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Abstract

For functions u € H'($2) in a bounded polytope Q@ € R¢ d = 1, 2, 3 with plane sides
ford = 2, 3 which are Gevrey regular in ©\.% with point singularities concentrated at
aset.” C Q consisting of a finite number of points in Q, we prove exponential rates
of convergence of hp-version continuous Galerkin finite element methods on affine
families of regular, simplicial meshes in €2. The simplicial meshes are geometrically
refined towards .¥ but are otherwise unstructured.

Mathematics Subject Classification 65N30

1 Introduction

Many nonlinear PDEs admit solutions which are smooth in a bounded, polytopal
domain Q C R, but exhibit isolated point singularities at a set . C €. We mention
only nonlinear Schrodinger equations with self-focusing, density functional models
in electron structure calculations (eg. [3,6,7,17] and the references there), nonlinear
parabolic PDEs with critical growth (eg. [22,29] and the references there, or continuum
models of crystalline solids with isolated point defects (eg. [25] and the references
there).

We prove an exponential convergence result for C%-conforming p-FEM on regu-
lar, simplicial mesh families with isotropic, geometric refinement towards the singular
point(s) ¢ € .. These meshes are in addition required to be shape-regular. This type
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of mesh arises for example in adaptive bisection-tree refinements. Specifically, for
singular solutions u € H 1(€) in the bounded domain  C R9, d = 2,3 which
belong, in addition, to a countably normed space with non-homogeneous, radial
weights as introduced, for example, in [4,13], and with Gevrey-regular growth of
derivatives in Q\.7, we construct a sequence {/ ,}:,p }n of continuous, piecewise poly-
nomial (quasi-)interpolation operators on sequences of regular, simplicial partitions
that are geometrically refined towards . with exponential convergence in H'(£):
for a bounded domain  c R? and for functions u € H'(€2) N G4(Q), a class of
8-Gevrey-regular functions in 5\5” (to be defined in (8) below), there exist constants
b, C > 0 which depend on €2 and on u, such that for all N

exp(—bNT7)  §>1,

s\ —b(1-3 )
[(NTFa)~b0=8) <5< 1.

h
lu = I ull iy < C

Here, d = 2, 3 denotes the space dimension and N denotes the number of degrees
of freedom in the 2p-FE approximation, I'(-) denotes the Gamma function and § > 0
denotes the Gevrey regularity parameter.

Since the pioneering work [4], Gevrey regularity of solutions has been verified in
a number of nonlinear partial differential equations; we mention only incompressible
Euler [9] and KdV equations [10].

Note also that § = 1 corresponds to functions which are analytic in \. which
case was considered in [2,12,15,16,19-21]. In the presently considered case § > 1,1i.e.
smooth but non-analytic functions u are admitted. This precludes the use of analytic
continuation into Bernstein Ellipses and of classical complex variable methods of poly-
nomial approximation to establish exponential convergence rate bounds. We therefore
opt here for tensorized univariate hp-projectors with analytic error bounds (being
explicit in the polynomial degree and in the regularity parameter). Approximations on
tetrahedral elements 7' are obtained by restricting the resulting local hp-interpolants
from a corresponding parallelepiped K7 containing 7. Rendering the tensorized A p-
interpolant well-defined in K7 requires K7 C . In Lemma 1, we show that this
requirement can be achieved in regular, geometric meshes of triangles resp. tetrahedra
with sufficient refinement, in any bounded polytope 2.

The rate (1) coincides, in the cases d = 1, 2 and for analytic solutions, i.e. when
6 = 1, with the exponential convergence rate bounds obtained in [18,19] for corner
singularities on structured geometric meshes (consisting of axiparallel quadrilaterals
with inserted triangles to remove irregular nodes). In space dimension d = 3, (1)
generalizes the ip-approximations in [30, Sec. 5.2.2] in the case of vertex singularities,
for meshes of axiparallel hexahedra to unstructured, tetrahedral meshes with geometric
refinement towards .. For 0 < § < 1 we obtain super-exponential convergence rate
bounds, which benefit from the higher regularity of u.

The structure of the note is as follows: in Sect. 2, we introduce a model problem,
the geometric assumptions on the singularities, and precise the analytic regularity in
countably normed, weighted Sobolev spaces with radial weight functions. In Sect. 3,
we introduce the hp-version FEM; we specify in particular the assumptions on the
simplicial, geometric meshes, on the elemental polynomial degrees, and on the def-
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inition of the hp FE spaces. Sect. 4 contains a proof of the exponential convergence
bound in H' () on regular, simplicial geometric mesh families.

2 Analytic regularity

Analytic regularity is characterized in countably normed weighted Sobolev spaces
which have been introduced and used in exponential convergence estimates in anumber
of references; we only mention [2,13,18-21] and the references there. Here, we denote
by . C Q the set of singular points c; we consider solutions u € H' () which are
smooth in Q\.7 so that the singular support of u coincides with .. We work under
the following separation assumption on ..

The singular set . consist of a finite number of isolated points ¢ € Q. 2)

Assumption (2) implies (2, .) := min{dist(c,¢’) : ¢,c’ € S, ¢ # '} > 0,
and allows to partition the set 2 into |.¥’| many disjoint neighborhoods w, of the
singularities ¢ € .. We set denote Q¢ := Q\Ucey we.

2.1 Weighted Sobolev spaces: Gevrey classes
We characterize analytic regularity of singular solutions by weighted Sobolev spaces.
To define these, we introduce distance functions:

re(x) = dist(x, ¢), xeR, ce. 3)

With ¢ € . we collect all singular exponents 8. € R in the “multi-exponent”

B={B:ce S eRI, )

We assume for d = 3 ( > s and B =+ s being understood componentwise for
s €R)

bi=—1-B¢€(0,1/2), ie. —3/2 <p< —L 5)

For d = 2, we assume for some ¢ > 0 that

b::—l—ée(O,e), ie. —1—¢ <E<—1. (6)

We consider the inhomogeneous, weighted semi-norms |u| V@) given by (cp. [13,
Definition 6.2 and Equation (6.9)], [2] and [20]), a

2 _ 2
|M|Ng(9) - |M|Hk(Q())
2
" Z Z Hrzpax{ﬂchlal,O}Dau||L2(wc), keNp. (7
ce.s o(ENg
| =k
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We define the inhomogeneous weighted norm |u|| V() by ”u”%\’Z’(Q) =

2
Np(@)

Here, |u|gm (g, signifies the Hilbertian Sobolev semi-norm of integer order m on
Qo, and D* denotes the weak partial derivative of order o € N‘é . The space N "531 ()

m
k=0 |ue]

is the weighted Sobolev space obtained as the closure of C§°(£2) with respect to the
norm ||-[y g)-

Remark 1 (i) Under (5), for  c R3 holds Ng(sz) c H't9(Q) for some # > 1/2
and hence N;(Q) c C%Q): choose 0(B) = 1 — Bn — ¢ in [20, Thm. 3.5] with

Bmi=—1—pB.€(0,1/2),and 0 < & < 1/2 — B = 3/2 + Bc. (ii) In dimension
d = 2,i.e. for @ c R2, we find under the assumption (5) that Né(Q) c H'*(Q) for

some € > 0, so that for d = 2 holds Né(Q) c C%(2) with continuous embedding.
(iii) The spaces N 21 () are closely related to the nonhomogeneous, weighted spaces

of type J;” () which arise in connection with the Mellin transformation of elliptic
problems in conical domains. We refer to [12] for a definition and properties of the
spaces ];”(Q).

