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Kurzfassung

Kreuzdiffusion ist ein Phanomen in Systemen, bei dem die Diffusion einer Spezies, also der Aus-
gleich des Konzentrationsunterschiedes innerhalb selbiger, durch den Gradienten anderer im
System vorhandener Spezies induziert wird. Aufgrund ihres haufigen Auftretens zum Beispiel
in biologischen Systemen oder Prozessen sowie chemischen Reaktionen wurden Kreuzdiffusi-
onssysteme in den letzten Jahrzehnten intensiv untersucht.

Diffusive Systeme mit Drift, in denen die Bewegung von Partikeln nicht nur durch die Ande-
rung von deren Konzentration induziert wird, sondern auch durch eine Kraft, welche mit den
Partikeln interagiert, sind wiederum von groffem Interesse, da diese mitunter Halbleiter model-
lieren — ein kleiner jedoch umso essentiellerer Bauteil in den meisten elektrischen Schaltkreisen
heutzutage.

Entropiemethoden nutzen die natiirliche Présenz eines Lyapunovfunktionales zur Studie par-
tieller Differentialgleichungen aus und haben sich als méachtiges Werkzeug in der Analyse von
Kreuzdiffusions- und Driftdiffusionssystemen erwiesen. Besonders wenn klassische Methoden
wie zum Beispiel Maximumprinzipien, (elliptische) Regularitéatstheorie, Monotonieargumente,
etc. nicht anwendbar sind erweisen sie sich als praktisches Instrument. In der vorliegenden
Arbeit illustrieren wir dies anhand unterschiedlichster Anwendungen.

Im ersten Teil der Arbeit betrachten wir Systeme von partiellen Differentialgleichungen, die
die Evolution von Populationsdichten oder Zustidnde von Neuronen beschreiben. Interaktio-
nen zwischen den verschiedenen Spezies fiihren zu Kreuzdiffusionstermen in den Gleichungen.
Weiters erhalt man nichtlokale Terme in den Gleichungen, wenn man beriicksichtigt, dass
Individuen oftmals einen gewissen Interaktionsradius oder eine ,Interaktionsdistanz“ haben,
beispielsweise deren Sichtfeld oder die nidhere Umgebung. Ziel dieses Teiles der Arbeit ist das
Erweitern bereits bestehender Resultate fiir Systeme mit einer beliebigen Anzahl an Gleichun-
gen, wobei wir ,,minimale* Forderungen an die Nichtlokalitdten stellen, sowie die Entwicklung
eines zuverlassigen numerischen Verfahrens zur approximativen Losung der Gleichungen.

Die Kreuzdiffusion und die Nichtlokalitét stellen eine betréichtliche Herausforderung fiir die
(Existenz-) Analyse dar, denn sie verhindern die Anwendung klassischer Methoden wie etwa
Maximumprinzipien oder Regularitdtstheorie. Das Ausnutzen der Entropiestruktur des Sys-
tems ermoglicht es uns diese Schwierigkeiten zu umgehen. Wir werden die globale Existenz
schwacher Losungen beweisen und zeigen, dass schwache Losungen und starke Losungen des
Systems iibereinstimmen. Hierbei werden wir das Vorhandensein zweier verschiedener Entro-
piefunktionale im System nutzen, unter der Voraussetzung, dass die Nichtlokalitéten in einem
gewissen Sinn positiv semi-definit sind.

Weiters werden wir ein implizites Euler Finite-Volumen Schema entwickeln, welches wichtige
strukturelle Eigenschaften des Systems wie etwa dessen Entropiestruktur und die Nichtnega-
tivitdt von Losungen auf der diskreten Ebene erhélt. Wir werden die Existenz von (diskreten)
Losungen sowie deren Konvergenz gegen schwache Losungen des Systems bei Verfeinerung des
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Gitters beweisen. Wie auch im kontinuierlichen Fall nutzen wir im Existenzbeweis stark die
doppelte Entropiestruktur des Systems aus.

Im zweiten Teil dieser Arbeit werden wir uns mit der Analyse eines instationdren nichtli-
nearen Driftdiffusionssystems, welches Memristoren modelliert, beschéaftigen. Ein Memristor
ist ein nichtlinearer Widerstand mit einem gewissen Gedéachtniseffekt, in dem die Elektronen,
Locher und Sauerstoffvakanzen als Ladungstréager fungieren und Drift- sowie Diffusionseffekten
ausgesetzt sind. Die nichtlineare Diffusion der Elektronen und Locher wird mittels Fermi-Dirac
Statistik der Ordnung 1/2 modelliert, jene der Sauerstoffvakanzen mit Blakemore Statistik. Je-
de der Diffusionsgleichungen enthélt einen Driftterm, der sich proportional zum Gradienten
des elektrischen Potentials des Systems verhélt. Das elektrische Potential wiederum ist iiber
eine Poissongleichung mit den vorhandenen Teilchenkonzentrationen gekoppelt. Das Ziel die-
ses Kapitels ist das Etablieren neuer Erkenntnisse iiber dieses Modell, da bisher nur wenige
Resultate fiir nichtlineare Driftdiffusionssysteme mit mehr als zwei Spezies existieren.

Die Nichtlinearitaten in der Diffusion, welche nur implizit gegeben sind, stellen eine grofe
Herausforderung fiir die Existenzanalyse dar. Erschwerend kommen die verschiedenen Rand-
bedingungen der Konzentrationen sowie das Betrachten von drei oder mehr unterschiedlichen
Teilchenkonzentrationen hinzu. Der Einsatz klassischer Techniken oder Monotonieargumente
wird dadurch unterbunden. Wie auch bei den nichtlokalen Kreuzdiffusionssystemen werden wir
diese Schwierigkeiten umgehen, indem wir die Entropiestruktur des Systems ausnutzen. Wir
werden die globale Existenz schwacher Losungen zeigen und, unter geeigneten Regularitatsvor-
aussetzungen an das elektrische Potential, deren Beschranktheit fiir alle Zeit. Der Existenzbe-
weis basiert auf einer Entropiemethode, zusitzlich miissen wir aber feine Abschéatzungen fiir
das asymptotische Verhalten der Statistikfunktionen herleiten. Fine weitere Schwierigkeit be-
reitet die Singularitat der Blakemore Statistik, welche wir mit einem Minty-Trick iiberwinden
werden.
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Abstract

Systems including cross-diffusion, i.e. the process where the flux of one component or species
is induced by the gradient of another component or species, have received increased attention
in the PDE community over the last few decades due to the presence of this phenomenon in
many real life situations such as chemical reactions or biological processes or systems.
Another important class are diffusive systems containing drift, where the movement of particles
is not just induced by the change of their concentration, which is called diffusion, but also by
the presence of a force that interacts with the particles. These systems are of high interest
since they model, among other things, semiconductors — a small yet essential component of
most nowadays electrical circuits.

Entropy methods, where the natural presence of a Lyapunov functional is used to study
the behaviour of partial differential equations (PDEs), proved to be a powerful tool in the
analysis of cross-diffusion and drift-diffusion systems. These methods are especially useful
when standard techniques, for example maximum or comparison principles, (elliptic) regularity
theory, monotonicity arguments, etc. cannot be applied. In this thesis we demonstrate the
usefulness of these methods in various settings.

In the first part of the thesis we will focus on systems of PDEs that model the evolution
of populations of different species or states of neurons. Interactions between the different
species lead to the appearance of cross-diffusion terms in the equations. Nonlocal terms enter
the equations if we take into account that individuals of a given species usually have some
interaction radius or “distance”, e.g. their effective area of sight or sense. The aim of this
part of the thesis is to extend existing results on systems with an arbitrary number of species
by imposing “minimal” conditions on the nonlocalities and to design a reliable numerical
approximation to capture the behaviour of solutions.

The main mathematical difficulties come from the presence of cross-diffusion and nonlocali-
ties, preventing the use of standard PDE techniques such as maximum principles and regularity
theory. We will show that weak solutions exist globally in time and that a weak-strong unique-
ness result holds. The proofs are based on the entropy method, where we exploit the fact that
the system we investigate possesses two different entropy functionals, under the assumption
that the nonlinearities fulfil a certain positive semi-definiteness condition.

We continue by defining an implicit Euler finite-volume scheme that preserves the important
properties of the system such as the nonnegativity of its solutions and its entropy structure on
a discrete level. At this point we prove the existence of (discrete) solutions to the scheme and
show their convergence to solutions of the continuous scheme when the mesh is refined. As in
the continuous case, the existence proof relies heavily on the double entropy structure of the
system.

In the second part of the thesis we will analyse an instationary drift-diffusion system, which
arises in the modelling of memristors. A memristor is a nonlinear resistor with memory, in
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which electrons, holes and oxygen vacancies act as charge carriers experiencing both drift and
diffusion phenomena. The nonlinear diffusion of electrons and holes is governed by Fermi-Dirac
statistics of order 1/2, while Blakemore statistics are chosen for the oxygen vacancies. Each
of the diffusion equations contains a drift term involving the electric potential of the system,
which is coupled to the present particle concentrations via a Poisson equation. The main goal
of this part is to advance our understanding of this model, as only few results exist for nonlinear
drift-diffusion systems having three or more species.

The main challenges we encounter in the analysis of this system come from the nonlinearities
in the diffusion, as they are only given implicitly. A misfit of boundary conditions between
electrons/holes and oxygen vacancies and the fact that we are dealing with three or more
distinct species further complicate the analysis. We will show that weak solutions exist globally
in time and that under certain elliptic regularity assumptions they are bounded uniformly in
time. The proofs are, as in the case of the nonlocal cross-diffusion systems, based on the
entropy method with the additional careful study of the behaviour of the statistics functions.
It is worth mentioning that another difficulty arises from the singularity that the Blakemore
statistics exhibits, which is overcome by a Minty-type trick.
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1 Introduction

The purpose of this thesis is twofold. First,we aim to establish new results in the area of
nonlocal cross-diffusion systems for multi-species populations, i.e. systems that involve more
than two density functions and hence are comprised of more than two equations describing the
evolution of the respective densities. While there exists a plethora of results on the analysis of
local cross-diffusion systems (for multiple species), less is known for nonlocal systems of two
species, and for nonlocal systems of more than two species analytical results are scarce and
usually include some strong requirements on the initial and boundary data or the structure of
the equations. Typical examples of these requirements are the differentiability of the interaction
kernels or cases where the system can be reduced to two or even one equation. Our aim is
to provide a new perspective on the analysis of nonlocal cross-diffusion systems with as little
assumptions on the interaction kernels as possible. We especially want to avoid the assumption
of the differentiability of the kernel functions.

Second, we aim to advance our knowledge in the analysis of nonlinear drift-diffusion systems
arising from semiconductor physics and neuro-computing. Here, only few results exist in the
literature for systems that include more than two charge carriers in the semiconductor setting,
or species in general, and therefore consist of more than two equations for their respective
densities. The scarcity of results in this topic is, in parts, owed to the various mathematical
difficulties that have to be overcome in the analysis. Recent developments in the industry
(perovskite solar cells) and in neuromorphic computing (artificial synapses), fuelled by the
emergence of memristive devices and materials, sparked a new growing interest in such non-
linear systems. In this thesis, we will establish new results in the study of such systems and
relate them to existing work such as [71, 77].

At a first glance, it seems that these two topics, nonlocal cross-diffusion systems and nonlin-
ear drift-diffusion systems, have little to do with each other. What unites them in the context
of this work is the fact that entropy methods [72, 73] play a crucial role in our approaches.
Accordingly, this thesis naturally splits into two main parts with entropy methods acting as
an intrinsic underlying thread spanning throughout this work. In the first part of the the-
sis, which consists of Chapters 2 and 3, we discuss nonlocal cross-diffusion systems modelling
multi-species populations or networks. The second part, consisting of Chapter 4, is devoted to
the analysis of a nonlinear drift-diffusion system that models memristive devices.

The results in this thesis are based on the publication [71] (Ansgar Jiingel, Stefan Portisch,
Antoine Zurek), the publication [75] (Ansgar Jiingel, Stefan Portisch, Antoine Zurek) and the
ongoing research collaboration (Maxime Herda, Ansgar Jiingel, Stefan Portisch), for which a
manuscript is currently prepared for submission.
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1 Introduction

1.1 Nonlocal cross-diffusion systems

We start this section by introducing a system of nonlocal partial differential equations, which
models multi-species populations or networks. As in [79], we will consider the system on
the d-dimensional torus T¢.

1.1.1 Model equations and motivation
We consider the following nonlocal cross-diffusion system:
Oy — oAu; = div(u; Vp;[u]), t>0, u;(0)= u? inT? i=1,...,n, (1.1)

where o > 0 is the diffusion coefficient, T? is the d-dimensional torus (d > 1) and p;[u] is a
nonlocal operator given by

il () =g/T Kij(e —y)us()dy, i=1,..m, (12)

with the kernel functions K;; : T — R (extended periodically to RY), and with the solution
vector u = (Ug, ..., Up).

As it was discussed in [59, ©7], when the kernel functions are given by K;; = a;; K with
numbers a;; € R and a nonnegative function K, this model describes the dynamics of a popu-
lation with n species, where each species can detect other species over a spatial neighborhood
by nonlocal sensing, described by the kernel function K. The coefficient a;; is a measure of
the strength of attraction (if a;; < 0) or repulsion (if a;; > 0) of the i-th species to or from
the j-th species. A typical choice of K is the characteristic function 15 of a ball B centered
at the origin. The authors of [79] proved the local existence of a unique (strong) solution to
system (1.1)—(1.2) for d > 1 under the condition that K is twice differentiable. Furthermore,
they have shown that this solution can be extended globally in one space dimension. However,
their assumptions on K exclude the typical case K = 1p mentioned above. In this thesis we
will extend the results of [59] for non-differentiable kernels K;; and prove the global existence of
weak solutions to (1.1)—(1.2) as well as a weak-strong uniqueness result in any space dimension.
Following [59], we consider (1.1) on the torus; see Remark 9 in Section 2.2 for a discussion
about the case where the whole space or a bounded domain is considered.

Another motivation comes from the work [1], where the system (1.1)—(1.2) was rigorously
derived from interacting many-particle systems in a mean-field-type limit. As a by-product
of this limit, the local existence of smooth solutions to (1.1)—(1.2) has been shown under the
assumption that the Kj;; are smooth. Moreover, under the same assumptions on the kernels,
the so-called localization limit was proved, i.e. if K;; converges to the delta distribution times
some factor a;;, the solution to the nonlocal system (1.1)—(1.2) converges to a solution to the
model (1.1) with

n
pilu] = Zaijuj, i=1,...,n. (1.3)

j=1
We note that the local system was first introduced in [70] in the case of two species. In
this thesis, we generalize the results of [}]] by imposing “minimal” conditions on the initial

datum u? and the kernels K;j.
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1.1 Nonlocal cross-diffusion systems

A third motivation for our work comes from neuroscience. Indeed, following [I1, 53], we
see that deterministic nonlocal models of the form (1.1)—(1.2) can be obtained as the mean-
field limit of stochastic systems describing the evolution of the states of neurons belonging
to different populations. When the number of neurons becomes very large, the solutions of
the generalized Hodgkin—Huxley model of [ 1] can be described in the mean-field limit by a
probability distribution u; for the i-th species, which solves the McKean—Vlasov—Focker—Planck
equation of the type

Ou; = oAu; + din/Td M;i(z,y)ui(z)uj(y) dedy, i=1,...,n, (1.4)
j=1

where we simplified the diffusion part involving o. In neural network theory, the kernel func-
tion M;;(x,y) describes the weight of a connection between the node x associated to species i
and node y associated to species j. In the present work, we simplify the problem further by
assuming that the interaction kernels M;; have the special form M;;(z,y) = VKij(x —y),
resulting in (1.1)—(1.2) again.

1.1.2 State of the art

We recall the current state of the art in the study of nonlocal equations and systems, follow-
ing [7], and mention additional results, which have been found since the publication of this
paper.

Most nonlocal models studied in the literature describe a single species. A simple example

is the equation
Oru = div(uv),

with v = V(K % u). This equation corresponds to the continuity equation for the density u
with a nonlocal velocity v. An LP-theory for this equation was provided in [10], while the
Wasserstein gradient-flow structure was explored in [27]. In the context of machine learning,
the equation can be seen as the mean-field limit of infinitely many hidden network units [22, 9].

Beyond the study of single-species dynamics one can find some work which deals with the
existence of solutions to multi-species nonlocal systems of the form (1.1)—(1.2) or similar to it.
For instance, in the case of two species and symmetrizable cross-interaction potentials (mean-
ing K192 = aKy for some a > 0) without diffusion o = 0, a complete existence and uniqueness
theory for measure solutions to (1.1)—(1.2) in the whole space with smooth convolution kernels
was established in [15] using the Wasserstein gradient-flow theory.

In [50], a nonlocal version of the Shigesada—Kawasaki-Teramoto (SKT) cross-diffusion sys-
tem, where the diffusion operator is replaced by an integral diffusion operator, was analysed.
Similar to our approach, which we will explain shortly, the authors obtain a priori estimates
on the solutions via an entropy inequality, which allows them to prove existence of solutions
using a compactness argument. In [13], the authors show the existence of weak solutions to a
nonlocal version of the SKT system, where the nonlocalities are similar to the ones considered
in this work. Assuming some regularity on the convolution kernels, their proof is based on the

so-called duality method [12, 20]. They also prove a localization limit result.
In the works [29, 11, 15] the authors analyse nonlocal cross-diffusion systems for two species
similar to our model. In [29], the steady states are characterized and numerical simulations
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are presented, while the works [/, 5] prove the existence of weak measure solutions under a
global Lipschitz condition on K;; and VKj;;. The innovation of the presented work in this thesis
is that we impose only integrability conditions on K;; and have (slightly) weakened positive
definiteness to detailed balance. The weak-strong uniqueness result and the localization limit
are also new in this context.

For the sake of completeness, we mention that a nonlocal system for two species with size
exclusion was analysed in [! 5], using entropy methods. The authors proved the global existence
of weak solutions and additionally investigated phase separation effects by means of analytical
as well as numerical studies of the energy functional of the system. Contrary to our model,
this system has nonlinear diffusion and also takes into account the influence of the total mass
density of the species in the equations.

It is worth mentioning that all the aforementioned cited works, except [12], are concerned
with two-species models, whereas we will allow for an arbitrary number of species and nondif-
ferentiable kernel functions.

Recently, the authors of (/] showed that for any initial datum u° to (1.1) an energy functional
of the corresponding solution, which we will touch on shortly, converges to a local minimum.
Furthermore, the authors propose a method to find corresponding minimum energy states.
In [61] the authors proved the global existence of nonnegative weak solutions to (1.1) in any
space dimension, assuming the kernels Kj;; to be twice differentiable with VKj; essentially
bounded, but dropping all other assumptions on the kernels. Additionally, they showed that
blow-up of solutions in the localized version of (1.1) is possible under certain assumptions on
the parameters.

Recently, the authors of [23] derived the local version (1.1) & (1.3) of the system considered
in this work from nonlocal interaction systems and used gradient flow techniques to show
that solutions of the nonlocal system converge to the local system in the limit of localizing
interaction kernels.

1.1.3 Mathematical difficulties and strategy of our proofs

The mathematical difficulties we encounter in the analysis of system (1.1)—(1.2) stem from the
cross-diffusion terms and the nonlocality, which prevent the application of standard techniques
like maximum principles and regularity theory. For instance, it is well known that nonlocal
diffusion operators generally do not possess regularizing effects on the solution [¢]. The key
ingredient to our analysis lies in the observation that the nonlocal system possesses, like the
associated local one, two entropies, namely the Shannon-type entropy H; [92] and the Rao-
type entropy Ha [4Y],

Hi(u) = z; /Td miui(logu; — 1) d, (1.5)

o) =5 3 [ [ wiiito — wyusto)ugto) dedy (16)

ij=1
where 71, ...,m, > 0 are numbers such that
miKij(x —y) =mKji(y —x) foralli,j=1,...,n, 2,y € T¢ (1.7)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

1.1 Nonlocal cross-diffusion systems

and

Z / / miKij(x — y)vi(2)vj(y) dedy > 0 for all v;,v; € L*(TY). (1.8)
Py Td JTd

A formal computation that is made rigorous in Chapter 2 shows that the following entropy
inequalities hold:

dH
=1 402/ | V/ui)? de = — Z/ / miKij(x — y)Vui(x) - Vuj(y) de dy <0,
d JTd

i,7=1
(1.9)

H
d 24 E / T | Vpiu)|? de = —o E / /]I‘d miKij(z — y)Vui(z) - Vu;(y) dedy < 0.
(1.10)

In particular, the functionals H; and Hs are Lyapunov functionals. We can think of (1.7)
as a generalized detailed-balance condition for the Markov chain associated to (K;j(z — y))
(for fixed (z — y)) with the corresponding reversible measure (71,...,7,). Condition (1.8),
on the other hand, is a generalisation of the usual definition of positive definite kernels in the
multi-species case [22]. Examples of kernels that satisfy (1.7) and (1.8) are given in Remark 1
in Section 2.1.

The positive definiteness condition for kernels is essential in reproducing kernel Hilbert
theory [%0]. From a PDE viewpoint, this condition can be replaced by the smoothness as-
sumption K;; € C1; see, e.g. [15, 59]. Because of the nonlocality, we cannot conclude estimates
in L2(T?) for u; and Vu; from our entropy inequalities like in the local case; see [75] and
Section 2.6. Nonetheless, we can deduce bounds for u;logu; in L'(T¢) and \/u; in H'(T9)
from (1.9).

These bounds are not sufficient to pass to the limit in the approximate problem. In particular,
we cannot identify the limit of the product u; Vp;[u], since u; and Vp;[u] are elements in spaces
larger than L?(T¢). We solve this issue by exploiting the uniform L?(T¢)-bound for /u; Vp;[u],
which follows from (1.10), and prove a “compensated compactness” lemma (see Lemma 13 in
Section 2.5): If u. — u strongly in LP(T%), v, — v weakly in LP(T%), and u.v. — w weakly
in LP(T?) for some 1 < p < 2, then uv = w. The estimates from (1.9)-(1.10) are the key for
the proof of the global existence of weak solutions to (1.1)—(1.2).

Additionally to the above existence result, we prove the weak-strong uniqueness of solutions,
i.e. if u is a weak solution to (1.1)-(1.2) satisfying u; € L?(0,T; H'(T%)) and if v is a “strong”
solution to this problem with the same initial data, then u(t) = v(t) for a.e. t > 0. The proof
relies on the relative entropy

H(ulv) = Z /Td 7i (ui(log u; — 1) — w; log v; + v;) da,
i=1

a variant of which was used in [52] for reaction-diffusion systems in the context of renormal-
ized solutions and later extended to Shigesada—Kawasaki-Teramoto systems [30]. The recent
work [07] generalizes this approach to more general Shigesada—Kawasaki—Teramoto as well as
energy-reaction-diffusion systems. To our knowledge, our work is the first one to apply these
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techniques to nonlocal cross-diffusion systems. The main idea in the proof of the uniqueness
is to differentiate H(u|v) and to derive the inequality

n t
H(u(t)|v(t)) < CZ/O [ui = vil| 71 pay ds for ¢ >0,
=1

which, together with the Csiszér—Kullback—Pinsker inequality [72, Theorem A.2], allows us to
estimate the relative entropy from below by [Ju;(t) —v;(t)|]2, (Tay> U to some factor. Gronwall’s
lemma is then used to conclude the desired result.

It is worth pointing out that our use of this inequality is different from the proofs
in [30, 52, (7], where the relative entropy is estimated from below by |u; — v;|*> on the
set {u; < K}. The difference stems from the nonlocal terms. Indeed, if Kj; is bounded,

S [ fmsate = o aear ey ([, s )

ij=1

leading to an estimate of the difference |u; — v;| in L'(T9). In the local case, the associated
estimate yields an L?(T¢) estimate:

- i — o)) (s — v )z dr - w — v:|2 dx
Z/Tﬁ i (i = vi) () (uj — vj)(x) d sci_zl/wn il? da.

i,j=1

We observe that the uniqueness of weak solutions to cross-diffusion systems is a delicate
task, and there are only few results in the literature. Most of the results are based on the fact
that the total density ) ;" , u; satisfies a simpler equation for which uniqueness can be shown;
see [15, 37].

Contrary to this, in [1], a weak-strong uniqueness result on a cross-diffusion system, based
on L’-estimates and the fact that the studied system could be considered as a perturbation of
a system of heat equations, was shown. A so—called duality method was used by the authors
of [50] to prove the uniqueness of solutions for a nonlocal version of the Shigesada—Kawasaki—
Teramoto system.

To end this short subsection we would like to mention that the bounds obtained in the
proof of our existence result are independent of the kernels, thus allowing us to perform the
localization limit. To achieve this, we assume that K;; = ij — a;j00 as € — 0 in the sense
of distributions, where dq is the Dirac delta distribution. Then we show that if u° is a weak
solution to (1.1)—(1.2), it follows that u§ — u; strongly in L'(T? x (0,T)), and the limit u
solves the local system (1.1) and (1.3). As a by-product, we obtain the global existence of
weak solutions to this problem; see Section 2.6 for the precise statement.

1.2 A finite-volume scheme for nonlocal cross-diffusion systems

In this section we discuss a slightly modified version of the nonlocal cross-diffusion system
presented in the previous section. In particular, we assume local instead of nonlocal self-
diffusion. The proof of global existence of weak solutions, which we mentioned earlier, relies
heavily on the positive semi-definiteness condition (1.8) of the kernels. While useful in the
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1.2 A finite-volume scheme for nonlocal cross-diffusion systems

theoretical setting, checking this condition in practice is rather tedious, which motivates our
modification of the system. We will derive an implicit Euler finite-volume scheme (FV-scheme)
for the modified system, prove existence of discrete solutions and the convergence of the scheme.
Additionally, we investigate numerically the segregation phenomenon such systems exhibit in
their localized version [!7].

1.2.1 Model equations and connection to previous work

In this part of our work we will design and study a structure-preserving finite-volume dis-
cretization of the following one-dimensional nonlocal cross-diffusion initial-value problem:

Opu; = Oy (00zu; + u;Oypi(u)) in T, t >0, (1.11)
uwi(0)=u) inT,i=1,...,n, (1.12)

where o > 0 is the diffusion coefficient, T := R/Z is the one-dimensional torus of unit measure,
and p; is the nonlocal operator

pi(u)(z) = azui(x) + Za,] *uj )(z) = ajui(z) + Z/ a,]B] r —y)u;(y)dy, (1.13)
J#Z J?él

where a;; are given constants. The kernel functions B : T — R are periodically extended to R
and v = (u1,...,u,) is the solution vector. In the case where B = &y, with i € {1,...,n}
and &g being the Dirac measure, we can rewrite p; as

Z aij(BY x u;)(z). (1.14)

Equations (1.11) with definition (1.14) and general kernels B% for i, j = 1,...,n can be derived
from stochastic interacting particle systems in the many-particle limit [ 1].

As mentioned above, we will show that the “full” nonlocal system, that is (1.11) & (1.14),
where B? # §, are general kernels, admits global weak solutions, cf. Chapter 2. Our analysis
is based on the fact that this system possesses two Lyapunov functionals. More precisely,
and as mentioned in Section 1.1, under the assumption of detailed-balance and semi positive-
definiteness, i.e. that there exist numbers 71, ...,m, > 0 such that the kernels B satisfy

m-a?;jBij(x —y) = WjaﬁBji(y —x) fori,j=1,...,nand a.e. z,y € T,

and

Z / /mawB Iz —y)vj(y)vi(z) dyde >0 for all v;,v; € L*(T), (1.15)

7,7=1

we will show that the Boltzmann-type and Rao-type entropies, respectively,

= Z/ miui(logu; — 1) d,
i=1 7T
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=33 [ [ mosB v v,

1]1

fulfill the following entropy dissipation inequalities:

dHB+4UZ/7rZ|6 V| ? dz = — Z //77@&@3 (x —y)0yu;(y)Orui(z) dy dx <0,

i,j=1
(1.16)
Z/muzlaxpz )|Fdr = —0o Z //ﬂla” (x — y)Oyu;(y)Ozpu;(z) dy dz < 0.
i,7=1
(1.17)

The Boltzmann entropy is related to the thermodynamic entropy of the system and the Rao
entropy is a measure of the functional diversity of the species [29].

While this theoretical framework is suitable to prove the existence of weak solutions, con-
dition (1.15) is cumbersome to check in practice. It is satisfied for smooth kernels such as
the Gaussian one, i.e. BY(x —y) = exp(—(x — y)?/2) for i,j = 1,...,n, but fails to hold for
kernels BY of the type BY = 1, where 1 is the indicator function of some interval K around
the origin; see the counterexample in Section 3.6.

The system (1.11) and (1.14), with local or nonlocal self-diffusion terms, describes the dy-
namics of a population with n species, where the evolution of each species is driven by nonlocal
sensing [#7]. In other words, each species has the capability to detect other species over a spatial
neighborhood, specified by the kernel B, and weighted by the strength of attraction (a;; <0)
or repulsion (a;; > 0). Thus, from a modelling point of view, the case BY = 1 is biologi-
cally meaningful. To include this case in our analysis (at the continuous or discrete level), we
propose to slightly modify the model by considering (1.13) instead of (1.14).

For model (1.11)—(1.13), we impose the following assumptions:

e There exist numbers 7q,...,m, > 0 such that ma;; = mja;; for all ¢,j € {1,...,n}.
e BJi(—x)= BY(z) >0 for a.e. z € T and all 4,5 € {1,...,n} with i # j.

e Foralli,je{l,...,n} with i < j, the matrices

M () = <(n ) 1)7Tz'aii - (n— 1)7TiaijBij(x)> (1.18)

mjaziBY (x) Tjajj

are uniformly positive definite for a.e. x € T. In particular, we could choose some
nonpositive off-diagonal coefficients.

The ability to analyse system (1.11)—(1.13) with nonpositive off-diagonal coefficients is a new
and meaningful result. However, we notice that under the above assumptions the system is
only “weakly” nonlocal in the sense that the self-diffusion coefficients have to dominate the
cross-diffusion terms.
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We claim that the functionals Hp and Hp are still entropies for system (1.11)—(1.13), where
under our asssumptions we now have

i: /E/EﬂiaijBij(aj_y)uj(y)ui(l') dy dz.

i,j=1
i#j

1 ¢ 1
Hp(u) = B ZAWiaii|ui(x)|2dw + 3
i=1

Both functionals satisfy some entropy dissipation inequalities similar to (1.16)—(1.17), where,
if i = j, the terms on the right-hand side are simply given by the square of the L?(T)-norm
of J,u; and we get that the entropy production term

Z//ﬂ'iaijBij(a:—y)axuj(y)axui(z)dydx (1.19)
ij=17/TJT
i#]

Q= Z/maii|3xui(:v)|2dx+
i=1 7T

is nonnegative; see Lemma 31 in Section 3.5. Therefore, at least formally, the functionals Hp
and Hp are entropies for system (1.11)—(1.13). In this work, we will translate this property to
the discrete level by analysing a two-point flux approximation FV-scheme for (1.11)—(1.13).

1.2.2 Finite-volume methods (in a nutshell)

In this subsection we will give a very brief introduction to finite-volume methods by using
the d-dimensional version of equation (1.11) as an example, which then reads as follows:

Oyu; =V - (oVu; +u;Vpi(w)) in T4 ¢t>0,i=1,... n. (1.20)

Despite the fact that we will study (1.11) in detail in one space dimension and only comment
on higher space dimensions, we choose to use the setting of the d-dimensional torus for our
presentation in this subsection as it illustrates the concept of finite-volumes better than the
one-dimensional case.

Before we start, we want to emphasize that finite-volume methods is a broad research topic
and we will barely scratch its surface with this simplified motivation. We therefore refer the
interested reader to the foundation [71] for a detailed introduction to finite-volume methods.

To construct a scheme for our system, we start by discretizing the system of equations with
an implicit Euler method in time. Consequently, the continuous time derivative in (1.20) is
replaced by
uf — uf -1
A
for given k € {1,..., Ny}, where Np denotes the number of time steps, At is the time step
size and uf’ is the solution at time t = kAt.

The idea of finite-volumes is to partition the domain €2 into a set T of convex, polygonal or
polyhedral subsets K, such that (J o K = Q. We call 7 a mesh and its elements K control
volumes or cells. The boundary 0K of a cell K naturally partitions into a set Ex of disjoint,
convex, (d — 1)-dimensional sets ¢, which we call edges or surfaces of K. Each of these edges ¢
has associated to it a unique unit normal vector vk . pointing outwards of K.

atul- ~
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Integrating equation (1.20) over a control volume K and (formally) applying the divergence
theorem therefore yields

ub — u].ffl
/K g de = Y [ (0Vui +uVpi(u) vk e ds = 0. (1.21)

ce€k S

The next step is to rewrite equation (1.21) in terms of uﬁK where ufK =m(K)™! [ uf(z)da
is the approximation to the solution uf on the cell K and m(K) denotes the d-dimensional
measure of the cell K. It is rather obvious how to do this for the first term in (1.21), therefore
we only sketch it for the integral over the boundary of a cell K. In order to do that, we will
need some additional notation.

Fach cell K also has an associated point zx € K called “middle point”. For this simplified
motivation it suffices to think of zx as the center of mass, although more general conditions
are possible, cf. [71]. Let us assume that the edge ¢ € Ek is separating the two cells K and L,
we denote this by ¢ = K|L, and that the edge ¢ is orthogonal to the straight line connecting the
two middle points zx and x, of the cells K and L, respectively. Furthermore, we define the
so-called transmissibility coefficient 7¢ := m(<)/dc, with m(s) the (d — 1)-dimensional measure
of the edge ¢ and d. the Euclidean distance between the two cell centers xx and xp. Then

— /(aVui +u;Vpi(u)) - vk, ds ~ —or Dy cuf — TgufigDK,gpf =: ]-"i’fK’g, (1.22)
S

where Dy v 1= v, — vk and the mobilites ufg = F(uf K uf ;) are an approximation of uf

on the edge ¢, which we will rigorously define in Chapter 3. Note that we have not given a
definition for the approximation p¥ of p;(u) either, as this will be done in detail in Chapter 3
as well. The approximation in (1.22) is called two-point flux approximation. Let us point out
that the orthogonality assumption for the edges is crucial for the convergence result we will
prove. However, that assumption will be trivially satisfied in our case as we have to choose
a Cartesian mesh for our finite-volume discretization due to the convolution in the nonlocal
operators p;. In summary, we will obtain the following finite-volume approximation:

m(K) _
At (uf,K - ufiKl) + Z ]:Z'ITK,c = 0.

celi

1.2.3 State of the art

We recall the current state of the art in the study of (1.11)—(1.13) and similar systems. Addi-
tional information can be found in [75] and the references therein.

We start by mentioning several works that deal with the design and analysis of numerical
schemes for nonlocal cross-diffusion systems. The work [29] studies a positivity-preserving
one-dimensional finite-volume scheme for (1.11) with n = 2 and additional local cross-diffusion
terms. The authors focused on segregated steady states but did not include any numerical
analysis. The convergence of this finite-volume scheme was proved in [25], which still focused
on the two-species model.

A converging finite-volume scheme for a nonlocal cross-diffusion system modelling either a
food chain of three species or an SIR model when the cross-diffusion is dropped, was analysed

10
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1.3 A charge transport system with Fermi-Dirac statistics for memristors

in [7, 13]. In both works the nonlocality of the system comes from the dependence of the
self-diffusion coefficients on the total mass of the corresponding species.

A structure-preserving finite-volume scheme for the nonlocal Shigesada—Kawasaki—Teramoto
system was suggested and analysed in [(5].

We would also like to mention the paper [20] on a second-order finite-volume scheme for a
nonlocal diffusion equation, which preserves the nonnegativity and fulfils a spatially discrete
entropy inequality. Related works include a Galerkin scheme for a nonlocal diffusion equa-
tion with additive noise [%1], a finite-volume discretization of a nonlocal Lévy—Fokker—Planck
equation [10], and numerical schemes for nonlocal diffusion equations arising in image process-
ing [5]. To our knowledge, there does not exist any numerical analysis of system (1.11)—(1.13).

In this work we propose a finite-volume scheme which preserves the structure of equa-
tions (1.11)—(1.13). Compared to [2%], we allow for an arbitrary number of species, include
linear diffusion ¢ > 0, and show that the discrete equivalents of the Boltzmann and Rao en-
tropies are Lyapunov functionals for our scheme. Since we need the positive definiteness of
the matrix M% (x), self-diffusion is needed in our situation. Moreover, in contrast to [2%], we
impose periodic boundary conditions instead of no-flux conditions. Our proofs rely on the
discrete analog of the identity

O, BY % uj = BY Opj,
see (3.8) in Section 3.1.2, which allows us to consider kernels BY that are not differentiable,
whereas in [2%] the kernels are required to be in CZ(R). Compared to [(5], our equations do
not have a Laplacian structure, which was used in [07] to define the numerical scheme, and we
allow for nonpositive off-diagonal coefficients.

1.3 A charge transport system with Fermi-Dirac statistics for
memristors

The last topic we will cover in this thesis is a nonlinear drift-diffusion system modelling memris-
tive devices. Memristors are nonlinear resistors with memory, which show a resistive switching
behaviour. They were postulated in the work [39] from 1971.

In neuromorphic computing, memristors can be used to build artificial neurons and
synapses [09]. Besides the electrons and holes, which act as charge carriers in general semincon-
ductors, in memristors the oxygen vacancies also act as charge carriers. Applying an electric
field in a memristor results in the drift of the oxygen vacancies and changes the boundary
between the low- and high-resistance layers. This allows memristors to mimic the conductance
response of synapses.

Aside from neuromorphic computing, memristors also play an important role in recent ad-
vances in photovoltaic technology, where perovskite solar cells (PSCs) have emerged as a
promising technology. In a PSC a perovskite material layer is embedded between two trans-
port layers and exhibits a memristive behaviour [01, 9%]. In this application the accumulation
of anions plays a fundamental role as well.

Memristive devices can be modelled by a system of drift-diffusion equations for the electrons,
holes and oxygen vacancies, coupled to a Poisson equation for the electric potential [0, 1, 97].
Fermi-Dirac statistics of order 1/2 are chosen to govern the nonlinear diffusion of electrons and
holes [3, 63, 96, 97]. To correctly model the accumulation of ionic vacancies and take into
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1 Introduction

account the fact that accumulating an excessive number of vacancies is physically unrealistic,
the nonlinear diffusion of the oxygen vacancies is governed by Fermi-Dirac statistics of order —1
(also known as Blakemore statistics). This is motivated by the authors of [3] and corresponds
to a mean-field ideal lattice gas [12, Eqn. (3.5.1)].

