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Abstract. We consider selfadjoint operators obtained by pasting a finite
number of boundary relations with one-dimensional boundary space.
A typical example of such an operator is the Schrédinger operator on a
star-graph with a finite number of finite or infinite edges and an interface
condition at the common vertex. A wide class of “selfadjoint” interface
conditions, subject to an assumption which is generically satisfied, is
considered. We determine the spectral multiplicity function on the sin-
gular spectrum (continuous as well as point) in terms of the spectral
data of decoupled operators.
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1. Introduction

In this paper we analyze the singular spectrum of a selfadjoint operator built
by gluing together a finite number of selfadjoint operators with simple spec-
trum by means of interface conditions. We realize the operators with help
of boundary triplets, and understand interface conditions as linear depen-
dencies among boundary values. An archetypical example for such a glued
together operator is a Schrodinger operator on a star-graph with an interface
condition at the inner vertex.

The reader who is not familiar with the language of boundary triplets
and couplings of such (e.g. [2,4]), is advised to pause for a moment, and before
proceeding here read through Section 1.1 below in order to get an intuition;
there we elaborate in detail the above mentioned example. We also point
out that all necessary notions and results from the literature are recalled in
Sect. 2.

Y Birkhauser
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Assume we have selfadjoint operators L;, I = 1,...,n, in Hilbert spaces
H;, 1l =1,...,n, that emerge from boundary relations with one-dimensional
boundary value space (cf. Sect. 2.3). Denote by Ly the orthogonal coupling,
ie., the diagonal operator, Ly := [[;_, L; acting in H := [[;_, H;. The
spectrum of Ly and its multiplicity is easily understood: letting N; and g
be the respective spectral multiplicity functions of L; and Ly, it holds that
Ny = Z?Zl N;. Here—and always—we tacitly understand that any relation
between spectral multiplicity functions should be valid only after making an
appropriate choice of representants for each of them.

The orthogonal coupling can be seen as gluing together the single opera-
tors without allowing any interaction between them. Much more interesting is
what happens when the single operators do influence each other after gluing.
Assume we have an interface condition, formulated as a linear dependence
among boundary values and described by matrices A, B (cf. Sect. 2.4), such
that the corresponding operator L4 p is selfadjoint, and let N4 g be the
spectral multiplicity function of L4 p. The basic question is:

How to compute Na g from Ni,l=1,...,n7
By a simple dimension argument, it always holds that N4 g(z) < n. Further,
the Kato-Rosenblum theorem fully settles the question on the absolutely con-
tinuous part of the spectrum: there we have N g(z) = No(x) since L4, g and
Ly are finite rank perturbations of each other in the resolvent sense. Con-
trasting this, the singular spectrum (eigenvalues as well as singular continuous
part) may behave wildly, and much less is known.

A classical result for the case that n = 2 is Kac’s Theorem [11,12], which
says in the present language that for a particular interface condition, namely
the standard condition, the multiplicity of the singular spectrum does not
exceed 1. His proof proceeds via an analysis of the Cauchy transforms of the
involved spectral measures and the Titchmarsh-Kodaira formula. Different
proofs are given in [7] (by using subordinacy theory) and in [21] (by reducing
to the Aronszajn-Donoghue Theorem). Generalizations of the theorem of Kac
are given in [22] and in [16]. In the first reference, we allow arbitrary n but
still prescribe the standard interface condition. The second reference goes
into another direction. There still n = 2 but the boundary value spaces are
allowed to have higher dimensions and a certain class of interface conditions
is permitted.

In the present paper we allow arbitrary n and consider a fairly rich class
of interface conditions defined by an algebraic property (cf. Sect. 3). This
property expresses, at least in some sense, that all single operators influence
each other and no splitting into independent blocks happens, though one
has to be careful with this intuition, it is only very rough. The previously
considered standard condition belongs to that class. A striking difference
is that interface conditions of the presently considered class can give rise to
perturbations of any rank up to n, while the standard condition always yields
a rank one perturbation. Our main result says that, letting r be the rank of
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the perturbation, on the singular spectrum the relation

Na.p(z) {—NO(JC)T if No(z) > r,

<r— No(z) if No(z) <,

holds. A formulation in terms of spectral measures, and without reference
to a particular choice of representants of multiplicity functions, is given in
Theorem 4.3. The proof of the theorem is carried out by an in depth analy-
sis of Cauchy integrals and the matrix measure in the Titchmarsh-Kodaira
formula. We exploit algebraic properties of the considered class of interface
conditions to obtain the rank of the derivative of that matrix measure w.r.t.
its trace measure, and this leads to (1.1).

Other approaches to the above emphasised basic question might proceed
via the already mentioned work of M.Malamud [16], or via a generalization
of Aronzsajn-Donoghue’s theorem given by C.Liaw and S.Treil in [15]. To the
best of our knowledge, no such results have been obtained so far using these
approaches.

The present paper is organized as follows. In Sect. 2 we introduce ob-
jects and tools needed to formulate and prove our result. In particular, these
include boundary relations, pasting of such with selfadjoint interface condi-
tions, matrix-valued Weyl functions and corresponding measures. In Sect. 3
we discuss in detail the class of selfadjoint interface conditions that we con-
sider, namely, their description in terms of matrices A, B and the additional
assumption that we make about them. In Sect. 4 we give the statement of
the main result, Theorem 4.3. Before that we formulate the result separately
for the case of point spectrum, Theorem 4.1, since this can be shown under
slightly weaker assumptions. In Sect. 5 we prove Theorem 4.1. In Sect. 6 we
prove the part of Theorem 4.3 concerning the case where many layers of the
spectrum “overlap”. In Sect. 7 we prove the remaining part of Theorem 4.3.

(1.1)

1.1. The Schrédinger Operator on a Star-Graph

Let us discuss, as an example, the Schrédinger operator on a metric star-
graph. In fact, this example can serve as a model for the general case. We
denote the edges of the graph by E1, ..., E, and associate them with intervals
[0,e;), where the endpoint 0 corresponds to the inner vertex and e; can be
finite or infinite. Assume we are given data:

(1) Real-valued potentials ¢; € L1 10c([0,€;)) for I =1,...,n.

(2) Boundary conditions at e; for those { = 1,...,n, for which ¢; is regular

or is in the limit point case at e;.

For | = 1,...,n let H; be the Hilbert space L2(0,¢;), and let L; be the
selfadjoint Schriédinger operator with Dirichlet boundary conditions:

Liu:= —u" + qu,
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dom L; := {u € Ly(0,¢;) : u,u’ are absolutely continuous,
—u”" + qu € Ly(0,¢;), u(0) =0,
u satisfies the boundary condition ate; (if present)} .

Now assume we have an interface condition at the inner vertex written in the
form

u1(0) uy(0)
A : +B : =0, (1.2)
u, (0) ul, (0)

n

where A and B are n x n matrices such that
AB* = BA*, rank(A,B) = n. (1.3)

Here (A, B) denotes the n x 2n matrix which has A as its first n columns and
B as its last n columns. The operator L4 p is defined in the Hilbert space
H :=TI,~, L2(0,€;) and acts by the rule

"
u1l —U qiul

Un —Up, qnUn

on the domain
dom La g = {(ul,...,un) € HLQ(O,G[) o Vled{l,...,n}
1=1

ug, u; are absolutely continuous, —uj’ 4+ qiu; € L2(0, €;), (15)

u; satisfies the boundary condition at e; (if present),

u1,...,un satisfy the interface condition (1,2)} .

Since the matrices A and B satisfy (1.3), the operator L4 g is selfadjoint
[14]. Obviously, this correspondence between matrices and operators is not
one-to-one: one can multiply A and B simultaneously from the left by any
invertible matrix, and this defines the same interface condition and the same
operator.

The orthogonal coupling Ly := H;l:l L; corresponds to the matrices
Ay = I, By = 0: in the above notation Ly = L. The standard interface
condition corresponds to the matrices

1...0-1 0...00
Dt i | By= SN (1.6)
0...1-1 0...00
0...00 1...11

Ast =
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where the first n — 1 lines express continuity of the solution at the vertex, and
the last line corresponds to the Kirchhoff condition that the sum of derivatives
vanishes. The class of interface conditions we consider in the present paper
is given by those matrices A, B subject to (1.3) which satisfy in addition
the following assumption: each set of rank B many different columns of B
is lineary independent. Under this assumption the rank of the difference of
resolvents of L4 p and Ly equals rank B, and (1.1) holds.

2. Preliminaries

2.1. Boundary Behavior of Herglotz Functions

Recall the notion of matrix valued Herglotz functions (often also called Nevan-
linna functions).

2.1 Definition. An analytic function M : C\ R — C™*" is called a (n x n-

matriz valued) Herglotz function, if

(H1) M(z) = M(2)*, z€ C\R.

(H2) For each z € CT, the matrix Im M (z) := (M (z) — M (z)*) is positive
semidefinite.

Any Herglotz function M admits an integral representation. Namely, there
exists a finite positive nxn-matrix valued Borel measure € (which means that
Q(A) is a positive semidefinite matrix for every Borel set A), a selfadjoint
matrix a, and a positive semidefinite matrix b, such that

1+xz

M(z):a+bz+/ dQ(z), zeC\R. (2.1)
R T—2

For the scalar case, this goes back to [10], for the matrix valued case see, e.g.,
[8, Theorem 5.4].