(iv) The spaces N /’S"(Q) are related to the weighted Sobolev spaces introduced by
Babugka and Guo [2,20] in space dimension d = 2 and d = 3, resp. For example,
in space dimension d = 3, the weighted seminorm of order k > 2 in (7) coincides
with with the vertex-weighted seminorm Hy'" defined in [20, page 83, top] for [ = 2,
if we note that for / = 2 and |¢|] = k& > 2 in [20], the vertex-weight function
<I>g”f (x) = |x|Pntlel=l = |x|Pntk=2 Comparing with the weighted seminorm in (7)
yields 8. = —1 — B, so that the condition 8,, € (0, 1/2) in [20, Thm. 3.5] translates
into the condition 8. € (—1, —3/2) in item (i) above.

With N g(Q) as defined in (7), for § > 0 we define the 5-Gevrey regular class of

solutions with point singularities at . by

8 . k . k+1 8
S Q) = | |N Q) :3AC 0 s.t. <C k"’ Vk eNpg.
gé( ) {M € W E( ) u=>VUs |u|N§(Q) <C,7 (k) € 0}

®)

We mention that in the case § = 1 and space dimension three, the norm in the
definition (8) of the Gevrey class gg (; Q) coincides with the norm for the analytic

class Bg(; Q) introduced in [13, Definition 6.9-6.11] in three space dimensions,
and, by the observation in Remark 1, (iv), and the Definition of the countably normed
spaces B}, in [20, Page 83,top] with [ = 2.

In two space dimensions, it equals the weighted analytic classes introduced in
[19,20]. All ensuing approximation results in particular apply for this analytic solution
class, as has been indicated in [31,32]. Naturally, the present construction parallels
earlier constructions in particular cases; for example, the polynomial trace lifting in
Sect. 4.2.6 is identical to the analytic case in [32].
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2.2 Examples of boundary value problems with Gevrey-regular solutions

Large classes of linear and nonlinear elliptic boundary value and eigenvalue problems
with analytic input data admit solutions in the analytic class gg (75 Q) with § = 1.

We refer to, e.g., [4,13,21] and also [17] for electron structure models, [2,13,21] for
elliptic problems in polyhedral domains, and [27] and the references there for nonlinear
Schrodinger eigenvalue problems.

2.2.1 Linear elliptic boundary value problems in polygons

In space dimension d = 2, let 2 denote a polygon with straight sides. Consider the
model Dirichlet boundary value problem

—V-(Ax)Vu) = f inQ, ulpg=0. &)
In (9), we assume that A(x) = (a;;(x))1<i,j<2 and f(x) are analytic in Q and that

the matrix function x — A(x) € IR%;‘,,% is uniformly positive definite: there exists
a > 0 such that for every £ € R? holds

ess inf £ A(x)E > alE|>.
xeQ

The unique, weak solution u € V = H(} (2) of (9) exists by the Lax—Milgram
Lemma, and satisfies the weak form of (9): find

ueV a(,v)=(f,v) YveV. (10)

For a closed subspace Vy C V, approximate solutions uy € Vy of (10) are
obtained by Galerkin projection: find

uy € Vy a(uy,v) = (f,v) Yve Vy. (an
The approximate solutions uy exist, are unique and quasioptimal:

lu —unlly <C inf |lu—vly. (12)
veVy

Convergence rates of sequences {uy}y of approximate solutions thus depend on (a)
the choice of Vy and (b) on the solution regularity.

For problem (10), it has been shown in [2] that the solution u € G 81 (2). For {Vn}n
being a sequence of so-called hp-FE spaces (to be defined in the next section), we
recover from (12) and (1) (with § = 1 and d = 2) the exponential convergence rate
exp(—b~/N) already obtained in [18,31]. Gevrey regularity in conical domains for
Gevrey-regular data A and f for solutions u of (10) was first obtained in [4].

@ Springer



328 M. Feischl, Ch. Schwab

2.2.2 Three-dimensional problems

For the analog of (9) in polyhedral domains €2, the regularity classes gg(sz) are not
adequate, as even for analytic data A and f, the solutions are locally analytic in
€2, but exhibit apart from corner singularities also so-called edge-singularities. Their
precise mathematical description mandates more sophisticated function spaces (see,
e.g., [13,20] and the references there and [30] for exponential convergence results for
hp-FEM.

However, in large classes of applications, solutions are Gevrey regular with point
singularities only. We mention only the source problem (10) in domains €2 which
exhibit isolated vertices, e.g. conical domains with a smooth (analytic) base, such as
circular cones with apex c (see, e.g., [23]).

Another important class of problems arises from mathematical models of quantum
chemistry (see, e.g., [6,7] and the references there). For instance, consider the nonlinear
Schrodinger EVP: find A € R and 0 # u € H'(R?) such that

Lu=—Au+Vu+|ulu=>iu in R3 . (13)

Here, for analytic potentials V which become singular at a finite set.# C R3 ofisolated
points, eigenfunctions u belong to G é(Q) for compact sets  C R? containing .# in
their interior, see [17,26] and [27, Thm. 7]. Quasioptimality in H 1(Q) of Galerkin-
FEM for the EVP (13) can be found, for example, in [6,7].

3 hp-Finite element spaces

The hierarchies of FE spaces which underlie the #p-FEM are based on two key ingredi-
ents: (i) geometric mesh families My« = { M (11)}(20 and (ii) simultaneous refinement
of meshes and polynomial degree distributions. They also exhibit (iii) a layer-structure
among the Finite Elements T € .#© which we describe next.

