ n(x) ifx e [A, B] (5.12)
0 ifx>B,

and define §~0 in the same way. Couple 1, £, 1 and §~ all with one basic coupling (i.e. all using
the same iid Bernoulli random variables). Let the height functions ho(z;7) and ho(z;&) be
chosen such that ho(B;7) = ho(B;€) = 0, i.e. ho(x:7) = ho(x;1) — ho(B,n) for z € [A, B]
and the same for £. Note that hg(xz;n) — ho(B,n) is a height function for 79, and therefore
by applying Proposition 5.2.8 twice, once for n and once for ¢ and a union bound, we obtain
that

hi(z,n) = hi(xz,n) — ho(B,n) and hi(x, &) = he(z, &) — ho(B,§), for (5.13)

holds for all ¢ < T and all x € [A + %, B] with probability at least 1 — ¢ e,
Further note that at time 0, for all

o (w;7) — ho(; €)| = |(ho(z:n) — ho(B,n)) — (ho(x;€) — ho(B; €))| < 2K . (5.14)

Therefore we can apply Proposition 5.2.6 to E and 7] since they are coupled with the basic
coupling. Indeed both & and 77 have at most B — A particles each, so we will have with
probability at least 1 — ¢ le™M that

\hp(2;7) — hy(2;€)| < 2K + M for all z € Z. (5.15)
By a union bound, with probability at least 1 — c¢~!(e~“" + ¢~*M) both events (5.13) and
(5.15) take place. On this event it holds for all x € [A + % + 1, B] that
(b (@, m) = b (2, €)| < |hr(w,m) = b (@, 7) + he (2, €) = hr(@, €) + hr(e, 7)) — he(, )]
< |hp(w,n) = he(@, ) = hr(@, €) + hr (2, €)| + b, 7) — he(x,8)|

= | = ho(B,n) + ho(B,&)| + | (x,7) — hr(=,&)|
<K+2K+M=3K+M,
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where we are used a triangular inequality, (5.13), (5.15) and that | —ho(B,n)+ho(B,§)| < K,
by the assumption on the height functions at time 0. O

Remark 5.2.10. The factor 3 in the term 3K + M in the previous step is an artifact of
Proposition 5.2.6 being only stated only for height functions which are 0 far enough to the
right. This restriction could easily be removed, which would remove the factor 3. However,
for our purposes the above is sufficient.

This property will be used in Proposition 5.7.2, to show that if a stochastic six-vertex
process 7 is close to its hydrodynamic limit at time S, it will still be close to its hydrodynamic
limit at time S + T with high probability, even conditioned on its full configuration at time
S.

Finally, the stochastic six-vertex model has the following two symmetries which are often
used together.

Proposition 5.2.11 (Particle-Hole Inversion). If we interchange all particles and holes in a
stochastic siz-vertex process, we obtain another stochastic six-vertex process, but with by and
by swapped.

Proposition 5.2.12 (Space Inversion). If we exchange the two coordinate axes in a stochastic
stx-vertex process, we obtain another stochastic six-vertex process, but with by and by swapped.

Proof. Both of these can be seen by looking at what happens to the six configurations in
Figure 5.1 under this inversion. O

Using both of these symmetries on the quadrant, which is symmetric with respect to
the line * = t, we obtain a symmetry of one stochastic six-vertex model with itself. In
particular one can see that the law of the stochastic six-vertex model started from step initial
conditions on the quadrant is invariant after applying both inversions. Furthermore, the step
initial condition with a single particle coming in at the origin from the left is dual to step
initial conditions with a single particle coming in at the origin from the bottom. Therefore
it suffices to prove the main theorem for this kind of initial condition.

5.3 Number of overtaking third-class particles

The purpose of this subsection is to prove Proposition 5.1.7 which will allow us to control an
individual second-class particle by controlling a large number of third-class particles.

Proof. As stated we will condition both on the paths of the first-class particles and on Z
and prove the statement for any given realization of these. After conditioning on the paths
of the first-class particles, one can run the stochastic six-vertex dynamics as follows: Assume
all vertices (x,t) with ¢ < tp and x € Z have already been updated. Let zmin 1= Zi,(M)
and Tmax = Z,(0) be the position of left-most and the right-most second- or third-class
particles, respectively. Since we have conditioned on the paths of the first-class particles,
the configurations of the vertices (z,tg + 1) for < zyi, are already determined. Starting
with & = xpyi, one can update each vertex (x,ty + 1) sequentially. The only time the result
of this update is random is when the incoming particles are the second-class particle and a
third-class particle. All other updates are determined by either the paths of the first-class
particles or Z. Therefore after updating (zmax,to + 1) all remaining vertices (x,ty + 1) are
determined. One can then continue with the next line (z,tp + 2).

Using this system of updating we will redefine L; to refer to the number of third-class
particles to the right of the second-class particle after ¢t updates have been performed. The
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sequence L; where t now refers to an update is a refinement of the original sequence L;
indexed by times ¢ since there are (potentially) multiple updates performed between times
t and t 4+ 1. Therefore, proving that L; is dominated by Geo(q) for the refined sequence of
updates will give the desired result for times ¢.

How can L; change when updating a vertex? It will only change when the incoming
particles are exactly a second- and a third-class particle. In this case, the two incoming
particles must be in positions Z;(k) and Zy(k + 1) for some 0 < k < M — 1 and L; is either
k or k+ 1. Then L; changes in the following way:

o If L, =k, then Lyy1 = k + 1 with probability b; and Ly = k with probability 1 — b;.
o If I, = k+ 1, then L;y; = k with probability by and L;11 = k + 1 with probability
1— by.

Now let us see how the law of L; evolves. We will identify laws on {0,1,..., M} with
vectors in RM*+1 and write (e;)o<i<as for the standard coordinate basis of this space. The law
of Ly is given by eg since Lg is deterministically 0. Let S(¢) denote the collection of updates
at which the two incoming particles are both either second- or third-class particles, which is
given by Z. By the above observation, the law of L; is given by

I 2| eo. (5.16)

keS(¢)
where the matrices Pj are given by the transition rates above, i.e.

1 0

1—-15b; bo

b1 (5.17)

0 1
To understand this product we introduce a new basis (V,,)Z]\i o- Let v; be the vector corres-
ponding to the law of the random variable min(i, G) where G ~ Geo(q), i.e.

(1— q)qk ifk <1
(Vi) == P[min(i,G) = k] = { ¢’ if k=i (5.18)
0, if k> .

This basis satisfies the following relation with the matrices Py for all 0 < k < M — 1 and
0<j<M:
vj if £k k+1
Ppvi =< (1 =bo)v +boviyr ifj=k (5.19)
bivie+ (1 —by)verr ifj=k+1.

To see this, first recall that ¢ = % so that gbs = b1. We now check each of the three cases
in (5.19):

1. j # k,k+ 1: Since Py is equal to the identity matrix in all rows except k£ and k + 1
(Prvj)i = (vj); for i # k,k + 1. For j < k, we have (v;)r = (Vj)r+1 = 0 and therefore also
(Ppvj)i = (vj); for i = k,k+ 1. For j > k + 1, we have (v;)r41 = q(v;); and therefore:

(Proj)ie = (L= 01)(Vj)k + b2(Vj)k+1 = (1 = b1 + gb2) (vj)r = (vj)k (5.20)
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and

(Pevi)es1 = b1(vj)k + (1 = b2)(V))pt1 = <l;1 +1-— b2> (Vi)k+1 = (Vj)k+1- (5.21)

2. j =k: We have (v;); = ¢* and (v;)g+1 = 0. Therefore,

(e )= (50 =) (4) (5.2
S ) ()
—by (“q_kfl)qk) + (1= by) <q0k> . (5.24)

This suffices since (vy); = (Vi41); for j different from k, k + 1.

3. j = k+ 1: The calculation is similar to the one above and we omit the details.
Returning to the law of L;, we can write it as

M
> Ali)vi (5.25)
=0

for some random coefficients A;(¢). Using (5.16) together with (5.19), we see that for any
time ¢, the vector ), is the law of a random variable on {0,1,..., N}. Letting X be a random
variable with this law independent of G ~ Geo(q), we see that L; is equal in distribution to
min(X, G), and therefore is dominated stochastically by G. This proves the statement.
Note that M being finite was only used to define the vertex by vertex updates. This
assumption can easily be removed. O

Remark 5.3.1. The proof shows that the law of L; is equal in distribution to the law of
the minimum between a geometric random variable and a process X;, which behaves in the
same way as L., except that by and by are reversed. This seems to be some kind of duality
statement. It would be interesting to see if this is a specific case of some more general duality.

We can also obtain a dual statement to Proposition 5.1.7:

Corollary 5.3.2. Let ()¢ be a multi-class stochastic siz-vertex process with the following
initial conditions:

e There are some first-class particles (finitely or infinitely many).
o There are M second-class particles.
o There is a single third-class particle, to the left of all second-class particles.

Let L; be the number of second-class particles to the left of the third-class particle. Then
conditioned on the paths of the first-class particles, and the joint paths of the second- and
third-class particles, for any t > 0 the random wvariable L; is stochastically dominated by

Geo(q).

Proof. In the initial configuration, there are four classes of particles: {1,2,3,00}, (recall that
holes are considered particles of class 0c0). We invert the order of classes so that particles
of class 1 become holes, holes become particles of class 1, and the second and third-class
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particles swap class. Doing this and swapping the z and ¢ coordinates, we obtain a stochastic
six-vertex model with the same parameters b; and by by Propositions 5.2.11 and 5.2.12. This
is now a stochastic six-vertex process on the domain Zx>( x Z, i.e. the right half plane, which
can be defined in the same way as the stochastic six-vertex model on the line. The boundary
conditions obtained after these transformations satisfy the hypothesis of Proposition 5.1.7,
with the third-class particles being above the second-class particle. The proof then goes
through without any changes. O

Remark 5.3.3. While we stated Proposition 5.1.7 and Corollary 5.3.2 for the stochastic six-
vertex process on the line, they can also be stated for the stochastic six-vertex model on
domains whose boundary is a down-right path. Since the proof takes a vertex-by-vertex
approach, it will carry through with minimal changes.

5.4 Effective hydrodynamic estimates

The purpose of this section is to prove Propositions 5.1.8 and 5.1.9. Before doing that, we
combine them to prove the following theorem:

Recall that H(X,T) refers to the height function of a stochastic six-vertex model on the
quadrant with step initial conditions and that g(z) = g(x,1) is the limit shape of the height
function (see (5.5)).

Theorem 5.4.1. For any € > 0, there exists ¢ = c¢(e) > 0 such that the following holds. For
any pi, 2 € [kt + e,k — ¢, and for any T > 1, s € [0,T],

P [|H(Tps, T) = H(Tua, T) — (9(pm1) — (1)) T| > sT] < 7l (5.26)

Furthermore, the constant ¢ can be chosen to weakly decrease in ¢.

Proof of Theorem 5.4.1. For any u € [k~ + ¢,k — €] we have the following two bounds from
Propositions 5.1.8 and 5.1.9, respectively. There exists a ¢ (that will change from line to line)
such that

2
3

P [H(Tu, T) > g(u)T + sTl/ﬂ <clemes
P [H(T,u,T) <g(pT - sTl/?’} <cHem® fem )y <2c7 e,
Combining these two bounds, we obtain
i []H(TM,T) — 9T > sTl/?’} < ¢ lemes,
It follows from a union bound that
P[|H(Ty, T) = H(Tp,T) = (g(m1) = g(12)) T| = sT"/%]
<P [[H(Tjn, T) = gu)T| = ST + P [|H(Tpo, T) = g(uo)T| = ST
<c e,

This finishes the proof of Theorem 5.4.1. The constant ¢ can be chosen to be weakly decreasing
in g, since this is the case for both Proposition 5.1.8 and Proposition 5.1.9. ]

We immediately obtain the following corollary of Theorem 5.4.1:
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Corollary 5.4.2. For any e > 0, there exists c = c¢(¢) > 0 such that the following holds. For
any T > 1 and for any s € [0,T],

P max |H(Tp1,T) — H(Tpa, T) — (g(p1) — g(pa)) T| > sT?| < 1720,
pi1,p2 €[k~ 1e, k—e]
(5.27)

and c can be chosen to weakly decrease in €.

Proof. Notice that there are only finitely many p; satisfying k' 4+ ¢ < pu; < k — € and such
that T'y; is an integer. In fact, there are at most £T' of them, giving at most O(T?) possible
pairs (1, pe). Taking a union bound of (5.26) over all such pairs yields the result. O

Finally, we can quickly extend Proposition 5.1.8 to the case of step Bernoulli boundary
conditions, i.e. the incoming arrows from the left are given by i.i.d. Bernoulli(p) random
variables, while the incoming positions from the bottom are all still empty. Denote these
boundary conditions as (p,0)-Bernoulli boundary conditions. Even though we don’t need
this result to prove our main theorem, we state it as a corollary for completeness.

Corollary 5.4.3. Fiz e > 0. There exists a constant ¢ = c(g) > 0 such that the following
holds: Let p € [e,1] and let HP(x,y) be the height function for the stochastic siz-vertex model
on the quadrant with (p;0)-Bernoulli boundary conditions. For any p € [k~! + ¢,k — €] and
foranyT >1,s>0,

3
P HP(Tu,T) > g(u)T + sTY?| < ¢ tem?, (5.28)

Proof. This is a straightforward consequence of the attractivity of the stochastic six-vertex
model, by which we can couple the model with (p; 0)-Bernoulli initial data with the model with
step initial data. In this coupling the height function of the model with (p; 0)-Bernoulli initial
data is smaller at every point, and thus the statement follows from Proposition 5.1.8. 0

Remark 5.4.4. Proposition 5.1.9 can also be extended to the case of (p, 0)-Bernoulli boundary
conditions as follows: For p € [k~ + ¢,k — €]

P [Hp(Tp,T) < g(u)T — sT*3| < ¢ le~es

by following the same steps as in [ACG23, Appendix B].

Note that we only obtain T3 fluctuations here as opposed to the T’ 5 fluctuations obtained
in Proposition 5.1.9. The reason for this is that for (p, 0)-Bernoulli boundary conditions, the

¢
initial conditions. Therefore, for small u, the vertex (T'u,T’) is outside the rarefaction fan.
Instead, it is in a region where the process is very close to the stationary process given by
ii.d. Bernoulli(p) random variables. In such a region the fluctuations of the process are
Gaussian, so it is expected that the % exponent could be improved to a % If one restricts p

rarefaction fan is {3 € [m, /@] }, which is smaller than the rarefaction fan for step

to the smaller interval [m +ée,k— a], the same bound as in Proposition 5.1.9 can be

obtained and the proof barely changes.
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5.4.1 Proof of Proposition 5.1.8

To prove Proposition 5.1.8, we will make use of a remarkable exact identity that relates the
height function of the stochastic six-vertex model to the holes of the Meixner ensemble. We
can then reduce the question of studying the tail of the height function to studying the tail
for the position of the smallest hole in this determinantal point process. We study this tail
by taking asymptotics of the associated kernel.

