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Kurzfassung

Modellierung und Simulation ermöglichen eine Verkürzung der Entwicklungszeiten und eine Re-
duktion der Kosten in der modernen Halbleitertechnologie. Neue Modellierungskonzepte benö-
tigen eine längerfristige interdisziplinäre Forschung und neue numerische Methoden für die Im-
plementierung dieser Konzepte. Die Mannigfaltigkeit von physikalischen Phänomenen in Her-
stellungsprozessen und die Komplexität von elektromagnetischen Phänomenen benötigen eine
Vielfalt an mathematischen Formulierungen. In dieser Arbeit betrachte ich die numerischen
Methoden für die Lösung von partiellen Differentialgleichungen, die in fortgeschrittenen Diffu-
sion- und Verfügbarkeitsmodellen auftreten. Ausgehend von der allgemeinen Finite Elemente
Methode präsentiere ich Diskretisierungs- und Linearisierungsmethoden für solche Systeme von
Differentialgleichungen.

Wegen der stark ausgeprägten Abhängigkeit der Finite Elemente Methode von den Eigenschaften
der verwendeten Gitter sowie der gewählten Zeitschrittsteuerung werden die Zusammenhänge
untersucht und Lösungen vorgeschlagen.

Alle vorgestellten und diskutierten Algorithmen sind für die Simulationen von beliebigen drei-
dimensionalen Gebieten geeignet. Das Leistungsvermögen der präsentierten Algorithmen wird
an Hand von Simulationsbeispielen veranschaulicht, die grundsätzlich einen dreidimensionalen
Ansatz benötigen. Die Notwendigkeit von dreidimensionalen Simulationen wird auch für den
Fall von Rand- und Grenzflächenbedingungen in dreidimensionalen Gebieten demonstriert.

Die Oberflächendynamik von Punktdeffekten beeinflusst wesentlich das Gesamtverhalten der
Diffusion von Dopanden. Auf diese Weise wird die Dopandendiffusion gefördert oder gebremst
und somit die Form der Sperrschichtfläche bestimmt.

Der Materialtransport, der durch Elektromigration und begleitende Antriebskräfte hervorgerufen
wird, ist auf Grund der Ausführung moderner Leiterbahnen ein dreidimensionales Phänomen.
Die Barrieren, die in den heutigen kupferbasierten Leiterbahntechnologien benötigt werden,
begünstigen oder unterdrücken diesen Materialtransport. Die dreidimensionale Verteilung von
mechanischen Spanungen, die durch die thermische Unausgeglichenheit oder lokale Vakanzen-
dynamik entsteht, übt zusätzlich einen nicht zu vernachlässigenden Einfluss aus.

Im Unterschied zu den einfachen und einschränkenden Leiterbahnentwurfregeln, unterstützt
eine fortgeschrittene und physikalisch basierte Elektromigrationssimulation die Möglichkeit der
Optimierung des Leiterbahnentwurfs. Damit können die Elektromigrationskräfte kontrolliert
und auch die Haltbarkeit von Leiterbahnstrukturen erhöht werden.

Einer der Schwerpunkte dieser Arbeit ist die sorgfältige Herleitung und Analyse des numerischen
Schemas für die partielle Differentialgleichungen, die für die Beschreibung der physikalischen
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ABSTRACT

Phänomene verwendet werden, sowie die optimal Bestimmung der Gitterpunkte in Zusammen-
hang mit der Zeitschrittsteuerung.

Diese Arbeit behandelt komplexe Diffusionsmodelle unter Zuhilfenahme von Finite Elemente
basierten numerischen Methoden. Die Algorithmen für die Lösung dieser Diffusionsmodelle wur-
den entworfen und sind in das Computerprogramm FEDOS (Finite Element Diffusion and
Oxidation Simulator) implementiert.

Die verwendeten Diskretisierungs- und Linearisierungsschemata beruhen auf einem soliden mathe-
matischen Fundament. Für die Schnittstellenreaktionen werden aktuelle physikalische Modelle
verwendet, die vollständig in die Gesamtsimulation integriert sind. Die dreidimensionele Simu-
lationen wichtiger Herstellungsprozesschritte für die moderne Halbleiterbauelementetechnologie
sind durchgeführt. Die Simulationsergebnisse demonstrieren die physikalische Plausibilität der
verwendeten Modelle und numerischen Methoden sowie die Notwendigkeit einer dreidimension-
alen Simulation.

In dieser Arbeit diskutiere ich verschiedene Modelle und Ansätze zur Handhabung des Prob-
lems der Elektromigration in modernen Leiterbahnstrukturen. Allgemein wird ein zweistufiger
Simulationsansatz für die Elektromigrationssimulation verwendet. Die Physik bis zum Zeit-
punkt von Hohlraumkeimbildung wird auf der Basis der Leerstellendynamik und darauffolgen-
der Hohlraumentwicklung als Hohlraum/Metall Schnittstelle Materialtransportphänomen mod-
elliert. Die numerischen Schemata für die Handhabung von Modellgleichungen werden zusammen
mit entsprechenden Gitterkontrollmechanismen präsentiert. Die Prognosefähigkeit der verwen-
deten Modelle wird mittels Simulationen demonstriert, die an unterschiedlichen realistischen
Leiterbahnstrukturen durchgeführt werden.
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Abstract

Modeling and simulation are a crucial aid for reducing development cycle time and costs in
modern semiconductor technology. New modeling concepts increasingly require long-term re-
search performed in an interdisciplinary manner, and new numerical methods and algorithms
are needed to implement these concepts.

The manifold of physical phenomena inherent in manufacturing processes and the complex
electromagnetics phenomena of interconnect structures require a large diversity of mathematical
formulations. In this thesis I consider the numerical methods for solving the partial differential
equations (PDEs) appearing in advanced diffusion and interconnect reliability models. Starting
from the general finite element method I present discretization and linearization methods for non-
linear PDE equation systems. Since the finite element method closely depends on the properties
of the underlying mesh and used time step control strategy, their connections are investigated
and solutions are proposed.

All discussed algorithms are eligible for the simulation in arbitrary three-dimensional domains.
The capabilities of the presented numerical schemes are presented by simulation examples which
at the same time motivate the three-dimensional approach. That is the case for the diffusion
simulation in the presence of surface reactions and boundary conditions defined on explicit three-
dimensional interfaces. The surface dynamics of the point defects has a strong impact on their
overall behavior thus retarding or enhancing diffusion of dopants and determining the junction
formation.

The material transport induced by electromigration and accompanying driving forces is, due to
the structure and composition of modern interconnect layouts, a three-dimensional phenomenon.
The barrier layers, applied in the contemporary interconnect copper based technology, determine
the material flux and promote or prevent electromigration. Three-dimensional mechanical stress
distribution, having its source in thermal mismatch between layout materials or local vacancy
dynamics, plays a significant role too.

Apart from the simplistic and restrictive design rules, advanced, physically based simulation of
electromigration phenomena, gives the opportunity to bring the “driving forces” to work, thus
enhancing the reliability of the given interconnect structure.

A special focus of this thesis is the careful derivation and analysis of the numerical schemes for
the PDEs describing relevant physical phenomena and determining appropriate mesh and time
step controlling rules.

In this work complex diffusion models are handled by using advanced, finite element based,
numerical methods. Algorithms for solving of these diffusion models are constructed and imple-
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ABSTRACT

mented in a software tool FEDOS (Finite Element Diffusion and Oxidation Simulator). The
applied discretization and linearizations schemes are well mathematically founded. Interface re-
actions are modeled with the contemporary models which are integrated in the simulator in a
rigorous way. Three-dimensional simulations have been performed for several diffusion process
steps relevant for the processing of state-of-the-art semiconductor devices. The simulation re-
sults demonstrate the physical plausibility of the applied models and numerical methods as well
as the necessity of three-dimensional simulations.

In this thesis I discuss different models and approaches dealing with electromigration reliability
problems in modern interconnect layouts. Generally, a two stage approach for the electromigra-
tion simulation is adopted. The physics of the time period until the void nucleation is modeled
as dynamic bulk vacancy phenomena and subsequent void evolution as void/metal interface ma-
terial transport phenomenon. The numerical schemes to handle of the governing equations are
presented together with appropriate mesh adaptation schemes. The predictive capability of the
considered models is demonstrated by simulations which are carried out on different realistic
interconnect structures.
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Chapter 1

Introduction

1.1 Silicon Technology CAD

The well-known Moore’s Law [1] states that the number of devices per chip doubles every
eighteen months. The expected entitlement of periodic improvements in density and performance
has, heretofore, been achieved through evolutionary device scaling and/or increase in chip size.
The ever decreasing size of transistors brings up new physical effects of quantitative relevance
in short time periods.

Digital integrated circuits contain two basic components: transistors and interconnections. For
classical transistor scaling, device performance improves as gate length, gate dielectric thickness,
and junction depth are scaled. Some of the main challenges for the fabrication of increasingly
scaled devices are related to dopant profiles in shallow junctions and short channels.

Scaled chip wiring (interconnect) suffers from increased resistance due to decrease in conductor
cross-sectional area and may also suffer from increased capacitance, if metal height is not reduced
with conductor spacing. As operating frequencies continue to spiral upward, parasitic inductive
effects must also be considered.

The main reliability issue for thin, tightly spaced interconnect lines of deep-submicron designs
is electromigration which can trigger system failure at some undefined future time [2, 3].

TCAD (Technology Computer Aided Design) programs for simulating the fabrication process
and the electrical behavior of transistors are well accepted in the semiconductor industry [4–6].
They present an invaluable help in improving existing technologies and can drastically reduce
development time for new emerging technologies and down-scales.

1.2 Interconnect Reliability

With the scaling of the interconnects down to some 100 nm and the thereby resulting current
density increase, electromigration induced failure becomes a more and more challenging issue
[7, 8].
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CHAPTER 1. INTRODUCTION

The material transport induced by electromigration leads to nucleation and growth of voids
which consequently causes a large increase in electrical resistance and sometimes complete failure
of an interconnect line.

An ultimative hope of integrated circuits designers today is to have a computer program at
hand, which predicts the behavior of thin film metalizations under any imaginable condition.
Contemporary integrated circuits are often designed using simple and conservative design rules
to ensure that the resulting circuits meet certain reliability goals.

There is a lot of theoretical work available for explaining and modeling of the manifold physical
phenomena behind electromigration, but only a very small part of it was actually implemented in
software tools and tested on real world applications in order to support the work of interconnect
layer designers.

1.3 IC Fabrication Process Steps

The fabrication of integrated circuits consists basically of the following process steps:

• Lithography: The process for pattern definition by applying thin uniform layer of viscous
liquid (photo-resist) on the wafer surface. The photo-resist is hardened by baking and than
selectively removed by projection of light through a reticle containing mask information.

• Etching: Selectively removing unwanted material from the surface of the wafer. The pat-
tern of the photo-resist is transferred to the wafer by means of etching agents.

• Deposition: Films of the various materials are applied on the wafer. For this purpose
mostly two kind of processes are used, physical vapor deposition (PVD) and chemical
vapor deposition (CVD).

• Chemical Mechanical Polishing: A planarization technique by applying a chemical
slurry with etchant agents to the wafer surface.

• Oxidation: In the oxidation process oxygen (dry oxidation) or H2O (wet oxidation)
molecules convert silicon layers on top of the wafer to silicon dioxide.

• Ion Implantation: Most widely used technique to introduce dopant impurities into semi-
conductor. The ionized particles are accelerated through an electrical field and targeted at
the semiconductor wafer.

• Diffusion: A diffusion step following ion implantation is used to anneal bombardment-
induced lattice defects.

Models describing the steps used in fabricating ICs have also been incorporated into process
simulators. It is therefore quite possible today to “build” new semiconductor structures and
predict their performance using these computer tools. The state of the art in such simulators is
that they are indeed very useful, but can not completely replace real laboratory experiments,
because the models used in the simulators are not complete in some cases, or are purely empirical
in other cases.
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CHAPTER 1. INTRODUCTION

As the models are improved with ongoing research, the simulators will become more robust and
therefore more generally useful. There is great motivation to do this, because real laboratory ex-
periments are very expensive and very time consuming, especially as chip technology continuates
to advance.

1.4 Components of a Numerical Solution Method

1.4.1 Mathematical Model

The starting point of any numerical method is the mathematical model, i.e. the set of equations,
usually partial differential or integro-differential equations.

1.4.2 Discretization Method

After synthesizing a mathematical model with differential operators, one has to chose a suitable
discretization method, i.e. a method of approximating the differential equations by a system of
algebraic equations for the variables at some set of discrete locations in space and time. There
are various approaches, the most important of which are: finite difference (FD), finite volume
(FV) and finite element (FE) methods.

1.4.3 Mesh

The discrete locations at which the variables are to be calculated are defined by a mesh which
covers the geometric domain on which the problem is to be solved. It divides the solution domain
into a finite number of sub-domains (elements, control volumes, etc.)

1.4.4 Accuracy

Numerical solutions of physical phenomena are only approximate solutions. In addition to the
errors that might be introduced in the course of the development of the solution algorithm,
numerical solutions always include three kinds of systematic errors.

• Modeling errors, which are defined as the difference between the actual physical phenomena
and the exact solution of the mathematical model;

• Discretization errors, defined as the difference between the exact solution of the equation
of the model and the exact solution of that algebraic system of equations obtained by
discretizing these equations, and

• Iteration errors, defined as the difference between the iterative and exact solutions of the
algebraic systems of equations.

It is important to be aware of the existence of these errors, and even more to try to distinguish
them. Various errors may cancel each other, so that sometimes a solution obtained on a coarse

3



CHAPTER 1. INTRODUCTION

mesh pretends to agree better with the experiment than a solution on a finer mesh, which should
be more accurate. Therefore meshing has to be dealt with very carefully.

1.5 Motivation and Outline of the Thesis

This thesis is focused on the physical phenomena appearing in the fabrication process steps
and operation of interconnect lines. The investigated effects include diffusion and self-diffusion,
field assisted diffusion, particle generation/annihilation processes and material conservation.
The mathematical models of these phenomena consist of systems of nonlinear partial differen-
tial equations with specific structures. In this thesis various numerical methods for efficient and
accurate solving of the model equations are presented, which enables reliable predictive sim-
ulation of the underlying physical phenomena. The simulation results are compared with the
corresponding experimental results and checked on their physical soundness.
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Chapter 2

Finite Element Method

A good number of practical TCAD problems can be formulated in terms of partial differential
equations (PDE) subject to specified boundary conditions. Except in the case of simple and
geometrically well-defined problems, closed form analytical solutions are impossible. For complex
geometrical shapes, with varying material characteristics and often mixed boundary conditions,
only numerical methods allow for a solution.

In this work I discuss the numerical methods for solving PDEs which are used in interconnect
and process simulation. The types of equations are very different due to the diversity of the
physical phenomena which occur during the processes. There are three widely applied methods
for solving of these equations numerically which are based on finite differences, finite boxes, or
finite elements.

For the equations considered here the finite element based methods are advantageous. Finite
differences are difficult to apply to the non-planar geometries with different accuracy demands
in the various parts of the geometry. The finite boxes based method demands explicitely that
integral form of the given equation system fulfills some conservation law. For the finite element
method these restrictions are not needed.

In this chapter I set overall finite element framework for handling diffusion and electromigration
problems. The basic concepts are motivated and introduced followed by presentation of numerical
methods which I later use in Chapter 3 and 4. At the end of the chapter algorithms for the solving
of PDE system, mesh and error control are given.

2.1 The Systems of Partial Differential Equations

The general form of the PDE systems describing the physical phenomena in process and inter-
connect technology can be expressed through the equation system,

L(c) = f(x) +
∂c(x, t)

∂t
, (2.1)

which is defined on the simple bounded domain Ω ⊂ R
3. The PDE system (2.1) is fulfiled by

functions c = (c1, c2, . . . , cM )T , ci = ci(x, t) ∈ Vt = C2,1(Ω× (0, τ ]), for each τ ∈ R
+. We use the
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CHAPTER 2. FINITE ELEMENT METHOD

notation L(c) = (L1(c), . . . ,LM (c))T , Li is in our applications a second order nonlinear spatial
differential operator and f = (f1, f2, . . . , fM )T , fi(x) ∈ C(Ω).

We assume that the domain Ω has a piecewise smooth boundary Γ. The general form of the
boundary conditions applied on Γi ∈ Γ(∀ i �= j ⇒ Γi ∩ Γj = ∅,Γ =

$
i

Γi),

Aic + Bi
∂c

∂n
= gi(c), defined on Γi, (2.2)

where Ai and Bi are matrix consisting of functions sufficiently smooth on Γi and gi is a vector
of continuous linear functionals. ∂c

∂n
denotes the outward normal derivative. The problem also

demands initial conditions for each unknown function cj(x, t),

cj(x, 0) = c0
j(x), x ∈ Ω. (2.3)

An approximate numerical solution is sought which in some way closely resembles the exact so-
lution. Two methods of formulating such an approximate solution are: the Rayleigh-Ritz method
and Galerkin’s method. In order to express the main ideas more clearly we will explain these
methods for the time invariant problems in the following two sections.

2.2 Rayleigh-Ritz Method

The Rayleigh-Ritz method seeks a stationary point of a variational functional. For operators L
which are self-adjoint and positive-definite, the stationary point of the functional,

F (u) =
1

2
(Lu,u)− (f ,u), (2.4)

is an exact solution of (2.1), assuming ∂c

∂t = 0. In (2.4) the inner product of the two vector
functions is defined as,

(a,b) =

�
Ω

a · b dΩ. (2.5)

The functional F (u) reaches a minimum for the function v ∈ V, if the first variation δF is zero
for this function, or equivalently,

∂F

∂u

&&&&&
u=v

= 0. (2.6)

2.3 Galerkin’s Method

A weak formulation of (2.1) for ∂c

∂t = 0 is given by,

(v,L(c)) = (v, f), ∀v ∈ C1(Ω), (2.7)

v is called test function. In this case we have an inner product between a scalar and a vector
function on both sides of equation (2.7).

6
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If the solution of the problem (2.1) in the space V exists, than it is possible to represent this
solution as the sum of an infinite series with the weighted basis functions of the space V = C2(Ω).

The central idea of Galerkin’s method is to seek the solution of the problem given by (2.1), (2.2),
and (2.3) not represented through the basis functions of the infinite space V but through the
basis functions of the finite space Vh ⊂ V (dimVh < ∞) [9, 10]. Such a solution can only be an
approximation of the real solution of (2.1).
We choose N linear independent functions ϕi ∈ V, i = 1, . . . , N which span the space Vh, e.g.

Vh =
�
v : v(x) =

N!
i=1

si ϕi(x)
�

, (2.8)

where si ∈ R.
Now we can write equation (2.7) in the space Vh,

(vh,L(ch)) = (vh, f), ∀vh ∈ Vh. (2.9)

Trivially ϕi ∈ Vh, and we can write,

(ϕi,L(ch)) = (ϕi, f), for i = 1, . . . , N. (2.10)

Considering that

ch = (ch,1, ch,2, . . . , ch,M )T =
� N!

i=1

ci,1ϕi, . . . ,
N!

i=1

ci,Mϕi

�T
, (2.11)

we see that inner product in (2.10) transforms the differential operator L into the operator

ℓ : R
n → R

n, n = M ·N, (2.12)

and we write (2.10) as a system of nonlinear algebraic equations

ℓij(c1,1, . . . , c1,N , . . . , cM,1, . . . , cM,N ) = (ϕi, fj), for i = 1, . . . , N and j = 1, . . . ,M. (2.13)

This equation is solved by means of Newton’s method (see Section 2.6). The solutions cij of
(2.13) are used to construct approximation of the functions ci(x) from Vh using (2.8).
The value

Rij = ℓij(c1,1, . . . , c1,N , . . . , cM,1, . . . , cM,N )−(ϕi, fj), for i = 1, . . . , N and j = 1, . . . ,M (2.14)

is called residuum.

