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Abstract

An implicit Euler discontinuous Galerkin scheme for the Fisher—Kolmogorov—
Petrovsky—Piscounov (Fisher—-KPP) equation for population densities with no-flux
boundary conditions is suggested and analyzed. Using an exponential variable trans-
formation, the numerical scheme automatically preserves the positivity of the discrete
solution. A discrete entropy inequality is derived, and the exponential time decay of
the discrete density to the stable steady state in the L' norm is proved if the initial
entropy is smaller than the measure of the domain. The discrete solution is proved to
converge in the L? norm to the unique strong solution to the time-discrete Fisher—KPP
equation as the mesh size tends to zero. Numerical experiments in one space dimension
illustrate the theoretical results.
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1 Introduction

The preservation of the structure of nonlinear diffusion equations on the discrete
level is of paramount importance in applications. While there has been an enormous
progress on structure-preserving schemes for ordinary differential equations (see, e.g.,
[16]), the development of structure-preserving numerical techniques for nonlinear
diffusion equations is still an ongoing quest, in particular for higher-order methods. In
this paper, we analyze a toy problem, the Fisher—Kolmogorov—Petrovsky—Piscounov
(Fisher—KPP) equation with no-flux boundary conditions, to devise an implicit Euler
discontinuous Galerkin scheme which preserves the positivity of the solution, the
entropy structure, and the exponential equilibration on the discrete level. In a future
work, we aim to extend the scheme to diffusion systems.
The Fisher—KPP equation [12] is the reaction—diffusion equation

oou=DAu+u(l —u) inQ, t >0, (1)
Vu-n=0 onod2, u(0)=up in 2, )

where D > 0is the diffusion coefficient, Q@ C R? abounded domain, and n the exterior
unit normal vector on the boundary 9€2. The variable u(x, t) models a population
density or chemical concentration, influenced by diffusion and logistic growth. The
Fisher—KPP equation admits traveling-wave solutions u(x,t) = ¢(x — ct), which
switch between the unstable steady state u* = 0 and the stable steady state u* = 1.
By the maxiumum principle, the density stays nonnegative if it does so initially, and
it satisfies the entropy inequality

d Vul?
—/u(logu—l)dx—i—D/ [Vul dx:—/u(u—l)logudxfo. 3)
dt Q Q u Q

If there are no reaction terms, we have conservation of the total mass, and the
logarithmic Sobolev inequality implies the exponential decay of the (mathematical)
entropy S(t) = fg(u(t)(log u(t) — 1) + Ddx (see, e.g., [20, Chapter 2]). When
reaction terms are present, the situation is more delicate, since there are two steady
states, u™ = 0 and u* = 1. If the initial entropy S(0) is smaller than the measure of
Q, then u(t) converges exponentially fast to u* = 1 in the L!(£2) norm. Our objective
is to preserve the aforementioned properties on the discrete level.

It is well known that the preservation of the positivity or nonnegativity of discrete
solutions for (1) may fail in standard (finite element) schemes, in particular when
the solution vanishes in some region; see Sect. 5 for an example. Our key idea to
preserve the positivity is to employ the exponential transformation u = ¢*. Such
a transformation or a variant is used, for instance, in the II’in scheme [19] and in
the existence analysis of drift-diffusion equations [13]. Moreover, it allows for the
preservation of L°°(£2) bounds in volume-filling cross-diffusion systems [8,20]. The
implicit Euler scheme for (1)—(2) in the exponential variable then reads as
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1 _ '
A7 (e)‘k — ekk 1) = div (eAkV)»k) + e)‘A (l — elk) in €2, @)

VA¥.n=0 onoQ, 5)

where here and in the following, we set D = 1 for simplicity and we choose 0 <
At < 1. Note that the condition VAF - n = 0 is equivalent to Vekk -n = 0, since
Vet = ¥'Vak and e #£ 0. At first glance, one may think that this formulation
unnecessarily complicates the problem, but we will show that it enjoys some useful
properties.

We propose a discontinuous Galerkin (DG) discretization for problem (4)—(5) with
variable kﬁ, where i > 0 is the maximal diameter of the mesh elements. The nonlinear
diffusion term is discretized by an interior penalty DG method. By construction, the
discrete densities exp(kﬁ) are positive, and the scheme also preserves the entropy
structure and large-time asymptotics. Our main results can be sketched as follows:

e Existence of a solution )J,i to the implicit Euler DG scheme (8), given a func-
tion )L',ffl (Proposition 6). This result is based on the Leray—Schauder fixed-point
theorem and a coercivity estimate.

e Discrete entropy inequality (Lemma 7). The inequality follows from scheme (8)
using the test function A]fl and the convexity of u — u(logu — 1) + 1.

e Exponential decay of the discrete entropy

Slli = / (g)hﬁ (e)hﬁ _ 1) + 1) dx < Sge_KkAt
Q

(Proposition 9) and of the L' norm of A — 1 (Theorem 11). The result holds
if S}(l) < |€2]. This condition implies a positive lower bound for the total mass

fQ ™ dx, which is needed to guarantee that the discrete solution converges to the
stable steady state u* = 1 and not to the steady state u* = 0. The case 52 > |Q2]
is discussed in Remark 12.

e Convergence of the scheme (Theorem 14): There exists a unique strong solution
uk e H,f(Q) to the implicit Euler discretization associated to (1)—(2) such that
> uk strongly in L*(Q) as h — 0.

The result is based on a compactness property, which is a consequence of the
gradient estimate from the entropy inequality and a coercivity estimate. This yields
a very weak semi-discrete solution, which turns out to be a strong solution thanks

to a duality argument.

Compared to conforming finite-element methods, DG methods allow for a more
flexible mesh design and polynomial degree distribution, are easier to parallelize,
allow to better cope with data discontinuities (e.g. of the material coefficients or initial
conditions), and are able to locally reproduce conservation properties. Moreover, they
directly produce block-diagonal (or even diagonal) mass matrices, which is an advan-
tage in time-dependent problems. Finally, as observed in Sect. 5, DG discretizations
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122 F. Bonizzoni et al.

of problem (4)—(5) seem to result in more stable Newton iterations for the solution of
the nonlinearity, as compared to continuous finite elements.

Let us put our results into context and review the state of the art of structure preserva-
tion in DG methods. The DG scheme was introduced in the early 1970s for first-order
hyperbolic problems in [22,31]. The development of discontinuous finite element
schemes for second-order elliptic problems can be traced back to [27] with similar
approaches in, for instance, [2,5,29,34]; see also [3].

The design of structure-preserving DG methods is a rather recent topic. Positivity-
preserving DG schemes for parabolic equations were developed in, e.g., [9,15,23,
33,36]. The positivity preservation is ensured by using a special slope limiter (as in
[9,15]), together with a strong stability preserving Runge—Kutta time discretization (as
in [33,36]), while in [23], the positivity of the discrete solution is enforced through a
reconstruction algorithm, based on positive cell averages. As far as we know, the use of
an exponential transformation to ensure the positivity of the discrete solutions within
a DG scheme is new. Positivity-preserving schemes for the Fisher—KPP equation were
already studied in the literature, but only for finite-difference approximations [17,24],
without a convergence analysis, and for continuous finite element discretizations [35].

Other important properties are entropy stability (the entropy is bounded for all times)
and entropy monotonicity (the entropy is nonincreasing). Entropy-stable DG schemes
for the compressible Euler and Navier—Stokes equation were studied in [14,28], while
a discrete version of the entropy inequality (and hence entropy monotonicity) was
proved in [33] for Fokker—Planck-type equations and aggregation models. We are not
aware of results in the literature regarding the preservation of the entropy structure of
the Fisher—KPP equation on the discrete level.

The paper is organized as follows. We state our notation and some auxiliary results
related to the DG method in Sect. 2. The DG scheme is introduced and studied in
Sect. 3: The existence of a solution to the DG scheme, the discrete entropy inequality,
and the exponential decay of the entropy are proved. The convergence of the numerical
scheme is proved in Sect. 4. Finally, Sect. 5 is devoted to some numerical experiments
in one space dimension.

2 Notation and auxiliary results

We start with some notation. Let 7, = {K; : i = 1, ..., Np} be a family of simplicial
partitions of the bounded domain @ C RY for d = 1,2, 3. The mesh parameter
h is defined by h = maxge7, hk, where hy = diam(K). The elements may be
tetrahedra in three space dimensions, triangles in two dimensions, and intervals in one
dimension. In two and three dimensions, we suppose that 7, is shape regular (see, e.g.,
[30, Section 2.1]) and, for simplicity, without hanging nodes. Our analysis actually
extends also to k-irregular meshes [18]. We denote by &, the set of interior faces or
edges of the elements in 7.
On the partition 73, we define the broken Sobolev space

H(Q,Ty) = {§ e L*(Q) : €|k € H(K) forall K € Th}, s > 0.
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The traces of functions in H'(2, 75) belong to the space T(I'y) = HKeTh L%(3K),
where T', is the union of all boundaries 9 K for all K € 7j,. The functions in 7' (I'y,)
are single-valued on 02 and double-valued on I';,\9€2.