3.1 Geometric mesh families 9y

For two parameters 0 < x,0 < 1, we consider in the bounded polyhedron Q2 geo-
metric mesh families M., = {#©}>1 of geometrically refined, regular simplicial
triangulations .#© € 9, ,. Here,the parameter £ denotes roughly the number of
refinements towards the singularities. The meshes .Z € M, , are regular partitions
of the polyhedron €2 into a finite number of open simplices (triangles in space dimen-
sion d = 2, tetrahedra in space dimensiond = 3) T € .4 ) Here, regular means that
for every .# € My o, the intersections of closures of any two distinct T, T’ € .4
are either empty, a vertex v, an entire edge e or an entire face f. We assume the
family 90, , to be uniformly «-shape regular: for a simplex T e .#©, we denote
by hy = diam(T) its diameter and by p7 = sup{p > 0|B, C T}, the radius of the
largest ball B, that can be inscribed into T'. For a regular, simplicial mesh .#, the
(nondimensional) shape parameter k (.#) = max{hy/pr|T € .#} is well defined.
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A collection {.#©}y~1 of regular, simplicial meshes is called «-shape regular, if
supy- k(A 1D) <k < o0.

Each simplex T € .#'9 is the affine image of the reference simplex, i.e, it is
defined by T := (£eRl: % >0, Zflzl X;i < 1}, under the affine element map Fr,
ie.

T=F(T), T>x=Fr(X)=Bri+br, $eT. (14)

For a regular, simplicial triangulation .# of Q with k(.#) < oo, the affine ele-
ment maps are nondegenerate: the jacobians By = D Fr in (14) are nonsingular, and
IBrlF < k(A),see, eg., [5, Sec. IT]. The reference simplex T is contained in the unit
cube K = 0, D4; witheach T € .#, we associate aparallelepiped via K7 = FT(K )
and assume that K7 C Q.

Lemma 1 In a bounded polyhedron @ C R> with plane sides, for any given regular
partition A of Q2 into simplices, there exists k € N depending only ond € {2, 3} such
that k fold uniform newest-vertex bisection refinement of 4 guarantees that for each
T € M there exists K7 as described above with KT C Q.

Proof We refine each simplex Ty € .# exactly k-times using newest-vertex-bisection
(NVB) from [34] resulting in the regular simplicial mesh .#} in Q. Since NVB gen-
erates only a bounded number of different shapes in a bounded number of spatial
orientations per element Ty € .# (depending only on d [35, Section 5]), we may
choose k € N such that for each T € .#) with T} C Ty thereexist T', T € U];;i M
such that

1. T, CcT' CcTcCT,
2. T and T’ are similar in the sense T’ = aT + b fora € Rand b € R?.

3.0 <a< (1/4/d—1/2)//4d.

Obviously, we may construct K7, € K7 and it suffices to show that K7v € T. We
define Fr to map the origin to a vertex of T which is closest to a vertex of T”. Thus,
application of Fy- 51mp11ﬁes the situation to 7/ = aT + b C T for b € R? with
bl < 1 /2. Let K ! denote a parallelepiped for which the set of vertices contains all
vertices of T”. Denote b a vertex closest to the ori gin. Then, the distance of every vertex
of K’ to the origin is bounded by v/da + 1/2. Since {X € R? : %; > 0, Zle £ <
1 /\/3} C ? we obtain K/ C T. Reverting the transformation concludes the
proof. O

3.2 Local polynomial spaces

For T € .# the local polynomial approximation space P?(T) = span{x® : |¢| < p}
is the span of all multivariate polynomials on 7" € .# whose total degree does not
exceed p. The space PP (T') is invariant under the affine mapping Fr, i.e.u € PP(T)
if and only 1f u:=uolfkre PP(T) On parallelepipeds K, QP (K) is an affine image
of Q7(K), K = 1% with T = (0, 1), i.e.,

QF(K)=span{3* : 0<ao; <p, 1 <i<d]}. (15)
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For each parallelepiped K7 _associated with a d-simplex 7" € .# with associated
affine element mapping Fr : K — K7 and polynomial degree p > 0, we set

Q" (Kr) = {v e LKD) : (vlxy o Fr) € Q7 (R) . (16)

For polynomial degree p > 1, and for a family of regular, simplicial triangulations
A= M. of ©, we introduce finite element spaces of continuous, piecewise
polynomial functions of total degree at most p on each T e .# ), i.e.

POy = [u c H'(Q) : uly e P/(T), T € ./ ® ] (17)

Typically, hp-FEMs are obtained when the level ¢ of geometric mesh refinement
is tied to the polynomial degree p.

3.3 Mesh layers

A key ingredient in exponential convergence proofs of hp-FEM is geometric mesh
refinement towards the set . of singularities. For a parameter 0 < o < 1, we call a
regular, simplicial mesh family 9, , = {#Z ©y ¢>1 0-geometrically refined towards
S C Qif there exists 0 < o < 1 such that forevery T € .#Y : TN.7 = ¢,
£ =1,2,...holds

diam(T") l (18)

0 T..7) = i)
<o <P =G T S o

We tag members of a o-geometric family 91, , by a subscript o, i.e. we write
éz). A simplicial mesh family 9, » in a polytopal Lipschitz domain € which is
o -geometrically refined towards the singular set . can be generated by the following

algorithm:

Algorithm 1 Input: Initial regular, simplicial mesh . in polytope @ ¢ R?, d =
2, 3. Singular set . C  such that each ¢ € . corresponds to a vertex of some
T € #Y and such that for each T € .#©, T N .7 is either empty or contains
exactly one element of .7

For¢ =0,1,...do:

1. Refine all elements T € .#© with T N .7 #  with NVB.
2. Perform the mesh completion step from [34] a conforming refinement .7 ¢+,

Output: Sequence M = {#Z© : ¢ =0, 1,2, ...} of regular, simplicial partitions
of Q with geometric refinement towards ..

‘We now show that the output of Algorithm 1 can, for each fixed0 < o < 1, be iden-
tified with sequences M, , of regular, simplicial meshes which are o-geometrically
refined towards .7 in .

We start by observing that the mesh completion step 2. in Algorithm 1 from [34]
guarantees that #(.# V) < ¢ .#.7, where the hidden constant depends only on .7
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and .. We next observe that the sequence 9t produced by Algorithm 1 does not
depend on o € (0, 1). Therefore, choosing o € (0, 1) after executing Algorithm 1
we claim that 9T can be identified with a o-geometric family 9, , in sense that (18)
holds.