We use several known facts about the boundary behavior of Herglotz
functions which relate normal or nontangential boundary limits to the mea-
sure €2 in (2.1). The key notion in this context is the symmetric derivative
of one measure relative to another. If ¢ is a positive Borel measure and v is
a positive Borel measure or a complex Borel measure absolutely continuous
w.r.t. o, then we define the symmetric derivative %(m) at a point x € R as
the limit

d—y(az) — lim v(z—e,x+¢€])
do

=0+ o[z — e,z +¢])’
whenever it exists in [0, 00], or in C, respectively.

2.2 Proposition. (/5]) There exists a Borel set X C R with c(R\ X) = 0,
such that the symmetric derivative exists for all x € X and the function g—;

is measurable on X.

By the de la Valleé—Poussin theorem [5,20] the function % is a Radon—
Nikodym derivative of v with respect to o. We formulate two corollaries of
the de la Valleé-Poussin theorem which will be of particular convenience to
us in what follows. An explicit proof can be found in [22].
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The first corollary concerns properties of sets. A set X C R is called
v-zero, if there exists a Borel set X’ O X such that v(X’) = 0; a set is called

v-full, if its complement is v-zero. For a Borel set X the measure 1x - v is
defined as (1x - v)(A) = v(X N A) on Borel sets A.

2.3 Corollary. Let v and o be positive Borel measures, and let X C R.
(1) If % (z) = 0 for all z € X, then X is v-zero.
(2) If the set X is v-zero, then % (z) =0 for o-a.a. v € X.
(3) If X is a Borel set and 9% (z) € [0,00) for all z € X, then 1y -v < 0.
(4) If X is a Borel set and % (z) € (0,00) for allz € X, then1x-v ~ 1x 0.

The second corollary concerns properties of the symmetric derivative.

2.4 Corollary. Let v and o be positive Borel measures on R. Let v = v4. + Us
and 0 = 04c + 05 be the Lebesque decompositions of v with respect to o and
of o with respect to v, respectively. Then

(1) % (z) € [0,00), o-a.e.
(2) —( ) € (0,00], v-a.e.

(3) 42 (z) € (0,00), vgc-a.e. and Tqc-a.e.

(4) $(x) = o0, vs-a.c.

(5) G5(a

The following statements concern the relationship between boundary

behavior of Herglotz functions and symmetric derivatives of the measures
associated with them.

) =0, os-a.c.

2.5 Proposition. ([11,17-19])

(1) Let v and o be finite positive Borel measures and x € R. Assume that
dv (1) exists in [0,00) and % (z) exists in (0,00]. Let m, and m, be
two Herglotz functions with the measures v and o, respectively, in their

integral representations (2.1). Then

Imm,(2)  dv

oo Imm,(z) do (@).

(2) Let v be a finite positive Borel measure, let m, be a Herglotz function
with the measure v in its integral representation, and let x € R. If
%(1‘) = 00, then

limImm,, (z) = co.
zlx

(8) Let v and o be finite positive Borel measures with v < o, and let o
be the singular part of o w.r.t. . Again let m, and m, be two Her-

glotz functions with v or o, respectively, in their integral representations.
Then

m,(2)
zlx mg(z)

d
= —V(J;) for os-a.a. x € R.
do
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Note that in (1) we can use do := %, which implies

dv

lim T (2) = (1 + 2) 3 (2)
whenever %(x) exists and is finite.

For a more detailed compilation and references about symmetric deriva-
tives and boundary values we refer the reader to [22, §2.3 and §2.4].

Ttem (1) of the above theorem has an obvious extension to matrix valued
functions and measures.

2.6 Lemma. Let M be a n x n-matrix valued Herglotz function and let ) be
the measure in its integral representation (2.1). Denote by p the trace measure
of , i.e., p(A) :=tr Q(A) for every Borel set A. Then Q < p, and for p-a.a.

x € R the symmetric derivative %(x) exists and is related to M by
. ImM(z) dQ
lim ——— = —(x). 2.2
i)~ dp @ 22)

Proof. Let x € R, and assume that all symmetric derivatives at x of positive
and negative parts of the real and the imaginary parts of entries of 2 w.r.t.
p exist and are finite. This is fulfilled for p-a.a. z € R.

We have M (z) = M(z)* and hence

M (2) = 52 (M(2) = M(2)°) = 5 (M(2) ~ M(2))
—bl +/RI (w_z>d(2( ).

Hence, using linearity of the integral in the measure, Proposition 2.5, (1),
and Corollary 2.4, (1),(2), we obtain
Ikal(z) o kol

= f -2. 4. R, klil=1,...n.
zlgclImtrM(z) dp (z) for  paa zER, ’ et

2.2. Spectral Multiplicity

Let L be a selfadjoint operator in a Hilbert space H and E}, be its projection
valued spectral measure. A subspace G of H is called generating, if

cls (U {EL(A)G : A Borel set}) =H.

The minimum of dimensions of generating subspaces is called the (global)
spectral multiplicity of operator L and is denoted by mult L.

The operators that we deal with always have finite spectral multiplicity,
hence we shall assume from now on that mult L. < oo. There exist elements

g1, - -+ gmult L. € H, such that their linear span is a generating subspace and
the positive measures
VZ(A) = (EL(A)glagl)a l= 1;"'amu1tL7 (23)

are ordered in the sense of absolute continuity as

Unut 1, K - L vy ~ By,
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An element g; occuring in a collection of elements with these properties is
called an element of maximal type.

Fix a choice of such elements g1, ..., gmut - Then the operator L is
unitarily equivalent to the operator of multiplication by the independent
variable in the space H?;ullw Lo(R, ;). We choose Borel sets Y1, ..., Yt 1
such that

Yourz €... €Y1, n(R\Y) =0, 1y,

l-l/lN]lyl~I/1,

and define the (local) spectral multiplicity function of L as the equivalence
class (i.e., functions which are E-a.e. equal) of the function

Np(z):=#{l:z €V} (2.4)

The need of considering an equivalence class of functions arises since the
sets Y; are defined non-uniquely up to vi-zero sets and thus the function
#{l : z € Y} can be changed on v;-zero sets.

Intuitively, the sets Y; correspond to the “layers” of the spectrum, and
hence indeed Nj, expresses spectral multiplicity in a natural way. If x is an
eigenvalue of L, then Ny (x) = dimker (L — «T) is the usual multiplicity of
an eigenvalue.

The spectral multiplicity function is a unitary invariant of the operator
and does not depend on a choice of generating basis.

2.7 Remark. We will also speak of the spectral multiplicity function of a
selfadjoint linear relation L in a Hilbert space H. This notion is defined by
simply ignoring the multivalued part (and doing so is natural, since one can
think of the multivalued part as an eigenspace for the eigenvalue oo). To be
precise, let mul L := {g € H : (0;9) € L}. Then

Lop := LN ((mul L)t x (mul L)L)

is a selfadjoint operator (recall that we identify operators with their graphs)
in the Hilbert space (mul L)+, and L = L,, & ({0} x mul L). Now we define
NL = NLop'

The following classical fact will be used below.

2.8 Lemma. Let Ly and Lo be selfadjoint relations in Hilbert spaces Hy and
H,, respectively, with finite multiplicities. Set H := H1®Hs and L := L1®Lo.
Let u=(Er,f,f) ~ EL,, v=(FEL,9,9) ~ EL, be scalar measures defined by
elements of mazimal type [ for Ly and g for Lo via (2.3). Let

W= fac + [s, V = Vgc + Vs

be the Lebesque decompositions of the measures p, v with respect to each
other: Hac KV, ps L Vi Vae K< b, Vs Ly flae ~ Vae- Then

NL = NL17 Hs-Q.€.,
N =Nr, +Nr,, pac-a.e. and Vgc-a.e.,
Ny, = Np,, Vs-a.e.
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Consider the measure p + v and the sets

Xlzz{xEde(jiy)(x)>0}7 Xg:z{xER:d(Mdj_y)(x)>0},

Then the sets X1\ X2, X1 N X3 and X5\ X carry the measures pis, flge ~ Vae
and vy, respectively. We can see that caution is needed when dealing with
local spectral multiplicities: the values of function Ny, have no meaning on
the set X; \ X5 and can be changed arbitrarily there, the same for Ny, on
X2\ X1. So the statement Ny, = Ny, + Ny, looking natural, is in fact wrong:
the functions Nr, and Nz, are defined non-uniquely, each in its own sense.
The next lemma is a general and folklore-type result for the behavior
of local spectral multiplicity of an operator under finite-dimensional pertur-
bation generalized to the linear relations case. We do not know an explicit
reference for it, and for the reader’s convenience we provide its proof.

2.9 Lemma. Let Ly and Lo be selfadjoint relations in the Hilbert space H
such that for (some < every) A € C\ R

rank [(Ly — M) 7' = (Lo = M) 7' = k.

Let Eq, E5 be projection valued spectral measures of their operator parts, p =
(Ep, f f) ~Er,,v=(EL,q,9) ~ EL, be scalar measures defined by elements
of mazimal type f for Ly and g for Ly via (2.8) and Ny, Na be their local
spectral multiplicity functions. Let

//f:ﬂac"_///sv V= Vgc+ Vs
be Lebesque decompositions of the measures p, v with respect to each other:
Hae LV, s L v; vee < p, Vs L, flae ~ Vae- Then
(1) N1 <k, ps-a.e.,
(2) |IN1 — No| <k, pac-a.e. and vgc-a.e.,
(3) No <k, vs-a.e.