In this subsection, we define the Meixner ensemble, which is a determinantal point process
on Z. We will then relate the g-Laplace transform of the stochastic six-vertex model height
function to an expectation with respect to the Meixner ensemble.

We give a brief introduction to the theory of discrete determinantal point processes. Let
X denote the state space of a single particle, which we will take to be a countable set (for the
Meixner ensemble, we will take X = Z>q). A subset X C X is called a point configuration,
and we define Conf(X) = 2% to be the set of all possible point configurations.

We define the following Borel sigma algebra for Conf(X):

B:=0c({X €Conf(X):|AnX|=n}:neN, A C X compact ).

A probability measure P on (Conf(X), B) is called a random point process. From now on,
we will use X to denote this random point process by setting X : Conf(X) — Conf(X),
X(w) = w.

We define the n-point correlation function as follows: for A = {z1,...,z,} C X, let

pn(A) = pn(z1, ...y zp) :=P[A C X].

Definition 5.4.5 (Determinantal Point Process). A random point process X is determinantal

if there exists a kernel K : X x X — R such that for all n > 1 and for all x1,...,x, with
x; # x; for i # j, we have

pn(‘rla ey xn) = det (K($l7 x])?,]:l) (529)

Let W(zx) : X — R be a weight function, and let Py, P, ... be the family of orthonormal

polynomials with respect to W, i.e.,

/ Py(a)Py(2) W (2)da = 1oej.
X

The corresponding N -point ensemble (a random point process where IP is supported on con-
figurations with exactly N particles) is given by

N
P(z1,...,2y) o< det(V(z1, ..., an)* [ W (),
i=1
where V(z1,...,zy) = (:Ug_l)f-yj:l is the Vandermonde matrix, and det(V (z1,...,zn)) =

IL- j (x; — x;) is the Vandermonde determinant. An N-point ensemble generated in this way
is determinantal with the Christoffel-Darboux kernel

N—-1
En(z,y) = (W@)W ()2 > Pula)Paly). (5.30)
n=0

The Meixner polynomials are a family of orthogonal polynomials on Z>¢. We fix two
parameters: § > 0 and £ € (0,1), and then define the weight function W : Z>o — R:
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I'(8+ =)
L'(B)x!

We can then define the Meixner polynomials to be the family of orthogonal polynomials with
respect to the weight function W. Using these orthogonal polynomials, we can define the
Meixner ensemble Meixner(N, 3, ) to be the corresponding N-point ensemble.

We use the term particles to refer to the elements of a point process X and use the
term holes to refer to elements of X \ X. Particle-hole involution is an involution from
Conf(X) — Conf(X) that exchanges particles with holes. In other words, X — X°:= X\ X.
If we start with an N-point ensemble, then particle-hole involution yields a point process
with infinitely many particles. Suppose that X is a determinantal point process with kernel
K. Then X° is a determinantal point process with kernel 1 — K.

Next, we give a brief overview of Schur measures. An integer partition is denoted as A =
(A, A\2,...) where Ay > Ao > --- and I()\) denotes the number of nonzero ); in the partition
A. Let Y denote the set of all integer partitions. Let x = (z1,22...),y = (y1,¥2,...) be two
sets of nonnegative variables. For fixed x and y, we define the Schur measure SM(x;y)(\)
as a measure on partitions A as follows:

W(z) = £ (5.31)

. _ sx(x)sa(y)

SM(x;y)(A) : M(x:y) (5.32)
where sy is the Schur symmetric function indexed by A and II(x;y) = >, sx(x)sA(y) is the
partition function. We need to assume that II(x;y) < oo for our choice of x and y for this
to define a valid probability measure.

The Meixner ensemble can be obtained as a pushforward of the Schur measure as follows:
Consider the Schur measure of the form SM(z,...,z;y...,y) where we take n copies of
x and m copies of y. Using standard properties of Schur functions, it follows that this
measure is supported on Y™n{mnh) which is the set of partitions with [(\) < min{m,n}.

Finally, consider the map from Y™n{mnh) — Conf(Z>g) such that A — {min{m,n} + \; —
z}ﬁ?{mn} Then the pushforward of SM(x,...,z;y...,y) to a measure on Conf(Z>() gives
us the Meixner ensemble Meixner(min{m,n}, |m — n| + 1, zy). This can be checked directly,
see Proposition 8.2 in [BO17].

The following identity originates from [Borl8], although we state a version written in
[BO17]: Let Egy refer to the expectation with respect to the stochastic six-vertex model and

let Egnm denote the expectation with respect to a specified Schur measure.

Proposition 5.4.6 (Proposition 8.4 in [BO17]). Take any 0 < ¢ < 1 and k > 1 and consider
the stochastic siz-vertex model on the quadrant parameterized by q and k. Consider any
integers M, N > 1. Then for any & ¢ —¢*<° we have

1 14 {q’\N i+i
)+
z’IzIo 14 &qH( )+i yIZIO 1+ &¢0

where in the right-hand side we assume that ¢*~m™ = 0 for m > 0, and the expectation is with
respect to the Schur measure SM(/flql/Q, ceey ﬁflql/z; q71/27 e ,qil/z).

N M—-1

If M > N, then the Schur measure in (5.33) is supported on Y. We can obtain
the N particles of the Meixner(N, M — N,x~ ') ensemble by taking the above-mentioned
pushforward of the Schur measure so that the particles in the Meixner ensemble are given by
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N+ N—i}¥, = {Anv —{—]};V o' On the other hand, if M < N, then the Schur measure is
supported on Y=Y We now have that

{AN_]-H};V;(}:{O,.-- SN = M}U{N+ (N —M)+M—i}M1

This gives us the M — 1 particles in Meixner(M — 1, N — M + 2,x~!) each shifted over
deterministically by N — (M — 1) along with the addition of particles packed from 0 to
N — M. In either case, we can obtain the following identity:

Proposition 5.4.7. Take any 0 < ¢ < 1 and K > 1 and consider the stochastic siz-vertex
model on the quadrant parameterized by q and k. Consider any integers M, N > 1. Then for
any € ¢ —q”<0 we have

1 _|_ )\N j+.7
Esm H ¢ =Ex H (5.34)
Te

3>0 L+ & x e

where in the left-hand side we assume that ¢*~™ = 0 for m > 0 and the right-hand expectation
is with respect to the point process

N {MeixnerO(N,M —N,x) Y M>N (5.35)

N — (M — 1) + Meixner®(M —1,N — M +2,x7') if M <N,

where for a point process X, n + X denotes the point process obtained by deterministically
shifting over each particle in X by n.

Proof. The proof of this follows from crossing out each term in the denominator that equals
one of the nontrivial terms in the numerator (i.e., a term corresponding to one of the particles
in the Meixner ensemble). All terms that remain in the denominator will correspond to holes
of the associated Meixner ensemble. O

We now explain how we go from Propositions 5.4.6 and 5.4.7 to proving Proposition 5.1.8.
We will first need the following definition and lemma:

Definition 5.4.8 (g-Pochhammer symbol). For any complex numbers q and a such that
gl < 1, we define (a; )0 = [1;24(1 — ag?).

The following Lemma is taken from [ACG23| and it allows us to connect the g-Laplace
transform of H (the left-hand side of (5.33)) with the tail probability of H.

Lemma 5.4.9 (Lemma B.7 in [ACG23]). Let A be a real-valued random variable, g € [0,1)
and b € R. Then,

P[A <0] <2- (1 _E [(—qA; q);ol]) : (5.36)
= [(—qA; Q):} > /(@71 . PlA > ), (5.37)
E [(1 + qA)‘l} <P[A > b +¢" - P[A < —1]. (5.38)

Remark 5.4.10. While in the statement of Proposition 5.1.8 we consider a height function of
the form H(Tu,T), for the remainder of this section we will work with the more general form
H(Tp,Tv) in order to highlight that many of the formulas that we will use in our analysis
will have some symmetries in @ and v. In the end, we will simply take v = 1. This does not
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actually reduce generality, since any appropriate H (M, N) can be obtained by taking T'= N
and p= M/T.

The constants in this section are allowed to depend on k freely, but can be chosen to be
uniform in p and v as long as k' +¢ < u < k—¢ and v = 1 (Any other compact set bounded
away from the two lines £ = k=1 and B = k would also work). In particular this will also be
true for all implicit constants hidden in big O notation terms.

Take M = T, N = Tv, and £ = g9 T=sT"*  Then using (5.37), with A = H(Tp, Tv)—
g(p,v)T — sTY3 and b = 0, we obtain

e 1
P [H(T,u,TV) > gl )T+ 5T < 0D g, T - LA (5.39)
i>0
1
=e V) Ex [] (5.40)
oy L+

where the point process X is defined as in Proposition 5.4.7. We can estimate the last product
by dropping all terms in the product except for that corresponding to the smallest hole x;.
More precisely, since all the terms in the product are at most 1, we have

1 1
Ex [] < . (5.41)
reX L+ qu 1 + qul
Using (5.38) with A =z — g(p, v)T — sT"/3 and b = STQI/3, we see that
1 sT1/3 o1/3 ST1/3
Treq =0 [wl > g )T+ ——| +4¢ 2 Plo < g(p)T+ —; (5.42)
T/3 o1/3
<P !xl > g(p,v)T + ° +4q . (5.43)

So in order to obtain an upper bound on P [H (T, Tv) > g(p, v)T + sT1/3], it will suffice
to obtain an upper bound on P [wl > g(u,v)T + #} Let us denote the holes of the

Meixner ensemble by x1,x2,.... We know that A has at most N nonzero parts. If there are
only k nonzero parts, then A\;y1,..., Ay = 0, so there are N —k Meixner particles at positions
0,...,N — k — 1. Therefore, the smallest hole x1 will occur at position N — k. It follows that
(\) = N — z1. Equivalently, we have

xTr = N — E()\) (5.44)

It follows from (5.44) that

—L(N) > (g(p,v) —v)T + (5.45)

T1/3
P x1>g(,u,V)T—|—8 5 ] =P

According to [Borl8, In the proof of Theorem 6.1] we can represent the tail probabil-
ity P[—¢(X\) > h] as a Fredholm determinant. We first recall the definition of a Fredholm
determinant, see e.g. [AB19, Definition A.1]
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Definition 5.4.11 (Fredholm Determinant). Fiz a contour C C C in the complex plane. Let
K :C xC — C be a meromorphic function with no poles on C x C. We define the Fredholm
determinant

o0 k
1 k
det(Id+K) 2y = 1+ E G /C . ./Cdet (K (4, 25)]; 24 H dx;.
k=1 j=1

We then have
P[—((\) > h] = det(l — K)gpgp 1) = det(l — I, KTIp). (5.46)

where K is a correlation kernel obtained as a dual of the kernel for the Meixner ensemble
and IIj, is the projection from ¢2(Z) to £2(h,h —1,...).

We can write out K explicitly as (see [Borl8, Equation (6.1) and the subsequent paragraph
in the reference])

Riry) = oy § f 2 R VAWl B
erir f F (Ve (Ve —w DN (w—z)er v
where x,y € 7Z and the integrals are taken over positively oriented circular contours with
1/VEk < |z| <1 < |w| < y/k. Note that our integrand has poles at 0,1/y/k and /k, so the
contours are chosen so that they do not pass through the poles.
To estimate the Fredholm determinant in (5.47) we will use a technique known as Widom’s
trick first used in [Wid02, Lemma 1]. It consists in the observation that for a kernel K with
eigenvalues in [0, 1] it holds that

det(1 — K) < exp(—Tr(K)). (5.48)
The following lemma checks that the operator HhIN( I1;, satisfies this condition.

Lemma 5.4.12. The operator 11, K11}, has real eigenvalues (i5)j>0 all of which are in [0, 1]

and hence B B
det(1 — 11, K11},) < exp(—Tr(I1, K11})) . (5.49)

Proof. Let I(z,y) = 1,—, be the identity operator and K as in [Borl8, Equation (6.1)]. As
noted in [Borl8, Below Equation (6.1)] the operator K satisfies K = I — K. The operator
K is related to the Christoffel-Darboux kernel Ky (see (5.30)) associated to the Meixner
ensemble via a gauge transformation, see Theorem 3.3 and Lemma 3.5 in [BO06]. Since I is
invariant under gauge transformations, this also means that K isrelated to [— Ky via a gauge
transformation. The operator Ky is a projection operator since it is a Christoffel-Darboux
kernel. Therefore, I — Ky is also a projection operator and finally K as well, since a gauge
transform of a projection operator is a projection operator. After the gauge transformation,
th? I, becomes self-adjoint, so the eigenvalues are real and non-negative. Since we have now
also seen that this operator is a composition of projections, at most 1. Since 1 —x < exp(—z)
for x € [0, 1] this implies (5.49). O

Therefore, obtaining an upper bound on P[—¢(\) > h] reduces to obtaining a lower
bound for Tr(II,KTl). Similar kinds of bounds were obtained for other kernels in e.g.
[Wid02, BFP14]. We first compute this trace in the following lemma.

Lemma 5.4.13. We have
~ 1 dzdw
T RTIe) = s exp(T(Gal2) = Git) 02505

T (5.50)
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where
Go(z) =vIn(Vk—2z7") —pln (Vk — 2) — 2 ln(2) (5.51)

and we have reparameterized M, N and h as

M—1 N h
n= T ; V:?; :E:f'
Proof. The trace is given by
o~ h ~
Te(I, K1) = Y K(5.)
j:—oo

B Z ?{7{ k— 2 DN (Ve —w)M1 <E)j dzdw
2m VE=2)M-1 ((/k—w )N \z/) (w—2)z
Since |w/z| > 1 by our choice of contours, we can sum w/z from —oo to h which yields

Tr(I, K1) = (27i)? 7{7{ :_ a M—1 E\\/ﬁ; Z)J)—Af); (%)h (uCJlZ—(h:)2

Finally, we can rewrite the integrand in exponential form to obtain (5.50). O

The function G has the following two critical points:

St ptv+ (k4 Dzt /—de(p+2)(v+z)+ (p+v+ (5 + 1)z)?
‘ 2v/k(p + )

We can see that these two critical points are equal if we choose x = xéﬁ where

o WEE V) v. (5.53)

¢ k—1

(5.52)

Note that x, = g(u,v) — v. For z = x_, we have
v BV
2l =z, = T ———.
VER — AV
+

C
Denote this value as z.. For general x, we can rewrite the formula for 27" as

,LL+V—|—(f£+1):Uj:\/(ﬂ—l)Q(x—xZ')(x—xc_)

+
= 5.54
- R+ 0 o5
If v, < x < 2, then the two critical points zF are not real. Then it holds that
+ V+x
= ) 5.55
=\ (55)

The following lemma describes how this function behaves around (z, z.).