Proposition 1 For every fixed 0 < o < 1, the output 9t of Algorithm 1 can be
identified with a o-geometric family 9, . In particular, for given 0 < o < 1, for
every £ > d all elements T € .#© can be grouped in mesh-layers: there exists a
partition

MO =00 JgO, (19)
where #‘I,(f) < cg(k,0) and

Dl(f) = D((,e_l) U L1 = £ U V) U..U L1,

for k >~ £1log(2)/]|log(o)| and there exists cx > 0 being independent of ¢ such that
for all £ holds

sc |J T dists,00) > cxol. (20)

Texy)
There exists a constant c(9, ) > 1 with

Vk>1:  #(&) < c(Mio) (2D
and such that, for every T € £ and every k > 1,

1 diam(T')
0< <
C(mk,o) ak

< c(Mye o). (22)

Proof Let .#/ D¢ := (T € .#Y : ¢ € T} denote the set of all elements which
contain a singularity point ¢ € .. Note that by assumption, each 7 contains at most
one point c¢. By definition of newest-vertex-bisection (NVB) in [34, Section 2], each
simplex T € .4 O T = conv(xg, X1, . . ., xg) has an associated refinement edge Er
between xo and x; as well asatag y € {0, ..., d — 1}. The children of T are defined
as

X0 + x4
conv ( xo, — X1y ooy Xd—1

and

X0 + x4

5 ,m,...,xy,xgz_l,ng—z,-.-,xy+1)

conv (xd ,
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with tag ¥’ = (y 4 1) mod d. From this definition, we see thatif c € E7 (i.e.c = x¢ or
¢ = x4), there is exactly one child 77 which contains the singularity and also ¢ € E7.
This shows that once the refinement edge includes the singularity, this remains the
case for all descendants of 7" which include the singularity. Moreover, it is evident
that any vertex of T is part of the refinement edge of one of its descendants 7" after
at least d-bisections. Those two observations imply that for £ > d, the refinement
edge of all T e .# O satisfies ¢ € Er. Hence, any element 7' € .4 O\.#0-¢
satisfies that E7 N T' is at most a single point. Thus, step 1 of Algorithm 1 refines
all elements in . (Y by bisecting their refinement edge and no hanging nodes are
produced. Consequently, the mesh completion step 2 in Algorithm 1 does nothing and
all elements T’ € .4 O\ D¢ are not refined after step £.

Define Sl(f) ={T e #Y : TN =@, " < diam(T) < o*}. Clearly,
the El(f) form a partition of .# ® . Since £,(f) N .#O-c = @ forall c € .%, the above
shows that S,(f) # ¥ and £ > d imply S',(f/) = Sl(f) for all ¢ > ¢. Hence, we define
L = El(f) and write

(//(Z):EloﬂzU...UﬂkU‘z(z),

where T(©) contains all the remaining elements which include a singularity and k is
bounded by k =~ £1og(2)/|log(o)]|.

By shape-regularity, we know that each T € .#® which does not include a sin-
gularity has a similarly sized neighbor between itself and .. Hence, there holds
dist(T, .) = diam(T') with a hidden constant which depends only on .# ©_ On the
other hand, if T € .#©\.#“~ for some ¢ € N, the unique ancestor Ty € .# ¢~V
must satisfy . N Ty # ¥ and hence dist(T,.#) < diam(Tp) < 2diam(T). This
verifies (18).

The remaining properties in the statement follow immediately from the definition.
This concludes the proof. g

Based on Proposition 1, we may assume that ///éz) consists of O(¢) layers. The
terminal layers ’S((f) C //léa in (19) satisfy the following properties.

Proposition 2 There exists a constant ¢z (k, o) > 0 such that for every ///ée) € Me.os
the set ‘Sff) has the following properties: for all £ > 1 holds

(i) #(3Y)) < cx(i,0),
(ii) Yc € .7 : |S§f> Nwe| < cz(k, 0)o?,
i) VT € TV hy < ex(ic, o)at.

Proof Assertion (i) is already stated in Proposition 1 and repeated just for reference.
Property (20) implies that forevery T € ‘Z((TZ), dist(T',.7) < cx(k, o)o . This implies,
with the shape regularity of T, that for every 7' € Sff) holds |T| < ¢ (k, 0)o ‘. This,
in turn, implies assertion (ii). With shape-regularity, we derive (iii) directly from (ii).O

Remark 2 (i) We do not use that fact that the singular supports ¢ € . comprise nodes
of some triangulation .#© € 9M, ,. This implies, in particular, that the ensuing
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exponential convergence proofs remain valid for “nearly coalescing” singular sup-
ports ¢, ¢’ € .: for c, ¢’ € . such that dist(c, ¢’) < o?, both ¢ and ¢’ are contained
in the terminal layers T((,e). There, a low-order quasi interpolant of Clément (resp.
Scott—Zhang) type is used, see Sect. 4.2.8 ahead. The constants in the exponential
convergence bound are uniform in w.r. to dist(c, ¢’). (ii) Due to Prop. 2, item (iii), geo-
metric mesh refinement implies that dist(c, ¢’) is resolved with geometric refinements
with £ > O(|log(dist(c, ¢’))|) many mesh layers.

4 Exponential convergence
4.1 Statement of the exponential convergence result

Theorem 1 Suppose given a weight vector B as in (5) in a bounded polytope Q C R,
d =2, 3, with plane sides resp. faces. N

Then, for every sequence My  (.7) of nested, regular simplicial meshes in Q2 which
are o-geometrically refined towards . and which are «k shape-regular, there exist
continuous projectors H,IZ,U : Nzl_ﬂ () — S§° (//l;e)) with £ ~ p'/% and, for every

u e gg (& Q)) there exist constants b, C > 0 (depending on k, Cy, d, in (8) and on
o) such that there holds the error bound

, exp(—bN 757 ) 5>1,
b= Meotlne <€) (r(wi)) " 0ser P

Here,
N = dim(S” (")) = 0(ep) = 0(p**')%).

If, moreover, u|yq = 0, then (Hf,gu)mgz = 0 and (23) holds.