Proof. Consider the symmetric linear relation S := L1 N Lo (recall once more
that we identify operators with their graphs). It has an orthogonal decomposi-
tion into a selfadjoint and a simple (i.e., completely nonselfadjoint) symmetric
part. The first, a selfadjoint linear relation L, acts in the subspace
Hp:= (1) ran(S - AI).
AEC\R

The second, a simple symmetric operator S , acts in the subspace
Hg :=cls ( U ker(S* — AI)).
AEC\R

The subspaces H; and f[s reduce the relations S, Ly, Lo, and S*, see [2,
Lemma 3.4.2], and S = L & S. Thus L; and Lo have orthogonal decomposi-
tions

Li=L®Ly, Ly=L®Lo,

where the linear relations El and Zg are selfadjoint extensions of S.
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Consider A € C\ R and the subspace
Hy :=ker [(L1 — AI)™! — (Lo — AI) 7.
We have: for every v € H)y
w:= (L — M) "o = (Ly — )" o,

hence (u;v) € (L1 — M) N (Ly — A[) = S — Al and v € ran(S — AI). The
converse is also true, and therefore

Hy =ran(S — AI).

By assumption the subspace H), has codimension k, hence the deficiency
index of S is (k, k). The deficiency index of S coincides with that of S and
hence is (k, k). Then spectral multiplicities of both relations Ly and Ly do
not exceed k, because defect subspaces of simple symmetric operators are
generating subspaces for the operator parts of their selfadjoint extensions.
The rest follows from Lemma 2.8. One should write out the “triple”
Lebesgue decomposition for scalar spectral measures of maximal type of L,
Zl and Zg w.r.t. each other and count the differences of multiplicities a.e
with respect to each part according to Lemma 2.8; we skip the details. [

2.3. Boundary Relations and the Titchmarsh—Kodaira Formula

Using the abstract setting of boundary relations leads to a unified approach to
the spectral theory of many concrete operators. A recent standard reference
for this theory is [2]; we shall sometimes also refer to [3]. Let us now recall
some basic facts used in the present paper.

2.10 Definition. Let H and B be Hilbert spaces, S be a closed symmetric
linear relation in H and T' be a linear relation from H? to B? (i.e., I' C
H? x B?). Then T is called a boundary relation for S*, if the following holds.

(BR1) The domain of I" is contained in S* and is dense there.
(BR2) For all ((f;9); (a;0)),((f"59');(a’;V)) € T the abstract Green’s iden-
tity holds:

(g7 f/)H - (fa g/)H = (b7 CLI)B - (a’a b/)B'
(BR3) The relation I' is maximal with respect to the properties (BR1) and
(BR2).
If mull’'N ({O} X B) = {0}, then we say that I is of function type. If mull’ =
{(0;0)}, then T is called a boundary function.

In what follows we consider only boundary relations with B = C". In
this case it is known that deficiency indices of S are equal and the domain of T'
is equal to S*. If additionally mulT' = {(0;0)}, then T" is a bounded operator
from S* to C?" which can be written in the form I' = (I';,I'p), I'; : S* — C",
i =1,2, and then the collection (C";T'1,T's) is called an (ordinary) boundary
triplet for S*.

For the case of a boundary triplet (C™;T'1,T'y) for S* symmetric and
selfadjoint extensions of S can be described in a neat way. To this end in-
troduce the indefinite scalar product [-,-] on C* x C" defined by the Gram



IEOT Local Spectral Multiplicity of Selfadjoint Couplings Page 11 of 35 18

operator

(0 e
J(Cn '_Z(—I(Cn 0 >

[(a;0), (a/;0")] ==i((b,a")cn — (a,b)cn).

Then symmetric extensions A C H x H of S correspond bijectively to [, ]—
neutral subspaces § C C" xC" by means of the inverse image map I'"!. In this
correspondence A is selfadjoint if and only if # is a maximal neutral subspace
(equivalently, 8 is neutral and dim # = n). Such subspaces are sometimes also
called Lagrange planes, e.g., [9]. One has S = kerT" and the induced linear

Explicitly, this is

operator I' on the quotient linear space S*/S is its linear isomorphism with
C?". In the general case of a boundary relation I there is a linear isomorphism
between the quotient spaces S*/S = domI'/kerI" and ranI'/mulT".

2.11 Definition. Let I be a boundary relation. The map M which assigns to
a point z € C \ R the linear relation

M(z) :={(a;b) € C" x C": 3 f € H with ((f;2f); (a;b)) €T}
is called the Weyl family of T.

The Weyl family M of a boundary relation of function type (where B = C") is
a n X n-matrix-valued Herglotz function, and is also called the Weyl function.

The Weyl family of a boundary relation is intimitely related to the
spectral theory of selfadjoint extensions of S, specifically, to the spectrum of
the selfadjoint (see [3, Proposition 4.22]) relation

L :=ker [m o], (2.5)

where m; : C" x C" — C" is the projection onto the first component
m1((a; b)) := a. In the case of a boundary triplet (C™;T'1,T'3) we have L =
kerI'y. Since the Weyl family comprises the information given by defect el-
ements, naturally, a selfadjoint part of S (including its multivalued part)
cannot be accessed using M (z). For this reason a statement about spectrum
can only be expected for boundary relations of simple symmetric linear rela-
tions (which therefore are operators, but may be nondensely defined, so that
their adjoint may be a multivalued linear relation). A cornerstone in Weyl
theory is the Titchmarsh—Kodaira formula. We give a formulation which is in
fact a generalization of the Titchmarsh—Weyl-Kodaira theory [13,23,24] for
one-dimensional Schrodinger operators to the abstract setting of boundary
relations.

2.12 Theorem. (Titchmarsh-Kodaira formula) Let S be a closed simple sym-
metric linear relation in a Hilbert space H and T' C H? x C?" be a bound-
ary relation of function type for S*. Consider the selfadjoint extension L :=
ker[my o T'] of S. Moreover, let M be the Weyl function associated with T', let
Q be the measure in the Herglotz integral representation of M, and let p be
its trace measure p = tr ).
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Then the operator part of L is unitarily equivalent to the operator of
multiplication by independent variable in the space Lo(R,$). The spectral
multiplicity function Ny, of L is given as

Np(x) = rank Z—Q(x) for p-a.a. x € R. (2.6)
0

2.4. Pasting of Boundary Relations

In this subsection we describe what we understand by a pasting of boundary
relations by means of interface conditions. For more details on operations with
boundary relations we refer the reader to [2] or [22, §3]. We restrict ourselves
to pastings of relations from a particular simple class (B = C), however the
construction that we use would also make sense in a more general case.

We use the word pasting in two meanings: for boundary relations I'; and
for selfadjoint linear relations L; = ker[m; o I';]. For the former a pasting is
obtained from a fractional linear transform w of I'y = [[;_, ', where the
matrix w is J-unitary and is constructed in a non-unique way from matrices
A and B which determine the interface condition. For the latter the pasting
is uniquely determined by A and B.

We consider the following setting.

(D1) Let n > 2 and for I € {1,...,n} let either H; be a Hilbert space, S;
a simple closed symmetric linear relation in H; with deficiency index
(1,1) (which is hence an operator, possibly not densely defined), I'; C
Hl2 x C? a boundary relation of function type for Sy and L; = ker[m o
I')] a selfadjoint linear relation, or (an artificial edge) H, = {0}, S; =
Ly =57 ={(0;0)}, and I’y = {0}*> x mulT; C {0}? x C2. We assume
that for at least one [ we do not have an artificial edge.

(D2) Denote H := [}, H;, S = [[}-, S, To :== [[[L, Ty and Ly :=
[T L.

(D3) Let A, B € C"*™ be such that AB* = BA* and rank(A, B) = n.

Note that our assumptions in (D1) imply that boundary relations I’
which are not boundary functions must be artificial. Namely, if mulT; # {0}2,
then by a dimension argument we must have H; = {0} and I, = {0}* x
{(a;mya),a € C} with some constant m; € R serving as Weyl function.
Allowing such degenerate cases has meaningful applications: in [22] using
a construction with an artificial edge we showed that Aronszajn—Donoghue
result [1,6] can be deduced from the result of that work (these results actually
imply each other).

We see that S is a simple closed symmetric linear relation in H with
deficiency index at most (n,n), and

Lo = {((f§9)3 (a;0)) € H*x(C"xC™) = ((fi;91); (a3 b)) € Ty, l = 1,...,n}

is a boundary relation for S*. The Weyl family of Iy is given as the diagonal
relation My = diag(my, ..., m,), where m; are Weyl functions of boundary
relations I'; or the real constants associated with artificial edges, respectively.
Since I'; are of function type, so is I'g, and Mj is a diagonal matrix function.
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Obviously
Lo = kel‘[ﬂ'l o Fo],

and we think of Lg as the uncoupled selfadjoint relation.