Let g be a piecewise smooth function and g be a piecewise smooth vector field on
Tn. We write K _ and K 4 for the two elements sharing the face f,i.e. f = 0K_NJK,
and n4 for the unit normal vector pointing to the exterior of K 1. Furthermore, we set
g+ = qlk, and ¢+ = ¢|k, . Then we define

1 1
averages: {q} = z(q_ +q+), {9} = §(¢— +¢4),

jumps: [q] = q_n_ +qsns, [6] = n_+¢s ny.

Note that the jump of a scalar function is a vector which is normal to f, and the jump
of a vector-valued function is a scalar.
The mesh size function h € L°°(I";) is defined by

h(x) = min{hg_,hg,} forx € 3K _NIK,.

Furthermore, we introduce the finite element space of degree p € N associated to the
partition 7p,:

Vi = {v e L*(Q) :v|k € Py(K) forall K € T},

where P, (K) is the set of polynomials on K with degree at most p, and the space of
test functions

HX(Q) ={¢p € HX(Q) : V¢ -n =0on dQ}.

Next, we recall some auxiliary results.

Lemma 1 (Inverse trace inequality; Lemma 2.1 in [32]) Let K € R4 (d=2,3)bean
element with diameter h, let f be an edge or face of K, and let n y be a unit normal
vector normal to f. Then for all polynomials & € P,(K) of degree p, there exists a
constant Cipy > 0, independent of hx and p, such that

p
1520k < CinvMHSHLZ(K),
p

Vhi

Lemma 2 (Multiplicative trace inequality; Lemma A.2 in [30]) Let K be a shape-
regular element. Then there exists a constant C > 0 such that for all € € H'(K),

IVE -nysl2pk) < Cinv IVElL2k)- ©)

1
||§||%2(3K) < C||§||L2(K)<E||$||L2(K) + ||V€||L2(K))~
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124 F. Bonizzoni et al.

Lemma 3 (Discrete Poincaré—Wirtinger inequality; Theorem 4.1 in [7]) There exists
a constant Cpw > 0 such that for all € € H'(Q, Tp,),

1/2

<MzZWmm+ZfHM%

AL
” |Q| L2(@) KeT, reé

We also need a compactness result for functions £ € H 1 (2, 7p,). For this, we define
the DG norm

1/2

nmwnmm+ZWmm+2/ﬂw% o

KeT, feén

Lemma4 (DG compact embedding; Lemma 8 in [7]) Let (&) C HYQ,T) be a
sequence such that ||§,||pc < C forall h € (0, 1) and some C > 0. Then there exists
a subsequence (h;) with hj — 0 as i — 00 and a function & € H'(Q) such that

&, — & strongly in LY(Q2) as hj — 0,

wherel < g < q*andq* =4 ford =3, q* = oo ford =1, 2.

3 Analysis of the DG scheme: existence and structure preservation

We assume the bounded domain Q € R? to be Lipschitz and, in view of the duality
method used in the proof of Theorem 14 below, convex. Recall that we suppose that
d <3.

The weak formulation of (4)—(5) reads as follows: find A € H1 ()N L () such
that

/ (ekk — e*kil) ¢pdx + At/ eka)Lk -Vodx = Al/ e)‘k (1 — ekk) ¢dx
Q Q Q

forall p € H' ().
Our DG discretization of the above formulation reads as follows. Let ¢ > 0 and
Ag € V. Given )L];l_l € Vj,, we wish to find )\1,2 € Vj, such that for all ¢y, € V,,

Akl k. k k — Mo(1 — oM
/Q< h— et )gbhdx—i—AtB (Ah,xh,¢h)+sfgxh¢hdx - Az/Qe h (1 e h)thdx.
(®)
The form B : Vh3 — R represents the interior penalty DG discretization of the
nonlinear diffusion term. It is linear in the second and third argument and is defined
by
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Bu;v,w)= Y fKe“vU.dex— > /f ({e" Vv - [w] + {e"Vw} - [v])ds

KeTy, feén
2
+ 3 / %a(u)[[v]].[[w]}ds, ©)
re&

where o (u) is a stabilization function, given by

= ;Ciznv (max{(e")_, (e’”)+})2 max { exp(||ullzox_)), exp(llull L= (x,)) }-

(10)
We recall that the constant Cjpy is defined in Lemma 1. The third term on the left-hand
side of (8) is a regularization term (only) needed for the existence analysis to derive
a uniform (but e-depending) bound for the fixed-point argument. For linear elements
p = 1, we may allow for ¢ = 0; see “Appendix A”.

3.1 Existence of a discrete solution

We show that problem (8) possesses a solution. First, we prove a coercivity property
for the form B.

Lemma 5 (Coercivity of B) The form B, defined in (9), satisfies for all v € Vh3,

2 2
B(v;v,v) >2 Z / |Ve”/2|2dx+2C12m, Z / p—‘[[e”/z]]‘ ds.
K Fh
KeT, fe&p ©-

Proof Definition (9) gives for v € Vi’:

2
B(v; v, v)= Z /Kev|w|2dx—2 Z /J‘C{evVv}-[[v]]dS—l—Z ff%a(v)mvmzds.

KeTy feén feén
(1D

We estimate the second integral by using Young’s inequality:

1
He'Vopds + | — 2d),
Z(ffﬁf{e vds [fﬁ%mvm g

feén

2 Z /f{e”Vv} - [vlds <

S &y

where By > 0 is a parameter which will be defined below. The first integral on the
right-hand side is estimated according to
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126 F. Bonizzoni et al.

> /ﬁ}{é]w}%ﬁ:i 3 /ﬂ}y(e”W),He”w)qzds
fegh ! fE(‘:h f

1
= 5 Z ‘/}\Cﬂj%(l(evvl)),lz + I(evVv)+|2)ds

1
=5 X [ Bt @)1 (70 + (Vo) P)as.
fe&, f

To proceed, we set

min{yx_, yk,}
Br:

hg
= max{(e?)_, (eV)3}) —5 eXp(=lvllLe (k).

inv

where y,z( =

Taking into account the inverse trace inequality (6), we infer that

1 p2
2 2 2 2 2
E v |Vu|©ds < - C; E Y — Vu|“dx
\/3 K| U| S — 2 mv Kh /’; | Ul

Z /fﬂ}{evwﬁds 5%

feén KeT, KeT,
1o o VIZ( 2
< Y —exp<||v||Loo<K>>f o' Vodx
2 h X
KeT,
1
=5 Z / e’ |Vv|2dx.
KeT), K

Consequently, we obtain

, 1 1
2 Z /}{e Vo) - [v]ds < Z /fﬁ—%|[[v}]|2ds+§

feén feén

> f e |Vv|?dx.
K

KeT,

Inserting this estimate into (11), it follows that

1 2
B(v; v,v) > 5 Z /KevaI dx + Z

2

P 1
/ (goz(v) - —2>|[[U]]|2d5~
KeT, fe&n ! ﬂf
With the definitions of «(v) (see (10)) and B as well as the property h < hg,, the
difference in the bracket can be computed as

2 1 32

T a) - 7 = 52y (max{e) = (€")4))” max { exp(vll L (k) exp(lvl i)}

C2, p?(max{(e¥)—. (V)1 })?

~ min{hg_ exp(—llvliLeo(k_y), hk, exp(—llvil ek, ))}
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> ;ihcgw(max{(ev),, (") )? max { exp([lvll oo (k). exp([v]l oo (k) }

1 p2
= g%a(v).

This shows that
2,2 1 P 2
B(v;v,v) >2 E / Ve ?2dx + - E / —a()|[v]I°ds. (12)
K 3 rh
KeTy, feén

By the definition of the jumps and the mean-value theorem for x € f,
22 2 22 _ 1 2
‘[[e“/ ]}‘ = |e”*/ B Zmax{e”*,e”*}l[[v]“ .

We use Definition (10) and insert the previous estimate into (12):

2
p
B(;v.v) =2 Y fK IVe'?Pdx +2C4, ) ff o max{(e”)—, ("))
KeTy, fe& -

2
x max { exp(llvll ook ), explvllzee )} |[e2]] " ds.
Since (e")+ > exp(—|lvllz>(k.)), we have

max{(e")—, (¢")+} max { exp(||[vllz(x_)), exp([vll (k) } = 1.
This finishes the proof. O

Proposition 6 (Existence) Let ¢ > 0. Given kﬁ_l € Vy, the DG scheme (8) admits a
solution )»ﬁ € V.