4.2 Proof

The proof of the approximation result Theorem 1 is based on constructing the projec-
tors IT f,o; our construction will proceed in several steps and we detail it for d = 3, the
case d = 2 being a (minor) modification. First, we review from [30, Section 5] a family
of univariate hp-projections with error bounds which are explicit in the polynomial
degree as well as in the regularity of the functions to be approximated. A correspond-
ing family of polynomial projectors on the unit cube K = (0, 1)? with analogous
consistency error bounds is then obtained as in [30, Section 5] by tensorization and
scaling. We shall use these bounds for a tetrahedron T € fo) C //Zée) € Mo as
follows. By Proposition 1, T € £ for some 1 < k < £ — 1. The (up to orientation)
unique parallelepiped K7 = FT(I? ) associated with 7 € £; has the same scaling
properties as T, in particular (22) also holds for K. For u belonging to the Gevrey
class (8) with weight vector satisfying (5), u € C°(Q) N C®(Q\.¥). For T € DL,
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the pullback ur = u|g, o Fr satisfies on K the same derivative bounds as u |70 Fron
T (with possibly larger constant C,,, depending on «, but independent of £ and of T).
The tensorized hp interpolation operator from [30] on K is therefore well-defined and
allows to construct a polynomial approximation u’T’ e Q? (I/{\ ) with analytic consis-
tency error bounds on K;since T C K, and since Qr (T) C IF’pd(T) the pushforwards
of the restrictions uTlT under the affine mapping Fr : T — T will be local polyno-
mial approximations of degree pd with exponential convergence estimates in H' (7).
Moreover, since the tensorized interpolant is nodally exact in the vertices of K, and
since the set of vertices of 7 is a subset of the set of vertices of K , the pushforwards
0fﬁ¥|f under Fr are nodally exact in the vertices of T .

For elements T € Z(f), we only require a first order approximation property, as
the geometric refinement guarantees the necessary convergence rate. We can not use
nodal interpolation as functions u € gg (-; ) may not be bounded near a singularity
¢ € .. Thus, we construct a quasi interpolation operator on elements in the terminal
layers T € EE,“ that interpolates at those vertices of 7 which are not in ..

By the continuity of u € gg (75 Q) on Q\.7, the resulting global, piecewise

polynomial approximation is nodally exact in all vertices of (//lée) except those which
coincide with singularities ¢ € .. Particularly, the resulting piecewise polynomial
hp-approximation is globally continuous at all vertices of ///(5‘3’. However, it still has
polynomial jump discontinuities across edges and (in space dimension d = 3) faces of
T € My ) which we remove by polynomial trace liftings, preserving the exponential
convergence estimates.

4.2.1 Univariate hp-projectors and hp error bounds

Let I = (—1, 1) be the unit interval. For any k > 1, we write H¥(I) for the usual
Sobolev space endowed with norm ||u| g« ;). Forg > 0, we denote by g0 " L3(I) —
P4 (1) the L?(I)-projection. The following C*~!-conforming and univariate projector
has been constructed in [14, Section 8].

Lemma2 For any p,k € N with p > 2k — 1, there is a projector Tp,  : H*(I) —
PP (1) that satisfies (7T xu)® = 7p_r 0®), and @, ) Pu(E1) := u (£1), for
any j =0,...,k—1.

Moreover, there holds:

(i) Foreveryk € N, there exists a constant Cy > 0 such that
Vu e H (1),Yp = 2%k — 1= || Zpxutll gry < Crllull gy (24)

(ii) Forintegers p,k € Nwith p > 2k — 1,k = p —k + 1 and for u € H*S(I) with
any k < s < « there holds the error bound

W oy
L2

I = Fp a0 P2y = Gy j=01 ko @5)

ay’
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We refer to [14, Proposition 8.4] and [14, Theorem 8.3], respectively, for proofs,
and further references.

4.2.2 Tensor projector on the unit cube

Based on the univariate projectors 7, k, we constructed in [30] polynomial projection
operators on / d — (0, l)d by (a) translation and scaling of the projectors ﬁp, rto (0, 1)
and (b) by tensorization, as follows: for integers k > 0 and d > 1, we define

HE. (Y =H" D e --® H (D), (26)
d—times

where ® denotes the tensor-product of separable Hilbert spaces. These spaces
are isomorphic to Bochner spaces, i.e. H* 19y ~ HAU, HE (1971Y) ~

mix mix

H*. (191, H*(I)). In I¢ of dimension d > 1 and for p > 2k — 1, we define

mix
the projector

nf, = ®A“> L HEL(U > Qra?) @7)

where 7 )k denotes the univariate projector in Lemma 2, applied in coordinate 1 <
i <d. For d, k > 1 there exists a constant Cy 4 > 0 such that for all p > 2k — 1 there
holds the stability bound

”Hi’kUHHrﬁix(ld) = Ck’d”v”Hr]:ziV(Id) (28)
and
Hv h H(li’ kY HHA Lady = = Cka Z lo =, kv”H"(l Hyp (1971) 29)
i=1

We choose throughout what follows & = 2 as in [30], and obtain from (29), (25)

Proposition 3 [30] Assume that the polynomial degree p > 5. Then, for any integers
3 <s < p,and for v € H*"(K), there holds

s+5
773 2 2
lv =550l &) S Wptsm1 DIl ¢ (30)
m=s

where the constant implied in < is independent of s and of p, and where

22(r+3)F(CI +1-7r)

0<r<gq. 31
Tq+1+r) =r=4 Gh
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Moreover, ﬁ;!zv is nodally exact in the vertices of K = (0, 1)3:
(T3 Hv)(x1, %2, X3) = v(x1, %2, 3) Vi € {0, 1}. (32)
4.2.3 Transformation formula

Foru e H k(Q);\and for a simplex T € D((,e), consider the transformation iy =
ulr o Fr € H*(T) for every k > 0. Quantitative bounds on derivatives under affine
transformations Fr in (14) are provided by the transformation formula (eg. [S, Section
11.6.6]).

Lemma3 LetG C R?, d > 2, denote a bounded polyhedron which is affine equivalent
10 G via (14), i.e. G = Fr(G). Forv € H*(G) and for any k € N, the pullback 07 :=
v|g o Fr satisfies with |v|31’T = Z|a|=m ||D"‘v||iz(c) and with the Frobeniusnorm
| BT || F of the matrix Br in (14) the bound

11,5 < d" | Brl21det(Br)| ™" [vlm.- (33)

4.2.4 Element interpolants

()
o

For any simplex 7' € 94, the function u € gg (-; 2) the polynomial approximation

ofulr,u € gg (-; Q) is obtained by applying Proposition 3 to it := u|k, o Fr:
VI e 00 ub = (ﬁf,’z(um ° FT)) 7 oFSY, (34)

With . as in (34) we define the hp-base interpolant 17 in O by
VI e O© c.zP:  (IPu)lr = ub. (35)

The bound (20) with cx > 0 sufficiently large, independent of £ ensures that there
exists c(k, o) > 0 such that the associated K7 satisfies

VeeN VI e OV :  dist(K7,.#)/diam(K7) > 1/c. (36)
4.2.5 Exponential convergence in broken Sobolev norms

Proposition 4 For u € gg (& Q) with (5), there are b, C > 0 (depending on u) such
that for every p > 1 and for IP from (35) holds with £ > 1

—bp!/8 §>1,
c exp(=bp*/?) >

_Jr

(37)

Here C > 0 depends on « and o, but is independent of p, and H' (fo)) denotes
the broken H' space over O, with corresponding norm.
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Proof Since .# consists of finitely many singular points ¢, by localization and super-
position, we may assume wlog. . = {c} and denote by 8 = B, > —2. For
1 <k <¢ < p,consider a simplex T € £, Nw, C ///ée) and the associated
parallelepiped K = Fr (1? ) D T. It satisfies

0 <0/cMeo) < re()k, /0% < cMeo)/o, x €Kr.