In order to model interaction between the boundary relations I'y, ..., T,
one can use fractional linear transforms defined by Jgr-unitary matrices w.
Recall here that a matrix w € C?"*?" is called Jen-unitary, if w* Jenw = Jon.
Also note that w is Jen-unitary if and only if w* is:

’LU*JCn’LU = J(Cn = U)*<iJ((jwr) . ’U)(ZJ(CW) = I(Cn
~ w(ZJ(Cn) . 'LU*(Y,J(Cn) = I(Cn <~ 'lUJ(Cn’LU* = J(Cn.

Given matrices A, B which satisfy (D3) we can construct a Jen-unitary ma-
trix w € C?"*?” with A and B used as upper blocks. The following result is
of a folklore kind, however, for completeness we provide its proof.

2.13 Lemma. Let A, B € C"*" be given. There exist C, D € C"*" such that

the matrix
A B
w = (C’ D) (2.7)

is Jen -unitary, if and only if AB* = BA* and rank(A, B) = n.
Proof. Multiplying out the product wJcrw™, shows that w is Jer-unitary if
and only if the four equations

BA* — AB* =0, DA* — CB* = Icn, BC* — AD* = —I¢n,

DC* —CD* =0, (2.8)

hold.

The backwards implication readily follows: if we find C' and D such
that (2.7) is Jen-unitary, then BA* = AB* and ker[(A, B)*] = {0}. In order
to show the forward implication, assume that A and B satisfy these two
conditions. Then the matrix

X = AA* + BB* = (A, B) (;)

is positive definite. Set C' := —X "B and D := X ' A. Then all four relations
in (2.8) are fulfilled. O

Given w of the form (2.7), consider the relation
Iy =woly= {((f;g); (Aa + Bb; Ca + Db)) : ((f;g); (a; b)) € FO}.

One can show that Iy, is a boundary relation for S* and that the Weyl family
of T'y, is

My (z) = {(Aa + Bb;Ca+ Db) : (a;b) € Mo(z)}
_ {((A + BMo(2))a; (C+ DMo(z))a) : a € cn}, 2eC\R.

If A+ BM,(z
M,

is invertible for every z € C\ R, then

)
(2) = (C 4+ DMy(2))(A+ BMy(2))™t, z€C\R, (2.9)
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is a matrix valued function and I';, is of function type.
The selfadjoint relation (2.5) for Ty, is given as

Ly p :=ker(m ol'y,)
= {(f;9) € H*: asb) € €+ ((f39)5(asb)) € To, Aa+ Bb=0}.
(2.10)

It depends only on the first row of w, i.e., on the matrices A and B, and hence
we may legitimately call La p the pasting of the relations L; = ker(m o I')
by means of the interface conditions (A, B). We think of L4 g as the coupled
selfadjoint relation.

The relation L4 p is a finite-rank perturbation of Ly in the resolvent
sense with the actual rank of the perturbation not exceeding n. This holds
simply because both are extensions of the symmetry S which has deficiency
index at most (n,n). The following lemma helps to estimate this rank.

Denote for A, B € C"*"

Oa.p:={(a,b) e C" xC": Aa+ Bb=0}. (2.11)

2.14 Lemma. Let A,B € C"*"™ and A’, B’ € C**™ satisfy assumption (D3).
Then

vank [(Lap — 21) "' = (Larp — 2I)~*] < dim (9A,B / 045N aA,yB,),
z€ C\R.

Proof. Under (D3), 64,5 and 04/ - are Lagrange planes in C” x C™ which
correspond to the relations L4 g and L4/ ps in the sense that F61(9A73) =
Ly p and Fal(HA/,B/) = Ly p. For each z € C\ R the rank of the resolvent
difference is

vank [(Lap — 21) "' = (La g — 21)""] = dim (LA,B/LA,B n LA/,B,).
We have:
dim (Lap /Lap 0 Lars)
— dim (LA 5 / S) — dim (LAVB NLap / S)
< dim (r Y0un /ker FO) — dim (F—l(aA,B N HA’,B’)/ker ro)
= dim (04, NxanTy /64,5 Nmul Ty )
— dim (9A 50045 0 ranro/aA 5 N6 5 O mul ro)
< dim (04,5 NranTy /64,5 0045 (Ul Ty)
—dim (6.4, N 045 N1anTo /04,5 N 0,40 Nl To)

= dim (9,4,3 N ranl"o/ﬁA,B NBa g N ranI‘())
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< dim (04,5 /04,5 N 0ap0).

2.15 Corollary. Let A, B € C™*" satisfy (D3). Then
rank [(Lap —2I)"" — (Lo — 2I)7'] <rankB, z€C\R.

Proof. We have 0y := 070 = {(a,b) € C* x C" : a = 0}. By the lemma for
z€ C\R

rank [(Lap — 2I) "' — (Lo — 2I)~*] < dim (9,4_,3/0&3 N 00),
and this dimension is computed as
dim (9A,B/9A,B N 90) = n—dim(f4.p N 6) = n — dimker B = rank B.
O

3. Discussion of Interface Conditions

In our present work we investigate spectral properties of coupled operators
L 4 p whose interface conditions (A, B) are subject to an additional mixing
condition. Namely, besides the general condition

(D3) AB* = BA* and rank(A,B) =n
we are going to assume the condition

(D4) each set of rank B many different columns of B is linearly independent.
Note that this is a condition on B only.

We have no fully precise intuition for (D4). However, in some sense it is
related to how different edges are mixed. To illustrate the situation, observe
that the matrix By from the standard interface conditions in (1.6) satisfies
(D4), and apparently the Kirchhoff condition ;' ; u}(0) = 0 for a star-graph
combines all edges. On the other hand consider for instance the matrices

1-10 1-10 000
A;=(000), A2=(001), B:=[110
001 010 001

Obviously, B does not satisfy (D4). Thinking of a situation as in (1.4)—(1.5),
we see that interface conditions with this matrix B fail to mix all edges in
the second component of their boundary values. For example, the operator
corresponding to the interface conditions (A;, B) splits in two uncoupled
parts, one corresponding to the first two edges and another to the third edge.
At the same time, the operator corresponding to (A, B) will mix all edges.

The condition (D4) can be characterized in different ways. Here we call
a linear subspace £ of C™ a coordinate plane, if £ = span{e;,,...,e; } with
some 1 < i; < ip < ... < 1 < n, and where e; denotes the i-th canonical
basis vector in C™.

3.1 Lemma. For a matrix B € C"*" the following statements are equivalent.
(1) B satisfies (D4).
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(2) For every coordinate plane L in C"™ with dim £ < rank B, the restriction
of B to L is injective.
(8) For every positive semidefinite diagonal matriz X it holds that

rank(BX B*) = min{rank X, rank B}. (3.1)

Proof. Assume (1), i.e., that B satisfies (D4), and let £ = span{e;,,...,e;}
be a coordinate plane with dimension [ < rank B. The range of B|. is the
linear span of the corresponding columns of B, and hence has dimension .
Thus B, is injective, and we have (2).

Assume (2) and let X be a positive semidefinite diagonal matrix. Since
X >0, we have

ker(BX B*) = ker(X ? B*),
and hence
rank(BX B*) = rank(X ? B*) = rank(BX 7). (3.2)

Denote 7 := rank B and 1/ := rank X. Clearly, rank(BX z) < min{r,r'}. Let
1 <41 <...< i <n be those indices for which the corresponding diagonal
entry of X is nonzero. Then ran X3 = span{e;,,...,e; , } =: L.Ifr" < r, then
B acts injectively on £, and hence rank(BX2) = /. If ' > r, then B acts
injectively on span{e;,,...,e; }, and hence rank(BX ) = r. Put together,
we arrive at the asserted formula (3.1), i.e., we have (3).

Finally, assume (3) and let 1 < i3 < ... < i, < n. Let X be the
diagonal matrix having diagonal entry 1 in the 4;-th columns, [ = 1,... 7,
and 0 otherwise. Then the linear span K of the 41,...,%,.-th columns of B
is nothing but the range of BX 2. Remembering (3.2), we obtain from (3.1)
that

dim K = rank(BXB*) = r.

This means that the i1, ...,%,.-th columns of B are linearly independent and
we have (1).
Thus items (1), (2) and (3) are equivalent. O

The selfadjoint relation L4 p defined as pasting by means of the interface
conditions (A, B), cf. (2.10), does not uniquely correspond to (A, B). Clearly,
if @ € C**" is invertible, then L4 p = Lga,gp. Another way to modify A
and B without essentially changing the corresponding operator is to simulta-
neously permute columns of A and B; this corresponds to “renumerating the
edges”: Let m be a permutation of {1,...,n}, and let P be the corresponding
permutation matrix. Then the operator L4 p defined as pasting of I'y,...,I',
with interface conditions (A, B) is unitarily equivalent to the operator built
from T'z(qy, ..., [y With (AP, BP), and hence these two operators share all
their spectral properties.

We are going to use the above two operations to reduce interface con-
ditions to a suitable normal form. For matrices A4, B, A, B € C"™ ™ let us
write (A, B) ~ (A, B), if there exist Q, P € C*™*™ with Q invertible and P a
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permutation matrix, such that
T PO
(A5 -eus (g 7).

Clearly, ~ is an equivalence relation. Two equivalent pairs (A4, B) and (A, B)
together do or do not satisfy (D3). Further, for any matrices B, Q, P € C"*"
with @ invertible and P a permutation matrix, the matrices B and QBP
together do or do not satisfy (D4).