Proof The idea is to apply the Leray—Schauder fixed-point theorem. We define the
fixed-point operator ® : V; x [0, 1] — Vj, by ®(w,0) = v, where v € V}, is the
unique solution to the linear problem

a/ védx = o/ (e*ﬁ_1 — e + Are(1 — ew)) ddx — o AtB(w: w,¢)  (13)
Q Q

for ¢ € V. The left-hand side defines the bilinear form a(w, ¢), which is coercive,
a(w,w) = ¢||lw ||i2 @ The right-hand side defines a linear form which is continuous
on LZ(Q) (using the fact that in finite dimensions, all norms are equivalent). Thus, ®
is well defined by the Lax—Milgram lemma. As the right-hand side of (13) is contin-
uous with respect to w, standard arguments show that ® is continuous. Furthermore,
@ (w, 0) = 0. It remains to prove that there exists a uniform bound for all fixed points
of ®. To this end, let v € V};, and o € [0, 1] such that (v, o) = v.

@ Springer
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Let s(x) := x(logx — 1) + 1 > 0. The convexity of s implies that
(e’xlf(:l — e”) v = <e)‘l;;1 — ev> s'(eY) <s (e}‘f;l) —s(eY). (14)

Then, using the test function ¢ = vin(13) gives, because of the properties B (v; v, v) >
0 (Lemma 5) and e (1 — e¥)v <0,

2 e v v v
8||U||L2(Q) =0 /Q (e ho—e )vdx +0At'/;26 (1 —e)vdx — o AtB(v; v, v)
< 0/ (s (e)‘ﬁ_l> - s(ev)) dx < a/ s (e)‘ﬁ_l) dx. (15)
Q Q

This is the desired uniform bound. We infer the existence of a solution to (8) by the
Leray—Schauder fixed-point theorem. O

3.2 Discrete entropy inequality and exponential decay

Let A’;l € Vj, be a solution to (8). We show that the entropy

Sllj = / S (ek’li>dx, where s(u) = u(logu — 1) + 1,
Q

is nonincreasing with respect to k € N.

Lemma7 (Discrete entropy inequality) Let ¢ > 0 and let )J,‘l € Vi be a solution to
(8). Then

2
e)"';/2 — L/ ekﬁ/zdy' dx +At/ e#’; (e)‘"; — I)A];ldx < S,IT],
12| Jo Q

(16)
where the constant Cy > 0 only depends on Ciny and Cpw from Lemmas 1 and 3.

$+@m/
Q

Proof We take ¢, = )J;l as a test function in (8) and use inequality (14) to find that

S}]j — S;;_l = /Q (s (e)‘z) —s (e)‘lf(t_]>) dx
— 0B (3 g, af ) — 8/9 (/\’,;)zdx = At/Qe)‘];z (e —1)ax

0B (3 2,04 ) At/
Q

IA

e (e)‘ﬁ - 1) Wk, (17)
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It remains to estimate the first term on the right-hand side. For this, we use the coercivity
estimate of Lemma 5 and the discrete Poincaré—Wirtinger inequality from Lemma 3:

(i) =l (£ [ s © [ 2 ot
KeT, K fegn fh

2
k 1 k
e)‘h/z——/ Mn/2dx| dx
12l Ja

}C;V%, finishes the proof. O

>2min {1, ¢2, | oy
Q

Setting Co = 2min{1, C2

mv

‘We wish to bound the total mass f Q exp(kﬁ )dx from below and above. Since s (1) =
u(logu — 1) + 1 is invertible only on [0, 1] and on [1, co) but not globally on [0, 00),
we introduce the following functions:

— :[0,00) — [0, 1], Gf(v)Z(SI[o,l])fl(v) forv € [0, 1], o—(v)=0forv € [1, 00),

ot 110,00) = [1,00), 04(v) = (sl[1.00)) " (v) for v € [0, 00).

In particular, 0_ o s =id on [0, 1] and 04 o s = id on [1, 00).

Lemma 8 (Bounds for the total mass) Let ¢ > 0 and let )J;l be a solution to (8). Then

59 1 59
o_(—h> < —/ ekftdx < 0+<—h).
€2 2] Jo €2

Observe that if S;? < |2, the lower bound a_(S2 /1€2]) is positive. Thus, the total
mass can never vanish, which excludes the case of solutions converging for k — oo to
the zero solution. The reason for the difference between S;z < |Q2| and S;l) > || lies in
the fact that (4)—(5) admits two steady states, )J;l = 0 (corresponding to uk = e*llg =1)
and )\ﬁ = —oo (corresponding to u* = 0). The assumption Sg < |€2| will be crucial
to prove the decay estimate for the entropy; see Proposition 9. We discuss the case
S > | in Remark 12.

Proof of Lemma 8 First, we show the lower bound. If Sh > |Q2],wehaveo_ (S, /|Q|) =
0, and there is nothing to prove. Thus, let Sh < |R2]. Set Br = min{l, exp(k )} <1
As s is convex, we infer from Jensen’s inequality and s(8x) = 0O for Ak > 0 that

1 / & Sy _ Sh
s ,Bkdx) / s(Br)dx = / h)dx < < ,
(IQI Q 12 12 2k <o) ) 2] — 1€

where in the last step we have used the monotonicity of k > S fl With this preparation,
we are able to verify the lower bound. As o_ is decreasing, we find that

1 Ak 1(1))
J— hdx dx _ o
|sz|/ge |sz|/ﬁk = ”(m/ﬁk ) <|s2|
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130 F. Bonizzoni et al.

For the upper bound, we can assume that fQ exp(k’;l)dx > |2|, since otherwise,
the inequality is trivially satisfied in view of o (v) > 1. By the concavity of o, we
can again apply the Jensen inequality:

()2 o)) 2 oo (o=
O' > o4 | — sSle oL o0S85)\e —_— e hdx,
12 el o 2o " el Jq

proving the claim. O

Proposition 9 (Discrete entropy decay) Let € > 0 and let A’h‘ be a solution to (8). We

assume that Sg < |Q|. Then there exists a constant C, > 0, only depending on SP,
such that for all k € N,
Sy < (1+Cran~*sp. (18)

In particular, with n = log(1 + C1At)/(C1At) < 1, we have the exponential decay
Sk < SPemnCIkA k€ N.

The proof is based on two properties: The diffusion drives the solution towards a
constant, while the reaction term guarantees that there is only one (positive) steady
state. In order to cope with the interplay of diffusion and reaction, we prove first the
following lemma.

Lemma 10 Introduce for 0 > O the functions

@) = — O M>(6) = max{1, s(6)}
1()—ma 2(0) = max{1, s(0)}.
Then
v Mi(©@)e’ (e’ — v if v >logh,
s(e’) = {MQ(G) if v <logh.

Proof The function

. s(e?) _efv—1+1
80 = e T T ey 7O

can be continuously extended to v = 0 (with value g(0) = 1/2) and it is decreas-
ing with limits limy 00 g(v) = 0 and limy_, _ g(v) = +o0. Therefore, g(v) <
g(log®) = M (0) for all v > log 6, showing the first inequality. For the second one,
letv < logf. Then s(e¥) < 1 for v < 0 and the monotonicity of v > s(e”) forv > 0
implies that s(e’) < s(0). Thus, for any v € R, s(e”) < max{l,s(0)} = M»(9),
completing the proof. O

Proof of Proposition 9 The idea of the proof is to split S;l‘ into two integrals,

Si= [ s(e)are [ () (19)
{7k <loger} {7k >loga}
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for some suitably chosen @ > 0 and to estimate these integrals by the second and third
terms on the left-hand side of the discrete entropy inequality (16).

Since S2/|Q| < 1, there exists 6 € (0, 1) such that s(#) > S2/|Q|. Let0 < gy <
[1—SY/(1R2s(0))1? and seta = g9 € (0, 1).

We turn to the first integral on the right-hand side of (19). We claim that there exists
a constant Cgy9 > 0 such that

/ s (e)‘i)dx < C809/ /
(A <log ) QJQ

To prove this inequality, we begin by showing that fQ exp(k /2)dx is bounded from
below. Indeed, using the monotonicity of s o exp in [0, 1] and of k > S¥,

2
s 1 / exi/zdy‘ dx.  (20)
12l J

Hx’;, < logGH - Hs (ekﬁ‘,) > s(«9)” = % /X o) >S(9)}s(9)dx

<L s(e)‘lh(>dx< / )‘A S—k< SO .
G {s(exp(kﬁ))zs(@)} ~ 5(0) 5(0) 5(0)

This yields the lower bound

/ e)‘ﬁ/zdx > / e)‘ﬁ/zd_x > «/5‘{)\,];1 > IOgOH
Q {3 >log 6}

= V6 (121 - {1 <106}[) = f<|sz|—f—:)>

Therefore, as long as )J;l < log(eph), the difference

A’g/z xk/z Mg/
|sz|/ Hidx - |/ dx = Veob f( |sz| @ */_)

is positive. Squaring this expression and integrating over {A* < log(gof)} thus does
not change the inequality sign:

a1 o |? Sh 2
eh/——/eh/dx dxz/ 9(1— —J%)dx
2] Jo [k <log(e00) ) |€2]s(0)

- ‘{Al,‘l < 1og(eoe)H9<1 - IQi%G) - m)z.