By assumption, K7 C Q and, by (20), dist(K7, ) > c:ga Then, for u €
gﬂ (-; Q) and for this T € £, it := u|g, o Fr is smooth in K and satisfies, by (33)

with G = K7 and G = K,
Vm eN: lirl, g <d"|Brllpdet(Br)| ™" lulm k; -
We obtain for |u|;,, k, using (18) and (22)

+ _
Jul2 —||Dmu||L2(K)<||r’3’” KB g |2

< G—Qk(ﬁ-‘rﬂl) ||rﬁ+m D™u ”

m, Kt L2(KT)

ke S < O_—Zk(ﬁ-‘rm)cz(mJFl)( y)28

We define u‘; € QP(T) c PP4(T) as in (34). From (30), for every integer 3 < s <
p and with W, ;- asin (31) and for j =0, 1, 2,

s+5
N ~ 2 TN ~ 2 —~ 2
1D7 @ = a2, < ID7 @ = a2 ) < Yp-r5-1 Y lurl) 2

Using the k-shape regularity of T € £ C //lék) € Mo, wefindhr < ||Br|r <
khr (eg. [5, (Chap. 11, (6.9)]) and, by (22) and (33), that Ay =~ xo* so that for every
meN

k2
2 - < (kdo®) mlm%n < (/cdcr )2 =2k BHm) C20m ) (125,
mK = |det(Br)| T |det(BT)|

We obtain for j = 0, 1, 2 the bound

s+5 (k do* )
W, 12 o 2K C20mHD) (1926

NPT
1D @ — )l det(Br)|

L2(T)

Transporting to T = FT(f) € £, we find for B, = —1 — b, and j =0, 1, 2.

s+5
1D7 = w137y S Wpmts-1 Y (eda™) 2D m2KEEM CROHD ()20
m=s
S W, 11 (kdC) P oK UH0=D (5 4 6)2 (38)
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For T € D, we define the piecewise polynomial interpolant /”u|7 by (34). Then
IPu coincides with u in the vertices of all 7 € O® and is in particular continuous in
these vertices; it is, however, in general discontinuous across edges and faces.

Using the finite cardinality (21), and summing the bound (38) with j = 0, 1 over
layers £1, ..., £¢_1, we obtain with C := Cukd and Be=—-1—-b,0<b. <1

-1
lu = IPull g1y < Cle,0)¥)p_ 1, 1C¥T(s +6)2 Y o™
k=1
=2 2 00
=Ck,0)¥p_15-1C ST (s + 6) T o 39)
We have for s < p with the recursion formula I'(z + 1) = z['(z) that
I'(p—s+DI(s+6)*

(p—s+DI'(s+6) 5 (p — S)—ZSSZ(SS (40)

F'p+s—1)

In the case § > 1, for all p € N choosing s = s(p) > 0 such that there holds with
a constant ¢ > 1 independent of p (to be selected below) p = cs® (this ensures s < p
in the upper bounds (40)), we obtain

F(p—s+1)1"(s+6)25<( s° )25
cs ’

F'(p+s—1) ~ Lam—_

Choosing ¢ = 2C + 1 > 1 this implies for s > 1 sufficiently large the bound

ST e

v, ,C_’sts+628<( -
p—1l,s—1 ( ) ~\. 20+ 1

§C =S

where the constant hidden in < is independent of the polynomial degree p.
In the case 0 < § < 1, we choose s = p/2 in (40) and obtain

r@—s+nr@+®%<
'p+s—1) ~

G—(1=8)2s < (p))~b(1-9

for some 0 < b < 1. Inserting this bound into (39) completes the proof. O
4.2.6 Polynomial trace lifting in Df‘p)

By the nodal exactness (32), the hp base interpolant 7 constructed in (35) of Propo-
sition 4 is exact, and hence continuous in vertices of simplices T € fo), but has in
general discontinuities across interelement edges E € Er of simplices T € D((f) (in

dimensions d = 2, 3) and across interelement faces F' € Fr of simplices 7' € Dg) (in
dimension d = 3). The jumps of interpolant across edges and faces are polynomial,
ie. [IP]g and [IP] .
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Foreach T € D((f) , the nodal exactness (32) of the base hp-interpolant 7 implies
foreach E € & that [[Pullg € PY*(E) := (PP? N H})(E),d = 2,3, and, ford = 3
and each F € Fr, I[I~ Pyullp € PP4 (F). We build a continuous, piecewise polynomial
interpolant by successively lifting these polynomial trace jumps of I? while retaining
its consistency, in particular the analytic estimates (30).

First, we lift jumps on interelement edges E € &7 and, second, in dimensiond = 3

also for all interelement faces F € Fr,forevery T € DE,Z). Since T € DSP C ///éz) €
M, & is k shape-regular, so are all F € Fr. For E € &, let Fg € Fr denote any
face in Fr with E C 0F.

We recapitulate from [28, Lemma 15, Thm. 1] the required lifting and the stability
estimates. Consider the reference simplex T ja RY, d = 2,3. Given a piecewise
polynomial function g, of degree p on each F e .7-'T that is continuous on 8T in
[28, Lemma 15, Thm. 1], a polynomial trace lifting vp = L757(8p) € PP(T) is
constructed which satisfies on the reference simplex T in space dimensiond = 2,3
the bound [|0, || 17, < 6||§,,IIH1/2(3?) (with C > 0 independent of p).