Lemma 5.4.14. The function G(z) satisfies:

G () = 9V VR - ViV Ve = v/

23k —1)3
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-~ £2
~N
FQ N

Figure 5.6: Left panel: the level lines £; and Ls. Right panel: the contours I'y and I's.

As x — x_ from above we have the following:

i(1- Hil)% (m’lluy)%\/a:—ixc_
Vil + v+ 2y/Rim)
G (2e) (1= 5713 (5™ ')tV —

VE(kp+ v+ 2,/kpv)

where the implicit constant in the big O term can be chosen independently of i € [k~ +e, k—¢]

and x € [z ,x}], i.e. it depends only on k and €.

zh =2+ +O0(zx—=x_) and (5.56)

G"(zh) = +0(x—z,), (5.57)

Proof. The first two equalities are calculations, the third one is the Taylor expansion of G”
in z and z around (x, 2.). O

Now that we have established all the variables at play we can state an estimate on the
trace.

Proposition 5.4.15. Define s = 2(xz — :xc_)T%. For any € there exist s, Ty and C' such that
foranyp €[kt +ek—¢elandv =1, any x € [;EC_ + 57°T_2/3,0] and any T > Ty it holds
that: _

Tr(IL, KT0,) > Cs3/2,

: . . . N2
Here s is seen as function of h via the two equations x = % and s = (x —x_)T'5.

To prove Proposition 5.4.15 we will deform the contours in (5.50). To do so we need
to understand the level lines of Re(G(z)) which pass through the critical points zX. The
following proposition describes the properties of these level lines, which are depicted in the
left panel in Figure 5.6:

Proposition 5.4.16. Let x be such that x; < x < zF. Then there are two smooth curves
L1 and Ly such that:

1. The two curves only intersect at the critical points, i.e. L1 N Ly = {zF}.

2. The two curves are the level lines through the critical points, i.e. Re(G4(z)) = Re(Gx(z)))
iff z€ L1ULs.

3. Both curves are bounded simple loops.

4. Ly contains 0 and 1/\/k but not \/k, while Lo contains v/ and 1/\/k but not 0.
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Proof. Note that while the logarithms in the definition of G(z) require a choice of branch cut,
Re(log(z)) is defined and smooth everywhere except 0 and does not depend on the choice of
branch cut.

Let us consider the level lines through the critical points. Since the function is critical
at this point and the second derivative does not vanish, there are exactly two level lines
emerging, which intersect each other at those points. These cannot intersect at any other
points, since the intersection points would again be critical points of G;. For z with |z| large
it holds that

Re(Gy(2)) = —(p+ z) In(|2]) + vIn (V&) 4 o(1). (5.58)

Since for z > x_ we have u+x > 0, the level lines must be bounded. Considering Re(Gx(z))
on the real line we see poles at 0, 1/4/k and \/k, where this function converges to +, — and
400 respectively. Between two consecutive poles, the level lines can only cross once, since
otherwise between two crossings there would be another critical point of G. This means
there are exactly four points di, . .., dy along the real line such that Re(G,(d;)) = Re(G(zF))
which satisfy d; < 0 < d2 < 1/y/k < ds < \/k < d4. Each of the four half-lines emanating
from one of the critical points will intersect the real line at exactly one of those four points.
Indeed the only other option would be for two of these lines to meet, but that would create
a closed level-line loop containing no pole, which would force the function to be constant by
harmonicity. A brief consideration shows that the only way to connect the half-lines gives
the description in the fourth point.

Finally, there cannot be any other points z for which Re(G,(2)) = Re(G(zF)), since each
of those would need to lie on a closed level-line, and such a level line would need to surround
a pole and therefore also intersect the real line. But all points on the real line with value
Re(G(zF)) already lie on the two level lines through the critical points.

O

Using these properties of the level lines we can choose contours I'; and I's, as depicted in
the right panel in Figure 5.6.

Proposition 5.4.17. Let x be such that x; < x < x}. Then there are two simple curves I'y
and I'y such that:

e The two curves only intersect at the critical points, i.e. T1 NTo = {21, 2 }.

o At the critical points the two curves intersect perpendicularly and in the direction of
steepest ascent and descent respectively.

o The two curves only intersect the level lines L1 and Lo at the critical points.
e Both curves contain 0 and 1/\/k but not \/k.
e On Ty, the function G, is always larger than G (2} (z)), on Ty it is always smaller.

o There exists an r = r(k) such that for w € I'y and z € I'y, the inequality |w — z| <

r(x — SCC_)% implies that either

N|=

lw — 2| < 27“(93—:5;)% and |z — 2| < 2r(z — )

or ) )
lw—z.| <2r(zr—z.)2 and |z — 2, | < 2r(x —x_)2.

Furthermore v can be chosen such that 4r(z — a:c_)% <|zf — 27| for all x € [z, ,0].
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Proof. Let us first consider the steepest descent/ascent curves through the critical points.
These are given by the level lines of Im(G,(z)). They cannot cross £1 or Lo at points
other than the critical points zf. Since along these curves, the real part is strictly increas-
ing/decreasing, these curves must end at the poles of G, (z) which are at 0, /4;7%, and k2. By
considering the signs of the poles one can see that the steepest descent curve (which is in
the region where Re(G,) is positive) connects the pole at 0 to the pole at k3. The steepest
ascent curve connects m_% to oo.

By considering small circles Kg, K e K ! around each pole and a large circle K, around
the origin, we can construct the contours as follows: The curve I'y is given by the steepest
descent curves through the critical points until those hit the circles Ky and KK 1 Then it

follows those circles such that it contains 0 but not x2. The curve I'y is given by the steepest
ascent curve until it hits K, and K _ 1 where it similarly follows the circles such that it
K

includes 0 and 1~ 2.

By considering (5.58) and (5.55), one can see that the choice of circle can be made
independently of p and x. Indeed one can see that Re(G(z.)) depends continuously on
pe [kt +er—¢cland z € [r,,2]] and is therefore bounded uniformly in absolute value,
with the bound depending only on . Around each of the poles, one can also find a uniform
lower or upper bound depending on the sign of the pole. For example, around 0 one can
bound:

Re(Ga(2)) = vin(lv/e — 27 )) — pln(lVA — 2|) — zln(l=]) 2 (v + @) (=7, (5.59)

where for |z| small enough the implicit constant depends only on k. The prefactor v + x =
@ is bounded below by a constant which only depends on x and . Therefore one
can find a radius small enough, depending only on s and ¢ such that for Ky a circle of this
radius and z € Ko, Re(Gx(2)) > Re(G(z.)) + 1 for all p € [k~ +¢e,k —¢] and = € [x,,z]].
In particular, this ensures that z is outside this ball around 0. With very similar arguments
one can determine the radii of K}f 1 ,KH 1 and K, such that for all z and u, the values
of Re(G,(z)) on these circles is respectively larger, larger and smaller than the value of
R(Go(22))-

For the last point, we will actually show the following stronger statement: There exists
an 179 = ro(k) such that for all 7 < ro, u € [s~! + &,k — ¢, and x € [x,,0] it holds that for

w € I'y and z € I'y, the inequality |w — z| < r implies that either
(w—z| <2rand |z—zF| <2r)or (Jlw—2z|<2rand |z —2| <2r).

This clearly implies the desired statement. For the last point, first consider fixed x € (z, 0]
and p € [k~ 4,k —¢€]. Since the two curves only intersect at z1 and z_ and intersect there
perpendicularly, there exists an 79 = 7o (z, i, k) such that for all » < 7y the statement holds.
For x = x_ the two critical points merge into a double critical point, and I'y and I'y deform
in the following way. The part of I'y that connects the critical points to KH 1 deforms into
a piece-wise continuous curve, which has a 27 /3 angle at the z. and leaves this point in the
directions e™/3 and e~™/3 The part of I'; which connects the critical points to Ky becomes
straight lines connecting z. to Kj, parallel to the horizontal axis. Similarly 'y deforms into
a straight line segment connecting z. to K,—1/2 and a piece-wise continuous curve which goes
through z. at an 27/3 angle, in the directions e?™/3 and e*™/3. See Figure 5.8 for the level
lines of a double critical point, which appears in the other tail bound. Since these curves
still only meet at z. and there they do so at a 7/3 angle, there also clearly is a 7y such
that the statement holds for x = z.. Since I'; and T’y deform continuously in x € [z_,0]
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-
N5

I's

B
N

Figure 5.7: An illustration of how we pick up residues when deforming the original circular
contours into I'; and I's.

and p1 € [k~ + &,k — €], one can find r by taking a minimum over all 7. Since the factor
(x — xg)% is

Decreasing r further one can obtain 4r(z — xg)% < |2 — 27|, which guarantees that w
and z are indeed close to the same critical point when |w — z| < r(x — x;)% O

Proof of Proposition 5.4.15. For clarity, we divide the proof into several steps:

Step 1. Decomposing the trace into two parts: Recall that in our original definition
of K in (5.47), we started off with two positively oriented circular contours for w and z such
that 1/v/k < |z| < 1 < |w| < \/k. We will now deform these two circular contours into our
new choice of contours I'y and I's, respectively.

Originally, the z contour is nested inside of the w contour. When we deform the 2z contour
into I'e, part of it will cross through the w contour, see Figure 5.7. Therefore we will pick
up some residues since our integrand has a pole of order 2 at z = w due to the term ﬁ

After doing this deformation, we can decompose Tr(HhIN( I1) into two parts as follows:

Tr(IT, K11, = [27” jil Aexp (2) = Ga (w))m]

[ (2mi)? }’{}iexp (2) — Gx(w))m, (5.60)

where T’y and T’y are the contours given in Proposition 5.4.17, C is an arc connecting z5
and z, and intersecting the real line between k3 and H%, and I's is a contour around this
arc, intersecting the real line only between k2 and K2 (i.e. not including any pole other
than z = w). Denote the first expression in (5.60) as I; and the second one as I, such that
Tr(HhIN(Hh) = I; + Io. Here I; needs to be interpreted as a principal value integral due to
the quadratic singularity at the intersection points. Iy accounts for the residues picked up in
the above-described deformation.

Step 2: Estimating I»: In this step we show that there exists a constant C' = C(e)
such that I > CSO/ Let fu(z) := eXp(T(( =(2)-G=(W) {Jging Cauchy’s residue theorem for a

w—z)?

pole of order 2, we can compute

1 1
I, = —W/C s fw(2)dzdw = —M/CRGS(fw,w)dw (5.61)
— 27172 TG, (w)dw (5.62)
_ T(Gz(zj) — Ga(2))
_ = . (5.63)
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Since 2 (

can compute

y) are critical points, and since only one term in G, depends explicitly on y, we

6, W) = (2 W)

At z, we have z = z_, so we can add and subtract G - (z7) = G_-(2.) to get

Go(2l) = Ga(zy) = (Go(2]) = G, (27) = (Ga(z) — G- (22)) (5.64)

- /w; n <zZ Eg) Y- (5.65)

This integrand is purely imaginary since we are taking the log of the ratio of complex
conjugates (which has modulus 1). Therefore, when we divide by 27 we will get something
real. We now estimate the integrand. Since the modulus is 1, the integrand is just the

v
argument of Z‘”‘_—(y), which varies along the unit circle clockwise starting at 0.

ze (y
Let us define the new variable v = {/(y — z. ) and also define
sHy) Mt vE /<a+1y+\//-@—1 —ad)(y— o)
Z(v) = - =
)

W) prv (1

(k+1)
(5 + 1y — /(5 — 120y —2d)(y — 2
(k+1)
(k+1)

pAv4 (v +1) (02 4+, )—l—v\/(m—l)Q(vQ—f—xZ—xi)

p+v+ (k+1)(v? +xc)—v\/(/€—l)2(v2+xc_—xi)
Note that Z(0) = 1, so that
Z() =1+ Z'(0)v + O(v?)

where

—i2(/§— 1)3/21%1/4(%)1/4
yl/2 [,{1/2(%)1/2(K+ -1+ %)E] .

We can see that the numerator above is bounded for £ € k™! + e,k —g]. We can also see
that the denominator is zero precisely when £ — k1 or £ — k and is positive between those
two values. Finally, note that Z’(0) is purely imaginary and iZ’(0) > 0. It follows that there
exists C' = C(¢) such that iZ'(0) > C for all p € [x~! +¢,k —¢] and v = 1.

It follows that

Z'(0) =

=Z'(0)\/(y—2c)+ Oy — x,)

and that

/; In (zj(y)> dy = Z/(0)(x — 2= + O((z — 2-)?) |

Zc (y)

where the O(x —x,)? is uniform in p. Plugging this back into (5.63) and (5.65), we conclude
that
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T [ +
Ih=—— [ In (ZC_ <y)> dy > CT(x — 2 )3/? (5.66)
2mi Te Zc (y)

= CT(sT—2/3)3/2
= (Cs%/?

for some positive real constant C' depending on ¢, which changes from line to line.

Step 3: Estimating [;. In this section, we show that the integral I; defined above is
bounded uniformly in z, i.e., there exists constants C, Ty, sg depending on &, such that I < C
for all z in [z + S()T_%,O] and T > Tj.

Consider first the part of the integral Iy where |z — w| > r(x — xc)%, where 7 is from
Proposition 5.4.17.