2.4 Time Dependent Problems

A weak formulation of the problem posed by (2.1), (2.2), and (2.3) is,

(v,L(c)) = (v, f) +
�
v,

∂c

∂t

�
, ∀v ∈ V. (2.15)

7
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Stating the problem in the space Vh, we have,

(vh,L(ch)) = (vh, f) +
�
vh,

∂ch

∂t

�
, ∀vh ∈ Vh. (2.16)

If we take τ as a time step and cn
h as an approximation of c at the discrete time tn = n · τ in

the space Vh, cn
h fulfills,

(vh,L(cn
h)) = (vh, f) +

�
vh,

cn
h − cn−1

h

τ

�
, ∀vh ∈ Vh, (2.17)

The approach using this representation is known as the backward Euler method. By simple
transformation of (2.17) and by introducing the substitution,

L′

(cn
h) = τL(cn

h)− cn
h, (2.18)

f
′

= τ f − cn−1
h , (2.19)

we obtain,

(vh,L′

(ch)) = (vh, f
′

), ∀vh ∈ Vh, (2.20)

which can be treated just like (2.9).

2.5 Finite Element Spaces and Meshes

The basic concepts of Galerkin’s method, such as weak formulation of the problem and the
transformation of this weak formulation from the functional space with infinite basis into the
functional space with finite basis, as presented in Sections 2.3 and Sections 2.4, are presented
here to introduce the finite element method.

The construction of the finite element space Vh begins with subdividing the domain Ω into a set
T1, T2, . . . , Tm of non-overlapping elements (∀ i �= j ⇒ Ti ∩ Tj = ∅). The domain Ω can now be
approximated with a mesh domain,

Th(Ω) =
#

i=1,m

Ti. (2.21)

We denote as P the set of all points of the mesh domain Th(Ω). Each point pk ∈ P has an unique
global index k = 1, . . . , N , where N is the number of all points in the mesh. A point has several
local indices.

The basis functions ϕi, i = 1, . . . , N of the finite element space Vh fulfill,

ϕi(Pk) = δik, i, k = 1, . . . , N. (2.22)

Since they are defined on nodes of the mesh, we call them basis nodal functions. In the finite
element praxis basis nodal functions are almost exclusively low order polynomials.

For further discussion it will be useful to have approximations of functions c represented for
each element T ∈ Th(Ω) with

ce =
� Np!

i=1

ϕici1, . . . ,

Np!
i=1

ϕiciM

�T
, (2.23)

8
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i represents the local index of the element vertices and Np is the number of element vertices.
We use linear basis functions and tethraedrons T ∈ Th(Ω) as elements. Therefore Np = 4, and
each of the functions ci, i = 1, . . . ,M is approximated on the elements T of the discretization
Th(Ω) using the linear basis functions ϕj(x),

ci(x) =
4!

j=1

cijϕj(x). (2.24)

Now we can also define the operator ℓe : R
4·M → R

4·M for each element of the discretization,

ℓe
ij(c1,1, c1,2, c1,3, c1,4, . . . , cM,1, cM,2, cM,3, cM,4) = (ϕi,Lj(ce))T . (2.25)

The inner product is calculated over the element T . The local residuum vector is defined as,

R = (R1,1, R1,2, R1,3, R1,4, . . . , RM,1, RM,2, RM,3, RM,4)
T ,

Ri,j = ℓe
ij(c1,1, c1,2, c1,3, c1,4, . . . , cM,1, cM,2, cM,3, cM,4)− (fi, ϕj)T . (2.26)

Determining the operator ℓe requires the calculation of the basic nodal functions,

ϕk(x) = ϕk(x1, x2, x3) =
1

3V
(akx1 + bkx2 + ckx3 + dk). (2.27)

The coefficients ak, bk, ck, dk are functions of the nodal coordinates and V is the volume of the
element T [11]. Constructing of ℓe frequently demands calculations of the following integral,

Mpq =

�
T

ϕp(x)ϕq(x) dΩ, p, q = 1, 2, 3, 4. (2.28)

In this case (2.27) can be used, but instead it is more practical to project the discretization
element T (Figure 2.1) into normalized coordinate system element T0 (Figure 2.2). Each point
(x1, x2, x3) ∈ T is a bijective projection of the corresponding point (ξ, η, ζ) ∈ T0,

x1 =x1
1 + (x2

1 − x1
1)ξ + (x3

1 − x1
1)η + (x4

1 − x1
1)ζ,

x2 =x1
2 + (x2

2 − x1
2)ξ + (x3

2 − x1
2)η + (x4

2 − x1
2)ζ,

x3 =x1
3 + (x2

3 − x1
3)ξ + (x3

3 − x1
3)η + (x4

3 − x1
3)ζ.

(2.29)

The basis nodal functions on T0 are ϕ0
1(ξ, η, ζ) = 1 − ξ − η − ζ, ϕ0

2(ξ, η, ζ) = ξ, ϕ0
3(ξ, η, ζ) = η

and ϕ0
4(ξ, η, ζ) = ζ. (2.28) is now calculated as

Mpq = det(J)

�
T0

ϕ0
p(ξ, η, ζ)ϕ0

q(ξ, η, ζ) dξdηdζ, p, q = 1, 2, 3, 4. (2.30)

J is the Jacobian of the projection (2.29),

J =


 x2

1 − x1
1 x3

1 − x1
1 x4

1 − x1
1

x2
2 − x1

2 x3
2 − x1

2 x4
2 − x1

2

x2
3 − x1

3 x3
3 − x1

3 x4
3 − x1

3


 . (2.31)

9





CHAPTER 2. FINITE ELEMENT METHOD

The matrix

[J]N×N , Jij =
∂fi(x

k
1 , x

k
2 , . . . , x

k
N )

∂xj
, (2.35)

is called Jacobi matrix. In the case when this matrix is non-singular the linear equation system
(2.34) can be solved. Depending on the problem itself different types of linear solvers should be
applied [11].
The solutions of the linear system (2.34) are the increments δk

j (j = 1 . . . N) and with these
increments we can calculate new approximation,

xk+1
j = xk

j + tkδ
k
j , j = 1, . . . , N. (2.36)

The determination of damping value tk is the question of trial and error. The sequences often
used for subsequent trials are,

tk =
1

2l
or tk =

1

2
l(l+1)

2

, l = 0, 1, 2, . . . (2.37)

tk is accepted if the following criterion is fulfilled,

�g(xk + tkδ
k)� < �g(xk)�, (2.38)

where we use Euclidian norm.

2.6.3 Simplified Newton Method

Since the calculation of the Jacobi matrix is a very computer resources-consuming procedure,
one can for a number of subsequent Newton iterations also use the same Jacobi matrix (2.35).
In that case on obtains,

N!
j=1

∂gi(x
0
1, x

0
2, ..., x

0
N )

∂xj
δk
j + gi(x

k
1 , x

k
1 , ..., x

k
N ) = 0, i = 0 . . . N. (2.39)

The simplified Newton method obviously has a worse convergence behavior.

2.6.4 Damping

In the cases where the convergence of the Newton scheme is attainable only for a very small
time steps, methods for the enforcing of the convergence must be applied. The method which has
also successfully been applied in semiconductor device modelling [4], is the so-called Bank-Rose
algorithm [12]. The algorithm is represented in Figure 2.3. It controls the behavior of Newton
scheme through a damping factor tk. The parameter of crucial importance for the algorithm
is K. In Figure 2.3 we take Kk/10 as initial estimate for Kk+1. Alternatively, we have used
Kk+1 = Kk 4j−k−1, where j is the counter of failed tests tk

−1(1− �g(xk+1)�/�g(xk)�) < ω.
The algorithm searchs through the vincinity of the initial solution xk for the shortest path
through the attraction region of the Newton scheme to reach the next approximation xk+1. In
the cases when the Bank-Rose algorithm fails the parameter K grows infinitely and an improved
approximation xk+1 is never found.
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construct the matrix G by assembling it out of the nucleus matrix ΠT which is calculated for
each element T ∈ Th(Ω) [11],

ΠT =
∂(ℓe

1,1, ℓ
e
1,2, ℓ

e
1,3, ℓ

e
1,4, . . . , ℓ

e
M,1, ℓ

e
M,2, ℓ

e
M,3, ℓ

e
M,4)

∂(c1,1, c1,2, c1,3, c1,4, . . . , cM,1, cM,2, cM,3, cM,4)
, (2.42)

with the inputs,

πT (s + 4(p − 1), r + 4(l − 1)) =
∂ℓe

sp(c1,1, . . . , c1,N , . . . , cM,1, . . . , cM,N )

∂crl
, (2.43)

where s, r ∈ {1, 2, 3, 4} and p, l ∈ {1, . . . ,M}.
The basic nodal function ϕA, defined at the arbitrary point A ∈ Th(Ω) is non-zero only on the
patch P (A). Furthermore ϕA can be represented as,

ϕA =
!

T∈P (A)

ϕT
A. (2.44)

ϕT
A = 1 at the point A and ϕT

A = 0 at three other points of the tethraedal element T .

The discrete operators ℓap obtained by testing of p-th equation of the system with the basic
nodal function ϕA is,

ℓap = (ϕA,Lp(ch))Th(Ω) =
!

T∈P (A)

(ϕT
A,Lp(ch))T . (2.45)

The partial derivative of (2.45) with respect to ckl is,

∂ℓap

∂ckl
=

!
T∈P (A)

∂(ϕT
A,Lp(ch))T

∂ckl
=

!
T∈P (A)

∂(ϕT
A,Lp(

"4
i=1 c1,iϕi, . . . ,

"4
i=1 cM,iϕi))T

∂ckl
. (2.46)

Obviously in (2.46) ϕT
A is equal to one of the basic nodal functions ϕ1, ϕ2, ϕ3, ϕ4 at the element

T . Furthermore, the partial derivative is non-zero only if the ckl stays for one nodal value of T .

We now define the operator χ(T, i), T ∈ Th(Ω), i = 1, 2, 3, 4, which assigns a single global index
I to every local index i of vertex belonging to the tethraedal element T . The inverse function
χ−1(T, I) is also well-defined.

From (2.41), (2.43), and (2.46) we have,

g(a+N(p−1), k+N(l−1)) =
∂ℓap

∂ckl
=

!
T∈P (A)

πT (χ−1(T, a)+4(p−1), χ−1(T, k)+4(l−1)). (2.47)

The assembling process consists of calculating of nucleus matrix ΠT for each element of the
mesh Th(Ω) and building the inputs of the global matrix G as the sum on the right side of
the equation (2.47). For the implementation of the assembling algorithm into software tools the
following algorithm is used,
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Assembling Algorithm
assemble(G)

{
initialize G = 0
for each T ∈ Th(Ω)
{

for each (p, l) ∈ {1, . . . , M}2

{
for each (i, j) ∈ {1, 2, 3, 4}2

{
a = χ(i, T ) + N · (p− 1)
b = χ(j, T ) + N · (l − 1)
g(a, b) = g(a, b) + πT (i + 4 · (p− 1), j + 4 · (l − 1))

}
}

}
}

At the end of the assembling process the general matrix G contains the values given by (2.40).

2.8 General Solving Procedure

The complete solving procedure for a time dependent problem has the following structure,

Solving Algorithm
initialize t0 = 0, n = 1
while tn < tend

{
chose initial value c0,n

h = cn−1

h

initialize k = 0
while not condition(ck,n

h )

{
assemble(G)

solve G(ck,n

h ) · δck = R(ck,n

h )

ck+1,n

h = ck,n

h + δck

k = k + 1
}
tn+1 = tn + Δtn+1

n = n + 1
}

This yields values of cn for discrete times tn =
"

i Δti. Automatic time step and mesh control

are discussed in the next section. As the terminating condition (condition(ck,n
h ) in the Solving

Algorithm) for the Newton loop, the following inequalities are commonly used,

�ck+1,n
h − ck,n

h � ≤ ηabs, (2.48)

�ck+1,n
h − ck,n

h � ≤ ηrel�ck+1,n
h �, (2.49)
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�R(ck+1,n
h )� ≤ ηf . (2.50)

where ηabs, ηrel, and ηf are given tolerances and �� Euclidian norm.

2.9 Time Step and Mesh Control

A time step and mesh should always be chosen in a such a way that the error made during the
numerical solving procedure is acceptably small. In this chapter we consider a general system
of nonlinear PDEs and there is no rigorous theory available which covers the error behavior of
such systems. However for certain special classes of problems there are well-known results which
can be used as basis for the study of more complex systems.

For our purpose the case L(c) = △c and f = 0 in (2.1) is of special interest, since it represents
the problems discussed in this work in its simplest form.

Using a backward Euler scheme and a finite element method with linear basic nodal functions
we have the estimate [9, 10,13],

�cn
h − c(tn)�L2(Ω) ≤ γ

�
1 + ln

tn
Δtn

�1/2�
max
m≤n

�
Im

%%%∂c

∂t

%%%
L2(Ω)

dt + h2max
t≤tn

�c(t)�H2(Ω)

�
(2.51)

for In = [tn−1, tn] and tn = tn−1 + Δtn, where �f�L2(Ω) =
�

(f, f), and

�f�H2(Ω) =
��

Ω
f2 +

!
i

� ∂f

∂xi

�2
+

!
i,j

� ∂2f

∂xixj

�2
dΩ

�1/2
, (2.52)

cn
h is the finite element approximation at the discrete time step tn, and h is the the maximal

edge length of the discretization. The estimate (2.51) is valid independently of the dimension of
a given problem [9,10,13].

Taking into account that the logarithmic quantity in (2.51) changes slowly, it can be absorbed
in the constant γ and considering that,�

In

%%%∂c

∂t

%%%
L2(Ω)

dt ≤ Δtnsup
t∈In

%%%∂c

∂t

%%%
L2(Ω)

, (2.53)

we can write (2.51) as,

max
t≤tN

�c(t) −C(t)� ≤ γ
�
max
n≤N

�
Δtn sup

t∈In

%%%∂c

∂t

%%%
L2(Ω)

�
+ h2max

t≤tN
�c(t)�H2(Ω)

�
. (2.54)

The first term on the right side of (2.54) corresponds to the time discretization error and the
second to the spatial discretization error [13].

If we want to achieve the time discretization error to be bounded by δ for t ≤ tN , we have to
ensure that,

Δtn sup
t∈In

%%%∂c

∂t

%%%≤ δ

γ
, n = 1, . . . , N. (2.55)
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Making the plausible assumption that,

Δtn sup
t∈In

%%%∂c

∂t

%%%∼ �cn
h − cn−1

h �, (2.56)

we obtain a rule for choosing the local time step Δtn. Starting with cn−1
h we calculate cn

h using
the time step Δtn = Δtn−1. If �cn

h − cn−1
h � ≤ δ/γ, the value cn

h is accepted and otherwise Δtn
is decreased. Variations of this approach are also possible. For example, the initial Δtn can be
chosen as [13],

Δtn =
δΔtn−1

γ�cn−1
h − cn−2

h � . (2.57)

To estimate the error of the spatial finite element discretization several methods are known
today. These methods are based on the estimation of the second term on the right side of
(2.54) using the solution obtained by means of the finite element method (a posteriori error
estimators) [9, 10,13].

First we will present the flux error estimator based on the work by Babuska, Bieterman, and
Rheinboldt [9].

We consider a tethraedron T0 ∈ Th(Ω) and define a tehraedron-patch P (T0) as the subset of
Th(Ω) of all tethraedrons which have one common face with T0. Each point pi of the discretization
holds a concentration value Ci ≥ 0 and inside of the each element the concentration is linearly
interpolated as C(x, tn) =

"4
i=1 Cn

i ϕi(x). In the following we omit the discrete time index n,
because we consider only a single time step.

The concentration gradient, calculated by ∇C(x) =
"4

i=1 Ci∇ϕi(x), is constant on each element
T and discontinuously changes between two neighboring elements. We write ∇C(x) = ∇TC for
x ∈ T . This discontinuity expresses the error of the approximation and can be quantified on the
tehraedron-patch P (T0) as the flux error estimator,

e2
F (T0) = h2

!
T∈P (T0)

�
T∩T0

�∂C

∂n

�2

T,T0

df, (2.58)

�∂C

∂n

�
T,T0

= n · (∇T C −∇T0C), (2.59)

where n is the outside normal on the face f = T ∩ T0 and h is the length of the longest edge of
the tethraedron T .

The second spatial discretization error estimator presented here is the gradient recovery error
estimator which is widely used today in the finite element community [14].

For the derivation of the gradient recovery error estimator we first need the recovered gradient.
The recovered gradient is calculated as the Lagrange interpolate at the nodes of the mesh. Taking
a node a ∈ Th(Ω) and defining P (a) as a point-patch of all elements which contain node a as
one of its nodes. The recovered gradient ∇RC(a) at the node a, is then calculated as,

∇RC(a) =
!

T∈P (a)

θa,T∇TC. (2.60)
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We chose the weights θa,T of the Lagrange interpolate as,

θa,T =
|T |"

T ′∈P (a) |T ′| . (2.61)

The values of the concentration gradient on the element nodes pj , (j = 1, 2, 3, 4) enable to define
a linear approximation of the gradient inside the element as,

∇RC(x) =
4!

i=1

∇RC(pi)ϕi(x). (2.62)

The deviation of∇T C from∇RC(x) on the element T gives the gradient recovery error estimator,

e2
R(T ) =

�
T
|∇RC(x)−∇T C|2 dΩ. (2.63)

Although the gradient recovery error estimator and the flux error estimator are apparantly crude
and derived on the basis of a simple parabolic model problem, they result in a suprisingly good
error estimate [14]. These error estimators are used as indicators for the local mesh adaptation
in several FEM based software tools [15–17].

For the applications discussed in this thesis the physically motivated dosis error estimator (Sec-
tion 3.9) has even more importance than the error estimators presented above.

Independent of the actual mesh adaptation strategy and error estimator, the following algorithm
for the finite element adaptive computation can be applied [15],

Adaptive finite element computation
choose initial mesh T0(Ω), initialize k = 0
until E ≤ η�ch�X or n(Tk(Ω)) ≤ nmax

{
compute ch using the current mesh Tk(Ω)
compute the estimator e(T ) in each element

if the total error E =
�"

T e2(T ) > η�ch�X then

refine the elements T for which e(T ) > η�ch�X/n(Tk(Ω))
}

Here E denotes the total error, e(T ) is an error estimator, X = L2(Ω),H1(Ω), or H2(Ω), and η
is a given tolerance for the relative error.
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Chapter 3

Diffusion Phenomena in
Semiconductors

The running of matrix-type experiments to find out how to build an optimal device is a pro-
hibitively expensive undertaking. Today, efficient and reliable process simulators are required
which allow the device to be built and tested by computer before trying it out in the fab.

One of the most important issues in TCAD today is the ability to accurately simulate junction
formation processes. The junction depth and steepness determine the electrical properties of the
device and because of that one needs to predict the profiles of active substitional concentration
of the dopants.

Main challenges for the future of CMOS technology constitute very shallow junctions to minimize
short-chanel effects, with low sheet resistance to maximize drive currents.

In order to introduce dopants into silicon, ion implantation is used. This method affords great
flexibility in terms of the doping species, the physical location of the dopants, and in manufactur-
ing throughput. Ion implantation involves ionized dopant atoms which are accelerated through
an electrostatic field and directed towards the wafer. After being introduced the dopant atoms
redistribute through the wafer. Usually this redistribution is intentional; otherwise it could have
unpredictable results. The motion of these dopants is mostly caused by diffusion.

After the implantation phase most of the implanted dopant atoms are not in the correct con-
figuration to be electrically active. Increasing the wafer temperature enhances diffusion of the
dopants and consequently their electrically activation.