As HY 2(/T\) = (Lz(?), H 1(?))1 ,2, we have the interpolation inequality
18pllgrpr < C||§P”1L/22(3?)”5917”}1/12(3?)' With the polynomial inverse inequality

(see, e.g., [36]) on each face F CaT we get (with a possibly different constant C>0
which is independent of p)

19pll g1 7y < CPUZp 2007 (42)
Squaring this and scaling TtoT = Fr(T) e DS,”) we find

L7 07 (@) 7207y + HFID L o7 (@) 172y < COOP R NIgp N 207y (43)

Iterating (42) twice, from E c dFto F c dT to T, we obtain for g, 8p € IP’ (E) a
polynomial edge lifting ﬁ 2y € PP (T) on the reference simplex T C R3 with

15 2@ gy < CPP 12N 25 (44)
Squaring (44) and scaling to T = F7(T) € O yields for gp €PY(E)onE € &r
he?IL7 @) 2y + 1D L1 £ @72y < CWPH g2y (49)

Letnowd = 3andlet F, F’ € Fr be two distinct faces which share edge E=FNF.
Using (42) in dimensiond = 2 and scaled to T', we lift g,, = [IPullg € IP’gd(E) twice,
onceinto F and once into F’, resultinginav, € CYFUF), v, € PPe(FYUPPL(F),
and v, |, zg= 0 which satisfies (43) with F'in place of T'. We may therefore extend

this continuous, piecewise polynomial function v, from F' U F’ by zero to a function
v, € C%@AT) which is, on each F € Fr, a polynomial of total degree at most
pd. There exists a lifting L7 7 (V) € PP4(T) such that for each F € Fr we have
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L1 r(0p) lF=vp [Fon F € Fg, (L1 r(Wp) |F) |lE= gp on E and such that (45)
holds.

For each edge E in D((,p ), we lift the polynomial jump in this way into all T € Df,p )
for which E' € &r by the edge-lifting operator

Le(gp) =Y Lr.E(g). (46)

T:Ec&r

By « shape regularity, #{T < og" ). Ee &r} is bounded independently of p and
of the particular edge E by an absolute constant depending only on «. With 77 in (35),
we define

Pu = 1Pu— ZLE([[ipu]]E). (47)
E

Then, /Pu is continuous across edges E € Er forevery T € fo'), and [[ipu]]F €
PP (F) := (PP? N H})(F) forall F € Fr.

We next lift, for each face F € Fr, the face jump [[i Pullp € ]P’gd(F ) by extending
first by zero to all other faces F’ € Fr\{F}, then lift polynomially by referring to
[28, Theorem 1]. By construction, this lifting L7 p([/Pu]lr) € P?(T) will vanish
onall F/ € Fr : F' # F. For each face F, we repeat this lifting at most twice for
T,T € D((,p ) such that F e Fr N Fr. We define the continuous interpolant

TPy = IPu — Z ET,F([[ipM]]F)
FeFr:TeOP
=Tru— Y LeWPule)— ) LrrIPullp). 48)
EcEr:TeOP FeFrTeoP

To verify exponential convergence in submesh fo), we estimate in (48)

lu = 1Pl o0y < = TPull gy +| Do Le(IPule)

EEgT:TED((TZ) HI(DLK))

+ > Lo ulp) : (49)
Fe]—'T:TED((f) HI(DSTZ))

The first term was bound in Propostion 4. We bound the second term.
ForT e D((,p), we write, using [u]]p = 0 for E € Er

W2 ILr e WPul )3y + 1D Lo e (UPullE) 2,
< CE P I ulEN T2 gy = COOp* Il — TPullE 7o - (50)
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The multiplicative trace inequality implies for a k-shape regular simplex 7 C R¢
with diameter i that for every F € Fr and for every ¢ € H'(T) reads

I61F 12y = €W (7 0132y + RID 012 7, ) - (51)
Iterating this for 7' € fo) from E € Er to F € Fr gives, for ¢ € HX(T),

1ol EN72 ) S hr Il oy + 1D 017y + AT ID?0 172 4 (52)
where the implied constant depends only on «.

Using (52) with ¢ = (u — IPu)|r = ulr —u’ € HXT) for T € OF in (50)
gives

WP WLy e (UPWN )3 oy + 1D Lo g (UPWl )5 o

2
2(j—1 i
<SP Y h T ID = )1 .
j=0

Using (38) and that hr ~ ok for T e £, we obtain
L7 e WUIPulE) )1 ) S PHp-15-1(dC)PT (s + 6P (53)

Finally, we bound the third term in (49), i.e. ||£T,F([[Iu1’u]]F)||H1(T) for F € Fr.
Since ﬁT,F([[IV”u]]F) = 0 on 3T \F, by the Poincaré inequality in {v € H'(T) :

v|pr\F = 0} it suffices to bound ||D1£T,F([[vau]]p)||Lz(T). Since [u]lr = 0, using
(47) we obtain

W 1 Lr (U ull )y < 1D Lo p (Ul ) 2y
= ID' Ly r(lu — IPull Pl 20
We estimate further, using the stability of the lifting L7 r and (51),
1D Ly r (T = TPull )3 ) S PPl = TPul o

S PP u=TPul oy +hr I D @ —=17w)135 7).
(54)

Recalling (47), we bound for j = 0, 1
1D7 (= TPw)\ 3oy = 1D (= TPu+ ) Ly g (U ull )72,

E
SUDI = 1P| oy + Y ID Ly e M ullEN 727
E
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We use (38) for the first term, and (53) for the second term to conclude for j = 0, 1
1D (= TPW)175 7y S PHWp—1,5-1(dC)PT (s + 6)P 070,
Using again that T € £ satisfies hr ~ ok, we insert into (54) and arrive at
1D L1 (Tu = Ul P72y S POWpot5-1 (RdC)PT (s +6)7 020,

Inserting this and the bound (53) into (49), we obtain for ||u — I”ul| H©OL) exactly
once more the bound (39) (with a slightly higher power of p). Absorbing the poly-
nomial factor into the exponential, we conclude the exponential error bounds from
Proposition 4, i.e.,

exp(—bp!/%)  §>1,

_qp
e = IPul (p!)PG=D 5<1.

<C

HI©OW) = (55)

also for the resulting continuous zp-interpolant /7y defined in (48) in D((,p ) using
again (41).

4.2.7 Enforcement of homogeneous Dirichlet boundary conditions

The preceding polynomial trace liftings allow to obtain interpolation operators {I]}\',p v
which preserve homogeneous Dirichlet boundary conditions on 9 2. For simplicity, we
discuss this only for the case of global homogeneous Dirichlet boundary conditions,
i.e., for u|yq = 0 (the argument being local, i.e., element-by-element, allows to treat
homogeneous Dirichlet boundary conditions also on a proper subset 'p C 0€2, as
long as T'p coincides with the closure of a set of boundary faces). In space dimension
d=3,forT e D(z) with F € Fr satisfying F C 02, it holds u|r = 0. Hence,on T
we may adjust the (nodally exact) ~p (quasi-)interpolant (IPu)|7 by lifting its trace
(IPu)|p = —(u — Ipu)|p on the boundary face F' € Fr N 92 exactly as in (48),
in particular preserving the exponential convergence bound (55). In space dimension
d = 2, a corresponding polynomial edge-lifting can like wise be applied. In space
dimension d = 1, Q is a bounded interval on R. The nodal exactness of the hp (quasi-
)interpolant (IPu) implies that is satisfies the zero Dirichlet boundary conditions, so
that trace lifting is not necessary in space dimension d = 1.