1 1|z—w|>7"(a:—x )%dZdw
W 7{“1 yi exp(T(Gz(z) — Gz(w))) 2

(w = 2)

This integral we can bound by taking absolute values and the triangle inequality to obtain

(- mc>1r2<27r>2 74 7{ exp(T'(Re(Gia(2) = Gz (w))))dzdw

This integral has no singularities and can be split into the product of two integrals, each of
which can be treated using the method of steepest descent. Each of them gives a contribution
¢ for T large enough. Combined with the prefactor > we obtain the upper

R C— 1
VTG () (z—xc)r2(2m)?
_3
bound T G"(2F)|~'r~2(x — 2.)~!. By Lemma 5.4.14, this is of order 7@_?) 2 < 863/2 and
therefore O(1).
As observed in Proposition 5.4.17, since the distance of the two critical points 2 and 2.

is of order /o — z. by Lemma 5.4.14 we have tl}e following. For small but fixed r, the only
w € I'y and z € I'y such that |w — z| < r(z — z.)2 satisfy either

lw — 21| < 2r(x —a:c)% and |z — 2| < 2r(z —IL’C)%

or

(ST

lw— 2z, | <2r(z— :rc)% and |z — z_ | < 2r(x — x.)

i.e. they are both close to the same critical point.
By symmetry it suffices to consider both w and z in the ball around z of radius 2r(z —

xc)% Denote this ball by B. Let us Taylor expand around our integrand.
exp(T(Go(2)) — Ga(w)) =

exp (;TGZ(ZZ—)((Z - z;")Q — (w— Zj)2)> (1+0(T|z — zj|3 +w— zj|3)), (5.67)

where the big O constant depends on &, but not on x or 7. Let us first consider the contri-
bution of the big O term on the right. After taking absolute values we have to bound

Fof Tl P s Py (GTRGUED( - 2 - (w2 ) (5
I'inB JI'2NB
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Since our contours meet at a right angle at the critical point we have —-— = O (%)
|[z—w] |z—zd |24+ |w—2zF |2
and the integral is bounded by
[ [ LG (—#2 — u?) ) dedw S ————— = O(sy !
2|+ |wl) exp | =5 TG (2)(=2" —w?) | dedw S —3 = 0(s").
R JR (TG"(27))>

For the other part of (5.67) we use a change of variables z = zI + & /1/TG"(zd) and

w =z} + & /) TG (2}) which yields the principal value integral:

/1“1 /1“2 =p 51 dﬁldﬁz,

where fl and fg are contours crossing at the origin with fl vertical and fg horizontal there.
This is clearly bounded away from the origin, and close to the origin the exponential can be
estimated by 1 up to an O(1) error, and the resulting principal value integral is also of order
O(1).
Combining the above estimates, one obtains that I; is O(1). Combining this with (5.66)
one obtains that
Te(I,KI0,) = I + I, > C's3

for a different constant C, using that s > so to absorb the O(1) term. O
We now prove Proposition 5.1.8:

Proof of Proposition 5.1.8. Combining Equations (5.40)-(5.46) and (5.49) and setting v = 1

and h as 1 1/
T T
h:(g(u)—l)T—i—SQ :x;T+52

we have that

1/3 sT1/3
P [H(T0.T) > g7 + sTV] < e~VaD) (P[ (> (g - 0T+ | g )
(5.68)
o1/3
= ¢ /(a=1) <det(1—HhKHh)+q 2 ) (5.69)
~ sT1/3
< e M) <exp(—Tr(HhKHh)) +q 2 ) , (5.70)

By Proposition 5.4.15 there exist constants C, Ty, and sy depending on € such that for
s> s0,T > Ty and z € [z + 2T72/30]:

TI‘(HhI?Hh) > 083/2 .

Noting that x is given by
h sT—2/3

x:fzxc—i— 2 s

the restriction z € [z, + 2772/3,0] is equivalent to s € [so, —QT%xc_]. For s in this range,
applying Proposition 5.4.15 to (5.70) yields

o1/3
P [H(T,u,T) > g(W)T + sTY?| < e~ 1/(a=1) (exp(—C’sg) +4q 2 ) <c! exp(—cs%) :
(5.71)
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For s > —2T§xc_ we have
g()T +sT3 > (z7 + )T — 2Tz, =T(1 —2;) > T.

Since H(uT,T) can be at most T, for such s the left-hand side of (5.71) is 0 and therefore
(5.7) is trivially satisfied.

In summary, we have proved Proposition 5.1.8 for all s > sg and all T > Tj. For fixed
T < Tp, the statement is trivial for s large enough as the left-hand side is 0 if g(u )T+ST3 >T.
Thus by increasing so the statement holds for all 7" > 1 and s > so. By decreasing ¢ such
that ¢ le™® < 1 for s < s¢ the statement holds for all 7> 1 and s > 0. That ¢ can be
chosen weakly decreasing in ¢ is easily checked by checking that all constants in the above
estimates depend continuously on e. O

5.4.2 Proof of Proposition 5.1.9

The goal of this section is to prove Proposition 5.1.9.

Remark 5.4.18. Again, it suffices to prove the statement for T' > Ty and s > s for some Tj
and sg large enough. For fixed T', the left-hand side becomes 0 for s large enough since the
height function is always non-negative. We can also alter the constant ¢ to be small enough
so that the right-hand side becomes greater than 1 for all s < sg.

In this section, we will closely follow the results in [AB19]. We start with an identity that
relates the g-Laplace transform of the stochastic six-vertex model under step Bernoulli initial
data, to a Fredholm determinant of some kernel.

Recall that (p, 0)-Bernoulli boundary conditions denotes the boundary condition in which
the incoming arrows from the left are given by i.i.d. Bernoulli(p) random variables, while
the incoming positions from the bottom are all empty. The following proposition is stated
for p € (0,1) as Proposition 5.1 in [AB19]. We will ultimately need statements for p = 1.
What we will do here is first prove the desired tail bound for p < 1 and extend to p = 1
by attractivity. An alternative proof is to notice that the following proposition itself can be
extended to p = 1 either using the continuity of the involved formulas in the parameter p.
This case is also a consequence of Lemma 4.18 in [BCG16].

Proposition 5.4.19 (Prop 5.1 in [AB19]). Fiz by,be € (0,1);p € (0,1];2 € Z; and p € R.
Denote B =p/ (1 — p).

Let ' C C be a positively oriented, star-shaped contour in the complex plane containing
0, but leaving outside —qr and qB. Let C C C be a positively oriented, star-shaped contour
contained inside ¢~ 'T'; that contains 0, —q, and I'; but that leaves outside qf3.

Let Egy denote the expectation with respect to the stochastic siz-vertexr model with left
gump probability by, right jump probability ba, and (p,0)-Bernoulli initial data. Then, we
have that

1
— (p)
Ba | (e +p;q)J det (1d + K )LQ(C) (5.72)
where
K® (w,w) Z f o) gt ('8 va),
T g 10gq “ly 4+ ) (w+ )T (¢71671v50)

-1

L T dv

. (5.73)

sin <10gq(logv —logw + 27713)) w — v
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Once we choose p appropriately, (5.72) implies a bound on the probability P[H?(X,T) <
—p| by applying (5.36). Let p = =% and for u € [k~ + ¢, k — €] we define

_ (VRE = 1)k — R
fu= (k — 1)K1/6,1/6 )

The function f, appears as the scaling factor in the convergence to Tracy-Widom GUE
fluctuations, see [BCG16, Theorem 1.2]. We then define for s > 0:

7 = sf, T — g(u)T.

We will now study asymptotics of the kernel KPT closely following section 6 of [AB19],
but adding in control of the decay in s as well, since in [AB19] they treat s as a constant.

5.4.3 Fredholm Determinant Estimates

Our first step is to rewrite the formula for the kernel K®7) in an exponential form that
utilizes the explicit form we chose for py. Plugging p = pr into (5.73), we obtain

K () (w,w') =

exp (T (G(w) — G(v
Z?{sm p(T(G(w) —G(v)))

2i logq (log q)~1(27ij + logv — logw))

y ('8 vsq)
(7187 w; q) o

v\sRTY? do
>< J— e —
<w> v(w —v)’

where we define

G(z) = plog (k™ '2 + q) — log(z + q) + g(p) log .

Next, we Taylor expand G around its critical point: We compute its derivative

1 ()
GO =TT et

with
q(k — /Ep)
VEp—1 °
Therefore, 1) is a critical point of G, and we have G” (1)) = 0. We also have

" _ 2(\/@_1)5 — @ ’
¢ (¢>‘q3<m—1>3<n—m>¢@_2<¢>

Putting this all together, the Taylor expansion of G can be written as

G(Z)—G(zﬂ):;(W) +R<f“(zw_ )), (5.74)

where R is the remainder. By Taylor’s remainder theorem, we have

R(W) :(’)(]z—w\4> as |2 — | = 0.

Y=
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Figure 5.8: The solid lines represent the contours I' and C, and the dashed curves represent
the level lines of Re(G(z)).

This remainder can be bounded uniformly for k= + & < u < k — e. Note that G"(v)) = 0
at u=r"!and G" (1)) = oo at u = k™', so p being bounded away from x£~! and & is really
necessary for uniformity.

We now need to choose contours I' and C. We use the contours defined in [AB19, Defini-
tions 6.2-6.5], which will take the following shape. The contour I" will consist of two parts: a
piecewise linear part '™ and a round part T'® that connects the endpoints of I'V). Similarly
C will consist of two parts CY) and C®, where C(V) is piecewise linear and C? is a round
part connecting the end points of (1),

Definition 5.4.20. For a real number r € R and a positive real number w > 0 (possibly
infinite), let AW, denote the piecewise linear curve in the complex plane that connects r +
we™/3 tor to r+we™3. Similarly, let U, o denote the piecewise linear curve in the complex
plane that connects r + we™2™/3 to r to r + w™/3,

The contours C and I" look as follows:

o CM =99, and T = mw—zbf;lT*l/S . for some sufficiently small @ (independently
of T).

e C? is a positively oriented contour from the top endpoint 1 + we™/3 of C) to the
bottom endpoint 1) + we™™/3 of C(V, and T'® is a positively oriented contour from the
top endpoint ) —wfng*1/3+ we? /3 of T to the bottom endpoint ¢+¢f;1T*1/3 +
we2m/3 of T,

e Wetake C=CHuUC® and T =170 yr®,

See Figure 5.8 for a depiction of these contours.

Proposition 5.4.21. The contours I' and C satisfy the following properties: The contour I’
18 positively oriented and star-shaped; it contains 0 , but leaves outside —qr and qB. Fur-
thermore, C is a positively oriented, star-shaped contour that is contained inside ¢~ 'T; that
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contains 0, —q and I'; but that leaves outside q3. Furthermore, there exists some positive real
number ¢; > 0, independent of T', such that

max ¢ sup Re(G(w)— G(v)), sup Re(G(w)—G(v)) p < —c1,
weC weC®
velr @ vel

where ¢y depends on &, but is uniform in p.

Proof. These properties are all stated in [AB19, Definition 6.3, Lemma 6.6, and Lemma 6.13]
except for the uniformity of ¢;. This uniformity follows from the uniformity of G and ¢ in
pe ke r—cl O

By Proposition 5.4.21, I' and C satisfy the necessary conditions stated in Proposition
5.4.19. We can now analyze the kernel K := K1) for the different cases where v, w belong
to the different components of these contours. The first case is where w € CV) and v € TW,
In this case, both w and v are close to ¥. The second case is where either w € C® or v € T2,
Let K (w,w') be the same kernel as K (w, w'), but where we replace the contour I' with T'(4).

We perform a change of variables to zoom in around ¢: Let o = ¢ f, I7=1/3 and set

w =1+ ow; w =0+ oW’
v =1 + o; K(@,%) = oK (w,w')
K(w,0") = oK (w,w).

For any contour D, set D= o~ 1(D — ). In particular, we have

— —

C(l) = QUO,w/crv re = Q]—l,w/(r

Notice that as T" — oo, we have

— ——

€W = Woee, TW =BTy,

each of which consists of a pair of rays emanating from 0 and —1 respectively.

_ The only difference between K and K is that forAIA( we are integrating over the contour
I'D and for K we are integrating over the contour I'. The following lemma will deal with
estimating these two kernels.

Lemma 5.4.22. There exist positive constants ¢, C and Ty all depending on € such that for
T > Ty we have

1.

‘F(@, @) — K(@, )| < ¢V exp (—c (T + [5[*))

for all w € CW and @ € Cu W0, 00

|K(@,@")| < ctexp (—c (T + |@0]*))

for all w € c/(?) and @' € CU W oo -



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5.4. EFFECTIVE HYDRODYNAMIC ESTIMATES 223

for all @ € C) and @ € C.
Combining the above items, we can conclude that
|K (0, "] < ctexp (=@’ — cs) + ¢ texp (—c|w|* - T) (5.75)

or all @ € C and @' € C.
J

Proof. The proof of the first two items is the content of Corollary 6.14 in [AB19]. For the
proof of Item 3 we write out the formula for kernel K (w,@') in terms of the variables @, ',
and v, using the fact that o = f, 17-1/3 as well as the Taylor estimates in (5.74). We have

K(@,@') = oK (w,w')
o exp (T (G(¢ + ow) — G(p + 00)))
% j{f(?) sin (

X = =
2ilogq " - m(log q) 1 (2] + log(¥ + 00) — log(t) + 7))

y (7187 (¢ +00)5q)
(187 (Y + 0W); q) o

Y+ ov sfuTH odv
x <¢+0—@> (¢ + 0D) (o0’ — oD)
o exp (252 + 7 (R (T149) - R (T71/4%)) )
- j{f(l\) 2ilog q . jze; sin (7(log q)~1(27ij 4 log(1 + oyp=10) — log(1 + oyp—1w)))
(7187 (¢ +00);q)
(1871 + 0w); 9) o
14 o5\ o
x <1+a¢1@> 1+ 00-10) (@ —3)

Next, we estimate each of the terms in the integrand, using Proposition 5.4.23. Multiply-
ing the seven bounds in Proposition 5.4.23 together, we obtain that the integrand is bounded

in absolute value by ﬁ%’\ exp (csRetv — ¢(|@]* + [0]*)) . Noting that Rev < —1 for v € T'(),
we obtain

-1
|K(w,0")| < %A ciw exp (csRev — c(|@]* + [0]%)) do

) 1+ @]
C
<77 oxp(—c|]* — cs)

O

Proposition 5.4.23. In this proposition, we prove estimates for the terms in the integrand
of the kernel K. There exists ¢ = c(g) > 0 such that for T large enough, the following seven

bounds hold for all w € C) =W/, W' € C, and v eI = RUSSTSIpR
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Halzp—lﬁ <e (5.76)
@flfa = 1j_|13/|; (5.77)
m e < ¢ texp (csRe(D)); (5.78)
\Ulgquly Z sin (7 (log ¢)~1(27ij + log(1 i o 19) — log(1 +J¢_1@)))‘ < lpls, (5.79)
bgqﬁn(ﬂﬂogqyJ(bgu?f;;—%D—-bga-+a¢—L@»)‘36_% (5.80)
g?ijxiZK%:SC%@@lmeW) (5.81)

exp (@3 ; 3 +T (R (Tfl/m) - R (T1/33)>> ‘ <c lexp (_;(@‘3 + \5!3)> (5.82)

Proof. The proof of all of these inequalities except for (5.78) can be found in [AB19, Proof
of Lemma 6.12] without uniformity in p. Uniformity in p is checked in [ACG23, Proof of
Lemma C.9]. In [AB19], s is fixed, and therefore they do not need estimates that depend on
s. The proof of (5.78) is as follows:

First note that |1 + oy~ 1@| > 1 for all @ € C(V), so that we have

-1
14+ oy~ % spo {yspot
‘HUM <14y 5™
—1
For fixed 7, we have limp_, ‘1 + mj)_lﬁ‘swa = exp (sRev) . Without loss of generality let

us suppose that we choose v to be on the upper half plane so that v = —1 + %eZmB =

—%—i—@ for some 0 < r < 1. Then we have

rwz/ﬁl n r\/ngb*%

l+oyp o=1—0yp ! - 5 5

If we choose w small enough then there exists a Ty such that for T > Ty, |1 + awfli)\‘ < 1.