At the beginning of this Chapter I present the physical foundation of the diffusion models.
Further, most important models used for the state of the art diffusion simulation are introduced
together with the corresponding process conditions. Linearization and discretization schemes for
the selected models are motivated and derived. For these models nucleus matrix are constructed
which are used in assembling and solving algorithms presented in Chapter 2. Discussed models
and solving algorithms are applied for the simulation of demonstrative examples which illustrate
the correctness of the developed numerical methods.
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3.1 The Physics of Diffusion

Diffusion is the kinetic process that leads to the homogenization, or uniform mixing, of the
chemical components in a phase. Although mixing in a fluid (liquid or gas) may occur on many
length scales, as induced by macroscopic flow, diffusive mixing in solids, by contrast, occurs only
on the atomic or molecular level. As time increases, the extent of homogenization by diffusion
also increases, and the length scale over which chemical homogeneity persists within a phase
gradually extends to macroscopic distances.

In the silicon process technology, depending on the complexity of the model, dopant redistribu-
tion does not only include dopant atoms itself, but also point defects. The point defects can be
divided into simple and extended point defects.

Additionally, the presence of the large number of the charged dopant atoms causes an electrical
field in the inside of the wafer, which reversely influences the diffusion of dopants.

The continuum-based diffusion models are successfully applied in many process simulation pro-
grams [6]. These models use the so-called methodology of diffusion-reaction equations, which
was shown to be very efficient for the numerical simulation of the diffusion phenomena. The
method itself can be generalized to design a set of coupled partial differential equations from
some assumption about possible reactions between intrinsic point defects and dopants.

Principal ingredients of the diffusion-reaction models are: Fick’s diffusion laws, electrical field
enhanced diffusion, and species generation and recombination theory. In the following we will
briefly discuss and illustrate each of these basic concepts.

Fick’s diffusion laws
The laws of diffusion are mathematical relationships which relate the rate of diffusion to the
concentration gradient for net mass transfer. Such laws are considered to be phenomenological.
We define vector J(x, y, z) to be a mass flux of the diffusing component. In Cartesian (x, y, z)
coordinates, with the unit coordinates i, j and k, the mass flux may be written as a vectorial
sum:

J(x, y, z) = Jxi + Jyj + Jzk, (3.1)

The individual flux magnitudes appearing in (3.1) can be expressed by component equations
through Ficks’s first law :

Jx = −D
∂C

∂x
, Jy = −D

∂C

∂y
, Jz = −D

∂C

∂z
, (3.2)

where D denotes the diffusion coefficient and C(x, y, z) is the concentration of the diffusing
component.
By imposing a mass conservation on the diffusing system we obtain Ficks’s second law in the
form:

−∇ · J =
∂C

∂t
(3.3)
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The interpretation of (3.3) is clear: If there is a converging flow of species at a point, so that
∇ · J < 0, the concentration rises with time; if there is a divergent flow, so that ∇ · J > 0, the
concentration falls.

Influence of the Electrical field
We consider a single charged particle moving in the electrical field with potential ϕ(x, y, z). The
gradient of this potential describes the force on the particle [18],

F = −Z∇ϕ, (3.4)

where Z is the valence of the charged species. A potential gradient tends to produce a flux of the
species, and this flux must be added to that produced by the concentration gradient to arrive
at the equation for the total flux. It is found empirically that a potential gradient gives rise to
a mean diffusion velocity for the affected atoms. This fact is mathematically expressed by the
equation,

v = µF, (3.5)

in which µ is called mobility. The force gives rise to a steady-state velocity instead of continuing
acceleration.

In applying a potential gradient instead of concentration gradient we are simply replacing one
small force with another. Thus is plausible that the mobility is proportional to the diffusion
coefficient D. This fact is expressed by Einstein’s relationship,

µ =
D

kT
, (3.6)

where k is the Boltzmann constant. The flux that results in a homogenous system is thus,

J = Cv = µCF = −µCZ∇ϕ = −DCZ

kT
∇ϕ. (3.7)

Combining the last equation with Fick’s diffusion law we obtain a partial differential equation
describing the behavior of the charged particle in the concentration and electrical gradient field,

1

D

∂C

∂t
= ∇ · (∇C +

CZ

kT
∇ϕ). (3.8)

Electric fields arise from the large differences in diffusion constants of the ionized dopants and
the charge carriers associated with them [4]. The charge carriers would ordinary tend to diffuse
away faster then the ions, thus creating a space charge. The electric field originating from this
space charge acts on the ions and charge carriers to counteract the separation.

Generally, in the case of non-uniform concentrations of dopants, the electric field calculation is
based on third Maxwell’s equation,

divD = ρ, (3.9)
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where D is the electric displacement vector and ρ the space charge concentration. The electric
displacement vector is related to the electric field vector E and thus to the electrostatic potential,

D = ǫE = −ǫ∇ϕ. (3.10)

Finally, under the assumption of complete ionization, (3.9) takes the form [4],

div(ǫ∇ϕ) = q (n− p +
!

i

ziCi) = q (2ni sinh
ϕ

UT
+

!
i

ziCi), (3.11)

zi denotes the electron charge associated with the defects and Ci is their concentration.

Assuming local charge neutrality,

n− p = −
!

i

ziCi, (3.12)

it can be shown that electron and hole concentration is expressed by [4],

n, p = ∓1

2

!
i

ziCi +

��1

2

!
i

ziCi

�2
+ n2

i , (3.13)

where ni is intrinsic carrier concentration (see Section 3.3.1).

Species generation and recombination theory
During the diffusion process species may arrange in pairs with species of another type and
thereby the new species are created. Let we take three species A, B and AB, whereas the third
one is constructed by pairing of first and second. This chemical reaction can be symbolically
displayed as [19],

A + B ⇒ AB. (3.14)

The intensity of these reaction is expressed by a rate coefficient k1 Also the reverse process is
thinkable, dissolution of the compound species AB into the original species A and B,

AB ⇒ A + B. (3.15)

The rate coefficient of the reverse reaction is k2. For these two reactions we can also define the
rate of reaction by,

v1 = k1CACB , v2 = k2CAB. (3.16)

We say that the reactions are in global thermal equilibrium if everywhere is fullfiled,

v1 = v2. (3.17)

A thermal dependence of the reaction rates is always assumed, and with taking K(T ) =
k2(T )/k1(T ), (3.17) can be written in the form of the law of mass action,

CACB = K(T )CAB. (3.18)
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However, if the reactions are not in global thermal equilibrium, there is obviously a change in
concentration of each species and the following equations hold,

∂CA

∂t
= k2CAB − k1CACB,

∂CB

∂t
= k2CAB − k1CACB,

∂CAB

∂t
= k1CACB − k2CAB. (3.19)

Relations (3.19) are important for advanced diffusion models.

3.2 Interaction of Dopants with Simple Native Point Defects

In silicon dopants diffuse via interactions with native point defects. This concept is now generally
accepted relying on experimental observations and theoretical calculations [20,21]. The focus of
this work is put on interactions with the simple native point defects: interstitial (I) and vacancies
(V). A vacancy is an empty lattice site, while an interstitial is a host atom present on a site
different from a regular substitutional lattice site.

In the following sections the possible reactions between dopant atoms and native point defects
are described. The dopant atom is always denoted as A and, correspondingly, a vacancy-dopant
pair as AV , and an interstitial-dopant pair as AI.

3.2.1 Charge Exchange Reactions

Simple point defects and point defect pairs exists in different charge states. The reactions between
charged species and current carriers are expressed by the following relationships for the case of
electrons (e),

Ii + e− ⇐⇒ Ii−1,

V i + e− ⇐⇒ V i−1,

(AI)i + e− ⇐⇒ (AI)i−1,

(AV )i + e− ⇐⇒ (AV )i−1. (3.20)

Analogous relations hold also for holes (h). Exponents of the species symbols denote the charge
state of the species. Because electronic interactions are much faster than atomic diffusion pro-
cesses, it is generally assumed that ionization reactions are near equilibrium. In that case, ac-
cording to (3.20), we can write expressions for the concentrations of each species for each charge
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state.

CIi = Ki
I

� n

ni

�i
CI0 ,

CV i = Ki
V

� n

ni

�i
CV 0 ,

C(AI)i = Ki
AI

� n

ni

�i
C(AI)0 ,

C(AV )i = Ki
AV

� n

ni

�i
C(AV )0 . (3.21)

The total concentration of the species is obtained by summation over all charge states of the
species. For example for the interstitials I,

CI =
!

i

CIi = CI0

!
i

�
Ki

I

� n

ni

�i�
, (3.22)

where Ki
X are equilibrium coefficients.

3.2.2 Dopant and Point Defect Reactions

The system in which a dopant diffuses via interactions with point defects can be described by
the following set of reactions. We take as example a reaction with an ionizated A+ donor atom:

dopant-defect pairing reactions,

A+ + Ii ⇐⇒ (AI)i+1, (3.23)

A+ + V i ⇐⇒ (AV )i+1, (3.24)

recombination and generation of Frankel pairs,

Ii + V j ⇐⇒ (−i− j)e−, (3.25)

pair dissociation/defect recombination,

(AI)i + V j ⇐⇒ A+ + (1− i− j)e−, (3.26)

(AV )i + Ij ⇐⇒ A+ + (1− i− j)e−, (3.27)

(AV )i + (AI)j ⇐⇒ 2A+ + (2− i− j)e−. (3.28)

A recombination rate for Frankel pairs can be significantly increased by the last three reactions
which represent an alternative for the recombination and generation of vacancies and interstitials
at high dopant concentrations [22].
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3.3 Equilibrium Diffusion

The models described are valid only when both interstitials and vacancies remain on their
equilibrium levels. All the reactions described in the Sections 3.2.1 and 3.2.2 are also assumed
in equilibrium. Application area of equilibrium diffusion was the modeling of junction formation
in the cases where dopants are introduced from the solid source or gas phase into the wafer.
However, in all modern process conditions where enhancement of dopant diffusion due to presence
of point defects takes place (TED-transient enhanced diffusion), equilibrium diffusion models are
very unreliable.

3.3.1 Intrinsic Diffusion

The simplest case of diffusion is the so called intrinsic diffusion. The condition where an intrinsic
diffusion model can be applied is when the dopant concentration is low compared to the intrinsic
carrier concentration ni. This condition has to be fulfilled at the diffusion temperature under
consideration. According to the empirical fit to the experimental data [23],

n2
i = 1.5 · 1033 T 3exp(−1.21eV/kT ) cm−6. (3.29)

The governing equation of intrinsic diffusion is,

∂CA

∂t
= D(T )ΔCA, (3.30)

where CA = CA(x, y, z, t). Under intrinsic doping conditions, the diffusion coefficient is constant
with respect to the dopant concentration. The temperature dependence of diffusion coefficient
determined from experiments is usually found to obey an Arrhenius relation:

D(T ) = D0 · exp

�
−EA

kT

�
, (3.31)

characterized by prefactor D0 and activation energy EA. The intrinsic diffusion model assumes
that dopants diffuse directly through the silicon grid, passing between the sites of the silicon
atoms.

The importance of the intrinsic diffusion model lays in the fact that it enables to test the
basic numerics of the finite element solver, because in this case an analytic solution of the
diffusion equation is easy to obtain. Secondly, through comparison with intrinsic diffusion some
advanced diffusion models which handle effect such as electric field enahancment and point
defects/transient enhancement can be demonstrated.

3.3.2 Extrinsic Diffusion

If the dopant concentration exceeds the intrinsic carrier concentration, an internal electric field
is generated. This electrical field produces a force on the diffusing dopant atoms.
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The origin of the field comes from the higher mobility of the electrons and holes compared to
dopant atoms. If we consider the case of an abrupt phosphorus profile, electrons from the donors
atoms will tend to diffuse ahead of the profile, because they have a very high mobility. This
leaves behind positively charged phosphorus atoms. Thus, an electric field is set up which tends
to prevent electrons from diffusing further and a steady-state condition exists, when the electron
diffusion flux is balanced by the electron drift flux. The governing equation of extrinsic diffusion
is similar to that of intrinsic diffusion, but includes an additional field enhancement factor h,

h(CA) = 1 +
CA

(4n2
i + C2

A)1/2
. (3.32)

This enhancement factor h can be derived from (3.7)-(3.13).

The governing equation of extrinsic diffusion is,

∇ · (h(CA)D∇CA) =
∂CA

∂t
. (3.33)

The extrinsic diffusion model, like the intrinsic difusion model, assumes the direct diffusion
mechanism.

3.3.3 Vacancy-Only Assisted Diffusion

Further improvement of the models for diffusion requires to include the specific influence of
the point defects’ different charge states. Historically, the most important is the vacancy-only
diffusion model [6, 24].

For the dopant diffusion via the vacancy mechanism, the diffusion coefficient can be described
by,

DAV = DAV 0 + DAV + + DAV − + DAV = , (3.34)

where DAV 0 , DAV + , DAV − , DAV = , are the diffusion coefficients associated with interaction of
the impurities with neutral vacancies, positively charged vacancies, negatively charged vacancies,
and doubly negatively charged vacancies, respectively. The diffusion coefficient is proportional
to the vacancy concentration. Therefore (3.34) can be expressed as,

DAV = Di
AV 0

�CV 0

Ci
V 0

�
+ Di

AV +

�CV +

Ci
V +

�
+ Di

AV −

�CV −

Ci
V −

�
+ Di

AV =

�CV =

Ci
V =

�
, (3.35)

where Di
r are diffusivities in intrinsic silicon due to vacancies in charge state ”r”, and CV r and

Ci
V r are the vacancies’ concentration in the charge state ”r” in extrinsic silicon and in intrinsic

silicon, respectively. Using the law of mass action in thermal equilibrium, gives,

CV 0

Ci
V 0

= 1,
CV +

Ci
V +

=
p

ni
,

CV −

Ci
V −

=
n

ni
,

CV =

Ci
V =

=
� n

ni

�2
, (3.36)

where n and p are the free electron and hole concentrations. Therefore (3.35) becomes under
extrinsic conditions,

DAV = Di
AV 0 + Di

AV +

� p

ni

�
+ Di

AV −

� n

ni

�
+ Di

AV =

� n

ni

�2
. (3.37)
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For the diffusion of group III and V dopants of interest, all of the components associated with
various charge states are not significant. The governing equation of the model is

∇ · (DAV ∇CA) =
∂CA

∂t
. (3.38)

The success of the “vacancy-only” theory of dopant diffusion in silicon was initially applied with
great enthusiasm to diffusion in silicon. It had some early dramatic successes, in that it allowed
many of the observations of high dopant concentration diffusion to be explained. However, there
are still many issues in diffusion, which cannot be handled by “vacancy-only” model [24]. It has
serious shortcomings and it cannot explain a lot of diffusion phenomena unless the interstitial
contribution is also included. For example, the “vacancy-only” mechanism cannot explain the
emitter-push effect [25], high concentration phosphorus diffusion [26], transient enhanced dif-
fusion [27], and oxidation enhanced or retarded diffusion (OED or ORD) [28]. For these cases
diffusion models which include the nonequilibrium dynamics of native point defects are necesarry.

3.4 Nonequilibrium Models

After implantation substitional dopant atoms are immobile. The dopant diffusion process is only
possible when substitional dopant atoms interact with native point defects by building dopant-
point defect pairs. Silicon point defects are temporarily consumed to generate mobile species
(dopant-point defect pairs), which then migrate into the silicon wafer interior, where the mobile
dopants settle down on lattice sites to become a substitutional dopants, releasing silicon point
defects in the process [20,24–26].

In the cases where a strong source of point defects exists on the wafer surface, transport of the
dopant-point defects pairs causes a supersaturation of the point defects in the bulk region, and
subsequentially kinks and ledges of the dopant profiles become apperant. The tails of dopant
profiles diffuse much faster than expected, which is exactelly what is observed experimentally
[26,27,29,30].

Due to the active participation in the dopant diffusion, native silicon point defects exhibit
dynamics which significantelly depart from the equilibrium state [6,21]. In the following sections
three widely applied non-equilibrium models for the point defect assisted dopant diffusion are
presented.

3.4.1 Simple Point Defect Model

The simplest way to model the impact of the non-equilibrium interstitials’ and vacancies’ dy-
namic is using the cumulative diffusion coefficient,

DA = D

�
fI

CI

Ceq
I

+ (1− fI)
CV

Ceq
V

�
. (3.39)

Here, Ceq
I and Ceq

V are equilibrium values of interstitial and vacancy concentrations, respectively.
The parameter fI takes the value of one, if the diffusion works exclusively via interstitials, and
zero if it works exclusively via vacancies.
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The model assumes that the dopant-defect pairing reactions and pair dissociation/defect re-
combination are in local equilibrium. The recombination and generation of Frankel pairs are
modeled by,

∂CV

∂t
= DV ΔCV − kf · (CI · CV −Ceq

I · Ceq
V ), (3.40)

∂CI

∂t
= DIΔCI − kf · (CI · CV −Ceq

I · Ceq
V ), (3.41)

denoting the reaction constant as kf , and the diffusion coefficient of interstitials and vacancies
as DI and DV , respectively. Taking the diffusion coefficient DA as defined by (3.39) the dopant
diffusion is modeled by a simple diffusion equation,

∂CA

∂t
= DAΔCA. (3.42)

This model is correct in the case of enhanced and oxidation retarded diffusion for low concen-
trations of dopants [20].

3.4.2 Three-Stream Mulvaney-Richardson Model

Under most annealing conditions, with exception of the rapid thermal annealing (RTA), the
dopant-defect pairing reactions are fast enough to maintain the pair concentration near local
equilibrium with the concentrations of isolated dopands and defects,

C(AI)i+1 = Ki
A+ICA+CIi , (3.43)

C(AV )i+1 = Ki
A+V CA+CV i . (3.44)

Further simplifications is to aggregate different charge states of the species taking part in re-
actions to one single concentration. The last step was done in [29] in order to obtain model
described by following equations,

∂CA

∂t
= ∇ ·

�fIDA

Ceq
I

∇(CICA) +
fIDA

Ceq
I

CICA∇(ln n)
�

+

+∇ ·
�(1− fI)DA

Ceq
V

∇(CV CA) +
(1− fI)DA

Ceq
V

CV CA∇(ln n)
�
, (3.45)

∂CI

∂t
= ∇ · (DI∇CI)− kf (CICV − Ceq

I Ceq
V ) +

+∇ ·
�fIDA

Ceq
I

∇(CICA) +
fIDA

Ceq
I

CICA∇(ln n)
�
, (3.46)

∂CV

∂t
= ∇ · (DV ∇CV )− kf (CICV − Ceq

I Ceq
V ) +

+∇ ·
�(1− fI)DA

Ceq
V

∇(CV CA) +
(1− fI)DB

Ceq
V

CV CA∇(ln n)
�
. (3.47)
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fI is the fractional contribution of the interstitial mechanism to the dopants diffusion. The
approach of Mulvaney and Richardson [29] successfully models kink and tail diffusion of boron
and phosphorus (Figure 3.1).

Figure 3.1: Diffusion of phosphorus at 900◦ C for one hour. Phosphorus diffuses primarily
through pairing with intrinsic interstitials. The nonequlibrium dynamics of the
intrinsic interstitials accounts for characteristic kink and tail parts of the final
profile.

3.4.3 Five-Stream Dunham Model

Taking into account non-equilibrium reactions of dopants and point defects we have to deal
with a system of five equations (five-stream model). These are continuity equations for the total
concentrations of A+, AI, AV, I, V, over all charge states for each species [30],

∂CA

∂t
= −RAI −RAV + RAI+V + 2RAI+AV , (3.48)

∂CAI

∂t
= −∇JAI + RAI −RAI+V −RAI+AV , (3.49)

∂CAV

∂t
= −∇JAV + RAV −RAV +I −RAI+AV , (3.50)

∂CI

∂t
= −∇JI −RAI −RI+V , (3.51)

∂CV

∂t
= −∇JV −RAV −RI+V . (3.52)
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RAI and RAV dopant/point defect pairing reactions rates defined as,

RAI =
�!

i

ki
AIK

i
I

�ni

n

�i��
CA+CI0 − C(AI)+

K0
A+I

�
, (3.53)

RAV =
�!

i

ki
AV Ki

V

�ni

n

�i��
CA+CV 0 − C(AV )+

K0
A+V

�
. (3.54)

RI+V is Frankel recombination rate defined as,

RI+V =
�!

i,j

ki,j
I+V Ki

IK
j
V

�ni

n

�i+j�
[CI0CV 0 − Ceq

I0C
eq
V 0 ]. (3.55)

Finally, RAI+V , RAV +I , and RAI+AV are net rates of the pair/defect and pair/pair reactions.