/{A§<log(soe)}
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Combining the estimate of Lemma 10 and the previous estimate, we arrive at
Ak k
s (e )dx < My(gg) |14, < log(enh)
{2k <log(e08)}

2
e)‘ﬁ/z— L/ eklf{t/zdx dx.
12| Jo

3 Ma(e6) /
T (1= 8)/3R1s(6)) — e0) 6 Ja
This proves claim (20) with

M>(&00)
(1—S8/(1QIs©®)) — /20) 0’

C809 =

recalling that o« = &6.
Next, we estimate the second integral on the right-hand side of (19). It follows from
Lemma 10 that

/ K (e}";t)dx < M1(809)/ ekﬁ ( h — )Akdx
{2k >log(e06) ) Q

Therefore, (19) gives

k2 1 Ak ? Ak k

M __/ i dx dx—i—Ml(eo@)/ e (e — 1) Afdx
12| Jo Q

2
< L(Co/ e)‘llz/2 — L/‘ e)‘ﬁ/zdx dx —I—/ e)‘l;t (e)‘l;t — 1) Aﬁdx)
C Q 12 Jo Q

for C; = 1/ max{C¢,9/Co, M1 (g00)}. Finally, by Lemma 7,

1 k—1 k
s —S),
ClAl‘(h h

and solving this recursion shows the proposition. O

k

Theorem 11 (Decay in the L' () norm) Let the assumptions of Proposition 9 hold.
Then there exists a constant Cy > 0, only depending on Sg and 2|, such that

He)‘];l — 1‘ < Cpe MCIKBI2 ke N,

L) —

where n € (0, 1) and C1 > 0 are as in Proposition 9.

Proof To simplify the notation, we set u = M and it = Q! fQ ¢*hdx. Then the
Csiszar—Kullback inequality (see, e.g., [4, (2.8)]) gives

2
=gy = o [ 5()aar = [ (50— s@par = 2 [ s,
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using the property s(u#) > 0 for all # > 0. We know from Lemma 8 that u is bounded
from above by cr+(S,? /12]). Hence,

2 S9
— 30 < —oy [ 21 ) sk 21
||M u“LI(Q) = |Q|O+(|Q|> h ( )

It remains to show that a similar estimate holds for |i — 1]. Since the entropy density
s is convex, Jensen’s inequality shows that

1 1 sk 89
s(u) = s(—/ e)‘]f(tdx) < —/ K (e)‘ﬁ)dx = < Zh 1, (22)
12| Ja 12| Jo 2] — |€2]

It holds s(v) < 1 if and only if v < e. Consequently, we have i < e. Applying the
elementary inequality

(u— 1)
s(uy> —— forall0<u<e
(e —1)?

to u = u and using (22) gives

(e —1)?
12

i — 117 < (e — 1)*s(id) < Sh.-

Thus, combining (21) and the previous inequality, we conclude that

k - —
M — 1’ 1@ < lu—ulpq +lle— g
2 S}? >>1/2 1/2 K2
< —a+(— +e— DIl (s)
{<|sz| Ie] "
and the proof follows after applying Proposition 9. O

Remark 12 We discuss the case S,(I) > |Q]. Fix At € (0,1) and L € N with L > 1.
Define )L’;l = (L — k)T log(1 — At), where z7 = max{0, z} denotes the positive part

of z € R. Then M = (1 —AnE=* < 1fork < L and i = 1 for k > L. Consider
the case L > k = 1. Then, setting § := (1 — At)L_k, we estimate

1 1 1 1 2 1 1
—S‘+CO/ e)‘h/z——/ 2y dx—i—/ o (e)‘ —1)/\1dx
arh Q 12| Ja Q "

- (*® +80—Dlogs )|l < (1+ (1 — Az)aloga)@ L S—’?
At = At~ At T At
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If 1 < k < L, we deduce from e)“ﬁ < 1 that

1 Ak ey 1 L—k L—k+1\ _ L—k
E(eh_e, >_E((1—AZ) —(1—Ap )=~ A0

k

=M > —ekz (e)‘"; — 1). (23)

By the convexity of s, it follows that s () — s(v) < (u — v)s’(u) = (u — v) log u for
all u, v > 0. Since Aﬁ <O0fork < L, (23) yields

K (elfl) < (e)”fr — e)‘ﬁil> )»]}‘l +s (e)‘ﬁil> < —Ate)‘l;l (ekf, — 1) )»]hc +s (ellflil) ,

which directly implies the entropy inequality (16). This inequality is trivially satisfied
for k > L. However, it holds for L = 2k that

= (1 — Ak = 0, S’h‘:f

N (eﬂf(t>dx — || ask — oo.
Q

This means that if S,(l) > ||, there exists no constant C > 0 depending only on S,(l)
such that (18) holds for all ()»];l) C LZ(Q) satisfying the entropy inequality (16). Note

. K . .
that the constructed function ¢*1 does not possess a uniform positive lower bound. O
4 Analysis of the DG scheme: numerical convergence

We show first that the solutions to (8) are uniformly bounded in the DG norm (7) if
the initial entropy S2 is bounded uniformly in /.

Lemma 13 (Uniform bound in DG norm) Let ¢ > 0 and let )\ﬁ be a solution to (8).
Then there exists a constant C > 0 such that

ik pal? ! 0
At | e’h <2A1Q + max § ————5—, AL S
DG 2 min {1, Cinv}

Proof We have shown in the proof of Lemma 7 that

2 2 2
s;§+2mmin[1,cﬁw} 3 / ‘vex’;/z‘ dx+ Y [ %‘[[ekﬁﬂ]]‘ ds | <sk.
KeTy, K feé&n Y

Then, by definition of the DG norm,

2 c 1 -
e)";,/ZH < Atf hdx + —2f (S (ekﬁ l) - (&ﬁ))dx.
DG Q 2 min {1, C: } Q

mv

At
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Using the inequality u < 2+ s(u) foru > 0, applied tou = oy , and the monotonicity
of k — S;l‘ , we find that

At Helﬁ/zﬂ; < At/ﬂ (2+s (e*ﬁ)) dx

+ —Zmin {117 2 } /Q (s (e)‘lli_]) -5 (e)‘li{t)> dx

mnv

k—1

1 k Sh
=2At|§2|+(At— - 3 )Sh+ - 3
2m1n{1,C- } 2mm{1,C-

mv mv }

1 Sp
)S"+ h .
2min {1,¢2,}/™" " 2min{1,CZ,}

< 2At|| + (At —

If 2min{1, C2 }At < 1 then

0

2
At Hekﬁ/zﬂ < 2011Q+ —— .
DG 2 min {1, Cinv}

On the other hand, if 2 min{1, Ciznv}At > 1, we have, again by the monotonicity of
k — Sﬁ,

1 1
( : 2min{1,c§w}> " 5( ' 2min{1,Ci2nV}> !

such that in either case,

A2 2 1 h
At | e"h < 2AtQ| 4+ max { ————— 3 VAV A Y/
DG 2m1n{1, Cinv}

proving the lemma. O

Theorem 14 (Convergence) Let ¢ > 0, At € (0, 1), and let Aﬁ be a solution to (8).
Assume that A];l_l € Vy, such that e}‘lhc_1 — k-1 strongly in LZ(Q) as (e,h) — 0.
Then there exists a unique strong solution u* € an(Q) to

1
E(uk—uk_l)zAuk—l-uk(l—uk) inQ, Vu¥-n=0 ondQ (24

such that
Ak k

e’ — u" strongly in Lz(Q) as (e, h) — 0.

Proof Let )J,‘l € V}, be a solution to (8).
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136 F. Bonizzoni et al.

Step 1 We claim that there exists a subsequence (¢;, &;) — 0 such that

k

A
i — yk

strongly in L*(Q) asi — oo.