For completeness, let us point out that we consider anorganic oxide-based memristors in
this work. In the case of organic semiconductor devices Gauss-Fermi integrals instead of
Fermi-Dirac integrals have to be used. This was done by the authors of [(2], who showed
global existence and boundedness of weak solutions to an instationary drift-diffusion system
modelling such an ogranic device with two distinct charge carriers.

Owing to the novelty of the developments in memristor technology and the use of Fermi-
Dirac statistics for the nonlinearities, the mathematical analysis of these drift-diffusion systems
is rather challenging and new. Only few analytical results for three or more species exist in
the literature.

In this thesis we will prove the global existence of weak solutions to this model in up to
four space dimensions. Furthermore, in three space dimensions we will show the uniform-in-
time boundedness of solutions, given that the electric potential satisfies some elliptic regularity
constraint.

1.3.1 Model equations

Let us now present the equations that we will consider in this part.
The Fermi-Dirac integrals of orders 1/2 and —1, defined for all n € R, are given by

- 1 © ¢
Fi2(n) := T(1+1/2) /0 1+ esm 4, (1.23)
1
]:—1(77) = 1_|_67777

where I' is the Gamma function

00 tz—l
I'(z) = / dt, z>0.
t
0 e

The corresponding inverse functions to the Fermi-Dirac integrals are given by

G(z) := fﬂlz(z), z € (0,00),

(1.24)
H(z):= F [ (2) =log(z) — log(1 —2), z¢€(0,1).

We assume that the time evolution of the densities for the electrons n, the holes p, the
oxygen vacancies D and the electric potential V is given by

on —V - J, =0, Jn =nVG(n) —nVV,
Oop+V-J,=0, Jp, = —(pVG(p) + pVV), (1.25)
D +V-Jp =0, Jp = —(DVH(D) + DVV),

NAV =n—p—D+ A, inQ, t>0,

12
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1.3 A charge transport system with Fermi-Dirac statistics for memristors

where J,,,J, and Jp are the current densities of the electrons, holes and oxygen vacancies,
respectively, A > 0 is the scaled Debye length and A(x) is the given immobile dopant acceptor
density. Following [J0] we neglect recombination terms. We use physically motivated initial
data and mixed Dirichlet-Neumann boundary conditions:

n(0,.) =n’, p(0,.)=p’, D(,)=D! inQ,
n=nmn, p=p, V:f/, onI'p, t>0,
Jpv=J,-v=VV.vr=0, only, t>0,
Jp-v=0, ond, t>0,

(1.26)

where I'p denotes the Dirichlet part of the boundary 92 and I'y its Neumann part. The
boundary part I'p models the Ohmic contacts, at which we prescribe the electron and hole
densities as well as the applied voltage, while I';y is the union of insulating boundary elements.
The no-flux Neumann boundary condition for D reflects the fact that oxygen vacancies cannot
pass through the boundary, i.e. they are not supposed to leave the semiconductor domain.
These boundary conditions are typically used in the memristor literature [0, 90] and can be
seen as a first-order approximation of the densities derived from the semiconductor Boltzmann
equation [25].

1.3.2 Mathematical difficulties

The misfit of boundary conditions between the different species gives the main mathematical
difficulty in the study of (1.25)—(1.26). Indeed, having mixed Dirichlet-Neumann boundary
conditions for n,p,V and no-flux boundary conditions for D creates difficulties in estimates
which include mixed terms related to different boundary conditions (e.g. VD and VV).

Another difficulty is the fact that we consider three species, instead of just two. In a
two-species system, the quadratic drift terms can be estimated by exploiting monotonicity
properties. For three or more species, this is not possible anymore, cf. [71] and [77].

Further difficulties come from the use of Fermi-Dirac statistics and the fact that the non-
linearities are only given implicitly and behave differently for small and large densities. Fine
estimates on the behaviour of the inverse functions of the Fermi-Dirac integrals and their re-
spective derivatives are needed for our analysis, cf. Section 4.4. To illustrate this, let us give the
behaviour of the derivative G’ close to 0 and at oo, where G is the inverse of the Fermi-Dirac
integral of order 1/2:

G'(2) ~ 2 M ocr, o) + 2 Pl r p0)):

where 1,; stands for the indicator function of the given set M in subscript. The above also
illustrates that the nonlinear diffusion in the equation for the electron densities, nVG(n), can
be approximated by Vn in the low density regime and by Vn°/? in the high density regime
respectively (the same holds for the hole density p). The Blakemore statistics, on the other
hand, exhibit a singularity at D = 1, bringing additional technical issues, which the authors
of [25] dealt with in the case of a one-species equation.

13
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1 Introduction

1.3.3 State of the art and strategy of our proofs

To our knowledge, there exist only few analytical results in the literature on drift-diffusion
equations for more than two species. The study of the existence of solutions in the low-density
regime for the three-species memristor drift-diffusion system was done in [71] using Boltzmann
statistics for all three species. The high-density regime was analysed in [77].

n [2] the authors analysed a drift-diffusion model for PSCs similar to (1.25)—(1.26). Fermi-
Dirac statistics of order 1/2 are used for the electrons and holes and Blakemore statistics for
the oxygen vacancies, but the underlying domain €2 consists of three distinct regions where the
electrons and holes can move freely while the oxygen vacancies remain confined to the middle
region.

For two space dimensions the authors of [2] proved existence of global (bounded) solutions.
Their approach was to truncate the quasi-Fermi potentials and show uniform bounds for the
solutions from above and below with iterated L? estimates. However, this truncation requires
the initial data to be pointwise bounded from above as well as bounded away from 0 from below
and as a result neither void nor saturation are allowed. An entropy-dissipation inequality for
the same model with up to three space dimensions was proven in [!].

In our work we will use a different argument to obtain a global existence result. Based on
entropy methods [53, 51, 73] and similar to [71, 77] we will use the free energy of the system
to derive a priori estimates. We introduce the energy densities

win = [ G,

-7:1/2(0)
Y1(nfn) = 1(n) — ¥1(n) — 1 (M) (n — 1)
/ G(z)dz — G(n)(n —n), (1.27)
D)= H(z)d
v = [ PRCLE
and define the free energy functional of the system to be
~ 2 ~
. D, V] i= [ (0l + 62(plF) + va(D) + DV + LIV = P)Pde. (128)

where V' solves the Poisson equation in (1.25) with the boundary condition(s) given by (1.26).
A formal computation, which will be made rigorous in Section 4.2 for an approximate system,
shows that

&

S DI+ [ TIV(Gm) = V)P + BIV(G) + V)P + DIV(HD) + V)P da
Q

2
<C@,p,V,T), (1.29)

which provides a priori estimates for n, p in L>°(0,T; L%3(2)), for Vn, Vp in L(0,T; L>*(Q))
and for D in L*(0,T; H'(2)). Improved bounds on the solution are then derived using the
Gagliardo-Nirenberg inequality and a bootstrapping argument. Utilizing the asymptotic be-
haviour of the Fermi-Dirac statistics for large as well as low concentrations of n and p, these a
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1.4 Outline of the thesis

priori estimates will allow us to infer bounds for d;n, 0;p and 9;D in some Sobolev space and
to then apply the Aubin—Lions lemma [9, 93] to conclude the compactness of a sequence of
approximate solutions. The limit of a subsequence of this sequence is a solution to the original
problem (1.25)—(1.26). Identifying the limit of the fluxes in this problem is challenging. Using
the derived bounds on G” allows us to identify .J,, and Jj,. The flux Jp is a bit more delicate
as it exhibits a singularity at D = 1 and to find its limit we are going to use a Minty-type
trick [19, Lemma D.10].

Additionally, we will also show the existence of bounded weak solutions. The difficulties
in achieving this stem from the terms nVV - Vn and pVV - Vp, which we get when testing
with n and p in the weak formulation. These terms cannot be bounded easily since we cannot
use monotonicity properties. Therefore, as a first step, we will assume that V' € W13(2) and
improve the regularity of the fluxes by redoing the bootstrapping argument on the level of
the approximate system. This will allow us to then use n? — n? and p? — p?, ¢ € N, as test
functions in the weak formulation and iteratively derive bounds on n,p in L>°(0,7; L(2)) and
for Vn®, Vp® in L?(Qr) for all 1 < o < co. Unfortunately, the bounds will depend on ¢ and
therefore might blow up as ¢ — oc.

To overcome this problem we will need slightly more regularity for the gradient of the poten-
tial and will consequently assume that VV € L"(Q) with » > 3. This will allow us to apply an
Alikakos-type iteration [5], similar to [71, 77], and obtain estimates for n,p in L>(0,T"; L% (Q2))
uniformly in k € N, where ¢, is of the order 2*. By taking the limit k& — oo we will be able to
conclude L°°-bounds on all densities.

1.4 Outline of the thesis

In this section we give an overview of the structure of the thesis.

In Chapter 2 we will focus on the nonlocal cross-diffusion system (1.1)—(1.2). The main
results that we will show are:

e Global existence of weak solutions to the nonlocal system (1.1)—(1.2) for nondifferentiable
positive semi-definite kernels in detailed balance;

e Weak-strong uniqueness of solutions to the nonlocal system;
e Localization limit to the local system (1.1) and (1.3).

The chapter is organized as follows: Our hypotheses and main results are made precise in
Section 2.1. The global existence of weak solutions to the nonlocal system and some regularity
results are proven in Section 2.2. The weak-strong uniqueness result is shown in Section 2.3. In
Section 2.4, the localization limit, based on the a priori estimates of Section 2.2, is performed.
Finally, we collect some auxiliary lemmas in Section 2.5 and state a global existence result for
the local system (1.1) and (1.3) in Section 2.6.

The results in this chapter are based on the research collaboration with Ansgar Jiingel
(TU Wien) and Antoine Zurek (UTC) and have been published under the title Nonlocal
cross-diffusion systems for multi-species populations and networks [7].
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1 Introduction

In Chapter 3 we present the finite-volume scheme and numerical analysis for the nonlocal
cross-diffusion system (1.11)—(1.13). The main results that we will show are as follows (see
Section 3.1.3 for details):

e We prove the existence of solutions to the finite-volume scheme, which are nonnegative
componentwise, preserve the discrete mass, and satisfy discrete versions of the entropy
inequalities (1.16) and (1.17).

e We show that the discrete solutions converge to a weak solution to (1.11)—(1.13) when
the mesh size tends to zero. As a by-product, this proves the existence of a weak solution
to (1.11)~(1.13).

e We illustrate numerically the rate of convergence of the scheme (in space) in the LP-norm.
Additionally we demonstrate the rate of convergence in different metrics of the solution to
the nonlocal system towards the solution of the local one (localization limit). Moreover,
we illustrate the segregation phenomenon exhibited by the solutions to (1.11)—(1.13); see
also [17].

The chapter is organized as follows. The numerical scheme and our main results are intro-
duced in Section 3.1. We prove the existence of discrete solutions in Section 3.2, while the
proof of the convergence of the scheme is presented in Section 3.3. In Section 3.4 numerical
experiments are given, Section 3.5 contains some auxiliary results, and we show in Section 3.6
that indicator kernels generally do not fulfill inequality (1.15).

The results of this chapter are based on the research collaboration with Ansgar Jiingel
(TU Wien) and Antoine Zurek (UTC) and have been published under the title A conver-
gent finite-volume scheme for nonlocal cross-diffusion systems for multi-species
populations [77].

Chapter 4 is devoted to the analysis of the memristor model (1.25)—(1.26). The main results
that we will show are:

e The existence of global weak solutions;
e The solutions are bounded uniform in time under certain elliptic regularity assumptions.

The chapter is organized as follows. We precisely state our assumptions and main results
in Section 4.1. The global existence of weak solutions is proved in Section 4.2 and uniform-in-
time bounds are shown in Section 4.3. Lastly, in Section 4.4 we collect and prove necessary
properties of the Fermi-Dirac integrals and their respective inverses.

The results in this chapter are based on the research collaboration with Maxime Herda
(Inria Lille) and Ansgar Jiingel (TU Wien) and are ongoing work. A manuscript is currently
under preparation for submission.

1.5 Note on updated status of references

In our bibliography, we have updated manuscripts that we cited in our papers [/, 7] and
which were available as preprint on arXiv or HAL at that time, but have been published in
the meantime, to their current published status. This concerns the articles [, 33, 59, 67, 63].
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2 Analysis of nonlocal cross-diffusion systems
for multi-species populations and networks

The results in this chapter have been published in [71].

In this chapter we provide the details of the analysis of the nonlocal cross-diffusion sys-
tem (1.1)—(1.2). We present the main results, i.e. the global existence of weak solutions, the
weak-strong uniqueness and the localization limit in Section 2.1. In Section 2.2 we prove
the existence Theorem 2 and some improved regularity result for the weak solution, and in
Section 2.3 we prove the weak-strong uniqueness of solutions to the nonlocal system. The lo-
calization limit is proved in Section 2.4 and some auxiliary results are collected in Section 2.5.
An existence result for the local system (1.1) & (1.3) is formulated and proven in Section 2.6.

2.1 Main results

We collect the main theorems, which are proved in the subsequent sections. We impose the
following hypotheses:

(H1) Data: Let d > 1,7 >0, 0 > 0, and let u? € L?(T%) satisfy v) > 0in T, i = 1,...,n.

(H2) Regularity: K;; € L¥(T?) for i,j = 1,...,n, where s = d/2 if d > 2, s > 1 if d = 2,
and s=1ifd=1.

(H3) Detailed balance: There exist 71, ..., 7, > 0 such that m; K;;(x —y) = m; Kji(y — ) for
alli,7=1,...,n and for a.e. z,y € T%

(H4) Positive definiteness: For all v1,...,v, € L?>(T%), it holds that

> /w /w miKij(z — y)vi(x)v;(y) de dy = 0.

1,j=1

We need the same diffusivity o for all species, since otherwise we cannot prove that the
Rao-type functional Hs is a Lyapunov functional. The reason is the mixing of the species
in the definition of Ha, cf. (1.6). The regularity K;; € L*(T¢) of the interaction kernels is
required to prove the weak convergence of (ulVp;[u’]) in L*(T%), where (u’) is an approximate
sequence. More precisely, the regularity of /;; implies that Vp;[u®] — Vp;[u] weakly in L¢(T9)
(if d > 3) and, as a consequence of the entropy estimate, we have u¢ — w; strongly in L"(T¢)

for r < d/(d — 2). Thus, udVp;[u’] — u;Vp;[u] weakly in L°(T?) for 1 < p < d/(d —1).
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

Remark 1 (Kernels satisfying Hypotheses (H2)-(H4)). Kernels satisfying Hypothesis (H4)
with n = 1 can be characterized by Mercer’s theorem [22, %3].

An example of a kernel that satisfies Hypotheses (H2)—(H4) is given by the so—called Gaussian
kernel B(|z —y|) = (277)*[/2 exp(—|z — y|?/2). We define for 4,5 = 1,...,n and 2,y € RY,

aij |z —y|?
Kij(x —y) = Bjj(x —y) == @m%d/zeXp<— 522 >7

where € > 0 and a;; > 0 are such that the matrix (m;a;;) is symmetric and positive definite for
some 7; > 0. Thus, Hypothesis (H3) holds. Hypothesis (H4) can be verified as follows. The
identity

e—lz—yl?/(2¢%) e—lz—2?/e* o—ly—z|*/€?
R dz
(2me2)d/2 /Rd (me2)d/2 (me2)d/2 )

shows that

n o—lz—yl2/(222)
/d/ m K z] y)vi(x)vj(y) dx dy = Z /d /d Qi o ona79 27T82)d/2 Uz(x)vj(y) dx dy
i,7=1 T i,7=1 T

e~ lz—2I?/e? e—ly—2I?/€?
Z TG /d/Td ( (22 fuz(x)) dx /M ((m;?)dﬂvj(y)) dy dz

i,7=1

(re2 dZ/Rd</Td e By (a )d96>2dz>0,

where a > 0 is the smallest eigenvalue of (m;a;;). This proves the positive definiteness of Kj;.
Note that B — a;j00 as € — 0 in the sense of distributions.
We can construct further examples from the Gaussian kernel. For instance,

A4 ..
Kij(x_y):1+|x2]_y|2’ Za]:]-v"'?na .’E,yERd,

satisfies Hypothesis (H4), since

1 (e.)
S / o—s(1+le—yl?) g
L]z —yl2  Jo ’

and B(z —y) = exp(—s(1 + |z — y|?)) is positive definite. O

We call u = (uq,...,u,) a weak solution to system (1.1)—(1.2) if it holds for all test func-
tions ¢; € LT2(0, T; Whd+2(T4)), i = 1,...,n, that

T T T
/ (Opug, ¢;) dt + 0'/ Vu; - Vo dx dt = —/ / w;Vp;ilu| - Vé; dz dt, (2.1)
0 0 JTd 0o Jrd

where (-,-) denotes the dual pairing between W1h4+2(T4)" and W14+2(T9), and the initial
datum u;(0) = u¥ is satisfied in the sense of W14+2(T?)
First, we show the global existence of weak solutions. Let Q7 = T¢ x (0,T).
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2.1 Main results

Theorem 2 (Global existence). Let Hypotheses (H1)-(Hj) hold. Then there exists a global
weak solution u = (ui,...,u,) to (1.1)~(1.2) satisfying u; > 0 in Qr and
w2 € L2(0, T HN(TY), wi € L24Qr) N L0, T3 W (1)),

2.2
Oyu; € LU0, T; W H(TY)),  w;Vpi[u] € LY(Qr), 22

where g = (d+2)/(d+1) andi=1,...,n. The initial datum in (1.1) is satisfied in the sense
of W=H4(T4) .= WLa+2(T9) . Moreover, the following entropy inequalities hold:

n t
Hy(u(t)) + 402/0 /Td 7| V2P de ds < Hy(u0), (2.3)
=1

Hy(u(t)) + Z/o /Td miug | Vps[u])? da ds < Ha(u®). (2.4)
i=1

Unfortunately, we cannot treat vanishing diffusion ¢ = 0, since this would not allow us to
derive suitable gradient bounds. However, we can allow for arbitrarily small ¢ > 0, which
means that cross-diffusion may dominate diffusion, or in other words, the cross-diffusion term
is generally not just a perturbation.

Imposing more regularity on the kernel functions, we can derive H'(T9) regularity for wu;,
which is needed for the weak-strong uniqueness result.

Proposition 3 (Regularity). Let Hypotheses (H1)-(H4) hold and let VK;; € L2(T9) for
all i,7 = 1,...,n. Then there exists a weak solution uw = (uy,...,u,) to system (1.1)—(1.2)
satisfying u; > 0 in T¢ and

u; € L*(0,T; H(T?),  Opu; € L*(0, T3 H (),  Vpi[u] € L>(0,T; L®(T7)).
Moreover, if additionally VK;j, AK;; € LOO(']I‘d) and mg < u? < My in T%, then it holds that
0 < moe M < u;(t) < Mye* in T? fort < 0,

where A > 0 depends on AK;; and u?.

The proof of the H'(T?)-regularity is based on standard L?-estimates if VK;; € L(T9).
The difficulty is the reduced regularity VK;; € L¥*2(T%), which requires some care. Indeed,
using the test function wu; in the weak formulation of (1.1) leads to a cubic term, which is
reduced to a subquadratic term for Vu; by combining the Gagliardo—Nirenberg inequality and
the uniform L'(T¢)-bound for u;.

Similar lower and upper bounds as in Proposition 3 were obtained in [!3] with a different
proof. Since the L®-bounds depend on the derivatives of Kj;;, they do not carry over in
the localization limit to the local system. In fact, it is an open problem whether the local
system (1.1) and (1.3) possesses bounded weak solutions. The proposition also holds for kernel
functions K;;(z,y) that are used in neural network theory; see Remark 10.

Theorem 4 (Weak-strong uniqueness). Let K;; € L®(RY) and ¢ < u) < C in T¢ for
all i,7=1,...,n with constants 0 < ¢ < C < oo. Let u be a nonnegative weak solution
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

to (1.1)~(1.2) satisfying (2.2) as well as u; € L*(0,T; HY(T9)) N H'(0,T; H~Y(T?)). Addition-
ally, let v = (v1,...,v,) be a “strong” solution to (1.1)—(1.2), i.e. a weak solution to (1.1)—(1.2)
satisfying

c<v;<C inQp, Ow € L*(0,T; HHTY), v € L®(0,T;Wh(T%),
and having the same initial data as u. Then u(x,t) = v(x,t) for a.e. (x,t) € T? x (0,T).

The existence of a strong solution v; to (1.1)—(1.2) was proved in [31, Prop. 1], but only
locally in time and in the whole space setting. While the proof can be adapted to the case of
a torus, it is less clear how to extend it globally in time. Theorem 4 cannot be extended in a
straightforward way to the whole space case since v; > ¢ > 0 would be nonintegrable. In the
case of the Maxwell-Stefan cross-diffusion system on a bounded domain Q C R, it is possible
to relax the lower bound to v; > 0 a.e. and logwv; € L?(0,T; H'(Q)) [65]. The proof could
be possibly extended to the whole space, but the computations in [(%] are made rigorous by
exploiting the specific structure of the Maxwell-Stefan diffusion coeflicients.

For the localization limit, we choose the radial kernel

K?j(x—y)—(th<|$_y|>, i,j=1,...,n, z,y e T, (2.5)
n n

where n > 0, B € C°(R), supp(B) C (—1,1), fil B(|z])dz =1, and a;; > 0 is such that (m;a;;)
is symmetric and positive definite for some m; > 0,i=1,...,n.

Theorem 5 (Localization limit). Let KZ be given by (2.5) and satisfying Hypothesis (H4).
Let u be the weak solution to (1.1)—(1.2), constructed in Theorem 2. Then there exists a
subsequence of (u) that is not relabeled such that, as n — 0,

ul = u strongly in L*(0,T; LY (=D (7)),

if d > 2 and strongly in L?(0,T; L™ (T%)) for any r < oo if d = 1. Moreover, u is a nonnegative
weak solution to (1.1) and (1.3).

The existence of global weak solutions to (1.1) and (1.3) can be proved for any bounded
domain  with Lipschitz boundary 9€2 imposing no-flux boundary conditions; see Section 2.6.

2.2 Global existence for the nonlocal system

We prove the global existence of a nonnegative weak solution u to (1.1)—(1.2) and show the
regularity properties of Proposition 3. Since the proof is based on the entropy method similar
to [72, Chapter 4], we sketch the standard arguments and focus on the derivation of uniform
estimates. We assume throughout this section that Hypotheses (H1)-(H4) hold.

2.2.1 Solution of an approximated system

Let T >0, Ne N, 7=T/N,§ >0, and m € N with m > d/2 + 1. We proceed by induction
over k € N. To this end, let ! € L2(']I‘d; R™) be given, where the superindex k refers to the
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2.2 Global existence for the nonlocal system

time step t, = k7. Set u;(w) = exp(w;/m;) > 0. We wish to find w* € H™(T%R") to the
approximated system

i/w(u( k)~ ¢dm+o’2/ Vui(w) - Vi d + ob(w, )
_ w (W s (W) - Vb da :
- ;/T W) Vpilu(u®)] - Vo de, (2.6)

for ¢ = (¢1,...,¢n) € H™(TR™). The bilinear form

b(wk,(b):/w< Z Dawk-Da¢+w-¢>dx

|lal=m

is coercive on H™ (T R"), i.e. b(wk, wk) > CHwkHzm(Td) for some C' > 0, as a consequence of
the generalized Poincaré—Wirtinger inequality (see Lemma 15 in Section 2.5). By a fixed-point
argument, which uses a mapping of the type L>(T%) — H™(T¢) — L>*(T%) and is done in
the entropy variable w*, it is sufficient to derive a uniform bound for all fixed points wf in the
space H™(T4) (see [73, Section 4.4] for details). To this end, let wf € H™(T9) be such a fixed
point. We use the admissible test function ¢; = w¥ = m; loguf (with u? := u;(w*)) in (2.6):

Zﬂ (ulf —uf=1) logul dx + 4027@/ IV ()22 dx + b(w”, w")
. d

n

=— Vpi Vw! de = Vpi[uF] - Vb d
ZZ:/Tdu pi[uf] - Vwk do = Z/ T Vpi[u u; dz,
where we used the identity ufVw? = 7;VuF. An integration by parts gives
/ VKij(x —y) dy—/ VEK;j(z)ui(x — 2 dz—/ Kij(x ( ) dy. (2.7)
Td

Thus, in view of definition (1.2) of p;[u*] and Hypothesis (H4),
Zm/ uf —uft) loguf dac—|—4UZ7T,/ IV ()22 dx + b(w”, w)
:—Z/ / i K ( Vu()-Vuf(x)dxdySO.
Td JTd

1,j=1

The convexity of f(z) = z(logz — 1) for z > 0 implies that f(z) — f(y) < f'(2)(z — y) for
all y,z > 0. Using this inequality to estimate the first integral on the left-hand side of the
displayed inequality and the coercivity of b(w¥, w") to estimate the third term, we find that

1 n
Z/ 7ri(u£-‘:(logu£C —1) —uf ' (loguf ! —1)) dx
Tz /T
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+40 Y mil| V(W) P12 pay +0C D [wF 3mpay <0, (2.8)
=1 i=1

where C is the coercivity constant of the bilinear form b(-,-). This provides an estimate uniform
in the fixed points w”* in H™(T%) < L>(T4), necessary to conclude the fixed-point argument
and giving the existence of a solution w* € H™(T4;R") to (2.6). This defines u* := u(w"),
finishing the induction step.

To derive further uniform estimates, we wish to use 1; = m;p;[u*] as a test function in (2.6).
However, we cannot estimate the term §b(w", 1)) appropriately. Therefore, we perform the
limits 6 — 0 and 7 — 0 separately.

2.2.2 Limit ) — 0

Let us first list some uniform bounds and convergence results.

Lemma 6. Let u® = (uf,...,ud) with u} = u;(w*) be a solution to (2.6) and let w = m; logu!

fori=1,...,n (slightly abusing the notation). Then there exists a constant C' > 0, independent
of §, such that
9 )
H(Uz‘)l/QHLH(W) + [|Vu; ”LT2(']1‘d) <,

where r1 = 2d/(d —2) and ro = d/(d—1) ifd > 2,1 <oco andry <2 ifd=2 and r; = o
and ro = 2 if d = 1. Moreover, it holds, up to a subsequence, as 6 — 0 that

ul — u;  strongly in L"(TY), 1 <r1/2,
Vu! — Vu; weakly in L"(T%),

Swd — 0 strongly in H™(T?).

Proof. Estimate (2.8) and the Poincaré~Wirtinger inequality show that (u?)l/ 2 is uniformly
bounded in H'(T%) and, by Sobolev’s embedding, in L™ (T¢). Therefore, we infer that the
gradient Vud = 2(u?)"/?V (uf)*/? is uniformly bounded in L"2(T?). By Sobolev’s embedding,
the sequence (u!) is relatively compact in L"(T?) for 7 < r1/2, and there exists a subsequence
that is not relabeled such that, as 6 — 0, the claimed convergences of u? and Vuf hold. We
deduce from (2.8) that v/dw? is uniformly bounded in H™(T9), hence dw? — 0 in H™(T?) in
the limit § — 0. This ends the proof.

O

Thanks to Lemma 6, we have, up to a subsequence, u? — u; a.e. and (uf) is dominated
by some function in L"(T¢). By dominated convergence, p;[u’] — p;[u] a.e. and Young’s
convolution inequality (see Lemma 11 in Section 2.5) shows that, for d > 2,

/ Kij (. — y)u(y) dy
Td

P[]l oo (ray <
j=1 Loo(T4)

)
< Kl pareerayllud | asca-2 pay < C.
j=1
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2.2 Global existence for the nonlocal system

Here and in the following, C' > 0 denotes a constant independent of § with values possibly
changing from line to line. In a similar way, we can prove that (p;[u°]) is bounded in L"(T?) for
any r < oo if d = 2 and in L>°(T?) if d = 1, assuming that K;; € L*(T?); see Hypothesis (H2).
Lemma 12 in Section 2.5 then implies that p;[u’] — p;[u] strongly in L7 (T%) for any r < oco.
Furthermore, if d > 2, we use again Young’s convolution inequality and Lemma 6 to show that

n
IVl sy < D 1Kl parzgray | V| pasa—n ray
j=

< max ||KUHLd/2 Td) E IIVu | pasca—1) (Td) <C,
1<5<n 1
Jj=

where 73 = d. Similar computations show that for d = 2 we have Vp;[u°] is bounded in L™ (T9)
for some r3 > 2 and for r3 = 2 if d = 1. Hence, for a subsequence,

Vpi[u®] = Vpi[u] weakly in L' (T%).

Combining this with the strong convergence ul — u; in L7 (T9) for r < r1/2, we conclude that
the product converges:

wVp;i[u’] — u;Vpi[u]  weakly in L'(T9).
We deduce from the uniform bounds HufHLrl/z(W) < C and vai[U(;]HLr3(Td) < C that the
sequence (ulVp;[uf]) is bounded in L™{2:4/(d=1}(Td) and
wVpi[u®] = u;Vpiu]  weakly in L™i{2d/(d=D}(d),

Thus, we can pass to the limit § — 0 in (2.6) to conclude that uf =u; >0fori=1,....,n
solves

j_/Td(u —uF ¢dw+02/ Vut - Vedr = — Z/ ubVpi[u¥) - Vo d, (2.9)

for all test functions ¢; € W73 (T%). Observe that p;[u*] is an element of the space W13 (T9)
and is an admissible test function; this will be used in the next subsection.

2.2.3 Uniform estimates

We introduce the piecewise constant in time functions u()(z,t) = u*(z) for z € T¢ and

)
forte (k—1)1, k7], k=1,...,N. At time t = 0, WesetuT(
the time-shift operator (S, u(" ))(x t) =uF(z) forz € T, t €
over k in (2.9), we obtain

T
1/ /(u(T) ¢dmdt+02/ ) Vo, dz dt
T Jo Td
= —Z/ / uET)Vp@-[u(T)] -V, dx dt,
=170 JT¢

,0) = u?. Furthermore, we use
((k— )T k7]. Then, summing
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

for piecewise constant functions ¢ : (0,7) — W173(T?; R") and, by a density argument, for all
functions ¢ € L2(0,T; W13 (T¢; R")). Summing the entropy inequality (2.8) over k = 1,..., N,
it follows that

n T
Hy(u(T)) + 40 /O ﬂi\\V(uET))l/QH%Q(Td) dt < Hy(u). (2.10)

These bounds allow us to derive further estimates. Since the L'log L'-bound dominates
the L' (T?)-norm, we deduce from the Poincaré-Wirtinger inequality that

1u{ 1og u || Lo (0.1t crayy + 1@ Y2 20 g ey < C®), i=1,...,m.

This implies, by the Gagliardo—Nirenberg inequality with 6 = d/(d + 2), that

1+2/d _ r 1/2(2+4/d &t
s HL1+2/d(QT (") I z2+4/ara

T (2d+4)/d 0)(2d+4)/d
<c/ R a2 e a

T
2/d T
< Ol N grngony [ 1) gyt < CGo), (201
and by Holder’s inequality with ¢ = (d +2)/(d + 1),

1Vu{ N zag@r) = 2™ 2V (@) 2] 14
< 20/ (u{) 2 pas4/a o IV ()| 20y < C. (2.12)

These bounds are not sufficient to pass to the limit 7 — 0, since we also need uniform bounds
on ulp;lu”] and on the discrete time derivative. To derive further estimates, we use the test
function ¢; = m;p;[u¥] € WH3(T9) in (2.9):

% Z /11‘d /Td mi(ul (z) — uf = (@) Kij(x — y)u?(y) dx dy
+o Z /d /Td miKij(x — y)Vul (z) - Vué“(y) drdy = — ;/Td rdl |V [uk] 2 de. (2.13)

i,j=1

Because of the positive definiteness of m; Kj;;, the second term on the left-hand side is nonnega-
tive. Exploiting the symmetry and positive definiteness of m; K;; (Hypotheses (H3)—-(H4)), the
first integral can be estimated from below as

1 < _ _
DY) L, [ muta = (@) - @~
+ (uf (@) = (@) (W (y) — b (9))) dardy

2o 30 [ ke - ) 6) o @t ) ey

1,j=1

24



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.2 Global existence for the nonlocal system

= ~(Ha(u¥) — Ha(u ).

Therefore, we infer from (2.13) that

Hy(uk) + TZ /d Tl | Vpi[uF)|? de < Hy(uF™1),
i=17T

and summing this inequality over k = 1,..., N, we have
[ 2
Hy(u(T) + > i /O I (v )1/2Vpi[u(7)]HL2(Td) dt < Hy(uP). (2.14)
i=1

The previous bound allows us to derive an estimate for the discrete time derivative.

Lemma 7. Let u'™) be a previously obtained solution to the weak formulation

T n_ T
= / / (u — Su) - pdrdt + o Z/ VugT) Vo dz dt
T Jo Jrd i—1 Jo JTd

nooaT
==Y / / Wi [u™] - Ve, da dt
i=1 0 Td

for all functions ¢ € L(0,T; Wb (T4 R")). Then there exists a constant C > 0 independent
of T such that

(2.15)

7'71|’U(T) - STU(T)"LQ(O,T;W21(d+2)/2(Td)’) <C, (2.16)
where ¢ = (d+2)/(d+1).
Proof. Estimates (2.11) and (2.14) imply that

a7 Vpilu™] = (7)Y - (7)) 2Tl

is uniformly bounded in LI(Qr), where ¢ = (d+2)/(d+1). Let ¢ € LY (0, T; W2(@+2)/2(Tdy),
where ¢/ =d+2. Then 1/g+1/¢' =1 and

T
/ / (u(T)—STu(T))-gédxdt’
0 Td

<o > i pszragn 1Al Lararzigp + 3 167 Voilu oo IVl Lo )
=1 =1

1
.

< CH¢HL‘1'(07T;W2,(d+2)/2(Td))-

We conclude that
7‘—1||u(T) — STU(T)”Lq(07T;W27(d+2)/2(’]I‘d)/) <,

which finishes the proof of the lemma. O
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2.24 Limit 7 — 0

Estimates (2.10) and (2.16) allow us to apply the Aubin-Lions compactness lemma in the
version of [19] to conclude the existence of a subsequence that is not relabeled such that,
as 7 — 0,

uf” = u; strongly in L2(0, T; LY@ D(TY), i =1,...,n,

if d > 2 and strongly in L?(0,T; L"(T¢)) for any r < oo if d = 1. Strictly speaking, the
version of [19] holds for the continuous time derivative, but the technique of [1%] shows that

the conclusion of [19] also holds for the discrete time derivative. Then, maybe for another

subsequence, “ET) — u; a.e. in Qr, and we deduce from (2.11) that uET) — u; strongly in L"(Qr)

for all r < 14 2/d (see Lemma 12 in Section 2.5). Furthermore, we obtain from (2.10), (2.12),
(2.14), and (2.16) the convergences

VUET) — Vu; weakly in LY (Qr), i=1,...,n,
7 u = Sy = Gu;  weakly in LI(0, T; W2 (@+2)/2(dyry
(W20 [u] = 2 weakly in L*(Qr), (2.17)

where z; € L?(Q7) and ¢ = (d +2)/(d + 1). Since uy) > 0, we infer that w; > 0 in Q. It
remains to identify the limit z;, which is stated in the following result.

Lemma 8. Let u() be the previously obtained solution to (2.15). Then the weak limit z;
in (2.17) can be identified as z; = ui/QVpi[u}, i.e., as T — 0,

(uET))1/2Vpi [u(™] — ug/QVpi [u]  weakly in L*(Qr).
Proof. We show first that
Vpilul™] = Vpi[u] weakly in L(Qr).

It follows from the strong convergence of (uET)) that K;;(x — y)uy) (y,t) = Kij(x —y)u;(y,t)
for a.e. (y,t) € Qr and for a.e. x € T9. Hence, because of the uniform bounds, there holds
the convergence p;[u(”] — p;[u] a.e. in Qp. We deduce from Young’s convolution inequality
and the uniform bound for Vul(»T) in LY(Qr) that Vp;[u(™)] is uniformly bounded in L(Qr).
Therefore,

Vpi[u™] — Vp;lu]  weakly in LY(Qr).

When d = 2, we have the convergences of Vp;[u(™] — Vp;[u] weakly in L*3(Qr) and
of (uz(»T))l/ 2 uzl /2 strongly in L*(Qr), which is sufficient to pass to the limit in the product
and to identify it with z;. However, this argument fails when d > 2, and we need a more
sophisticated proof. The div-curl lemma does not apply, since the exponents of the respective
Lebesgue spaces, in which the convergences of (uET))l/ 2 and Vp;[u™] take place, are not
conjugate for d > 2. Also the generalization [?!, Theorem 2.1] to nonconjugate exponents

cannot be used for general d.
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2.2 Global existence for the nonlocal system

Our idea is to exploit the fact that the product converges in a space better than L!. Then
Lemma 13 in Section 2.5 immediately implies that
()2 pi[u™] = u*Vpifu]  weakly in L9(Qr).
In fact, estimate (2.14) implies that this convergence holds in L?(Q7), which finishes the proof
of Lemma 8. L]

Combining Lemma 8 and the strong convergence of (uz(-T))l/ 2in L?(Qr) gives
uET)Vpi [u(T] = u;Vpi[u] weakly in LY(Qr).

In view of the uniform bounds for (uET))1/2 in L***/4(Qr) and of (UET))l/QVp@- [u(M] in L2(Qr),
the product uz(»T)Vpi [u(™] is uniformly bounded in L9(Qr). Thus, the previous weak conver-

gence also holds in L4(Qr).

2.2.5 End of the proof

The convergences of the previous subsection allow us to pass to the limit 7 — 0 in (2.9),
yielding

T T T
/ (Opui, ;) dt + 0/ Vu; - Vo dx dt = —/ / w;Vpilu] - Ve, dz dt,
0 o Jrd o Jrd

for all smooth test functions. Because of Vu;, u;Vp;[u] € LY(Qr), a density argument shows
that the weak formulation holds for all ¢ € L7 (0,T; W4 (T%)), recalling that ¢ = d + 2.
Then dyu; lies in the space L(0,T; W~14(T%)), where W—14(T¢) := W4 (T¢). The proof
that u(-,0) satisfies the initial datum can be done exactly as in [72, p. 1980]. Finally, using
the convexity of H; and the lower semi-continuity of convex functions, the entropy inequali-
ties (2.10) and (2.14) become (2.3) and (2.4), respectively, in the limit 7 — 0. This ends the
proof of Theorem 2.