RAI+V =
�!

i,j

ki,j
AI+V Ki

AIK
j
V

�ni

n

�i+j�
[C(AI)+CV 0 −K0

A+IC
eq
I0C

eq
V 0CA+ ], (3.56)

RAV +I =
�!

i,j

ki,j
AV +IK

i
AV Kj

I

�ni

n

�i+j�
[C(AV )+CI0 −K0

A+V Ceq
V 0C

eq
I0CA+ ], (3.57)

RAI+AV =
�!

i,j

ki,j
AI+AV Ki

AIK
j
AV

�ni

n

�i+j�
[C(AI)+C(AV )+ −

K0
A+IK

0
A+V Ceq

I0C
eq
V 0(CA+)2]. (3.58)

We also need terms for the fluxes JAI , JAV , JI , and JV . Flux JP does not appear in the
equations, because it is assumed that isolated dopant atoms are immobile and therefore JP = 0
holds everywhere in the silicon bulk,

JAI = −
�!

i

D(AI)i+1Ki
AI

�ni

n

�i��∇C(AI)+ + C(AI)+

�ni

n

�
∇

� n

ni

��
, (3.59)

JAV = −
�!

i

D(AV )i+1Ki
AV

�ni

n

�i��
∇C(AV )+ + C(AV )+

�ni

n

�
∇

� n

ni

��
, (3.60)

JI = −
�!

i

DIiKi
I

�ni

n

��
∇CI0, (3.61)

JV = −
�!

i

DV iKi
V

�ni

n

��
∇CV 0 . (3.62)

In the equations (3.54)-(3.62) kX represents forward reaction rate coefficients, and KX represents
equilibrium constants.
The model considered in this section correctly predicts the rapid diffusion in the peak region
observed at high concentrations of phosphorus as well as the dependence of tail diffusion on
the peak doping level, while remaining consistent with experimental results indicating that
phosphorus diffusion is dominated by interstitials [30].
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3.5 Boundary and Interface Conditions

In this section we present boundary conditions which are commonly used for the simulation of
diffusion.

3.5.1 Dirichlet Boundary Condition

The physical meaning of the Dirichlet boundary condition is the diffusion from an infinite source
of dopants. This might correspond to putting a heavily doped epitaxial layer on a lightly doped
wafer.

3.5.2 Neumann Boundary Condition

The Neumann boundary condition for the considered dopant with concentration C,

∂C

∂n
= const, (3.63)

means constant flux of the dopant in/out of the simulation domain. The most frequently used
boundary condition in the diffusion simulation is zero the Neumann boundary condition, ∂C

∂n
= 0.

3.5.3 Segregation Interface Condition

Interfaces between different materials occur frequently in silicon processing. Dopants have differ-
ent solubilities in different materials and so they redistribute at an interface until the chemical
potential is the same on both sides of the interface. The ratio of the equilibrium doping concen-
tration is defined as the segregation coefficient [31,32].
Next we consider two separate phases S0 and S1, which might be oxide and silicon. The transfer
of the single species X between S0 and S1 having concentrations C0 in S0 and C1 in S1 is de-
cribed with a basic first order assumption is the species interchange at the interface according
to the chemical reaction,

X0
k1⇐⇒
k2

X1, (3.64)

so the flux of material from S0 to S1 is,

F01 = k1C0 − k2C1 = k1

�
C0 − k2

k1
C1

�
= h

�
C0 − C1

m

�
. (3.65)

In steady state F01 = 0 and we obtain [31,32],

C1

C0
=

k1

k2
. (3.66)

where h is the transfer coefficient over the interface, and m is the segregation coefficient. Both
of these coefficiens exibit temperature dependence according to Arrhenius law.
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3.5.4 Surface Reactions

The chemical reaction at the surface of the simulation domain, when a net flux gI or gV of either
interstitial or vacancies, respectively is injected, is decribed by the equations,

gI + DI
∂CI

∂n
− σI(CI − Ceq

I ) = 0, (3.67)

DV
∂CV

∂n
− σV (CV − Ceq

V ) = 0, (3.68)

where surface loss terms are modeled with surface recombination velocities σI and σV . The
equations (3.67) and (3.68) are used in standard OED and ORD models [20].

Surface processes are dominant in determining the concentration of point defects in typical
silicon wafers [33]. Evidence that pad-oxides/silicon interfaces are good sinks for interstitials
comes from observations on the growth and shrinkage of stacking faults in silicon under different
surface coverings [34].

3.6 The Plus-One Model

During implantation the incident ions interact with stable atoms of the target crystal lattice
and energy is transfered to the target atom. If the transfered energy exceeds the binding energy
of the solid atom, it is removed from its lattice position and a mobile recoil is generated. The
produced recoil penetrates deeper into the target and generates further recoils.

Each recoil event creates one vacancy at the point from where the atom is displaced and an
interstitial at the point where it comes to rest. Thus an equal number of interstitals and vacancies
(known as Frankel pairs) is created during this process.

For each dopant ion entering the silicon crystal the point defect concentration consists of the
number of residual Frankel pairs plus one interstitial. Essentially, all the interstitials and vacan-
cies produced, annihilate in the early stages of the anneal, leaving only a dose of interstitials
due to extra dopant ions introduced into the lattice. This distribution is known as plus-one
distribution.

Point-defect diffusion models based on the plus-one distribution were succesuffuly applied for the
microscopic explanation of the energy dependence of transient enhanced diffusion (TED) [35].

3.7 Dopant Diffusion in the Presence of Exdendend Crystal De-
fects

During ion implementation simple point defect aggregate to build extended defects such as {311}
defects and dislocation loops. Clustering of dopants occurs always when the peak of the implants
dose exceeds the solid solubility. Clustered dopants are electrically inactive and immobile and
on such way they significantly influence dopant diffusion. Even at small implant dose a build up
of the interstitial clusters takes place, but the dynamics of the interstitals clusters significantly
increases for an implant dose larger than 5×1013cm−2 as so-called {311} begin to evolve. These

31



CHAPTER 3. DIFFUSION PHENOMENA IN SEMICONDUCTORS

defects can be described as rod-like in shape running in < 110 > directions. If the anneal
temperature is larger than 950◦C, the {311} defects which consist of 2000 or more interstitials
unfalts to form dislocations loops. The clusters of dopants and point defects do not evolve
individually, but they also interact with each other. It is possible [36] to model all these defects
together with their dynamics in a consistent and fundamental way within a general framework.
The so called moment-based approach models the size distribution of dopant and point defect
clusters. In this section we will illustrate moment approach for the case of {311} extended defects
and phosphorus diffusion.
The central role in the moment approach plays the size distribution function f311

n (x, t) of the
{311} extended defects. This distribution function determines the density per unit volume of
extended defects consisting of n interstitials at a given location and time. The behavior of {311}
defects is described with the following equations which deal with the moments of the distribution
f311

n , mi =
"∞

n=2 nif
311
n [30, 36].

∂m0

∂t
= Dλ[(C311

I )2 −m0Cssγ0], (3.69)

∂m1

∂t
= 2

∂m0

∂t
+ Dλm0[C

311
I −m0Cssγ1], (3.70)

∂C311
I

∂t
= −∂m0

∂t
, (3.71)

with,

γ0 =
1

Cssm0
C∗

1f2, γ1 =
1

Cssm0

∞!
n=2

C∗
nfn+1, (3.72)

where C311
I is the concentration of the interstitials bound in {311} extended defects, Css is the

solid solubility and C∗
n is the interstitial concentration at which there will be no change in the

free energy for precipitates to grow from size n to n + 1.
This model for {311} extended defects can be readily combined with the three stream Mulavaney-
Richardson model in order to get an equation set which describes dopant behavior in the presence
of interstitial clusters. Since boron diffuses primarily through pairing with interstitals one can
omit the vacancy-dopant term from the first and third equation of the model.

∂CB

∂t
= ∇ ·

�fIDB

Ceq
I

∇(CICB) +
fIDB

Ceq
I

CICB∇(ln n)
�
, (3.73)

∂CI

∂t
= ∇ · (DI∇CI)− kf (CICV − Ceq

I Ceq
V ) +

+∇ ·
�fIDB

Ceq
I

∇(CICB) +
fIDB

Ceq
I

CICB∇(ln n)
�
− ∂C311

I

∂t
, (3.74)

∂CV

∂t
= ∇ · (DV∇CV )− kf (CICV − Ceq

I Ceq
V ). (3.75)

As shown in [37], this kind of model is suitable to simulate diffusion which controls the junction
depth for ultra-low energy boron implants.
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3.8 Numerical Handling of the Diffusion Models

In following section we will present discretization approaches for several diffusion models de-
scribed in the preceding sections. Starting with the partial differential equations which model
the given diffusion phenomena, we construct the nucleus matrix and residuum vector which are
needed to carry out the procedure presented in Section 2.8. Throughout this section the number
of nodes of discretization Th(Ω) is denoted as N .

3.8.1 Discretization of the Simple Diffusion Model

The discretization of the simple diffusion models follows directly from the discussion presented
in Section 2.3. In order to construct the global matrix of the system, we write nucleus matrix of
the simple diffusion model for each T ∈ Th(Ω), rank(Π(T )) = 4,

Π(T ) = K(T ) + D ΔtM(T ). (3.76)

Δt is the time step of the discretisized time and K(T ) and M(T ) the stiffness and mass matrices
defined on single tetrahedra T from Th(Ω),

Kpq(T ) =

�
T

∇ϕp(x)∇ϕq(x) dΩ,

Mpq(T ) =

�
T

ϕp(x)ϕq(x) dΩ, (3.77)

for p, q ∈ {1, 2, 3, 4}. This problem is linear and the calculation of the nucleus matrix Π(T ) as
the Jacobi matrix of the operator ℓe : R

4 → R
4 (introduced previously in Section 2.5) is trivial.

the global matrix G is assembled out of the Π(T ) matrices and has obviosly a dimension equal
to the number of all points of discretization.

3.8.2 Discretization of the Simple Extrinsic Diffusion Model

We take the functions w(x), v(x) and u(x) defined on bounded open domen Ω. Starting from
Green’s theorem, a simple relationship can be proved,�

Ω

∇v∇w udΩ +

�
Ω

△w v udΩ +

�
Ω

∇u∇w v dΩ =

�
Γ

v u
∂w

∂n
dΓ, (3.78)

where Γ is the boundary of the domain Ω. We write (3.33) as

∇(h(CA)D)∇CA + Dh(CA)△CA =
∂CA

∂t
. (3.79)

By multiplying (3.79) with the basis function ϕi = ϕi(x) and integrating over the domen Ω we
have, �

Ω

∇(h(CA)D)∇CA ϕi dΩ + D

�
Ω

h(CA)△CA ϕi dΩ =

�
Ω

∂CA

∂t
ϕi dΩ. (3.80)
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Applying (3.78) on (3.80) gives,

D

�
Γ

h(CA)ϕi
∂CA

∂n
dΓ−D

�
Ω

h(CA)∇CA∇ϕi dΩ =

�
Ω

∂CA

∂t
ϕidΩ. (3.81)

Assuming zero-Neumann boundary conditions on Γ we obtain the weak formulation of the
equation (3.33)�

Ω

∂CA

∂t
ϕi dΩ + D

�
Ω

h(CA)∇CA∇ϕi dΩ = 0. (3.82)

By introducing time discretization with time step Δt and writing the last equation for the single
element T ∈ Th(Ω) we obtain,�

T

(Cn
A − Cn−1

A )ϕi dΩ + DΔt

�
T

h(Cn
A)∇Cn

A∇ϕi dΩ = 0. (3.83)

The scalar functions CA(x, tn), ∇CA(x, tn), and h(CA(x, tn)), for tn = n · Δt, are linearly ap-
proximated on the element T ∈ Th(Ω),

Cn
A = CA(x, tn) =

4!
i=1

ϕiC
n
A,i, (3.84)

∇Cn
A = ∇CA(x, tn) =

4!
i=1

∇ϕiC
n
A,i, (3.85)

h(Cn
A) = h(CA(x, tn)) = h(Cn

A,m). (3.86)

The Cn
1 , Cn

2 , Cn
3 , Cn

4 , are the values of the concentration at the nodes of the element T , Cn
m is the

concentration value at some point inside the T . Normally, for Cn
A,m we use the following simple

approximation,

Cn
A,m =

1

4

4!
i=1

Cn
A,i. (3.87)

We can define discrete operator ℓe for each T ∈ Th(Ω). Since we have to deal only with a single
partial differential equation and not with a system of equations, we can omit the second index
in (2.27) by defining the operator,

ℓe
i (C

n
A,1, C

n
A,2, C

n
A,3, C

n
A,4) =

1

Δt

4!
i=1

Mik Cn
A,i +D h(Cn

A,m)
4!

i=1

Kik Cn
A,i, k = 1, 2, 3, 4. (3.88)

The nucleus matrix is than defined as

Π(T ) =
∂(ℓe

1, ℓ
e
2, ℓ

e
3, ℓ

e
4)

∂(Cn
A,1, C

n
A,2, C

n
A,3, C

n
A,4)

. (3.89)

and the residuum vector as,

Re
k = ℓe

k(C
n
A,1, C

n
A,2, C

n
A,3, C

n
A,4)−

1

Δt

4!
i=1

Mik Cn−1
A,i , k = 1, 2, 3, 4. (3.90)

The nucleus matrix for this simple case can be also calculated analytically. In this case is also
rank(G) = N .
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3.8.3 Discretization of the Three-Stream Mulvaney-Richardson Model

First we consider dopant continuity equation of Mulvaney-Richardson model (3.45). The local
change of dopants is due to the divergence of fluxes of dopant-interstitial and dopand vacancy
pairs,

∂CA

∂t
= ∇ · (JAI + JAV ). (3.91)

In this model the diffusion coefficient DA of the point defect-dopant pairs is considered constant
and we can write (based on (3.45)),

∇ · JAI =
fIDA

Ceq
I

Δ(CICA) +
fIDA

Ceq
I

∇(CICA∇(ln n)), (3.92)

∇ · JAV =
(1− fI)DA

Ceq
V

Δ(CV CA) +
(1− fI)DA

Ceq
V

∇(CV CA∇(ln n)). (3.93)

In order to obtain a weak formulation of (3.92) on the single element T ∈ Th(Ω) we multiply
both sides of the equation with the basis function ϕk, and integrate over T ,�

T
∇·JAI ϕk dΩ = −fIDA

Ceq
I

�
T
∇(CICA)∇ϕk dΩ+

fIDA

Ceq
I

�
T
∇(CICA∇(ln n))ϕk dΩ = (3.94)

= −fIDA

Ceq
I

�
T
∇(CICA)∇ϕk dΩ− fIDA

Ceq
I

�
T

CICA∇(ln n)∇ϕk dΩ. (3.95)

The nonlinear terms of (3.95), CI(x)CA(x), ∇(CI(x)CA(x)), and ln n are expressed by the basis
nodal functions ϕ1, ϕ2, ϕ3, ϕ4 on the following way,

CI(x)CA(x) =
4!

i,j=1

CI,iCA,jϕi(x)ϕj(x),

∇(CI(x)CA(x)) =
4!

i,j=1

CI,iCA,j∇(ϕi(x)ϕj(x)), (3.96)

∇(ln n) =
1�

4n2
i + C2

A,m

4!
i=1

CA,i∇ϕi(x).

In the last expression we used the relationship (3.13) for the electron concentration n in the case
of single charged dopant. We substitute the relationships (3.96) into (3.95) and obtain,

�
T
∇ · JAI ϕk dΩ = −fIDA

Ceq
I

4!
i,j=1

CI,iCA,j

�
T
∇(ϕiϕj)∇ϕk dΩ−

− fIDA

Ceq
I

�
4n2

i + C2
A,m

4!
i,j,l=1

CI,iCA,jCA,l

�
T

ϕiϕj∇ϕl∇ϕk dΩ. (3.97)
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To complete the formulation of the weak equation form we have to evaluate following two
integrals,

�
T
∇(ϕiϕj)∇ϕk dΩ = det(J)

� 1

ξ=0

� 1−ξ

η=0

� 1−ξ−η

ζ=0
Λ∇e(ϕ

e
i ϕ

e
j)Λ∇eϕ

e
k dζ dη dξ, (3.98)

�
T

ϕiϕj∇ϕl∇ϕk dΩ = det(J)

� 1

ξ=0

� 1−ξ

η=0

� 1−ξ−η

ζ=0
ϕe

i ϕ
e
jΛ∇eϕ

e
l Λ∇eϕ

e
k dζ dη dξ, (3.99)

here we transfer the calculation to the normed (ξ, ζ, η) coordinate system. Transformation of
the gradient operators is done by multiplication with the matrix Λ = (J−1)T.

Λ∇e(ϕ
e
iϕ

e
j)Λ∇eϕ

e
k =


Λ0,0 Λ0,1 Λ0,2

Λ1,0 Λ1,1 Λ1,2

Λ2,0 Λ2,1 Λ2,2


×




∂(ϕe
i ϕe

j)

∂ξ
∂(ϕe

i ϕe
j)

∂η
∂(ϕe

i ϕe
j)

∂ζ


×


Λ0,0 Λ0,1 Λ0,2

Λ1,0 Λ1,1 Λ1,2

Λ2,0 Λ2,1 Λ2,2


×




∂(ϕe
k
)

∂ξ
∂(ϕe

k
)

∂η
∂(ϕe

k
)

∂ζ


 =

=
�
Λ0,0

∂(ϕe
i ϕ

e
j)

∂ξ
+ Λ0,1

∂(ϕe
i ϕ

e
j)

∂η
+ Λ0,2

∂(ϕe
i ϕ

e
j)

∂ζ

�
×

�
Λ0,0

∂(ϕe
k)

∂ξ
+ Λ0,1

∂(ϕe
k)

∂η
+ Λ0,2

∂(ϕe
k)

∂ζ

�
+

+
�
Λ1,0

∂(ϕe
i ϕ

e
j)

∂ξ
+ Λ1,1

∂(ϕe
i ϕ

e
j)

∂η
+ Λ1,2

∂(ϕe
i ϕ

e
j)

∂ζ

�
×

�
Λ1,0

∂(ϕe
k)

∂ξ
+ Λ1,1

∂(ϕe
k)

∂η
+Λ1,2

∂(ϕe
k)

∂ζ

�
+

+
�
Λ2,0

∂(ϕe
i ϕ

e
j)

∂ξ
+Λ2,1

∂(ϕe
i ϕ

e
j)

∂η
+Λ2,2

∂(ϕe
i ϕ

e
j)

∂ζ

�
×

�
Λ2,0

∂(ϕe
k)

∂ξ
+ Λ2,1

∂(ϕe
k)

∂η
+ Λ2,2

∂(ϕe
k)

∂ζ

�
,(3.100)

Furthermore we rearrange (3.100),

∂(ϕe
i ϕ

e
j)

∂ξ

∂(ϕe
k)

∂ξ
(Λ2

0,0 + Λ2
1,0 + Λ2

2,0) +
∂(ϕe

i ϕ
e
j)

∂ξ

∂(ϕe
k)

∂η
(Λ0,0Λ0,1 + Λ1,0Λ1,1 + Λ2,0Λ2,1) +

+
∂(ϕe

iϕ
e
j)

∂ξ

∂(ϕe
k)

∂ζ
(Λ0,0Λ0,2 + Λ1,0Λ1,2 + Λ2,0Λ2,2) +

∂(ϕe
i ϕ

e
j)

∂η

∂(ϕe
k)

∂ξ
(Λ0,1Λ0,0 + Λ1,1Λ1,0 + Λ2,1Λ2,0) +

+
∂(ϕe

i ϕ
e
j)

∂η

∂(ϕe
k)

∂η
(Λ2

0,1 + Λ2
1,1 + Λ2

2,1) +
∂(ϕe

i ϕ
e
j)

∂η

∂(ϕe
k)

∂ζ
(Λ0,1Λ0,2 + Λ1,1Λ1,2 + Λ2,1Λ2,2) +

+
∂(ϕe

i ϕ
e
j)

∂ζ

∂(ϕe
k)

∂ξ
(Λ0,2Λ0,0 + Λ1,2Λ1,0 + Λ2,2Λ2,0) +

∂(ϕe
i ϕ

e
j)

∂ζ

∂(ϕe
k)

∂η
(Λ0,2Λ0,1 + Λ1,2Λ1,1 + Λ2,2Λ2,1)+

+
∂(ϕe

i ϕ
e
j)

∂ζ

∂(ϕe
k)

∂ζ
(Λ2

0,2 + Λ2
1,2 + Λ2

2,2). (3.101)

and introduce the matrix Kξ, Kη, Kζ .