3.2 Lemma. Let A, B € C"*™ and assume that (D3) and (D4) hold. Denote
r:=rank B. Then there exist Ay € C"~7)*" gnd Ay € C™" with Ay = 5
such that (Ick denotes the identity matrix of size k X k, and block matrices
are understood with respect to the decomposition C* = C"~" x C")

(A, B) ~ ((ICST 2‘;) : <_(/)1; 12»

Proof. By the definition of r we find an invertible @); € C"*™ such that

0 O
.B =
@ (321 Bz2>

with some blocks By; € C™ (") and By € C™*". Since rank(Q; A4, Q1 B) =
rank(A, B) = n, the first n — r rows of Q1 A are linearly independent. Hence,
we find an invertible Qo € C*~")*("=7) and a permutation matrix P € C**"

such that
Q2 O . . _ I(Cnf'r‘ A12
(0 L) @A =0 4,

with some blocks A5 € C™ %" and Ay € C™*". By (D4), the last r
columns of @1BP are linearly independent. Equivalently, the right lower
r x r-block Bb, of Q1 BP is invertible. Setting Q3 := (Bj,) ™!, we obtain

Icn-—r O 0 0
.O0-B-P=
( 0 Q3> @ (Bgl LCT>

with some block Bf, € C> =),
Putting together, we have

Qs 0 PO Ien v A 0 0
(A, B) - =
(0 Q3>Q1 (4, B) <0 P) (( 0 Q3Ay ) \Bby Icr
From AB* = BA*, we obtain that Q3A422 = (Q3A22)* and B}, = —A%,. O

Conclusion: When investigating spectral properties of pastings of boundary
relations with interface conditions given by matrices A and B subject to (D3)
and (D4), we may restrict attention without loss of generality to pairs (A, B)

of the form
(I Ay (0 0
A= ( 0 A2> , B= (—A’{ ICT> ) (33)

with some A; € C»~7)*" and Ay € C™%7, Ay = Aj.
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3.3 Remark. Two pairs of the form (3.3) can be equivalent modulo ~. For
example,

Icn—r Ay 0 0 Icn—r {11 0 0
0 Ay) \—Ar Ie 0 Ay)  \—Af Icr

if there exist permutation matrices P; € C(»~"*(=7) and P, € C"™*" such
that

Ay = PrA Py, Ay = P}AyP,.

Validity of (D4) for a matrix B of form (3.3) can also be characterized in
different ways.

3.4 Lemma. Let By € C™*("") and set

0 O
p=(30)

Then the following statements are equivalent.

(1) B satisfies (D4).

(2) All minors of size r of the matriz (By,Icr) are nonzero.

(8) All minors of size n —r of the matriz (Icn-r,—B7) are nonzero.
(4) All minors of By are nonzero.

Proof. Since the upper n—r rows of B contain only zeros, a set of columns of
B is linearly independent if and only if the set consisting of the same columns
of (By, Icr) is linearly independent. This shows the equivalence of (1) and (2).

Let ¥ < min{n —r,r},andlet 1 < j; < ... < jpy < n—r and n —
r < iy < ... < i < n. Denote by d the minor of size k of the matrix B;
obtained by selecting the columns ji, ..., ji and the rows i1, ...,%; of B. Let
1<ji<...<jl_,p<n—randn—r<i <..<i_, <n be the
complementary index sets, i.e.,

{1,k 0G0 it = i ik 0 = 0.

Then the minor d is up to a sign equal to the minor of size r of (B, Icr)

made from the ji,...,jk,n—r+1},...,n—r+1i._,-th columns of this matrix.
Further, it is up to a sign and complex conjugation equal to the minor of size
n—r of (Ign-r, —B{) made from the j1,...,j, ., n—r+iy,...,n—r+izth

columns of this matrix. This shows the equivalence of (2), (3), and (4). O

4. Formulation of the Main Result

In this section we formulate the main result of the present paper, the be-
low Theorem 4.3. It is preceded by a corresponding theorem about the point
spectrum, Theorem 4.1, which we state independently for several reasons:
behavior of multiplicity of eigenvalues may serve as a simple and elemen-
tary model for the behavior of spectral multiplicity of singular spectrum,
it allows an independent proof by linear algebra, and one assumption from
Theorem 4.3, (D5), can be dropped.
The result about the point spectrum now reads as follows.
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4.1 Theorem. Let data be given according to (D1)-(D4) above. Let La p be
the selfadjoint relation constructed by pasting Lq,...,L, by means of the
interface conditions (A, B), cf. (2.10). Let r := rank B. For x € R denote
by Nj g(x) the multiplicity of x as an eigenvalue of La g, and by Ny (z) the
multiplicity of © as an eigenvalue of Ly, i.e.,

N} () == dimker(La g — 1),
N{(z) := dimker(Ly —zI) = #{l € {1,...,n} : x € 0,,(L;)}.
Then the following statements hold.
(P1) If Ny (z) > r, then N z(z) = Nj(x) — 7.
(P2) If Ng(z) <r, then N§ p(x) <r— Nj(z).

4.2 Remark. Recall that for any choice of a representative of the multiplicity
function Ny we have No(z) = N§(z) if N§(z) > 0 (the same for N4 g). It is
possible that N§(z) = 0 while Ny(x) > 0.

The formulation of the result for singular spectrum is quite more elabo-
rate compared to point spectrum, but only because of the measure theoretic
nature of the involved quantities. The basic message is quite the same. Again
there occurs a distinction into two cases, many layers of spectrum vs. few
layers of spectrum. If locally at a point the uncoupled operator Ly has many
layers of spectrum compared to the rank of matrix B, then after performing
the perturbation the multiplicity will have decreased by rank B. In particular,
if we had exactly rank B many layers, the point will not anymore contribute
to the spectral measure. If Ly has few layers of spectrum, then the multiplic-
ity will not become too large after performing the perturbation. Depending
on the ratio of r and Ny(x) it may increase or must decrease.

We use the simplified notation 1y y,—;y -v for the part 1y, -v of a measure
v < p (and their sums such as 1y, .} - v), cf. the definition of ¥; and Ny in
Sect. 2.2. This definition does not depend on the choice of a representative
of the equivalence class of sets {Ny = I} owing to absolute continuity of v
w.r.t. p.

4.3 Theorem. Let data be given according to (D1)—~(D4) above. Let w be a J-
unitary matriz provided by Lemma 2.13, cf. (2.7), Ty, = woTl'y be the pasting
of I'1,....I'y, and La g = ker[m oI'y] be the pasting of L1,...,L, by means
of the interface condition (A, B), cf. (2.10). Let m; be the (scalar) Weyl
functions for I'y, My and M, be the matriz valued Weyl functions for I'y and
Tw, and py, Qo, Qy be the measures in their Herglotz integral representations
(if the “I-th edge” is “artificial”, we assume py = 0). Let pn:= Y, pu = tr Qo
and p := trQy, be scalar spectral measures of the linear selfadjoint relations
Lo, La,g, and Ny, Na g be their spectral multiplicity functions.

Let g = pge + s and p = pae + ps be Lebesgue decompositions of i
and p w.r.t. the Lebesgue measure A\, and ps = psac + Ps,s the Lebesgue
decomposition of ps w.r.t. p. Let r := rank B.

Assume in addition that we do not have too many artificial edges in the
sense that

(D5) #{l : mull'y = {(0;0)}} > 7.
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Then the following statements hold.

(51) pac ~ prac and Ny p = No holds pac-a.e.

(52) Lyny=r}-Ps,ac = 0 or, equivalently, psac ~ Ling>ry - Ps,ac+Lo<No<r}
Ps,ac-

(S‘?) ]l{Ng>r} *Ps,ac ™~ ]1{N0>r} T s and NA,B =No—r holds ]1{N0>7‘} *Ps,ac
a.e.

(S4) Nap <1 — No holds 1{g<ny<r} * Ps,ac-0-€-

(S5) Nag <1 holds ps s-a.e.

4.4 Remark. 1. Ttem (S1) follows from [8] and is included here only for
completeness. Item (S5) follows from Lemma 2.9 and (S1) since p =
(Pac + Ps,ac) + ps,s is the Lebesgue decomposition of p w.r.t. p.

2. Note that spectral multiplicity functions Ny and N4 g are not defined
uniquely and can be changed on u- and p-zero sets, respectively. How-
ever, these sets of non-uniqueness are ps qc-zero, because p; 4. < p and
Ps.ac < H, thus we can compare N4 p and Ny in (S3) and (S4).

3. Ttems (S2) and (S3) correspond to the “many layers case”, while item
(S4) is the “few layers case”.

The proof of Theorem 4.1 is by linear algebra and is given in Sect. 5. The
proof of Theorem 4.3 is given in Sects. 6 and 7. For the many layers case
we proceed via the Titchmarsh—Kodaira formula and the boundary behavior
of the Weyl function, while the few layers case is settled by a geometric
reduction.

5. The Point Spectrum

In this section we prove Theorem 4.1. Throughout the section let data be
given as in this theorem, where A, B are assumed to be in block form as in
(3.3). Moreover, fix © € R.

As a first step we study the eigenspaces ker(S; — «I) for each [ €
{1,...,n} separately. Recall that dimker(S; —zI) <1 and dimmulT; < 1.
If mulT; # {(0;0)} then H; = {0} and in particular 0,(S;) = (0. Since I'; is
of function type, mulT'; cannot contain (0;1).