Indeed, by assumption, the initial entropy (S,?l_ )ien is bounded. Then Lemma 13 implies

that ¢*1/2 is bounded in the DG norm uniformly in ¢ and h. By the compactness

Lemma 4, there exists a subsequence (&;, h;) — 0 and a function vk e HY(Q)
satisfying

k
)‘hi /2 k

e — v" strongly in L*(Q) asi — oo.

k
Consequently, i — (v%)? =: uF strongly in L' (). The discrete entropy inequality

(16) shows that
22K k2 (k2 k
g(e h)dx: et/ <e n/ —l)khdx
Q Q

is bounded uniformly in (g, i), where g(u) = u(/u — 1)logu for u > 0. As
the function g : [0,00) — [0, 00) is continuous and satisfies g(u)/u — 00 as
u — 00, we can apply the Theorem of de la Vallée-Poussin [11, Theorem 1.3, p. 239]

k

(for a proof, see [26, Section II.2]) to conclude that there exists a subsequence en”i
such that enf’i — wk weakly in LY(Q) as i — oo, for some function wk. We
deduce from the strong L' convergence of ekl’ii, possibly for another subsequence,
that ezkﬁi — W*)? = w* ae. in Q. This implies that

k
i s (uky? strongly in L' (), (25)

thus proving the desired L? convergence. o
Step 2 We claim that for any ¢ € H,ZZ(Q) N C1(Q), it holds that

1 K k )
1 ekhi¢dx i Z [ ekh,. V)J;l_ -Veodx — Z /[[)LZ]] . {e)‘hi Vq)}ds
At Jo ket 'K ' o
h; feé,
N 3k 1 ak=1
+/e”i ehf—1¢dx—>—f“"¢dx asi — 00, (26)
Q At Jg

Since ¢ does not necessarily belong to V},, we cannot use it as a test function in the
weak formulation (8). Therefore, let P, : CO(Q) — C°(Q) NV}, be the interpolation
operator, defined, e.g., in [10, Section 2.3]. It possesses the following property [10,
Section 3.1.6]: There exists a constant C; > Osuchthatforall K € 7, and¢ € H*(K),

2—d/2—(m—d
¢ — Pudpllwnaxy < Crhg > D))l 1ok 27)
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form <2 < g suchthatm —d/q <2 —d/2.In particular, for ¢ € Hz(Q) andd < 3,
¢ — Pudlizeiy < Crhi bl g2y — O ashy — 0. (28)

For given ¢ € H2(Q2) N C'(Q), we choose the test function ¢y, := Pp, ¢ in (8):

1 k—1 1 k k
= i gy = — / &M g dox + ; / A pydx+ Y / NV - Ve dx
Q Q Q K<, 'K
k k k
-y /f[[x’;,iﬂ : {ekhi quhi}ds—f-/gekhi <ekhi - 1> nydx.

feghi
(29)

Here, we have used the fact that ¢y, ] = 0 since ¢y, is continuous. Note that (28)
k-1
implies that ¢, — ¢ strongly in L*°(2) as i — 00. As i syl strongly in

L%(Q), by assumption, we have for the left-hand side of (29):

k—1
/ & (g, — )dx — 0 ash; — 0.
Q

k
Similarly, as ¢’ — u* strongly in L2(<2), we infer for the first and last integrals on
the right-hand side of (29) that

Ak Aok
/ ¢ (gn, — d)dx — 0, f e (e h— 1) (¢, — $)dx — 0.
Q Q

Inequality (15) shows that

&

k
Ahi‘

2 A1
§/s el )dx.
L2(Q) Q

Thus, (sil/ ZA’;”) is bounded in L2(2) from which we have sikﬁi — 0 strongly in
L%(Q) as (g;, hj) — 0. This implies that the second integral on the right-hand side of
(29) converges to zero.

Next, we prove for the third integral on the right-hand side of (29) that

k
3 / VAL V(@ — $)dx — 0 ashy — 0,
KeTy, K
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Indeed, by the Holder inequality, the interpolation property (27), and the discrete
entropy inequality (16), we obtain

3 / HVAE V(g — P
K

KeTy,

<2 >

KeTy,

<2Cy Z

KeTy,

) )
i’ ! b, — Bllwrscx)

L*(K)

Ve

LY(K)

) L) 1—d/4
e hl/ hl/ hK /||¢||H2(K)

‘Ve
L2(K)

L*(K)

1/2 12

2—d/2
I T .

LK) KeT,

1/2 2
k k
o X2

<2Cy ”Ve

L2(Q) KeT),
1-d/4
<Ch; / ¢l z2(@) = 0.
It remains to prove for the fourth integral on the right-hand side of (29) that
k
Z f[w;l_]] . {ek"r‘V(q&h[ —¢)}ds —~ 0 ash; — 0.
feén f

To this end, we use the elementary inequality [{#Vv}| < 2{u}{|Vv|} for functions u,
v with nonnegative u# and the Cauchy—Schwarz inequality:

2 2
> /[[x’,;i]].{ex’fliV(¢hi—¢)}ds < Z/‘Miﬂ‘ {ex’;,-v(%_(;,)”ds
re&n "I re&n I

2
<4y \ﬂkiiﬂ({ekﬁf}{wwm ~ )l} ds
=
2 2
<4 ) / {ekif} ‘[[/\’Zi]]‘ ds ) /{IV(¢h,-—¢)|}2ds. 30)
re&n "I regn

We estimate both integrals separately. First, the multiplicative trace inequality in
Lemma 2 shows that, for some constant C > 0 and for facesoredges f = 0K {NIK_,

/f{wm,- —)Pds <C Y liom,

K=K

1
_¢”H1(K)<E”¢hi - ¢||H1(K) + ||¢hi - ¢||H2(K)>~
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We deduce from (27), i.e.

In, — dllaixy < Crhell@llm2kys  Non — Slla2xy < Crlldll g2k

that

> [5G, - oi2ds < ch.
feghl-

Therefore, also using h(x) < h;, we deduce from (30) that
2

k h2 p2 )»k 2 2
[[A",]]-{e“iw(/;,—@}ds <Cc-L f—{e h,.} Ak 7| ds,
Z‘/; hi h p2 f%i 7 b ‘ hi ‘

where h; (x) = min{h; k., h; x_} forx € K N9dK_. We claim that the sum on the
right-hand side is bounded uniformly in /;. By Definition (10),

{el’ﬁi }2 - %a (thci) ,

mnv

such that we can estimate

2 2 2
Z P7 ok 2 2 p 2
L h_ {e hi } ‘H)"]}{I,]]‘ ds < 3C2 E \/J; EO{ <)\,]}{11) M}\.ﬁl]]‘ ds
i i i

feén, nv e,

2 k k k
_23()L i i’)”hi>’

inv

IA

where we used (12) in the last step. The proof of Lemma 7 shows that B ()Lki ; )\l,‘li , )J;li ) >

k
C /At since i s uniformly bounded in L?(£2). We conclude that

k Ch
Z /[[)”I;z]] ! {e}‘hiv(thi _¢)} ds| < ﬁ — 0 ash; — 0.
feg I (anl/
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We put together all the previous convergence results to infer that

1 K h
_/ ¢ (fn; — P)dx +8i/ Mflicbhidx + Z / e VM,;i - Vién — p)dx
Q Q K

A KeTy,
-y /f ] {e*ﬁfwh, —¢>}ds+ /Q M (ex’z,. - 1) (n, — P)dx
feé,
1 k-1
—Z/ehi (¢n; — p)dx — 0 asi — oo. (3D
Q

Thus, inserting (29), all integrals involving ¢, cancel, and we end up with (26).
Step 3 We prove that the limit «*, derived in Step 1, is a solution to the very weak
formulation

i/(u"—u"*‘)qsdx =/ ukA¢dx+/ u* (1 — uF)pdx (32)
At Jo Q Q

forall ¢ € an(Q) N C' (). For the proof, we pass to the limit #; — 0 in each term
of (26). Because of (25), we have

k k k
/ i ¢dx — / uk¢dx, / i <ek’li - 1) odx — / uk(uk — Dedx.
Q Q Q Q

The limit i — oo in the remaining expression

= /Ke*liiwﬁi.wdx— 3 /f[[,\ﬁi]]-{e*];tw}ds

KeTy, =

is more delicate. Consider the first term in the definition of /;. Integrating by parts
elementwise gives

k k
Z /;{exhiV)J,‘li -Vodx = Z /KVeA"i - Vodx

K€77[i KeTy,
k k
—- % [ avar e 3 [ venas
KeTy, K KeTy, 9K
k k
_ / hiagdx+ Y / [] - Vods,
Q f

feghl-

where we have used the fact that V¢ has a continuous normal component across

. . . . . 2k
interelement boundaries. From the previous identity and the L? convergence of e "i ,

@ Springer



A structure-preserving discontinuous Galerkin scheme for... 141

we obtain

> /K e*'f%w’,;i Vdx — Y /f [*h] - Vods

KeTy, €&,

)J;l_ k
=—[ e Apdx - — | u"A¢dx.
Q Q

We claim that

» f [e] - Vods — 3 / [ ] {e*ﬁf v¢}ds =0, (33)
/ s

feén, feén

since this implies that

I — —/ ukAqbdx,
Q

and thus shows (32).