Ki,j
ξ =

� 1

ξ=0

� 1−ξ

η=0

� 1−ξ−η

ζ=0

∂(ϕe
i ϕ

e
j)

∂ξ
dζ dη dξ,

Ki,j
η =

� 1

ξ=0

� 1−ξ

η=0

� 1−ξ−η

ζ=0

∂(ϕe
i ϕ

e
j)

∂η
dζ dη dξ, (3.102)

Ki,j
ζ =

� 1

ξ=0

� 1−ξ

η=0

� 1−ξ−η

ζ=0

∂(ϕe
i ϕ

e
j)

∂ζ
dζ dη dξ.
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The values of the integrals (3.98) and (3.99) can be expressed as functions of local node indexes,

αT (i, j, k) =

�
T
∇(ϕiϕj)∇ϕk dΩ = det(J)(Ki,j

ξ (ϕk
ξ (Λ

2
0,0 + Λ2

1,0 + Λ2
2,0) +

+ϕk
η(Λ0,0Λ0,1 + Λ1,0Λ1,1 + Λ2,0Λ2,1) + ϕk

ζ (Λ0,0Λ0,2 + Λ1,0Λ1,2 + Λ2,0Λ2,2)) +

+Ki,j
η (ϕk

ξ (Λ0,1Λ0,0 + Λ1,1Λ1,0 + Λ2,1Λ2,0) + ϕk
η(Λ

2
0,1 + Λ2

1,1 + Λ2
2,1) +

+ϕk
ζ (Λ0,1Λ0,2 + Λ1,1Λ1,2 + Λ2,1Λ)) +

+Ki,j
ζ (ϕk

ξ (Λ0,2Λ0,0 + Λ1,2Λ1,0 + Λ2,2Λ2,0) + ϕk
η(Λ0,2Λ0,1 + Λ1,2Λ1,1 + Λ2,2Λ2,1) +

+ϕk
ζ (Λ

2
0,2 + Λ2

1,2 + Λ2
2,2))), (3.103)

βT (i, j, l, k) =

�
T

ϕiϕj∇ϕl∇ϕk dΩ = det(J)Mij(ϕ
l
ξ(ϕ

k
ξ (Λ

2
0,0 + Λ2

1,0 + Λ2
2,0) +

+ϕk
η(Λ0,0Λ0,1 + Λ1,0Λ1,1 + Λ2,0Λ2,1) + ϕk

ζ (Λ0,0Λ0,2 + Λ1,0Λ1,2 + Λ2,0Λ2,2)) +

+ϕi
η(ϕ

k
ξ (Λ0,1Λ0,0 + Λ1,1Λ1,0 + Λ2,1Λ2,0) + ϕk

η(Λ
2
0,1 + Λ2

1,1 + Λ2
2,1) +

+ϕk
ζ (Λ0,1Λ0,2 + Λ1,1Λ1,2 + Λ2,1Λ)) +

+ϕi
ζ(ϕ

k
ξ (Λ0,2Λ0,0 + Λ1,2Λ1,0 + Λ2,2Λ2,0) + ϕk

η(Λ0,2Λ0,1 + Λ1,2Λ1,1 + Λ2,2Λ2,1) +

+ϕk
ζ (Λ

2
0,2 + Λ2

1,2 + Λ2
2,2))). (3.104)

In (3.103) and (3.104), for the sake of simplicity, we used the abbervations, ϕk
X =

∂ϕe
k

∂X for
X = ξ, η, ζ. It can easily been shown that the functions αT (i, j, k) and βT (i, j, l, k) satisfy
following relations,

4!
k=1

αT (i, j, k) = 0,

4!
i=1

αT (i, j, k) = Kjk(T ),

4!
j=1

αT (i, j, k) = Kik(T ),

4!
k=1

βT (i, j, l, k) = 0,

4!
l=1

βT (i, j, l, k) = 0,

4!
i,j=1

βT (i, j, l, k) = Klk(T ). (3.105)

We introduce now the backward Euler time discretization scheme for (3.91) and by applying the
functions αT (i, j, k) and βT (i, j, l, k) we write the ℓk,1 functions (for k = 1, 2, 3, 4),

ℓe
k,1(c

n
A, cn

I , cn
V ) =

1

Δt

4!
i=1

MikC
n
A,i+DA

4!
i,j=1

�
Cn

A,jαT (i, j, k)
�
fI

Cn
I,i

Ceq
I

+(1−fI)
Cn

V,i

Ceq
V

��
+ (3.106)

+
DA�

4n2
i + (Cn

A,m)2

4!
i,j,l=1

�
Cn

A,jC
n
A,lβT (i, j, l, k)

�
fI

Cn
I,i

Ceq
I

+ (1− fI)
Cn

V,i

Ceq
V

��
, (3.107)

and residuum vector Re
k,1 as

Re
k,1(c

n
A, cn

I , cn
V ) = ℓe

k,1(c
n
A, cn

I , cn
V )− 1

Δt

4!
i=1

MikC
n−1
A,i . (3.108)
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Equations (3.74) and (3.75) of the Mulvaney-Richardson model have the same structure, it is
sufficient, if we consider in more detail only (3.74),

∂CI

∂t
= DIΔCI − kf (CICV − Ceq

I Ceq
V ) +∇ · JAI . (3.109)

We need to consider only DIΔCI − kf (CICV − Ceq
I Ceq

V ), the rest of the equation has already
been treated above. Again, we use linear basis nodal functions ϕk and apply Green’s theorem,

−DI

4!
i,=1

CI,i

�
T
∇ϕi∇Nk dΩ− kf

4!
i,j=1

CI,iCV,j

�
T

ϕiϕjϕkdΩ + kfCeq
I Ceq

V

�
T

ϕkdΩ. (3.110)

we set γT (i, j, k) =
�
T ϕiϕjϕk dΩ, and proceed,

−DI

4!
i=1

CI,iKi,k − kf

4!
i,j=1

CI,iCV,jγT (i, j, k) + kfCeq
I Ceq

V Vk. (3.111)

Finally, we have the discretizied form of equation (3.74),

ℓe
k,2(c

n
A, cn

I , cn
V ) =

4!
i=1

�
Cn

I,i

�Mik

Δt
+ DIKi,k

��
+ kf

� 4!
i,j=1

Cn
I,iC

n
V,jγT (i, j, k) −Ceq

I Ceq
V Vk

�
+

+
fIDA

Ceq
I

4!
i,j=1

�
Cn

A,i

�
Cn

I,jαT (i, j, k) − Cn
A,j�

4n2
i + (Cn

A,m)2

4!
l=1

Cn
I,lβT (i, j, l, k)

��
,(3.112)

and the residuum vector Re
k,2 as,

Re
k,2(c

n
A, cn

I , cn
V ) = ℓe

k,2(c
n
A, cn

I , cn
V )− 1

Δt

4!
i=1

MikC
n−1
I,i . (3.113)

and analogously for the vacancy balance equation,
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and the corresponding residuum vector Re
k,3 as,
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Using the functions ℓe
k,1, ℓe

k,2, and ℓe
k,3 for k = 1, 2, 3, 4 we construct the nucleus matrix Π(T ) of

the diffusion problem,
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Note that the global matrix G in this case has rank 3 ·N .

3.8.4 Analytical Solution of the Segregation Problem for One Dimension

In order to assess the numerical scheme for the problem described in Section 3.5.3 it is useful to
construct an analytical solution for a special one-dimensional case. For the sake of simplicity, we
consider in both segments intrinsic diffusion (Section 3.3.1). As segment S0 the region x > 0 is
assumed and as segment S1 region x < 0. The one-dimensional segregation problem fullfils the
following initial and interface conditions,

C0(x, 0) = Cinit for x > 0 and C1(x, 0) = 0 for x < 0, (3.117)

D0
∂C0

∂x
= −h

�
C1 − C0

m

�
and (3.118)

D0
∂C0

∂x
= D1

∂C1

∂x
, at interface x = 0. (3.119)

Note that condition (3.117) also means that the media from both sides of the interface has an
infinite length. We are searching for the solution of the problem given by (3.30), (3.117), (3.118)
and (3.119) in the form,

for x > 0, C0(x, t) = A0 + B0C(x, t, α0,D0) (3.120)

for x < 0, C1(x, t) = A1 + B1C(−x, t, α1,D1) (3.121)

where A0, A1, B0, B1, α0, α1 are constants to be determined and
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is a solution of the diffusion equation (3.30) for the case of the surface evaporation condition
already studied in [38].
We determine constants A0, A1, B0, B1, α0, α1 from the initial and interface conditions (3.117),
(3.118), (3.119) as follows. From the initial conditions we have

A0 = Cinit and A1 = 0. (3.123)

The interface condition (3.119) yields
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39



CHAPTER 3. DIFFUSION PHENOMENA IN SEMICONDUCTORS

This equation is fullfiled if

α0√
D0

=
α1√
D1

and B0α0 = −B1α1. (3.125)

From (3.118) and (3.123) follows,
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The last equality is ensured for the condition,

B1 − B0

m
=
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m
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= B0α0. (3.127)

By solving the equation system given by (3.125) and (3.127) we have,
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So we can write a solution for the problem posed by (3.30), (3.117), (3.118) and (3.119). For
x > 0,

C0(x, t) = Cinit
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and for x < 0,
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3.8.5 Numerical Handling of the Segregation Model

Let us assume that the segments S0 and S1 are comprised of three-dimensional areas Ω0 and Ω1

and the connecting interface I with two-dimensional area Θ, respectively. The tetrahedralization
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of areas Ω0, Ω1 and the triangulation of area Θ are denoted as Th(Ω0), Th(Ω1) and Th(Θ). We
discretize (3.30) on the element T ∈ Th(Ω0) using a linear basis function ϕk. After introducing
the weak formulation of the equation and subsequently applying Green’s theorem we have�

T

∂C

∂t
ϕk dΩ = D0

�
T

ΔC ϕk dΩ = D0

�
Γ

∂C

∂n
ϕk dΓ−D0

�
T

∇C∇ϕk dΩ, (3.131)

where Γ is the boundary of the element T . Assuming that T ∩ Th(Θ) = ΓΘ �= ∅ and marking all
inside faces of T as Γin we have Γ = ΓΘ ∪ Γin and we can write�

Γ

∂C

∂n
ϕk dΓ =

�
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In the standard finite element assembling procedure [5], we take into account only the terms�
T ∇C∇ϕk dΩ when building up the stiffness matrix. Thereby the terms

�
Γin

∂C
∂n ϕk dΓ do not

need to be considered because of their annihilation on the inside faces.
The term

�
ΓΘ

∂C
∂n ϕk dΓ makes sense only on the interface area Θ and there it can be used to

introduce the influence of the species flux from the neighboring segment area Ω1 by applying
the segregation flux formula (3.65)�
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∂n
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h
�
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m

�
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After a usual assembling procedure on the tetrahedralization Th(Ω0) and Th(Ω1) has been carried
out and the global stiffness matrix for both segment areas of the segregation problem has been
built, the interface inputs (3.133) for the segregation fluxes J01 and J10 are evaluated on the
triangulation Th(Θ) and assembled into the global stiffness matrix according to the particular
assembling algorithm developed in this work.

The numerical algorithm based on the concept described above is carried out in two steps.
Step 1.
We assemble the general matrix G of the problem for both segments, i.e., for both diffusion
processes. The number of points in segments S0 and S1 is denoted as s0 and s1, respectively. The
general matrix has dimensions (s0 + s1)× (s0 + s1) and the inputs are correspondingly indexed.
The matrix is assembled by distributing the inputs from matrix Πi(Ti), dim(Πi(Ti)) = 4 × 4,
defined for each Ti ∈ Th(Ωi), i = 0, 1

Πi(Ti) = K(T ) + DiΔtM(Ti) (3.134)

The Δt is the time step of the discretisized time and K(Ti) and M(Ti) are stiffness and mass
matrix defined on single tetrahedra Ti from Th(Ωi)

Kpq(Ti) =

�
T

∇Np∇Nq dx dy dz

Mpq(Ti) =

�
T

NpNq dx dy dz p, q ∈ {0, 1, 2, 3}. (3.135)
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Let us denote vertices of the element Ti from the tetrahedralization Th(Ωi) by P0, P1, P2, P3

and their indexes in the segment Si by 0 � ki
P0

, ki
P1

, ki
P2

, ki
P3

< si. Assembling means, for each

Ti ∈ Th(Ωi), and r, q ∈ {0, 1, 2, 3} adding the term Πi(r, q) to G(i s0 + ki
Pr

, i s0 + ki
Pq

).
After this assembling procedure is carried out the general matrix G has the following structure,

G =

�
S00 0
0 S11



(3.136)

Where dim(S00) = s0 × s0 and dim(S11) = s1 × s1. The matrix S00 and S11 are the finite
element discretizations of equation (3.30) for the segments S0 and S1, respectively.
Step 2.
For the element T0 ∈ Th(Ω0) with one of it’s faces (ΓΘ) laying on the interface I according to
the idea presented above, weak formulation is,�
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�
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m
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The segregation term on the right side of (3.137) is evaluated on the two-dimensional element
ΓΘ. If we discretisize equation (3.137) and take a backward Euler time scheme with time step
Δt, we obtain for segment S0,

M(T0) (Cn
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0 ) = hΔtM (Cn
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where
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are the values of the species concentration for the nth and n − 1st time step at the vertices of
element T0 and analogously Cn

1 = (Cn
1,P0

, Cn
1,P1

, Cn
1,P2

, Cn
1,P3

)T for T1 ∈ Th(Ω1), T0 ∩ T1 = ΓΘ.
Without loosing generality we assume that verticex P3 of the tetrahedras T0 and T1 is the point
which doesn’t belong to the interface Θ. In that case the matrix M from (3.138) has a simple
structure,

M =
det(J(ΓΘ))

24
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2 1 1 0
1 2 1 0
1 1 2 0
0 0 0 0


 , (3.140)

where J(ΓΘ) is the Jacobi matrix evaluated on element ΓΘ. Using (3.134) we have,

Π0(T0)Cn
0 − hΔtM (Cn

1 −
1

m
Cn

0 ) = M(T0)Cn−1
0 . (3.141)

We introduce now H0(ΓΘ) = − h
mΔtM and H1(ΓΘ) = hΔtM and write for the element T0,

Π0(T0)Cn
0 −H0(ΓΘ)Cn

0 −H1(ΓΘ)Cn
1 = M(T0)Cn−1

0 , (3.142)

and analogously for the element T1,

Π1(T1)Cn
1 + H0(ΓΘ)Cn

0 + H1(ΓΘ)Cn
1 = M(T1)Cn−1

1 . (3.143)
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3.9 Dosis Conservation

For the diffusion simulation applied mesh has to fullfil several physical and mathematical based
requirements. Diffusion simulation follows in general after ion implatantation simulation and
therefore first requirement is that concentration dosis D(C0, Th(Ω)) calculated on mesh Th(Ω)
has to have approximately the same value as implanted dosis Dim. When we take some demanded
tolerance ε, it must also hold,

|Dim −D(C0, Th(Ω))| < ε, (3.144)

thereby, the dosis contained in the simulation mesh is calculated as,

D(Cn, Th(Ω)) =
1

4

!
T∈Th(Ω)

VT

4!
i=1

Cn
i , (3.145)

and VT is the volume of the element. Furthermore, the chosen mesh and numerical procedure
has to ensure accuracy and stability of the obtained solution for each discrete time step. This
requirement is expressed by,

|D(C0, Th(Ω))−D(Cn, Th(Ω))| < ε. (3.146)

The dosis conservation conditions (3.144) and (3.145) are of primarily importance in this work.
In order to study the obtained numerical solutions for the given mesh the error estimators
presented in Section 2.9 are also used.

3.10 Simulation Results

The simulation of source and drain domain build-up in modern MOSFETs is an explictly three-
dimensional TCAD problem due to several effects. First there are silicon/silicon-dioxide, sili-
con/polysilicon and polysilicon/silicon dioxide interfaces whith a specific structure in each spatial
dimension. Segregation effect take place at these interfaces and influence formation of the junc-
tion through the pile-up phenomena. Furthermore, the silicon/silicon-nitride and silicon/silicon-
dioxide interfaces are places of point defect generation and annihilation. These interface processes
have stronger impact on the point defect dynamics than bulk processes and thus influence con-
siderably the diffusion behavior of the dopants. Here again the three-dimensional structure of
the interfaces between silicon and others materials of the MOSFET structure is the cause of
three-dimensional dopant profiles broadening.

In the following sections we present three-dimensional simulation results. The simulations are
carried out with the FEDOS tool based on the diffusion models and PDE discretization and
linearization schemes presented in previous sections.

3.10.1 Equilibrium Diffusion at the Silicon/Silicon-Dioxide Interface

Here we use the vacancy-only model (Section 3.3.3) in combination with the segregation model
(Section 3.5.3) to simulate the behavior of phosphorus dopants in the vicinity of the silicon/silicon-
dioxide interface.
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The extrinsic phosphorus diffusivity is modeled according to [6] assuming that phosphorus atoms
diffuse with neutral and negatively charged vacancies,

DP =
�
3.85 e−3.66 eV/kT + 4.44

� n

ni

�
e−4.00 eV/kT + 44.2

� n

ni

�2
e−4.37 eV/kT

�
cm2/s. (3.147)

The extrinsic concentration of the electrons n is calculated using (3.13).

The considered MOSFET structure is displayed on Figure 3.3. An initial phosphorus profile is
calculated by means of implatation with a dosis 3 · 1012 cm−2 and energy 10 keV (Figure 3.4).
The ion-implantation simulation is carried out with the simulator MCIMPL-II [39,40].

Figure 3.3: MOSFET structure

The mesh used for the simulation is presented in Figure 3.5. Since we have expected higher
gradients of dopant concentration in the vicinity of silicon/silicon-dioxide interface the simulation
mesh is refined in this area with increased number of points in the direction ortoghonal on the
silicon/silicon-dioxide interface.

After a diffusion time of 15 min the dopants have spread deeper into the silicon bulk and
penetrated into silicon-dioxide, as can be seen from the Figure 3.7.

The characteristic pileup in the vicinity of the silicon/silicon-dioxide interface can be observed
on the basis of the behavior of maximal phosphorus concentration flux and flux error, calculated
on the basis of discussion presented in Section 2.9. A pileup effect, as part of the segregation of
dopants on the silicon/silicon-dioxide interfaces, is regularly observed in experiments [41–43].