We have = € 0,(S}) if and only if there exist f; € H;\{0} and a;,b; € C
with

((fzzf1); (as br)) €T

Assume that = € 0,,(S}). Then the boundary values a;, b; are uniquely deter-
mined by the element f;, and f; itself is unique up to a scalar multiple. Fix
a choice of f;. Since S; is simple, we have for the corresponding boundary
values (a;; b;) # 0. Moreover, x € 0,(L;) if and only if a; = 0.

We fix the following notation throughout:

(1) If x € 0p(Ly), let fi € H, \ {0} be the unique element with
((frxfi); (0;1)) €Ty
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(2) If z € 0,(5F) \ 0,(Ly), let f; € H;\ {0} and m; € C be the unique
elements with
((fuxfi); (13my)) € T
(3) If mulT; # {(0;0)}, let m; € C be the unique element such that
((0;0); (1;m)) € Iv.

Note that, by the abstract Green’s identity, we have m; € R in this case.
Moreover, we denote:

(4) If = ¢ 0,(S;), set f := 0 (including the case mulT; # {(0;0)}).
(5) If x € 0,(Ly), or mull; = {(0;0)} and = ¢ 0,(S;), set my := 0.

In the second step we identify ker(La p — xI). Set

Jp ={le{l,....n}: z€0,(Ly)},

Jyo={le{l,....n}: x € 0p(S))},

Jm ={le{1,...,n}: mulT; # {(0;0)}},
and let fl € H be the element whose [-th coordinate is fl and all other coordi-
nates are 0. For a subset J of {1,...,n} let D; be the diagonal matrix whose

diagonal entry in the i-th column is 1 if ¢ € J and 0 otherwise. Moreover, let
M be the diagonal matrix with diagonal entries mq,...,m,,.

5.1 Lemma. Set
v = AD( s\, )us, + B(Dy, + MD(j\1,)00,,)
and let = : C" — H be the map (we write ¢ = (¢;)}_,)

n

E(c) := chfl.

1=1

Then ker(La g — aI) = E(kerv), and in particular
dimker(L 4 g — xI) = dimkery — dim (kery Nker Z).

Proof. We have

ker(S* — ) err [ —al) {chfl:ce(cn}:rani

=1
In this representation of ker(S *—uxI) the constants ¢; for [ ¢ J; are irrelevant,
since fl = 0 for I ¢ J;. This changes when we turn to ker(La p — zl) C
ker(S* — aI), since the values of ¢; for [ € .J,, influence boundary values.

For every f = Sia fi € ker(S* — xI) there exists (possibly not unique)
(a;b) € C?" such that

((Fi2): (b)) € To (5.1)

and f € ker(Lap — ), if and only if there exists (a;b) € C** such that
Aa + Bb = 0 additionally to (5.1). According to (1)—(3) it should be that

(@;0) =Y ae)+ > alesme)+ Y ale;me),

ledp leJ\Jp ledm
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which means that

a= E ce;, b= E ce; + E cgmyey.

LE(T\Tp)UTm e, 1E(J\Tp)UTm
Then Aa + Bb = 0 is equivalent to
[AD(s5\s,)00,. + B(Ds, + MDjz\,)07,.)] ¢ = 0.
We conclude that
ker(Lap — «I)

= {chfl iceC*" A [AD(J;\JP)UJM +B(DJP +MD(J;\JP)UJM):|C: 0}
=1

= {chﬁ: ce kerv} = E(kery).

=1
O

In the third step we compute or estimate, respectively, the dimensions of
ker~ and ker~y N ker =.
5.2 Lemma. (1) If #(J;\ Jp) Uy <n—r, then
dimkery = max {#J, — r,0} +n — #J — #Jm,
dim (ker’y n kerE) =n—#J, —#Jm.
(2) If #(Jy \ Jp) U Jm > n —r, then
dimkery <r — #J,,
dim (kerfy ﬂkerE) >n—#Jy — #Jm.

Proof. Consider the case that #(J;; \ J,) U J,, <n —r. We show that
ker*yz{cE(C”:DJ;\Jpc:DJ c=BD,c=0}. (5.2)

m

The inclusion “2” holds since m; = 0 for [ ¢ (J; \ Jp) U Jy,. Let ¢ € kery.
Since Dy ,_»B =0, it follows that

D1,..n—rAD(j\ g, 00,,¢ = 0.
The left side is a linear combination of at most n — r columns of the matrix
(Ign-r, A1), and Lemma 3.4 implies that D(j\g,)01,,¢ = 0 and hence Mc =
0. From this we obtain
BDJPC =0.

Thus the inclusion “C” also holds and the proof of (5.2) is complete.
The sets J; \ Jp, Jm, and J,, are pairwise disjoint, and each r columns
of B are linearly independent. Thus (5.2) implies

dimkery =n — (#J, — #Jp) — #Jp — min{#J,, 7}
=max {#J, — 7,0} + (n — #J, — H#Jm).
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We have
ker=={ceC": Dj.c=0},
and see that
keryNker= = {c e C™: DJ;;C: Dy c= O}.

Thus dim(kery Nker Z) = n — #J; — #Jpn.
Consider now the case that #(J; \ J,) U J, > n —r. We show that

dimrany > (n — ) + #J,. (5.3)

Choose n — r indices in (J;; \ Jp) U Jy,, and let R be the linear span of the
corresponding columns of . Denote by 7 the projection in C™ onto the first
n —r coordinates (7 = Dy . n—r}). The image 7, (R) is the span of n —r
columns of the matrix (Ign-r, A1), and hence has dimension n — r. It follows
that

dmR=n—-r, RnNkerry ={0}.

Let R’ be the linear span of the columns of v corresponding to indices in J,.
For those indices columns of v are actually columns of B, and it follows that

dimR' = #J,, R’ Ckerm,.
Note here that #J, < r. Since R + R’ C ran+y, we obtain
dimrany > dim R + dim R’ = (n — r) + #.J,,.

From this, clearly, dimkery < r — #J,. Next, we have ker DJ;UJm CkeryN
ker =, and hence

dim(ker’yﬂkerE) >n—#J, —F#Jm.

It is easy to deduce Theorem 4.1 from the above lemma.

Proof of Theorem 4.1. Assume that N§(z) > r, and note that N[ (z) = #J,,.
Then case (1) in Lemma 5.2 takes place, and it follows that

N p(x) = dimker(La g — xI) = #J, — 1.

Assume now that NJ(z) < r. If in Lemma 5.2 case (1) takes place, then
N p(x) = 0. If case (2) takes place, we obtain the bound

Ni (@) < v —FtJp —n+#Jy +F T <17 — #Jp.
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6. The Many Layers Case

In the present section we prove assertions (S2) and (S3) from Theorem 4.3.
The argument rests on boundary limit formula for matrix valued Nevanlinna
functions: provided that the boundary relation T'y, is of function type, we
employ Titchmarsh—Kodaira formula and Lemma 2.6 to obtain that

d€dy, . Im My, (2)
N =rank — (z) = rank lim —————
4.B(z) =ran i (z) =ran lim Mo (2)
Throughout this section let data and notation be as in Theorem 4.3.
In addition assume that the matrices A, B describing the interface condition

are of the form
~ (Ign-r A4 _ 0 0
a=(5m) = ().

with some A; € C*="*" and Ay € C™*" such that all minors of A; are
nonzero and A; = A3. Recall that, by the discussion in Sect. 3, this assump-
tion is no loss in generality.

The algebraic core of the proof is the following auxiliary proposition.

for p-a.a. z € R. (6.1)

6.1 Proposition. Let r < n, By € C™"=") be such that all minors of By
are nonzero, and let X1 € C=x(=1) 4nd Xy € C™" be two positive
semidefinite diagonal matrices such that rank X + rank Xo > r. Then

(1) the matriz B1 X1 BT + X5 is invertible, and
(2) rank (X1 — X1 B;(B1X1B; + X3) ' B1X1) = rank X; + rank X, — r.

Proof. To show (1) set

(0 0 (X1 0
pe (20, e (B0).

«_ (0 0
BXB" = (O By X1 Bf +X2) '
Clearly, rank X = rank X; +rank X5. By Lemma 3.4 matrix B satisfies (D4),
and by Lemma 3.1 we have
rank (B X1 B} + X) = rank(BX B*) = min{rank X, rank B} = r.

This means that the r x r matrix B1X; B} + X2 is invertible.
The assertion in (2) requires a slightly more elaborate argument. Set

H:= B X.\B; + Xy, G:=Icnr— X BiH 'B.

Then

To avoid confusion with dimensions let us here make explicit that
X;,G:C" " —-C" ", X, HH':C—cC,
B, :C""—=C", By:C"—=C"".
The essence of the argument are the following four relations:
Xo-H'Bi=B,-G, G -X\Bf=XBiH ' X,
X\Bf -H 'By=1Icnr—G, H'By-X1Bf =Icr — H 'X,. (6.3)

—
>
]
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The equalities in (6.2) follow by plugging Xo = H— By X1 B7, the first relation
in (6.3) is just the definition of G and the second is H 'H = I¢-.

Together (6.2) and (6.3) show that H ! By |ier ¢ and X1 B |ier x, are mu-
tually inverse bijections between ker G and ker X5. In particular, this implies
that

dim ker G = dim ker X5.