-1
_1~|SYO
17)‘7’[}

Therefore, is increasing monotonically in T" for T" > Ty and is therefore

bounded by exp (sRev).

O]

We will need the following lemma about Fredholm determinants from [AB19]:

Lemma 5.4.24 (Lemma A.4 in [AB19]). We have

1/2
Oo /

2’%’@/2 1< | T
|det(Id+K) 2y — 1| < / /H %E K (wiyz) P [[das (5.83)
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Proof of Proposition 5.1.9. Combining Lemma 5.4.24 with Lemma 5.4.22, we obtain the fol-
lowing (allowing the constant ¢ to change between lines):

’det(ld +K(PT))L2(C) — 1‘

- ‘det(ld +E) 120 1‘

> okpk/2 k 1 k , k
SZ:(k—l)!/gn'/gl_[ %Z\K(mi,xjﬂ Hdwz‘

k=1 i=1 " j=1 i1

oo Qkkk/2 k 1 k ) , 1 ; ) 1/2 &
SZ(k—l)'/A /AH %Z(c exp (—clz;|® — ¢s) + ¢ exp (—clz;|* — ¢T)) Hdwl

k=1 ¢ Ciz1 |V j=1 i1

o0 2kkk/2 1 5 . s k
- Z ] </6 (¢ texp (—c|z|’ — ¢s) + ¢ Fexp (—c|z|® — T)) da:)

k=1 :

0 okpk/2 k
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This last integral is bounded above by a constant, and we can also bound (k—1)! > 8 Fk*.
We then obtain

det(Id +K(PT))L2(C) — 1) < Z
k=1

16"
] (c_le_CS + c_le_CT)k <c e e, (5.84)
Combining (5.36), (5.72), and (5.84) we have the following: There exists ¢ = ¢(¢) such

2 +5,/{—€:|2

that for all T large enough and for all s > 0 we have that for u € [m

PIH (T, T) < g()T — s, < 2 (1= det(1d +K#7) 2oy )

< C—l(e—cs +e—cT)_

Due to the fact that f, is bounded uniformly for p € [k~ +e, k—e], we can absorb the constant

[ into s by simply substituting s — fu_ls. We then get the desired bound on P[H”(T'u, T) <
g(p)T — sT'/3] for all p € (0,1). Finally, we use attractivity to obtain the same bound for
[

step initial data (i.e. p = 1). Chose p such that [x~' + e,k —¢] C [m +5,6— 5|
Then we have that for all u € [k~ + ¢,k —g]:

B[H (T, T) < g(u)T — sT'/% < PHA (T, T) < g(u)T — sT"/% < ¢~ (e + &)

as desired. OJ

5.5 From linear trajectories to the proof of the main theorem

We can now begin to prove the main theorem. Let us recall the setup of Theorem 5.1.1.
We start a stochastic six-vertex process from step initial conditions with a vertical second-
class particle at the origin. In this section, and in Sections 5.6 and 5.7, we always view the
stochastic six-vertex model as a particle system on the line (see Definition 5.1.5). On the
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226 CHAPTER 5. THE STOCHASTIC SIX-VERTEX SPEED PROCESS

line, the above initial conditions are given by a first-class particle at every position z < 0,
a second-class particle at position 0 and holes at positions > 0. Denote by (A)i>0 the
single-class stochastic six-vertex process given by the first-class particles in this process and
by X the position of the second-class particle at time ¢. These processes are started from
the initial conditions

Ap(z) =150 and Xo =0,
and (A, X)) contains all the information of the multi-class process. Let Fy denote the o-

algebra generated by (A, X)) until time s, for s € Z>o.
Let us now define some events, which will be vital to the proof of the main theorem.

Definition 5.5.1. Fiz positive integers S and T. We define the following Fg-measurable
event, which depends on some € > 0:

PS:{);SE[/-@_1+6,K;5]}. (5.85)
We also define the following Fs.yr-measurable events, which depend on some ~y € [0, 1]:
Eg = {X3+T — Xg> %T — 51—7} (5.86)
E5 = {XS+T - X5 < &TﬂL 51_7} :

S
Finally, we let Eg := Eg N E§

On the event Pg, the speed % is bounded strictly away from the edge of the rarefaction
fan so that the effective hydrodynamic bounds in Corollary 5.4.2 will apply. On event Fg,
we control how much the speed of the second-class particle at time S + T deviates from the
speed at time S. In the following proposition, we choose appropriate time steps S and 7" and
show the existence of a high-probability Fg-measurable hydrodynamic event Hg upon which
FEg will hold with high probability at time S + 7. We call Hg the hydrodynamic event since
it is the event upon which at time S the height function of A has not deviated too much
from the hydrodynamic limit. We will show that the same is true at time S + T with high
probability, for any possible configuration in Hg.

Proposition 5.5.2. For any integer S > 1, let T = S? for some 8 € (%, 1). For any positive
a < g —1/3 and for any € € (0, %), there is a ¢ = c(e,e) > 0 and an Fs-measurable event
Hg such that for all S > 1 and for v = % — g — a we have

P[Hs] > 1—c e ™" PEs|Fs] = (1—c e )1pnp,. (5.87)

Note that since T' < S, the bound on P[Hg| remains true if we replace S with 7.

Remark 5.5.3. The parameters «, 8 and v have the following meaning. The parameter
controls the size of the time steps, with 3 closer to 1 giving larger time steps. The parameter
~ determines our control on the trajectory of the particle, with larger v giving tighter bounds.
For each 3 we can prove the statement of the proposition for each v < %—g and the difference
between the two is a. Therefore, small « are of interest. There is a trade-off for the value
of 8. Bigger 8 gives better control along the sequence of time steps. To see this note that
S1=7 = 758 “'3Fef™ and this exponent is minimized for 3 = 1. However, between the
time steps, bigger 3 leads to less control, since we use a rough bound based on monotonicity
between time steps. We will ultimately set 8 = %, where the value 5 = % is obtained by an
optimization balancing these two effects.
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Before proving this proposition, let us see how it implies Theorems 5.1.1 and 5.1.2. This
largely follows [ACG23, Section 4], especially Proposition 5.5.8, except that there a different
choice of time sequence was made, see Remark 5.5.9.

Definition 5.5.4. For Sy > 2 define (Sim)m>1 and (Tn)m>o0 as follows. Let T(S) = SP. Let
T = T(Sp) and Syp1 = Sy + Tr. Note that T(S) is strictly increasing for all S > 1.

Lemma 5.5.5. There exists constants z— = z_(8) > 0 and zy = z4(8) > 0, such that

1 1
z-m1=8 < S, < zym1-8 for allm > 1.

Proof. This follows from a straightforward induction argument, using the fact that z,xﬁ +
(z_xﬁ)ﬂ —z_(z+ 1)ﬁ is both positive at = = 2 and strictly increasing on [2, oo] for z_
small enough (but still positive). The upper bound also follows by induction, for 2™ bigger
than 1 and such that the inequality is true for Sj. O

Lemma 5.5.6. For each ¢ there exists a D = D(g, 3, ) such that for So > D the following
holds

o T,
Z S <e/9; Z cle™m < ¢/2; ms—m < /9, for allm > 0. (5.88)
m>0 m>0 m

Proof. By Lemma 5.5.5 and the monotonicity of S, in Sy mentioned in Definition 5.5.4, it
1 1 _ ‘%*%‘“

holds that S,, > max(Sp,z2-mT™7). The term (2-mT7)"7 = z_"m”~ -5  is summable

since the exponent is less than —1 by the assumption o < g — % Therefore by the dominated

convergence theorem as D — oo this sum goes to 0. The second and third sums are convergent

since Sy, and T}, grow faster than linear in m, and therefore the sums can be bounded by

geometric series. By the same dominated convergence argument, the statement follows.

Finally mg—z < ¢/4 simply follows from the fact that % goes to 0 as Sy goes to co. O

Definition 5.5.7. Define e, by setting g = € € (0, %) and
Em+1 =Em — S,

and note that for Sy > D(e,3,«) all €, are positive (in fact they are greater than %) by
Lemma 5.5.6. Define further the event

k—1
(k) =) P NHE N Eg,, (5.89)
m=0

and let Ly, = LG, (o).

Since the constant ¢ in Proposition 5.5.2 can be taken to be weakly decreasing in €, we
can assume that the statement of Proposition 5.5.2 holds with the same ¢ for all ., in the
definition above.

Proposition 5.5.8. There exists a constant d such that for all e € (0,1/4) there is a constant
D such that for all So > D the probability of Ly, is at least 1 — (d + 1)e.
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Proof. Note first that the event Pg: N Eg, is contained in the event Pé::i, since on the

X — . . .
event Fg, it holds that ‘SS#J:I — )gﬂ‘ < S, Using this we obtain

k—
P[Lg, (k)] = P[Pg] — Z PILY (m) N Pg™ N (Hg")] (5.90)
k—
Z PILY (m) N Pg N HG™ N (EG")° Z PILY (m) N (Pg™)]  (5.91)
> P[P — Y PIPg™ N (H™)] - P[Pg» N H" N (Es,,) (5.92)
m>0

where we used the fact noted above to observe that P[L (m) N (Pg™)] = 0. By Propos-

ition 5.A.4, & converges in law to a continuous random variable on [k~!, k], with density
3

Q(T\/_El)x 2, ThlS density is bounded, and therefore there is a constant d such that for all
Sp large enough P[ng] > 1 — de, for all 9. Note further that by Proposition 5.5.2, both
P[P N(Hg™)] and P[Pg" NHg" N(Es,,)¢]) are less than ¢! e~“Tm | and thus by Lemma 5.5.6

the right-hand side of (5.90) is at least 1 — (d + 1)e. O

Proof of Theorem 5.1.1. We already have weak convergence to the desired distribution from
Proposition 5.A.4, so it remains to prove a.s. convergence. We will show that with probability
at least 1 — (d + 1)e the difference between the limit superior and the limit inferior of %
is less than €. This immediately implies that this probability is indeed 1 since these events
form a decreasing family as ¢ goes to 0. Since this holds for any e, the conclusion follows as
the limit superior and the limit inferior must then be equal with probability 1.

Claim: Fix € > 0. There exists D such that for s,s’ > D, with probability at least
1—(d+1)e:
Xs Xs’

s s

Proof of Claim: Let D be large enough such that both Lemma 5.5.6 and Proposi-
tion 5.5.8 hold. Let Sy = D. For Sy < s < s’ let m be the largest integer such that S,, < s
and m' be the smallest integer such that s’ < S,,,. By Proposition 5.5.8 the event LS holds
with probability at least 1 — (d + 1)e. Assume now that the event L7, takes place, so that in
particular Eg, , takes place for all m > 0. Then

<e. (5.93)

Xs XSm XS XSm+1 XSm+1 XSm+1 XS'm+1 XSm
Xe _ _ _ . (5.94)
S Sm S S Sm+1 Sma1 Sm
|XS *XS +1‘ ’XS +1| Sm+1 _Sm —
< = = 4 = + 5,7 5.95
Sm Serl Sm m ( )
T
<2 (n + S 7) 3, (5.96)
Sm

where in the second inequality we used monotonicity of X for the first two terms, and for the
X _
third term we used that on Eg, it holds that |% - Xﬂ| < S, For the third inequality

we used the event Eg, to control |Xg, — Xg, .| and that Sm < K, since Pg™ holds. The
X

final inequality then follows from Lemma 5.5.6. By the same argument ‘ = S =) < 5e.
Finally, it holds that
Xg Xs ol X 5 —~
m m/ < _ I7Pontl l 5.97
L CE D S R R
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since Eg, holds for all m < n < m’ and Lemma 5.5.6. It follows that with probability at
least 1 — (d 4 1)e,
X, Xy

/

<e, (5.98)

S S

for all s, s’ > Sy which was the claim.
This now implies that with probability at least 1 — (d + 1)e,

X X
lim sup Tt - litrgioglf tt‘ < e, (5.99)

t—o00

and the proof of Theorem 5.1.1 follows.

Note that the conditions on § and « together with the definition of v imply
B+vy>1 (5.100)

Proof of Theorem 5.1.2. For time steps given by T'(S) = S?, again for each ¢ there exists a
D(e, B, a) such that the event LS, occurs with probability at least 1 —(d+1)e for all S > D.
Letting C' be a constant that can depend on § and « and that can change from line to line,
we note that on this event we have

X X
1Xs, — SuU| =|Xs, — S S” + Z Zhmin ﬂ (5.101)
m—+1 m
X X
=8, | S Sfmer TS (5.102)
m>n Serl Sm
<8, Y S (5.103)
m>n
<CS, Y mTT (5.104)
m>n
<C8pn Tt (5.105)
<C8§* 8, (5.106)

In (5. 104) and (5.106), we used Lemma 5.5.5 to bound Sy, from above and below by constants
times nT=F and we used the fact that the —71 —5 < -1 by (5.100) to ensure that p-series in
(5.104) converges and can be bounded. It remains to check the behavior times s that are not
of the form S,. For s between .5, and Sy, we get

X, — sU| < | X, — Xg. | +|Xs, — SyU| +|S,U — sU| (5.107)
< | X5, — Xs,| +|Xs, — SuU| + |Sni1 — Snl (5.108)
< OS82 L 58 < o(s2 P 4 50, (5.109)

where in the second inequality, we used monotonicity of X in the first term and that U is
bounded by k in the third term. For the third inequality, we used that the event F,, holds
for the first term, (5.106) for the second term, and the definition of S, 41 for the third term.
Setting 8 = % gives v = % — «, which gives 2 — v — 8 = g + «, therefore showing that on
an event of probability 1 — (d 4 1)e the limit of | Xg — sU |S_%_2a is 0, which concludes the
proof. O
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Remark 5.5.9. While we used the sequence S, 11 = S, + S5 , which grows polynomially, in
[ACG23], they used the sequence S,1 = S, + log—gn, which grows like eV™. The latter
sequence would have sufficed to prove Theorem 5.1.1. Furthermore, this time scale gives

2
X, — S,U| < 83"

which is the expected order of fluctuations. However, it grows too quickly to prove the finer
statement in Theorem 5.1.2 as in (5.109), we crucially used the fact that | S, 41 — S,| < 57 to
bound the fluctuations between the times S,,.

5.6 From hydrodynamic events to linear trajectories

The purpose of this section is to prove Proposition 5.5.2. We write the full proof only for E?,
since Eg can be treated similarly. We will outline the proof for E< at the end of Section 5.7.

Let us now proceed with the proof for the process EZ. We couple the process (A, X)
to a new multi-class stochastic six-vertex process B by filling in every position to the left
of X g with particles. Then Proposition 5.1.7 allows us to control the position of Xg 7 by
controlling a large number of these additional particles.