For the proof of (33), let x € 0K N dK_ for two neighboring elements K,
K_ €7y, and set Ay = )‘Ifz,- | k... We assume without loss of generality that A, > A_
since otherwise, we may exchange K and K_. The definitions of the jump [-] and
average {-} imply that

41 vo - B ||

= ‘((ehmr +etn_)— (gng + )»JL)%(eA* + ek)) . v(/,‘

= e)L7 <(e)h+_)L — l)l’l+ — ()\.+ - )\.7)I’l+%(e)t+_)h7 + 1)) : V¢'
<@+ — 1) — (hy — L)%(e“*- + 1>‘|V¢|
=gl — AV, (34)

where g(s) = (¢ — 1) 4+ s(e® + 1)/2 for s > 0. A Taylor expansion shows that
g(s) = g"(&)s%/2 = —&£ef 52 /4 for some 0 < £ < s. Therefore |g(s)| < s%e? /4 for
s > 0, and we obtain

A
e _ 1 _
g0 — 2| < T()”r — )220 h0) = Z()”’ )P
1 62)‘*' +62A_
< —(hp —r)? -
= 2( T ) 5 e
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The difference can be identified with the jump of )\ﬁl_ across f = 0Ky NAK_, while

k
the sum corresponds to the average of i in f. Thus, it follows from (34) that

> /He hi) - Veds — /[[Ak {ekﬁiwp}ds

feén, feén

1 k k
=32 Z IV@llzee(sy max{eXp(H)‘hi "LOO(K+)> ’eXp(Hkhi HLOO(K,))}

nghl., f=0K{NoK_
k
x / [[)»I;,,]]z {ezlhi }ds.
f 1

By Definition (10) of the stabilization factor, it holds that

2a (2K
k k 25 ( )
{50 (4 ) 00 (P Ve = e

mv

Using this estimate and the coercivity estimate (12) for the form B, we can write

> /[[e”]] Vods — > /[[)J‘ {ekﬁdi)}ds

feén, feén,

< o IVol=@ Z/ () \W]]\ ds
Cmv feén,

< Vgl (m— Z/ ) |14 as
3Cmv feén,

I /\

hi IVl B )\k Ak x"
C2 LO(Q) Y-

myv

We know from the proof of Lemma 7 that B ()\ki; )J;li, )J;”) < C/At is uniformly
bounded. This proves our claim (33).

Now, we can pass to the limit i — oo in (26), which yields (32).

Step 4 We claim that the solution uk € L2(Q) to (26) satisfies the regularity uk €
H(Q) and hence is a weak solution to (4)—(5). To this end, we use the duality method
asin [6,p.318]. Let T : L*(Q) — an(Q) be defined by 7v = u, where u solves the
elliptic problem u — AtAu = v in 2, Vu - n = 0 on 9Q2. By [25, Theorem 8.3.10],
for v € C3°(Q), it holds that Tv € H,ZZ(Q) N CY(Q). Then, introducing g := k=1 4
AtuF (1 = ub), the very weak formulation (32) can be equivalently written as

/ uk (¢ — ArAP)dx = / gpdx
Q Q
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for all ¢ € H,%(Q) NCY(Q). Given v € C5°(R2), we set ¢ = T, and the previous
equation becomes
/ ubvdx = / gTvdx. (35)
Q Q

As C3°(R)isdensein L?(2) and T is continuous, (35) remains valid forallv € L%(S).

Next, we denote by 7" : H>(Q)' — L?*(S) the dual operator of 7. According to
[25, Theorem 8.3.10], the operator 7 can be extended to an operator 7 : L” () N
HY(Q) — Wz’p(SZ) for I < p < 2. (This is basically a regularity statement for the
elliptic problem.) We deduce from the Sobolev embedding theorem that W27 (Q) <>
C%Q) for p > 3/2 since d < 3. Therefore, there exists an extension 7* : C%(Q) —
LY (Q) of T', where p' = p/(p — 1) < 3.

Now, g € LY(Q) c C%(Q). Then (35) implies that u¥ = T*(g) € LP () for
p’ < 3 and consequently, g € LY(2) for g < 3/2.

It remains to show that u¥ € H1(Q). Since u* € L?(R), the elliptic problem

1
vm—;Avmzuk in2, Vv,-n=0 onodQ,

possesses a unique solution v, € an(Q) [25, Theorem 8.3.10]. Multiplying the
elliptic equation by v, and applying the Cauchy—Schwarz inequality, we have

1 1 1
E/gvrzndx—l-Z/Qlemlzdx < EfQ(u’f)zdx.

Thus, (v,,) is bounded in L2(2) and it follows the existence of a subsequence which
is not relabeled that v, —u* weakly in L2(Q) as m — oo. Using v = v,, — AtAvy,
in (35), it follows that

1
/ gTvdx = / uFvdx = / <vm — —Avm)(vm — AtAvy)dx
Q Q Q m

2 1 2 At 2
= vdx + | At + — Vo, |“dx + — [ (Avy)“dx
Q mj)Jq m Jo

z/ v2dx +At/ |V [>dx > At||vm||§11(m. (36)
Q Q

We apply the Holder inequality and use the Sobolev embedding H'(Q) — L1 ()
for ¢’ < 6, knowing that g € L4(Q2) for g < 3/2:

/QgTvdx = lglzalTvll e ) = CligliLa@ 17l g1(o)

2 At 2
= CAN)IgNLa e + 7”0’"”H1(Q)’
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where 3 < ¢’ < 6and 1/q + 1/¢' = 1. The H' () norm can be absorbed by the
corresponding term on the right-hand side of (36), and we end up with

At o 2
7”vmnH1(Q) = CADINgNLa (-

This shows that (v,,) is bounded in H'(€2). Thus, there exists a subsequence (not
relabeled) which converges weakly in H'!(2) to some function w € H'(). Since
v —u* weakly in L*(2), we conclude that w = u* € H'(Q).

Knowing that ¥ € H'(Q) solves (32), we can integrate by parts in the first term
of the right-hand side of (32), leading to

L/(u"—u"*‘ypdx =—/ Vuk-V¢dx+/ uk (1 = P pdx
At Jo Q Q

forall ¢ € H,ZZ(Q) and, by density, for all ¢ € H'(Q).

Moreover, since u* € L*(Q) and consequently, uk(1 = uk) € LZ(Q), elliptic
regularity implies that u* € H?(Q) and Vu* - n = 0 on 3R, i.e. u* € H2(Q). We
conclude that u¥ solves (24).

Step 5 We prove the uniqueness of weak solutions to (4)—(5) to conclude the con-

k .
vergence of the whole sequence e to u¥. Let u*, v* € H' () be two weak solutions
to (4)—(5). Taking the difference of the corresponding weak formulations with the test
function u* — v¥, we obtain

_L k. k\2 / ko kyi2
O_At/gz(u v ) dx + Q|V(u V) |“dx
+/ (" @* — 1) — o @* = D) @F - vF)dx
Q

1
= (— — 1) f ur - v")2dx+/ |V (u* — vk)|2dx~|—/ W* + )Wk — v52dx.
At Q Q Q
Thus, choosing At < 1, we infer that uk — vk =01in Q. O

5 Numerical results

We present some numerical results for the Fisher—KPP equation in one space dimen-
sion,

oy = Duyy +u(l —u) inQ2=1(0,1), t >0, 37
uy-n=0 atx=0,1, t >0, u(O):uO in (0, 1). (38)
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Fig. 1 Continuous P finite element discretization of problem (37)—(38) in the variable u, using Nej = 20
elements (left) and Ngj = 40 elements (right). The time step size is in both cases At = 1/6, the end time
is T = 10, and the solutions move from left to right

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

Fig. 2 Continuous Pj finite element discretization of problem (4)—(5) in the variable Ak, using Ngp = 20
elements (left) and Ng) = 40 elements (right). The time step size is in both cases At = 1/3 and the end
timeis T = 20

5.1 One group of species

Let D = 107* and ug(x) = 0.8 for 0 < x < 1/2, ug(x) = 0 elsewhere. Problem
(37)—(38) models the evolution of one species initially concentrated in the domain
(0, 1/2). We solve this problem by using an implicit Euler scheme in time and a
continuous Pj finite element discretization, both on a uniform mesh. The reaction term
is treated implicitly. The Newton method with relaxation is used at each time step,
up to convergence. The integrals are computed by using a Gau3—Legendre quadrature
formula of order 8. Figure 1 shows the density u(x, ) at various time instances. We
observe that the finite element solution ”IZ becomes negative even on the finer mesh,
and it is pushed towards —oo in some region since u™* = 0 is a repulsive steady state.