The assertion in (2) is now easily deduced. We have ker(GX;) = X; ! (ker G)
(the preimage of ker G). The definition of G shows that ker G C ran X5, and
hence

X1|X1_1(kerG) : X1 Hker G) — ker G
is surjective. Clearly, ker X; C X *(ker G), and hence
ker (X1|X1_1(kerG)) = ker X.
Together this implies that
dimker(GX) = dim X * (ker G)
= dim ker ()(1|X171(ker G)) + dim ker G = dim ker X7 + dim ker X5,
and hence that
rank(GX;) = (n —r) — dimker(GX;)
= (n —r) — dimker X; — dim ker Xy = rank X; + rank X — r.

O
We return to the setting of the theorem. Denote for z € C\ R
_. (Mu(z) 0
Mo(Z) =: ( 0 M22(Z) .
Writing out the block form of A+ BM;(z) gives
I(Cnfr Al
A+ BM, = .
+ O(Z) (—ATMll(Z) A2 =+ MgQ(Z))
Denote also
D(Z) = A2 + MQQ(Z) + ATMII(Z)AI (64)

We see that D(z) is the Schur complement of the upper-left block of A +

6.2 Lemma. Let (D1)—(D5) hold with r < n. Then Ty, is of function type and
for every z € C\ R

(1) D(z) is invertible,

(2) A+ BMy(z) is invertible,

Icn—r — A1 D(2) 71 A; My (2) _AlD(z)_1> (6.5)

(A+ BMy(2))" = ( D(z)~ AL My (2) D(z)~

and

Im M, (2) = ((A+ BMoy(2))"")* Tm My (2)(A + BMy(2))"t.  (6.6)
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Proof. The imaginary part of D(z) is
Im D(z) = Im Maa(2) + A} Im M7 (2) A;.

By assumption (D5) at least  many of the functions m; are not equal to a
real constant. Thus

rank Im M1 (z) + rank Im My (2) = rank Im My(z) > r,

and Proposition 6.1, (1), implies that Im D is invertible. Since Im D(z) > 0,
it follows that D(z) is also invertible: if D(z)u = 0, then

(1 D) bl = (1 D)) = - (D) = (u, D)) =0,

and hence v = 0. Since the Schur complement D(z) is invertible, we conclude
that A 4+ BMj(z) is invertible and the formula (6.5) holds.

As we have noted in Sect. 2.4, invertibility of A+ BM(z) implies that
M, (#) is a matrix for every z € C\R and that I',, is of function type. Formula
(6.6) holds by [8, Lemma 6.3, (i)]. O

6.3 Remark. The case r = n needs separate attention (note that then all
functions m; are not real constants). In this case there is no block structure
and we can write

A:AQQ, B:I, Mo(Z) :MQQ(Z), A+BMO(Z) :A22+M0(Z)
and
Im(A + BMy(z)) = Im My(2)

is invertible, hence A + BMy(z) is also invertible and T',, is of function type,
(6.5) becomes (A + BMg(z))™! = (Ae + Mp(2))~1(2) and (6.6) continues to
hold.

For points 2 € R with sufficiently nice properties formulae (6.5)—(6.6) can be
used to compute (6.1). Here, and in the following, we denote m := ;" | my.

6.4 Lemma. Let (D1)-(D5) hold with r <n and let x € R. Assume that

1) the symmetric derwative =2 (z) exists,
dp

(2) the symmetric derivative %(m) exists and is equal co,
(3) lifn Mo(2) oyists and equals to %(w).
zZ|lT

Set

dQ
(X(Z‘) = T:(l‘)7
let as usual ap1(x) and ass(x) denote the diagonal blocks of a(x) of sizen—r
and r, respectively, and let
H(.’E) = 0[22(1') + ATOéll(SU)Al.

Ifrank a(x) > r, then H(x) is invertible, and the following limit exists, equals
i Ime(Z) - Oéll(l’)7&11(I)A1H($)71AT0111(£L') 0
im———= =
zlz Imm(z) 0 0
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and its rank equals rank a(x) — r. Assume that in addition to (1)—(3) it holds
that

(4) the symmetric derivative g—Z(a}) exists and is finite.

Then g—Z(x) =0 if and only if rank a(x) = r; if rank a(z) > r, then the limit

Hlew IIrn My (2)

Ww(z) exists and

. ImM,(2)
k lim — " wlE)
AR e Tmtr Mo ()

Proof. Let (1)-(3) hold. Set H(z) := aga(z)+ A1 (x)A;. From (2) it follows
by Proposition 2.5, (2), that m(z) — oo as z | z. From (3) and (6.4) we have
lim, |, % = H(x). Proposition 6.1, (1), tells us that if rank a(x) > r, then
H(x) is invertible. Hence, in this case we may conclude that

lzlgﬂl m(z)D(z)" = H(z)™'.

=ranka(z) —r. (6.7)

Now the representation (6.5) yields
lim (A + BMj(2)) "
zlx

m(z)D(z)" 1 - Af - M) m(z)D(z)" " L

m(z)

= lim
zlx

<1Cn_r — Ay m(2)D(2) A MG g () D(2) L )

m(z)

()

Since the symmetric derivative %(m) = «a(x) exists and Z—‘/{(aﬂ) = 00, we get
by Proposition 2.5, (1), together with Lemma 2.6 that
Im M,

lim fm Mo (2) = af(x).

zlx Im m(z)
Using (6.6) we see that the limit exists
g P Mw(2) _ (Ten-r = ArH(2) 7' Afan (2) O ’
zlx Imm(z) N H(x)_lATall('T) 0

) <C¥11(£E) 0 > ) <ICn—7‘ — AlH((E)ilATOéll(iE) 0>
0  agn(x) H(x) tAfaq(v) 0

_ <C¥11($)C¥11(Z)A1 (0422(35)+ATOZ11($)A1)71A>{0611(.’£) 0) )
0 0

Applying Proposition 6.1, (2), we obtain that

rank lim Im My (2) (2)

= rank -
i () rank a(z) — r

Now assume that also (4) holds. Then, since %(x) = 00, by Proposition 2.5,
(1), it follows that
lim Im tr M,,(2) _dp
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Since the matrix lim, |, I;nmj\fnw(iz)) is positive semidefinite, we have
d Im M, Im M
Wiy 0 o u (hmu) 0 o lig Mz _
du zlz Imm(z) zlz Imm(2)

& rank (limw

(2 ) =0 & ranka(z) =r.

If rank o(z) > r, then g—ﬁ(x) > 0 and it follows that the limit exists
Im M,,(z) lim (Im My(z)  Imm(z) >

zlfﬁ;l Imtr M, (2)  zl=z \ Imm(z) “Imtr My, (2)

_ (au(:v)—au(x)Al(agz(x)arA’{au(:c)Al)_lA’{au(x) 8) (ZZ( ))*

and hence rank lim, |, % = a(x) —r. O

6.5 Remark. Again consider the case r = n separately. In this case a(x) =
aga(z). If rank a(z) = r = n, then under conditions (1)—(3)

(A+ BMy(2)~L = — (A” +M°(Z)>_ —0, zlum,

m(z) \m(z) ~ m(z)

and owing to (6.6) % — 0 as z | . If also (4) holds, then g—Z(x) =
Imtr My, (2) _ -0

limzlx Imm(z)

The proof of the many layers case of Theorem 4.3, (S2)—(S3), is now com-
pleted by observing that sufficiently many points z € R satisfy conditions
(1)—(4) of Lemma 6.4.

6.6 Lemma. There exists a Borel set W C R with
AW) = ps(R\W) =0
such that for every x € W
(1) %(m) exists,
(2) (@) = oo,
(3) hm MO((ZZ)) exists and equals o (),
(4) @( ) exists and is finite,

and such that the functions ‘Z’LL l=1,...,n, are measureable on W.

Proof. By Proposition 2.2 there exists a Borel set X such that u(R\ X) =0
and symmetric derivatives ‘3‘” (x) exist for every x € X, =1,...,n, and are
measurable functions from X to [0, 1] (X is the intersection of such sets for
each of the measures g;). Then (1) holds for all z € X.

By Corollary 2.4, (1), items (1) and (4) hold p-a.e. and hence p5-a.e. By
Corollary 2.4, (4), (1), item (2) holds ps-a.e. and on a set of zero Lebesgue
measure. By Proposition 2.5, (3), item (3) holds ps-a.e. Since the intersec-
tion of us-full sets is a ps-full set, all of (1)—(4) hold ps-a.e. and on a set of
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Lebesgue measure zero. There exists a Borel set W contained in this inter-

section (including X') such that A(W) = 0 and ps(R\ W) = 0. The functions
d
dp?

Proof of Theorem 4.3, (52)—(S3). Consider the set W from the above lemma.
Define for [ = 1,...,n Borel sets

Wk = {x € W:ranka(z) = k}, (6.8)

[ =1,...,n, remain measurable on W. O

Wk = U W(l),
I=k+1

which are Borel owing to measurability of Cfi—’ﬁ on W for each [.

Since {z € R : 3%(w),rank %(x) =k} \ W% are p,-zero sets, we
have Tyn =} - v = Ly - v for every measure v < pug (in particular, for
ps,ac)-

By Lemma 6.4 ( and Remark 6.5) we have Z—Z(az) =0 for all z € W),

hence by Corollary 2.3, (1), p(W()) = 0. Therefore ps (W) = 0, which
means that 1yy,—} - ps,ac = 0, and that is (52).