Remark 9 (Whole space and bounded domains). We believe that the whole space = R?
can be treated by using the techniques of [33], under the assumption that a moment of u°
is bounded, i.e. [paud(z)(1+ |22)*/2 dz < oo for a suitable o > 0. Indeed, standard esti-
mates show that u5(1 + |z[>)®/? is bounded in L>(0,T; L' (R%)), where (u$) is a sequence of
approximating solutions. By the previous proof, (\/1725) is bounded in L?(0,T; H'(R?)), and
estimate (2.12) shows that (u$) is bounded in L2(0,T; W4(R%)) with ¢ = (d + 2)/(d + 1).
Since Wh4(R%) N LY (R?; (1 4 |2]?)®/?) is compactly embedded in L"(R?) for r < 2¢/(2 — q)
and 1 < ¢ < 2 (by adapting the proof of [2/, Lemma 1]), we can apply the Aubin—Lions lemma,
concluding that, up to a subsequence, u$ — u strongly in L?(0, T; L*(R%)).

The case of bounded domains Q C R with Lipschitz boundary 92 seems to be more delicate.
We assume no-flux boundary conditions to recover the weak formulation (2.1). The problem
comes from the treatment of the boundary integrals when integrating by parts. For instance,

we need to integrate by parts in Vp;[u] (see (2.7)) and to control the integral

ailul(z) == ; /a Kyle =y () d,

27



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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where v is the exterior unit normal vector of Q. If K;; € L®(R?), we may estimate this
integral by |luillr1a0) < Clluillwii). Consequently, [g[u]llL=@) < C327 4 ujllwiiq).
The integral ¢;[u] appears in the weak formulation, for instance, as

1/2
<Y VUl <20 HujHLl(Q)HVUj/ 1720
j=1 J=1

O'/ Vu; - q;[u] dz
Q

and this integral cannot generally be absorbed by the corresponding term in (2.8) except
if Hu?HI;(Q) is sufficiently small. O

2.2.6 Proof of Proposition 3.

The proof of the H'(T?) regularity requires an approximate scheme that differs from the
one used in the proof of Theorem 2. Given u*~! € L?(T% R") with uffl > 0, we wish to
find u¥ € H'(T4; R") such that

]. k k—1 / k / (uk)+ k
- P U )oid Vug - Void — L —Vpi[u"] - Vidr =0, (2.18
s Lk s o [ ik Vo s [ enit] Ve =0, @a8)

for ¢; € H'(T%), where § > 0 and z* = max{0,z}. Since VK;; € L¥*?(T%), Vp;[u*] can be
bounded in L4T2(T9) in terms of the L'(T%)-norm of u*. Thus, the last term on the left-hand
side is well defined. The existence of a solution to this discrete scheme is proved by a fixed-
point argument, and the main step is the derivation of uniform estimates. First, we observe
that the test function (u¥)~ = min{0, u¥} yields

7

1
N (O R R R
T

T Td

(u)+
. / M put]- V() de =0,
T

a1+ 5(uf)
and consequently, (u¥)~ = 0 in T¢. Thus, u¥ > 0 and we can remove the plus sign in (2.18).
Second, we use the test function «¥ in (2.18) and sum over i = 1,..., n:

k
3

BN k. k=1 k k k2 g n uh i .
T;/’I{‘d(ui — Uy )uz dx—i—aiz; Td\vm\ dx_—; - 1+5ufvm[u ].vui dzr. (2'19)
The first integral becomes
n 1 n
k k—1\, k 2 E—1r2

The right-hand side in (2.19) is estimated by Holder’s inequality and Young’s convolution
inequality:

n k n
ur
- L Vpi[u] - Vb dr < uF Vpiluk ok
;/ﬁl‘d 1+ 5uf pi[u”] i > ; [|us HL2+4/d('ﬂ‘d)|| pil ]||Ld+2(']1‘d)|| i ||L2(11‘d)
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2.2 Global existence for the nonlocal system

n
k k k
< Ck Z I HL2+4/d(’]I‘d)Huj HLI(W)HV%’ HLQ(Td)a
ij=1

where C > 0 depends on the L42(T4)-norm of VK;; but not on §. Taking the test func-
tion ¢; = 1 in (2.18) shows that HufHLl(Td) = ||UZQHL1(’]I‘¢1) is uniformly bounded. This allows us
to reduce the cubic expression on the right-hand side of the previous inequality to a quadratic
one. This is the key idea of the proof. Combining the previous arguments, (2.18) becomes

;;/Td(uf Z/Td d:c+TJZ/ \Vuk| dx

K K
< TCZ [ui ]| p2+asacpay | Vg || 2 ey
=1

1
<5 aZHvukHLz T4 +702Hu1 13 24070y

=1 =1

The Gagliardo—Nirenberg and Poincaré—Wirtinger inequalities (see Lemmas 14 and 15 in Sec-
tion 2.5) show that
k k ke 2(1—0
1112 a/agpay < Clluf (30 13 )
k k k
< C(IVuf lamay + luf ey I 155 )

< )|V |2 ) + C (),
where 0 = d(d +4)/(d + 2)? < 1. We deduce from Young’s inequality that for any e > 0,
C) [Vt 2 iy < 0T+ (1 0)e /0D 0u0) V00,
After setting C(e) = C(u®) + e Y 1=0C(u0) /(=9 we find that
||Uf||iz+4/d(qrd) < 51/6||VU?||%2(W) + C(e).

Therefore, choosing € > 0 sufficiently small, we infer that

;iAd(Uf Z/Td V2 dx + mZ/ |VuF|? dae < 7C(e). (2.20)

This provides a uniform H'(T¢)-estimate for u*. Defining the fixed-point operator as a map-
ping from L?(T%) to L?(T¢), the compact embedding H'(T%) < L?(T%) implies the compact-
ness of this operator (see [73, Chapter 4] for details). This shows that (2.18) possesses a weak
solution u* € H!(T9).

In order to pass to the limit (0, 7) — 0, we need uniform estimates for the piecewise constant
in time functions ul(-T), using the same notation as in the proof of Theorem 2. Estimate (2.20)
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provides uniform bounds for u!” in L>=(0,T; L?(T%)) and L2(0,T; H*(T%)). By the Gagliardo—

i

Nirenberg inequality, (ul(-T)) is bounded in L***/¢(Q7). By Young’s convolution inequality,

sup | Vpi[u™ ()]|] poogray < O IVE; | parzqray sup [ul” || oiay < C,
t€(0,T)
€0,

te(0,T) =1

where ¢ = (d + 2)/(d + 1). Thus, (Vp;[u(7]) is bounded in L>®(0,T; L>°(T%)). From these
estimates, we can derive a uniform bound for the discrete time derivative. Using the uniform
estimates HU,ET)HLQ(O,T;HI(Td)) < Cand ||Vp; [U(T)]|’Loo(07T;Loo(Td)) < C, we can prove in a similar
way as in the proof of Theorem 2 that

7wl = Seul| 2o i1 ¢ray) < C.
Therefore, by the Aubin—Lions lemma [!%], up to a subsequence, as (4, 7) — 0,
u,ET) — u; strongly in L*(Qr),

and this convergence even holds in L"(Q)7) for any r < 2+4/d. We can show as in the proof of
Theorem 2 that p;[u(™)] — p;[u] a.e. and consequently, for a subsequence, Vp;[u(™] — Vp;[u]
weakly in L?(Qr). We infer that

uZ@sz‘ [u™] = 4;Vp;[u] weakly in L'(Qr).

Omitting the details, it follows that u = (u1, ..., u,) is a weak solution to (1.1)—(1.2) satisfying
the regularity u; € L?(0,T; H'(T%)) fori=1,...,n.

Next, we show the lower and upper bounds for u;. Define M(t) = Mye, where A > 0 will
be specified later. Recall that we assume VK;; € L®(T?), and 0 < mg < u? < M in T¢ (see
Proposition 3). Hence, we can apply Young’s convolution inequality with p = 1 and ¢, = oo
and estimate

IV pslulll oo ray < D NV Eill ooy 15 1 vy < €
j=1

Then, with the test function e (u; — M)*(t) = e~ max{0, (u; — M)(t)} in the weak formu-
lation of (2.18), we deduce from

puie M (u; — M)t = %&{e‘”[(ui - M)+]2} + ge_/\t[(ui — M) 2+ Ne MM (u; — M)
that

t
1/ e_’\t(ui—M)+(t)2das+a/ / |V (u; — M| da ds
2 Td 0 J1d
t A t
:—/ / e_)‘s(ui—M)Vpi[u]~V(u7;—M)+d:1:dS—/ / e M[(u; — M) 12 dx ds
0 Jrd 2 Jo Jya

t t
- / / e M MVp;u] - V(u; — M) " deds — )\/ / e MM (u; — M) T dx ds.
0 JTd o Jrd
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2.3 Weak-strong uniqueness for the nonlocal system

We write (u; — M)V (u; — M)* = 2V[(u; — M)*]? and integrate by parts in the first and third
terms of the right-hand side:

1

t
/ e_As(ui—M)+(t)2dx—|—U/ / e M|V (u; — M) dz ds
2 Td 0 Td

1 L
< SUBp Il rammny =) [ [ el = 2" dods
t
+ (I1Apifulll oo 0,7, 0 (ray) = A) /0 /Td e MM (u; — M)* da ds.

By Young’s convolution inequality and the regularity assumptions on Kj;,
n
| Aps[u]ll Loo (0,7; 100 (Tay) < CZ 1wl oo (0,121 (rayy < Co-
j=1

Therefore, choosing A > (Y, it follows that
/ e Mu; — M) (t)?dx <0,
Td

and we infer that e (u; — M)T(t) = 0 and u;(t) < M(t) = MgeM for ¢t > 0. The lower
bound u;(t) > m(t) := mge~* is proved in the same way, using the test function e = (u; —m)~,
where (u; —m)~ = min{0, u; — m}.

Remark 10. Proposition 3 holds true for more general kernel functions of the type K;;(z,y).
In that case, we need the regularity V,K;; € Lg"Lﬁﬁ+2 N L%’L?Cfr2 to apply the Young inequality
for kernels; see [05, Theorem 0.3.1]. For the lower and upper bounds of the solution, we
additionally need the regularity V,Kj, Ay Kjj € L Ly°. O

2.3 Weak-strong uniqueness for the nonlocal system

In this section, we prove Theorem 4. Let u be a nonnegative weak solution and v be a positive
“strong” solution to (1.1)—(1.2), i.e., v = (v1,...,v,) is a weak solution to (1.1)—(1.2) satisfying

0<c<v; <C inQp, 0Ow;e L0, T;H YT%Y), wv; e L0, T; W >(T%).

In particular, we have logv;, Vlogv; € L°(0,T; L°(T%)). Then, for 0 < £ < 1, we define the
regularized relative entropy density

he(ulv) = Zm((uz + ¢)(log(u; +€) — 1) — (u; + €) log v; + v;),
i=1

and the associated relative entropy

H_(ulv) = /Td he(u|v) dx.
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

2.3.1 Preparations

We compute

Ohe oh u; + €
ou, = (u|v) = m;log(u; + €) — m; log v;, 8—@:@\1}) = —; Zvi + ;.
Then we have
oh ; ; oh ; (u;
£ = i Vui — &V’UZ', \% £ = —&VUZ‘ + 77“(%;_ E) VUZ'.
8ui U; + € (% (%Z- (% vy

The second function is an admissible test function for the weak formulation of (1.1), satisfied
by v;, since Vu; € L?(Qr) and Vuv; € L>®(Qr). Strictly speaking, the first function is not an
admissible test function for the weak formulation of (1.1), satisfied by u;, since it needs test
functions in W14+2(T9). However, the nonlocal term becomes with this test function

Vui(a)
L, [ Kt = vuste) - 25 dray,

which is finite since Kj; is essentially bounded and Vu; - Vu; € L'Y(Qr). Thus, by a suitable
approximation argument, the following computation can be made rigorous. We find that

d - Oh. Ohe
%He(u]v) = Z <<8tuz', %(u\v)> + <at’Ui, 8UL<U‘U)>)
- Ohe Oh.
=—0 E /d <Vul~ Vou (u|v) + Vu; - V or (u\v)) dx

Ohe Ohe
au, (ulv) + v;Vp;[v] - V Dor (u|v)> dx

The first integral is nonpositive. Thus, an integration over (0,¢) gives

He(u(t)]o(t)) = He(u(0)]v(0))

< - Z/o /’]I‘d i uz+€ (pz[ ] pi[v]) 'VIOg s

n

t ,
+€Z ™ Vpi[u] - Vlog ti +6d:nds =: 11 + I». (2.21)
=170 JT¢ vi

c dx ds
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2.3 Weak-strong uniqueness for the nonlocal system

2.3.2 Estimation of [; and I,
Inserting the definition of p;,

V(pilu] - pil 2/ Ky — )V (u; — vy)(y) dy

Vj

=Z/TdKij<x—y><<uj+e>< )Vlog 5 )
j=1

T (uy — vy)() V log v5(y) + £V log vj<y>) dy,

leads to
Uj + €
milij(x — y) | (ui +€)(2)(u; +€)(y)Viog ()
4= 1 Td JTd Vj
U; + € U; + €
x Vlog () + (u; +e)(z)(uj —v;)(y)Vlogv;(y) - Vlog o (x)) dxdyds
_52// / Tl (2 — y)(wi + €)(2)Viog v;(y) - Viog (w)dmdyds
1,5=1 T4 JT4
=:I11 + Io.
Setting
i 1

we can formulate the first integral as

Iy = - //T/H (@ —y) (Vi) - Uj(y) + 20i(2) - Vi(w)) der dy ds

1,7=1

:_Z//W/Tdm (@ — ) (U + Vi) (@) - (U; + Vi) (y) de dy ds

,Jl

// / mi K Z_] V;(ac)VJ(y)dxdyds
,] 1 Td Td

=7 Z/ /Td /Td i Kij(x — y) (ui — vi)(z)(u; — v;)(y)Viogvi(z) - Vg v;(y) dx dy ds

4,j=1
1
Sz.jfjlax HﬂszHLw(W) H{aX HVlOgkaLoo (@Qr)
X — )| d )| dy d
Z/r 0@l de [ 1= )] dyds

2
<C / (/ U; — V; da:) ds,
; (=
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

using the symmetry and positive definiteness of 7;K;; as well as the regularity assumptions
on K;; and V log v;. This estimate is crucial, as it will allow us later to apply Gronwall’s lemma
to conclude the equality of u;(t) and v;(¢). The second integral I o is estimated as

nooet
Iip = —¢ Z /0 /IFd /]I‘d miKij(x — y)Vlogvi(y) - (Vu; — (u; + &) Vlogv;) (z) dx dy ds

ij=1

n t
<eC Z HVlogijLoo(QT)/O /’[rd (IVui| 4+ (u; 4+ 1)|V log v;|) dz ds
ij=1

<eC > (IIVuillpiqp) + luillzir) + 1) < &C.
=1

We conclude that

n t 2
IlgCZ/ </d|ui—vi\daz> ds + eC.
=170 \NJT

It remains to estimate I. Here we need the improved regularity Vu; € L?(Qr). Inserting
the definition of p;[u], we have

n t '
Iy=e Z/ / / 7Kg (@ — y)Vuy(y) - Viog " (z) da dy ds.
0 JTd JTd (%

ij=1

Since

Vay(y) - SV )| < 208V () IV V(@)

e[Vu;(y) - Viog(u; +¢)(x)| = 2¢ Jui F e

we find that

L<C Z (5HVUJ'||L1(QT) + \@HVUJ'HLQ(QT)||v\/u>i”L2(QT)) < eC.

ij=1

We summarize the estimates for I; and I» and conclude from (2.21) that
n t 2
H. (u(®)]o(t)) — Ho(u(0)]v(0)) < 02/ (/ s —vi|dﬂc> ds + /ZC. (2.22)
=170 \JTd

2.3.3 Limit ¢ = 0
We perform first the limit in H.(u(t)|v(t)). We claim that for 0 < e < 1,

|(u; + €)(log(u; +€) — 1)| < ui(logu; +1) + 1+ e 2.

Indeed, set f(s) := (s +¢)(log(s +¢) — 1) and g(s) := s(logs + 1) + 1 +e 2 for s > 0. A
computation shows that |f(s)| <1 and g(s) > 1 on the interval [0,e — €]. Thus, |f(s)| < g(s)
on this interval. Next, it holds that 0 = f(e — ¢) < g(e — €) and

f'(s) =log(s+¢) =log(l+¢/s)+logs < 2+1logs = g'(s)
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2.3 Weak-strong uniqueness for the nonlocal system

for s > e —e. This implies that f(s) < g(s) for s > e — e and proves the claim. Due
to u; € L2(0,T; HY(TY) N HY(0,T; H*(T%)) — C°([0, T]; L*(T%)), we infer that

|(u; + €)(log(u; +€) — 1)| < w;(logu; +1) + C € L=(0,T; LY(T%)).

Therefore, by dominated convergence, as € — 0,

;/ﬂl‘d mi(ui(t) +€)(log(ui(t) + &) — 1) dz — ; /W miui(t) (logu;(t) — 1) d,

and this convergence holds for a.e. t € (0,7"). Furthermore, the assumption ¢ < v; < C in Qp
shows that logv; is bounded in Q7 and hence,

Zm (u; +¢)logv; +v;) < C(v <Zuz+ 1) € L°°(0,T; L*(T%)).

=1

By dominated convergence again,

Z /’er i (= (ui(t) + €) log vi(t) + v(t)) do — Z /]l‘d i (= ui(t) log vi(t) + v(t)) da.

This shows that for a.e. t € (0,7,
H_ (u(t)|v(t)) — H(u(t)|v(t)) ase— 0, where

H = i(ui(logu; — 1) —u;ilogv; + v;) du,
(ulv) ;/Tdﬂ(u(ogu ) — u;logv; + v;) dx
and H(u(0)[v(0)) = Ho(u®|u’) — 0. Then we deduce from (2.22) in the limit ¢ — 0 that

noo
H(u(t)|v(t)) < CZ/ lui — Ui”%/l(Td) ds. (2.23)
i=1"0

The constant C depends on the L*°-norm of V logv;, which is bounded thanks to our assump-
tions.

Taking the test function ¢Z’ = 1 in the weak formulation of (1.1), we directly see conservation
of mass, [1qud dz = [r4us( ) t) dx for all ¢ > 0. Furthermore, since u and v have the same initial
data, it follows that de u;(t) de = de vi(t) dx for all t > 0. Thus, by the classical Csiszar—
Kullback—Pinsker inequality [ , Theorem A 2], we have

n n n
(7 0
(ul) = 3 [, mutog et [ mtv—w)da > [, muwtog ™ da
71 n n
> 2</Td u) dx) Z l|lu; — mllil(w) - C(UO)Z (| —vi||%1(w),
=1 i—1

We infer from (2.23) that

ZH Ol (1) S C/ ZH% vill 71 (Ta) 5.

Gronwall’s inequality now implies that [|(u; — v;)()||g1(pe) = 0 and hence u;(t) = v;(t) in T¢
forae.t>0andi=1,...,n. O
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

2.4 Localization limit

We prove Theorem 5. Let u” be the nonnegative weak solution to (1.1)—(1.2) with kernel (2.5),
constructed in Theorem 2. The entropy inequalities (2.3) and (2.4) as well as the proof of
Theorem 2 show that all estimates are independent of 1. More precisely, the right-hand side
of (2.4) depends on U, but in view of [20, Theorem 4.22], it holds that KZ kUj = QjUj
as 7 — 0 and therefore, we can bound the right-hand side of (2.4) uniformly in 7. Therefore,
fori=1,...,n (see (2.10)-(2.12), (2.14)—(2.16)),

[ log ][l oo (0.7, 21 (7)) + Ui | prv2ra(qry + 116 Il oo, mwria(rayy < C,
[ (wf) 12 20,11 (1)) + 100 | oo, 7w a2 rayy + [l (u )1/2sz [l z2(Qr) < C,

where C' > 0 is independent of n, ¢ = (d+2)/(d+1), and p][u]] = > Jpa U(ac y)u ( ) dy.
We infer from the Aubin-Lions lemma in the version of [19, 15] that there exists a subsequence
(not relabeled) such that, as n — 0,

ul — u;  strongly in L2(0, T; LY@=1(T%), i=1,...,n, (2.24)

if d > 2 and strongly in L2(0,T; L"(T%)) for any r < oo if d = 1. Moreover,

Vu! = Vu; weakly in LY(Qr), i=1,...,n, (2.25)
Ou] — Oyu; weakly in L(0, T; WHaT2(TY), (2.26)
() 2Vp]u] = 2z weakly in L*(Qr), (2.27)

where z; € L?(Qr) fori=1,...,n

As in Section 2.2, the main difficulty is the identification of z; with the term ug/ *Vp; [u],
where p;[u] := Z?Zl a;;Vu,;. Since the kernel functions also depend on 7, the proof is different
from the one in Section 2.2. We claim that

Vplu"] = Vp;[u] weakly in LY (Qr). (2.28)

Indeed, let ¢ € LY (Qr; R™), where ¢ = d + 2 satisfies 1/q + 1/¢’ = 1. We compute

‘ /OT Td (Vpl[u"] = Vpi[u]) - ¢ dz dt’

Z/ /W< TdK" Ty (y,t)dy> ¢, t) da dt
_Z/O /w ai;Vui(y,t) - #(y,t) dydt‘

< K’7 (x —y)op(z,t)de — a;jd(y, t)) : Vu?(y, t)dy dt‘
d Td

T

+Zaz~j /0 [ V0 = ) 0nt)- Sty
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2.5 Auxiliary results

—y)p(y) dy V]| La(or)

La(Qr)

n
< Z
n
Z aij
=1
Since B has compact support in R, we can apply Lemma 16 to infer that the first term
on the right-hand side, formulated as the convolution KZ * ¢ — a;;¢ (slightly abusing the
notation), converges to zero strongly in L9 (R%) as n — 0. Thus, taking into account the weak
convergence (2.25), convergence (2.28) follows.
Because of the convergences (2.24), (2.27), and (2.28), we can apply Lemma 13 from Sec-
tion 2.5 to infer that z; = u; 1/2 Vpi[u]. Therefore,

/ TdV u —uj)(y,t) - 4(y,t) dydt‘.

u?Vp?[u”] — u;Vp;[u] weakly in Ll(QT).

Estimate (2.27) shows that the convergence holds in L4(Q7). This convergence as well as (2.25)
and (2.26) allow us to perform the limit 7 — 0 in the weak formulation of (1.1), proving that u
solves (1.1) and (1.3). O

2.5 Auxiliary results

We recall the Young convolution inequality (the proof in [20, Theorem 4.33] also applies to the
torus).

Lemma 11 (Young’s convolution inequality). Let 1 < p < g < oo such that 1+1/q =1/p+1/r
and let K € L"(T9) (extended periodically to R?). Then for any v € LP(T?),

|

The next result is a consequence of Vitali’s lemma and is well known. We recall it for the
convenience of the reader.

K(-—y)v(y)dy

” <K || rerayllvll Lo (ray-

La(T9)

Lemma 12. Let Q C R? (d > 1) be a bounded domain, 1 < p < oo, and u., u € L*(Q) be such
that (ug) is bounded in LP(Q) and ue — u a.e. in Q. Then u. — u strongly in L™ (Q) for all
exponents 1 < r < p.

Proof. We have for any M > 0,
/ lue|" dx = / |u5|p|u5|_(1’_7") dx < M—(P—T)/ uelP da < CM—P-1) 0,
{ue>M} {us>M} Q

as M — oo. Thus, (u.) is uniformly integrable. Since convergence a.e. implies convergence in
measure, we conclude with Vitali’s convergence theorem. 0

The following lemma specifies conditions under which the limit of the product of two con-
verging sequences can be identified.
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

Lemma 13. Let p > 1 and let u. > 0, u. — u strongly in LP(T?), v. — v weakly in LP(T),
and ucve — w weakly in LP(T9) as e — 0. Then w = uwv.

The lemma is trivial if p > 2. We apply it in Section 2.2 with 1 < p < 2. Note that the
strong convergence of (u.) cannot be replaced by weak convergence. A simple counter-example
is given by u.(z) = exp(2miz/e) — 0 and v.(x) = exp(—27izr/e) — 0 weakly in L?(—1,1), but
the product fulfils u.v. =1 0-0.

Proof. We define the truncation function 77 € C?%([0, o0)) satisfying T1(s) = s for 0 < s < 1,
Ti(s) = 2 for s > 3, and T is nondecreasing and concave in the interval [1, 3]. Furthermore, we
set Ti(s) = kT1(s/k) for s > 0 and k € N. The strong convergence of (u.) implies the existence
of a not relabelled subsequence such that u. — w a.e.. Hence, Ty (u.) — Tx(u) a.e. and since T,
is bounded for fixed k& € N, we conclude by dominated convergence that Ty(us) — Tj(u)
strongly in L"(T¢) for any r < co. Because of the uniqueness of the limit, the convergence
holds for the whole sequence. Thus, Ty (u:)ve — Ti(u)v weakly in L*(T?). Writing Zz for the
weak limit of a sequence (z.) (if it exists), this result means that T} (uz)ve = Tk (u)v and the
assumption translates to uz-v; = w. Consequently, w — Ty (u)v = (us — Tk (ue))ve. Then we can
estimate

|w — Tk (u)v| g1 (ray < sup / |ue — Ty (ue)||ve| de < sup / |ue||ve| dx
O<e<1 0<e<l J{|ue|>k}

1 1 C
< 1 sup / |ue|P|ve| dax < < = sup luelP (1 + |ve|?) da < g
0<e<1 J{|ue|>k} Vo<e<t Jra

where we used the properties u. = Ty (u.) for u. < k and |ue — Tk (ue)| < |ue| due to T (ue) < ue
for u. > k. The constant C' depends on the bounds for u. in LP(T9) and ucv. in LP(T).
We infer that Tjy(u)v — w strongly in L'(T?) and (for a subsequence) a.e. as k — 0.
Since Ty (u)v = wv in {|u| < k} for any k € N and meas{|u[ > k} < [Jup1(pe)/k — 0, we
infer in the limit & — oo that w = uv a.e. in T O

For convenience, we recall the Gagliardo—Nirenberg inequality [0, Appendix A, (54a)] and
the Poincaré—Wirtinger inequality [50, Sec. 5.8.1, Theorem 1].

Lemma 14 (Gagliardo-Nirenberg inequality). Let Q@ € R? (d > 1) be a bounded domain with
Lipschitz boundary. Let m € N, B € N& be such that 0 < |B| <m — 1, let 1 < p,q,r < 00, and
let 6 € [0,1] be such that

L_ 18, 116
5T d <r_d>0+<1_0)q m<9<1

Then there exists a constant C' > 0 such that for all w € W™ (Q) N LY(Q), it holds that
1D ull o0y < Cllullyme o lullisl

If1 < r < o and m — |B| — d/r is a nonnegative integer, then the inequality holds only
for |Bl/m <6 < 1.
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2.6 Local cross-diffusion system

Lemma 15 (Poincaré-Wirtinger inequality). Let Q € R? (d > q) be a bounded domain with
Lipschitz boundary and let 1 < p < co. Then there exists a constant C' > 0 such that for

all u € WhP(Q),
7,
u—— | wdr
Q[ Jo

lull e () < CUIVull o) + llull 1))

< C|Vullr(q)-
Lp(Q)

In particular, we have

The following lemma states the convergence of a convolution with a sequence of mollifiers,
see [20, Theorem 4.22].

Lemma 16. Let 1 < p < oo, f € LP(R?), and let (pn)nen be a sequence of mollifiers, i.e.
Pn € Cgo(Rd), supp p, C B(0,1/n), /,on dr =1, pp>0 onR%

Then pp * f — f in LP(RY) as n — oco.

2.6 Local cross-diffusion system

The existence of global weak solutions to the local system (1.1) and (1.3) in any bounded
polygonal domain was shown in [7%] by analysing a finite-volume scheme. For existence results
on related systems, we refer to, e.g., [1, 0, 32, 38]. For completeness, we state the assumptions
and the theorem and indicate how the result can be proved using the techniques of Section 2.2.
We assume that Q € R? (d > 1) is a bounded domain with Lipschitz boundary 0, T > 0,
and u® € L%(Q) satisfies u) > 01in Q fori =1,...,n. We set Qr = Q x (0,T).

Theorem 17 (Existence for the local system). Let o > 0, a;; > 0, and let the matriz (u;a;;)
be positively stable for all u; > 0, ¢ = 1,...,n. Assume that there exist my,...,m, > 0 such
that ma;; = mjaj; for all i,5 = 1,...,n. Then there exists a global weak solution to (1.1)
and (1.3) with no-flur boundary conditions, satisfying u; > 0 in Qp and

ui € L20,T; HY(Q)) N L2*Y4Qr),  dyu; € L0, T W~ 19(9)),

fori=1,...,n, where g = (d+2)/(d+1). The initial datum in (1.1) is satisfied in the sense
of W=14(Q). Moreover, the following entropy inequalities are satisfied:

dH, - ) - )
— +4 i i i <0,
= a;ﬂ:/gmv,ﬁuy dx—l—oc;:l:/QWu| dr <0

. ' (2.29)
dHy 2 2
W—i_z miwi | Vpilul| dx—l—aaz |Vu;|*dz <0,

i=1 7% i=1 7%

where a > 0 is the smallest eigenvalue of (ma;;) and HY(u) := %EZj:l fQ miaiuu; de > 0.
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2 Analysis of nonlocal cross-diffusion systems for multi-species populations and networks

We call a matrix positively stable if all eigenvalues have a positive real part. This condition
means that (1.1) is parabolic in the sense of Petrovskii, which is a minimal condition to ensure
the local solvability [0]. Inequalities (1.9)—(1.10) and (2.29) reveal a link between the entropy
structures of the nonlocal and local systems. This link was explored recently in detail for
related systems in [13].

Proof. If € is the torus, the theorem is a consequence of the localization limit (Theorem 5).
If Q is a bounded domain, the result can be proved by using the techniques of the proof of
Theorem 2. In fact, the proof is simpler since the problem is local. The entropy identities are
(formally)

dH1—|—4 Z/m\v\ﬁpdm— Z/maZ]VuZ Vu;jdz,

1]1

dHO e
Z 7r2u1|Vp,, I dx——az maUVul Vu; de.

4,j=1

(2.30)

We claim that the matrix (m;a;) is positive definite. Let Ay := diag(u;/m;) and Ay := (m;a;;).
Then A; is symmetric and positive definite by our assumptions, Ao is symmetric and the prod-
uct A1 Ay = (u;a45) is positively stable. Therefore, by [37, Prop. 3|, Aj is positive definite. We
infer that the right-hand sides in (2.30) are nonpositive, and we derive estimates for an approx-
imate family of u; in L°°(0,T; L?(2)) and L?(0,T; H*(9)). By the Gagliardo-Nirenberg in-
equality, this yields bounds for u; in L***/¢(Qr). Consequently, u;Vp;[u] is bounded in LY(Q7),
where ¢ = (d + 2)/(d + 1) (we can even choose ¢ = 4(d + 2)/(3d + 4)), and the time deriva-
tive dyu; is bounded in LI(0,T; W~19(Q)). These estimates are sufficient to deduce from the
Aubin-Lions lemma the relative compactness for the approximate family of u; in L?(Q7). The
limit in the approximate problem, similar to (2.6), shows that the limit satisfies (1.1) and (1.3).
Finally, using the lower semicontinuity of convex functions and the norm, the weak limit in
the entropy inequalities leads to (2.29). O
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3 A convergent finite-volume scheme for
nonlocal cross-diffusion systems for
multi-species populations

The results in this chapter have been published in [75].

This chapter is devoted to the design and analysis of a finite-volume scheme for the nonlocal
cross-diffusion system (1.11)—(1.12) & (1.13). We start by introducing some necessary nota-
tion in Section 3.1.1. Then we introduce the scheme and its properties in Section 3.1.2 and
state our main results, the existence of discrete solutions and the convergence of the scheme,
in Section 3.1.3. The proof of the existence Theorem 22 is detailed in Section 3.2 and the
convergence Theorem 23 is proved in Section 3.3. Finally, we present numerical experiments
in Section 3.4, where we investigate the convergence rate of our scheme in space as well as the
rate of convergence of the localization limit and we illustrate the segregation pattern of the
system due to the nonlocal kernels. Some auxiliary results are collected in Section 3.5 and in
Section 3.6 we show that indicator functions of a ball with a radius » > 0 in general do not
fulfil the positive semi-definiteness condition (1.8).

3.1 Notation and numerical scheme

3.1.1 Notation

A uniform mesh 7 of the torus T consists of N intervals (or cells) K, of length Az = 1/N,
given by Ky = (z¢_1/2,%¢11/2) with end points xy1/9 = (£ £ 1/2)Az and centers zy = (Ax
for ¢ € G = Z\ NZ. For given end time 7' > 0, let Ny € N and define the time step
size At = T'/Np and the time steps t;, = kAt. A space-time discretization of Q7 := T x (0,7) is
denoted by D; it consists of the space discretization T of T and the time discretization (Np, At)
of (0,7).

We introduce some function spaces. The space of piecewise constant (in space) functions is
given by

V7 = {v T — R: 3(v)eec CR, v(z ZUEHKZ }
leG

where 1k, is the indicator function of K,. We identify the function v € V7 and the num-
bers (vg)ee by writing v = (vg)seq. For ¢ € [1,00) and v € V7, we introduce the L4(T)-norm,
the discrete W 4(T)-seminorm, and the discrete W1 ¢(T)-norm by, respectively,

[l r = > Acloel®, Jolf,r =2 Ac

leG leG

W+1

41



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

101§ g7 = 1011 g7+ 10116 4,7
We also define the discrete L>°(T)-norm by ||v]|0,00,7 = maxseq |ve|. Let us point out that for
functions v € V7 it holds that [v|og7 = [[v| za(T) - We set
_ V1 — e
Az

We briefly recall the definition of the space BV(T) of functions of bounded variation. A
function v € L!(T) belongs to BV(T) if its total variation TV (v), given by

Dyv: and Dv := (Dy)eq.

TV (v) = sup { /Ev(x)axqﬁ(x) de: ¢ € C(T), |p(z)| <1 forall zc ']I‘},

is finite. We endow the space BV(T) with the norm
vl Bv(ry = llvllzr(ry + TV (v) for all v € BV(T).

In particular, it holds that |[v|| gy () = [[v]|1,1,7 for any v € V7 N BV(T).
For any given ¢ € [1,00), we associate to these norms a dual norm with respect to the L?(T)-

inner product by
vl|-1,4 7 = sup {' / vw dz
T

where 1/¢+ 1/¢' = 1. Then, the following estimate holds for all v, w € V7

‘/’del‘
T

We also need the space of piecewise constant (in time) functions taking values in Vy:

cw eV, [l = 1},

< ol -1 7llwllg T

Nr
Vp = {v :Tx (0, 7] = R: El(vk)k:17._.7NT, v(z,t) = Z]l(tkl,tk](t)vk(x)},
k=1
and the discrete LP(0, T; W14(T))-norm

Nt 1/p
(ZAtHUkH]lD,q,T) , where 1 <p,qg<oo, veVp.
k=1

3.1.2 Numerical scheme

The initial datum (1.12) is approximated by

1
ugézm/mu?(x)dx forteG,i=1,...,n. (3.1)
For given k € {1,...,Nr} and u*~! ¢ V7, the values ub = (U?K)izl,.“’mgeg are determined by
the implicit Euler finite-volume scheme
Ax _ .
E(uﬁg — uie h +‘7:5€+1/2 — ‘7:1‘1?(—1/2 =0, i=1,...,n, L €@q, (3.2)
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3.1 Notation and numerical scheme

with the numerical fluxes

k
k 7k k Yier1/2, i k
Fityij2 = _Fx(ui,@rl —Uig) — Ay (Pirs1 = Pie)s (3.3)

where the discrete nonlocal operators are given by

n
- . 1 -
Phe=aiufy + Y Y AvayBl iy, Bl =+ / B(y) dy, (3.4)
j=1¢eqG Kop
j#i

for all 4,7 = 1,...,n and ¢, ¢/ € G. We will show in the proof of Lemma 27 that the iden-
tity pf, = a;ul(v) + > i @ij (B * uf)(a:g) holds for ¢ € G, verifying the consistency of the
discretization of p¥,. The mobility u¥, 12 = F\(uiC sk, +1) is assumed to satisfy the following
properties for all w; ¢, u; ¢41:

e The function F : [0,00)2 — [0,00) is continuous and satisfies ﬁ(ui’g,ui,g) = u;y as well
as min{u; ¢, wi o1} < F(wi 0, 0401) < max{u; e, w41}

e There exists cg > 0 such that the following discrete chain rule holds:
Wi p11/2(Piser1 — Pie)log i pp1 —log g e) > co(pier1 — pie) (Wier1 — Uip)- (3.5)

Remark 18 (Examples for mobilities). Property (3.5) is satisfied if u;, (we omit the su-
perindex k) is defined by the upwind approximation

u i if pios1 —pie >0, (3.6)
if+1/2 = : .
R (¥, if pie+1 — pie <0,

or by the logarithmic mean

Ujp41 — Ujp
log u; g1 —logu;e

if wipr1 >0, uje >0, and wipp1 # ui g,

Uil h1/2 = if wi 1 = uipe >0, (3.7)
0 else.
We refer to Lemma 32 in Section 3.5 for a proof. 0

Remark 19 (Symmetry of discrete kernels). Definition (3.4) of Bé]; 18 consistent with the
discrete analog of B/(—x) = BY(x). Indeed, with the change of variables y s —y,

, 1 ) 1 . 1 g ’
B, = — Bii(y)dy = — [ Bi(—y)dy=-— [ Bi(y)dy=B.
=, Pww=g [ Bena= g [ Bwa=s
Remark 20 (Discrete derivative of the convolution). A shift of Az in definition (3.4) of sz_ o

shows that Béj_é, = Bgﬂ)f(e/ﬂ)? which leads to

Z(Bgzﬂ)—z' — Bl y)uje = Z (Bzz+1)—(ef+1)“j,€’+l = B yujp) (3.8)
rea red
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

_ ij
= B/ y(ujeri1 — ujp)
ve@G

forall € G, i,5 =1,...,n. This is the discrete analog of the rule 9, B¥ x uj = B x Opuj. O

Remark 21 (Asymptotlc -preserving scheme). For j # i, consider kernels BY for some param-
eter ¢ > 0 and BY — §y in the sense of distributions as ¢ — 0. Let p ; be defined as in (3.4)

with the kernels BY(y) replaced by B (y). Then, as ¢ — 0,

pM —>Za@] (00 * uj) (z¢) Zaw“ﬂ

j=1

Thus, our numerical scheme is asymptotic-preserving in the sense that the method converges to
a finite-volume scheme for the local system, which also preserves the nonnegativity, conserves
the mass, and dissipates the Boltzmann and Rao entropies. 0

3.1.3 Main results

We impose the following hypotheses:

(H1) Domain and parameters: T is a one-dimensional torus, i.e. we impose periodic boundary
conditions, T'> 0, 0 > 0, and Qp :=T x (0, 7).