For comparison the simulation is carried out with and without the segregation model. The
diffusion conditions at the silicon/silicon-dioxide interface produce from the very beginning dis-
tinctively higher concentration gradients. The curves presented in Figure 3.6a are normalized
to the maximum concentration gradient in the case where no segregation model is applied. The
presence of the silicon/silicon-dioxide interface causes a more than 2.4 times larger phospho-
rus concentration gradient. However, due to a carefully chosen mesh (Figure 3.5) no significant
increase of the flux error is observed.
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Figure 3.4: The MOSFET structure with a implanted dopant profile of phosphorus with an
energy of 10 keV. Phosphorus concentration is given in cm−3.

1.28 · 1013

9.60 · 1012

6.40 · 1012

3.20 · 1012

1.00 · 106

3.10.2 Point Defect Assisted Diffusion

The real significance of three-dimensional diffusion simulation in present process technology
lays in the influence of the boundary conditions. The physics at the silicon/silicon-dioxide and
silicon/nitride interface has a strong impact on the dynamics of point defects and thus on the
diffusion of dopants [20,28,33].

It has been established [20, 21, 34] that the interactions at these interfaces can be described by
a simple phenomenological model, given by (3.67) and (3.68), which still allows the appropriate
description of two basic effects: silicon boundary as perfect reflector for point defect and silicon
boundary as perfect point defect sink. Some researchers argue the complete dominance of surface
processes over bulk processes [34].

In order to illustrate three-dimensional effects and capabilities of the numerical schemes pre-
sented in Sections 3.8.3 and 3.8.5 we use a setup of process steps preeceding the diffusion process
step as follows. For performing the three-dimensional process simulation flow the topography
simulator TOPO3D [44, 45] has been used. Deposition and etching process steps have been
carried out with the empirical model of TOPO3D.

The following pictures show as example a sequence from the three-dimensional simulation of
typical CMOS technology process flow. Before source/drain formation, a deposition of the con-
formal Si3N4 layer is carried out (Figure 3.8). The thickness of this layer will determine the
thickness of the sidewall spacer and it is used to optimize device characteristics [5]. Subsequen-
tially, the deposited Si3N4 layer is anisotropically etched (Figure 3.9), leaving a sidewall spacer
along the edge of the polysilicon.

In the prepared structure an initial arsenic profile is introduced with the multi-dimensional ion
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implantation simulator MCIMPL-II [39, 40]. Implanted is the dosis of 5 · 1015 cm−2 with the
energy of 15 keV.

For comparison reason the simulation is performed simultaneously using the Mulvaney-Richardson
model (Section 3.4.2) with the surface recombination model (Section 3.5.4) and without it. To
obtain high nonequilibrium dynamics of the point defects the one-plus model is applied.

The simulation result for the interstitial concentration without surface reaction model is pre-
sented in Figure 3.10a and with the surface reaction model in Figure 3.10b. In both cases
the simulations have been carried out at 950 ◦C for the duration of approximately 1 s. Figure
3.10b shows a significant lowering of the interstitial profile not only directly in the vicinity of the
silicon/silicon-dioxide interface but also deeper in the bulk. The silicon surface acts as sink of the
interstitials, trying to reduce the concentration level from that given by the one-plus effect to the
equilibrium level. Since the silicon/silicon-dioxide interface has an explicitely three-dimensional
shape, the resulting interstitial profile will also show three-dimensional spreading.

Since the interstitals are the main vehicles of enhanced arsenic diffusion, the dwindling of in-
terstitals reduces the depth of the diffused arsenic profile. This can be clearly seen from the
Figure 3.11 (no surface recombination) and Figure 3.12 (with surface recombination). The good
example of the experimental results confirming the strong influence of the silicon/silicon-dioxide
interface on the transient enhanced diffusion can be found in [46].
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Figure 3.5: Mesh applied for the simulation. Displayed is one-forth of the MOSFET structure.
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Figure 3.8: Deposited nitride layer on the studied MOSFET structure.

Figure 3.9: Sidewall spacer is left after etching of the nitride layer.
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a) without surface reaction model

1.2 · 1018

9.2 · 1017

6.2 · 1017

3.1 · 1017

9.5 · 1015

b) with surface reaction model

Figure 3.10: Interstitial profiles at the end of the simulation [cm−3].
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3.0 · 1019

2.4 · 1019

1.5 · 1019

5.9 · 1018

2.4 · 1011

Figure 3.11: Arsenic profile [cm−3]. Diffusion is enhanced by coupling of dopant atoms with
interstitials.
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4.1 · 1019

3.3 · 1019

1.5 · 1019

8.2 · 1018

2.1 · 1012

Figure 3.12: Arsenic profile [cm−3] with point defect boundary condition. Due to dwindling of
interstitials the diffusion of arsenic is retarded.
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Chapter 4

Electromigration Problem in the
Interconnect

Electromigration is the main realibility issue in modern integrated circuits, which can trigger
system failure at some undefined future time. The phenomenon is particularly likely to affect the
thin, tightly spaced interconnect lines of deep-submicron designs. Electromigration is an atomic
transport process which results from momentum transfer to the constituent metal atoms due to
collisions with the current conduction electrons. As atoms electromigrate, there is a depletion of
material “upstream” and an accumulation “downstream” at sites of flux divergence. This can
lead to void formation and growth at points of material depletion causing a large increase in
electrical resistance and, where there is material accumulation, to dielectric cracking and the
formation of an extrusion resulting in a short between adjacent lines. Because the phenomenon
does not manifest itself until a circuit has been operated for months, or even years, electromi-
gration cannot be prevented by product testing.
Blech [47–49] was one of the first to explain the origin of the electromigration phenomena. In
his experiments he discovered a critical product of interconnect line length and current density,
below which no electromigration failure would be observed. Kirchheim [50] proposed a physi-
cally based model in which generation of stress in the grain boundaries during electromigration
is caused by annhiliation and generation of vacancies. Korhonen [51] proposed another physics
based analytical model for mechanical stress evolution during electromigration in a confined
metal line described by a one-dimensional equation.
Experimental observations of void evolution in interconnect lines using ex situ and in situ trans-
mission and scanning electron microscopy have significantly improved our understanding of the
various failure mechanisms in interconnect lines, for example [8, 52–55].
Voids often nucleate at the heterogenities occurring at a line edge. The voids then grow, migrate,
and change shape due to vacancy diffusion driven by a combination of electron wind and the
residual stress field. Various analytical and numerical models for the simulation of void evolution
due to electromigration and residual stress in the interconnect line have been developed in the
past [56–64]. The significance of void evolution simulation lies in the fact that only through a
sufficiently good description of the void metal surface one can predict the influence of an evolving
void on the overall resistance of the interconnect.
Copper metalization offers significant performance and reliability improvement compared with
aluminum metalization, but it presents numerous integration and reliability challenges. Since
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copper readily diffuses into silicon and most dielectrics, copper leads must be encapsulated with
metallic (such as Ta, TaN) and dielectric (such as SiN, SiC) diffusion barriers in order to prevent
corrosion and electrical leakage between adjacent metal leads.
The electromigration resistivity of bulk copper is known to be larger compared to aluminum.
However, failure times measured on integrated copper interconnects strongly depend on the used
integration scheme and the degree of process control.
An ultimative hope of integrated circuits designers today is to have a computer program at hand
which predicts the behavior of thin film metalizations under any imaginable condition. Contem-
porary integrated circuits are often designed using simple and conservative design rules to ensure
that the resulting circuits meet reliability goals. This precaution leads to reduced performance
for a given circuit and metalization technology. Some of the commercial and in-house electromi-
gration reliability simulators used today are BERT [65], Railmill [66] and iTEM [67]. Probably
the most widely known of these tools is BERT (Berkeley Reliability Tools) which calculates the
current density distribution in the whole circuit layout and then applies this result to a set of
formulas [65, 68] for estimating interconnect time to failure. The time to failure calculation is
based on very simple physical models depending on the number of parameters which must be
determined experimentally [68]. Another weak point of this state of the art simulator is that it
does not take into account the influence of mechanical stresses which were shown to be quite
important [69].

4.1 Integrating Void Pre-Nucleation and Void Evolution

In recent years copper-based metalization systems for interconnects have been introduced. Typ-
ically, copper interconnect lines are formed using a Damascene process which starts with etching
trenches in the intralevel dielectric. A thin layer of refractory barrier metal, such as Ta, TaN,
or TiN, is sputter-deposited, along with a thin copper “seed” layer. A much thicker copper
layer is than deposited by electroplating. The excess copper overburden is removed by chemi-
cal mechanical polishing back to the surface of the dielectric to form the interconnect line. A
thin silicon nitride barrier and the interlevel dielectric are deposited to isolate and encapsulate
the copper line. While silicon dioxide is commonly used as intralevel dielectric, new materials
with lower permittivity are being actively investigated as replacements in particular to improve
high-frequency performance.

The development of intrinsic voids which leads to interconnect failure goes through two distinc-
tive phases [8,52,53,55]. These phases exhibit different influence on the operating ability of the
interconnect, and they are also based on different physics. The first phase is the void nucleating
phase. In this phase no electromigration generated voids are present and there is no significant
resistance change.
The second phase begins when a void is nucleated and is already visible in SEM pictures. This
is the rapid phase of the failure development, when the void expands from its initial position
(nucleation site) to a size which can significantly change or completely sever the interconnect
line.
Estimating the time to failure of the interconnect line demands an accurate prediction of the
duration of both phases of the failure development. Thus both of these phases have to be inves-
tigated in subsequent cycles.
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By now, Sarychev [70] proposed a comprehensive electromigration model which appears due to
it’s generality to be adequate for rigorous application. The model connects vacancy diffusion
with the local stress evolution for an arbitrary interconnect layout.

By solving the Sarychev equation system, time dependent stress and vacancy concentration
distributions can be obtained. The main information contained in this picture is about the
critical positions in the interconnect where the vacancy concentration exceeds some configurable
threshold, and the time which is needed for reaching this value.

It is obviously necessary to integrate both models describing a period up to void nucleation
and models describing the evolution of the nucleated void in order to enable prediction of
electromigration stressed interconnect behavior.

4.2 The Physics of Electromigration

The essential ingredients of electromigration are diffusion and a driving force. The diffusion pro-
duces random motion of atoms. Grain boundary diffusion is the dominant diffusion mechanism
at lower temperatures, but at higher temperatures the main contribution comes from bulk diffu-
sion. The second ingredient of electromigration, the driving force, brings a bias into the random
motion of atoms. The contributions of the driving force are the wind force Fwind and direct
force Fdirect. The source of the wind force is the scattering of the atoms by the moving atom.
A well-established quantum-mechanical expression for the wind force induced by the electrical
field E is available [71],

Fwind =
!

k

δf(k)�Ψk| − ∇V (r)
&&&
r=rP

|Ψk�, (4.1)

with,

δf(k) = eτkE · vk
dfFD(ǫk)

dǫk
. (4.2)

Equation (4.1) expresses the electron wind force for an atom at the position given with the
vector rP . Ψk is the electron wave function and vk is the electron velocity, both are labeled by
crystal momentum k and band index n (k = (k, n)). The transport relaxation time τk is inversely
proportional to the resistivity. fFD is Fermi-Dirac distribution and V (r) is the potential of the
atom.

An atom is subject to the direct force Fdirect of the electrical field if it’s nuclear charge is not
completely screened. This force directly pushes the atom towards the cathode.

Both direct and wind force are proportional to the electric field [71,72] and the total electromi-
gration driving force can be written as,

F = Fwind + Fdirect = (Zwind + Zdirect)eE = Z∗eE. (4.3)

The effective valence Z∗, which is the sum of the wind (Zwind) and direct valence (Zdirect), has
been measured for a lot of systems [73]. The wind valences Zwind calculated on the basis of
(4.1) are in good agreement with measurement results [74], but in this work we make use of
measurement results only.
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4.3 Electromigration TCAD Solutions

In order to study electromigration effects in modern copper-based interconnect layouts we have
to deal with two types of models which are needed because of the different character of the
physical phenomena taking place in the void pre-nucleating and void evolution phase.

We denote as tN the time needed for the void to nucleate and as tE the time which a nucleated
void needs to grow from some initial nucleation size to the size which changes the interconnect
resistivity to such an extent that it practically fails (for example 100 × (Ractual/Rinitial − 1) >
20%). So we can calculate the time to failure of the interconnect line,

tf = tN + tE . (4.4)

Until now different TCAD solutions were applied in order to predict the time to failure and
possible critical spots of an interconnect structure. The potential critical spots of an interconnect
structure are locations where the electromigration promoting factors such as current density,
temperature and thermo-mechanical stress reach extraordinary high level.

4.3.1 Black’s Law

To extrapolate electromigration failure times measured under accelerated test conditions to
operating conditions, a semi-empirical model proposed by Black [75] has been widely used in
which the time to failure tf is related to the temperature T and the current density J as

tf =
A

Jn
exp(Ea/kT ) (4.5)

The current density exponent n and activation energy Ea are determined by experiment. The
time to failure distribution according to Black’s equation is displayed in Figure 4.1. In addition
to this model, Black also observed that using an interconnect metal with a larger grain size leads
to increased lifetimes [75].

4.3.2 Modeling of the Electromigration Promoting Factors

Current density and Joule self-heating

Interconnect reliability due to thermal effects is becoming a serious design issue particularly for
dense packed interconnect structures. Thermal effects are inseparable aspects of electrical power
distribution and signal transmission through the interconnects due to self-heating caused by the
flow of current. Thermal expansion mismatch between the metal and the passivation layer causes
stress which leads to fatigue and failure of the metalization [2]. The first problem to be modeled
is self-heating due to an electrical current, which is described by the following equations [76],

∇ · (γT∇T ) = cpρm
∂T

∂t
− p, (4.6)

p = γE�∇ϕ�2, (4.7)

∇ · (γE∇ϕ) = 0, (4.8)
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The strain tensor is connected to the local displacements ui(x1, x2, x3) through relations,

εij(u) =
1

2

�∂ui

∂xj
+

∂uj

∂xi

�
, i, j = 1, 2, 3, (4.10)

and the mechanical stress equilibrium condition is given by,

∂σ11

∂x1
+

∂σ21

∂x2
+

∂σ31

∂x3
= 0,

∂σ12

∂x1
+

∂σ22

∂x2
+

∂σ32

∂x3
= 0, (4.11)

∂σ13

∂x1
+

∂σ23

∂x2
+

∂σ33

∂x3
= 0.

Replacing (4.9) and (4.10) into (4.11) one obtains an equation system for unknown local dis-
placement functions ui(x1, x2, x3).

Equations (4.6)-(4.8) and (4.9)-(4.11) model time dependently the evolution of stress in the
interconnect structures. These equations are solved by means of the finite element method [11,
76]. After determining local displacement functions ui(x1, x2, x3), the stress tensor is calculated
using relations (4.9) and (4.10).

Depending on the interconnect layout, electro-thermal stresses can have tensile or compressive
nature. High tensile stresses can cause break-up of the material and delopement of voids, on the
other hand compressive stresses induce generation of extrusions.

4.4 Prediction of the Voids Nucleation Sites

In the case of copper interconnects there are several types of vacancy diffusivities of impor-
tance, namely, diffusion in the bulk material, grain boundary diffusion, the diffusion along the
copper/barrier interfaces, and the diffusion along copper/cap-layer interface. The bulk diffusion
coefficient can be neglected for temperatures well below the melting point [55]. The simpliest
way to take into account all diffusivities is by introducing an effective diffusion coefficient depen-
dent on the diffusivity coefficients of all paths and on microstructural parameters such as grain
size and grain boundary thickness [77]. Since most copper grains in a Damascene lines are not
larger than 0.3 µm the majority of the interconnects used today will inevitably have a bamboo
structure, so that averaging in the sense of an effective diffusion coefficient is feasible. However,
fast diffusivity paths along copper/barrier and copper/cap-layer interfaces will influence the va-
cancy dynamics strongly depending on the specific interconnect layout. This influence can not
be incorporated with simple averaging terms. The diffusivity must be a cumulative value as used
in [55]

Dv = Db + Dgb

�δgb

d

�
+ DCu/bqCu/b + DCu/NqCu/N . (4.12)

Db, Dgb, DCu/b, and DCu/N , represent the diffusivity through the bulk, along the grain bound-
aries, copper/barrier interfaces, and copper/caplayer interfaces, respectively. δgb is the width of
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the grain boundary and d the average length of a grain boundary. Coefficients qCu/b and qCu/N

depend only on the layout geometry.

To predict the location of the void nucleation sites and the time needed for a void to nucleate a
multitude of microstructural, chemical, process-related, and environment-related variables have
to be taken into account. The microstructural characteristics which need to be considered are the
grain boundary structure and the orientation of the crystal axes inside the grains. Numerous
experiments [8, 55] have shown that the design of the interconnect, passivation, and barrier
layers, together with the material composition of these layers, has a significant impact on the
localization of void nucleation sites.
Of crucial importance for the void-nucleating condition are the dynamics of the crystal vacancies
of the interconnect metal. Depending on crystal texture of the used copper interconnect and it’s
geometry there are several possible paths for the vacancy diffusion.

4.4.1 Korhonen’s Model

The coupling of the vacancy dynamics with the stress development was first introduced by
Korhonen in [51]. The analysis was carried out for a passivated straight aluminum interconnect
line with a columnar grain structure with the grain boundaries perpendicular to the substrate.
The author assumes that vacancy diffusion along grain boundaries equilibrates the stress in
such a way that it reduces to a hydrostatic state on a time scale that is short compared to
that for long range diffusion along the entire line length. The recombination and generation of
vacancies changes the concentration of the available lattice sites, which consequently influences
the hydrostatic stress distribution. Specifically, the loss of the available lattice sites yields an
increase of the hydrostatic stress.

This assumption greatly simplifies the analysis und allows an analytical solution of the governing
equation. However, this approach is eglible only for passivated straight interconnects with a
specific aluminum crystal texture.

Metal self-diffusion occurs via a vacancy exchange mechanism. The atomic flux JA is equal and
opposite the flux of vacancies JV . Therefore, the electromigration induced vacancy flux resulting
from an applied electric field E is given by [51],

JV = CV
Z∗eDV

kT
E, (4.13)

and correspondingly, the atomic flux,

JA = −CA
Z∗eDV

kT
E, (4.14)

where CA, DV and CV , DV are the concentration and diffusion coefficient of atoms and vacan-
cies, respectively. Z∗ is the effective valence (Section 4.2).
In [51] is assumed that material transport along an interconnect line is carried out by grain
boundary diffusion alone. This approach is justified in the case of an aluminum-based metaliza-
tion when the width of the interconnect line is much larger than the average grain size. Then for
the given boundary the vacancy diffusion coefficients DGB

V and the effective diffusion coefficient
are related,

DV ≈
δ DGB

V

d
, (4.15)
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where δ is the grain boundary width and d is the grain size. As it was shown by Herring [78,79],
diffusive fluxes of atoms (vacancies) arise due to potential differences between different locations
of the interconnect line and the chemical potential given by,

µ = µ0 − Ωσ, (4.16)

where Ω is the atomic volume, and σ is the tensile stress normal to the grain boundary or the
interface.

One of the basic assumptions made by Korhonen [51], is that electromigration will deposit
atoms in grain boundaries in such a way that mechanical stress very fast becames uniform
(compared with the self-diffusion along the interconnect) at a any particular cross section of
straight interconnect (perpendicular to the electrical current direction). This assumption signifi-
cantly simplifies analysis because the mechanical stress gradient is non-zero only in the electrical
current direction where it opposites electromigration.