These results motivate the introduction of the exponential transformation u =
exp(A). We are choosing the same initial datum as before but choosing ug(x) = 10-16
instead of ug(x) = 0 to allow for the exponential transformation. The regularization
term seems not to be necessary in practice, and we set ¢ = 0 in (8) in all our sim-
ulations (see also Sect. 5.3 below; for linear elements, we prove in the “Appendix”
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Table 1 Comparison between the continuous FE method and the DG method with Ngj = 40 elements in
the space grid, N; = 80 time steps, and final time 7" = 20, with polynomial degrees p = 1,2, 3

FEM DG
p=1 40 (0 = 0.2) 18 (0 = 0.5)
p=2 * 18 (0 = 0.5)
p=3 641 (& = 0.95) 23 (0 = 0.6)

Each cell contains the maximal number of Newton iterations over the time mesh and, in brackets, the Newton
relaxation parameter (w = 0 corresponds to the Newton method without relaxation). The continuous FE
method with p = 2 did not converge, even with v = 0.95

that the regularization term is actually not needed). In all the numerical experiments,
the constant %Ciznv in the stabilization function «(u) defined in (10) is replaced by
1. Figure 2 shows the solutions to the continuous Pj finite element approximation
associated to problem (4)—(5) in the variable )J;l. The implicit nonlinear scheme is
solved again by Newton’s method with relaxation at each time step. The integrals are
solved again by a GauB—-Legendre quadrature formula of order 8. Note that if p = 1,
the integrals are of the type | % e™*P(cx + d)dx and thus can be integrated exactly.
The discrete densities exp(k’fl) are positive by construction.

For a spatial mesh with N = 40 elements, N; = 80 time steps, and final time
T = 20, we have compared the number of Newton iterations from the continuous FE
method with those from the DG method, with polynomial degrees p = 1, 2, 3. In this
example, the continuous FE method requires much more Newton iterations than the
DG method (see Table 1). Therefore, we choose the discontinuous Galerkin method
with polynomial order p > 1 for problem (4)—(5) in the variable 1K see scheme (8).

Figure 3 illustrates the discrete solutions for polynomial orders p = 1, 2, 3, indi-
cating that the method is stable with respect to the order. The jumps are due to the
discontinuous Galerkin method.

Figure 4 represents the discrete solutions with the same numerical parameters as in
Fig. 3 but with the initial datum up(x) = 1 for 0 < x < 1/2 and up(x) = O else. Also
in this example, the lower and upper bounds 0 < exp(kﬁ) < 1 are always satisfied.

5.2 Entropy decay

Proposition 9 shows that the discrete entropy S,/: decays exponentially fast if S2 <
|2] = 1. To illustrate this behavior numerically, we consider the one-group model
with initial condition ug(x) = 1 for 0 < x < 1/2 and ug(x) = 10~1¢ else. Figure 5
(left) shows that there are two different slopes. For small times, the entropy decay is
rather slow. When the time step k is sufficiently large such that exp()»];l) > ¢ for some
& > 0, the reaction dominates, and the entropy decay becomes faster. This behavior
becomes even more apparent in the case of pure diffusion (i.e. without reaction terms),
illustrated in Fig. 5 (right). We remark that in this situation, the total mass is conserved
numerically.

@ Springer



A structure-preserving discontinuous Galerkin scheme for... 147

0.8F a | | 0.8 \\ \\\\ \ \\
0.6 :‘1‘ ‘ ‘ 06} \ \ \
0.4 1N 0.4} \\\\\ \\

0.2 ‘ \ 0.2t

08 iii \\\ 08 \\\\
. I i
AR |

Fig.3 Reference solution computed from the Pj finite element scheme (formulation in u) with Ngj = 400
elements in the space grid and N; = 80 elements in the time grid, with final time 7" = 20 (left top), and
solutions computed from the DG scheme (formulation in A) with N = 40, N; = 80, and polynomial order
p = 1 (right top), p = 2 (left bottom), and p = 3 (right bottom). The initial datum is uy(x) = 0.8 for
0 <x < 1/2and ug(x) = 10710 else

Figure 6 shows the entropy decay in semi-log scale for the initial data up(x) = n
for0 < x < 1/n and ug(x) = 1071¢ else for n = 3, 6, 12. Then

1 1
52 = / (nlog(n) —n + Ddx +ﬁ ldx =logn
0 w

is larger than |Q2|] = 1 if n > e. We observe a region in which the decay rate is
very small and it becomes smaller when n (and Sg) increases. This indicates that the
assumption S{)’ < |€2] is not just technical to derive exponential time decay.

5.3 Traveling waves

We are looking for traveling-wave solutions to (37) with D = 1074, Setting u(x,t) =
Y(s) with s = x — ct, the Fisher—-KPP equation can be rewritten as a system of
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Fig.4 Reference solution computed from the Pj finite element scheme (formulation in u) with Ngj = 400
elements in the space grid, and Ny = 80 elements in the time grid, with final time 7" = 20 (left top), and
solutions computed from the DG scheme (formulation in A) with Ng; = 40, Ny = 80, and polynomial
order p = 1 (right top), p = 2 (left bottom), and p = 3 (right bottom). The initial datum is u(x) = 1 for
0<x <1/2andug(x) = 10710 elsewhere

100 = 1
0.49 P\
0.48¢
10t 047}
0.46F
1010 H—P= 045}
—-p=
p=3 0.44}F
- - slope 1 . 043
-15 | |--—-slope 2 ~ e Aot
10 slope | i ‘\\ A | | |
0 10 20 30 40 0 10 20 30 40

t t

Fig.5 Left: entropy decay for the one-group model (see Fig. 4) with final time 7" = 40, N¢] = 80 elements
in the space grid and N; = 160 in the time grid. The two reference lines correspond to the exponential
functions ¢ > 0.95 (indicated as “slope 1) and ¢ > 0.2 (indicated as “slope 2”). Right: entropy decay
for the pure diffusion equation. The computation is done with Ngj = 80, Nt = 160 and T = 40. Both
figures are in semi-log scale
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t
Fig. 6 Entropy decay for the one-group model with the initial datum uo(x) = n for 0 < x < 1/n and
ug(x) = 10716 ¢lse. The computation is done for final time 7" = 40, with Ng; = 80 elements in the space
grid and Ny = 160 elements in the time grid
127 127
1
0.8

0.6

04F
—1(s)
0.2r|—¢M (DG)
—uy;, (FEM)
0 ! J ! J
0 50 100 150 0 50 100 150

T T

Fig.7 Left: comparison of the traveling-wave solution v (s), the DG solution exp()»];l), and the FE solution
uy,. Both the DG and the FE approximations are computed using the polynomial degree p = 1, Ngj = 40 and
At =T /80 (T = 20). Right: comparison of the traveling-wave solution ¥ and the DG solutions exp()»ﬁ)
obtained by varying the polynomial degree. All the DG approximations are computed using Ne| = 40 and
At =T/80(T =20)

first-order differential equations:
¢) = ¢ + 12 s 12 ¢5, S 0. 39

We choose the initial data ¥(0) = 1 and ¢(0) = —107'0, speed ¢ = 2.5, and
space domain 2 = [0, 150]. As in the one-species model, the constant %Ciznv in the
stabilization function «/(u) in (10) is replaced by 1 in all the computations.

The (reference) traveling-wave solution ¥ (s ), computed from (39) using the Matlab
command ode45, is compared in Fig. 7 (left) with the DG solution exp()\’;), computed
from the DG scheme (8), and with the continuous finite element solution u,, both with
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Fig. 8 Comparison of the traveling-wave solution v and the DG solution exp()»ﬁ) computed on different
space and time meshes (with At = Nlel)’ with polynomial degree p = 1 (top left), p = 2 (top right), and

p = 3 (bottom left). All functions are shown at the time instances t = 0 and t = T = 5. Bottom right: H 1
seminorm of the error of the DG scheme at time r = 5 computed for p = 1,2, 3

polynomials of degree p = 1. Both approximations are equally diffusive, the traveling-
wave speed being overestimated. In Fig. 7 (right), the reference solution is compared
with the DG solution computed for different values of the polynomial degree. It turns
out that t he polynomial order does not affect the diffusivity of the method. All the
solutions in Fig. 7 are shown at the time instances t = 0,t = T /4,t =T /2,t = 3T /4,
and t = T with T = 20 and are computed on a space grid with N = 40 elements
and on a time grid with At = T /80.