(H2) Initial datum: «® = (u,...,ud) € L?(T;R") satisfies u) > 0 in T.

(H3) Kernels: Let BY € L*(T) for j # i be nonnegative functions satisfying the symmetry
condition B/ (z) = BY(—z) for a.e. z € T. There exist numbers 7y, ..., 7, > 0 such
that mja;; = mja;; (detailed-balance condition), and the matrices M 4 defined in (1.18),
are uniformly positive definite for a.e. z € T.

We consider the one-dimensional equations mainly for notational simplicity. In several space
dimensions d > 1, we infer uniform estimates in spaces with weaker integrability than in one
space dimension, because of Sobolev embeddings. Thanks to the positive definiteness condition
on M,” ,, we obtain a bound for u; in the discrete L?(0,7; H'(T))-norm, which allows us
to conclude, together with the Rao entropy estimate, by the discrete Gagliardo—Nirenberg
inequality, a bound for u; in L?(Q7), which is sufficient to estimate the product u;0.p;(u).
In the one-dimensional situation, this procedure simplifies; see Lemma 28. We discuss the
multidimensional case in Remark 30.

Our results also hold if o = 0, since the condition o > 0 provides an estimate for u; in the
discrete norm of L?(0,T; W!(T)), while the positive definiteness condition on M,” , allows
us to conclude a stronger bound in the discrete norm of L?(0,T; H!(T)). Notice that kernels
of the type B = 1 satisfy Hypothesis (H3) (for suitable m; and a;;).

Condition u® € L?(T;R") in Hypothesis (H2) is needed to obtain a finite initial Rao en-
tropy Hp(u). For the existence result, the assumption on the kernels can be weakened
to BY € LY(T). The boundedness condition on B% in Hypothesis (H3) is needed in the proof
of the convergence of the scheme.

44



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.1 Notation and numerical scheme

We introduce for a given nonnegative function v € V7 the discrete entropies

u) = Z ZAmmh(uM), h(s) = s(logs — 1), (3.9)

i=1 éeG
Hr Z Z Axmiag|u;, 24+ = Z Z (Az)? ) miai; B Z,u] Wi g,
i=1 ¢eCG 1,j=140'eG
i#£]
and the matrices
. s — Dma:.:BY ,
MY, (z) = ”Z‘L“Bij (n = Dmiaig B_p(2)\ ¢ o g, 00 eG.  (3.10)
(TL — 1)7Tjaji —p (.%') ﬂjajj

In view of Hypothesis (H3), they are symmetric and positive definite uniformly in ¢,¢' € G
and z € T, i.e. 2T M} ()2 > ez for 2 € R?, 2 € T and some ¢y > 0.
Our first main result is the existence of discrete solutions.

Theorem 22 (Existence of discrete solutions). Let Hypotheses (H1)-(H3) hold. Then there
exists a solution uF € Vi to system (3.1)~(3.4) for all k = 1,..., N, satisfying uﬁz >0 for
alli=1,...,n, £ € G and the discrete entropy inequalities

n BN T k
k C()At Z Z 2 Dgui ij Dgui
1,j=1LL'eG
z<]

+ Mthi 22, - < Hp(bh),

=1
- Presi —Pie)?
Hp(uF) + AtZZAxwiuﬁg+l/2<”+Am”> (3.12)
i=1LeG
Douf\ " Duk
l ij Lty k—
230 P () M (pr) < Ha ),
1,j=140'eG J J
1<J
Furthermore, the solution conserves the mass, > e Azuf, = [Lud(z)dx for alli=1,...,n

and k=1,...,Np.

This theorem is proved by solving a fixed-point problem based on a topological degree
argument, similar as in [79]. For this step, we formulate (3.2) in terms of the entropy vari-
able w; = m; log u; and regularize the equations by adding the discrete analog of —eAw; + cw;.
The regularization ensures the coercivity in the variable w;. After transforming back to the
original variable u; = exp(w;/m;), we obtain automatically the positivity of u; (and nonnegativ-
ity after passing to the limit ¢ — 0). Like on the continuous level, the derivation of the discrete
entropy inequalities (3.11) and (3.12) relies on the detailed-balance condition m;a;; = mj;a;; for
alli,j=1,...,n
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

For our second main result, we need to introduce some notation. We define the “diamond”
cell of the dual mesh T /o = (w4, z¢41) with center x;, /5. These cells define another partition
of T. The gradient of v € Vp is then defined by

k k
Vi — U
OPv(x,t) = Dp® = % for x € Tyyy)9, t € (tp—1,tx].
x
We also introduce a sequence of space-time discretizations (Dp,)men indexed by the mesh
size 1y, = max{Az,,, At,,} satisfying 9, — 0 as m — oo. The corresponding spatial mesh is
denoted by Ty, with G,,, = Z\ N,,Z and the number of time steps by N7*. Finally, to simplify
the notation, we set 97 := 9Pm.

Theorem 23 (Convergence of the scheme). Let Hypotheses (H1)-(H3) hold and let (Dy,) be
a sequence of uniform space-time discretizations satisfying N, — 0 as m — oo. Let (uy,) be
the solutions to (3.1)—(3.4) constructed in Theorem 22. Then there exists u = (ui,...,up)
satisfying u; > 0 in Qr and, up to a subsequence, as m — oo,

Uim —> u;  strongly in LQ(QT),
Oy — Ozuy  weakly in L*(Qr),

and w is a weak solution to (1.11)~(1.12), i.e., it holds for all ¢; € C{°(T x [0,T)) and for
allti=1,...,n that

T T
/ / w;Opp; dx dt + / u?wi(-, 0)dx = / /(J@xui + ;0 p;i (1)) 0pth; da dt.
o JT T o JT

The proof of Theorem 23 is based on suitable estimates uniform with respect to Az,
and At,,, derived from the discrete entropy inequalites. A discrete version of the Aubin—
Lions lemma from [57] yields the strong convergence of a subsequence of solutions (u,)
to (3.2)—(3.4). The most technical part is the identification of the limit function as a weak
solution to (1.11)—(1.12).

3.2 Proof of Theorem 22

Theorem 22 is proved by induction over k = 1,..., Ny. We first regularize the problem and
prove the existence of an approximate solution by using a topological degree argument for the
fixed-point problem. The discrete entropy inequalities yield a priori estimates independent of
the approximation parameter. The de-regularization limit is performed thanks to the Bolzano—
Weierstrafl theorem.

Let k€ {1,...,Nr} and u*~! € Vi satisfying uﬁzl >0fori=1,...,n, ¢ € G be given.

3.2.1 Solution to a linearized regularized scheme

We prove the existence of a unique solution to a linearized regularized problem, which allows
us to define the fixed-point operator. Let R > 0, ¢ > 0 and define

ZR = {w:(wl,...,wn) eV : ||lw; 17277<Rfori:1,...,n}.
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3.2 Proof of Theorem 22

We introduce the mapping F : Zp — R™, w — w®, where w® is the solution to the linear
regularized problem
k—1
Wy gy — 2W5 )+ Wy Uil — Uy
’ ’ — + eAzw§ ) = —Ar————
Az it At

where i =1,...,n, L € G, ulg is defined by u; ¢ = exp(wj ¢/mi), Fi+1/2 is defined as in (3.3)
with uf replaced by u; and pi ¢, replaced by

— (Fig1y2 — Fig—1/2),  (3.13)

Dije = Qiili ¢ + Z Z Axazy g/u] 0

j=10eqG
JFi
We claim that F' is well defined. For this, we write (3.13) in the form
: wie ~ Uiy
Muw® =v, where v;y = —A:cT — (Fig1/2 — Fip—1/2)-

The matrix M € R™*"N is a block diagonal matrix with entries M’ € RY*N which are
tridiagonal matrices such that My, = eAx + 2¢/Ax, My, , = My, , = —¢/Az. We can
decompose the full system Mw® = v into the subsystems M'wf = v; for i = 1,...,n. Since M’
is strictly diagonally dominant, there exists a unique solution to M'w; = v; and consequently
for Mw® = v by setting w® = (wi,...,w}). We infer that the mapping F' is well defined.

3.2.2 Continuity of F
We fix i € {1,...,n}, multiply (3.13) by w; ,, and sum over £ € G:

wé — 2wt , +wst,
52( i+l A;Z i,0—1 + ASCU);K) wf,é (3.14)
leG
k—1
ui,g — u.’g
= - Z Aﬂ:Ttwa,g — Z(]:z‘,e+1/2 — Fi—1/2)w
leG LeG

The left-hand side can be rewritten by using discrete integration by parts (or summation by
parts):

(W§ g1 — wip) — (Wi, — wip_q)
N Z( B 7, 2, A 2, 2, w?,é 4 Aa:(wf’g)2> (3.15)
leG
1Z+1 wi _ )12
—(‘:Z +€ZA$ —5|’wiH17277~.
igel igel

The first term on the right-hand side of (3.14) is estimated by the Cauchy—Schwarz inequality,
where we take into account that w € Zg, which in turn implies a finite discrete L?(T)-norm
for w; ¢y = exp(w; ¢/m;):

wig| < CADus — ui Moz, rllwillo2,r < C(AL, R)|w|1,2,7,

ZA Ui — U

‘ kfl
led
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

where here and in the following C' > 0, C'(At, R) > 0, etc. are generic constants with values
changing from line to line. We split the second term on the right-hand side of (3.14) into two
parts:

= (Fier1j2 — Fip—1pp)wiy = I + o,  where

jzge
=0 Z (Ui,EJrl Ui U — ui,@l)ﬂ)gb
e Ax Ax ’
I, = Z <U7, Z+1/2pi,£+1 —Die U 1271/2pu - pi,€—1>wg;£.
e ' Az ’ Ax g

For I, we use discrete integration by parts, the Cauchy—Schwarz inequality, and the fact
that w € Zg:

£ £
Wi 41 — Ui Wipp1 — Wiy
||=|—0 Z Az
Ax Ax
(G

2\ /2 z€+1 ff
o) (e

e e
= olui|i 2,7 w127 < C(R)|

Uj 41 — Ui e
Ax

)1/2

Using discrete integration by parts, and definition (3.4) of p; ¢, we obtain

g
Die+1 — Pie Wie+1 —
Ll =1]— ZAacu- : = < Is1 + Iso, where
‘ ’ l,£+1/2 AJ; Ax — 9
teG
154 g
I Z Az " (Ui o1 — wig) (W5 pyq — WEy)
21 = ; ji
i,0+1/2%i5 Az Az )

0eG

n 'LJ Z 15 _ S
Ipy = Z Z (A2) 2 41 ot Biyi_e — B iy Wi g1 — Wiy

: i,6+1/2%i5 Ax ug, Ar :

j=1e0eq

JFi

For I3, because of the bound in Zg, we can estimate u; .10 < max{u;i1,ui0} < C(R).
Then, thanks to the Cauchy—Schwarz inequality, we obtain

Iy <C(R)

(R) [lwg [l1,2,7-

For Iz, applying the discrete analog (3.8) of the rule 8, B% * uj = BY % 0u;,

- G Wil — Wi Wipp — Wiy
Iy = g E Az)*u; a;; By , -2 L %
: ( ) i0+1/2%ij Dy pr Ar Az
j=160eG
J#
n .
— ij
= E : > : )2t 4172045 By (Dorug) (Dews)|,
e
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3.2 Proof of Theorem 22

where we used the notation of Section 3.1.1. Similarly to Is1, we infer that

I < C(R) zn: a;j ZAJE( Z AQZB?_K,DZI’LL]'>D[’UJZ'.

j=1  (eG Veq
J#i

Then, by the Cauchy—Schwarz inequality and the discrete convolution inequality cf. Lemma 33
in Section 3.5,

n - 2y 1/2
Iy < C(R) Z { Z ACC( Z AZL‘BEJZ,DK/UJ') } \wi|1,277~
j=1

leG l'eG
j#i
n
R) Y IIBY|| (B)[[willr2.7-
7j=1
j#i

Combining these estimates, we deduce from (3.14) that 6Hwﬂ|172,7— < C(At, R).

We can proceed to show the continuity of F. Let (w )keN be such that w® — w € Zp
as k — oo and set w®F := F(wF). We have just proved that (w®*)ey is bounded with respect
to the || - |[1,2,7-norm. By the Bolzano-Weierstrafl theorem, there exists a subsequence (not
relabeled) such that w®* — w® in Zgr as k — oo. Performing the limit & — oo in (3.14),
satisfied for w®*, shows that w® solves the scheme (3.14) with u; , = exp(w{ /m;). This means
that w® = F'(w), which proves the continuity of F'.

k

3.2.3 Existence of a fixed point

We show that F : Zr — R™ admits a fixed point by using a topological degree argument.
We recall that the Brouwer topological degree is a mapping deg : M — Z, where

M = {(f, Zy): f€e C’O(']T), 7 is open, bounded, y & f(@Z)};

see [11, Chap. 1, Theorem 3.1] for details and properties.

If we show that any solution (w®,p) € Zg x [0,1] to the fixed-point equationw® = pF(w?)
satisfies (w®, p) &€ 0Zr x [0,1] for sufficiently large values of R > 0, then we deduce from the
invariance by homotopy that deg(I — pF, Zg,0) is invariant in p. Then, choosing p = 0, it
follows that deg(l, Zr,0) = 1 and, if p = 1, deg(I — F, Zr,0) = deg(I, Zr,0) = 1. This implies
that there exists w® € Zg such that (I — F')(w®) = 0, which is the desired fixed point.

Let (w®, p) be a fixed point of w® = pF(w®). If p = 0, there is nothing to show. Therefore,
let p > 0. Then w{ solves

ws —2ws, +ws, usé, — uk_l
i,0+1 A;K i0—1 + EA.%’IU;S,Z - (AQZ‘ il X + F€€+1/2 fz€1/2> (3.16)
forall € G and i=1,...,n, where uj, = exp(wfx/m), and the fluxes .7:;&1/2 are defined as
in (3.3) with uf , replaced by u‘i ¢~ We multiply the previous equation by Atwf’ s»sumover £ € G
and i = 1,...,n and use discrete integration by parts as in (3.15):
eAt Z [w (12,7 = —PZ D (Aw(ufy —ufy Ywf o+ AHF 1o — Frpoapp)why). (3:17)
=1 leG
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

For the first term on the right-hand side, we use w;, = milogu;, and the convexity of the
function h(s) = s(logs — 1):

(uf e —ufy milogusp > mi(h(uf,) — h(ugy ).
Recalling definition (3.9) of Hp, this shows that
—p YD Aw(uf, — i wiy < —p(Hp(u) — Hp(u™)).
i=1LeG

Like in Section 3.2.2, we split the second term in (3.17) into two parts:

—,OAtZZ z£+1/2 28 1/2) ié = I3+ 14, where (318)
i=1leG
g g
N R R R
V) ) M T T R
=1 leG
pi7g+1 - piz Pig - pif—l
Iy = pAt Z Z ( u; L2 A, uf,z—1/27Ax wf,e-
i=1leG

We use discrete integration by parts, the definition w;, = m;logus,, and the elementary

inequality (a — b)(loga — logb) > 4(y/a — v/b)? for a, b > 0 to estimate the first term:

£+1 u.7
z—pUAtZZ = S (wf gy — wEy)
i= IZEG
w5
< 4p0AtZZ ()2 = (5 )?) = 4P0Atz7ﬁ’ DY a7
i= IZEG

For the second term Iy, we use discrete integration by parts and w§, = m; logu;, again as
well as property (3.5) (discrete chain rule):

I Z—szzm U7 41 2(PF o1 — D5 0) (108 U5 oy 1 — logug )
i= 1€€G

—pc 07 ZZW §24 VAR B Pze)(“ifﬂ a uié)'

i=1/leG

Then, inserting definition (1.13) of p, and using the discrete analog (3.8) of the derivation of
a convolution, 9, BY % u; = BY % O,u,;,

At
(I41 + I112), where

Iy < =peor
n

In =) Y miai(uf ey — i),
i=1 leCG
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3.2 Proof of Theorem 22

n

Lp= Y > AamayBy (u§ e — ) (uf g = u5y)-
i,j=10,'eq
J#
We insert (n — 1)71 Yjzil=1and 3> oAz =1 (note that m(T) = 1) in Iy and split the
resulting sum into two parts:

n

1O 1
I41 = m Z Z A:Umaii(uf’ul — U§7Z)2 n—1 Z Z A%Wiaii(uf’g_Fl - Uiﬁ)z.

ij=100€eG ij=100'cG
i<j i>j

We exchange i and j as well as ¢ and ¢ in the second term, which leads to

I41 = azz z€+1 ) + ﬂ—]aJJ< ;,f’-l—l - ujyfl)Q]'

1,j=100' G
1<j

Similarly, we distinguish between ¢ < j and ¢ > j in I4» and exchange ¢ and j as well as ¢
and /' in the sum over i > j, leading to

n

— P 17} € € € €
Ip=) Y AwmayBy (a5 p ey — w5 0) (05001 — u5y)

1,)=100'€CG
i<j

n
7t 5 5 € €
+ Z Z A:E,]T](LJZBZ’*Z(U’Z,Z—{-:[ - ul7é)(uj7él+1 - u’j,fl)'

1,j=140' G
1<j

By Remark 19, we have ij;e = Bé{e,. Therefore,

n
— s .\ RY € € € €
2= Z Z Az(miai; + Wyajz)Bz—z/(uj,e'H - uj,ﬁ’)(ui,é—i-l — Uig)-
1,j=140 G
1<J
The sum of I4; and Iyo can be written as a quadratic form in D,uj and Dg/uj with the

matrix M, é]_ » defined in (3.10). This shows that

-
pcoAt ~ Dyut i Dyut
s S S @ (pink) M (pia) <0
n N 1 zy 100eG DZluj Dgluj
1<j

Collecting the estimates for I3 and I in (3.18), we deduce from (3.17) the following regu-
larized discrete entropy inequality:

() + A0S [k B+ Apr e 3 () 2y (3.19)
i=1 i=1
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

&

pcoAt - Dou; i Dou§

0B S S (D) g (D) < et
1] 100'eG J
1<J

We proceed with the topological degree argument. We set R = 1 + (Hp(uF~1)/(eAt))!/2.
Then (3.19) implies that

eAtY |lwi Ry 7 < pHp(uFTY) < Hp(uFTh) = eAt(R —1)? < eAtR?,
=1

and hence w® € 0Zpr. We infer that deg(I — F, Zr,0) = 1 and consequently, F' admits a fixed
point. Note that we did not use the estimate for «{ in the seminorm |- |; 2 7 at this point, such
that o = 0 is admissible here (and also in the following two subsections).

3.2.4 Limite—0

There exists a constant C' > 0 such that C(s — 1) < h(s) for all s > 0. Hence,
Cmila(us, — 1) < mAzh(us,) < Hp(u) < Hpu 1),

forall / € G,i=1,...,n. Thus, (uf’e) is bounded in ¢ and the Bolzano—Weierstrafl theorem
implies the existence of a subsequence (not relabeled) such that Ui g — u® i0=>0ase—0. It

follows from (3.19) that ew§, — 0. Thus, the limit € — 0 in (3.16) shows that uF is a solution
to the numerical scheme (3.2)—(3.4). Moreover, the limit ¢ — 0 in (3.19) leads to the discrete
entropy inequality (3.11).

3.2.5 Discrete Rao entropy inequality

We prove inequality (3.12). To this end, we multiply (3.2) by Atmpf’ , and sum over ¢ € G,
1=1,...,n

ZZAWTZ ufy —ufy PMJFZZAW ter1j2 — Froo1j2)Phe = 0. (3.20)

i=1LeG =1 0eG

For the first term in (3.20), we use the definition of pf,:

n
Z ZAa:m(uf - uzZ )ng =I5+ Is, where

i=14eCG
k 1\, k
Z Z Azmia;(u U g )ui,éa
=1 LeG
n
9 ij k—1\, k

Is = Z Z (Al‘) Wiaingj_gl(uié U ) Ujer-

i,j=14l'eqG

JF
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3.2 Proof of Theorem 22

We rewrite I5 and Ig according to

= % Z Z Aa:ﬂ'iaii ((u

i=14eCG

1 & . _
=5 Z Z (A:L‘)QmaijBéj_é,(uwuj’el —

L,j=140'eCG

JF

?,4)2 (Ule ZZAfmzau le) )

i=1leG

klkl
zfujé’)

+3 Z Z (Az)*miaij By o (uie — uiy ) (ujp —u G )-

1,7=140'eG

JF#

Is+ I >

Then it holds that

i=1 leG
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Z Z Aa:ﬂ'i(uz

=1 LeCG

n
Z Z Amz‘(}-i]ful/z - }—i]fﬁ—l/Q)p?,E =I7 + Is,

Combining the second terms in I5 and g, using similar computations as for I in Section 3.2.3,
and applying Hypothesis (H3) shows that the second term of I5 + I is nonnegative leading to

ZZAWM F? = (i h?)

i=1leG

k k k—1, k—1
+ - Z Z (Az)*ma;; B, g,( LG — Ui Uip )

1,7=140'eG
J#i

— i, i > Hr(u®) — He(u" ).

Now, we split the second term in (3.20) again into two parts:

where

Prept — Pl T
k 1,0+ i, k i, 26— k
Iy = —At Z Z i <U¢,£+1/2 Az —Uie—1/2 Az >pi,€'

We reformulate I7 by using discrete integration by parts:

I7_aAtZZ

Wk
u; £+1 il k
(pz S+1 pi,@)-
=1 4eCG

Then, with similar computations as for I, in Section 3.2.3, we obtain

=607 (n—1) ZZ

T
Dguéc Mij DguéC >0
Dg/uk et Dg/’uk -

z] 100G J J
1<j
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

Finally, the term I3 can be rewritten as

n k k n
Pioy1 — Piyp 2
k L+ Lok k k /21 .k
Is = AtZ Z”i“z‘,ﬁﬂmiz A (P — Pie) = Atz ZWiAfC‘(Ui,ﬁﬂ/z) /2D p} e
i=1 e i=1leG

Hence, we infer from (3.20) that

uk) +AtZZmAac‘(uﬁg+l/2 Dng|

i=1leG
Deuk\ " Dou®
L i Lty < k-1
oo 2 3 @ (o) e (i) < Haet,
2, /e
i<

which proves (3.12).
Finally, conservation of mass follows from summing (3.2) over £ € G and observing that the
sum over the numerical fluxes vanishes. This ends the proof of Theorem 22.

3.3 Proof of Theorem 23

To prove the convergence of the scheme, we first derive some uniform estimates and then apply
a discrete Aubin—Lions compactness lemma.

3.3.1 Uniform estimates

Let (tm)men be a sequence of finite-volume solutions to (3.2)—(3.4) associated to the mesh Dy,
and constructed in Theorem 22. The conservation of mass and the discrete entropy inequali-
ties (3.11) and (3.12) show that, after summing over k =1,..., N7,

Ny
maxuf S, + Y At @) o7, <€ i=1,0m, (3.21)
Tornr k=1

where C' > 0 denotes here and in the following a constant that is independent of the mesh
size 1y, = max{Ax,,, Aty,}, but possibly depending on u? and T. Because of the positive
definiteness of M,’ ,, we conclude a bound for u¥ in the norm || - ||1,2,7,,.

Lemma 24. Let the assumptions of Theorem 23 hold. Then there exists C > 0 independent
of Mm (but depending on the positive definiteness constant cpr) such that for all m € N and
alli=1,...,n,

Ny
> Atplluf|ff o7, < C. (3.22)
k=1
Proof. We infer from (3.11) that
Db\ ' i (Dl 0
HZN >3 @ (D) g, (D) < s
ij=10,'€Cy, ey o

1<j
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3.3 Proof of Theorem 23

Since M, gj_ o is uniformly positive definite with constant cps > 0,

n EN T k
(o)) 2 Dgui ij Dgui
T 3 a2 (phi) e (o

1,j=14'€CGm
1<)
CMC)
MCo
> Y D (An)(IDe]? + [Deugl?)
1,7=140 G
1<j
n n
= Cpco Z Z Az|Deuf)? + cprco Z Z Aac]Dg,u?]z
i=1 LG, j=10ECm
n
= QCMCO Z Z A.%"Dg’uﬂQ.
i=1LeGm
Together with the first bound in (3.21), this finishes the proof. O

Lemma 25. Let the assumptions of Theorem 23 hold. Then there exists a constant C' > 0
independent of n,, (but depending on o) such that for allm e N, i =1,...,n,

NF' NF'

k k
> Atwllwfll s g, + Y Atwlluf[§ o 7, < C.
k=1 k=1

Moreover, there exists another constant, still denoted by C > 0 and independent of 1, such
that

N7

S AtulpR o, < C. (3.23)
k=1

Proof. As m(T) = 1, thanks to the Cauchy—Schwarz inequality,

\Uf 1,1, Tm = Z ’Uf,zﬂ - Uﬁz’ < |Uf|1,2frm-
e
Using (3.22), this shows that
N7 Nz
k k k
ZAthUi ||%,1,Tm < 22 Atm(”“i ||g,1,Tm + | ’%,1,Tm)
k=1 k=1
Nz
k(2 k(2 0
<2T k:‘fla’?v;n [ui llo,1,7, + 2; Aty |ug|1 o7, < Cu,T).

To show the discrete L>°(T)-bound, we apply the continuity of the embedding BV(T) — L>(T)

(in one space dimension). We conclude that, for i = 1,...,n,
Nt Nt Np'
k k k
Z At [uf 1[5 00,77, < CZ At ||u; ||23v(1r) = CZAtm”ui 1317, <C@,T).
k=1 k=1 k=1
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

For the last part, we estimate as follows:

k2 pz Pigy1 — Pig pz y
p; ’1,2,Tm E Az, Ax
2EGm, m
n ij ] 2
B r T B /
S Ca,2 =+ C E Axm g g A.’L'ma/z‘] £+1_A€x (=t ’Ug’:’e/
LG, J=10EGm m
JFi
n k k2
R T —u”
k|2 ? .778,4'1 ]’6/
< C‘uz ‘1,2,7’,” +C § Axm E g AxmaijBéj_e,T
LG, J=10EGn "
JFi
n 2
k|2 i k
< C|uz |1,2,Tm +C E Az E E A$maijBeié,Dg/uj
LG, j=10'eGm
J#i

Then we deduce from the elementary inequality (37, ,_; a;j)? < (n—1) DG a? fora; € R
and the discrete Young convolution inequality in Lemma 33 that

Z Aazm i Z Al‘maiszj_e,Dg/u;?

2

LeGm Jj=10eGm
J#i
<(n—-1) Z Z A:):m< Z Al’maijBéj_Z/Dg/u‘];> < CZ HBUH%%T)W?EJ,TM
j=14EGm 0eGm j=1
i i
Summing over k, we infer that
Nm
k
5 Stniffar. < O S5 st (LY o3 s )} <o
i=1 k=1

Jaﬁz

where we used Lemma 25 for the last inequality. It is at this point, where we need the
discrete L?(0,T; H'(T))-bound of (uy, ;). This ends the proof. O

Next, we show a uniform bound for the discrete time derivative.

Lemma 26. Let the assumptions of Theorem 23 hold. Then there exists C' > 0 independent
of Nm such that for allm e N, i=1,... n,

Nm

T uk — kol 4/3
Z Aty || ———t < C.
k=1 Atm —1,2,Tm

Proof. Let ¢ = (¢¢)eec,, € V71,, be such that ||¢]127, = 1. We multiply (3.2) by ¢, sum
over £ € G,,, and use discrete integration by parts:

kfl k k k k
u, —U; ur, —us
u; N4 _ i04+1 i, il il—1 3.24
§ Axm ‘. pp=o0 E ( AL, Az, oy} ( )

LeGm LeGm
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3.3 Proof of Theorem 23

k k k
pMJrl —Diyg k DPie = Pip
+ Z < Ui g41/2 Ax —Uip—1/2 Azr ]
LeGm m m

o o k k
L Z Az, 7,Z+1 Wi Pey1 — Po Z A ok Dis1 — Pig Poy1 — P
- Az Tmlir11/2 Ax Az
LeGm Tm m 2eGm m m

=: Iy + Iip.

By the Cauchy—Schwarz inequality,

1/2 _ ( k )1/2 .
12 4 (V12 (ze+1) Uz g Gor1— Do
| 19| SUZEEG: Aagm z£+1) + (u z’,e) ) Az, Az,
< 20| (uF) 2] 0,00, 7, | (W) 2 12,7, | 6112, -

Furthermore, using (uiz+1/2)1/2 < max{(uﬁz)lﬂ, (u )1/2} < |[(u )1/2H070077-m,

k 12| k 2Pt = Ple || dert — oo
1 7/’ Z7
[T10] < Z Amm‘(ui,€+1/2) / | (i r11/2) / N A
2eGm m m
E ook 2\ 1/2
Pie+1 — Pip
k k O+ :
< ||(U¢)1/2H0,oo,Tm< D A |(uf g 9) = A : > |Pl1,2,7-
m

LeGm

Applying the elementary inequality (a 4+ b)" < C(a" +b") for all a,b > 0 and r > 1, inserting
the previous estimates into (3.24), and using Hélder’s inequality, we find that

N k—1)14/3 N7 ufy —up,t 3
uf — bt £ Wiy
mo 12T, I6ll.2,7m=11scq,, mn
< czm MRS 7 2
)1/2 4/3 k 1j2Phes — Pie P\
1, 1y
+CZAt / < Z Al'm (Ui,f+1/2) / T )
m

LeGm

2/3
<2Atm” 1/2H0,oo,7’m> <2Atm‘ 1/2 %, ,Tm)
+C<2Atmll 1/2H07007Tm> (ZAtm S A |(uf YRR A

i,5+1/2) ALL‘
k=1 2€Gm m
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

3.3.2 Compactness

We claim that the estimates from Lemmas 25 and 26 are sufficient to conclude the relative
compactness of (uy,)men. In fact, the result follows from the discrete Aubin—Lions lemma in
the version of [77, Theorem 3.4] if the following two properties are satisfied:

e For any (vm)men C V7, such that sup,,cy ||vml1,2,7,, < C for some C' > 0, there exists
a function v € L?(T) satisfying, up to a subsequence, v,, — v strongly in L?(T). This
property follows from [51, Theorem 14.1].

e If v, — v strongly in L*(T) and |[vy||—1,2,7,, — 0 as m — oo, then v = 0. This property
can be replaced by the condition that || - ||12,7,, and || - ||-12,7;,, are dual norms with
respect to the L?(T)-norm, which is the case [77, Remark 6]. A more detailed proof can
be found in [79, Prop. 10].

Hence, it follows from [»7, Theorem 3.4] that there exists a subsequence, which is not relabeled,
such that
Um,i — u; strongly in L'(0,T; L*(T)) as m — oc.

Let us now adapt the Gagliardo-Nirenberg inequality to our situation. Let £ = 1,..., N7 be
fixed. We first apply Lemma 34 with s = p = 2:

1/2 ko1/2
12,75 il 02,7

g illo,c0. 7 < Cllugy i

Then, it follows from the Holder inequality

I, llogr < I a2 o (G )2 06, = Nk 122 ol 65
that
la, llos.7n < Cll il Nk, 105
Therefore,
Nt Nt
> Al il oz, <O, max N illdoz, Y At byl 2.7,
k=1 k=1

Recalling estimates (3.21) and (3.22), we conclude that the sequence (up, i)men is uniformly
bounded in L%(T). The convergence dominated theorem implies that, up to a subsequence, for
every p < 6,

Um,; — u; strongly in LP(Qr) as m — oo.

Lemma 25 implies that the sequence of discrete derivatives (9™, ;)men is bounded in L2(Qr).
Thus, there exists a subsequence (not relabeled) such that 07u,,; — v; weakly in L*(Qr),
and the proof of [30, Lemma 4.4] allows us to identify v; = d,u;.

Lemma 27. The following convergences hold, up to subsequences, as m — 0o:

DPm,i — pi(u)  strongly in LZ(QT),
OxDm,i — Ozpi(u) weakly in LQ(QT), i=1,...,n.

o8
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3.3 Proof of Theorem 23

Proof. We follow the strategy of [07, Corollary 14]. First, we rewrite pﬁ ; defined in (3.4). By
a change of variables, we have

n
k k )
Pip = Qi 50 + § : § : aij</ BU( )dy> Uy, 5,0/
J=10EGnm Koo
j?ﬁi

auung—{—z Z aw/ B (zy — z)uk m.;(2)dz

J=10cGm Ky
J7#i

= azut Z a;j(B m )(xp).
J?él

We introduce the piecewise constant function Q% by setting Q% = (BY « Upm,j)(2¢) in Ky
for £ € G,,. Then

n

i) = pmi = i (i — ) + Y ai (BT uj — Q).
i=1
J#i

Since we know that u; — u,; — 0 strongly in L?(Qr), it is sufficient to prove the following
convergence BY x u; — Qy, — 0 strongly in L?(Qr). For this, we write

(BY xuj — Q) (@, 1) = BY x (uj — um,j)(x,) + /T(Bij(ﬁ —y) = BY (¢ — y))um,;(y,t) dy.
By Young’s convolution inequality, we have

1B * (uj = wmg)llz2(@r) < 1BV remllwg — wmgllr2igqry — 0.

Setting &(z,y) = BY(x —y) — BY(xy — y) for x € K; and y € T, we estimate

H /Tg("y)“m,j(y,t) dy

2
< / 1€ M 2o delim 122
L2(Qr) T (T) (Qr)

< sup [|BY(z+ ) = B Lo ppy llum,jll 720,
|z|<Azpm

Since (uy, ;) is bounded in L?(Qr), it remains to verify that the first factor converges to zero

as Az, — 0. This follows from the density of continuous functions in L?(T). Indeed, let € > 0
and B2 be continuous such that || B — B[ 2¢p) < e. Then

sup [[BY (2 +-) = BY||p2my < sup [|BY(2 + ) = BY (2 + )l p2(m)
|Z|SA$m |Z‘§A$m
+ sup [|BY(z+-) = BY|l2ery + [1BY = BY|p2(my

|z|<Azm

<2+ sup HB?(Z +-) = B?”LQ(T)
|2|<Azm
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

The last term is smaller than ¢ if we choose Ax,, sufficiently small. Consequently, we have
shown that sup|.|<az,, |BY(2+-) — B”HL2 — 0 as m — oo and BY xuj — @3, — 0 strongly
in L?(Qr). This proves the first part of the lemma.

Thanks to (3.23), we have shown that (07ppm ;)men is bounded in L?(Qr). Hence, up to a
subsequence, My, ; — z weakly in L?(Qr). The first part of the proof shows that z = 9.p;(u),
finishing the proof. O

3.3.3 Convergence of the scheme

We show that the limit v = (uj,...,uy) of the finite-volume solutions is a weak solution
to (1.11)—(1.12). Let i € {1,...,n} be fixed, let ¢, € C§°(T x [0,T)) be given, and denote the
mesh size by 7, = max{Amm, Atm} We set wzé = i(wy, tr), multiply (3.2) by Atm¢fgl and

sum over £ € G, k= 1,..., N{*. This yields Fm + F5" + F3" = 0, where
Nm
ZZA% e — i Ui
k=10eGm,
N,
T k k k k
ur —u u”, —ut
m __ 1,041 il il i 0—1 k—1
— o> oan, 3 (M B,
m m
k=1 G,
T k k e e
At k Diot1 — Piyg k DPie = Pip—1\ k1
—Z m Z Yikr1/27 Ap =127 Ay ) Yie
k=1 0€G, m m

Furthermore, we introduce the terms
T
Fiy = —/ /um,ié?tv,/}i dx dt — / Up,i(2,0)1;(z,0) dz
o Jr T
T
ang = U/ /8;"um728$w, dx dt,
o Jr

T
F§8:/ /Um,i({);”pm,i({)xzbi da dt.
o Jr

Lemma 28. Let the assumptions of Theorem 23 hold. Then it holds that, as m — oo,

T
Fi§ — —/ /uiatwi dx dt — / ul ()i (x,0) d, (3.25)
0 JT T
T
F% — O'/ / 8xu,8xzpz dx dt, (326)
0o JT
T
F§8—>/ /uiaxpi(u)ﬁxi/}i dx dt. (3.27)
0 JT

Proof. The strong convergence of (U, ;)men as well as the weak convergence of (00 U, i) meN
in L?(Qr) together with the fact that wy, ;(z,0) = (Azy,)~ fK z)dz for z € Ky and £ € G
immediately show convergences (3.25) and (3.26). It remains to Verlfy (3.27). We know from
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3.3 Proof of Theorem 23

Lemma 27 that 07y, ; — dypi(u) weakly in L?(Qr). Since uy,; — u; strongly in L*(Q7), this
implies that

U, iOn ' Dmi — wiOzpi(u) weakly in Ll(QT).
1/2 .

In fact, since u,) 1/2 {OMpp,; is uniformly bounded in L?(Qr) and Uy

in L>(0,T; L4(’IF)), this weak convergence even holds in L?(0, T’ L4/3(T)). This proves (3.27)
and ends the proof. O

is uniformly bounded

Lemma 29. Let the assumptions of Theorem 23 hold. Then it holds that, as m — oo,
Fig —F"—0, Fy—F"—0, F35—F"—0.
The lemma implies that

FYg + Fop + Fag = (Fip — F1") + (Fop — £3") + (F35 — F3") + (F7" + F5" + F3")
= (FI — F™) + (FI — F") + (FI" — FI") 5 0 as m — .

Therefore, thanks to Lemma 28, we conclude that u = (uj,...,u,) is a weak solution to
system (1.11)—(1.12). This finishes the proof of Theorem 23, once Lemma 29 is proved.