The model transport equations can be expressed in terms of either vacancies or atoms but in
most cases [51] vacancy are chosen. The net vacancy flux along the length of the interconnect
line induced by the gradient of the chemical potential and electromigration, taking into account
(4.16) can be written as,

JV = −CV
DV

kT

�
Ω

∂σ

∂x
− Z∗eE

�
. (4.17)

The equilibrium vacancy concentration in the presence of mechanical stress is given by,

CV = Ceq
V exp(Ωσ/kT ), (4.18)

and the vacancy flux can thus be expressed as,

JV = −DV

�∂CV

∂x
− Z∗eE

kT
CV

�
. (4.19)

The continuity equation for the vacancies gives the following material balance equation,

∂CV

∂t
+

∂JV

∂x
+ γ = 0. (4.20)

where γ is a sink/source term which models the recombination or generation of vacancies at
sites such as grain boundaries, lattice dislocations, or surfaces. Combining (4.19) and (4.20) we
obtain Korhonen’s equation,

∂CV

∂t
−DV

�∂2CV

∂x2
− Z∗eE

kT

∂CV

∂x

�
+ γ = 0. (4.21)

This kind of vacancy continuity equation was first considered in [80] for γ = 0 to model the
build-up of vacancies at the end of a semi-infinite line.

Instead of an intermediate relationship between the density of lattice sites and hydrostatic stress
other researchers [81,82] employed the idea that the vacancy diffusion flux gives rise to volumetric
strain which serves to establish stress fields, driving stress migration fluxes. This approach is
utilized in [70]. The main advantage is that one does not need the assumption of local stress-
vacancy equilibrium, the elastic behavior of metal is not required, and most important, all
components of the stress tensor are included. Thus arbitrary geometric shapes in connection
with the complex mechanical boundary conditions can be investigated.
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4.4.2 Analytical Solution of Korhonen’s Equation

Korhonen’s equation can be analytically solved for different cases of initial and boundary con-
ditions [7, 51, 80, 83], however from the practical point of view, the most important solution is
for the situation where the vacancy flux is blocked at the both ends of a finite line, i.e.

JV (0, t) = JV (−l, 0) = 0, (4.22)

on the segment [−l, 0], assuming the initial vacancy concentration to be CV (x, 0) = Ceq
V . In this

case, the solution of (4.21) is given in [83] as,

ν(ξ, ζ) =
CV (x, t)

Ceq
V

= A0 −
∞!

n=1

Anexp(−Bnζ + αξ/2), (4.23)

where,

A0 =
CV (x,∞)

Ceq
V

=
α exp(αξ)

1− exp(−α)
, (4.24)

is the steady-state solution and,

An =
16nπ[1 − (−1)nexp(α/2)]

(α2 + 4n2π2)2

�
sin(nπξ) +

2nπ

α
cos(nπξ)

�
, (4.25)

Bn = n2π2 + α2/4. (4.26)

For the sake of simplicity, in the equations (4.23)-(4.26) we used the substitutions,

ξ =
x

l
, ζ =

DV t

l2
, α =

Z∗eEl

kT
. (4.27)

For α = 4 in Figure 4.2 and Figure 4.3 the distribution of the normalized vacancy concentration
ν and the reduced hydrostatic pressure,

η =
Ωσ

kT
, (4.28)

are presented for different electromigration stressing times. The stress build-up continues until
the electromigration driving force is counter-balanced by intrinsic stress in the line. That is the
case in Figure 4.3 for ζ = 0.2 where the stress profile is a straight line. The condition for the
stress-electromigration equilibrium is,

Ω

kT

∂σ

∂x
=

Z∗eρJ

kT
. (4.29)

Equation (4.29) is discussed in more detail in [48]. If for the given operating conditions the stress-
electromigration equilibrium is reached before a critical stress threshold is build, no damage is
produced and the interconnect is virtually “immortal” [47–49].
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4.4.5 Sarychev’s Model

Based on the model propositions in [50] Sarychev et al. [70] developed a new model which
can be easier applied to realistic interconnect structures. The model connects the evolution of
the stress tensor with the diffusion of vacancies whereas the influence of the geometry of the
metalization is included. The cause of the stress is the local volume change which is generated
by vacancy migration and generation due to electromigration. This mechanical stress opposes
electromigration driven vacancy migration. The additional stress load to be included stems from
residuum stress as result of the technological process and from mechanical stress due to the
thermal mismatch between copper, barrier, and the passivation layer.

The crucial importance for the void-nucleating condition is the dynamics of vacancies in the
interconnect metal. The behavior of vacancies can be basically described by the following two
equations [7, 70],

JV = −DV

�
∇CV − Z∗e

kTγE
CV J +

fΩ

kT
CV∇σ +

Q∗

kT 2
CV∇T

�
, (4.32)

∂CV

∂t
= −∇ · JV + G(CV ), (4.33)

where CV is the vacancy concentration, DV the vacancy diffusivity, kT is the thermal energy,
Z∗e is the effective valence, Q∗ is the heat of transport, and G(CV ) is the source function that
models vacancy generation and annihilation processes,

G(CV ) = Lv

�
kT ln

CV

CV,0
− (1− f)Ωσ

�
, (4.34)

where Lv is the rate parameter, CV,0 is the vacancy equilibrium concentration in the stress free
crystal, and σ = (σ11 + σ22 + σ33)/3 is the spherical part of the stress tensor.

Local vacancy migration and generation gives rise to the local volume deformation described by
the kinetic relation,

∂εv
kk

∂t
= Ω[f∇JV + (1− f)G(CV )], (4.35)

where εv
kk denotes the trace of the inelastic strain tensor component due to vacancy generation

and migration. Equations (4.32), (4.33) and (4.34) should be solved in conjunction with the
electro-thermal equations and the stress equations [70].

µ∇2ui + (λ + µ)
∂

∂xi
(∇ · u) = B

∂εv
kk

∂xi
, (4.36)

σij = Bεv
kkδij + λεkkδij + 2µεij , (4.37)

εij =
1

2

�∂ui

∂xj
+

∂uj

∂xi

�
, (4.38)

where εij is the total strain tensor, f is the vacancy to atom volume proportion factor, λ and
µ are Lame’s constants, B = (3λ + 2µ)/3 is the bulk modulus, and u = (u1, u2, u3) is the
displacement vector.
From the solution of these equations, considering the specific grain structure of the interconnect,
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we obtain two essential pieces of information. First, we know where in the interconnect geometry
void nucleation takes place, secondly we can estimate how much time is needed in the case
of a given interconnect geometry and material composition to reach a critical level of tensile
stress (or vacancy concentration) at the void nucleation site. The real driving forces of the
material transport flux described with (4.32) are the gradients of the electrical field ∇ϕ and the
mechanical stress gradient ∇σ. The mechanical stress gradient is the response of the interconnect
metal to the electromigration stress. If the electrical current is so small that it produces an
electromigration stress small compared to the mechanical stress, no electromigration takes places.
Void nucleation occurs at the moment of equality of these two driving forces.

There has been some difference between the understanding of this sink/source function G(CV )
in the Sarychev model [70, 84] and models developed on the basis of Korhonen’s work [7, 51].
Korhonen [51] assumes that the sink/source function represents the interaction of vacancies
between the grain boundary and the grain: annihilation of grain boundary vacancies if their
concentration is larger than equilibrium concentration, and their production in the opposite
case (Section 4.4.3). On the other hand, Sarychev [70] makes the sink/source term independent
of the crystal texture and states that recombination/annihilation takes place everywhere in the
bulk.

The described equation system is already solved analytically for special two-dimensional ge-
ometry cases in [70]. In [84] a simple finite element solution of the Sarychev’s equations for a
two-dimensional 20 µm× 100 µm Al thin film is presented.

4.4.6 Finite Element Discretization of the Basic Equation

We are going to demonstrate the numerical handling of the basic continuum equation of the
Sarychev model. For the sake of simplicity we assume unpassivated interconnects where the
stress relaxation to the hydrostatic state is faster than vacancy diffusion, and where the vacancy
concentration in the initial phase of electromigration stressing does not deviate from the equi-
librium concentration. In that case the vacancy dynamics is described by a three-dimensional
Korhonen-type equation,

∂CV

∂t
= DV

�
ΔCV +

Z∗e
kT

∇ϕ∇CV

�
− CV − Ceq

V

τ
, (4.39)

with the weak formulation,

�
T

∂CV

∂t
Nj(x) dΩ = −DV

�
Γ
∇CV∇Nj(x) dΓ + DV

Z∗e
kT

�
T
∇CV∇ϕNj(x) dΩ −

−
�

T

CV −Ceq
V

τ
Nj(x) dΩ. (4.40)

By introducing the spatial discretization of the vacancy concentration CV and the electrical
potential ϕ with the linear basis functions Ni(x),

CV =

4!
i=1

CV,i Ni(x), ϕ =

4!
i=1

ϕi Ni(x), (4.41)
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The construction of the nucleus matrix follows the scheme described in Section 3.8. The fully
discretisatised Sarychev model includes also the finite element discretization of equations (4.6)-
(4.11).

Already a simple electromigration model described by (4.39) enables some insight in the electro-
migration caused material transport phenomena taking place in the copper interconnect layout.
In Figure 4.4 the interconnect via with barrier layer is displayed. Here we can also see the elec-
trical potential distribution which determines the electromigration driving force intensity and
direction. The vacancy concentration distribution, obtained by solving equation (4.39), shows
a peak value at the bottom of the via (Figure 4.5). This peak concentration region indicates a
probable location of void nucleation.

4.5 Void evolution and Interconnect Resistance Change Models

The description of the time period up to void nucleation must be directly followed by a model
which handles void evolution. Once a void is nucleated, material transport on the void metal
interface dominates [54, 60, 61, 63, 64]. The driving forces are electromigration proportional to
the local tangential component of the electric field and the chemical potential. Since the most
critical voids are nucleated at the copper/barrier and copper/cap-layer interfaces, which also
represent the fastest diffusion paths, available models [60, 64] have to be extended in order to
include these phenomena.
Void evolution was originally handled applying explicit void surface tracking methods [64]. A
further development was introducing numerically efficient diffuse interface models [56–59]. How-
ever, not until introducing an adaptive mesh approach into the diffuse interface method [62],
realistic interconnect structures could be handled.
Applying a diffuse interface model we are able to predict the intrinsic void behavior from the
nucleation until failure. The simulation of the evolving void/metal interface is accompanied with
electrical field calculation and resistance extraction.

Once the void is nucleated, the dominating factor for the void evolution is the self-diffusion on
the void surface and in the vicinity of this surface. The driving forces are again the chemical
potential and the tangential component of the electrical field gradient. The chemical potential
in this case is comprised of components due to the free energy of the surface and the local
elastic strain energy. The material is transported along the void surface and into the metal
bulk. This effect gives rise to the movement of the whole void and it’s shape change. In this
context the crystal orientation must be considered because of the anisotropic characteristics of
self-diffusion [54].

Since the problem is a moving boundary problem, the first attempts to handle it was the appli-
cation of explicit tracking of the void/metal interface by means of finite element methods [60,64].
These methods are quite complicated to implement and also have rather poor numerical stabil-
ity. To overcome the problems mentioned above, we apply a diffuse interface model. In a diffuse
interface model void and metal area are presented through an order parameter φ which takes
values +1 in the metal area, −1 in the void area and −1 < φ < +1 in the void-metal interface
area. Demanding explicit tracking of the void-metal interface is not needed and models do not
require boundary conditions to be enforced at the moving boundary.
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The evolving void/metal interface is described through the time dependent distribution of the
order parameter φ. The actual diffuse interface is a belt area around the iso-surface φ = 0.
This belt area has some finite width. With shrinking width of this belt area the accuracy of
the simulation increases. The diffuse interface governing equation (DIGE) is a central part
of each diffuse interface based modeling. The equation itself comprises electromigration and
stress driven material transport on the void/metal interface and on this basis regulates the
distribution of the order parameter. This equation is an extension of the well-known Chan-
Hilliard equation [56–58,85,86]. Concerning the solution of Chan-Hilliard type equations several
approach are proposed in the literature [85,86]. The gap between fast and reliable DIGE solving
approaches which are already known from the literature and a solution approach which is also
applicable for arbitrary interconnect geometries was bridged by introducing an adaptive grid
technique [62].

The main idea of the adaptive grid method was to use local grid refinement and a coarsening
algorithm, a fine grid is set dynamically adjusted only in the vicinity of the void/metal interface.
The geometry of the interconnect can be arbitrary and, due to the economical distribution of
the grid density, computation can be performed efficiently.

Additional equations to be solved such as the Laplace equation for the electric field and me-
chanical stress-strain model equations are adapted to the diffuse interface model through an
order parameter dependence of the electrical conductivity and the elastic compliance [59]. These
equations are solved using common finite element schemes assuming a finite width of the diffuse
interface area. Generally the accuracy of the calculation will increase by reducing this width.
There is a rigorous asymptotic theory which proves that the diffuse interface model converges to
the sharp void/interface physical situation both in the equations’ solution and in the compliance
with boundary conditions [56–59].

The initial void is placed on the spot predicted by the first stage module and the second stage
module is invoked, which simulates evolution of the void under the impact of driving forces,
until it reaches a critical size which changes the initial interconnect resistivity to such an extent
that it can be considered as actual interconnect failure.
Thereby the resistance change up to the interconnect failure and, the time needed for this
failure to occur are provided. We call this time period void evolution time and added to the void
nucleation time calculated in the first stage module, it defines the interconnect time to failure.

4.5.1 Theoretical Formulation

We assumed unpassivated monocrystal isotropic interconnects where stress phenomena can be
neglected. An interconnect is idealized as two-dimensional electrically conducting via which con-
tains initially a circular void. For simplicity we also neglect the effects of grain boundaries and
lattice diffusion. In this case there are two main forces which influence the shape of the evolving
void interface: the chemical potential gradient and electron wind. The first force causes self-
diffusion of metal atoms on the void interface and tends to minimize energy which results in
circular void shapes. The electron wind force produces asymmetry in the void shape depending
on the electrical field gradients.
Including contributions from both, electromigration and chemical potential-driven surface dif-
fusion, gives the total surface atomic flux, JA = JAt, where t is the unit vector tangent to the

69



CHAPTER 4. ELECTROMIGRATION PROBLEM IN THE INTERCONNECT

void surface [60,87]

JA = Ds(−|e|Z∗Es + γsΩ t · ∇sκ) (4.43)

Z∗ is the effective valence (Section 4.2), e is the charge of an electron, Es ≡ Es · t is the local
component of the electric field tangential to the void surface, κ is the local surface curvature,
and ∇s is the surface gradient operator; κ ≡ ∇ · n, where n is the local unit vector normal to
the void surface. Further, γs is the surface energy, Ω is the volume of an atom, and Ds is given
through an Arrhenius law:

Ds =
D0δs

k T
exp

�−Qs

k T

�
(4.44)

Here, δs is the thickness of the diffusion layer, T is the temperature, Qs is the activation energy
for the surface diffusion, and D0 is the pre-exponential factor for mass diffusion. Equation (4.43)
is the Nernst-Einstein equation, where the sum in the parentheses on the right side expresses the
driving force. Mass conservation gives the void propagation velocity normal to the void surface,
vn, through the continuity equation [61,63,87],

vn = −Ω · ∇sJA. (4.45)

The electric field E can be written as the gradient of the electric potential, i.e.,

E ≡ −∇ϕ. (4.46)

The field is also solenoidal, i.e.,

∇ ·E = 0. (4.47)

Equations (4.46) and (4.47) imply that the potential ϕ obeys Laplace’s equation,

Δϕ = 0. (4.48)

The void surface and the interconnects edges are modeled as insulating boundaries, i.e.

∇ϕ · n = 0, (4.49)

at these boundaries.

4.5.2 The Diffuse Interface Model

The diffuse interface model equations for the void evolving in an unpassivated interconnect line
are the balance equation for the order parameter φ [56–59],

∂φ

∂t
=

2Ds

ǫπ
∇ · (∇µ− |e|Z∗∇ϕ), (4.50)

µ =
4Ωγs

ǫπ
(f ′(φ)− ǫ2Δφ), (4.51)

and for the electrical field,

∇ · (γE(φ)∇ϕ) = 0. (4.52)
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where µ is the chemical potential, f(φ) is the double obstacle potential as defined in [85, 86],
and ǫ is a parameter controlling the void-metal interface width. The electrical conductivity was
taken to vary linearly from the metal (γE = γE,metal) to the void area (γE = 0) by setting
γE = γE,metal(1 + φ)/2. The equations (4.50) and (4.52) are solved on the two-dimensional
polygonal interconnect area T .
It has been proven [57, 59] that in the asymptotic limit for ǫ → 0 the diffuse interface model
defined by equations (4.50)-(4.52) describes the same voids-metal interface behavior like equa-
tions (4.43)-(4.48). The width of the void-metal diffuse interface is approximately ǫπ/2, and in
order to numerically handle sufficiently thin interfaces one needs a very fine locally placed grid
around it.

4.5.3 Numerical Implementation

The equations (4.50)-(4.52) are solved by means of the finite element method on a sequence of
the grids Λh(t0 = 0),Λh(t1),Λh(t2) each one adapted to the position of the void-metal interface
from the previous time step. The initial grid Λh(0) is produced by refinement of some basic
triangulation Th of area T according to the initial profile of order parameter φ. The motivation
of grid adaptation is to construct and maintain a fine triangulated belt of width ǫπ in the
interconnect area where −1 < φ < +1, respectively, where the void-metal interface area is
placed.

4.5.4 Setting of the Initial Order Parameter Profile and Initial Grid Refine-
ment Λh(0)

The initial order parameter profile depends on the initial shape of the void Γ(0) and can be
expressed as

φ(x, y) =

�
�

+1 if d > ǫπ
2 ,

sin(d
ǫ ) if |d| ≤ ǫπ

2 ,

−1 if d < − ǫπ
2

(4.53)

Where d = dist(P (x, y),Γ(0)) is the signed normal distance of the point from the initial interface
Γ(0). To obtain sufficient resolution of this initial profile, the basic grid Th is transformed into
grid Λh(0) obeying the following initial grid refinement criterion (IGRC) for the circular void
with center O and radius r:

|dist(CK , O)− r| ≤ ǫπ

2
∧ hK >

ǫπ

n
(4.54)

n is the chosen number of grid elements across the void-metal interface width, hK is the longest
vertex of the triangle K, and CK is its center of gravity. Now an adaptive algorithm defined in
Section 4.5.7 transforms the basic grid Th into an initial grid Λh(0) according to IGRC.

4.5.5 Finite Element Scheme

Λh(tn) is a triangulation of the area T at discrete time tn, and {φn−1
i }N−1

i=0 are discrete nodal
values of the order parameter on this triangulation. A finite element based iteration for solving
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(4.50) on grid Λh(tn) and evaluating the order parameter at the time tn+1 = tn + Δt consists of
two steps [88]:

Step 1. For the kth iteration of the n + 1th time step the linear system of equations has to be
solved:

ǫ
π

2
Miiφ

n+1,k
i + ΔtDsKiiµ

n+1,k
i = αi (4.55)

Miiµ
n+1,k
i − τ

�
1

ǫ
Mii + ǫKii

�
φn+1,k

i = βi, (4.56)

where

αi = ǫ
π

2
Miiφ

n
i −ΔtDs

!
i 	= j

Kijµ
n+1,k−1
j (4.57)

βi = τǫ
!
i 	=j

Kijφ
n+1,k−1
j − |e|Z∗MiiV

n
i (4.58)

for each i = 0, N − 1 of the nodal values (φn+1
i , µn+1

i ) of the triangulation Λh(tn). [M ]ij and

[K]ij are the lumped mass and stiffness matrix, respectively and τ = 4Ωγs

π .

Step 2. All nodal values {φn+1
i }N−1

i=0 are projected on [−1, 1] by a function

ρ(x) = max(−1,min(1, x)). (4.59)

For solving (4.52) a conventional finite element scheme is applied [76].