Definition 5.6.1. Define a new multi-class process (Bt)i>0, with first-, second- and third-
class particles, depending on Ag in the following way:

e [t has the same parameters by and bs.

o At time 0 each site j € Z in By is occupied by a first-class particle at time O if it is
occupied by a particle in Ag,

e the site Xg is occupied by a second-class particle,

e and each site to the left of Xg not occupied by a particle in Ag is also occupied by a
third-class particle.

Further let M be the number of third-class particles in B, which is finite, since it is at most
Xgs. Further, let Z;(0) > Zi(1) > --- > Zy(M) denote the ordered positions of the second-
class particle and the third-class particles in By. At time 0 we have Zy(0) = Xg, but at later
times, X g4t can be any of the positions Zj.

We will also consider the two single-class processes obtained by merging the second-
class and third-class particles in B with either the holes or the first-class particles. That is,
let (BEI))@O be the single-class process given by just the first-class particles in B and let
(B§1,2,3))t20 be the single-class process of the first-, second- and third-class particles in B
forgetting their classes. The triplet (Bgl), B§1’2’3), Xs.1t)e>0 contains all the information of
B.

The process B depends both on Ag and Xg. We will often use a union bound over
possible values of Xg. To do so it will be convenient to introduce a version of B in which
the position of the second-class particle is replaced by a deterministic position X. For X in
the interval [S(k~! +¢), S(k — )] NZ, define BX as the process obtained from Ag by adding
a second-class particle at X if that position is empty and filling all empty positions & < X
with third-class particles (note that B~ may not have a second-class particle if there is a
particle at position X in Ag). Let further B123)X pe the single-class process of the first-
and second-class particles in B~X. Note that it possible to couple all the processes BX, B,
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5.6. FROM HYDRODYNAMIC EVENTS TO LINEAR TRAJECTORIES 231

A and X such that the first-class particles in Bf( and B, are given by Ag.;, and such that
substituting X ¢ for X it holds that
BXs = B. (5.110)

Note however that the law of B conditioned on Xg = X is not given by B¥, since Xg and
the first-class particles in B are non-trivially correlated. However, by showing that certain
events happen for all BX with exponentially small probability, one can use (5.110) to show
that they also happen for B with exponentially small probability.

Lemma 5.6.2. Let G ~ Geo(q) be independent of Fs and Z. Then for any y € Z and any
S,T > 1 it holds that

PXsyr 2 Xg +y|Fs] 2 PlZp(GAM) 2 Xs +y|Fs]. (5.111)

Proof. Denote the number of third-class particles that are to the right of the second-class
particle in By by K, such that Xgir = Zp(K). By Proposition 5.1.7, the law of K
conditioned on Fg and Zp is dominated by Geo(q). Therfore K can be coupled to a random
variable G* ~ Geo(q) independent of Fg and Zp such that K < G* almost surely. Thus we
obtain

PXsir > Xg+y|lFs] = P[Zr(K) = X5 + y| Fs] (5.112)

> P Zr(G*ANM) > Xg + y|Fs] (5.113)

where in (5.113) we used K < G* A M and the ordering of Z7. Note that the right-hand
side does not depend on the coupling between K and G* since G* is independent of Fg and

Z. Therefore, we can replace G* by G in (5.113).
Ul

Let L be defined as

X
L=+ {second— and third-class class particles in B to the right of —S(S +T)-S 17} .

S
(5.114)
Using Lemma 5.6.2, we can reduce the proof of Proposition 5.5.2 to the following lemma
which states that L is of order at least S3 with high probability.

Lemma 5.6.3. For any positive € < i, and for T, « and v as in Proposition 5.5.2, there is
a constant ¢ > 0 and an Fg-measurable event Hg such that for all S > 1

P(Hg) > 1 — ¢ le " (5.115)

and
1 Y
P[L > S3|Fs] > (1 — ¢ e I )1 pyrmy - (5.116)

Before proving this proposition let us see how it implies Proposition 5.5.2.

Proof of Proposition 5.5.2. As said above, we only prove the statement for E§ Condition
on Fg and assume that Hg N Pg holds. Let G ~ Geo(q) be independent of Z and Fg, as
above. Define the events

>

Fs = {ZT(G/\ M)>Z5(S+T)+ 8} and Gg={L> sé} (5.117)

|



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

232 CHAPTER 5. THE STOCHASTIC SIX-VERTEX SPEED PROCESS

and recall the definition of the event Eg is
X
Eg = {XS+T - Xg2> 7SST - 51_7} :

Setting y = X7 — S'77, it follows from Lemma 5.6.2 that P[EZ |Fs] > P[Fs|Fs]. By the
distribution of G,

1
P[Fs|Gs, Fs] > P[G < SY/3] > 1 —¢°%.

Combining this with the statement of Lemma 5.6.3 gives

P|EZ|Fs] > P[Fs|Fs]
> P[Fs|Gg, FsP|Gs|Fs]

1 a
> <1 — qs3> (1 —ctemT ) 1HrnPg

> (1 — C—le—cT"‘)lemPS .

ol

The final inequality is obtained by decreasing c so that we can absorb the term ¢°° (since
a<1/3and S >T). O

5.7 From effective hydrodynamics to hydrodynamic events

The purpose of this section is to prove Lemma 5.6.3. To this end let (B%°PX);5y be a

stochastic six-vertex process started from step initial conditions shifted by X, i.e. Bgtep’X (z) =
1,<x. Clearly, at time 0 we have that B(()I’Q’g)’x (x) > B(S)mp’X(x) for all z € Z, so by attractiv-

ity (Proposition 5.2.3) we can couple them so that this holds for any later time as well. Note
that B123)X and BY are already coupled such that B§1’2’3)’X (x) > Bgl)(x) for any time ¢
by their relation to the multi-class process BX. This gives a coupling of the three processes
B123)X B Bster. X guch that at all times ¢ it holds that

BU2X (2) > max(BY (2), BEPX () for all z € Z.

The process B**°PX is a stochastic six-vertex process started from step initial conditions, thus
we can use Corollary 5.4.2 to control its height function. Understanding B is more intricate
since its initial conditions are given by Ag. We will not be able to control BW for all values
of Ag, and instead find an Fg-measurable event Hg, which we call the hydrodynamic event,
that holds with high probability. On this event, with high probability, B(Tl ) is close to the
hydrodynamic profile of a stochastic six-vertex process started from step initial conditions
and evaluated at time S + T

To simplify notation throughout this section, we will define h([X,Y];n) := h(X;n) —
ht(Y;n). Let us now define the following shorthand notation for the event that a process is
close to its hydrodynamic limit.

Definition 5.7.1. For a single-class stochastic siz-vertex process (Ai)i>o started from step
initial conditions, a time t and «,e > 0 define the event C;"*(A) as

{1h(1X Y1 4) = g(X) = g())| 154, for all X and ¥ in [t(s7" + ), t(s — €]}
(5.118)
Note that this event does not depend on the choice of height function h(x,A), since it only
concerns height function differences.
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Using this definition, Corollary 5.4.2 with s = t@ gives P[C}"°(\A)] > 1 — ¢~ 12~ with
the constant ¢ > 0 depending on €.

Proposition 5.7.2. For T = T(S) as in Proposition 5.5.2, for a,e > 0, and for S > 1, there
is a constant ¢ = c(¢) and an Fs-measurable event Hg that holds with probability 1 —c~te="
such that

P [CEir(A)Fs] > 1 (1 —ctem"). (5.119)

Proof. By making ¢ smaller the right-hand side of (5.118) can be made non-positive for S
small, so it suffices to consider S large enough. Let (;lt)ogtgs be an independent copy of
(Ai)o<i<s, i.e. a stochastic six-vertex process started from step initial conditions and run
until time S. After time S we will couple these two processes, such that they are no longer
independent. L

Define Hg = C2'2(A). This event has the desired probability by Corollary 5.4.2 and is

Fg-measurable. Further, let H s = Cg '3 (.:4) On the intersection of Hg and H s it holds that

|hs([(X, Y], A) =S (9(%) —g(%))] < S35 for all X and Y in [S(k™ +¢/2),S(k z 6/2)])
5.120

and

‘hs([X, Vi A) =S (g(%)—g (%))] < §5+5 forall X and Y in [S(k~! +¢/2), S(x — £/2)].
(5.121)
These events do not depend on the choice of height function and therefore we can choose

the height functions which satisfy hg(S(x — 5),.A) = hs(S(k — 5),.A) = 0. With this choice
of height function and setting ¥ = S(x — §) in (5.120) and (5.121), it follows that on the
intersection Hg N Hg we have

hs(X;A) — hs(X;A)| < 25378 for X € [S(k™ +¢2/2),S(k —/2)].

Thus we can couple (-Zt)tzs with (A)>g via the coupling given in Lemma 5.2.9 with M = S3

and K = 2S3%5. Denote the event that this coupling succeeds, i.e.

{)h5+T(X; A) — hsr(X;A)| < 65575 + 53 for X € [S(v +5) + 2 41,8k - g)]}

(5.122)
as D. Then the statement of Lemma 5.2.9 gives
P[D|Hg N Hg, Fg] >1—c¢ e — oSt ,
which implies that
P[D|Fs] > P|D|Hg N Hg, Fs|P[Hs N Hg|Fs] > 155(1 — ¢ te™5), (5.123)

- 1
where we used that Hg is independent of Fg and both ¢~ le=T and ¢ 'e~* were absorbed
into ¢~ le=" by decreasing c.

Consider now the event

a

DNCE(A). (5.124)
On this event, it holds that

1o 1
s (X, Y] ) — (8 4+ T)(o(555) — g(p))] < 1354+5 +28%
for all X and Y in [S(k™' + §) + 12:";2 +1,S(k—=5)], (5.125)
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by repeated use of the triangle inequality. For large enough S we have
[S(k™' +¢),S(k—e)] C[S(x™" +5) + 25 +1,5(k — §)]
since T = SP for some 3 < 1. Furthermore, for large enough S
1, « 1 1
135372 4293 < Szt

Therefore, for large enough S, the event C'g’7.(\A) contains DN Csz+27“(A) Using (5.123) and
noting that Cg fT(;l) is independent of Fg we obtain that

PS5 (A)|Fs] > BD N CE(A)|Fs) (5.126)

> (P[D|Fs] — P|C2 7% (A)%|Fs]) V O (5.127)

> (1—c e — 1S + T)2e 5+ 1, (5.128)

> (1—c e )1p,, (5.129)

where (¢7'(S + T)2e~“5HT1)" )1, is absorbed by increasing c. O

We can now prove Lemma 5.6.3.

Proof of Lemma 5.6.3. We can decrease ¢ such that (5.116) is trivial for S small and therefore
it suffices to consider large enough S. First fix some X € [S(k~! +¢),S(k — €)]NZ. By
Proposition 5.7.2 we have

PIOSET (A)NFs] > L (1= clem").
The event Cgfé? (A) states a bound for all pairs of points in [(S+T) (k= +¢/2),(S+T)(k—
€/2)]. For S large enough both X(S +T) — S'77 and X(S + T) are in this interval since

% €l t+ek—¢ and 2 S+T < ¢/2 for S large enough. Since the law of B(T) is equal to the

law of Ag.7, we have

;;BY)

P[|hr(I%(S+T) - §'77, £(S +T)
—(S+T)(9(% - $7) —9(£)]| < (S+T) 3+a}fs}_(1—c e V1, . (5.130)

The process B is also started from step initial data translated by X. For large
enough S both £(S+7T) — SV — X and %(S+7T) — X are in [T'(k~1 +¢/2), T(k — £/2)).
Indeed £(S +7T) — X = %7, and % < ¢g/2since T = S% and B+ v > 1 (see (5.100)).
Thus we can apply Theorem 5.4.1 to obtain:

“hT % S+T) _81—77%(S+T)];Bstep,)()_

- 1 o
(g% = 55 — g3 < T3] 21— 7™ (5.131)

Let us compare the limit shape terms in (5.130) and (5.131) by bounding their difference

-t (557) 5 (3) e (3 53 +()- e
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By the explicit form of g(x) = (\ﬁ;_fl”)a one can easily see that on the interval [k}, k]

both the first and second derivative of g are uniformly bounded and in particular ¢"(z) > C
for some C depending only on r, for all z € [sx~1,x]. Considering the second-order Taylor

expansion of g at %, we have

X
- AN -
T(9(5 — ) = 9(5) = ~T( ()55 + 5= (577> + 0(5F))
w Xy o -
= —g/(%)5"7 + ZE (S 4 057,

Similarly for the other term in (5.132) we obtain

X
1— _ 9'(°g) , g2—-2 3-3
(S +T)o(¥ — 57) — 9(3)) = ~g'()5' 7 + LU0 4 o( )
For large enough S the error terms are smaller than the second order terms, since % —0
and we obtain

1 1 C C
A>(CS*% <T - M) > 552_27T‘1 > 551/3“0‘ (5.133)

where the linear terms cancel each other out and we use that 7 = S” and v = % — g —a.

Let LX be defined as

X
L~ = #{second- and third-class particles in B to the right of g(S +T) -85
and note that
X (S+T)
= 3 B w-slwz Y BT - B W,
e>%S (54+T)-51-7 e=%8 (5+T)-51-7

since B(Tl’Q’g)’X(x) > BP¥(z) for every & € Z. If the events in (5.130) and (5.131) take
place this sum can be bounded from below by

%(SJFT)
> B - B
2=%5 (§41)-51
= hr((E(S +T) = 877, XS + T BUPX) — hr(($(5 + ) — 817, (5 + T)}; BY))
> CSEt _ (§ L T)hte Tt > 6 | (5.134)
for S large enough. Therefore
PILY > §3|Fg] > 1 (1 — ¢ te=T™),

where we use that the event (5.131) is independent of Fg, since it only depends on Bster X
which is only coupled to B after time S. Using a union bound we obtain

P[LX > S5 for all X € [S(k™ +¢),S(k + )] NZ|Fs] > 1p.(1— Selemel®)

and we further can absorb S into ¢~ te="" by decreasing c. By the definition of L in (5.114),
the definition of Pg in (5.85), and the observation (5.110) we have that

P[L > S3|Fs] > P[LX > S5 for all X € [S(k~! +¢), S(k + ¢)] N Z| Fs]1p,
> 1Hsmps(1 — C_le_CTa)

as desired. O
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Let us now sketch what needs to be changed for ES. We need to show that on the
hydrodynamic event (which is the same) the second-class particle does not deviate too much
to the right. To do so we will delete all particles to the right of the second-class particle, which
corresponds to a multi-class particle system (B¢):>0 with the following initial conditions

e A first-class particle in every position that is occupied by a first-class particle in Ag
and is to the left of Xg,

e A second-class particle in every position that is occupied by a first-class particle in Ag
that is to the right of X ¢ and

e A third-class particle in the position Xg.