Proof of Lemma 29. The limit — F" — 0 is shown in [30, Theorem 5.2]. For the conver-
gence of — FJ", we use dlscrete integration by parts:
A £+1 u
Ui k—1
FQm =0 Z Aty Z Az, (¢z yas| f‘/}i,g )
k:1 ZEGm
Nyt z k. k at k=1 k-1
U = Uy (Y P — Ui
wzz/ | ’/ R
k=1 eeGm Ty Azm th—1 Azm

Uit ~ U Opthi dix dt.

m

By the mean-value theorem,

k-1
x‘“ <'¢z 1~ Vi
Ty

— z¢i> dx dt‘ < CAtynm.
Az,

‘ _— Awm

This shows that, as m — oo,

M Te+1 7 €+1 ¢Z N4 i0+1 "L'CZ
I o< —————dxdt
|y 20|_U§ E ‘ tkl/ < m¢z> N T

k=10eGm
Np'
< Cnm ZAtm Z ’uz AR f,e’ =Cnm ZAtm’uﬂLLTm -0,
LeGm k=1

where we used the uniform discrete L?(0,7; W11(T))-bound from Lemma 25.
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

It remains to prove that |F3j — Fi"| — 0. First, using discrete integration by parts, we
rewrite F3" as well as F3 as

pzZ—i—l pzﬁ k—
ey Y [ sbeap P Tl i

k=14eGm
k k
Te41/2 p; — P
k Pi+1 i0
( / ulf ~HL T dae

-y Y [ —

k=10eGy ’ th—1
k k
To41 p —p
k i,0+1 il
+ / Uib41 ™ A Oz1p; dm)-
Tot1/2 m

Then we find that

s pké 1 _Pke

k k \il+ 3

|F5" — Fag| = Z Z (Uz‘,e+1/2 - “z‘,e)iAgC
m

k=10eGm

k—1

7% k=1 _ P, Tyt1/2
i, 04+1 a0 /
X Tt Vil By thi () da:> dt
/tk 1 < 2 Ty

k k

Pigy1 — Pip

+Z Z Uipr1)2 — zz+1)7Ax
k=10eGm m

. /t’“ <W_/+ Buii(@) dm) dt‘
lg—1 2 Toy1/2

Thanks to the regularity of v;, there exists a constant C independent of 7, such that

k 1 k—1

), Tet1/2

‘ ( i1~ Vi _/ Opi() d$> dt‘ < Cnm Aty
. 2 T

We obtain a similar expression if we integrate 0,1); over (zy1 /9, %¢11). Thus, since

k k k k
i pr1/2 — Uil < lugepr —uiyl and

k k k k
Wi 12 = Uigga| < |uie — wigqal,

we have
Np'
|F3" = Fyol < 2CanAtm Z i g1 — uiolDe pf|
k=1 LeGm
N’VTL
= 2Cm < Z i Z Atluf |t 2T
1=1 k=1
n Np'
+ Z Z At Z ’uﬁf—i-l - Uﬁz“%‘j( zi_l_g/ - EJ_E/)U?’@’> .
7=1k=1 L eGm,
J#i
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3.3 Proof of Theorem 23

It follows for j € {1,...,n} with j # 4, using the discrete analog (3.8) of 9, BY xu; = BY x0,u;,
that

max < Z |aij(BZ_1_g, —Bé{z,)u§7g,|> = max < Z Axm]a”HBZ Z,|\Dg/u§|>
et \ 4o e

< !az'j!HB”HLoo(T)Wj|1,1,Tm-

At this point, we need the regularity condition B% € L*(T) from Hypothesis (H3). Hence, it
holds that

n Np N
B - P < 2@%(22 Ay 3 Ablufliar, 3 \u]h,wm)-
i=1 k=1 k=1

7=1
J#i

It remains to apply the Cauchy—Schwarz inequality to conclude that

n T
k
|Ft — Fin) < 2Cnm{ E > Atwlufisr,
1 k=1

n , Np' 1/2 1/2
Z(Z m’ui’%,l,Tm) <2Atm|u |1,1,Tm> }

k=
J#Z

Finally, we infer from Lemma 25 that |F3" — F3f| — 0 as m — oo. Here, we need the
discrete L2(0,T; H(T))-bound for w;, which follows if a;; > 0. This concludes the proof of
Lemma 29. L]

Remark 30 (Multidimensional case). Theorems 22 and 23 also hold in the multidimensional
situation. The proof of Theorem 22 does not change, but the Sobolev embeddings in the
proof of Theorem 23 change because of their dependence on the space dimension. We only
sketch the changes. We consider a uniform mesh on T¢ by taking the tensor product of the
mesh 7 introduced in Section 3.1.1. The cells K, are then d-dimensional cubes with cell
centers £ = ({1,...,¢;) and measure m(K;) = (Ax)?. We write ¢ = Ky|Ky for the edge (or
hyper-face) ¢ between the neighboring cells Ky and Ky, and & for the set of edges of the
cell Ky. Finally, for every ¢ = Ky| Ky, we define the transmissibility coefficient 7. := m(s)/dc
with m(s) = (Az)?! and d. being the Euclidean distance between the cell centers. The
numerical scheme (3.2)—(3.3) changes to

k
u;
m(Ky) i + N Fho=0, i=1...n teq (3.28)
ceEy

e =0T De,wf — 7 uf  Deopl, (3.29)

where we have set Dycv := vy — vy for an edge ¢ := KKy, the mobilities are defined
by ul- = F(uF Uy g, U é,) with F' as in Section 3.1. 2, and the discrete nonlocal operators are given
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

by

g 1 g
amuzé + Z Z KZ/ Qg ggxugcg/ Béjzl = / BY (y) dy (330)
1 peca T m(Kpp)

j=lvea

J#i
Let u,, be a solution to (3.28)—(3.30) associated to some space-time discretization indexed by
the mesh size n,, = max{Ax,,, At,,} satisfying n,, — 0 as m — oco. The corresponding spatial
mesh is denoted by 7,¢ and the number of time steps by NJ. The uniform estimates (3.21)
and (3.22) also hold for d > 2, but the regularity obtained in Lemma 25 is slightly weaker.

Indeed, the embedding BV(T¢) < LY (@=1(T4) (with d/(d — 1) = oo if d = 1) yields

Ny

T
k|2 k|2
D Aty g+ D At 401y 74 < €
k=1
see for instance [1 3, 7] for the definitions of the discrete norms. Then from Holder’s inequal-

ity [lvllo,2d/(2d—1),78 < ||v1/2\|072d/(d_1)77—7%Hvl/2||0’277-7% for v € V- we get the following bound
on the discrete time derivative (replacing the estimate in Lemma 26):

NT
M uk _ u 4/3
S Attt <c
k=1 Atm 7172d/(2d71)77-’r;il
Similarly as in the one-dimensional case, we conclude from [77, Theorem 3.4] the existence of
a subsequence (which is not relabeled) such that w,, ; — u; strongly in L(0, T; L?4/(24=1)(T4))
as m — oo. We deduce from the discrete Gagliardo—Nirenberg inequality [! %, Lemma 3.1]
k) 1/2 ki 1/2
-078 < Cluf 1Yy alled g5

that the strong convergence wu,,; — w; holds in LP(Qr) for every p < 2d/(d — 1) (instead
of p < 6 in the one-dimensional case) and in particular in L?(Qr). Thus, the statement
of Lemma 27 holds, and we have V"p,,; — Vp;(u) weakly in L?(Qr), where V™ denotes
the discrete gradient. In particular, w,,;V"pmi — u;Vp;(u) weakly in L4/ 3(Qr) as in the
one-dimensional case. From this point on, the convergence of the scheme follows the lines of
Section 3.3.3. O

3.4 Numerical experiments

In this section, we present several numerical experiments to illustrate the behavior of the
scheme. The scheme was implemented in one space dimension using Matlab. In all the
subsequent numerical tests, we choose the upwind mobility (3.6). The code is available at
https://gitlab.tuwien.ac.at/asc/nonlocal-crossdiff. Our code is an adaptation of the

one developed in [(5] for the approximation of the nonlocal SKT system. We refer the reader
to [07, Section 6.1] for a complete presentation of the different methods used to implement the
scheme.
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3.4 Numerical experiments

3.4.1 Test case 1. Rate of convergence in space for various L”-norms,
convolution kernels, and initial data

We investigate the rate of convergence in space of the scheme at final time 7' = 1. In all test
cases of this section, we consider n = 2 species, 0 = 104, the coefficient matrix A = (@ij)i<ij<2

0.1251 0.25
=),

given by

and m = 4, mo = 1. We consider various initial data and kernels. More precisely, we choose

u(l)(a:) = ]1[1/473/4} ((IZ), ug(m) = ]1[0’1/4] (.’L‘) + ]1[3/4’1] (x), (3.31)
ul(z) = cos (2mz) +1, ud(x) =sin (2mz — 7/2) +1, (3.32)
uf(z) = max (1 — |1 —2z[,0), wd(z) = max (1 — 2|z|,0) (3.33)
and the kernels
BY(z) = 11 03,03(2), (3.34)
BY(z) = 2max (1 — |2|/0.3,0), (3.35)
BY(2) = exp (—|2|*/2e?) /V2me2, e = 1077, (3.36)

First, we consider a mesh of Nj,;; = 32 cells and the time step size At;p;s = 1/64. Then,
starting from this initial mesh, we refine the mesh in space by doubling the number of cells
and halving the time step size, i.e. Npew = 2Ng1q and Atpeyy = Atyrq/2. This refinement of the
meshes is in agreement with the first-order convergence rate of the Euler discretization in time
and the expected first-order convergence rate in space of the scheme, due to the choice of the
upwind mobility in the numerical fluxes. As exact solutions to system (1.11)—(1.13) are not
explicitly known, we refine the mesh in space and time until Ne,q = 2048 and At.,q = 1/4096,
and we consider the solutions of the scheme obtained for N,,4 and At,,q as reference solutions.
The error is computed between the reference solutions and the solutions obtained for N = 1024
cells and At = 1/2048 at final time 7' = 1. Finally, using linear regression in logarithmic scale,
we present in Table 3.1 the experimental order of convergence in the L'- and L>®-norms. As
expected, we observe a rate of convergence around one. In Table 3.1, the numbers in bold
letters denote the number of the test case available in our code (see the file loadTestcase.m).

3.4.2 Test case 2. Rate of convergence of the localization limit in various metrics

In the second test case, following [05], we evaluate numerically the rate of convergence of
the localization limit. More precisely, for some sequences of kernels converging towards the
Dirac measure ¢y, we compute the rate of convergence in different metrics of the solutions
to scheme (3.1)-(3.4) towards its local version, i.e. BY = &y for all 4,5 = 1,...,n. At the
continuous level, one can show, by adapting the approach of [7], that the localization limit
holds thanks to a compactness method; see also [13] for the SKT system. However, so far no
explicit rate of convergence is available. The goal of this numerical test is to obtain a better
insight into this rate of convergence. Besides, it also illustrates Remark 21.
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

Kernel —

Initial Data |

Indicator (3.34)

Triangle (3.35)

Gaussian (3.36)

Testcase 13
Li-order: 1.1741
L'-error: 9.76-10*

Testcase 16
Li-order: 1.1741
L'-error: 9.76-10~*

Testcase 19
L'-order: 1.0109
Li-error: 3.20-1073

(3.31) L>®-order: 1.14 L*>®-order: 1.1331 L*>-order: 0.98437
L®-error: 1.49-1073 | L*®-error: 1.68-1073 L®-error: 2.45-1072
Testcase 14 Testcase 17 Testcase 20
L'-order: 1.0948 L'-order: 1.0336 L'-order: 0.93381
(3 32) Li-error: 1.81-107° Li-error: 2.78-107° Li-error: 2.35-1073
' L*>-order: 1.0486 L*>-order: 1.0092 L*>-order: 0.91831
L®-error: 4.73-107° | L*®-error: 8.57-107° L®-error: 8.87-1073
Testcase 15 Testcase 18 Testcase 21
L'-order: 0.97752 L'-order: 0.97495 L'-order: 0.9611
(3 33) Li-error: 6.39-107° Li-error: 5.35-107° Li-error: 9.27-107%

L*>-order: 0.99787 L*>-order: 0.99741 L*>-order: 0.9761
L>®-error: 1.74-10% | L®-error: 11.48-10~* | L*-error: 3.69-1073

Table 3.1: Orders of convergence in the L'- and L*-norms in space at final time 7" = 1 for
different kernels and initial data.

We consider the following parameters (for all 6 test cases of this section): n = 3 species,
diffusion parameter o = 10™4, coefficient matrix

0.5 02 0.125
A=|04 1 02 ],
025 02 1

and m; = 4, my = 2, m3 = 2. We choose the final time T" = 1, a mesh of N = 512 cells, and the
time step size At = 1073, Furthermore, we take the nonsmooth initial data

uf(x) =L se5/6 (), ud(x) =T 1/6(x) + Lisjeay(x),  uf(@) = L ye3/6(), (3.37)
and the smooth initial data

ul(z) = cos (2mz) + 1, wd(zx) = sin (27wz) + 1, (3.38)
ul(z) = (cos (2mx) + sin (27z) + 2) /2.

The kernels are chosen according to

Bg(z) = 1[—&,&](2)/2a’ (339)
BY(z) = max (1 — |2|/a,0) /a, (3.40)

BY(z) = exp (—|2|*/20?) /V2ma2. (3.41)
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3.4 Numerical experiments

In our experiments, starting from o, = 27Az, we successively halve o until we arrive
at o = Azx. For each value of «, we compute the solutions to the nonlocal scheme (3.1)-(3.4)
at final time. We evaluate the L', L™, and Wasserstein distance W; between the solution to
the nonlocal scheme and the solution to the local one (for this, it is enough to set & = 0 in
our code). Since we work in one space dimension, we can explicitly compute the Wasserstein
distance W7y; see [J0, Chapter 2]. The rates of convergence are estimated by linear regression
(in log scale) and the results are presented in Table 3.2. Surprisingly, we observe a slightly
better rate of convergence in the case of nonsmooth initial data. As before, the names in
bold letters in Table 3.2 denote the name of the test case available in our code (see also the
file load Testcase.m).

Kernel —

(3.39) (3.40) (3.41)
Initial Data |

Testcase NLTL2 | Testcase NLTL4 | Testcase NLTL6
L'-order: 1.8280 | L'-order: 1.8709 | L'-order: 1.7386
L*>-order: 1.8271 | L*°-order: 1.8698 | L°-order: 1.7379
Wi-order: 1.8306 | Wi-order: 1.8724 | Wi-order: 1.7426
Testcase NLTL3 | Testcase NLTL5 | Testcase NLTL7
L'-order: 1.7430 | L'-order: 1.8240 | L'-order: 1.5991
L-order: 1.7462 | L*°-order: 1.8261 | L°°-order: 1.6038
Wi-order: 1.7451 | Wi-order: 1.8252 | Wi-order: 1.6023

nonsmooth (3.37)

smooth (3.38)

Table 3.2: Rates of convergence of the localization limit in the L'-, L*°- and Wj-metric for
different initial data and kernels.

3.4.3 Test case 3. Segregation phenomenon

In this numerical experiment, we set 0 = 0. Under the assumptions of n = 2 species, a;; = 1,
and BY = §y for i, j = 1,2, it has been shown in [17] that if the initial data are segregated (ini-
tial data with disjoint supports) then the solutions remain segregated (i.e., they have disjoint
supports) for all time. The main goal of this subsection is to illustrate the segregation pattern
due to the nonlocal terms, i.e. BY # §;. We expect that the solutions to the nonlocal model,
given segregated initial data, are completely segregated, and that there exists a small region,
i.e. a “gap” between the supports of the species, with a size that is related to the radius of the
interaction kernels. Let us notice that in the subsequent test cases, Hypothesis (H3) is never
satisfied. However, we did not encounter any numerical issues with our code.

We launched the code for a mesh of 512 cells and the time step size At = 104, In the case
of n = 2 species, we considered the initial data

W (@) =11 04(2), us(z)=1pe0s(z),

while for n = 3 species, we have taken

uf(z) = L0506 (%), uy(z) = 1jo.8,0.9](7), uj(z) = Ljo.1,0.2()-
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

In both cases, we set a;; = 1 for alli,j =1,...,n.
In Figures 3.1 and 3.2, we present the segregation pattern at times ¢t = 0.02 and ¢t = 0.2
obtained for the local model, BY = §y, and the nonlocal model with

BY(z) =100 1{_g1,01(2).

For small times, the support of the species extends until reaching the support of another
species. In the local model, the species slightly mix (due to numerical diffusion), while we
observe a “gap” between the supports of the solutions in the nonlocal model. This “gap” is
of order 0.1 which is the size of the radius of the kernels B%. Similar numerical results have
been observed in [2%, Section 6] but using different kernel functions and two species only.

Solutions ul and u2 at time t = 0.02 Solutions ul and u2 at time t = 0.02

0.7 T T T T 0.8 T T T T
ul —ul
----u2 ----u2
0.6 . N
- ! |
0.5 . |
i
I |
0.4 i ! .
N '
! | .
0.3 N N ! !
\ ! 1 1
4 | !
0.2 N — : v‘
N ! l‘
! 1
0.1 B i i
' 1
1 1
0 I I I I | 0 I I ! I L !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Solutions ul and u2 at time t = 0.2 Solution ul and u2 at time t = 0.2
0.6 T T T T 0.7 T T T T
—ul
--——u2| - _____
0.5 - 0.6 |- | |
! l
|
0.5 - | |
0.4 ! |
) |
0.4 |- |
0.3 ! |
i
0.3 | | :
I
. |
0.2 | |
0.2 |- | !
i |
0.1 | !
. I
0.1y ! |
----u2 ! .
0 1 L / L L 0 1 L : L L !
0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1

Figure 3.1: Comparison of the segregation pattern for two species at times ¢t = 0.02 (top) and
t = 0.2 (bottom) obtained from the local model (left) and nonlocal model (right).

The solutions are almost in the steady state at ¢t = 0.2.

3.4.4 Test case 4. Dissipation of entropy

In the last numerical experiment, we plot the two entropies Hp(u(t)) and Hr(u(t)) over time
in semi-logarithmic scale to illustrate the entropy production as proved in Theorem 22. We
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3.5 Some auxiliary results

Solutions ul, u2 and u3 at time t = 0.02 Solutions ul, u2 and u3 at time t = 0.02
0.4 0.5 -
I~ T
. N . \
0351 . PN Lo !
, : 04l ) e
y ) N |
0.3 = ~ : |
b | I
N | |
0.25 - R 0.3l | ! ': N
i
\ !
0.2 | | - ! ‘
\ | | !
\ | I ! ! |
0.15 ‘ |02 ! .
\ ) \
\ | '
o-1r \ : : :
| ul 0.1 "‘ ul | |
0.05 - ----u2 | | i I ----u2
‘ - -u3 1
0 I L1 L ! L 0 L 1 L ! L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Solutions ul, u2 and u3 at time t = 0.2 Solution(s) ul, u2 and u3 at time t = 0.2
0.4 0.5 T T T T
ul
0.35 |- ----u2 ||
--u3 Rttt Tt )
e 0.4 i ! ]
0.3 | R B ™ ! | |
! | |
i ! I
i) | |
0.25 ; 03 ! -
I
0.2 . | ! |
20 ‘ | |
| i : 1
0.15 | o2r w 7
1 I 1
‘2 | :
0.1 |+ — i ! |
: 0.1 ; : ul :
0.05 " - i | ----u2 |
“‘ ! u3 |
0 L 1 L ! L 0 L : L 1 L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3.2: Comparison of the segregation patterns for three species at times t = 0.02 (top) and
t = 0.2 (bottom) obtained from the local model (left) and nonlocal model (right).
The solutions are almost in the steady state at ¢t = 0.2.

set the final time 7" = 1.5, the time step size At = 1074, use a mesh of N = 512 cells, and
choose n = 2 species. The remaining parameters are taken as in Section 3.4.1; see Table 3.1
and the test cases therein. As expected, the entropies are decreasing functions of time. The
Rao entropy decays first quickly but then stabilizes slowly, while the Boltzmann entropy takes
more time to stabilize.

3.5 Some auxiliary results

Lemma 31. Under Hypothesis (H3), the entropy dissipation Q, defined in (1.19), is nonneg-
ative.
Proof. We follow the approach of [13] and write @ = Q1 + - - - + Q3, where
1 = 1 &
Q= — Z ‘/Tmaii](?xui(a:)]Qda:—k 1 Z ./Tmaii|8xui(y)|2dy,

1,j=1,1<j 1,j=1,i>j
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

Entropies along time Entropies along time

0.4

Boltzmann Boltzmann
— — -Rao 0.8 — — -Rao

> >
2 2
15 o
g - b=
g =]
53] j£a]
-0.4
-0.4
-0.6 1 \
\ -0.6
\\“‘7‘\‘,,, 77777 \\“\‘\ \\\\\\
0.8 : — 0.8 —_—
0 0.5 1 15 0 0.5 1 1.5

Figure 3.3: Temporal decay of the Boltzmann and Rao entropies for test cases 15 (left) and 16
(right) in semi-logarithmic scale.

Q2 = Z /T/Tmaijgij(az—y)axuj(y)axui(gg) dy dz,

1,j=1,1<j

Q= ), /T/Tﬂ-iaijBij($_y)axuj(y)axui(JJ)dyd:B.

ij=1,i>j
Exchanging i and j in the second integral of 1 and using m(T) = 1, we have

1
n—1

Q1= Z /T/T(man\@mui(x)F+7rjajj|8xuj(y)|2) dy dz.

i,j=1,i<j
Exchanging 7 and j as well as  and y in Q)3 gives

Q= ) AAﬂjajiBji(y_x)aazuj(y)axui(:v)dydx

ij=1,i<j

. / / 5B (5 — )05 (y) Oas () dy dov.
- JT JT

i,j=1,i<j
We collect these expressions to obtain

=iy, 2 ./T/T(giiiiiifM%—w (oriyy) vt

1,j=1,1<j

where M% is defined in (1.18), and the last inequality follows from Hypothesis (H3). O

Lemma 32. The upwind approzimation (3.6) and the logarithmic mean (3.7) satisfy prop-
erty (3.5) of the mobilities u; o.

70



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.5 Some auxiliary results

Proof. The proof is based on the following inequalities for the logarithmic mean:

a —

b
. c_a-b
min{a, b} < Toga—

log b < max{a,b} forall a,b>0. (3.42)

They imply the linear growth u; o412 < max{u; ¢, u; 41} for the logarithmic mean, which also
holds, by definition, for the upwind approximation. We show that property (3.5) is satisfied
for the upwind approximation (3.6). Let p; 11 — p; ¢ > 0. Then, by (3.42),
ui,€+l/2(pi,€+1 - pu)(log Ui 04+1 — log Ui,Z) = Ui,e+1(Pi,z+1 - Pi,e)(log Uj 041 — log Ui,e)
> (Pije+1 — Pie) (i1 — Uig).

On the other hand, if p; p41 — pi¢ < 0, again by (3.42),
U p1/2(Pier1 — Die) (log wi o1 — log g p) = i o (pies1 — pie)(log wi g1 — logu g)
> (Pie+1 — Pie) (Wi o1 — Uig)-

Property (3.5) follows immediately after inserting definition (3.7) of the logarithmic mean.
This ends the proof. O

Lemma 33 (Discrete Young convolution inequality). Let 1 < p,q < 0o and 1 < r < oo
be such that 1 + 1/7‘ = 1/p+ 1/q and let B € LP(T) and v = (v¢)eec € V7. Furthermore,

define By_p := ( fK L]/ y) dy for every ¢ and V' € G. Then
rN\ 1/r
(T ae| ¥ acberoe] ) < 1Bl loloar
leG l'eG

Proof. First, let £ € G be fixed. Then

< 3" Az(1Be—ePloe|?) [ Beo| P g | O,
red

Z Ang_g/Ug/
reG

Thanks to the assumption 1 = 1/p 4+ 1/q — 1/r, we can apply Holder’s inequality with the
exponents r, pr/(r — p), and gr/(r — q) to obtain

L/r (r—p)/pr
Z Al‘Bg 0 Vgt ( Z A.’E|Bg gl|p|’Ug/|q> ( Z ASE‘B@_[/P’)
e ve@ ve@
(r—a)/ar
X < Z A%’Uﬁ/|q>
e@
= (5 salBeotlents) IBIGR ol
-t ¢ 0,p,T 0,q,T
e@

Then, taking the exponent r and summing over £ € G,

3" Ae < 1Bl 2ol (3 A 3 Aclielloel)

leG leG veG

Z AIIZBg_g/ Vyr
veG
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3 A convergent finite-volume scheme for nonlocal cross-diffusion systems

< HBHS;{’THUHS;?T( 3 A:cm/\qZAxrBe_mp)

veG leG

< Bllgprllvllogrlvlg

Finally, it holds that

IBIG,7r <D A

> Alx/KZB@)dypsZ(/K[\B<y>|pdy)(/mﬁ)p1
<Z/ WP dy = |BI2,

leG

which concludes the proof.

0. 7I1BI6 .7 = 1 Bllop, 71V 1I6,4,7-

O]

Lemma 34. Let s > 1 and p > 1. Then there exists a constant C > 0 only depending on s

such that for any sequence u = (ug)¢eq it holds that

1 1-1
lullooo 7 < Cllullyy Il el oty 7

Proof. We adapt the proof of [1%, Lemma 4.1] to the one-dimensional case. Due to the em-

bedding BV(T) < L*°(T) applied to the sequence (|u¢|*)sec,

e 7 < c(nuuas,T £ el - |u£+1|5|).

leG

Since s > 1, we have

Z [Jwel® = upr|°| < SZ (Jue ¥ + Jugs1 [* 1) [ug — wepa)-
tec tec

We apply Hélder’s inequality with exponents p and p/(p — 1):

(5 )p (p—l)/p
> [luel® = fuega|? \<2S<Z‘W ;;Hll‘> <ZA$!W| - ) :

leG leG leG

Besides, using again Holder’s inequality (with the same exponents), we find that

1/s
_ 1 1)
lullo,s,7 = (} " Ao g ) < llullgy 7, el o 17
leG

(3.43)

Then, inserting the last two inequalities into (3.43) yields the desired result. This concludes

the proof of Lemma 34.
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3.6 Counter-example

3.6 Counter-example

We claim that there exist kernels B%, being indicator functions, and piecewise constant func-
tions uq, ..., u, such that the positive semi-definiteness condition

J = Z /T/TmaijBij(x — y)uj(y)u;(z) dy dz > 0,
ij=1

is not satisfied. For this statement, we assume that the matrix (m;a;;) € R™*" is (symmetric
and) positive definite. With the notation of Section 3.1.1, we set Az = 1/N for some even
number N > 5 and choose r = 3Az/2 as well as the kernels

BY(x) =1(_,(x) forzeT.

Let u; = (ui¢)ecq € V7 for i =1,...,n. Then we can write J as
J = Z Z Wiaing,Je,uM/ui,g, where Mg,Jz/ :/ / BY(z —y) dydx. (3.44)
ij=100'eq Ky J Ky

A straightforward, but tedious computation shows that the matrix M = (]\//Tzije') reG € RNV*N
is pentadiagonal with entries

M, = (A, My = L2, M, = (A
This matrix possesses the eigenvector w € RY, defined by wy = 1 for odd ¢ and w, = —1 for
even /, associated with the negative eigenvalue A = —4(Ax)?2.

Let vq,...,v, € R"™ be the eigenvectors of the symmetric matrix (m;ai;);j=1,..n associ-
ated with the eigenvalues 0 < 11 < ... < vy, respectively. We define the nN x nN ma-
trix M = (miai M J) consisting of the N x N blocks m-aijl\? . Tt can be verified that this ma-
trix M possesses the eigenvector z = (21, ...,2,) € R™ with z; = v,,w € RN fori=1,...,n
associated with the eigenvalue A\v, = —4(Ax)?v,. Then, choosing u; = z; in (3.44), we find
that

n n
J = Z maijziTMijzj — —4(A:E)2Vnz ‘Zi|2 <0.

7,7=1 i=1

This provides the desired counter-example.
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4 Analysis of a charge transport system with

Fermi-Dirac statistics for memristive devices

The results in this chapter are from an ongoing research collaboration with Maxime Herda
(Inria Lille) and Ansgar Jiingel (TU Wien). A manuscript for submission is currently in

In

preparation.

this chapter we analyse an instationary nonlinear drift-diffusion system that models mem-

ristive devices. We present our hypothesis and main results, i.e. the global existence of weak
solutions and the uniform-in-time boundedness of weak solutions in Section 4.1. In Section 4.2
we prove the existence Theorem 35 and Section 4.3 is concerned with the proof of bounded
solutions, cf. Theorem 36. The necessary estimates on the statistics functions, their inverses
and the corresponding derivatives, are collected and proved in Section 4.4.

4.1

Main results

We will impose the following assumptions.

(A1)

(A5)

Domain:  C R? (d > 1) is a bounded domain with Lipschitz boundary 9Q = T'p UTx
and p(I'p) > 0, where p is the (d — 1)-dimensional Lebesgue measure, I'y is relatively
open in 9Q and I'p N Ty = 0.

Data: T'> 0, A >0, A € L>®(Q).

Boundary data: 7, p, Ve Whee(Q) with 7,9 > 0 in €.

Initial data: nf,p!, DT € L?(Q) satisfy n!,p’, D! > 0 in Q and such that
Ent,pl, DI, V] < .

Furthermore, we assume that DI := esssup,cq D' (z) <1 and D{ < 1, where

DL = m(lm/QDId:v (4.1)

and m(€) is the d-dimensional Lebesgue measure of (2.

Elliptic Regularity: There exists some r > 3 such that for C' > 0 and all f € L¥/("3)(Q)
the weak solution V' of the Poisson problem
AV=finQ, V=Vonlp, VV-v=0onTly, (4.2)
satisfies the estimate
Vilwrr@) < Clifllsrors @) + C. (4.3)
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Additionally, we set Qr = (0,7) x €, W]%)’q(Q) = {u € Whi(Q): u = 0 on T'p} and
introduce the initial electric potential VI —V € HL(Q) as the unique solution to

NAVIE=nl —pf = D'+ 4, in Q,

~ 4.4
Vi=vVonTp, VVI-v=0onTy. (4.4)

Constants C' > 0 in the following computations may change their value from line to line.

Let us discuss our assumptions. The boundary data in (A3) are supposed to be time inde-
pendent to simplify the computations. Assumption (A4) marks the biggest difference of our
work to [2]. While the authors of [2] have to assume pointwise positive bounds on the initial
data from below and above and far from saturation for ion vacancies, we allow for void as well
as saturation. We only suppress D{l = 1, which would be physically unrealistic. The most
restrictive assumption is (A5). In general, for the solution to elliptic problems (4.2) with mixed
boundary conditions one can only expect V € W17 (Q) for some r > 2, cf. [(1]. Under certain
geometric conditions to the Dirichlet and Neumann boundary part of 0f2, this regularity is
improved to r > 3, as is shown in [!7]. In particular, it is necessary that I'p and I'y meet
at an angle not larger than 7w. The authors of [!7] also argued that, while it is a restrictive
condition, it is satisfied in most applications. Assumption (A5) was also used by the authors
of [77] to prove existence of bounded weak solutions to the degenerate drift-diffusion system,
which is an approximation to (1.25) in the high density regime of the species n and p.

Our main result is the global existence of weak solutions in space dimension d < 4.

Theorem 35 (Global Existence). Let the assumptions (A1)-(A4) hold and assume that d < 4
for the spatial dimension. Then there exists a weak solution (n,p, D, V') to system (1.25)—(1.26)
with (4.4) satisfying

n,p € L0, T; L¥3(Q)) N L*(0, T; WH(9)),

D,VD e L®(Qr) N L*(0,T; HY(Q)), V € L=(0,T; H'(Q)),

2nG'(n)Vy/n — /nVV, 2pG'(p)V\/p + /DVV )

1 €L (QT)a
2V tanh~!(v/D) + vV DVV
Oin, Bp € LY0,T; W5~ (Q)) N L2(0, T; W5 (Q)),  9,D € L*(0,T; H ("),

where 1/k' =1 —1/k and k depends on the spatial dimension d as follows

:27

<2,
8

<3,

16
<11

1
2
3
4

ST Y
Il

The fluxes have to be understood in the senses

Jn =nG'(n)Vn —nVV € LY(0,T; L"(Q)) N L(0, T; L/4(2)),
—Jp = pG'(p)Vp +pVV € L}(0,T; L*(2)) N L*(0,T; L°/*(2)),
—Jp = —Vlog(l — D) + DVV € L*(Qr).
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4.1 Main results

The Dirichlet boundary conditions in (1.26), n = n, p =p on I'p,t > 0, are satisfied in the
sense of traces and the initial condition in (1.26) holds in the sense
n(t,.) —nl, p(t,.) = p! strongly in Wll)"d(ﬂ)/ N W11)’5(Q)/,
D(t,.) — DI strongly in HY(Q),

as t — 0. The solution satisfies the free energy inequality
En,p, D, V](T)+ % /OT/Q 120G (n)V/n — /nVV > + |2pG (p)V /D + DV V|? dx dt
- % /OT/Q 12V tanh~Y(vD) + VDVV [*dzdt < ET + C(EL, A, T), (4.6)
for all T € (0,T], where the initial free energy £ := E[n!, p!, DI, V] is defined in (1.28),

A =2 (IVEE = W won + I9GE + NlEwion)) (47)

and it holds that C(E1,A,T) =0 if A = 0.

The property A = 0 means that the boundary conditions are in thermal equilibrium and the
free energy then is a nonincreasing function in time.

As already mentioned in Section 1.3.3, we will approximate (1.25) — (1.26) by truncating
both the drift and the diffusion term (more precisely we cut off the densities, but leave the
potentials alone) and prove the existence of a solution (ng,pg, Dk, Vi) to the approximate
problem. Estimates uniform in the approximation parameter k, obtained via an approximate
free energy inequality, will allow us to then take the limit k¥ — oo and thus prove existence of
a solution (n,p, D, V') to (1.25) — (1.26).

As a second result we prove the boundedness of solutions under slightly stricter assumptions.

Theorem 36 (Bounded Solutions). Let assumptions (A1)-(A4) (assumptions of Theorem 35)
and (A5) hold with r = 3, let d = 3 and assume that n!,p!, DI € L>®(Q). Then the weak
solution constructed in Theorem 35 fulfills

n,p, D € L®(0,T;LY(Q)), foralll<qg<oo, Ve&L>®0,T;,WH(Q)),

9 (4.8)
Vn®, Vp® € L*(Qr), foralll <a < oc.
If additionally v > 3 in assumption (A5), there holds the improved regularity
n,p,D € L>(0,T; L>(Q)), V € L>(0,T; W' (Q)). (4.9)

As stated in Section 1.3.3, the theorem is proved by an Alikakos-type iteration method. The
restriction to three space dimensions comes from the regularity assumption (4.3).

Remark 37. Our results hold for an arbitrary number of charged particles, since we use the
Poisson equation only through the norm estimates on V' and VV in the various Li-spaces. The
system of equations for the charge densities would then read as

ou; =V - (u;VG(u;) + zzw;VV), i€l
ou; =V - (UZVH(UZ) -+ ZZUZVV), i € Iy,
NAV == > zu;+ A),

i€lUlg

7



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

where z; € R corresponds to the charge number of the species u;, I and Iy are the respective
sets of indices, and initial and mixed boundary conditions are chosen according to (1.26).

Remark 38. Let us point out that our results also hold when using Fermi-Dirac statistics of
order 1/2 instead of Blakemore statistics for the oxygen vacancies. The proofs for D are then
analogue to the proofs for p, with the exception that vanishing boundary terms due to the
no-flux boundary condition simplify the computations a bit and conservation of mass (for D)
stays upright. The regularity results will be the same for all species in that case, cf. [71, 77].

Let us also introduce the following notation, which will be used throughout the entire chapter.

Notation 1. Given terms A and B, we write A < B if there exists a constant C' > 0, such
that it holds that A < CB. If A < B < A holds, we write A ~ B. Furthermore, if there exist
two constants C1,Cy > 0, such that A < C1B + Cy is true, we write A < B+ 1.

4.2 Proof of Theorem 35

In this section we prove the global existence of weak solutions to (1.25)—(1.26). We first show
the existence of solutions to an approximate problem, followed by deriving uniform estimates
and then pass to the limit to show that the original problem has weak solutions.

4.2.1 Approximate problem to (1.25)—(1.26)

The approximate problem is defined by cutting off the nonlinearities. To this end we introduce
for z € R and k € N the truncations
Tk (z) := max(0, min(k, z)),
1, 2z <0, 1, 2 <0,
Si(z) =< 20/ (2), 0<z<k,, S2(z) =S zH'(z), 0<z< kiﬂ,
K21313G (2), k< z, 1+ k, ki-i-l < z.

(4.10)

Note that it holds that zH’(z) = {2~ and, thanks to Lemma 73, 2G/(z) ~ 1+ 3. This allows
us to define the approximate system as follows:

&mk —-V- (S;i (nk)Vnk — Tk(nk)VVk) 0

Opr, — V - (Sk(pk) Vo + Ti(pr) VVi) = 0
) inQ,t>0, (4.11)
8Dy, -V - (Sk(Dk)VDk + Tk%(pk)vvk) ~0
NAV, —np+pr+ D +A=0

supplemented with initial and boundary conditions

np(0,.) =nl, pp(0,.)=p!, DL0,.)=D! inQ,

nk:ﬁ7 pk:57 Vk:V> on FD) t>07
Vng-v=Vp,-v=VVi-v=0, only, t>0,

(S,%(Dk)VDk +T (Dk)VVk) =0, ondQ, t>0.

(4.12)

k
k+1
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4.2 Proof of Theorem 35

4.2.2 Existence of solutions to the approximate problem (4.11)—(4.12)

We prove that the approximate problem has a weak solution. This can be done by a Schaefer
fixed point argument, which requires us to first linearize the approximate problem. To this
end, let (n*,p*, D*) € L?(Qr;R?) and o € [0,1]. Then we define the linearized problem

O —V - (SL(n*)Vn — oTj,(n*)VV) =0,
Op — V- (SE(p")Vp + o Ti(p")VV) =0,
) in Q, t>0, (4.13)
D — V- (Sk(D*)VD + aTﬁ(D*)VV) _o,
+

NAV —n4+p+D+0A=0,
together with initial and boundary conditions

71(07.)207117 p(O,.):UpI, D(O,.):UDI7 in €,
n=on, p=op, V:a‘7, onI'p, t>0,
Vn-v=Vp-v=VV.-vr=0, only, t>0,

(S,%(D*)VD YoT (D*)VV) v=0, ondQ, >0,

(4.14)

k
k+1

which has a unique weak solution (n,p, D,V) € L?(Qr;R?*), cf. [19, Theorem 23.A].