4.5.6 Maintaining the Grid during Simulation

After an order parameter was evaluated on the Λh(tn) a grid needs to be adapted according
to the new void-metal interface position. Therefore it is necessary to extract all elements which
are cut by the void-metal interface in grid Λh(tn). The following condition is used: We take a
triangle K ∈ Λh(tn) and denote its vertices as P0, P1, P2. The triangle K belongs to the interfacial
elements if for the values of the order parameter φ at the triangle’s vertices holds φ(P0)φ(P1) < 0
or φ(P1)φ(P2) < 0. We assume that an interface intersects each edge of the element only once.
The set of all interfacial elements at the time tn is denoted as E(tn). The centers of gravity of
each triangle from the E(tn) build the interface point list L(tn). The distance of the arbitrary
point Q from L(tn) is defined as,

dist(Q,L(tn)) = min
P∈L(tn)

dist(Q,P ). (4.60)

Thus we can define the transitional grid refinement criterion TGRC

dist(CK , L(tn)) ≤ ǫπ

2
∧ hK >

ǫπ

n
(4.61)

The grid adaption for the next time step evaluation of the order parameter φ is now completed
with respect to TGRC as defined in the next section.
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is reached.
The coarsening algorithm is more or less the inverse of the refinement algorithm. Each element
that does not fullfil criterion COND is marked for coarsening. The basic idea is to find the
father element whose refinement produced the element in consideration.

Algorithm 3. coarsening of the element
subroutine coarsen(element)

{
get the element father

get the father neighbor on ref edge

coarse the element father

coarse the father neighbor

}

The following routine coarsens as many elements as possible, even more than once if allowed:

Algorithm 4. coarsening of the grid
subroutine coarsen grid(COND)

{
for all elements

if (!COND) mark element for coarsening

do

{
do coarsen once more = false

for all elements

if element is marked for coarsening

do coarsen once more |= coarsen(element)

} until do coarsen once more is false

}

The complete adaption of the grid is reached by sequential invoking of the grid refinement and
of the grid coarsening algorithm.

4.5.8 Solving Procedure

Combining all the components described in the Section 4.5.4 - Section 4.5.7 we obtain the
complete void evolution solving procedure (Fig. 4.7).

4.6 Simulation Results

There are three major questions to be answered by TCAD regarding electromigration reliabil-
ity issues. First, interconnect layout designers need to know, how long a drafted interconnect
structure will work properly, e.g. for the given operating conditions, how long does it take for
complete electromigration failure to happen. The second question of interest is, how does the
interconnect resistance change due to electromigration damage. And, the third interesting ques-
tion is how does the local picture of all electromigration promoting factors looks like in the case
when electromigration damage takes place.
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Figure 4.10: Profile of the current density (in A/m2) at the corners of the interconnect.

surface is more pronounced than the chemical potential gradient. This unbalance leads to higher
asymmetry in the void shape then observed in the straight part of the interconnect (Figure 4.12).
A void evolving in the proximity of the interconnect corner causes significant fluctuations in the
interconnect resistance due to void asymmetry and position. The resistance change shows a cha-
rasteristic profile with two peaks and a valley (Figure 4.13). The extremes are more pronounced
for the larger initial voids.
The capability of the applied adaptation scheme is also presented in the simulation of void col-
lision with the interconnect refractory layer (Figure 4.14).
The time step Δt for the numerical scheme (4.55)-(4.58) is fitted at the simulations begin tak-
ing into account inverse proportionality of the speed of the evolving void-metal interface to the
initial void radius [60]:

Δt =
ǫπrl

2Ds|e|Z∗V0
(4.62)

l is the characteristical length of via geometry. An appropriate choice of the time step ensures
that the evolving void-metal interface will stay inside the fine grid belt during the simulation. The
dynamics of the evolving void-metal interface simulated with a the presented numerical scheme
complies with the mass conservation law, the void area (where φ = −1) remains approximately
the same during the whole simulation. Notable area deviations during the simulation appear
only, if a relatively large factor ǫ has been chosen. As scaling length we took l = 1 µm and
for the initial void radius r0 = 0.035 l, r1 = 0.045 l, and r2 = 0.065 l. Our simulations have
shown that for all considered initial void radii, voids follow the electric current direction (Figure
4.13) and do not transform in slit or wedge like formations which have been found to be a main
cause for a complete interconnect failure [54]. Already with ǫ = 0.003 l good approximations are
achieved. The number of elements on the cross section of the void-metal interface was chosen
between 6 and 10 with the interface width of 0.0015 lπ.
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Figure 4.11: Refined grid around the void in the proximity of the interconnect corner.

4.6.2 Estimating the Void Growth Time and Resistance Change

An initial void with some small radius r0 is placed at some characteristic position inside the three-
dimensional interconnect structure (Figure 4.15). Since most of the fatal voids are nucleated
in the vicinity or in the area of interconnect vias we consider in particular these cases. The
configurable initial void volume is V0 which is smaller than 4πr3

0/3 because the void area is
confined by sphere and boundary of the interconnect (Figure 4.15). Starting from the initial
void radius r0, the void radius is gradually incremented r0, r1 = r0 + Δr1, r2 = r1 + Δr2, ...,
with Δr1 ≥ Δr2 ≥ ... ≥ Δrn. For each void radius the electrical field in the interconnect structure
is calculated by means of the finite element method using a diffuse interface approach. To obtain
the distribution of the electrical potential inside the interconnects the Poisson equation (4.52)
has to be solved.

In order to obtain sufficient accuracy the scalar field φ(x, y, z, t) must be resolved on a locally
refined mesh (Figure 4.16). For an electrical field calculated in such a way, the resistance of the
interconnect via is also calculated [76,91]. With growing void size the resistance increases. The
whole process is stopped when a void radius is reached for which 100 × (Ractual/Rinitial − 1) >
20%.

The primary driving force of material transport at the void surface is electromigration pro-
portional to the tangent component of the vector current density. Since the diffuse interface
approach for the calculation of the current density ensures physical behavior of the electrical
field in the vicinity of the isolating void, the normal component of the current density on the
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Figure 4.12: Void evolving through interconnect in the electric current direction

void surface is always zero and we can apply the formula

Jm,i = 2

�
V �J�[1 − φ2

i (x, y, z)] dV�
V [1− φ2

i (x, y, z)] dV
, (4.63)

for the average current density over a void with radius ri. (4.63) expresses the averaging of the
current density weighted with finite element volume inside the interconnect. Since φi(x, y, z) = 1
in metal and φi(x, y, z) = −1 in the void area, the term 1− φ2

i (x, y, z) is non-zero only in void-
metal interface area.

The evolution of the void is caused by material transport on the void surface and in the vicinity
of the void surface. The mass conservation law gives the mean propagation velocity vi of the
evolving void-metal interface

vi =
DV

kTρ(φ)
eZ∗Jm,i, (4.64)

here Dv is the vacancy diffusivity and Z∗ effective charge number of vacancies. (4.64) is valid
for all void shapes.

As we can see from Figure 4.17, the average current density on the void surface increases with
the void size. Both, current density and resistance, exhibit a very similar dynamic behavior. The
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Figure 4.13: Time dependent resistance change during void evolution for the different initial
void radius r.

dynamical resistance increase is in accordance with the measurement results presented in [52].
Compared with the earlier result [92], which assumes cubical void shapes, our approach enables
more realistic simulations. An open question is how to use the obtained average current density
(Figure 4.17) for the estimation of the void growing time (tE) up to the critical void size. In [92]
a simple formula is applied

tE =
Vc − V0

vmAs
. (4.65)

In this equation Vc is the critical void size, V0 is the initial void size, As is the cross section of
the interconnect in the vicinity of the growing void, and vm is the mean velocity of the evolving
void-metal interface. However, this formula is only valid in the case of cubical void which is a
very rough approximation of the real situation. According to newer experimental results [8] the
real void shape is significantly better approximated by a spherical sector. In this case tE can be
estimated as

tE =
!

i

Δri+1

vi
, (4.66)

assuming that for sufficiently small Δri+1, the void radius grows from ri to ri+1 with a constant
velocity vi.
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Figure 4.16: Typical current density distribution picture in the vicinity of the spherical void.
The red area marks peak values of the current density. The mesh is locally refined
in the void-metal interface.

4.6.3 A Study of Electromigration Promoting Factors and Vacancy Dynamics

In this section we present the simulation of the influence of electromigration promoting factors
on the electromigration behavior for the case of a complex interconnect structure produced with
advanced process simulation tools.

The results of the transient electro-thermal simulation (Section 4.3.2) are used to setup a thermo-
mechanical (Section 4.3.2) and material transport simulation. The model applied is similiar to
that presented in Section 4.4.5 but without taking into account the connection between the local
vacancy dynamic and overall mechanical stress distribution.

An effective vacancy diffusivity is chosen assuming the copper/TiN barrier interface as the
dominant diffusion path [55].

An interconnect structure with 6 metal (copper) lines crossing 4 other lines at a lower level and
connected with vias/contacts was generated using a typical damascene process flow. This was
performed by using a combination of DEP3D [93] (only for deposition of TiN barrier layer and
copper deposition for the second metal layer and for dielectric deposition of the topmost layer)
with DEVISE [94] (used for emulating the other deposition, etching and polishing steps). The
barrier layer is 0.02 µm thick; each metal line in the first layer is 3 µm long with a width of 0.25
µm and aspect ratio of 1.2. For the second layer, each metal line is 2.2 µm long with a width 0.3
µm and aspect ratio 1.5. The contacts/vias have a width of 0.2 µm with an aspect ratio of 2.5.
The dielectric medium surrounding the metal lines is silicon-dioxide. The contacts for electrical

82







CHAPTER 4. ELECTROMIGRATION PROBLEM IN THE INTERCONNECT

310

305

300

295

290

Figure 4.19: Temperature distribution in silicon-dioxide passivation layer [K].
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Chapter 5

Summary and Outlook

In this thesis I have discussed the numerical concepts, methods and algorithms for solving par-
tial differential equations eligible for describing physical phenomena taking place in modern
interconnect and process technology. Special focus was put on the nonlinear PDE systems and
the PDE system including the double obstacle problem. These problems represent a challenge
for numerical implementation, since their discretization and linearization demands complex pro-
cedures in order to ensure physical soundness of the obtained simulation results and overall
accuracy of the calculations.

The applied solution methods are based on the finite element method and as such strongly
dependent on the mesh characteristics of the simulation regions. Important connections between
the mesh and applied numerical schemes are investigated. The conditions for optimal space and
time discretization control are derived and demonstrated.

In the second chapter I have introduced the basic concepts of the finite element method. The
solving procedure for the general time dependent, nonlinear system of partial differential equa-
tions is also presented.

The third chapter offers a physically well founded introduction in the advanced diffusion models
used in modern TCAD solutions. This introduction is subsequentially used as basis for the
detailed discussion of the numerical handling several important models. The chapter is concluded
with two simulation examples which demonstrate physical soundness of the applied models and
correctness of the developed numerical schemes.

The full spectrum of modern modeling concepts for electromigration TCAD solutions is discussed
in the fourth chapter. The diversity of the background physical phenomena and their mathe-
matical formulations is presented, thus motivating an appropriate numerical method which is
subsequentially discussed. The models of electromigration promoting factors such as electri-
cal current density, thermal gradients, and mechanical stress are integrated in the numerical
procedure together with material transport equations. The advantage of such an approach for
predictive electromigration simulation is illustrated with several simulation examples.

The crucial problem of void evolution is simulated using a diffuse interface model. The gov-
erning diffuse interface equation for the order parameter coupled with the Laplace equation for
the electrical field is solved using the finite element method. A dynamically adapted grid is
maintained by a refinement-coarsening algorithm controlled by position, curvature, and width
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of the simulated void-metal interface, which distributes the mesh density in such a way that it
allows an efficient simulation of evolving voids through large portions of a complex interconnect
geometry. Due to high electrical current gradients in the proximity of the interconnect corners
and overall asymmetry of the electrical field, voids exhibit a specific faceting which was not
observed in the case of straight interconnect geometries. The presented method is well suited for
long time prediction of the resistance change due to electromigration during the interconnect
life time. The applied diffuse interface model extends readily to incorporate additional physical
phenomena such as anisotropy, temperature variations, and bulk and grain boundary diffusion.

In order to include all relevant physics there is an ultimative need for three-dimensional simu-
lation. For the physical phenomena discussed in this thesis the comprehensive and sofisticated
models are to a large extent already available. However, numerical realization of these models,
applicable for the efficient and accurate three-dimensional simulation, frequently poses a huge
problem.

First there is a need for high quality mesh generation capable to handle complex multi-segment
three-dimensional geometries with non-planar interfaces and surfaces and efficient mechanisms
to control these meshes dynamically in connection with numerical algorithm.

Error estimators should be developed which correspond to the specific structure of PDE equa-
tions appearing in the given diffusion models and these estimators should be used to control
local mesh adaptation and time stepping.

Each PDE problem handeled here reduces to a system of nonlinear algebraic equations and some-
times to tackle the problem the standard Newton’s scheme is instable and inefficient expecially
for problems which include complex bulk and interfacial models. In such cases an improved,
problem adjusted algorithm, should be introduced and applied. The applicability of high order
implicit Runge-Kutta methods should be investigated and appropriate solutions integrated in
simulation tools.

Considering the electromigration problem, the main emphasis should be put to extend the
numerical algorithm for the diffuse interface model to three-dimensional simulations. The ap-
proaches for including the different self-diffusion paths in the overall simulation scheme should
be studied. This problem also includes efficient mechanisms for the local mesh adaptation.

In the future efforts on integration of the implemented tools with other tools for interconnect
and process TCAD developed at the Institute for Microelectronics should be intensified in order
to make available a complete TCAD solution.
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Appendix A

Vacancies in Solids

A perfect crystal at equilibrium at zero temperature is comprised of N lattice sites, each with a
lattice atom. At any finite temperature, a small population of monovacancies, nv, forms spon-
taneously, such that the total number of lattice sites increases to N(T ) = N(0K) + nv. The
spontanuos formation of point defect above T = 0K occurs, because the Gibbs free energy is
lowered slightly for a crystal containing a small concentration of vacancies. A vacancy can be
created by removing an atom from its substitional site and placing it on the surface. The energy
required to do this under constant pressure conditions is the entalphy of formation of a vacancy,
HV

f . According to classical theory for silicon, the formation of vacancy requires the breaking of
four bonds to remove a lattice atom, and the forming of two new bonds to place this atom on
the surface. New bonds are formed between dangling bonds of the four neighbors of the vacancy,
so that the neighbors undergo relaxation and distortion. Then,

Hf
V = 2D − VB − VD (A.1)

where D is the bond dissociation energy, VB is the energy gained by bonding between the
neighbors of the vacancy, and VD is the energy associated with deformation of all other bonds.
The Gibbs free energy of a crystal with nv vacancies is,

G = H0 − TS0 + nV (Hf
V − TSf

V )− kT lnW. (A.2)

The H0 − TS0 represents the Gibbs free energy of the perfect vacancy-free crystal and Sf
V

is the disorder induced by lattice vibration. The last term on the right side of (A.2) is the
configurational entropy kT lnW , where

W =
N !

nV !(N − nV )!
, (A.3)

i.e., W is the number of distinguishable ways of distributing nV vacancies on N lattice sites.
The equilibrium concentration of lattice vacancies, Ceq

V , forming at a particular temperature is
defined as,

Ceq
V ≡ neq

V

N
. (A.4)

This fractional concentration occurs when the Gibbs free energy (A.2) is minimized with respect
to nv, keeping N constant,� ∂G

∂nV

�eq

N
= 0. (A.5)
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Based on this condition after a few steps of algebra we obtain the important result,

Ceq
V = exp

�
−Hf

V − TSf
V

kT

�
. (A.6)

This equation can be generalized to any type of defect.
In semiconductors defects can exhibit various charge states. For instance in silicon, four charge
states have been reported for the vacancy: V =, V −, V 0 and V +. Under extrinsic condition,
not only does the relative population of the different charge states change depending on the
position of the electro-chemical potential (Fermi level), but the total concentration of the point
defect in the crystal also changes. It is possible to directly calculate the concentration of charged
defects and express it in terms of the Fermi level, considering reactions involving the charged
defects which satisfy the charge neutrality constraint. Let us consider the reaction involving the
ionization of the neutral vacancy V 0 into a positive vacancy, V + and an electron e−,

V − ↔ V 0 + e−. (A.7)

For this reaction, the free energy G is a minimum at equilibrium with respect to n0 and n+,
the number of neutral and positively charged vacancies, respectively. This implies that the
equilibrium condition dG = 0 can be written as,

∂G

∂n0
=

∂G

∂n+
, (A.8)

which simply expresses the equality of chemical potentials. Solving (A.8) allows the relative
concentrations of the vacancies to be written as,

CV +

CV 0

=
ZV +

ZV 0

exp
�
−GV +

F −GV 0

F + EF

kT

�
, (A.9)

where,

GV +

F = Hf
V + − TSf

V + , (A.10)

GV 0

F = Hf
V 0 − TSf

V 0 . (A.11)

ZV + , ZV 0 are internal degeneracies and EF is the Fermi level. Equation (A.9) is completely
general and allows the concentration of any charged vacancy to be obtained in terms of C0

V and
the Fermi level.
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Appendix B

Some Tools from Abstract
Mathematical Analysis

Let V be a Hilbert space and (·, ·)V and � · �V , the corresponding scalar product and norm,
respectively. A linear form (or linear functional) L on V is a function L : V → R such that,

L(λu + µv) = λL(u) + µL(v), ∀u, v ∈ V, λ, µ ∈ R. (B.1)

A linear form L is bounded if there is a constant Λ ∈ R
+ such that,

|L(u)| ≤ Λ�u�V , ∀u ∈ V. (B.2)

A bilinear form on V is a function a : V × V → R, which is linear in each argument separately,
i.e., such that, for all u, v, w ∈ V and λ, µ ∈ R,

a(λu + µv,w) = λa(u,w) + µa(v,w), (B.3)

a(w, λu + µv) = λa(w, u) + µa(w, v). (B.4)

The bilinear form a(·, ·) is said to be symmetric if,

a(u, v) = a(u, v), ∀u, v ∈ V, (B.5)

bounded if there is a constant γ ∈ R
+ such that,

|a(u, v)| ≤ γ�u�V �v�V , ∀u, v ∈ V, (B.6)
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and V − elliptic if there is a constant α ∈ R
+ such that,

|a(u, u)| ≥ α�u�2
V . (B.7)

The set of all bounded linear functionals on V is called dual space of V and denoted V ∗. The
norm in V ∗ is given by,

�L�V ∗ = sup
u∈V

|L(u)|
�u�V

. (B.8)

Theorem I (Riesz’s representation theorem): Let V be a Hilbert space with scalar product
(·, ·). For each bounded linear functional L on V there is an unique u ∈ V such that,

L(v) = (v, u), ∀v ∈ V. (B.9)

Moreover,

�L�V ∗ = �u�V . (B.10)

Theorem II (Lax-Milgram lemma): If the bilinear form a(·, ·) is bounded and V -elliptic in the
Hilbert space V , and L is bounded linear form in V , than there exists a unique vector u ∈ V
such that,

a(u, v) = L(v), ∀v ∈ V, (B.11)

and,

�u�V ≤ 1

α
�L�V ∗ . (B.12)

Theorem III: Assume that a(·, ·) is a symmetric, V -elliptic bilinear form and that L is a
bounded linear form on the Hilbert space V . Than u ∈ V satisfies (B.11) if and only if,

F (u) ≤ F (v), ∀v ∈ V,whereF (v) =
1

2
a(v, v) − L(v). (B.13)
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[7] H. Ceric, A. Hössinger, T. Binder, S. Selberherr: ”Modeling of Segregation on Material
Interfaces by Means of the Finite Element Method”; Presentation: International Symposium
on Mathematical Modeling (MATHMOD), Wien; 02-05-2003 - 02-07-2003; in: ”4th IMACS
Symposium on Mathematical Modelling”, (2003), ISBN: 3-901608-24-9; 139 - 145.
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