In Fig. 8, the reference solution v is compared with the DG solution computed by
simultaneously varying the space and the time mesh sizes, with polynomial degrees
p = 1,2, 3, respectively. The H ! seminorm of the errors at final time ¢ = 5, namely
Y (- —cT) — e CD g1 q), for p = 1,2,3 are shown in Fig. 8 (bottom right). In
all cases, the observed convergence of the scheme is linear, as expected, since we
are employing a first-order method (Euler) in time. Higher polynomial degrees result
in a smaller multiplicative constant. Higher convergence rates for higher polynomial
degrees in space would be expected by using a higher-order time discretization. Struc-
ture preservation of higher-order temporal approximations is a delicate topic (see, e.g.,
[21]) and will be studied in a future work. Also an error analysis is postponed to a
future work.
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127

150

Fig. 9 Comparison of the traveling-wave solution v and the DG solution exp(}\ﬁ) (with Ng; = 50 and
p = 1) for various choices of ¢ (see (8))

All the numerical solutions that we have shown so far are computed with the choice
e = 0 (see (8)). We conclude the section by studying the dependence of the method on
¢.In Fig. 9, we compare the reference traveling-wave solution ¥ with the DG solution
computed on a uniform spatial mesh with N = 40, time mesh size At = T /80 (with
T = 20), and polynomial degree p = 1, for the values ¢ = 1072, 10712, 10713 (the
choice ¢ = 10~ !% has given the same results as ¢ = 0). The term ¢ fQ A’;lzﬁh dx, which
was introduced in the DG formulation (8) in order to prove the existence of the DG
solution (see Proposition 6), produces a deterioration of the numerical solution that
increases with time.
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Appendix A: Linear elements: existence of solutions for ¢ = 0

We show that the regularization term & fQ )L];ld)hdx in the DG scheme (8) is not needed
if we consider linear elements.

Proposition 15 (Existence for p = 1) Let p = 1, A} ' € Vj, and S! < |R|. Then
there exists a solution Kﬁ e Vi to(®) withe =0.
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Proof The proof is based on the idea of the proof of [1, Lemma 3.10]. Let ¢ > 0
and let Aﬁ € Vj, be a solution to (8) given by Proposition 6. In order to emphasize

the dependency on ¢, we write A, := )Jfl. Our goal is to derive an g-uniform L%°(£2)
bound for A;.
Step 1 We derive first some estimates for ¢*s. Lemma 8 shows that

5 < / edx < M, (40)
Q

where 8 = o_(S}/|]) and M = 0. (S})/|Q]). Since we assumed that S) < ||, we

have § > 0. Using the coercivity estimate (12), the inequality (17), and e*s (e*s —
1A, > 0, we find that

At
Sk 4+ ! Z/ |V |2dx+— Zf—a(x ) [re]lPds < 8571 < sp,

KeT, feén

where we used in the last step the monotonicity of k — S;f, guaranteed by Lemma 7.
Consequently,

Zf |V Pdx + / P o) D] s < M’ o= 3Sh. (1)

KeTy, feé&n

Step 2 We claim that for any ¢ > 0, there exists an element K, € 7;, and a constant
u > 0, independent of ¢, such that

Aell ook, < . (42)

For the proof, let N € N be the number of elements in 7j,. The lower and upper bounds
(40) imply the existence of an element K, € 7, such that

8 A
— < etdx < M. 43)
N &

By the mean-value theorem, there exists x, € K, such that

1
e)\e(xs) — e)“s(x)dx_
|Ke|

Then (43) gives

1)
, 10
NIKe|

|Ae (xe)| =

1
log ( / e“(x)dx>
| s| K,

gmax{

I

M
|Ke
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Since A, is a polynomial of degree one on K., by assumption, its gradient is constant
on K., and we deduce from (41) and (43) that

S €1 VaelPdx _ M'N
ng eredx T 8

[Vie|? = on K.

Combining the last two estimates, it follows for x € K, that

I
[Ae ()] < [Ae(xe)| + [x —Xsl/ |VAe(xe 4+ 0(x — x,)|dO
0

1) } M’'N
+ =t p,

log , log

gmax{ 3

which shows the claim.

Step 3 We wish to prove a uniform L* bound for A, on the faces or edges of K.
Let # > 0 and K, € 7} such that ||A¢|lp~k,) < . Set K_ := K, and consider
neighboring elements K € 7, satisfying f € 0K_ N 0K, # {. Furthermore, let
A+ = Ag|k,. We claim that there exists C,, > 0, independent of &, such that

IAyllzeocry < Cpu. (44)

The idea is to prove an L>(f) estimate for A, as the equivalence of all norms in the
finite-dimensional setting then implies the desired L°°(f) bound.
Observe that

max {(e*)—, (")} = (")~ = exp(—[l-lo2(s)) = exp(= 2~ llLoe(k_)) = exp(—p).
Then we can estimate the stabilization function « according to
a(he) > EC2 exp(— || A_|| 2 A > Ec2 K
e) Z 5 Ciny €XP —llzeeck )" exp(IA—llzek_) = 5 Cinve "

To estimate the L2( f) norm of A_| s, weuse the inequality A | < [A; —A_|+]|A_| =
[[Ae]l + |2el on f. Then (42) yields

5 et
|x+| ds <2 (|Ag| +1[he]P)ds <21 f1u? + 30

mv

f aGo)l[Ae]Pds =: .

and B,, is uniform in ¢ (but not in /) in view of (41). We conclude that
Iellzecry < Cllrellzzy < CBY>.

Step 4 Denote by (¢o, . .., ¢q) the basis of P;(K ) such that ¢;(e;) = §;; for i,
j = 0,...,d, where the vertices ¢; of K are ordered in such a way that ey ¢ f.
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Then we can formulate A4 on K as
d
hi(0) =) ai¢i(x), x €K,
i=0
where ai = Ay (e;). Estimate (44) shows that A (e;) is uniformly bounded at the
vertices ay, ...,aq of Ky,ie. |aj| < Cyforalli=1,...,d.

Step 5 We wish to estimate the remaining vertex e, that is not an element of K_ =
K. We claim that there exist constants L, < U,,, being independent of ¢, such that

L, <aj<U,.
We first prove the upper bound. Using the bound for a; fori =1, ..., d, we have
d d
hp = afgo— Y lafllgil = afdo — Cu Y 1¢il = afbo — Cpud.
i=1 i=l

If ag < 0, there is nothing to show. Otherwise, it follows from (43) that

Ky Ky

M z/ exp(Ay)dx 2/ exp(agpo — Cpd)dx > e_cl‘d/ agodx.
Ky

Then, setting ¢y = f[(+ ¢odx, we infer that af, < MeCr /co =: U,,.

The proof of the lower bound is more involved. Let fj be the face or edge that is
opposite of the vertex eg, and let fi, ..., f; be the remaining faces or edges. For later
use, we note that the integrals

d 2
1(b) = /K (|bV¢|+CuZ|V¢i|) ePP+Cud gy,
+ i=1

d d 2
J(b) := Z/ (|bV¢| +Cu Z |V¢i|> eP90FCud g
j=1"7i i=1

converge to zero as b — —o0, so there exists L;L € R such that
I(b)+J(b) <1 forallb < L;i. (45)

We estimate

d

,,,,,

i=1
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Aswe assumed that p = 1, the expression |V, -n|is constant. Thus, since |Vgg-n| > 0
and A, > —C, on fy, by (44), the previous inequality gives

1
lag| < —(lV)»g -n| + Cudi_rrllaxd |V¢,~|)

Vo - n|
1 Cu
5—(6 /eASV)»5~nds
Vo - n| \1fol [ /£,

An integration by parts leads to

.....

d
/ Ve nds+ Y / MV, - nds = / e Adpdx + / e |V [2dx
fo i—1 i K Ky

= f e |V |2dx,
Ky

since A, is linear on K, so the Laplacian vanishes. Hence, using

d
hi < afdo + Y laflleil < aggo + Cpud.

i=1

and (45), we have

<I(aj) + J(agy) <1

‘/ ekEV)xg -nds
fo

if we choose ag < L;L. Inserting this information into (46), it follows for all aS < L;L
that

|Cl8| = ;(é +Cﬂd max |V¢l|> = —L;i
Vo - nl \ | fol i=1,...d

Thus, setting L, = min{L’,, L;i}, we conclude that a§ > L.
Step 6 Combining the previous steps, we infer that there exists a constant g(u) > 0
such that

IAellLoo(kyy < g(u).

This estimate means that if A, is bounded in some element with constant w, then A,
is bounded in the neighboring elements with constant g(u). Now, take an arbitrary
element K € 7. Then there exists a finite sequence K 0 Kl ...,K™ of elements
with KO = K, and K™ = K such that K/~! and K/ are neighboring elements.
Repeating the arguments of Steps 3-5, the bound [|Ag | oo (x1) < w' = g(n) implies
that ||)\.5||Loo<K2) < g(u') = g(g(w)). Thus, by iteration,

@ Springer



156 F. Bonizzoni et al.

IAellLox) < (go---0g)(u).
— —

m times

The upper bound is independent of ¢ and holds for all elements K € 7j,. Consequently,
(A¢) is bounded in L (2).

We deduce that there exists a subsequence (not relabeled) such that A, — X strongly
in L°°(£2), recalling that Vj, is finite-dimensional. In fact, the convergence holds in
any norm. Thus, we can pass to the limit ¢ — 0 in (8), and the limit equation is the
same as (8) with e = 0. O
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