This allows us to define the fixed-point operator F' and prove the existence of a solution to
the approximate system (4.11)—(4.12)

F: {L2(QT;R3) x [0,1] = L*(Qr; R?) (4.15)

(n*,p*, D*,0) — (n,p, D) solution to (4.13)-(4.14).

Lemma 39. Let assumptions (A1)-(A4) hold. Then, for o = 1, the operator F(.,1) map-
ping L?(Q7;R3) — L?(Q7;R3) defined by (4.15) has a fived point (n,p, D) € L*(Q1)3, i.e. it
solves the equation F(n,p,D,1) = (n,p, D).

Proof. We will use the Leray-Schauder fixed point theorem to establish the existence of a fixed
point. It is straightforward to check that, for o = 0, the unique solution to system (4.13)—(4.14)
is (n,p, D, V) = (0,0,0,0), hence F(n*,p*, D*,0) = 0 for all (n*,p*, D*) € L*(Qr;RR?).

Next, we show that F' is continuous. To this end, let (n},,pk , D}, om) — (n* p*, D* o)
in L2(Q7;R3) x [0, 1] and set (M, Pm, D) := F(nk,, 0k, Dk om), (n,p, D) := F(n*,p*, D*, o),
respectively. We have to show that (nm,, pm, Dm) — (n,p, D) as m — oo. We use the test

functions n,, — omn, Pm — omp, D and Vi, — 05,V in the weak formulation of (4.13). Starting
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

with V,,, — O’m‘7 in the weak formulation of the Poisson equation we obtain
-~ 2 - -
Az/ (V(Vm - JmV)‘ dz = —/\2/ TV -V (Vi — 0 V) daz
Q Q
— / (N — pm — Dy — o A) (Vi — o’m‘N/) dz
Q
A2 ~ 2 A2 ~ |2
< / o2, ]vv‘ dz + / ‘V(Vm —onV)| dx

2 Ja 2 Ja

—1—— ( — Pm — D, —amA)2dx

602/(v )‘ dz,

where we have used Young’s inequality for products and the Poincaré inequality. Choosing
sufficiently small and rearranging terms, we obtain

N2 —6C% ~ 2 Ao2,
21’/ ‘V(Vm—omV)‘ dz < /‘vv‘ dx+2—5 (o — P — Dun — 0 A)? da.
Q

Computing the square on the left-hand side, dropping the nonnegative part with |V17\2, rear-
ranging terms and using Young’s inequality again for the product, we get

/\2 o 502 /\2 2 )\2 o 5C2 2 2 .
QP/ IV V|2 dae < ;/ VP o+ 2mEH . ) “m/ VT2 do
Q Q € Q

4
T35 /. nk +p? + DX + 02 A% dx.

Choosing ¢ sufficiently small, we can absorb the first term on the right-hand side into the
left-hand side and thus, after integrating over t € (0, 7) get the estimate

//\vaﬁda:dtgmc//ngﬁpﬁﬁpfndxdt.
0 JQ 0 JQ

We proceed with the test function n,, — o7 in the equation for n,, and get
/OT(E)t(nm — Omn), Ny, — o) di
+ /T / (S,i(nfn)V(nm —omn) — o Tk (n )V (Vy, — amf/)) -V(nm — opmn) dedt
/ / Om(SE(E )V — Tp(nE)omV V) - V(nm — omit) dz dt = 0.

Simplifying terms, we obtain

1/Q(nm(7') — o) d — 1 / (N (0) — out)? d:

2
/ / SENE )V - V(i — o) da dt
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4.2 Proof of Theorem 35

= Um/ / Tk (ny ) V'V, - V(1 — omn) dx dt.
Now we estimate term by term. Using n,,(0) = o,,n! together with Young’s inequality for
products and 0 < o, < 1 we get

1

; /Q (o (7) = i) — (1 (0) — i) i > i /Q non(7)2 dz — C1.

To estimate the last integral on the left-hand side we split the domain €2 into the disjoint
union of the sets Q = {n¥, <0} U{0 < n’, <k}U{k < n},} to use the definition of S}(n},)
and combine this with the estimates from Corollary 74 and Young’s inequality for products to
obtain

/ / SENE) Vg - V(i — o) da dt
_ / / Vit - V(1 — o) dar dt
0 Jnz, <0}
n G'(n5 )V - V(g — opn) dx dt

k2/3 )1/3G/(n>:n)vnm V(i — o) d di
{k<n},}

2
/ / —\VnmP myVﬁPdmdt
nk <0}2

2 2/3
/ / yVnmy2 C*(1L+ K% myvnde:cdt
0<nz, <k} 2

2C

2 2/3\2 .2
/ / ]Vnm|2 oL+ k Yo m|Vn\ dx dt
{k<n;,} 2

1
me(,C’/ /vnmpd:ﬂdt

2

2/3 2
(A +k )2glax (C,C?) / / V|2 da .

We estimate the right hand side using Young’s inequality for products, together with the two
inequalities Ty (n),) < k, oy < 1 and the estimate previously obtained for VV,,, and obtain

am//Tk VYWV - V(i — opn) dedt < ~ //|v — opn)|? da dt

k‘22
+

gé/ /\Vnm\2+\vm2dxdt

2
’;5 <C+C/ /n +p2, + D2, dmdt)
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Combining all these estimates, choosing § = W and rearranging terms, as well as multi-

plying or dividing by constants, we get

/n?n(T)dx—i—/ /|Vnm|2dxdt§0(k)+0(k:)/ /nfn + p2, + D2, dx dt.
Q 0 Q 0 Q

The computations when using p,,, — 0P as a test function are analogue to the previous com-
putations with n,, — o;,n,, and the final estimate is identical, hence we do not write them
down explicitly.

Finally, we use D,, as a test function in the equation for D,,. Rewriting and simplifying
terms analogous to the case of n,, yields

1/Dfn(7)d:c—1/Dfn(0)dx
2 Ja 2 Ja
+/ /S,%(D:n)wpm\?dxdt
0 Q
:—am/ / VYV Vi, - VD, da dt.

The second term in the first line is a positive constant, so there is nothing to do about this.
To deal with the term in the second line we note that SZ(D},) > 1 by definition, hence

[ [ stopwnnaar> [* [ 1902 dr
0 JQ 0 JO

To estimate the integral in the third line, we use that T'_» (D},) < 1, and together with Young’s

k1
inequality for products and o,, < 1 we obtain

—am/ /Tk (D )NV Vi - VD da dt < //yVDdexdt
+(C+C//n3n+p3n+D?ndmdt>.
2 0o Ja

We put everything together, rearrange terms and end up with

/Dfn(T)der/ /IVDm\Qda:dtSCJrC/ /n$n+p2m+D3ndxdt.
Q 0 Q 0 Q

Hence, by adding all three inequalities, we get
[ @) 4 )+ Dary o+ [ [Vl 4 (Vpul 4 VD, deds
Q 0o Ja
< O(k) + C(k:)/ / n2, + p2, + D2, dx dt.
0o Jo

Let us note that the bound on the right-hand side is independent of o,,. By Gronwall’s
inequality we now obtain that

Inm (M) 720y + 1Pm (T [72(0) + 1 Dm(7)[720) < C ()P,
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4.2 Proof of Theorem 35

which yields uniform bounds on 7, pm, Dy in L?(Q7), independent of (nk,,pk,, Dk, om).
Plugging this into the combined inequality which we used for the Gronwall argument, we also
see that we have a uniform bound on the gradients, namely

/0 IVl + VPl + IV Dnll2 gy dt < Ck) + CR) (BT — 1) = C (k)T

Thus, we have a bound on 7, pim, D in L2(0, T; HY(Q2)), uniform in (n¥,, p,, D&, om). We
will derive uniform bounds on the time derivatives in L?(0,7; H}(Q)') and L%(0,7; HY(2)')
as well. To this end, let ¢ € L2(0,T; H}(2)) such that ||‘P||L2(0,T;H1D(Q)) = 1. Using it as a test
function in the weak formulation for n,, (where we have already dropped cancelling terms)
and applying Holder’s inequality, together with the bounds Si(z) < C(k), T(z) < k and the
estimate on V'V, in L?(Qr), we compute

/OT/Q@t(nm_Umﬁ)’@ dt‘ _

T
< / / CR) Vi [V| + K[V Vi | [Vig]| e di
0 Q

T
/ / (SLRE) Vi — o Th(0)VVin) - Vi da dt
0 Q

T
< C(k)/o Im L@l @) + IVVinll 2 el o) dt

< C(B)1nmll 20,15 () + CRIIVVinll 20
< C().

Note that o,,n is independent of ¢, hence we obtained a uniform estimate on 9n,,
in L2(0,T; H,(Q2)'). The estimates for the two remaining time derivatives are computed in the
same way. Since the computations for d;p,, are identical to the previous computations, we do
not write them down and only detail those for 9;D,,.

Therefore, let ¢ € L*(0,T; H'(Q)) with [¢|l,2¢07.11(q) = 1. Then for 8;D,, we obtain,
using that S?(z) < C(k),

T
/0 /Q (0D 9) dt( < C) Dol 20 1211 01) + CONITVinll 20y < C(B).

This shows that the time derivatives dyny,, Oipm, are bounded in L?(0, T'; Hb(Q)’ ) and 0y D,, is
bounded in L2(0, T; H(2)), uniformly in (n},, p%,, D}, 0m). Due to Aubin-Lions lemma [0, 03]
there exists a subsequence (N, pp/, D) and ¢ = ((n, Cp, Cp) such that

Nt = Cny Py — Gy Dy — Cp,  strongly in LQ(QT),
Ot — OiCny Opppy — Cp, weakly in L2(0,T; Hp(Q)'),
4Dy — 0Cp, weakly in L2(0,T; H (Q)).
These convergences are good enough to take the limit in the weak formulation, which shows
that (¢n, (p, (p) is a solution to the system for (n*, p*, D*, o), i.e. ( = F'(n*,p*, D*, o). Since the

solution to the system is unique, it follows that (n,p, D) = ((n, (p, (p), and furthermore we get
that the entire sequence (7, pm, D) converges to (n,p, D). In conclusion, F' is continuous.

83



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Next, we show that all fixed points of F(., o) are uniformly bounded in L?(Qr), independent
of 0. For this we recall that, thanks to Gronwall’s inequality, we had the bound

I ()10 + 1P (7|32 + 1D (7) 1320y < C(k)eCH)T,

where the constant C'(k) was independent of the input (n),,pr,, Dk, om). This yields the
uniform bound for the fixed points of F(.,0), independent of o.

It remains to show compactness of F'. Again, we will use the already derived uniform bounds
to conclude this. To this end, let (n,, p%,, Df,, 0m) be a bounded sequence in L?(Q7)3 x [0, 1].
Again, denote by (nm,pm, Dm) = F(n},,pk,, D!, 0m). The bounds derived above allow us
to conclude that (1, Pm, Dm)men is uniformly bounded in the right spaces to apply Aubin-
Lions lemma, thus there exists a subsequence (1,7, Py, Dy ) en, which is strongly converging
in L?(Qr)?, hence F is compact.

By the Leray-Schauder fixed-point theorem, it follows that F'(.,1) has (at least) one fixed
point (n,p, D) € L?(Q7)?3, which concludes the proof. O

To close this subsection, we will show that the obtained fixed point is nonnegative and that
we have conservation of mass for Dj. More precisely, the following statement holds.

Lemma 40. Let the assumptions (A1)-(A4) hold and let (ny, px, Dy) be the fized point obtained
in Lemma 39, i.e. (ng,pk, Dk, Vi) is a weak solution to (4.11)-(4.12). Then it holds that the
solution is nonnegative, i.e. Nk, px, Di > 0.

Proof. We will prove the nonnegativity of ny. The strategy will be to test with the negative
part of the solution and then conclude that it has to be 0. Let n, = min(0,n;) and note that
we have to use n;; —n~ as a test function in order to respect the Dirichlet boundary condition,
but since n > 0 in (2, integrals involving the negative part of n vanish. By definition of n,_, it
holds that Ty (ng)1(,, <0y = 0. Since Vn,~ = 1(,, <o) Vny, the weak formulation reduces to

/(&fnlmn;)dt‘i‘/ /S,l(nk)Vnk‘Vn,;dxdtzo.
0 0o Ja

We reformulate the first integral and see

g ) 1 7d [,
/0 <8t”kv”k>dt—2/o clt/Q<nk) dx dt
1

) Lo
=5 [P =5 (@0

-5 [e P

since n; (0) = min(0,n') and n/ > 0 by assumption. To compute the second integral, we note
that S} (nk)1(,, <o) = 1, therefore we have

/ /S,i(nk)Vnk-Vn;dxdt:/ /S,i(nk)]l(nkso)Vnk'Vnkdzcdt
o Ja 0 Jo

:/ /]l(nkSO)Vnk-Vnkd:L‘dt
0 Ja

:/ /|Vnk|2dzdt.
0 Q

84



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4.2 Proof of Theorem 35

Combining our computations we obtain

1 T
/(n,;)2(7')d1‘+/ /\Vn,ﬂzda:dtzo,
2 Ja 0 Jo

hence n;; = 0 a.e in @, since both integrands are nonnegative. This shows that nj > 0. The
computations to show that pr > 0 and Dy > 0 are completely identical, thus we do not write

them down.
O

Lemma 41. Let the assumptions (A1)—(A4) hold and let (ny, pi, Dy) be the fized point obtained
in Lemma 39, i.e. (ng, pk, Vi) is a weak solution to (4.11)—~(4.12). Then it holds that the mass
of Dy, is conserved for all T € [0,T7,

/ Dy(7)dz = / Dl dx,  for all T € [0,T]. (4.16)
Q Q

Proof. We use 1 as a test function in the weak formulation for Dy and directly obtain

0:/ (04 Dy, 1) / /Dkdmdt /Dk dx—/Dfda:
0

4.2.3 Uniform estimates

The next step is to derive k-uniform estimates. Since the densities are only nonnegative
and G, H are singular at 0 we cannot use G(ng) — G(n) — (Vx = V), G(pr) — G(p) + Vi, = V
and H(Dy) + Vj directly as a test function and thus need to regularize. Let us recall the
cut-offs

T (z) = max(0, min(k, z)),

1, z S 07 17 z S O’
Si(z) =4 2@(2), 0<z<k, Spz)=(zH'(z), 0<z<
KBABG(2), k< z, 1+k <

We now define the regularizations via the following desired relations:

Vi) + 0V gy 5(nk) = Vs (ni),
\/TV% 5(nk) = Sp(nk) Vg,
T1.(px) + 0 Vgy, 5(0k) = Vr.s(Dr),
VTe(pr) + 6 Vrs(pr) = Si(pre) Vor,
L(Dk) +6 VI, 5(Di) = Vhys(Dy),
/T, (Di) + 8 Vi s(Dy) = SE(Dy)V Dy,
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

which yields

s = ot Ly T
: Ti(s)+0 | Bl gy
sG'(s) 0<s<k
52,5(5) = /Tk(s) + 59%,5(5) = szgrjmg/(s) i
VR 0 PSS
_ i (4.17)
ro(s) = %i(®) = TZTW OkSSSkTP
’ Tﬁ(s)—ké k%ﬁé’ TH<S’
11 k
— 0<s< 2
1—s S 57 - - k-‘rl’
ka(s) = /T o (s)+0hg(s) =S 1%k
+1 L+5, k+1 )
k+1
with the respective anti-derivatives
s Y Sl )
aots) = [ [ £ gz dy,
F172(0) J Fi/2(0) Tk(z) 0
~ S Sl y
eas) = [ gy,
0o VIk(y)+46
s Y 52 (418)
mat) = [ [ D ey,
Fa0) Jra) T (2) +6
. s 52
hi.s(s) :/ ()
0 Tk (y) +9
k+1
We also define ,
Grs(8[3) = gro6(5) = 9k,6(5) — g1 s(5)(s — 3), (4.19)
Hk’g(s) = hk,g(s) + sV,
and the regularized entropy
Exs [Nk, i, Dy Vi) (t) = A G (n|) + Grs(prlp) + His(Dy) + [V (V = V) da,
Ek,(s[nkvpk? Dk’a Vk‘](o) = gk,5[nl7pl7 DI) VI] = g]i&’ (420)
~ 12 ~ 112
Mo =2 ([ Vloks@ - V)| + |[Vioks @) + V)| >
=2 ([P -+ V@ + P,

The following estimate holds.

Lemma 42. There exist constants C,Co > 0 such that for any k and § satisfying the inequal-
ities 0 < § < Fy2(0) < k and s > 0 the following estimate holds:

Ti(s)° < Cigrs(s) + Co. (4.21)
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4.2 Proof of Theorem 35

Proof. Observe that since gy s is nonnegative, if 0 < s < Jj/5(0) then by assumption s < k
and Ty (s)%/? = s3 < .7-"1/2(0)§. If F1/2(0) < s <k, we can infer from the definition of gy s and
from Corollary 74 that

s y ! s y 2/3
R N N Y Ry cl B e
Fi1)2(0) S Fy0(0) +9 F1/2(0) J Fy0(0) 7 +9

s Y 2/3 s y
ZC/ / : dzdyZC/ / z71/3dzdy
Fi/2(0) JFy/2(0) # +0 2 F172(0) JF1/2(0)

3C (3 2
=1 (535/3 — F12(0)s + 5]:1/2(0)5/3> ;

where we used § < F/5(0) for the second inequality in the second line. This shows the claim
for arguments s € (F/2(0), k]. Finally if s > &, then Ti(5)%/3 = Ty, (k)73 and gi 5(k) < gr.s(s),
so inequality (4.21) also holds on this interval. O

To take the limit 6 — 0 we now derive d-uniform bounds.

Lemma 43. Let the assumptions (A1)-(A4) hold and let (ng, px, Dk, Vi) be a weak solution
to (4.11)~(4.12) as obtained in Lemma 39. Then for all § > 0 and all 0 < 7 < T there holds
the following reqularized energy inequality:

Ek,s[Mks P> D, Vi (t)

1 /7 "
+2/ /|V9k,5(nk)— Ti(ng) + 6 VVi|* dx dt
o Ja
1 /7 _
+2/ /Q|V9k,5(1)k)+ Ty(pr) + 6 VVi|? dx dt
0

1 /7 - .
+ B / / |Vhis(Dy) + Tkiﬂ (Dg) + 5VVk|2 dx dt < 5;5,5 + C(glg,(;, V,0,Aps,T).
0 Q)
B (4.22)
The constant C’(E,g’é, V,0,A5,T) vanishes if Aps =0 and § = 0.

Proof. We use g, s(nk) — g, 5(n) — (Vi — V), 9r.5(Pk) = 9 5(P) + Vie — V and hy, s(Dk) + Vi as test
functions in the weak formulations and add the equations. For the left-hand side this yields

/0 Ot gl o) — d5(7) — (Vi — 7)) dt
T /0 (@b G5 (01) — Gl () + (Vi — V)t

4 / (00D, Wy 5(Dy) + Vi) dt.
0
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

We rewrite this expression term by term, use that n, p, D are independent of ¢, and get

Ot g 0) = 51s0) = 55 [ G1s(0s) = (7)) = g ) s — )

O o 1) = s ) = 57 [ (915(00) = 9150 = s (P~ ) o

~ d ~
(6tDk, h;ws(Dk) + V> = dt/ hkjg(Dk) + D,V dx,

i — — v = — 2
@l — = D= V) = % [ 90 - TP

By (4.20), this is exactly

Exs s i, D, Vil (7) — EL 5.

Next, we compute and estimate the right-hand sides of the weak formulation. We start with
the equation for ny,

/0 (O gl () — 5 (7) — (Vi — 7)) dt

- /OT /Q(S%(nk)Vnk — Ti(ni)VVi) - Vgr.s(ni) — gr.s(m) — (Vi — {7)) da dt.

Rewriting the first term of the product using the definition of gj_s(ny) yields

Sl
S,i(nk)Vnk — Te(ng)VVi = /T (ng) + 6 ﬂVnk —VTi(ng) + 6V
Tk(nk) +6

+ 6VV,
Tk(nk) + 6 (V’gvkﬁ(nk) —VTr(ng) + (5VVk) + 6VV.

We also rewrite the first part of the test function,

Vrs(nr) — v/ Tr(ni) VVk

Ty (ng) + 5

V(grs(nr) = Vi) = gi s(ni) Vg — VV, =
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4.2 Proof of Theorem 35

Plugging these into the integral and further using Young’s inequality we obtain
~ [ [ Sk Vi = D) V) - T ahr) = o) — (Vi = 7)) d
[ Vst = VI + SV
/ / vak (Virs(ne) — V/Ti(ng) + 6 V) dz dt
[ VB (Vaics(me) = V) + 5 VW) - Vo) — V) e
/ / SVVi - V(g s(R) — V) d dt
< _/ / Vins(m) — /Te(ne) + 6 VVi|? da dt

2 T =N 1) 2
<[ /Tk s Ve [ /(Tk(nk)+5)|V(gk,’5(n) V)P du dt

//\VV|2dxdt+ //|v — V)P dadt

§2/ /Wﬁk,a(nk)ka(nk)+5VVk|2dﬂfdt

0 Jo

+25/ /\VVk|2dxdt+2||V(g;€75(ﬁ)—‘N/)H%w(QT)/ /Tk(nk)-l—édmdt.
0 Jo 0 Jo

We estimate the first integral in the very last line by

25/ /[VVk|2dxdt:26/ /|V(Vk—17)+V‘7|2dxdt
0 Q 0 Q
§45/ /|V(Vk—17)|2dxdt—|—45/ /|v17|2dxdt.
0 Q 0 Q

The term T} (ny) in the last integral can be estimated by Gy, 5(ny), which we will do once we
add the estimates for all species ng, pr and Dy,.
Combining the last estimates, we find that

- /OT /Q(S;%(nk)Vnk — Ti(nk)VVi) - Vgr.s(ni) — gr.s(m) — (Vi — V) de dt
= ;/7/ Vais(nr) — /Ti(ng) + 0 VVi|* dw dt
0o Ja

+45/ /|V(Vk—‘7)|2dxdt+45/ /|V‘N/|2dxdt
0 Q 0 Q

+ 2V (gh 5@ — V)20 (0) /0 /Q To(ng) + 8 de dt.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Computing and estimating the right-hand side of the weak formulation for p; is analogue to
the computations for ny, hence we omit the details and only state the final estimate

- /0 /Q<S’i (k) Vr + Th(Pe) VVE) - V(gh s(0k) — ghs(B) + (Vi — V) da dt

1 (7 -
< —2/ /Q|ng,5(pk) + Tk (pk) +5VVk|2dxdt
0

+45/ /|V(Vk—‘7)]2dxdt+45/ /yvxﬂ?dxdt
0 JQ 0 JQ

+ 2]V (95,5(B) + V)17 () Ti(py) + 0 dx dt.
0 JQ

And lastly, we estimate the right-hand side of the weak formulation for Dy:

/ (Os Dy, hip 5 (Dy,) + Vi) dt
0

—/0 /Q(S]%(Dk)ka + TkLJrl (Dp)VVg) - V(h;w;(Dk) + Vi) dx dt.

We rewrite the first factor on the right-hand side to

S2(Dy)V Dy + Tk% (D) VVi

= /T Dk +(5 VDk—i-,/Tk Dk +(5VVk
\/ == Dk +o

—oVV

= /T (D) + 8 (Vs (Di) + T 1 (Di) +0VVi) = 0V Vi,

and reformulate the gradient of the test function to

/ § Vhis(Dy) + /T (D) +0VVi
V(h; s(Di) + Vi) = hy, s(Dp)VDy + VV), = .
(hs(Dk) + Vi) = hy 5(Dy) T (Do i

+1

90



4.2 Proof of Theorem 35

Plugging these computations into the integral and using Young’s inequality we obtain

/ / Sk Dy)VDy + T k (Dk)VVk) . V(h;w;(Dk) + Vi) dx dt

= _/ /’Vﬁk;,é(Dk)‘l‘ Ti(Dk)+5VVk|2d:cdt
0 Q k41

T 6 —
—|—/ / VV. - (th,(;(Dk) + /T x (D) +6VVy)dxdt
o Ja /T kl Dk) + 6
+

( k+1
1 [7 ~
< —/ /|th75(Dk)+ TL(Dk)—F(SVVk‘le’dt
2Jo Ja Ft1
5 T
+/ /|VVk]2da:dt
2Jo Ja
1 (7 ~
< —/ /|th75(Dk)+1/Tk(Dk)—i—éVVk\zda;dt
2Jo Jo R+
+5/ /\V(Vk—f/)\?dxdtw/ /yvf/y?dxdt.
0 Q 0 Q

Now, we add all estimates, recall Ax 5 = 2([|V (g3, 5(7) — 2 @n TIV(gg (A)+V)HLOO(Q ),
and obtain

Ek 51k Dy Dig, Vi) (T / /lvgka ng) WVVkIdedt
/ /|V§k,5(pk)+ Ti(pr) + 6 VVi|* dx dt

/ /|th5 D)+ ./T L(D,€)+5vv,c|2dxdt
+

<5k5+Ak6/ /Tk ng) + Ti(pr) + 0 dz dt

+95/ /]V(Vk—V)\Qda:dt—i—%/ /\vf/y?dxdt
0 Q 0 QO

<&l 1 CERpV)+C / E55nms pis i Vi dt.
0

By Gronwall’s inequality we conclude that

En ol P D, Vil (1) < (5 + C(6,7,5,V))e™.
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The next step is taking the limit § — 0. To this end, we first define the following auxiliary
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

functions:

G'(s), 0<s<k,
k=13s13G!(s), k< s,
VG (s), 0<s<k,
EVSs13G (s), k<s,

52 =1, 0<s< ko
p(s) = ) = {%M o

:(k:_'_l)kTa kLH<5’

A1 0<3§Ti1>

+1 [ k+1 k

P [T Siw)
hi(s) = /0 T, ® dy

Furthermore, we define

Gu(s/3) = gu(s) — 9x(3) — gh(P)(s - B
Hy,(s) := hy(s) + sV,

and the approximate entropy

2

~ A ~
Exlnk, Py D, Vi (1) := /QGk(nk|n) + Gr(px|p) + Hip(Dy) + ?|V(Vk — V) da,

gk[nkapknDka Vk](o) = gk[nlapja Dlv VI] = 5157
A= 2 (194G = D) e + IV (D) + ) By -

Now the following estimate holds:

(4.23)

(4.24)

(4.25)

(4.26)

Lemma 44. Let the assumptions (A1)-(A4) hold and let (ng,pk, Dk, Vi) be a weak solution
to (4.11)-(4.12). Then there exists a constant C(EL, Ak, T) > 0 such that for all 0 < 7 < T it
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4.2 Proof of Theorem 35

holds that
Exnk, pie, Dig, Vi) (1)

//|V9k ng) Tk(nk)VVkIQdmdt

~ ) (4.27)
+2/ /Q|V9k(pk)+ Ty (pr) VVi|* da dt
0

1 (7 ~
+2/0 /Q|th(Dk)+ /T%H(Dk)vm?dxdt§5,§+0(5,§,Ak,T).

The constant C(E,g,Ak,T) vanishes if A, = 0. Furthermore, there exists a constant C' > 0
independent of k, such that the following bounds hold for all k € N:

19k ()| oo 0,752 () F 19k (P oo 0,711 (2) + 1k (D)l oo (0,752 (0)) < C

Hvﬁk(nk) - \/Tk(nk)vvk‘ 2o T Hng pi) + VT (pr VVk’ 2an =& (4.28)
IV Vill (0,TL2(<2)) Hth Dy) + , /Tkjerl (Dy) VVy o <C.
T

Proof. Since the computations for n; and pj are analogue, we will only explicitly write them
down for ng. We have to show the following convergences as § — 0:

Vaks(nk) — V/Tr(ng) + 0 VVi — Var(ng) — /Te(ng) VVi, weakly in L*(Qr),
th 5(Dk) + A /T k (Dk) + 6VVk — th( ) + A /Tkil (Dk) VVk, Weakly n LQ(QT),
Grs(nk) = gr(ng), strongly in Ll(QT),
hi.5(Dy) = hi(Dy), strongly in Ll(QT).
Using the following estimates andconvergences as § — 0,
\/Tk (ng)+0— \/Tk (ng)] 0 <\/5—>0,
\/Tk nk +(5+ \/Tk nk
1)
’\/Tk Dk)-f—d T« (Dg)| = <\/g—>0,
k+1

\\/T%H(Dk) +0+ \/T%H(Dk)!

T (n) + 6 — Ti(ng)| = 0 — 0,
|TL(D]€)+5—TL(D/§)‘ =40 —0,
k+1 k+1

we can conclude by the monotone convergence theorem that

meo Tiz)
s (np) = / / k) gy
]—'1/2 7100 Th(2) +6

Tl
/ k(%) dzdy = gr(ng), a.e. in Qr,
F172(0) J F1/2(0

Tk(z
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

and similarly this convergence holds for g s(ni) — gx(nk), 9k.5(Pk) = 91(Pk)s Gk.6 (k) — Gk (k)
and hy, 5(Dy) = hi(Dy), hk 5(Dg) — hk(Dk) almost everywhere in Q7.

Next, we derive uniform in § bounds on gx(nk), gr(nk), 9k (Pk), 9k (Pk), hi(Dk), %k (Dy), which
will allow us to apply the dominated convergence theorem and obtain the desired strong and
weak convergences. We start with gy 5(s). Assuming that s > k, we have

s k s
Gils) = / F(y) dy = / VIG (y) dy + /k KVO3G () dy

k s
gc«/o y1/6+y_1/2dy+0]{71/6/k 1+y_2/3dy
< CO(R)(s+1),

and the same inequality holds for s < k, since the constant is allowed to depend on k. Hence,
we conclude that

Irs(nk) < gr(nk) < C(k)(ng +1).

Next, we estimate ﬁk,g(s). Assuming s > k—%, we get

(o) = [ Ty = [ Q;ydw/i(wm/’“;ld < C(k)(s +1).

Note that again for s < this bound trivially holds as well, hence we have

ju
his(Di) < hi(Dy) < C(k)(Dg + 1).

Next, we give a bound on g, 5(s). Assume that s > k and w.l.o.g. k > 1, then we can compute

(s —/ / dzdy+/ / dzdy—l—/ / EVBABG (2) dz dy
7:1/2 ]:1/2(0) ]:1/2(0)

<C y23 dy + G(k)(s — k) +Ck1/3/ y+ 3yt —k—3k3dy
]:1/2(0) k

< Ck)(s* +1),

where we used Lemma 77 to estimate G(y) < Cy?/3. Again, if s < k, the above bound holds
trivially. This allows us to conclude

grs(n) < gr(ng) < C(k)(nf +1).

Finally, we estimate hy 5(s). Assume that s > k—il, then we can compute (cf. F_1(0) = 1/2)

<Ck)+Ck)(s+1)+Ck)(s*+1) < Ck)(s* +1).
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Again, if s < the above bound holds trivially and we conclude

k+1’
his(Dy) < hy(Dy) < C(k)(D + 1).
Using the derived uniform in § bounds together with the @Q7-a.e. convergences and the

regularities ng, pr, D € L?(Qr), we can conclude that
Jr.s(nk) = gr(ny),  strongly in L*(Qr),
9ks(nk) = gr(nk), strongly in LYQr),
Pie,s (D) = T, (Qr)
his(Di) — hu, (

QT 3
Dy), strongly in LY(Qr).

(D), strongly in L?
(

From (4.22) we infer that there exists a constant C' > 0 independent of § such that

| Vs () = VIl +6 VWi

17 T,
t Hng,é(pk) + vV Tk(pr) + 5VV1<‘ L@r)

+ HV%k’g(Dk) + \/TE(Dk) +0VV;

hence there exists a subsequence that converges weakly in L?(Qr). By the previous arguments
we can identify the weak limit and obtain

Vﬁk@(nk) — Tk(nk) +6VV, — ng(nk) — 1/ Tk(nk) V'V,

Vks(r) + VTi(pr) + 0 VVi = Var(pr) + vV Tr(pr) VVi
Vhis(Dg) + /T3 (Dy) + 8 VVi — Vhy(Dy) + /T3 (Dy) VVi,

all weakly in L?(Qr). Furthermore, thanks to the derived convergences, we can take the
limit 6 — 0 in (4.22), which shows (4.27). The uniform bounds in (4.28) are now a direct
consequence of (4.27), which finishes the proof. O

L2(Qr

<C,
L2(Qr)

In the next lemma we collect some estimates, which are needed to improve the regularity of
the solution.

Lemma 45. For s >0 and k > 1 it holds that
G'(s) < gi(s),
13 < gu(s) + 1,
Ti(5)™% < Gu(s), (4.29)
k()T < gr(s) +1
Ti(s)”® < gr(s) + 1
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Proof. The first inequality is a direct consequence of the definition of g}/(s) in (4.23). To
show the second estimate, we use the first inequality together with the estimate on G’ from
Lemma 73 and compute

S Yy ~ ~
gr(s) > C/ / PR dzdy > C18°/3 — s,
Fi/2 Fis2
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

To show the third estimate, let 0 < s < k. By definition we then have Ty (s) = s and, thanks
to Corollary 74, s'/6 < C's'/2G'(s). Combining this with the definition of g (s) we obtain

Th(s)Ti(s)/8 < Cs'2G (s) = CF(s).
Integrating this inequality from 0 to s yields
Tk(8)7/6 < Cgk(s)

If s > k, the same inequality holds since T} is constant and g; is nondecreasing. To show the
fourth estimate, let again 0 < s < k. Then, from the definition of gi(s) and by Corollary 74
we have

gi(s) = / y2G (y) dy < C/ Yo 4y V2dy = C (gsm + 251/2> :
0 0

It directly follows that

G5 < <S5/3 i 1) .

If s > k, we can use this estimate together with Corollary 74 and compute

k s
’gvk(s) _A yl/QG/(y) dy—i_/k k1/6y1/3G/(y> dy

<O (K704 1Y/2) 4 OBV (54 51/%) < 0570,
Together with the estimate on s € (0, k] we can conclude that
§k(s)10/7 <C (85/3 + 1) < Chgr(s) +Co, YV s>0.

The last inequality is a direct consequence of the previously proven inequalities. This finishes
the proof. 0

With the estimates from Lemma 44 and Lemma 45 we can derive the following uniform
bounds.

Lemma 46. Let the assumptions (A1)-(A4) hold and let (nk, pr, Di, Vi)ken be the sequence
of solutions to (4.11)~(4.12). Then there ezists a constant C' > 0 independent of k € N, such
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4.2 Proof of Theorem 35

that
Nezen] +[ Vo
19k () | oo (0,7 107 () + 198 (PN Loe (0,7 11077 () < C
VG (i) | 20, 7525/4 ) + VIR PR) | 200, 7;25/4 (00)) < Cs

H\/Tk N VVkHLoo O.T:L5/4(Q + H \/ Tk Pk VVkH
anHLOO(OTL5/3 ) T [/l oo (0,T;L10/3(Q)) <C, (4.30)

||pk||L°°(0,T;L5/3(Q)) + H\/ikHLOO(()’T;LlO/i*(Q)) <G,
IVRkll L2 0.0,05/90)) + 1VPell 220752574 (0)) < C

Lo°(0,T;L10/3(Q)) Lo (0,T;L19/3(Q)) —

9

Lo (0,T;L5/4()) —

hn(D Tox (D =
HV K k)HLQ(QT) * k%l( k) VY L®(0,TiL(Q) “
HVDkHLQ( =

Proof. All estimates except those for Vny, Vg, VD and V+/ Dy, follow directly from Lemma 44

and Lemma 45 by simply combining the results. Let us note that in order to obtain the

estimates on Vhy(Dy) as well as , /T »_(Dy)VV}, one additionally has to use that T x (Dy) < 1
k+1 k41

for all £ € N. To show the bound on Vn; and Vpg, we write
Vg ()| = (95 (ne) Vi
By definition of g, together with Corollary 74, we have

7 (s) = s12G" (s) ~ s1/6 4 57172 s € (0,k),
Iel) = EVOs13G (s) ~ EYO(1 4 572/3), s>k,

hence there exists a constant C' > 0 independent of s and k such that
Jk(s) = C.

This shows that
IV (nk)| = |95 (ne) V| > C|Vny,

which proves the bound for Vny and Vpg. In order to show the bound for VD and V/Dy
we remark that hj (s) > 1 for all s > 0. Moreover, from the definition of A} we also readily see
that it holds that hj(s) > % for all s > 0. Together, this shows that

(Vhi(D)| = (1, (Di)V D > |V Dy|

1
——_VDyi| = 2|V/Dsl,
75V P = 209Dl

which shows the claim and thus finishes the proof. O

[Vhi(Dy)| = R (Dy)VDy| > |

The next step is to improve the spatial regularity of some of the terms by using the Gagliardo-
Nirenberg inequality and a bootstrapping argument.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Lemma 47. Let d < 9, then there exists a constant C > 0 independent of k such that the
following holds:

Vi@,

sy VTR0
+H\/Tk pr) V k:‘

L2(0,T;L9(Q

H\/WV k‘

L2(0,T;L29/(a+2)(2)) L2(0,T;L29/(a+2)(Q)) —

4.31
”ng(nk)||L2(07T;L2q/<q+2>(9)) + ||V9k:(pk:)||L2(0,T;L2q/(q+2)(g)) <, ( )
||§k(nk)HLZ(O,T;L2qd/[(q+2)d*2Q](Q)) + ||§k(pk)||L2(0,T;L2qd/[(q+2)d*241(Q)) <G,
IVl 20,1020/ 042 () + IVDPI 20,7, 120/02) (02)) < €
where the range of the exponent q depends on the dimension d as follows,
2, o0], d=1,
q € X [2,00), d=2, (4.32)
[273(37%)7 de [379]

Observe that the lower bound on q is due to the condition 2q/(q+2) > 1.

Proof. Let us define qo := 10/3, which is the regularity exponent of /T (ng) in space as ob-
tained in Lemma 46. With this notation, we can rewrite the spatial exponents from Lemma 46
as follows, where a doublearrow +— means that the term on the right-hand side is the spatial
exponent of the term on the left-hand side:

Ty (ng) < qo,
1 1\ !
\/Tk(nk)VVk — | — 4+ = y
q 2

Vi (ng) «— <1+1>1
Ie\Nk o 2 .

By the Gagliardo-Nirenberg inequality we can use Vg (ng) to improve the regularity of gx(ny).
With 6 = 1 we obtain the following spatial exponent:

) e (L1
Ik Nk o 2 d .