This process satisfies the conditions of Corollary 5.3.2 and by an argument analogous to
Lemma 5.6.3 it suffices to show that there are a large number of second-class particles in B
to the left of %(S +T)+S'7. Denoting by B the process of the first-class particles in B,
by B123) the process of the first, second- and third-class particles, and by B%°P a stochastic
six-vertex process with step initial conditions translated to position X;. At time 0 we have

B () < min(B (2), By(x))

so B**P can be coupled to B! such that Bgl)(az) < B*P(z) at all later times t as well. Note
that Bgl)(x) < Bgl’Q’S) (z) already holds by definition. By Proposition 5.7.2, Bg},z,g) =Agyr
is close to the hydrodynamic limit at time S + T with high probability. Since B**P is also
a stochastic six-vertex model started from step initial conditions we can use Theorem 5.4.1
to say that it is also close to the hydrodynamic limit at time 7" translated by X with high
probability. These two results, together with a union bound over all possible values of X;
and a calculation similar to (5.133), yield the desired result.

Remark 5.7.3. For ASEP one could have simply used particle-hole duality to obtain the proof
for E< as a corollary of the proof for EZ. After exchanging first-class particles with holes,
and reversing space, one again obtains a multi-class ASEP, and the events EZ and E< are
exchanged. For the stochastic six-vertex model, this is not the case. Applying the particle-
hole duality for the stochastic six-vertex model exchanges the two axes and therefore maps
the event EZ into an event that concerns the times at which the second-class particle hits
positions S and S + 7. This is clearly not the same as the event E<. A different choice of
EZ and E< such that they are symmetric with respect to the particle-hole symmetry of the
stochastic six-vertex model could be considered.

5.8 Symmetry and stationarity of the speed process

In this section, we will prove Corollary 5.1.6 and discuss various properties of the stochastic
six-vertex model speed process.

Proof of Corollary 5.1.6. By the color merging property, the law of (X (z)):>0 is equal to that
of (x + X¢(0))¢>0. By Theorem 5.1.1 the speed XtT(O) converges almost surely, and therefore
so does each speed th(x)
almost surely all of the speeds converge. O

. Since there are countably many particles, this also implies that

An immediate consequence of the construction is the ergodicity of the speed process. In
this section ergodic always refers to ergodicity with respect to translations of Z, i.e. of space.
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Proposition 5.8.1 (Ergodicity for the Speed Process). The stochastic siz-vertex speed pro-
cess s ergodic.

Proof. This is immediately inherited from the fact that the process (X¢(x))zecz+>0 can be
constructed by sampling i.i.d. pairs of Bernoulli(b;) and Bernoulli(by) random variables at
every vertex, which are clearly ergodic under the shift. O

To obtain stationarity of the speed process we need the following symmetry, which is a
special case of [BB19, Corollary 7.1.]

Proposition 5.8.2 (Color Position Symmetry in Finite Domains). Consider the stochastic
siz-vertex model on an M x N box, with particles of class 1 to M + N coming in on the
left and lower boundaries such that from the top left to the bottom right the classes are in
increasing order. FEnumerate the outgoing positions along the top and right boundary with
{1,...,M 4+ N} in descending order, first from left to right along the top and then from top
to bottom along the right edge. Denote by m the (random) permutation of {1,...,M + N}
obtained by letting w(x) is the class of the particle at position . Then © and 7~' are equal
n law.

Proof. This follows from [BB19, Corollary 7.1] by specializing the Ferrer diagram S to a
rectangle and using the fact that rectangles are invariant under point reflections. O

We now extend this to the stochastic six-vertex model on the line.

Proposition 5.8.3 (Color Position Symmetry on the Line). Consider the random bijection
N Z — Z obtained by running the stochastic siz-vertex model from packed initial conditions
until time N (i.e. on a box of infinite width and height N 4+ 1) and letting wn(x) be the class
of the particle exiting at the vertex (v, N). Then (mn(z))zez and (—7y' (—))zez are equal
mn law.

Proof. Consider the box [—M, M] x [0, N]. Consider the boundary conditions consisting of
the incoming arrows from the left with {—M — N —1,..., —M — 1}, in increasing order from
top to bottom, and incoming arrows from the bottom with classes {—M, M} from the bottom,
again in increasing order. Enumerate the outgoing positions on the top and right boundary
with {—M — N —1,..., M}, again in clockwise order, i.e. starting with —M — N — 1 in the
bottom right corner and ending with M in the top left corner. Again let mys n(z) be the
class of the outgoing particle at position x. Note that there is the following relation between
mar,n and my for all z,y € [—M, M]

P(rn(z) = y) = P(rarn(2) = —y) - (5.135)

Indeed, by using the merging property (Proposition 5.2.5), one can see that the trace of the
particle of class y inside the box [—M, M] x [0, N] is the same for both models since all
particles coming from the left have a smaller class than y. Thus the probability to exit the
box through a specific vertex along the top edge is the same in both models. The negative
sign on the right-hand side is due to the outgoing boundary positions being enumerated in
descending order. Using this twice along with Proposition 5.8.2, we obtain

P(ry(z) =y) = P(run(z) = —y) = P(run(~y) = 2) =P(rn(~y) = —x),  (5.136)
which proves the statement. O

Now note that 7' (¥) = Xn(x), since it is the position of the particle of class = at time
N. We can use this to prove that the speed process is stationary with respect to the dynamics
of the multi-class stochastic six-vertex process.
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Proposition 5.8.4 (Stationarity of the Speed Process). Let U be sampled from the stochastic
siz-vertex speed process. Consider the multi-class stochastic siz-vertex model with initial con-
ditions given by (—=U(—x))zecz. This process is stationary.

Proof. Start with packed initial conditions and run the process until times N and N + 1.
Since 7y () equals in distribution —my'(—2), which equals —X y(—z), we know that both
(mn(x)/N)zez and (my+1(2)/N)zez converge in law to (—U(—x))zez by Corollary 5.1.6. Let
pn be the law of (7 (2)/N)zez on the space R” and vy the law of (7ny1(2)/N)zez. The
laws p 41 and vy only differ by multiplying the corresponding random variables with a factor
NLH. Since the dynamics do not change under monotone relabeling of classes, and division
by N is such a monotone relabeling, we have for any bounded function f on R

/ F(n)dvn () = / Py f (n)dpun (1) (5.137)

where Pj is the one-step evolution operator for the process. Since both uy and vy converge
to the law of (—=U(—x))zez, this proves the statement. O

The following conjecture is known for multi-class TASEP and ASEP respectively proven
in [Lig76] and [FKS91] respectively. However, for the stochastic six-vertex model no proof of
this seems to be in the literature, see also [ANP23, Remark 7.9].

Conjecture 5.8.5 (Uniqueness of Stationary Translation-invariant Measures). For \p €
(0,1) with >~} _y A\x = 1, there is a unique ergodic stationary measure for the n-class stochastic
siz-vertex process on the line with P(no(x) = k) = Ag.

The existence can be derived abstractly from a compactness argument. Recently in
[ANP23] such measures have also been constructed in a way that is amenable to calculating
marginals. It should be possible to prove uniqueness in a similar way to the analogous results
for ASEP and TASEP, using the corresponding result for the single-class process, which is
proven in [Agg20].

Given this conjecture, one can conclude the following

Proposition 5.8.6. Given Conjecture 5.8.5 the ergodic stationary measures for the stochastic
siz vertex model (on the line) are the ergodic stationary measures for the multi-class ASEP
speed process.

Proof. This follows from Conjecture 5.8.5 together with the observation that the stationary
measures constructed for both ASEP and the stochastic six vertex model in [ANP23] are
actually identically. This can be seen by noticing that the stationary measures in [ANP23,
Theorem 3.3] when specialized to ASEP, as done in [ANP23, Section 4.2] and considered on
the line instead of the cylinder, are exactly the stationary measures in [ANP23, Section 7.3]
for the stochastic six vertex model. O

This result implies the following connection between the stochastic six vertex speed pro-
cess and the ASEP speed process.

Theorem 5.8.7. Let f be the unique increasing map from [—k, —k~'] to [~1,1], which maps

a random variable with density 2(T\/El)|xr%1z€[—n,—n*1] to uniform random variable in [—1,1].

Given Congecture 5.8.5, if U is sampled according to the stochastic six vertex speed process.
Then

(f(=U(=2)))zez
has the same law as the ASEP speed process.
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Proof. Note first that, since f is increasing, and the dynamics only considers the relative
ordering of the labels, (f(—U(—x))).ez is still stationary for the stochastic six-vertex process.
Given any (A\g)g=1,.. n which satisfy ;' Ay, = 1, consider the increasing map ¢ from [—1, 1]
to {1,...,n} such that ¢* is an interval of length 2)\;. By the merging property (¢ o
f(=U(—x)))zez is a stationary measure for the n-class stochastic six-vertex process. By the
definition of ¢ and f it also satisfies

Plpx o f(=U(0)) = k] = M-

Ergodicity is also inherited from U. By Conjecture 5.8.5 there is only one such measure, and
by Proposition 5.8.6 this is the same as the unique ASEP stationary measure with the same
densities. If one denotes by U a sample of the ASEP speed process, this implies that

(dr 0 f(=U(=2)))wez = (62 0 U(x))sez, in law.

This equality is satisfied for all ¢y, and this set of functions is sufficiently large to determine
all the marginals of the speed processes, as was outlined in [AAV08]. It follows that

(f(=U(=2))zez = (U())sez, in law,

as desired. ]

5.A Hydrodynamic limit and weak convergence

In this section we will give a summary of the hydrodynamic limit and local statistics for the
stochastic six-vertex model proved in [Agg20], specialized to the step initial conditions on the
corner. We will then use these results to show the weak convergence of %, which mirrors
the arguments for ASEP from [FK95].

We will work with the single-class stochastic six-vertex model on the quadrant, i.e. as
process (1:(2))ztez-, taking values in {0, 1}.

To state the hydrodynamic limit, we define the function ¢ as

. kp
e(p) = CErFSE

where we recall that k = }:Z;. This function encodes the “slope relation” of the stochastic

six-vertex model (see [Agg22]). In particular, if the stochastic six-vertex model is run from
ii.d. Bernoulli(p) initial conditions on the bottom and i.i.d. Bernoulli(¢(p)) from the left,
the process is stationary under space time shifts. Furthermore the asymptotic speed of a
single second-class particle added to such initial conditions will be given by ¢’(p).

We can now state the general hydrodynamic limit in [Agg20, Theorem 1.1]. This is stated
for the stochastic six-vertex model on the Torus. Let T be the discrete torus Z/NZ and T
the torus R/Z.

Theorem 5.A.1 (Theorem 1.1 from [Agg20]). Consider initial conditions nd (x) : TN —
{0,1} which approximate a profile po : T — [0, 1], in the sense that

Ny) y

tim sup | > 0~ [ mla)| =0.

N—oo gy i= | Nx) o

Let (pi(x))i>0.2er be the entropy solution of the partial differential equation

(o) + 5 (i) = 0 (5138)
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with nitial condition given by pg. Then uniformly on compact sets, we have the following
convergence in probability:

NT NX

1 N T X
Jim 2@ = [ [ s

t=0 =0

This theorem gives the expected density of particles at large times and scales. It is sup-
plemented by the following local statistics result, given in [Agg20, Theorem 1.3], which states
that whenever p;(z) is continuous at (z,t) the system will be approximately at equilibrium,
that is the microscopic behavior around ny(Nx) will approach a stationary measure.

Theorem 5.A.2 (Theorem 1.3 from [Agg20]). In the setting of Theorem 5.A.1, consider a
point (t,xz) such that pi(x) is continuous at (t,x), and fix an integer k > 1. Then the law of

[Uf\szﬁs( [Nz + y)]ye[[—k,k]],se[[(),k]]

converges in law to the stationary process started from i.i.d. Bernoulli(pi(z)) random vari-
ables and restricted to the rectangle [—k, k] x [0, k].

To prove the weak convergence we will now need the following consequence of these
theorems.

Corollary 5.A.3. Letn : Z — {0, 1}, be the stochastic six vertex process on the line started
from no(z) = 1,<0 and « be a positive real number. Then

Jim Pln(at) =1 = pi(a)

where
1 if 2 <kt
pelx) = § VUL ifrl<z<g (5.139)
0 if T >k

is the unique weak solution to (5.138) from po(z) = 1z<o.

Proof. Since Theorems 5.A.1 and 5.A.2 are stated on the torus, we need to connect the
process on the line with the process on a torus. Let B be some integer, which will later
be chosen to be large. Let 7 be the stochastic six-vertex model on the line started from
step initial conditions and n,fv : T2B°N+L {0,1}, be the stochastic six-vertex process on
T2B*N+1 gtarted from the initial conditions

NT 1, for —B?N <z<0
n(r) =

0 else,

where we identify the torus T28°N+1 with the set [-B3N, B3N]. Then by [Agg20, Propos-
ition 5.7] the processes 17 and ™ can be coupled to agree on the interval [~BN, BN] until
time BN with probability 1 — exp —BN, if B is large enough such that B2N — ‘f{)\; > BN.
Assuming further that B is large than «, we obtain

[Py (aN)] — Py (aN)]| < exp —BN .

Therefore it remains to apply Theorem 5.A.2 to n". Note that the PDE (5.138) is invariant
under scaling space and time by the same factor, and we can therefore also consider p;
defined on the torus of size 2B3, which simplifies the notation. The initial condition of nv
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approximate initial conditions p (z) = 1,c/_p2o) on the torus of side-length 2B3 identified
with [~B3, B3]. By Proposition 5.3 and Remark 5.4 of [Agg20], the solution p; of (5.138)
for these initial conditions and p; (the solution for step initial conditions on R) agree at time
t on [-B? + ct, B? — ct], where ¢ = max,ep.-1,4 ¢ (). Given B large enough such that
B? — ¢ > q, this implies that

pi(@) = pi(a).
Applying Theorem 5.A.2 with £k = 0,t = 1 and x = « gives the desired result. O

Proposition 5.A.4 (Weak Convergence of the Speed of the Second-Class Particle). Let X,
be the position of the second-class particle under step initial conditions with a single second-
class particle at the origin, as in Theorem 5.1.1 and let pi(x) be given by (5.139). Then the
asymptotic speed of the second-class particle % converges weakly to a random variable with
density
3

2(;/3{2 Litcpcsn - (5.140)
Proof. Consider step initial conditions (for the single-class model), i.e. ng(z) = 1,<0, and let
o be the same initial conditions shifted by 1 to the right i.e. no(x) = 1;<0. Let (n:)r>0 and
(M¢)¢>0 be the two stochastic six-vertex processes started from these initial conditions, with
the height functions made unique by the choice that ho(1;n) = ho(1;7) = 0. In particular
ho(0;m) = 0, but ho(0;77) = 1. We will couple them in two different ways. The first coupling 7
is given by the multi-class stochastic six-vertex model with step initial conditions and a single
second-class particle at the origin, i.e. the setup of Theorem 5.1.1 and of this proposition.
Denote the position of the second-class particle at time ¢ with Xy, as above. The second
coupling 79 is given by the deterministic shift i.e.