4.2.8 Approximation in Sg)

Exponential consistency errors for error contributions of the hp-interpolant from
the terminal layer will be obtained essentially by a Bramble—Hilbert style scaling
(“h-version FEM”) argument combined with the exponentially small meshwidth of
elements T € fo) [see Proposition 2, items (ii), (iii)].

Under (5), for @ ¢ R? holds Ng(sz) c H(Q) for some 6 > (d — 2)/2,
d = 2,3, by [20, Thm. 3.5]. Speciﬁgally, 0(B) =1 — B, — ¢ (cp. [20, Thm. 3.5]
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with B, == —1 — B € (0,1/2),and 0 < & < 1/2 — By = 3/2 4 B.). For Q@ c R?,
Ng(sz) C H't9(Q) for some > 0 (cp. [19]), which implies 6 = 2+ B, —e > 1/2).

From Proposition 2 items (i)—(iii), the collections T, := {T € fg) :T € w:}, c €
- have uniformly bounded (w.r. to £) cardinality and shape regularity. We construct
the approximation by use of a Scott—Zhang quasi-interpolating projection operator
J.: H! U%)— S 1(%.). This operator is constructed by choosing faces (edges) F;
for each vertex of T, via

Jew)y:= Y ¢>Z/F¢;vdx,

z vertex of T,

where ¢, € S!'(T.) denotes the hat function associated with the vertex z and ¢ €
S1(F,) denotes the unique dual basis function associated with ¢, (in the sense that
[ #2¢F dx = 5 for all nodes 2/, see e.g. [33]). We define I := (| T¢) N2 (the

interface of ¥, and Dl(f)) and choose F, C I'. whenever z € I".. The definition of J.
implies that J.(-)|r, L*(T,) — S! (%¢lre) is well-defined. The result [1, Lemma 3]
shows that J.(-)|r, is a H 1/2_stable projection (with constants depending only on
shape regularity of T.) and hence is quasi-optimal in the sense

”M — JCu”Hl/Z(FC) 5 min ”Lt — UP”HI/Z(FC) < ||u — IPM”Hl/Z(FC). (56)
UPESI(TC)

We construct the approximation u, € S 1(1213)) by setting u, = J.u on vertices in
U Z\Te and u. = I”u on the remaining vertices in I'.. The estimate (56) allows us

to bound the difference

ID" (ue — Tl 2 g0y S MPu = Jeullgirey S lu = Pullging,)

Sl = 17ull 1 g0
This leads to

1D @t = el oty S ND @ = Jew)l o o) + e = TPull 4y 00

. 0
< diam(|_J To) letll 1050y + e = 1Pul 1 g0

By Proposition 2, items (ii) and (iii) it holds that diam (|_J ¥.) >~ o, we obtain with (55)
and ugy =) .o Uc

lu = sl 1 0y < €l )0 + Cexp(~bp'°). (57)
Combining this and (55) and applying a bounded (uniformly w.r. to p by Prop. 2, item
(1)) number of further polynomial edge- and face liftings at the interface of fo ) and

‘IE,Z) (note that the combination of /”u and u o is continuous at the vertices of ///ée))
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completes the construction of 7”7 in (1). Choosing p ~ ¢£° concludes the proof for
s> 1.

For 0 < § < 1, we additionally use the fact that ofr'" < (pH?@=D with some
b(9) > 0 that is indepedent of p by Stirling’s approximation. |

5 Concluding remarks

We have proved the exponential convergence rate (23) for continuous /4p-FE approx-
imations of k shape-regular, simplicial meshes with geometric refinement to analytic
functions with isolated point singularities at a finite set . in a bounded domain
D c R4, d = 1,2, 3. Apart from «-shape regularity and o-geometric mesh refine-
ment the proof did not assume further structural assumptions on the triangulations.
In particular, simplicial partitions which are obtained by successive bisection tree
refinement in the course of adaptive subdivisions are admissible. The approximation
results imply the exponential convergence rate exp(—b~/N) for second order, ellip-
tic PDEs in polygons D C R? (where . denotes the set of corners of D) where
solutions belong to the analytic class (i.e., where 6 = 1) which are considered, for
example, in [2,14,21,31,32]. Theorem 1 also implies the exponential convergence rate
exp(—b~/N) for hp-approximations of electron densities in DFT, due to their analyt-
icity [17] and due to quasioptimality of Galerkin approximations shown, for example,
in [3,6] and the references there. In this application, .’ denotes the set of nuclei, whose
centers ¢ € . are assumed known. The extension of [31,32] to Gevrey-regular solu-
tions is essential in this case, as analyticity of electron densities can not be expected,
generally, in the presence of empirical (pseudo-)potential functions constructed, for
example, from smooth partitions of unity.

Also, unlike other approaches such as plane waves, hp-approximations do not, a
priori, impose any specific functional form of the electron densities. Due to the locality
of approximation and the separation (2) of the points ¢ € .¥, we may apply Theorem
1 in each neighborhood w., ¢ € ., implying that the total number of degrees of
freedom to achieve accuracy ¢ > 0 in the norm H 1(D) scales as O (#(. )| log s|4),
i.e. linear scaling in the number #(.%) of nuclei and polylogarithmic scaling in the
target accuracy ¢. This is analogous to what is reported recently for discontinuous
Galerkin discretizations in [24], where Proposition 4 can be used a starting point
of proof of an exponential convergence result on tetrahedral meshes; for geometric
meshes of hexahedra, analogous results can be found in [30, Sec. 5.2.2]. Exponentially
convergent quadrature algorithms for the (singular) electron-pair integrals are available
in [11]. The results in the present note are confined to space dimension d < 3. The
approach generalizes, however, directly to hp-approximations of point singularities
in any dimension d with exponential rate; we remark that Ill\l,p in the terminal layers
T((f) of the geometric meshes 91, introduced in Sect. 4.2.8 were built from low-
order quasi-interpolants of Scott—Zhang type, which do not require continuity of u
near .. Likewise, the exponential convergence rate bound (1) will remain true for
linear polynomial degree vectors and, more generally, for degree vectors of bounded

variation as introduced in [30]. Also, our construction of / Np was based on a-priori
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knowledge of the singular support .. In case . is not known a-priori, adaptive
hp-approximations as those in [8] are a method of choice. For these algorithms, the
present results establish convergence rate benchmarks.
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