By the estimate from (4.29), we obtain the following improved spatial exponent for /T (ny):

7/1 1 1\!
T e (=42 2) =q.
k() 3 ((JO 3 d) o

This allows us to derive the following recursion for the spatial exponent of /Ty (ny):

1 3<1 1 1)
S -
Gm+1 T \qm 2 d
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4.2 Proof of Theorem 35

Solving this recursion for its limit ¢ we get

1_os1 1 1y, 8d
¢ T\t 2 d - 3(d—-2)

From d = 10 on we would not gain any regularity. Furthermore, since we are using the
Gagliardo-Nirenberg inequality, the constants in the bounds might blow up, hence we can only
do finitely many steps in the recursion and thus cannot reach the limit £. For the case d = 1,
however, the exponent ¢ = oo is due to Sobolev embeddings and no bootstrapping argument is
needed. The arguments for p; are exactly the same, hence we will omit them. This concludes
the proof. O

4.2.4 Aubin-Lions lemma & identification of limits

Next, we derive uniform bounds for ng, pi, Dy as well as Oyny, O¢pr, Oy Dy, in order to apply the
Aubin-Lions lemma and extract a converging subsequence.
To this end, let us recall the equations in our system:

O = V - (x/Tk(nk) V() — /T () v/ Te (g vvk) ,
O =V - (\/ Ty (pk) V(i) + v/ Tk (pr) \/Tk(pk)VVk) ,

oDy =V - ( T « (Dy) Vhy(Dy,) + \/Tk%1 (Dk)\/TkLH (Dx,) VVk) :

k+1

We also note that in the equations for n; and pg we will have to use test functions that have
a vanishing trace on the Dirichlet boundary I'p of €.

Lemma 48. Let the assumptions (A1)-(A4) hold, let d <5 and let (ng, pr, Dk, Vi)ren be the
sequence of solutions to (4.11)—(4.12). Then there exists a constant C' > 0 independent of k
such that

1Ol o s 2000 @y + ORI 1 gy 2000 ) + 10: Dl 20 151 () < € (433)
an‘||L2(O,T;W1’2q/(q+2)(Q)) + ”pkHL2(0’T;W1,2q/(q+2)(Q)) + HDk”LQ(O,T;Hl(Q)) < C.

Proof. We start with the bounds for Dy and 9;Dj. Using the Poincaré-Wirtinger inequality,
we can estimate

1Dkl z2(@r) < 1Pk = Diallp2gpy + 1Pkl 2y < CPIVDkllr2(gr) + 1Pkl 2y »

where

Dealt) = m(lm /Q Di(t) de

By Lemma 41 there holds conservation of mass, i.e.
/ Dy(t) dx = / D! dx,
Q Q
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

and together with the uniform bound on V Dy from (4.30) we obtain a constant C' > 0 inde-
pendent of k£ € N such that

1Dkl 20,7110y < C-
To derive a bound for 9;Dy, we recall that , /T & (Dy) is uniformly bounded in L*>(Q7r)
k+1

and by (4.28) we have that Vhy(Dy) + /T + (Dy,) VVy is uniformly bounded in L*(Qr).
+1
Combining this yields that there exists a constant C' > 0 independent of k such that

T « (Dy,) Vhi(Dg) + ¢Tﬁ<Dk>¢Tﬁ<Dk> VVi <cC

H k+1

L2(Qr)

This shows that 9, Dy, is uniformly bounded in L%(0,T; H'(Q2)').

Next, we show the uniform bounds for ng, pr and Vng, Vpg. From (4.31) we have that the
sequences Vny and Vp are uniformly bounded in L?(0,T; L*/(4t2)(Q)). By the Poincaré
inequality we therefore obtain that

Ikl L2 0,720/ 42 () < C NIV 20 1,120/ 02 ()

+C(T) (HﬁHLQ‘I/(qu?)(Q) + HVﬁanq/(quz)(Q)) <C.

To derive the uniform bound on 9;ny and Jypy we recall that /Ty (ny) is uniformly bounded
in L2(0,T; L9(Q)) and Vgg(ng) + /Tr(n) VV; is uniformly bounded in L2(0, T; L?9/(4+2)(Q))
thanks to (4.31). Combining these estimates yields the existence of a constant C' > 0 indepen-
dent of k such that

H \/ Tk(nk) Vﬁk(nk) -+ \/Tk(nk)\/Tk(nk) VVk‘

< C.

L1(0,T;029/(a+4)(Q))

This shows that dyn; and O;py are uniformly bounded in L'(0,7; Wé’2q/(q_4)(9)’), if ¢ > 4,
which is the case if d < 6. O

Having collected all necessary uniform bounds, we can now state the convergence result.

Lemma 49. Let the assumptions (A1)-(A4) hold and let (ny, pr, Di)ren be the sequence of
solutions to (4.11)—(4.12). Then there exists a subsequence (which we have not relabelled) and
functions n,p € L*(0,T; L*9/(@+2(Q)) and D € L*(Qr), such that in the limit k — oo and for
space dimension d <5 the following convergences hold:

ng —n, strongly in L*(0,T; L*?/@F2)(Q)) N L=~ (0,T; L°/*(Q)),
pr—p, strongly in L*(0,T; LY @2 (Q)) N L= (0, T; L**(Q)), (4.34)
Dy, — D, strongly in L*(Qr),

where a Lebesque space with exponent r— means that the statement holds for all spaces L*(€2)
with 1 < s <r.
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4.2 Proof of Theorem 35

Proof. The uniform bounds from Lemma 48 allow us to apply the Aubin-Lions lemma and
thus obtain a subsequence (ny, px, Dk )ren, which is not relabelled, together with some func-
tions n,p € L*(0,T; L?%/(4+2)(Q)) and D € L?(Qr), such that

ng —n, strongly in L2(0,T; L*/@+2)(Q)),

px — p, strongly in L*(0,T; L2q/(q+2)(Q)),

Dy, — D, strongly in L*(Qr).

Observe that we have used the following chain of embeddings when applying the Aubin-Lions
lemma for n; and pyg:

W @) o p2/@2)(q) ¢ L2/ () ¢ W e (qy.

The improved regularity of the limit and convergences for n; and pg in the respective spaces

are now a consequence of (4.30).
O

It remains to identify the limits of all terms in the system. We start with the limits in the
equations for nj and py.

Lemma 50. Let the assumptions (A1)-(A4) hold, let (ng,pr, Dy) be the convergent subse-
quence obtained in Lemma 49 and let (n,p, D) be the respective limit. Then it holds that

Tiw(nk) = n,  strongly in L*(0,T; L%~ (Q)) N L®~ (0, T; L3~ (),

Ti(pr) — p,  strongly in L'(0,T; LY?~(Q)) N L=~ (0, T; L°3~(Q)),

VTi(ng) — /n,  strongly in L*(0,T; LI () N L= (0, T; L3~ (Q)),

VTi(pe) = /b,  strongly in L*(0,T; L9~ (Q)) N L~ (0, T; L3~ (Q)).

Proof. We start with the convergence of T (ng) and Ty (px). For r > 1 we compute

(4.35)

T

nE\"1 n
e — kL, >k < kL0 < 7 ( i > Lk < krifl]l(nka)'

Using this computation together with the uniform bound of ny, in L?(0,T; L?¥/(4t2)(Q)), we
obtain for the limit k — oo

T
Tk (ng) — 1| =/ / |k — ny| dxdt
LY(Qr) 0 (k)

”k In k||Lr(Q C
= dx dt = k’”lTSkT—l_)O'

This shows the strong L!(Q7)-convergence of T} (n;) and Tk (py) and hence the strong L?(Qr)-
convergence of \/Tg(ny) and /T (pg). From the uniform bounds in (4.30) and (4.31), we can

conclude the desired strong convergence of Ty (ng), Tk (px), \/Tr(n) and \/Tx(px). This finishes
the proof. O
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Lemma 51. Let the assumptions (A1)-(A4) hold, let (ng,pr, Dy) be the convergent subse-
quence obtained in Lemma 49 and let (n,p, D) be the respective limit. Then it holds that

VTi(nk) VVi, = /nVV,  weakly in L*(0,T; L*9/ (02 (Q)),
VTi(pr) VVie = /pVV,  weakly in LQ(O,T; L24/(a+2) (Q)).

(4.36)
Proof. From (4.28) we infer that
VVi — VV, weakly* in L>(0,T; L*()).
Combining this with the strong convergence /T (ng) — v/n in L?(0,T; L9~ (2)) we obtain
VTi(ng) VVi = Vo' VV,  weakly in L?(0,T; L*/(4+2)=(Q)),
and together with the uniform bound from (4.31) we conclude

VTi(ng) VVie = V' VV,  weakly in L2(0,T; L*/(4+2)(Q)).

The same holds for /Ty (py) VVi, which finishes the proof. O]

Next, we will show the convergence of \/Tj(nk) Vgi(nk) and /Tk(pr) Var(px). For this we
need an intermediate result.

Lemma 52. Let the assumptions (A1)-(A4) hold, let (ng,pr, Dy) be the convergent subse-
quence obtained in Lemma 49 and let (n,p, D) be the respective limit. Then it holds that

VTk(ng) Gh(ng) = nG'(n),  strongly in L?(0,T; L*@+2)(Q)) 0 L= (0, T; L3~ (Q)),

VTi(pr) G () = pG'(p),  strongly in L*(0,T; L*¥/@T2)(Q)) N L (0,T; L3~ (Q)).
(4.37)

Proof. We prove the convergence in L%~ (0,T; L?/3(Q)). To this end, let 1 < r < oo and
let 1 < s < 5/3. Then we compute

H\/ To(ne) G () —nG' ()| 11 0,100
< H VTie(nr) G (ng) — nkG'(nk)‘
+ |G’ (ni) — nG' (n)|

L7(0,T;L5(€2))

L7(0,T;L5(Q))

= (/OT (/Q ‘m%(nk) - nkG/(nk)’S d37>r/s dt)

+ (/OT (/Q [nkG' (ng,) — nG'(n)[° dw)r/s dt) 1/r.

1/r
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4.2 Proof of Theorem 35

Using the definitions of ) and T} and combining them with the asymptotics from Corollary 74,
we can estimate the first integrand (note that on {nj < k} it vanishes)

‘\/ Ty (nk) G (nk) — ”kG/(nk)‘s

Liyn) = )"116/3G/(”k) (”i/g - k‘2/3) ‘S Liy>p)

1+1/3 s
s n G (nk)
< |G () [ o) < | =7 | Louzn)
S
nk+ni/3 T sm S ﬂsﬂ >k
~ L1/3 (np>k) ~ k1/3 (np>k)
_ Il
= /3 (wzk)
We use Lemma 78 to estimate the second integrand
’nkG"(nk) —nG/(n)’S = / (2G'(2)) dz| < / |(2G'(2)) | dz| < / 1dz| = |n—mngl°.
ng Nk ng

We combine both estimates and, using that ny, is uniformly bounded in L>(0,T; L5/3(Q)) due
to (4.30) together with the strong convergence ny, — n in L~ (0,7; L3 (Q)) from (4.34), we

obtain for the limit k — oo
< /T Il dx " dt
1) ~ \Jo \Ja k%/3

T r/s 1/r
+ </ (/ |ng — n|sdm> dt)
0 Q

— ]{3_1/3

1/r

| VT i) = ()

an”LT(O,T;LS(Q)) + [l — nHLT(O,T;LS(Q)) — 0.

The strong convergence in L2(0,T; L?/(4+2)(Q)) is proven in exactly the same way. The
computations to show the bounds for p; are identical, hence we skip them. This concludes the
proof. O

We will now show that the terms nG’(n)Vn and pG’(p)Vp are well defined and identify them

as the limits of \/Tk(ng) Vgr(ng) and \/Tk(pr) Vgr(pr). To do so, we still need to improve on
the regularity of nG’(n) and pG'(p).

Lemma 53. Let the assumptions (A1)-(A4) hold, let (ny,pk, Di) be the convergent subse-
quence obtained in Lemma 49, let (n,p, D) be the respective limit and let d < 4. Then there
hold the convergences

(4.38)
Tic(pe) (V3 (o) + v/Tulpr) VVi ) = pG (p)Vp +pVV,
both weakly in L*(0,T; L?4/(@+2)(Q)) N L2(0, T; L>*(2)).
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Proof. First, we have to improve the regularity of nG’(n). From the definition of g and by
Corollary 74 we directly see that

V() Gh(ni) < G (ng) S 14y >,

Using the Gagliardo-Nirenberg inequality together with the uniform bound on Vny, from (4.31),
which also holds for Vn, we obtain

Ikl L2010 @) < CIVREN 120 71200042 ) T C Ikl 20,7 120/ (042 () < C

-1
where r = (% + % — é) . The same estimate also holds for n, which yields
| |
B llzsoper ) L3(0,T;L3/2(2) ~

Together with (4.37) we conclude that
VTr(ng) Gh(ni) = nG'(n), strongly in L2(0,T; L3/ (1)).
Combining this with the weak convergence of Vn, — Vn in L(0, T; L*/(@+2)(Q)) shows that
VT () Vi (ne) Tio(nr,) G (ni) Vg — nG'(n)Vn,  weakly in L' (Qr).

Observe that this requires
1 + 1 n 2 (1 n 1 1 <1
2 3\q 2 d ’
35

which is the case for d < 4. From (4 ) and (4.36) we get
V(i) /T (ng) VVi = V/n/n VV,  weakly in L(0, T; LY (2)),

and we have that
V Tk (ng (ng ng) — v/ Tk (ng VVk) —nG'(n)Vn —nVV, weakly in L'(Qr).

From (4.28), (4.30) and (4.31) it follows that /Ty (nk)(Vgr(ng) — /Tk(nk) VV) is uniformly
bounded in L(0, T; L?%/(4+2)(Q)) N L2(0, T; L>/*(Q)), which finishes the proof. O

The next lemma deals with the limit of the terms Vgi(ng), Vgi(pr) in the energy inequal-
ity (4.27).

Lemma 54. Let the assumptions (A1)-(A4) hold, let (nk,pg, Di) be the convergent subse-
quence obtained in Lemma 49, let (n,p, D) be the limit and d < 4. Then there hold the weak
convergences

Vg — Vv/n, weakly in L*(0,T; L*/(@+2)(Q)),

(4.39)
Vpr = Vy/p, weakly in L*(0,T; LQQ/(‘HQ)(Q)),
as well as
VGi(n) — 206G (n)V/m,  weakly in L}(Qr), o
Vir(pr) = 2pG'(p)V/p, weakly in L'(Qr), '
for k — oo.
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4.2 Proof of Theorem 35

Proof. From the definition of g (s), (4.23), together with Corollary 74 we have that
Gils) 2 5712,
and from the uniform bounds in (4.31) we readily see that

Hv\/quHLQ(O,T;L%/(quZ)(Q)) <C.

This shows the weak convergence in (4.39). Repeating the computations from the proofs of
Lemma 52 and Lemma 53, but with /ny instead of /Ty (ny) shows that

VR Ge(nk) = nG'(n),  strongly in L*(0,T; L%/~ (Q)).
We combine this with the weak convergence of V,/ni — V4/n and obtain
V(i) = 2/, g () V/ng, = 2nG'(n)Vv/n,  weakly in L1 (Qr),
which finishes the proof. O

It remains to show the convergence of the terms in the equation for Dy. More specifically,
we have to prove the convergence of /T « (Dy)h)(Dy)VDy and of T i (Dy)VVj, and show
k+1

k+1
that DH'(D)V D is well defined. Showing the convergence of , /T x (Dy,) E;(Dk)VDk requires
k41

some intermediate results. To this end, let us define

L(s) := —log(1 —s),

Li(s) —log(1 —s), OSSS,%H,
S) =
g (k+1)s —k+log(k+1), iy <s, (4.41)

1 k
h(s) = { LR
k+1, m < S.

Observe that the functions L are designed in such a way that they are continuous and that

it holds that N
Li(s) = /T = () ().

Furthermore, L (s) < Lg+1(s) for all s € [0,1), Ly is monotonically increasing for all £ € N
and Ly — L locally uniformly on [0,1), hence Ly , L. We proceed by deriving uniform
bounds for Ly(Dy).

Lemma 55. Let the assumptions (A1)-(A4) hold and let (ng, px, Dy) be the convergent subse-
quence obtained in Lemma 49. Then there exists a constant C' > 0 independent of k € N, such
that

1Lk (D)l 220,711 (0)) < C- (4.42)

Proof. We first show the uniform bound on VLg(Dy). To this end, we note that s < T-Iil

implies % > 1 and we have

~ k
Li(s) < hi(s), for0<s< 1
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

From k+1 > 1 it also directly follows that

Li(s) < hj(s), for

<
k+1 %

and together this shows that
[VLy,(Dy)| = |Li(Dk)VDy| < ‘%(Dk)VDk‘ = ‘Vﬁk(Dk)‘-
From the uniform bound in (4.30) we deduce

<C.
L2(Qr)

IVLR(D) | 2y < || VEr(D)|

To show the uniform bound on Li(Dy) in L?(Qr), we follow the proof of [25, Lemma 4.1]. We
define .

> DL
2 &

and note that it holds that
Li(Dy) < (Li(Dg) — Lg(D)) ™ + Ly(D),

where (.)* denotes the positive part. Using the elemental inequality (a + b)? < 2a? + 2b%, we
estimate

/ /]Lk Dy) |2d:cdt<2/ /|L,c Dy) — Lip(D))*|? dxdt+2/ /|Lk )| da dt.

Since D < 1 is constant, we can directly estimate the second integral by
/ / |Li(D))? dz dt < 27 m(Q)Ly(D)? < 27 m(2) log(1 — D)? < 4.

To estimate the first integral, we define
= (Li(Dg) — Le(D)

and show that it is uniformly bounded in L?(Q7) with respect to k. Note that for better
readability we dropped the dependence on time t, i.e. ap = ay(t). With

a 1 /a dx
EQ =~y k4T,
m((2) Jq

we compute

/ lax, — ak,g\2 de = / \ak@]Q dx +/ lax, — ak,g\2 dx > m(
¢ {ax=0} 2\{ax=0}

By the Poincaré-Wirtinger inequality, we obtain

/Q\ak —agol*dr < C} ||Vag |20y < CPIIVLL(DE) 720y -
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4.2 Proof of Theorem 35

If we can derive a lower bound on m({ax = 0}), the previous two inequalities yield an upper
bound on aj . By the definition of a;, we have that a;, = 0 if and only if D;, < D. Therefore,
and by conservation of mass (4.16),

D (m(Q) — m({ax = 0})) = / Ddx < /QDk dx = /QDI dz = m(Q)D}.

{D>D}
Replacing D by its definition, we see that

1+ D}

5 (m() —m({ay =0})) < m(Q2) D),

and rearranging terms yields

L=Do (o = 0}

Q
m( )1+D{2 -

Combining the derived bounds we compute
/ lag|? dz < 2/ lag — ax.ql? dz + 2/ lag.ol?dr < C HVLk(Dk)H%Q(Q) .
Q Q Q
Integrating over time, combining the estimates and recalling that ay = (Ly(Dy) — Li(D))T

this yields
T T
/ / |Ly(Dy)|? da dt < C/ / \VLp(Dp)|?dzdt +C < C,
0 Q 0 Q

where C' > 0 is a constant independent of k. Thus we have shown that Ly (D) is uniformly
bounded in L2(0,T; H'(£2)), which finishes the proof. O

The uniform bound in Lemma 55 shows that there exists L* € L?(Q7) such that
Lip(Dy) — L*,  weakly in L?(Qr). (4.43)

The next lemmata are concerned with the identification of L* = L(D), where D = limyen Dy
is the limit obtained in Lemma 49.

Lemma 56. Let the assumptions (A1)-(A4) hold, let (ny,pk, Di) be the convergent subse-
quence obtained in Lemma /9 and (n,p, D) its limit. Then it holds that L(D) € L*(Qr) and
in particular D < 1 almost everywhere in Q.

Proof. For k € N fixed we have that Ly, is continuous on [0, +00) and monotonically increasing
(by definition), hence

Ly(D) = elirgo Li(Dy), at least Qr — a.e.

Using that (L%) keN 1S an increasing, convex, nonnegative sequence of functions and applying
Fatou’s lemma [19, Lemma D.11] we estimate
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

/ /Lk 2dedt = / / hm Li(Dy)? dz dt = / /hmlnka Dy)? dx dt
ot Q

/ /hmlnng Dg dx dt < hmlnf/ / Ly( Dg dxdt < C,
Q

where the first inequality is due to Ly < Ly pointwise, the second inequality comes from
Fatou’s lemma and the constant C' > 0 does not depend on k (thanks to the uniform bound
from Lemma 55). Again using Fatou’s lemma, the above inequality allows us to conclude that

// dxdt<h]§nmf/ /Lk dxdt<C<+oo
— 00

hence L(D) € L?(Qr) and D < 1 almost everywhere in Q7. This finishes the proof. O

Next, we define for 0 <7 < 1 and for all k € N

D7I = (1_77)D+777

(4.44)
Dy := (1 =n)Dg + 1.

Observe that Dy, — D, strongly in L*(Qr) for all 0 < n < 1.

Lemma 57. Let the assumptions (A1)-(A4) hold and let (ng,px, D) be the convergent sub-
sequence from Lemma 49. Then there exists a constant C > 0 that is independent of k € N
and 0 <n < % such that

| L (D)l 2 (0,T;H () <C. (4.45)

Proof. The proof is analogue to the proof of Lemma 55. O

Let us remark that the uniform bound in Lemma 57 yields for all 0 < n < 3 L the existence
of Ly € L?(Qr) such that

Li(Dyy) — Li, weakly in L*(Qr). (4.46)

n?
Next, we show some regularity for L(D,)).

Lemma 58. Let the assumptions (A1)-(A4) hold, let (ny,pk, Di) be the convergent subse-
quence obtained in Lemma 49 and let (n,p, D) be its limit. Then it holds that L(D,) € L*(Qr)
forall0 <n < i and in particular D, < 1 almost everywhere in Qr. Furthermore, there exists
a constant C' > 0 independent of n such that

LDl 2,y < C- (4.47)
Proof. The proof is identical to the proof of Lemma 56. O

Now we are ready to identify L* = L(D).
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4.2 Proof of Theorem 35

Lemma 59 (Minty-type Trick). Let the assumptions (A1)-(A4) hold, let (ng,pk, Dy) be the
convergent subsequence from Lemma 49 and let (n, p, D) its limit. Then it holds that L(D) = L*
almost everywhere in Qr and for k — oo we have the convergences

Li(Dy) — L(D), weakly in LZ(QT),

o (4.48)
VLg(Dy) — VL(D), weakly in L*(Qr).

In particular, this means that DH'(D)VD € L*(Qr) and
/T & (Dy) Vhi(Dy) — —Vlog(1 — D), weakly in L*(Qr). (4.49)
+
Proof. Due to the monotonicity of L; we have

T
/0 /Q(Lk(DU) — Ly(Dy))(Dy) — Dy) dxdt > 0,

forall ke Nand 0 < n < i. Now we take the limit £ — oo by expanding the expression on
the left-hand side and inspecting each of the four terms. Then, a combination of monotone
convergence, weak convergence of Ly(Dy) — L* in L?(Q7) and strong convergence of Dy — D
from (4.34) shows that

T
/ /(L(Dn) — L*)(Dy — D)dxzdt > 0.
0 Q
Using the definition of D, = (1 —n)D + 7, we get that for all 0 <7 < %
T
/ /(L(Dn) — L") (1 —=D)dxdt > 0.
0 Jo
Taking the limit 7 — 0 (dominated convergence) we get that

/T/(L(D) — L*)(1 - D)dzdt > 0.
0 Q

Next, we show the inverse inequality. Using the monotonicity of the Ly, i.e. Ly < Lgiq
pointwise, the weak convergence of Ly (D) and Fatou’s lemma, we estimate

T T
/ /(1 — D)Ly(D) da dt :/ /(1 — D) lim Ly(Dy) dz dt
0 Q 0 Q {—00
T
g/ /(1—D) liminf Le(Dy) da dt
0 QO {—00
T
< liminf/ /(1 — D)Ly(Dy) dz dt
0 Q

l—00

T
g/ /(1D)L*dxdt<+oo.
0 Q
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Again, by dominated convergence, we can take the limit £ — oo to see
T T
/ /(1 — D)L(D)dzdt < / / (1 — D)L* dx dt,
0 Q 0 Q

/T/(L(D) — L*)(1 - D) dz dt < 0.
0 Q

Combining these two inequalities, together with the fact that D < 1 almost everywhere in Qr
yields the desired identification of L*,

or equivalently

L* = L(D), almost everywhere in Q7.

By (4.43) this means
Ly(Dy) = L(D), weakly in L*(Qr),

VLy(Dy) — VL(D), weakly in L*(Qr),
and consequently, since
VLy(Dk) = /T & (Dy)Vhi(Dy)
and
DH'(D)VD = —Vlog(1 — D) = VL(D),
we have shown that DH'(D)VD € L?(Qr) and identified the limit
T . (Dg)Vhi(Dy) = —Vlog(1 — D), weakly in L*(Qr),

k+1
which finishes the proof. O

It remains to show the convergence of T » (Dj)VVj and to identify its limit.
k41

Lemma 60. Let the assumptions (A1)-(A4) hold, let (nk,pg, Di) be the convergent subse-
quence from Lemma 49 and (n,p, D) its limit. Then it holds that

T « (Dy)VV, — DVV, weakly* in L>=(0,T; L*(Q)). (4.50)

k+1

Moreover, there holds the weak convergence
, /TICLJr1 (Dy) (Vﬁk(Dk) + | /T%H(Dk) VVk> — —Vlog(1— D)+ DVV, weakly in L*(Qr).
(4.51)
Proof. We recall the definition of 7' »_(s) and define T'(s):
k1

k
T, <s):{37 0<s<mm

k k
1 Rl NS

T'(s) := max(0, min(s, 1)).
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4.2 Proof of Theorem 35

From the definition of T'(s) we readily see that T« — T uniformly on [0, +00), due to
k+1
T(s) — 1T <—— Vs>0.
T() - (o) < g Vo2

This allows us to compute

1
< - - < — -
< T4 (D) =T e (D) + [T s (D) =T(D)] < Dy = Dl + 15

By the strong convergence Dy, — D in L?(Qr) we can conclude that

T 2T m(92)
2 - e , o
/ /|Tk+1 k) — T(D)] dmdt_Z/O /Q|Dk D|* dx dt + it 12 0, as k — oo.

Thanks to Lemma 56 we have that D < 1 Qr-a.e., which implies that T'(D) = D almost
everywhere in ()7, and consequently

T . (Dy) — D, strongly in L*(Q7),

k1

and due to the uniform bounds on T e (Dk) in L*(Qr), we even have that

T « (D) — D, strongly in L"(Qr), ¥V r < oc.

k+1

We combine this with the convergence VVj, — VV weakly* in L>°(0, T; L?(f2)), which is due
0 (4.28), and obtain that

T (Dy)VVi = DVV,  weakly in L'(0, T; L2 02(Q), ¥ r < co.

Thanks to the uniform bounds, we even get that
T« (Dp)VVi = DVV,  weakly* in L*(0,T; L*(Q)).
+1

Combining this convergence with (4.49) yields the desired result

T « (Dy) <th(Dk) + /T (Do) vvk> — —Vlog(1 — D)+ DVV, weakly in L*(Qr),

k1
which finishes the proof. O

The next lemma is concerned with the identification of the limit of Vhy(Dy) in the energy
inequality (4.27).

Lemma 61. Let the assumptions (A1)-(A4) hold, let (ny,pk, Di) be the convergent subse-
quence obtained in Lemma 49, let (n,p, D) be the limit and d < 4. Then there holds the weak
convergence

V?Lk(Dk) — 2V tanh ' (VD), weakly in L*(Qr). (4.52)
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Proof. We will follow the proofs of Lemmas 55, 56, 57, 58 and 59. Since the computations are
almost identical, we will only sketch the parts where they differ. We define i and recall the
definition of hy:
h(s) :=2tanh ' (V/s),
- {Qtanh_l(s), 0<s< ki-kl’ (4.53)

T 1y B - R + 20 (TR D), gy <

From (4.30) we obtain that ||V hy(Dy) |22(g,) < C and repeating the proof of Lemma 55 shows
that ”Ek(Dk)HLZ(QT) < C. Together, this shows that H?Lk;(Dk;)HIﬂ(O’T;Hl(Q)) < C and following

the proof of Lemma 56 shows h(D) € L2(Q7).

Defining
D77 = (1 - 77)D+777

Dy := (1 —=n)Dy +n,

we follow the proof of Lemma 57 to obtain a uniform bound on V%k (Dp,y)- A straightforward
computation shows that

1——77VDk Dy, < R

~ ~ _ ’ M —= k+1°

th(Dk,n) - (1 - n)h;c(Dk,n)VDk = " Dk’n)m N
(1 =n)(k+1)\/52VDy, 5 < Dy

Observe that Dy, < Dy, if Dy, < 1 and therefore Dy, < k/(k+1) implies 1/\/Dy., < 1/y/Dy.
Using the definition of Dy, and \/(k + 1)/k < /2 shows
<IVA(Dp)l. Dy < gy

V(D)
"< V2AVLe(Di)ls 75 < Diye

This allows us to conclude that \|V7Lk(Dkn)H 12(Qr) < C. Following the proof of Lemma 57 we
can show that ”Ek(ka)HL?(QT) < C'. Together, this proves that ||fi7:k(Dk7rr])HLZ((LT;Hl(Q)) <,

and as in Lemma 58 we get that ||7L(D77)”L2(QT) < C. Lastly, proceeding as in the proof of
Lemma 59 (Minty-type Trick) shows the weak convergences

hy(Dy) — 2tanh~'(vV/D), weakly in L*(Qr),
Vhi(Dy,) — 2V tanh ' (VD), weakly in L*(Qr),
which finishes the proof. O

We are now ready to identify the limits of dyny, Oipr, 0¢Dy. This is done in the following
result.

Lemma 62. Let the assumptions (A1)-(A4) hold, let (ny,pg, Di) be the convergent subse-
quence from Lemma 49 and (n,p, D) its limit. Then it holds for k — oo that

dny — O,  weakly in L*(0,T; W;)’Zq/(q_m(ﬁ)') N L*(0,T; W}f(ﬂ)'),
Oipr — Osp,  weakly in L'(0,T; Wzgzq/(q_g)(ﬁ)') N L*0,T; Wé’5(§2)’), (4.54)
oDy — 0D, weakly in L*(0,T; H(Q)').
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4.2 Proof of Theorem 35

Proof. We start by proving the convergence of 0;ni and O;pi. The arguments are exactly the
same, so we only show this for 9;nj. Due to the convergence in (4.38) we have that for all test

functions ¢ € L>°(0, T} Wll)’2q/(q_2)(Q)) U L?(0,T; W1175(Q)) it holds that

T T
/ (O, ) dt = —/ / V Tk (ny) (Vﬁk(nk) =/ Ti(ng) VVk:) Vepdzdt
0 0 Jo h
— —/0 /Q (nG'(n)Vn —nVV) - Vo dz dt.

Since WL]‘)’Qq/ (q72)(Q) and W11)’5(Q) are reflexive spaces, so are their dual spaces and thus we
can apply [}!, Lemma 3.2] to conclude that there holds the convergence of dyny — £ weakly
in L1(0,T; Wé’Qq/(q_z)(Q)’) N L0, T; WE)’B(Q)’). The strong convergence of ny — n in at
leat L'(Qr) allows us to identify ¢ = 9yn and we obtain that dyn, — 9y converges weakly
in L1(0,T; W5 "2(Q)") N L2(0,T; W°(Q)"). Taking the limit & — oo in the weak formu-
lation

T T
/ (O, ) dt +/ / VT (ng) (v§k(nk) -/ Ti(nk) VVk) -Vpdzdt =0,
0 o Ja

now leads to . T
/ (Om, ) dt + / / (nG'(n)Vn —nVV) - Vodzdt =0,
0 0 Q

for all p € L>(0,T; WB%/(Q_Q)(Q)) UL2(0,T; Wé5(ﬂ)) The convergence of 9, Dy, is essentially

the same. Thanks to (4.49) and Lemma 60, we have that for all ¢ € L?(0,T; H*(f)) it holds
that

T T .
/0 <8tDk,g0> dt = —/0 /Q TkLH(Dk) <th(Dk) -+ \ /TkLJrl(Dk) VVk> . Vgpdmdt

T
- —/ / (—~Vlog(l — D) + DVV) - Vi da dt.
0o Ja
Since H'(Q) is reflexive, we obtain that 9Dy — ¢ weakly in L?(0,T; H*(2)"). The strong

convergence Dy — D in L?(Qr) now allows us to identify ¢ = 9;D and we see that 9; Dy, — 9;D
weakly in L2(0,T; H*(Q2)"). Again taking the limit in the weak formulation

T T _
/0 <8tDk,<,0> dx dt —l—/o /Q Tkiﬂ (Dk) (th(Dk) + /Tki+1 (Dk) VVk> -Vpdxdt =0,

now leads to
T T
/ (OvD, ) dx dt + / / (=Vlog(l — D)+ DVV) - -Vedzdt =0,
0 0o Jo

for all ¢ € L?(0,T; H*(2)). This shows (4.54) and finishes the proof. O

It remains to show in which sense the intial data and the boundary conditions are fulfilled.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Lemma 63. Let the assumptions (A1)-(A4) hold, let (ng,pr, Dy) be the convergent subse-
quence from Lemma 49 and (n,p, D) its limit. Then, for t > 0 and in the sense of the trace
operator tr: Wh24/(@+2)(Q) — 129/(a+2)(9Q), it holds that n =7 and p = p on T'p fort > 0.
The initial data are fulfilled in the sense

n(t,.) — nI, p(t,.) — pl,  strongly in Wé)’2q/(q_2)(9)’ N WLI)’E’(Q)', (4.55)
D(t,.) — DI, strongly in H'(Q), .

ast — 0.

Proof. Since n,p € L*(0,T; W1H24/(a+2)(Q)) we directly see that n =7 and p = p on I'p holds
for t > 0 in the claimed sense. The regularity of n, p, 9yn, 9;p shows that
n.p € WH0, T; W2 (@)) — o0, 1) w2 @y,
n,p € W0, T; W5°(Q)) = C([0, T);nW5°(Q)).

Hence, we have that
n(t,.) = nl, p(t,.) = p! strongly in Wll)’zq/(qﬂ)(ﬁ)’ N Wll)’s(Q)’, as t — 0.
In the same way one shows that
D(t,.) — D!, strongly in H(Q), ast — 0.

This finishes the proof and also concludes the proof of Theorem 35. 0

4.3 Proof of Theorem 36

In this section we prove the boundedness of weak solutions to (1.25)—(1.26) & (4.4). First, we
improve the regularity on the level of the approximate system by redoing the bootstrapping
argument from the proof of Lemma 47. This will allow us, after passing to the limit £ — oo,
to use the solution n —n and p — p as a test function in the original system and following
up with another bootstrapping argument we prove bounds for n and p in L*(0,7; L9(2))
for all 1 < ¢ < co. These bounds will depend on ¢, so as a final step we will then do an
Alikakos-type iteration to establish the second statement of Theorem 36.

Since the computations in this section are identical for n and p, we will formulate all state-
ments for both n and p, but do the computations only for n.

4.3.1 Improved regularity of solutions to the approximate system (4.11)—(4.12)

We start by improving the regularity of the uniform bounds for the solutions nj; and p; to the
approximate system.

Lemma 64. Let the assumptions (A1)—(A5) hold with r = 3, let d = 3 and (ng, pk, Dk, Vi) be
the solution to (4.11)—(4.12). Then there exists a constant C' > 0 independent of k € N such
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4.3 Proof of Theorem 36

that the following improved reqularity holds:

|G Vi

1Tk (k) HL7/3(O,T;L7(Q)) + 1 Te(i)ll 17307517 (02)) <
VG (i)l 2oy + 1VGKPE) | 120y < C (4.56)
195 (i) | 20,7520 () T 1198 i) £2(0, 7,28 (02)) < C
IVrill 2 + 1IVPRl L20py < €,

14/3 0TL14 L14/3 0TL14 )) -

)

Q Q

Ikl 220, n8 () + 1Pkl 200,706 (0)) < C-
Proof. Let us recall the uniform bound from (4.30),
anHLOO(O,T;Lf’/?’(Q)) <0,
which by assumption (A5) allows us to directly conclude that
Vel oo (0. 7w13(00)) < €, for all k € N.

With this improved regularity we redo the bootstrapping from the proof of Lemma 47. For
the convenience of the reader, let us also recall that

ng(nk) ng nk \/Tk ng VVk + \/Tk nk VVk,

and thanks to (4.27) and (4.30) we have the bounds
|Vt — VI Vi |, o+ VTGV
||

Denoting the spatial regularity exponent of \/Tj(ny) by qo := 10/3, we obtain the following
spatial exponents:

L2(Qr) Lo (0,T5L5/4(Q) —

Lo (0,T;L10/3(Q)) —

Ty (ng) < qo,
1

1 —1
\/Tk(nk)VVk — < + > s
% 3

Vil ><_><1+1>_1
n —_— — .
gr\ngk % 3

Using the Gagliardo-Nirenberg inequality with § = 1, we can improve the spatial regularity
of g (nk) to

() L1 -
n _— _——_— - _=
ge\Ng) <— © 3 3 q0
and by (4.29) we obtain as improved spatial exponent for \/Tj(ny)

7
T () «— 30 = 70/9=:q.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Iterating this argument would yield that g, = (7/3)¥qo and consequently /Ty (ng) € LI(Q) for
all 1 < ¢ < co. However, we cannot improve the spatial regularity of Vg (ns) beyond L?(Q).
Therefore, plugging in ¢ = 6 as spatial regularity for /Tj(ny) we obtain

1 ~
=5 = IVl < €

Ll
3

| =

Consequently,
||§k(”k)||L2(o,T;L6(Q)) <G,
and by (4.29) we conclude that

2

i)™, o) < Ok o)
Thanks to
7/6 7/3 14/3

T O e O e i

we obtain
VTG T 1T 50700y < €
Lastly, as |Vgx(ng)| > C|Vng| we get
Vel 2 < C,
and again by the Gagliardo-Nirenberg inequality
anHLQ(O,T;LG(Q)) <G,

which finishes the proof. O

As a direct result, we obtain the following improved regularity of the solution n and p.