Py [Me(2) = me(x — 1)] = 1.

We will now calculate E[h¢(z;7) — he(z;n)] under both of these couplings. Under 7 the
configurations are identical except for the second-class particle and so the height functions
agree for all (z,t) such that z > X; and h¢(x;n) = he(x;7) — 1 for (z,t) such that x < X;.
This gives

By [he (a5 1) — he(;m)] = Plo < X

Under 7o the height functions are related by deterministic shift hi(z;7) = hi(x — 1; 1) and
therefore

Ery [he(2;m) — he(2; )] = Eny [Pe(2 — 1;m) — he(2s )] = E[mpe(z — 1)] .

By the linearity of expectations, E[h:(z;7) — hi(z;n)] does not depend on the coupling
we take and therefore we obtain the following identity:

Ple < X] = Elni(e — 1)].

Choosing = = |«at| we obtain
X
P | > o] =Bin(lar) - 1)L

By Corollary 5.A.3 the right hand side converges to p;(«). Therefore % converges weakly
to the random variable with density

VE s

—py () = mx 2l-1<p<h s

which proves the proposition. ]



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

242 CHAPTER 5. THE STOCHASTIC SIX-VERTEX SPEED PROCESS

Bibliography

[AAV08]  Gideon Amir, Omer Angel, and Benedek Valk’o. The TASEP speed process.
Annals of Probability, 39:1205-1242, 2008.

[AB19] Amol Aggarwal and Alexei Borodin. Phase transitions in the ASEP and
stochastic six-vertex model. Ann. Probab., 47(2):613-689, 2019.

[ABGM21] Gideon Amir, Ofer Busani, Patricia Gongalves, and James B. Martin. The
TAZRP speed process. Annales de I’Institut Henri Poincaré, Probabilités et Stat-
istiques, 57(3):1281 — 1305, 2021.

[ACG23] Amol Aggarwal, Ivan Corwin, and Promit Ghosal. The asep speed process.
Advances in Mathematics, 422:109004, 2023.

[ACH24] Amol Aggarwal, Ivan Corwin, and Milind Hegde. Scaling limit of the colored
asep and stochastic six-vertex models. arXiv preprint arXiv:2403.01341, 2024.

[Agg16] Amol Aggarwal. Current fluctuations of the stationary asep and six-vertex model.
Duke Mathematical Journal, 167:269-384, 2016.

[AgglT] Amol Aggarwal. Convergence of the stochastic six-vertex model to the ASEP:
stochastic six-vertex model and ASEP. Math. Phys. Anal. Geom., 20(2):Paper
No. 3, 20, 2017.

[Aggl8] Amol Aggarwal. Dynamical stochastic higher spin vertex models. Selecta Math.
(N.S.), 24(3):2659-2735, 2018.

[Agg20] Amol Aggarwal. Limit shapes and local statistics for the stochastic six-vertex
model. Communications in Mathematical Physics, 376(1):681-746, May 2020.

[Agg22] Amol Aggarwal. Nonexistence and uniqueness for pure states of ferroelectric six-
vertex models. Proceedings of the London Mathematical Society, 124(3):387-425,
2022.

[ANP23] Amol Aggarwal, Matthew Nicoletti, and Leonid Petrov. Colored Interacting
Particle Systems on the Ring: Stationary Measures from Yang-Baxter Equation,
2023.

[BB19] Alexei Borodin and Alexey Bufetov. Color-position symmetry in interacting
particle systems. The Annals of Probability, 2019.

[BCG16]  Alexei Borodin, Ivan Corwin, and Vadim Gorin. Stochastic six-vertex model.
Duke Mathematical Journal, 165(3):563 — 624, 2016.

[BFP14]  Jinho Baik, Patrik Lino Ferrari, and Sandrine Péché. Convergence of the two-
point function of the stationary TASEP. In Singular phenomena and scaling in
mathematical models, pages 91-110. Springer, Cham, 2014.

[BG19] Alexei Borodin and Vadim Gorin. A stochastic telegraph equation from the six-
vertex model. Ann. Probab., 47(6):4137-4194, 2019.

[BOO06] Alexei Borodin and Grigori Olshanski. Meixner polynomials and random parti-

tions. Mosc. Math. J., 6(4):629-655, 771, 2006.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

BIBLIOGRAPHY 243

[BO17]

[Borl§]

[BP18]

[BS10]

[BSS22]

[BSS24]

[Bus23]

[CD18]

[CGST20]

[CP07]

[CP13]

[CP16]

[CT17]

[DL23]

[DLM24]

[FGN19]

[FK95]

Alexei Borodin and Grigori Olshanski. The ASEP and determinantal point pro-
cesses. Comm. Math. Phys., 353(2):853-903, 2017.

Alexei Borodin. Stochastic higher spin six vertex model and Macdonald measures.
J. Math. Phys., 59(2):023301, 17, 2018.

Alexei Borodin and Leonid Petrov. Higher spin six vertex model and symmetric
rational functions. Selecta Math. (N.S.), 24(2):751-874, 2018.

Marton Balazs and Timo Seppéldinen. Order of current variance and diffusivity
in the asymmetric simple exclusion process. Ann. of Math. (2), 171(2):1237-1265,
2010.

Ofer Busani, Timo Seppéldinen, and Evan Sorensen. Scaling limit of the TASEP
speed process. arXiw preprint arXiw:2211.04651, 2022.

Ofer Busani, Timo Seppélainen, and Evan Sorensen. Scaling limit of multi-type
invariant measures via the directed landscape, 2024.

Ofer Busani. Diffusive scaling limit of the Busemann process in last passage
percolation, 2023.

Ivan Corwin and Evgeni Dimitrov. Transversal fluctuations of the ASEP,
stochastic six vertex model, and Hall-Littlewood Gibbsian line ensembles. Comm.
Math. Phys., 363(2):435-501, 2018.

Ivan Corwin, Promit Ghosal, Hao Shen, and Li-Cheng Tsai. Stochastic PDE
limit of the six vertex model. Comm. Math. Phys., 375(3):1945-2038, 2020.

Cristian F. Coletti and Leandro P. R. Pimentel. On the collision between two
PNG droplets. J. Stat. Phys., 126(6):1145-1164, 2007.

Eric Cator and Leandro P. R. Pimentel. Busemann functions and the speed of a
second class particle in the rarefaction fan. Ann. Probab., 41(4):2401-2425, 2013.

Ivan Corwin and Leonid Petrov. Stochastic higher spin vertex models on the line.
Comm. Math. Phys., 343(2):651-700, 2016.

Ivan Corwin and Li-Cheng Tsai. KPZ equation limit of higher-spin exclusion
processes. Ann. Probab., 45(3):1771-1798, 2017.

Hindy Drillick and Yier Lin. Strong law of large numbers for the stochastic six
vertex model. Electron. J. Probab., 28:Paper No. 148, 21, 2023.

Sayan Das, Yuchen Liao, and Matteo Mucciconi. Lower tail large deviations of
the stochastic six vertex model. arXiv preprint arXiv:2407.08530, 2024.

P. L. Ferrari, P. Ghosal, and P. Nejjar. Limit law of a second class particle in
TASEP with non-random initial condition. Ann. Inst. Henri Poincaré Probab.
Stat., 55(3):1203-1225, 2019.

P. A. Ferrari and C. Kipnis. Second class particles in the rarefaction fan. Annales
de 'ILH.P. Probabilités et statistiques, 31(1):143-154, 1995.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

244

[FKS91]

[FMP09)

[FPO5]

[Gonl14]

[GS]

[GS92]

[GSZ19]

[Har78]

[Lig76]

[Lin20]

[LMO1]

[LMRO2]

[LS23]

[MGO5]

[Paus3s]

[PW13]

[QVO07]

CHAPTER 5. THE STOCHASTIC SIX-VERTEX SPEED PROCESS

Pablo A Ferrari, Claude Kipnis, and Ellen Saada. Microscopic structure of travel-
ling waves in the asymmetric simple exclusion process. The Annals of Probability,
19(1):226-244, 1991.

Pablo A. Ferrari, James B. Martin, and Leandro P. R. Pimentel. A phase trans-
ition for competition interfaces. Ann. Appl. Probab., 19(1):281-317, 2009.

Pablo A. Ferrari and Leandro P. R. Pimentel. Competition interfaces and second
class particles. Ann. Probab., 33(4):1235-1254, 2005.

Patricia Gongcalves. On the asymmetric zero-range in the rarefaction fan. J. Stat.
Phys., 154(4):1074-1095, 2014.

Promit Ghosal and Guilherme L. F. Silva. Six-vertex model and the Meixner
ensemble. In preperation.

Leh-Hun Gwa and Herbert Spohn. Six-vertex model, roughened surfaces, and an
asymmetric spin hamiltonian. Phys. Rev. Lett., 68:725-728, Feb 1992.

Promit Ghosal, Axel Saenz, and Ethan C. Zell. Limiting speed of a second class
particle in ASEP, 2019.

T. E. Harris. Additive set-valued Markov processes and graphical methods. Ann.
Probability, 6(3):355-378, 1978.

Thomas M Liggett. Coupling the simple exclusion process. The Annals of Prob-
ability, pages 339-356, 1976.

Yier Lin. KPZ equation limit of stochastic higher spin six vertex model. Math.
Phys. Anal. Geom., 23(1):Paper No. 1, 118, 2020.

Matthias Lowe and Franz Merkl. Moderate deviations for longest increasing sub-
sequences: the upper tail. Communications on Pure and Applied Mathematics: A
Journal Issued by the Courant Institute of Mathematical Sciences, 54(12):1488—
1519, 2001.

Matthias Lowe, Franz Merkl, and Silke Rolles. Moderate deviations for longest in-
creasing subsequences: the lower tail. Journal of Theoretical Probability, 15:1031—
1047, 2002.

Benjamin Landon and Philippe Sosoe. Tail estimates for the stationary stochastic
six vertex model and ASEP. arXiv preprint arXiv:2308.16812, 2023.

Thomas Mountford and Hervé Guiol. The motion of a second class particle
for the TASEP starting from a decreasing shock profile. Ann. Appl. Probab.,
15(2):1227-1259, 2005.

Linus Pauling. The structure and entropy of ice and of other crystals with some
randomness of atomic arrangement. Journal of the American Chemical Society,
57(12):2680-2684, 1935.

Yuval Peres and Peter Winkler. Can extra updates delay mixing? Comm. Math.
Phys., 323(3):1007-1016, 2013.

Jeremy Quastel and Benedek Valko. ¢'/3 Superdiffusivity of finite-range asym-
metric exclusion processes on Z. Comm. Math. Phys., 273(2):379-394, 2007.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

BIBLIOGRAPHY 245

[Rez95]

[Wid02]

Fraydoun Rezakhanlou. Microscopic structure of shocks in one conservation laws.
Ann. Inst. H. Poincaré C Anal. Non Linéaire, 12(2):119-153, 1995.

Harold Widom. On convergence of moments for random young tableaux
and a random growth model. International Mathematics Research Notices,
2002(9):455-464, 2002.



	Introduction
	Superdiffusivity
	Brownian particle in the curl of the Gaussian Free Field
	The stochastic Burgers equation
	Generators and Gaussian Chaos Decomposition
	Variational approach
	Truncated resolvent equation
	Iterative estimates
	Replacement Lemmas
	Weak and strong coupling results

	The near-critical dimer model and massive SLE
	The critical dimer model and SLE2
	Discrete Girsanov-Itô
	Resolvent identities
	Identification of the limit

	The stochastic six-vertex speed process
	The model
	Shocks, rarefaction fans and 2nd class particles
	Main results
	The particle process
	Stationary measures
	Local equilibrium and the hydrodynamic limit: a heuristic
	Proof sketch for Theorem 1.3.2
	Tail bounds
	The speed process

	Bibliography

	Diffusion in the curl of the Gaussian free field
	Introduction
	The model and main result
	Main result

	Preliminaries
	The generator equation and the diffusivity
	Operator recursive estimates
	Generalities about the operators
	Proof of Theorem 2.4.2

	Proof of Theorem 2.2.2
	Technical estimates
	Bibliography

	Stochastic Burgers equation
	Introduction
	Scaling, Regularization and Green-Kubo formula

	Preliminaries
	Notation
	Chaos Decomposition
	The Generator

	Truncated Resolvent Equation
	Iterative Estimates
	Proof of the main theorem
	Replacement Lemmas
	Heuristic Derivation of the Green Kubo Formula
	Bibliography

	Near-critical dimers and massive SLE2
	Introduction
	Off-critical dimer model.
	Temperleyan boundary conditions.
	Temperley's bijection.
	Massive SLE2.
	Main results
	Exact Girsanov identity
	Conformal covariance; loop-erased random walk with drift
	Comments and open problems
	Notation and Scaling

	Girsanov identity; proof of Theorems 4.1.1 and 4.1.2
	Temperley's bijection on the hexagonal lattice
	Proof of Theorem 4.1.4 and relation to massive walk
	Statement of the theorem about LERW
	Discrete Girsanov on the square lattice

	Convergence of massive LERW on the triangular lattice
	Convergence of domains and curves
	Absolute continuity with respect to classical SLE
	Convergence of the Green function
	Convergence of discrete massive Poisson kernel
	Proof of the main statement

	Convergence of massive LERW on general planar graphs
	Poisson kernel for Brownian motion with mass
	Convergence of discrete Poisson kernel
	Density and absolute continuity with respect to classical SLE2
	Resolvent identity
	Derivative resolvent identity
	Identification of LERW limit: proof of Theorem 4.4.1

	Scaling limit of the LERW with drift and conformal covariance
	Continuum hitting probabilities
	Discrete crossing, Beurling estimates
	Bibliography

	The stochastic six-vertex speed process
	Introduction
	Preface
	The stochastic six-vertex model as an interacting particle system
	Proof Ideas
	Controlling a Second-Class Particle by Third-Class Particles
	Tail Bounds for the Height Function
	Proof Sketch
	Structure
	Notation

	The basic coupling
	Number of overtaking third-class particles
	Effective hydrodynamic estimates
	Proof of Proposition 5.1.8
	Proof of Proposition 5.1.9
	Fredholm Determinant Estimates

	From linear trajectories to the proof of the main theorem
	From hydrodynamic events to linear trajectories
	From effective hydrodynamics to hydrodynamic events
	Symmetry and stationarity of the speed process
	Hydrodynamic limit and weak convergence
	Bibliography