Further, by Lemma 6.4 we have g—ﬁ(x) € (0,00) for all z € W) and
hence by Corollary 2.3, (4), Ty -t ~ Lyysn - p. Since A(WE) = 0,
it follows that Lyyem - s = Lyyen - ~ Lyyen - p = Lyyen - ps. As
g—ﬁ(z) € [0,00) for all x € W, taking into account (S1) which means that
Ps,s is the singular part in the Lebesgue decomposition of p w.r.t. u, by
Corollary 2.4, (4), we have ps (W) = 0. Then, in particular, Ly -ps,s = 0.
Therefore we have

Lingsry - ts = Ly - s ~ Ly - ps
= ]1W(>7') * Ps,ac + ]lW(>T) * Ps,s = ]lW(>T) * Ps,ac = ]l{N0>r} * Ps,acs

which is the first part of (S3).
For all x € W) (and therefore T{Ny>r} - Ps,ac-a.e.) by Lemma 6.4 it
holds that

Im M., (z)
k lim ——————
By trIm M, (2)

By (6.1) this means that

=ranka(z) —r = No(x) — r.

Nap=DNy—r, Ling>r) - Ps,ac-a-e.,

which completes the proof of (S3). O

7. The Few Layers Case

In this section we prove assertions (S4) and (S5) from Theorem 4.3. This will
be done by reducing to the already established many layers case (S2)—(S3),
and referring to the perturbation Lemma 2.9.
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The reduction is achieved by means of the following theorem, which is
purely geometric. Recall that we denote for a pair (A, B) of matrices which
satisfies (D3) the corresponding Lagrange plane as 64 g, cf. (2.11).

7.1 Theorem. Let A,B € C"*" such that (A, B) satisfies (D3) and (D4).
Then for each k € {1,...,rank B} there exist Ay, By, € C"*™ such that

(1) (Ag, By) satisfies (D3) and (D4),
(2) rank By, = k and dim (HA,B/HA,B N HAk,Bk) =rank B — k.

The proof of this theorem relies on two lemmata.

7.2 Lemma. Let 6 and 0y be Lagrange planes in C" x C™, and let 11 be a
linear subspace of C™ x C™ with

6Nby CII C by
Then there exists a Lagrange plane 6’ in C™ x C™ such that
0' N6y =11, dim(6/0N6") = dimII — dim(6 N 6p).
Proof. We have
060 =0 ok =0+ 60)H 0+ mH.
Choose a linear subspace IT" with (0 + )] = (0 N 6y)+TT". Observe that
Icotl =9, Wno CINONG, = {0}. (7.1)

In particular, we have II' N II = {0}. Now set 6’ := II'+II. Since II' and II
are neutral subspaces with II'[ L]II, the subspace ¢’ is neutral. We have

O NTII=06nby, (7.2)
and hence can compute
dim(f N 6p) + dim I’ = dim(6 + 1)) = 25 — dim(9 + 1)
=2n — [dim6 + dimIT — dim(6 N 1I)] = n — dim IT + dim(6 N 6p).

Thus dim ¢ = dimII + II' = n, and we see that 6’ is a Lagrange plane.
Using (7.1) and(7.2) we find

0’ N6y = (II'+I1) NGy = (IT' N )+ = 11,
NG = (I'+11) NG =TI'4-(6y N 6),
and from the latter
dim (0/6N60") =n — [dimII' + dim(6y N §)] = dim IT — dim(6y N 6).
O

7.3 Lemma. Let L be a linear subspace of C* with dim £ < n, and let Cy, ...,
Cn be a finite number of linear subspaces of C™ with

Vie{l,...,N}: dimC; <n—dim£L —1 and LNC; = {0}
Then there exists a linear subspace L' with

£cr, dmf' =dimL+1, VYje{l,...,N}: L'NnC;={0}
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Proof. Choose a linear subspace K with C* = L+K, and let 7 : C" — K be
the corresponding projection onto the second summand.
We first observe that for every subspace C with £NC = {0} it holds
that
{z € K:(L+span{z})NC #{0}} C = (C).

Indeed, assume that z € £, € C, and z + Az € C \ {0}. Since LN C = {0},
we must have A # 0, and hence z = {7(z + Az) € 7(C).
Now let Cyq,...,Cn be as in the statement of the lemma. Then

N
{z €K |3je{l,....,N}: (£ +span{z})NC; # {o}} c | Jn(cy).
j=1

Each 7(C;) is a linear subspace of K with
dim7(C;) <dimC; <n—-dimL—-1=dimk —1,

and hence is a closed subset of K with empty interior. Thus also the finite
union U;V:1 7(C;) is a subset of K with empty interior, in particular,

N
() # K.

For each element z € IC\ Ujvzl 7(C;), the space L' := L + span{z} has the
required properties. O

Proof of Theorem 7.1. We use induction on k. For k = rank B there is noth-
ing to prove: just set Ap := A and By := B. Assume we have k € {1,...,rank
B} and (Ag, By) with (1) and (2). The aim is to construct (Ag_1, Bx—1).
We work with Lagrange planes rather than matrices: denote
0 .= GA,B, Gk ::eAk:7Bk7 QQZ{O}X(CW'

Further, set £ := ker By, so that 0, N6y = {0} x £. Then dim £ =n—k < n,
and by (D4) we have £LNC = {0} for every coordinate plane C with dimension
k — 1. According to Lemma 7.3 we find £ D £ with dim £’ = n — k + 1 such
that still £'NC = {0} for all coordinate planes C with dimension k — 1.

Now set II := {0} x L’. According to Lemma 7.2 we find a Lagrange
plane ¢’ with

6/ N6y = {0} x £, dim (6/6; N0') = dim TT — dim (6 M 6p) = 1. (7.3)

We need to compute the dimension of the factor space 6/(6N8"). The canonical
map

0' N6/ (0 NO)NG, — 0'/60' N6
is injective, and dim # = dim #’. Hence,
dim (/6 N 6') = dim (6’ /0N 6") > dim (6’ N 6o /6 N6’ N o)
= dim(0' N 6p) — dim(0 N 6" N Gy) > dim (6’ N Oo) — dim (6 N 6p)
=dim£L — (n —rank B) = rank B — k + 1.
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On the other hand, using (7.3), dim 6, = dim ¢’, and the respective canonical
injections, yields

dim (6, N6/0' N6, NG) <1, dim (0’ N/ NG, NG) <1
From
(0/6N6;) x (0N, /0N 6, NE)
= (0/6N6,N0)
(0/6N0") x (6N6'/6N6,NY)

1

we now obtain

|dim (6/0.16) — dim (6/010) | <1,

and hence
dim (9/909’) < dim (9/90%) +1<rankB —k+ 1.

It remains to choose (Ax_1, By—1) with ¢’ =604, , B, ,. Then (Ax_1, By—1)
satisfies (1) and (2). O

It is now easy to deduce the few layers case in Theorem 4.3.

Proof of Theorem 4.3, (S1), (S4)—(S5). First note that (S1) follows from [8],
as we mentioned above, and (S5) is obtained by application of Lemma 2.9.
Let us prove (S1). Consider k € {1,...,r — 1}. Choose (A, Bi) ac-
cording to Theorem 7.1. Denote by pj, the scalar spectral measure of L4, p,
(i.e., pr = trQa, B, ), let Wi C R be a set as constructed in Lemma 6.6 for

(Ag, Bi), and let Wék) be the corresponding set from (6.8). Then we know,

from the already proven part (S2) that pk(W,ik)) =0.
Let p = pac,k + ps,i be the Lebesgue decomposition of p w.r.t. pi. Since

pk(W,gk)) =0, it follows that pac,k(W,gk)) = 0 or, equivalently, ]IW,E’” Pack =
0, hence
Ly - Psae <Ly - p =Ty - pack + Lyt - pok = Lypw - ps g < pLlid)
Lemma 2.14 applied to A, B and Ay, By, gives
rank[(La,p — M) ™" — (La,,p, — M) < dim (0a,5/04,5 N0a,5,) =7 —k
and Lemma 2.9 applied to L4 p and L4, p, gives

Nap <r—k, Ps.k -a.€.

and, owing to (7.4), 1, ) - Ps.ac-a.€. On the other hand, from the definitions

Wi
of sets W,Ek) we have

Ny =k, 1 - p-a.e. and hence]lW(k> * Ps,ac €.,
k

Wk
therefore

Ny, <r— Ny, ﬂ(u;;iW,gk)) * Ps,ac ~A-€. (7.5)
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Consider the intersection

r—1
W = m Wk
k=1

which is also a A-zero and ps-full set, and analogously to (6.8) define Wk =
{z € W : ranka(z) = k} for k = 1,...,n. Then we have ]l(u’,;;}VT/W)) s =

Tio<ny<r} - Ms- Since for every & = 1,...,n one has us(Wék) \ W(k’)) =0,
it is true that ]I(U;;;}ngk)) “prs = Lgoenyg<ry - s as well, and therefore also
]l(%;iwlgk)) “Ps,ac = Ljo<Ny<r} * Ps,ac- Thus (7.5) in fact coincides with the
assertion of (S5), which completes the proof. O
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