Corollary 65. Let the assumptions (A1)—(A5) hold with r = 3, let d = 3 and (n,p, D, V) be
the obtained weak solution to (1.25)—(1.26) & (4.4). Then it holds that

n,p € L7/30,T; L7(Q)),

Vn, Vp € L*(Qr), (4.57)
Ve L0, T; Wh3(Q)).

4.3.2 Proving bounds in L>°(0,7; L)) for 1 < g < oo

Having obtained enough regularity to use n — n as a test function in the weak formulation, we
will prove the first part of Theorem 36 in this subsection, i.e. we will show (4.8). The crucial
part will be estimating the terms nVV - Vn, which requires the improved regularity of n and p.
We start with an auxiliary result.
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4.3 Proof of Theorem 36

Lemma 66. Let the assumptions from Theorem 36 hold with r = 3. Then it holds that
n,p € L>(0,T; L*()),
vnt/3 Vp'? e L3(Qr), (4.58)
n,p € L¥3(0,T; L¥(Q)).

Proof. We use n —n as a test function in the weak formulation and obtain

T T T
/ (Ogn,m — 1) dt+/ / nG'(n)Vn-V(n —n)dxdt = / / nVV - V(n —n)dxdt.
0 0o Jo 0o Jo

Since n is independent of time ¢, we can rewrite the first integral as

1

r ~ 14 ~ 2 1 ~12 I =2
; (On,n —n)dt = : Sz = Allizg) dt = SlI(T) = Rllz2(q) = Sl = 7l7aq)-

We split the second integral into two parts
T
/ / nG'(n)Vn-V(n—n)drdt =1 — I,
0 Q

with r
I ::/ / nG'(n)Vn - Vndz dt,
0 Q

T
I ::/ /nG'(n)Vn-Vﬁda: dt.
0o Jo

Using nG’(n) ~ 1+ n?/® from Corollary 74, we can estimate as follows:

T 3 2 T
I > C/ / n?3|\Vn|?dedt = C () / / \Vnt3)2 da dt,
o Ja 4/ Jo Ja

T
I < C/ /(1 + n?/3)|Vn||Va| dx dt
0 JQ
< CIVall 2@ IVl Lzry + ClIIn*2 1 L7/20 rer21/2 @ IVl 2 (@ | VAl oo (@) < 00
The last integral is estimated as
T
| [ w9V -9 dedt < Cllnlmng o 19V i risan IV (0 = Dl zaar) <+
Putting the estimates together shows that
2
L) a0 (B [ [ ont2 arat
2 L2(Q) 4 0 Q

1 - -
< §Hn1 - n”%?(g) + ClIVallp2 o VRl 2(0p)

+CHn2/3HL7/2(O,T;L21/2(Q))anHLQ(QT)HVﬁHLW(QT)
+ Clinll s, @) IVV Lo 07;230) IV (R = D)l 2@ 1)
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

and we obtain that (n — n) € L>(0,T; L*(Q)) and Vn*/3 € L*(Qr). Since n € L>®(Q), we
directly see that n € L>(0,T; L?(f2)). Using the Gagliardo-Nirenberg inequality (with § = 1),

we estimate
8/3

Inl¥,

) = 02 5s0) < CIVRY2)T2q) + Clin' 121 )

Thanks to the regularities Vn*/? € L?(Qr) and n € L>(0,T; L*(Q2)), we are able to conclude
that n € L8/3(0,T; L8(9Q)), which finishes the proof. O

Lemma 67. Let the assumptions from Theorem 36 hold with r = 3. Then for all ¢ € N>y it

holds that
n,p € L=(0,T; LY(Q)),

, (4.59)
Vn® Vp® € L*(Qr), foralll <a< oco.

In particular, this means that (4.8) holds.

Proof. The proof is done by induction. Motivated by the result of Lemma 66, let us assume
that n € L>®(0,T; L4(Q)) N LBH2/3(0, T; L3912(Q)) and VnB9t2)/6 € [2(Qr). For ¢ = 2 this
holds thanks to Lemma 66. Using n? — n? as a test function we have

T T T
/ (Oyn,n? —ndydt + / / nG'(n)Vn - V(n? —n9) dzdt = / / nVV -V(n? —n?)dx dt.
0 0o JO 0o Jo
To estimate the integrals we introduce the following notation:
T ~ T
I = / (Ogn, n?) dt, I = / (Ogn,n?) dt,
0

~Jo
T T
Iy = / / nG'(n)Vn - Vnidz dt, Iy = / / nG'(n)Vn - Vi dz dt,
0o Ja o Ja

T _ T
I3 = / / nVV - Vnidrdt, I3 ::/ / nVV - Vnidxdt.
0 Q 0 Q

Let us start by estimating the integrals fl, I, and .?3 The first integral gives
_ T
I :/0 (On, n?) dt < Cl0enl| Loss o,y wrs @ynt @) Il L ) < Cla, 7, T).
For the second integral, using Corollary 74, we compute
_ T T
I, = /0 /QnG'(n)Vn -Vnldx dt = q/O /QnG’(n)ﬁqIVn -Vndxdt

T
< Calll | Vli=qey | [ (14 02)] o
< Ol #2 g IVl e |0l 2 1L+ 022 2
< C(q,T,n).
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4.3 Proof of Theorem 36

Estimating I is straightforward:

_ T T
13—/ /nVV-Vﬁqudt—q/ /nﬁq1VV-Vﬁdxdt
0 Q 0 Q

~1g—1
< OqllA4 g

< C(q,T,n).

IVl

Let us now turn to the integrals 17, Is and Is. I; can be rewritten as

T
L = / (O, n9) dt =
0

1
qg+1

+1
|| 17

Lq+1

To estimate Is we again use Corollary 74 and get
T T
I, = / / nG'(n)Vn - Vnidz dt = q/ / nG' (n)n?"'Vn - Vn dx dt
0 Q 0 Q

T
> C’q/ /n2/3nq1|Vn|2d:cdt
0 Q

T
Cq/ /|n(q_1)/2+1/3Vn|2dxdt
0o Ja

q(3q+5

We rewrite I3 and use Young’s inequality to estimate

T T
I3 = / / nVV - Vnidrdt = q/ / nVV - n?Vndzdt
0 Q 0 Q

T
:q/ /nVV~n(3q_5)/6n(3q_1)/6Vnda:dt

3q+5/ /

5
*q

(

3q+5> /

il

Choosing § = C, where C > 0 is the constant from the estimate of Is, we can absorb the first
term into I. It remains to estimate the second term. By our induction assumption, we have

1
+1 +1
(M) zai @) = 77l n'[lf

2 T 2
) / / ‘vn(3q+5>/6‘ dz dt.
0 Q

+Be=5)/6gy . ¢pBat5)/6 gy gt
/’Vn(3q+5)/6‘ dx dt

353\ V |2 da dt.

n?tBa=5)/3 — ,Bat1)/3 ¢ [Ba+2)/Ba+1) o 1, [,3(3a+2)/Bat1) ().

Using Holder’s inequality we get

ol

=BV |2 da dt

) IVV oo 0,703 Il oo (0,7,1573 (02

La+1(Q)"
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

<C(q, T, G')Hn(gq“)/gH 3q+2 3(3¢+2) HVVHL"O(O,T;L?’(Q)) < +oo.
L3a¥L (0,151 341 (Q))

(0,75L

Combining all the estimates, we obtain

1 Ca 6 2 T 2
R Cq / / ‘ <3q+5)/6’ dz dt
1M D)+ 5 <3q+5> o Sl )

1 Ig+1 ~
< ﬁ”n ||Lq+1(Q) +C(q,T,n)

+C(q,T,G") ”n(3q+1)/3“ 3q+2 3(3¢+2) ‘|VVHL°°(O,T;L3(Q))
L3 (0,130 07T ()
< H-o00.

This shows that
n € L®(0,T; L)),

vnBlat1)+2)/6 o L2(QT),
and by the Gagliardo-Nirenberg inequality
n e LBrDF2)/3 7, [3a+D+2(Q)),
To finalize the proof, we note that for o € [1,4/3] there holds
IVn®| < |Vn| + |V

and for av > 4/3 there exists a unique ¢ € N>y such that 3¢+ 2 < 6 < 3(¢g+ 1) +2. As a
result n®~1 < nBat2)/6-1 4 pBe+1)+2)/6-1 41 consequently

(Vn®| < [VnBat2)/6) |7, BlatD)+2)/6)
which finishes the proof. ]

4.3.3 Bounded solutions

Let us remark that the constants from the bounds obtained in Lemma 67 depend on ¢ and
hence might blow up as ¢ — oco. The final step therefore is to derive bounds on the solution
in the spaces L*(0,T; L4(f2)), which are uniform in ¢ € N. This will then allow us to take
the limit ¢ — oco. We follow the proof of [77, Lemma 16], where an Alikakos-type iteration
was detailed for pure Neumann boundary conditions to simplify the presentation. Since we
have the case of mixed Dirichlet-Neumann boundary conditions, we will nonetheless detail the
rather technical computations.

Lemma 68. Let the assumptions from Theorem 36 hold with some r > 3. Then it holds that
n,p,D € L=(0,T; L=(Q)), V € L0, T; W (Q)). (4.60)
Proof. Thanks to assumption (A5) and the regularity n,p € L>(0,T; L%/3(Q)) we have that

V|2 o,mwrst+e(@)) < Clln —p = D+ All oo (o 1, 15/3(62)) + C < 00,
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4.3 Proof of Theorem 36

for some 0 < p < 3/4. We use n?—n? for some g > 1 as a test function in the weak formulation,
but do not integrate over time yet. Repeating the estimates from the proof of Lemma 67 and
using Corollary 74 yields

1 6 \*
gl g €@ (555 ) IR g
§q/nVV ni~ 1Vnd:L’%—C'Hanoo —i—C’anH
Q
We rewrite
5
3¢g+5 _ q+3
6 2

and estimate the integral on the right-hand side with Holder’s inequality

q/ nVV -nd 'Vndx = q/ nlat1/3 /2y . pa=1/3)/2gn gt
Q Q

q+3

< 2||n(q+1/3)/2||L6*5(Q)||VV||L3+9(Q)||Vn(q+5/3)/2||L2(Q)7

where 3 = Plugglng this estimate in, we obtain
49qC(G")
q+1 q (g+5/3)/212
q+1 dtH ||Lq+1 ( + 5/3)2 an I HLZ(Q)

< Clq+ 1)(||ﬁ||qoo(Q) +1)+ C||n(lI+1/3)/2HL67ﬁ(Q)||vn(¢I+5/3)/2||L2(Q)
(4.61)
Using (¢+1/3)/(¢+5/3) < 1, we estimate the first factor in the second term on the right-hand
side as

I s gy = I “”‘Tﬁfzgmz( o)
< O(Q) a2 zzi%(m C(L+ [T sy,
We use the Gagliardo-Nirenberg inequality to estimate ||n(q+5/3)/2\|L675(Q),
Hn(q+5/3)/2HL6_B(Q) < C\|Vn(q+5/3)/2\|9 N q+5/3)/2H o)+ C||nlat5/3/2||, L)

where 6 = 38 gg € (0,1). At this point we need that p > 0, as we require 6 € (0,1). Otherwise

we will not be able to absorb the gradient term(s) into the left-hand side of (4.61) later.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Combining the estimates, we bound the term on the right-hand side of (4.61) by

(g+1/3)/2 (q+5/3)/2

220
< Can(quE)/S)/Q”L?(Q
x (14 VRS2 o ST (52 g )

< C|[VnlaT 32 12 o
+ C||Vn(q+5/3)/2||1L§(9m ||”(q+5/3)/2\|1ﬁ99)

| z6-5(0

+ C|[VRUFS D2 o g [ A2 1y g

The goal is to absorb all gradient terms into the left-hand side of (4.61), hence we use Young’s
inequality in the following two forms (for all a,b > 0):

Clb S 5(17' + W’ (462)
b2
ab < da’ + 5 (4.63)

with

Using (4.63), we estimate the first term

44C(G") C?3(q+5/3)*
(q+5/3)/2 < ) gy (at5/3)/2 R
Cl|Vn lL2@) < 3(g+5/3)? Ve 2@ 4 4¢90(G")
4qC(G")

“Sarope 2“% +Ca

Using (4.62) with r = 2/(1+6) and s = 2/(1 — 6), we can estimate the second term
_ 49C(G")
C||vn(q+5/3)/2||1L;(9m||n(q+5/3)/2||1 0 -

~ 3(¢+5/3)? |
+ C2/(1=9) ||n(q+5/3)/2||%1(m

(q+5/3)/2‘|%2(9)
146 146
L0 (16N 3(qg+5/3)2\ ¢
2 2 4qC(G")

Again, using (4.63), we estimate the third term

4qC (G’
e P T et M L
CHLYI oy
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4.3 Proof of Theorem 36

We combine all estimates so far and plug them into (4.61), absorb the gradient terms into the
left-hand side and obtain

|| llf i) < Cla+ D(Ialfeg + 1)

072 (Q+5/3) C*3 (q+5/3) ||7’L q+5/3)/2||21
4 490G T 4 4qC(GY) L)

146
2 1-0 1+eiﬁ'3@+5mﬁ =0 5/3)/2119
e (2> <4qo<a> I L

q+1ﬁ

Now there exists a constant C'(9, G') > 0 independent of ¢ such that

3C2%(q+5/3)? ,
—— A T«

and together with
1+6 60—1153
1-6 B

we see that there also exists a constant C(g, G') > 0 such that

2 1—-0/1+6 = 3(q+5/3)2 = ,. 60-118
Cro——\—5 T10GY <Cle,G)g 7 .

As a result we obtain

g+1 ~1q y 60—113
D53, ) < Cla+ DIl + Clos &)™

(g+5/3)/212
q+1dt +aq)(1 + [|n* 1Z1(0))-

Let us note that
q+5/3

a+5/3) /ZHL () - HnHL(qu5/3)/2(Q)7

In@

so together with (60 — 113)/8 > 1 (note that 5 < 4) we rewrite our estimate to

_ 60—113 5/3
Clg+ DIy + Co GV 7 (L [0 )

gl <

We integrate this inequality over ¢ € (0,7), set v := (60 — 115)/8 + 1 and get

_ T 5/3
||n(T)H%j;il(Q) < HnIHLquI(Q) +CT1(q+ 1)2HanLoo(Q) + C(o, G/)qw/o 1+ ||n||(itz+/5/3)/z(m dt
<CcTq (HnIHqLJEol(Q + [In Hqul )
5/3
+Clo, G, T)g" (1 + ]| 1] /OTL<q+5/3>/2(m)>

Taking the supremum over 7 € (0,7 yields

+1 1 +5/3
IS gy < Ca Ut 15 gy + 1T ) + Ca7 QA+ IS o)
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Since this inequality holds for arbitrary ¢ > 1, we can set

_ 4 +5/3
=q+1 qr-1: 2/
which defines the recursion
+2/3
qrk—1 = %2/7 or g = 2(Qk—1 - 1/3)~

Solving this explicitly we obtain
ar =2"(qo — 2/3)+2/3, keN,
where gy > 1 can be arbitrary, but fixed. Furthermore, we define
I ~
b= 1% oz + I 1% ) + 7% g + 1.
Thanks to the estimates above and using ¢ < 2q;_1, we deduce
2
bk < (O + 1)(In" 15 ) + 172l e () + Cla — 1) (L + [Inll; 2 0 o ) + 1
25— 2 2

< g (In" 7% + 1Ay + Il 8 s o) +1)

< Cqlbi_,

< C’“qui_l
Since g, < 3* for k sufficiently large, and setting M := C37, we get the recursive estimate

b < C*3M02 | = M*b;
To solve this, we introduce ¢, := M*t2b;, and get
cp < MPEFURE | = (MF Y1) = cf_,
hence
cr < 2"
k > CO .
Thus, we obtain for by
bk _ M*(kJrQ)Ck < M*(k+2)cgk _ M—(k+2) (M2b0>2k _ M2k+17(k+2)b[2)k'

We recall the definition of b, and see
k

k41 __ "
||anLkC"’(O,T;qu( Q) < b < M0 (Hn\ L0(0,T;L90(Q)) T ”nI”%OW(Q) + 11| %000(9) + 1) )
or, after taking the gi-th root
k
kt1_ /K
Il oo gy < M 0RV0 (flte, o4 |2y + Iy +1)

It remains to bound the exponents independent of k € N :

okl —(k+2) 2" — (k4 2) - 2k+1 2
T T 2k(go—2/3)+2/3 ~ 28(go —2/3) g0 —2/3’
ok ok ok 1

_—= < = .

a  2%(q0 —2/3)+2/3 7 2¥(q0—2/3)  qo —2/3
These bounds allow us to take the limit & — oo in the above estimate. Hence, we conclude
that n € L*°(0,T; L*°(£2)), which finishes the proof of Lemma 68 and proves Theorem 36. [J
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4.4 Auxiliary results on Fermi-Dirac statistics

4.4 Auxiliary results on Fermi-Dirac statistics

In this section we recall the definition of the Fermi-Dirac integral F; of order j > —1. We
will then derive important properties, including asymptotic behaviour of F; and G, which are
needed in the proofs throughout this chapter. The order j > —1 is kept general because we
need estimates on ]-"{/2 = F_1/2-

We recall that

F ! v d for j 1
j(n)_lw/o mfa orj>—1,
G() = F (=),
and that there holds the well known identity
Fj=Fj1, forallj>o0. (4.64)

Let us also recall the following notation, which we introduced in Section 4.1:

Notation. Given terms A and B, we write A < B if there exists a constant C' > 0, such that
it holds that A < CB. If A < B < A holds, we write A ~ B. Furthermore, if there exist two
constants C1,Cy > 0, such that A < C1B + Cs is true, we write A < B+ 1.

First, we give a bound on the Fermi-Dirac integral.

Lemma 69. For all j > —1 and all n € R it holds that
Fi(n) ~ €M<y + (7 +1) Lps0)- (4.65)

More specifically, for all n <0, there hold the bounds

1
5¢ = Fj(n) <. (4.66)

Proof. We first prove (4.66), which also shows (4.65) for n < 0. To this end let n < 0, then for
all £ > 0 it holds that
ST <1457 < 257,

and reordering terms shows
1 1 1

2e&—1 < 1 +e§*77 < e—n’

This allows to directly compute

GRS W G A S (S
? B 2F(]+1) /0 e§ d£ N F(]—|— 1)/0 265771 d§ < I‘(]+ 1)/0 1 +€5777 df _‘Fj(n)a

R s Y S SO xS
}—j(n)_I‘(j—l—l)/O 1+ef—"d£§F(j+1)/0 ef—”dg_l“(j—Irl)/O gL=c

which shows (4.66).
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Proving the inequalities for n > 0 is a bit more involved. We first split ; into two parts as

follows: ,
T N L o A
j(ﬁ)—F(j+1) ; + , 1+ efn §=1Ip1 + Ipo.

Now we estimate each term separately. Using e¢~" < 1 for £ < n we get

1 no g . it i+l
I = — / — d¢ > - /ﬁjdéz - - = - ,
L(j+1)Jy 1457 2'(j +1) Jo 2+ +1) 20 +2)

and using 1 4 £~ > 1 for all £, 7 we get

1 n &l 1 . n]-‘rl 77]—}-1
Ipy = / d{S./fJCE— . . == :
F(G+1)Jo 14etm rG+1)Jo G+DrG+1) T(G+2)
It remains to estimate Iro. We first prove the bounds for j > 0 and afterwards for j < 0.

Using the transformation ¢ — & + 7, together with the estimates (& +n)? > &7 for all n,& > 0
and 1+ ef < 2¢¢ for all & > 0, we obtain

1 o0 J 1 (&4 m)
et | et o | e
LG+1)Jy, 14e FG+1)Jo 1+e
s [ T g [ S S
TG+ Jg 1+ T T2 +1) et 2r(j+1) 2
For the upper bound on Ire we again use the transformation & — £ 4 n, together with the

inequalities (& 4+ n)7 < (2n)7 for € < npand (€ 4+ 7)) < (28)) for n < € as well as 1 < 1+ €f
and ef < 1+ €f for all € € R, and obtain

_ 1 © ¢ 1 *(E+n)
=551 ) 1+e€"d§‘r(j+1>/ Tret ©
(& +n)
Fj—l—l (/ > 1+ef a
@y [ y e
SF(]‘i'l)/o T %t <J+1>/, T e ®

O [ g, P [7€
<rovn ) g ), e

(2n)7 (1 —e™) 27 ¢
= TTG ) F(j+1)/ %
_ (2n) (1 —e™") 0
L'G+1)
(2n)! :
“tG+n T
This shows that

STG+2) TG+
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4.4 Auxiliary results on Fermi-Dirac statistics

. >__ 4
which shows that for j > 0 it holds that

Fim g0y ~ 07+ 1)1 50

It now remains to prove the claim for 5 < 0. To derive the estimate from above, we again use
the transformation & — & 4 ), together with the estimates (¢ +7)7 < ¢ and 1+ €5 > €, and

obtain , ( )
1 S 1 > (E+n)

Iy = e = ——— | S0y

2 r(j+1)/,7 Tretn® F(j+1)/ 1+e£ §

J+1/ 65§

_I(+1)
TG+
=1.

This shows the estimate from above
anrl

ﬂ(n)ﬁmﬂ

To obtain the estimate from below, we need a more careful estimate on Ir first. Let us assume
that 7 > 1. Then it holds that

J J
)
1—1—65—’7 -2

&> (fj +77_1), for all € € [1,7].

for all £ <,

Using this, we estimate

B 1 moog B 1 1 7 ¢l
IFI_F(J'+1)/0 1+e€—ﬂd£_ T(j+1) </ Jr/>1+e€—ndf

J i 1
zj+/££+ 5 et
B S AR SR Dt SOS S A
_4F(j+1>/ofd§+4r<j+1)/o§d5+4r<j+1>/1 e

= - - + - < - +1-—n" >
4(j + DI +1) 4r(G+1) \j+1
+ — .
TATG+2) ATG+ 1)

Estimating Iro is now simple and straightforward:

Ipy=— /oo SIS
PUTG+1) ), 1THesn =0
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Thus, we have shown that
Filn) 2+t +1, foralln> 1,

Now assume that 7 € [0, 1]. Since F;(n) is continuous and strictly monotonically increasing,
we have that F};(0) is its minimum on [0, 1] and we estimate

_ e L
Fj(o)_F(jH)/o e J+1/ et 5_

Hence, there exists a constant C' > 0, in fact C' = i suffices, such that

Fi(n) > C'™ +1), forallne0,1].
This shows all necessary estimates on F;(n) and we conclude that for j < 0 it also holds that
]:j(n)]l(rpﬂ) ~ (UjH + 1)]1(r]>0)7
which finishes the proof. O

The next corollary is a direct consequence of Lemma 69.

Corollary 70. For j > 0 it holds that

]:]/'(77) = ]:j—1(77) ~ Fj (77)]1(77<0) + Fi(n ) ]1(77>0)
1
f’%('n) =F_1(n) ~Fi (U)]l(n<0) +-7:1( )31 (n>0)>

1 1
2 2

(4.67)

where the second line is the special case j = %
Next, we improve the lower bound on Fj(n) for n <7y < 0 to obtain bounds on its inverse.

Lemma 71. Let j > —1 and let ng < 0 be fized. Then it holds for all n < ng and all € > 0

that
el

14 emo

< Film) <. (4.68)
Proof. The upper bound is a consequence of Lemma 69. For the lower bound we compute
14 e85 < efeM™ 4 o7 = (1+ eno)eﬁ—n’

from which we conclude

n n 1 0 ¢j 1 o0 J
€ = ¢ . / idgz : / § egfndf
I1+en 1+emT(j+1) /), € T(G+1) )y (1+4em)

1 ¢ .
g = L)

This finishes the proof. O

As a direct consequence we can give bounds on the inverse of F;.
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4.4 Auxiliary results on Fermi-Dirac statistics

Corollary 72. Let j > —1 and let z9 > 0 such that ]-"j-_l(zo) < 0. Then for all 0 < z < z it
holds that .
log z < .7-"j_1(z) < log z + log (1 + i (Z°)> . (4.69)

Proof. We define ny := ]-'J-fl(zo) and 7 = ]-71(2). By applying the logarithm to (4.68) we
obtain

67]
log (1 +6n0) < log Fj(n) <.

Simplifying this expression leads to
n —log(1 +€”) <log Fj(n) < n,

and rewriting n = F j_l(z) yields

fj_l(z) —log(1 + efjil(zo)) <logz < .7-"j_1(z).

Rearranging terms proves (4.69). O

Let us recall the definition of G and compute its derivative:

G(2) = Fb(2),
1 1 1

G'(2)

T FLFAE) FapFhE) | FapGE)

The next lemma gives an estimate on the behaviour of G’.
Lemma 73. For z € (0,00) it holds that
G'(z) ~ 27t 2713, (4.70)

Proof. From the computation of G’ and by Corollary 70 we directly obtain

1/2

—1 -1
G'(z) = <F71/2(f1712(2))) ~ <F1/2(f1_/12(z))]l(}'1_/12(2)§0) + F1/2(F1_/12(Z))1/3]]'(]:_1(z)>(])>

—1
_ 1/3
= <Z]l<f1/;(z>so> +z ]l(fl/12<z>>o>>

=21 P11 )50y

-1
(FiA(z)<0) T2 o

This clearly shows the upper bound
G'(z) Szt + 273 2 (0,00).

For the lower bound we distinct the two cases z € (0,F;/2(0)] and z > F/5(0). In the case
of 2 < Fy/2(0) < 1 it immediately follows that 271 < 2713, and therefore

1
2> 5(2_1 + 2713,
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

In the case z > Fj/5(0) it holds that 2713 > 271 for z > 1, and for z € (F1/2(0),1) it is easy
to see that z=1/3 > Fi12(0)z71, which shows

Combining the cases shows the estimate
G'(z)z 21+ 213,
which finishes the proof. O

The next corollary is a direct consequence of Lemma, 73

Corollary 74. For z € (0,00) it holds that

zl/gG'(z) ~ 12723,
220N (z) ~ 2O 4 2712 (4.71)
2G'(2) ~ 1+ 223,

The next lemma is a preparation to compute the limit of 2G’(2) as z — 0.

Lemma 75. For all 0 < 20 < Fy5(0) it holds that

—1 -
(1 + eG(ZO)) < lim 2G'(2) < Im 2G'(z) < 1+ G0, (4.72)

z—0t z—0%

Proof. We define n := G(z) and ng := G(zp). Now let 0 < z1 < zg such that
log z 4 log (1 + eG(ZO)> < G(z), V2 < 21
holds. Applying ]-'{/2 to (4.69) yields
F_1ja(log 2) = Fi j5(log 2) < F{ 15(G(2)) < F_y/a(log z + log(1 + e10)))

and using the estimate from (4.68) we get

elog z

1 log(14-eG(20)
1+em < ]:{/Q(G(z)) < plog 2 Jog(14eG(0)

Simplifying terms, recalling that G'(z) = ( ’/Q(G(z)))_1 and rewriting 9 = G(zo) we obtain
(14 eCEN =1 < 2@ (2) < 1+ GG0),

Since this inequality holds for all 0 < z < z1 < zg, we have proven (4.72). O

As a direct consequence we can compute the limit of 2G'(z).
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4.4 Auxiliary results on Fermi-Dirac statistics

Corollary 76. The limit of 2G'(2) for z — 0T exists and is

li G'(z) = 1. 4.73
lim 2 (2) (4.73)
Proof. We note that

lim G(zp) = lim .7-"1/2( 2p) = —00,

z0—0 z0—0

therefore
lim 1+ eC(0) =1,

Z()*)O+

Hence, by (4.72) we have

1< lim 2G'(2) < lim 2G'(2) < 1.

20+ 20+
O
We also need a reformulation of Lemma 69 in order to obtain estimates on G = F, /12
Lemma 77. For z € (0,00) it holds that
'Ff/lg(z) S (logz +1log2)1 (<7, ,(0)) + (2 — 1)2/3]1(z>]-'1/2(0))7 (4.74)
]:ﬂlg(z) 2 (log 2)L:<7, ,(0)) + (2 — 1)2/3]1(z>f1/2(0))- '

For z < F12(0) the estimates hold with constants C' = 1.

Proof. The result is a direct consequence of Lemma 69. Setting z = F (n), restricting n < 0
and taking the logarithm in (4.66) (with j = 1/2), we immediately obtain

log z < .7-"1/2( z),

]:1/2

(z) <logz +log2.
To show the second part, we take (4.65) with > 0, which gives
O™ + Gy < Fipa(n) < Csn™? + €,

for some constants C1, Ca, U5, Cy > 0. Again, setting z = Fy p (n), a direct computation shows
that 23 _ .
(C3(z = C0)) ™" < Fiplz) < (O (z = o))

Reformulating this, we get
(=P SF () S (2= D) e Friz) ~ (2 - 1),
This shows the claim and finishes the proof. O

Additionally to Corollary 74 we also need an estimate on (2G’(z))’.
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Lemma 78. For z € (0,00) it holds that

(2G"(2)) S Liz<r, n(0)) + 2_1/3]1(z2f1/2(0))- (4.75)

Proof. We first prove the part for z < Jj/5(0). Using the chain rule we compute

(2G'(2)) = G'(2) + 2G"(2)
1 z 1/2(-7:1_/12( z))
B O Ok
1/2(-7:1/2 2)? =z 1/2( 1/2(2))

F o (Frp(2))?

We again write n = ]-"1_/12 (z) and define the auxiliary functions

ro o T’ Ffl/z(n)ﬂ’/g(ﬁ)

12(m)? ’
9(n) == F1 ;o (0)? = Fry2(n)FYjp ().

To prove the asymptotic behaviour for z < Fj/5(0) or as z — 0, we equivalently prove the
behaviour for n < 0 or as n — —oo. To this end, we compute the derivative of F; /2(77)
by exchanging the derivative (with respect to 1) with the integral (with respect to £) in the
definition of F/5(n) and obtain (setting Cy o := T'(1+1/2)71)

f1/2(77) = 01/2 1+ b dg,
oo\ JEet
]:1/2("7) 01/2/ (1+6£ ,,7) d£7
e \/geﬁ—n(eﬁ 1)
{//2(77) = Cl/2 1 T et n) dg.

Using these integral representations with different integration variables and by applying Fu-
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4.4 Auxiliary results on Fermi-Dirac statistics

bini’s theorem, we compute the auxiliary function as follows:

(1+eS=m)2(1 4 ev—n)

§m(efn — 1
1/2// Ve (e )dng

(14 e5=m)3(1 4 ev—1)
eg nel/ n 1+e£ n _e£ 7165 77_1 1+6V n
o [T [ ve )= ()

(14 eS7m)3(1 + ev—m)2

v=n 4 e” Ne€~N — &1 _ V=M€~ 4 1 4 ¥~
Sepes—nE
1/2/ / e (1+ & n)3(1 + v )2 d¢ dv

v € ]
1/2// Vevet 1+e£ T ez B

1/2/ / Ve <(1+e€ 77)2(1+e” o (1+e£—n)21(1+ev—n)2> de dv

§—n o0
=2F1/2(n )01/2/0 (1\—/§Zf’7)d§ Fi/2(n )Cl/?/0 W\%du.

We estimate the two remaining integrals. Using

W_ forfG(Ooo)

we can estimate

[e%¢) \/>€£ n o] \/>6£ n ,
< o — o
C'1/2/0 eSO sd§ <e C'1/2/0 (ETSE 5 d§ = €T 5 (n)

and in the same way

SRz
VY g <en .
C'1/2/0 AT ey dv < e"Fy ()

Combining these estimates with the previous computations and using (4.65) we obtain
g(n) < 2677]:1/2(77)]:{/2("7) + 677]:1/2(77)]:{/2( ) = 3eF12(n )]:1/2("7) < eV
and hence, by again using (4.65)

—g(n)
f(n) = W

This proves the first part of (4.75), i.e

< 1, for n < 0.

(2G'(2))" £ 1, for z < Fy5(0).
To show the second part, let us quickly recall that

(2G'(2)) = G'(2) + 2G"(2), and G'(2) ~ 271 + 271/3,
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4 Analysis of a charge transport system with Fermi-Dirac statistics for memristive devices

Therefore, we only have to show that

2F ) (Fip(2))
1/2\V 172 _

]__//—/ <273 for 2> F1/2(0).

2G"(2) = S
G EE

Again, we use the representation

\/ge&n(e&fn —1)
12(m) = Cipa | At %

Now let 79 > 0 and 0 < € < 1 arbltrary. For n > 19 we split the integral of 77’ /o at € and
obtain

VESET (57 — 1) VEST (871 — 1) .
]'—1/2( 01/2/ (1 &y d§ — 01/2/ (1 + 613 d§ =: I + I».

Estimating I is straightforward:

€ \/geéfn(eéfn —1)

L =-C d
1 1/2 ; (1 + &) 3
€ §—n(1 — 1
oy [V g
0 (]. -+ 65_77)3
€
< Cppe”" / VEde
0
_ 2071/265_7753/2
= — )
Next, we want to integrate by parts twice in Iy, therefore we first compute
1 65—77
O¢ =—
14 &= (1 + es-m)2

0 =
Cl+efn (1+etm)3
Thus, integrating by parts twice in I and splitting the resulting integral then at n yields
o0\ JEeSTM(efTN — 1)

Iy = —Cy s ; (14 &) dg
e 0 % _g1/268m
o (el [ s

VeesTn 5—1/2 o0 S _5—3/2
(1+em2 <2(1 +esmy| / 4(1 4 e-m) a

e—1/2 00 5—3/2
C2(1+ e " /8 A(1 + esm) dg))
\/gee—n 6_1/2 3/2
(1+ee—n)2+2(1+e£n>+01/2(/ / ) (1+eé- n)df

\/gee—n 6_1/2
At 2 Totem

) + C1)2(I3 + Ly).
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4.4 Auxiliary results on Fermi-Dirac statistics

It is now straightforward to estimate I3,

n —3/2 1 n 9¢e—1/2 |1 —1/2 _ ,—1/2
b= [ e de s S e S s
. A1+ efm) 4(1+e=m) J, 41 +e )|, 2(1+em)
and the term Iy,
e 2/00 —3/2 —12|” ~1/2
= B L S e
n 4(1 + es—m) 4./, 0
Collecting all estimates we find that
9e3/205—1 Zes =172 /2 _ 172 -
~Fija(n) < Chyo L VE preey S = T Z, +n 12
3 (1 +es=m) 2(1 4 e=m) 2(1 4 em)
. 01/2 ﬂnil/Z + 283/265_7’ B \/568:77 '
2(1+ e=1) 3 (1 4 es—n)2

Since € > 0 was arbitrary, we find in the limit ¢ — 0 that

1 + 26777 _1/2 <

- {//2(77) < 01/22(

~1/2
1+e*n)n n , foralln>0.

| w

Using (4.67) to estimate the denominator and (4.74) to estimate ]:1712(2), this allows us to
provide the needed estimate

oz {’/2(]:1_/12(2))< ,2.7-"1_/12(,2)*1/2 _p
FLoFbE) "~ FoplF pR 172

(Z)_1/2 5 (Z— 1)(—1/2)(2/3) _ (Z— 1)—1/3 5 2_1/3.

Hence, we obtain
(2G'(2)) Sz V34271 <2713 for 2 > F1/2(0).

This shows the second part of (4.75) and finishes the proof. O
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5 Discussion and outlook

We briefly summarise our results and give an outlook over possible extensions and open prob-
lems connected to this thesis.

5.1 Nonlocal cross-diffusion systems

We have proven the global existence of weak solutions for a class of nonlocal cross-diffusion
systems, imposing only “minimal” conditions on the interaction kernels Kj;;. Furthermore, we
showed a weak-strong uniqueness result for the solutions, the boundedness of solutions given
that the kernels are twice differentiable with bounded second derivatives, and the localization
limit of the system.

While these results extend the existing literature, there is of course room for further research.
The existence of bounded solutions to the local system remains an open question. The authors
of [01] gave a partial answer to that question, listing conditions for the parameters a;; which
will lead to a blow-up of solutions. However, these conditions do not cover our assumptions of
a detailed balance and positive stability, cf. Theorem 17.

Furthermore, the case of bounded domains Q C R¢ with Lipschitz boundary 9§ remains
open. It seems that for essentially bounded interaction kernels K;; and sufficiently small initial
conditions u? one might be able to obtain a result (cf. Remark 9), but this leaves room for
improvement.

Last but not least, we observe that the uniqueness of solutions is a delicate topic in cross-
diffusion systems. We have proven weak-strong uniqueness of solutions under the assumption
that the strong solution is bounded away from zero as well as from above. A next step could
be to improve this result to nonnegative bounded strong solutions, since the positive lower
bound is due to our use of a relative entropy method and therefore seems to be a technical
assumption.

5.2 A finite-volume scheme for nonlocal cross-diffusion systems

We have designed and analysed an implicit Euler finite-volume scheme for a class of nonlocal
cross-diffusion systems and proved existence of discrete solutions as well as their convergence
to weak solutions of the system when the mesh size is refined.

Additionally, we did some numerical experiments and observed segregation of species, given
that the initial data are segregated. For the local system and two species, this was proven
in [17]. However, for more than two species and for nonlocal cross-diffusion systems in general,
this remains an open question. Our observations hint that a segregation result is also plausible
in this more general setting but to our knowledge no analytical result exists yet.
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5 Discussion and outlook

Furthermore, the data we obtained in our numerical experiments also suggest that solutions
stay bounded. Due to the convergence of the scheme, obtaining bounds on the solutions, which
for example only depend on the L'-norms of the kernels K;j, could be a way to also prove the
existence of bounded solutions to the continuous system studied in Chapter 2.

5.3 A charge transport system with Fermi-Dirac statistics for
memristors

We have shown the global existence and, under additional assumptions, the uniform bound-
edness in time of weak solutions to a nonlinear drift-diffusion system modelling memristive
devices. Fermi-Dirac statistics of order 1/2 and Blakemore statistics were used to govern the
nonlinear diffusion of the different charge carriers.

An interesting question to investigate would be the existence of periodic solutions. Neurons
exhibit a switch-like behaviour followed by a refractory period. Combining one or more resistive
switching random access memory devices together with a parallel capacitor in a circuit, one
can model these relaxation oscillations in a controlled fashion, see [09] and the references
therein. However, the need for the use of an integrated capacitor limits the scalability of such
devices, hence studying memristor models for the existence of relaxation oscillations provides
an interesting question.

Moreover, the results in [71] and [77] suggest that a weak-strong uniqueness result should
also hold for the system we studied in Chapter 4, but this is still subject to investigation.
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